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SECTION I
. INTRODUCTION

In this thesis we wish to show that in a metric space a
contimuum M is a simple triod if M contains three points a , b;- and
¢ such that every point of M - (a+b+c) separates M and g_; b, and
¢ do not separate M, and we wish to give some properties of this
contim;mm;

It will first be helpful to know something of the simple
arc, usually called an arc. A continuum T is a simple arc if
there exist two points a_ and b of T such that every point of
T - (a+b) separates T but a and b do not separate T. By a
method of proof similar to that used in Theorem 2.1 of this thesis ,
it can be sho@ that if p is a point of T - (a+b) and T - p is
the sum of two mutually separated sets H and K, then H and K
contain a and b respectively. Here we show that if M is a
continuﬁm and p is a point of M - (a.+b+c); then all three of a,

b, and ¢ cannot be in the same one of the two mutually separated



setss This fact is used to prove that M is irreducible among

Q; b, and c; which is similar to the fact that an arc is irreducible
between its end points. After we show that M is a triod; we use
some properties of the arc to show that M has some of the proper-
ties of an arc , such as; an arc does not contain a simple closed
curve , and for each pair of points of an arc there is a point of

the arc v;hich separates the two points,.

The following definitions will be used without specific
reference to them.

Definition 1. A continuum is a compact connected set in a
metric space.

Definition 2. A continuum Q is said to be irreducible
between the points a and b if Q contains a + b and no proper
subcontinuum of Q contains a + b.

Definition 3. If H, K, and T are proper subsets of the

connected point set Q and Q - T is the sum of two mutually



3
separated sets ‘containing H and K respectively; then T is said to
separate H from K in Q.

Definition 4. A continuum T is a simple arc if there exist
two points a and b of T such that every point of T - (a+b)
separates T but a and b do not separate T.

Definition 5. A simple triod is the sum of three arcs such
that there exists a point x which is the intersection of each
two of the three arcs.and which is an end point of each arc.

Definition .6_; A continuum which is the sum of two simple
arcs having just their end points in common is called a simple
closed curve.

The following basic theorems will be assumed without proof ,
and in some places they will be used without specific reference
to them.

Theorem ;_.;. If Q is a connected subset of two mrbuall&

separated sets, then Q is a subset of one of these two sets.



Theorem 1.2. If Q is a continuum intersecting two disjoint
closed sets H and K, then Q contains a continuum Q' which is
irreducible between H and K.

Theorem 1.3, If Q is an irreducible continuum between two
disjoint closed sets H and K; then Q - H and Q - Kare connected.

Theorem l.4. If Q is an irreducible contimuum between two
disjoint closed sets H and K, then every point of HeQ is a limit
point of Q - H and every point of Q-K is a limit point of Q -K.

Theorem 1,5, If T is a connected subset of the connected
point set Qand Q - T is the sum of two mutually separated
point sets H and K, then H + T and K 4+ T are connected.

Theorem l.6. If the point c separates the point a from
the point b in the connected point set Q; then b does not separate
a from ¢ in Q.

Theorem 1.7. If a point p separates a continuum Q into two

mutually separated sets H and K, then H + p and K + p are continua.



Theorem 1.8. A simple arc does not contain a simple closed
curve.

The main theorem developed here (Theorem 2.3) can be
obtained as a conseqﬁence of Theorem 1.1 in Chapter V of
Whyburn'é Analytic Topology [3]. However; Whyburn's theorem
follows a more general development than we have undertaken here.
Also, in Whyburn's book can be found the theorems we have stated
above about arcs and irreducible continua; and original sources
can be found in some of the references in Whyburn's book.

An expository development of the properties of an arc which
we use here can be found in a thesis by Kenneth Hillam [1]. Also
a similar development of irreducible continua can be found in a
thesis by AErnesit Milton [2].

Throughout this thesis; we will let M be a continuum which
contains three points a , b; and ¢ such that every point of
M - (a+btc) separates M and no one of the points a , b; and c

separates M,
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Theorem 2.1. If p is a point of M - (a+b+c) and M - p is
the sum of two mutually separated sets A and B; then neither A
nor B contains all three of the points a, b, and c.

