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ABSTRACT

This dissertation develops the structure theory of the category Whittaker modules for
a complex semisimple Lie algebra. We establish a character theory that distinguishes
isomorphism classes of Whittaker modules in the Grothendieck group of the category,
then use the localization functor of Beilinson and Bernstein to realize Whittaker mod-
ules geometrically as certain twisted D-modules on the associated flag variety (so called
“twisted Harish-Chandra sheaves”). The main result of this document is an algorithm for
computing the multiplicities of irreducible Whittaker modules in the composition series of
standard Whittaker modules, which are generalizations of Verma modules. This algorithm
establishes that the multiplicities are determined by a collection of polynomials we refer

to as Whittaker Kazhdan-Lusztig polynomials.



For Val.
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CHAPTER 1

INTRODUCTION

A fundamental goal in representation theory is to understand all representations of
semisimple Lie groups. The algebraization of this problem leads to the study of modules
over complex semisimple Lie algebras. For a complex semisimple Lie algebra g, under-
standing all g-modules is a daunting task, and a full classification has only been obtained
for the simplest example: the Lie algebra s((2,C) [Blo81]. One way to make this task
more manageable is to study subcategories of modules subject to certain restrictions, then
relax the restrictions to expand the categories and observe which aspects of the structure
carry over to the larger category. Block’s classification of irreducible s((2,C)-modules
suggests two natural categories to consider: highest weight modules and nondegenerate
Whittaker modules. Highest weight modules have been studied extensively in the past
tiftty years, and the category has been shown to have a rich underlying combinatorial
structure. A celebrated example of this structure was Beilinson—-Bernstein’s [BB81] and
Brylinski-Kashiwara’s [BK81] proofs of the Kazhdan-Lusztig conjecture [KL79] which
established that multiplicities of irreducible highest weight modules in Verma modules
are determined by the Kazhdan-Lusztig polynomials. (See, for example, [HumO8] for a
survey of this and other results.) Nondegenerate Whittaker modules were introduced in
[Kos78] as an algebraic tool for determining which representations of a semisimple Lie
group admit a Whittaker model, and Kostant showed that the category of nondegenerate
Whittaker modules has a very simple structure. This dissertation is concerned with a
category of g-modules which contains both the category of highest weight modules and the
category of nondegenerate Whittaker modules as full subcategories. This is the category
of Whittaker modules. The main result of this project is the development of an algorithm
(Theorem 6.1) for computing the multiplicities of irreducible Whittaker modules in the

composition series of standard Whittaker modules (Definition 3.9). These multiplicities
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are determined by a collection of polynomials which we refer to as Whittaker Kazhdan-
Lusztig poynomials.

More specifically, let g be a complex semisimple Lie algebra, I/ (g) its universal envelop-
ing algebra, and Z(g) the center of U/(g). Let b be a fixed Borel subalgebra of g with nilpo-
tent radical n = [b, b]. The category N of Whittaker modules contains all ¢/ (g)-modules
which are finitely generated, Z(g)-finite, and U (n)-finite. Let h be the abstract Cartan
subalgebra of g [Mil93, §2]. For a choice of A € h* and a Lie algebra morphism # € n*,
McDowell constructed a standard Whittaker module M(A, 1) (Definition 3.9), and showed
that all irreducible Whittaker modules L(A,7) appear uniquely as quotients of M(A, )
[McD85]. When 1 = 0, the M(A,0) are Verma modules, and when 7 acts nontrivially on
all root subspaces of g corresponding to simple roots (we say such # are nondegenerate),
the M(A, 1) are the irreducible modules studied by Kostant in [Kos78]. McDowell also
showed that Whittaker modules have finite length composition series [McD85, §2 Thm.
2.8]!, so a natural problem is to determine the multiplicities of the irreducible constituents
of a standard Whittaker module. These multiplicities were determined for integral A in
[MS97] and for arbitrary A in [Bac97] by relating subcategories of Whittaker modules to
certain blocks of BGG category O. These papers established multiplicity results for Whit-
taker modules, but they did not develop the combinatorial structure of Kazhdan-Lusztig
polynomials that was established in [KL79, BB81, BK81] for the category of highest weight
modules. In this dissertation, we develop a Kazhdan-Lusztig theory for the category of
Whittaker modules by using Beilinson-Bernstein localization to realize Whittaker modules
geometrically as a certain category of twisted sheaves of D-modules on the flag variety of
g, following [MS14].

The first step in using localization to study Whittaker modules is to realize A as a
category of twisted Harish-Chandra modules. Given a connected algebraic group K with
Lie algebra ¢ and a morphism ¢ : K — Int(g) inducing an injection of ¢ into g, the pair
(g,K) is called a Harish-Chandra pair if g acts on the flag variety X of g with finitely many
orbits. For a Harish-Chandra pair (g,K) and a Lie algebra morphism 1 € £*, one can

define an abelian category M, (g, K, 17) consisting of finitely generated ¢/ (g)-modules that

I This fact follows immediately from the geometric description of Whittaker modules introduced by Mili¢i¢
and Soergel in [MS14].
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admit an algebraic action of K such that the differential of the K action differs from the
restricted g-action by 7 (Definition 3.7). We refer to objects in this category as n-twisted
Harish-Chandra modules. For a maximal ideal Jy in Z(g) corresponding to a Weyl group
orbit 6 C h*, denote by Uy the quotient of /(g) by the two-sided ideal generated by Jp.
We denote the subcategory of M, (g, K, 1) consisting of modules with central character
determined by 6 by M, (U, K, 17). Let N be the unipotent subgroup of Int(g) whose Lie
algebra is n. Then (g, N) is a Harish-Chandra pair, and we can realize AV in terms of twisted
Harish-Chandra modules for this pair. Indeed, any object in M fe (U, N, 77) is a Whittaker
module, and each standard and irreducible Whittaker module is in M, (U, N, 77) for some
orbit § and morphism 7 (Lemma 3.8).

This description allows us to use the localization theory of Beilinson-Bernstein to study
Whittaker modules. For each A € §*, Beilinson and Bernstein constructed a sheaf of
twisted differential operators D, on the flag variety X of g [BB81] whose global sections
I'(X,D,) are equal to Uy, where 0 is the Weyl-group orbit of A in h*. Then the global sec-
tions functor I' maps quasicoherent D) -modules into ¢/ (g)-modules with central character
determined by 6; that is, Up-modules. Beilinson and Bernstein also defined a localization
functor Ay : M(Us) — Mye(Dy) by Ay (V) = D) @y, V and showed that if A is regular
and antidominant, I' and A, are inverse functors, which establishes an equivalence of the
category M (Uy) with Mc(D,).

Applying the localization functor A, to the category M. (Up, N, 1), we obtain a ge-
ometric category Mo, (D, N, 1) of y-twisted Harish-Chandra sheaves (Section 4.2), which
are N-equivariant D)-modules satisfying a compatibility condition determined by 7. This
category consists of holonomic D,-modules, so its objects have finite length composition
series and there is a well-defined duality in the category [BGK"87]. The morphism 7
determines a subgroup Weg of the Weyl group W of g, and from the parameters 7 € n*,
C € Wo\W, and A € b*, we construct a standard sheaf Z(wC, A,7), costandard sheaf
M(wC, A, 1), and irreducible sheaf L(wC, A, 1) (Section 4.3). Here wC is the longest element
in the coset C (Section 5.2). The precise relationship between the algebraic category N and
the geometric category M., (D,, N, 1) is given by the following theorem, which appears

in Chapter 5.



Theorem 1.1. (i) Let A € b* be antidominant, 1 € n*, and C € Wg\W. Then

F(X,/\/l(wc, A7) = M(wc)\,iy).

(ii) If A € b* is also reqular, then for any C € We\W, we have
T(X,L(wS, A1) = L(w A, 7).

These theorems let us formulate a geometric algorithm for computing the multiplicities
of composition factors of a standard 7-twisted Harish-Chandra sheaf and then translate
that algorithm to the algebraic setting to determine multiplicities of irreducible Whittaker
modules in standard Whittaker modules.

The statement of the algorithm is completely combinatorial. Let W be the Weyl group of
a reduced root system X, IT C X the collection of simple roots, and S C W the correspond-
ing set of simple reflections. Let ® C I1be a subset of simple roots, and let Wg C W be the
sub-Weyl group generated by reflections through ®. Let Hg be the free Z[g, g~ !]-module

with basis dc, C € Wg\W. For any a € I1, we define a Z[q, g~ ']-module endomorphism

by
0 if Cs, = C;
T, ((Sc) = 4 q0c + dcs, if Cs, > C;
qil(SC + 5(:5“ if Cs, < C.

Here the order relation on cosets is the Bruhat order on longest coset representatives
(Section 5.2). The main result of this dissertation is a geometric proof of the following

theorem, which appears in Chapter 6.

Theorem 1.2. There exists a unique function ¢ : Wo\W — He satisfying the following proper-

ties.

(i) For C € We\W,

¢(C) =éc+ Y, Pcpdp,
D<C

where Pcp € qZ[q).

(ii) For o € ITand C € We\W such that Cs, < C, there exist cp € Z such that

Ta(¢(Csa)) = D;C cp@(D).



5

The function ¢ : We\W — He determines a unique family {Pcp|C, D € Wg\W, D <
C} of polynomials in Z[q] such that ¢(C) = Y p<c Pcpdp for C € We\W. These are the
Whittaker Kazhdan—Lusztig polynomials. To prove the theorem, we define ¢ geometrically?
by pulling back irreducible #-twisted Harish-Chandra sheaves to Bruhat cells and comput-
ing the rank of the resulting D-module (Equation 6.1). Defining ¢ in this way relates this
combinatorial statement of the theorem to multiplicities of irreducible sheaves in the cat-
egory M .;(Dx, N, ) in the composition series of standard sheaves in the same category,
which in turn allows us to use the results in Chapter 5 to deduce multiplicity results about
Whittaker modules. Specifically, this theorem establishes an algorithm for computing
the multiplicities of irreducible Whittaker modules in standard Whittaker modules in the
following way. Using Theorem 1.2, one computes the matrix (Pcp(—1))c,pewe\w, which
is lower triangular and has 1’s on the diagonal. Let (ycp)c,pew,\w be the inverse matrix.

The following corollary® accomplishes the goal of this dissertation.

Corollary 1.3. The multiplicity of the irreducible Whittaker module L(—wPp, ) in the standard
Whittaker module M(—wp,n) is pcp.

By twisting by a homogeneous invertible Ox-module, we immediately obtain an ana-
logue of Corollary 1.3 for standard Whittaker modules M(, 1) corresponding to regular
weights u € P(X).

This document is organized in the following way. Chapter 2 establishes preliminaries
and notation. It is split into algebraic (Lie theory) and geometric (algebraic D-modules)
preliminaries, with the emphasis on geometry. In Chapter 3, we introduce the category
of Whittaker modules and prove some fundamental structural results. In Section 3.2, we
develop a character theory for Whittaker modules which plays a critical role in establishing
their connection to twisted Harish-Chandra sheaves. Chapter 4 develops the structure of
the category of 77-twisted Harish-Chandra sheaves. More background about D-modules

on homogeneous spaces is found in Section 4.1. In Chapter 5, we establish the connection

2This theorem also has a straightforward proof using purely combinatorial methods, see [Soe97, Thm. 3.1].
However, the geometric proof in this document relates Theorem 1.2 to Whittaker modules, creating a link
between the combinatorics described in [Soe97, §2 §3] and the category N.

3Here p is the half sum of positive roots.
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between Whittaker modules and twisted Harish-Chandra sheaves. Chapter 6 contains
the proof of the main theorem and its relationship to multiplicities of Whittaker mod-
ules. Chapter 7 reformulates Theorem 1.2 in the language of Hecke algebras to explicitly
compare the Whittaker Kazhdan-Lusztig polynomials Pcp to other types of Kazhdan-
Lusztig polynomials arising in the combinatorics literature. More specifically, Chapter 7
establishes the relationship between Whittaker Kazhdan-Lusztig and Kazhdan-Lusztig
polynomials of [KL79], as well as the relationship between Theorem 6.1 and the Kazhdan-
Lusztig algorithm for generalized Verma modules established in [Milb, Ch. 6 §3 Thm. 3.5].
Chapter 8 summarizes the new results in this manuscript and describes future research
directions. For brevity, we omit proofs of results that can be found in [Milb] and [Mila],

and refer the curious reader to these very thorough resources on algebraic D-modules.



CHAPTER 2

PRELIMINARIES AND NOTATION

We begin this document by establishing some algebraic and geometric background.

The familiar reader can skip this section and use it as a reference.

2.1 Algebraic Preliminaries
We start with some basic properties of Lie algebras. We list only properties that will be
explicitly used in future arguments, and refer readers to [Bou05] for a detailed treatment

of the subject.

e For a Lie algebra L, we denote by L* the set of homomorphisms from L to C. For a

L-module V and A € L*, define
Vi={veV|X-v=AX)vforall X € L},and

VY ={v e V|(X = A(X))f-v=0forall X € L and some k € Z>}.

If V) # 0, we call V) the L-weight space of V corresponding to A. If VA £ 0, we call
V* the generalized L-weight space of V corresponding to A, and say A is a L-weight of
V. Clearly V), C VA,

e For a Lie algebra L, denote by /(L) the universal enveloping algebra of L. If S C
U(L) is a subset, we say that an L-module V is S-finite if for any v € V, the orbit Sv

is finite dimensional.

e Let L be a nilpotent Lie algebra and let V be a U (L)-finite L-module. If the action of
x € L on any finite dimensional L-invariant subspace of V is triangularizable, then

VA is a L-submodule of V and

V= Vvh

A€L*
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e Let L be a nilpotent Lie algebra and let U, V, and W be U/ (L)-finite L-modules such
that the action of x € L is triangularizable on every L-invariant finite dimensional

subspace of U, V, and W. If
0—U—V-—>W-—70
is a short exact sequence of L-modules, then there is a short exact sequence
0 —U' — VY W' —0

of generalized L-weight spaces for any A € L* obtained by restricting the maps in

the original sequence to the generalized L-weight spaces.

e Let g be a complex semisimple Lie algebra, h a Cartan subalgebra, and h* its dual. Let
Y. be the root system of (g, h) in h*, =1 a system of positive roots in ¥, and IT a basis of
simple roots in X *. The Lie algebra g decomposes into root subspaces g = @5 da,
where g, = {X € g|[H, X] = a(H)X,H € h}. If n = [b, b] is the nilpotent radical of

b, thenn = @, 5+ ga-

o Let U(g) be the universal enveloping algebra of g, Z(g) be the center of U(g), and
U(g)o = {X € U(g)|(ad H)(X) = 0,H € b} be the commutant of h in U(g). Using
the Poincare-Birkhott—-Witt (PBW) theorem, one can show [HumO08, Ch. 1 §1.7] that
Z(g) C U(g)o C U(h) & U(g)n. Therefore, there is a well-defined homomorphism
v : Z(g) — U(h) given by projection to the U (f)-coordinate. This is the (untwisted)

Harish-Chandra homomorphism.

e Let P(X) = {A € h*|aY(A) € Z} be the weight lattice of g. We say that a weight
A € b* isintegral if A € P(X). We say that a weight A € b* is reqular if aV(A) # 0
for all &« € R. We say that a weight A € b* is antidominant if a¥()) is not a strictly

positive integer for any « € X T.

2.2 Geometric Preliminaries
Here we record some basic properties of twisted sheaves of differential operators and
modules over twisted sheaves of differential operators. For a detailed treatment of this

subject, see [HMSW87, Mil93, Milb].
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e Let X be a smooth complex algebraic variety and n = dim X. Denote by Ox the
structure sheaf of X, Dy the sheaf of differential operators on X, 7 the tangent sheaf
on X, Ox the cotangent sheaf on X, and wx the invertible Ox-module of differential

n-forms on X. Denote by ix : Ox — Dx the natural inclusion.

e Assume that X admits a transitive action of a complex linear algebraic group G. We
denote the category of G-homogeneous quasicoherent Ox-modules on X by

M (Ox, G). This category can be characterized by the following theorem [MP].

Theorem 2.1. For x € X, let By C G be the stabilizer of x. Then the functor Ty which
assigns to an object F in My (Ox, G) the geometric fiber T(F) of F at x is an equivalence
of the category of G-homogeneous quasicoherent Ox-modules with the category of algebraic

representations of By.

o A twisted sheaf of differential operators on X is a pair (D, i) of a sheaf D of associative
C-algebras with identity on X and a homomorphism i : Ox — D of C-algebras with
identity that is locally isomorphic to the pair (Dx,ix); that is, if X has a cover by
open sets U, then for each U, there is a C-algebra isomorphism ¢y : D]y — Dy such

that QPu o i= ZX

e For f : Y — X a morphism of smooth algebraic varieties and D a twisted sheaf of

differential operators on X, we define
Dy_x = f'(D) = Oy @10, f 'D.

