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ABSTRACT

This dissertation aims to develop the theory and applications of functional time se-
ries analysis. Functional data analysis came into prominence in the 1990s when more
sophisticated data collection and storage systems became prevalent, and many of the early
developments focused on simple random samples of curves. However, a common source
of functional data is when long, continuous records are broken into segments of smaller
curves. An example of this is geologic and economic data that are presented as hourly or
daily curves. In these instances, successive curves may exhibit dependencies which invalidate
statistical procedures that assume a simple random sample.

The theory of functional time series analysis has grown tremendously in the last decade
to provide methodology for such data, and researchers have focused primarily on adapting
methods available in finite dimensional time series analysis to the function space setting. As
a first problem, we consider an invariance principle for the partial sum process of stationary
random functions. This theory is then applied to the problems of testing for stationarity
of a functional time series and the one-way functional analysis of variance problem under

dependence.
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CHAPTER 1

INTRODUCTION

In this chapter, we introduce functional data analysis and functional time series analysis.
Some examples of functional time series data are discussed. We then provide an outline of

the problems considered and their organization in this dissertation.

1.1 Functional data, functional time series, and examples

In classical statistics, it is typically assumed that the observations are elements of R¢,
and that the sample size N is larger than, or at least comparable in size to, d. Modern
data, though, often exhibits such high dimensionality (d >> N) that classical statistical
procedures are invalid, and this necessitates the development of new theory. One type
of such data is continuous time phenomena that are observed at a high frequency. For
example, the left panel of Figure 1.1 shows linearly interpolated measurements over time
of the horizontal intensity of the Earth’s magnetic field, a measure of the Earth’s magnetic
field strength, taken in 2001. At the weather station that provided this data, the horizontal
intensity was measured every minute, giving a total of 1440 measurements per day. These
measurements approximate up to a l-minute resolution how the horizontal intensity is
changing over time. It is thus natural, in this case, to view the 1440 daily measurements
as a discrete sample of an underlying daily curve that represents the horizontal intensity
throughout the day. Similarly, even though the stock price of a company is only recorded
each time it is traded, which constitutes millions of irregularly spaced observations per day,
if one were to check the price of Disney stock at google.com/finance, it will be displayed as
a continuous curve such as in the right hand panel of Figure 1.1. It is quite common that
high-dimensional and high-frequency data can be interpreted as curves or functions.

Viewing data in this way is the basis of functional data analysis (FDA). What is gained
by trading finite dimensional observations, like the raw data in the above examples, for in
principle infinite dimensional curves is two fold. Firstly, when the data are generated by
an underlying continuous phenomena, a curve-based analysis is more appropriate since it
takes advantage of this structure. Secondly, passing the data to a curve provides a more

flexible framework for such data than multivariate techniques as it does not require that
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there be the same number of observations per curve, nor that the observations be obtained
at equally spaced time intervals.

A common way in which functional data are obtained is by breaking long, continuous
records into segments of shorter, for example hourly or daily, curves. The points at which
to segment raw data into individual curves are often clear in the context of the data.
For example, with magnetogram records, segmenting the raw data into daily curves is
natural due to the effect of the Earth’s rotation on the magnetic field. In these cases,
successive curves may exhibit dependencies, and functional time series analysis, which
combines concepts from FDA and classical time series analysis, provides a theory to model
and utilize these dependencies. This dissertation aims to develop the theory of functional

time series analysis and corresponding methodology.

1.2 Organization of the dissertation
This dissertation is organized into three remaining chapters. In Chapter 2, we consider
an invariance principle for the partial sum process of stationary random functions that
exhibit a Bernoulli shift structure. Chapter 3 develops an application of this result to
testing for the stationarity of a functional time series that may be considered as an analog
of the popular KPSS test. The dissertation concludes with Chapter 4 in which the one-way
functional analysis of variance problem under serial dependence within each population in

considered.
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Figure 1.1. The graph on the left displays over 10,000 horizontal intensity measurements
taken from March 1 to March 7, 2001. The green lines separate the data into daily functional
observations. The graph on the right displays 25 functional observations derived from the
intraday stock price of Disney; each curve represents one day of data.



CHAPTER 2

WEAK INVARIANCE PRINCIPLES FOR
SUMS OF DEPENDENT RANDOM
FUNCTIONS!

Motivated by problems in functional data analysis, in this chapter, we prove the weak
convergence of normalized partial sums of dependent random functions exhibiting a Bernoulli

shift structure.

2.1 Introduction
Functional data analysis in many cases requires central limit theorems and invariance
principles for partial sums of random functions. The case of independent summands is much
studied and well understood, but the theory for the dependent case is less complete. In

this chapter, we study the important class of Bernoulli shift processes which are often used

o0

. be a sequence of random

to model econometric and financial data. Let X = {X;(¢)
functions, square integrable on [0, 1], and let ||-|| denote the L?[0,1] norm. To lighten the
notation, we use f for f(t) when it does not cause confusion. Throughout this chapter, we

assume that

X forms a sequence of Bernoulli shifts, i.e. X;(t) = g(€;(t),€j—1(¢),...) for some  (2.1)
nonrandom measurable function g: S+ L? and iid random functions e;(t),

— 00 < j < oo, with values in a measurable space S,

€j(t) = €j(t,w) is jointly measurable in (t,w) (—oo < j < 00), (2.2)

EXo(t) = 0 for all t, and E||Xo|/**°< 0o for some 0 < 4§ < 1, (2.3)

and

'The content of this chapter is based on joint research with Istvan Berkes and Lajos Horvath.



the sequence {X,} > can be approximated by ¢—dependent sequences (2.4)

{Xnetne_o in the sense that
oo

Z(EHXn — XnngQ‘Hs)l/“ < oo for some Kk > 244,
/=1
where X, is defined by X, ¢ = g(en, €n—1, -, €n—t11, €0)5

€t = (Entn—t>€npn—o—1s---), where the e ,,’s are independent copies of e,

independent of {¢;, —00 < i < oo}.

We note that assumption (2.1) implies that X, is a stationary and ergodic sequence.
Hormann and Kokoszka (2010) call the processes satisfying (2.1)—(2.4) L? m—decomposable
processes. The idea of approximating a stationary sequence with random variables which
exhibit finite dependence first appeared in Ibragimov (1962) and is used frequently in
the literature (cf. Billingsley (1968)). Aue et al.(2012) provide several examples when
assumptions (2.1)—(2.4) hold which include autoregressive, moving average, and linear
processes in Hilbert spaces. Also, the nonlinear functional ARCH(1) model (cf. Hérmann

et al.(2012)) and bilinear models (cf. Hormann and Kokoszka (2010)) satisfy (2.4).
We show in Section 2.2 (cf. Lemma 2.2.2) that the series in
C(t,s) = E[Xo(t)Xo(s)] + > E[Xo(t)Xe(s)] + Y E[Xo(s)Xe(t)] (2.5)
(=1 (=1

are convergent in L?. The function C(t,s) is positive definite, and therefore, there exist
A1 > A2 > ... >0 and orthonormal functions ¢;(t),0 < ¢t < 1 satisfying

Ndi(t) = / Clt, 5)os(s)ds, 1< i< oo, (2.6)

where f means fol. We define

(a1 = N Wia)onto).
=1

where W; are independent and identically distributed Wiener processes (standard Brownian
motions). Clearly, I'(z,t) is Gaussian. We show in Lemma 2.2.2 that Y ,°; Ay < oo, and
therefore,

sup /FQ(x,t)dt <00 as.

0<z<1

Theorem 2.1.1. If assumptions (2.1)—(2.4) hold, then for every N we can define a Gaus-



sian process I'n(x,t) such that
(Tn(2,8),0 < 2,6 <1} 2 {T(2,8),0 < z,t < 1}

and

sup /(SN(:c,t) D, 0)2dt = op(1),

0<z<1

where
| Nz

J
1
Sn(m,t) = 575 > Xilt).
=1

The proof of Theorem 2.1.1 is given in Section 2.2. The proof is based on a maximal
inequality which is given in Section 2.3 and is of interest in its own right. There is a wide
literature on the central limit theorem for sums of random processes in abstract spaces. For
limit theorems for sums of independent Banach space valued random variables, we refer to
Ledoux and Talagrand (1991). For the central limit theory in the context of functional data
analysis, we refer to the books of Bosq (2000) and Horvath and Kokoszka (2012). In the
real valued case, the martingale approach to weak dependence was developed by Gordin
(1969) and Philipp and Stout (1975), and by using such techniques, Merlevede (1996) and
Dedecker and Merlevede (2003) obtained central limit theorems for a large class of dependent
variables in Hilbert spaces. For some early influential results on invariance for sums of
mixing variables in Banach spaces, we refer to Kuelbs and Philipp (1980), Dehling and
Philipp (1982), and Dehling (1983). These papers provide very sharp results, but verifying
mixing conditions is generally not easy and without additional continuity conditions, even
autoregressive (1) processes may fail to be strong mixing (cf. Bradley (2007)). The weak
dependence concept of Doukhan and Louhichi (1999) (cf. also Dedecker et al. (2007)) solves
this difficulty, but so far, this concept has not been extended to variables in Hilbert spaces.
Wu (2005, 2007) proved several limit theorems for one-dimensional stationary processes
having a Bernoulli shift representation. Compared to classical mixing conditions, Wu’s
physical dependence conditions are easier to verify in concrete cases. Condition (2.3) cannot
be directly compared to the approximating martingale conditions of Wu (2005, 2007). For

extensions to the Hilbert space case, we refer to Hormann and Kokoszka (2010).

2.2 Proof of theorem 2.1.1
The proof is based on three steps. We recall the definition of X ,,, from (2.4). For every
fixed m, the sequence { X ,, } is m-dependent. According to our first lemma, the sums of the

X,’s can be approximated with the sums of m—dependent variables. The second step is the



7

approximation of the infinite dimensional Xj ,,’s with finite dimensional variables (Lemma
2.2.4). Then the result in Theorem 2.1.1 is established for finite dimensional m-dependent

random functions (Lemma 2.2.6).

Lemma 2.2.1. If (2.1)-(2.4) hold, then for all x > 0, we have

k

> (Xi = Xim)

1
lim limsupP{ max ——
= i=1

m=o0 N_y00

> :U} =0. (2.7)

Proof. The proof of this lemma requires the maximal inequality of Theorem 2.3.2. Section

2.3 is devoted to the proof of this result. Using Theorem 2.3.2, (2.7) is an immediate

consequence of Markov’s inequality. O
Define
Crn(t, 5) = E[Xom(t) Xom(s)] + > E[Xom () Xim(s)] + Y E[Xom(s)Xim(t)].  (2.8)
i=1 i=1

We show in the following lemma that for every m, the function C,, is square—integrable.
Hence there are Ay, > Ao,y > -+ > 0 and corresponding orthonormal functions ¢; ,, 7 =

1,2,... satisfying
)\i,m(lsi,m(t) = /Cm(t, 3)¢i7m(s)ds7 7= 1, 2, e
Lemma 2.2.2. If (2.1)-(2.4) hold, then we have

// C?(t, s)dtds < oo, (2.9)

/ C2 (t,s)dtds < oo for all m > 1, (2.10)

lim //(C(t,s) — Ci(t, s))*dtds = 0. (2.11)

m—o0

/ =3 oy < o0, (2.12)
k=1

/Cm(t,t)dt =3 Mem < 00 (2.13)
k=1

and

m—00

lim [ Co(t, 1)t = / Ot 1)dt. (2.14)

Proof. Using the Cauchy-Schwarz inequality for expected values, we get



/ / (BLXo(t)Xo(s))) dtds < / / (EXZ(0)Y2(BXE(s))Y/2)2dtds = (F||Xo|2)? < 0.

Recalling that X and X;; are independent and both have 0 mean, we conclude first using

the triangle inequality and then the Cauchy—Schwarz inequality for expected values that

{ / / (i E[Xo(t)Xi(s)]>2dtds}1/2 (2.15)
=1

) 1/2
= // (ZE[X0<t)(Xi(3)_Xi,i<3>)]> dtds

1/2

IN

> 2
/I <ZE’Xo<t><Xi<s>—Xm(s))\) dtds
i=1

EOO: 1/2

(s) — Xi.4(s))[}? dtds
=2 </ / {BI1Xo(1)(Xi(s) — Xii(s))[} dtd )

00 2 1/2 (s) — “321/22 s
<3 [ {ion e - X)) aid
:/EXg(t)dti/E(Xi(s)_Xi,i(S))2ds

i=1

o

= B|IXol*) _ EllXo — Xoall?
i=1

< 00

on a(flcount of (2.4). This completes the proof of (2.9). O
c

Since EXo () Xo,m(s) = EXo(t)Xo(s), in order to establish (2.10), it is enough to show
that

m 2
/ / {Z E[X07m(t)Xi,m(s)}} dtds < .
i=1

It follows from the definition of Xj ,, that the vectors (Xom, Xim) and (Xo, X;,,) have
the same distribution for all 1 < ¢ < m. Also, (X;m,,X;;) has the same distribution as

(Xo,Xo,i), 1 <i < m. Hence following the arguments in (2.15), we get

1/2

m 2 1/2 " 2
i {DEXo,m(t)Xi,m(sn} asy =1 [ [ {DEX(J(t)Xi,m(s)\} dtds
=1 i=1

< BIX%|PY. / E(Xim(s) — Xi(s))%ds
=1



oo
< E||Xol[*) Bl Xo — Xoll*
i=1

< 00.

The proof of (2.10) is now complete. The arguments used above also prove (2.11).

Repeating the previous arguments we have

/Cttdt</EXO dt+22/\EXO t)]|dt
— [ X3+ 23" J1EL 060 - Xiso)lar
=1

= / EXS(t)dH?i / (BEXG (1) 2(B[Xi(t) — Xii(0)]*) /2t
1/2 1/2
< E|yXoH2+2Z </ EX3(t )dt) </E i,i(t)]zdt)

=1

= B||Xol*+2(E| Xo|[*)"/? Z(E”XO — XoallH)'?
=1
< oQ.

Observing that
/C(t,t)dt = ZAi/qﬁ%(t)dt => X\,
=1 =1

the proof of (2.12) is complete. The same arguments can be used to establish (2.13). The
relation in (2.14) can be established along the lines of the proof of (2.11). O]

By the Karhunen—Loéve expansion, we have that

Z zma¢€m ¢€m( ) (216)

/=1

Define

zma¢£m (b@m( ) (217)

Mx

me
E:l

to be the partial sums of the series in (2.16), and

Xim i () = Xign(t) = Xignc(t) = > (X, Gm) bram (). (2.13)
(=K+1

Lemma 2.2.3. If {Z;}Y | are independent L? valued random variables such that
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EZi(t) =0 and E||Z|]*< oo, (2.19)

then for all x > 0, we have that

2 2

k

D%

=1

1
P<{ max >z < -F (2.20)

1<k<N

=1

Proof. Let Fj be the sigma algebra generated by the random variables {Zj}g?:l. By
assumption (2.19) and the independence of the Z!s, we have that
2

2 2

k+1 k k
E(ID> z ‘]—"k =Dz +ElZeallP= > 2
=1 =1 =1

k
Therefore, {sz—l Z;
{Fi}p2,. If we define

2
} is a non-negative submartingale with respect to the filtration
k=1

k 2

e

then it follows from Doob’s maximal inequality (Chow and Teicher, 1988 p. 247) that

>,

2 2

k N
P q max, ZZ >z <FE ZZ Ia
=1 i=1
N 2
i=1
which completes the proof. ]
Lemma 2.2.4. If (2.1)-(2.4) hold, then for all x > 0,
&
Klgnoo lljiflljllopp {12}2{]\/ ﬁ ;Xi,m,K > x} =0. (2.21)

Proof. Define Qi(j) ={i:1<i<k,i=j(mod m)} for j =0,1,....,m—1, and all positive
integers k. It is then clear that

k
1=

m—1
D Ximpx =2 >, Ximu
7=0 ieQx(j)

1

We thus obtain by the triangle inequality that
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1

m—
}<P ZLH%N\/I*Z zm,K > x

Jj=0 - €Qux(

k
1 _
P {1§mka§xN T\]’ ; i,m, K

It is therefore sufficient to show that for each fixed j,

1 _
lim limsup P — X; > = 0.
A e P || 7y 2 Kk > o

By the definition of Qx(j), {Xim K }ieQy(j) 18 an iid sequence of random variables. So, by

applications of Lemma 2.2.3 and the assumption (2.3), we have that

2 2
1
P<{ max Z >z < — Z (2.22)
1<k<N
== \ﬁzer ) - *erQN
< ;EHX(%,m,KH
1 o0
= 2 M
(=K +1

Since the right-hand side of (2.22) tends to zero as K tends to infinity independently of N,
(2.21) follows. O

Clearly, with k = | Nz| we have

k K |[Nz|
7 2 Kimlt) = > 75 2 i tim) | dim(0) (2.23)
Lemma 2.2.5. If (2.1)-(2.4) hold, then the K dimensional random process
1 el 1 el
N ; <Xi,ma¢1,m>7---aﬁ 2 (Xiym, Brm)
converges, as N — oo, in D[0, 1] to
(A}ﬁWl(m),...,AW W (x )> (2.24)

where {I/V,}fil are independent, identically distributed Wiener processes.

Proof. A similar procedure as in Lemma 2.2.4 shows that for each i ZLNJCJ( Xim, Qjm)
can be written as a sum of sums of independent and identically distrlbuted random variables,

and thus, by Billingsley (1968), it is tight. This implies that the K dimensional process
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|[Nz| [Nz

\/72 zm7¢1m \/72 zma¢Km>

is tight, since it is tight in each coordinate. Furthermore, the Cramér-Wold device and
the central limit theorem for m—dependent random variables (cf. DasGupta (2008) p. 119)
shows that the finite dimensional distributions of the vector process converge to the finite

dimensional distributions of the process in (2.24). The lemma follows. O

In light of the Skorkohod—Dudley—Wichura theorem (cf. Shorack and Wellner (1986), p

47), we may reformulate Lemma 2.2.5 as follows.

Corollary 2.2.1. If (2.1)-(2.4) hold, then for each positive integer N, there exists K

independent, identically distributed Wiener processes {W@N}fil such that for each j,
1 1/2 P
sup |—— g Xim, ®jm) — N Win(x)| — 0,
OSLEI;I \/N P < ) ¢]7 > 7 JvN( )

as N — oo.

Lemma 2.2.6. If (2.1)-(2.4) hold, then for {W; y}X | defined in Corollary 2.2.1, we have
that

2

|Nz)
i, >\1/2W . at 5o, 2.95
o, [ (i 35 ot =N o0 =
as N = oo.

Proof. By using (2.23), we get that

[Nz|
\/— Z i,m K Z >\1/2 Wé N ¢€,m(t)

[Nz]

K
:Z \;Z Ximy Go.m) — )\1 2WeN() Gom (t).

