
 
0 
 

 

 

 

DESIGN, ANALYSIS AND SIMULATION OF HIGH 

 SENSITIVITY, N-COUPLED OSCILLATOR, 

 MICRO GYROSCOPE 

 

by 

Hoorad Pourzand  

 

A thesis submitted to the faculty of 
The University of Utah 

in partial fulfillment of the requirements for the degree of 

 

Master of Science 

 

Department of Electrical and Computer Engineering  

The University of Utah 

May 2015 

 

  

 



  

 

 

 

 

 

 

 

 

 

 

 

Copyright © Hoorad Pourzand 2015 

All Rights Reserved 

 

 

 

 

 

 

 

 

 

 



 
0 
 

T H E  U N I V E R S I T Y  O F  U T A H  G R A D U A T E  S C H O O L  
 

 

 

STATEMENT OF THESIS APPROVAL 
 
 
 

The thesis of Hoorad Pourzand 

has been approved by the following supervisory committee members: 

 

Massood Tabib-Azar , Chair 6/2/2014 

 
Date Approved 

Rajesh Menon , Member 6/2/2014 

 
Date Approved 

Bruce Gale , Member 6/2/2014 

 
Date Approved 

 

and by Gianlucca Lazzi , Chair/Dean of  

the Department/College/School of Electrical and Computer Engineering 

 

and by David B. Kieda, Dean of The Graduate School. 
 

 

 

 

   

 



 
0 
 

ABSTRACT 

 

Microelectromechanical gyroscopes are readily used in cars and cell phones. 

Tactical gyroscopes are available inexpensively and they offer 0.01 to 0.1 % scale factor 

inaccuracy. On the other hand, strategic gyroscopes with much better performance levels 

are 100,000 times more expensive. The main objective of this work is to explore the 

possibility of developing inexpensive strategic grade gyroscopes using 

microelectromechanical systems technology.  

Most of the available gyroscopes are surface micromachined due to fabrication 

issues and misalignment problems involved in multistep fabrication processes necessary 

to use the bulk of the wafer as the proofmass in MEMS gyroscopes. It can be shown that 

the sensitivity of the gyroscope is inversely proportional to the natural frequency; so if 

bulk micromachining technique is used it is possible to decrease the natural frequency 

further than current limits of surface micromachining in order to increase sensitivity. This 

thesis is focused on proposing a way to use bulk of the silicon wafer in the gyroscope to 

decrease the natural frequency to very low levels, such as sub-KHz regime, that cannot be 

achieved by single mask surface micromachining processes. It then proposes a solution 

for solving the misalignment problems caused by using multiple fabrication steps and 

masks instead of using only one mask in surface micromachined gyroscopes.  

In our design discrete proofmasses are linked together around a circle by 

compliant structures to ensure the highest effective mass and lowest effective spring 
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constant. By using a proposed double sided fabrication technology the effect of 

misalignments on frequency mismatch can be reduced. ANSYS software simulations 

show that 20 µm misalignment between the masks causes a frequency shift equal to 0.3% 

of the natural frequency that can be compensated using electrostatic frequency tuning. 

Acceleration parasitic effects can also be a major problem in a low natural frequency 

gyroscope. In our design a multiple sensing electrode configuration is used that cancels 

the acceleration effects completely. The sensitivity of the gyroscope with 3126 Hz natural 

frequency is simulated to be 574 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
 , or about four times higher than 132 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
 , 

which was used as a benchmark for a sensitive gyroscope. 
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CHAPTER 1 
 
 
 

INTRODUCTION 
 
 
 

The basics of micro-electromechanical (MEMS) gyroscopes and their different 

types are covered thoroughly in [1], [2] and [3] and are not covered again here. After 

going through different designs of MEMS gyroscopes it can be seen that most of them 

are surface micromachined. The main reason is usually fabrication issues and also 

misalignment problems that are involved in multistep fabrication processes necessary to 

use the bulk of the wafer as the proofmass in the MEMS gyroscope. In later chapters it is 

shown that the sensitivity of the gyroscope is inversely proportional to the natural 

frequency; however, if surface micromachining technique is used it may not be able to 

decrease the natural frequency a lot. This thesis is focused on proposing a way to use 

bulk of the silicon wafer in the gyroscope to decrease the natural frequency to very low 

levels such as a sub-kilohertz regime that cannot be achieved by single mask surface 

micromachining processes. It then proposes a solution for solving the misalignment 

problem caused by using multiple fabrication steps and masks instead of using only one 

mask in surface micromachined gyroscopes. MEMS gyroscopes have much lower final 

cost compared to conventional optical gyroscopes. In Figure 1.1, the cost and 

performance of optical and MEMS gyroscopes are compared. 
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It can be concluded from Figure 1.1 that if some solutions are proposed to push 

the sensitivity and other performance characteristics of MEMS gyroscopes beyond their 

current limits, there is a high chance to replace more expensive optical gyroscopes that 

have the same performance level with the newly designed MEMS gyroscopes because of 

lower cost and weight [4]. In this way the total cost of our designs can be reduced while 

keeping the same performance level, which guarantees a good market for the newly 

designed sensitive MEMS gyroscopes. There are also some new applications in space and 

aviation industry that require very small sizes, low weights or low costs that conventional 

gyroscopes cannot be used in. In these applications, MEMS gyroscopes have to be 

chosen although they may have worse characteristics. Considering these facts and 

applications all research projects on improving the performance characteristic of MEMS 

gyroscopes are highly justifiable and reasonable, including this work. 

Fig 1.1: Comparison of MEMS and optical gyroscopes. Modified from [4]. 
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The next step is finding which type of MEMS gyroscopes are the best choice for 

performance improvement. It is well known that different types of MEMS gyroscopes 

have different typical performance characteristics. The concentration of this work is on 

sensitivity improvement, noise levels are not considered. From the review of reference 

paper [3], which was published in 2009, the highest sensitivities for different types of 

MEMS gyroscopes are selected and plotted in Figure 1.2. It can be seen that the highest 

sensitivity, which is 132 mV/º/sec, belongs to a ring type gyroscope fabricated in 2002 

[5]. It should also be noted that the total sensitivity of the gyroscope depends on two 

things, the sensitivity of the readout circuit and the gyroscope type and dimensions. The 

difference in sensitivities between the ring type MEMS gyroscope and other types is so 

high that it cannot be only related to more sensitive circuit; so it can be concluded that 

MEMS ring type gyroscopes are the best type of gyroscope to focus on for improvements 

simply because they have the maximum sensitivity reported. The value of 132 mV/º/sec 

is also considered as the benchmark in this thesis for a sensitive gyroscope and the goal is 

designing a gyroscope with a better sensitivity. The gyroscopes shown in Figure 1.2 are 

discussed briefly below [3], except ring type gyroscopes which are explained in the next 

chapter. 

 

Surface Acoustic Wave (SAW) Gyroscopes 

In 1997, Kurosowa et al. proposed a completely novel design concept of an  inter-

digitated transducer (IDT) SAW gyroscope which includes IDTs, reflectors, and a 

metallic dot array within the cavity [6]. The IDTs and reflectors are fabricated through 

microfabrication techniques on the surface of a piezoelectric substrate, 128º YX LiNbO3. 
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The transmitter IDT creates SAW that propagates back and forth between the 

reflectors and forms a standing wave inside the cavity due to the collective reflection 

from reflectors. SAW reflection from individual metal stripes adds in phase if the 

reflector periodicity is equal to half a wavelength. For the established standing wave, a 

substrate particle at the nodes of a standing wave has no amplitude of deformation in the 

z-direction; however, at or near the antinodes of the standing wave pattern, particles will 

experience larger amplitude of vibration in the z-direction, which serves as the reference 

vibrating motion for this gyroscope. In the presence of external rotation dot arrays over 

the antinodes will vibrate along the orthogonal direction to the standing wave because of 

the Coriolis force and will generate a secondary surface acoustic wave that can be sensed. 

Despite fabrication, the Kurosowa gyroscope did not obtain any output signal; the 

improvement was from Pennsylvania State University who fabricated the first 1 cm × 1 

cm sample gyroscope which has a sensitivity of 705 µV/º/s [7]. 
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(1.1) 

Levitated Rotating Ring Gyroscopes 

The levitated rotational-gyro/accelerometer consists of a spinning rotor and 

stators that maintain the rotor at its null position by applying levitation control. When an 

angular rate orthogonal to the spinning axis is applied, a precession torque applied by the 

levitation control returns the rotor to the null position. The formula below gives the 

magnitude of the precession torque, T, as a function of the moment of inertia, I, the 

rotational speed of the rotor 𝜔, and the angular rate �̇�: 

 

𝑇 = 𝐼𝜔�̇� 

 

An electrostatically suspended and sensed micromechanical rate gyroscope is 

comprised of a disk-shaped rotor with flange; the active conductive layer of which is 

composed of structural polysilicon and separated from the other conductive layers by an 

insulating silicon nitride layer and five sets of actuators, required by position control in 

both axial and radial directions. Three are for the upper and lower axial suspensions so 

that height and tilt relative to the substrate may be set, and two are for radial centering 

and driving. The motor drive electrodes transfer the sustaining torque for the spinning 

element and sensor electrodes are all placed below the rotor. In a word, the device 

consists of three types of electroquasistatic components: the motor drive, position sensors 

and the nonrotary actuators for rebalance and suspension. The spinning element of the 

gyroscope is a three-phase bipolar variable-capacitance synchronous motor and the 

gyroscope is a rebalanced gyroscope that has a control system designed to hold the 

gyroscope in a constant position while it is subject to external forces. As with suspended 
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macroscopic gyroscopes, the rotor is spun by a motor to produce angular momentum, 

suspended and controlled by force and torque actuators, and sensed by various position 

sensors. The structure is fabricated according to current very large scale integration 

(VLSI) micromachining methods. The rotor diameter is 4000 µm, which leads to a 

minimum detectable angular rate of 0.05 º/s and the total sensitivity of 6.5 mV/º/sec [8]. 

 

Multiaxis Gyroscopes 

The vast majority of research has focused on single input axis rate gyroscopes. 

Dual and multi-input axes have the advantage of lowering cost and increasing efficiency. 

WACOH corporation is developing a new 5-axis motion sensor fabricated by SOI bulk 

micromachining. The whole package is made of glass, silicon on insulator (SOI) and 

glass from top to bottom and the chip size is minimized to 5.0 × 5.0 ×1.7 mm3. By using 

an electrostatic resonant drive at 3.42 KHz and nonresonant capacitive detection mode, 

the sensitivities of Ωx and Ωy are 6.61 mV/º/s and 12.1 mV/º/s, respectively. Cross-axis 

sensitivity is reported to be less than 5% and full scale nonlinearity is less than 3% [9]. 

 

Decoupling Gyroscopes 

Quadrature signal and Coriolis offset are two important factors influencing 

performance of vibrating gyroscopes. In fact, ideal drive motion is never achieved and 

the drive displacement will have a vector component in the sense direction. Like the 

Coriolis motion, this displacement along the sense direction will be at drive frequency. 

Hence, this error signal will corrupt the desired Coriolis motion signal. This error is 

called quadrature signal since there is a 90º phase difference between quadrature and the 

desired Coriolis output. Coriolis offset is another error signal which appears at the output 
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at drive frequency. Coriolis offset arises when the drive force has a component along the 

sense direction. One of the methods to reduce the two errors mentioned above is through 

signal controlling. Another elegant solution to suppress the quadrature error in 

gyroscopes is through a clever design of mechanical suspension. Mechanical decoupling 

structure with different degree of freedoms (DOFs) can effectively lower the quadrature 

error and the Coriolis offset. The concept of quadrature error is explained really well in 

reference [1]. 

Middle East Technical University in Turkey reported a novel  symmetric 

micromachined gyroscope design that provides enhanced decoupling of the drive and 

sense modes [10], and  increased  actuation and detection capacitances beyond the 

fabrication process limitations. The novel decoupling mechanism is based on providing 

2DOF oscillation capability to the gyroscope proof mass, while the degrees of freedom of 

the actuation and detection electrodes are restricted to 1-DOF, as shown in Figure 1.3. 

The decoupling  mechanism  minimizes  the  effects of fabrication imperfections and the 

resulting anisoelasticities by utilizing independent folded flexures and constrained 

moving electrodes  in   the drive and sense modes. Bulk micromachined prototype 

gyroscopes have been fabricated and the experiment shows that over an order of 

magnitude of capacitance increase is achieved in the same footprint of the device, without 

additional fabrication steps. They fabricated gyroscopes using a standard three-layer 

polysilicon surface micromachining process, multi-user MEMS process (MUMPs) and a 

nickel electroforming process. The improved gyroscope in 2006 had a 18 µm thick nickel 

structural   layer   with   2.5 µm   capacitive   gaps,   providing   an   aspect  ratio  above 7  

a noise-equivalent  rate  of  0.095 (º/s)/√Hz   and   short-term   bias   stability  better  than 
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0.1º/s. The nominal scale factor of the sensor is 17.7 mV/º/s in a measurement range of 

±100 º/s, with a full-scale nonlinearity of only 0.12%. 

 

Tuning Fork Gyroscopes 

Bosch company reported a yaw rate silicon micromachining sensor in 1998 [11]. 

This device can achieve amplitudes as large as 50 µm using a permanent magnet 

mounted inside a metal package. It was fabricated through a combination of bulk and 

surface micromachining processes. It consists of two bulk-micromachined oscillating 

masses and two surface-micromachined accelerometers. The sensitivity can achieve      

18 mV/º/s. The device resolution is 0.3 º/s at a 100 Hz bandwidth because of the large 

amplitude. The large amplitude can increase output signal and power consumption. It also 

can cause fatigue problems over long-term operation. The mechanical suppression of the 

mechanical crosstalk between the oscillator and the Coriolis sensing accelerometer was 

Fig 1.3:  Double decoupling. Modified from [3].  
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(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

more  than  8000. The temperature drift of the offset of the yaw rate sensor is less than 

0.5 º/s without any temperature compensation.  

 

Motivation for N-coupled Oscillator Gyroscopes 

For the classic N-coupled resonators, equations of motion can be written as:  

 

myn̈ = −kc(yn − yn−1) + kc(yn+1 − yn) − kyn 

 

where kc is the coupling spring between the resonators, k is the spring constant of each 

resonator, w0 =  √
𝑘

𝑚
  and  wc =  √

kc

𝑚
 . 