Then Dy ,x is a left Oy-module for left multiplication and a right f~!D-module
for right multiplication on the second factor. Denote by D/f the sheaf of differential
Oy-module endomorphisms of Dy_,x which are also f ~1ID-module endomorphisms.
There is a natural morphism of sheaves of algebras iy : Oy — Df, and the pair

(Df,i ) is a twisted sheaf of differential operators on Y.

e Let D be a twisted sheaf of differential operators on X and £ an invertible Ox-
module. The twist of D by L is the sheaf D* of differential Ox-module endomor-
phisms of £ ®¢, D that commute with the right D-action. Because £ ®¢, D is an

Ox-module for left multiplication, there is a natural homomorphism iz : Ox — DE,
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and (D*,i.) is a twisted sheaf of differential operators on X. If f : ¥ — X is a

morphism of smooth algebraic varieties as above, (D*)f = (Df)f"(£),

If X is a homogeneous space for a group G with Lie algebra g, then a homogeneous
twisted sheaf of differential operators on X is a triple (D, ,«), where D is a twisted
sheaf of differential operators on X, 7 is the algebraic action of G on X, and « :
U(g) — I'(X,D) is a morphism of algebras such that the following three conditions

are satisfied:
(i) the multiplication in D is G-equivariant;

(ii) the differential of the G-action on D agrees with the action T +— [a({), T| for

¢egand T € D; and
(iii) the map a : U(g) — I'(X, D) is a morphism of G-modules.

For x € X, denote by By the stabilizer of x in G and b, its Lie algebra. For each
By-invariant linear form A € b}, one can construct a homogeneous twisted sheaf
of differential operators Dx , [HMSW87, App. A §1] and all homogeneous twisted

sheaves of differential operators on X occur in this way.

If A is a sheaf of C-algebras on X, we denote by A° the opposite sheaf of C-algebras
on X. Then if (D, i) is a twisted sheaf of differential operators on a smooth algebraic
variety X, (D°,i) is also a twisted sheaf of differential operators on X. In particular,
the pair (D%, ix) is a twisted sheaf of differential operators, and it is naturally iso-
morphic to (DY, iy ). If X is a homogeneous space and J is the By-invariant linear
form which is the differential of the representation of B, on the top exterior power of

the cotangent space at x, then (Dx ,)° is naturally isomorphic to Dx 4.

Let D be a twisted sheaf of differential operators on X. We can view left D-modules
as right D°-modules and vice-versa. In other words, the category M gC(D) of qua-
sicoherent left D-modules on X is isomorphic to the category M ffC(DO) of quasico-
herent right D°-modules on X. This relationship allows us to freely use right or left

modules depending on the particular situation.
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e For a category M.(D) of quasicoherent D-modules, we denote by M,,(D) the
corresponding subcategory of coherent D-modules. For a coherent D-module V, we
can define the characteristic variety Ch) of V in the same way as the non-twisted case
[Mila, Ch. III §3]. Because this construction is local, the results in the non-twisted

case carry over to our setting. In particular, we have the following structure:

(i) ChV is a conical subvariety of the cotangent bungle T*(X).
(i) dim(ChV) > dim(X).

If dim(ChY) = dim(X), we say that V is a holonomic D-module. Holonomic D-
modules form a thick subcategory M,y (D) of M., (D). If V in M, (D) is coherent
as an Ox-module, we call V a connection. Connections are locally free as Ox-modules

and their characteristic variety is the zero section of T*(X), so they are holonomic.

e For an invertible Ox-module £ and a twisted sheaf D of differential operators on X,

we define the twist functor from M (D) into M gC(Dﬁ) by
Vi (L&, D) ®p VY

forV e MqLC(D). The twist functor is an equivalence of categories. If X is a homoge-
neous space for G and L is the invertible G-homogeneous quasicoherent Ox-module

determined by the character of B, with differential u € b, then (Dx ))* = Dy, At

e For a morphism f : Y — X of smooth algebraic varieties and a twisted sheaf D
of differential operators on X, we define the inverse image functor f* : ML.(D) —
Mg:(D!) by

frV) =Dyox @pap 1V
for V € M[.(D). In general, f is right exact with left derived functor Lf*. If f is
an open immersion, then 1 is exact and (V) = V|y. If f is a submersion, then f*

is exact.

e For a morphism f : Y — X of smooth algebraic varieties and a twisted sheaf D

of differential operators on X, we define the extraordinary inverse image functor f* :

D"(Mg.(D)) — D" (M (D)) by

f'' = Lf" o[dimY — dimX].
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If f is an immersion, then f' is the right derived functor of the left exact func-
tor [AmY=dimX g+ ML (D) — MEL(DS). In this setting, we refer to the functor
LAmY=dimX ¢+ a5 ' and for V € My (D), we refer to the i"*-cohomology modules

HEfH(D(V)) as REFH(V).

For a morphism f : Y — X of smooth algebraic varieties and a twisted sheaf D of
differential operators on X, we define the direct image functor f, : DY (M?C(Df ) —
D (ME (D)) by
f+OW') = Rfe(W" @35 Dy—x),

for W € Db (MR(Df )). Here Rf, is the right derived functor of the sheaf-theoretic
direct image functor f,. If f is an immersion, f; is the right derived functor of the
left exact functor H o f; o D : ./\/lf;C(Df ) — MffC(D). In this setting, we refer to
Ho f, o D by fy. If f is an open immersion, then f; = Rf, is the sheaf-theoretic

direct image. If f is affine, then f. is exact.

For a module V € ./\/lgc(D), denote by I'y(V) the D-module of local sections of V
supported in Y. The functor T'y : ./\/lffC("D) — M?C(D) is a left exact functor, and
we denote by RTy : Db(/\/l,lfc(D)) — Db(/\/lffc(D)) its right derived functor. The

following equivalence of categories is very useful in computations.

Theorem 2.2. (Kashiwara) If Y is a closed smooth subvariety of a smooth algebraic variety
X, 1:Y — X the natural immersion, and D a twisted sheaf of differential operators on X,
then the functor
i MJ(D) = ME(D)

establishes an equivalence of categories between M ffc (D') and the full subcategory Mf;a,Y (D)
of Mc(D) consisting of modules supported in Y. The quasiinverse of i is i*. In particular, if
V is a quasicoherent Di-module, then i* (i, (V)) = V, and if U is a quasicoherent D-module,
then i, (i'(U)) = Ty (U).

The following corollary to Kashiwara’s theorem will be frequently used in future
computations.

Corollary 2.3. Let Y be a smooth subvariety of a smooth algebraic variety X and j : Y — X
the natural immersion. Then for any Di-module W € ME(D)), j'(j+(D(W)) = D(W).
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Proof. Let X' = Y — 9Y. By construction, X’ is an open dense subset of X, and Y
is a closed subset of X’. This allows us to write j as the composition of a closed

immersion i and an open immersion k:

% J X
X/

Because i : Y — X' is a closed immersion, Theorem 2.2 implies that i'o in ~ id.

Because k : X’ — X is an open immersion, ky = Rk,, and k™ is restriction to
Y. Therefore, k™ o k. is isomorphic to the identity functor. Furthermore, because
dimX’ = dimX, k'(D(V)) = Lk [0}(D(V)) = k* (V) for V € MEZ(D). Using these
facts, we conclude that for any W in M ffC(Df ),
j'(j+ (DOW)) = i' (K (k4 (i (DOV)))))
=i'(i.(D(W)))
=D(W).

This proves our result. ]
Leti : Y — X be the immersion of a closed subvariety. If Jy is the ideal of Ox

consisting of germs vanishing on Y, we can define an increasing filtration of Dy_,x

by (left D!, right i~ Ox)-modules by
F,Dy_x = {T € Dy_x|Te = 0for ¢ € (Jy)" ™},

for p € Z,. We call this filtration the filtration by normal degree. By Kashiwara’s
theorem, it induces a natural Ox-module filtration on D-modules supported on Y.

Namely, if W € Mf;C(Di),
Fyiy (W) = ie (W ®pi F;Dy_x).
The associated graded module has the form
Griy (W) = ie(W @0, S(Nx)y)), (2.1)

where Ny = i*(Tx)/Ty denotes the normal sheaf of Y, and S(Nyjy) is the corre-
sponding sheaf of symmetric algebras [HMSW87, App. A §3.3].
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e The relationship between the twist functor and the direct image functor is the fol-

lowing.

Proposition 2.4. (Projection Formula) Let f : Y — X be a morphism of smooth complex
algebraic varieties, and let L be an invertible Ox-module. Then the following diagram

commutes.

p(Df) — D(D)

f*(£)®oy—l ll:@oxf

D(DLY) —L D(DL)

e The interaction between D-module functors and fiber products is captured by base

change.

Theorem 2.5. (Base Change Formula) Let f : X — Zand g : Y — Z be morphisms of
smooth complex algebraic varieties such that the fiber product X x z Y is a smooth algebraic
variety, and let D be a twisted sheaf of differential operators on Z. Then the commutative

diagram

determines an isomorphism
! _ !
gofr=aq+0p

of functors from D*(M(DF)) to DY (M(D?)).



CHAPTER 3

A CATEGORY OF n-FINITE MODULES

In this chapter, we describe our category of interest. Let g be a complex semisimple Lie
algebra, U(g) its universal enveloping algebra, and Z(g) the center of U/(g). Let h be the
(abstract) Cartan subalgebra of g [Mil93, §2]. Let b be a Borel subalgebra containing b, and
[b,b] = nits nilpotent radical. Let IT C £+ C X C h* be the corresponding set of simple
roots and positive roots (respectively) inside the root system of g. Let W be the Weyl group
of g, and denote by p € h* the half-sum of positive roots. We are interested in the following

category of g-modules.
Definition 3.1. Let AV be the category of g-modules which are
(i) finitely generated as U (g)-modules,
(ii) Z(g)-finite, and
(iii) U (n)-finite.
We refer to objects in this category as Whittaker modules.

This category is a natural generalization of Bernstein—Gelfand—Gelfand’s (BGG) cate-
gory O. Indeed, if condition (ii) is replaced by a h-semisimplicity condition, the resulting
category is exactly BGG category O [HumO8]. A key difference between A/ and O is that
when the h-semisimplicity condition is relaxed to Z(g)-finiteness, the existence of weight
space decompositions is lost. However, the finiteness conditions (ii) and (iii) provide us
with other useful decompositions of A that lead to structural results reminiscent of those
in BGG category O. The goal of this section is to describe these decompositions.

Condition (ii) in Definition 3.1 leads to our first categorical decomposition of A/. We
start by recalling some standard terminology. A central character is algebra morphism

X : Z(g) — C. If a g-module V has the property thatz-v = x(z)v forz € Z(g),v € V,
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then we say V has central character x. If for any z € Z(g), z — x(z) acts locally nilpotently
on a g-module V, we say V has generalized central character. The finite-generation and
Z(g)-finiteness conditions in Definition 3.1 imply that the annihilator Iy C Z(g) of a
Whittaker module V is an ideal of finite codimension in Z(g). Therefore, there exists a
finite dimensional commuting family of operators Z(g)/Iy acting on V which leads to a
decomposition of V into infinitesimal blocks

V=

XES

Here S is a finite indexing set, VX = {v € V|(z — x(z))¥-v =0,z € Z(g), for some k € N'}
and x : Z(g) — C is a central character. Note that because the action of Z(g) commutes
with the action of g, each V% is a g-submodule of V.

We can rephrase this decomposition in terms of Weyl group orbits in h*. Fix A € h*, and
let 0 = W - A be the Weyl group orbit of A in h*. We can uniquely associate a maximal ideal
Jo C Z(g) to 0 in the following way. The Harish-Chandra homomorphism vy : Z(g) —
U(h) (Section 2.1) leads to an isomorphism of the center of ¢ (g) with Weyl group invariant

polynomials on b*,

(See, for example, [HumO8] for a detailed description of how this isomorphism is con-
structed from v.) This induces a bijection between maximal ideals of Z(g) and maximal
ideals of P(h*)". By Hilbert’s Nullstellensatz [Har77, Ch. I Thm. 1.3A], maximal ideals

in P(h*) correspond to elements of h*, and maximal ideals in P(*)"

correspond to Weyl
group orbits of these elements. So to a Weyl group orbit 6, we can associate a unique
maximalideal Jy of Z(g). In particular, J, = keryy for the central character x, : Z(g) — C
defined by z — (A — p)(y(z)).

Let Ny be the full subcategory of N consisting of modules annihilated by Jp; that
is, modules with central character xy. Let N be the full subcategory of A/ consisting
of modules annihilated by some power of Jg; that is, modules with generalized central
character xy. Our decomposition of V into VX above is a decomposition of a Whittaker

module into the direct sum of finitely many submodules which are objects in N for

distinct 6. This implies the following lemma.
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Theorem 3.2. There is a categorical decomposition

N= @ N

oeh* /W

In particular, every object in N can be decomposed into the direct sum of finitely many objects in

different N.

There is another categorical decomposition of A that follows from condition (iii) in
Definition 3.1. For V € A and 5 € n*, let V" be the generalized n-weight space (Section
2.1). Such a V' is non-zero only if 7|, ,j = 0; that is, if 77 is a Lie algebra morphism [Bou05,
Ch. VII, §1, no. 3, Prop. 9.(iii)]. We refer to 7 € n* with this property as n-characters.
Because n is a nilpotent Lie algebra and any module V € N is U(n)-finite, we have the

following lemma by [Bou05, Ch. VII, §1, no. 3, Prop. 8.(i)].

Lemma 3.3. Let V be an object in the category N. Then

V= v

nen*

Conditions (i) and (ii) in Definition 3.1 imply that the generalized n-weight spaces V"
are invariant under the action by n [Bou05, Ch. VII, §1, no. 3, Prop. 9.(i)]. In this setting,

they are also invariant under the action of g.
Lemma 3.4. Let V be an object in N'. For any 7 € n*, V' is a g-module.

Proof. Consider the action map

a:g®cV —V

XQui+— X0

The tensor product of the adjoint action on g with the g-action on V gives g ®c V the
structure of a g-module. The following calculation shows that a is a g-module morphism.

For X,Y €egandv eV,
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a(X-(Y®v)=a(X-YRv+Y®X-0)
=a([X,Y]®v+Y®X - 0)
=[X,Y]-v+Y-X-v
=XY-o-Y-X-o+Y-X-0
—X-Y v

=X-a(Y®0).

Thus by restriction, a is also a n-module morphism, and for any n-weight 77 € n*, the action

map descends to a morphism of generalized n-weight spaces
a: (g@c V)1 — V.

Because n is a nilpotent Lie algebra, every element of n is ad-nilpotent by Engel’s theorem
[Hum?72, Ch. I §3 Thm. 3.1]. This implies that the generalized n-weight space of g

corresponding to 7 = 0 is all of g. That is,
g° = {X € glad(Y)*X = 0 forsome k € Z>gforall Y € n} = g.

For any two U (n)-finite modules V and W and 7,7’ € n*, a standard calculation shows

that V1 @ W' C (V ® W)+, Therefore,
g®c V! =g"®c V" C (g®c V)™ = (g®c V).
Hence, a maps g ®c V"7 into V7 so V' is g-stable. O
Our next result is that the sum in Lemma 3.3 is finite.

Lemma 3.5. Let V be an object in N'. Then there is some finite set S C n* so that
V=V
nes
Proof. Conditions (i) and (iii) of Definition 3.1 imply that V' is generated by an n-invariant
finite dimensional subspace U. Consider the n-module U(g) @c U, where n acts by the
tensor product of the adjoint action on ¢ (g) and restriction of the g action on U to n. The
n-weights of U(g) ®c U are sums of n-weights of U (g) and n-weights of U. Because U

is finite dimensional, it has finitely many n-weights. Because n is a nilpotent Lie algebra,
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Engel’s theorem [Hum?72, Ch. I§3 Thm. 3.1] implies that ad n acts nilpotently on U (n),
so the only n-weight of U(g) is 7 = 0. Thus, the n-weights of U(g) ®¢ U are exactly the
finitely many n-weights of U.

There is a surjective action map of g-modules given by

U(g) cU — U(g)U =V

XQu+r— X-u.

This is a n-module morphism by the calculation in the proof of Lemma 3.4, and it descends
to a morphism of generalized n-weight spaces which is also surjective. Thus, any n-weight

of V is a n-weight of U (g) ®¢ V, and there are only finitely many such n-weights. O

Denote by N, the full subcategory of Whittaker modules V with the property that

V = V. Lemma 3.3, Lemma 3.4, and Lemma 3.5 imply the following theorem.

