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ABSTRACT 

 

For the past two decades, tip-based thermal engineering has made remarkable advances 

to realize unprecedented nanoscale thermal applications, such as thermomechanical data 

storage, thermophysical/chemical property characterization of materials in nanometer 

scale, and scanning thermal imaging and analysis. All these applications involve localized 

heating with elevated temperature, generally in the order of mean free paths of heat carriers, 

thus necessitates fundamental understanding of sub-continuum thermal transport across 

point constrictions and within thin films. Considering the demands, this dissertation is 

divided into three main scopes providing: (1) a numerical model that provides insight onto 

nanoscale thermal transport, (2) an electrothermal characterization of a heated 

microcantilever as a localized heating source, and (3) qualitative measurement of tip-

substrate thermal transport using high resolution nanothermometer/heater.  

This dissertation starts with a literature review on the three aforementioned scopes 

followed by a numerical model for two-dimensional transient ballistic-diffusive heat 

transfer combining finite element analysis with discrete ordinate method (DOM-FEA), 

seeking to provide insight on subcontinuum thermal transport. The phonon Boltzmann 

transport equation (BTE) under grey relaxation time approximation is solved for different 

Knudsen numbers. Next, a  thermal  microcantilever, as one of  the main  tools  in tip-based 

thermal engineering, is characterized under periodic heating operation in air and vacuum 

using 3ω technique. A three-dimensional FEA simulation of a thermal microcantilever is 
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used to model heat transfer in frequency domain resulting in good agreement with the 

experiment. Next, quantitative thermal transport is measured by a home-built 

nanothermometer fabricated using combination of electron-beam lithography and 

photolithography. An atomic force microscope (AFM) cantilever is used to scan over the 

sensing probe of the nanothermometer at an elevated temperature causing local cooling. 

The experiment is done in air resulting in a tip-substrate effective thermal conductance of 

32.5 nW/K followed by theoretical calculations predicting contribution of solid-solid 

thermal conduction to be 48%. Finally, the same experiment is conducted in vacuum with 

similar operating condition, showing 50% contribution of solid-solid conductance, which 

is in good agreement with the theory, assuming no water meniscus in vacuum condition. 

The outcomes of these studies provide a strong platform to fundamentally understand 

thermal transport at the micro/nanometer scale. 
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0
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gv  phonon group velocity (m/s) 

w  weight function of Gaussian quadrature 

 

Greek Symbols 

θ  polar angle (rad) 

Θ  dimensionless temperature 
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µ  directional cosine 

ξ  optical thickness 
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b  boundary 
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CHAPTER 1  

 

INTRODUCTION 

 

Over the past three decades, nanotechnology has been subject to unprecedented 

advances in different applications, such as healthcare [1–3], energy [4–6], and industry 

[7,8], with direct impact on human life. As a side product, nanoart has attracted attention 

by depicting images with nanometer-sized features, familiarizing the general audience with 

this novel technology [9,10]. When it comes to visualizing extremely small features, 

different instruments including, but not limited to, the scanning electron microscope (SEM) 

[11], tunneling electron microscope (TEM) [12], atomic force microscope (AFM) [13], 

scanning thermal microscope (SThM) [14], and near-field scanning optical microscope 

(NSOM) [15] have been invented. Each of these revolutionary inventions has provided a 

promising platform for further investigation in the world of extremes in small length scale, 

allowing further advances in nanotechnology. Meanwhile, breakthroughs in materials and 

technology resulted in a shrinkage of micro/nano electromechanical devices [16], with an 

emphasis on the importance of effective thermal management in such systems [17]. 

Scanning thermal microscopy, as one of the main tools in tip-based thermal 

engineering, provides a variety of applications in nanotechnology, raising strong demands 

to understand  fundamentals of  thermal  transport on a mesoscopic scale. This is the main 
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reason behind the increased investigation into thermal science which has been well-known 

on a macro scale for the past century [18,19], yet is less well-known on a small scale [20–

22]. To start with, it is crucial to understand the theory behind thermal energy transport at 

the micro/nanometer scale. Then it is important to characterize the thermal behavior of 

devices used in tip-based thermal engineering. Finally, it is important to quantitatively 

measure the contributions of different heat transfer mechanisms involved in an extremely 

miniaturized medium. As of now, different methods and various approaches by different 

research groups, discussed in the following subsections, are applied to address these 

subjects, yet further investigation is required to better enlighten the path and investigate 

remaining unknowns. 

In this dissertation, the aforementioned subjects are addressed, starting with a 

numerical simulation of phonon thermal transport in thin films. For the first time, a two-

dimensional phonon Boltzmann transport equation (BTE) is solved using a commercial 

package, COMSOL Multiphysics, widely available to public. This provides a strong tool 

to model nanoscale heat transfer problems, emphasizing the effect of dominant energy 

carriers with respect to length scale. This is followed by numerical and experimental 

characterization of the thermal behavior of an AFM thermal microcantilever, an important 

player in tip-based thermal engineering, under periodic operational conditions. The 

numerical simulation, for the first time, models a thermal cantilever as a three-dimensional 

domain. Finally, a quantitative study on thermal transport between a sharp AFM cantilever 

tip in contact with a home-built nanothermometer/heater is presented, analyzing different 

thermal transport mechanisms between a locally heated sensing probe and the tip. In this 

study, the smallest-ever fabricated four-probe resistive nanothermometer is used to 



3 

 

quantitatively measure tip-substrate thermal transport, averaging the temperature over a 

small area of the sensing probe of the nanothermometer. The following subsections read 

the latest reports on the theory and fundamentals of thermal transport in nanometer scale, 

followed by an overview of AFM and thermal microcantilevers, finally recent studies in 

characterizing different thermal transport mechanisms in nanoscale are provided. 

 

1.1 Ballistic-Diffusive Heat Transfer 

Over the past two centuries, heat conduction in macroscale has been well understood 

by the traditional model for thermal diffusion. The conventional thermal conduction 

problems can be easily addressed and solved applying Fourier’s law [23,24] assuming an 

infinite propagation speed for energy carriers. This model, though, becomes incapable once 

the domain is either subject to an oscillatory thermal disturbance at high frequency [25,26] 

resulting in a time scale shorter than the dominant thermal energy carriers’ relaxation time; 

or its size is smaller than, or comparable to, the mean free path of the carriers [27,28]. In 

such cases, thermal energy transfers in a subcontinuum regime, which is a combination of 

ballistic and diffusive heat transfer, with phonons as the dominant thermal energy carriers. 

Different approaches are suggested for modeling thermal transport in the subcontinuum 

regime.  

A promising approach for modeling heat transfer in small length and/or short time 

scales is using the equation of phonon radiative transport (EPRT) [29–31], derived from 

the Boltzmann transport equation (BTE) [32]. As a nonlinear integro-differential equation 

with a total of seven dimensions including 3 spatial coordinates, 3 wave vector coordinates, 

and time, phonon BTE is a notoriously complicated equation to solve. Yet many numerical 
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simulations are conducted to model subcontinuum thermal transport using EPRT adopting 

assumptions, such as the frequency-independent behavior of phonons, to simplify the 

problem. Some of these models are listed in Chapter 2 of this dissertation [33]. In addition, 

Mansoor et al. [34] solves the EPRT for curved thin films examining temperature 

disturbance at edges of the thin film. Meanwhile, Murthy’s group introduced a coupled-

ordinates method to improve the convergence time for solving phonon BTE for small 

Knudsen numbers, the ratio of mean-free path to the characteristic system length scale, 

where poor convergence is seen in sequential numerical solution methods [35]. Phonon 

BTE is also applied to predict phonon mean free path distribution [36], material thermal 

conductivity [37–39], and interfacial thermal resistance (Kapitza resistance) [40–42]. 

Mazumder’s group performed large-scale parallel computations to solve phonon BTE for 

a three-dimensional silicon thin film with 400 phonon propagation directions in an angular 

domain and a total of ~9.7×109 unknowns (3 orders of magnitude larger than previous 

studies in this area), predicting thermal conductivity of Si with good agreement with 

previously reported measurements [43]. A software package for solving phonon BTE was 

introduced by Li et al. [44] to compute thermal conductivity of crystalline bulk materials 

and nanowires. In addition, an asymptotic approach was presented to derive an equation in 

a continuum regime from the phonon BTE and extend the validity range of Fourier’s law, 

using Knudsen numbers in different orders [45]. The second chapter of this dissertation 

elaborates on governing equation of phonon BTE, discusses different solving techniques, 

and presents steady state and transient results for ballistic-diffusive thermal transport in 

two-dimensional domains. 
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1.2 Thermal Microcantilever 

Thermal microcantilever is an SThM probe integrated with a resistive thermal 

heater/sensor capable of heating up to ~900ºC. Thermal analysis and manipulation of 

materials and structures at an extremely small scale provides the possibility of different 

applications in nanotechnology such as material characterization [46], mass spectrometry 

[47], thermophysical property measurement [48,49], and many more that are listed in 

Chapter 3 of this dissertation. Besides Joule heating of a microcantilever integrated with 

resistive heater, a microcantilever can be heated up using laser light to over 1500ºC [50]. 

Using laser heating, Rashcke’s group [50] conducted thermal near-field spectroscopy on 

multiple samples. Sarid et al. [51] used an AFM to map thermal-conductivity features of a 

sample as a laser heated probe scans over it. Heat assisted magnetic recording [52], as the 

future of hard disk drive (HDD) technology, benefits from laser light by exciting surface 

plasmons in a gold near-field transducer [53,54], resulting in a temperature rise in recording 

media. Even though most of these applications require heating operation at a steady state, 

an oscillatory heating operation is required for precision measurements. A well-known 

technique is the 3ω method which has been widely used for thermal property measurement 

in solids [55], liquids [56], and gases [57,58]. This method is implemented to understand 

the frequency-dependent behavior of a thermal microcantilever under periodic operational 

conditions in air and vacuum, both experimentally and numerically. The third chapter of 

this dissertation elaborates on transient heat conduction equations in a frequency domain 

synced with electrical equations applying appropriate boundary conditions to model the 

behavior of a thermal microcantilever under periodic heating operations. As a result, 

thermal transfer functions at each operating frequency, and the ac temperature distribution 
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throughout the domain are presented. 

 

1.3 Nanoscale Thermal Conduction and Extreme Near-Field Radiation 

Fast growing tip-based thermal engineering applications have created strong demands 

on extensive analysis of point contact thermal transport between a tip and a substrate. 

During the past three decades, there has been unprecedented advances in applications using 

atomic force microscope (AFM) equipped with thermal microcantilevers with Joule-

heating capability, or laser heated probes. The first has been widely used in scanning 

thermal microscopy (SThM) for nanoscale topography mapping [59–61], data storage [62–

64], material characterization [65–68], and nanolithography [69,70]. The latter has been 

used for nanomachining [71], thermal near-field spectroscopy and imaging [50], and heat-

assisted magnetic recording (HAMR) [72,73].  These applications have created strong 

demands on the fundamental understanding of nanoscale thermal transport between a sharp 

tip and a substrate. Many numerical studies as well as experimental investigations are 

reported to predict and measure tip-substrate heat transfer through solid-solid conduction 

[74–76], surrounding medium [77–79], and near-field radiative heat transfer [80,81]. Many 

more studies are listed in Chapter 4. 

The fourth chapter of this dissertation introduces a new device that follows a four-point-

probe scheme for resistive nanothermoemtry with a sensing probe smaller than its 

ancestors. The nanothermometer/heater is used to quantitatively study thermal transport 

between an AFM cantilever tip in contact with the nanoheater in an air environment. An 

extensive calculation is reported to distinguish contribution of each and every thermal 

transport mechanism (i.e., solid-solid conduction, air conduction, and near-field thermal 
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radiation). Even though the experiment reported in this chapter is conducted in an air 

environment, later in the dissertation a similar experiment is done in both air and vacuum 

environments that compliments the analysis in Chapter 4. The study in vacuum is reported 

in the conclusion chapter (Chapter 5) of this dissertation.  

 

1.4 Overview of the Dissertation 

This dissertation aims to address three main scopes, starting by introducing the theory 

behind phonon thermal transport in nanometer scale, continuing with an electrothermal 

characterization of a thermal microcantilever, the main player in tip-based thermal 

engineering, and ends with an investigation on thermal transport between a 

nanothermometer/heater and a sharp tip through solid-solid point contact. 

Following this introductory chapter, Chapter 2 introduces a governing equation for 

modeling phonon heat transfer based on the Boltzmann transport equation (BTE) for a two-

dimensional thin film in a subcontinuum regime. Discussing boundary conditions and 

various methods for solving this complicated equation, Chapter 2 applies a combination of 

finite element method (FEM) with discrete ordinate method (DOM) to discretize the 

medium in spatial and angular coordinates, respectively. Two different approaches are 

introduced to validate the simulation both in 1-D and 2-D, followed by contours of 

temperature distribution for different Knudsen numbers, indicating dependence of thermal 

transport on film thickness with respect to phonon mean free path. Finally, time dependent 

phonon BTE is solved and presented for different Knudsen numbers. This chapter is a 

reprint of a publication in the International Journal of Heat and Mass Transfer in 2014 titled 

“Finite Element Analysis of Transient Ballistic-Diffusive Phonon Heat Transport in Two-
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Dimensional Domains.” 

Chapter 3 starts by introducing a variety of applications for thermal microcantilevers 

in tip-based thermal engineering and a literature review of previous characterization 

techniques, emphasizing the demands for ac characterization of this tool. Followed by 

scanning electron microscope (SEM) images of the device indicating details of the 

geometry, this chapter details the experimental set up and the electrical circuitry used to 

measure temperature oscillation at the heating area as a function of oscillation frequency 

of the heating power which depends on the third harmonic electric potential difference 

across the thermal microcantilever. After the experimental section, the finite element 

analysis including the governing equations to couple electrical and thermal equations along 

with boundary conditions is presented. Heat transfer equations are solved in frequency-

domain to avoid large and expensive computations. Then the results are presented in terms 

of thermal transfer function at each operating frequency, and ac temperature contours 

throughout the thermal microcantilever for different heating frequencies starting as low as 

90 Hz up to 34 kHz, both in air and vacuum. The effect of air on maximum temperature 

change is addressed and different scenarios in simulation are considered. Finally, the effect 

of thermal microcantilever geometry based on the size of heater and constriction region is 

studied, providing a design optimization tool depending on application interest. This 

chapter is a reprint of a publication in the Journal of Heat Transfer in 2016 titled 

“Electrothermal Thermal Characterization of Doped-Si Heated Microcantilevers Under 

Periodic Heating Operation.” 

Chapter 4 discusses thermal interactions between a sharp AFM microcantilever tip in 

contact with a nanothermometer/heater, starting with reviewing recent reports on tip-



9 

 

substrate heat transfer analysis. Design, fabrication, and characterization of the new home-

built four-point-probe resistive nanothermometer with a 250 nm × 350 nm sensing area is 

presented next. After showing that the device can be applied as a nanoheater, it is used to 

conduct a tip-induced cooling experiment, resulting in quantitative measurement of tip-

substrate thermal transport and the temperature of the sensing area, used to calculate local 

thermal conductance. This experiment is done in air medium followed by additional 

calculation to theoretically distinguish effects of each heat transfer mechanism, and in 

particular conduction through solid-solid contact. The appendix reports on the results of 

the same experiment conducted in both air and vacuum conditions complementing the 

theory in Chapter 4. Finally, Chapter 5 covers the summary and conclusion of the 

aforementioned research followed by suggestions for future research. 
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CHAPTER 2  

 

FINITE ELEMENT ANALYSIS OF TRANSIENT BALLISTIC-DIFFUSIVE  

PHONON HEAT TRANSPORT IN TWO-DIMENSIONAL DOMAINS 

 

Reproduced from International Journal of Heat and Mass Transfer (2015) 80, 781–788. 