Proof. Suppose that all three of the points a , b; and c are
in the same one of the sets A and B, say in A,

Let N be a countable dense set in M - (a+b+c); and let
pl, pz; p3; eos be the points of M As B contains some point
of N; let nl, be the least integer s§ that p. is in B, Now
M- pnl = A+ Bl, where A, and B, are mutually separated a.nd’
the point a is in Aj, Since a is in A; and A + p is a continuum
in A; ¢+ Bl, it follows that A + p is a subset of A;. Hence a, b,
and ¢ are in Al; and By is a subset of B.

Let n, be the least integer so that P, is in By. Now

2

M-p = A2 ¥ B2, where A2 and B2 are mutually separated and the

i

point a is in A2. It can be shown, as above, that a, b, and ¢



are in A, and that B, is a subset of B;. By continuing this

process, we obtain a sequence of points p_, Pp s eee , 8
2

it

sequence of sets Al, A2, ees , and a sequence of sets B,
Byy oo such that for each i (1>1):
(l)= n; is the least integer such that pni is in B; 53

(2) M- P, 1is the sum of the two mutually separated
i ;
sets Ai and Bi where Ai contains a, b, and c;
(3) Bj_' is a subset of Bi-l‘:

(4) Ai tp, is a subset of A, ..

T il
It follows that, for each i, B, + ph is a closed subset of
i
Bi—l° Hence the sets Bl + pnl, 82 + pnz, eso have a point x

in common. Since x is in each Bi’ x is different from a, b,
and c. Therefore M -x = Ax + Bx’ where Ax and Bx are
mutually separated and a is in Ax’ As above, it follows that

A + p is a subset of Ax so that a, b, and c are in Ax' Since no

p. is in all sets of the form Bj+ B and x is common to all,

oy J



x is not in the sequence p , B, 5 By s coo o Suppose some

i =
point p of P s P s cce is in Bx’ then x separates a from
L
pnk. But M - pnk = Ak + By, where Ak and B, are mutually

separated and Ak contains a while B, contains x. So p

e

separates a from x. As this is contrary to Theorem 1.6, it follows

that no point of p_, P, P

g} %

There is some point Py of N in Bx and there exists an

9 ooe ca.nbeian.

integer s such that ns4 t<ns ;10 Then M - pns = A} B, where

As and B g are mutually separated and a, b, and ¢ are in A while

Pn

and p, are in B » The next point in the sequence p_ , p
s+l v 8 nl

e

P 5 o0o is p and n is the least integer such that p
Ngyy s+l Mgy

which means n was not a minimum.

° 3 <
is in Bs But ¢ ns+l, &1l

This is a contradiction. Therefore neither of the sets A and
B contains all three of the points a, b, and c,

Theorem 2.2, The continuum M is irreducible among the points
a , b; and c; that is , no proper subcontimuum of M contains a, b,

and co



Proof. Suppose some proper subcontinuum J of M contains a ,
b; and cjthen 12t p be a point of M - J. Now p is different
from g; b; and c since g._; b, and ¢ are in J. Hence M - p
=A 4 B; where A and B are mutually separated. By Theorem 2;1;
neither A nor B contains all three of a, b;, and c; so we will
consider the case where a is in A and b and ¢ are in B, Since
J contains a and is a connected subset of M - p; it follows that
J is a subset of A, But b and ¢ are in J and this involves the
contradiction that b and ¢ are in A. Therefore M is irredﬁcible
among g._; b; and c.

The following eight lemmas are used in proving that M is a
simple triod.

Lemma ;L_. If M contains an arc from a to b; then M is a
simple triod.

Proof. Suppose @b contains the point c , then it follows from

Theorem 2,2 that @b = M. But c does not separate M,whereas every
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point of @b - (a+b) does separate@b, Therefore the point ¢
is not inab. Now since M is a continutm; M contains an
irreducible subcontinuum Q from the point ¢ to ab.

Let Q' = Q -ab and let x be a point of Q' - c. Suppose x
fails to separate Q; then Q - x is connected. Since x % a, b, ¢,
it follows that M - x = Al + E_|_,where Al and B, are mutually
separated and & contains a. Then since @b is a subset of
M - x; B ds's. subsst of Aq so that Aq contains both a and b.

It follows from Theorem 2.1 that B; must contain the point c ,
and since Q - x contains ¢ and is connected; Q - x is a subset
of B10 Hence 2b and Q - x are mutually separated. Baut since

M is irreducible among a , b; and c; it follows that M =ab + Q;
Hence x is common to b and Q; contrary to the choice of x in Q.
This means that any point that fails to separate Q other than c
is in ab.