(=1

The substitution of this into the expression in (2.25) along with a simple calculation shows

that
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[Nz|

1 1/2 )
su — Zm >\ W m
0§$21/<\/N ; wlt Z en(@)fem(t)
K 1 e /
= su — Xims bom) — N Wi 2
o<£1;<ﬁ;< s em) = M2Win (1))
K 1 [Nz| Y b,
< sup | —— Xim: Grm) — AW, )2 Lo,
6210<x1<)1<\/]v ;( , ¢K, > EN( )
as N — oo, by Corollary 2.2.1. O

Lemma 2.2.7. If (2.1)-(2.4) hold,
2
sup /( ST NEWi(@)dem(t )) dt 25 0, (2.26)
Ose<l (=K+1

as K — oo, where Wy, Ws, ... are independent and identically distributed Wiener processes.

Proof. Since the functions {¢¢,,}72, are orthonormal, we have that

2 o]
sup / ( ST NEZWi(@)demlt >> =E sup Y AenWi(2)

0<x<1 (=K+1 0swsly_g

oo
< D AmB sup WE(z) — 0,
(=K +1 0<z<1

as K — oo. Therefore, (2.26) follows from the Markov inequality. O

Lemma 2.2.8. If (2.1)-(2.4) hold, then for each N, we can define independent identically
distributed Wiener processes {W; N}, such that

[Nz 2

su X;ml(t AW, @ | a0,
p/ fz z o (@) e m (1)

as N — oco.

Proof. 1t follows from Lemmas 2.2.4-2.2.7. O

Since the distribution of Wy y,1 < £ < oo does not depend on N, it is enough to consider

the asymptotics for > 2, A;/Tin<$)¢g7m(t>, where W, are independent Wiener processes.

Lemma 2.2.9. If (2.1)-(2.4) hold, then for each m, we can define independent and iden-
tically distributed Wiener processes ngm(m), 1 <0 < oo such that
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2
sup / (ZA”Z 2) (1) ZA”QWM () (t )) dt =50, (2.27)

0<z<1

as m — Q.

Proof. Let

12y
ZA/ 2)$em(1).
Let M be a positive integer and define x; = i/M,0 < i < M. It is easy to see that

EF max su /Am T + h,t) — A (xi,1))%dt
0<1<M0<h<£)/M (Am( ) (zi,1))

< Z NemE { max  sup (Wy(z; +h) — We(ffi))Q}
(=1

0<i<M g<p<1/M

= {max sup  (Wi(z; + h) — Wi(ay)) }Z)\gm

0<i<M g<p<1/M

Using Lemma 2.2.2, we get that

> A= [ EAL Q08 = [ Cutttii s [ e na =3 A
— /=1

So by the modulus of continuity of the Wiener process (cf. Garsia (1970)), we get that

lim limsup £ max  sup /(Am(xl + h,t) — A (x4, 1))2dt = 0. (2.28)
M—00 m—oo 0<i<M 0<h<1/M

By the Karhunen-Loéve expansion, we can also write A,, as

Ap(z,t) = (Ap(,-), de)pe(t)
and

E/Agn(iﬁ,t)dt = ZE(<Am(xa ')>¢€>)2'

So by Lemma 2.2.2; we have

S E(Bm(w, ), 60)2 = 23 A
/=1

(=1

Also, for any positive integer ¢

E({(An( //C’ (t,8)pe(t)Pe(s dtds—>//Ctsq5g Yoe(s)dtds = Ny,

as m — oo. Hence for every z > 0, we have
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o 2
lim sup lim sup P /( Z (Am(x,-),qﬁg)m(t)) dt >z p =0. (2.29)

K—oco m—00 I=K+1

The joint distribution of (A(z;,-),¢),1 < i < M,1 < ¢ < K is multivariate normal with
zero mean. Hence they converge jointly to a multivariate normal distribution. To show
their joint convergence in distribution, we need to show the convergence of the covariance

matrix. Using again Lemma 2.2.2, we get that

E(A(xi,-), de)(A(xy, ), dk) = min(Ii7$g‘)/ Con(t, 5)de(t)pr(s)dtds
~ min(zi, 7;) / C(t, 8)be(t)du(s)dtds = min(zs, a) NI {k = €},

Due to this covariance structure and the Skorkohod-Dudley—Wichura theorem (cf. Shorack
and Wellner (1986), p. 47), we can find independent Wiener processes Wy, (x),1 < £ < oo
such that

131%12?’%“ (@1, 7), 80) = N Wem(:)|= 0p(1), as m — oc.

Clearly, forall 0 <z <1
2 oo
E/< ST N W (@)t )) dt=x Y A0, as m— oo,
(=K+1 {=K+1
and therefore similarly to (2.29)

00 2
lim sup lim sup P /( Z )\;/2W£7m($)¢g(t)> dt >z =0

K—oo m—o00 (=K +1

for all z > 0. Similarly to (2.28) one can show that

0o 2
E max  sup /(Z(We,m(xﬂrh)—We,m(%))W(t)) dt
‘

0<i<M o<p<i/M —

<E<{ max sup (W(xz; +h)— W(z;))? A — 0, as M — oo,
{0<1<M0<h<w< (i + h) = W(a) };

where W is a Wiener process. This also completes the proof of Lemma 2.2.9. O

Proof of Theorem 2.1.1 First we approximate Sy (z,t) with m-dependent processes (Lemma
2.2.1). The second step of the proof is the approximation of the sums of m-dependent
processes with a Gaussian process with covariance function min(z, z')Cy, (t, s), where C,, is

defined in (2.8) (Lemma 2.2.8)). The last step of the proof is the convergence of Gaussian
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processes with covariance functions min(x, 2')Cy, (¢, ) to a Gaussian process with covariance

funetion min(x,2")C(t, s) (Lemma 2.2.9).

2.3 Some moment and maximal inequalities

In this section, we give the proof of the maximal inequality in Lemma 2.2.1 which is a
crucial ingredient of the proof of Theorem 2.1.1. Actually, we will prove below some moment
and maximal inequalities for partial sums of function valued Bernoulli shift sequences which

have their own interest and can be used in various related problems.

Our first lemma is a Hilbert space version of Doob’s (1953 p. 226) inequality.

Lemma 2.3.1. If Zy and Zy are independent mean zero Hilbert space wvalued random

variables, and if 0 < 6 <1, then
E||Zy + Zo|PT°< E||Z1 | +E|| Zo| P+ EN 21| (BN 2| )7 + E|| Za|P(E|| Z1]*)2.

Proof. Since 0 < § < 1, for any A, B > 0, we have that (A + B)° < A% + B° (cf. Hardy et
al.(1969, p. 32)). An application of this inequality along with Minkowski’s inequality gives
that

121+ Z5]1°< (| 21][+]1 Z2 1)) < 21| 1°+1 Ze| 1.

We also have by Holders inequality that
E|Z1|°< (Bl Z1]*)°.
This yields that

E||Z1 + Zo||** = E| 2y + 2|1 21 + Zal°
< E||Zy + Zo| P(|1 Z1]1°+] Z2)°)
= El|Z1|PP+1| ZalP+2(Z1, Z2)) (| 20 °+1] Za|I°)
= E|| 21|+ E|| Z2| P+ E|| 21| *E|| Zo|*+ B Za|* B | Z4|°
< E|| 21|+ E|| Zo| PP+ E|| 21| P (B Z| )% + B|| Za||*(E| Z1]%)°72,

which proves the lemma. O

Remark 2.3.1. If Z; and Z5 are independent and identically distributed, then the result

of Lemma 2.3.1 can be written as

E||Z1 + Zo| < 2B)| 21| PO+ 2(B|| 24 P) 2.
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Let

I(r) = (B]|Xo — Xo|[")"". (2.30)

WE

~
Il

1
We note that by (2.4), I(r) < oo for all 2 <r < 24 4.

Lemma 2.3.2. If (2.1)-(2.4) hold, then we have

n 2
E|) (Xi—Xim)|| <nA,
=1
where
/
A= / E(Xo — Xom)?(t)dt + 2°/2 ( / E(Xo — Xo,m)2(t)dt) " 1(2). (2.31)

Proof. Let Y; = X; — X ,,,. By Fubini’s theorem and the fact that the random variables are

identically distributed, we conclude
2 n 2
= /E (Zmn) dt (2.32)
=1
n—1
—n/EY(Jz(t)dt+2/Z(n—z’)E[YO(t)Yi(t)]dt
<n/EY0 dt+2n2/|EYo t)]|dt
<n/EYO dt+2nZ/|EYo t)]|dt.

We recall X;; from (2.4). Under this definition, the random variables Yy and X;; are
independent for all i > 1. Let Z; = X, if i > m and Z; = g(€;,...,€1,60;),if 1 <i < m,

where 0; = (0;0,0;,—1,...) and &; ; are iid copies of €y, independent of the ¢,’s and € ’s.

Clearly, Z; and Yy are independent and thus with Y;; = X;; — Z; we have
EYo(t)Yi(t)] = E[Yo(t)(Yi(t) — Yiu(t))].
Furthermore, by first applying the Cauchy-Schwarz inequality for expected values and then

by the Cauchy-Schwarz inequality for functions in L?, we get that

1/2

J 1B - viena < [ (Exzw)” (B - vieR)

(/EYO dt>1/2 </E - ()]2dt>1/2.
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Also,

/E [Y;(t) — Yia(t)]2dt < 2 (/E [Xi(t) — Xia () dt + /E [Xim(t) — Zi(t)]? dt>

The substitution of this expression into (2.32) gives that

B ZY e / E}’02(t)dt+23/2n§;< / EYOZ(t)dt>1/ Y
{([prao - xuor ) - ([ £ 1ximto - 0P at) v }
<n| [Evpoa+ 22 ( [ Evoa) el
which completes the proof 5

Theorem 2.3.1. If (2.1)-(2.4) hold, then for all N > 1

B> (X — Xim) < N2,
i=1
where
B = E‘|XO_X0’m|‘2+6+C§+5[A1+6/2 + Jgjé + JmA(1+5)/2 +A(1+6/2)§J72n] (233)
T (e5T2) V0
with A defined in (2.31),
1\ !
cs = 36 (1 — 26/2) (2.34)

and -
T = 2(E|| Xo — Xo,m|[FH0) 7270/ ECHDN (B X0 — Xo | [FF0)1".
=1
Proof. We prove Theorem 2.3.1 using mathematical induction. By the definition of B, the
inequality is obvious when N = 1. Assume that it holds for all £ which are less than or
equal to N — 1. We assume that N is even, i.e. N = 2n. The case when N is odd can be
done in the same way with minor modifications. Let Y; = X; — X, ;,,. For all i satisfying

n+1<1i¢<2n, we define
* * %
Xi,n = g(ei, €i—1,--s€n+1,€n,€n1, )
>!f7

J
k,l < oo}. We define Z; ,, = X, if m+n+1<1i<2n and

where the €’s denote iid copies of €y, independent of {¢;, —0o0 < i < oo} and {ﬁz,w —00 <
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Zi,n = g(e,-, ooy €41, 6:, e 6;—m+17 51) With 61 = ((51'7”, 52',”_1, . .),

if n+1 < i < n+m, where the 5 ’s are iid copies of €y, independent of the €;’s and €}, Y, ’s.
Let Y7, = X7, — Zin, if n+1 < < 2n. Under this definition, the sequences {V;,1<i<n}

and {Y;* ,n+1 <i < 2n} are independent and have the same distribution. Let

S \

i=n+1
By applying the triangle inequality for the L? norm and for expected values, we get

Z?’L’

2n

S (vi-vi)

i=n-+1

and ¥ =

244 246
ZY + Z Z (Y - Y7%,) (2.35)
i=n-+1 i=n+1
S E (@ + \P)2+6
< ((E@2+5)1/(2+5) n (E\I’2+6)1/(2+5))2+6.
A two term Taylor expansion gives for all a,b > 0 and r > 2 that

r r r—1 7"(7" — 1) r—272

(a+b)" <a" +ra b+T(a+b) b*. (2.36)

Since both of the expected values in the last line of the inequality in (2.35) are positive, we
obtain by (2.36) that

246
SE@2+5 + (2 + 5) (E@2+6)(1+5)/(2+6)(E\If2+5)1/(2+5) (2‘37)

+ (2+5)(1 +6>[(E@2+5)1/(2+5)
+ (E\I/2+5)1/(2+6)]6(E\I’2+5)2/(2+5).

We proceed by bounding the terms (EW?+9)1/(2+9) " and EO?*9 individually. Applications

of both the triangle inequality for the L? norm and for expected values yield that

246\ 1/(2+9)

2n
(BO VR = | B\ 37 (V- V)
i=n+1
on 246\ 1/(2+9)
< E< > —Yif“nl\>
i=n+1
2n
< Y (BIY; = Y|PV e,
i=n+1

By Hélder’s inequality, we have, with x in (2.4),
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(E|]Y; = Y75 | PPV = (B[|Y; - Y7

i,n‘

|(2+5)2/n‘|};i _vr

i,n‘

|(2+5)7(2+5)2/n])1/(2+5)

< (E||Yi = Y, [PHOVR(E|Y; — Y, |[20) (=270 (s(240),
It follows from the definition of Yj, Y* and the convexity of 2219 that
E|Y; — yianerég 21+6(E||Xi - XZn||2+§+E||Xi,m _ MHQM) < 22+5E\|Xo B Xo,z;n||2+‘5
and
BIIY; — Y, [F9< 25 (BI|X, — Xl P4 EI|XT, — Zil P4) < 279X — Xouul 7.
Thus we get

0o
(E‘If2+6)1/(2+6) < 2(E||X0 _ XO,m”2+5)(H_2 8)/(k(2+9)) Z EHXO *X()’KHQ—HS)I/H = J.
/=1

To bound E©**, since > 7, Y; and Zl nt1 Yy, are independent and have the same

distribution, we have by Lemma 2.3.2, Remark 2.3.1, and the inductive assumption that

246
BO* = ZY + Z
i=n-+1
. 945 . o\ 1+6/2
<2B|D V|| +2|E|D YV
i=1 i=1
<on!t2p 4 2(nA)1+5/2.
The substitution of these two bounds into (2.37) give that
2n
E||> Y|P < 2n'T2B 4 2(n )10/ (2.38)
i=1

+(249) [2n1+5/2B + 2(nA)1+5/2](1+5)/(2+5> g

1
(24 0)(1+6) [2n1+5/2B +2(nA) 2 4 g g2

Furthermore, by the definition of B, we may further bound each summand on the

right-hand side of (2.38). We obtain for the first two terms that

Al+6/2
B

< (2n)'92B [2*5/2 + 6cgl} .

2n1+6/23+2(nA)1+5/2 S (2n)1+5/23 2—5/2+
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A similar factoring procedure applied to the expression in the second line of (2.38) yields
that

1+6)/(2+96)
(24 6) [2n1+5/23+2(nA)1+5/2}( t Jim
<

6 [(n1+5/2 B)(A+/2+8) | (py A)<1+6/2>[<1+6>/(2+6>}] g

< (2n)1+6/2B

6. 6, AOHI/DI1+9)/(2+9)]
pi/@) + 5

< (2n)'2B [12¢51] .

Since 0 < ¢ < 1, the expression in the third line of (2.38) may be broken into three separate

terms:
é
2+ 6)(1 4 6) [2n19/2B 1 2(nA)1+9/2 1 Jm] J2
< 6(2n'2BY0 J2 4 6(20 (nA)IF0/28 j2 4 6g2+9,
Furthermore, by again applying the definition of B, we have that

6(2n'1t9/2B)0.2,
(2n)1+6/23

6.J2, ]

6(2n1+6/2B)6J3L — (2n)1+5/23

B1-6
< (2n)'92Bl6c; 1],

< (2n)1+6/23 |:

6(2(nA)(H5/2))5J72n
(2n)1+5/23

6A(H5/2)5J31

—5

6(2(nA)10/2)0 52 — (21)1+9/2B

< (Qn)l—i-d/QB

< (277,)1+5/2B[666_1],

and
6J2t0 — (2n)1+6/2B LEH—HS < (2n)1+6/2B &gjé < (Qn)1+5/23[60—1]

The application of these bounds to the right-hand side of (2.38) give that
on 11240

DY
i=1

E < (2n)'*/%B [2*5/2 + 3605_1}

_ (2n)1+5/23,
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which concludes the induction step and thus the proof. ]

Theorem 2.3.2. If (2.1)-(2.4) hold, then we have

k

Z(Xi — Xim)

=1

2490
D < @y N1T9/2 (2.39)

E | max
1<k<N
with some sequence an, satisfying a, — 0 as m — oco.

Proof. By examining the proofs, it is evident that Theorem 3.1 in Médricz et al.(1982)
holds for L? valued random variables. Furthermore, by the stationarity of the sequence
{X; — Xim}2, and Theorem 2.3.1, the conditions of Theorem 3.1 in Méricz are satisfied

and therefore
k

Z(Xi — Xim)

246
) < cgNH‘S/ZB,
i=1

E ( max
1<k<N
with some constant cj, depending only on ¢ and B is defined in (2.33). Observing that

B = B,, — 0 as m — oo, the result is proven. ]

Theorem 2.3.1 provides inequality for the moments of the norm of partial sums of X; —
Xim which are not Bernoulli shifts. However, checking the the proof of Theorem 2.3.1, we

get the following result for Bernoulli shifts.
Theorem 2.3.3. If (2.1), (2.3) are satisfied and X is a Bernoulli shift satisfying
I(246) = (E||Xo — Xo,|[**)VCH) < oo with some 0 <6 < 1,
=1

where Xo ¢ is defined by (2.4), then for all N >1

246
< N1+5/QB*’

N

Sx

=1

E

where
B, = E|’X0H2+6+C§+6[A1+5/2 + I2+5(2 + 5)

12+ 8)ANTO2 L g0 209 L 5V 1 (0512(2))V/(179),

1/2
A, = / EXZ(t)dt + 2 < / EX&(t)dt) 1(2)
and cs is defined in (2.34) and 1(2) in (2.50).
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Remark 2.3.2. The inequality in Theorem 2.3.1 is an extension of Proposition 4 in Berkes

et al.(2011) to random variables in Hilbert spaces; we have computed how B, depends on

the distribution of X explicitly.

Acknowledgement We are grateful to Professor Herold Dehling for pointing out several
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CHAPTER 3

TESTING STATIONARITY OF
FUNCTIONAL TIME SERIES?

Economic and financial data often take the form of a collection of curves observed
consecutively over time. Examples include, intraday price curves, yield and term structure
curves, and intraday volatility curves. Such curves can be viewed as a time series of
functions. A fundamental issue that must be addressed, before an attempt is made to
statistically model such data, is whether these curves, perhaps suitably transformed, form
a stationary functional time series. This chapter formalizes the assumption of stationarity
in the context of functional time series and proposes several procedures to test the null
hypothesis of stationarity. The tests are nontrivial extensions of the broadly used tests in the
KPSS family. The properties of the tests under several alternatives, including change—point
and I(1), are studied, and new insights, present only in the functional setting, are uncovered.
The theory is illustrated by a small simulation study and an application to intraday price

curves.