Finite Element Analysis of Transient Ballistic–Diffusive Phonon Heat Transport in Two-

Dimensional Domains. Sina Hamian, Toru Yamada, Mohammad Faghri, Keunhan Park, © 

Owned by the authors, published by ELSEVIER, 2015, with the permission of the 

International Journal of Heat and Mass Transfer (IJHMT). 

 

2.1 Abstract 

While sub-continuum heat conduction becomes more important as the size of 

micro/nanodevices keeps shrinking under the mean free path of heat carriers, its 

computation still remains challenging to the general engineering community due to the lack 

of easily accessible numerical simulation tools. To address this challenge, this article 

reports the finite element analysis (FEA) of transient ballistic-diffusive phonon heat 

transport in a two-dimensional domain using a commercial package (COMSOL 

Multiphysics). The Boltzmann transport equation under the gray relaxation-time 

approximation was numerically solved by discretizing the angular domain with the discrete 

ordinate method (DOM) and the spatial domain with the FEA. The DOM-FEA method was 
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validated by comparing the results with different benchmark studies, such as the equation 

of phonon radiative transfer, the ballistic-diffusive equation, and the finite difference 

method of the phonon Boltzmann transport equation. The calculation of phonon heat 

transport for a 2-D square slab reveals that heat conduction becomes more ballistic with 

temperature jumps at boundaries as Knudsen number (Kn) increases. The ballistic nature 

also significantly affects transient thermal behaviors at high Kn numbers. The obtained 

results clearly demonstrate the capability of the DOM-FEA as a promising engineering tool 

for calculating sub-continuum phonon heat transport. 

 

2.2 Introduction 

For the last two centuries, the conventional Fourier heat conduction equation has been 

used for modeling a diffusive nature of macroscale heat conduction by considering the 

energy conservation and Fourier's linear approximation of heat flux. However, it cannot 

accurately predict heat transport when the length scale is comparable to or smaller than the 

mean free path of thermal energy carriers or when the time scale is shorter than the carrier 

relaxation time [1–4]. When considering phonons as the dominant energy carrier of heat 

conduction, the Boltzmann transport equation (BTE) for phonons, or equivalently the 

equation of phonon radiative transport (EPRT), has been implemented to predict phonon 

heat transport in the sub-continuum space and time domains [5,6]. Majumdar’s group [7,8] 

was the first who derived the EPRT from the BTE and proved its analogy with the radiative 

transport equation (RTE). By calculating the temperature profile and heat flux in a thin 

film from the one-dimensional (1-D) EPRT, they showed that the EPRT can describe a 

ballistic feature of phonon heat transport for the sub-continuum spatial and time scales. 
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The EPRT has been also used to calculate the thermal boundary resistance across the 

interface of a thin film on a substrate [9], across interfaces of superlattices [10], and across 

mesoscopic constrictions at cylinder-substrate and sphere-substrate interfaces [11]. 

Narumanchi et al. [12] solved the transient two-dimensional (2-D) BTE under the gray 

relaxation-time approximation to study the effect of an unsteady, localized hot spot to 

phonon heat transport. In the following work, they considered frequency-dependent 

interactions between transverse and longitudinal acoustic phonons and optical phonons to 

incorporate more realistic phonon dispersion relations in silicon thin films [13]. The 

transient 1-D BTE with frequency- and polarization-dependence was also solved in Ref. 

[14] to better understand how phonon mean free paths can be extracted from the transient 

thermoreflectance experiment.  

It should be noted that the BTE is inherently difficult to solve, particularly when the 

full physics of phonon dispersion and scattering is to be considered, due to its integro-

differential formulation. However, the analogy between the phonon BTE (or EPRT) and 

the RTE has allowed the extension of several numerical schemes originally developed to 

solve the RTE to the computation of the phonon BTE [5]. Such methods include the finite 

volume method (FVM) [11–13,15–17], the finite element analysis (FEA) [18–20], and the 

finite difference method (FDM) [7,8,14,21], combined with the discrete ordinate method 

(DOM) for angular discretization. In addition, the ballistic-diffusive approximation of the 

BTE has been introduced to alleviate computational complexities in directly solving the 

BTE while conveying the ballistic-diffusive features of phonon heat transport [21–24]. The 

advancement of computing power has also allowed the implementation of computation-

intensive numerical methods, such as the molecular dynamics (MD) [25,26], Monte Carlo 
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simulation [27–30] and the lattice Boltzmann method [31–33]. Recently, Yamada et al. 

[34] applied the dissipative particle dynamics with energy conversion, a coarse-grained 

MD simulation, to simulate heat conduction in a thin film with a less computational cost 

than the MD.  

Although significant advances have been made in computing sub-continuum heat 

transfer, most of the aforementioned numerical approaches are not readily accessible to the 

general engineering community. It often requires too much time and effort to develop a 

home-built code, preventing the routine computation of sub-continuum phonon heat 

transport for the reliable design of micro/nanodevices and their performance evaluations. 

To overcome this challenge, the present study implements a commercial FEA package, 

COMSOL Multiphysics, to numerically solve the 2-D transient BTE. Although the 

COMSOL package has been used to compute the BTE [19,20], their works have been 

restricted to 1-D thin films. Since the BTE has a directional dependence, the DOM was 

combined to discretize the BTE in the angular direction [21]. The details of the numerical 

scheme are described in the consecutive section. In the results and discussion, the DOM-

FEA is verified by comparing the numerically obtained temperature distribution along the 

centerline of a long rectangular domain with the semi-analytical solution of the 1-D EPRT 

[2]. The obtained results for 2-D geometry are also compared with DOM-FDM and ballistic 

diffusive equations (BDE) results from Ref. [21]. We also discuss steady and transient 

temperature distributions and related heat fluxes in a 2-D square slab for a wide range of 

Knudsen numbers, when an illustrative boundary condition has a hot temperature on the 

top surface while the other surfaces remain at a cold temperature.  
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2.3 Computation Model 

It is well known that phonons follow the Bose-Einstein statistics and interact with other 

phonons, electrons, and defects via scattering processes. Since BTE can model the 

statistical distribution of particle interactions via short-range forces, it is a valid and useful 

tool for studying classical size effects on phonon transport. In general, the BTE is a 

complicated nonlinear integro-differential equation and can be simplified with the gray 

relaxation-time approximation [5]: 

 

 0
g

f ff
f

t τ
−∂

+ ⋅ ∇ =
∂

v   (2.1) 

 

where f is the frequency-dependent distribution function of phonons, gv  is the averaged 

phonon group velocity, 0f   is the equilibrium distribution function, and τ is the effective 

relaxation time due to all phonon-scattering processes. The equilibrium distribution 

function of phonons follows the Bose-Einstein distribution, 0 1/ [exp( / ) 1]Bf k Tω= −ℏ , 

where ℏ  is the reduced Planck constant, ω  is the angular frequency, Bk  is the Boltzmann 

constant, and T is temperature. It should be noted that the right-hand side of the equation 

denotes gray phonon-scattering with a single phonon velocity gv  in all directions and a 

single phonon relaxation time τ. Despite its simple form, the gray relaxation time 

approximation has proven to provide insight on phonon transport behaviors with an 

acceptable accuracy [11,13]. The BTE can be formulated with the phonon energy density 

as [5,35] 
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The directional phonon energy density at position r  and in direction ŝ  (J/m3-sr) is 

defined as  
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where ( )
p

D ω  is the phonon density of state, Dω  is the Debye cutoff frequency, and the 

subscript p is the phonon polarization. The generation term volqɺ  represents the phonon 

source term due to electron-phonon scattering [21]. The directional phonon energy density 

at equilibrium, 0e′′ , can be determined from the following equation: 

 

 
0

4

1
ˆ( , ) ( , , )

4
e t e t d

ππ
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where dΩ  is incremental solid angle. Once the equilibrium directional energy density is 

determined, the temperature field can be obtained from 0( , ) 4 ( , ) /T t e t Cπ ′′=r r , where C is 

the volumetric heat capacity and assumed to be constant due to small temperature 

difference in the domain. In addition, the heat flux can also be obtained from the  phonon 

energy density [13]:  
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In order to numerically solve the BTE for the 2-D domain illustrated in Fig. 2.1, we 

combined the finite element analysis (FEA) and the discrete ordinate method (DOM) in the 

present study. Since the phonon energy density is directionally dependent, Eq. (2.2) should 

be discretized in both the spatial and angular domains. While the spatial domain is 

discretized in the FEA, the angular domain at any location is discretized into non-

overlapping polar and azimuthal angles with the DOM.  Since a weighting scheme in the 

DOM considerably affects the accuracy of the integration [36], the present study 

implemented the Gaussian quadrature distribution for all phonon propagation directions in 

the 3-D space [14,20]. The maximum number of angular discretization was 32 directions 

for polar ( 0 θ π≤ ≤ ) and 8 directions for azimuthal angles ( 0 ϕ π≤ ≤ ; not 0 2ϕ π≤ ≤  

due to symmetry), or 32×8 (256) directions for simplicity, while coarse discretization cases 

were also simulated to investigate the effect of angular discretization to the computation 

accuracy. 

Figure 2.1. Schematic of the boundary conditions of 2D heat conduction simulation 
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Under the assumption of no heat generation (i.e., 0volq =ɺ ), Eq. (2.2) can be written as 

the angularly discretized and normalized form in the 2-D domain: 
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where * /t t τ= , * / min( , )x x L H= , and * / min( , )y y L H= . The polar angle θ  and 

azimuthal angle ϕ  are discretized and normalized to yield cosn nµ θ=  and 

,
sin cos

n m n m
η θ ϕ= . The Knudsen number (Kn) is defined as Kn / min( , )L H= Λ  , where 

gv τΛ =  is the effective phonon mean free path. The phonon energy density at equilibrium, 

Eq. (2.4), can then be expressed as  
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where 
n

w  and 
m

w ′  are weighting factors that satisfy 2n m

n m

w w π′ =∑∑  [21].  The factor 2 

in the numerator is due to the symmetry in the azimuthal angle. Accordingly, the 

temperature field can be expressed as  
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and the heat flux in x- and y- directions as 
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The boundary conditions employed in the present study are the thermalizing boundary 

conditions with fixed temperatures at all boundaries. As shown in Fig. 2.1, the temperature 

at the top side of the square domain is kept constant at TH while all the other three sides are 

TC (TH > TC). For the thermalizing boundary condition, the phonon energy density entering 

the domain from the boundary ( ˆ ˆ 0⋅ ≤s n , where n̂ is an outward-pointing normal vector 

from the domain) should satisfy 

 

 
0( , ) ( )

4

b
b b

CT
e e

π
′′ ′′= =r s r   (2.10) 

 

where Tb is the temperature at the boundary position, 
b

r . Although the present study 

focuses on the fixed temperature boundary condition, the diffusely reflecting boundary 

condition can be applied using 
ˆ ˆ 0

1
ˆ ˆ( , )be e d

π ⋅ >
′′ ′′= ⋅ Ω∫s n

r s s n  for all the phonon propagation 

directions entering the domain ( ˆ ˆ 0⋅ ≤s n ). The specularly reflecting boundary condition can 

be expressed as ( , ) ( , )b be e′′ ′′=
r

r s r s  for all directions incoming to the domain ( ˆ ˆ 0⋅ ≤s n ), 

where ˆ
r

s  is the specular direction corresponding to ŝ : ˆ ˆ ˆ ˆ ˆ2( )= − ⋅
r

s s s n n  [11,12]. 

The algorithm for solving the BTE can be summarized as follows: with the initial guess 

of the equilibrium directional phonon energy density 
0e′′ , Eq. (2.6) is solved to obtain the 

directional phonon energy density at each phonon propagation direction, ,n me′′ . After 
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obtaining the phonon energy densities for all solid angles, 0e′′  is updated using Eq. (2.7). 

The computation of the phonon energy density is iterated until the convergence occurs for 

e′′  and 0e′′ . After the computation of e′′ , the temperature field and heat flux can be obtained 

using Eqs. (2.8) and (2.9), respectively. For the numerical simulation, we ran a COMSOL 

Multiphysics 4.3b commercial package with a computing server (20 cores of 2.4 GHz Intel 

processor with 256GB RAM), provided by the Center of High Performance Computing 

(CHPC) at the University of Utah. The BTE was solved for various Knudsen numbers 

ranging from 0.03 to 10. All computations for the geometry were conducted with 578 

triangular meshes. In fact, the mesh refinement beyond 578 meshes did not improve the 

accuracy of the solution; when the computation results were compared between 578 

meshes and 928 meshes, the difference was only in the order of 1×10-8. The calculation of 

the steady 2-D BTE for 578 mesh elements and 32×8 angular directions using the above 

computer configuration took around 50 minutes.  

 

2.4 Results and Discussion 

In order to validate the DOM-FEA scheme, the 2-D BTE has been solved for a 

rectangular domain with a high aspect ratio ( 10L H = ) and compared with the 1-D 

solution of the EPRT. The boundary condition was set to have TH and TC on the top and 

bottom surfaces, respectively, while the side walls are adiabatic (i.e., the diffusely 

reflecting boundary condition). The 1-D solution of the EPRT is expressed with a closed 

form as [2,7]  
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0 2 0 1
0

1
( *) ( *) ( ) (| * |)

2
e x E x e E x d

ξ
κ κ κ = + −  ∫   (2.11) 

 

where 
*

0e  is the phonon emissive power normalized with that at the wall, ξ is the acoustic 

thickness, and 
1

2

0
( ) exp( / )

n

nE x x dα α α−= −∫  is the exponential integral. Fig. 2.2(a) shows 

the steady-state temperature distributions along the centerline of the rectangular domain 

for different Knudsen numbers. The temperature is normalized with 

( ) ( )C H CT T T TΘ = − − . When compared with the 1-D solution of the EPRT, the DOM-

FEA solutions are in excellent agreement with the EPRT solutions: the deviations are 

0.18% for Kn = 0.1 and 0.62 % for Kn = 10, respectively. We believe that the small 

deviation may be due to the truncation error in the angular discretization (32×8) and the 

side wall effects of the 2-D domain. At low Kn cases, thermal behaviors are diffusive with 

the almost linear temperature distributions with no temperature jump at the boundaries. 

However, as Kn increases, the ballistic nature of phonon heat transfer is manifested by a 

uniform temperature distribution and the temperature jump at the boundaries [2]. At the 

acoustically thin limit at Kn = 10, phonons can travel directly from one end to the other 

with almost no scattering. 

Another validation results of the DOM-FEA are shown in Fig. 2.2(b), where the FEA 

results are compared with the FDM results of the BTE and the ballistic-diffusive 

approximation published in Ref. [21]. The considered geometry is a 2-D rectangular 

domain with the aspect ratio of 2L H = , where the center portion of the top wall is 

maintained at TH while all the other boundaries remain at TC: the schematics of the 

geometry is illustrated in the inset. To ease  the comparison, the Knudsen number is defined 
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Figure 2.2. (a) Nondimensional temperature distribution along its center line of the 

rectangular domain with a high aspect ratio. Temperature distribution is normalized using 

the hot and cold boundaries, i.e., ( ) / (T T )C H CT TΘ = − − . To validate the model, the 

computation results are compared with the semi-analytical solution of the 1-D equation of 

phonon radiative transfer (EPRT) [2]. (b) Temperature distribution along the centerline of 

the rectangular domain illustrated in the inset. Results are compared with BTE-FDM and 

BDE from Ref. [21] for further validation. 

