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ABSTRACT

We consider a random walk on Z%! in a cone-mixing space-time random environ-
ment. We give a condition for a law of large numbers to hold. Furthermore, assuming
an exponentially decreasing spatial-mixing condition, as well as an exponentially decreasing
cone-mixing condition, an almost-sure quenched functional central limit theorem is proved

by using a martingale approach.
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CHAPTER 1
INTRODUCTORY MATERIAL

1.1 Introduction

Random walk in random environment (RWRE) is commonly used to model motion in
disordered media. Such probabilistic models originated in physical sciences, such as physical
chemistry, solid state physics, biophysics, and even oceanography. Diffusion in homogeneous
materials can be well modeled by ordinary random walk, but inhomogeneities in the medium
are more realistic. However, adding the extra level of randomness makes even simply stated
models behave in unexpected manners.

A basic example of this unexpected behavior occurs already in the one-dimensional
case. If we consider a nearest-neighbor random walk X = (X,,),>0 in one-dimension with
the probability to move right p and the probability to move to the left ¢ = 1 —p, the average
velocity of the walk is v = lim,, 0o % = p — ¢. In the comparable random walk in random
environment, given the environment w, denote the probability to move right p = p(w)
and the probability to move left ¢ = ¢(w). Letting £ represent expectation under P, the
probability governing the environments, one would expect that the velocity is v = E[p — ¢].
However, this is one of the many instances where intuition misleads us. Solomon showed in
[48] how to handle this situation. Denoting p = ¢/p, we know by Jensen’s inequality that
E[p]~! < E[p~!]. The average velocity of the walk is:

LBl iRl > 1,

X 1+E[p]
v = le =10 if E[p] ™1 <1< E[p1],
n—oo N E 1 _1 . _

A consequence of this formula for velocity is quite interesting. Solomon also showed
conditions on transience and recurrence for this model. Let Py represent the probability

that the random walk started at 0, with the environment averaged out. Then:
v>0<s Ep < 1= Ellogp] <O:Po{ lim Xn:oo} =1,
n—oo

1.

v<0sE[p ] <1=E[ogp >0= PO{ lim X,, = —oo}

n—0o0
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Note that it is possible for E[logp] # 0 while E[p]~! < 1 < E[p~!], so the walk can
be transient while v = 0. This is due to traps that form in the environment. The higher
dimensional version of this is directional transience (that is, for some unit vector 4, X,, -4 —
oo a.s. while v = 0), but the conjecture is that this does not happen (in an i.i.d. environment,
for example). Differences such as these between random walk and RWRE, as well as other
surprising calculations, have added intrigue to the field.

As a fairly recent field, developed within the last four decades, there are still many open
problems and unknown phenomena to be explored. Good overviews of the subject are given

by Zeitouni in [57], Bolthausen and Sznitman in [13], and Sznitman in [50, 54].

1.2 Introduction of the Model and
Notation

Transition probabilities are denoted by ., for z,y € 741 which represent the prob-
ability of transitioning from z to y. An environment consists of transition probabilities,
W = (Mewiz)psemens € PET where P = {(p:).ezanr € [0, + ¥ p. = 1} and
1 < d € Z. Define Z . as the set of non-negative integers. We will use Q2 = PL o represent
the space of all transition probabilities in dimension d + 1. The space €2 is Polish and its
Borel o-algebra is the product o-algebra &. Q comes with the shift m, , (T*w) = Ty syt (W)
for all z € Z%!. Let w, represent the environment at z € Z%+1, (T z+z2)z. For k € 7Z,
define 6 = o(w; : - 4 > k), the o-algebra generated by the environment in the upper
half-space Hy = {z : -4 > k}. We are given a T-invariant probability measure I’ on (2, &)
with (2, &, (T7%),cga+1,P) ergodic, i.e., all shift-invariant sets A satisfy P(A) € {0,1}. We
will use [E to represent the expectation under IP.

We say that an environment is i.i.d. if P is a product measure with the random proba-
bility vectors w, i.i.d. For our results, we will not be dealing with i.i.d. environments, but
rather environments that differ from being i.i.d. by a small amount. We will use techniques
developed for the analysis of RWRE in i.i.d. environments to analyze RWRE in environments
that have dependence in both time and space.

Let us now describe the process. The environment w is chosen according to the distri-
bution P and then remains fixed. Under Py, which denotes that the walk starts at the site

x under the fixed environment w, the walk X = (X,,),>0 satisfies the following conditions:

P;J{X():LL‘} = 1,

PAXnp1 =2 Xn =y} = WyZ(W)a



PY{X, € A} = P{**{X, +x € A}.

We will refer to P¥ as the quenched measure, P, = [ P¥ P(dw) as the joint measure,
and its marginal on the sequence space (Z%+1)%Z+ as the averaged measure, also denoted by
P,. We will denote the quenched and averaged expectations by E% and E,, respectively.
Note that when the environment w is fixed, the random walk X starting at = € Z%*! is a
Markov chain, but if the environment is averaged out according to IP, the walk is no longer

Markovian.

Example 1 The non-Markovian nature of the averaged random walk in random environ-

ment.

For the one-dimensional case, consider two coins, a red coin and a blue coin. With
probability 0.3, the red coin comes up heads and the walker moves to the right one spot.
Otherwise, the walker moves to the left one site. In other words, pf*d = 0.3 and pR$d = 0.7.
With probability 0.6, the blue coin comes up heads and the walker moves to the right two
spots. Otherwise, the walker moves to the left one, so pglue = 0.6 and plfllue = 0.4. Each
site in Z is assigned either a red or blue coin according to another weighted coin. With
probability 0.8, this coin comes up heads, and a red coin is assigned. Otherwise, a blue
coin is assigned. Once a coin is assigned to a site, it is permanent, but the red or blue coin
is flipped to determine the walker’s next move each time he gets to the site. Then, the

quenched probability of going from 0 to 1 to 0 to 1 is
P(‘)'J{Xl = 1,X2 = O,Xg = 1} = 7r01(w)7r10(w)7r01(w) = 7r01(w)27r10(w).
The averaged probability of the same event is

Po{X1=1,X,=0,X3=1} = B[P{X; =1, X2 =0, X35 = 1}]

= IE[Wm(w)zmo(w)]
=0.8-03%-0.8-0.7+0.8-0.32-0.2-0.4

+02-0-0.8-0.74+0.2-0-0.2-0.4
= 0.04608.

Similarly, the probability of going from 0 to 1 to 0 is

Po{X1 =1,X3 =0} = E[m1(w)m10(w)]



=08-03-08-0.740.8-0.3-0.2-0.4
= 0.1536.

Therefore, the conditional probability of going from 0 to 1, given that the walk has gone
from 0 to 1 to 0 is

P{Xi=1,Xy=0,X3=1} _

P{X5=1|X1=1,Xo=0}= 0.3. 1.1
The probability of going from 0 to 1 is
Py{X1 =1} =0.8-0.3=0.24. (1.2)

Since (1.1) and (1.2) are not equal, we see that the averaged process is not Markov.
In this work, we deal with space-time walks. That is, for the standard unit vectors e;,

there exists exactly one ¢ € {1,...,d + 1} such that,
P{m,> >0} > 0 if and only if z - ¢; = 1. (1.3)

We will denote 4 = ¢; for this direction, for which we can assume 7 = d + 1. This direction
represents time, since Py{X,, - & = n} = 1 for all n. The remaining d dimensions will be
referred to as space.

In addition, let the walk be a nearest-neighbor walk on Z® x Z. More precisely,
P{m,. >0} >0ifand only if z € {a+e;: 1 <j <d}. (1.4)

Our results can be extended to random walk with finite step size; however, we will omit
these calculations due to the notation and technical details increasing tremendously.

We also assume that this walk satisfies a uniform ellipticity condition, so the probability
that X will go in any spatial direction at any step in time is bounded uniformly away from
0. More precisely, there exists a constant x > 0 such that,

P{w : o gute, (w) > % for all j such that e; # 4} = 1. (1.5)

Furthermore, we will assume a cone-mixing condition. Given a set B C Z%, let wp =

{w; : 2 € B} and &p = o(wp). Define C; = {y € Z4' : |y — 2| <— (y — x) - 4}, the cone
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containing all possible nearest-neighbor space-time paths that end at x. The cone-mixing
function needed for the Law of Large Numbers (LLN), ®~, is defined by

P{A[B}

o (L) = sup ‘IP{A}

1‘.
Ae6 __
o

BeSy,
P{A}#0, P{B}#0
Let Cff = {y € Z4! : |y — 2| < (y — ) - 4}, the cone containing all possible nearest-
neighbor space-time paths for X with Xy = . The function ®* to describe cone-mixing

needed for the Central Limit Theorem (CLT) is

P{A|B
Ot (L) = sup ‘m—l‘.
A€6C+ IP{A}
0
BEGHiL
P{A}#£0, P{B}#0
Due to the similarity of these functions, many examples result in ®~ = ®*. For the LLN

in Chapter 2, we will assume that ®~ (L) is bounded. For the CLT in Chapter 3, we will
need the stronger assumption that both ®~ (L) and ®* (L) decrease like e=*" for some large
constant A > 0.

In addition to the cone-mixing functions, we will need to define a spatial mixing function
for the CLT. For this, we will first fix £ € Z with ¢ > 0. Let H represent the lower half-space
and define

Ay={ACH:3z€Ast. z-u=0and |z| = (}. (1.6)

Let F represent the space of local bounded functions f that are measurable on environments
in the cone Car . For a fixed set A € Ay, we will let w and & represent environments that
differ only at a site z € A with z- 4 = 0 and |z| = £. Define wy = {w; : © # z}. Let the

spatial mixing function ¥ be the minimal function such that, for P-a.e. w, and P“#-a.e. @,,

|E[f | 64](w) — E[f [64]@)] < ¥(O] f]lo0-

for all A € Ay and f € F. We will need to assume that WU (¢) is exponentially decreasing in
¢ for the CLT to hold.

1.3 Examples
In many mixing situations, the formulas for = and ¥ can be simplified, bounded, or
even calculated exactly. We will not calculate ®T since T = ®~ in many circumstances,
including the ones considered here. We will consider when environments are i.i.d., in a

Gibbs field with the Dobrushin-Shlosman strong decay property, as well as other situations.



Example 2 & (L) in the case of environments that are i.i.d. in time.

Let L>1. Let A € GC(; and B € &, with P{A} # 0 and P{B} # 0. Then A and B are

independent, so

PA|By | _ | P{ANB}
‘ P{A} ' ‘IP{A}]P{B} ‘
A |-

Since the choice of A and B was arbitrary from the given o-algebras, ®~ (L) = 0 for all
L > 1. Note that the case where environments are i.i.d. in both space and time is included

in this example.
Example 3 &~ (L) when the environment is M -dependent in direction .

By the definition of M-dependence, o(wy;x -4 < 0) and o(wy; -4 > M) are independent.
Let L > M. Then for A € 605 and B € &, A and B are independent, and

'P{AW’_

P{A] 1’ -0

as in the i.i.d. in time case, so &~ (L) =0 for L > M.
Example 4 ¥ ({) when environments are i.i.d. in both space and time.

In the i.i.d. case, for any £ > 1 and A € A;, where Ay is as defined in (1.6), we can calculate

the following;:

E[f[64](w) —E[f[64)(@)] = |E[f | &) (w) — E[f | S0y] (@]
=0,

since wy = @o. As this holds for all A € Ay and all local bounded functions f that are

measurable on environments in Cy, we can conclude that W(¢) = 0 for all £ > 1.

Example 5 ¥ (/) in the case with environments that are i.i.d. in time, but dependent in

space.

Fix £ > 1. Due to independence in time, we only need to consider sets in By C A, defined

by B ={B € Ay :x-u=0Vx € B}. We will also need to consider only a set G of
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functions f € F that are measurable with respect to S}, as values of the function above

level 0 do not depend on Gp. We can then simplify the requirements for W(¢) to

Elf | 65)(w) — E[f|65](@)] < T(O)]fllo,

forall B € By and f € G.

Example 6 ¥ (¢) for a linear combination of i.i.d. random variables.