3.1 Introduction

Over the last two decades, functional data analysis has become an important and steadily
growing area of statistics. Very early on, major applications and theoretical developments
pertained to functions observed consecutively over time, for example one function per day,
or one function per year, with many of these data sets arising in econometric research. The
main model employed for such series has been the functional autoregressive model of order
one, which has received a great deal of attention; see Bosq (9), Antoniadis and Sapatinas
(3), Antoniadis et al. (4), and Kargin and Onatski (30), among many others. More recent
research has considered functional time series which have nonlinear dependence structure;
see Hormann and Kokoszka (21), Gabrys et al. (15), Horvath et al. (27), Hérmann et al.
(23), as well as the review of Hormann and Kokoszka (22) and Chapter 16 of Horvath and

Kokoszka (25). As in traditional (scalar and vector) time series analysis, the underlying

2The content of this chapter is based on joint research with Piotr Kokoszka and Lajos Horvath.
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assumption for inference in such models is stationarity. Stationarity is also required for
functional dynamic regression models like those studied by Hays et al. (20) and Kokoszka
et al. (33); for bootstrap and resampling methods for functional time series, see McMurry

and Politis (37) and for the functional analysis of volatility, see Miiller et al. (38).

Testing stationarity received due attention as soon as fundamental time series modeling
principles have emerged. Early work includes Grenander and Rosenblatt (19), Granger
and Hatanaka (18), and Priestley and Subba Rao (45). The methods considered by these
authors rest on the spectral analysis which dominated the field of time series analysis at
that time. While such approaches remain useful, see Dwivedi and Subba Rao (14), the
spectral analysis of nonstationary functional time series has not been developed to a point
where useable extensions could be readily derived. We note, however, the recent work of
Panaretos and Tavakoli (39), Panaretos and Tavakoli (40) and Hérmann et al. (24), who

advance the spectral analysis of stationary functional time series.

We follow a time domain approach introduced in the seminal paper of Kwiatkowski
et al. (34) which is now firmly established in econometric theory and practice, and has
been extended in many directions. The work of Kwiatkowski et al. (34) was motivated
by the fact that unit root tests developed by Dickey and Fuller (11), Dickey and Fuller
(12), and Said and Dickey (47) indicated that most aggregate economic series had a unit
root. In these tests, the null hypothesis is that the series has a unit root. Since such
tests have low power in samples of sizes occurring in many applications, Kwiatkowski et al.
(34) proposed that stationarity should be considered as the null hypothesis (they used a
broader definition which allowed for deterministic trends), and the unit root should be
the alternative. Rejection of the null of stationarity could then be viewed as a convincing
evidence in favor of a unit root. It was soon realized that the KPSS test of Kwiatkowski
et al. (34) has a much broader utility. For example, Lee and Schmidt (35) and Giraitis et al.
(17) used it to detect long memory, with short memory as the null hypothesis. At present,
both the augmented Dickey—Fuller test and the KPSS test, as well as its robust version of
de Jong et al. (10), are typically applied to the same series to get a fuller picture. They are
available in many packages, including R and Matlab implementations. The work of Lo (36)
is also very relevant to our approach. His contribution is crucial because he showed that to
obtain parameter free limit null distributions, statistics similar to the KPSS statistic must
be normalized by the long-run variance rather than by the sample variance, which leads to

these distributions only if the observations are independent.

This chapter seeks to develop a general methodology for testing the assumption that a
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functional time series to be modeled is indeed stationary and weakly dependent. Such a
test should be applied before fitting one of the known stationary models (all of them are
weakly dependent). In many cases, it will be applied to functions transformed to remove
seasonality or obvious trends, or to model residuals. At present, only CUSUM change point
tests are available for functional time series; see Berkes et al. (7), Horvéath et al. (26), and
Zhang et al. (53). These tests have high power to detect abrupt changes in the stochastic
structure of a functional time series, either the mean or the covariance structure. Our
objective is to develop more general tests of stationarity which also have high power against

integrated and other alternatives.

It is difficult to explain the main contribution of this chapter without introducing the
required notation, but we wish to highlight in this paragraph the main difficulties which are
encountered in the transition from the scalar or vector to the functional case. A stationary

functional time series can be represented as
o0
Xa(t) = p(t) + Y vV A&jnv; (8),
j=1

where n is the time index that counts the functions (referring e.g. to a day), and ¢ is
the (theoretically continuous) argument of each function. The mean function p and the
functional principal components v; are unknown deterministic functions which depend on
the stochastic structure of the series { X, }, and which are estimated by random functions j
and v;. If {X,,} is not stationary, one can still compute the estimators i and ©;, but they
will not converge to p or v; because these population quantities will not exist then. Thus
the use of a data—driven basis system v; represents an aspect which is not encountered in
the theory of scalar or vector valued tests. Therefore, after defining meaningful extensions
to the functional setting, we must develop a careful analysis of the behavior of the tests

under alternatives.

The chapter is organized as follows. Section 3.2 formalizes the null hypothesis of station-
arity and weak dependence of functional time series, introduces the tests, and explores their
asymptotic properties under the null hypothesis. In Section 3.3, we turn to the behavior of
the tests under several alternatives. Section 3.4 explains the details of the implementation,
and contains the results of a simulation study, while Section 3.5 illustrates the properties
of the tests by an application to intraday price curves. Appendices 3.6 and 3.7 contain,

respectively, the proofs of the results stated in Sections 3.2 and 3.3.
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3.2 Assumptions and test statistics

Linear functional time series, in particular functional AR(1) processes, have the form
X, = Zj v (z-:n,j), where the ¢; are iid error functions, and the ¥; are bounded linear
operators acting on the space of square integrable functions. In this chapter, we assume
merely that X,, = f(en,€n—1,...), for some, possibly nonlinear, function f. The operators
VU or the function f arise as solutions to structural equations, very much like in the univari-
ate econometric modeling; see e.g. Terédsvirta et al. (50). For the functional autoregressive
process, the norms of the operators W, decay exponentially fast. For the more general
nonlinear moving averages, the rate at which the dependence of X,, on past errors &,_;
decays with j can be quantified by a condition known as LP—m—approximability stated in
assumptions (3.1)—(3.4) below. In both cases, these functional models can be said to be in a
class which is customarily referred to as weakly dependent or short memory time series. It
is convenient to state the conditions for the error process, which we denote by 8 = {n;}>,

and which will be used to formulate the null and alternative hypotheses.

Throughout the chapter, L? denotes the Hilbert space of square integrable functions on
the unit interval [0, 1] with the usual inner product (-,-) and the norm ||-|| it generates, [

means fol.
B forms a sequence of Bernoulli shifts, i.e. n; = g(gj,€j-1,...) (3.1)
for some measurable function g : S +— L? and iid functions €5,

— 00 < j < oo, with values in a measurable space 5,
gj(t) = €;(t,w) is jointly measurable in (t,w), —oo < j < o0, (3.2)

Eno(t) = 0 for all t, and E||no||**°< oo, for some 0<4d<1, (3.3)

and

the sequence {n,}o" can be approximated by {-dependent (3.4)

—0o0

sequences {1, ¢} e _,, in the sense that

o0

S (Bl = 1o

(=1

‘2+6)1/'~”~ < oo for some k> 2+,

where 1, is defined by 7,0 = g(en, en—1, ..., En—r+1, e;;j),

€xn 0 = (€ pn—t>Entn—t—15---), Where the e ,,’s are independent copies of o,
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independent of {g;, —00 < i < 00}.

Assumptions similar to those stated above have been used extensively in recent theoreti-
cal work, as all stationary time series models in practical use can be represented as Bernoulli
shifts; see Wu (52), Shao and Wu (48), Aue et al. (5), Hérmann and Kokoszka (21), among
many other contributions. They have been used in econometric research even earlier, and
the work of Potscher and Prucha (44) contributed to their popularity. Bernoulli shifts are
stationary by construction; weak dependence is quantified by the summability condition in
(3.4) which intuitively states that the function g decays so fast that the impact of shocks
far back in the past is so small that they can be replaced by their independent copies, with

only a small change in the distribution of the process.

We wish to test
Hy: X;(t)=p(t)+n;(t), 1<i<N, where pe L

The mean function p is unknown. The null hypothesis is that the functional time series is
stationary and weakly dependent, with the structure of dependence quantified by conditions
(3.1)—(3.4).

The most general alternative is that Hy does not hold, but some profound insights into
the behavior of the tests can be obtained by considering some specific alternatives. We

focus on the following.

Change point alternative:
Haq: Xi(t) =p(t)+6(t)I{i > k*} +n;i(t), 1 <i < N,with some integer 1 < k" < N.

The mean function p(t), the size of the change 0(t), and the time of the change, k*, are all

unknown parameters. We assume that the change occurs away from the end points, i.e.

k* = |N7] withsome 0< 7 <1. (3.5)

Integrated alternative:

Hpp: Xi(t)=p(t)+> m(t), 1 <i<N.

Hag: Xi(t) = pt) +g(i/N)o(t) +ni(t), 1<i< N (3.6)

)

where
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g(t) is a piecewise Lipschitz continuous function on [0, 1]. (3.7)

The trend alternative includes various change point alternatives, including H 4 1, but also
those in which change can be gradual. It also includes the polynomial trend alternative, if
g(u) = u®.

We emphasize that both under the null hypothesis and all alternatives, the mean function
w(t) is unknown.

The tests we propose can be shown to be consistent against any other sufficiently large
departures from stationarity and weak dependence. In particular, functional long memory
alternatives could be considered as well, as studied in the scalar case by Giraitis et al. (17).
Since long memory functional processes have not been considered in any applications yet,
we do not pursue this direction at this point.

In the remainder of this section, we consider two classes of tests, those based on the
curves themselves, and those based on the finite dimensional projections of the curves on
the functional principal components. As will become clear, the tests of the two types are

related.

3.2.1 Fully functional tests

Our approach is based on two tests statistics. The first is
Ty = // Z%(x, t)dtdz,

Zn(z,t) = Sy(x,t) —xSn(1,t), 0<ux,t<1,

where

with
[Nz]

Sn(x,t) = N2> X(t), 0<at<1.
=1

The second test statistic is

MN:TN—/</ZN(x,t)dx>2dt:// (ZN(x,t)—/ZN(y,t)dy>2dxdt.

If X;(t) = X, i.e. if the data are scalars (or constant functions on [0, 1]), the statistic Ty is
the numerator of the KPSS statistic of Kwiatkowski et al. (34), and My is the numerator of
the V/S statistic of Giraitis et al. (17), who introduced centering to reduce the variability
of the KPSS statistic and to increase power against “changes in variance” which are a
characteristic of long memory in volatility. As pointed out by Lo (36), to obtain parameter

free limits under the null, statistics of this type must be divided by the long—run variance.
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We now proceed with the suitable definitions in the functional case.

The null limit distributions of Ty and My depend on the eigenvalues of the long—run

covariance function of the errors:
C(t,s) = Eno(t)no(s) + ZEUO )e(s) + Z Eno(s)ne(t). (3.8)
/=1

It is proven in Horvéth et al. (27) that the series in (3.8) is convergent in L?. The function
C(t, s) is positive definite, and therefore, there exist Ay > Ay > ... > 0 and orthonormal

functions ¢;(t),0 < t < 1, satisfying
Xipi(t /C’tsc,oZ ds, 1<1i< . (3.9)

The following theorem specifies limit distributions of T and My under the stationarity

null hypothesis. Throughout the chapter, By, Bo, ... are independent Brownian bridges.

Theorem 3.2.1. If assumptions (3.1)—(3.4) and Hy hold, then
Ty 3 N\ / B2(z)dx (3.10)
i=1

and

My ii;x/ <Bi(x)—/Bi(y)dy>2d:r. (3.11)

According to Theorem 3.6.1, under assumptions (3.1)—(3.4), the sum > 7, \; is finite,
and therefore, the variables Ty and My are finite with probability one.

Theorem 3.2.1 shows, in particular, that for functional time series, a simple normaliza-
tion with a long—run variance is not possible, and approaches involving the estimation of all
large eigenvalues must be employed. The eigenvalues A\; > A2 > ... can be easily estimated

under the null hypothesis because then
C(t,s) = cov(Xo(t) )+ Z cov(Xo(t), Xi(s)) + cov(Xo(s), Xi(t))],

so we can use the kernel estimator Cy of Horvath et al. (27) defined as

C (t,s) =Ho(t,s) +ZK< ) i(t,s) +%i(s,t)), (3.12)

where
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with

K(0) =1, (3.13)
K(u) =0 if u > ¢ with some ¢ > 0, (3.14)

and
K is continuous on [0, ¢], where ¢ is given in (3.14). (3.15)

The window (or smoothing bandwidth) ~A must satisfy only

h(N
h=h(N) — oo and (N>—>0, as N — oc. (3.16)

Now the estimators for the eigenvalues and eigenfunctions are defined by
hgi(t) = [ Onltos)aits)ds, 1<i <.

where A\; > Ao > ... are the empirical eigenvalues and @1, p2,... are the corresponding

orthonormal eigenfunctions. We can thus approximate the limits in Theorem 3.2.1 with

izd;&/B?(x)dx and Xd;A/ (Bi(ﬂ:)—/Bi(y)dy>2d$,

where d is suitably large. The details are presented in Section 3.4. We note that the Ai
and the ¢; are consistent estimators only under Hg. Their behavior under the alternatives

is complex. It is studied in Section 3.3.

3.2.2 Tests based on projections
Theorem 3.2.1 leads to asymptotic distributions depending on the eigenvalues );, which
can collectively be viewed as an analog of the long—run variance. In this section, we will see
that by projecting on the eigenfunctions ¢;, it is possible to construct statistics whose limit
null distributions are parameter free. This procedure is a functional analog of dividing by
an estimator of a long—run variance.

To have uniquely defined (up to the sign) eigenfunctions, we assume
A > A > g > )\d+1 > 0. (3.17)

Define
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=1
and . )
M} (d) = (Zn(2,),00) = [ (Zn(u,-), gi)du | da.
N ;/ N ® / N 'Z )
Theorem 3.2.2. If assumptions (3.1)~(3.4), (3.13)-(3.16), (3.17) and Hy hold, then
d
) 2 Y / B(x)da, (3.18)
=1
d
Tid) 2 SN / B2(2)dx, (3.19)
=1
d 2
MY 2 Bi(z) — [ Bi(w)du) dx (3.20)
A CERY R

and

My(d) 2 zde/ (Bi(x)—/Bi(u)du>2dx. (3.21)
=1

It is clear that T and M3} are just d-dimensional projections of Ty and Mpy. The
distribution of the limit in (3.18) can be found in Kiefer (31). Critical values based on Monte
Carlo simulations are given in Table 6.1 of Horvath and Kokoszka (25). The distributions
of the limits both in (3.18) and (3.20) can also be expressed in terms of sums of squared
normals; see Shorack and Wellner (49) and Section 3.4. It is also easy to derive normal

approximations. By the central limit theorem, we have, as d — oo,

() [ -] v

where N(0,1) stands for a standard normal random variable. Aue et al. (5) demonstrated
that the limit in (3.18) can be approximated well with normal random variables even for
moderate d. The limit in (3.20) can be approximated in a similar manner, namely, as

d — 00,
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(32()>1/2 [g {/B?(x)da:— (/Bi(a:)dx>2} - é] B N(0,1).

3.3 Asymptotic behavior under alternatives

The asymptotic behavior of the KPSS and related tests under alternatives is not com-
pletely understood, even for scalar data. This may be due to the fact that an asymptotic
analysis of power is generally much more difficult than the theory under a null hypothesis.
Giraitis et al. (17) studied the behavior of the KPSS test, the R/S test of Lo (36), and
their V/S test under the alternative of long memory. Pelagatti and Sen (41) established the
consistency of their nonparametric version of the KPSS test under the integrated alternative.
In this section, we present an asymptotic analysis, under alternatives, of the tests introduced
in Section 3.2. In the functional setting, there is a fundamentally new aspect: convergence
of a scalar estimator of the long—run variance must be replaced by the convergence of the
eigenvalues and the eigenfunctions of the long—run covariance function. We derive precise
rates of convergence and limits for this function, and use them to study the asymptotic
power of the tests introduced in Section 3.2. In Section 3.4, we will see how these asymptotic
insights manifest themselves in finite samples.

We expect that the tests introduced in Section 3.2 are also consistent against suitably
defined long memory alternatives. While scalar long memory models have received a lot
of attention in recent decades, long memory functional models have not been considered in
econometric literature yet. To keep this contribution within reasonable limits, we do not

pursue this direction here.

3.3.1 Change in the mean alternative

To state consistency results, we assume that the jump function is in L2, i.e.
/ 52(t)dt < o. (3.22)
We introduce the function
Or(z,t) =0()[(x — ) [{x > 7} — (1 — 7)] (3.23)
and the Gaussian process I'?(x, t) with ET?(z,t) = 0 and
ET%z, )%y, s) = (min(z,y) — zy)C(t, 5).

The existence of the process I'’(z, ) will be established in Appendix 3.6.
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Theorem 3.3.1. If assumptions (3.1)—(3.4), (3.5), (3.22), and Ha hold, then

N2 {TN -2 7)2\15\|2} o, 2// P, )0, (2, Odtde (3.24)

and

N
N—1/2 {MN - E72(1 - 7)21\5”2} (3.25)

LN / / (Fo(x,t)— / Fo(y,t)dy> (6T(a:,t)— / 5T(y,t)dy> dtdz.

It is easy to see that the limits in Theorem 3.3.1 are zero mean normal random variables.
Their variances, computed in Appendix 3.7, are positive if C(t, s) is strictly positive definite.
In that case, Ty and My increase like N. However, as we prove in Lemma 3.7.2, Cy (t,s)
does not converge to C(t,s) under Hy4 1, so it is not clear what the asymptotic behavior of
the critical values under H 4 is. To show that the asymptotic power is 1, a more delicate
argument is needed, which we now outline.

Applying Lemma 3.7.2 with the result of Dunford and Schwartz (13), p. 1091, we
conclude that

;\ c
75 i =2r(1- T)||5\|2/0 K (u)du, (3.26)

and

. Lot
gol(t) —CngﬁH = Op(l). (327)
According to (3.26), when we compute ¢ = ¢(h, N), the critical value from simulated copies

of 2% X [ B(t)dt, then ¢ increases at most linearly with h. Therefore, using (3.16) with

Theorem 3.3.1, we conclude that
lim P{Tny >¢c} =1 under Hy;. (3.28)
N—o0

This shows that the test based on Ty is consistent. The same argument applies to M.
We now turn to the tests based on projections, with the test statistics defined in
Section 3.2.2. As we have seen, under H 4 1, the largest empirical eigenvalue A1 increases to
00, as N — oo, and the corresponding empirical eigenfunction ¢ is asymptotically in the
direction of the change. This means that both T and My, are dominated by the first term
under Hy4 1. The precise asymptotic behavior of all statistics introduced in Section 3.2.2 is

described in the following theorem.

Theorem 3.3.2. If assumptions (3.1)—(3.4), (3.13)(3.16), (3.22), and Ha 1 hold, then
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N~1/2 {va(l) — %72(1 —7)%(s, ¢1>2} N 2// Iz, )0, (x, t)dzdt, (3.29)
v s - 50 - 12002 (3.30)
L2, / / (Fo(x,t)— / Fo(y,t)dy) (5T(x,t) - / 5T(y,t)dy) dtdz,

%27(1 - T)||5||2/OCK(u)du {T})Vu) — 3];1 (1 —1)%(0, @1>2} (3.31)

2,9 / / T°(z, £)0, (x, t)dzdt,

and

h

iz =l | K (u)du {M%(l) - 1;2172(1 ), ¢1>2} (3.32)

L2, 0 / / <F0(x,t)— / Fo(y,t)dy) <5T(a:,t) - / 5T(y,t)dy> dtdz.