 

(a) 

(b) 
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as the ratio of phonon mean free path to the length of the hot wall (i.e., Kn / d≡ Λ ) 

following Ref. [21], and only the steady-state temperature distributions along the centerline 

are plotted. All three computation results show a good agreement for both Kn numbers, Kn 

= 0.1 and Kn = 10, while the agreement is much better at Kn = 10. At Kn = 0.1, the FEA 

slightly underestimates the temperature near the hot wall compared to the other two, while 

the ballistic-diffusive approximation predicts a lower temperature distribution than the 

FEA and FDM results near the bottom wall. As mentioned in Ref. [21], such deviations 

between different numerical solutions for Kn = 0.1 are likely due to the subtle difference 

in applying boundary conditions. These results clearly demonstrate that the FEA   

Fig. 2.3(a) shows the effect of the Knudsen number on the temperature distribution of 

the square domain. The BTE was solved for Kn = 0.03, 0.3, 1, and 10 with a 32×8 angular 

discretization, and the spatial domain was discretized with 578 triangular meshes for the 

space and 60 elements for boundaries. The temperature distribution at Kn = 0.03 is almost 

identical to the Fourier temperature distribution except a small temperature jump at the hot 

surface, indicating that heat is transferred almost diffusively as a result of strong phonon-

scattering. This result suggests that heat conduction should become fully diffusive when 

the device size is several ten times bigger than the effective phonon mean free path. For 

instance, silicon-based microdevices should have a characteristic length at least in the order 

of 10 µm to safely use the Fourier conduction equation for heat transfer analysis, as the 

effective mean free path of silicon is 260.4 nm at room temperature [9,10]. As Kn increases, 

higher temperature jumps at boundaries are observed. Moreover, the temperature jump is 

greater at the hot surface than the cold surface, suggesting that hot phonons emitted from 

the top surface be  more ballistically  transferred  before colliding  with cold  phonons near 
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Figure 2.3. (a) Nondimensional temperature distribution predicted with the BTE for 

different Kn numbers. For comparison, nondimensional temperature distribution predicted 

with the Fourier heat conduction equation is also plotted. (b) Nondimensional steady-state 

heat flux in the y-direction at the center of the top wall ( * 0, * 0x y= = ). Heat flux is 

normalized with the conventional Fourier’s law at the steady state, i.e., 
*

, , , ,/y SS y SS y SS Fourierq q q′′ ′′= , indicating that 
*

,y SSq  becomes unity when the heat conduction is fully 

diffusive. 

 

(a) 

(b) 
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the other surfaces at TC. Another interesting observation is that phonon heat transport 

becomes more ballistic as Kn increases over unity. This trend can be further confirmed in 

Fig. 2.3(b), which shows the steady heat flux at the center of the top wall (i.e., * 0, * 0x y= =

). The heat flux is normalized with the steady heat flux at the same position calculated from 

the Fourier heat conduction equation, i.e., *

, , , ,/y SS y SS y SS Fourierq q q′′ ′′= . This normalization 

yields *

, 1y SSq =  when heat conduction is fully diffusive. For direct comparison between the 

BTE and the Fourier results, silicon (Si) was selected as a domain material, having 

930C = kJ/m3-K, 260.4Λ =  nm and 1804gv =  m/s [9]. The thermal conductivity was 

determined from the kinetic theory, / 3gk Cv= Λ , to yield 145 W/m-K. In addition, the 

domain size for the computation of the Fourier heat conduction equation was assumed to 

be 100 times the phonon mean free path, i.e., Kn = 0.01. In Fig. 2.3(b), nondimensional 

heat flux approaches unity for small Kn numbers, representing the diffusive nature of heat 

flux. This value increases up to ~19 when ballistic phonon transport is dominant at Kn = 

10. Most of transition from diffusive to ballistic thermal transport (over 75% of the 
*

,y SSq  

change) occurs within a small Kn range up to Kn = 1. Once the domain size becomes 

comparable to the mean free path, 
*

,y SSq  does not increase as quickly, increasing only 25% 

as Kn changes from 1 to 10. This trend indicates that diffusive-to-ballistic transition below 

Kn = 1 is likely due to phonon transport from the hot wall to the sidewalls, while the further 

increase of 
*

,y SSq  above Kn = 1 is attributed to phonon transport to the bottom wall. 

The effect of the angular domain discretization to the accuracy of the BTE solution is 

shown in Fig. 2.4 for Kn = 1 and 10, respectively. Gaussian quadrature distribution was 

used to discretize the angular direction to 2×2, 8×4, and 32×8, where the first number 
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represents the number of discretized polar angles and the second represents that of 

azimuthal angles. For Kn = 0.1, not many angular discretization is required to ensure a 

smooth solution, although the 2×2 case yields the erroneous temperature distribution when 

compared with the 8×4 and 32×8 cases. However, significant wiggles are observed for Kn 

= 10 when 2×2 or 8×4 are implemented. This ray effect is slightly observed even for the 

32×8 case, indicating that more angular refinement is required for a smooth temperature 

curve at high Kn. We believe that over 1000 equations should be solved simultaneously if 

the standard DOM is used for Kn > 5, or modified DOMs should be implemented to 

diminish the ray effect [37–39]. 

Fig. 2.5 shows the transient temperature change of the square domain with contour 

plots and nondimensional temperature distributions along the centerline for different Kn 

numbers. As mentioned  earlier, the  domain size  for the  Fourier  conduction  analysis  is 

Figure 2.4. Effects of the angular domain discretization to the accuracy of the BTE solution 

when (a) Kn = 0.1 and (b) Kn = 10. As can be seen clearly in (b), the ray effect is the main 

source of numerical errors, and angular refinement is crucial to get more accurate results 

particularly for high Kn numbers 
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assumed to be approximately 100 times the phonon mean free path (Kn = 0.01). 

Apparently, the Fourier conduction yields no temperature jump at the boundaries during 

the transient temperature change, reaching the steady state when the nondimensional time 

( * /t t τ= ) becomes in the order of 10000. On the other hand, the BTE solution at Kn = 0.1 

shows the transient change of the boundary temperature at the center of the top wall (

* 0, * 0x y= = ), from the substantial jump down to 0.6 at the initial time step ( * 1t = ) to 

the gradual recovery to 0.9 at the steady state ( * 100t = ). This observation suggests that 

the initial phonon transport be governed by its ballistic nature while the following transient 

Figure 2.5. Transient nondimensional temperature changes along the centerline of the 

square domain computed by (a) the Fourier simulation (Kn = 0.01) and the BTE simulation 

for (b) Kn = 0.1, (c) Kn = 1 and (d) Kn = 10. The temperature contours are for each case 

are also shown in the inset 
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behavior is dominated by the diffusive thermal energy transport. The transient boundary 

temperature change at the top wall becomes small as Kn increases and finally disappears 

at Kn = 10, where thermal energy is ballistically transferred across the square domain. For 

all Kn ranges under consideration, time that is required to reach the steady state can be 

approximated to be10 / Knτ , where / Knτ is the time scale for thermal information to 

propagate from one side to the other side. It should be noted that the ray effect is still 

observed for high Kn numbers, and it is more severe at the intermediate time step than the 

initial and steady-state solutions. 

Fig. 2.6 shows the transient heat flux throughout the domain as well as heat flux in the 

y-direction along the centerline of the domain for different Kn numbers. The transient heat 

flux is normalized using 
*

, ,/y y y SS Fourierq q q′′ ′′= , similarly to the steady case. At Kn = 0.1, the 

transient heat flux diffusively changes from the high heat flux initially at the top wall to 

the smoothly distributed heat flux across the domain at the steady state. At Kn = 10, 

however, no change is observed in the transient heat flux at the center of the top wall, i.e.,

* (0,0) 19yq ≈ , while the heat flux at the bottom wall increases up to 
*(0,1) 8yq ≈ . For more 

insightful discussions, the transient change of the heat flux at the center of the top wall is 

shown in Fig. 2.7. Although not fully plotted for clarity, all Kn cases start from the same 

initial wall heat flux at 
*(0,0) 19yq ≈  and follow the almost identical trajectory formed by 

the overlying transient curves for different Kn numbers until they reach the steady state. 

At high Kn numbers, the wall heat flux experiences only a small transient change, e.g., 

only around 3% for Kn = 10, as it reaches the steady state. The transient change of the wall 

heat flux becomes more substantial as Kn decreases, e.g., ~ 24% decrease for Kn = 1 and 

~ 95% decrease for Kn = 0.02. Such substantial changes occur in the time interval from t* 
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Figure 2.6. Transient nondimensional heat flux in the y-direction along the centerline of 

the square domain computed by (a) the Fourier simulation (Kn = 0.01) and the BTE 

simulation for (b) Kn = 0.1, (c) Kn = 1 and (d) Kn = 10. The heat flux distributions are also

plotted in arrows for different time steps. Heat flux is normalized using steady Fourier heat 

flux at the center of the top boundary, i.e., . 
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= 100 to 103 due to the contribution of the diffusive nature of phonon heat transfer in this 

domain. It should be noted that the nondimensional wall heat flux for Kn = 0.02 gradually 

decrease to finally approach unity at the steady state: it becomes fully diffusive at the steady 

state. However, the Fourier conduction at the same Kn number (Kn = 0.02) overestimates 

the transient wall heat flux in the early transient stage. We believe that the deviation 

between the BTE and the Fourier model may result from the contribution of ballistic 

phonon transport in the early transient behavior.  

 

2.5 Conclusion 

In this paper, the transient Boltzmann transport equation (BTE) with the gray 

relaxation-time approximation was numerically solved to investigate the ballistic-diffusive 

Figure 2.7. Transient change of the heat flux in the y-direction at the center of the top wall 

predicted by the BTE for different Kn numbers and by the Fourier heat conduction equation 

(Kn = 0.02). When the BTE and Fourier solutions are compared for the same Kn number 

(Kn = 0.02), the Fourier heat conduction equation overestimates the transient behaviors in 

the early transient stage. 
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nature of phonon heat transport in the micro/nanoscale. The 2-D BTE was solved for 

different Kn numbers ranging from 0.01 to 10 by implementing the finite element analysis 

(FEA) and the discrete ordinates method (DOM). When compared with the semi-analytical 

solution for the 1-D equation of phonon radiative transfer (EPRT), the DOM-FEA shows 

an excellent agreement within 0.18% for Kn = 0.1 and 0.62% for Kn = 10 for a high aspect-

ratio rectangular domain. By solving the BTE for a square domain with fixed temperature 

boundary conditions, we demonstrated that phonon heat transport undergoes diffusive to 

ballistic transition as Kn increases. The transient analysis of phonon heat transport was also 

conducted using the BTE, showing different transient behaviors for diffusive and ballistic 

phonon heat transport. The ray effect turned out to be the main source of error for the 

DOM-FEA scheme, but can be diminished with angular refinement. Although only simple 

2-D geometries were considered in the present study, the DOM-FEA can be easily 

extended to other 2-D and 3-D geometries with complicated boundary conditions. Since 

the FEA is a readily accessible simulation tool with commercial packages, our approach 

will benefit general users in computing ballistic-diffusive phonon heat transfer and 

integrating the results with microdevice designs and multiphysics analysis.   
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CHAPTER 3 

 

ELECTROTHERMAL CHARACTERIZATION OF DOPED-SI HEATED 

MICROCANTILEVERS UNDER PERIODIC HEATING OPERATION 
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Characterization of Doped-Si Heated Microcantilevers Under Periodic Heating Operation. 
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Owned by the authors, published by ASME, 2016, with the permission of the Journal of 

Heat Transfer (JHT). 

 

3.1 Abstract 

This paper reports the frequency-dependent electrothermal behaviors of a freestanding 

doped-silicon heated microcantilever probe operating under periodic (ac) Joule heating. 

We conducted a frequency-domain finite-element analysis (FEA) and compared the steady 

periodic solution with 3ω experiment results. The computed thermal transfer function of 

the cantilever accurately predicts the ac electrothermal behaviors over a full spectrum of 

operational frequencies, which could not be accomplished with the 1D approximation. In 

addition, the thermal transfer functions of the cantilever in vacuum and in air were 

compared, through which the frequency-dependent heat transfer coefficient of the air was 

quantified. With  the developed FEA  model, design  parameters of  the cantilever (i.e., the 
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size and the constriction width of the cantilever heater) and their effects on the ac 

electrothermal behaviors were carefully investigated. Although this work focused on 

doped-Si heated microcantilever probes, the developed FEA model can be applied for the 

ac electrothermal analysis of general microelectromechanical systems.

 

3.2 Introduction 

The advent of the micro/nanotechnology has created a pressing need for the ability to 

analyze and manipulate nanoscale structures. Thermal microcantilevers, which can 

measure and manipulate local thermal fields with an integrated thermal transducer, have 

proven uniquely suited to this task. Thermal microcantilevers have been widely used in 

various tip-based thermal metrologies, such as nanoscale thermometry [1–6] and thermal 

analysis [7–11], thermally driven topography mapping [12–16], and nanoscale infrared 

spectroscopy [17–22]. Heated tips also have been actively used for thermomechanical 

nanomanufacturing, such as data storage [23,24], synthesis/modification of carbon-based 

nanostructures [25–27], additive manufacturing of polymers [28–30], chemical species 

[31], and metals [32], and subtractive manufacturing of energetic [7] and organic [33–36] 

materials.  

While most of the aforementioned applications operate thermal cantilevers at steady-

state or with short electrical pulses, the periodic heating (ac) operation could realize 

precision scientific measurements that are not feasible with the steady-state cantilever 

operation. By implementing the 3ω method [37], thermal cantilevers can measure local 

temperature with a resolution of ~1 mK [38,39], opening the possibility of nanoscale 

thermophysical property measurement. The photothermomechanical actuation of 
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cantilever probes is another example of the periodic heating operation [40–43]. By 

photothermally oscillating a cantilever with a modulating laser and monitoring the 

oscillation amplitude and phase changes at different modulation frequencies, the periodic 

heating technique can be used for high-resolution solution imaging [44,45], virus detection 

[46], and deoxyribonucleic acid (DNA) bound enumeration [47]. When considering the 

growing impacts of the periodic heating operation of microcantilever probes on 

micro/nanoscale thermal metrologies, it is imperative to systematically understand their 

frequency-dependent thermal behaviors. 

The present study aims to investigate the frequency-dependent electrothermal 

responses of a doped-silicon (Si) heated microcantilever under periodic heating conditions. 

The doped-Si microcantilever is one of the most widely used thermal probes that has a 

lightly doped heater region at its free end and a heavily doped leg region, thus allowing the 

local heating of the tip above 1000 K and precision resistive thermometry [48]. However, 

understanding the full-spectrum 3ω signal of the doped-Si heated cantilever still remains 

challenging, mainly due to the inherent complexities of the cantilever, such as the presence 

of two doped regions, nonlinear temperature dependence of the cantilever resistance, and 

the complicated geometry. While previous studies have attempted to predict the ac 

behaviors of the microcantilever with a simple 1-D model [38,39,49–53], they observed 

serious deviations of the 1D model from experimental data at high frequencies [51,52]. 

FEA was applied for the transient modeling of the cantilever during pulse and periodic 

heating operations [54]. However, FEA in the time domain is computationally expensive 

to obtain steady periodic solutions under the ac operation. To conduct a more cost effective 

yet accurate frequency-dependent electrothermal analysis, the present study implements a 
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frequency-domain FEA that can accurately predict the in-phase and out-of-phase 3ω 

voltage signals and the corresponding thermal transfer functions. The obtained results are 

compared with the measured thermal transfer functions for a full range of the operational 

frequencies from 10 Hz to 34 kHz under vacuum conditions. In addition, the thermal 

transfer functions of the cantilever in vacuum and air environments are compared to 

demonstrate that the air heat conduction significantly affects the ac electrothermal 

behaviors of the cantilever. The effects of the heater size and the constriction width on the 

ac electrothermal behaviors of the cantilever are also investigated to optimize the cantilever 

design for periodic heating.are  

 

3.3 Experiment 

Figure 3.1(a) illustrates the experimental setup for the 3ω signal measurement of a 

doped-Si heated cantilever alongside a scanning electron microscope (SEM) image of the 

cantilever. The leg region of the cantilever is 133 μm in length and 20 μm wide, while the 

constriction region is 35 μm in length and 7.6 μm in width. The constriction region includes 

a 16 μm long heater at the free end. The cantilever thickness was also determined from the 

SEM images: see supplemental Fig. 3.S1(a), which is available under the Supplemental 

Data tab for this paper on the ASME Digital Collection. The cantilever is thicker at the free 

end (1.63±0.01 μm) than at the anchor (1.18±0.01 μm), from which the average cantilever 

thickness is estimated to be 1.33 μm. The cantilever was mounted on a temperature-

controlled stage in a Janis VPF-800 cryostat, which was used as a high vacuum chamber 

in the present study. A turbo pump (Pfeiffer HiCube 80 Eco) was used to acquire a vacuum  

condition  of  10-5 Torr. The  cantilever was  connected  in a Wheatstone bridge circuit with  
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Figure 3.1. (a) Schematic of the 3ω experimental setup with the SEM image of a doped-Si 

heated microcantilever and (b) its FEA model with an environment box. The cantilever 

base was anchored to the wall of the environment box while the remaining cantilever facets 

were spaced 100 μm away from the other side walls.  
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a pair of 10 kΩ sense resistors and a potentiometer. The sense resistors were noninductive 

resistors with 1% tolerance, being purely resistive at frequencies up to 100 MHz. The 

Wheatstone bridge was used as a nulling circuit to minimize the 1ω signal, which is 

typically over 1000 times greater than the 3ω signal and would create a lack of  precision 

in  the 3ω  measurement  [52]. The effective temperature coefficient of resistivity (TCR) 

of the cantilever at 300 K was determined by measuring the resistance while changing the 

stage temperature from 300 K to 310 K with a 50 mK accuracy. An ac input current of 112 

µA-rms was applied to the bridge circuit by a Keithley 6221 ac/dc source meter over a 

range of frequencies spanning 10 Hz–34 kHz. The direct use of a current source obviates 

the signal adjustment that is required to correct a measurement error when using a voltage 

source [39,55]. While the cantilever was operated under periodic current flow in a vacuum 

environment, the in-phase and out-of-phase 3ω voltage signals across the cantilever were 

measured by a differential lock-in scheme [37]. 