 

myn̈ + (k + 2kc) yn − kcyn−1 − kcyn+1 = 0  

 

yn̈ + (w0
2 + 2wc

2) yn − wc
2yn−1 − wc

2yn+1 = 0  

 

y = ApCos(wt) 

 

After plugging equation 1.5 into 1.4: 

 

𝐴𝑝−1 + 𝐴𝑝+1

𝐴𝑝
=

𝑤0
2 + 𝑤𝑐

2 − 𝑤2

𝑤𝑐
2

 

 

To solve equation 1.6, it should be assumed that:  
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(1.8) 

(1.9) 

(1.7) 

Ap = Csin(pθ) 

 

After replacing 1.7 into 1.6 it will be concluded that the mode shapes should be of 

the form of equation 1.8 for 32 coupled resonators:  

 

Ap = C. sin (
pnπ

16
)  &  C. Cos (

pnπ

16
) 

 

where p is the resonator number and n is the mode shape number. The first mode shape is 

uniform motions of all the resonators together, which happens for n=0. After using 

equation 1.8 in 1.6 it can be concluded that the modal frequency of the system can finally 

be written in the form of: 

 

w = √w0
2 + 4wc

2 sin2
nπ

32
 = 𝑤0√1 + 4

𝑘𝑐

𝑘
 sin2

𝑛𝜋

32
 

 

This formula also works for n=0 where all the resonators move together. Figure 

1.4 shows a plot of the natural frequency versus coupling ratio for different mode shapes. 

For n=16 adjacent resonators move in opposite directions. 

There are two different methods to design a gyroscope with coupled oscillators. 

The first method is using the fact that wave propagation speed changes around a circular 

coupler in the presence of an external rotation. Figure 1.5 shows 32 resonators around a 

circle that are attached to the substrate from the cantilever. If the system is subjected to  a  
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pulse from the top electrode, the first peak of vibration will travel gradually around the 

circle and the group velocity can be calculated. Figure 1.6 shows the transient response of 

the first four oscillators after applying a 1 µN force to the top resonator for 10µs. 

The group velocity can be calculated from Figure 1.6 to be 12 m/s and it takes 

about 355 µs for the peak of vibration to reach the two sensors from both directions. At 

first, all the vibrational energy will be concentrated in the top resonator where the force is 

applied and gradually the vibrational energy will transfer to other resonators. As a wave 

until, all resonators will vibrate according a combination of excited mode shapes and then 

the vibration will be gradually damped by an energy loss mechanism until the system 

reaches an almost fixed position. Then another pulse will be applied and this happens 

repeatedly. If the gyroscope is rotated in this process, the peak of vibration reaches the 

two sensors at different times and by measuring the time lag, the external rotation can be 

cause a time lag and at the end of this time  period the  average  external  rotation  can  be  
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Fig 1.4: Ratio of natural frequency to the single cantilever natural 
frequency versus coupling ratio for five different mode shapes. 
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Fig 1.5: Coupled resonators subjected to a 10 µN pulse for 10 µs. 

Fig 1.6: Transient response of the first four resonators with nickel 
cantilevers and SU8 polymer couplers. 
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calculated. Following this calculation period there is a damping down period which may 

be up to a few seconds. Increasing the effective damping of the system can reduce this 

damping down interval but it will not be eliminated completely. 

Another way to use coupled resonators as a gyroscope is using them in 

combination of a ring type gyroscope. The discrete proof masses of the coupled 

oscillators increase the effective mass of the system while the effective spring constant is 

kept at low levels, which leads to lower natural frequencies and higher sensitivities. This 

method is explained further in the next chapter.  
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CHAPTER 2 
 
 
 

CONCEPTUAL DESIGN 
 
 
 

Conceptual Design and Fabrication Method 

The gyroscope is comprised of a series of bulk mass oscillators connected 

together with a ring coupler. The resonators can be coupled from the top or from the base, 

see Figure 2.1. The simulations show the device will have higher sensitivity if the 

resonators are coupled together from the end in which they are not attached to the 

substrate. The principle of working of this gyroscope revolves around having two mode 

shapes  with  almost  the  same  natural   frequency   that  have  45  degrees  difference  in   
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Fig 2.1: Different methods of coupling the resonators. (a) From the top end, 
(b) from the bottom end. 
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direction, see Figure 2.2. When a rotation around the axis of the gyroscope happens, all 

of the resonators contribute to starting a secondary vibration along the other direction 

which is 45 degrees tilted from the excitation direction (Figure 2.3). All the proofmasses 

cooperate in giving rise to secondary vibrational motion either directly, or by squeezing 

the ring coupler, or a combination of these two actions. The difference of this gyroscope 

with other hemispherical gyroscopes is that the cantilevers can  be  accessed  and  can  be   
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Fig 2.2: Two mode shapes with 45 degrees difference in orientation. Natural 
frequency is 52336 Hz for this model’s dimensions. 

Fig 2.3: Velocity directions are shown with orange arrows and 
Coriolis force with yellow arrows around the ring gyroscope.  
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improved to increase the quality factor. The mass of the structure can also be increased 

without changing the spring constant to increase the sensitivity of the gyro. This gives the 

designer open hands to design different gyroscopes for different applications. In order to 

microfabricate this complicated structure from silicon, deep reactive ion etching (DRIE) 

method should be used from both sides of the wafer. The coupler and cantilevers can be 

made out of single crystal silicon, silicon nitride, silicon oxide, nickel and other metals or 

polymers and the rest of the structure is made out of silicon. At first the coupler is 

deposited and patterned (Figure 2.4.a). Then a Cr layer is deposited on the bottom side 

and patterned by lithography to be used as a mask to etch silicon (Figure 2.4.b). Then the 

chip is flipped  and a Ni layer is deposited on the top surface and patterned to form a 

circular opening on it. This is used as a mask to do DRIE from the top side till an opening 

is seen on the other side, while anchor cantilevers are still untouched (Figure 2.4.c). Then 

Ni mask is removed and from the bottom side the first DRIE etch is continued till the 

coupler is reached (Fig 2.4.d). At the end the bottom Cr mask is removed by etchant. In 

this way only one side of the proof mass is formed from the top side and the three other 

sides will be formed from the bottom side. If there is a misalignment of the top and 

bottom mask, the mass of proof masses may change slightly but a fabrication sequence 

can be used in which two opposite sides of the proof mass are fabricated from the top and 

the other two from the bottom. This minimizes the misalignment effect on the final size 

of proof mass. This method is explained later in Appendix A. The bonding to glass step 

and fixed electrode formation are not shown in this fabrication sequence. To increase the 

sensitivity it  is  better  to increase the size of proof masses and make them as close to 

each other as possible. Because of the small gaps between large proofmasses  the  size  of 
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the couplers connecting the proofmasses together will decrease substantially, leading to 

high coupling stiffness which is not desirable. To overcome this issue, sacrificial layers 

can be used so that the couplers connect the center point of the proofmasses only and do 

not touch other parts of the system, Figure 2.5. In this way, the length of the couplers will 

be independent of the proofmass size. 

 

Sensitivity Increase Concept 

The device that is going to be designed, analyzed and simulated in this work is a 

N-Coupled oscillator gyroscope, which has both characteristics of coupled oscillators and 

ring-type micro gyroscopes. There is not a similar device to what is going to be  

designed,  so  in  order  to  compare  it   with  previous  works  it  can  only  be  compared   

 

  

Fig 2.4: Fabrication sequence of the device. Only one sector of the device is shown so 
that it is easier to visualize the fabrication steps. Next to each step the mask that is used 

in that step is shown, with the location of sector region highlighted. 

a) b) 
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separately to coupled oscillators, ring type, disk type and cylindrical gyroscopes. 

The first paper that is compared to our design is article [12]. This paper 

investigates the main source of acceleration sensitivity of tuning fork gyroscopes. The 

frequency response of in-plane coupled resonators is used for investigating the 

acceleration sensitivity of a MEMS tuning fork gyroscope (TFG) and a new method of 

suppressing the acceleration output is presented. The unbalancing of two sense resonators 

in the TFG caused by fabrication errors converted an external vibration into antiphase 

mode excitation. To reduce the acceleration output, decoupling between in-phase and          

antiphase modal frequencies is crucial and is done by increasing the decoupling ratio 

(DR), since coupled resonators may cause large antiphase vibrations from the 

acceleration. 

 

𝐷𝑅 =
𝑓𝑎𝑛𝑡𝑖 − 𝑓𝑖𝑛

𝑓𝑎𝑛𝑡𝑖
  

 

Coupler 
anchor 

Released 
coupler 

Fig 2.5: Connection of proofmasses to the couplers from the central points to 
decrease natural frequency and increase sensitivity of the device. 

(2.1) 



 
     19 

 

  

The main goal of article [12] is canceling the acceleration sensitivity of tuning 

fork gyroscopes. TFG has two drive masses vibrating in opposite directions which results 

in Coriolis motions to also be in opposite directions. If a differential amplifier is used to 

measure the final output of the sensors and two resonators are identical, an external 

vibration in the direction of sensing motions will move the sensing elements equally. This 

will be eliminated in the differential amplifier. However, if fabrication imperfections are 

introduced, small output is added to the Coriolis signal. This is due to the fact that 

vibrational output of the system is the weighted sum of different mode shapes and since 

the stiffness in the two resonators are not the same in practice, the force needed to 

oscillate the system with the same amplitude in the same direction in a way that the 

differential amplifier does not sense it, is not equal. So if an equal force because of 

external acceleration is applied to both of the resonators, the out-of-phase mode shape 

will also be excited. The amplitude of this unwanted motion is related to the decoupling 

ratio and how close the frequency of the acceleration is to antiphase frequency. In case of 

an external impulse in the sense direction, two sense masses will oscillate with slightly 

different periods and amplitudes which gradually give rise to out-of-phase motion until it 

is damped out.  

The acceleration output model was verified using two coupled resonators with 1 

and 5% stiffness unbalance. Finite elements method simulation results show a 25% 

reduction in the antiphase vibration by increasing the decoupling ratio from 0.09 to 0.29, 

irrespective of the coupled resonators designs. Quantitative analysis of a TFG based on 

coupled resonators with 1% stiffness unbalance shows the acceleration output decreasing 

from 5.65 to 1.43 º/s/g. The first two mode shapes of a ring gyroscope have 45 degree 
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difference in orientation. In Figure 2.6, mode shapes number three and four are shown, 

which have 90 degree difference in orientation. In our design, mode shape 1 and 2 are 

considered the out-of-phase motion and mode shapes 3 and 4 the in-phase motion. 

Natural frequencies are 52336 Hz for mode shapes 1 and 2 and 53843 Hz for mode 

shapes 3 and 4. It can be seen, there is a 1.5 KHz difference between natural frequencies. 

The frequency difference and also the decoupling ratio can be increased by reducing the 

thickness of anchor cantilevers, because in this way the stiffness ratio between the 

cantilevers and the couplers will decrease.  

The sensitivity in a single mass MEMS gyroscope with perpendicular drive and 

sense directions is derived here. For the ring-type gyroscope the same equations are 

expected with a different coefficient. The vibration amplitude in the drive direction can 

be written as: 

 

𝑈 = 𝑄𝑑

𝐹𝑑

𝐾𝑑
 

 

In order to increase the drive amplitude, the spring constant should be decreased as much 

as possible and the driving force should be increased. To increase the driving force the 

gap can be decreased or the area can be increased. Increasing area is a better choice since 

by decreasing the gap a limit will be set on the vibration amplitude and the fabrication 

process also gets harder. The Coriolis force that drives the sense direction motion is: 

 

𝐹𝑐 = −2𝑚𝑐Ω𝑧𝑈𝑤𝑑 

 

(2.2) 

(2.3) 
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where 𝑚𝑐 is the resonator mass that moves in the sense direction, Ω𝑧 is the input rotation 

and 𝑤𝑑 is the drive frequency. The sense vibration amplitude in the mode-matched 

condition would also be:  

 

𝑂 = 𝑄𝑠

𝐹𝑐

𝐾𝑠
=  2𝑚𝑐Ω𝑧𝑤𝑑

𝑄𝑠𝑄𝑑

𝐾𝑠𝐾𝑑
𝐹𝑑    

 

From formula 2.4, it can be clearly seen that for achieving higher sensitivities the 

spring constant of the system should be decreased and the mass and electrode area should 

be increased, which is the main approach of this work. In the following pages this work is 

compared with three other designs and it is explained how it can be superior to them. 

The first design is a simple ring micro gyroscope [5]. The system is comprised of 

a silicon ring and radial springs that connect the structure to the central hub. In this paper, 

a single crystal silicon (SCS) vibrating ring gyroscope with high aspect ratio, silicon on 

Fig 2.6: Two mode shapes with 90 degrees difference in orientation. Natural 
frequency is 53843 Hz for the model dimensions. 
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glass structure was designed, fabricated and tested. The ring is 2.7mm in diameter and 

150𝜇m thick. The gyro has the following measured performance: high Q (12000), good 

nonlinearity (0.02%), large sensitivity (132 mV/°/sec), low output noise (10.4°/hr/√𝐻𝑧) 

and high resolution (7.2°/h). The maximum bias shift is less than ±1°/sec over 10 hours 

without thermal control. This is a very high performance design, but the driving 

amplitude is 0.123 𝜇𝑚 and can be increased. The sense gap is 8 𝜇𝑚, which is good 

enough. The spring constant can be increased further and the mass of the system can be 

increased substantially in order to reach lower frequencies and higher sensitivities. To 

decrease the spring constant, a low thickness ring can be used on top of our structure and 

the thickness of the base anchor cantilevers can be decreased. 

One way to increase the mass is using bulk acoustic wave (BAW) sensors. The 

second design is a BAW gyroscope sensor [13]. In this paper, a 800µm diameter center-

supported single crystal silicon disk gyroscopes operating in high order elliptical bulk 

acoustic modes at 5.9MHz is presented.  The BAW gyroscope was fabricated on 50µm 

thick SOI using the high aspect ratio combined poly and single crystal silicon (HARPSS) 

process to obtain 250 nm capacitive gaps. It exhibited ultrahigh Q in excess of 200,000. 

The Brownian noise of Coriolis vibratory gyroscope is:  

 

𝜎 =
1

𝑈
√

4𝐾𝐵𝑇

𝑓0𝑀𝑄
 

 

where 𝐾𝐵 is Boltzmann constant, T is temperature in kelvin and U is drive amplitude.  So  

(2.5) 
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by using a bulk acoustic wave sensor, M, Q and f0 can be increased. This leads to lower 

noise levels, but there are two draw backs here. Although mass is increased in this design, 

spring constant is also increased substantially so according to equations 2.2 and 2.4, U 

and sensitivity are decreased although bias instability is decreased. Sensitivity of this 

device is reported to be 0.19 mV/°/sec and bias instability is 0.175 °/Sec. Compared to 

the previous ring-type gyro, it can be seen that sensitivity is 700 times lower but bias 

instability is 6 times better. The main reason for this huge decrease in sensitivity is the 

high spring constant of the structure. In this thesis the spring constant is decreased 

substantially while large proofmasses are still being used, because they are not coupled 

together anymore and the dimensions of each of them can be changed separately.  