If in addition we assume that h/NY? — 0 as N — oo, then

T3 (d) = Sr(1 = )l8IP0 -+ op(1), (33
Miy(d) = Tor(1 =)l + op(1)), (334)
=" "0 4y, (3.35)

B EGIOC K(u)du
and

N 7(1-7)

My () =5 24 [ K (u)du

(1+o0p(1)). (3.36)

Observe that according to Theorems 3.3.1 and 3.3.2, the statistics T and T3 (1) (Mn
and MR (1), respectively) exhibit the same asymptotic behavior under the change point
alternative. This is due to the fact that the projection in the direction of ¢; picks up all
information on the change available in the data, as, by (3.27), ¢1 is asymptotically aligned

with the direction of the change.
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Remark 3.1. In the local alternative model
Xi(t) = p(t) + o) I{i > k*} +n:i(t), 1 <i < N,with some integer 1 < k* < N,

where ||0%||— 0 as N — oco. We discuss briefly how the statistic Ty behaves under this
model. Tf N1/2||6%||— 0, then Ty converges in distribution to [[(T9(x,t))?dtdz as is the case
under Hy. On the other hand, if N1/2| |03 ||—= oo, then Ty P, 5 and therefore, consistency
is retained. Moreover, under the additional assumption N [[ C(t, s)d% ()05 (s)dtds — oo

we show that

1

- JlxiP} 2 N, (3.37)

where

A% = 4N // C(t,s)0n(t)0n(s)dtds //(min(:c,y) — 29)0,(2)0, (y)dzdy.

In the critical case when N'/2||§%||— 6* in L?, where 6* is some non zero function, then

we have -
D 2 1/2 c *
T 25 ¢+ 3 {MllBelP+222(Be, 670 6 } (3.38)
/=1
where ¢ = [|6,]|%||0%||, Bi, Bo, ... are independent Brownian bridges, the \;’s and ¢’s are
defined in (3.9), and
or(x)=(xz—7)I{x>7}—2(1—-71). (3.39)

The asymptotic behavior of My can be studied analogously in the local alternative change
point model. The derivation of the asymptotic properties of T8 (d), T%(d), M%(d), and
M3, (d) is much more involved since it requires the study of C’N(t, s) under this model. We

will not pursue this line of inquiry in the present chapter.

3.3.2 The integrated alternative
Let
Az, t) = / [(u,t)du — x/F(u,t)du, (3.40)
0
where I'(z, t) is a Gaussian process with ET'(z,¢) = 0 and ET'(x, t)['(y, s) = min(x, y)C(t, s).
The existence of I'(x, t) is established in Theorem 3.6.1.

For the fully functional tests of Section 3.2.1, we have the following result.

Theorem 3.3.3. If assumptions (3.1)—~(3.4) and Hazo hold, then

1

1y = A2(z, t)dtdzx 3.41
N2
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// (A(x,t)—/A(u,t)du>2dtdx. (3.42)

To find the limit distributions of the statistics based on projections, we need the following

and

theorem.

Theorem 3.3.4. If assumptions (3.1)—(3.4), (3.13)(3.16), and Ha 2 hold, then
1
7 < <1 A < <1
{N N(z,t), NhC N(t,s),0 <zt s< }—>{ (x,t),Q(t,s),0 < x,t s < }

in D([0,1] x L?), where

Qlt,5) = 2 ( /0 CK(w)dw) / R(2DR(2 5)dz,
R(z,t):/OZF(u,t)du—/{/va(u,t)du} dv.

We show in Lemma 3.7.5 that Q(¢,s) is non—negative definite with probability one, so

with

there are random variables \j > A5 > ... and random functions ¢} (), ©5(t), ... satisfying

Aipi(t /Qtswz ds, 1<1i<oo0. (3.43)

Combining Theorem 3.3.4 with Dunford and Schwartz (13), we get that

(xl/(Nh), Mof(ND), ..y o A/ (NR), @1(t), §a(t), ... ,@d(t))

D * * * * * *
— (AL AL, AL 01 (1), 05(1), .., (1)) -

Thus the behavior of TS (d), T%(d), MY(d) and M3 (d) is an immediate consequence of
Theorem 3.3.4. An argument similar to that developed in Section 3.3.1 shows that the tests

are consistent.

Theorem 3.3.5. If assumptions (3.1)(3.4), (3.13)(3.16), and Ha 2 hold, then

¥R B Y [ g (344)
=1
d

W@ B3 [ e (3.45)
=1

d 2
P B Y5 [(@eaeo - [eweom) e e
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and
1 D d 2
i@ B3 [ (@@ - [Bupio) a @)
i=1
3.3.3 Deterministic trend alternative
Let

3(z) = /Omg(u)du—x/g(u)du, 0<z<1.

Theorem 3.3.6. If assumptions (3.1)—~(3.4), (3.6), (3.22) and Ha 3 hold, then

N~1/2 {TN —N|5|]2/g2(x)d:c} 2, 2// 10z, t)(t)g(x)dtda (3.48)

and

N2 {MN - N3l [ (a0 - [ g<y>dy)2 dx} (3.49)
L0 / / (Fo(x,t) - / Fo(y,t)dy> (g(:p)— / g(y)dy) 5(t)dtdz.

The limits in (3.48) and (3.49) are normal random variables with zero mean and variances
which can be expressed in terms of the long-run covariance kernel C(+,-) and the functions
0 and g. We do not display these complex formulas to conserve space. They extend the
formulas for the variances of the limits in Theorem 3.3.1 which are given in Appendix 3.7.
The consistency of the procedures based on projections can be established by extending the
arguments used to prove Theorem 3.3.2, however with more abstract notation. Again, to

keep this work within reasonable limits of space, we do not present the details.

3.4 Implementation and finite sample performance
In this section we discuss the implementation of the testing procedure developed in the
sections above. A simulation study is then presented in order to investigate the finite sample

properties of the test.

3.4.1 Details of the implementation
To implement the tests introduced in Section 3.2, several issues must be considered.
The choice of the kernel K(-) and the smoothing bandwidth h are the most obvious.
Beyond that, to implement Monte Carlo tests based on statistics whose limits depend
on the estimated eigenvalues, a fast method of calculating replications of these limits

must be employed. The issues of bandwidth and kernel selection have been extensively
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studied in the econometric literature for over three decades; we cannot cite dozens, if not
hundreds, of papers devoted to them. Perhaps the best known contributions are those
of Andrews (1) and Andrews and Monahan (2) who introduced data-driven bandwidth
selection and prewhitening. While these approaches possess optimality properties in general
regression models with heteroskedastic and correlated errors, they are not optimal in all
specific applications. In particular, Jonsson (28) found that the finite-sample distribution
of the (scalar) KPSS test statistic can be very unstable when the Quadratic Spectral
kernel (recommended by Andrews (1)) is used and/or a prewhitening filter is applied. He
recommends the Bartlett kernel. An elaboration on the finite sample properties of the KPSS
test with many relevant references can be found in Jénsson (29). This chapter focuses on the
derivation and large sample theory for the stationarity tests for functional time series; we
cannot present here a comprehensive and conclusive study of the finite sample properties,
which are still being investigated even for scalar time series. We however wish to offer
some practical guidance and report approaches which worked well for the data-generating

processes we considered.

Politis (2003, 2011) argues that the flat top kernel

1 0<t<0.1
Kt)={ 11—t 01<t<ll (3.50)
0, It)> 1.1

has better properties than the Bartlett or the Parzen kernels. In our empirical work, we
used kernel (3.50). Our simulations showed that h = N'/2 is satisfactory for our hypothesis
testing problem when the observations are independent or weakly dependent (functional
autoregressive processes). The empirical sizes and power functions change little if A is
taken +5 lags smaller or larger. We note that the optimal rates derived in Andrews
(1) do not apply to kernel (3.50) because this piecewise function does not satisfy the
regularity conditions assumed by Andrews (1). It can be shown that the optimal rates for
Bartlett and Parzen kernels remain the same in the functional case, but the multiplicative
constants depend in a very complex way on the high-order moments of the functions, and

the arguments Andrews (1) used to approximate them cannot be readily extended.

Once the kernel and the bandwidth have been selected, the eigenvalues \i can be
computed. This allows us to compute the normalized statistics T(d) and M¥(d) and
use the tests based on the asymptotic distribution of their limits. The critical values
can be computed by using the expansions analogous to (3.51) or (3.52) (without the \;).

Alternatively, since these limits do not depend on the distribution of the data, the critical
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values can be obtained by calculating a large number of replications of T (d) and MY (d)
for any specific functional time series. We used iid Brownian motions, and we refer to the
tests which use the critical values so obtained as T%(d)(AM) and MY (d)(AM) (Alternative
method). This method is extremely computationally intensive, if its performance is to be
assessed by simulations; we needed almost two months of run time on the University of Utah
Supercomputer (as of June 2013) to obtain the empirical rejection rates for % (d)(AM) and
M?Y,(d)(AM) for samples of size 100 and 250 and values of d between 1 and 10.

The limits of statistics Ty and T3 must be approximated by the MC distribution
of Z?Zl i [ BZ(z)dz, and one must proceed analogously for My and M. Using the

expansions discussed in Shorack and Wellner (49), pp. 210-211, we use the approximations

d 2
. ) Vi
Tog =Y XY 25 (3.51)
i=1 j=1 T
and . p
. . Z3; 1+ Z3;
Mag=> N> i (3.52)

i=1  j=1
where {Zj}?; are iid standard normal random variables. For large J, the sums over j
approximate the integrals of the functionals of the Brownian bridge and eliminate the need
to generate its trajectories and to perform numerical integration. In our work, we used
J = 100, and one thousand replications to obtain MC distributions.

To select d, we use the usual “cumulative variance” approach recommended by Ramsay
and Silverman (46) and Horvath and Kokoszka (25); d is chosen so that roughly v% of the
sample variance is explained by the first d principal components. In our implementation, we
estimated the total of 49 largest eigenvalues (the largest number under which the estimation
is numerically stable), and used d = d,, such that

AL+ 4 Agg
A general recommendation is to use v equal to about 90%, but we report results for v =
.85,.90, .95, to see how the performance of the tests is affected by the choice of d. This is a
new aspect of the stationarity tests, which reflects the infinite dimensional structure of the

functional data, and which is absent in tests for scalar or vector time series.

3.4.2 Empirical size and power
We first compare the empirical size of the tests implemented as described above. We

consider two data-generating processes (DGPs): 1) iid copies of the Brownian motion (BM),
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2) the functional AR process of order 1 (FAR(1)). There are a large number of stationary
functional time series that could be considered. In our small simulation study, the focus
on the BM is motivated by the application to cumulative intraday returns considered in
Section 3.5; they approximately look like realizations of the BM; see Figure 3.1. The
FAR(1), with Brownian motion innovations, is used to generate temporal dependence: the
tests should have correct size for general stationary functional time series, not just for iid

functions. The FAR(1) process is defined by the equation
1
Xi(t) = / Yt u)Xi—1(u)du + Wi(t), 0<t<1, (3.53)
0

where the W; are independent Brownian motions on [0, 1], and 1) is a kernel whose operator
norm is not too large. The precise condition is somewhat technical; see Bosq (9) or Chapter
13 of Horvath and Kokoszka (25). A sufficient condition for a stationary solution to

equation (3.53) to exist is that the Hilbert—Schmidt norm of ¢ be less than 1. We work

2 2
Y(t,s) = cexp (t J;S )

with ¢ = .3416 so that the Hilbert—Schmidt norm of ¢ is approximately 0.5.

with the kernel

We consider functional time series of length N = 100 and N = 250. Each DGP is
simulated one thousand times, and the percentage of rejections of the null hypothesis is
reported at the significance levels of 10 and 5%. The empirical sizes are reported in Table 3.1,

which leads to the following conclusions:

1. The tests TR (AM) and T (AM) have reasonably good empirical size, which does not
depend on v. Note that we used the BM processes to obtain the critical values, so it
is not surprising that we observe good results when using BM as the DGP. However,

the observations of the FAR(1) series are no longer BMs.

2. If the limit distribution is used to calculate the critical values, the tests based on the
MC distributions (statistics T, My, TR, M%) are less sensitive to the choice of the

cumulative variance v.
3. The tests based on My and M}, are generally too conservative at the 5% level.

4. Even though statistic T%; is too conservative at the 5% level in case of the FAR(1)

model, it achieves a reasonable balance of empirical size at the 10 and 5% levels.

5. If the temporal dependence is not too strong, we recommend statistics Ty, with v =

90%.
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We now turn to the investigation of the empirical power. The number of DGPs that
could be considered under the alternative of nonstationarity is enormous. In our simulation
study, we consider merely two examples intended to illustrate the theory developed in

Section 3.3. Under the change point alternative, H4 1, the DGP is

B;(t if i < |N/2
xi(t) =4 2V i < LN/2]
Bi(t)+46(t) ifi> |N/2],
where the B; are iid Brownian bridges, and §(¢t) = 2¢t(1 — t), so that the change in the
mean function is comparable to the typical size of the Brownian bridge. Under the I(1)

alternative, H 4 2, we consider the integrated functional sequence defined by
X,L(t) :Xifl(t)—{—Bi(t), 1<i<N,

where Xo(t) = Bo(t), and {B;(t)}:°, are iid Brownian Bridges. Again, each data-generating
process is simulated 1000 times and the rejection rate of Hy is reported when the significance
level is 10% and 5%. Table 3.2 shows the results of these simulations. The following

conclusions can be reached:

1. Under the change point alternative, the T statistics have higher power than the M
statistics. This is in perfect agreement with Theorems 3.3.1 and 3.3.2, which show
that the leading terms of the T statistics are four times larger than those of the

corresponding M statistics.

2. The same observation remains true under the integrated alternative, and again it
agrees with the theoretical rates obtained in Theorems 3.3.3 and 3.3.4. The multi-
plicative constants of leading terms of the T statistics are equal to second moments

and those of the M statistics to corresponding variances.
3. As for empirical size, the T statistics are not sensitive to the choice of v.

4. The test based on T’y has slightly lower power than those based on T](\), and T, but this
is because the latter two tests have slightly inflated sizes. Our overall recommendation
remains to use T, with v = 0.90. However, if very high power is of central importance,

and computational time not a big concern, the method 7% (AM) might be superior.

3.5 Application to intraday price curves
Some of the most natural and obvious functional data are intraday price curves; five such
functions are shown in Figure 3.2. Not much quantitative research has however focused on

the analysis of the information contained in the shapes of such curves, even though they
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very closely reflect the reactions and expectations of intraday investors. Extensive research
has focused on scalar or vector summary statistics derived from intraday data, including
realized volatility and noise variance estimation; see Barndorff-Nielsen and Shephard (6)
and Wang and Zou (51), among many others. Several papers have however considered the
shapes of suitably defined price or volatility curves; see Gabrys et al. (15), Miiller et al. (38),
Gabrys et al. (16), Kokoszka and Reimherr (32), and Kokoszka et al. (33). This chapter
focuses on statistical methodology and the underlying theory, and we cannot include a
comprehensive empirical study of functional aspects of intraday price data. We merely
show that the application of our tests leads to meaningful and useful insights.

Suppose Py (t;),n =1,...,N,j = 1,...,m, is the price of a financial asset at time ¢;
on day n. Figure 3.2 shows five functional data objects constructed from the 1-minute
average price of Disney stock interpolated by B-splines. In this case, the number of points
t; used to construct each object is m = 390. Each object is viewed as a continuous curve,
making these data an excellent candidate for functional data analysis. As daily closing
prices form a nonstationary scalar time series, we would expect the daily price curves to
form a nonstationary functional time series. When our tests are applied to sufficiently
long periods of time, they indeed always reject the null hypothesis of stationarity. For
shorter periods of time, Hy is sometimes rejected and sometimes is not, most likely due
to reduced power. To illustrate, Figure 3.3 displays the P—values for the test based on
T'n applied to consecutive nonoverlapping segments of length NV in the time period from
04/09/1997 to 04/02/2007, which comprises 2,510 trading days. This means that there are
50 segments of length N = 50, 25 segments of length N = 100, and 10 segments of length
N = 250. If N = 250, Hy is always rejected. We obtained very similar results for the other
T statistics. When the M statistics are used, the rejection rates are marginally lower, but
overall commensurate with those for the T' statistics. We also applied the tests to several
other stocks over the same period, including Chevron, Bank of America, Microsoft, IBM,
McDonalds, and Walmart, and obtained nearly identical results. The results are also very
similar for gold futures. The price of gold increased five fold between 2001 and 2011, with
an almost linear trend. For segments of length N = 100, the null is sometimes not rejected
if the curves do not show a clear increasing tendency over that period, but otherwise we

obtained strong rejections.

In order to fit stationary functional time series models to intraday price curves; a suitable

transformation should be applied. Gabrys et al. (15) put forward the following definition.

Definition 3.5.1. Suppose P,(t;),n = 1,...,N,j = 1,...,m, is the price of a financial
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asset at time t; on day n. The functions
R, (t;) =100[In P,(t;) —In Py(t1)], j=1,2,...,m, n=1,...,N,
are called the cumulative intraday returns (CIDRs).

The idea behind Definition 3.5.1 is very simple. If the return from the start of a trading
day until its close remains within the 5% range, R, (t;) is practically equal to the simple
return [Py, (t;) — Pn(t1)]/Pu(t1). Since P, (t1) is fixed for every trading day, the R, (¢;) have
practically the same shape as the price curves; see Figure 3.1. However, since they always
start from zero, level stationarity is enforced. The division by P, (¢1) helps reduce the scale
inflation. It can thus be hoped that the CIDRs will form a stationary functional time series,
which will be amenable to the statistical analysis of the shapes of the intraday price curves.
We note that the CIDRs are not readily comparable to daily returns because they do not
include the overnight price change. They are designed to statistically analyze the evolution

of the intraday shapes of an asset.

We wish to verify our conjecture of the stationarity of the CIDRs by application of our
tests of stationarity. If the conjecture is true, the expectation is that the P-values will be
roughly uniformly distributed on (0, 1). Figure 3.4 shows results of the test using Ty when
applied to sequential segments of the CIDR curves of the Disney stock. We see that the
P-values appear to be uniformly distributed, which is consistent with the stationarity of the

CIDRs. Again, the results for the other eight stocks are very similar.

3.6 Proofs of the results of Section 3.2

The proof of Theorem 3.2.1 is based on an approximation developed in Berkes et al. (8)

(Theorem 3.6.1 below). Define
D(a,t) = > N2 Wiz)ai(t), (3.54)
i=1

where W; are independent and identically distributed Wiener processes (standard Brownian

motions). Clearly, I'(x, t) is Gaussian with zero mean and ET'(z, t)['(y, s) = min(x, y)C(t, s).
Theorem 3.6.1. If assumptions (3.1)—(3.4) hold, then
oo
D M <o (3.55)
=1

and for every N we can define a sequence of Gaussian processes I'y(x,t) such that
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(Tn(2,8),0 < 2,6 <1} 2 {T(2,),0 < 2,t < 1}
and

sup /(VN(x,t) —Tn(z,t))%dt = op(1),

0<z<1

where
;e
Vv (,t) = 7 > mit).
i=1
(1t follows immediately from (3.55) that supg<,<; [ T?(z,t)dt < oo a.s.)
Proof of Theorem 3.2.1 Let

Vi (x,t) = V(z,t) — 2V (1,1).