 

3.4 FEA Modeling 

Figure 3.1(b) illustrates the 3-D FEA model of the heated microcantilever suspended 

freely in the environment box. The surrounding box was assumed to be 100 μm away from 

the free end of the cantilever, filled with quiescent air or in vacuum depending on the 

operational condition. The previous computational study showed that the heater 

temperature of the cantilever in the 100-μm-thick air box is within 1% deviation from that 

in the 1000-μm-thick air box [54]. The temperature at the walls was set to 300bT = K. The 

transient heat conduction equation of the cantilever is written as 
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 [ ]( , )
( , ) ( )i i i

t
C k t q t

t

∂Θ
= ∇ ⋅ ∇Θ +

∂
r

r ɺ  (3.1) 

 

where 
bT TΘ = −  is the temperature difference relative to the base temperature Tb, and C, 

k, and 
iqɺ  are the volumetric heat capacity, the thermal conductivity and the volumetric heat 

generation rate, respectively. The subscript i is used to denote the heater and leg regions of 

the cantilever to reflect different thermal and electrical properties for different doping level. 

The cantilever can be segmented into more subdomains in the FEA if neccessary. When 

the cantilever is periodically heated, it is computationally expensive to obtain the steady 

periodic solution of Eq. (3.1) in the time domain without losing information. The Nyquist 

theorem demands the sampling rate to be at least double that of the heating frequency for 

a smooth solution. Moreover, initial transient periods exist before the solution reaches the 

steady periodic state, imposing extra computational cost. As an alternative approach to 

address these challenges, this study employs the complex temperature method in the 

frequency domain [56]. 

When the input current has both dc and ac components ( 0I  and Iω , respectively), the 

input current is written as ( ) [ cos( )]I t I tω η ω= + , where 
0I Iωη = . Under a small ac 

current input to the cantilever, the power dissipation can be approximated as 

2

0( ) ( )Q t I t R= , where R0 is the dc-offset cantilever resistance under the periodic heating 

operation. The complex form of the heat generation in each region can be expressed as

2

0 1 2( ) Re[ ]j t j t

i iQ t Q Q e Q eω ω
ω ω= + + , where 
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It should be noted that higher harmonics beyond  are not considered here due to their 

relatively small values. However, they should be considered for accurate calculation when 

the cantilever is operated near the thermal runaway point with high nonlinearity [51]. By 

expressing the temperature oscillation in a complex form as 

2

0 1 2( , ) Re[ ( ) ( ) ( ) ]j t j tt e eω ω
ω ωΘ = Θ + Θ + Θr r r rɶ ɶ  and decomposing the harmonic terms into 

real and imaginary components, i.e., [ ]n R I n
jω ω

Θ = Θ + Θɶ , Eq. (3.1) becomes the following 

equation set in the frequency domain:  

 

 

[ ]0 0

, ,

, ,

( ) ( ) 0

( ) ( ) ( )

( ) ( )

i

i R n n i I n

i I n i R n

k q

k q n C

k n C

ω ω ω

ω ω

ω

ω

∇ ⋅ ∇Θ + =

 ∇ ⋅ ∇Θ + = − Θ 

 ∇ ⋅ ∇Θ = Θ 

r r

r r r

r r

ɺ

ɺ   (3.3) 

 

where n = 1 or 2 depending on the harmonic order under consideration. The thermal 

conductivity of doped Si was taken from the previous studies considering the doping level, 

temperature, and boundary scattering (i.e., kH = 121 W/m-K and kL = 65 W/m-K at 300K) 

[57,58], and the specific heat was assumed to be the same as that of intrinsic bulk Si for 

both the heater and leg regions [59]. Only heat conduction was considered as a dominant 

heat transfer mechanism in the air due to the reduced surface area of the cantilever, as 

confirmed in the previous studies [51,60,61]. Thermal radiation was neglected during 

2ω
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periodic heating because 3 2 28 / 1s bT l kdσ π ≪ , where 
sσ  is the Stefan-Boltzmann constant, 

l and d are the characteristic length and thickness of the cantilever, respectively, and k is 

the thermal conductivity of the cantilever. The relative contribution of thermal radiation 

was estimated to be 2.306×10-4 for the cantilever, which is small enough to ignore thermal 

radiation.  

The volumetric heat generation in Eq. (3.3) can be determined by numerically solving 

Gauss’s law at dc and each harmonic component: 

 

 
0[ ( ) ( )] 0nωσ∇ ⋅ ∇Φ =r r   (3.4) 

 

where ( )nωΦ r  is the electric potential at each harmonic component and
0σ is the local 

electrical conductivity of doped Si at the dc-offset temperature, i.e., 
0 0bT T= + Θ . In order 

to calculate the temperature-dependent electric conductivity of doped Si, we implemented 

Reggiani’s model that predicts the carrier mobility of phosphorus-doped silicon for the 

doping concentration of 1014 – 1021 cm-3 up to 700 K [62] and Kuzmicz’s ionization model 

that is valid for 1015 – 1020 cm-3 for 250 – 400 K with an accuracy better than 3% [63]. 

Since a doping profile across the cantilever thickness is not uniform due to phosphorus 

implantation and diffusion processes, doping profiles for the heater and leg regions were 

obtained by running the Ssuprem3 simulation with the implantation and diffusion 

conditions of phosphorus used in the cantilever fabrication (see supplemental Fig. 3.S2 

which is available under the Supplemental Data tab for this paper on the ASME Digital 

Collection) [64]. The harmonic components of the volumetric heat generation can then be 

written as 2

0( ) ( ) ( )n nq Jω ω σ=r r rɺ , where 
0( ) ( ) ( )n nJ ω ωσ= − ∇Φr r r  is the local electric 
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current density. To solve Eq. (3.4) in the frequency domain, Eq. (3.2) was interpreted as 

2

0n nQ I Rω ω= , where 
nI ω  is a dummy electric current representing joule-heating at each 

harmonic, and applied as the boundary conditions under the assumption of the uniform 

current density, i.e., 
,n b n LJ I Aω ω= , where LA  is the cross section area of the cantilever 

leg.  

To compare the 3ω experimental results with the FEA simulation, the voltage drop 

across the cantilever was calculated from the current input and cantilever resistance using

( ) ( ) ( )C CV t I t R t= , where ( )CR t  is the time-harmonic electrical resistance of the cantilever. 

When the cantilever is operated under the small ac current input, the electrical resistance 

of the cantilever can be assumed to be in the same phase as the temperature oscillation. The 

complex cantilever resistance oscillation ( )CR tɶ  can be expressed as

2

0 1 2( ) j t j t

CR t R R e R eω ω
ω ω= + +ɶ ɶ ɶ . Due to the small current input, the cantilever resistance 

varies linearly with the averaged temperature change to yield 0[ ]n n i

i

R Rω ωα= Θ∑ɶ , where αi 

is the TCR of i-th region at the base temperature Tb, and 
nωΘ is the averaged ac temperature 

at each harmonic. After manipulation, the complex voltage drop across the cantilever can 

be expressed as
3

0

1

( ) jn t

C n

n

V t V V e ω
ω

=

= + ∑ɶ ɶ , where 
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 (3.5) 

 

It should be noted that the dc and 2ω harmonics of the cantilever voltage become zero 

if the input current does not have a dc offset ( 0η = ). The ac electrothermal behaviors of the 

cantilever can be better characterized with the thermal transfer function. The second 

harmonic thermal transfer function, or simply the thermal transfer function in this study, is 

related with the 3ω voltage signal [55] 

 

 
3 -rms

2 2 3

0 -rms

2V
Z

R I

ω
ω

ωα
= −ɶ   (3.6) 

 

where α  is the effective TCR of the cantilever at the base temperature Tb, determined from 

the slope of the dc cantilever resistance change. It should be noted that the thermal transfer 

function has a unit of K/mW, equivalent to the thermal impedance, thus indicating the in-

phase (real) and out-of-phase (imaginary) temperature oscillations for a given periodic 

power dissipation [52].  

In the present study, a commercial package (COMSOL Multiphysics) was used to 

compute the elctrical and thermal transport behaviors of the cantilever in the frequency 
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domain. For the numerical simulation, 70,000 tetrahedral elements were used to mesh the 

whole domain. In order to avoid mesh-dependence of the solution and increase the 

computational speed, the mesh size was made smaller in the heater region compared to that 

away from the heater. The mesh size effect on convergence is presented in supplemental 

Fig. 3.S3, which is available under the Supplemental Data tab for this paper on the ASME 

Digital Collection where the maximum thermal transfer function computed with 70,000 

meshes is converged to the result for 675,000 mesh elements within a 0.03% error. All the 

simulations were performed at the Center for High Performance Computing (CHPC) at the 

University of Utah. When using a 64GB memory and 2.6GHz CPU on a CHPC computing 

node, the calculation time for 53 frequency points between 10 Hz and 34 kHz was half an 

hour for the vacuum case and 4 hrs for the air case, respectively. 

 

3.5 Results and Discussion 

While other parameters were used from the design values, the doping concentration at 

the top surface of the heater region was numerically determined by comparing the 

calculated TCR of the cantilever with the measurement. As mentioned in Section 3, the 

depth profiles of doping concentration in heater and leg regions, NH (z) and NL (z), were 

adopted from the Ssuprem3 simulation (see supplemental Fig. 3.S2., which is available 

under the Supplemental Data tab for this paper on the ASME Digital Collection) [64]. For 

simplicity of the computation, we used the design value for the doping concentration at the 

top surface of the leg region, i.e., NL (z=0)= 1.7×1020 cm-3. However, the doping 

concentration at the top surface of the heater region NH (z=0) should be carefully 

determined, as ~93% of the cantilever resistance is attributed to the heater region [52]. We 
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calculated the electrical resistance of the cantilever suspended in vacuum for different base 

temperatures from 300 K to 310 K and fitted the calculated values with the measurement 

by adjusting NH (0). As shown in supplemental Fig. 3.S4, which is available under the 

Supplemental Data tab for this paper on the ASME Digital Collection, the corresponding 

TCR of the cantilever is estimated to be (1.77±0.02)×10-3 K-1 at room temperature, which 

is slightly lower than the previous measurement (i.e., 0.0029 K-1 [38]). We believe that this 

difference is mainly due to the variance of the doping concentration at the heater region in 

different cantilever batches. The estimated doping concentration at the top surface of the 

heater region is 7.96×1017 cm-3, which is in the same order of the target doping 

concentration for the heater region. Using the obtained parameters, we computed the 

temperature distribution of the cantilever under the steady-heating (or dc) operation: see 

Fig. 3.S4, which is available under the Supplemental Data tab for this paper on the ASME 

Digital Collection. 

Figure 3.2 shows the in-phase and out-of-phase thermal transfer functions of the 

cantilever in vacuum. To ease the comparison between the measurement and the 

computation, the thermal transfer function was normalized by the thermal resistance (or 

the dc thermal transfer function) Z0, which was calculated to be 98 K/mW from the steady 

state analysis. The overall agreement is very good within ~2.4 % for the in-phase 

component and ~6.1 % for the out-of-phase component. The negative in-phase values in 

the measurement at high frequencies over 10 kHz is due to parasitic electrical impedance 

of the cantilever and the involved circuit [51,52]. At low frequencies, the thermal transfer 

function  of  the  cantilever is similar  to  that  of  a 1-D suspended wire, exhibiting a typical 

first-order ac response [55]. This similarity indicates that heat generated at the heater region 
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Figure 3.2. Normalized (a) in-phase and (b) out-of-phase thermal transfer function of the 

cantilever from the experimental (square marks) and computational (solid line) results. The 

dashed curve and the dotted curve are associated with the RC model of the leg and the 

heater, respectively.  
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is completely diffused to the whole cantilever in a 1-D manner. However, as the frequency 

increases, the cantilever thermal transfer function deviates from the ac response of the 

suspended wire. It seems to have another first-order response superposed at high 

frequencies as reflected from the shoulder of the imaginary component at ~6 kHz. We 

believe that thermal diffusion is confined to the heater region when the cantilever is heated 

at high frequencies, analogous with a short suspended wire subjected to the periodic 

heating.  

The electrothermal behavior of the cantilever that deviates from the 1-D ac response 

can be better understood by approximating the normalized cantilever thermal transfer 

function with the series connection of two lumped first-order (RC) thermal systems [55]: 

 

 
2 ,lump

0

1

1 2 ( 10) 1 2 ( 10)

C C

C L

Z

Z j j

ω β β
ω τ ω τ

−
= +

+ +
  (3.7) 

 

where Cβ is the ratio of the thermal resistance of the constriction region to the total thermal 

resistance, Cτ  ( Lτ ) is the characteristic diffusion time of the constriction (the leg) region, 

and 2 fω π= is the operational angular frequency. It should be noted that a correction 

factor of 10 was considered to correlate Cτ  and Lτ  with the lumped approximation [55]. 

The lumped RC model is also plotted in Figure 3.2. By comparing the RC model with the 

FEA simulation, Cβ  is determined to be 0.29: the thermal resistance of the constriction 

region takes ~30% of the total thermal resistance. The 1-D approximation of Cβ  can be 

written as ( ) ( ) ( )C C C L
l kA l kA l kAβ  = +  , where l is the length, k is the thermal 

conductivity, and A is the cross sectional area of each region, yielding 0.27 for the 
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cantilever. The good agreement of Cβ  between the FEA and 1-D approximation suggests 

that the dc thermal behavior of the cantilever is governed by 1-D heat diffusion along the 

cantilever length. However, the 1-D approximation may not accurately predict the ac 

thermal response of the cantilever. The 1-D characteristic diffusion time can be written as 

2

( ) ( )[4 / ]C L C Llτ κ=  with κ being the thermal diffusivity, yielding Cτ = 0.068 ms and Lτ =

1.82 ms. These values deviate from Cτ = 0.14 ms and Lτ = 2.12 ms determined by the RC 

model based on the FEA simulation, suggesting that a multi-dimensional model is required 

for the accurate ac characterization of the heated cantilever, particularly near the heater 

region.  