Theorem 3.6. There is a categorical decomposition
N =D N,
nen*
In particular, every object in N can be decomposed into the direct sum of finitely many objects in

different Ny

Let Ny, = Ny NN,. By Schur’s lemma [Hum?72, Ch. II §6 Lem. 6.1], any irreducible
g-module V has a central character, so any irreducible object in N lies in some Ny. Ad-
ditionally, because the V;, are g-submodules of V, any irreducible object of A also lies in
some V;,. Therefore, any irreducible Whittaker modules lies in Ny, for some Weyl group
orbit  and some 7 € n*.

Next we explore a different perspective of the category Nj,. Let K be a connected
algebraic group with Lie algebra £, and ¢ a morphism of K onto the group of inner auto-
morphisms Int(g) such that the differential of ¢ induces an injection of ¢ into g. In this way,
we can view ¢ as a subalgebra of g. We say that (g, K) is a Harish-Chandra pair if K acts on
the flag variety X of g with finitely many orbits.

Fix a Harish-Chandra pair (g, K), and a n-character y € n*.

Definition 3.7. An 5-twisted Harish-Chandra module is a triple (71, v, V) such that
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(i) (7, V) is a finitely generated U (g)-module,
(ii) (v, V) is an algebraic representation of K, and

(iii) the differential of the K-action on V induces a U (¢)-module structure on V such that

forany ¢ € ¢,
(§) = v(¢) +n(%)-

Denote by M, (g, K, 17) the category of 7-twisted Harish-Chandra modules.

Let A € h* and 6§ = W - A be the Weyl group orbit of A. Let Jy be the corresponding
maximal ideal of Z(g) described previously. Define Uy = U(g)/Jold(g). Then denote
by My, (Us, K, 1) the full subcategory of M.(g,K,7) consisting of modules which are
actually Ug-modules; that is, modules annihilated by Js. These are precisely the objects of
M fg( g9, K, 1) with central character yj.

Let G be a Lie group such that G =Int(g), and N C G a subgroup such that Lie(N) = n.
We will show that the category M ¢, (Up, N, 77) is equivalent to Ny, . Let V be an object in
Ny, and C_;; the one-dimensional n-module where n acts by —7. Consider the induced
g-module V ® C_;. This module is I/ (n)-finite and V ® C_, = (V ® C_;)o; that is, for any
v € V®C_y, nf-v = 0 for sufficiently large k € IN. This implies that we can exponentiate
the n-action to get an algebraic N-action on V ® C_; whose differential is the n-action.
There is a natural isomorphism V — V& C_, givenby sendingv € Vtov®1 € VRC_,.
This isomorphism gives us an algebraic action of N on V whose differential differs from

the original action of n by 7. Thus, V € M (Uy, N, 17). This proves the following lemma.

Lemma 3.8. We have an equivalence of categories.

This association lets us use the localization functor of Beilinson and Bernstein to study
the category of Whittaker modules geometrically. In particular, by localizing objects in
M (Ug, N, 17), one obtains a category of -twisted holonomic D-modules which are equiv-
ariant for the action of N. We will discuss the details of this construction in Section 4.2,

but we remark here that this correspondence immediately implies that objects in A/ have
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finite length composition series. This fact was also proven algebraically by McDowell in

[McDS85, §2 Thm. 2.8].

3.1 Standard and Simple Modules

In [McD85], McDowell introduced a class of induced modules in N that generalize the
Verma modules of BGG category O, and showed that all irreducible objects in A arise
as quotients of these “standard modules.” In this section, we review this construction
following [Luk04]. We show that standard modules decompose into h®-weight spaces for
the action of a certain subalgebra h© C h determined by a character 77 € n*, and that these
h®-weight spaces have finite length composition series. Then we show that all modules in
N, admit generalized h®-weight space decompositions, which is the key piece of structure
needed in Section 3.2 to establish a character theory for N.

For the remainder of this subsection, fix a character 7 € n*. For a € X, let g, be the root
space corresponding to « (Section 2.1). The character 7 determines a subset © C IT of the

simple roots in the following way:

© = {a € IT: |y, #0}.

Because 7], = 0, 17 only acts nontrivially on weight spaces corresponding to simple
roots, so © is indeed a subset of simple roots. If ® = II, we say that # is nondegener-
ate. We call a Whittaker module V' € N, for # nondegenerate a nondegenerate Whittaker
module. The cyclically generated “Whittaker modules” studied by Kostant in [Kos78] are
nondegenerate Whittaker modules in our terminology.

Let ¢ C X be the sub-root system generated by ©, and £ = £* N Xg the corre-
sponding set of positive roots. Let Wg be the Weyl group of Xg, and pg = %Zaezg Q.
Let

Ne = @ o, U@ = @ Oo, i@ = @ 0o, and flg = @ Ha-

aELY aeL\LE re—34 re—IH\-I
In this way, the character # determines a reductive subalgebra {g = fig ®h G ng of gand a
parabolic subalgebra pg = f@ @ ue. The reductive subalgebra decomposes into the direct
sum of a semisimple subalgebra sg and its center 3. The semisimple subalgebra sg in this
decomposition is the derived subalgebra [(g, (o] [Hum72, Ch. V §19 Prop. 1.(a)], and it is
easy to check that the center g is the subalgebra h® = {H € h | «(H) = 0,a € @} C b.
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Let yo : Z(fe) — U(h) be the untwisted Harish-Chandra homomorphism of Z({g)
[HumO8, Ch. 1 §7]. Fix A € b*, and define ¢pg, : U(h) — C to be the homomorphism
sending H € h to (A — pe)(H) € C. The homomorphism

Qo) = porov0: Z(le) — C (3.1)

is a central character of Z({g). As explained in the preceding section, there is a correspond-
ing maximal ideal in Z({g). This gives us a map associating elements of h* to maximal
ideals in Z({g):

o :h" — MaxZ(lg)

A= ker(Q@,/\)

From the data (A, 77) € h* x n*, we construct a {g-module

Y(A 1) =U(le)/Go(M)U(Le) @yng) C-

Here C,, is the one-dimensional ¢/ (ng)-module where ng acts by 7. This induced module
Y (A, 1) isirreducible. Indeed, if we restrict 7 to ng, it is nondegenerate, so as an sg-module,
Y (A, n) is isomorphic to the nondegenerate Whittaker module Yz, defined in [Kos78, 3.6.1]
for ¢ = Q). One of Kostant’s primary results in [Kos78] is that all nondegenerate
Whittaker modules constructed in this way are irreducible. McDowell shows in [McD85,
Prop. 2.3] that Y(A,7) is also irreducible as an fg-module. We use Y(A,7) to construct

standard modules in N

Definition 3.9. The standard Whittaker module in N associated to A € h* and the character

7 € n* is the g-module

Here Y(A — p + po, 1) is a U(pe)-module by letting ug act trivially and M(A,7) is a g-

module by left multiplication on the first coordinate.

To get a sense for this construction, it is useful to examine extreme values of . If = 0,
then © is empty, and M(A,0) = U(g) ®y(p) Y (A — p,0) is a Verma module of highest weight
A — p. If 57 is nondegenerate, then M(A,7) = Y(A,7) is an irreducible Whittaker module

with central character )y, as in [Kos78]. Here 6 = w - A.
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Next we analyze the action of the center h® of £g on M(A, 7). We will show that it acts
semisimply. For a module V in A/}, and linear functional i € §©*, let V,, be the correspond-
ing h®-weight space, and V* the corresponding generalized h®-weight space (Section 2.1).
As in Section 2.1, if V¥ # 0, we say yu is a h®—weight of V. As l{g-modules, M(A, ) ~
U(tig) ®c Y(A — p+peo, 1), where U (lig) @c Y(A — p + po, 17) is a g-module by the tensor
product of the adjoint action of {g on U (tig) with the action of {g on Y (A — p + pe, 7).

Indeed, the map

p:U(Ge) ®c Y(A —p+peo,1) — M(A,7)

YQyu+—Y®y

gives an isomorphism between the two vector spaces, and one can check that p is an
{e-module morphism, and thus a h®-module morphism. This implies that p induces
an isomorphism of h®-weight spaces, and all h®-weights of M(A,7) are h®-weights of
U(tig) ®c Y(A — p + pe, 7). This observation allows us to describe the h®-weights and
h@-weight spaces of standard Whittaker modules very explicitly.

The irreducible /g-module Y (A — p + pg, 7) has central character Qg A—p+pe (€quation
3.1). Because h© is isomorphic to the center of (g, it is a subset of Z({g). In particular, we
can apply the Harish-Chandra homomorphism 7 to elements of h©, and because 7 is a
projection onto the U (h)-component, elements of h© are fixed by ye. So for any H € h®,

andY € Y(A —p +pe, 1),
H-Y =Qerpipo(H)Y = (A —p)(H))Y.

For any v € h*, we use bold to denote the restriction of v to hO*; thatis, v = V|h® € hox, By
the discussion above, we see that h® acts on the irreducible fg-module Y (A — p + pe, 77) by
A—pc E)@*; i.e.

Y(A=p+po,n) =Y(A=p+po,Mrp.

Next we define an order relation on h*. Let IT—© = {ay, ap, - - - ,0p}. Then {aq,-- -, ap}

is a basis for h®*. For a, B e ho*, say that w < Bif

B—a=ciay+conr+ -+ Cpap
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for ¢; € Z>¢. This defines a partial order on HO* [McD85, §1 Prop. 1.8(a)]. Now, we are
ready to show that M(A,7) decomposes into h®-weight spaces. First we can analyze the

action of h® on U (iig).
Lemma 3.10. h© acts semisimply on U (fig ).

Proof. LetY; € g_,, for a; € IT\®. By the PBW theorem, Y}' - - - Y,],f” form a basis of U (iig),

where k; € Z~¢. For H € 1°,

H-YP oy = [HYP LY+ YP YR + YY)

kp 1

[,y
— (—kyag — kot — ... — k) (H) YR - Y7
So h? acts on any element of U (iig) by a scalar, and the possible h®-weights are

p=—kias—... —kpap

for k; € Z>o. This implies that in the ordering described above, u < 0, with equality if and

only if k; = O for all i. Therefore,

U(ﬁ@) = @Z/{(ﬁ@)y

#=0

forp =—Y" k. O

The fact that h© acts semisimply on both U(fig) and Y (A — p + pe,7) implies that

M(A, 1) decomposes into h®-weight spaces. In particular,

M) = @ M)y
v<A—p

where M(A, 17)a—p = Y(A —p+po),and M(A, 1)y ~ U(ii)y ®c Y (A —p+peo, 1) forpu <0

in h®*. The following proposition lists the basic properties of standard Whittaker modules.
Proposition 3.11. (i) M(A,57) = M(u,n) ifand only if We - A = We - .

(i) M(A,n) has a unique irreducible quotient L(A, 7).

(iii) L(A,n) = L(p,n) if and only if We - A = We - u.

Proof. By [Kos78, Thm. 3.6.1], Y(A — p + pe,77) is completely determined by its central

character (g 1~ p+pe, and two weights determine the same central character if and only if
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they lie in the same Weyl group orbit [Humo08, Ch. 1 §10 Thm. 1.10]. This establishes (i).
Any submodule N C M(A,7) is the sum of h®-weight spaces,

N =N,
Each N, C M(A, 1), is a lg-submodule. The highest h®-weight space of M(A, 1), M(A, 17)r—,,
is irreducible over (g, and generates M (A, ) over g. This implies that any submodule N
must be contained in the sum of h®-weight spaces corresponding to g < A — p. We can
consider the sum of all proper submodules, which is itself a proper submodule, and is
necessarily the unique maximal submodule. This implies that M(A, #) has a unique irre-
ducible quotient. To prove (iii), it is enough to observe that L(A, 77) is uniquely determined
by M(A,n), which is uniquely determined by Y (A — p + pe, 7). By our remarks earlier,
Y(A—p+po,n) =Y(u—p+peo,n)ifand only if A € Wg - . O

McDowell showed that every irreducible object in N is obtained in this way [McD85,
§2 Thm. 2.9].

Proposition 3.12. Every simple object in N is isomorphic to L(A, 1) for some A € h* and n € n*.

The h®-weight spaces of M(A,#) have a richer structure than just that of h®-modules.
We will explore this structure in the following proposition, but first we must introduce
some notation. For any {g-module V, we can restrict the action of /g on V to an action
of the semisimple Lie algebra s¢ C {g, and we denote the corresponding sg-module by
V. Note that as vector spaces, V = V. The bar is used to indicate that we are considering
the space as an sg-module and results about modules over semisimple Lie algebras can
be applied. Let NV (sg) be the category of finitely generated, Z(sg)-finite, U (ng)-finite

sp-modules. In other words, this is the category N for the semisimple Lie algebra se.

Proposition 3.13. Let M(A,17) = @,<r—, M(A, 1)y be the decomposition of a standard Whit-

taker module in N, into h®-weight spaces. For each v € h®*,

(i) M(A,n)y is a finite length (go-module, and

(i) M(A,n), is an object in N (sg).

Proof. If = 0, then h® = @ and sg = g. In this setting, the assertion is trivially true, so

we assume 77 # 0. The action of £g commutes with the action of h®, so the n-weight spaces
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of M(A,n) are {g-stable. This proves that M(A,7), are {g-modules. The vector space
U (fig)y is finite dimensional because there are only finitely many ways that we can express
a given # < 0in h®* as a negative sum of roots in IT\@. This implies that M(A,7), is the
tensor product of a finite dimensional /g-module with an irreducible Whittaker module.
Such modules are of finite length and have composition factors which are irreducible
Whittaker modules (for 77|, ) by [Kos78, §4 Thm. 4.6], which proves (i). Because categories
of Whittaker modules are closed under extensions [MS97, §1], this in turn implies that

M(A, 1)y is an object in N (sg). O

The h®-weight space structure of M(A, 77) described in proposition 3.13 is also inherited
by its unique irreducible quotient L(A,#). Additionally, because the unique maximal
submodule N C M(A,7) described in the proof of Proposition 3.11 has h®-weights which
are strictly less than A — p, L(A, 77) has a unique maximal h®-weight, A — p, with respect to
the partial order on h®*, and all other weights of L(A, 7) lie in a cone below this “highest”
weight. The highest h®-weight space of a standard module in A" and the highest h®-weight
space of its unique irreducible quotient are both isomorphic to an irreducible Whittaker
module: M(A,17)a—p = L(A,11)a—p = Y(A — 0+ po, 7).

We finish this section by showing that all modules in A, decompose into generalized
h®-weight spaces, and these weight spaces are modules in N (sg). As above, we use an
overline to indicate that we are considering an {g-module to be an sg-module, and before
stating the theorem, we will describe this relationship more explicitly for generalized h®-
weight spaces. Let V in V; and s € h®* be a h®-weight of V. Let C,, be the one dimensional
irreducible h®-module where h® acts by . We have an isomorphism of £g-modules V# ~

VF ®¢ Cy, where the tensor module is defined by the action
(Y+H) v®@z=g¢-v®z+0vQh-z

forY € sg, He h®,v € VFand z € C,. Because h® acts by scalars on generalized ho-
weight spaces, it is clear that V¥ is irreducible if and only if V# is irreducible. Additionally,
for irreducible sg-modules V and W, V ~ W if and only if V ~ W as fg-modules. Now

we are ready to state the main theorem of this section.
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Lemma 3.14. Any object V in N, admits a decomposition
V= v*
Veh(a*
where the generalized h®-weight spaces V* are finite length {g-modules. Moreover, if we restrict
the Lg-action to the semisimple part s C Lo and denote the resulting se-module by VI, the

generalized h®-weight spaces V¥ of V are objects in N (sg).

Proof. By Theorem 3.2, it is enough to consider V' € Ny ,. By [MS97, §1], these categories
are stable under subquotients and extensions. The h®-semisimplicity of irreducible mod-
ules in \Vp , implies that all modules in Ny ,, are U (h®)-finite. Because objects in A" are finite
length and exact sequences of g-modules in Ny, descend to exact sequences of h-weight

spaces, the assertion follows from induction in the length of V. O

3.2 Character Theory

In this section, we use the decomposition of a module in V;, into generalized h®-weight
spaces to define a character theory in the category of Whittaker modules. Our main
result is that the character of a module V in A, completely determines its class in the
Grothendieck group KN,.

We begin by recalling the Grothendieck group of an abelian category. Let C be an
abelian category. Let FC be the free abelian group on the set of isomorphism classes of
objects in C. For an object C € C, let [C| be the corresponding element in FC. Let £ C FC

be the subgroup generated by {[B] — [A] — [C]} for all short exact sequences
0—A—B—C-—0

of objects in C. The Grothendieck group KC of the category C is the quotient group FC/E.
Let {A; : i € I} be a set of nonisomorphic representatives of simple objects in C. Assume
in addition that objects in C have finite length. Then

i€l
as abelian groups. For two objects B,C € C, [B]=[C] in KC if and only if B and C have the
same composition factors.