The last and the third design that will be discussed is similar to disk resonator plus 

several round trenches in the structure by which designers tried to decrease the spring 

constant of the system while having a large mass [14]. This paper reports the architecture 

and operation of a single-crystal cylindrical rate-integrating gyroscope (CING).  The 

attractive features of the CING include mode stability due to the separation of the 

wineglass modes from the in-phase-parasitic modes, self-alignment of sensor components 

and fabrication.  The CING is built using a silicon on glass (SOG) process using a (111) 

Si wafer.  It operates at 17.9 KHz and has an average Q of 21,800. It is reported that the 

bias stability is 0.16 º/sec, which is slightly better than the previous two designs, but 

sensitivity of the gyro is not reported. The proofmass is separated in the radial direction, 

but in this thesis it is separated tangentially; thus, it is expected to be more compliant 

with a better sensitivity. 
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Quality Factor Enhancement Techniques 

In a one degree of freedom mass-spring-dashpot system the differential equation 

that governs the motion is [15]:  

  

�̈� + 2𝜁𝜔𝑛�̇� + 𝜔𝑛
2𝑥 =

𝐹(𝑡)

𝑚𝑒𝑞
    

 

and one can write the quality factor to be: 

 

𝑄 =
1

2𝜁
=

𝑚𝑒𝑞𝜔𝑛

𝐶𝑒𝑞
=

√𝑘𝑚𝑒𝑞

𝐶𝑒𝑞
   

 

Based on this formula it might be assumed that it is necessary to increase both the 

mass and the spring constant to increase the quality factor. However, what actually 

happens is more complicated than that because the denominator also will increase when 

the mass and spring constant are increased. When mass is increased, usually the surface 

area and air damping are also increased; and when spring constant is increased, a term 

named anchor loss is also increased considerably which will increase 𝐶𝑒𝑞. The quality 

factor can be written as [16]: 

 

1

𝑄
=

1

𝑄𝑇𝐸𝐷1

+
1

𝑄𝑠𝑢𝑝𝑝𝑜𝑟𝑡
+

1

𝑄𝑠𝑢𝑟𝑓𝑎𝑐𝑒
 

 

                                                

 
1 Thermo elastic damping 

(2.7) 

(2.6) 

(2.8) 
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The support loss damping ratio can also be written as [17]: 

 

𝜁𝑠𝑢𝑝𝑝𝑜𝑟𝑡 = 0.23 
ℎ3

𝑙3
 

 

So it can be concluded: 

     

𝑄𝑆𝑢𝑝𝑝𝑜𝑟𝑡 =
1 

2𝜁𝑠𝑢𝑝𝑝𝑜𝑟𝑡
= 2.174 (

𝑙

ℎ
)3 ∝

1

𝐾
 

                                                                                                                                                         

There is another formula which shows the same proportionalities with a slight 

change in the coefficient [16]: 

 

𝑄𝑆𝑢𝑝𝑝𝑜𝑟𝑡 = [
0.24(1 − 𝜈)

(1 + 𝜈)𝜓
]

1

(𝛽𝑛𝜒𝑛)2
[
𝐿

𝑏
]

3

∝
1

𝐾
 

 

Our goal is to decrease the spring constant of the system to reduce the support 

loss. Air damping can also be eliminated by reducing the working pressure of the 

resonators. It should be noted that equations 2.10 and 2.11 are for a beam that does not 

have a proofmass at its end. If we increase the mass of the system the natural frequency 

goes down, which leads to higher sensitivity, but the support loss will increase causing a 

reduction in the quality factor of the system. To solve this problem, different techniques 

can be used on the side to reduce the anchor loss. One of them is using Mesa isolations 

[18], which are basically a trench around the anchor area that reflects back the acoustic 

waves into the system. A trench can be fabricated around our anchor cantilevers to 

(2.9) 

(2.10) 

(2.11) 
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increase the Q. Depending on the distance of the trench from the cantilever base, 

reflecting waves can have a constructive or destructive effect which increase or decrease 

the Q, respectively. Optimum distance should be found experimentally. A 400% increase 

in Q has been shown using this method.  

Another method for reducing the support loss is using material mismatch [19]. In 

this method to increase the Q the resonator is made from one material and another 

material is used for the support or the anchor (Figure 2.7). The different acoustic 

velocities of these dissimilar materials create an impedance mismatch at the resonator-

support  interface  that  attenuates  energy  transfer  from  the  vibrating  resonator  to  the   

 

 

 

Fig 2.7: Acoustic waves propagating away through the anchors of 
the resonator causing a leak of energy. 
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support, thus,  allowing the resonator to retain its vibrational energy and exhibit high Qs. 

In contrast, resonators that use identical materials for support and resonator will have a 

perfect impedance match between the two. This allows maximum power transfer from 

the resonator to the support, thereby allowing significant loss from the resonator, through 

the support, to the substrate, resulting in substantially lower Q values. Using SOI wafers 

is a good example of this method. 

Phononic crystal strips can also be incorporated in designing our anchors to 

suppress wave propagation to the support [20]. Some of the pass bands may exist as the 

so-called deaf bands in which certain types of incident waves can be nearly totally 

reflected by the phononic crystal. In other words, these structures can be used as lossless 

anchors if they are used in the right working frequency and place. A series of etch holes 

will also show the same blocking effect for acoustic waves in certain frequency bands. 

This method is more suitable for high frequency applications in GHz, so probably this 

method will not be used in our design. 

Figure 2.8 shows a bulk mass resonator that has a series of etched holes near the 

anchor to block the propagation of acoustic waves that transfer out the vibrational energy 

from the resonator. There is also a mesa isolation which is the step around the etched hole 

area that reflects back some part of the acoustic waves to the resonator. The dimensions 

of the mesa isolation should be changed experimentally to find out at what distance the 

quality factor is higher. SOI wafer can be used to increase the quality factor further, but it 

will complicate the electrical connection to the resonator [21, 22]. The structure is 

comprised of two rigid fixed blocks and one middle oscillator block that is connected to 

one of the blocks by a cantilever beam. Since the DRIE method is used from both sides of  
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the wafer, the anchor area can be accessed for some changes to reduce the energy 

leakage. The gap distance is 10 μm and the AC voltage is applied between the two fixed 

blocks through the electrical pads. The glass wafer is bonded to a silicon wafer which  is 

highly doped. The yellow arrows show the oscillation direction of different parts of the 

resonator. 

 

The Effect of Using Multiple Resonators with 

 Resonant Frequency Shifts in the Drive Mode 

If in the coupled resonators a slight frequency shift is introduced in each device, 

the system response curve will have wider peak in resonance. A very good example is 

 

 
 
 
 
 

 

Fig 2.8: Proposed bulk mass resonator with driving electrode bonded over a 
glass wafer with a trench. 
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reference [23]. Since the Coriolis force, and the sense-mode response is directly 

proportional to the drive-mode oscillation amplitude, it is desired to enhance the drive-

mode amplitude by increasing the Q factor with vacuum packaging and operating at the 

peak of the drive-mode resonance curve. However, large drive-mode amplitude and 

bandwidth cannot be achieved with a 1-DOF drive system at the same time. The 

proposed approach explores the possibility of increasing the drive-mode response 

bandwidth of micromachined gyroscopes, by utilizing multiple resonators with 

incrementally spaced resonant frequencies in the drive mode. 

  

Optimum Number of Resonators 

In different systems different approaches should be taken to figure out the 

optimum number of resonators. For example, in this thesis design, if a few coupled 

resonators are used then each proofmass will have larger dimensions and if lots of 

coupled resonators are used, they cannot have big sizes anymore. In a ring gyroscope, at 

least eight resonators should be used to balance the system, because separate resonators 

are needed in front of the sense and drive electrodes and if the system is rotated 45 

degrees a similar structure should be reached to minimize frequency mismatch between 

sense and drive. If it is necessary to use more resonators, a multiple of eight resonators 

should be used to make sure appropriate driving and sensing resonators are in place. As a 

more general rule, if a 4 node mode shape is used for driving and sensing, then a multiple 

of eight resonators should be used [5] and if a 6 node mode shape is used, then a multiple 

of 12 resonators should be used [13], and so on. Our goal is achieving minimum natural 

frequency to gain higher sensitivities. If it is assumed the coupler dimensions, cantilever 
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thickness and length are fixed, the width of cantilever and proof mass are equal and the 

minimum gap between the corners of adjacent resonators is kept to be a constant value, 

e.g., 50 µm, as the number of resonators increase by eight increments, from 8 to 64, it can 

be expected that the effective mass and effective spring constant of the system, both 

decrease. However, it is not evident how the natural frequency will behave. It is a good 

practice to use finite element methods (FEM) simulation softwares to find out what the 

optimum number of resonators will be. As the number of resonators around the circle 

increase the capacitor area will decrease, so multiple resonators may be needed for 

driving or frequency tuning. If a lower number of resonators is used because of wider 

cantilevers, the sensitivity of the system to the same amount of misalignment between the 

masks will reduce. By using larger capacitors, fewer resonators will be needed for driving 

and frequency tuning purposes. In this thesis the number of resonators is not optimized 

because the frequency of the system can always be reduced by using thinner cantilevers 

and couplers, or increasing the diameter of the coupler. Sixteen resonators were used for 

initial simulations; then, to find the final dimensions and characteristics, 32 resonators 

were used. 

 

The Effect of Coupling 

When zero coupling is used the resonators will work separately with respect to 

each other and when the coupling is increased very much, a continuous cylindrical 

structure will be reached. Between these two extreme cases, where there are discrete 

resonators coupled weakly together with a ring coupler from the top end, is our working 

point. In this thesis silicon, nickel and SU8 couplers with different dimensions are used in 



 
     31 

 

  

simulations. If the stiffness of the coupler is changed, the ratio of frequency of parasitic 

mode shapes to the drive and sense frequency will also change, which affects noise level 

directly. 
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CHAPTER 3 

 

MODELING 

 

Frequency of a Single Oscillator Versus Cantilever Thickness 

The capacitive actuator that is going to be modeled is shown in Figure 3.1. These 

actuators can be used to design low frequency gyroscopes with very high sensitivity. One 

single oscillator can be modeled with a spring mass system by assuming the cantilever is 

rigid and connected to a rotational spring, as shown in Figure 3.2. The pivot point would 

be between 1/2 and 2/3 of the length of the cantilever depending on the loading 

conditions from pure moment to pure transverse load. 

 

 

 

 

 

 

 

 

 

∆𝑉 

Fig 3.1: Three-dimensional model of the actuator. 
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Frequency Analysis 

The natural frequency of the system would be: 

 

𝑓0 =
1

2𝜋
√

𝐾𝜃

𝐼𝜃
   

 

where 𝐾𝜃 and 𝐼𝜃 are derived in equations 3.2 and 3.3.  

 

𝐾𝜃 =  
𝐸𝐼

𝐿
=

𝐸𝑊ℎ3

12𝐿
  

 

𝐼𝜃 =  
1

12
𝑀(𝑊2 + 𝐻2) + 𝑀 ((

𝑊

2
+

1

2
𝐿 )2 +

𝐻2

4
) 

 

The reason half the length of the cantilever is used for the pivot point in equation  

Fig 3.2: Modeling of the resonator with a rotational spring pendulum system. 

(3.1) 

(3.2) 

(3.3) 

 

=
Flexible Rigid

Rigid
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3.3, is  that the  loading condition on  the cantilevers is a combination of axial force and a  

moment without any transverse loading. If the frequency versus cantilever thickness 

using equation 3.1 to 3.3 is plotted and then compared to the ANSYS simulation, for a 

square proof mass with a width of 140 𝜇𝑚, height of 530 𝜇𝑚 and a cantilever with the 

width and length of 50 𝜇𝑚, Figure 3.3 will be reached.  

In Figure 3.3, it can be seen that there is a close agreement between the calculated 

natural frequency of the resonator and ANSYS simulation which shows that our 

analytical model is suitable for predicting the resonator behavior. The difference is about 

20%, which is typical in finite elements method simulations. 

 

Electromechanical Analysis 

In order to model the system shown in Figure 3.1, the cantilever is replaced with a 

rotational spring like Figure 3.2. Then, only one side of the bulk resonator which is in 

front of the fixed electrode is considered to reach a  two-dimensional  model,  like  Figure  

 

 

 

 

 

 

 

 

Fig 3.3: Natural frequency of the bulk mass resonator using 
analytical formulation compared to ANSYS simulation. 
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3.4. The in-plane width of the capacitor, which is not  shown, is   considered   as  w.  As  

you can see in Figure 3.4, in this two-dimensional model the position of the pivot point is 

shifted from Figure 3.2 to the right corner. In small displacements, especially if the height 

of the resonator is much bigger than its width, the vertical motion effect in the 

capacitance change is negligible so it can be neglected and the rotational spring can be 

moved to the right corner. This assumption is only valid when electrical forces or 

moments are being calculated and should not be used for calculating the frequency of the 

system since the rotational moment of inertia will change in this way. When a voltage 

difference of V is applied between the two electrodes, the moving electrode will start 

rotating until it reaches the equilibrium state where the tip of the moving electrode is 

moved the distance x. The capacitance of the resonator as a function of x can be 

computed as follows: 

 

𝐶𝑥 = ∫ 𝑑𝐶 = ∫
𝜀𝑤

𝑑 − 𝑓
𝑑𝑦 =

𝑙

0

∫
𝜀𝑤

𝑑 −
𝑥𝑦

𝑙

𝑑𝑦
𝑙

0

= −
𝜀𝑤𝑙

𝑥
ln (𝑑 −

𝑥𝑦

𝑙
) |

𝑙
0

= −
𝜀𝑤𝑙

𝑥
[ln(𝑑 − 𝑥) − ln 𝑑]

=
𝜀𝑤𝑙

𝑥
ln (

𝑑

𝑑 − 𝑥
)                                     

 

Now the force and moment in Figure 3.5 can be computed: 

 

𝜕𝐶𝑥

𝜕𝑥
=  −

𝜀𝑤𝑙

𝑥2
ln (

𝑑

𝑑 − 𝑥
) +

𝜀𝑤𝑙(𝑑 − 𝑥)

𝑑. 𝑥

𝑑

(𝑑 − 𝑥)2
=

𝜀𝑤𝑙

𝑥2
ln (1 −

𝑥

𝑑
) +

𝜀𝑤𝑙

𝑥(𝑑 − 𝑥)
 

 

(3.4)   

(3.5)   
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Fig 3.4: Two-dimensional model of the actuator. 