Figure 3.3 compares the ac temperature distributions of the cantilever when it is 

operated in vacuum for four different frequencies, i.e., (a) 90 Hz, (b) 1 kHz, (c) 10 kHz and 

(d) 34 kHz. The input current for the FEA was 112 μA-rms without dc offset, consistent 

with the experimental condition. It should be noted that the periodic temperature oscillation 

at 2ω is expressed as 2

2 ( ) j te ω
ωΘ rɶ  in the time domain, where 

2 ( )ωΘ rɶ  provides the 

amplitude and the phase of the temperature oscillation through 

1/2
2 2

2 2
( ) ( )R Iω ω

 Θ = Θ + Θ r rɶ   and [ ]1

2
tan ( ) ( )I R ω

ϕ −= Θ Θr r .  Thus the negative out-of- 

phase temperature indicates the phase lag of the ac temperature relative to the periodic 

heating. At lower frequencies, i.e., 1/ Lf τ<   (or 472 Hz), the ac temperature distribution 

is  similar   to   the  dc  case  in  supplemental   Fig. 3.S4,  which   is  available   under   the 

Supplemental Data tab for this paper on the ASME Digital Collection, except there is a 

small out-of-phase component as can be seen at 90 Hz. However, the cantilever operation 

at higher frequencies over 1/ Cτ  (or 6.7 kHz) does not provide enough time to thermally 
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Figure 3.3. The in-phase and out-of-phase components and the magnitude of the ac 

temperature distributions of the cantilever under the periodic heating operation in vacuum 

at various frequencies: (a) 90 Hz, (b) 1 kHz, (c) 10 kHz, and (d) 34 kHz. (e) The normalized 

temperature distributions along the centerline of the cantilever for different frequencies. 

They are normalized by the magnitude of the tip temperature at each frequency.  
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respond to the periodic heating, leading to the temperature oscillation confined within the 

heater region with smaller amplitudes for both in-phase and out-of-phase components. In 

addition, as can be seen in Fig. 3.3(e), the ac temperature response becomes more out of 

phase as the frequency increases. The reduction of the effective ac heating area under the 

high-frequency operation is a unique feature and might be beneficial when the cantilever 

is to be used for local measurement of temperature and possibly thermophysical properties, 

as harmonic voltage signals at high frequencies may reflect the thermal responses only 

around the tip area.  

We also calculated the ac temperature distribution of the cantilever in the quiescent air: 

see Fig. 3.4. While the overall trend is very similar to the vacuum case, heat loss to the air 

yields a lower temperature rise of the cantilever as manifested by the scale bars in Figs. 3.3 

and 3.4. The temperature difference between the vacuum and the air cases becomes smaller 

as the frequency increases, indicating that the air also cannot respond to the periodic 

heating fast enough, and only the air near the cantilever dissipates heat at high frequencies 

over 10 kHz. At 34 kHz, for example, the heat penetration depth in the air is ~1 μm away 

from the cantilever heater. The heat loss to air affects the thermal transfer functions of the 

cantilever, as shown in Fig. 3.5. At frequencies below ~300 Hz, the cantilever thermal 

transfer function in the air is approximately 80% of the vacuum case: ~20% smaller 

temperature rise is expected at the cantilever heater due to heat loss in the air. The dip 

position of the out-of-phase thermal transfer function also shifts to a high frequency by 

~100 Hz, indicating that Lτ  decreases by ~0.45 ms due to the presence of the air. However, 

the thermal transfer functions for the air and the vacuum cases get closer as the frequency 

increases, which  is  consistent with the  ac temperature  distributions  in  Figs. 3.3 and 3.4.  
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Figure 3.4. The in-phase and out-of-phase components and the magnitude of the ac 

temperature distributions of the cantilever under the periodic heating operation in air at 

various frequencies: (a) 90 Hz, (b) 1 kHz, (c) 10 kHz, and (d) 34 kHz. (e) The normalized 

temperature distributions along the centerline of the cantilever for different frequencies. 
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Figure 3.5. (a) In-phase and (b) out-of-phase thermal transfer functions of the cantilever 

for the vacuum and the air environments. Results are normalized using the thermal 

resistance in vacuum. The discrepancy indicates the effect of heat conduction to the air on 

the ac thermoelectric behaviors of the cantilever.  
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The heat diffusion in air has a smaller effect on the ac electrothermal behaviors of the 

cantilever at high frequencies.  

The frequency-dependence of heat transfer in air can be further examined by 

calculating the frequency-dependent heat transfer coefficient. Heat transfer at the cantilever 

surface ( )br  in the frequency domain can be written as 

 

 ,( ) ( )i n b n i n bk hω ω ω− ∇Θ = Θr rɶɶ ɶ   (3.8) 

 

where , [ ]n i R I ih h jhω = +ɶ  is the complex heat transfer coefficient at the i-th component. In 

the present study, heat transfer coefficients for the leg and the constriction regions were 

taken into account. The frequency-dependence of the complex heat transfer coefficient is 

modeled as  

 

 
0.5 0.5

0( )n nh h h f jh fω ω= + +ɶ   (3.9) 

 

based on the analytical solution of heat conduction from a periodic point heat source in an 

infinite solid [56]. This boundary condition was implemented to the cantilever model 

without the environment box, and the complex heat transfer coefficient of air was extracted 

by comparing the thermal transfer functions calculated for the air box model and the no-

box model. As shown in supplemental Fig. 3.S5, which is available under the Supplemental 

Data tab for this paper on the ASME Digital Collection, the computed cantilever thermal 

transfer functions with and without the air box are in excellent agreement within 0.1%. 

Figure 3.6 shows the magnitude and phase of the complex heat transfer coefficients for the  
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Figure 3.6. The magnitude and phase of the complex heat transfer coefficient for the (a) 

constriction region and (b) leg region. Both magnitude and phase increase as the frequency 

increases, indicating that the thermal response of the air is confined to the cantilever surface 

and becomes more out-of-phase. 
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constriction region and the leg region. The dc heat transfer coefficient of the heater is 

approximately 4000W/m2 K in the low-frequency region, which is consistent with Ref. 

[54]. The heat transfer coefficient of the leg region is one order of magnitude smaller than 

that of the heater region due to the relatively larger surface area of the leg region. As the 

frequency increases, the magnitude and the phase of both heat transfer coefficients 

increase. This trend indicates that the air temperature gradient at the wall becomes steeper 

and more out-of-phase as the frequency increases. The air conduction at the leg region is 

more sensitive to the frequency than that in the heater region. The heat transfer coefficient 

of the leg region changes by ~15% as the frequency changes from 10 Hz to 34 kHz, while 

that of the heater changes by only ~2.5% in the same frequency range. This is the first 

demonstration of the frequency-dependent heat transfer coefficient and its effects on the 

transient behaviors of a heated cantilever under periodic heating. The computational cost 

can be drastically reduced by using the frequency-dependent heat transfer coefficient: when 

the 53 frequency points were calculated from 10 Hz to 34 kHz with the same computing 

power, the no-box simulation took around 30 minutes while the air box simulation took 

approximately four hours. We believe that the same scheme can be used to predict the ac 

thermal response of general microdevices operating in air.  

The obtained thermal transfer function of the cantilever motivates further examination 

of the heater design and its effect on the ac electrothermal characteristics of the cantilever. 

Figure 3.7(a) shows the effects of the heater size on the in-phase and out-of-phase thermal 

transfer functions in vacuum, where the inset illustrates relative heater sizes to the actual 

heater under consideration. For ease of comparison, thermal transfer functions were 

normalized with the thermal resistance at the 100% heater size for comparison. The thermal  
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Figure 3.7. (a) The effect of the heater size to the in-phase and out-of-phase thermal transfer 

functions of the cantilever. The inset images illustrate different heater sizes used in the 

analysis. The number below each image is the percentage of the heater size as compared 

to the original cantilever design. (b)The effect of the constriction width to the in-phase and 

out-of-phase thermal transfer functions of the cantilever. The inset images illustrate 

different constriction widths used in the analysis. The number below each image is the 

percentage of the constriction width as compared to the original cantilever design. The 

constriction width significantly affects the high-frequency behaviors where the heater plays 

a dominant role. 
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transfer function decreases as the heater size decreases, indicating that more power is 

required to obtain the same ac temperature rise in a smaller heater. However, the thermal 

transfer function spectrum does not uniformly decrease with the heater size. The thermal 

transfer function at higher frequencies, corresponding to the heater-dominant frequency 

range, decreases more drastically than the thermal transfer function at frequencies below 

~400 Hz as the heater size decreases. This is a further evidence that the heater plays a 

dominant role in the ac response of the cantilever at high frequencies. We also conducted 

the design analysis of the constriction width by comparing the thermal transfer functions 

in vacuum, as shown in Fig. 3.7(b). Again, thermal transfer functions were normalized with 

the thermal resistance at the 100% constriction width. The reduction of the constriction 

width increases the overall in-phase thermal transfer function, mainly due to the shrink of 

the cross-sectional area for heat conduction. On the other hand, the out-of-phase thermal 

transfer function below ~400 Hz does not change as the constriction width increases. The 

more prominent effect of the constriction width can be observed in the out-of-phase thermal 

transfer function at high frequencies. As the constriction width shrinks from 100% to 50%, 

for example, the shoulder of the out-of-phase thermal transfer function at ~3 kHz shifts and 

forms a dip at ~6 kHz. A narrow heater makes the role of the heater more dominant in the 

ac thermal response of the cantilever at high frequencies. 

It should be noted that the thermal transfer function spectrum of the 50% constriction 

case is similar to that of the doped-Si nanoheater cantilever in Ref. [50], where the high-

frequency dip in the out-of-phase curve is bigger than the main dip in the low-frequency 

region. From Fig. 3.7, it is clear that the observed ac behavior of the nanoheater cantilever 

is the result of the narrow constriction rather than the reduced heater size.  
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3.6 Conclusion 

The present study reports the frequency-dependent electrothermal characteristics of a 

freestanding doped-silicon heated microcantilever operating under periodic joule heating. 

The frequency-domain FEA was implemented to compute the steady periodic temperature 

oscillation of the cantilever and to obtain the corresponding thermal transfer function in the 

full operation frequency range. From a comparison with experimental measurement, the 

computed thermal transfer function of the cantilever agrees very well with 2.4% and 6.1% 

deviations for in-phase and out-of-phase components, respectively. We also computed the 

thermal transfer function of the cantilever suspended in air to demonstrate the frequency-

dependence of the air heat conduction and its effect to the ac responses of the cantilever. 

As the frequency increases, heat is diffused into the air with a smaller penetration depth, 

increasing the magnitude and the phase of the effective heat transfer coefficient of the air. 

Since the cantilever response at high frequencies is dominated by the heater region, the 

effects of the heater size and the constriction width to the thermal transfer function were 

conducted. The design analysis revealed that the constriction width is a predominant 

geometrical factor in altering the high-frequency electrothermal behaviors of the cantilever. 

Although this work focused on the ac electrothermal responses of a doped-Si heated 

microcantilever probe, the developed frequency-domain FEA scheme and the obtained 

results are generally applicable to the ac electrothermal characterizations of many other 

microelectromechanical devices.  
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3.8 Supplemental Information 

3.8.1. Cantilever Thickness 

For cantilever thickness measurement 10 SEM images from different sections of the 

cantilever are taken and the average thickness is used as a thickness estimation and used in 

the modeling. A few of these SEM images are shown in Figure 3.S1(a). From the measured 

cantilever thicknesses at different positions, we took an average to use it for the FEA. The 

averaged cantilever thickness from the SEM images is 1.33 μm. We also conducted a 

simple FEA to calculate the resonance frequency of the cantilever with the measured 

thickness. The calculated resonance frequency is 83.3 kHz, which is in a good agreement 

with the measurement: see Figure 3.S1(b).  

 

3.8.2. Doping Concentration 

Doping profile across the cantilever thickness is not uniform and is different within the 

low-doped and high-doped regions, i.e. the heater and the legs regions. Figure 3.S2 shows 

the  depth-wise  doping   profiles  for  heater  and  leg  regions,  respectively,  which  were 
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Figure. 3.S1. Shows (a) SEM images of side view of the heated cantilever (b) The resonant 

frequency of the cantilever as a function of the thickness. From the comparison with the 

measurement, the cantilever thickness estimation agrees well with thickness measured 

from SEM images (1.33μm). 
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Figure. 3.S2. Shows (a) Doping profile across the heater thickness when the computed TCR 

matches with the measured value of (1.77±0.02)×10-3 K-1. (b) Doping profile across the 

legs. 
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obtained from the Ssuprem3 simulation based on the design parameters.  

 

3.8.3. Convergence Study 

The convergence of the problem is considered by refining cantilever mesh size from 

total of 700 to ~675,000 finite elements. The solution is assumed to be converged when 

changes in maximum thermal transfer function is less than 0.03%. This is achievable using 

mesh size of 70,000 elements (Figure 3.S3). Comparing results from 70,000 mesh size with 

675,000 elements gives us a 0.03% error while the computational time is over 20 times 

longer for the 675,000 case. The inset in Figure 3.S3 shows the meshed cantilever around 

the constriction and the heater region.  

 

3.8.4. Temperature Coefficient of Resistivity (TCR) and DC Modeling 

We calculated the electrical resistance of the cantilever suspended in vacuum for 

different base temperatures from 300 K to 310 K and fitted the calculated values with the 

measurement by adjusting Nh (0). The result is shown in Figure 3.S4(a) with the normalized 

cantilever resistance, 
0 0[ ( ) ] /R T R R− , where R0 is the cantilever resistance at room 

temperature. When Nh (0) is 7.96×1017 cm-3, the FEA result provides a good agreement 

with the measurement within 1 % error. The corresponding temperature coefficient of 

resistivity  (TCR)  of  the   cantilever  is  estimated  to  be  (1.77±0.02)×10-3 K-1   at   room 

temperature. Figure 3.S4(b) shows the calculated dc temperature distribution of the 

cantilever suspended in the air when a 0.53 V dc voltage is applied to the cantilever. The 

dc temperature rise ∆TDC
 is ~6 K at the tip position of the heater region and decreases 

along  the  legs. The  temperature  distribution  reveals  the  basic  thermal  behavior of the 
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Figure. 3.S3. Convergence study as a function of cantilever mesh size with the meshed 

cantilever around heater and the constriction region. 
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Figure. 3.S4. Shows (a) The nondimensional cantilever resistance as a function of 

temperature. (b) Temperature distribution of the cantilever under the steady-state heating 

at 0.53 V and 0.26 mA (or 0.14 mW), viewed from the top (left) and the side (right). 
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cantilever, showing a sharp temperature increase in the heater region. The effective heated 

zone in the air is formed within ~20 μm off the heater due to its low thermal conductivity. 

 

3.8.5. Box Versus No-Box 

The results of the effort to streamline the FEA model are shown in Figure 3.S5.  It 

compares the real and imaginary thermal transfer functions with and without an air box.  

By removing the air box, the number of mesh elements is greatly reduced, which will 

reduce the computation time.  However, in order to remove the box, the heat transfer to the 

air must be accounted for. The manner in which this was done is explained in the Results 

and Discussion section.  From Figs. 3.S5(a) and (b), the no box model shows nearly perfect 

agreement with the box case.  Therefore, the no box case is a valid model that can yield the 

same results as the box case.  This is important because the no box case reduced 

computation time from 4 hours to 30 minutes for a full frequency sweep.  The massive time 

savings means that more simulations can be run more quickly resulting in a more in depth 

understanding of the cantilever system.  Also, it means that thermal properties can be 

extrapolated by making matching model results to experimental data more practical.  With 

a 4 hour run time for the air box case, signal matching would take months as opposed to 

days or weeks with the no box case. 
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Figure. 3.S5. Comparison of the 3w voltage signal as a function of frequency from the FEA 

model with and without the air box for (a) the in-phase and (b) the out-of-phase signals.  

Both models were for an input current of 112 μA-rms. 
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CHAPTER 4 

 

QUANTITATIVE PROBING OF TIP-INDUCED COOLING WITH A  

RESISTIVE NANOHEATER/THERMOMETER 

 

Reproduced from Applied Physics Letter (2016) 109, 253114. Quantitative Probing of Tip-

Induced Local Cooling with a Resistive Nanoheater/Thermometer. Sina Hamian, 

Jeonghoon Yun, Inkyu Park, Keunhan Park, © owned by the authors, published by AIP 

Publishing, 2016, with the permission of the AIP Publishing. 