Fix a character 7 # 0, and let KN (sg) be the Grothendieck group of the category
N(se).
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Definition 3.15. Let V be an object in ;. The character of V is

chV =) [VFe!
”eh('ﬂ*

where [V#] is the element 1 ® [V#] € C @z KN (sp) and ¢ is a formal variable parameter-

ized by u € H°*.
If y =0and V € N, then we define
chV = [V] € KN.
A standard Whittaker module is completely determined by its character.
Proposition 3.16. The following are equivalent.
(i) chM(A, 1) =chM(v,n).
(i) M(A,n) = M(v,n).

Proof. Tt is clear that (ii) implies (i). Assume that ch M(A,77) = ch M(v, 7). Then M(A,n)
and M(v, 1) have the same h®-weights, and [W,iy)”] = [W,U)”] for any such h®-
weight . This implies that A — p is an h®-weight of M(v,7),s0 A — p < v — p. But also,
v — p is an h®-weight of M(A,7),s0v —p < A —p and thus A — p = v — p. Because

M(/\,ﬂ)A_p =Y(A—p+po,1)and M(v,17)y—p = Y(v —p + pe, 1), we have

Y(A=p+pe,n)]=[Y(v—p+pe 1) €CzKN(so)

Because Y (A — p+ pe) and Y (v — p + pe) are irreducible sg-modules, [Y (A — p + po, 77)] =

[Y(v—p+pe,n)] implies that Y(A —p +pe,n7) ~ Y(v—p+pe,1) as se-modules. Ir-
reducible Whittaker modules for a fixed 1 are completely determined by their central
character [Kos78, §3 Thm. 3.6.1], so both modules have central character Qg 1 p1p,- This
is only possible if Wg - A = Wg - v, which implies by Proposition 3.11 (i) that M(A,7) =
M(v,n). O

Because any module V in N, has central character yxj, there are only finitely many
irreducible modules in the category Np,. Let {L(A1,7),..., L(Ay, 1)} be the distinct irre-

ducible modules in N ,. Any module V in N, must have composition factors on this list,
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so by Lemma 3.14, the h®-weights u of V that show up in the character must be of the form
u= Ai—p—Z]’;lmjocjforl <i<mandm; € Z>p.LetSg={A1—p,...,Am—p} C H®
be the collection of highest weights of irreducible objects in N .

If V and W are isomorphic objects in Ny, then chV = ch W. Hence we have a well-

defined map

ch: FNQ,U — H C®z K./\/'(sg)e"
n<So

given by ch[V] = ch V. Here, u < Sy means that p < A; — p for some A; — p € Sy.
Because the coefficients of ¢ in the character of a module V are tensor products of
complex numbers with isomorphism classes in the Grothendieck group KN (sg), for any

short exact sequence

0O0—UuU—>V-—>W-—70

of objects in Ny, chV = ch U 4 ch W. Therefore, ch descends to a homomorphism

ch: KNQIU — H C ®z KN (sg)e*
u<Sp

which we call by the same name. Our main result of this section is the following.
Theorem 3.17. ch : KNy, — [Li<s, C®z KN (sg)e is an injective homomorphism.

Proof. Because modules in A have finite length, an isomorphism class in the Grothendieck
group of an object V in Ny, is the sum of the isomorphism classes of its composition fac-
tors. If {L(v1,7),...,L(v, 1)} is a set of non-isomorphic composition factors of a module

V € Nj,, then because ch is a homomorphism,

k
ch[V] = ;ﬂi ch[L(vi, 1)},

where a; is the multiplicity of L(v;, #7) in V and [V] € KNg,. An element [V] € KN, is in

the kernal of ch when
k
ch[V] =) a;ch[L(v;, )] =0.
i=1

Therefore, to show that ch is injective, it is enough to show that the set

{ch[L(A1,7)],...,ch[L(Am, )]} is linearly independent.
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Consider a nontrivial linear combination
by ch[L(Ay, )]+ -+ by ch[L(Ay, )] = 0.

As before, let So = {A1 — p,..., Am — p} C h®* be the collection of the highest h®-weights
of the irreducible objects in Nj,. Note that the elements {A;}"; C b* are distinct, but it
is possible that when restricted to h®, A; = A; for some i # j, so Sy might have repeated
elements. Choose a maximal element of this set, A; — p. Because A; — p is a maximal
element of Sy, it can only appear as a highest weight of modulesin {L(A4,7%),...,L(Aw, 1)}

Because the linear combination of irreducible characters vanishes, the coefficient of

¢4 ~P must vanish as well. That coefficient is

where {A;,..., A, } C {A1,..., Ay} are the elements of h* so that A;; —p = -+ = A, —
p = Aj — p. The highest h®-weight space of an irreducible module in  is an irreducible

Whittaker module for sg, namely

L(Ai,m)a—p = Y(Ai — o+ po, 17)-

Therefore, we have a vanishing linear combination of isomorphism classes of irreducible

objects in C ®z KN (sg):

bi,[Y(Aiy, —p+pe,n)] + -+ b, [Y(A, —p+pe, )] =0

Each of the classes in the above sum must be distinct because the corresponding irreducible
modules are non-isomorphic. Distinct isomorphism classes of irreducible objects in a
Grothendieck group must be linearly independent, so we conclude thatb;, = --- = b; = 0.
This contradicts the assumption that b; # 0, so a nontrivial linear combination of irre-

ducible characters cannot exist, and ch must be injective. O
This immediately implies the following corollary.

Corollary 3.18. Let V and W be objects in Ny ,,. Then the following are equivalent:
(i) chV =chW.

(ii) 'V and W have the same composition factors.
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We complete this section with an explicit calculation of the character of a standard
Whittaker module. Let M(A, 77) be the standard Whittaker module determined by A € b*
and 7 € n*. Recall that as /g-modules, M(A, ) = U(fig) ®¢c Y(A — p + po, 7). The Cartan

subalgebra h acts semisimply on U (fig ), and the collection of h-weights of U (lig ) are

m, € Z>O} .

As described in Section 3.1, M(A, i7) decomposes into h®-weight spaces of the form

Q= { Z My

REXT\ZE

M(A, 1)y = U(li)u @c Y (A —p + po, 1)

for u < 0in h®*. The h®-weight space of U (iig) corresponding to a h@-weight u < 0 is the
sum of the h-weight spaces of U (ilg) corresponding to h-weights that restrict to p on h%;
ie. foru € h®,
Ulip)y = ), Ullig)k
KEQK|go=p
We define a function p : Q — N by p(x) = dimU (fig )«.! By [McD85, §2 Lem. 2.2(b)], each
U(lig )y is a finite-dimensional /g-module, so the sg-module M(A, 1), is the direct sum

of a finite-dimensional sg-module and an irreducible sg-module. This allows us to apply
[Kos78, §4 Thm. 4.6] and conclude that ng acts on M(A, 17), by the nondegenerate character

11lne and that M(A, 17), has composition series length equal todim U (1), = ). p(x).

KGQ/K‘ H® =H

Furthermore, [Kos78, §4 Thm. 4.6] implies that the composition factors of M (A, 7), are
{YA—p+po+x1)]|xeQandk = u}.

This implies that in the Grothendieck group KN (sg),

M(A, )] =), p()[Y(A—p+pe+x 1)
keQk| o=p
Therefore,
chM(A, ;) = Y [M(A,n),)]e" = Zé p()[Y(A —p+pe +v,1))e* —PT¥. (3.2)
vEh®O* KE

1This function can be interpreted combinatorially as counting the number of distinct ways that v € h* can
be expressed as a sum of roots in T\ L. This is a slight modification of Kostant’s partition function.



CHAPTER 4

A CATEGORY OF TWISTED SHEAVES

In this chapter, we introduce the geometric objects that correspond to Whittaker mod-
ules. Throughout this chapter, g is a complex reductive Lie algebra, f is the abstract Cartan
subalgebra of g [Mil93, §2], and X is the flag variety of g. Denote by T C X C b* the

corresponding set of positive roots in the root system of g and by W the Weyl group of X.

4.1 D-modules on Flag Varieties
We start by recalling a few essential facts about D-modules on flag varieties. This

section includes background that will be used in the main arguments of Chapters 5 and 6.

4.1.1 Beilinson-Bernstein Localization
A key ingredient in this story is the localization theory of Beilinson and Bernstein,
which we briefly review here. Full details can be found in [BB81, Milb]. In [BB81], Beilinson
and Bernstein construct a twisted sheaf of differential operators D, on X for each A € bh*.
(In the notation of Section 2, D, = Dx ,,.) They show that forany y € 6 = W - A, the
global sections I'(X, D, ) of D, are equal to Uy. This implies that the global sections functor
I' maps quasicoherent D,-modules into U/ (g)-modules with central character yg; that is,

there is a left exact functor

Beilinson and Bernstein define a localization functor
Ay M(UQ) — MqC<D/\)

by A\(V) = Dy ®y, V for V.€ M(Up). This functor is right exact and is a left adjoint
to I'. In [BB81], it is shown that for antidominant regular A € h*, A, is an equivalence of

categories, and its inverse is I'.
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4.1.2 Translation Functors
Fix A € b*, and let D, be the corresponding homogeneous twisted sheaf of differ-
ential operators. Any y in the weight lattice P(X) (Section 2.1) naturally determines a
G-homogeneous invertible Ox-module O(y) on X. Twisting by such Ox-modules defines

a functor

—(n) : M(Dy) = M(Djiy)

by V() = O(u) @0, V for V € M(D,). We call this functor the geometric translation
functor. It is evidently an equivalence of categories, and it also induces an equivalence of

categories on Mg (D, ) (resp. Mo, (D)) with Mye(Day) (resp. Meon(Dagp))-

4.1.3 Intertwining Functors

Let 6 be a Weyl group orbit in h* consisting of regular elements. Then by Section 4.1.1,
the bounded derived category D”(M (Uy)) of Up-modules is equivalent to the bounded
derived category D’ (M,(D,)) of quasicoherent D)-modules for any A € 6. In particular,
forany A,y € b*, DY(Mye(D,)) and D¥(M,c(D,)) are equivalent, and this equivalence
is given by the functor LA, o RT from D’(M,c(D,,)) into D?(Me(D,)). In this section,
we give a geometric construction of a functor isomorphic to this functor. We follow the
construction in [Milb, Ch. 3 §3] and for brevity, we omit proofs that can be found in that
document.

Define an action of G = Int(g) on X x X by

g(x,y) = (gx,8y)

for ¢ € G and x,y,€ X. The G-orbits are smooth subvarieties of X x X, and can be
parameterized in the following way. Given x, y in X and corresponding Borel subalgebras
by, by, we can choose a Cartan subalgebra ¢ contained in b, N b,. Let ny = [by,by] and
n, = [by,b,]. Then b, and b, determine a specialization [Mil93, §2] of (h*, X, L") into
(¢*,R,RY), and (¢*, R, R; ), respectively, where R is the root system of (g,¢), R C Ris
the collection of positive roots determined by n,, and R; C R is the collection of positive
roots determined by ny. The positive root systems Ry and R; are related by w(Ry) = Ry
for some Weyl group element w € W, and this w does not depend on choice of Cartan

subalgebra in b, Nb,. We say that b, is in relative position w with respect to b,. Let
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s : h* — ¢* be the specialization determined by by, and s’ : h* — ¢* be the specialization

determined by b,. Then s’ = sow, so by is in relative position w1 to by. Forw € W, let
Zy = {(x,y) € X x X[by, is in relative position w with respect to by }. (4.1)

This gives us a parameterization of G-orbits in X x X [Milb, Ch. 3 §3 Lem. 3.1].

Lemma4.1. (i) Sets Zy, for w € W are smooth subvarieties of X x X.

(ii) The map w — Zy, is a bijection of W onto the set of G-orbits in X x X.

Denote by p; and p, the projections of Z;, onto the first and second factors of X x X,
respectively. Then p; for i = 1,2 are locally trivial fibrations with fibers isomorphic to
affine spaces of dimension ¢(w). Additionally, they are affine morphisms [Milb, Ch. 3 §3
Lem. 3.2]. Let wy, |x be the invertible Oz,-module of top degree relative differential forms
for the projection p; : Z, — X and let Ty, be its inverse sheaf. Then Ty, = p;(O(p — wp)),
and there is a natural isomorphism [Milb, Ch. 3 §3 Lem. 3.3]

(Dur)?* = (D)7,
The morphism p» : Z,, — X is a surjective submersion, so the inverse image functor
py : M(Dy) = M(D?)

is exact. Because twisting by an invertible sheaf is also an exact functor, we can define a

functor
LI, : DY (M(D,)) — DY (M(Dyy))
by the formula
LLy(V') = p1+(Tw ®z, p; (V')
for V' € D'(M(D,)). This is the left derived functor of the functor
Iy : M(Dy) — M(Dyy),
where for V € M(D,),
Io(V) = H'p1(Tw ®0,, p3 (V).
We call the right exact functor I, the intertwining functor attached to w € W. This functor

is the geometric analogue to the functor described at the beginning of this section. It

establishes our desired equivalence of derived categories [Milb, Ch. 3 §3 Thm 3.20].
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Proposition 4.2. Let w € Wand A € bh*. Then LI, is an equivalence of the category D* (M (D,))
with DY (M (Dyy)).

We complete this section by describing a useful “product formula,” [Milb, Ch. 3 §3 Cor.

3.8, Lem. 3.15] and an estimate on cohomological dimension of intertwining functors.
Proposition 4.3. Let w,w’ € W be such that {(w'w) = ¢(w") + ¢(w). Then
LIyw = LIy o LLy

and

Iw’w = Iy © L.

Givenw € W, put

> ={a € Zt|wa € —XT},

and given A € h*, put
r={acZa¥(A) € Z}.

This gives us a useful estimate on the left cohomological dimension of intertwining func-

tors [Milb, Ch. 3 §3 Thm. 3.21].

Proposition 4.4. Let w € W and A € b*. Then the left cohomological dimension of I, is less than

or equal to |Xf N2, .
A corollary to this is the following [Milb, Ch. 3 §3 Cor. 3.22].
Corollary 4.5. Let w € W and A € b* be such that £, N %) = Q. Then
Iy : M(Dy) = M(Dyp)
is an equivalence of categories.

Recall that for any S C X1, we say that A € h* is S-antidominant if it is a-antidominant
for all &« € S. The following theorem [Milb, Ch. 3 §3 Thm. 3.23] will play a role in future

arguments.

Theorem 4.6. Let w € W and A € b* be ¥ -antidominant. Then the functors RT o LI, and RT
from D(M(D,)) into DY (M (Ug)) are isomorphic.
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4.1.4 Intertwining Functors for Simple Reflections and U-functors

In this section, we examine intertwining functors I;, attached to simple reflections
« € II, and define related U-functors, following [Milb, Ch. 3 §8]. These functors will
be critical to the arguments in Chapter 6. By Corollary 4.5, if a"(A) is not an integer, I;,
is an equivalence of the categories My.(D,) and M(Ds,1). A more interesting case is
when aV (M) is an integer. This is what we will examine now.

Let « € IT be a simple root, and denote by X, the variety of parabolic subalgebras of
type a. Let p, be the natural projection of X onto X,, and let Y, = X xx, Z X be the fiber
product of X with X relative to the morphism p,. Denote by g1 and g the projections of Y,
onto the first and second factors, respectively. Then we have the following commutative

diagram.

There is a natural embedding of Y, into X x X that identifies Y, with the closed subvariety
Z1 U Zs, of X x X. Under this identification, Z; is a closed subvariety of Y,, and Z;, is an
open, dense, affinely imbedded subvariety of Y, [Milb, Ch. 3 §8 Lem. 8.1].

Let A € h* be such that p = —a"(A) is an integer. Let £ be the invertible Oy, -module

on Y, given by
L =q1(O((=p +1)sap +a) ®o,, 3(O((—p +1)p)) 7.
This allows us to define functors
W : Mye(Dp) = Mye(Ds,2)
by the formula
W) =Ha (3 (V) @0, L)

for V € My (D,) [Milb, Ch. 3 §8, Lem. 8.2]. These functors first appeared in [Milb]
as geometric analogues to the U, functors in [Vog79], and they play a critical role in the
algorithm of Chapter 6 for their semisimplicity properties. Because the fibers of q; are
one-dimensional, U/ = 0 for j # —1,0,1. If V is irreducible, the relationship between
U/ (V) and I, (V) is captured in the following theorem [Milb, Ch. 3 §8 Thm. 8.4].
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Theorem 4.7. Let A € b* be such that p = —«"(A) is an integer, and V € Mgy (D,) an

irreducible Dy-module. Then either

(i) U1(V) =U"(V) = V(pa) and U°(V) = 0, and in this case I;, (V) = Oand L~ 'L, (V) =
V(pa); or

(i) U~Y(V) = U (V) = 0, and in this case L~'I;, (V) = 0 and the sequence
0— U (V)= L,(V) = V(pa) = 0

is exact. The module U° (V) is the largest quasicoherent Ds, -submodule of Is, (V) different
from I (V).