Let r be a constant with 0 < r < 1, and let (X;);>1 be bounded i.i.d. random variables in
R whose pdf is continuous and differentiable. Define Y; = 3 72 rF=i 1 X, and let y € R.
Then, P{Y; < y|Ys,Ys,...} = P{Y7 < y|Xqo,X3,...} since we can construct the Y;’s

knowing the X;’s and vice versa. Then, for k € Z,
P{E/l S Yy ‘ YQ) cee )Yk—hYkaYk-f—h .. } == P{Yl S Yy ’ X27 cee 7Xk—2an—lan)Xk+17 .. '}7

where X, = r2(Yyo1 — Yk) and X), = r_l()}k — Y%4+1). Using this and that X; =
r Yy =2 Xy — .. —rFIX ) — R X — L), we get that

’P{Yl < y|Y27"'7Yk—17Yk7Yk+17"‘} _P{Yl < y|Y27---7Yk—17}7kayk+17"‘}‘

= ‘P{Xl < ril(y —r2mg— =Pl — R — )}
- P{X1 < T_l(y —xg — =R e — R — )}}
=P{X, eI},

where I is an interval of length |r*=2(Z_1 — 2p_1) — r* (&}, — 21)| < OrF since each X; is

bounded. Since the pdf of the X;’s is bounded, we see that
‘P{Yl < Yy | Y27 v 7Yk*17Yk7Yk+17 . } - P{Yl < Yy | Y27 v 7Yk717}>k7Yk+17 . }‘ < Crkv
so U(¢) < Cr®. A similar result also holds in the multidimensional case.

Example 7 Space-time walk in o Gibbs field with the Dobrushin-Shlosman strong decay

property.

An example of a space-time walk with exponential temporal and spatial mixing is a space-
time walk in a Gibbs field.

For a probability measure @, let Qv represent the projection of @ onto (Qy, Sy ). For
A C V, let Qua be defined as the projection of Qy onto (Qa,S,). Let dist(z,V) =
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inf{|z — y| : y € V} for some choice of norm | - | on R4, Define 9,V = {x € Z4N\V :
dist(z, V) < r}, the boundary of size r around V. An r-specification (r > 0) is a system of
functions Q = {Q¥(-) : V C Z4*1 |V| < oo}, such that for all w € Q, Q% is a probability
measure on (2y, Sy ), and, for all A € Gy, Q7 (A) is G, v-measurable. A specification @ is
called self-consistent if, for any finite A, V with A € V' C Z%*!, one has (Q‘{})iv = QX’JVC’@‘/)
for QY-a.e. Wy .

The Dobrushin-Shlosman strong decay property says that for a self-consistent r-
specification @, there exist constants C,c¢ > 0 such that for all finite A ¢ V c Z4+!,

z € 0p(V), and w,w € Q with w, = @, when y # x, we have that

dvar (QFp, QF;p) < Ce eI, (1.7)

where dv,, is the variational distance between two measures.
The condition in (1.7) is satisfied for several classes of Gibbs fields, including in high
temperature, large magnetic fields, and one-dimensional and almost one-dimensional inter-

actions. For further discussion of Gibbs fields, see [21].

Example 8 An example of a Gibbs field with Dobrushin-Shlosman mixing: The Ising
Model.

At each site in Z9!, assign a 1 or —1 (corresponding to a spin up or down), with probability
1/2, independently at all sites. We will call this i.i.d. measure P, and the configuration o.

Given a finite volume V C Z%!, and the configuration outside the volume oy, define
the energy Hy (oy |oye) of a configuration inside the volume as the sum of the products of

all nearest-neighbor pairs of spins with at least one site in the volume:

HV(O'V’JVC) = Z 0;035.
i,jez+1
li—jl=1
i€V or jeV
Fix an inverse temperature, 3 > 0. Define a measure Q7V* on the configurations in this
volume V', given the configuration outside the volume as
a7 eBHy (ov |ove) ap
v ZV (B, O-VC) ’
where
Zv (B, ove) = Z eBHv (ov |ove)
Uvé{ﬂ:l}v

is a normalization factor.
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d+1
Z such

If B is small enough, there exists a unique probability measure @ on {£1}
that Q7V* is the regular conditional probability of @ given oye, for all V' and Q-a.e. oye.
Moreover, @) is shift-invariant and ergodic. See Section 5.2 of [27]. Furthermore, if g is
small enough, then (1.7) holds. See [21].

Now, we can choose probability vectors p,q € P and let w, = p if 0, = 1 and w, = q if

0, = —1. P is then the law of w.

Example 9 &7 (L) in the case of a Gibbs field with the Dobrushin-Shlosman strong decay

property, as described in Example 7.

Let A € 600_. Then, by Lemma 7 of [41], we have that

P{A|B} < —cdist
<exp|C Z e~cdist(z,y)
]P{A} x€0r(B°)

y€EOr(A°)
<1+ Ce L,

where C' and c are positive constants. The other direction follows similarly, and
P{A|B}

< —CL.
P{A} = Ce

1

As a result, (L) < CecL.

Example 10 ¥ (¢) in the case of a Gibbs field with the Dobrushin-Shlosman strong decay

property.

For a Gibbs r-specification (), changing the environment at one site has a minimal effect on
distant sites. Dobrushin and Shlosman showed in [21] that under (1.7) there exists a unique
P that is consistent with (. In other words, Qf is the regular conditional probability
of P given wy. From the Dobrushin-Shlosman condition (1.7), it follows that there exist
constants C, ¢ > 0 such that for all events £ € 60()*7 and for all z ¢ CJ with dist(z, Cf") > r,

and w,w € ) with w, = @, when y # z,
‘IPW{E} o IPJ}{EH < Ce*CdiSt(Zﬁca—)‘

Fix a set A € A,. Finding 2z € A with z-4 = 0 and |z| = ¢ (so that dist(z,C;") = ¢) and by
Lemma 7 of [41], we see that

[E[f |64](w) —E[f|84]@)] < Ce™|Ifllo

for £ > r. As a result, ¥(¢) < Ce™,
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1.4 Previous Results

Many results proving laws of large numbers and invariance principles have already
been shown for RWRE. The one-dimensional case was considered in great depth after the
aforementioned work of Solomon. These results include showing that the limiting velocity
holds not just for i.i.d. environments, but also for ergodic environments; see the work of Alili
in [1]. Averaged central limit theorems have been shown in i.i.d. environments when v > 0
given E[p?] < 1 by Kesten, Kozlov, and Spitzer in [33]. Furthermore, they showed that if
v =0 and E[p~!] > 0 under the condition E[log p] < 0 < log E[p], then E[p*] = 1 for some
s € (0,1) and n™%X,, converges in law. Goldsheid showed in [28] sufficient conditions for the
environment, under which a quenched Central Limit Theorem holds in a nearest-neighbor
one-dimensional case. In [39], Peterson showed that in an i.i.d. environment with a walk
with speed v > 0, and the averaged law of n~1/* (X,, — nv) converging to a stable law of
parameter s for s € (1,2), no limit laws are possible. Specifically, there exist sequences
depending on the environment such that a quenched CLT holds along a subsequence,
but along another subsequence, the limiting distribution is a centered reverse exponential
distribution. Recently, Peterson and Samorodnitsky in [40], and independently Dolgopyat
and Goldsheid [22], proved that for transient nearest-neighbor one-dimensional RWRE the
quenched distribution of hitting times have a stable limit law in the weak sense. For
nearest-neighbor RWRE in Z, Enriquez, Sabot, Tournier, and Zindy showed a quenched

limit theorem for the hitting time of a level n in [25].

Work in the multidimensional case started more recently. Kalikow has a good discussion
of RWRE in multiple dimensions, and addresses transience conditions and zero-one laws in
[32]. For static environments, Sznitman and Zerner in [56] showed that a LLN holds for
RWRE under conditions discussed by Kalikow, implying directional transience. Sznitman
later showed an averaged central limit theorem under Kalikow’s condition and considered
tail estimates on the probability of slowdowns, giving insight into traps in the medium in
[51]. Later, he showed that laws of large numbers and averaged central limit theorems hold
in certain ballistic environments, as well as giving an effective criterion where the LLN
and CLT hold in [52, 53]. Kipnis and Varadhan showed that an invariance principle holds
for additive functionals of reversible Markov chains under certain moment conditions in
[34]. Maxwell and Woodroofe in [38] and also Derriennic and Lin in [19] extended this
to the non-reversible setting. Using these ideas, quenched invariance principles for the

space-time case and the ballistic case were shown by Rassoul-Agha and Seppéldinen in
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[42, 44], respectively, when environments were independently assigned. Berger and Zeitouni
showed in [9] that every random walk in an ii.d. environment in dimension d > 2 that
satisfies an averaged invariance principle and an integrability condition for regeneration
times also satisfies a quenched invariance principle when the walk has an almost sure positive
speed in some direction. Zerner showed that a LLN still holds for i.i.d. random environments
when v = 0 in a given direction in [58].

Many results have also been shown for dynamic environments. In [10], Boldrighini,
Minlos, and Pellegrinotti showed that an almost sure CLT holds for a Markov random
environment with d > 2. Later, in [11], they showed a quenched invariance principle for
i.i.d. space-time environments. In [23], Dolgopyat, Keller, and Liverani proved a quenched
CLT for random walks with bounded increments, where the evolution of the environment
is Markovian with strong spatial and temporal mixing. Dolgopyat and Liverani in [24]
showed a quenched CLT for a random walk with environments that satisfy a deterministic
and strongly chaotic evolution. In [5], Bandyopadhyay and Zeitouni proved an averaged
strong LLN and invariance principle for any dimension, and furthermore showed a quenched
invariance principle in high dimensions (d > 7) for space-time random walks in Markovian
fields (not just Markov in time). Avena, dos Santos, and Vollering recently showed a LLN
for a space-time nearest-neighbor 1+ 1-dimensional RWRE driven by a symmetric exclusion
process in [4]. Andres showed a quenched invariance principle using heat kernel estimates

for a dynamic random conductance model in [2].

Invariance principles have also been shown on structures other than Z¢, such as infinite
percolation clusters in multiple dimensions. Sidoravicius and Sznitman in [47] showed that
an almost sure quenched invariance principle holds for simple symmetric random walk on
the infinite Bernoulli percolation clusters on Z¢ with d > 4. Later, Berger and Biskup in

[7], and independently, Mathieu and Piatnitski in [37], extended this result for d > 2.

In cases of v = 0, several results have been found. Lawler proved a quenched invariance
principle in the case of a balanced RWRE on Z? for a uniformly elliptic environment in
[35]. Uniform ellipticity was recently removed by Guo and Zeitouni in [30], then ellipticity
was removed altogether by Berger and Deuschel in [8]. Bricmont and Kupiainen in [15]
showed that for small random perturbations of a simple random walk, the walk remains
diffusive for almost all environments in Z¢ with d > 2. The corresponding scaled path space
measures converge weakly to Brownian motion. Later, Bolthausen, Sznitman, and Zeitouni

proved a law of large numbers and a functional central limit theorem in [14] without the
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perturbation methods of Bricmont and Kupiainen. Sznitman and Zeitouni showed that
an invariance principle, as well as transience, hold for diffusions that are small random

perturbations of Brownian motion for d > 3 in [55].

Limited results have been proved when environments are mixing. Comets and Zeitouni
showed in [17] that a LLN holds in environments under a strict cone-mixing condition given
either a non-nestling assumption or Kalikow’s condition using the regeneration argument
of Sznitman and Zerner. Using methods from spectral analysis, Boldrighini, Minlos, and
Pellegrinotti showed in [12] that ergodicity conditions hold, and therefore also a LLN, when
there is Markov dependence on time. In [31], Joseph and Rassoul-Agha proved that an
invariance principle holds for a space-time random walk in R? x Z with polynomial mixing in
space with i.i.d. time components. Bricmont and Kupiainen showed using a renormalization
group scheme that an invariance principle holds for environments that are exponentially
mixing in both space and time, but still perturbations of random walks, in [16]. Recently,
several have shown that laws of large numbers exists under certain cone-mixing conditions.
Den Hollander, dos Santos, and Sidoravicius show a LLN for cone-mixing environments,
including nonelliptic examples in [18]. Redig and Véllering in [45] consider the case of a
Markovian environment under a coupling condition. They prove concentration inequalities
for the environment as seen from the particle so a LLN and CLT follow. In [29], Guo proved
a conditional LLN for strong-mixing random Gibbsian environments in Z¢ when d > 2, as
well as showed that there is at most one nonzero limiting velocity in higher dimensions
(d > 5). We use a different technique than Avena, den Hollander, and Redig in [3] to show
a LLN, and we will furthermore show that an invariance principle holds under a cone-mixing
condition. We do not assume that the environment is Markovian, nor do we need to assume

coupling conditions.