 

4.1. Abstract 

This article reports the investigation of tip-induced local cooling when an atomic force 

microscope (AFM) cantilever tip scans over a joule-heated Pt nanowire. We fabricated 

four-point-probe Pt resistive nanothermometers having a sensing area of 250nm×350nm 

by combining electron-beam lithography and photolithography. The electrical resistance 

of a fabricated nanothermometer is ~27.8Ω at room temperature and is linearly 

proportional to the temperature increase up to 350K. The equivalent temperature 

coefficient of resistance is estimated to be 
4(7.0 0.1) 10−± × K-1. We also joule-heated a 

nanothermometer to increase its sensing area temperature up to 338.5 ± 0.2K, 

demonstrating  that  the  same  device  can  be  used  as  a  nanoheater. An AFM  probe  tip 

scanning over a heated nanoheater/thermometer’s sensing area induces local cooling due 
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to heat conduction through solid-solid contact, water meniscus, and surrounding air. The 

effective contact thermal conductance is 32.5±0.8nW/K. These results contribute to the 

better understanding of tip-substrate thermal interactions, which is the fundamental subject 

in tip-based thermal engineering applications. 

 

4.2 Introduction 

Over the past two decades, tip-based thermal engineering has made significant 

advances to enable various cutting-edge nanoscale applications, such as scanning thermal 

microscopy (SThM) for nanoscale thermal imaging1–4 and analysis,5–8 thermally-based 

topographic imaging,9–11 mid-infrared nanospectroscopy,12–14 high-density data storage,15–

18 and nanomanufacturing.19–26 These applications have created strong demands to study 

the fundamentals of local thermal transport due to a tip contact. Advancements in 

nanothermometry have allowed the experimental studies of tip-substrate thermal transport 

mechanisms and local temperature distributions.27–31 Nanothermometry techniques 

developed to date include near-field optical thermometry,32 tip-enhanced Raman 

thermometry,33–35 tip-based fluorescence microscopy,36 SThM-based nanothermometry 

using thermocouple4,29,37–39 or resistive31,40,41 probes, and on-substrate thermocouple42–44 

or resistive28,45 nanothermometry. Among different techniques, four-point-probe resistive 

thermometry has several advantages over other methods, such as relatively easy fabrication 

and instrumentation, high precision temperature measurement,46,47 and the use of the same 

device as a local heater for thermophysical property measurement.48–50 However, a 

relatively large sensing area is required to achieve a high temperature sensitivity for 

resistive thermometry.  On-substrate resistive nanothermometers developed to date have 
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nanoscale confinement in only one direction,28,45 which has prevented the probing of local 

thermal transport with a fully nanoscale spatial resolution.  

In this article, we present the design, fabrication, and characterization of on-substrate 

platinum (Pt) resistive nanothermometers having a 250 nm × 350 nm sensing area and its 

use for quantitative probing of tip-substrate thermal transport. The developed 

nanothermometers show a linear proportionality of the electrical resistance with increasing 

temperature, which is a desired performance for reliable temperature measurement. In 

addition, we demonstrate that the device can be used as a nanoheater by increasing the 

input current. The resistive nanothermomer/heater is used for the experimental study of tip-

induced local cooling in an atomic force microscope (AFM) platform. When an AFM 

microcantilever probe scans over a heated nanothermometer (or nanoheater) in contact 

mode, a relatively cold tip induces local cooling from a heated area. Measuring the 

temperature and heating power changes of the nanothermometer allows the probing of the 

tip-induced local cooling, from which the effective contact thermal conductance is 

determined.  

 

4.3 Results and Discussion 

Fig. 4.1(a) shows the schematics and scanning electron microscope (SEM) micrographs 

of a fabricated four-point resistive nanothermometer device. The detailed fabrication steps 

of the nanothermometer are provided in Fig. 4.S1 of the Supplemental Information (SI). 

The key of the fabrication process is to combine e-beam nanolithography and 

photolithography techniques to align nanopatterned Pt strips with micropatterned gold (Au) 

electrical leads. The Au micropatterns cover the Pt nanopatterns with an average area of 3 
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Figure 4.1. (a) Picture, schematic, and SEM images of a fabricated chip having eight 

independent nanothermometer/heaters. (b) Experimental setup for TCR measurement and 

(c) the differential scheme to isolate the signal of interest to precisely measure relative 

temperature change of the device.  

 

 

µm × 3 µm to minimize contact electrical resistance. Pt nanowires and Au electrical leads 

are 40nm and 180nm thick, respectively, according to the AFM measurement shown in 

Figure 4.S2.  Eight nanothermometers are fabricated on a 1 cm × 1 cm SiNx-on-Si chip. 

Adjacent nanothermometers are separated by 300µm for thermal isolation during 

independent measurements and to provide a suitable platform for the differential 

measurement scheme. The resistive sensing area is at the very center of the Pt nanowires 

with an area of approximately 250 nm × 350 nm, where 250 nm is the width of the Pt 

nanopattern and 350 nm is the length of the thermometer sensing area as measured between 

(a) (b) 

(c) 
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the centers of the inner electrodes. 

The nanothermometers were calibrated in a vacuum chamber equipped with a heater 

stage and electrical feedthroughs. The heater and a K-type thermocouple in the sample 

stage are connected to a temperature controller (Cryo-Con 22C) to feedback control the 

stage temperature with 50 mK accuracy. Figure 4.1(b) illustrates the experimental setup 

for nanothermometer calibration, where the voltage drop across the inner electrodes is 

measured while a constant input current of 100 µΑ is applied through the outer electrodes 

of the nanothermometer. The input current of 100 µΑ was carefully chosen to guarantee a 

stable thermometer signal without self-heating the thermometer in a vacuum condition at 

~1×10-5 Torr. The finite element analysis (COMSOL Multiphysics) predicts the 

temperature increase of the sensing area to be 45mK when the input current is 100 µΑ (or 

the power dissipation of 27.8 µW) in vacuum. A compelling advantage of having multiple 

thermometers in one chip is to implement a differential scheme for precision measurement. 

Figure 4.1(c) illustrates the differential scheme, where a reference nanothermometer is 

connected in series with the sensing nanothermometer. Each thermometer is connected to 

an instrument amplifier (Analog Devices, AD524) with the gain of ×10, and their output 

signals are supplied to the third instrument amplifier with the gain of ×10 to yield an 

amplified differential signal (×100) due to a small temperature change of the sensing 

nanothermometer. The temperature resolution of the nanothermometer under the 

differential scheme can be determined by conducting a noise spectrum analysis within a 

small frequency range close to 0 Hz.46 The power spectral density of the nanothermometer 

is shown in Figure 4.S3 in the SI for the frequency range between 0 to 0.5 Hz, from which 

the noise equivalent voltage is estimated to be 12.96 µV. The corresponding noise 
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equivalent temperature is 410mK: see the SI for more details.  

The base electrical resistance of the nanothermometer used for calibration is 

0 27.82 0.01R = ± Ω  at room temperature, which is equivalent to the resistivity of 

7(7.9 1.1) 10−± × Ω-m from the geometry of the sensing area (40nm in thickness, 350nm in 

length between two inner electrodes, and 250nm in width, with approximately 10% 

uncertainties). It should be noted that the estimated resistivity is almost eight times larger 

than that of bulk Pt (i.e., 
71.06 10−×  Ω-m). This high resistivity may be due to the boundary 

scattering of electrons and defects formed during fabrication.51 Figure 4.2(a) shows the 

calibration result of a nanothermometer over the temperature range from room temperature 

to 350K, where the electrical resistance of the thermometer sensing area is linearly 

proportional to the temperature increase. The corresponding temperature coefficient of 

resistance (TCR) is
4(7.0 0.1) 10−± × K-1, which is in good agreement with previous 

research.28 From the determined TCR, we can measure the temperature change of the 

nanothermometer’s sensing probe using 0/ ( )S ST V G I Rα∆ = ∆ ⋅ ⋅ ⋅ , where SV∆  and G  are 

the voltage change and the gain of the differential measurement circuit, respectively, α  is 

the TCR, and I  is the input current to the nanothermometer.4,27 We also tested the 

feasibility of using the nanothermometer device as a heater by increasing the input current 

in the air. Fig. 4.2(b) shows the parabolic increases of the thermometer resistance and the 

power dissipation of the entire Pt nano-strip with the input current increase, demonstrating 

that the nanothermometer is joule-heated. At the input current of 1.6 mA, the sensing probe 

temperature  becomes  338.5 ± 0.2 K, which is  high  enough  to  conduct  tip-induced  local 

cooling  measurements. It  should  be  noted  that  further  heating   was  possible  but  the  
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Figure 4.2. (a) The electrical resistance of the nanothermometer sensing area as a function 

of the stage temperature. From the linear proportionality, the TCR of the nanothermometer 

is determined to be 7.0×10-4 K-1. (b) The parabolic curves of the thermometer resistance 

and power dissipation of the Pt nano-strip demonstrate the heating capability of the device 

up to 338.5K. 

  

(a) 

(b) 
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experiment was stopped at 1.6mA to avoid thermal damage of the device.  

The tip-induced cooling experiment was conducted by raster-scanning the sensing area 

of a heated nanothermometer (or nanoheater) with a silicon AFM cantilever probe (Bruker, 

FMV-A) and simultaneously mapping topographic and thermometer signals. The tip-

induced cooling rate can be determined by C HP I V= ∆ , where HV∆  is the voltage change 

of the entire Pt heater between the outer electrodes, under the assumption that any change 

in the power dissipation across the Pt heater is due to heat loss to the tip. Figure 4.3(a) 

shows the SEM image of the cantilever probe used for the experiment, which has a 

pyramidal tip with a 16µm tip height and 8nm tip radius. The nanothermometer was joule-

heated with the input current of 1.6mA, raising the temperature of the thermometer sensing 

area at 338.5 ± 0.2K. The cantilever scans around the thermometer sensing area 

(2µm×2µm) in contact mode with the set-point contact force of 15 ± 5nN. The scanning 

speed was set to 0.3µm/s to provide sufficient time for the thermometer to thermally 

respond to the tip movement, as will be discussed in Figure 4.3(c).  

Figure 4.3(a) shows the topographic image around the thermometer sensing area along 

with the corresponding temperature and power dissipation images measured by the 

thermometer. The dark region in the temperature image attests local cooling by the tip 

when it scans over the heated thermometer sensing area. The tip-induced cooling is better 

depicted by the average temperature of the nanothermometer sensing area ( ST ), power 

dissipation of the nanoheater ( HP ), and the corresponding tip-substrate thermal 

conductance ( CG ) with respect to the  tip position  in Figure 4.3(b). The  local  tip-substrate 

thermal  conductance is  estimated  from  ,0( ) / ( )C H H SG P P T T∞= − − , where  ,0HP  is  the 
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Figure 4.3. Shows (a) SEM image of the cantilever tip used as a point heat sink in contact  

with the nanoheater and the topography image of the thermometer sensing area 

(2µm×2µm) with its corresponding temperature change and the power dissipation of the Pt 

nano-strip. (b) The line scan profiles of the topography, thermometer temperature, and the 

power dissipation when the tip scans along the dashed line in (a). (c) Temperature dip 

depths of the thermometer sensing area due to tip-induced cooling for different tip scan 

speeds. The inset compares the temperature line-scan profiles for tip scan speeds at 0.3µm/s 

and 15µm/s. This measurement demonstrates that the nanothermometer cannot fully 

respond to the tip scan speed higher than 1 µm/s. 

 

  

(a) (b) 

(c) 
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initial thermometer power dissipation, under the assumption that the tip base temperature 

remains constant at room temperature T∞ . As the tip scans along the yellow-dashed line in 

Figure 4.3(a), the thermometer sensing area, initially at 
,0ST = 338.5 ± 0.2K by I = 1.6mA 

(or HP =1.19mW), cools down due to heat conduction from the heated thermometer to the 

tip through solid-solid contact, water meniscus, and surrounding air molecules. The gradual 

change of the thermometer temperature signal follows the same trend as the numerically 

calculated local temperature distribution across the thermometer as shown in Figure 4.S4, 

indicating that the nanothermometer captures the local cooling at different tip positions: 

maximal cooling at the center due to the highest local temperature. The shoulders at the 

thermometer edges in Figure 4.3(b) are due to sudden changes in contact area between the 

tip and the thermometer when the tip moves from the thermometer edge to the substrate.4 

We also believe that the slightly asymmetric temperature profile is due to the uneven 

pyramidal tip shown in Figure 4.3(a), which may be convoluted with the thermometer 

signal.  

From Figure 4.3(b), the temperature dip depth is ST∆ = 10.1±0.2 K when the tip is 

placed in the center of the thermometer sensing area. The corresponding heat loss is 

measured to be HP∆ =923±15nW. The effective contact thermal conductance can be 

estimated from ,min/ ( )C H SG P T T∞∆ = ∆ − , where 
,minST  denotes the dip temperature of the 

thermometer sensing area in Figure 4.3(b). The estimated thermal conductance is CG∆ =

32.5±0.8nW/K. The equivalent contact thermal resistance is estimated to be ~6.2×10-9 

m2K/W by assuming the contact diameter of the tip as ~16 nm: see the SI for more 

discussion about the tip contact area. This value is qualitatively in good agreement with 
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previous works, such as ~1.5×10-8 m2K/W for SiO2-Pt,4 ~2.0×10-8 m2K/W for Si-Si,31 and 

~2.7×10-9 m2K/W for SiO2-Au.27 However, it should be noted that the measured thermal 

conductance includes heat conduction through solid-solid contact as well as water 

meniscus and air conduction. Although the contribution of each heat transfer mechanism 

was not directly measured in the present study, we estimated each thermal conductance 

using the theoretical model for solid-solid contact,4 water meniscus,52 and surrounding air1: 

further discussion can be found in the SI.  

The thermal response time of the nanothermometer can also be determined by 

measuring ST∆  at different tip scanning speeds. As shown in Figure 4.3(c), ST∆  does not 

change until the tip scan speed increases to ~1 µm/s, but starts decreasing at higher scan 

speeds. The inset in Figure 4.3(c) compares temperature line profiles as the tip scans across 

the thermometer sensing area at 0.3µm/s and 15µm/s scan speeds, demonstrating that the 

thermometer cannot fully respond to the tip scan speed at 15µm/s. The tip scan speed at 1 

µm/s is equivalent to the travel time of 7.8ms between adjacent pixels when a 2µm × 2µm 

area is scanned  with a 256 × 256 resolution. Therefore, the thermal response time that is 

required for the nanothermometer to reach thermal equilibrium with a moving tip can be 

approximated at ~8ms. The tip scan speed for all experiments reported in this article was 

set to 0.3µm/s (~26ms per pixel) to provide sufficient time for the nanothermometer to 

thermally respond to the tip-induced cooling. 

Figure 4.4 shows the z-spectroscopy of the cantilever deflection and the corresponding 

thermometer signal when the cantilever approaches and retracts from the thermometer 

sensing area. The tip was placed at the thermometer sensing area with feedback-loop 

control of x- and y-positions after topographic imaging. The thermometer was joule-heated 
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Figure 4.4. Z-spectroscopy of the cantilever deflection and the thermometer signal, initially 

heated at 338.5K. As the cantilever approaches the thermometer sensing area, the tip jumps 

into contact on the thermometer to cause a sudden temperature drop. A sudden temperature 

jump is also observed in the cantilever retraction curve, demonstrating that the thermometer 

signal change is solely due to local heat transfer through the tip-substrate contact.  