Suppose two points z and y of Q - ¢ fail to separate Q.
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Then z and y are in 2b and they are limit points of Qf.
There is an arc’az from a to z and an arc @y from b to y such
that Bzsby = P (if not reverse z and y). Since 3z+by = ¢, ab

432 + Ty, and so there is some point e in ‘@b which is not in
2z + @. Then Q' + @z + g} is connected since Q' is connected,
and Q' + az + by contains a, b, and c. The point e is neither
a, bnorc, soM-e = A2+ Bz,where A2 and B2 are mutually

: : ~—
separated and A2 contains a. Since A2 contains a and Q' 4+'az + by
is connected, Az contains Q' + az + by. Hence a, b, and c are
in A2 , contrary to Theorem 2,1. Therefore only one point d of
Q - ¢ fails to separate Qs Since Q contains at least two non-
separating points, d and ¢ are these two, and hence Q is an
arc from ¢ to do The point d is in@, so @b contains an arc,

~\

4d from a to d and an arc bd from b to d such that @d-bd = d.

This gives M as the sum of three arcs Ea, /b;a, and od such that d

is the intersection of each two of them. Hence M is a simple triod.
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Lemma 2, If M contains no arc from a to b and K is a proper
subcontimuum of M irreducible from a to b , then there is an arc
in M which is irreducible from ¢ to K .*

Lrp_g_i:. Since M is irreducible among a, b;, and ¢ , K cannot
contain c. Since K is not an arc, there is a point d of K - (at+b)
which fa.ils to separate Ko Now M -d = A + B; where A and B are
matually separated and a is in A, Then since K - d is connected;
it is a subset of A; and so b is also in A. By Theorem 2.1; the
point ¢ must be in B, It follows that B + d is a contimuum which
contains both d and c.

Suppose B + d is not an arc from ¢ to do Then some point
x of B - ¢ fails to separate B + d.  Since x % d; x is not a
point of K. Hence B + d - x + K is connected. But M - x is
not connected; and M-x=B+d-x + K.

This contradiction shows that B + d must be an arc from c to

d. Furthermore, B + d is irreducible from c to K since Ko(B+d) = d.

% Our complete development will show that the hypothesis of Lemma 2
is false, However, we find that this lemma is useful in developing
a proof of our main theorem.
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Lemma 3. If K is a subcontinuum of M irreducible from a to
b, d is a point of K, and ed is an arc in M irreducible from c to
K, then every point of K - (at+btd) separates K.

Proof. Suppose some point x in K - (a+b4d) fails to
sepa.rate”K; then K - x is comnected., By Theorem 2.2; M is
irreducible among a , b , and ¢ , so M =K + ©d. Since the point
d is in K - x and K<Cd' = d; @being irreducible from c to K;
it follows that K - x ¢ ©d is comnected. Since x $a ,b,c,
then by definition M - x is not comnected. But this involves
a contradictionas M - x =K - x ¢ ©d. Therefore , every point
of K - (atbyd) separates K.

Lemma 4. If M contains two intersecting ares such that one
of them contains a and the other contains c , then M is a triod.

Proof. Let @2 and fc-dTl be arcs containing a and c¢c respectively
such that @d, and ©dy have a point x in common. Then @2 +€c?1
contains an arc from a to c. Hence it follows from Lemma 1

that M is a simple triod.
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Lemma 5. The continuum M contains two proper subcontinna. Ky
and K2 such that Kl is irreducible between some pair of the points
a, b, and ¢ an& K2 is irreducible between some other pair of these
points.,

’Egg_o_f_.. Let p; be a point of M - (a4b+c)e Then M - P
= IL_L + Bl’ wherg Al and Bl are mutually separated. By ‘I'hgorem 2.1;
a , b; and c cannot all three be in one of the sets Al and Bl'

Let us consider the case where a and b are in A, and ¢ is in Bl‘

1
NowAl + pl-ifs a proper subcontinuum of M which contains a and
be ’Ihefefore M contains a proper subcontinuum Kl which ié
irreducible between a and b.