Under Hy
|[Nz| — Nx
Zn(x,t) = Vy(a,t) + ult) I:]\[l/g
and since p € L%, we get
1Zn (. 1) ~ V(. DII< gl
0221 N N D= iz T
Hence
Ty = //(V}S,(x, t))%dtdz + op(1)
and

MN:// (V}V’(m,t)—/Vﬁ(y,t)dy)gdxdt+0p(1).

Applying Theorem 3.6.1, we get immediately that

Ty 2> / / ([, t))2dadt

My 2 // (Fo(x,t)—/Fo(y,t)dy>2dmdt,

I, t) = T'(z,t) — 2[(1,1).

and
where

We also note that by the definition of I'(x,¢) in (3.54), we have
e,1) = > N Bi(a)eilt), (3.56)
i=1

where B; are independent and identically distributed Brownian bridges. Using the fact that
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{pi(t),0 <t <1}, is an orthonormal system, one can easily verify that

//(Fo(x t))2dwdt = Z/\/
// (ro(x,t)—/ro(y, dy) dtdm-Z)\ /( /Bi(y)dy)zdx,

The following lemma is an immediate consequence of the results in Section 2.7 of Horvath

et al. (27), or of Dunford and Schwartz (13).

and

Lemma 3.6.1. If assumptions (3.1)—(3.4), (3.13)—(3.16), (3.17), and Hy hold, then

1“<1?<de Ail=op(l) and - max|[|g; — éipil|= op(1),

where ¢1,¢a, . .., ¢q are unobservable random signs defined as ¢; = sign((Pq, vi))-
Proof of Theorem 3.2.2 It follows from Theorem 3.6.1 that

sup [(Sw (@) = T(2,), i) |< sup [|Sn(,) = T (z,)l|= op(1)
0<z<1 0<z<1

and by Lemma 3.6.1, we get

sup [(TX (2, ), @i — Cipi)|< sup [T (x, )[||@: — Cipil|= op(1).
0<z<1 0<z<1

It is immediate from (3.56) that for all N

{0 (z,), i), 0 <z <1, 1<z<d}—{ AY2Bi(x),0 <z < 1, 1<z<d}

where By, Bs, ..., By are independent Brownian bridges. Thus we obtain that
d 1 DI0,1] d
Z ), éipi)® = > Bi(x). (3.57)
o1 A i=1

The weak convergence in (3.57) now implies (3.18). The same arguments can be used to

prove (3.19)—(3.21). O

3.7 Proofs of the results of Section 3.3

Proof of Theorem 3.3.1 First we introduce the function

on(z,t) = p(t){[Ne| = No} + 6(O){([Na] — k) I{k" < [Nx]} —2(N - k7)}.
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Under Hy 1, we can write
Zn(x,t) = V(x,t) + N"Y255 (2, t) (3.58)
and therefore,
Ty = / / Z3 (z, t)dtdx (3.59)
= [ [ (VR (x,t))*dtdx + 2 Vi (z, t)on (z, t)dxdt
= ~(x, x N2 N(Z,t)on(z,t)ax

1
+ N// 6% (v, t)dtdx.

It follows from Theorem 3.6.1 that
/ / (VO (z, 1)) 2dtdz = Op(1). (3.60)
It is easy to check that

sup
0<z<1

%51\,(:1:,0 _ 5T(x,t)H ~0 <11v> , (3.61)

where 0, (z,t) is defined in (3.23). Thus applying Theorem 3.6.1, we conclude that

= / / VO(2, 0)ox (a, )dedt 2> / / Iz, )6, (z, t)dtdz. (3.62)

Also,

% / / 6% (x, t)dtdx (3.63)
= N/62(t)dt{/0Tx2(1 —T)2d$+/7—1(1 — :r)27'2dx} +0(1).

Now (3.24) is an immediate consequence of (3.59)—(3.63).

The second part of Theorem 3.3.1 is proven analogously.

3.7.1 Variances of the limits in Theorem 3.3.1
The next lemma is used to show that the variances of the limits in Theorem 3.3.1 are

strictly positive.

Lemma 3.7.1. Let © be a L? valued Gaussian process such that EO(t) = 0 and EO(t)O(s)
is a strictly positive definite function on [0,1]%. Let g € L?. Then var( [ ©(t)g(t)dt) = 0 if
and only if g = 0 a.e.

Proof. By the Karhunen-Loéve expansion and the assumption that FO(t)©(s) is strictly
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positive definite, we may write
o0
O(t) = > peNegy(t), 0<t<1,

where {N;}9°, are iid standard normal random variables, {¢;(t)}°; form an orthonormal

basis, and p; > 0 for all ¢ > 1. It follows by a simple calculation that

[ ettt =3 piNetor.)
(=1

ar(/@(t) dt> ip (be,9)

Since Y72, pZ(¢e, g)*> = 0 if and only if g = 0 a.e., the result follows.

and hence

O

It is easy to see that [[ T'°(z,t)d,(z,t)dtdz is a normal random variable with zero mean.

Its variance is thus equal to

E <// Fo(x,t)éT(x,t)dtdx)2 (3.64)

_ / / / Ct, 5)6- (2, )5, (y, s)(min(z, y) — 2y)dtdsdady

< / C(t, ) dtds> < / / 5. (2)5, (y)(min(z, ) —xy)dxdy),

where §,(z) is defined in (3.39). Similarly to (3.24), the limit in (3.25) is normally

distributed with zero mean and variance equal to

E [// (Fo(ac,t) — /Fo(y,t)dy> (5T(x,t) —/5T(y,t)dy> dtda:r
( / C(t, 5) dtds) < / / 5+ (2)3(y) [min(. ) — zy / (min(y, 2) — y2)d=

_ / (min(, 2) — 22)dz + / (minz, ) — 22)d=d?'| dxdy)

</ C(t,s)d dtds) (//5 min(xvy)_xy_y(lgy)

-+ et

If the bivariate function C(t, s) is strictly positive definite, then [[ C(¢,s)d(¢)d(s)dtds > 0
if §() is not the 0 function in L2. Observing that [[ 0-(x)d,(y)(min(z,y) — zy)dzdy =
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var([ B(z)d-(z)), where B is a Brownian bridge, the positivity of (3.64) follows by
Lemma 3.7.1 since . () is not the zero function and the covariance function of the Brownian

bridge is strictly positive definite. A similar application of Lemma 3.7.1 yields that

// 5+ (2)0-(y) [min(az,y) —xy — y(12— y) _ x(lz— 2) + %} dxdy > 0.

Lemma 3.7.2. If assumptions (3.1)~(3.4), (3.13)-(3.16), (3.22), and Ha 1 hold, then

N
Ens) - (zru —(03(s) Y K/ + O, s>> H = Op(h/N"2),
=1
where
N-1 i
Cxlt,5) =)+ 3 K (1) 1(t:8) + 35,0 (3.69)
=1
with
1 N
(1) = 2 D2 0y(0) — (D) (ry4(s) — (), 0< i< N 1.
J=i+1

Jj=t+1
1 N
= D st = () (i) — ()
j=i+1
U
5 D0 ) = v () (y-(s) — fin(s))
j=i+1
1 N
1 D0 ((t) = i (1) (1j-i(s) — ()
j=i+1
1 "
+ D7 (i (t) = fin () (pj—i(s) — fine (s))
Jj=t+1

with

By the triangle inequality, we have



N-1

(1)t$+ZK<> 508, 5) + 40 (s, t ))||
()

< )'y(() tsH+

(1)

Using Theorem 3.6.1, we get

307 (t,9)|| = Op(NTY2).

Using again the triangle inequality, we obtain that

B||>" K6/ Z /0 IRl

Furthermore, by an application of the Cauchy—Schwarz inequality,

1 & 1 &
BB )< || v S0 (i) — )| || 32 o0) — ()
j=i+1 j=i+1
It is clear that
;N
max szi;l(uj i(s) — an(s)|| = O(1),

and by Berkes et al. (2013),

max E||—= 3 (n;(t) — aw(8)|| = 0V V2).

1<i<N N &
j=i+1

Combining these bounds with (3.66) and assumptions (3.13)—(3.15) gives

N-1

3" K(i/h)A (¢, s)

=1

E

‘ — O(h/N'/?),

and hence by Markov’s inequality,

N—-1 ~
S K(i/hyV (e, s)
=1

‘ = Op(h/N'/?).

Thus we conclude

Similarly to (3.67), we have

4350(t, 5) + Z K< > 350, 8) + 40 (s, t))|| Op(h/N'?).

51

(3.66)

(3.67)
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52t s) +ZK<> 0t s) + 417 (s, >>H=op<h/N1/2>. (3.68)

Using the definition of fin(t) and Hy4 1, we obtain that

max [5E7(t,5) = (1 = )6(05(5)l[= O/ ), (3.69)
The lemma now follows from (3.67)—(3.69). O

Proof of Theorem 3.3.2 The proof of Theorem 3.3.2 is based on the asymptotic properties
of Cy under H 4 ;. Tt follows from Lemma 3.7.2 that (3.26) and (3.27) hold assuming only
(3.16). We write by (3.58)

<ZN($, ')7 ¢1>2 = <V]97(‘T7 ’)7 ¢1>2 + N71<6N<w7 ')7 ¢1>2 + 2<V]9](CU, ‘)7 ¢1>N71/2<5N(x7 ‘)7 ¢1>
Combining Theorem 3.6.1 with the Cauchy—Schwarz inequality, we get

sup [(Vy(z,-), @1)|< sup [|[Vy(z,-)||= Op(1).
0<z<1 0<z<1

Using (3.61), we conclude
A\ 2 N 2 2 A \2
NN (z, ), ¢1)%de = 57 (1 —=7)%(6,91)°(1 + Op(1/N)).

Theorem 3.6.1 and (3.27) yield
N1/2 /<V19/'($7 ')7 ¢l><6N(xv ')7 @l>dl‘

|<15H/<F0(‘T")’5><5T(9U7'),5>dx
= / {/rO(xjt)é(t)dt} (2 — 7)o > 7} — 2(1 — 7))da

— // 10z, )0, (z, t)dxdt.

This completes the proof of (3.29). It follows from (3.29) that

M 0 N 0(
and therefore, (3.29) implies (3.31). Similar arguments prove (3.30) and (3.32).
If in addition we assume that h/N/2 — 0 as N — oo, then by Lemma 3.7.2 and Dunford

and Schwartz (13), we have (3.26), (3.27), and for every fixed i > 2,

NSO (3.70)
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where Ao > A3 > ... > 0 (different from the \;,i > 2),

1¢i(t) — éigill=0p(1), 22, (3.71)
with some functions @9, @3, ..., where ¢; = sign(($;, ;). (Of course, @; is only defined if

\i > 0.) Using again (3.58) with Theorem 3.6.1 and (3.71), we obtain that

[ (@) e = S e = DR800 + Op(N2).

Since § and @; are orthogonal for all ¢ > 2, (3.71) implies (J,®;) = op(1). Hence (3.33)
follows from (3.29). The results in (3.34)—(3.36) can be established similarly so the proofs

are omitted.

Proof of Remark 3.1. Let
B (w,t) = () |Nx] — Na} + 63 ({(LNe) — K)ITE < [Nal} - o(N - k).

Using (3.59) with oy (z,t) replaced with Sy (x,t) and Theorem 3.6.1, we get

Ty — 1881 [ [ (T8 (o) dtdo1 + 0p (1) (3.72)
+ N2 // 1O, (2, £)5% (£)3, (2)dtdz(1 + op(1)).

By the Cauchy—Schwarz inequality

/ / 1O, (2, £)8% ()5, (2)dtdz = Op(||5%]]). (3.73)

Elementary arguments show that
1 N *
~1BxIP= [l PN Iox (1 + o(1)), (3.74)

as N — oo. If N¥/2||6%||— 0 as N — oo then by (3.72)-(3.74), we obtain immediately
that Ty —2» [[(T0(x, t))2dtdx. Tf NY2[|6%||— oo, then again by (3.72)-(3.74), we see
that Ty —» oco. Since for every fixed N, [ TQ (@, t)0% (t)0-(x)dtdz is normal with zero
mean and variance [[(min(z,y) —2y)d,(2)d,(y)dzdy [[ 54 (t)6%(s)C(t, s)dtds, hence (3.37)
follows. In the case when N'/2§% L g , it follows from (3.74) that (1/N)||8n||*— ¢ =

16-112]16*[|*> 0. Now by (3.72) and the representation of I'% in (3.56), we conclude



Ty 2 ¢(1+0(1))

o4

+f>§/ ’ [Aé” / B}()dz + / By(2)3 (2)da / )NS5 (D)dt | (1+ 0p(1))

—>C+Z{M\Be|! +20"X(Be, 6:) (00,67} }
/=1

which completes the proof of (3.38).

Lemma 3.7.3. If assumptions (3.1)—(3.4) hold, then

0221/ (UN(w,t) _/OxFN(u,t)du>2dt—0p(1),

|[Nz| &k

Un(z,t) N3/2 > D milh),

k=1 =1

where

and the Gaussian processes I' n(z,t) are defined in Theorem 3.6.1.

Proof. 1t is enough to verify that

€T 2
sup /<UN(x,t)—/ VN(u,t)du> dt = sup
0<a<1 0 0<z<1

and

sup /(/0 {VN(u,t)—FN(u,t)}du>2dt20p(1).

0<z<1

Elementary arguments yield

‘UN(:J:,t)—/ Viv (u, £)du| <
0

It follows from Theorem 3.6.1 that

[Nz]
s N2 3 )| = 0210,

0<z<1
1
=Or <N>

Using the Cauchy—Schwarz inequality with Theorem 3.6.1, we conclude

and therefore,

sup
0<z<L1

Un(z,-) — /Ox VN (u, -)du

/ </0“3 (Vn(u,t) = Tn(u,t)) du>2 dt < //om (Vi (u, t) — TN(u,t))2 dudt
< [ [ Wistust) = Tus0)) duas

_/O$VN(u ) 2

(3.75)
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Now the proof of Lemma 3.7.3 is complete. O

Proof of Theorem 3.3.3 First we note that under H4 > we have

[Nz|

Nz
N3/2 E Xi(t) = Un(z,t) + 5\73/; u(t). (3.76)
Therefore,
1 |INz| — 2N
NZN(QTJ) =Un(z,t) —2Un(1,t) + Wﬂ(t)-

Using (3.76), we get via the Cauchy—Schwarz inequality

‘// ZNxt> dtd;p_//UN“ _ oUn(L) dtda

//{ Zn(a,t) — [Un(z,t) — 2Un(1, t)]} b

+2// ‘NZN(x,t) ~ [Un(,1) —xUN(l,t)]‘ ‘UN(x,t) —xUN(l,t)‘dtdx

<op(1)+op(1) {//(UN(x,t) - xUN(l,t))thdaz}l/z

= Op(l),

since by Lemma 3.7.3
//(UN(:U,t) _ Uy (1,0))2dtdz = Op(1).
It also follows from Lemma 3.7.3 that
//(UN(:):,t) oUn(1,0)2dtds 2 // A2z, Ddtda,

which completes the proof of (3.41).
The proof of (3.42) is similar to that of (3.41) and therefore, the details are omitted.

Lemma 3.7.4. Define

IN(z,t):/OZFN(u,t)du—/{/OUFN(u,t)du} dv,

where the Gaussian processes I'n(x,t) are defined in Theorem 3.6.1. Let

Qnl(t,s) =2 (/OCK(w)dw> /01 In(z,t)In(2, 5)dz.
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If assumptions (3.1)~(3.4), (3.13)~(3.16), and Ha 2 hold, then

HCNt s) = Qn(t,s)|| = op(1).

Proof. Since
_ 1 LI
Klt) = lt)+ 7 323wl
j=1 ¢=1

Theorem 3.6.1 yields

[v=wo o~ [{ [ Tt ao]| =or
resulting in
| Jnax %%(t,s) - &jél (/Oj/N FN(u,t)du—/{/Ov FN(u,t)du}dv> (3.77)

x </O(j_i)/NFN(u,s)du—/{/0v Ty (u, s)du} dv) H: op(1).

Next we use the almost sure continuity with I'y(0,¢) = 0 to conclude

e, NZ ([ st [{[rvt o 379
x </O(M)/N FN(u,s)du—/{/ov T (u, s)du} dv)
~ ftjél (/Oj/N Ty (u, t)du — / {/0 I‘N(u,t)du} du>

y ( /O“N eatw i [ { [ rN<u75>du}dv> H op(1).

Putting together (3.77) and (3.78), we get

]i]’yi(t,s)—/i/lN[</OZFN(u,t)du—/{/OUFN(u,t)du} dv>
([t [{ [ vatw sy} ) ]dz

max
1<i<ch

=op(1)

and



o7

max
1<i<ch

/;NK [ rsttn [{[ vt nn a)

= Op(l).

([ st [{ [ Tae S>du}dv)]dz

Since K satisfies conditions (3.14) and (3.15), the proof of Lemma 3.7.4 is complete. [

Lemma 3.7.5. For every N > 1 we have

{QN(t, 5),0<t,s< 1} / K(w dw{ SN pit)es(s )ym}, (3.79)

3,j=1

where A1, A2, ..., 01,92,... are defined (3.9) and for everyi,j <1

/[{ [ [ ([ W) a)
« {/OZWj(u)du—/(/oij(u)du> dv}]dz,

where W1, Wa, ... are independent Wiener processes. Also, Qn(t,s) is a non-negative

definite function for all N with probability one.

Proof. The representation in (3.79) is an immediate consequence of (3.54). It follows from
(3.79) that Qn(t,s) is symmetric and @y € L? with probability one. Also for any g € L?

we have

/ Qn(t,s)g(t)g(s)dtds

:/(/;A;/Q%(t){/ozwi@)du—/(/ Wi (u du) dv} ()dt) i

>0,

completing the proof. O

Proof of Theorem 3.3.4 The result follows immediately from the proofs of Lemmas 3.7.3
and 3.7.4.
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Proof of Theorem 3.3.5 The result in Theorem 3.3.4 and (3.43) yield that there are
processes I' v (z,t), An(z,t), Qn(t, s) such that

(Tn(2,1), An(z,1), Qn(t,5),0 < z,t,5 < 1} 2 {T(2,1), Az, 1), Qn(t,5),0 < z,t,5 < 1}
and

max
0<z<1

%ZN(x,t) _ AN(x,t)H =op(1) and H]\}h@v(t, s) —Qn(t,s)

‘ = op(1).