Fig 3.5: Two-dimensional equivalent model of the actuator by replacing 
the fixed electrode  with a force and a negative spring constant linear 
spring, or a moment and a negative spring constant rotational spring. 
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𝐹𝑇𝑜𝑝 =  
1

2
(

𝜕𝐶𝑥

𝜕𝑥
) 𝑉2 =

1

2
(

𝜀𝑤𝑙

𝑥2 ln (1 −
𝑥

𝑑
) +

𝜀𝑤𝑙

𝑥(𝑑−𝑥)
) 𝑉2 

 

𝑀 = 𝐹𝑇𝑜𝑝. 𝑙 =  
𝑙

2
(

𝜕𝐶𝑥

𝜕𝑥
) 𝑉2 =

1

2
(

𝜀𝑤𝑙2

𝑥2
ln (1 −

𝑥

𝑑
) +

𝜀𝑤𝑙2

𝑥(𝑑 − 𝑥)
) 𝑉2 

 

𝐹𝑡𝑜𝑡𝑎𝑙 can be calculated as:  

 

𝑑𝐹𝑦 =  
𝑉2

2
.
𝜕(𝑑𝐶)

𝜕𝑓
=

𝑉2

2
 .

𝜕(𝑑𝐶)

𝜕𝑥
.
𝜕𝑥

𝜕𝑓
=

𝑉2

2
 .

𝜕

𝜕𝑥
(

𝜀𝑤. 𝑑𝑦

𝑑 −
𝑥𝑦

𝑙

) .
𝑙

𝑦
=

𝜀𝑤𝑉2

2 (𝑑 −
𝑥

𝑙
𝑦)

2 . 𝑑𝑦 

 

𝐹𝑡𝑜𝑡𝑎𝑙 = ∫ 𝑑𝐹𝑦

=
𝜀𝑤𝑉2

2
∫

𝑑𝑦

(𝑑 −
𝑥

𝑙
𝑦)2

𝑙

0

=
𝜀𝑤𝑉2

2
(

𝑙

𝑥
)

1

(𝑑 −
𝑥

𝑙
𝑦)

|
𝑙
0

=
𝜀𝑤𝑙𝑉2

2𝑥
[

1

𝑑 − 𝑥
−

1

𝑑
] =

𝜀𝑤𝑙𝑉2

2𝑑(𝑑 − 𝑥)
  

 

The moment can be also calculated by integrating the 𝑑𝐹𝑦. 𝑦 over the length of the 

moving electrode.  

As can be noted, formula 3.10 is identical to formula 3.7. To find G it is only 

needed to divide moment by total force as shown in formula 3.11.  

The ratio 𝑥

𝑑
 can be named as the unit less parameter α (0 <α< 1) and equation 

3.11 can be written as equation 3.12. 

Figure 3.6 shows that when the electrode is not moved yet the resultant force is in 

(3.6)   

(3.9)   

(3.7)   

(3.8)   
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𝑀 = ∫
𝜀𝑤𝑉2

2
.

𝑦

(𝑑 −
𝑥

𝑙
𝑦)

2 𝑑𝑦
𝑙

0

= ∫
𝜀𝑤𝑉2

2
. (−

𝑙

𝑥
) .

−
𝑥

𝑙
𝑦 + 𝑑 − 𝑑

(𝑑 −
𝑥

𝑙
𝑦)

2 𝑑𝑦
𝑙

0

=
𝜀𝑤𝑉2

2
. (−

𝑙

𝑥
) . [∫

1

(𝑑 −
𝑥

𝑙
𝑦)

𝑑𝑦
𝑙

0

+ ∫
−𝑑

(𝑑 −
𝑥

𝑙
𝑦)

2 𝑑𝑦
𝑙

0

]

=
𝜀𝑤𝑉2

2
. (−

𝑙

𝑥
) . [(−

𝑙

𝑥
) ln (𝑑 −

𝑥

𝑙
𝑦) |

𝑙
0

+ (−
𝑙𝑑

𝑥
)

1

(𝑑 −
𝑥

𝑙
𝑦)

|
𝑙
0

]

=
𝜀𝑤𝑉2𝑙

2𝑥
. [(

𝑙

𝑥
) ln (

𝑑 − 𝑥

𝑑
) + (

𝑙

𝑑 − 𝑥
)]   

 

𝐺 =
𝑀

𝐹𝑡𝑜𝑡𝑎𝑙
=

𝑙𝑑(𝑑 − 𝑥)

𝑥2
ln

𝑑 − 𝑥

𝑑
+

𝑙𝑑

𝑥
  

 

𝐺

𝑙
=

1 − 𝛼

𝛼2
ln(1 − 𝛼) +

1

𝛼
 

(3.10) 

(3.11)   

(3.12)  

 
Fig 3.6:  Location of resultant force versus displacement of the electrode tip. 
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(3.14)   

(3.15)   

(3.16)   

 the center of the electrode because of uniform electrical load profile. As the electrode tip 

approaches the other electrode the position of resultant force gradually moves from the 

center to the top. This  makes  sense  because  as  the  gap  closes  the  top  part  will  be 

attracted to the other electrode with higher forces but 𝑑𝐹𝑦 on the lower parts does not 

change as much. In a similar fashion to G, M and 𝐹𝑇𝑜𝑝 can also be written in terms of the 

dimensionless parameter α:  

 

𝐹𝑇𝑜𝑝 =  
1

2
(

𝜀𝑤𝑙

𝑥2
ln (1 −

𝑥

𝑑
) +

𝜀𝑤𝑙

𝑥(𝑑 − 𝑥)
) 𝑉2 =

𝜀𝑤𝑙𝑉2

2𝑑2
[

1

𝛼2
ln(1 − 𝛼) +

1

𝛼(1 − 𝛼)
]   

 

𝑀 = 𝐹𝑇𝑜𝑝. 𝑙 =  
𝜀𝑤𝑙2𝑉2

2𝑑2
[

1

𝛼2
ln(1 − 𝛼) +

1

𝛼(1 − 𝛼)
]  

 

Formulas 3.13 and 3.14 are both nonlinear and are not suitable for linear 

vibrational analysis of the resonator. The two following Taylor series can be used to 

simplify these formulas for small displacements. 

 

ln(1 − 𝛼) =  − ∑
𝛼𝑛

𝑛

∞

𝑛=1

= − (𝛼 +
𝛼2

2
+

𝛼3

3
+

𝛼4

4
+ ⋯ )  

 

1

1 − 𝛼
= ∑ 𝛼𝑛

∞

𝑛=0

= 1 + 𝛼 +  𝛼2 + ⋯   

 

Using equations 3.15 and 3.16 the first-order and second-order approximation for 

(3.13)   
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(3.17)   

(3.18)   

(3.19)   

 moment and force around the equilibrium point can be found. 

Figures 3.7 and 3.8 show the actual electrostatic force on the actuator versus 

displacement. From Figures 3.7 and 3.8, it can be concluded that the behavior of the 

system can be approximated by a linear negative spring very well as long as 𝛼 < 0.1; 

however, for  𝛼 > 0.5, the linear approximation is much different to the actual behavior 

of the system. 

 

𝐹𝑇𝑜𝑝 =
𝜀𝑤𝑙𝑉2

2𝑑2
[

1

𝛼2
ln(1 − 𝛼) +

1

𝛼(1 − 𝛼)
]

=
𝜀𝑤𝑙𝑉2

2𝑑2
[

1

𝛼2
(−𝛼 −

𝛼2

2
−

𝛼3

3
−

𝛼4

4
) +

1

𝛼
+

1

1 − 𝛼
]

=  
𝜀𝑤𝑙𝑉2

2𝑑2
[(−

1

𝛼
−

1

2
−

𝛼

3
−

𝛼2

4
) +

1

𝛼
+ 1 + 𝛼 +  𝛼2]

=    
𝜀𝑤𝑙𝑉2

2𝑑2
[
1

2
+

2𝛼

3
+

3𝛼2

4
] 

 

𝑀 = 𝐹𝑇𝑜𝑝. 𝑙 =  
𝜀𝑤𝑙2𝑉2

2𝑑2
[
1

2
+

2𝛼

3
+

3𝛼2

4
] 

  

From equations 3.17 and 3.18 the negative linear and rotational spring constants 

in Figure 3.5 can be derived:  

` 

𝐾𝑟𝑖𝑚,𝐸𝑙𝑒𝑐 =  −
𝜀𝑤𝑙𝑉2

3𝑑3
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Fig 3.7: Dimensionless moment versus dimensionless electrode tip displacement. 

Fig 3.8: Zoomed view of dimensionless moment versus dimensionless electrode 
tip displacement. 
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(3.20)   

(3.21)   

(3.22)   

𝐾𝜃,𝐸𝑙𝑒𝑐 =  𝐾𝑟𝑖𝑚,𝐸𝑙𝑒𝑐 × 𝑙2 = −
𝜀𝑤𝑙3𝑉2

3𝑑3
 

  

Pull-In Analytical Calculations 

In order to find out how much the tip of the actuator will displace when a voltage 

difference is applied, the nonlinear curve of Figure 3.7 should be intersected with the 

linear restraining moment curve of the cantilever that passes through the origin. In low 

voltages there are two intersection points. The left one is the stable equilibrium point and 

the right one would be unstable. If the voltage is increased the nonlinear moment curve of 

the capacitor moves up while the linear restraining moment curve is fixed. In this way, 

the two equilibrium points will converge until the voltage reaches the pull-in voltage, in 

which the nonlinear curve will touch the linear restraining moment curve at only one 

point. At this condition, both stable and nonstable equilibrium points will be coincident. 

If the voltage is increased higher than the pull-in voltage the two curves will not have any 

intersections and there would be no equilibrium points. In order to calculate the pull-in 

voltage, the fact that at this point the value and the derivative value of the two curves are 

equal can be used, which is shown in equations 3.21 and 3.22, respectively. If these two 

equations are solved simultaneously the tip displacement at pull-in voltage can be found 

and then one of the equations, 3.21 or 3.22, can be used to find the pull-in voltage.  

 

𝜀𝑤𝑙2𝑉2

2𝑑2 [
1

𝛼2
ln(1 − 𝛼) +

1

𝛼(1 − 𝛼)
] =  𝑘𝜃𝜃 = 𝑘𝜃

𝑥

𝑙
= 𝑘𝜃

𝑑

𝑙
𝛼 

 

𝜀𝑤𝑙2𝑉2

2𝑑2
[
−2

𝛼3
ln(1 − 𝛼) −

1

𝛼2(1 − 𝛼)
−

1

𝛼2
+

1

(1 − 𝛼)2
] =  𝑘𝜃

𝑑

𝑙
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(3.23)   

(3.24)   

(3.25)   

(3.26)   

To solve these two equations simultaneously, the lower equation can be 

multiplied by 𝛼 and then the left parts can be equated to reach:  

 

1

𝛼2
ln(1 − 𝛼) +

1

𝛼(1 − 𝛼)
=  

−2

𝛼2
ln(1 − 𝛼) −

1

𝛼(1 − 𝛼)
−

1

𝛼
+

𝛼

(1 − 𝛼)2
  

 

3

𝛼2
ln(1 − 𝛼) +

2

𝛼(1 − 𝛼)
+

1

𝛼
=

𝛼

(1 − 𝛼)2
 

 

If equation 3.24 is solved numerically the pull-in displacement would be:  

 

𝛼𝑝𝑢𝑙𝑙−𝑖𝑛 = 0.4404 

 

Now, if this number is plugged into equation 3.21 or 3.22 the 𝑉𝑝𝑢𝑙𝑙−𝑖𝑛 would be:  

 

𝑉𝑝𝑢𝑙𝑙−𝑖𝑛 =  √
(0.82745)𝐾𝜃𝑑3

𝜀𝑤𝑙3
   

 

Equation 3.26 can be used to calculate the pull-in voltage for a square cross 

section resonator with 530 𝜇𝑚 height, 140 𝜇𝑚 width, which is connected to the substrate 

by a cantilever with the length of 100 𝜇𝑚 and thickness of 1 𝜇𝑚. The electrode gap is 

assumed to be 10 𝜇𝑚 and the cantilever is made out of nickel. Using equation 3.2, 𝐾𝜃 

would be: 
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(3.27)   

(3.28)   

𝐾𝜃 =  
𝐸𝐼

𝐿
=

𝐸𝑏ℎ3

12𝐿
=

(219 × 109) × 140 × 10−18

12 × 100
=  2.555 × 10−8    𝑁. 𝑚 

 

Now the pull-in voltage can be calculated using equation 3.26 to be:  

 

𝑉𝑝𝑢𝑙𝑙−𝑖𝑛 =  √
(0.82745)(2.555 × 10−8) × 103

(8.85 × 10−12)(140 × 10−6)(530)3
= 10.71 𝑉  

 

Pull-In COMSOL Simulation 

For the same resonator described in the last section a COMSOL simulation is 

done. The pull-in voltage was about 11 volts and the electrode tip displacement at      

pull-in is about 4.9 𝜇𝑚, which is about half the electrode gap as shown in Figure 3.9. The 

calculated pull-in voltage and displacement in the last  section  are  10.71 V  and  4.4 𝜇𝑚, 

 

 

 

 

 

 

 

 

 

 

 Fig 3.9: Pull-in COMSOL simulation of the microactuator. 
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that matches the simulation very well. In Figures 3.10 and 3.11, the capacitance change 

and tip displacement versus voltage plots are shown. 

 

Sense and Drive Frequency Versus Misalignment 

In this part the effect of misalignment on the sense and drive frequency mismatch 

is modeled. Appendix A should be studied at first, to see how the proposed fabrication 

technique can reduce the effect of misalignments.  The general dimensions of the model 

that is used are shown in Table 3.1. Figures 3.12 through 3.15 show the meshed pattern 

used in this simulation. After modal analysis two distinct mode shapes for the sense and 

drive motions are shown, in Figures 3.16 and 3.17. The drive and sense frequencies are 

calculated to be 23460 Hz and 23476 Hz, respectively, which yields 16 Hz frequency 

mismatch due to unsymmetrical free meshing of the system. Now, if 20 µm misalignment 

is introduced between the top and bottom mask some of the resonators move slightly and  

 

 

 

 

 

 

 

 

 

 
Fig 3.10: Capacitance versus voltage difference. 

 

60

70

80

90

100

110

120

0 1 2 3 4 5 6 7 8 9 10 11 12

C
ap

ac
it

an
ce

(f
F)

Voltage(V)



 
     46 

 

  

 

 

 

 

 

 

 

 

 

 

 

Table 3.1: Model dimensions. 

Number of resonators 32 

Nickel cantilever thickness 5 µm 

Nickel cantilever width 140 µm 

Nickel cantilever length 100 µm 

Square silicon proofmass width 140 µm 

Silicon proofmass height 530 µm 

Nickel coupler gap 5 µm 

Coupler round connector diameter 20 µm 

Nickel coupler diameter 2 mm 

Nickel coupler width 30 µm 

Nickel coupler thickness 5 µm 
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Fig 3.11:  Electrode tip displacement versus voltage difference. 
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Fig 3.12: Overall structure. 
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Fig 3.13: Overall structure from the top view. 
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Fig 3.14: Nickel coupler and point contact. 
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Fig 3.15: Nickel coupler and point contact from another view. 
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Fig 3.16: Drive frequency of 23459.6 Hz. 