4.1.5 Holonomic Duality
In this section, we list some results on duality of coherent D-modules. Let A € h* and

6 =W-A Let DY

coh

(M(D,)) be the derived category of bounded complexes of coherent

D)-modules. For any complex V°, we have a duality functor
D : Dy (M(Dy)) = Diyy(M(D-1))

given by the formula

D(V') = RHomp, (V',D(D,))[dim X].

This operation commutes with translation functors.

Lemma 4.8. For any weight v € P(X), the following diagram of functors is commutative

D! (M(Dy)) —2— Db, (M(D_,))

-] |-

D! (M(Dysy)) —2— DL, (M(D_y_,))

coh

Proof. Let V" be a complex in D?, (M(D,)). Then V(v) is a complex in D?, (M(D)))

and
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D(V'(v)) = RHomp,, (V'(v), D(Dy4v))[dim X]
= RHomp, ,(O(v) ®o, V', O(v) ®ox D(D)) ®oyx O(—v))[dim X]
= RHomp, , (O(v) @0, V', O(v) ®0, D(D,))[dim X] ©0, O(-v)
— RHomo, (V', D(D,))[dim X] @0, O(-v)
— DOV (—v).

This completes the proof. O

In the case of holonomic D,-modules, we can use this duality on derived categories to
define a notion of duality on modules. Let M, (D, ) be the thick subcategory of M (D, )
consisting of holonomic D,-modules. If V is an object in M, (D,), then D(D(V)) is a
complex in DY, (D_,) with holonomic cohomology, and H?(D(D(V))) = 0 for p # 0.

Therefore, we can define a functor
"t Mot (Dr) = Mo (D-»)
by
V* = H(D(D(V))).
This is the holonomic duality functor. We have the following result.

Theorem 4.9. (i) The functor V — V* from M, (Dy) to My (D—,) is an antiequivalence

of categories.
(ii) The functor V +— (V*)* is isomorphic to the identity functor on My, (Dy).

4.1.6 Inverses of Intertwining Functors
In this section, we use the duality functors introduced in Section 4.1.5 to describe
inverses of the intertwining functors of Section 4.1.3, following [Milb, Ch. 3 §4]. As in
earlier sections, we omit proofs that can be found in that document. Our first result is the

following [Milb, Ch. 3 4 Lem. 4.2].

Lemma4.10. Let A € h* and § = W - A. Forany V' € D (M(D,)),

coh

RT(ID(V')) = RHomyp (V', D(D,))[dim X].
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In other words, the functors RT oD and R Homp, (—, D(D,))[dim X] from D? , (M(D,))
into DY (M (Uy)) are isomorphic.

Let 6 be a regular orbit. For such orbits 8, the homological dimension of the ring Uj
is finite [Milb, Ch. 3 §1 Thm. 1.4], and the principal antiautomorphism of /(g) induces
an isomorphism of the ring opposite to Uy with U_y, where —0 = W - —A for A € 6.
Let D?(M f4(Uy)) be the bounded derived category of finitely generated Ug-modules. We
define a covariant duality functor from D?(M s, (Up)) into DY (M s (U_g)) by

]Dalg(V') = RHOl‘nue(V', D(Z/{Q))

By construction, we have ID?, g = id. The relationship between this algebraic duality and
the functor ID defined in Section 4.1.5 is given by the following lemma [Milb, Ch. 3 §4 Lem.
4.3].

Lemma 4.11. Let A € b* be reqular. Then the following diagram of functors commutes.

DY (Meon(Dy)) —2— D*(Mop(D-))

| [

, Dyldimx]
D?(Mge(Up)) —— D" (Mge(U_p))

We will use this relationship to compute an inverse for intertwining functors. Let a be
a simple root and V" a complex in D? (M., (D,)). If A is a-antidominant, then by Theorem
4.6
RT (V') = RI(LIL,(V")).

This implies that
RE(D(V')) = Dyg (RT(V'))[dim X] = Dgyg (RT (L, (V7)))[dim X] = RE(ID(LL;, (V')))-

Here D(V') is in DY (Mo (D_»)) and D(LI, (V7)) is in DY (Mon(D_s,1)). Therefore,

—s, A is a-antidominant, and so
RT(D(V')) = RT (LI, (D(LI;, (V"))))-

Because ID(V") and LI, (ID(LL,(V"))) are in D?(M.,,(D_;)) and RT is an equivalence of
categories, we have

D(V) = LI, (ID(LL;, (V"))



40

Therefore,

Ll;, o (DoLl;, 0oD) ~1

on D?(M o, (D_,)). All of these functors commute with twists, so this relationship holds
in general; i.e. forw € W,

LIyo(DoLl,10D) ~1.

This proves the main result of this section.

Theorem 4.12. The quasiinverse of the intertwining functor LI, : DY(Men(Dy)) —
DY (M on(Dai)) is equal to

Do L1 0D : D’ (M (Dyir)) = DY (Meon(Dy)).

4.2 Twisted Harish-Chandra Sheaves

The geometric category that emerges as an analogue to the category of Whittaker mod-
ules is a certain subcategory of M (D, ). Fix a Harish-Chandra pair (g, K) and linear form
A € b*. Lety : € — C be a Lie algebra morphism; that is, a linear form on £ which vanishes

on (¢, €]. We say that V is a (D,, K, )-module if
(i) V is a coherent D,-module,
(ii) Vis a K-homogeneous Ox-module, and
(iii) 77(&) = u(&) +n(¢) for all ¢ € ¢, and the morphism
DV —=>V

is K-equivariant. Here 77 is induced by the Dj-action and u is the differential of the

K-action.

We denote by M., (D,, K, 17) the category of (D), K, 17)-modules, and we refer to the ob-
jects in this category as 1-twisted Harish-Chandra sheaves. Clearly the cohomology modules
of y-twisted Harish-Chandra sheave are #-twisted Harish-Chandra modules. Moreover,
the localization functor A, maps 7-twisted Harish-Chandra modules to 7-twisted Harish-
Chandra sheaves. This category of twisted Harish-Chandra sheaves carries much of the
same structure as the non-twisted category described in [Milb, Ch. 4]. The next two results

are proven exactly as in the non-twisted case [MS14, §1 Lem. 1.1, Cor. 1.2].
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Lemma 4.13. Any n-twisted Harish-Chandra sheaf is holonomic.

In particular, this immediately implies that any #-twisted Harish-Chandra sheaf has

finite length.
Corollary 4.14. Any n-twisted Harish-Chandra sheaf is of finite length.

This in turn implies that any #-twisted Harish-Chandra module is of finite length.
Corollary 4.15. Any y-twisted Harish-Chandra module is of finite length.

The first example of twisted Harish-Chandra modules arose in the localization theory
of Harish-Chandra modules for semisimple Lie groups with infinite center. An analysis of

this example can be found in Appendix B of [HMSW87].

4.3 Standard and Simple Sheaves
In this section, we describe the classification of irreducible 7-twisted Harish-Chandra
sheaves for a Harish-Chandra pair (g, K). To do this, we define standard 5-twisted Harish-
Chandra sheaves and show that all irreducible objects in M,,(D,), N, 1) are subsheaves
of such standard sheaves. This classification mirrors the untwisted case [Milb, Ch. 4 §5].

We begin with a preliminary result.

Lemma 4.16. Let V be an irreducible object in the category Mo, (D, K, 7). Then the support of
V is the closure of a unique K-orbit Q in X.

Proof. Because K is connected, the 77-twisted Harish-Chandra sheaf V is irreducible if and
only if it is irreducible as a Djy-module. Therefore, the support of V is an irreducible
closed subvariety of X. The support of ¥V must also be K-invariant, so it is a union of
K-orbits. Because K acts on X with finitely many orbits, there must be a unique orbit Q in

supp(V) such that dimQ = dim(supp(V)). Because supp(V) is closed, we conclude that
Q =supp(V). O

Let V be an irreducible #-twisted Harish-Chandra sheaf and Q the K-orbit such that
Q = supp(V). Leti: Q — X be the natural inclusion. Then (D, )’ is a K-homogeneous

twisted sheaf of differential operators on Q. Fix x € Q, and let b, be the corresponding
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Borel subalgebra of G. Let S, denote the stabilizer in K of x. Then the Lie algebra of S, is
€M by. Let ¢ be a Cartan subalgebra in g contained in by, and s : h* — ¢* the specialization
at x. Let i denote the restriction of the specialization of A + p to €N b,. Then (D))" = Dg,,
[HMSWS87, App. Al.

Lemma 4.17. i'(V) is an irreducible (D, K, 17)-module.

Proof. By Kashiwara’s equivalence of categories (Theorem 2.2), the inverse image i'()) is
an irreducible Dg ,-module. By the compatibility condition in the definition of 5-twisted
Harish-Chandra sheaves, i'()) is also a K-homogeneous Og-module such that the differ-
ential of the K action differs from the action of ¢ through Dg , by 7. Therefore, i'(V) is an
irreducible object in M,,(Dg,u, K, 17). O

Because V is holonomic by Lemma 4.13, and i preserves holonomicity [Mila, Ch. V §6],
i'(V) is a holonomic Dg ,-module with support equal to Q. This implies that there is some
open dense subset U C Q so that i'(V)|y is a connection, and thus a coherent O;-module.
Because i'()) is also K-invariant, i'()) must be coherent as an Og-module on all of Q,
hence a connection on Q. (Generally, we can see by this argument that any irreducible
(Dg,u, K, 17)-module is a K-homogeneous Dy ,-connection on Q.)

Therefore, to each irreducible object V in M, (D,, K, 1), we can attach a pair (Q, 7)

consisting of a K-orbit Q and an irreducible (Dg ,,, K, 77)-module 7 such that
(i) suppV = Q, and
(i) i'(V) =t

We call the pair (Q, 7) the standard data attached to V.

Definition 4.18. Let Q be a K-orbit in X, i : Q — X be the natural inclusion, and T
an irreducible M(Dg,, K,77)-module. Then Z(Q,7) = i;(7) is a coherent holonomic
(D), K, n7)-module. We call Z(Q, 7) the standard n-twisted Harish-Chandra sheaf attached

to (Q, 7).

As in the untwisted case [Milb, Ch. 4 §5 Thm. 5.3], standard 7-twisted Harish-Chandra

sheaves have unique irreducible subsheaves.
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Lemma 4.19. Let Q be a K-orbit in X, i : Q — X be the natural inclusion, and T an irreducible
M(Dq i, K, n)-module. Then the standard n-twisted Harish-Chandra sheaf T(Q, T) has a unique
irreducible subsheaf £L(Q, T).

Moreover, the quotient Z(Q, 7)/L(Q, ) is an 5-twisted Harish-Chandra sheaf sup-
ported in the boundary of Q. The classification of irreducible 7-twisted Harish-Chandra

sheaves is given in the following result [MS14, §3].

Theorem 4.20. (i) Any irreducible object in Mo, (D, K, 1) with standard data (Q,T) is
isomorphic to L(Q, T).

(ii) Let Q and Q' be K-orbits in X, and i : Q — X and i’ : Q' — X the natural inclusions.
Let y' be the restriction of the specialization A + p to €N by for a fixed x' € Q', and let T
and T’ be irreducible (Dg,,, K, n) and (Dg,,, K, 1)-modules, respectively. Then L(Q, T) =
L(Q,T)ifandonlyif Q = Q and T = 7'.

By this classification, we see that understanding irreducible #-twisted Harish-Chandra
sheaves reduces to understanding irreducible (Dg,, K, 17)-modules on every K-orbit Q.
By the argument below the proof of Lemma 4.17, any irreducible (DQ,H,K,U)-module
is an irreducible Dg ,-connection on Q. We can describe all 7-twisted irreducible Dg ;-
connections in the following way. Let x € Q. Let By be the Borel subgroup of Int(g) with
Lie algebra b,. Any K-homogeneous Op-module is completely determined by the action
of the stabilizer Sy = ¢~1(¢(K) N By) in the geometric fiber at x. If T is an irreducible
(Dg,u, K, 17)-module, it must also be irreducible as a K-homogeneous Og-module by the
compatibility condition, so the representation of Sy in the geometric fiber of 7 is irreducible.
Moreover, its differential is a direct sum of a number of copies of the linear form y — 7 |¢np,
ontNb,.

Therefore, our problem reduces to finding irreducible K-homogeneous Dg ,-connections
on K-orbits Q where the 7-compatibility condition on the actions of K and Dy, ,, is satisfied.
By the argument above, the following condition describes such modules.

If T is a K-homogeneous Og-module, then we say that T is compatible with (A,77) €
h* x n*if

u(g) =v(G) +1(%)
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for any ¢ € €N by, where v is the differential of the S-action on the geometric fiber Ty (7).

We have proven the following proposition.

Proposition 4.21. The following statements are equivalent.

(i) T isan irreducible (Dg,,, K, 17)-module.

(ii) T is an irreducible K-homogeneous Oq-module compatible with (A, 1) € h* x €*.

4.4 Costandard Sheaves

In this section, we construct costandard objects in the category M., (D,, K, 77) using
the holonomic duality functor defined in Section 4.1.5. Let Q be a K-orbit in X and T
an irreducible K-homogeneous connection on Q compatible with (A + p,7) € h* x €. Let
L(Q, T) be the corresponding irreducible n-twisted Harish-Chandra sheaf, and Z(Q, 7) the
corresponding standard #-twisted Harish-Chandra sheaf. Then £(Q, 7) is an irreducible
holonomic D) -module supported on the closure of the orbit Q by Lemma 4.13 and Lemma
4.19. Therefore, by Theorem 4.9, £(Q, T)* is an irreducible holonomic D_ ,-module whose
support is contained in the closure of Q.

Let X’ = X —0Q. Thenj: Q — X'is a closed immersion, and k : X’ — X is an open

immersion. We have an exact sequence of 17-twisted Harish-Chandra sheaves
0= L(Q1) = Z(Q1) - Q—0,

where Q = Z(Q, 1)/L(Q, T) is supported on dQ. Because k is an open immersion, k" is
exact, and for any D)-module V, k* (V) = V|x. Therefore, by restricting to X', we see that

L(Q,7)|x = Z(Q, T)|x . Because duality is local, we have
L£(Q 1) [x = (£(QD)x)* = (Z(Q T)|x)" = j+ ()"
Moreover, by Kashiwara’s equivalence of categories, j+ commutes with duality, so we have
L(Q, 1) [x = ju (7).

On the other hand, T* is an irreducible 77-twisted K-homogeneous connection on Q com-

patible with (—A + p, 7). Hence,

L(Q, )" [x = j+(T7) = L(Q, T))|x,

and we have the following result.
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Lemma 4.22.

L(Q 1) = L(Q,T).

Dualizing, we get
L£(Q )" = L(Q, 7).
Denote by M(Q, 7) the y-twisted Harish-Chandra sheaf Z(Q, 7*)*. We call this the co-
standard y-twisted Harish-Chandra sheaf attached to the geometric data (Q, 7). There is
a natural inclusion £(Q,t*) — Z(Q,7*). By dualizing, we get a natural epimorphism
M(Q,7) — L(Q, 1), so L(Q,T) is a quotient of M (Q, 7). The main properties of costan-

dard #-twisted Harish-Chandra sheaves are the following.

Proposition 4.23. (i) The length of M(Q, ) is equal to the length of Z(Q, 7).

(ii) The irreducible n-twisted Harish-Chandra sheaf L(Q, T) is the unique irreducible quotient
of M(Q, 7). The kernal of this projection is supported on the boundary 9Q of Q.

Proof. Because duality preserves irreducibility, the composition series of M(Q, T) is ob-
tained by dualizing the composition series of Z(Q, 7*). Because £L(Q',7*)* = L(Q',T')
for any irreducible #-twisted Harish-Chandra sheaf £(Q’,7’), the composition factors of
M(Q, T) must be equal to those of Z(Q, 7). This proves (i).

We have a short exact sequence of D_)-modules
0—L(Q 1) —-I(Q1t)—Q9—0,

where Q is a holonomic D_)-module supported in dQ. Applying holonomic duality to

this, we get a short exact sequence of D,-modules
0— Q" = M(Q1)— L(Q1)—0.

Because duality preserves support, this implies that the kernel Q* of the projection map
M(Q,t) = L(Q, T) is supported in 9Q.