Similarly to (3.43) we define Ay y* > A3 v > ... and random functions ¢} y(t),p3(1),. ..

satisfying
Nein() = [ Qultshpin(s)ds, 1< i <. (3:80)
Hence
Ai — M n|=op(1

max [Ai = Al y|=op(1)

and
max [P — &y vl|= op(1),

where ¢, éa, ... are random signs. By construction,

{An(,1),Qn (8 8), M v, - N (D1 ()% (P (1))%,0 < @t s < 1)

= {A(2,1),Qn(t,8), AT, A5 (01(0))% - (0a(1)?,0 S @ty s < 13,

]

which completes the proof.
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Figure 3.1. Five cumulative intraday returns constructed from the intraday prices
displayed in Figure 3.2.
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Figure 3.2. Five functional data objects constructed from the 1-minute average price of
Disney stock. The vertical lines separate the days.
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Figure 3.3. P-values for consecutive segments of length N of the price curves P,(t) of the
Disney stock computed using T with v = .9. The horizontal line shows the 5% threshold.
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Figure 3.4. P-values for consecutive segments of length N of the CIDR curves R, (t) for
the Disney stock. The red line shows the 5% threshold.
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Table 3.1. Empirical sizes for the iid BM and FAR(1) DGPs. We used h = N/2 and the
flat—top kernel (3.50). The standard error is approximately 0.9% for the 10% level and 0.4
% for the 5% level.

DGP BM FAR(1)

N 100 250 100 250
Nominal 10% 5% 10% 5% 10% 5% 10% 5%
Statistics Ty
v .85 139 56 13.3 53 123 4.2 11.8 4.1

.90 126 54 125 5.2 11.8 3.7 11.0 4.1

.95 12.7 46 120 49 11.3 3.6 104 3.7
Statistics My
v .85 9.7 22 114 36 114 23 11.8 4.2

.90 88 1.5 10.5 3.0 94 16 11.2 4.0

.95 82 09 99 29 &85 1.2 101 34
Statistics TN
v .85 11.3 49 108 4.6 10.2 34 103 3.7

.90 11.2 44 10.7 48 10.0 34 103 34

.95 11.8 44 11.1 45 106 3.2 10.0 3.6
Statistics My
v .85 6.3 0.7 88 26 11.0 2.1 11.2 4.2

.90 70 08 89 23 89 1.3 10.7 4.0

.95 6.9 0.7 8.8 2.7 82 1.1 10.0 3.2
Statistics T](\]]

v .85 104 3.8 103 39 10.1 28 9.2 3.3
.90 92 23 90 28 7.7 15 86 29
.95 46 0.8 76 14 5.0 0.1 7.2 1.3

Statistics M](\),

v .85 6.1 0.5 6.7 2.1 6.7 1.5 7.7 2.8
.90 4.2 0.8 54 1.7 5.8 1.0 72 2.4
.95 29 03 56 14 33 00 51 09

Statistics TY(AM)

v .85 11.9 54 102 5.1 121 7.1 11.7 6.1
.90 10.3 57 92 48 11.7 72 9.8 49
.95 9.9 4.3 9.0 4.7 11.2 6.9 9.7 5.3

Statistics MY (AM)

v .85 88 5.1 107 4.6 127 7.7 108 5.8
.90 8.6 53 100 4.5 121 73 105 5.4
.95 85 47 98 52 119 7.1 106 54
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Table 3.2. Empirical power for change point and I(1) alternatives. We used h = N 1/2 and

the flat—top kernel (3.50).

DGP Change point I(1)

N 100 250 100 250
Nominal 10% 5% 10% 5% | 10% 5% 10% 5%
Statistic TN
v .85 80.7 56.4 99.6 98.1|99.3 96.5 99.2 96.3

90 80.1 56.6 99.5 97.6 | 99.4 958 99.2 96.1

.95 79.2 544 994 976 ]99.1 96.2 99.2 96.3
Statistic My
v .85 50.6 14.7 952 84.1|93.8 683 97.7 925

.90 46.7 11.0 94.7v 82.7 | 92.8 645 976 924

.95 79.2 544 994 97.6 909 614 99.2 96.3
Statistic TN
v .85 772 521 993 97.6 | 98.9 957 98.0 94.2

90 77.8 543 995 9751992 958 984 95.7

.95 775 537 994 976 ] 99.1 96.0 99.1 96.1
Statistic M3
v .85 39.6 85 93.7 781|935 679 949 88.2

90 399 7.7 939 79.6 | 92.7 639 96.2 89.3

.95 40.8 6.8 945 79.8|90.5 61.2 96.6 90.0
Statistic N
v .85 85.8 55.1 99.8 98.9|99.5 98.1 98.6 96.2

90 86.6 52.0 100 99.6 | 99.7 98.8 99.3 98.7

.95 747 313 999 984 | 100 96.0 99.9 99.8
Statistic MY,

v .85 350 7.8 972 77.7|86.1 752 97.9 927
90 31.0 59 98.0 715|909 734 992 954
.95 2.1 4.8 93.0 63.0]96.8 759 100 98.5

Statistic T (AM)

v .85 96.6 91.6 100 100 | 99.6 99.3 99.8 99.7
.90 949 855 100 100 | 100 99.9 100 100
.95 82.5 70.0 100 100 | 100 100 100 100

Statistic MY (AM)

v .85 86.3 T71.3 999 99.8 | 934 850 99.8 99.3
90 68.7 52.3 99.7 98.8 | 96.3 90.3 99.9 99.9
.95 43.7 285 970 92.0| 986 96.3 100 100




CHAPTER 4

TESTING EQUALITY OF MEANS WHEN
THE OBSERVATIONS ARE FROM
FUNCTIONAL TIME SERIES 3

There are numerous examples of functional data in areas ranging from earth science
to finance where the problem of interest is to compare several functional populations. In
many instances, the observations are obtained consecutively in time, and thus the classical
assumption of independence within each population may not be valid. In this chapter,
we derive a new, asymptotically justified method to test the hypothesis that the mean
curves of multiple functional populations are the same. The test statistic is constructed
from the coefficient vectors obtained by projecting the functional observations into a finite
dimensional space. Asymptotics are established when the observations are considered to be
from stationary functional time series. Although the limit results hold for projections into
arbitrary finite dimensional spaces, we show that higher power is achieved by projecting
onto the principle components of empirical covariance operators which diverge under the
alternative. Our method is further illustrated by a simulation study as well as an application

to electricity demand data.

4.1 Introduction

To this day, a frequently used tool to analyze multiple populations is the one—way
analysis of variance (ANOVA) in which the means of k populations are compared. For
scalar and vector valued data, this problem has been extensively studied under numerous
conditions, and we refer to Anderson (2003) for a review of the subject. The methods
developed therein are suitable to address a host of modern statistical questions; however, it
is of increasing interest to consider data which take the form of functions or curves for which
finite dimensional approaches are not appropriate. For this reason, the theory of functional
data analysis has been steadily growing in recent years and much effort has been put forth

to adapt classical statistical procedures, such as ANOVA, for functional data. In order to

3The content of this chapter is based on joint research with Lajos Horvéth.
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formally state the one—way functional analysis of variance (FANOVA) problem, we assume
that we have observations from k functional populations which satisfy the one—way layout
design

XZ'J‘(t) = ,ui(t) +’I77;7j(t), te [0, 1], 1<i<kandl1l< 71 < N;, (41)

where X ; is the 4 observation from the i*" population, p; is the common mean function

of the i*" population, and 7;,; is a random error function satisfying
E’I’]i’j(t) =0,te [0, 1], 1< < k‘, and 1 < 7 < N;. (42)

The assumption that ¢ € [0,1] is made without loss of generality. We also assume that

observations from separate populations are independent, namely

the error sequences {7;;,1 < j < N;} are independent. (4.3)

We wish to test the null hypothesis Hy : p1(-) = pa() = ... = ux(:), where equality
holds in the L? sense, versus the general alternative H4 : Hy does not hold. Assuming two
independent populations based on independent random functions, Fan and Lin (1998) and
Hall and Keilegom (2007) developed testing procedures. Testing for differences between the
means of several populations, Laukaitis and Rackauskas (2005), Abramovich and Angelini
(2006), Antoniadis and Sapatinas (2007), and Martinez—Camblor and Corral (2011) expand
the observations using wavelets and the tests are based on the wavelet coefficients. Due to
the complexity of the distribution of the test statistics used, the critical values are obtained
by resampling. Cuevas et al. (2004) developed a test statistic using the L? norm of the
difference between the population means and the total mean, which was a direct analog of
the classical F—test. Again in this case, the critical values of the test statistic could not
be computed explicitly, and a Monte-Carlo method is proposed. Many of these results
are summarized in the recent book of Zhang (2013). For some applications of functional
analysis of variance, we refer to Hooker (2007) and Drignei (2010).

Outside of the difficulty to implement resampling and Monte—Carlo procedures involved
in many of the currently available tests, the assumption of independence within each
population is often not valid for functional data which are obtained sequentially over time,
i.e. as observations of a functional time series. This is frequently the case for econometric and
geological data where functional data objects are often obtained by dividing long, continuous
records into smaller hourly or daily observations. The problem of testing the homogeneity
of mean curves from dependent functional populations has received little attention other

than the two sample case (cf. Horvath, Kokoszka, and Reeder (2013)). The goal of the
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present chapter is to provide a new asymptotic test of Hy which is both easy to implement,
by not relying on resampling or Monte—Carlo methods to obtain critical values, and also
accommodates the case of weak dependence within each functional population.

The rest of the chapter is organized as follows. In Section 4.2, we introduce the
mathematical framework used to model the errors terms in (4.1) and develop test statistics
along with their Gaussian asymptotics under Hy. In Section 4.3, we discuss the behavior
of the test statistics under the alternative. Section 4.4 contains a simulation study which
explains the implementation of the testing procedure and investigates the size and power in
case of finite sample sizes. Section 4.5 provides a detailed study of the electricity demand
in Adelaide, Australia. The proofs of the main results are given in Sections 4.6 and 4.7.

Some technical lemmas used in Sections 4.6 and 4.7 are in the appendices.

4.2 Main results
Throughout this chapter, the maximum norm of vectors and matrices will be denoted
by |-| and the L? norm is given by ||h||= ((h,h))'/2, where (f,h) = [ f(t)h(t)dt denotes
the inner product. We write [ for fol. In order to lighten the notation, we write f for
f(t) when it does not cause confusion. To establish the asymptotic properties of the test
statistics proposed below, we will require that the error terms 7); ; of (4.1) be in the class of L?
m-decomposable Bernoulli shifts which are defined as follows: Let n; = {n; ;(#)}52_,,1 <

7 < k. We assume that for all 1 <7 <k

n; forms a sequence of Bernoulli shifts, i.e. n;;(t) = gi(€j, € j-1,...)(t) (4.1)
for some nonrandom measurable function g; : S° +— L? and i.i.d. random

innovations €; j, —oo < j < 0o, with values in a measurable space S,

7,5 (t) = mij(t,w) is jointly measurable in (¢,w) (—oo < j < 00), (4.2)
Ellnioll?< oo, (43)
the sequence {m;} can be approximated by ¢-dependent sequences (4.4)

{nije}, —00 < j < 00,1 </ < ooin the sense that

o0

> (Ellnij — il

=1
. *
where 1; ;¢ is defined by 7; ;0 = gi(€ij, €ij—1, s €541, € 5 0),

2>1/2 < 0o

* (% *
67;7]'76 - (67'7]767]_£7 Elvjvﬁvj_é_]', t ‘)’ Where the €

*

i.j.0k S are independent copies of
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€0, independent of {¢; j,1 <i < k,—o0 < j < oo}.

It follows from (4.1) that {X;;} is a stationary and ergodic sequence. The frame-

.
work outlined for the error terms in (4.1)—(4.4) is very flexible as long as the process is
thought to be driven by a sequence of underlying independent innovations. For example, we
may take the space S to be Rand n; ;(t) = > "2 €. j—kfi x(t), where the f; ; are deterministic
functions in L? decaying in k sufficiently fast to make (4.4) hold. Also, we may take 7; ; to
be a standard linear process in L? (cf. Bosq 2000) in which case it would be natural to take
S =1L2

Processes satisfying (4.1)—(4.4) are called L? m-decomposable processes by Hérmann
and Kokoszka (2010). Aue et al. (2012) show that many stationary time series models
based on independent innovations satisfy assumptions (4.1)—(4.4). Their examples include
autoregressive, moving average and linear processes in Hilbert spaces, the nonlinear func-
tional ARCH(1) model (cf. Hormann et al. (2012)), and bilinear models (cf. Hormann and
Kokoszka (2010)). Scalar processes satisfying (4.4) were studied in Wu and Min (2005) and
the condition serves as an alternative to the classical mixingale assumption; see Hannan
(1973). One weakness of the model (4.1)—(4.4) is that it is in practice impossible to know
whether dependent errors are driven by underlying independent innovations. Since one
of the purposes of assuming (4.1)—(4.4) is to guarantee the central limit theorem for the
errors, one could conceive of trading out these assumptions for other weak dependence
models, like near epoch dependence or stationary S-mixing (cf. Potscher and Prucha (1991)
and Doukhan et al. (1995), respectively), which allow for the central limit theorem without
relying on such structure. For our results, it is required that certain Bartlett type covariance
estimators be consistent in L2, which as of yet has only been established under (4.1)—(4.4).
The main idea behind our testing procedure is a dimension reduction technique in which the
infinite dimensional observations X; ;(t) are projected onto a suitably chosen finite dimen-
sional space. Suppose this space is spanned by d orthonormal functions {1, @2,..., @4}
These functions should be chosen in such a way that both the finite dimensional projec-
tions of the Xj; ;s accurately represent the original observations, and the test statistics
based on these projections have high power to detect Ha4. The former requirement is
a familiar one from finite dimensional data analysis and it is typically addressed using
principle component analysis. A large amount of research has been done to extend the
ideas of principle component analysis to functional data; see Ramsay and Silvermann
(2005), Ferraty and Vieu (2006), and Horvath and Kokoszka (2012) for reviews of such

work. Following Horvath, Kokoszka and Reeder (2013), instead of working with covariance
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functions Cov(X; (), X;1(s)) to generate the principle component basis, our method uses

the long-run covariances

Di(t, 8) = COV(Xi,l(t), Xi,l(s)) + Z[COV(X@l(t), XM(S)) + COV(XZ'J(S), Xiyg(t))],
(=2

1 < ¢ < k. This choice is motivated by the fact that our test statistics are developed from
the projections of Z;V:’I X; ;(t) and so, since D; is the asymptotic covariance function of
this sum, projecting onto its eigenfunctions gives asymptotically optimal finite dimensional
representations. We do not wish to assume, however, that the long-run covariances are
homogenous across the populations, and thus we use a weighted sum of the D;s. Suppose
that

N

lim F:ai>0’ where N = Ny + No + ...+ Ng, (4.5)

N—00
which means that the proportion of observations sampled from each population does not

degenerate as the sampling progresses. It follows that the function

k
D(t,s) =Y a;Dj(t,s) (4.6)
=1

is non—negative definite so there are eigenvalues \;y > o > ... > 0 and corresponding

orthonormal functions {¢}7°, satisfying

Ngilt) = / D(t, 8)pi(s)ds (4.7)

(cf. Debnath and Mikusiniski (2005), p. 186). In order to have uniquely defined eigenvalues

and one-dimensional eigenspaces, we assume
A > > o> g > A >0, (4.8)

which is a widely used assumption in functional data analysis. We would then like to take
©1,92,--.,pq of (4.7) as the basis for the projections. Since these functions are defined by

the unknown D(t, s), they must be estimated from the sample.

In this chapter, we propose two Bartlett—type estimators for D;(t, s). Using the combined

sample mean X..(t) = + Zle Eévél X;,j(t), we define the sample autocovariance functions

N;
Sielts) = — S (Xas () — X.(5) (Xijo(s) — X.(s).
N j=0+1

and the corresponding long-run covariance function estimators
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Du,i(t,s) = Fio(t,s) + > K (£/h) (Fielt,s) + Fie(s, 1))
/=1

This gives the first estimator of D,

Similarly, using

the sample means computed within each population, we define

Ni
Gualt,s) = 1 D (Xaslt) = K1) (Xijoe(s) — Xls))
' j=t+1
) N;—1
Du,iltys) = Fio(ts)+ D K (/h) (Fie(t s) + Fie(s, 1)
=1

and

k N
Dnplt,s)=> WZDNM-(t, s).
=1
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(4.9)

(4.10)

In an analogy with the simple one—-way ANOVA test for univariate data, the estimator D Np

is a measure of the within-population covariation and will converge to D regardless of the

truth or falsity of Hy. On the other hand, Dy is a measure of overall covariation and will

converge to D only under Hy. The kernel K satisfies

K(u) =0 if u > ¢ with some ¢ > 0,

and

K is continuous on [0, ¢], where ¢ is given in (4.12).

We require that the window (or smoothing parameter) h satisfy

h(N
h=h(N)— oo and (N)—>0, as N — oo.

To prove the consistency of Bartlett type kernel estimators, the condition

. 2\1/2
Jim ECE|n,5 — migiell”) =0

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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must be assumed in addition to (4.4). Now to form the empirical score vectors, we use the

eigenfunctions associated with the first d largest eigenvalues of D N,p OF Dy defined as

Rai(t) = / D (t, $)s(s)ds (4.16)

and
= / D p(t, s)pi(s)ds. (4.17)
Let
Ei,j = (<Xl,j7 ¢1>7 <Xi7j7 @2)7 sy <X’i,j7 ¢d>)T

denote the vector of scores which define the projection of X;; into the space spanned by

P1,99,...,Pq. We define similarly

éi,j = ((Xl,ja ¢1>7 <Xi,ja ¢2>’ ey <Xi,j7 ¢d>)T'

The averages of the empirical score vectors within each population are defined as

Z

M G 1 &
& = ﬁ 5 and §;. = Ni;&m

J

1 < i < k. We may then estimate the common mean vector of the scores under Hy with

either
LA e . R koo . 1
— (ZNZE;) ZNizj £, or & = <2Ni2,~_) ZN P
i=1 i=1 i=1
where
21- = {/ DNi,i(ta 8)@g(t)@j(8)dtd8, 1 S],f < d}
and

3 = {/ D, i(t, )@e(t)@;(s)dtds, 1< j, 0 < d} )

1 < i < k. The definitions of é and é assume that ﬁli and ﬁlz are nonsingular, which

holds asymptotically with probability tending to one if
for each 1 < ¢ < k the function D;(t, s) is (strictly) positive definite. (4.18)

Our testing procedure may then be based on either

=Y N (6 -8) S (6 8) o =y (e-e) 5 (6 -e).
i=1 i=1
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The first result of our chapter shows that both Ty and Ty satisfy the same limit theorem
under the null hypothesis.

Theorem 4.2.1. If Hy, (4.1)—(4.5), (4.8), and (4.11)—(4.15) are satisfied, then we have

v B 3dk —1)) (4.19)

and

Tn 3 \2(d(k 1)), (4.20)

where x%(d(k — 1)) stands for a x? random variable with d(k — 1) degrees of freedom.
The proof of Theorem 4.2.1 is postponed to Section 4.6.

4.3 Consistency of the test statistics
Let

k
= aipi(t)
i=1

If the projections are defined via the eigenfunctions defined in (4.16), the condition for

consistency is simple.
Theorem 4.3.1. If Hy, (4.1)-(4.5), (4.8), and (4.11)—(4.15) are satisfied and

(i — iy i) #0 for some 1 <i<d, (4.1)
then Ty — oo in probability.