If Kl is an arc; then by Lemma 1, M is a triod; and thus a
proper subcontinuum K2, of M, irreducible fram b to ¢ can be
found, But if Kl is not an arc, then by Lemma 2; there ‘iS an

arc fd\l irreducible from c to Kl. By Lemma 3, every point of

Bk (a.+b+dl) separates K;. Choose a point p, of K; - (a.+b+d1).
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Now K; - p, = A2 + B,, where A2 and B, are mitually separated
and A2 contains a while B2 contains b, since Kl is irreducible
between a and b. Either A2 or B, contains dl, say B, does.
Then B2 t Ps is a contimuum containing b and d’.l.‘ Now B,
t Pyt @l is a proper subcontinnum of M containing b and c.
Therefore M contains a proper subcontinuum K2 irreducible
between b and c.

Lemma 6. If M is not a triod and M contains irreducible sub-
contimua K; and K, from a to b and from b to ¢ respectively;,
and arcs @l and 'gc?z irreducible from ¢ to K; and from a to K2
respectively, such that d; and d, fail to separate K; and K,
respectively, then Ky D ad, and K, Dedy. *

Proof. Since, by Theorem 2.2, M is irreducible among a, b,
and c, it follows that M = Ky +ed) and M = K, +%ad,. Since M
is not a triod, @l and 55\2 do not intersect. Therefore K; must

contain 'a’d\z and K2 must contain ’c—&lo

% Refer to footnote on page 12.
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Lema 7. If in Lemm 6, Hy is an irrveducible contimmwm in
K, from d, to b, then H <ad, = d,.

Proof. Since Hy is an irreducible contimum from d, to b ,
Hy - dy is connected and contains b. Now Ky =H +@2; since
K, is irreducible from a to b. By Lemma 4, H; must contain dp
because K, contains d;.

If H) %dyt dy, then some point x of Hy is in‘ad, such that
X fa, dy Since’;az - dy is connected, Hy - d, +§32 - dy +€d?l
is commected. But this is M - d, which in not connected.
Therefore Hloﬁz = dye

Lemm 8. If M is not a triod, then M contains a proper
subcontinuum H such that H has the same properties as M.#*

Proof. Let Ky and K, be irreducible proper subcontinua in
M from a to b and from b to c respectively. Since M is not a

triod, it follows from Lemma 1 that there exists points dl and

dy which lie in but fail to separate K; and K, respectively. Then

% Refer to footnote on page 12,
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by Lemmas 2 and 3; there exist arcs gd\l and 232 irreducible from
c and a to K and Ky respectivély. And by Lemma 6, Kq7) @2 while
Ky Dcdj. Then let H = Hy + Hy where Hy and Hy are irreducible
continua in K; and K5 from b to dy and from b to dy respectively.
Hence H is the sum of two continua with a cominon point b, so H
is a continuum.

Suppose some point dh of H, where dh ¥ &, dy, b, fails to
separate He Then H - dh,is connécted, and by Lemma 7, H - dh
-[-ﬁz + ﬁ;_ is comnected. Since M is irreducible among a , b';
and c, M :@2 KcEl + He Thismeans M -4, =H -4, +/a32 -\-’c?l.
But M - d4 is not connected. Therefore dh must separate H.

v Since H is a contimum, at least two of the points di, dé, and b

fail to separate Ho Suppose one of these does separate H. Then

all but two points of H separate He Hence H is an arc and
contains

ﬁz + H 3@ an arc containing 2 and b Thus by Lemma 1, M would

be a simple triod, but M is not a triod. Therefore d;, dy, and
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b do not separate H, but every point of H - (b+dl+d2) separates
He

Theorem 2.3, The continuum M is a triod.

Proof. Suppose M is not a triod. Them M contains two
proper subcontimua K; and K, satisfying the conclusion of
Lemma 5. Consider the case where K; is irreducible between
a2 and b and K, is irreducible between b and c.

If one of Ky and K, were an arc, then by Lemma 1, M would
be a triod. Therefore neither K; nor K, is an arc. Hence
there is a point d; of Kj where d; # a,b, such that K; - d;
is connected, and there is a point dy of K5, where dj & b;c;
such that K, - dj is comnected. It follows from Lemms 2 and
3 that there is an arc’cd; in M irreducible from ¢ to K; and
there is an arc@ in M irreducible from & to Ky. The arcs
'gc?z and éd\l have no point in common since, if they did, by

Lemma 4, M would be a triod.
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Since K and K3 are continua, and by Lemma 6, K3 D ad) and
KQD’cEl » then K; contains an irreducible subcontimmm Hy from
dp to b and K, contains an irreducible subcontinuum Hy from d; to
bo Let H=H + Hyo Then by Lemm 8, and its proof, H is a
continuum such that every point ofAH - (dy+dotb) separates H
whereas dj, dp, and b do not separate H.