Several approaches have been used to show that a LLN holds. Sznitman and Zerner in
[56] showed a LLN by using a renewal argument, which was later adapted by several others.
In a cone-mixing environment, Comets and Zeitouni in [17] introduced a regeneration-time
argument, which was adapted by Avena, den Hollander, and Redig in [3]. The approach
we will use here considers the point of view of the particle, and involves showing that there
exists an ergodic measure P, that is invariant for the process (T*nw) such that IP and P,

are mutually absolutely continuous on the upper half-space Hy.

To prove a quenched CLT for RWRE, there are three main approaches. Boldrighini,

Minlos, and Pellegrinotti in [11] used Fourier analysis, which requires uniform exponential
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moments on the steps of the random walk. In other words, sup,, £y (eMX1l) < oo for some
A > 0. A second approach, which was used by Berger and Zeitouni in [9], following the
ideas of Bolthausen and Sznitman in [13], uses a concentration inequality to show that the
quenched process is close to the averaged process, and then uses the averaged CLT. The third
approach, which will be used here, uses general Markov chain arguments by considering the
environment as seen by the particle and the Markov chain (7%"w). This method was first
used by Kipnis and Varadhan in [34], then was generalized by many, including Maxwell and

Woodroofe in [38], Derriennic and Lin in [20], and Rassoul-Agha and Seppéldinen in [43].



CHAPTER 2
THE LAW OF LARGE NUMBERS

2.1 Assumptions and Notation
In this chapter, we will prove a law of large numbers for a cone-mixing nearest-neighbor
space-time RWRE on the d + 1-dimensional integer lattice Z%!. Our goal is to show that
under certain cone-mixing conditions,
P{g&szERﬂM}zl
for some invariant measure P, where D(w) = E§(X1) = Y, £e;imo a+e,; (w) is the drift.

Recall the definition of the cone-mixing function from Section 1.2:

_ P{A|B}
R .
Bes,

P{A}#0, P{B}#0
In addition to the conditions in Section 1.2, we will make the following assumption on

the temporal mixing:
Assumption 11 &~ (L) is bounded for some L > 0.

Define P,,{A} = Py{T*"w € A}, the measure on the environment as seen from the
particle at time n, and let [E,, be the expectation under IP,. Denote the quenched expected
visits to 0 after n steps of the walk by

falw) =Y P{X, =0},
z€Z4
Note that in the nearest-neighbor space-time case, satisfying (1.3) and (1.4), f,, simplifies

to

falw) =) Pe{X, =0} (2.2)

TU=—n
lz|<n

Lemma 12 We have that
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Proof:
By the definition of IP,,, in the space-time case,

P.{a}= 3 / PY{X, = 2} a(Tow) P(dw)

n
n

U
|z

= > /P;J{Xn = 0}14(w) P(dw),

T Uu=—n
|lz|<n

IA

where we used shift-invariance in the second line. Therefore, %(w) = fn(w). O
Let P, =n~! Zz;é Py, the Cesaro mean. Since our space () is compact, a subsequence

{llsnj} of P, will converge to some P.

Proposition 13 The Markov process with initial distribution P and transition m(w, T?w) =

7oz (w) is stationary.

The process (T*"w),>o is Markov with transition 7, so Proposition 13 will imply that Py,

is invariant for the process (TX"w),>0.
Proof:
By the definition of IP,, and Lemma 12,

P, {A} = /PSJ{TXlw € A} P, (dw)

~ [ Y 1w e Apmw) ¥ P = 0} Pd)

x€Z

= [ S ma@P{X, = 2} Plde)

xcZd =z

— [ Py = Priafa,
A

so the statement is proved. O

2.2 Consequences of the Cone-Mixing
Condition

In this section, we will explore the implications of the cone-mixing condition.

Proposition 14 Assume 0 <n and x-t = —n. Then the following statements hold IP-a.s.:
(a) Let g > 0 be &—-measurable. Then,

Elg] — E[g|Go]| < & (n)E[g].
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(b) Let f >0 be a &y-measurable function and g > 0 be GC; -measurable. Then
[E[f9] - E[f] Elg]| < @~ (n)E[f] E[g].
(c) Let g > 0 be & -measurable for some L > 0. Then, for all n,

|Enlg] — Elgl| < @7 (L)E[g]-

Proof:
To show statement (a), let A € &, and g = 14.

El1a|6o] = P{A]&o}
< (1+@ (n)P{A4}
= (1+ 2 (n))E[14].

We can extend this to all &,--measurable simple functions g by using linear combinations
of indicator functions, and can then further extend this to all continuous GC; -measurable
functions by approximating them with simple functions. Similarly, the lower bound also
holds.

To prove statement (b), we will start by multiplying the lower bound from statement

(a) by f. Using that f > 0, we get that
(1-27(n) f-Elg] < f-Eg|&o].

Taking the expectation under IP on both sides, we have that

(1—®(n)) E[f|Elg] < E[fE[g|S0]]

E
E[fg],

by using that f is Gp-measurable and the definition of conditional expectation. Likewise,
the upper bound holds.
For the proof of statement (c), use the definition of P,, that PY{X, = 0} is 606

measurable, and the result of statement (b) to write

Balgl= 3. [ PE{X = 0)g(w) P(do)

TU=—n

<(1+e7 (1) 3 E[P{X, =0}]E[]g]

TU=-—n
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where the last line is by Lemma 12.
In a similar fashion, we get the lower bound. O
Note that, after taking a Cesaro mean, taking n — oo in part (c) of the above Proposi-

tion, we also get that |Ex[g] — Elg]| < &~ (L)E[g] for bounded continuous g > 0.

2.3 The Law of Large Numbers
In this section, a law of large numbers for the random walk described in Section 1.2 will
be shown by first showing that P and P,, are mutually absolutely continuous, then that
the process (TX"w)nzo with initial distribution P, is ergodic. This will lead to the law of

large numbers in Theorem 19. Uniqueness of P, will be shown along the way.

Theorem 15 Suppose that P satisfies Assumption 11, (1.4), and (1.5). Then P is

absolutely continuous relative to P on every half-space Hy with k < 0.

Proof:
Let kK € Z and m,n € Z4 with k <0 fixed. Let —k < m < n and define

P,
) B[ | ) - e

(w).

By considering the possible positions of the walk after m steps, we see that

gn:]E[ S P;{ano})ek}

TU=—n

je|<n
= > E[ Y Pi{Xpom =y} Py { X = 0} ‘ 6’“]
U=—m T U=—n
lyl<m |z|<n
< Z E[ Z P;{Xn—m:y}lgk]a
y-u=—m T-U=—"n
lyl<m |lz|<n

where the last inequality comes by noting that P}’ {X,, = 0} < 1. Then, by Proposition 14,
the definition of f, and Lemma 12, the above is bounded P-a.s. by

m< Y E[ > P;{Xnmzy}] (1+ 0 (m+k))

“U=—m rU=—n
ly|<m lz|<n



= 3 Elfa-m)(1+ @ (m+k))

ly|<m

= > (1+@ (m+k))

Y- lu=—m
ly|[<m

<Cmi(1+ 2 (m+k)),
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where C' = C(d) is constant. This quantity is uniformly bounded if ®~(m + k) is bounded.

Note that when n is large, the choice of m > |k| is arbitrary, so this holds when &~ (L) is

bounded for some L > 0, which holds by Assumption 11.
We now see that if P,, = %Z?:mﬂ Py, then

dP,, |s,

d _
iP e, <Cm*(14+ @ (m+k))

for all n > m. Since P, < [P for any fixed ¢, we observe that

dP ’Gk d —
—2 < COm*(1+P (m+k)).
Peclos < omi(1 0+ 1)

Consequently, P |g, < P|g,-

O

Theorem 16 Suppose that the conditions for Theorem 15 are met. Then P and Py are

i fact mutually absolutely continuous on every half-space Hy, with k < 0.

Proof:

Fix k <0, and define
_ dPls,

G = .
T dPs,

Then
0 _/ G dP = /1{szo} dPo = /Zmzn{akzo} o T%dP

:/ Z WOz]l{Gk:O} o T?G dP = / Z 7T_Z70Gk oT™*dP,
20>0 {Gr=0} 2.a>0

since if z -4 > 0, then G o T? is Gp-measurable. The above implies that P-a.s., z = 4 £ ¢;

we have that

{Gr =0} C T*{G), = 0},

and since T is IP-preserving, we have that

{Gr =0} =T*{Gr, =0} P-as.
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We conclude that {G}, = 0} is P-a.s. shift invariant since {77, z = 4 £ ¢;,i = 1,...,d}
generates (T%),cza. Since P is ergodic, P{G}, = 0} must be either 0 or 1. Since E[Gy] =1,
P{Gy > 0} =1, so P and P, are mutually absolutely continuous on every half-space Hj,
with k£ < 0. O

Proposition 17 The Markov process (TX"w)nzo with initial distribution Po is ergodic.

Proof:
Let f be a bounded local function on €2 that is &g-measurable for some K < 0. By

Birkhoff’s ergodic theorem and bounded convergence, we know that the limit
R T —1 w Xm
g(w) = nlingon Z_:l Ej (f(T w)) (2.3)

exists Poo-a.s. Since g is harmonic (that is, B¢ (g(T¥'w)) = g(w)) and P is invariant by

Proposition 13, we know that

Z/Woxg—goTZ)?dJPm:/deIPoo—2/mezgoT2dﬂ>oo
+/Z7TOZ(QOTZ)2d]POO
=0.

By noticing that 7, is Gg-measurable, g is Gx-measurable, and the ellipticity condition

(1.5), we can conclude that

g=goT* IP-a.s.

for z = u L e;.
Ergodicity of IP shows that g is constant P-a.s., and now also Py-a.s. Then, g = Eo[f].
By L' approximation, we have the same result for g € L!(IP), specifically, that

{ lim — Z E§ (f(T%*mw)) = Eoo[f]} =1. (2.4)

n—oo n

Now, the ergodicity of P follows from Section IV.2 of [46]. O

Proposition 18 P, is unique: if Pp,{A} = n=' 30 | Po{T*mw € A}, then P,, converges
weakly to P
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Proof:
Let f be a bounded local & g-measurable function for some K < 0. Then, due to (2.4), we

know that P4.-a.s.

E6J<T}Ln;on1 zn: f(Tme)> = Ex[f].

m=1
The above is G g-measurable, so the same equation holds P-a.s. By integrating over w,

we see that

Eoo[f] = lim 0™ 3" Bo[f(T%"w)] = lim B, [f],

n—oo

where E,, represents the expectation under P,,. Then, P is uniquely defined as the weak

limit of P,,. O

Theorem 19 Suppose that P satisfies Assumption 11, (1.4), and (1.5). Then a law of

large numbers holds:

Po{ lim X _ EFe [D]} -

n—oo N

Proof:
Letting f from the proof of Proposition 17 be the drift D, we have for Py-a.e. w,

n

w 3 -1 Xm — Peo —

Po{nh_g)lon Y D(T*w)=E [D]}_l.
m=1

Since the event in question is Gp-measurable, this is also true P-a.s., and we have that

PO{ lim 7! i D(T*mw) = EP~ [D]} =1. (2.5)

m=1

Let M, = X,, — Xo — an;lo D(T¥mw), which is a martingale with bounded increments
under F§’. Then, for v > 0,

PSU{AZTL > nl/‘*} < e By (M)
— e~/ EY (eVM"*lES’(%l (e'yMl))
< e—’Yn3/4 (1 + 0(72))E8} (e’YMnfl)

<. <11 0¢H?)"

= 677n3/4+0(n72)
b
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where the second inequality uses that M, has bounded increments. Taking v = n~/2 and

using the Borel-Cantelli lemma, we get that

M,
Pg;f{ lim —" —0} =1.
n—oo mn

Combining the above with (2.5), we obtain the desired result. O



CHAPTER 3

ALMOST SURE CENTRAL LIMIT
THEOREM

3.1 Introduction
Recall the definition of ®* (L) from Section 1.2:

P{A[B}
(L) = sup ‘ —
b= e
BGGHi

P{A}£0, P{B}£0

1‘. (3.1)

We will show that a functional central limit theorem holds for P-a.e. w when &% (L)
decays exponentially in L. In order for a CLT to hold, we must also assume a condition

on the spatial mixing. If no spatial mixing exists, consider the following counterexample to

the CLT:
Example 20 Counterexample to a.s. CLT without spatial mizing.