No condition like (4.1) is needed, however, if the projection functions are the eigenfunc-

tions of Dy ,. We show in Section 4.7 that Dy (t,s) is close to

Dy (t,s) (221{ £/h>ZM s)+ D(t,s), (4.2)
where
M;(t) = pi(t) — a(t). (4.3)

Since Zle M;(t)M;(s) is a non-negative definite function, one can find orthonormal func-

tions k1, k2, ..., km,m < k — 1 and positive numbers e, es, ..., e, such that
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In order that the eigenfunctions of D%, be identifiable up to a sign, we assume that
er>e2> ... > epny. (4.4)

Since > ;2 K({/h) — oo, as h — oo, the first m largest eigenvalues and eigenfunctions
of D} will be determined asymptotically by the term > ", e;k;(t)ki(s). Let Ay denote
the span of x1,...,K, and B be the orthogonal complement of the set B. We say that
D has regular maxima of order d — m with respect to Ay if there exist constants r; >
rg > ... > rq_m > 0 and orthonormal functions g¢i,¢go,...,g4—m such that with A; =

span(Ki, ..., Kmy g1y ---,9i), 1 <i < d—m,

T = sup // D(t,s)g dtds—//gl D(t,s)gi(s)dtds 1 <i<d—m.
ge-Az 1- ”g” 1

We note that the functions g1, go, ..., gq_m are unique up to signs.

Theorem 4.3.2. If Hy, (4.1)—(4.5), (4.11)—(4.15), and (4.4) are satisfied, D has reqular

maxima of order d — m with respect to Ay and h/Nl/2 — 0, then TN — oo in probability.

If d < m, i.e. the number of principle components used is less than the dimension of the
span of the population means, then there is no restriction on the covariance function D.
Notice that 1 <m <k — 1.

It is a standard assumption in functional principle component analysis that the eigen-
functions of a covariance operator are associated with unique eigenvalues. Therefore, the
assumption that D has regular maxima is along the lines of standard assumptions in the
literature. Also, under the assumptions of Theorem 4.3.2, we have that there are no ties

among the first d largest eigenvalues of D3;.

4.4 Implementation of the test and a simulation study

The biggest obstacle in the implementation of Theorem 4.2.1 is the estimation of the
long-run covariance kernel in (4.9) and (4.10). Several issues must be considered. The
choice of the kernel K (-) and the smoothing bandwidth h are the most obvious. The issues
of bandwidth and kernel selection have been extensively studied in the statistical literature
over the last three decades. For scalar data, perhaps the best known contributions are
those of Andrews (1991) and Andrews and Monahan (1992) who introduced data-driven
bandwidth selection techniques. While these approaches possess optimality properties in
general regression models with heteroskedastic and correlated errors, they are not optimal

in all specific applications. This chapter focuses on the derivation and large sample theory
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for a functional analysis of variance test, and hence we cannot present here a comprehensive
study of the finite sample properties of the covariance function estimation, which are still
being investigated for scalar time series. We do wish to offer some practical guidance on this
aspect of the procedure and report approaches which worked well for the data-generating

processes we considered. It is argued in Politis (2003) that the flat top kernel

1, 0<t<0.1
Kt)={ 11—Jt|, 01<t<1.1 (4.1)
0, > 1.1.

has better properties than the Bartlett or the Parzen kernels due to its smaller bias. In our
results, we used the flat top kernel of (4.1). Following the arguments in Andrews (1991), one
can show that the optimal bandwidth A in terms of minimizing the integrated mean squared
error has the form h* = cBN1/3 for the Bartlett kernel and h* = CPN1/5 for the Parzen
kernel. The constants cg and cp not only depend on the kernels but they are very difficult
functionals of the higher order covariance structure of {X;;,1 < j < oo}. Our simulations
showed that h = N1/ proves satisfactory when the observations are independent or weakly
dependent (functional autoregressive processes) and the results (empirical sizes and power
functions) are stable for this choice of h, i.e. the results of the simulations change little
for small changes in h. Throughout this section, we used h = N*/4 whenever the flat top
kernel was used. Once the kernel and the bandwidth have been selected, the empirical
eigenvalues and eigenfunctions can be computed using (4.16) or (4.17). To select d, we
use the standard “cumulative variance” approach recommended by Ramsay and Silverman
(2005) and Horvath and Kokoszka (2012); d is computed so that roughly v% of the sample
variance is explained by the first d principal components. In the independent case, for

example, this amounts to taking d = d, such that

A+t Ag,
[ Dy p(t, t)dt

I

where the \;’s are defined in (4.17) and Dy is defined in (4.9). A general recommendation
is to use v equal to .90. This is the choice we have made for the analysis below. The results
of the simulations and applications below changed little for other values of v between .80
and .95. All simulations and the calculations for the applications were performed using the

R programming language (R development core team (2008)).



44

4.4.1 Finite sample size

Using a simulation study, we first compare the empirical size of the test implemented
as described above. Under Hj, we can assume without loss of generality that in (4.1)
pi(t) = 0, and hence we use X;; = n;;. We consider three data-generating processes

(DGPs) to generate the errors terms 7; ;. In the case IID we use the sequence
mi,j(t) = Bi;(t), t€[0,1], 1<i<k, 1<j<N, (4.2)

where {Bm}é\f:l, 1 < i < k are independent identically distributed Brownian bridges. To
study the size of the test when the populations exhibit temporal dependence, we consider
error sequences which follow the functional autoregressive process of order one defined by

the equation
Ui,j(t) = /f(t¢u)77i,jl(u)du + Bi,j(t)a te [07 1]a 1 < { < ka 1 < .7 < N7 (43)

which we refer to as FAR; = FARf(1). In order to generate 7,9, we use a burn in
sample of length 100 according to (4.3) which starts from an independent innovation. It
is shown in Bosq (2000) that if ||f||< 1, then (4.3) has a unique stationary and ergodic
solution. In this section, we will consider two different kernels: ;(¢,s) = min(¢,s) and
Uo(t,s) = cexp ((t* + s?)/2). The simulations are performed with ¢ = .3416 so that
||2]|~ 1/2. For comparison |[¢1]|~ 1/3. To obtain the results below, we used the
empirical projection functions defined in (4.17), respectively. Each DGP was simulated
one thousand times independently for each value of N, and the percentage of rejections of
the null hypothesis is reported when the significance levels are 10%, 5% and 1% in Table
4.1. Based on these results, we reach the following conclusions:

(1) When the populations are comprised of independent observations, the test exhibits close
to nominal sizes even for small values of N. Also the value of k has little effect on the size
in this case.

(2) When the samples are comprised of dependent observations, the size of the test may
be inflated for small values of N or when k is large and/or the dependence within the
populations is strong. This problem is ameliorated by taking a larger sample and good size
can be achieved even for large k and fairly strong dependence.

(3) If it can be assumed that the population samples under study are comprised of inde-
pendent or weakly dependent observations, then we have no reservations about the use of
the test. If the temporal dependence within the samples is not too strong and k is small,

then the test may be applied to the data without reservations. However, if the dependence
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within the samples is suspected to be quite strong and/or the number of populations under
study is large, then we recommend that the test only be applied if a sufficiently large sample
may be obtained.

We also investigate the size of the test in finite samples when the underlying population
covariance functions are heterogeneous. A large number of possible DGPs could be con-
sidered here. We focus on two examples, one for each of the independent and dependent
cases, which illustrate the theory presented above and provide new insights relative to the
simulations we have already performed. In our own studies in the case of heterogeneous
covariances, we observed similar behavior as above when the number of populations k was
changed, and thus we hold k& = 3 for this case. In the heterogenous independent case (HIID),
we will assume that k = 3, n1;(t) = W;(t), n2,;(t) = B1,(t), and 13 ;(t) = 2B5 j(t), where
tef0,1],1<j <N, {Wj}j-\[:1 are i.i.d. Wiener processes, and B, ; are defined above. In the
heterogenous dependent case (HDEP), we take the sequences n ; following a FARy,, 12 ;
following a FARy,, and 73 ;(t) = .5n3 j—1(t) + Bs ;(t), where as before a burn in sample of
100 was used starting from an independent innovation. In each case, the covariances differ
significantly across the three populations. Again each DGP was simulated 1000 times and
the percentage of rejections of Hy is reported when the nominal levels were 10%, 5% and
1%. The results are given in Table 4.2, from which we can draw the following conclusions:
(1) If the observations form a simple random sample, then heterogeneous covariances may
inflate the size of the test slightly; however, the empirical rejection rate was close to the
nominal levels even for small values of N. Similar conclusions were drawn for other values
of k which we considered (4 < k < 10).

(2) If the observations exhibit temporal dependence, then good size is achieved in the case of
heterogeneous covariances as long as the sample size is sufficiently large and the dependence
within each population is not too strong. If either of these two conditions are not met, then

the size may be inflated.

4.4.2 Power study
We now turn to the study of the power of the test in finite samples. The number of
possible alternatives which could be considered to study the power of the FANOVA test is
enormous, since the variables for the experiment include the choices for the population mean
functions under H 4, how much dependence is allowed within the populations, and how many
populations k which are used. Given the consideration of space, we cannot possibly pursue
even a fraction of these possible alternatives here, and thus we focus in this section on a

few examples which seem plausible for real data and highlight the most interesting results
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of our own more thorough simulations. It was confirmed by our simulations that in most
situations, the power of the test is increasing with k. In this section, we focus on the “worst
case” other than the well studied two sample problem of & = 3. We consider five different
regimes for the mean curves themselves which satisfy H4: (M1) u;(t) =t(1—t)ifi =1 and
0if i =2,3; (M2) p;(t) = 1sin(int), i = 1,2,3; (M3) p;(t) is t5(1 —t), if s = 1, t3(1 — t)3,
if i = 2,t(1 — )5, if s = 3; (M4) p;(t) = i/10, if s = 1,2,3; (M5) p;(t) = /20, i = 1,2,3
for t € [0, 1]. Case (M1) corresponds to the situation where only one of the mean curves is
different from the others. In Case (M2), the mean curves each fluctuate around zero by the
same scale but exhibit different frequencies. In Case (M3), the mean curves exhibit small
deviations, however, they have vastly different shapes. In Cases (M4) and (M5), the mean
curves are simply different scalars, yet these represent the realistic data scenario when the
differences among observed curves across some functional populations are simply level shifts.
The observations are then constructed using expression (4.1) with 7; ;(t) following both (4.2)
and (4.3). In the interest of space, under (4.3), we only consider the kernel 19, since this is
the example with more dependence and gives more contrast with the i.i.d. example. We used
the empirical projection functions defined in (4.16). Again each data-generating process is
simulated 1000 times and the rejection rate of Hy is reported when the significance level
is 10%, 5%, and 1%. Table 4.3 shows the results of these simulations. We summarize the
results as follows. When the errors are independent, the test has good power to detect
even small deviations in the mean curves. When the magnitude of the deviations between
the mean curves were as small as 1/20, which is around 1/5th the size of the median of
supg<;<1|B(t)], the test exhibited good power to detect H4 given a large enough sample size.
As expected, the power of the test was not as high in case of dependent errors. However,
when the magnitude of the deviations between the mean curves is moderate to large, the
test still performs well despite fairly strong dependence. If the magnitude of the deviations
between the means is small and the sequence exhibits strong dependence, then a large
sample is necessary to detect the difference. The power is improved when the dependence

in the error sequence is weakened.

4.5 Applications—electricity demand in Adelaide, Australia

In order to illuminate how our test may be used, we consider a real data example
of the daily electricity demand curves constructed from half-hourly measurements of the
electricity demand in Adelaide, Australia from 7/6/1997 to 3/31/2007. These data have
been made publicly available by Shang and Hyndman (2013) as part of the fds package in

R. Although each day is only comprised of 48 observations, it is easy to imagine that these
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observations are simply a sample from an underlying continuous curve which represents
the electricity demand throughout the day, and hence it is more appropriate to perform
functional data analysis on the continuous curves constructed by interpolating the data
points than using multivariate analysis. Multivariate analysis in this context ignores the fact
that the measurements are taken from an underlying curve. Five of such curves constructed
using linear interpolation are shown in Figure 4.1. It is argued by Magnano and Boland
(2007) that the cost of unserved energy can be valued at thousands of dollars per MWh,
and hence there is an incentive to develop accurate models of the daily demand in order
to reduce excess electricity generation. A cursory examination of the data set confirms
that there are many patterns to be found in the daily demand curves. For example, on
the weekdays (Monday through Friday) there seems to be a fairly stable pattern where the
lowest demand is observed around 3:30am to 4:30am and the peak demand occurs around
3:30pm. In contrast, on the weekends, the lowest demand seems to come a bit later at
around 5:00am on average and the peak demand is not quite as high as on the weekdays
and typically occurs later at around 4:30pm. Furthermore, there seem to be differing trends
in the demand according to the season. The functional analysis of variance test can be used
to shed some light on these data by providing a significance test to differentiate which
days and which seasons exhibit differing electricity demand curves on the average. Instead
of working with the demand curves themselves, we work with the log differenced demand

curves defined below.

Definition 4.5.1. Suppose D, (t) is the electricity demand at time t on day n for t €
[0,1], n =1,...,N. The functions R,(t) = InD,(t) —In D,(0), t € [0,1], n =1,..., N,
are called the log differenced demand curves (LDDCs).

The LDDCs computed from the five curves in Figure 4.1 are shown in Figure 4.2. Since
the LDDCs have the same shape as the demand curves, they make suitable substitutes
for examining the patterns in the daily fluctuations of electricity demand. The reasons
for working with the LDDCs are as follows. Due to an overall linearly increasing trend in
the electricity demand over the observation period and the effects of seasonal and acute
changes in temperature, the demand curves themselves do not appear to be stationary. In
the LDDCs, level stationarity is enforced since each curve starts from zero. Furthermore,

taking the logarithm helps to control any scale inflation.

To begin, we consider the problem of testing if the mean of the LDDCs is homogeneous

across the four predominant seasons in Adelaide: Summer (December, January, February),
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Fall (March, April, May), Winter (June, July, August), and Spring (September, November,
December). Towards this end, we divided the data set consisting of 3556 daily curves into
these four seasonal groups depending on the month in which the observation was taken.
From this sample, the observations corresponding to the weekends were removed since the
demand behavior is vastly different on these days. After removing the weekends, in total,
there are 642 observations from the Spring months, 628 from Fall, 630 from Summer, and
640 from Winter. The mean functions from these samples are shown in Figure 4.3. To allow
for dependence within the samples, we implement the test outlined in Section 4.3. When the
FANOVA test is applied to these four populations, the test rejects the null hypothesis with
a p—value which is less than 107%. By examining Figure 4.3, it appears that Spring and Fall
have similar mean LDDCs. The approximate p—value of the test when applied to just the
Spring and Fall samples is approximately .21, indicating that there is not sufficient evidence
present in the data to reject the notion that Spring and Fall have the same demand patterns.
These findings are consistent with the prevailing theory that the electricity demand is driven
mainly by the temperature (see Magnano et al. (2008)). By implementing a Bonferroni
type procedure, the global error rate of sequential tests of this nature could be controlled;

we however do not pursue such an implementation here.

In order to study whether the daily pattern in electricity demand is homogeneous across
each day of the week we divided the data set into seven groups each of size 508 corresponding
to the days of the week, Sunday through Saturday, and then computed their LDDCs. Due
to the prior analysis of the seasonal trend above, we further grouped the data into the
four seasonal groups of Summer, Fall, Winter, and Spring; each subsample for each day
contained at least 120 curves. The results of the dependent version of the FANOVA test

applied to these samples are displayed in Table 4.4.

We summarize the results as follows. Since in every sample which included Saturday
and Sunday, not withstanding the sample which contained just these days, the homogeneity
of the mean curves was rejected, we conclude that there is strong statistical evidence that
Saturday and Sunday have different demand patterns than any other day of the week. When
the test was applied to the samples including the middle weekdays Tuesday, Wednesday,
and Thursday, we did not reject the homogeneity of the mean curves, and hence the data
suggests that these days have the same demand patterns. When the test was applied to
the samples containing each of the weekdays, we emphatically reject the homogeneity of
the mean curves given the p—values which are very close to zero in each season. Further

insight is gained by examining the results of the test when applied to the samples of the
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weekdays excluding Monday and Friday. When Friday is excluded, we see that in three out
of the four seasons, the test cannot distinguish Monday’s mean curve from those of Tuesday,
Wednesday, and Thursday at the 5% level. In contrast, when Monday is excluded, the test
rejects the homogeneity of the mean curves at the 5% level in three out of four samples and
in the fourth sample, the p—value is approaching significance. In summary, the data suggest
that the mean electricity patterns on the first four weekdays Monday through Thursday are
indistinguishable, and that the patterns on Friday, Saturday, and Sunday are significantly
different. These results are expected of course, as social behavior is likely to change on the

weekend.

4.6 Proof of Theorem 4.2.1

This proof utilizes central limit theory for dependent sequences of random variables
that are Bernoulli shifts. The proof can be adapted to other dependent sequences for which
the central limit theorem holds. Let p(-) denote the common mean under Hy. Using the
central limit theorems for dependent functions in Berkes et al. (2013) and Jirak (2013), we
can define k independent Gaussian processes I't n, (t), T2, n, (2), . . ., I’ v, (t) with covariance

functions D; such that

1
max
1<i<k || Ny 1/2
(]

N;
D [Xis(t) — ()] = Tin, (8)|| = op(1). (4.1)
j=1

Define p = (<:u7 901>a <M7 ‘102>7 SRR <;u7 @d>)T7 B = (<,Ua @1)» <,LL, 952>? R <M7 ¢d>)T7 and o =
(s @1), (s P2),s - o, (i1, )T to be the d dimensional projections of ju(-) onto the theoretical
and empirical eigenfunctions, respectively. It follows from Horvath, Kokoszka, and Reeder

(2013) that under conditions (4.1)—(4.4) and (4.11)—(4.15)
1Dy = Dll=0p(1) and [|Dy — D= op(1). (4.2)

Hence if the \;’s satsfy (4.8), then we have immediately

- P s : N
max ||@; — Gipi|| — 0 with & = sign((i, vi)) (4.3)
1<i<d
and similarly
A4 P . . R
max ||@; — Gipi|| — 0 with ¢& = sign({(@i, pi))- (4.4)
1<i<d

Let C = diag(é, e, ..., ¢a), & j = ((Xij 1), (Xij,02),- -, (Xij, pa)) denote the projec-
tions of the observations and &, = N; '3, <j<n; Xij- The approximation in (4.1) with
(4.4) yields that under Hy
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N;
’Nim (gz — - C( - ,u))‘ < max N, ? |3 (Xij — n), ¢ — éepe) (4.5)

1<<d ;
7j=1
2y
~1/2 N
< : L _
< max \Ni 77 ) (Xig — )| ll¢e — o
7j=1
=op(1)
It also follows from (4.1) that under Hy, we have that
/ 2y
1/2 ~1/2
VIR 6 )~ S| < g VD — = P ) (4.6)
]:
2y
~1/2
< max | N; ;[Xi,j — 1 = i || el
‘7:
= OP(]-)7

where GZ}Ni = (8,‘7]\[1.(1),81"]\[1.(2),. . -aSi,Ni(d))T with SZ,NZ(E) = <Fi,Ni790£>71 S 1 S k,l S
¢ < d. Putting together (4.5) and (4.6), we conclude

NI ) - C&in| = 0r(1). (4.7)

It is clear that the vectors G; n,,1 < ¢ < k are independent normal random vectors in RY

with £&; n, = 0 and EGi,Nz-@ZNi = 3,1 <i <k, where

¥ = {/ D;(t,s)pe(t)pj(s)dtds, 1 < j, 0 < d} 1< <d.