Fig 3.17: Sense frequency of  23476.22 Hz. 
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the two resulted mode shapes are shown in Figures 3.18 and 3.19. The new drive and 

sense frequencies are calculated to be 23345 Hz and 23435 Hz, respectively, which  

yields  90 Hz frequency mismatch due to unsymmetrical free meshing of the system and 

the misalignment. The misalignment effect would be less than 90 Hz, maybe about 70 

Hz. This is about 0.3% of the natural frequency for 20 µm misalignment, which shows 

the system is almost insensitive to small misalignments. Control methods like using 

frequency tuning electrodes can be used to match the sense and drive exactly after 

fabrication. Frequency tuning is explained further in the acceleration canceling technique 

section of Chapter 4. 
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Fig 3.18: Drive frequency of 23345.4 Hz. 
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Fig 3.19: Sense frequency of 23434.6 Hz. 
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CHAPTER 4 

 

 DESIGN 

 

In this section, a series of steps for finding the final dimensions of the device are 

discussed and a finite element simulation tool (ANSYS) is used to compute the 

sensitivity of the gyroscope, in each step. A combination of analytical formulas and FEM 

simulations are used to change the dimensions of the device to reach the maximum 

sensitivity possible.  At last, a brief discussion about the readout circuit will be presented 

in order to cancel parasitic acceleration modes. 

 

Natural Frequency 

In order to have a better frequency mode matching of sense and drive motions, the 

model is remeshed in a more patterned way. Figures 4.1 and 4.2 show this new mesh 

pattern. The frequency mismatch between the sense and drive mode is not exactly zero 

because of the asymmetry of the freely meshed parts but it works fine to take our initial 

steps. The natural frequency of the system for each mode shape can be calculated from 

this formula derived from energy formulation in vibrational analysis: 

 

𝑓0 =
1

2𝜋
√

𝐾𝜃 + 𝐶𝑙2 𝐾𝑒𝑓𝑓,𝑐𝑜𝑢𝑝𝑙𝑒𝑟

𝐼𝜃 + 𝐸𝑙2 𝑀𝑒𝑓𝑓,𝑐𝑜𝑢𝑝𝑙𝑒𝑟

 (4.1) 
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Fig 4.1: Initial meshed model used in our design 
process. There are some parts with patterned 
meshing and some parts with free meshing. 

Fig 4.2: Zoomed view on the initial meshed 
model used in our design process. 
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where the effective rotational spring constant and mass inertia can be derived from 

formulas 4.2 and 4.3.  

 

𝐾𝜃 = ∑ 𝐴𝑖𝐾𝜃,𝑏𝑒𝑛𝑑𝑖𝑛𝑔+𝐵𝑖𝐾𝜃,𝑡𝑜𝑟𝑠𝑖𝑜𝑛

32

𝑖=1

 

 

𝐼𝜃 = ∑ 𝐷𝑖𝐼𝜃𝑖

32

𝑖=1

  

 

where 𝐼𝜃𝑖 is the mass moment of inertia of each resonator around the rotation axis, which 

may not be along the tangential and radial direction according to the mode shape because 

the tip of each resonator may have both radial and tangential velocity components. 

𝐾𝜃,𝑏𝑒𝑛𝑑𝑖𝑛𝑔 and 𝐾𝜃,𝑡𝑜𝑟𝑠𝑖𝑜𝑛 are the rotational spring constants in the bending and torsional 

movement of the cantilevers. 𝐴𝑖, 𝐵𝑖, 𝐶, 𝐷𝑖, E, 𝐾𝑒𝑓𝑓,𝑐𝑜𝑢𝑝𝑙𝑒𝑟, 𝑀𝑒𝑓𝑓,𝑐𝑜𝑢𝑝𝑙𝑒𝑟 and 𝐼𝜃𝑖 are 

constants that vary for each mode shape and can be computed from relative maximum 

rotations and displacements in different parts of the system and 𝑙 is the height of the 

resonators. 

If only a ring resonator is analyzed, then a 4 node mode will have the lowest 

frequency, but if a very weak coupler system is used in this gyroscope, the constants 

mentioned above would be in such a way that the natural frequency of the four node 

mode comes after 6 node modes and 8 node modes. 

 

(4.2) 

(4.3) 
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Silicon Coupler - 5 µm Nickel Cantilever - Q = 200 

For the first model the dimensions listed in Table 3.1 are used. The coupler is 

made out of silicon <111> with elastic modulus of 168.9 GPa [24] with 5 µm thickness, 

30 µm width and 2mm diameter. Cantilevers are made out of nickel (205GPa) with 5 µm 

thickness, 100 µm length and 140 µm width. The quality factor is considered to be 200 

for the first try in this model. If a 20 µm thick coupler is used, the sense and drive mode 

shapes will have the lowest frequencies among other mode shapes; however, if the 

coupler thickness is reduced to 5 µm the sense and drive mode shapes will not be the first 

mode shapes anymore and they will come after some parasitic mode shapes. The first six 

mode shapes are shown in Figures 4.3 to 4.8. 
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Fig 4.3: First parasitic mode shape, 11615.9 Hz. 
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Fig 4.4: Second  parasitic mode shape, 11623.4 Hz. 
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Fig 4.5: Drive mode shape, 19600.6 Hz. 
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Excitation is done with two opposite 1 μN forces on the upper and lower 

resonators with assumed quality factor of 200 and excitation frequency of 19700 Hz. In 

Figures 4.9 and 4.10, it can be seen that the vibration pattern will rotate slightly in the 

presence of external rotation. The simulation results for the first try are shown in Table 

4.1.  Displacement in the sensing direction and pattern rotation versus external rotation is 

shown in Figure 4.11. 

Formula 3.17 is restated here for better referencing:  

 

𝐹𝑇𝑜𝑝 =  
𝜀𝑤𝑙𝑉2

2𝑑2
[
1

2
+

2𝛼

3
+

3𝛼2

4
]  

 

From formula 4.4 the equivalent electrostatic force on top of the microactuator 

can be calculated. In practice a constant voltage is  not applied  to  the  electrode  and  the  
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Fig 4.8: Sixth mode shape, 33281.6 Hz. 

(4.4) 
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Fig 4.10: No rotation harmonic response. 

Fig 4.9: Rotation harmonic response for 650 deg/sec. 
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Table 4.1: Simulation results for different rotation speeds for try number 1. 
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Radial sensing Displacement - Left axis

Pattern rotation-Right axis

Rotational 
velocity 
(deg/s) 

Pattern 
rotation 
(deg) 

45 degree 
node radial 

displacement 
(nm) 

45 degree node 
tangential 

displacement 
(nm) 

Maximum 
displacement 

(nm) 

0 0 7.52 35.18 72.7 

50 0.68 8.57 34.33 71 

150 2.07 10.98 34.15 71 

250 3.89 13.32 33.79 70 

350 5.60 15.57 32.26 70 

450 6.99 17.73 32.57 69 

550 8.05 19.79 31.70 68 

650 8.82 21.72 30.69 67 

 

Fig 4.11: Radial sensing displacement and pattern rotation for up 
to 650 deg/s external rotation. 
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voltage difference would be of the following form:  

 

𝑉 = 𝑉𝑎𝑐𝐶𝑜𝑠(𝑤𝑡) + 𝑉𝑑𝑐  

 

If equation 4.5 is substituted into equation 4.4, after expansion lots of different 

terms will be generated. If 𝑉𝑑𝑐 is assumed to be about ten times bigger than 𝑉𝑎𝑐, the 

prominent parts of the force for small amplitude vibrations would be: 

 

𝐹𝑇𝑜𝑝 =  
𝜀𝑤𝑙𝑉𝑑𝑐

2

4𝑑2
+

𝜀𝑤𝑙𝑉𝑎𝑐𝑉𝑑𝑐

2𝑑2
𝐶𝑜𝑠(𝑤𝑡)  

 

The first term will cause a static deformation while the second term is the 

resonating force which causes the actual vibration amplitude which is used later to 

calculate the driving force. The negative spring constant on top of the actuator will be: 

 

𝐾𝑟𝑖𝑚,𝐸𝑙𝑒𝑐 =  −
𝜀𝑤𝑙𝑉𝑑𝑐

2

3𝑑3
 

 

From equations 3.4 and 3.15, the capacitance 𝐶𝑥 can be written in terms of 

unitless displacement α:  

 

𝐶𝑥  =  −
𝜀𝑤𝑙

𝑑

ln(1 − α)

α
=

𝜀𝑤𝑙

𝑑
(1 +

𝛼

2
+

𝛼2

3
+

𝛼3

4
+

𝛼4

5
+ ⋯ ) 

 

So, Δ𝐶 as a function of tip displacement would be: 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
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Δ𝐶 = 𝐶𝑥 − 𝐶0 =  
𝜀𝑤𝑙

𝑑2
[
𝑥

2
+

𝑥2

3𝑑
+

𝑥3

4𝑑2
+

𝑥4

5𝑑3
+ ⋯ ] 

 

In small amplitude vibrations only the first term can be used. In the previous 

simulation 1 𝜇𝑁 force was assumed. If 𝑉𝑑𝑐 = 100 𝑉 and 𝑉𝑎𝑐 = 5 𝑉, the needed gap for 

the capacitor to generate that much force will be:  

 

𝐹 =
𝜖𝑤𝑙𝑉𝐷𝐶𝑉𝐴𝐶

2𝑑2
=

8.85 × 10−12 × 140 × 530 × 100 × 5

2 × 𝑑2
= 10−6 𝑁 ⇒ 

𝑑 = 12.81 𝜇𝑚     

 

So, if the gap is 128.1 µm instead of 12.81 µm, the force would be 100 times less 

than 1μN. The quality factor is considered to be 200 in the simulation, so with 128.1 μm 

gap the quality factor of 2000 is needed so that the displacement values match the 

simulation results, because output displacements are proportional to Q2, according to 

equation 2.4. This is true, if the vibration amplitude does not go too high and the voltages 

are considered to be fixed.  

 

Pattern rotation sensitivity = 8.82 𝑑𝑒𝑔

650 𝑑𝑒𝑔/𝑠
= 1.357 × 10−2 𝑑𝑒𝑔

𝑑𝑒𝑔/𝑠
 

  

So, 100 𝑑𝑒𝑔/𝑠 will cause 1.357  degrees pattern rotation. 

 

Radial displacement sensitivity =  
(21.7−7.52) 𝑛𝑚

650 𝑑𝑒𝑔/𝑠
= 2.182 × 10−2  𝑛𝑚

 𝑑𝑒𝑔/𝑠
 

(4.10) 

(4.11) 

(4.12) 
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(4.15) 

(4.14) 

So, 100 𝑑𝑒𝑔/𝑠 will cause 2.182 nm change in amplitude for a vibration with 7.52 

nm initial amplitude without any rotation in the sensing electrode. The zero rate output 

will be:  

 

Zero rate output: 7.52 𝑛𝑚

2.182×10−2  𝑛𝑚

 𝑑𝑒𝑔/𝑠

= 344.64   𝑑𝑒𝑔/𝑠 

 

This means even in the stationary position the sensor will read almost one rotation 

per second for the sensor. Zero rate output, which is sometimes called quadrature error, is 

considered one of the most common weak points of MEMS gyroscopes. In simulations 

this is caused because of meshing asymmetries and in real gyroscopes it is caused by 

fabrication imperfections and anisoelasticities. 

From [25], it is known that less than aF capacitance changes can be detected using 

delta sigma method. If it is assumed that 1 aF capacitance change corresponds to 1 mV of 

output signal, then sensitivities of higher than 1 𝑚𝑉

𝑎𝐹
 can be achieved.  

 

∆𝑐 =
𝜀𝐴

2𝑑2
. 𝑆𝑒𝑛𝑠𝑖𝑛𝑔 𝑟𝑒𝑠𝑜𝑛𝑎𝑡𝑜𝑟 𝑟𝑎𝑑𝑖𝑎𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =

=
8.85 × 10−12 × 530 × 140 × (21.72 − 7.52) × 10−9

2 × 102

= 46.62 𝑎𝐹              

 

∆𝑐

𝑤
=

46.62 𝑎𝑓 

650 𝑑𝑒𝑔/𝑠
= 0.0717

 𝑎𝑓 

𝑑𝑒𝑔/𝑠
   

 

(4.13) 
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(4.16) 

(4.17) 

(4.18) 

(4.19) 

The minimum detectable signal = 1

0.0717
=13.94 deg/s 

 

Total sensitivity = 0.0717
 𝑚𝑉 

𝑑𝑒𝑔/𝑠
 

 

It can be seen that there is a large difference between the sensitivity of this design 

and previously designed gyroscopes with sensitivity of 132  mV 

deg/s
 [5]. For a simple 

proofmass gyro with driving direction along the x axis and sensing direction along the y 

axis, it can be written that:  

 

𝑆𝑒𝑛𝑠𝑒 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = 𝑄𝑠

𝐹𝑐

𝐾𝑠
=  2𝑚Ω𝑧𝑤𝑑

𝑄𝑠𝑄𝑑

𝐾𝑠𝐾𝑑
𝐹𝑑 ⇒

𝑆𝑒𝑛𝑠𝑒 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒

Ω𝑧

= 2√𝑚
𝑄𝑠𝑄𝑑

𝐾𝑠√𝐾𝑑

𝐹𝑑    

 

The equation above is exact and is in the form of equality relation. For 

hemispherical gyroscopes a similar relation holds, but a coefficient should be added to 

the formula that should be calculated by simulations or more sophisticated analytical 

approaches. For simplicity a proportionality relation is used here instead of equality. 

 

𝑆𝑒𝑛𝑠𝑒 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒

Ω𝑧
∝ √𝑚𝑒𝑓𝑓

𝑄2

𝐾𝑒𝑓𝑓
1.5 𝐹𝑑 ∝ √𝑚𝑒𝑓𝑓

𝑄2

𝐾𝑒𝑓𝑓
1.5

𝜖𝑤𝑙𝑉𝐴𝐶𝑉𝐷𝐶

2𝑑2
 

 

𝑚𝑒𝑓𝑓 and 𝐾𝑒𝑓𝑓 can be calculated as follows:  
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(4.21) 

(4.20) 

(4.22) 

meff = meff,coupler + ∑ Ai

Ii

l2

32

i=1

   

 

Keff = Keff,coupler + ∑ Bi
Kθ,bending

l2
32
i=1  + ∑ Ci

Kθ,tortion

l2
32
i=1  

 

Unknown coefficients can be derived from relative maximum displacements and 

rotations for each mode shape. The capacitance change per external rotation can be 

derived using equations 4.9 and 4.19:  

 

∆𝑐

Ω𝑧
∝

𝜀𝐴

2𝑑2 √𝑚𝑒𝑓𝑓

𝑄2

𝐾𝑒𝑓𝑓
1.5

𝜖𝑤𝑙𝑉𝐴𝐶𝑉𝐷𝐶

2𝑑2
  

 

According to equation 4.22, if the mass is kept fixed three other parameters are 

available to play with in order to increase the sensitivity, Keff, quality factor and gap 

distance. The output voltage to change of capacitance ratio, which was assumed 1 mV/aF 

last time, can be improved as the forth parameter. If it is assumed that the quality factor is 

going to remain very bad (as 200) and the gap distance is decreased to 1.35 μm, the 

highest sensitivity which is reported will be reached without changing other parameters 

but it is almost impossible to fabricate a 1.35 micron trench in a 530 wafer. According to 

Appendix A, two overhang lengths and at least 2 μm gap are needed and if 4 μm 

misalignment is assumed in the best case scenario at least 10 μm is needed for the gap so 

that it can be fabricated. Remaining options would be playing with the Keff or the readout 

circuit. For the next try the Keff is reduced as much as possible, by using SU8 polymer 
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couplers and 1 μm thick nickel cantilevers. The force is also corrected from 1 μN to the 

more exact value of 1.642 μN for 10 μm gap size. 𝑉𝑑𝑐 = 100 V and 𝑉𝑎𝑐 = 5 V are kept as 

previous values. 