Assign environments (wp0)p>0 i.i.d. in time, and set wy, = wpp for all = € 7. Let

D(w) = E§[X1]. Then,

n—1 n—1
X =Y D(TYw)+ M, = D(wip) + My,
k=0 k=0
where M, is a martingale. Then, E§[X,] = Z;(l] D(wgp) and X,, — E§[X,] = M,. Since

M, meets the conditions for the martingale invariance principle, for IP-a.e. w, the law of
X[nt] - E?)J [X[nt]]
vn ’

converges weakly to a Brownian motion under Py with a covariance matrix independent

t>0

of w. However, since there is enough temporal mixing, for v = Ey[X1], E§(X,) —nv =
o (D(wg,0) — E[D]) satisfies its own invariance principle, so the laws of (X,, — nv)/\/n

are not tight.
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For A € 7%, recall that G4 = o(wy). Let H be the lower half-space. Fix ¢ € Z, and
define Ay = {A CH:3z¢€ Ast. z-4 =0and |z| = ¢}. Let F be the space of local
bounded functions f that are measurable on environments in the cone Car . Recall that the
spatial mixing function defined in Section 1.2, ¥, is the minimal function such that for all
ferF

B{f | 64](w) — Elf |641@)] < C(O)IIf . (3:2)

for P-a.e. w and @ that differ only at a site on level 0 that is £ units from the origin. If W(¢)
is small, changing the environment at a site £ units away from Cy does not have much of
an effect on averaging functions within C’ar . Due to shift-invariance, note that the choice of
using the cone based at 0 was arbitrary.

Let us now consider W in the case of the counterexample discussed in Example 20.
Example 21 U({) for the counterexample to the CLT described in Example 20.

Since components are i.i.d. in time, but dependent in space, this is a special case of Example

5. For fixed £ > 1, by the formula derived in Example 5,

E[f |65](w) — E[f | 65](@)] < (0] fll-

Take B = {2} with z # 0, wo # o, and f = L,y. Then, ‘E[f |Gp|(w)—E[f| 63](&))‘ =1,
so U(¢) > 1 for all £ > 1.

The required conditions on ¥ for a CLT to hold will need to address the difference
between the i.i.d. case in Example 4 and the counterexample in Example 21, and should
include the linear combination of i.i.d. random variables and Gibbs field considered in
Examples 6 and 10, respectively. For the proof of the central limit theorem, we will make

the following assumptions on our mixing functions:

Assumption 22 The temporal mizing functions ®* and ®~, as defined in (3.1) and (2.1),
respectively, satisfy max{®* (L), ® (L)} < Ce * for some C > 0 constant and \ > 0.

Assumption 23 The spatial mizing function ¥, as defined in (3.2), satisfies ¥(¢) <

Ce M, where C is constant and X > 0.

The restrictions on ®~ and ¥ in Assumptions 22 and 23 are not optimal, and could be
improved to polynomial mixing by using more precise bounds throughout these calculations.

Also, these techniques can be used to extend the result to walks that backtrack in time.
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Given these mixing assumptions, our results will hold for i.i.d. environments by Example
4 as well as for the linear combination of i.i.d. random variables, the Ising Model, and the
Gibbs field discussed in Examples 6, 8, and 10, respectively. However, the conditions are
not met for the circumstances discussed in Examples 20 and 21.

Let Dpa[0,00) represent the Skorohod space of R%valued cadlag paths. Define the

process B, as
Xingg — [nt]v

NG

and let Q% = Py{B,, € -} denote the quenched distribution of the process B;, on Dya[0, c0).

Bn(t) =

We will show that for P-a.e. w the distributions ()% converge weakly, as n — 0o, to the law

of Brownian motion.

Define
~ X[nt] - EBJ(X[nt})

Bn(t) = Jn

and denote the law of B, under Py by Q‘,j

Theorem 24 Assume that the environment measure P is shift-invariant and satisfies the
mizing assumptions 22 and 23. Then for P-a.e. w, the distributions Q% converge weakly on
DRa[0,00) to the distribution of Brownian motion with a symmetric non-negative definite
diffusion matriz ®, which is independent of w. Furthermore, n~/2 maxy<y | E§ (Xk) — kvl
converges to 0 P-a.s. and the same invariance principle holds for the distribution of By

induced by Py for P-a.e. w.

The proof of this theorem is the ultimate goal of this chapter, and will be shown in
Section 3.6.
Define the push-forward of a bounded measurable function h on Q as ITh(w) =

Z‘lel 7oz (w)h(T?w). Let the drift, D, be defined by
D(w) = E§(X1) = Y _ 2mpz(w).

Define g = D — v, where v = E[D], as before.
The operator II — I defines the generator of the Markov chain of the environment from

the point of view of the particle. The process has transitions
T(w, A) = PY{T%w e A}.

We say that the measure P, is stationary for the process (TX0w, TX1w, .. .) if (TX0w, TX1w, ...

and its shift (7%'w, TX2w,...) are equal in Py-distribution. Furthermore, P, is ergodic
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for this process if the path measure with initial distribution IP,, and transitions 7 is ergodic

for the above shift.

Theorem 25 Let P, be stationary ergodic for the Markov chain with generator 11 — I.
Assume [ EZ(|X1]?)Poo(dw) < co. Also, assume that there exists o € (0,1/2) such that

n—1
DI
k=0

Then, n~1/2 maxy<y, | E§ (Xk) — kv| converges to 0 Pog-a.s., and for Pu-a.e. w, the laws

2
Eoo [| B (Xn) — Eoo[ B (Xo)]|*] = = 0™ (3.3)

of By, and B,, under Py converge weakly to the same Brownian motion with a nonrandom

covariance matriz.

This is Theorem 2 of [42], which uses the strategy of Derriennic and Lin in [20] to further
extend the result of Maxwell and Woodroofe in [38].

3.2 Step 1: From P, Back to P

In this section the problem of showing an invariance principle is reduced from show-
ing that Ex[|EY(Xn) — Eao[EY(X0)]?] = O(n?¥) for some a < 1/2 to showing that
E[|E§ (X,) — E[EY(X)]?] = O(n?®) for some & < 1/2.

Lemma 26 Let k> 0. Then P-a.s.,

1 ==
dPP

< & (k).

dP
7%

Proof:
By Lemma 12 and Proposition 14, for f,(w) as defined in (2.2),

dP,
_ = — < -
AR A ES IO
=& (k),
since E[f,] = 1 by Lemma 12.
Taking Cesaro means and n — co on the left-hand side, we get the desired result. [

Proposition 27 Assume that there exists an & < 1/2 such that
W W 2 o
E[|Ef (Xn) — E[E§(Xn)]]]] = O(n*®). (3.4)

Then condition (3.3) is satisfied for some o < 1/2.
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Proof:
Choose k = n’ for some 0 < § < 1. Then, by the Cauchy-Schwartz inequality, we can

bound the equation in line (3.3) by

Eos [|E§ (Xn) — [ X))
< 2B [| B (Xa) — Eo(Xa)|’

1)
]+ 2[Bo [E5 (Xn)] = Eo(Xn)|
W[

DI

By restarting the walk at level k, using Jensen’s Inequality, and that PyY{Xy =z} <1

2

< B [| B (X, —E[Eo

for all 2, we can further bound line (3.3) by
Boo [| 56 (X2) — Boo [F5 (X)] ']

< B[] R0 = o) B2 (X - BB )|

z-u=k

fol <k

[ N BY{Xy = 2} | B (Xpoy — E[EB’(Xn)})\Q]
=k

Using Jensen’s inequality again, we see that

Eoo || B8 (X >—E [Ea%X N1l

<8 Z Eoo ) - BB )] +8 S BB (X )] - BB (X))
|a:|<k xﬁ;f

<3 Z:k]E“E;}J(Xnk) BB (X )] f GJ - ¥ 00)
fol<k ik

where the last line uses the definition of E, the fact that E¥(X,,_x) is measurable with
respect to the o-algebra after time k, and that

| Ea[Xn—k] — Eo[Xn]| = |z + Eo[Xn—k — Xu]| < 2| + Eo| Xn—k — Xn| < 2k.

Lastly, we introduce the cone-mixing function by applying Lemma 26. We also use

shift-invariance to see that
[ B (X > - Eo [Ef;(xn)} ]
<8 Z —E[EY(Xp )] ] (1 + @ (k) + O (k)

|:c|<k
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<8 Y EB[|EY(Xn-r) - B[EX(Xa-n)]|] + O (k'@ (k) + O(k™+?)
z-u=k
jul <k

< CKE(|E§ (Xn-1) — E[BS(X0-1)|[*] + O (k2@ (k) + O(k™+2).

The second term decays exponentially fast by Assumption 22, so by choosing 0 < § <
min{d~1(1 — 2a), (d + 2) '}, the conclusion holds. O

3.3 Step 2: Reduction to Path Intersections

In this section, we reduce our problem of showing a CLT to showing that
Eoo[| X[y N Xjonyl] = O(n?) for some & < 1/2, where Poy = E[PY ® Py, and X
and X represent independent walkers in the same environment.

We will order sites in C’g’ as 21, 22, ... such that for all ¢ > j, 2z; -4 > 2; - 4. As described
by Zeitouni in Section 3.1 of [57], consider a weighted coin. We will use this coin to allow the
walk to move without using the environment w for several steps. Let L be a positive integer
(the size of the gap). We will flip the coin ¢ independently once for every L steps of the walk,
resulting in an i.i.d. Bernoulli sequence &71,&o,.... This coin will give us the environment
for a modified walk, ¥ = {Y,,}n>0, as follows: Fix a constant ¢ satisfying 0 < € < ﬁ.

With probability 2de, the coin comes up heads and Y follows a simple symmetric random

walk for L steps. Otherwise, the coin comes up tails and Y makes jumps according to the

Ty (w)—€ K
1—2de 2d?

are well defined due to the ellipticity condition (1.5). We will denote the law of the coin

transitions, for the next L steps. Note that, by choosing ¢ = these probabilities

by P and the expectation under P by E. Py’ £ is the law of Y,, given w and &.

Lemma 28 The law of {Y; }n>0 under [ P P(dE) is the same as the law of {Xp} n>o

under Py .

Proof:
We will show this by direct calculation. It suffices to show that the one-step transitions are

the same. Let Wg,y(w) represent the transition probability from x to y for a fixed coin £ and

environment w. Then, for |z — y| = 1,

1 . B
/ﬂ§7y(W)P(df) = 2de - ﬁ + (1 _ 2d6) . 7T1yE.4.12>d€€

= ﬂ-x,y(w)’

so we are done. O
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Fix positive integers n and L. Define a stopping time, 7 as follows:
7 =inf{i > 0: & = heads}, (3.5)

the first time the coin comes up heads Note that 7 is a geometric random variable with

probability of success &, so E[1] = k1.

Proposition 29 Assume that there ezists an & < 1/2 such that EO,OHX[O,n) N X[O,H)H =
O(n?*), where X and X are independent walks in the same environment. Then there exists
an « < 1/2 such that

E||E§(X,) — BolXa]|*| = 0(n?). (3.6)

Proof:
Define the sets A; = {z; : i < j} and H; = {2; : i > j} = C{\A;. Let P“Z represent the
regular conditional probability P given a fixed wpg.

For n fixed, E[Ef (X,) | ©4,] is a martingale, so we can calculate the expression on line

(3.6) by

B[ 185X - Bl = SB[ 1B [5(%0) | €] ~ BIB ()| 6,

2
P(dwa,)

J
-% S| [ B e e tdn,) ~ [ 506 P o )

2
_ / B (Xn) P41 (duwy; ) P41 (did; )

P(dwa,).

We can then apply Jensen’s inequality to bound line (3.6) by

EDE&(X”) - EO[XnHQ]

< I e

2

- / E5(X,) P (duwyy, )| PN-1 (ds,) P41 (dws,) P(dwa, )
=S [ ][] s piag e o,
2

- / / By (Ya) P(d€) P (duny,)

P41 (d@,, ) P41 (dws, ) P(dwa,_,)-
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Here, @, = w; for x # z;.
Fix z; € C’J, and let k = z; - 4. Let I represent the above integrand. Fix ¢ > 0, and
let 0 < £ =nd < n. In order to bound I, we will consider the sites near zj and far from z;

separately by computing

1= | [ Es P 2 tdon,) - [ B34 Pl B )

- ‘// > PPy = 2} ESE(YVag) P(dS) P4 (dwyy,)
z-u=k

/ / Z PES (Ve = 2} B2 (Y, x) P(dE) P (doy, )

\x|<k

-/ 2 Pt =) P(e). ) [ [ B4 PO P ()
i<

/ZPf{Yk—x}P ) [[ B2 P P o)

|x|<k

<[y Pajf{ykzx}mds)\ [ Eestr B P ()
u=k

|z|<k

/ E94(Y, ) P(d€) P (dwm‘

= > P{Xp=ax} / B4 (Vo) P(d€) P (dwyy, )
By (3.7)

/ E2E(Y,,_ ) P(d€) P (duwyy,)

+ > P{Xp=a}
0=
|z[<k
< |z—z5|

[ B P o)~ [ B2 () P )| .