If there is an arc from any one of d;, dy, b to one of the
other two, then M contains an arc containing two of a, b, and ¢
and so is a triod by Lemma 1. For example, if there is an
arc @2 from d, to dj, then Gc?l + @2 l-/a:d\.z is an arc
containing & and ¢, Therefore, there is no arc from one of
dy, dy, b to one of the remaining two. Now H contains two
proper subcontima Ny and N, satisfyﬁ.ng the conclusion of
Lemma 5.

We will consider two cases which will take care of all

possibilities, First the case where Nl is irreducible from
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d; to b and Ny is irreducible from dy to b. Since No is not
an arc , there exists a point t; of N, - (d2+b) such that N, - ¢
is comnected, It follows from Lemmas 2 and 3 that there is an
arc df‘l}l in H irreducible from d, to NZ’ The set H is a subset
of K since H/cd) = & (Lema 7) and M =K +%d;. Therefore N,
is a subset of Kl‘ Since @1 -|-/cc-i;_ contains gd?l as a proper
subset, then N, 4+ @d) is a proper subset of Kj. But N, + @

is a continuum cont.ainihg a and b and cannot be a proper subset
of Kl since Kl is irreducible between a and b, Therefore M is

a triod.

The second case is where N; is irreducible from d; to d,
and N2 is irreducible from d2 to b, Now since N, is not an
arc, there exists a point t, of N, - (dzi-b) such that Né -t
is connected. It follows from Lemmas 2 and 3 that there is an

arc dltzin H irreducible from dl to N2. The set Nz is a subset

of Ky since H is a subset of Kl" Since €<Tl is a proper subset
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of @2 +@, then N2 +@ is a proper subset of Kl. But
N2 +@2 is a contimuum and contains a and b which contradicts
the fact that Kl is irreducible between a and b. Therefore M
is a triod.

Theorem 2.4, There exists a point p of M - (a+b+c) such
that M - p = A + B + C, where A; B, and C are mutually separated
and A contains a, B contains b, and C contains c.

Proof. Since M is a triod, there is a point x such that M
is the sum of three arcs ax, bx, and X, where x is the inter-
section of each twov of them Then M - x = (B2 —x) + (@ - X)
+ (&2 - x). These three sets are mutually separated and each
contains one of a, b, and co

Theorem 2.5. If e and f are two distinct points of M - (a+b+c);
then there exists a point p of M such that M - p = A + B, where

A and B are mutually separated and A contains e while B contains f.

Proof. Since M is a triod, there is a point x such that M
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@.—x\, /b?, and rc-:?, where x is the inter-

is the sum of three arcs
section of ea.ch two of them. If both e and f are in one of the
arcs @, @, and 6-3?, say in@, then there exists a point p of
X such that &x - P = Al + By, where Al and B, are mtually
separated and A, contains e while B, contains f. Either A or
B.L contains x, say Al does. This means that BJ. contains a.
Then M - p = A2 + By, where A2 é.nd B, are mutually separated
and B, contains x, Since 4, + = 4 @ is connected and
contains x but not p, it is a ;ubset of Bye This set contains
b and c, so A2 mast contain a by 'i‘heérem 2,1 and therefore, A2
mist contain Bj. Hence e is in B, and f is in A,.

Suppose e and f are in different arcs of ;.;, Q, and fc:?,
say e is inaxX and f is in ox but neiﬁher e nor f is x. Then
H-x=(a2-x)+ (x-x) 4+ (a-x) such that 2% - x, X - x,

and @& - x are mutually separated. Since e is in‘ax - x and f

is in X - X, the point x separates e from f in M.
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Theorem 2.6. The continuum M does not contain a simple
closed curve.

Proof. Suppose M contains a simple closed curve J, Since
M is a triod, M =ax + % + G:?, where x is the intersection of
each two of these three arcs. From the proof of Theorem 2.1;;
M-x= (6% -x) + (b2 - x) + (& - x) where these three sets
are mutually separated. Since J is a simple closgd curve; J -x
is connected. Hence J — X is a subset of one of the sets 2x - x,
= - X, and ©X - x, say it is a subset ofaX - x. Then J is a
subset of @aX. But an arc cannot contain a simple closed curve

by Theorem 1.8, Therefore M does not contain a simple closed curve.
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