 

Polymer Coupler - 1 µm Nickel Cantilever - Q = 200 

The natural frequencies of the system reduce because the effective spring constant 

of the system is decreased. After decreasing the compliance of the system, the sequence 

of the mode shapes will remain the same except parasitic mode shape 5, which moves to 

a frequency lower than drive and sense mode shapes and becomes number 3. Figures 4.12 

to 4.17 show the first six mode shapes. 

It can be seen that the drive frequency is about 3125.97 Hz and sense frequency is 

3139.74 Hz, which do not match exactly with the difference of 13.77 Hz. The polymer 

coupler is considered to be made out of SU8 and the dimensions are the same as before. 

The harmonic response for no rotation and 500 deg/s external rotation are shown in 

Figures 4.18 and 4.19. It can be seen that the vibration pattern rotates in the presence of 

external rotation. The resultant vibrational pattern is constructive addition of two 

vibrational modes in the drive and sense mode, which are 45 degrees misaligned. As the 

external rotation increases the amplitude of sense vibration increases and will shift the 

resultant vibrational pattern from the drive direction towards the sense direction. 

However, the pattern rotation cannot exceed 45 degrees no matter how much the external 

rotation is increased. Table 4.2 shows the simulation results for the second try. 

It can be seen that tangential displacement of the sense resonator is almost half of 

the  maximum  displacement and is  about 2.21 𝜇𝑚. This will  cause  unwanted  zero  rate  
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Fig 4.12: First parasitic mode shape, 1439.72 Hz. 

Fig 4.13: Second  parasitic mode shape, 1441.09 Hz. 
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Fig 4.14: Third parasitic mode shape, 2977.6 Hz. 

Fig 4.15: Drive mode shape, 3125.97 Hz. 
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Fig 4.16: Sense mode shape, 3139.74  Hz. 

Fig 4.17: Sixth mode shape, 6063.24  Hz. 
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Fig 4.19: No external rotation harmonic response. 

Fig 4.18: External rotation harmonic response for 500 deg/s. 
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(4.23) 

(4.24) 

Table 4.2: Simulation results for different rotation speeds for try number 2. 

Rotational 
velocity 
(deg/s) 

Pattern 
rotation 

(deg) 

45 degree node 
radial 

displacement 
(μm) 

45 degree node 
tangential 

displacement 
(μm) 

Maximum 
displacement 

(μm) 

0 0 0.056 2.21 4.71 

500 37.95 1.486 0.32 2.71 

 

output and in order to cancel it, it is needed to fabricate the fixed electrodes in front of the 

sense resonators, slightly bigger from the sides. 

 

Pattern rotation sensitivity = 37.95 deg

500 deg/s
= 75.9 × 10−3 deg

deg/s
 

 

So, 100 deg/s will cause 7.59 deg pattern rotation.  

 

Radial displacement sensitivity =(1.486 −0.056 )μm

500 deg/s
= 2.86

 nm

 deg/s
 

 

So, 100 deg/s will cause 286 nm change in amplitude for a vibration with 56 nm 

amplitude without any rotation in the sensing electrode.  

 

∆c =
εA

2d2
. Sensing resonator radial displacement 
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(4.25) 

(4.26) 

(4.27) 

=
8.85 × 10−12 × 530 × 140 × (1.486 − 0.056) × 10−6

2 × 102
 

= 4695.2 𝑎𝑓   

 

∆c

w
=

4695.2 af 

500 deg/s
= 9.39 

 af 

deg/s
 

 

The minimum detectable signal = 0.1065 deg/s 

 

Total sensitivity will also be 9.39
 mV 

deg/s
 if it is assumed 1 aF capacitance change 

corresponds to 1 mV output signal. It can be seen that 132  mV 

deg/s
 is still not reached and 

the sensitivity should still be increased 14 times. By using polymer couplers and 1 µm 

cantilevers the sensitivity is increased 131.12 times. Half a µm nickel cantilevers can be 

used to increase sensitivity, or 1 µm thick silicon cantilevers can be used which have 

lower elastic modulus than nickel and maybe a higher quality factor. In this way, SOI 

wafers can be used which also increases the quality factor because of material mismatch. 

A silicon coupler with a 1 µm thickness can be used instead of a polymer coupler with 5 

µm thickness. In this way, the quality factor and spring constant will increase but it is not 

known if it would have a positive effect on sensitivity or not because they have opposite 

effects. In the readout circuit section in this chapter it will be shown that if a Wheatstone 

bridge is used the gap distance only affects the driving voltages and not the sensitivity. 

 The device which is being compared to our device has a ring oscillator diameter 

of 2.7 mm. Our device has a 2 mm diameter coupler. If the diameter of the coupler is 
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(4.28) 

increased to 3 mm diameters it will increase the sensitivity since larger masses can be 

used and the effective spring constant will be reduced. This reduces the frequency and 

increases the sensitivity. Another option is using multiple adjacent resonators as drive 

electrodes to decrease voltage levels. For example, three resonators next to each other can 

be used for driving the gyroscope. The circuit can be improved to increase voltage to 

capacitance change ratio from 1 mV/aF to higher levels which will affect the sensitivity 

directly. The thicker the wafer is, the higher sensitivity the device will have, so using a 

wafer which is thicker than 530 µm can increase the sensitivity. For the next try, the 

quality factor is increased 100 times to see how it affects the sensitivity. 

 

Polymer Coupler - 1 µm Nickel Cantilever - Q = 20000 

The formula 4.22 is useful until the maximum displacement does not go too high; 

for example, not more than half of the electrode gap, because if it goes higher than that 

then there is a chance that the resonators stick to the other electrode. In other words, 

equation 4.22 is a fixed voltage equation that shows how parameters will affect the 

sensitivity when excitation voltages are fixed. However, it is always necessary to check 

the drive amplitude so that it is not enough to cause stiction. A better design approach is 

assuming the drive amplitude as fixed, for example, about half the electrode gap, and see 

what excitation voltage is needed in each step. In this way, the output sensitivity will not 

be that much more sensitive to the parameters, as in the case of the fixed voltage formula. 

 

𝑈𝑑 = 𝑄
𝐹𝑑

𝐾𝑒𝑓𝑓
=  

𝑑

2
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(4.29) 

(4.30) 

If equation 4.28 is plugged into equation 4.22 then: 

 

∆𝑐

Ω𝑧
∝ (

𝜀𝐴

𝑑

𝑄√𝑚𝑒𝑓𝑓

√𝐾𝑒𝑓𝑓

=
𝜀𝐴

𝑑

𝑄

𝑤𝑛
= 𝐶0

𝑄

𝑤𝑛
) 

 

This is the constant amplitude sensitivity formula. The driving voltages can be 

derived from inserting the oscillating force of equation 4.6 into 4.28:  

 

𝑈𝑑 = 𝑄

𝜀𝑤𝑙𝑉𝑎𝑐𝑉𝑑𝑐

2𝑑2

𝐾𝑒𝑓𝑓
=  

𝑑

2
 ⇒ 𝑉𝐴𝐶𝑉𝐷𝐶 =  

𝑑3𝐾𝑒𝑓𝑓

𝑄𝜖𝑤𝑙
  

 

In the constant drive amplitude method excitation voltages change and should be 

calculated in each step that the parameters are changed. Equation 4.30 is for drive 

amplitude equal to half of the electrode gap. If it is necessary to decrease the drive 

amplitude, the coefficient in equation 4.30 will change slightly. In our previous analysis 

with Q=200 and 𝐹𝑑=1.641 μN the drive amplitude was 4.71 µm, which is about half the 

electrode gap (10 μm). If the voltages are kept as fixed and the quality factor is increased 

further in the simulation, the drive amplitude will increase so much that stiction will 

occur. Therefore it is necessary to use the constant amplitude formula for predicting the 

next simulation results, so as the quality factor is increased to keep the drive amplitude 

constant the excitation voltages should be decreased. For example, if the quality factor is 

increased from 200 to 20000, 𝑉dc can be decreased from 100 to 10 volts and 𝑉ac from 5 

volts to 0.5 volts. In this way, the drive amplitude remains constant but the driving force 

will reduce 100 times to 0.01641 μN. In the fixed drive amplitude formula 
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(4.31) 

(4.32) 

proportionality to the quality factor to the power of two is replaced with a linear 

relationship. So by increasing quality factor 100 times it is expected the sensitivity to 

increase 100 times as well. Simulation results are shown in Table 4.3.  

 

Pattern rotation sensitivity = 9.54 deg

25 deg/s
= 0.3816 

deg

deg/s
 

 

So, 100 deg/s will cause 38.16 deg pattern rotation.  

 

Radial displacement sensitivity =(0.293 −0.127 )μm

25 deg/s
= 6.64

 nm

 deg/s
 

 

So, 100 deg/s will cause 664 nm change in amplitude for a vibration with 127 nm 

amplitude without any rotation in the sensing electrode. 

 

∆c =
εA

2d2
. Sensing resonator radial displacement

=
8.85 × 10−12 × 530 × 140 × (0.293 − 0.127) × 10−6

2 × 102
 

 

Table 4.3: Simulation results for different rotation speeds for try number 3. 

Rotational 
velocity 
(deg/s) 

Pattern 
rotation 

(deg) 

45 degree node 
radial 

displacement 
(μm) 

45 degree node 
tangential 

displacement 
(μm) 

Maximum 
displacement 

(μm) 

0 0 0.127 2.210 4.710 

25 9.54 0.293 0.493 1.092 
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(4.33) 

(4.34) 

(4.35) 

= 545.0361 𝑎𝑓  

 

∆c

w
=

545.0361 af

25 deg/s
= 21.8 

 af 

deg/s
  

 

The minimum detectable signal = 0.0458716 deg/s 

 

Total sensitivity will also be 21.8  mV 

deg/s
 if 1 aF capacitance change corresponds to 

1 mV output signal. Although Vdc=10 V and Vac=0.5 V are being used instead of 

Vdc=100 V and Vac=5 V, it was expected that the sensitivity of the device would increase 

about 100 times because, as can be seen in the formula 4.29, sensitivity is proportional to 

the Q which was increased from 200 to 20000. However, the actual increase in the 

sensitivity is 2.32 times instead of 100. At first it may be suspected that the resonance 

peak is shifting because of rotation. When the response curve around the excitation 

frequency is compared to no rotation state it can be seen that the resonance peak is shifted 

from 3139.74 Hz to 3140 Hz in 25 deg/s. After calculating the sensitivity in the new peak 

frequency almost the same results were reached, so frequency peak shift is not the reason 

for low sensitivity. The reason is the 13.77 Hz frequency difference between sense and 

drive modes, shown in Figures 4.15 and 4.16. The driving frequency is 3140 Hz, so in the 

Q=200 case the bandwidth is about 3140

200
= 15.7 Hz,  which is slightly more than        

13.77  Hz; but in the case of Q=20000, the bandwidth is 0.157Hz which is about 100 

times less than the frequency shift between sense and drive. In high Qs the frequency 

shift between sense and drive shows up more, while in the low Q mode it is not that 
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(4.36) 

(4.37) 

important. By remeshing the model in a way that the frequency of sense and drive exactly 

match or are less than the new bandwidth, the sensitivity should increase. This shows us 

going to high quality factors will not result in a good sensitivity without a good frequency 

matching of the sense and drive motions. 

 

Polymer Coupler - 1 µm Nickel Cantilever - Q = 20000 

With No Frequency Shift Between Sense and Drive 

Figure 4.20 shows the new mesh pattern. The new frequency for both sense and 

drive is 3065.43 Hz. For this new analysis Vdc=5 V and Vac=0.5 V are assumed, which 

leads to a driving force of 8.2 nN. Table 4.4 shows the simulation results for try number 

4. The sensitivities can be computed as follows:  

 

Pattern rotation sensitivity = 9.84 deg

25 deg/s
= 0.3936

deg

deg/s
 

 

Radial displacement sensitivity =  
(0.5752 )μm

25 deg/s
= 23.008

 nm

 Deg/s
 

 

So, 100 deg/s will cause 39.36 deg pattern rotation and 100 deg/s will cause 2.3 

μm change in amplitude for a vibration with less than 1 nm amplitude without any 

rotation in the sensing electrode. This means more than 400 deg/s cannot be sensed, 

because the electrode gap is 10 µm. 

 

 

 



 
     78 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4.4: Simulation results for different rotation speeds for try number 4. 

Rotational 
velocity 
(deg/s) 

Pattern 
rotation 

(deg) 

45 degree node 
radial 

displacement 
(μm) 

45 degree node 
tangential 

displacement 
(μm) 

Maximum 
displacement 

(μm) 

0 0 3065.432 0.000063473 1.1591 

25 9.84 3063.26 0.57525 0.17 

 

 

 

 

Fig 4.20: New mesh pattern with mapped meshing almost 
everywhere except places the coupler is attached to the 

resonator. 
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(4.38) 

(4.39) 

(4.40) 

∆𝑐 =
𝜀𝐴

2𝑑2
. 𝑆𝑒𝑛𝑠𝑖𝑛𝑔 𝑟𝑒𝑠𝑜𝑛𝑎𝑡𝑜𝑟 𝑟𝑎𝑑𝑖𝑎𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡

=
8.85 × 10−12 × 530 × 140 × 0.5752 × 10−6

2 × 102

= 1888.6 𝑎𝑓                         

 

∆𝑐

𝑤
=

1888.6 𝑎𝑓

25 𝑑𝑒𝑔/𝑠
= 75.544 

 𝑎𝑓 

𝑑𝑒𝑔/𝑠
 

 

The minimum detectable signal = 0.013 deg/s 

 

Total sensitivity will also be 75.544  
 mV 

deg/s
, if 1 aF capacitance change 

corresponds to 1 mV output signal. 