We will bound each of lines (3.7) and (3.8) separately. We will first consider line (3.7),
where the walkers go through a point on level k close to z;. We proceed by restarting the
walks, Y in environment w,{, and Y in environment @, ¢, at time L7 (which only depends
on &), taking into special consideration those values of 7 which are larger than "T_k

> P{Xp=a}

z-u=k
|x—z;]<¢

/ EZE(Y,,_ 1) P(d€) P* (dwyy,)

/ B (Y1) P(dE) P (duon )
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< Y PY{Xp=a}

z-u=k
lz—z;|<e
n—k: WA .
‘ I/ 1{7§L} S Py = g} B (Vo) P(dE) P (duy,)
y-u=k+1L
ly—al<rL
k DA
- [[4 b S PR = B ) PO P )
y-u=k+1L
ly—z|<TL

+ > P{Xp=ua}
r-u=k

|x—z;|<l

_ / EE(Y,_)1{rL > n — k} P(d€) P (dwny, ) .

/Ew’g Yook)I{TL > n — k} P(d§) P*% (dwy,)

To bound the second sum in the above equation, note that
] B anrt > 0 - P P )

/ ESH (Y ) L{TL > n — k} P(d€) P (dwsy,)

‘//EW o — Yok H{TL > n— k} P(d€) P4 (d, ) P2 (diw, )
<2(n—k)P{rL >n—k},

where Y and Y represent walks in environments @, £ and @, £, respectively.

Next, we will apply Fubini’s theorem to see that line (3.7) is bounded above by

S X =} / B (Y1) P(dE) P (duow, )
- [ B P P )
< Z PO {Xk—:r}
|x zJ|<E
( [ X [ur=m X P = B Yaiom) P (dan,) Pld)
1<m <’L k y-u=k+mlL
ly—z|<mL
- / 3 / Hr=m} 3 POV = yhEE (Vi) PP (doy,) P(dE)
st ¥

+2(n—k)P{TrL >n— k})
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< > P{Xp=a}

r-u=k

|w—z;|<L

( /= 1{T=m}( [ X P = B ) P ()
1<m<nzk y-a=k+mL (3.9)
= ly—z|<mL

Y PR = B ) P (dwm) P(dg)]
y-u=k+mL
ly—z|<mL

+2LE[r1{rL > n — k}]). (3.10)

Define B = B,, ={w e C\4; : k <w-a < k+ (m— 1)L}, the sites in C; before the
L levels where the coin was heads (i.e. the sites where the walkers used the environment).
We will now aim to bound the integrand of the outer integral in line (3.9) by conditioning

on wp. Note that z, 7 = m and £ will be fixed in the following calculation.

‘ [ P = B Y)Y ()

y-u=k+mL
ly—z|<mL

[ PR Y = B Ykt P )

y-u=k+mL
ly—z|<mL

Z // ngg{YmL = y}EzL/U{(Yn—k—mL) PP A (dwC;) P“4s (de)

y-u=k+mL
ly—z|<mL

- > // PEYp, = Y} B (Yoo pomp) P94 (dwey ) P94 (dwp)

y-u=k+mL
ly—z|<mL

> [Pt —) ( [ B iy o <dwcy+>) P4 (duop)

y-u=k+mL
ly—z|<mL

-y Pﬁ{YmL—y}< / E;“’ﬁ(YnkmL)P”B":’Awdwq)) P (dup)
y-u=k+mL
ly—z|<mL

where the last line uses the fact that Py ’g{YmL =y} and P ’g{YmL = y} are measurable
with respect to o(wp,wa,) and o(wp, @4, ), respectively.
Since the walkers have not used the environment w for at least L steps, the cone-mixing

function 1 defined in (3.1) can now be applied to bound the integrand on line (3.9) by
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[ P = B ) P )

y-u=k+mL
ly—z|<mL
N / Z Pf’g{YmL = y}Ez‘j’g(Yn*k*mL) P4 (dwﬂj)
y-u=k+mL
ly—al<mL
< 2nq)+(L) 4 Z /P;J’g{YmL — y}(/E;j’g(YnkmL) ]P(dwC’j)> PY4; (dCUB)
y-u=k+mL
ly—zl<mL
- D / Py (Y1, = y}</ Ey ’5<Yn-k—mL)IP(dwc;>> P (dwp)
y-u=k+mL
ly—z|<mL
—28 L)+ | 3 B§aiomt) [ PV = ) P o)
y-u=k+mL
ly—z|<mL
© S B kemn) [ P = P (e,
y-u=k+mL
ly—z|<mL

<2mdT(L)+  max |ES(Yaokomr) = B (Yaokomi)]
y-i=y'-i=k-+mL
ly—z|<mL
|y —z|<mL
=2n®" (L) + max ly —y'| <2n®* (L) 4+ 2mL.
y-u=y'-u=k+mlL
ly—z|<mL
ly' —z|<mL

Integrating out the coin &, we then get that line (3.9) is bounded above by
2n®* (L) + 2LE[r1{rL < n — k}]. (3.11)
Combining lines (3.10) and (3.11), we conclude that line (3.7) is bounded above by

(2n®* (L) + 2LE[7]) > Pg{Xp =z} (3.12)

r-u=k
lz—2z;]<¢

Let us now return to bounding line (3.8), where the walkers pass at least ¢ units away
from the altered site, z;. Since the walks do not pass near the altered site, we can keep them
coupled. However, the walks are averaged against different measures. Fix z on level k such
that |z — zj| > £ and |z| < k. Noting that Y (X,,x) is &4-measurable and C; C H;, we
see that

‘/E?(Xnk)PwAj (dway;) —/E?(Xnk)ﬂ”mj (dwsy;)
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/E k) P17 ( dwC+ /E k) PY4i-19% (dwc;)

<nU¥/

by using the spatial mixing function defined in (3.2) in the last line.
Then, going back to the original calculation, and combining the bounds for lines (3.7)

and (3.8), we observe that

B || x,) - Eo[Xn]F]

Y[ 5 e

\a: z]|<€

/ E4(Y,_ 1) P(d€) P (duwny )

_ / EE(Y;,_g) P(d€) P4 (dwyy, )
+ > B{X=aq}
Tel<k

/ / B (X ) P (diopy)
< |z —24|

- [ B2 P )
< Z/// [(2n<I>+(L)+2LE[T]) > PY{Xp = a}

z-u=k
lz—2z;]<¢

2
} PYY=1 (da, ) P41 (dw.,) P(dwa,_,)

2
+nU(0) Z Py { Xk :x}} P41 (dis, ) P41 (dws,) P(dwa,_, ).

r-u=k
|| <k
L<|z—2;|

Using Jensen’s inequality, we get that
E [\Eg(xn) - EO[X,L]}Q}

<CZ///|:2TL(I)+ )+ 2LE[7]) ¢ Y Py{X) =2}’

ru=k
|z —2z;]<¢

+ n2¥(0)*nd Z Pg{xk:xﬁ] P (di,, ) P41 (dw,, ) P(dwa, ;)

|m\<k
< |z —24|

< (P’ (L) + ('L’E[r]?) ) B[PY{Xy = z}?] + O(n* 2 (0)%)
J
= C(€2dn2‘13+([4)2 + £2dL2H72)E070 HX[OJZ) N X[O,n) H + (’)(n2d+3‘11(€)2),
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where X and X are independent walks in the same environment. The error term is
exponentially decreasing, so by choosing £ = n® with 0 < § < (1 —2a)/2d, and L = Slogn
with 8 > (2d0 + 2a + 1)/2)\, we are done. O

3.4 Step 3: From Two RWREs to One
Markov Chain

In this section we will start bounding Eo o[l X[on) N X[O,n)”a the expected number of
intersections of two independent walks in a common environment. We first show that the
difference between the two walks is “almost” a Markov chain. Throughout this section, we
will let B, = [—p, p]?, the ball of radius p.

Recall the definition of the coin £ from Section 3.3. From now on, we will abuse notation
and refer to X for the walk in both the “regular” and “coin” environments, depending on
context. Fix a positive integer L and let X and X be independent walks in the same
environment using the same coin. Then, we redefine Y = {Y;}i>0 by V; = X1 — Xﬂ-L,
the distance between the two paths after not using the environment for L steps. Note
that Y depends on the choice of L. Let 7; for ¢ > 0 be defined as follows: 79 = 0 and

7, = inf{n > 7,1 : &, = heads}, the i*" time that the coin has come up heads.

Lemma 30 For L = Blogn and r = n® with ¢, 8 > 0, we have that Fo || X|o ) ﬂX[O,n)H <
CLTEQO[ Z;é 1{Y; € BL?"}] for sufficiently large n.

Proof:
We will bound Eyo[|X{o5) N X lo,n)|] above by considering how long it takes for each 7; to

occur. Using that 7,1 > n — 1,

r Lr
< ' Eop |:]1{Ti+1 -7 < 2}]1{|Yz| <Lr}- >

+ 1{Ti+1 —T; > ;} . L(Ti_;,_l — Tz):| .

In other words, if the renewal happens quickly (within time r/2), not many intersections

happen even if Y; € Bp,. Also, note that if the renewal happens within time r/2 and
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Y; ¢ Br,, no intersections will happen before time L7;;1. However, when the renewal takes
longer than time r/2, even though many intersections can occur, this happens with small

probability. Using that the {741 — 7;}’s are i.i.d., we continue bounding the above by

n—1

Eo0[| X0y N Xom] < LrEog {Zn{Yk € BLT}} + LnE [nn{n > QH
k=0

Now we will consider the error term for when 7 is large. Since geometric random

variables are memoryless,

LnE [ﬁﬂ{ﬁ > ;H - Ln(E[n] + )P{n > g}

Since Bnlogn[xk !+ "75] is polynomially increasing, and e=*"/2 is exponentially decreas-

ing, this quantity is small for sufficiently large n. Therefore, we are done. (|

Let Y}, represent the Markov chain starting at y with the transition probabilities Py{Y;H_l =
2| Yy = 2} = Eo[1{Y1 = 2}].

Proposition 31 Let y1,...,y, € Z%L. Then,
(1- <1>+(L))"Py{§7k =y, fork=1,... ,n} < Py{Yk =y, fork=1,... ,n}

<(1+ <I>+(L))"Py{l7k =y, fork=1,... ,n}.

Proof:
We will calculate this directly. For z,y € Z*™, define C;f, = CFUC and C,, = C; UG, .

Poy{Yk:yk forkzl,...,n}

Z /// {XnL—xl,XﬁL—ml}x

1 n;xl n
~ ot
H Pﬂﬁz 1,Zi—1 {Xﬂ = i, XTiL = jz} P(dg) 113 x2 = (dwC‘ ) (dwC"' )
=2 1,81 z9,%9
=(1-27(L1)) Z Poy{ X =21, X7 =1} X

ml,nyfl,n

PJ?1,J~31{XT1L = x27XT1L - 5;27 A 7XTn_1L - xnaXTn_1L = xn}
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=(1-2YL))P Vi =n}Py{Vi=v2-... Y1 =yn}
> > (1- Q)+(L))”Py{l7k =y for k = 1,...,n}.

The sum in the above computation was over paths 1,21, in Z%1 ) such that o = 0,

Tin — Tin = Yi,n, and x; - 4 = Z; - 4 = y; - 4. Similarly, the upper bound also holds. O

)

Proposition 32 The averaged expected number of times Y and Y are near zero,
Eo,o[ Z;é 1{Y; € BLT}] and EO[ Z;(l) 1{Y; € BLTH , are of the same order of magnitude

if L > A"Ylogn, where X\ is from the cone-mizing condition in Assumption 22.