 

with the input current of 1.6mA during the z-spectroscopy measurement. The cantilever 

deflection signal in the top figure depicts the jump-into-contact during the tip approach and 

the jump-out-of-contact during the tip retraction. The sudden drop and retract points are 

because of attractive forces between the tip and the substrate due to the capillary and the 

thermal forces.27,28,53 The hysteresis of deflection response is due to elastic and possibly 

plastic deformation of tip and sample, resulting in larger attractive forces during retraction 

of the tip. The bottom plot also shows temperature jumps in the thermometer signal, 

corresponding to the contact of the tip. It should be noted that the thermometer z-

spectroscopy was obtained by averaging 5 measurements to reduce the noise caused by the 

z-piezo movement in the AFM. The temperature drop when the cantilever jumps to contact 

is measured to be 8.3 ± 0.2K, which is slightly smaller than the temperature dip measured 
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from the scanning experiment (i.e., 10.1 0.2ST∆ = ± K). We believe that this is because of 

the slightly off-center position of the tip when the z-spectroscopy was conducted. 

Nonetheless, the obtained z-spectroscopy result confirms that the temperature change of 

the thermometer is solely due to the local heat transfer from the heated nanothermometer 

to the cantilever probe upon the contact of the tip. 

 

4.4 Conclusion 

In conclusion, on-substrate resistive Pt nanothermometer/nanoheater with the sensing 

area of 250nm×350nm have been fabricated by combining e-beam lithography and 

photolithography. We believe that the fabricated device is among the smallest resistive 

thermometers ever made to date. The sensitivity (or TCR) of the nanothermometer is 

4(7.0 0.1) 10−± × K-1, which is approximately five times smaller than that of a commercially 

available bulk Pt thermometer, and its noise-equivalent temperature resolution is estimated 

to be 410mK. In addition, we have demonstrated that the nanothermometer can be used as 

a nanoheater by joule-heating the device. By scanning over the heated nanothermometer 

sensing area with a silicon AFM probe, we measured tip-induced local cooling across the 

nanoscale point contact. The effective contact thermal conductance is estimated to be 

32.5±0.8nW/K. The obtained results will provide physical insight onto local heat transfer 

and the resultant temperature distribution in various tip-based thermal engineering 

technologies. 
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4.6 Supplemental Information 

4.6.1 Nanothermometer Fabrication 

This section describes the combination of e-beam lithography for Pt nanopatterns and 

photolithography for Au micropatterns to fabricate four-point-probe Pt resistive 

nanothermometers. Figure 4.S1 shows the schematics of the fabrication process. The 

fabrication starts with a deposition of 500nm thick SiNx layer on an 8 inch Si wafer using 

plasma-enhanced chemical vapor deposition (PECVD). SiNx is chosen over SiO2 for more 

favorable nanopatterning processes. This step is followed by spin coating on the wafer to 

generate 50nm thick PMGI (MicroChem) and 140nm thick PMMA layers for the e-beam 

lithography of the nanopatterns. Here, PMGI thin film is used as a lift-of-layer and PMMA 

is used as an e-beam resist. The next step is to deposit a Cr adhesive layer and Pt 

nanopatterns with e-beam evaporation followed by the lift-off process. For the lift-off 

process, the PMMA layer was removed by rinsing with fresh acetone at room temperature 

by several times and the PMGI layer was removed by dipping into Remover PG 

(MicroChem) at 100°C. Au micropatterns were then fabricated to be properly aligned with 

the nanopatterns using standard optical lithography. To this end, a negative photoresist 

(NLOF 2035, MicroChemicals) was coated on the wafer with nanopatterns, exposed to UV 

light source  with the  micropatterned  mask on it, and  developed in TMAH (2.38%) for 1  
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Figure 4.S1. Schematic of the nanothermometer fabrication process. 
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minute. After descumming by oxygen plasma for 30 seconds, Au/Cr layers were deposited 

by e-beam evaporation to fabricate micropatterned electrodes. We determined the optimal 

thickness ratio to be 200nm/10nm for Au/Cr. The photoresist was removed by dipping in 

acetone and the device was finally cleaned by dipping in the piranha solution for 5 minutes, 

rinsing with DI water and blow drying with N2 gas. 

 

4.6.2 Topography Image of a Nanothermometer 

Topographic imaging of the nanothermometer was done using a Bruker FMV-A 

cantilever with resonant frequency of 75kHz in tapping mode in a customized AFM. To 

avoid tip wear or contamination, scanning parameters were chosen to have minimal 

interaction between the tip and the sample along with high feedback gains. Figure 4.S2 

shows the topographic image of a nanothermometer showing its Au leading patterns within 

scan area of 30 µm × 30 µm. The obtained topography measures the thicknesses of Pt and 

Au patterns to be 40nm and 180nm, respectively. Once the large area of the 

nanothermometer was scanned, we zoomed in the sensing area and switch to contact mode 

to perform cooling experiment. Scanning parameters in contact mode were chosen very 

carefully to keep the tip-sample contact force at 15nN.   

 

4.6.3 Calculation of Tip-Substrate Contact Area 

According to the Hertzian theory, a contact diameter can be calculated using 

* 1/3(3 / )c td d F E=  where td , F , and *E  are cantilever tip diameter, tip-substrate contact 

force, and effective elastic modulus, respectively. The effective elastic modulus can be 
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written  as  
2 2

* 1 2

1 2

1 1
E

E E

υ υ − −
= + 

 
  where  1υ  ( 2υ )  and  1E  ( 2E )  are  Poisson’s  ratio  and 

Young’s modulus for Si (Pt54,55), respectively. Mechanical properties of the substrate will 

be more accurate if we consider it as a 40 nm Pt thin film over a 500nm SiNx
56. When a Si 

tip with an 8nm tip radius is in contact with a Pt layer with the contact force is 15 ± 5nN, 

the contact diameter predicted by the Hertizian theory is 2.0 ± 0.2nm. 

While the ideal contact area can be calculated from the Hertzian model, the realistic 

contact area may be much larger as the cantilever is tilted slightly (~11°) toward the 

substrate in its holder. In this case, the tip-substrate contact can be made on the front surface 

of the tip to form an elliptic contact area. Pettes and Shi31 estimated  the  upper limit of the 

contact diameter to be 122nm from the SEM image of the AFM probe tip having the tip 

Figure 4.S2. Topography image around the sensing area of the nanothermometer. The 

scanned area is 30 µm × 30 µm to show both the Pt pattern and Au electrodes. 
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radius of 62.5tipr = nm, while the lower limit was estimated to be 3.4±0.7nm from the 

Derjaguin-Muller-Toporov model. Using the same scheme, we estimate the upper limit of 

the contact diameter to be approximately 16nm when the tip radius is 8nm.  

 

4.6.4 Calculation of Thermal Conductance for Different Tip-Substrate  

Heat Transfer Mechanisms 

Although contribution of each heat transfer mechanism could not be measured directly 

in the present study, we estimated it by using theoretical thermal conductance models for 

solid-solid contact,4 water meniscus,52 and surrounding air.1  

Solid-solid thermal conductance can be estimated from 

( )tan 2 tanss s t s tG ak k k kπ θ θ= + , where a  is the contact diameter, θ  is the half angle of 

a cone-shaped tip, and 
sk  and 

tk are thermal conductivity of the substrate and the tip, 

respectively.4 We used θ =  17° and 20tk = W/m-K for a Si tip.57 We also calculated 
sk  

as the effective thermal conductivity of the substrate that is composed of a Pt layer with 40 

nm in thickness and SiNx layer with 500 nm in thickness.4 The calculated 
sk  is ~12.5W/m-

K from thermal conductivities found in literature.46,58 The solid-solid contact thermal 

conductance is estimated to be ~15.7 nW/K when the contact diameter is estimated from 

the Hertzian model.  

Thermal conductance due to water meniscus can be modeled as the series connection 

of two thermal conductances at the water-sample interface and at the probe-water interface, 

i.e., 
1 1

meniscus water-subs

1

prot bra e-t wate erG G G− −−= + .52 The thermal conductance through the water 

meniscus can be ignored compared to the other conductances.59 Detailed procedures to 
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calculate water-substrateG  and probe-waterG  are well described in Ref. 52 and will not be repeated 

here. Since the thermal conductance per unit area at the water-solid interface is reported to 

be in the range of h =  100–180 MW/m2-K,60 we estimate the thermal conductance for 

water-sample interface to be 4.8–8.6 nW/K from 
2

water-substrate wG h rπ=  and the thermal 

conductance of probe-water interface to be 58–104 nW/K from 
2

probe-water 2 aG h Rπ=  for the 

relative humidity of 20% (Salt Lake City, UT, USA) and the capillary force at 20 nN. Here, 

wr  is the effective radius formed by water meniscus between the probe and substrate, and 

aR  is an equivalent curvature radius of a probe. Therefore, the thermal conductance due to 

water meniscus, meniscusG ,  can be estimated to be in a range of 4.4–7.9 nW/K. 

The total air conductance can be calculated using [ ]2 tan 1 tan (2 )air gG k L l Lπ θ θ= −  

where 
gk is the air thermal conductivity, l  is the mean free path of air molecules, and L is 

decided by the isothermal length of the tip.1 The isothermal length of the tip defines the 

effective surface area of air conduction and should be determined by a smaller geometry 

between the tip and the nanoheater. For the range of L between 100 nm and 1 µm (i.e., half 

the width and the length of the nanoheater, respectively), the air thermal conductance 

ranges from 4.5 to 49.8 nW/K.  

We did not consider the effect of near-field thermal radiation when considering the 

small temperature increase of the nanothermometer.31 The recent quantitative 

measurements61 reveal the thermal conductance due to near-field radiation is ~1.5 nW/K 

for SiO2-SiO2, ~0.4 nW/K for SiN-SiN, and ~0.1 nW/K for Au-Au tip-substrate materials 

when the gap distance is less than 2nm and the temperature difference is 115 K. When 

considering our configuration (i.e., Si tip on a Pt substrate), we estimate that the thermal 
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conductance due to near-field thermal radiation would be smaller than 1 nW/K. 

From the theoretical modeling, the effective thermal conductance between the tip and 

the substrate is estimated to be in the range of 24.6–73.4 nW/K, which is in good agreement 

with our measurement for the maximum thermal conductance in this letter (i.e., 32.5 

nW/K).  

 

4.6.5 Power Spectral Density 

Figure 4.S3 shows power spectral density (PSD) curves of the voltage signal of the 

differential measurement circuit in figure 4.1(c) when the input current is zero and 1.6mA. 

The two curves are almost overlapped in the frequency range over 1 Hz: small difference 

in this frequency range may be due to shot noise and temperature drift effects62. However, 

there is a significant difference between the two curves in lower frequencies due to the dc 

experiment performed in this work. To calculate the noise equivalent temperature (NET), 

the obtained PSD is curve-fitted with a ninth order polynomial function for the frequency 

range between f=0Hz and f=0.5Hz (see inset Figure 4.S3). By integrating the PSD over 

frequency range from 0 to 0.5Hz (
2

0
( )

f

VNEV PSD f df= ∫ ), we calculated the noise 

equivalent voltage to be 12.97µV. Since the noise equivalent temperature can be calculated 

from the noise equivalent voltage using 0/ ( )NET NEV I Rα= ⋅ ⋅ , the noise-equivalent 

temperature resolution is calculated to be 410mK. Noise floor of the experimental setup is 

measured to be below 10 nV/Hz1/2. 
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Figure 4.S3. The power spectral density (PSD) curves of voltage signals for I=0 Amp and 

I=1.6 mA, showing small shot noise and noise due to temperature drift for frequency range 

over 1Hz. However, the 1/f noise is high below 1 Hz. Inset shows a curve fitted with 

obtained PSD data for the frequency range from 0 to 0.5Hz, from which the noise 

equivalent temperature (NET) of the thermometer is calculated. 
 

 

4.6.6 Temperature Distribution Within the Heater 

In order to verify the temperature distribution measurement shown in Figure 4.3, we 

numerically computed the temperature distribution across the Pt nano-strip under joule-

heating using the finite element method (COMSOL Multiphysics). This shows that the 

trend in the temperature drop of the sensor mean temperature with respect to tip location, 

follows the same trend as the temperature distribution across the sensing area. COMSOL 

Multiphysics is used in other numerical modeling problems as well63,64. Assuming perfect 

electrical leading of Au leads, we modeled the joule-heating of a 40nm-thick Pt nano-strip 
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on a 500nm-thick SiNx substrate. Knowing the width of the sensing probe being ~250nm, 

we used the Fourier law for thermal transport simulation assuming diffusive heat transfer. 

Since the mean free path of free electrons in Pt is  ~10 nm,65 the size of the Pt nano-strip is 

big enough to ignore sub-continuum heat transfer, such as ballistic heat conduction. The 

temperature at the bottom of SiNx layer is assumed to be constant at room temperature, 

while the adiabatic conditions are given to the rest of surface boundaries to simulate the 

vacuum operation of the nanothermometer. An electric potential is set on two sides of the 

Pt, one at high voltage and the other one at ground with insulated boundaries for the rest 

of Pt nanowires. Figure 4.S4 shows the geometry as well as the temperature distribution 

within the domain for an input current of 1.6 mA. The graph shows dimensionless 

temperature distribution along the dotted lines shown in both 2-D schematic and the AFM 

topography image. Due to thermal conduction to the substrate, the temperature distribution 

along the dotted line has a maximum temperature in the middle. This is consistent with the 

maximum temperature drop of the thermometer when the tip is placed in the middle of the 

sensing area. The normalized temperature distribution curve (inversed) obtained from the 

tip-cooling measurement is in good agreement with the calculated temperature distribution, 

indicating that the tip-induced cooling is due to the local heat transfer between a tip and a 

substrate area confined to the tip contact.  
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Figure 4.S4. 3-D Schematic, boundary conditions, and the finite element analysis results 

for a joule-heated Pt nano-strip. The comparison of normalized temperature distributions 

across the Pt nano-strip between the measurement and computation verifies that the tip-

induced cooling is due to local heat transfer between a tip and a substrate area confined to 

the tip contact.  
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CHAPTER 5 

 

CONCLUSIONS AND FUTURE RECOMMENDATIONS 

 

5.1 Conclusion 

This dissertation provides a profound experimental and numerical study on diffusive 

and ballistic thermal transport in micro/nanometer scale to help understand fundamentals 

of heat transfer in subcontinuum regime. The research follows three main scopes including 

(1) the theory behind nanoscale heat transfer in thin films, in which for the first time the 

corresponding governing equations are solved in two-dimensions using a publicly available 

commercial package, COMSOL Multiphysics; (2) full-spectrum investigation of thermal 

behavior of scanning thermal microscope’s heated microcantilever probe, which is the first 

three-dimensional frequency-dependent thermal analysis on heated microcantilevers and is 

expandable to other MEMS devices; and (3) tip-substrate thermal transport analysis, in 

which the smallest-ever fabricated four-probe Pt resistive nanothermometer is used to 

quantitatively measure tip-substrate thermal transport in air and vacuum environments, 

followed by extensive analysis of the contribution of each heat transfer mechanism. 

It is shown that Fourier’s law is incapable of predicting thermal transport at a length 

scale smaller than or comparable to mean free path (mfp) of phonons, the dominant thermal 

energy  carriers, or at very short  time scale. On the other  hand, due  to its  statistical  base

accounting for phonon-phonon and phonon-boundary interactions, Boltzmann transport 
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equation (BTE) has shown strong capability in modeling thermal transport in sub-

continuum regime. However, as a very complicated equation, it is so hard to solve BTE 

even with many simplifications. Therefore, in this work, a widely available commercial 

package is used to solve BTE under gray relaxation time approximation using combination 

of discrete ordinate method (DOM) and finite element analysis (FEA) to model thermal 

transport from continuum to sub-continuum regime for two-dimensional slabs at different 

Knudsen numbers ranging from 0.01 to 10 showing gradual transition from diffusive to 

ballistic heat transfer as Kn number increases. The total number of 256 phonon propagation 

directions are considered in solving the phonon BTE equation to minimize ray effect at 

higher Kn numbers. Even though the model is solved only for simple 2-D geometries, it 

can be easily expanded to 3-D and more complicated geometries which will be discussed 

in the next subsection, in the future recommendations. 