If Y C M(Q,7) is a maximal D,-submodule different from Q*, then £(Q',7) =
M(Q,7)/U is an irreducible D,-module that is not isomorphic to £(Q, ). By dualiz-
ing, this implies that £(Q’, %) is an irreducible D,-submodule of Z(Q, t*) which is not
isomorphic to £(Q, "), but L(Q, T*) is the unique irreducible D,-submodule of Z(Q, T%),

so this is impossible. This implies (ii). O
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4.5 Standard and Simple Sheaves for the Pair (g, N)

Let K = N. Let b be the unique Borel subalgebra of g containing n = LieN. The
pair (g, N) is a Harish-Chandra pair. This section is dedicated to describing the standard
n-twisted Harish-Chandra sheaves in the category M.,,(D), N, 1) using the classifica-
tion described in Section 4.3. The category M., (D, N, 1) is the geometric analogue of
the category Np,. (We will make this statement precise in the following section.) By
the discussion in Section 4.3, standard objects in M.y, (D), N, ) are parameterized by
pairs (Q, 7), where Q is an N-orbit and 7 is an irreducible N-homogeneous connection
in Mcon (Do, N, 17). (Recall that i is the restriction of the specialization of A + p at a point
x € QtonNby.) We can describe these pairs more explicitly.

The N-orbits on X are Bruhat cells C(w), w € W. The Bruhat cell C(w) contains all Borel
subalgebras in relative position w to b. Now we will describe the previous compatibility
condition in this special case. Assume that a Bruhat cell C(w) admits an irreducible N-
homogeneous connection 7. Let by, be a fixed Borel subalgebra in C(w), and ny, = [by, by).
Fix a Cartan subalgebra ¢ of g contained in b N by. Let R be the root system of (g, c), and
R the set of positive roots determined by n. Denote by s : h* — ¢* the specialization
determined by b. Then ny is spanned by the root subspaces corresponding to roots in

s(w(X71)). We make two key observations:

e BecausenMby, C ny, p = 0.

e Because the stabilizer S, of b, in N is unipotent, the only irreducible algebraic
representation of Sy, is the trivial representation. This implies that the only possible
action of Sy, on the geometric fiber of 7 is the trivial action, so the only irreducible

N-homogeneous Oc,)-module on C(w) is O¢(y)-

Therefore, a connection with the properties described in Proposition 4.21 exists on C(w) if
and only if 77|nrn, = 0. Moreover, if such a connection T exists, it is isomorphic to O¢ ().
For each o € X, we denote by g, the root subspace in g corresponding to the root s(«a) €

R.! Then the subalgebra n N n,, is spanned by the root subspaces g, for a € T Nw(T).

INote that this differs from the usual convention.
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Hence, #7|nn, = 0if and only if 7|5, = 0 foralla € Z+ Nw(X™). Let ITbe the set of simple

roots in X corresponding to X, and let

© = {w € I1jy|,, #0}.

This leads us to the following result.

Lemma 4.24. The following statements are equivalent.
(i) n |nﬁnw = 0.

(i) ©@Nw(Lt) = .

Proof. From the discussion above, we have that 77|nnn, = 0 if and only if 7|5, = 0 for all
x € 2T Nw(XT). Then by the definition of ©, |y, = 0 forall e € X* Nw(X") if and only
fONErNnwE))=0nwE") =02. O

Let Pg be the standard parabolic subgroup of Intg corresponding to ©. The following
result relates conditions (i) and (ii) of Lemma 4.24 to Pg-orbits in X and appears in [MS14,

84 Lem. 4.1].

Lemma 4.25. The following conditions are equivalent.
(i) ONwX™) =.
(ii) C(w) is the Bruhat cell open in one of the Pg-orbits in X.

(iii) w is the longest element in one of the right Weg-cosets of W.

This allows us to classify irreducible and standard objects in M., (D), N, 7). For a
coset C € Wp\W, let wC be the longest element in C. By [Milb, Ch. 6 §1 Thm. 1.4], this
longest element is unique. Then by Lemma 4.24 and Lemma 4.25, there exists a compatible

irreducible connection Oc(,c) on the Bruhat cell C (w®), and we denote by Z(w®, A, 1)

wC
the corresponding standard 7-twisted Harish-Chandra sheaf in M,,(D), N, 1), and by
L(w®, A, 77) the unique irreducible subsheaf of £(w®, A, 7). We’ve established the following

theorem.

Theorem 4.26. The irreducible objects in the category Mo, (Da, N, 1) are the modules

L(wC, A, 1), where wC is the longest element in a coset C € Wg\W.
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We complete this section by computing inverse images of standard and irreducible
n-twisted Harish-Chandra sheaves to obtain a result that will be of use to us in future
sections. Fix parameters A € h*, 77 € n*, and C € Wg\W. Let C(w®) be the corresponding
Bruhat cell that admits an irreducible compatible connection Oc(,c). Let X' = X —9C (w©),
i,c : C(w®) — X the canonical immersion, and j,c : C(w®) — X'. The following diagram

is commutative.

C(wC) X
X/

Here j, ¢ is a closed immersion and k€ is an open immersion. For a coherent D,-module
w w

VonX, klc(V) = Vl|x, and il (V) = j*.(V|x). Denote by T the standard #-twisted

wC

Harish-Chandra sheaf Z(w®, A, 1) and by L its irreducible subsheaf L(wC, A, 7). Then we

have a short exact sequence of #-twisted Harish-Chandra sheaves
0—=L—->1—Q—0,

where Q = Z/L, and suppQ = 9C(w®). Because k,c is an open immersion, kgc is exact,

so by applying k;c, we get another short exact sequence
0— Llx = I|x — Qlx — 0.
Because suppQ = 9C(w®), Q|x = 0, and we conclude that
Llx ~=ZL[x.
Furthermore, because dimC(w®) = ¢(w®), for any k € Z, we have the relationship

Rnff(wc)fki! — [kt

wC wC’

where n = dimX. So for a Dy-module V on X and m € Z, Rmi:ﬂc(V) = R"j - (V|x).

wC

Therefore, we conclude that

R™i' o(T) = R"i' o (Z|x) = R"j' o (L]x) = R™i e (L).

w

We have proven the following lemma.
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Lemma 4.27. Let A € b*, 57 € n*, and C € We\W. Let C(w®) be the corresponding Bruhat cell

and iy : C(w®) — X the canonical immersion. Then for any m € Z,

R™i (Z(wS, A, 1)) = R™i (L(wS, A, 7)).

wC

4.6 Intertwining Functors on Standard and
Costandard Sheaves

In this section, we examine the action of intertwining functors on standard and costan-
dard 7-twisted Harish-Chandra sheaves in the category M., (D,, N, 7). These results will
be critical in establishing the relationship between Ny, and My (D), N, 7). Let a € TI,
w € W, and p; for i = 1,2 the projections of Z;, (equation 4.1) onto the first and second
coordinates, respectively. As in Section 4.5, let b be the unique Borel subalgebra of g

containing n = LieN. We start with a useful lemma.

Lemma 4.28. The projection py : Zs, — X induces an immersion of p, ' (C(w)) into X, and its

image is equal to C(ws,).

Proof. Using the definition of Z; , and the set-up below Proposition 4.21, we see that

py ' (C(w)) = {(x,y) € X x X|y € C(w) and by is in relative position s to by}
= {(x,y) € X x X|by, is in relative position w to b
and b, is in relative position s, to by}
= {(x,y) € X x X|by, is in relative position w to b
and b, is in relative position ws, to b}

= C(wsy) x C(w).

Therefore, p; induces an immersion of p, 1(C(w)) into X and its image is equal to C(ws, ).

O

Our first result is the following proposition.

Proposition 4.29. Let C € We\W and a € I1 be such that Cs, > C and let A € h* be arbitrary.
Then

LISa(D(I(wC/ A, 77))) = D(I(wcsﬂtl Sah, 77))
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Proof. By Theorem 2.5, we have the following commutative diagram.

Py (C(aC)) —— 7,

ol

ClaC) — 4 x

Here p; and pry = pa| prl(C(we)) Te surjective submersions and j and i ¢ are affine immer-
sions, so p3, pry ,iyc,, and j. are all exact. Then, using the definition of Z(w®, A, 1), the

fact that dimZ;, — dimX = dimp, ! (C(w®)) — dimC(wC), and Theorem 2.5, we see that

p;(_’[(wc,/\, ’7)) =P ( wCJr(OC(wC)))
= j+(pr3 (Oc(ary))

=1+ cwe))-

Applying the projection formula of Proposition 2.4 to the morphism p;, the line bundle
L = O(p — sap), and the twisted sheaf of differential operators D, on X, we have the

following commutative diagram.
D(D}') —=— D(Dy)
ri(L)@o,, —l lﬁ(@ox—

D((D§)m) - D(DE)

Using this commutative diagram, the definition of intertwining functors, and the fact that

Ts. = P1(O(p — 54p)), we compute

LI, (D(Z(w, A, 1)) = p1i(Ts, ®oy, pa (Z(wS,A,1)))
= p1+(Ts, ®0y, ]+(Op (Cw))))
= p1+(p1(O(p = s0p)) ®0y,, ]+(O (c(wC))>)

= O(p — sap) @0y P1+(f+(0p;1(c(106))))-
By Lemma 4.28, the diagram

Py 1 (C(aC)) —— 7,

S

1
C(wCsy) e x
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commutes. Picking up our previous computation, this lets us further conclude that

O(p — sup) Doy P1+(j+(0p51(c(w6)))) = O(p — sap) @0y iwcsa+(prl+(0p;](c(wc))))

O(p - S”‘p) ®ox Z'wcs,,(—&-(C)C(wcsa))
D(Z(w sq,54A,17)).

This completes the proof. O

For C € We\W, let M(w®, A, 1) be the corresponding costandard 7-twisted Harish-

Chandra sheaf in the category M., (D,, N, 77). Our second result is the following.

Proposition 4.30. Let C € Wo\W and « € I1 be such that Cs, < C, and A € b* be arbitrary.
Then
ISIX (M (wcf /\/ ;7)) = M (wcsﬂél 504/\/ 7])/

and

LPI, (M(wS, A, 5)) =0 for p £ 0.
Proof. By Proposition 4.29 applied to the coset Cs, and linear form —A € h*, we have
D(Z(wS, =A,1)) = LI (D(Z(w sq, —5u, 1))).
Applying holonomic duality, we get

D(M(wS, A, 1)) = D(LL, (D(Z(w sa, =542, 17))))
= (Do LI, o D)(D(M(w s4,52A,77)))

By Theorem 4.12, ID o LI, o ID is the inverse of the intertwining functor LI;,, so applying

LI, to both sides of the above equation proves the proposition. O
Combined with Theorem 4.6, this implies the following result.
Theorem 4.31. If A € b* is a-antidominant, and C € We\W is such that Cs, < C, we have
H”(X,M(wc, An)) = HP(X,M(wCs,x,s,XA,;y))

forany p € Z,.



CHAPTER 5

GEOMETRIC DESCRIPTION OF WHITTAKER
MODULES

In this chapter, we establish the connection between the category of Whittaker modules
and the category of twisted Harish-Chandra sheaves. We begin by reviewing the existing

results in the nondegenerate setting.

5.1 The Nondegenerate Case

Let # € n* be a nondegenerate character. Then ® = II, Pg = G, and lg = g. In
this section, we review the existing results on nondegenerate Whittaker modules and
nondegenerate twisted Harish-Chandra sheaves. This setting was examined algebraically
by Kostant in [Kos78], and geometrically by Mili¢i¢ and Soergel in [MS14].

By Theorem 4.26, there exists only one irreducible object £(wp, A, 1) in Mo, (Da, N, 17)
corresponding to the compatible irreducible connection on the open Bruhat cell C(wy).
Let Z(wo, A, 1) be the corresponding standard twisted Harish-Chandra sheaf. Because
the quotient Z(wy, A, 17)/ L(wo, A, 17) is supported in the complement of C(wy), it must be
zero. Therefore, Z(wp, A, 1) = L(wo, A, 1) is irreducible. Furthermore, I'(X,Z(wp, A, 7))
is equal to the space R(C(wp)) of regular functions on the affine variety C(wg) ~ C/(*0),
Therefore, if A € h* is antidominant, T'(X, Z(wy, A, 7)) is an irreducible Whittaker module.
This implies that there exists a unique irreducible object in the category N ,. The unique
irreducible objects in the categories M, (D), N, 17) and N, were described explicitly in
[MS14, §5 Thm. 5.1, Thm. 5.2]

Theorem 5.1. Let 7 € n* be nondegenerate and A € b*. Then the only irreducible object in
Mcoh<D/\/ N,ﬂ) is D)\ ®U(u) CW'

The corresponding theorem in the algebraic category was originally proven by Kostant

in [Kos78, §3 Thm. 3.6.1], but falls immediately from the geometric result.
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Theorem 5.2. Let 7 € n* be nondegenerate. Then the only irreducible module in Ny, is U Ot (n)
Cy.

These theorems demonstrate that for nondegenerate 7, the categories M., (D), N, 17)
and Ny, are extremely simple. Indeed, if V is an arbitrary object in M,,(Dy, N, 77), then
its restriction to the open cell C(wyp) is an N-homogeneous connection. For a generic point
x € C(wy), the stabilizer in N of x is trivial, so this connection is equal to a sum of copies
of the irreducible connection on C(wy). Moreover, there is a natural morphism ¢ of V into
a sum of copies of Z(wo, A, n7) = L(wo, A, 17) because restriction is a left adjoint to direct
image. The kernal and cokernal of ¢ are supported in the complement of C(wy), so they
must be zero, which leads to the following semisimplicity results [MS14, §5 Thm. 5.5, Thm
5.6].

Theorem 5.3. Let 7 € n* be nondegenerate. Then all objects in M ,;,(Dy, N, 1) are finite sums

of irreducible objects D) @y (n) Cy.

Theorem 5.4. Let 17 € n* be nondegenerate. Then all objects in Ny, are finite sums of irreducible

objects Up @yy(n) Cy-

5.2 Cosets in the Weyl Group
Before analyzing the degenerate case, we list some combinatorial properties of cosets
in Weyl groups that will be essential in future arguments. For brevity, we omit the proofs
that can be found in [Milb, Ch. 6 §1].
Let X be a reduced root system and " a set of positive roots. Let ITbe the correspond-

ing set of simple roots, and for w € W, let
L=t n{-w ()} ={a € ZT|wa € —2T}.

Let ® C IT, and let g C X be the root subsystem generated by ©. Let Sg = {sy|a € O}
be the set of simple reflections corresponding to ®, and denote the Weyl group generated
by these reflections by Wg. Then Wg C W is a subgroup. The length function £ on W

restricted to Wg gives the length function on Wg. We define

WO ={weWz,ne=0}={wecWOcw !z}
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Theorem 5.5. Every element w € W has a unique decomposition in the form w = w't, with

w' € W® and t € Wo. Additionally, £(w) = £(w') + £(t).
Let wg be the longest element in Weg.
Theorem 5.6. (i) Each left Wg-coset in W has a unique shortest element.

(ii) If w is the shortest element in a left Wg-coset C, wweg is the unique longest element in this

coset.
(iii) Each right Weg-coset in W has a unique shortest element.

(iv) If w is the shortest element in a right We-coset C, wew is the unique longest element in this

coset.

The antiautomorphism w +— w™! preserves Wg, we, and the length function ¢ : W —
Z. . It also maps left Wg-cosets to right Wg-cosets. Therefore, the set WO is the section of
the left Wg-cosets in W consisting of the shortest elements of each coset. This implies that

the shortest elements of right Wg-cosets in W are the elements of the set
W ={weWw'!leW® ={weW®cwxE).
This implies the following result.

Lemma 5.7. The set
OW = {w e W|e c —w(xh)}

is the section of the of right Wg-cosets in W consisting of the longest elements of each coset.

This also gives us an analogue to Theorem 5.5.

Theorem 5.8. Every element w € W has a unique decomposition in the form w = tw' for t € Wg

and w' € WE. In addition, {(w) = ((t) + £(w').

Proof. Letw € W. Then by 5.5, there is unique decomposition w~! = v's for v’ € W® and
s € We, and £(w™!) = £(v') + £(s). Sow = s 10'~1, where s 7! € Wg and v/~ € WP, and

this decomposition is unique. Furthermore,

w) =Lw™) = L)) +£(s) = £(s71) +£('7).
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This completes the proof. O

For a right Wg-coset C, we denote by w® the unique longest element in C. We define
an order relation on the set We\W by transferring the Bruhat order on the collection of
longest coset elements. Specifically, we say that C < D for two cosets C,D € Wg\W if

w® < wP in the Bruhat order on W. The key result on this order relation is the following.

Proposition 5.9. Let C be a right Weg-coset in W and a € I1. Then we have the following three

possibilities:
(i) Csy =C;
(ii) Csy > C,and in this case, w"* = wCs,, and {(ws,) = {(w) + 1 for any w € C;
(iii) Csy < C, and in this case w* = wCs,, and {(ws,) = £(w) — 1 for any w € C.