Proof:
By Proposition 31,

n—1
Eo [Z Y, € BLr}:| = > ly N Br,| PoolY =y}

k=0 y:(07y17“'7yn71)ezd
<@+ 2L |y N Br,| R{Y =y}

n—1
= (14 ®T(L))"Ey [Z 1{Y; € BLT}} :
k=0
Similarly,
n—1 n—1
Eo, [Z 1{Y}, € BLT}} > (1-9™(L))"Ey {Z 1{Y; € BLT}].
k=0 k=0

Next, by taking L > A~ logn, we get that

1 n—1 n—1
| 115 B < Boo S 1004 € B | <o a7 € )]

k=0 k=0 k=0
where c¢ is a constant. Then, we see that the result holds. O
As a result of Proposition 32 and Lemma 30, it will suffice to show that there exist
e>0,8>A"and & < 1/2 such that Ey[ Y 71—y 1{Vi € By,}] = O(n?®) for L = Blogn

and r = n® in order to prove a CLT.

3.5 Step 4: From Markov Chain to Random
Walk and Back

Now we will work out a coupling between Y and Y, where Y = (Y%)k>0 is the symmetric

random walk with transitions p(x,y) = E[(Eg ® ES)[1{y; = yH].



37

Lemma 33 Y with transitions p(xz,y) = E[(Eg ® ES)[1{Y; = y}] is a symmetric random

walk.

Proof:
From the definition of YV, Y; = X, 1, — XriL, SO

p(z,y) = B[(E§ ® BS)[1{Y1 = y}]]
=E[(E§ ® ES)[1{ X1 — Xrr = y}]]
= E[(E§ @ E)[L{Xr — (Xrp +2) =y — )]
= E[(E§ ® E§)[1{Xr,1 — X;,,, =y — 2}]]
=p(0,y — ).

As a result, the transition probabilities meet the requirement for those of a random walk.

Since the naming of X and X was arbitrary, Y is also symmetric. O

Lemma 34 If L is large, Y and Y can be coupled such that Pgw{?l % }:/1} < Cb~ 1l where
b=0b(L)=(1—k)"VU) > 1. C is a constant independent of L.

Proof:

We will use a technique from [3] to couple Y and Y. Let X and X represent independent
walks in the same environment. Fix the coin environment £. Since 7 and 7 only depend on
§, 1 =71. Let mL = 71L = n and let zp, and Zo, be two nearest-neighbor paths such

that zg = 0 and £g = x. Then,

|E[Pw7£{X0,n = i'O,naXO,n - xO,n}] - E[Pw’g{XO,n = ‘%O,n}}E[Pwyg{XO,n = xO,n}”
< U(|z| —2n)
<a, = {\I/(%') if n < |z|/4

1 otherwise.

We can now apply the coupling Lemma 2.1 of [6] to get wa{fﬁ #+ }:/1} < a;. Averaging

out the coin &, we see that

oo ol
(’”J") (1= ) lan
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for L large enough. O

Now we will closely follow Appendix A in [44] of Rassoul-Agha and Seppéldinen, but
adapt it to our conditions. Specifically, using the result of Lemma 34, the assumption
Pxx{i_/l + §=/1} < C|x|™P is replaced by nyx{i_/l #+ }:/1} < Cb*I. Let S be a subgroup
of Z4. Let Y = (Y})k>0 denote a Markov chain on S with transition probabilities g(x,y).
Let Y = (Y3) k>0 be a symmetric random walk on S with transition probabilities ¢(z,y) =
q(0,y — z) = q(y,x). Let y' represent the i'" coordinate of the vector y. Denote B, =
[—p, p]?, the cube with side of length p.

We will use the following properties:
Property 35 The random walk is symmetric and has a finite moments:
E[vi™] <corm. (3.13)
Moreover,

Ey[|V1f?] > 2L.

Property 36 The random walk Y satisfies the following ellipticity condition for large L:

P{Y{ > 1} > i. (3.14)

Property 37 The Markov chainY satisfies a uniform ellipticity condition: For any § > 0
and 1/2 < v < 1, there exists a constant C' such that, for any L > C, = satisfying x > §L,
and all j,
_ 1—(1—r)4
1—
Px{Yf >x+ L “’} > —

Property 38 For x # 0, ¢ and q can be coupled so that Py .{Y1 # }71} < Cb~ 1l where
0 < C < oo is a constant independent of x and L, and b= (1 — k)~ (4L)

Property 39 Abbreviate 02 = EO[D:/fP]

R{Y’, < —n} = %Po{yfg{Q\ >n} > ; (3.15)

for a constant C, L large, and all n.

Property 40 There exists a constant C' > 0 such that for L large enough and all n,

o _ . 1
Po{ anlzng > —n} > P{[Y,| <n} > el ik (3.16)
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Proof of Property 35:

To calculate the upper bound on the moments, we use that |1:/1| < 711 L to see that
Eo|vi|" < E[f"]L™ < x™L™.
The lower bound on the second moment comes from calculating

Eo[|Y1[*] = Eop[Eoo[| X - XnL‘2 | Xrio-1, Xnr-1]]
— | Boo[Boo[Xrr — Xrr | Xri-1, Xr1—1]] ‘2
> Eo|Eoyp HXTlL — Xr1l? | Xeio—1, Xr1—1]]
— Eoo[|Eoo[Xnr — Xnr| Xri-1, Xri-1] ‘2]
= FEpp [V&Y(XnL - X5 ’ Xnr-1, Xnr-1)]
=2L.

The last equality is due to the fact that, between levels 7y L — L and 7 L, both walks perform
a simple symmetric random walk. Il
Proof of Property 36:

To see the ellipticity of the random walk EZ/, first note that Po{l?lj > 1} = %Po{izflj =+ 0} by

symmetry. Now we will calculate an upper bound on Po{izflj = 0}:

P =0} = Eno[Poo{ X2, — X2, = 0| Xpop. Knipor}]
< max P.{Z; =0} < Py{Zy =0} < L™'/2,
reZd

where Z represents a symmetric random walk with steps of —2 and 2 with probability 1/4
each, and a step of 0 with probability 1/2. Rearranging this, we get that Po{lzflj # 0} >
1—L 12> % for large L. O
Proof of Property 37:

To show the ellipticity of the Markov chain, we will bound 1 — P {|Y{| > z + L™} from

above:

PAlY{| <o+ L7} < P{Y{ # Y} + P{|Y{| S + L7}

< (1— )+ P{|Y| < LY.

To bound the second term, let Z represent a symmetric random walk with steps —2 and

2 with probability 1/4 each, and a step of 0 with probability 1/2. Then,

Po{|3:/1j\ < L'} = Ego[Eoo[1{|XnL — Xno| <LV} | Xr-1, Xryp-1]]
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<maxP,{|Z;| < L'}
X

=P{|Z| < L'}

< OLY*7,

where the last inequality is by P6 on page 72 of [49]. For v > 1/2 and L large enough,
CLV?=7 < (1—(1—r)%)/2. O
Proof of Property 39:

To see that this property holds, first write

n’o® = Bo[[Y%L ] = Bo[|[Y%* - 1{|Y2%] < n}] + Eo[[VL[* - 1{|[Y%| > n}]
<n? 4 Bo[[VLY P R{|Y7,| > n}'?.

Rearranging this and using Property 35, we have (3.15). O
Proof of Property 40:
The first inequality in (3.16) comes from the reflection principle by writing

n2

Pg{l:/gg < —n} = ZPO{ZJ > —n,i <k— 1,1:/15 < —n,}:/gQ < —n}
k=1
2

1 _ . ' _ .
22;]30{}? >-n,i<k-1Y <-n}

1 -

= —Pyd minY’ > —n
2 i<n? °

and using 2P{1:/732 < —n} = P{D:/'n]2| < n}. The second inequality in (3.16) uses Chebyshev’s

exponential inequality and Taylor’s expansion. To see this, take a € (0, —logk) small

enough so that aE[r2e?™] < 1/2 and write

J _. _
po{Yn2 > 1} < e*a/LQEO [G“Y,fz/(fﬂ”)} _ efa/LQE0 [anf/(LQn)]n2
n
2 a? =9 o9 /(L2 "
< e/t (1 + 5 o[V [Pe i/ ’”])

2

2 n
< o/ (14 gLt )
n

2

—a/L? a’ 2 ati "
<e 1+ 7nE[Tl e ]

2L22
—1/(2L? 1
< e U )gl—@

for L large enough. (|
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In the rest of this section we show that if L = Slogn with § > 0, and r = n® withe > 0

small,
n—1

> P.AYi € B} <Cn'" (3.17)
k=0

for some 0 < n < 1. Note that line (3.17) is larger for z € By, than for z ¢ By, so we will
assume that z € By,.

The proof of (3.17) will be shown in two phases. We will first show an exit time bound,
then we will demonstrate that the Markov chain ¥ follows the random walk Y in excursions
outside B, often enough. Since the excursions for the random walk are long, Y will spend
little enough time in By, and the upper bound (3.17) will be achieved.

In the following Lemmas (41-48), L is a fixed integer. We will, however, eventually let

L depend on n. Therefore, we will track down any dependence on L in our estimates.

Lemma 41 Let ( = inf{n > 1: Y, € A} be the random walk Y's first entrance time into
some set A C'S. We can then couple the Markov Chain'Y and the random walk Y such
that
_ ¢—1 _
vax{f/k £, for some k < C} <CE, Zb_ly’“‘,
k=0

where C' is a constant independent of L.

Proof:
For each state x, create an i.i.d. sequence (Z,f, Zf)kzl such that Z,f has distribution g(z, x+-)
and Z,f has distribution g(z,z + -) = ¢(0,-). Also, each pair (Z7, Z,f) is coupled such that
P{Z} + Zf } < Cb~ 17l and for distinct x these sequences are independent.

We will construct the process (Yy,, }:/n) as follows: Define

n n

Ly(z) = Z]l{?k =z} and Ln(z) = Z]l{l:/k =z} forn > 0.
k=0 k=0

Given the initial point (Y, }:/0), define for n > 1

=Y > > >Yn_
Y =Yn1+ Zl_zn—];(}_/n—l) and ¥y, =¥y -1 + Zi _1(17 1)

By this construction of the coupling, if Y3, = }:/k for 0 <k <nandV, = X:/n =z, the
probability that Y1 # Y41 is bounded by Cb~1*. Then:

Pw,z{}_fk #* }sz for some 1 <k < {}
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g

Lemma 42 Fiz a coordinate index j € {1,...,d}. Let roy be a positive integer and w =

inf{n >1:Y7 <y} be the first time Y enters the half-space H = {z : 29 < ro}. Couple Y

and Y starting from some initial point x € HE. Then there is a constant C independent of

ro and L such that

sup Px,x{}_fk #+ Y for some k € {1,... ,17)}} <

TEHC

CL12
(b—1)

Likewise, the result also holds for H = {z : 27 > —ro}.

Proof:

By the previous lemma,

PLx{Yk + Y, for some k € {1,... ,'U:J}} < CE, Z b1Vl

where for s,t € [rg + 1, 00),

o
g(s,t) = ZPS{EZ/T{ =t,0 >n}.
n=0

Then, following Sections 18 and 19 in [49], we get the bound

g(s,t) SC(1+(s—rg— DAt —719—1)) <c ' (t—10), 8t € [rg+1,00).

b= for all rg > 1.

(3.18)

(3.19)
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See the paragraph after (A.5) in [44] for the details. The constant ¢~! in (3.19) is bounded
by CL'2. Indeed, from D2 on page 201 of [49], the constant ¢~! satisfies

ol R kT Po(V=0) (3.20)

)

and by Theorem 1 on page 612 of [26],

where N is the first time ¥;/ > 0. By Lemma 5.1.10 of [36], as well as our lines (3.13),
(3.14), and (3.15),

(B + 0%’ Eo[IY7P)° Bo[1¥7 7] _

cl<ce . — < CL".
-y Bl
Using this, we get that
ST CL 12
E, Y b1l 12 t—r)b~t < e b TOth b,
k=0 t>ro t>0 )
Since this upper bound does not depend on x, we are done. O

Lemma 43 For L large and for any positive integers ro < r that satisfy
r(1—k)7T0/ < L79T, (3.21)
the following holds:

inf P,1 without entering B chain Y ezits By, by time L*"r® >
2€BL\BLyr, { g PLro Lr 0Y } 23"

Proof:
Let 2 € B, \BLy,- Then, z has a coordinate 7 € [—Lr, —Lrg — 1] U [Lro + 1, Lr]. We will
assume that 27 € [Lrg + 1, Lr], since the same argument works for 2/ € [~Lr, —Lro — 1].
We will analyze the above event by considering the walk given by the j* coordinate of
Y. The event in question happens if, starting at 7, Y7 exits [Lro + 1, L7] by time L?"73
into the interval [Lr + 1,00), and Y and Y stay coupled together for this time. Let E be
the time Y7 exits [Lro 4+ 1, Lr] and w be the time Y7 enters (—o0, Lrgl, so w > C. Then,
the complementary probability is bounded above by

P, {Y7 exits [Lro + 1, Lr] into (—oo, Lro]} + Py {C > L¥T1?}
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+ Py {Yi # Y}, for some k € {1,.. Lwhh. (3.22)

We will consider the terms one at a time. Let us now consider the first term. By pages
253-255 of [49], we get that

2w —Lrg—1—¢
Lr—Lrg—1

P, {Y7 exits [Lro + 1, Lr] into [Lr +1,00)} > (3.23)

See the paragraph after (A.9) of [44] for the details. Here,

1§: 1+s)a §2c*1§:3a(3):2071§:§:3kP0{§:/’1j:s+k}
5=0 5=0

k=1 s=0
oo ¢—1
YN st —s)R{Y] =1} <27 B[V *] < OLP,
=1 s=0

where ¢! is as defined in line (3.20) and a(s) is the potential kernel defined by the second
equality:.