 

Readout Circuit 

The most simple circuit to read the signal would be a capacitive Wheatstone 

bridge. Figure 4.21 produces a change in differential voltage as a function of change in 

capacitance. An AC voltage source must drive the bridge; its frequency needs to be stable 

and accurate. R1 can be a digital potentiometer (digi-pot) that is controlled to zero out the 

differential voltage or it can  be  a  regular  resistor. R3 provides a means to bias the 

instrumentation amplifier correctly and to keep the node between the capacitors from 

drifting over time, which needs to be much larger than C2's impedance. The divider 

equation can be corrected for this resistance, if necessary [26]. The advantages of this 

sensing  configuration  are  an  excellent   common  mode  rejection ratio and detection of  
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(4.41) 

(4.42) 

 

 

 

 

 

 

 

 

 

open or shorted circuit. The disadvantages are power dissipation and the need for AC 

driving voltage. The frequency of  input voltage to the readout circuit should be at least 

10 times the sensor driving frequency in order to have a good understanding of the sensor 

mechanical vibrational behavior and also for preventing actuation of the system along the 

sense direction. If 𝑅3 is neglected, from equation 4.9 for small vibration amplitude:  

 

∆𝑐 =
𝜀𝐴

𝑑
(

𝑥

2𝑑
) = 𝐶0(

𝑥

2𝑑
) 

 

𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡 (
𝐶0 + ∆𝑐

2𝐶0 + ∆𝑐
−

1

2
) 

= 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡(
𝑥

8𝑑 + 2𝑥
) ~ 𝐴(

𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

4
)(

𝑥

2𝑑
)  

 

 Fig 4.21: Capacitive readout circuit. Modified from [26]. 
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(4.43) 

(4.44) 

where A is the gain of the amplifier. The capacitance C0 is 65.67 fF in our model. Now if 

 equation 4.42 is divided by 4.41 then: 

  

𝑣𝑜𝑢𝑡

∆𝑐
=  

𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

4𝐶0
   

 

If the gain of the amplifier is considered to be 100 and 𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡 = 10 V for 

our model, the sensitivity would be 3.8 𝑚𝑉

𝑎𝐹
. This shows that with an amplifier gain of 100, 

a sensitivity slightly more than what is assumed in our designs which was one 𝑚𝑉

𝑎𝐹
, is 

achievable. By using equation 4.39 the final sensitivity is found to be 287 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
, which 

is twice as high as our target 132 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
 sensitivity, reported in [5]. However, in 

commercial gyroscopes delta sigma circuits are mostly used for data acquisition. One 

main reason is their lower noise levels and the other reason is their higher sensitivities, 

even much better than one 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
. For the purpose of this project a simple Wheatstone 

circuit will be used to show the device is working, but delta sigma circuits will be used in 

our device eventually. Now, if the two sides of equation 4.29 and 4.43 are multiplied, for 

a device with Wheatstone bridge measurement technique the total sensitivity will be: 

 

𝑣𝑜𝑢𝑡

Ω𝑧
∝ 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

𝑄

𝑤𝑛
 

 

This is the most complete sensitivity formula derived so far in this thesis for 

Wheatstone bridge readout gyroscope. It is very interesting to note that the total 
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sensitivity of the device is not a function of electrode gap or capacitance of the device; 

however, this may not be true in delta sigma circuits. In Wheatstone bridge readout 

circuits electrode gap affects the driving voltages of the gyroscope or the power 

consumption and has nothing to do with sensitivity of the device. For example, if it is fine 

to use high voltages, according to equation 4.30, 𝑉dc=50 V and 𝑉ac=5 V can be used to 

increase the gap distance from 10 µm to 46.4 µm while keeping the sensitivity at the 

same value of 287 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
 . If it is necessary to round the electrode gap to 50 µm, 

𝑉dc=62.5 V and 𝑉ac=5 V should be used. This will facilitate the fabrication process a lot 

and it can be a good practice to start the fabrication of the device with a large electrode 

gap and after mastering the fabrication steps, start reducing the electrode gap and deal 

with the fabrication problems of high aspect ratio trenches.  

The next question that comes to mind is whether 287 𝑚𝑉

𝑑𝑒𝑔/𝑆𝑒𝑐
 is the maximum 

sensitivity possible for this device or not. In deriving this sensitivity it is assumed that 

quality factor is 20000, but large offset proofmasses have lower quality factors in 

practice. On the other hand, only a simple Wheatstone bridge is used which is less 

sensitive to delta sigma. So in practice it should first be seen how much the quality factor 

will be and then it can be estimated how much the sensitivity can be enhanced. In 

reference [5], the natural frequency of the device is 30KHz and the quality factor is 

10000. So, from equation 4.29 it can be said that if the same readout circuit is used the 

sensitivity can be increased 10 times by reducing the natural frequency to 3KHz. The 

natural frequency can be further decreased to a sub-kilohertz regime by using a 3 mm 

diameter coupler instead of 2 mm and using larger proofmasses. The only concern here is 

the quality factor. Low quality factors may be achieved at first, but in consideration of 
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having access to the anchor parts, different techniques discussed in previous chapters can 

be used to increase it. Even in the presence of a slight decrease in quality factor, the 

frequency can be decreased so much that the sensitivity increases in total compared to 

previous works. Incorporating the bulk of the wafer in a ring gyroscope in such a way 

that reduces the natural frequency and finding solutions for misalignment cancelation 

between several fabrication steps was the main goal of this thesis. In future work on 

fabrication, practical quality factor enhancement methods and modematching will be 

discussed. The only problem in this design is that due to big proofmasses and compliant 

cantilevers, lots of parasitic acceleration noise is expected. In the next section a solution 

to this problem is offered. 

Another problem that should be solved is the decrease of the peak of resonance 

for about 2.1 Hz for 25 deg/s rotation, which is 14 times the bandwidth. For high Q 

gyroscopes this is a very bad phenomenon because if the driving frequency is kept at the 

same frequency all the time the response will drop substantially in the presence of 

external rotation or temperature fluctuations. It is a common practice to incorporate a 

circuit to detect the peak of resonance at all times and change the driving frequency 

accordingly, which is called automatic gain control (AGC).  

 

Acceleration Canceling Technique 

The working frequency is 3126 Hz, which is shown in Figure 4.22. The                

z-parasitic mode shape frequency is 5641 Hz and is shown in Figure 4.23. The X and Y 

parasitic mode shape frequencies are 1440 Hz and are shown in Figures 4.24 and 4.25, 

respectively. 
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Fig 4.22: Working  frequency of  3126 Hz. 

Fig 4.23: Z parasitic mode of 5641 Hz. 
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Fig 4.24: X parasitic mode of 1440 Hz. 

Fig 4.25: Y parasitic mode of 1440 Hz. 
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So there are three parasitic mode shapes. Two of them are about half the sensing 

frequency in the X and Y direction and one is almost 1.5 times the sensing frequency in 

the Z direction. If the gyroscope is working and the structure is subjected to a mechanical 

pulse in the Z direction, then the whole structure starts oscillating in the Z direction with 

a frequency about 1.5 times the sensing frequency until it is damped out based on the 

mode shape in Figure 4.23. If the structure undergoes a pulse in the X or Y direction, the 

structure starts to oscillate based on a combination of mode shapes (Figures 4.24 and 

4.25) along the excitation direction with a frequency which is about half the sensing 

frequency until it is damped out. Since there are two parasitic modes, one below and one 

above the sensing frequency, if it is decided to use some kind of a filter to cancel 

acceleration a passband filter should be used. However, considering that the frequencies 

are very close it may not be a practical choice to use a filter. The simple and more 

effective solution is using multiple sensing capacitors along with signal subtraction and 

addition techniques.  

By going to lower frequencies the sensitivity can be increased; however, as the 

spring constant decreases, the acceleration parasitic noise will also increase so a strategy 

is needed to get rid of them. With a very simple and effective way to cancel acceleration 

effects in three directions lower frequencies can be used to increase the sensitivity 

tremendously. More compliant cantilevers need less actuation voltages, which leads to 

less power consumption. Lower frequencies like 500 Hz can be achieved by reducing the 

thickness of the cantilevers or increasing the diameter of the coupler. This will reduce the 

anchor loss and increases the Q. Since the natural frequency of the system decreases six 

times,  the  sensitivity  will  rise  six  times.  According  to  the  noise  formula  for  gyros 
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(equation 2.5) it can be noticed that the spring constant and quality factor are both in the 

denominator under the square root. Thus, it is not evident that going to lower frequencies 

will increase the noise because the quality factor may increase so much that it cancels the 

spring constant reduction effect. Another good thing about going to a sub-kilo hertz 

regime is reduction of the spring constant of the system so that the role of spring 

softening DC bias on the capacitors will be highlighted more. There are 32 resonators 

that DC bias: 12 of them will affect the drive direction more, 12 of them will affect the 

sense motion more, and 8 of them have equal effect on drive and sense frequency and 

cannot be used for tuning. After placing 40 volts on 4 resonators that affect the drive 

direction the most, the mode shape frequency of the drive was decreased about 13 Hz in 

simulations for our current dimensions with 10 µm gap. If the effective spring constant of 

the system decreases, the same voltage will change the frequency more. Thus, it can be 

claimed that this design almost cancels misalignment in the fabrication stage and because 

of the low spring constant of the system the remaining unwanted frequency mismatch 

between sense and drive can be tuned by DC biasing. If the drive mode has higher 

frequency than the sense frequency, 12 resonators along the drive direction can be used 

and if the sense frequency is higher the other 12 resonators should be used. The sensing 

and tuning capacitors are shown in Figure 4.26. The only drawback for lower frequencies 

is slightly slower time response. In order to cancel the acceleration effects, equation 4.45 

should hold: 

 

𝑂𝑢𝑡𝑝𝑢𝑡 ∝ (∆𝐶1 + ∆𝐶2) − (∆𝐶3 + ∆𝐶4) 

 

(4.45) 
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An external impulse along the Z direction will change all four ∆𝐶 equally so the 

output does not change. In the case of an impulse in the X and Y direction, the response 

will be in-plane as a combination of mode shapes (Figures 4.24 and 4.25) along the 

impulse direction. In this condition the two values ∆𝐶1 + ∆𝐶2 and ∆𝐶3 + ∆𝐶4 will remain 

constant and the output is not affected. In this way, it can be concluded that if equation 

4.45 holds, then acceleration effects will be suppressed. For Figure 4.27 the output 

voltage can be calculated as:  

 

𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡 (
2𝐶0 + ∆𝐶1 + ∆𝐶2

4𝐶0 + ∆𝐶1 + ∆𝐶2 + ∆𝐶3 + ∆𝐶4
−

1

2
)

= 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

(∆𝐶1 + ∆𝐶2) − (∆𝐶3 + ∆𝐶4)

8𝐶0 + 2(∆𝐶1 + ∆𝐶2 + ∆𝐶3 + ∆𝐶4)
  

 

∆𝐶 = ∆𝐶1 = ∆𝐶2 = −∆𝐶3 = −∆𝐶4    

 

𝑣𝑜𝑢𝑡

∆𝑐
=  

𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

2𝐶0
 

 

Sensing frequency reduction Tuning Capacitor

Drive electrode

Sense electrode

Driving frequency reduction Tuning Capacitor

Fig 4.26: Multiple sensing electrodes.   
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It can be noted that sensitivity of equation 4.48 is twice that of equation 4.42. In this way, 

by using the configuration in Figure 4.27, not only the acceleration effects can be 

canceled but also the sensitivity can be increased twice. The final sensitivity of the device 

using  this  configuration  would  be  574 𝑚𝑉

𝑑𝑒𝑔/𝑆𝑒𝑐
. The problem with Figure 4.27 is that 

the left point between the four capacitors, which is connected to the instrumentation 

amplifier, is the central hub, which is grounded or has a DC bias in the drive circuit. This 

configuration should change in a way that the voltage of the central hub is fixed at all 

times. Figure 4.28 is a new configuration with four fixed capacitors numbered from 5 to 

8. These fixed capacitors have the same dimensions with gyroscope resonating capacitors 

shown in Figure 2.8, with the difference that they do not have a  trench  on  the glass 

which they are bonded to so that their capacitance values are fixed. These four capacitors 

should be fabricated next to each gyroscope to make sure their value differs as little as 

possible with respect to the gyroscope capacitors. 

If the sensitivity formulation is written for this new configuration in Figure 4.28: 

Fig 4.27: Multiple sensing electrode Wheatstone bridge configuration. 
 

3 

4 

1 
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𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

2𝐶0[(∆𝐶1 + ∆𝐶2) − (∆𝐶3 + ∆𝐶4)]

(4𝐶0 + ∆𝐶1 + ∆𝐶2)(4𝐶0 + ∆𝐶3 + ∆𝐶4)
  

 

After applying equation 4.47 to equation 4.49 the final sensitivity will be:  

 

𝑣𝑜𝑢𝑡

∆𝑐
=  

𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

2𝐶0
 

 

It can be noted that the sensitivity formula for Figure 4.28 is similar to the 

configuration shown in Figure 4.27. This is the final device that is going to be fabricated. 

It can be noted that in Table 4.4 the drive amplitude is only 1.15 µm, but since the 

voltages are modified after increasing the gap from 10 µm to 50 µm, the final vibrational 

amplitude would be 5.65 µm. This is about 10% of the electrode gap and can be 

considered in the linear range. It is strongly suggested to fabricate four fixed capacitors, 

near  the  gyroscope  for  the  sensing  circuit  to have maximum sensitivity and minimum 

 

𝑅1 𝑅2 

1,2 3,4 

5,6 7,8 

Fig 4.28: Multiple sensing electrode Wheatstone bridge configuration with fixed 
voltage central hub. 

(4.49) 

(4.50) 
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offset bias in the Wheatstone bridge. Using fixed capacitors are considered the final 

design of this thesis. However, if off the shelf components should be used instead of 

fabricated fixed capacitors on the side of the gyroscope, capacitors 5 to 8 can be replaced 

with two trimmer capacitors, shown in Appendix B. The capacitance of each resonator 

with 50 µm gap is 13.13 fF, while the capacitance of trimmer capacitors varies between 

0.5 to 1 pF. If it is assumed the sum of the capacitors 5 and 6 are 630 fF, their value can 

be considered as 48C, while C is 13.13 fF. The sum of the capacitors 7 and 8 is 

considered to be 48C+∆𝑐′ because it may not be possible to tune both capacitors to be 

exactly the same. The output voltage in this case would be:  

 

𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡[
48𝐶

50𝐶0 + ∆𝐶3 + ∆𝐶4
−

48𝐶 + ∆𝑐′

50𝐶0 + ∆𝐶1 + ∆𝐶2
] 

 

After using equation 4.47 the output voltage will be like this:  

 

𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡[
192𝐶0∆𝐶 + (50𝐶0 − 2∆𝐶)∆𝑐′

2500𝐶0
2 + 4∆𝐶2

] 

 

If ∆𝑐′ is considered to be zero the output voltage will be simplified to: 

 

𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡[
∆𝐶

(13.021)𝐶0
] 

 

If equation 4.53 is compared to equation 4.50, it can be noted that the sensitivity 

is 6.5 times less in this method since fF capacitors are not commercially available. If ∆𝑐′  

(4.53) 

 (4.51) 

(4.52) 
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is considered as C, then the zero rate output voltage will be:  

 

𝑣𝑜𝑢𝑡 = 𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡 [
∆𝑐′

50𝐶0
] =

𝐴𝑉𝑎𝑐−𝑟𝑒𝑎𝑑𝑜𝑢𝑡

50
   

 

According to equation 4.53 this output voltage would be equivalent to the signal 

for ∆𝐶 = (0.26)𝐶0 or x = (0.52)d. It can be concluded that capacitors should be tuned 

very carefully to minimize the zero rate output of the sensing circuit. 