Assumption (4.18) and Lemma 4.9.1 imply that 3; is nonsingular. It follows from (4.4) and
the ergodic theorem that for 1 < ¢,m < d,

1 R R o1
A D (Xigs o)X, Pm) — Celmry > (Xigr o) (Xig, om)
(A ]:1 (A ]:1
LN N
ﬁz ,ja@é z]»@m _émSOm Z i,jr P Z_C€¢Z><Xi,jvém90m>‘

< Mlém = Cmpmll 17 ZHX JlP+llpe — cwe\lf ZHX Jll?
=op(1),

and therefore,
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Using (4.7) and (4.8), we get that

where

k -1k
6. = (Z NZ-ZZ-_1> ZNiEi_lel/ZSi,Ni

i1
k -1k

fl1 A1 A Av—1lAar—1/24

=C (ZNiczi C) Y NCE['CN; CC8 .
i=1 =1

Combining (4.7)—(4.9), we conclude

(2

Ty = éNi (N;l/QGi,Ni — 6.-)T ;! <N¢71/26i,Ni - (‘5..) +op(1),

and
-1
NA\Y2 ([ E N kN 12
NYVs = [ iyl L) oyl
i S <N> (ZIN i ; N 7 67N1

Now (4.19) follows from (4.5) and Lemma 4.8.1. The result in (4.19) can be established in
the same way, only (4.4) needs to be replaced with (4.3).

4.7 Proofs of the Theorems 4.3.1 and 4.3.2

Proof of Theorem 4.3.1. Theorem 2 of Horvéth, Kokoszka, and Reeder (2013) yields that
under H 4, we have that

| Dy = Dll= op(1). (4.1)
Now (4.1) implies, along the lines of the arguments used in the proof of Theorem 4.2.1, that
even under H 4

max |5 = épill 50 with & = sign((@i, 1))

and

]izi - (32(:( — op(1).

According to Lemma 4.9.1, the matrices 3i; are nonsingular. So by the ergodic theorem in

Hilbert spaces (cf. Horvath, Huskovd, and Rice (2013)), we conclude

Er— &) (& —E) B (uy—p )" (g — ), 1<0<E, (4.2)

where My = (</~L€7§01>7 </’L€7S02>7 sy <M€7§0d>)T7 1< 14 < k and
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k -1 g
=1 =1

Assumption (4.1) implies that p; # p; for some 1 < 4,57 < k and therefore, for some
1<l<k, py# p... Now the result follows from (4.2). O

Proof of Theorem 4.3.2. Elementary arguments give Dy (t,s) = Dy ,(t,8) + Qnalt,s) +
Qn2(t,s), where

Disyt9) = 3 3 (3s0lt:s) 4 30 KU/Mea(t:8) + 35,
=1 (=1

with /yi,f(t’ 5) = NLZ ZjV:ZIE(Xz,](t) - .ui(t))(Xi,j—l—ﬁ(S) - /’Li(s))a QN,l(tvs) = QN,l,l(t7 S) +
QN,l,l(S,t) with

k N ~ 0o 1 N;—¢
Quaa(ts) = Nl(ﬂi(t) - X.(1)) ZK(E/h)ﬁ D (Xijae(s) = pa(s))
i=1 (=1 tj=1

and i
Qualtys) = 221{ 0/ S pat) = X (0) pa(s) — K. (5)).
i=1
It follows from Horvath, Kokoszka, and Reeder (2013) that
IDNp — Dll= op(1). (4.3)
By the ergodic theorem in Hilbert spaces, (cf. Horvath, Huskovd, and Rice (2013)), we get

that max;<;<x||u; — X..||= Op(1), and therefore,

N;—¢
1

1QN,11]l= Op(1) max ZK t/h) N > (Xijre(s) — pa(s))

Jj=1

Assumptions (4.1)—(4.4) imply (cf. Hérmann and Kokoszka (2010)) that

1 2 1
25 225 B | 2 )= =0 (),
resulting in |Qn1.1]|= Op(h/N'/?). Thus we get
1Qn1]l= Op(h/N'?) = op(1). (4.4)

Using again the central limit theorem in Hilbert spaces, we have that | X.. —fi||= Op(N~1/2)

and therefore, we conclude



k

HQNQ(t, s) =2 K(£/h)Y " M;(t)M;(s)

(=1 i=1

= Op(hNY2) = 0p(1), (4.5)

where M;(t) is defined (4.3). Combining (4.3)—(4.5), we conclude

00 k
HDN(t, s) — (2 ZK(ﬁ/h)) > Mi(t)M;(s) + D(t, 5)|| = op(1). (4.6)
=1 i=1
By using Lemma 4.9.3 with M =252, K(¢/h), we obtain that
a6 = uvill= Op(1/h) (1.7)
and
max [6i = Gigizm|l= op(1) (4.8)
which imply that
112?§Xk|2i — CH;C|=op(1), (4.9)

where C = diag(éy,...,¢) and H; = {[] Di(t, s)p; ()} (s)dtds, 1 < £,k < d} with f =
v, 1 <1 < mand ¢ = gi—m, m+1 < ¢ < d By Lemma 4.9.1, the matrices H;
are nonsingular. By the law of large numbers in Hilbert spaces, (4.7)—(4.9) we get that
& —& — Clup — w))l= op(L), where i = (e 1), (s @3)s- s (03T, 1< €<k

and

k
i=1 =1

We write pf — p* = 7 4 ¢, where fi; = (e — 1, %), (e — 1, 05), - -, (e — 1, )7, 1<
(< kand c= ({ii,o}), (i, 3), ..., ()T — pr If i + ¢ # 0 for some 1 < ¢ < k, the
result follows since H; is (strictly) positive definite for all 1 < i < k. If iy + ¢ = 0 for
all 1 < /¢ < k, then p7 = p5 = ... = p;. This yields that ¢ = 0 and therefore, p; = 0
for all 1 < ¢ < k. However, (4.5) with Lemma 4.9.2, there is i such that (M;, »}) # 0 and
therefore, f1; # O for at least one /. O

4.8 Distribution of a quadratic form of normal vectors

Suppose in this section that Zj, ..., Zj are independent normal random vectors in R? so

that £Z; = 0 for all 1 <i <, and EZ;Z] = 3;, 1<i < k. Define

k -1
¢ = (Z cm;l) o*5,'2,,

(=1
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where ¢;,1 < i < k satisfy Zle c;=1, and ¢; >0 for all 1 <14 < k. We recall that x?(r)

stands for a x? random variable with r degrees of freedom.

Lemma 4.8.1. If T = z’;zl(zl - c;/ZC)TEZI(Zg - cé/ZC), then we have that
D
T = x*(d(k —1)).

Proof. The result follows from Theorem 2.7 in Seber and Lee (2003, p. 28) (cf. also Gamage
et al.. (2004) and Krishnamoorthy and Lu (2010)).

4.9 Three technical lemmas
Lemma 4.9.1. Let Y (t) € L? with EY (t) = 0, E||Y||?< oo and H(t,s) = EY (t)Y (s) be
a strictly positive function and {k;,1 < i < oo} be orthonormal functions. Then for any

1 <d < oo, the matriz C = {E(Y, k;)(Y, k), 1 < 0,5 < d} is nonsingular.

Proof. The matrix C is the covariance matrix of the random vector ((Y, k1), (Y, Kk2), ...,
(Y,k4))T. If C is singular, then one of the coordinates is a linear combination of the others
so that Zle d;(Y,k;) = 0 where at least one of the d;s is different from 0. Now with
g(t) = 2?21 d;gi(t) we can write

d
0 = var di(Y, k) | = var((Y,g)) = H(t,s)g(t)g(s)dtds. (4.1)
<; ) g / / 9(t)g

But g(t) is a linear combination of orthogonal functions where some of the coefficients
differ from 0, and therefore, ¢ is not the zero function in L?. Hence (4.1) contradicts the

assumption that H is strictly positive definite. ]

Lemma 4.9.2. We assume m > 1, g1,92,...,gm € L?, b1,ba,b,, are non-negative num-
bers and U(t,s) is a symmetric positive definite function with eigenvalues v1 > vy2 >

. > v > Y41 = -..0 and corresponding orthonormal eigenfunctions ki, ko, ... Let
U*(t,s) = > bigi(t)gi(s) + Ul(t,s), with eigenvalues ~f > ~5 > ... > 0 and corre-
sponding orthonormal eigenfunctions k%, K3, . ... If maxi<i<m bil|g:||>> Ae, then with some

i=12... fLandi=1,2,...,m we have that

(K}, 9i) # 0. (4.2)
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Proof. Suppose by way of contradiction that </{3’f,gi) =0 forall 1<i<m, 1<j </
This assumption yields by simple calculations that x7,..., s} are also eigenfunctions of U

with eigenvalues v{ > 75 > ... > 7, and

//U*ts dtds-// (t,s)k;(t)r}(s)dtds for all 1 <j </

m= // U(t, s)k1(t)k1(s)dtds
< // U(t73)"61(t)/€1(5)dtd3+// Lf; bigi(t)gi(s)] K1(t)r1(s)dtds

_ / / U (t, 51 (£)sx (s)dtds
< s / / U* (1, s)r(t)(s)dtds

=

Also,

Since 1, 7] are both eigenvalues of U and v, is the unique largest, we conclude that y; = 77.
By the uniqueness of ~;, we also get that xi(t) = £rj(t). Let S; = span(k;,1 < i < j),
S;={r: ||s]=1,(k,¢) =0 for all ¢ € S;} and S; = span(x;,1 <i < j), SJ’»“ ={k: ||k|=
1,(k,{) =0 forall ¢ € Sj*} Clearly, S| = S and therefore, ko € Sf. So by Debnath and
Mikusiniski (2005, p. 197), we get

Yo = / / Ut 5)ka(t) o (s)dtds
< // U(tas)/iz(t)/iz(s)dtds—l—// [g bigi(t)gi(s)] Kka(t)ka(s)dtds

:/ U*(t, s)p2(t)pa(s)dtds
< sup / / U* (1, s)r(t)s(s)dtds
Y

Now we conclude that v2 = 73 and ka2(t) = £x5(t). Repeating the arguments above, one
can easily verify that v; = 77 and k;(t) = ££j(t) forall 1 < j < ¢ Also, since
g; € ‘S_‘Z_l = Sy_1, we get that for all 1 <i <m
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Ye="; = sup // U*(t, s)k(t)k(s)dtds

KGS[,1
> [[ 0"t [a)9:(5) i P) atas
> byllgil|?,
which contradicts (4.2). O
We assume that
K1, K2, ..., Km are orthonormal functions (4.3)
and
e1>e9 > ... > ey > 0. (4.4)

Let Ao = span(k1, k2, .- ., kim). We recall that B denotes the orthogonal complement of the
set B. Assume that

D is symmetric, square integrable on [0,1]?, and non-negative definite. (4.5)

We say that D has regular maxima of order n with respect to Ay if there are r1 > ry >

. > r, and orthonormal function g1, go, ..., g, such that
T, = sup // s)dtds = //g, D(t,s)gi(s)dtds, 1 <1i<n,
geA;_1:llgll=1
with A; = span(k1,...,Em, g1,--.,9i),1 < i < n — 1. The functions gi,..., g, are unique
up to signs.
Let

MZemZ ki(s) + D(t,s), 0<t,s<l1.

Since Dj; is symmetric, non-negative definite, there are )\1 M > Aem > ... > 0 and

orthonormal functions f1 ar, fo,u, - . . such that X\ arfi v (t) = [ Da(t, s) fi v (s)ds

Lemma 4.9.3. If (4.3)—(4.5) hold and D has regular mazima of order n with respect to

Ao, then, as M — oo we have

s [y — eoil= o(1), (1.6)
1@2}:ﬂ\ki,M/M —e;|=0(1) (4.7)
and
max || finr — ¢igi—mll= o(1), (4.8)

m<i<m+n
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max Ay — €i—m|=0(1), (4.9)
m<i<n
where the values of c1 = c1,m,¢2 = c2,M5 -+ -, Ctn = Cmgm,Mm are 1 or —1.

Proof. Clearly,

1
HDMts Zeml Ki(s —O(M>, as M — oo

and therefore, (4.6) and (4.7) follow from Debnath and Mikusiniski (2005). Let Ay =
span( fi a, fa - - -5 fm,mr). Also,

sup / Dy(t,s)f(t)f(s)dtds = / D(t, 8) frr1,0 (t) frns1, 0 (s)dtds.

feAo | flI=1

Every f € Ap s can be written as

ft) =w(t)+ f*(t), where w( Zaml and f* € Ay.
It follows from the definition of D;; that

/ Dy(t,s)f( dtds—/ D(t,s) f*(s)dtds
/ Das(t, 8)w()(s )dtds+2/ Dt s)w(t) f*(s)dtds.

Since || f*||< 1, by the Cauchy—Schwarz inequality, we have

’// *(s)dtds| =
we conclude
‘/ Dy(t,s)f( dtds—//D f*(s)dtds

We note that (w,w) = Y.7*, a?. Since g is orthogonal for all fi,1 < i < m, for each

’/ Db, 5)o(t) £ (s)dtds — o),

= O(M)(M|w[*+l|wl).  (4.10)

1 <4 <m, we get
m
= e+ £, fim)
=1
m m
= O aure+ [*, finr — ciri) + ) auke + f*, cini)
=1 =1

m
= () ke + [, fin — cii) + cii

(=1

resulting in
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m
<Z aptig + [, fin — ciki)

(=1

|| < < |\ fim — cikill= O(1/M).

Thus we get
lw]l?= O(1/M?)

and therefore, by (4.10)

\ [ pute s - [ [ Do) o (syaras

=0 <A14> . (4.11)

()

which yields |Ay 41,0 — e1]=0(1). We assumed that r; is reached at only at +g¢; and thus

This means that

sup / Dys(t,s)f(t)f(s)dtds — ry

f€Ag Ml fII=1

we conclude that

| frnt1,m — Cmi1,m91]|= 0(1), as M — oo.

Any f € Ay can be written as
F0) =3 B Brngr () + i, where  fi € Ay
/=1
Following the arguments leading to (4.11)
’ / Das(t )£ () f(5)dtds (4.12)
= [ D) B assn @) + 5 O () + Fi(s)deds

-of3)

Since f € ALM, we obtain that |Bp41.m|= OQ)|| frt1,M — Em+1,m91]|= o(1). Since ry is
reached uniquely at g, we conclude that [y, 12 v —e2|= o(1) and || frni2,M — Cmr2,m92||=
o(1), as M — oo. Repeating the arguments above, (4.8) and (4.9) of Theorem 4.9.3 can be
established for i =m +3,...,m + n. d
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Table 4.1. Empirical sizes in the i.i.d. case and the FAR cases with nominal levels of 10%,

5%, and 1%.
DGP
N  Nominal

11D
k=3 k=5 k=10

FAR,,
k=3 k=5 k=10

FARy,
k=3 k=5 k=10

50 10%
5%
1%

10.5 10.6 10.7
5.8 5.6 5.7
1.2 1.3 14

11.2 14.1 17.8
0.4 7.0 9.6
6 1.0 2.2

14.4  15.5 18.0
7.4 9.3 10.1
6 2.5 2.7

100 10%
5%
1%

10.5 10.1 10.4
5.5 5.4 5.3
1.2 1.1 1.1

12.4 14.0 14.1
5.8 7.2 7.8
14 1.2 2.1

11.6 13.2 17.5
6.7 7.3 9.6
1.2 1.6 2.7

200 10%
5%
1%

10.5 9.7 9.8
5.2 4.8 4.9
1.2 1.1 1.3

10.7  12.6 13.7
4.1 6.8 6.5
1.3 8 1.7

11.0 11.5 15.5
5.7 6.1 8.9
9 14 2.1

300 10%
5%
1%

12.2 10.4 9.2
6.5 5.7 4.6
1.7 .8 1.0

9.5 11.5 12.1
4.4 5.3 5.9
7 1.4 1.6

10.9 11.1 13.8
5.6 5.5 7.6
1.2 1.4 1.9
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Table 4.2. Empirical sizes in with heterogeneous population covariances with nominal
levels of 10%, 5%, and 1% in both the independent and dependent cases.
N 50 100 200 300
DGP/Nominal 10% 5% 1% | 10% 5% 1% | 10% 5% 1% | 10% 5% 1%
HIID 9.7 57 18112 59 1.7|11.1 54 161|108 53 14
HDEP 147 6.8 13 |132 59 21127 57 16| 11.7 55 1.7

Table 4.3. Empirical power using i.i.d. and the FAR(1) observations with nominal levels
of 10%, 5%, and 1%.
Case (M1) (M2) (M3) (M4) (M5)
N Level | IID FARy;, 1ID FAR,, I1ID FAR,, IID FAR,;, IID FAR,
25  10% | 782 65.5 93.0 88.1 82.6 752 98.6  88.1 78.6 464
5% | 70.3 54.9 89.5 82.7 73.6 68.0 97.6 83.6 70.0 36.4
1% | 542 362 769 696 55.0 50.1 947 68.3 52.8 235

50  10% | 84.7 69.8 99.0 96.5 90.7 85.2 100 974 849 51.6
5% | 781 603 970 928 86.6 75.1 100 943 78.0 403
1% 1605 394 922 8.0 69.0 586 999 848 60.8 24.7

100 10% | 97.1 87.7 999 999 993  96.0 100 99.9 978 63.6
5% | 942 792 997 998 98.6 935 100 99.8  95.7 54.6
1% [ 8.9 606 99.0 99.0 97.0 83.9 100 99.1 88.6  39.2

200 10% | 100 99.4 100 100 100 100 100 100 100 77.6
5% | 100 99.0 100 100 100 100 100 100 100 71.3
1% | 100 94.6 100 100 100 99.3 100 100 99.7 553

Table 4.4. p—values of the FANOVA test when applied to samples of daily LDDCs organized

according to the day of the week and season. Across the top of the table, the days included

in the sample are displayed. “All” denotes that all seven days were included (k = 7).
Days of the week for which the test is applied

Season  All Weekdays | Weekends | TWTh MTWTh TWThF
Summer .000 .035 .006 .750 .647 .056
Fall .000 .003 .001 .886 .380 .023
Winter .000 .000 .000 257 .001 .000
Spring  .000 .002 .000 .582 .083 .001
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Figure 4.1. Five functional data objects constructed from half-hourly measurements of
the electricity demand in Adelaide, Australia. The vertical lines separate the days.
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Figure 4.2. Five LDDCs constructed from the curves in Figure 4.1.
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Figure 4.3. Mean Curves from each season constructed from the LDDCs taken from
7/6/1997 to 3/31/2007. The p-value of the FANOVA test applied to this sample was zero.
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Figure 4.4. Mean curves for each day computed from the
7/7/1997 to 7/5/1998 (52 curves for each day). The p-value
less than 1074,

Summer months between

of the FANOVA test was