This probability is minimized when 2/ = Lrg 4+ 1. From this 27, there exists a fixed
positive probability as to overtake c; + Lrg + 2 before it goes below Lrg. Then, after the
walk passes ¢; + 1 4 Lrg, use (3.23) to get

Pj{}:/j exits [Lro + 1, Lr] into [Lr + 1,00)} > 2 %2
r ~ Lr—Lrg—1— Lr
As a result, we see that

chj{l:/j exits [Lro + 1, Lr] into (—oo, Lro]} <1 — % (3.24)
r

uniformly over Lrg < 2/ < Lr.

To get a lower bound on as, we need the following Gambler’s Ruin estimate:

Lemma 44 For L large enough:

1

P{Y7 exits [1 t >
{Y7 exits [1,a) into [a,00)} Clla’

We will show the proof after the current lemma is finished. Lemma 44 shows that

1
OéQZm

Let us now bound the second term in (3.22). Let g(s,t) be the Green function of
the random walk Y7 for the half-line (—oo, Lrg] as in (3.19), and let §(s,t) be the Green
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function for the complement of the interval [Lro+ 1, Lr]. Then, g(s,t) < g(s,t), and we get
the moment bound by (5.5) on page 108 of [36]

Lr Lr
E;Bj [q = Z g(CL‘J,t) < Z g(xj7t) < CL4T2
t=Lro+1 t=Lro+1

Therefore, by Chebyshev’s inequality,

ny{g_ > L27T3} S L23T 47‘

IN
|

(3.25)

for L large, uniformly over 2/ € [Lro + 1, Lr].
By Lemma 42 and (3.21), the last probability in (3.22) is bounded above by

CL12

b*LT’O < L14 1 _ 7‘0/4 < %
(b—1)2 S OLP =)™ <

4r

for large L. By combining this with lines (3.24) and (3.25), we see that (3.22) is bounded

above by 1 — % <1-— ﬁ As a result,

1
L3y

Px{without entering Br,, chain Y exits By, by time A1r3} >

for all x € Br,\BrLy,- O
Proof of Lemma 44:

We follow Section 5.1.1 of [36] closely. We want a lower bound on
Pa = Pl{izfj exits [1,a) into [a,00)}.

Now, by our (3.16) and (3.15), and by (5.7) on page 110 of [36], we have the upper
bound

> 9(1,k) < CL%,
k=1

where g was defined in (3.18) with ro = 0.
Let T, = min{n > 0: Y ¢ [1,a)} and N = min{n > 0 : SZ/]{, < 0}. We have

o0
P{Y]|>s+a} =) P{T.=(+1,Y}|>s+a}
=0

o0
<N P{T. > 0|V, -V )| > s}
£=0

< R{IF| =) Y AT > 1)
/=0



D
< PO{‘?lj’ > S}ZPI{N > ﬂ?}gj <a}
=0

=P {|Y{| > s} g(1,k)
k=1

< 2L5aP0{D:/1j| > s}
Ift >0,

Ey[IVA | 1{VA | > (1 +t)a}] = / P{|V4| > 5 +a} ds

ta

< CL5a/ Pg{]}zflj| > s}ds
ta

= CLPEo[|Y{] - 1{[Y{| > ta}]

CL® =, CLT

< BlP] < =

Choosing t = 2C L7, we see that

N | =

Er[|VY |- 1{|YZ,| > (1+t)a}] <

Consider the martingale M) = Ylg AT, By the optional stopping theorem,
1= Ei[My) = E1\[Mx] < B[V - 1{V] >a}].

Therefore,

a(l+t)pe > By [V, - 1{a < Y} < (1+t)a}] >

N

Now, for L large we get the bound

> .
ba = G174

The lemma is proved.
Lemma 45 Consider positive integers ro and r that satisfy
loglogr < rg < 2loglogr < r.

There ezists a constant C > 0 such that for L > C and r > C,

inf Pm{without entering Br,, chain'Y exits By, by time L27r4}

IEBLT\BLTO
> (log T)746 log LT‘73.

46
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Proof:
Let ry = 78" for k>0 and ¢, = L7 >t T

We will begin by showing that for n > 1,

inf Pm{without entering By, chain Y exits B Lr, Dy time tn}
xeBLrn \BLT‘O

> kﬁl (inrk> (3.26)

We will prove (3.26) by induction. The case n = 1 is Lemma 43 using r; = r§ and ry.
ro needs to be taken large enough such that p3(1 — /@)p/4 is decreasing for p > rg. Now,
assume that (3.26) holds for n and consider exiting B, 41 without entering Bpr,,. If the
initial state x is in B, \BLr,, by induction we know that, with probability bounded below
by [Tr;(1/(L*ry)), the chain first takes time ¢,, to exit By, without entering Br,,. If the
walk landed in BLrnH\Ber take another time L27T§L+1 = L277‘8n+2 to exit Bp,,,, without
entering Br,., with probability at least 1/(L?3r,+1) by Lemma 43. Then, the times taken
add to t,11 and the probabilities multiply to Zill 1/(L%ry).

If the initial state x lies in Br,,.,\BLr,, then we can apply Lemma 43 to see that Y
exits Br,, , without entering Br,, in time L¥y? 1= L277'8’n+2 with probability at least
1/(L?r,11). This completes the proof of (3.26).

Now, let N = min{k > 1:r; > r}, so rg’N_l < r. If loglogr > e, then loglogry > 0
and N < 1+ (loglogr)/(log3) < 2loglogr. First, we will take n = N — 1 in (3.26). This
allows Y to exit Br, without entering B, _,. The probability of achieving this is bounded
below by

N-—1
1 1 1 _3N
H <L237“k> C 123, = L23N7"03 Ppt> (logr) #6108 Ly=8/271 > (Jog ) ~46l08 Lyp=3,
k=1

Also, we get the bound
tN1 + 1273 < L27(N . 1)T3N + 1273 < L274

for the elapsed time. O

Lemma 46 Let U = inf{n > 0:Y, ¢ Br,} be the first exit time from Br, for the Markov
chain Y. There exists a constant C such that if L > C and r > C are positive integers

satisfying

2d oL 1—(1— §/4\ 2L7 loglogr
(logT)4610gL<r and (m) +<( 1 ) > <r

for some § >0 and 1/2 <y <1, then sup,cp, E.[U] < 1,286



48

Proof:
We know that sup,cp, FE:[U] < co by ellipticity. Let ro < 7 be positive integers with
loglogr < rg < 2loglogr, and let L and r be large enough for the conditions of Lemma 45
to be met.

Let 0 =Ty =Sy <T; <851 <Ty <--. be the successive exit and entrance times into

Br,,. Precisely, for ¢« > 1 while S;_; < oo,
T, =inf{n > S;_1:Y, & Br,,} and S;=inf{n>1T;:Y, € Br,,}.

Then, if S; = oo for some ¢, we set T; = S; = oo for all j > i. Also, if Y, € Br,\BLy,, then
Ty = 0. For z € By,,, ellipticity implies that the expected value of the exit time from Bsr,
is bounded by (2d/k)°F. Then, Property 37 implies that

2d oL 1_(1— §/4\ 2L7 loglogr
sup E,|T1] < () + <(“)> < (3.27)
mEBLTO K 4

so we see that T} is finite, but S; = oo is allowed, as it is possible that Y never returns to

Br,, after it leaves. Since T3 < U < oo, we can calculate E;[U] as follows for x € By, .

I~T

E Ul =) E,[U T; <U < Sj]

<
Il
—

B [Ty, Ty <U<S;]+ ) E[U-Ty, Ty <U < S]. (3.28)
1 j=1

.
Il

We will first focus on the last sum in (3.28). Using Lemma 45 inductively, for any

2 € Bry\BlLyry,

PAU > jL*r*, U < Si}
< P.{Y} € Br,\Br, for k < jL*r*}
= E.[1{Y} € Br,\Bry, for k < (j — 1)L*"r*} Py

Y B 274
(j—l)L27r4{}/k € LT\BLTO for k < L'y }]
< . < (1 (IOgT)_4610gLr_3)J < (1 T_4)j.

Using this, we see that for z € Br,\BLy,,

E[U, U<8)] =) PAU>m, U<Si}

m=0

o0
< L' PAU > jL¥r, U < S}
j=1
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e .
<Lty (1 -ty <1278 (3.29)
j=1

Now, we will consider the failure to exit By, during earlier excursions in By, \BL,,. Let
H; = {Y, € B, for T; <n < S;}

be the event that the chain Y does not exit By, between the it" exit from and entrance

back into Br,,. As a result of Lemma 45, note that
P,{H,; }fTi} <1— (logr)~#6l8Lyp=3 <1 _ 44 for 4 > 1, on the event {T; < o0}. (3.30)

Using this, we see that:

j—1
E[U-T), T, <U < 5,] :Ex[HnHk.n{Tj <o} By, [U.U < 51}]
J
k=1

j—1
< L27r8Em{H 1y, - 1{Tj_1 < oo}]
k=1
< L27r8(1 — 7"74)]‘71.

If YTJ. lies outside B, the chain has already exited By, so Ey, (U) = 0. In the other
J
case, }_/Tj € Br,\BLr, and (3.29) applies. Therefore, we can now bound the second sum in
(3.28) by

o0 oo
STEU-T;, Ty <U< 8] <L¥r®Y " (1—r) 7 < 22712,
Jj=1 j=1

We will now bound the first sum in (3.28). We will consider the ¢ = 0 term separately,
using (3.27) and (3.30) to see that

7—1 7j—1
B [T}, Ty <U < 5] SZEx[HﬂHk-ﬂ{Tj <w}-(n+l—ﬂ>]
=0 k=1

< r(l - r74)j_1

7j—1 i—1
+ ZEx [ H 1, - (Tig1 = T;) - 1, - 1T < OO}}
i=1 k=1

x (1— =171,

We will split the last expectation as:

i—1
E; [ H 1, - (T — ) - 1g, - 1{Tip1 < OO}]
k=1
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i—1
< EI[H ]1Hk . (TZ’+1 — SZ) 'JlHi . ]l{Sl < OO}:|
k=1

1—1

+Ex[H]lHk-(Si—TZ-)-]lHZ.-]l{E-<oo}]
k=1
i—1 i—1

< Em[H Ly, - 1{S; < 0o} - By, [Tl]] +E¢[H L, - 1{T; < 0o} - By, [S1-1m,]
k=1 k=1
i—1

S Er [ H ]lHk . ]l{Tz'—l < OO}:| (7“ =+ L277’8)
k=1

< Q- T+ L) <201 - ) TS,

where the last inequality uses (3.30), and for the second-to-last inequality we used (3.27)
to bound Ey,_ [T1]. The other expectation Ey. [S1 - 1p,] is estimated by using Lemma 45:
For z € BLr\BLro

E.[S -1y, =Y P.AS1>m, H}

m=0

< Y PAY; € By \Buy, for k <m}

m=0

< Lt iPZ{Yk € Br,\Biy, for k < jL*r'}
< L27r8.j:0
We now get the bound
E [Ty, Ty <U < 8;] <r(1—r4) 7 42028 (1 - 1) 7%
<ALYrS (1Y)77,

so we can calculate the first sum in (3.28) as:

> o0
ZE:c [T;, T, <U < 8] < 4L27TSZ (1- T—4)]—2j
Jj=1 st
< 4L27r8(1 _ T_4)_1r8
< CL2716
for r large enough so that r~* < 1/2. Combining the above with the bound on the second

sum in (3.28), we see that
E{L‘ [U] S L277"12 + CL277,.16 S L287"16

for large enough r and L. (|
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Now, let L and r be as in Lemma 46. Define 0 = Vi < U; < V] < Uy < Vo < ... as the
successive entrance times V; into By, and exit times U; from By, for Y if Yy = 2z € By,
Note that V; = oo is possible, but if V; < oo then the walk exits in finite time by ellipticity,

so U1 < 0o. Also, each time interval spent in By, is of length at least 1. Then,
n—1 n
> PAY,€By} <) E. [(Um —V)1{v; < n}]
k=0 i=0

S AN

i=0
n
< L#r15E, [Z 1{V; < n}],
i=0
where the last inequality is by Lemma 46.
Now, we will bound the expected number of returns to Bz, by the number of excursions

outside By, that fit in a time of length n

Ez[iﬂ{v; < n}} :Ez[i]l{Z(V} — Vi) SnH

i=0 i=0 J=1
gEZ[;ﬂ{g(vj—Uj) §n}] (3.31)

Recall that a random vector ((1,...,(,) stochastically dominates (11, ...,n,) if

Ef(C17"'7<n) ZEf(n17"'777n)

for any function f that is coordinatewise nondecreasing. If the process {¢; : 1 < i < n}
is adapted to the filtration {G; : 1 < ¢ < n}, and if, for some distribution function F,
P{¢; > a|Gi—1} > 1 — F(a), then {n;} can be taken as i.i.d. from the F-distribution.