It is also shown how a thermal microcantilever, capable of localized heating in 

nanometer scale, behaves under periodic joule heating operational condition. The thermal 

transfer function is calculated by measuring the third harmonic voltage change of the 

microcantilever at a range of operational frequencies from 10 Hz up to 34 kHz, and 

compared with a finite element analysis of the heat equation in frequency-domain. The 

simulation solves for an actual thermal cantilever, for the first time, in a three-dimensional 

model. The experiment and the modeling are done in both air and vacuum environments to 

fully understand the effect of air as the surrounding medium on the in-phase and out-of-

phase components of thermal transfer function. The ac temperature distribution is also 

shown at different heating frequencies, indicating the hot area to be more localized and 

confined to the heater and constricted regions as the heating frequency increases. The effect 
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of heater size and the constriction size is also studied at the end to see the geometry effect 

on how a thermal microcantilever behaves under periodic heating.  

Finally, a quantitative measurement is presented to study thermal transport between a 

sharp Si tip and an on-Si/SiNx-substrate nanothermometer/heater with a sensing probe size 

of 250 nm × 350 nm, fabricated using combination of electron-beam lithography for Pt 

nanowires and photolithography for Au connections and contact pads. The four-probe 

resistive nanothermometer has the smallest sensing probe among all its predecessors, 

representing the temperature averaged over the small area of 250 nm × 350 nm. The device 

is calibrated, its temperature coefficient of resistance is measured, and the noise-equivalent 

temperature resolution is calculated. After showing that the device can be used as a local 

heater, it is used in an elevated temperature while an AFM Si cantilever at room 

temperature is used to scan over the sensing area, causing heat transfer from the hot 

nanoheater to the cantilever through the tip in contact with the substrate. This experiment 

is done in an air environment followed by extensive analysis to theoretically model 

contribution of each thermal transport mechanism (i.e., conduction through solid-solid 

contact, water meniscus, surrounding air, and radiative heat transfer due to near-field 

effects). The results show that the effective thermal conductance of the experiment in air 

is 32.5 nW/K. Thermal conductance due to near-field thermal radiation is shown that can 

be neglected. The range for thermal conductance for each of solid-solid, water meniscus, 

and air conduction is estimated to be 15.7 nW/K, 4.4 – 7.9 nW/K, and 4.5 – 49.8 nW/K, 

respectively. The overall range for effective thermal conductance is 24.6 – 73.4 nW/K 

which is in good agreement with the measured value (i.e., 32.5nW/K).  

To experimentally study the effect of each mechanism, the same experiment is 
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conducted in both air and vacuum, complementing the aforementioned results. For the new 

experiment, the effective thermal conductance is measured to be 35.2 nW/K and 17.8 

nW/K for air and vacuum, respectively. The details of the results are presented in the 

Appendix. The ratio between the results in air and vacuum is 50% whereas this ratio in the 

previous experiment between the solid-solid conduction and the effective thermal 

conductance in air was 48%. This is correct if we assume that there would be no water 

meniscus formed around the cantilever’s tip in the vacuum condition at 10-5 Torr. The 

deviation between the measured effective thermal conductances in air is due to the new set 

up (i.e., different cantilever and nanothermometer that could potentially result in a different 

tip-substrate contact quality). Also, different temperatures that the nanothermometer is 

operating at affect the conduction through surrounding air.  

 

5.2 Future Recommendations 

5.2.1 Tip-Substrate Thermal Transport Modeling 

One of the limitations in modeling subcontinuum thermal transport is the complicated 

governing equations that require high-speed computational power. As mentioned in 

Chapter 2, the 2D DOM-FEA model for ballistic-diffusive heat transfer can be simply 

extended to 3D and complicated geometries upon availability of computing machines with 

large memories. The tip-substrate geometry would be a very interesting model to simulate 

as it helps predict thermal transport between a sharp tip and a substrate. This model 

provides a strong tool for predicting temperature distribution throughout the tip in contact 

with the substrate, at different contact forces and corresponding contact areas. This allows 

accurately defining operation parameters of different tip-based thermal engineering 
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applications. Figure 5.1 shows an example of such geometry in 2D. 

 

5.2.2 Thermophysical Property Measurement of Materials 

Electrothermal characterization of thermal microcantilevers, combined with the 

frequency-dependent heat transfer model, provides a strong tool to estimate 

thermophysical properties of materials at nano/picogram level. A thermal microcantilever 

at an elevated temperature in contact with a substrate can be used to locally melt down a 

small area near the hot tip. Once the material is melted, the microcantilever can be moved 

around and scoop small amounts of material on the top of it. Using the 3ω method, and the 

developed model, thermophysical properties of the scooped material can be used to curve-

fit the experimental results with the model. Figure 5.2 shows a thermal microcantilever 

with some PMMA melted on the top. The weight of the PMMA can be calculated using 

changes in the resonance frequency of the microcantilever. 

 

5.2.3 Tip-Substrate Thermal Conduction 

The effect of a water meniscus surrounding a tip in contact with a substrate on thermal 

transport is reported for the tip at different temperatures [1]. Yet, it would be of great 

interest to systematically control humidity of the environment and measure tip-substrate 

thermal transport to precisely evaluate contribution of heat transfer through water 

meniscus. One of the methods for controlling a chamber’s humidity is to use salt solutions 

in the medium. Table 5.1 shows a list of salts with specific weight ratio to achieve a specific 

humidity [2]. Conducting the tip-induced cooling experiments at different humidities 

would  be  an  important  step  in   tip-based   thermal  engineering.   In addition,  thermal  
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Figure 5.2. QTF resonant frequency shift as it approaches a substrate 

Figure 5.1. Schematic of shear force AFM using a quartz tuning fork oscillator scanning 

over a nanothermometer to quantitatively measure near-field radiative heat transfer

between a tip and a substrate. 
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Table 5.1. Salt solution and expected relative humidity [2]. 

Salt Water content Expected relative humitidy 

15g LiCl 12 ml 11% 

30 g Mg Cl2 3 ml 33% 

20g NaCl 10 ml 75% 

30g K2SO4 10 ml 97% 

 

conductance between different materials can open up new horizons in different applications 

of tip-based thermal engineering. In the reported experiment in Chapter 4, an Si tip is used, 

while by simply changing the tip to SiNx or another widely used semiconductor material, 

the effect of tip thermal conductivity on heat transfer can be studied. Finally, effective 

thermal conductance measurement in vacuum at different nanothermometer temperatures 

can provide information on contribution of near-field radiative heat transfer and whether it 

is comparable to solid-solid conductance. 

 

5.2.4 Radiative Heat Transfer at Extreme Near-Field 

One of the thermal transport mechanisms between a sharp tip and a substrate at an 

elevated temperature is near-field thermal radiation, which has been shown to exceed the 

far-field limit, governed by Planck’s blackbody distribution, due to the contribution of 

evanescent modes to energy transport as the emitter-receiver separation becomes much 

smaller than the thermal wavelength [3]. Measurement of radiative heat transfer is very 

challenging mainly because of difficulties in precision gap control between a sharp tip and 

a substrate. Quantitative measurement of near-field radiation using an AFM cantilever is 

reported for gap distances below 10nm [4]. It is extremely difficult to use a cantilever for 

gap distances below 2nm as the tip snaps into the substrate because of cantilever deflection 

due to strong attractive forces of the substrate, however such a small gap distance can be 
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achieved by shear force AFM (SF-AFM) using a quartz tuning fork (QTF) with a tip glued 

on one of its prongs. Oscillating a QTF at its scissor-like fundamental mode allows lateral 

movement of the tip, maintaining the tip-substrate gap distance, while preventing it from 

snapping into the substrate due to the QTF stiffness. While maintaining a constant gap 

distance between the tip and the substrate, the QTF can be used to scan over the 

nanothermometer/heater sensing area in vacuum condition to quantitatively measure 

radiative heat transfer from the nanoheater to the tip. Figure 5.1 shows the schematic of 

SF-AFM using a QTF oscillator, scanning over a nanothermometer in vacuum chamber. 

To operate the QTF, SF-AFM controller feedbacks off of the resonant frequency shift of 

the QTF due to tip-substrate force interactions as the QTF approaches the substrate. Figure 

5.2 shows the resonant frequency shift of a QTF as it approaches to a substrate in vacuum. 

Although not shown, a sudden  change  in  df  happens  upon  tip  contact  with  the  

substrate. To  this  end,  some preliminary data is collected indicating validity of this 

promising approach. Figure 5.3 shows temperature response of the nanoheater as the QTF 

tip approaches the nanoheater. More experiments can be conducted to quantitatively 

measure thermal radiation between a sharp tip and a substrate. 

 

5.2.5 Temperature-Dependent Near-Field Force-Gradient in Air and Vacuum 

Force microscopy at nanoscale is the base of significant inventions such as AFM 

providing a strong tool to investigate forces between a tip and a substrate, including but 

not limited to Van Der Waals forces [5] in molecular regime, Casimir-Polder force [6–8] 

in  quantum electrodynamics (QED) and meniscus forces [9]. There are many applications 

benefitting from  force analysis  at  nanoscale  such  as  material  characterization  by  force 
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Figure 5.3. Temperature response of the nanoheater as the QTF approaches resulting in 

temperature drop in nanoheater due to tip-substrate radiative heat transfer.  

 

spectroscopy using  quartz  tuning  fork (QTF) scanning  probes [10,11]. Not many studies 

considered temperature  dependence of  such  close range forces. QTF probes  are  

promising tools for near-field force analysis, due to their high sensitivity to force gradient. 

To study effect of temperature on the aforementioned close range forces, shear force-AFM 

with a QTF probe can be used to scan over a nanoheater at different elevated temperatures 

while monitoring the substrate motion. During an SF-AFM scan over the nanoheater using 

a QTF probe, at a constant QTF resonant frequency shift (df), a substrate’s z-motion can 

be monitored which can be used to provide information of force gradient for different 

nanoheater temperatures. Figure 5.4 shows some preliminary measurements for substrate 

z-motion as a function of substrate temperature for different df as the feedback loop 

parameter to the SF-AFM controller to keep the QTF tip-substrate distance constant. df 

also allows direct computation of force gradient (��/��) given the QTF spring constant  
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Figure 5.4. Measured substrate z-motion at different nanoheater temperature for QTF 

resonant frequency shifts in (a) air and (b) vacuum. 

 

 

 

(a) 

(b) 
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(�) and fundamental frequency (	
) [12]: ( )02df f F z k≅ ∂ ∂ . The substrate’s z-motion 

is defined relative to the z-position at room temperature (�
) as ∆� = ���� − ���
�. 

Therefore, ∆� > 0 indicates motion of the sample towards the tip, while ∆� < 0 indicates 

sample motion away from the tip. Figure 5.4 (a) shows ∆� for different temperatures at 

different df in air. The larger the df is, the QTF is closer to the substrate, therefore it is more 

sensitive to temperature change. As the temperature increases, while df maintains constant 

(by the SF-AFM feedback controller), the sample stage has to back out (∆� < 0) to keep 

F z∂ ∂ constant, meaning that the forces between the tip and the substrate increase with 

temperature which can be explained by the fact that kinetic energy of the air molecules 

between the tip and the substrate increase with temperature resulting in larger forces 

between the two. This phenomena is vice versa in vacuum condition, meaning the tip-

substrate near-field forces decrease as the temperature increases, resulting in the sample 

stage moving closer to the QTF with temperature increase. Further investigations are 

required to precisely address these data. 
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APPENDIX 

 

TIP-SUBSTRATE THERMAL TRANSPORT ANALYSIS IN AIR  

AND VACUUM 

 

This appendix discusses quantitative measurement of tip-induced local cooling in air 

and vacuum environment, providing the possibility to distinguish between different heat 

transfer mechanisms, conduction through solid-solid contact and air conduction. The 

results are in good agreement with the theoretical modeling in Chapter 4, where the solid-

solid conduction is ~32% of the average of calculated effective thermal conductance in air 

(i.e. 49 nW/K). 

Following the schematic shown in Chapter 4, a nanothermometer/heater is set up for 

calibration. The temperature coefficient of resistance (TCR) is measured to be 8.3 × 10-4 

/K with a sensing current of I = 100 µA. The electrical resistance of the sensing probe is 

R0 = 24.88 Ω at room temperature. Figure A.1(a) shows the calibration of the 

nanothermometer over the range of room temperature to 340 K, and the corresponding 

TCR. Figure A.1(b) shows the resistance of the sensing probe with respect to input current 

to the circuit in air and vacuum, indicating the capability of the nanothermometer to be 

used as a nanoheater. Figure A.1(c) again shows the heater nanowire power with input 

current again indicating the heating capability of the device. The inset in figure A.1(c) 

shows  the  resistance of  the heater  wire  with  input  current. There is a  slight  difference 
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Figure A.1. Calibration of the nanothermometer: (a) Resistance change of the sensing area 

with the stage temperature is used to calculate the temperature coefficient of resistance in 

vacuum condition. (b) The electrical resistance change of the sensing probe with input 

current in air and vacuum showing the heating capability of the device. (c) The electrical 

power dissipated in the heater line as a function of input current. There is a slight difference 

within µW scale between the heating power in air and vacuum at higher input currents. The 

inset shows the electrical resistance change with increasing input current better showing 

the difference between air and vacuum measurement at high input currents. 

(a) 

(b) 

(c) 



122 

 

 

between the vacuum and air measurement, showing the cooling effect of air due to free 

thermal transport between the heater line and the surrounding medium. Using this data, 

different input currents can be used to set the sensing probe’s temperature at the same value 

weather it is in air or in vacuum. For the tip-induced cooling experiment, input currents of 

1.6 mA and 1.55 mA is used in air and vacuum, respectively, corresponding to the sensing 

probe temperature of 336.5 K. The vacuum pressure used in the experiment is 10-5 Torr. 

Now it is time to conduct the tip-induced cooling experiment same as in Chapter 4. 

The tip-induced cooling experiment is conducted using similar Si cantilevers as in 

Chapter 4, as well as same AFM operating parameters to maintain similar tip-substrate 

contact force. An input current of 1.6 mA is used to heat up the sensing probe to 336.5K in 

air environment. The scanning speed is well discussed in Chapter 4, therefore, the same 

optimum scanning speed is used to scan an area of 2 µm × 2 µm area with maximum 

thermal transport between the tip and the substrate. After running the experiment in air, the 

chamber is pumped down to 10-5 Torr vacuum pressure, which used to run the experiment 

in vacuum environment. An input current of 1.55 mA is used in vacuum that results in an 

elevated temperature of 336.5 K in the sensing probe, equal to the air case. Figure A2 

shows the response of the nanothermometer/heater as the tip scans over the sensing area in 

(a) air and (b) vacuum. The maximum temperature drop in the sensing probe is 9.5 K and 

5.2 K in air and vacuum, respectively, corresponding to heating power change of 951±14 

nW and 557±25 nW, respectively. Using thermal conductance definition,

,min( )C H SG P T T∞∆ = ∆ − , effective thermal conductance is calculated to be 35.2±0.8  

nW/K and 17.8±0.9 nW/K in air and in vacuum, respectively. From Chapter 4, effective 

thermal conductance in air is measured to be 32.5±0.8 nW/K where solid-solid conduction,  
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Figure A.2. The sensing probe temperature change and the corresponding heating power 

response followed by the effective thermal conductance in (a) air and (b) vacuum 

condition, as the cantilever scans across the sensing probe. 
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water meniscus conduction, and air  contribution are calculated to be 15.7 nW/K, 4.8 – 8.6 

nW/K, and 4.5 – 49.8 nW/K, respectively. If it is assumed that there is no water meniscus 

at that vacuum level, thermal conduction through solid-solid contact has ~50% contribution 

of total tip-substrate thermal transport for the case of this experiment. This is in good 

agreement with the ratio of calculated solid-solid conduction to the measured effective 

thermal conductance in Chapter 4 (i.e., ~48%). This ratio will be larger assuming 

contribution of water meniscus at its lower value (4.8 nW/K) in vacuum condition: 63%. 

Implementing the calculated values and using the average value for the calculated air 

conduction, these ratios will become 32% and 41% with and without water meniscus in 

vacuum condition. 

 