 

Stress Analysis 

In order to find the maximum stress, the stress in the cantilevers when the tip of 

the resonator is touching the opposite electrode can be calculated.  

 

𝜃𝑚𝑎𝑥 =  
𝑑

𝐻
    

 

Using equation 3.2, the maximum moment in the cantilever can be written as:  

 

𝑀𝑚𝑎𝑥 = 𝐾𝜃𝜃𝑚𝑎𝑥 =
𝐸𝐼𝑑

𝐿𝐻
   

 

By using equation 4.56, the maximum stress would be: 

 

𝜎𝑚𝑎𝑥 =  
𝑀𝑚𝑎𝑥

𝐼
(

ℎ

2
) =

𝐸𝑑ℎ

2𝐿𝐻
=

(219 𝐺𝑃𝑎) × 50 × 1

2 × 100 × 530
= 103 𝑀𝑃𝑎    (4.57) 

(4.54) 

(4.55) 

(4.56) 
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It should be noted that the vibration amplitude is about one-tenth of the electrode 

gap, and the stress concentration factor, which depends on the geometry of trench near 

the corners, can be considered as 10. In order to reduce the stress further according to 

equation 4.57, the thickness of the cantilevers can be reduced, which also increases the 

quality factor of the system, decreases the spring constant and increases the sensitivity.  

The final dimensions of the device are shown in Table 4.5. 
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Table 4.5: Final dimensions and characteristic of the device. 

Proofmass 530 µm high – 140 µm wide  
Silicon 

Coupler 5 µm thick – 30 µm wide – 2 mm diameter 
SU8 polymer 

Cantilevers 140 µm wide – 100 µm long – 1 µm thick 
Nickel 

Number of proofmasses 32 

Electrode gap 50 µm 

Drive amplitude 5.65 µm 

Driving DC voltage 62.5 V 

Driving AC voltage 5 V 

Sensing AC voltage 10 V 

Sensing amplifier gain 100 

Assumed quality factor 20000 

Natural frequency 3126 Hz 

Final sensitivity 574 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
 

Minimum detectable signal 0.00174 𝑑𝑒𝑔/𝑠𝑒𝑐 
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CONCLUSION 

 

The sensitivity of the gyroscope is inversely proportional to the natural frequency; 

however, if surface micromachining techniques are used it may not be possible to 

decrease the natural frequency of a ring gyroscope a lot. This thesis is focused on 

proposing a way to use bulk of the silicon wafer in the gyroscope to decrease the natural 

frequency to very low levels, such as a sub-kilohertz regime that cannot be achieved by 

single mask surface micromachining processes. It then proposes a solution for solving the 

misalignment problem caused by using multiple fabrication steps and masks instead of 

using only one mask in surface micromachined gyroscopes.  

In this design discrete proofmasses are linked together around a circle by 

compliant structures to ensure the highest effective mass and lowest effective spring 

constant. By using a proposed double sided fabrication technology the effect of 

misalignments on frequency mismatch can be reduced. ANSYS simulations show that 20 

µm misalignment between the masks causes a frequency shift equal to 0.3% of the 

natural frequency, that can be compensated for by using electrostatic frequency tuning. 

Acceleration parasitic effects can also be a major problem in a low natural frequency 

gyroscope. In this design a multiple sensing electrode configuration is used that cancels 

the acceleration effects completely. The sensitivity of the gyroscope with 3126 Hz natural 

frequency is simulated to be 574 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
, or about four times higher than 132 𝑚𝑉

𝑑𝑒𝑔/𝑠𝑒𝑐
 , 

which was used as a benchmark for a sensitive gyroscope. 

 



 
     96 

 

  

APPENDIX A 

 

MISALIGNMENT COMPENSATION TECHNIQUE 

 

In conventional MEMS gyroscopes, usually attempts to use only one mask are 

tried because if several masks are used, because of the unavoidable misalignment of the 

masks, the final structure becomes useless, e.g., gap distances may differ in different 

parts of the system. Sometimes, in order to use several masks, the gap distances are 

defined by a sacrificial layer conformal chemical vapor deposition (CVD) method on the 

side walls and etching. The main goal of this research is using the bulk part of silicon 

wafer in the gyroscope structure to increase the sensitivity of the device. When the bulk 

part of the silicon is used at least two masks are needed based on the design of the 

gyroscope. In this design, since there is a ring on top of the structure three main masks 

are needed to define the structure. The question is how the misalignment effect can be 

canceled out. A simplified version of this gyroscope without the coupler on top of it was 

fabricated in order to see the fabrication feasibility of this design. A common method to 

fabricate the device was used, in which the cantilever side of the structure was patterned 

from the bottom by doing DRIE for about 50 µm and from the other side of the wafer the 

structure was formed using another DRIE process to reach the cantilever side. As can be 

seen in Figure A.1, there are lots of issues with the conventional fabrication method due 

to the misalignment of  the  masks.  There  would  be  a   discontinuity  in  the  proofmass  
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sidewalls and the center of gravity of the proof mass changes with respect to the 

cantilever around the circle. The cantilever’s dimensions change because sometimes 

some part of it is covered by proofmass or a substrate part and at some places cantilevers 

are completely covered. At some places two resonators are connected together. If a ring 

coupler is added to this system, it would be impossible to match sense and drive 

frequency, even by removing materials. Misalignment between the front-side and the 

back-side mask is about 55 microns, which can be reduced below 10 µm by several tries,  

but let us assume the misalignment is going to remain this bad. Even if better tools are 

used 3 or 4 µm of misalignment is always there and cannot be avoided; that 3 or 4 µm 

will make the sense and drive frequencies not match. From this observation it is 

concluded that the conventional fabrication method is not useful in designing a system 

with more than one mask. In a conventional method DRIE is performed from both sides, 

but the summation of etching time from the two sides equals the time needed to etch 

 

Fig A.1: Fabricated prototype of the structure using the conventional fabrication method. 
There is a 55 micron misalignment between the masks on the two sides of the wafer. 
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entirely through the silicon wafer. In other words, the DRIE is stopped when the etch  

front  from  the  second side reaches the etch front from the first side. 

To solve the misalignment problem a simple method is proposed. If four lines are 

intersected to form a parallelogram in the center and two of the parallel lines are shifted 

together with respect to the other two lines in a random direction, then the dimensions of 

the internal parallelogram and its area does not change. This is valid only on 

parallelograms and not on trapezoids or a shape formed by intersection of four curved 

lines (Figure A.2). 

In order to show the practical usage of this concept, consider a rectangular feature 

is on the top mask over another rotated rectangular feature on the bottom mask. DRIE can 

be done from the top side to form a wall shaped structure as shown in Figure A.3. Now, if 

another DRIE process is done from the bottom, the final structure would be a column 

between the two masks and its dimensions are not related to the direction and  amount  of 

misalignment between the top and bottom masks. Now, it is only necessary to make room 

for the column in order to be able to move the parallel lines of the top and bottom 

features, at least for 55 µm, which is our expected misalignment. 

 

 

 

 

 

 

 

Fig A.2: Insensitivity of the dimensions of parallelogram to shifting of two facing edges.  
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This fabrication method has none of the problems of the conventional fabrication 

method, like the step in the middle of the structure or changes of the dimensions of the 

final structure; however, the total etching time is twice the conventional etching option. A 

resonator with a sensing or driving capacitor would have more moving edges in the two 

masks. In Figure A.4, the blue lines are for the bottom mask and the red lines are for the 

top mask. Lots of these proofmasses are arranged around a circle to form the final 

gyroscope structure. One of the features that should be considered in this design and in 

this type of fabrication is a room for floating of the structure both in X and Y directions,  

because   misalignment  can  be  towards  any  direction. So, some overhangs should be 

considered in the gap area of the bottom mask to compensate for probable misalignment. 

If the two masks have misalignment along the resonator axis, in the final structure the 

overhangs separation in the middle of the gap will move slightly in one direction. Still, 

since the thickness of the metallic layer is much less than the thickness of  the  proofmass  

Fig A.3: Uniformity and insensitivity of the dimensions of the column to 
misalignment of the top and bottom masks. 
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the percentage change of mass of the resonator would be almost negligible. It is also 

known that overhangs move rigidly with the proofmass and will not affect the spring 

constant. Overall, it can be concluded that the natural frequency of each resonator is not 

affected by the misalignment in this fabrication method. 

To fabricate the whole gyroscope structure, at first polygonal trenches are etched 

from the top side and then the fabricated polygonal wall is etched into columns or 

proofmasses with another mask from the bottom. In this fabrication method, the width of 

the cantilever should be the same as the width of the proofmass, but its thickness and 

length can be changed to tune cantilever stiffness. If fixed electrodes slightly wider than 

the resonator are needed, then the width of the two overhangs should not be equal 

anymore. In Figure A.5, a sample top and bottom mask to fabricate a set of resonators 

without  the  capacitive  sensing  electrode are shown to demonstrate the concept of 

resonator fabrication. The final device will additionally have capacitive sensing 

electrodes. These are not shown in Figure A.5 for a better understanding of the 

misalignment  cancelation  technique. The  effect  of  misalignment  of  the  mask  on  the  

Fig A.4: Floating lines on the top and bottom masks and different features 
that are finally generated. 
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movement of proofmasses with respect to the initial position is also depicted in Figure 

A.6. It can be seen that because of the misalignment, dimensions of the cantilevers and 

the proofmasses and position of each cantilever-proofmass pair with respect to each other 

will not change and there would be no step in the proofmasses in SEM images. In other 

words, the misalignment completely cancels out for each cantilever-proofmass set, but 

the relative position of each set to the others will slightly change. When the position of 

proofmasses in the case without misalignment and the case with it are compared, it can be 

noticed that, some of the proofmasses move and some of them stay still. When the mass 

does not  move   due   to   the   misalignment,   the   size  of  overhangs   for   

misalignment compensation change and when the overhangs  for  misalignment  

compensation  does not  change  size,  the  proofmass  has its maximum displacement. In 

Figure A.6, the distance between the upper half adjacent resonators  increases  while  the  

distance  between  the  lower  half  adjacent  resonators decreases. If a type of coupler 

that  connects  the  edges  together  is  used, then  the  coupling  between  resonators  will   

  
Fig A.5: Two needed masks to fabricate eight resonators.  

a) Bottom mask, b) top mask. 

a) b) 
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change a lot and cause a large frequency change between sense and drive mode; however, 

if a coupler that joins a point on top of the proofmass to a point on top of the adjacent 

proofmass is used, since cantilevers and proofmasses are wide, the drive and sense 

frequency will not differ that much. To make sure, FEM simulation software can be used 

to see how much the misalignment affects the frequency mismatch, as is done in the last 

section of Chapter 3. Fixed electrodes can be added to this design if the wafer is bonded 

to a glass substrate. Using this fabrication technique, it can be guaranteed that the 

capacitor area and gap is not affected by misalignment. The capacitor gap should be more 

than twice the expected misalignment, since two overhangs are needed with at least the 

length of the misalignment which should not be connected to each other. 

In order to have high sensitivity the frequency of operation should be kept around 

1 KHz, which requires a cantilever thickness of around 1 µm. A high quality factor which 

is proportional to (
l

t
)

3

 is also preferable for the case of a cantilever beam resonator 

Fig A.6: The effect of misalignment of the bottom mask on the movement of 
proofmasses with respect to the initial position. a) Center position, b) Slight 

misalignment of the bottom mask towards downward direction. 

 
 

a) b) 
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without proofmass. Piezoelectric MEMS energy harvesters have the same frequency 

range of below 1 KHz and should be studied to understand the behavior of low frequency 

oscillators similar to the ones that are used in this design. The difference is that in energy 

harvesters low quality factors are needed so that the harvester can absorb energy from a 

wide range of frequencies. To decrease the natural frequency in energy harvesters a large 

proof mass and long cantilevers for holding them are used, usually. As an example, in 

one of the previous works [27], the thickness of the cantilever is 36 µm, its length is 3200 

µm but the resulting quality factor is only 233, which means in a resonator with a big 

proofmass lots of energy is going to escape away from the supports if nothing is done 

about it. The best way to have a very thin cantilever is by using SOI wafer or a metallic 

cantilever. However, because of fabrication issues it is very hard to make a thin cantilever 

by timing the DRIE etch out of silicon from the other side of the wafer. In addition, SOI 

wafers and metallic cantilevers decrease the anchor loss because of material mismatch. A 

1 µm thickness metallic cantilever with 100 µm length should be a good start to see what 

the quality factor will be. If it is decided to use a metallic cantilever, the fabrication 

parameters should be optimized for stress free conditions. Electroplating of a metallic 

layer can be a good choice because it is a low temperature and low residual stress 

process.  
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APPENDIX B 

 

TRIMMER CAPACITOR DATASHEET 

 

 

Manufacturer Murata Electronics North America  

Manufacturer part number TZY2Z010A001R00 

Description CAP TRIMMER 0.5-1PF 25V SMD 

Lead Free ftatus / RoHS status Lead free / RoHS compliant 

Category Capacitors  

Family Trimmers, Variable capacitors 

Series TZY2  

Packaging  Tape & Reel (TR)  

Capacitance range 0.5 ~ 1pF 

 

Table B.1: Trimmer capacitor TZY2Z010A001R00. 

 

http://digikey.com/Suppliers/us/Murata-Electronics.page?lang=en
http://www.digikey.com/product-search/en/capacitors
http://www.digikey.com/product-search/en/capacitors/trimmers-variable-capacitors/131670
http://www.digikey.com/product-search/en?FV=ffec6dab
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Adjustment type Top adjustment 

Voltage 25V 

Size Rectangular - (3.20mm x 2.50mm) 

Height - Seated (Max) 0.049" (1.25mm) 

Mounting Type Surface Mount 

Features General Purpose 

Dynamic catalog TZY2 Series 

Other names 490-2009-2 

 
Fig B.1: Trimmer capacitor TZY2Z010A001R00. 

Table B.1 continued 
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