Lemma 47 For L and r as in Lemma 46, the excursion lengths {V; —U; : 1 < j < n}
stochastically dominate i.i.d. variables {n;} whose common distribution satisfies P{n >
n} > 1/(CLy/n) for L > C and L' < n < CL™%(1 — k)™"/? for some constant C
independent of L and r.

Proof:

Let V' = V4. We know that P.{V;~U; > n|Fy,} = Py, {V > n}, so we will bound P,{V >
J

n} uniformly below for = ¢ Byp,. Fix ¢ B, and 1 < j < d such that 27 ¢ [—Lr, Lr].

Assume without loss of generality that z7 > Lr.
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Define @ = inf{n > 1: Yy < Lr}, the first time Y7 enters the half-line (—oo, Lr]. If Y
and Y start at 2 and stay coupled until time w, then V' > w. As Y is symmetric and can
be translated, we can shift the origin to 7 and use results about the first entrance time

T =inf{n >1:Y; <0}. Then,
ij{va > n} > PTH{u:J > n} = PO{TZ” > n}

Lemma 48 Under the same assumptions as Lemma 47, Pg{f >n} > CLl

N
Then,

PAV>n} > P {V>n V=Y fork=1,...,0}
ZPx,z{Qf]ZTl, Yk:?k forkzl,...,ﬁ)}
Zij{tﬁzn}—vax{kaélsz for some k € {1,...,5}}}

1 —Lr
> C’L\/H_Cb

1
= CLvn

if n < CL™2b?L". Since this lower bound does not depend on z, the lemma is proved. O
Proof of Lemma 48:
A reflection argument as in (3.16) gives Po{T >n} > Po{Y; = 0}.

In this proof, we abbreviate S,, = Y;{ /2 and 0% = Ep[S?]. Note that S; is symmetric

with range spanning 7. Define ¢(0) = Eg[e?®1], the characteristic function of S;. Now,

write
V2rn Py{S, =0} = \/g/_z ©"(9) do
m™/n
7 e (R)
=1L+ 1o+ 13+ Iy,
where
I = \/127/|9|<A e~/ g9,
e () o)
1 6
fs = Vor /A<|9|<s\/ﬁ e (\/ﬁ) @6, and
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1 0
e (Ve
! 27 Jsy/n<|0|<ny/n Vvn

Fix a constant B > 0 and let A = B/o. Also, let s> = 1/(CL3), where C is such that
1/(CL?) < 02/ Ey[St], which is possible by Property 35.

‘We have

11

I = 249 > 1

o 2m Ji9|<B ~ 20
for B large.

Now, we focus on Is. For |0 < sy/n,

4
4'0 QED [SileiC(%'l/\/ﬁ)] <
In

and |o"(0/y/n)| < e=?°7*/4 Thus,

—0%0%/2 g9 _ @L e a0 < —_

1
i< e <
s V27 Jio|>4 o V2 Jjo>B/v2 120

for B large.

Next, we bound I». Since the walk is symmetric,

0202 64 i
p(0) =1———+ 7 Fo [Stec@50],

where ((z) is a real-valued function with |((z)| < |z|. By Property 35, for |§| < A = B/o,
we have |01 Eo[S1]| < BYEy[S{]/6* < CB*L?. Then

o —0262)2 e BiL? 620
n( ) e 0% log (1 - —2- 1
% <\/ﬁ> e exp {n og ( o +0 "> + 5

— 679202/2 ‘60(B4L2/n) _ 1‘ < O(B4L2/n)679202/2’
where O(-) is a universal bounded function. Hence, |I5| < O(B*L?/n)I; < 1/(120) for

92,2
690/2

n/L? large enough.
Lastly, we bound I4. First, change variables back to find

n n
Iy <. /— )| db.
1| < \ 2+ /S<|9|<Tr\90( )|

We will bound |p(f)| away from 1. Since the walk is symmetric, ¢(0) = Ep[cos851].
Choose L large enough so that s < 27 and 1 — cos(s/4) > s%/64. For a subset D C R,
denote by |z — D] the distance from x to D. Then,

Po{|0S1 — 2nZ| < s/4} cos(s/4) — Py{|051 — (2Z + )| < s/4}
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— Py{|0S1 — 7| > 5/4} cos(s/4)

< ¢(0)
< Po{|051 — 2nZ| < s/4} — Po{|051 — (2Z + 1)w| < s/4} cos(s/4)
+ Po{|0S1 — 7Z| > s/4} cos(s/4).

Consequently,
l(0)| < Po{|0S1 — 77Z| > s/4} cos(s/4)

+ max {PO{\esl —27%| < s5/4} — Po{|6S1 — (2Z + 1)7| < s/4} cos(s/4),
Po{|0S1 — (2Z + 1)7| < s/4} — Po{|651 — 277Z| < s/4} cos(s/4)}

and

1—|@(0)| = Po{|0S1 — 7Z| > s/4} (1 — cos(s/4))
+ (1 + cos(s/4)) min {PO{’05’1 - (2Z +1)7| < 5/4},P0{|05’1 - QWZ‘ < 5/4}}

> LR {[05) - 72| > +/4)

+min{P0{\951 (2% + V)| < 574}, Po{[6S) — 207 < 3/4}}.

If Py{|0S1 — 7Z| > s/4} > 1/5, then 1 — |p(6)| > s?/320. Otherwise, Py{|6S —
nZ| > s/4} < 1/5, and note that if |fz — 277Z| < s/4, then there exists z € Z such that
—s/4 <0z —2mz < s/4. If 0 > s, then

ng—ige—i50(x+1)—2m§9+igw+i<2w—i and

S s s s 3s s
S <o <H-"<fx—-1)—2mz<-—Hh< <=
7r+4_ 1< 0 4_0(9@ ) L 0 < L

so |0(x+1) —2nZ| > s/4 and |#(x — 1) — 277Z| > s/4. The same holds if # < —s. Similarly,
if |0z —7m(2Z+1)| < s/4 then |§(x+1) —7w(2Z+1)| > s/4 and |6(z —1) —7(2Z +1)| > s/4.
Then,

1-— % < Ro{|6S1 — 2nZ| < s/A} + Po{|0S1 — 7(2Z + 1)| < s/4}
< P{|0(S1 + 1) — 27| > s/4, |0(S1 — 1) — 2nZ| > s/4}
+ Py{|051 — 7(2Z + 1)| < s/4}
< Po{|0S1 — 2nZ| > s/4} + Po{|051 — m(2Z + 1)| < s/4} +%
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< Po{[6S1 — 7| > 5/4} + 2Po{|081 — (22 +1)| < 5/} +
< % + 2P {[0S1 — 7(2Z + 1)| < s/4}, (3.32)

To see that PO{‘G(Sl +1)— 27TZ’ > s/4,

0(S1—1) —2nZ| > s/4} < Py{|0S1 — 27Z| >
s/ 4} + 1/5 for large L, let Zj, represent the symmetric random walk that S; uses for its

last L steps and write

Po{|0(S1 + 1) — 277%| > s/4, |0(S1 — 1) — 277Z| > s/4}
= Z Po{Xr—1 — Xnp1-1 =2y} Po{Z, =z}

x7y
|0(z+y+1)—27Z|>s/4
|0(z+y—1)—277Z|>s/4

< Z PO{XnL—L — X =2y}Po{Zp =2 —1}
z>1,y
|0(z+y—1)—27Z|>s/4
+ Z PO{XnL—L —Xnpr=2y}Po{Zy =2 +1}
z<-1,y

|0(z+y+1)—277Z|>s/4
+ Po{Z =0} + Po{Z; =1}

< P0{|95’1 - 27TZ‘ > s/4, Z1, > 0} —I—Po{}HSl — 27rZ‘ > s/4, Zp < 0} + \ff
< Py{[6S) — 27| > 5/4}+%
for large L, where we used that Pp{Z; = x + 1} < Py{Z; = z} and Po{Z; = —z= —

1} < P{Zr = —a} for all x > 0. P6 from page 72 of [49] was also used to get that
Py{Zy, =0} < C/VL. Now, line (3.32) gives

1 52
Po{[0S1 =7 (2Z+1)| < 5/4} > £ > o5
by our choice of s. Similarly,
Po{]6S — 2nZ| < s5/4} > 1, &
- — 57 32

Therefore, 1 — |p(6)]| > 35—220. Thus,

}Q\gx/%exp{—nsz}g\/%exp{—”}.

Since n > L' and L is large, we have

n

> \/n > <2+1>L7.

logn
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From this and Property 35, it follows that |I4] < 1/(120).
Consequently, Po{Y;} = 0} = Pp{S,, = 0} > 1/(40+/27n) > 1/(CL\/n). O
Now, we let L and r depend on n, and collect all the above estimates to show the

following Proposition.

Proposition 49 There are constants C > 0 and n € (0,1) such that for L = Blogn and
r=n%, with 5,6 >0

gpz{ifk €Br}= ) [ni PV = y}:| < Cpln

lyl<Lr - k=0

forn large and all z € S.

Proof:
For n large, L(1— k)" > n. Hence, we can assume that the random variables 7; in Lemma

47 satisfy 1 < n; < n since this makes the conclusion of Lemma 47 even weaker. Let

k
So=0, Sp=>
j=1

and K (n) = inf{k : S > n} be the number of renewals up to time n, including the renewal

So = 0. These random variables are bounded, so by Wald’s identity,
EK(n)-En= ESg@,) < 2n.

Since

noC
En > ds > CL™!
n_/LwL\/E 520 \/ﬁ

we see that

2n
< —< .
EK(n) < By = CL\/n

We will now return to line (3.31). Since the negative of the function of (V; — Uj)i<i<n
in the expectation on line (3.31) is nondecreasing, using the stochastic dominance from
Lemma 47 gives an upper bound of (3.31). Combining this with the renewal bound, we see

that

Ez[znzﬂ{vg < n}} —Ez[zn:ﬂ{

i=0
n
<[4
i=0



Gathering all the bounds from this section, we observe that

n—1 n
> P.{Y, € B} < L*®n'%*E, {Zn{vi < n}]

k=0 =0
< CL29n1/2+166 —_ Cnl—n’

where 0 <7 < % — 16¢. This requires the conditions of Lemma 46 to be met. These are

6Blogn §/4\ 2(Blogn)7 loglogn®
(log n)16le(Blogn) — e and <2d> + <1 — (14_ n) > < nf,
K

which are satisfied for n large, any positive € and 5, and 6 > 0 small enough.

3.6 Proof of the Central Limit Theorem
We will now show that an invariance principle holds for our process.
Proof of Theorem 24:
By Lemma 30, Proposition 31, and Proposition 49, we know that for 3 > A\~

n—1

Eo,0[| X[0,2) N X[O,n) |] < Cn®BlognEqy [ Z 1Y, € BLT}:|
k=0
n—1

<Cn®p logn]Eo,o[ E ]l{f’k € BLT}}
k=0
< Cnfn'™"3 log n.

Taking € > 0 small enough, the conditions for Proposition 29 are met, and hence (3.
holds, so we can now apply Theorem 25. Therefore, an invariance principle holds IP.-a

and by Theorem 16, it also holds P-a.s.
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