Let C be a right Wg-coset and w € C its shortest element. Then wC = wew by 5.6, and
(w) = ¢(w) + (we) by 5.8. This implies that we < wew = w® in the Bruhat order, so
We < C in the order relation on Wg\W. This implies that Wg is the smallest element in

We \W. Furthermore, Wg is the unique smallest element in Wg\ W:

Proposition 5.10. Let C € Wg\W. Assume that for any « € I1, we have either Cs, = C, or
Csy > C. Then C = We.

In particular, for any coset C # W), there exists a simple root « such that Cs, < C. This

implies that the set ®W contains Weyl group elements of every length greater (wg).

Theorem 5.11. Let j = {(wg), and let m be the length of the longest element of W. Then for any
nwithj < n < m, the set ®°W<,, = {w" € ®W|[¢(w") < n} contains an element of length k for

every j < k < n.

Proof. We proceed by induction in n. The base case is when n = j. In this case, wg has
length j and by 5.10, ®W = {we}, so the theorem holds. Let 1 be such that j < n < m,
and assume that ®W<,, contains an element of length k for every j < k < n. Choose
wC € OW of length n. Then because n # m, there exists some a € I1 such that ¢ (wcs“) =
{(w®) +1 = n+ 1. We claim that w®s, is the longest element in a coset. By 5.9, we have

three possibilities: either Cs, = C, Cs, < C, or Cs, > C. Because wC is the longest element
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of C, and #(wCs,) > £(w®), wCs, & C, so the first possibility cannot happen. If Cs, < C,
then 5.9 implies that w"* = wCs,, and ¢(wCs,) = ¢(w") — 1. But this is not the case, so

C

the second possibility cannot happen. We conclude that Cs, > C, and WS = wCs,; ie.

wCs, € ®W§n+1. We are done by induction. O

In particular, the set ®W contains elements of length k for every /(wg) < k < m, so
we can apply inductive arguments to the length of elements of ®W. Finally, we record the

following fact.
Lemma 5.12. Ifw € ®W and t € Weg, we have
((tw) = £(w) — ().

Let B be a Borel subgroup of G, and Pg the standard parabolic subgroup of G of type
© containing B. Then the Pg-orbits in the flag variety X are B-invariant, so they must
be unions of Bruhat cells. We end this section by describing how the structure of Wg\W

determines the structure of Pg-orbits in X.

Lemma 5.13. Let O be a Pg-orbit in X and C(w) C O. Then
0= |J C(tw).
teWe

This result establishes a bijection between Wg\W and the set of Pg-orbits in X. Let

C € We\W and let O be the corresponding Pe-orbit in X. Then by Lemma 5.12,

dimO = max dimC(tw®) = max/(tw®) = £(w").
teWe teWeg

Therefore, C(w®) is the open Bruhat cell in O. This implies the following result.

Proposition 5.14. The map attaching to a Pg-orbit O in the flag varitey X the unique Bruhat cell
C(w) open in O is a bijection between the set of all Pe-orbits in X and the set of Bruhat cells C(w)

with w € ®W.
We end this section with a geometric interpretation of the order relation on Wg\W.

Proposition 5.15. Let C € Wg\W, and let O be the corresponding Pg-orbit in X. Then the

closure of O consists of all Pg-orbits in X corresponding to D < C.
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5.3 Global Sections of Twisted Harish-Chandra Sheaves
In this section, we prove that global sections of costandard twisted Harish-Chandra
sheaves are standard Whittaker modules. This allows us to use geometric arguments
to draw conclusions about our algebraic category of Whittaker modules, which will be
essential in the interpretation of the algorithm developed in Chapter 6. Our main tool in
this section is the character theory developed in Section 3.2.
We begin by examining the nondegenerate case. Let wg be the longest element of the

Weyl group W of g.
Proposition 5.16. Let € n* be nondegenerate and A € h*. Then
I'(X, M(wp, A, 1)) = M(woA, 7).

Proof. 1f 7 is nondegenerate, then W = Wg, so by Theorem 5.1, there exists a unique irre-
ducible object L(wo, A, 17) = Z(wo, A, 1) = M(wo, A, 1) = Dy Qyyn) Cy in Meon(Dy, N, 77).

Assume A is antidominant, and let 6 = W - A. Then by Theorem 5.2,
I(X, M(wo, A, 17)) = Uy ®yy(n) Cy = M(woA, 7).
Now, let w € W be arbitrary. By Theorem 4.6 and the preceeding argument, we have
D(M(woA, 1)) = RT(D(M(wo, A, 1)) = RT(LLy(D(M(wo, A,77)))) = RT(C"),

where C is a complex in D?(D,,,) such that for any i € Z, C' is a finite sum of copies of
the unique irreducible object M (wo, wA,17). (See Theorem 5.1.) Because D(M(woA, 1)) is
a complex with a single irreducible object in the zero degree and zeros elsewhere and R’

is an equivalence of derived categories, the equality above implies that
LI,(D(M(wo, A, 17))) = D(M(wo, wA, 17)).

Therefore,

I'(X, M(wo, wA, 1)) = M(woA, i) = M(wowA, 17).
This completes the proof of the proposition. O

Next, we prove the result for the costandard twisted Harish-Chandra sheaf correspond-

ing to the smallest Pg-orbit. This is the bulk of the argument.
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Lemma 5.17. Let 7 € n* be arbitrary and A € b*. Then
I['(X, M(we, A, 1)) = M(weA,1).

Here wg is the longest element in the Weyl group Wg determined by ®. We will prove
the lemma in a series of steps. Our first step is to realize the standard sheaf corresponding
to the smallest Pg-orbit as the direct image of a twisted Harish-Chandra sheaf for the flag
variety of {g. Let P(wg) be the Po-orbit with open Bruhat cell C(wg) C P(we) (see Section
4.5). Because wg is minimal in set ®W of longest coset elements by Proposition 5.10, P(we)
is a closed subvariety of X. Because P(wg) is an orbit of an algebraic group action, it is
also a smooth subvariety of X. In fact, Pg-orbit P(wg) is isomorphic to the flag variety of

. (Indeed, by Lemma 5.13, P(we) = Usew, C(twe) = Uyew, C(w).) Let
Iwe : C(we) — P(we),j: P(we) — X, andi: C(we) — X

be the natural inclusions. This expresses i = j o iy, as the composition of an open immer-
sion and a closed immersion. By definition, Z(we, A, 1) = j+(F), where F = iyg 1 (Oc(we)),

and Oc(y,) is the N-homogeneous connection in M, (D}, N, 17) described in Section 4.5.

Lemma 5.18. F = Z(we, A + 0 — po, 1]|ne ) is the standard object in the category
M con(Dp(we) A +or N, 1|no ) corresponding to the open Bruhat cell C(we) C P(we)-

Proof. As described above, we can view P(wg) as the flag variety for {g, and the character
11ne is nondegenerate on . The irreducible N-homogeneous connection O¢y,) is com-
patible with (A, 7) € h* x n* by construction (Section 4.3). We can restrict the N-action to
Ne C N, and consider Oc(y,) as an irreducible No-homogeneous connection compatible
with (A, 7]s) € b* X ng. This allows us to interpret F' = iyg+(Oc(w,)) as the standard
sheaf on the flag variety of g induced from the irreducible Ng-homogeneous connection
Oc(we) on C(we) in Mcoh((Dg)i, Neo, 7|ng)- (Note that because 77|, is nondegenerate, this
is the only standard # |, -twisted Harish-Chandra sheaf in the category M, ( Dé\, No, |ng)

by the results in Section 5.1.) Because

D) = (DXIHP)j = Dp(we)r+p = DPar+o—per

we have that

F =Z(we, A+ 0 — 00, 1|no)-
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This completes the proof. O

Our next step is to use the normal degree filtration introduced in Section 2.2 to analyze
the global sections of the standard sheaf Z(wg, A,77). We will do so using the character
theory established in Section 3.2. By Lemma 5.18, we can express our standard sheaf
IZ(we, A1) = j+(F), where F = Z(we,A + p — po,1|ng). Because j : P(wg) — X
is a closed immersion, this implies that Z(we, A, 77) has a filtration by normal degree,
F.Z(we, A, 17). Let GrZ(we, A, 1) be the corresponding graded sheaf. Let ch : Ny, —
[Tu<s, C ®z KN ([€e, L] )e* be the character function described in Section 3.2.

Lemma 5.19. chI'(X, GrZ(we, A, 1)) = chl' (X, Z(we, A, 17)).

Proof. By construction (see [Har77]), we have
I'(X,Z(we,A,n)) = ligﬂ’(X, FE.Z(we, A, 1)).
For each n € Z ., we have an exact sequence
0 — F,_1Z(we, A, ) — F.Z(we, A, 1) — GrpZ(we, A, 1) — 0.

We claim that HP (X, Gr,Z(we, A, 7)) = 0 for p > 0. To see this, recall that by construction,
GroZ(we, A, 1) is the sheaf-theoretic direct image of a sheaf on P(wg) which has a finite
filtration such that the graded pieces are standard 7|, -twisted Harish-Chandra sheaves on
the flag variety P(wg) of £g. These have vanishing cohomologies by Lemma 5.16, which

implies the claim. The short exact sequence above gives rise to a long exact sequence

0—T(X, Fi-1Z(we, A, 1)) = T(X, E,Z(we, A, 1)) — T(X, GryZ(we, A, 1)) —

— HY(X,F,_1Z(we, A, 1)) — HY (X, F,Z(we, A, 1)) — HY(X, Gr,Z(we, A, 1)) — - - -

Using induction and the preceding paragraph, we see that H? (X, F,Z(we, A, 1)) = 0 for
p > 0 (and therefore, H? (X, Z(we, A, 1)) = 0 for p > 0). This implies that foreachn € Z_,

we have a short exact sequence

0 —T(X,F-1Z(we, A, 1)) — T(X, F,Z(we, A, 1)) — T(X, GrpZ(we, A, 1)) — 0.
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(If A € b* is antidominant, the existence of this short exact sequence falls from the exactness
of I', but notice that the argument above holds for arbitrary A € b*.) This gives us a

filtration of I'(X, Z(we, A, 17) ), with corresponding graded module

I'(X,GrZ(we, A, 1)) =BT (X,GraZ(we,A 1))

=PI (X,F.Z(we, A, 1)) /T(X, FirZ(we, A, 1))
Because character sums over short exact sequences, we have
chI' (X, Gry,Z(we, A, n)) = chl' (X, F,Z(we, A, 1)) — ChT (X, Fy_1Z(we, A, 17)).
Now we compute character, using the fact that character distributes through direct sums.

chT (X, GrZ(we, A, 1)) = ch @ T(X,GryZ(we,A, 1))

TleZ+

= @ chT(X, GrnI(w®/ )\I 77))

HGZ+

= Y (chI'(X,FyZ(we, A, 1)) — chT (X, fa1Z(we, A, 17)))

HGZ+

= chI' (X, Z(we, A, 17)).
This completes the proof. O

This reduces our calculation of the character of I'(X,Z(wg, A, 1)) to the calculation of
the character of I'(X, GrZ(we, A, 77)). Before completing this calculation, we need a few
more supporting lemmas.

The Borel subalgebra b acts on uig by the adjoint action, and this extends to an action of

b on the universal enveloping algebra U (uig ). The h-weights of this action are

ma S Z>O} .

Let Nxjpwe) = 1" (Tx)/ Tp(we) be the normal sheaf of P(we) and S(Nx|p(we)) the corre-

Q= { Y man

aeLH\LS

sponding sheaf of symmetric algebras.

Lemma 5.20. As Opy,,)-modules,

S(Nx|pwe)) = P O(n

neQ
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Proof. The normal sheaf Ny|p(ye) is @ Po-homogeneous Op(y,)-module. For any x €
P(we), there is an equivalence of categories between M,c(Op (), Po) and the category
of algebraic representations of B, = stabp,{x} given by taking the geometric fiber of a
sheaf 7 in Myc(Op(ye), Po) (Theorem 2.1). Let xo € X be the point corresponding to B.
The Pg-orbit of x¢ in X is the unique closed Pg-orbit [Bor91, Ch. IV], so it must be equal
to P(we). In particular, xg € P(wg), so the functor Ty, is an equivalence of the category
Me(Op(we), Po) with the category of algebraic representations of B. The tangent space
Ty, (X) is isomorphic to g/b, and the subspace Ty, (P(wg)) is equal to pe/b under this
isomorphism. Therefore, the geometric fiber of the normal bundle at xg is isomorphic to
g/be =~ up. We conclude from this discussion that N- X|P(we) COTresponds to the Adjoint
representation of B on 1ig, or, equivalently, the adjoint representation of b on ug.

Therefore, to analyze the Op(y,,)-module S(N. X|P(we)), W€ can examine the symmetric
algebra S(uig), viewed as a b-module under the inherited action of the adjoint representa-
tion of b on lig. The universal enveloping algebra U (g ) has a PBW filtration such that the
corresponding graded module Grif (tig) is isomorphic to S(iig). Under the adjoint action,
U(ue) decomposes into h-weight spaces corresponding to weights in Q. Therefore, the
b-module S(ig) decomposes into h-weight spaces corresponding to the same weights in
Q.

For k € Z>g, consider V = S¥(iig). There is a b-invariant filtration
0=fVCHRVC---CEV=V

such that F;V/F;_1V = C,, where u € Q is an h-weight of S¥(uig). This induces a filtration
of V = Sk(NX\P(w@))

O=f)VCHRYC---CFV=YV

where each FV is a Pp-homogeneous subsheaf and F;V/F11V = Op(y) (). This proves

the result. O

Lemma 5.21. For A, u € b¥,

L(we, A lno) ®0py, O(1) = L(we, A + p 7w )-



62

Proof. The twist functor (Section 2.2)

Ve Vo, O

is an equivalence of the categories M,,(Dy, No,#|ng) and Mcop(Diyy, No, 17]ng)- Each
of these categories has a unique irreducible object (because 7|, is nondegenerate, Theo-
rem 5.1), so twisting must take the unique irreducible object in M ,,(D,, No, |ng) to the

unique irreducible object in M ,,(Day, No, 17|ne ). This proves the lemma. O

Lemma 5.22. As a left D)-module, the graded sheaf has a decomposition

GrZ(we, A1) = jo(F ®0y,,, SNX|Pwe)) B0y, O(200 — 20)).

ZU@
Proof. Recall that the direct image functor j : MR(DQ) — MR(D,) is naturally defined
on right modules. We can apply equation 2.1 to the left Dg—module F by first twisting by
Wp(we)- Then the graded module (which is naturally a right D,-module) can be considered

a left Dy-module with a second twist by wy; that is,

GrZ(we, A1) = jo(F ®0P(w®) S<NX\P(w®)) Oy wP(WG)\X>’

7,{7@

where Wp(ue)|x = Wp(we) @O I (wy!) is the invertible Op(we)-module of top degree

ZU@
relative differential forms for the morphism j. The result then follows from the fact that

Wp(we)|X = O (200 —2p). O

Now we are ready to prove Lemma 5.17.

Proof. Using the preceding lemmas, Kashiwara’s theorem, and equation 3.2, we can show
that the character of I'(X, Z(weg, A, 7)) is equal to the character of M(wgA, 7). Here A € h*

and 77 € n* are arbitrary.
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chT' (X, IZ(we, A, 1)) = X, GrZ(we, A, 1))

hI'(
ChF(X ]*(F ®Op( o) S(NX|P(ZU@)) ®OP(w®) O<2P® - 2p)))
(
(

chI(P(we), F ®0,,,, SINX|P@wo)) B0y, O(200 = 2p))

P(ZUQ) F®0P u@ @ O ®0P(w@) O(2p® - Zp))
neQ

chT' (P(we), P Z(we, A+ p — po + 1 + 200 — 20, 1|ne))
HeQ

=ch @ Y(A—p+po+ 1)
neQ

=Y [Y(A—p+pe+pn)leFHH
HeQ
=chM(A,n)

[
Q
=
=,

= chM(wel, 7).

Because Z(we, A, 17) is irreducible, T'(X, Z(we, A, 7)) is irreducible or zero. Because it has
nonzero character, it cannot be zero, and must be irreducible. Also, M(weA,7) is ir-
reducible. Irreducible Whittaker modules are completely determined by their character

(Corollary 3.18), so we conclude that

[(X,Z(we, A, 1)) = M(weA, 7).
This completes the proof of the lemma. O

Finally, we are ready to prove our desired result.

Theorem 5.23. Let A € h* be antidominant, C € We\W, and n € n* be arbitrary. Then

T'(X, M(wS, A, 7)) = M(wCA, 5).
Proof. By Proposition 4.30, if « € ITis such that Cs, < C,

L (M@, A,17)) = M( s, 50A,17),

and

LPI, (M(wS, A, 5)) = 0 for p # 0.

Therefore, if « € I1 is such that Cs, > C,

Islx (M (wCSlX/ A/ 7])) = M(wc, Sa/\,i’]).
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If « € IT— O, then /(wes,) = {(we) + 1 and Wes, > We, so
Isa (M(?’U@S(X//\/ 77)) - M(Z(J@,S“)L,ﬂ).

We will now expand this result to a larger class of w € W. For a coset C € Wg\W, let
w® € C be the longest coset element, and let wc € C be the unique shortest coset element.
(See Theorem 5.6.) Then by Theorem 5.6 and Theorem 5.5, we have wewc = w€, and

U(wewc) = L(we) + L(wc) = £(wC).
Lemma 5.24. For any C € We\W,
Lo (M(wS, A, 1)) = M(we, wcA, 1),

and

L Iy (M(wS, A, 1)) = 0 for p < 0.

Proof. We proceed by induction in ¢(wc). If £(wc) = 0, then C = Wg, and the assertion is
trivially true. If /(wc) = 1, then wc is a simple reflection s, and the assertion is true by the

preceding remarks. Let D € Wg\W and assume that
Ly (M(wP, A, 7)) = M(we, wpA, ) and L¥ I,, (M(wP, A, 1)) = 0 for p < 0.

Let &« € Il be such that Ds, > D. By Proposition 5.9, the shortest element wp;, in Ds, is

wpS,. Thus,

Lyps, (M (wDSvu A1) = Ly (Is, (M (st,X, A1)
= Loy (M(wP, 547, 77))

= M(we, wis.), 7).

Here the first equality falls from Proposition 4.3 and the second equality from Proposition

4.30. This completes the proof of the lemma by induction. O
Now we return to the proof of Theorem 5.23. Lemma 5.24 implies that for C € Wg\W,
LIWC (D(M (wcf A 77)) = D(M (Z(J@, weh, 77))

and

RT(LLu (D(M(wS, A,17))) = RT(D(M(we, weA, 17))).
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If A € h* is antidominant, then by Theorem 4.6,
RT(D(M(wC, A,1))) = RT(D(M(we, wcA, 7)),

and

HY (X, M(wC, A, 1)) = 0 for p > 0.
Therefore, by Lemma 5.17,
F(X,M(wc, A1) =T(X, M(we, wcA, 1)) = M(wc)\,n),
which completes the proof of the Theorem. O
It is now straightforward to calculate the global sections of irreducible modules.
Theorem 5.25. Let A € h* be reqular antidominant. Then, for any C € We\W, we have
T(X,E(wc, An)) = L(wcx\,n).

Proof. Because A is regular antidominant, the global sections functor I'(X, —) is an equiva-
lence of categories. Therefore, by Theorem 5.23, the unique irreducible quotient £(w®, A, 77)
of M(w®, A, 7) must be mapped to the unique irreducible quotient L(w A, 77) of M(w A, 17)
by I'(X, —). O

These results explicitly establish the connection between the category of Whittaker

modules and the category of twisted Harish-Chandra sheaves.



CHAPTER 6

A KAZHDAN-LUSZTIG ALGORITHM

The main result of this document is an algorithm to calculate the multiplicity of an
irreducible Whittaker module in a standard Whittaker module. This chapter develops the
algorithm. This algorithm is inspired by Beilinson and Bernstein’s algorithm for calcu-
lating the multiplicity of an irreducible g-module in a Verma module in [BB81]. We base
notation and proof structure off of Mili¢i¢’s interpretation of the Verma module algorithm
in [Milb, Ch. 5 §2].

The statement of the algorithm is completely combinatorial. Let W be the Weyl group
of a reduced root system X. Let IT C X be the collection of simple roots, and let S C W be
the corresponding set of simple reflections. Let ® C ITbe a subset of simple roots, and let
We C W be the sub-Weyl group generated by reflections through ©. Let Hg be the free
Z]q,9 ']-module with basis éc, C € We\W. Here Z[g,47 ] is the ring of finite Laurent
seriesin g. Let « € IL. Then for C € Wg\W, there are three possibile relationships between
« and C: either Cs, = C, Cs, > C, or Cs, < C (Section 5.2). For any « € I, we define a
Zl|q,q ']-module endomorphism by

0 if Cs, = C;

T, (5C) = { gdc + dcs, if Cs, > C;
g 6c +6cs, if Csy < C.

The main result is the following theorem.
Theorem 6.1. There exists a unique function ¢ : Wo\W — He satisfying the following proper-
ties.

(i) For C € We\W,

¢(C) =dc+ Y Pcpdp,
D<C

where Pcp € qZq).
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(ii) For o € ITand C € We\W such that Cs, < C, there exist cp € Z such that

Tu(@(Csy)) Z cpp(D
D<C

The function ¢ : Wg\W — He determines a unique family {Pcp|C,D € We\W, D <
C} of polynomials in Z[g] such that ¢(C) = Y_p-c Pcpdp for C € Wg\W. We refer to these
polynomials as Whittaker Kazhdan—Lusztig polynomials to emphasize the analogy between
the relationship of these polynomials and Whittaker modules and the relationship between
the Kahdan-Lusztig polynomials and Verma modules. We will discuss the combinatorial
properties of these polynomials in Chapter 7.

We prove uniqueness of the function ¢ using a straightforward combinatorial argu-
ment. However, to prove existence of the function, we appeal to geometry’. Defining ¢
geometrically allows us to use the results in Chapter 5 to deduce multiplicity results about
Whittaker modules from Theorem 6.1. This is done explicitly in Section 6.1. We begin with
uniqueness, and we prove a slightly stronger form. Denote by W\ W< the set of cosets

C € We\W such that £(w®) < k.

Lemma 6.2. Let k € IN. Then there exists at most one function ¢ : Weo\W<y — He such that

the following properties are satisfied.

(i) For C & W@\ng,

¢(C) =dc+ Y Pcpdp,
D<C

where Pcp € qZ]q).

(i) For a € ITand C € Wg\Wx such that Cs, < C, there exist cp € Z such that

Tu(@(Csy)) Z cpp(D
D<C

Proof. We proceed by induction in k. Our base case is when k = /(w®) for C € We\W
which is minimal in the order relation on Wg\W. By Proposition 5.10, the unique minimal
coset is C = Wg, so k = ¢(wg) is our base case. In this case, Wo\W<; = {Wg}. The only

possible function ¢ : We\W — He which satisfies (i) is ¢(Weg) = dw,, and (ii) is void.

IThere is also a straightforward combinatorial argument to prove existence of ¢, as demonstrated in [Soe97,
Thm. 3.1]. However, our geometric proof provides the critical link between these combinatorial objects and
Whittaker modules, which is the main intention of this project.
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Assume that for k > /(wg), there exists ¢ : Wo\W<x — He which satisfies (i) and
(ii). Our induction assumption is that go\W@\ngf , is unique. Let C € Wg\ W< be such that
{(w®) = k. (We know that such a C exists for any k > /(wg) by Theorem 5.11.) Then by

Proposition 5.10, there exists & € Il such that Cs, < C. By (ii),

To(¢(Csa)) = Y _ cpp(D
D<C

Evaluating at ¢ = 0 and using (i), we have

Tou(@(Csy)) Z cp <5D + Z Ppe(0 ) = Z cpdp.

D<C E<D D<C

Because £(w®)

= k — 1, the induction assumption implies that the coefficients cp in this
sum are uniquely determined. On the other hand, using the definition of ¢ and T,, we

compute

Ta((/)(CSa)) =T, <5Csa + Z Pes,p0p
D<Cs,

= Tu(bcs,) + Y, Pes,pTu(ép)
D<Cs,

= q5c5a + 5C + Z PCsaDTuc((SD)-
D<Cs,

Because all cosets D appearing in the sum are less than Cs, in the coset order, {/(wP) <
k —1 for any such D. In particular, éc does not show up in this sum. Evaluating at zero

and setting this equal to our first computation, we conclude that cc = 1. Therefore,

¢(C) = T(9(Csa)) — ) cpp(D
D<C

The quantities ¢(Cs,) and ¢@(D) are uniquely determined by the induction assumption,
and the coefficients cp for D < C are uniquely determined by our previous argument, so
the left-hand side must be uniquely determined as well. This shows that the Lemma holds

for We'\W< , and we are done by induction. O

The uniqueness of Theorem 6.1 follows immediately from Lemma 6.2. Before we show
the existence of the function ¢, we will establish a “parity” condition on solutions of

Lemma 6.2. This condition will be critical in the upcoming geomtric computations.
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We define additive involutions i on Z[g,q '] and  on Hg by

i(g") = (-1)"q", form € Z, and

1(g"oc) = (—1)m+€(wc)qm(5c, form € Z and C € Wp\W.
Then (T, is a Z[q, g~ !]-linear endomorphism of Hg, and
() (6c) = (=) u(Tu(0c)).

If Cs, = C, then

(1Tet) (5c) = (1) @)(To(8¢)) = 0 = — T, (5c).

If Cs, > C, then

(1ITwt) (6¢) = (1) @)(To(6¢)) = (1) “)i(gbc + bcs,)
(=1 @) (u(gdc) + 1(dcs,)) = (1) @I (1)) goe + (—1) 1@ Hge, )

= (=)@ (g6 + 6cs,) = —(q0c + Ocs,) = —Ta(Sc).

Here, the fact that ((6¢,,) = (—1)/®@)+15¢, follows from Proposition 5.9. Finally, if Cs, <
G

(1Tt (6¢) = (=) @I(To(6c)) = (1)@ i(q 6¢ + bcs,)
(1)) (u(g70c) + 1(0cs,)) = (— 1) ((=1) 1@ Vg 150 4 (~1)0@

(—1)2€(wc)_1(q_l5c +dcs,) = —(q7'6c + 0cs,) = —Tu(6¢).

©)

We conclude from this calculation that (Tt = —T,.

Lemma 6.3. Let k € IN. Let ¢ : Wo\W<y — He be a function satisfying properties (i) and (ii)
of Lemma 6.2. Then

Pep = g @)@ Qe p,

where Qcp € Z[q%,972].

715C5a )
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Proof. Define a function ¢ : Wo\ W<, — He by ¢(C) = (—1)"@)i(¢(C)). Then

p(C) = (1)), <5C + ) PCD5D>

D<C

= (1)@ + Y (=) @)@ i(Pep)ap
D<C

=dc+ Y (—1)! @)= @i(Pep)op.
D<C

The polynomials (—1) @) ~@")i(P.p) are in gZ[g], so P satisfies (i). We will show that i
also satisfies (ii), then use Lemma 6.2 to conclude that ¢y = ¢. Let C € Wg\W<, and « € I1
such that Cs, < C. Then

(_1)€(wc)l ( Z Cqu(D))

D<C

(=)@ Y cpi(e(D))

D<C

= Y (-1 epp(D).

D<C

This shows that ¢ satisfies (ii), so Lemma 6.2 implies that ¢ = ¢; that is, that
Pep = (—1)!@)=4@)i(pep).

This relationship implies the result. Indeed, if /(w®) — ¢(wP) is even, then we can conclude

that Pcp has no odd-degree terms, so Pcp € qZZ[qZ]. Therefore, we can pull out an even
power of g and are left with an element of Z[g72,¢4%]; i.e. Pcp = '@ )~ @) Qcp, for some
Qcp € Z[q72,4%). If £(w®) — £(wP) is odd, then the relationship above implies that Pcp
has no even-degree terms, so we can pull out an odd power of Pcp and are left with an

element of Z[q72,4?];i.e. Pcp = qé(wc)*é(wD)QCD for Qcp € Z[q72,4%]. O

Now we are ready to prove existence of ¢. Let F € M,,(Dx, N, ). Forw € W, let
i, : C(w) — X be the canonical immersion of the corresponding Bruhat cell into the flag

variety. We note the following facts.
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e Forany k € Z, L%} (F) is an y-twisted N-equivariant connection on C(w), so it is
isomorphic to a sum of copies of O¢(y). (See Section 4.3.) We refer to the number of

copies of O¢(y,) that appear in this decomposition as the O-dimension, and denote it

dime (L7 (F)).
e Because the dimension of C(w) is ¢(w), for any k € Z,
Rk (F) = L7Rif (F).
Here n = dim X.

We define a map v : M.,(Dx, N,1) — He by

v(F)= Y Y dimo(R"ic(F))q"sc. (6.1)

CGW@\W mezZ

For C € We\W, let Zc = Z(w®, —p,n) be the standard sheaf in M, (Dx, N,7) corre-

sponding to the coset C and L = L(w®, —p, 17) its unique irreducible subsheaf.
Proposition 6.4. Let ¢(C) = v(L¢). Then ¢ satisfies conditions (i) and (ii) in Theorem 6.1.
Checking that ¢ satisfies 6.1 (i) is straightforward.

Lemma 6.5. Let ¢(C) = v(L¢). Then

¢(C) =dc+ Y, Pcpdp,
D=C

where Pcp € qZ]q).

Proof. We need to show three things:
(a) If D £ C, dimp(R™Z ,(Lc)) = 0forallm € Z,

1 ifm=0
b d_ Rm | E = ’ d
(b) dimp( Lc (£c)) {0 otherwise "

(0) if D < C, dimp(R™! (L)) = 0 forall m < 0.
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Part (a) follows immediately from the fact that suppLc = C(w®) and D < C in the coset

order if and only if C(wP) C C(w®) (Proposition 5.15). To see part (b), we first observe
that by Lemma 4.27 and Corollary 2.3,

R c(Lc) = R%e(Ze) = Ry (iwe s (Oc(ue))) = Ocuc)-
So dimp (R%! (Lc)) = 1. Furthermore, for m # 0,

This proves (b). We end by showing (c). Let D € Wg\W be a coset so that D < C.
Because i, is an immersion, i!wD is a right derived functor, so for any m < 0, RmiiUD (V)=0
for any D-module V on X, so all that remains is to show that R%! ,(Lc) = 0. Let X’ =
X —9C(wP), and let j,,po : C(wP) — X' be the natural closed immersion, and k0 : X’ — X
the natural open immersion. Then we have a commutative diagram.

lZUD

(wP) X
A

C

Then, we can see that

Ry 4 (R0 (L)) = R%yo 1 (R% 0 (R0 (L))
= R0 4 (R%0 (L} (L))
= R%yo 4 (R%y0 (Lelx1))

= RT oy (Lelxr)-

Here the second equality falls from the fact that dimX = dimX’, the third equality holds
because k,p is an open immersion, and the final equality is from Kashiwara’s Theorem
(Theorem 2.2). From this calculation, we see that R%j,0 (R% ,(Lc)) is the submodule
of Lc|x consisting of sections supported on C(wP). However, because X’ is open, £|x/
is irreducible, so this submodule must be zero. We conclude that RoiivD (Lp) = 0, which

completes the proof of the lemma. O

Our final step in proving Theorem 6.1 is establishing that ¢ satisfies Theorem 6.1(ii).

This is the bulk of the argument. First, we need to introduce another useful functor.
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Fix « € II, and let p, : X — X, be projection onto the flag variety of parabolic
subalgebras of type a. If P, C G is the standard parabolic of type «, then P, = B U Bs,B.

Let C(v) be the Bruhat cell corresponding to v € W. Then we have the following facts:
e C(v) ~C'™,s0i,:C(v) — X is an affine morphism.
e p.(C(v)) is also affine, so it is an affine subvariety of X,.
e p, is locally trivial, so p; ! (p.(C(v)) is a smooth, affinely imbedded subvariety of X.

We conclude that p;!(p.(C(v))) = C(v) UC(vsy). One of these orbits is closed in the

variety p, ! (p.(C(v))) and the other is open and dense. We have two possible scenarios:
1. ¢(vsy) = £(v) + 1. Then dim(C(vs,)) > dim(C(v)), and so
e C(vs,) is open and dense in p, ! (p.(C(v))),
e C(v)isclosed in p; ! (p.(C(v))), and
o py: C(v) — pa(C(v)) is an isomorphism.
2. {(vsy) = £(v) — 1. Then dim(C(vs,)) < dim(C(v)), and so
o C(vs,) is closed in p; 1 (pa(C(v))),
e C(v) is open and dense in p,; ! (p.(C(v))), and
o p,: C(v) — pa(C(v)) is a fibration with fibers ismorphic to an affine line.

We define a family of functors UX : My (Dx) — Mgy(Dx) by
Uy (F) = pil (H pay (F)).

Because the fibers of the projection map p, : X — X, are one-dimensional, U can be
non-zero only for k € {—1,0,1}. These functors are closely related to the U-functors dis-
cussed in Section 4.1.4. Their main utility in our argument comes from their semisimplicity

properties.
Lemma 6.6. Let C € Wo\W and a € I1 be such that Cs, < C. Then

(i) UK(Lc,) =0 forallk # 0, and
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(ii) UY(Lcs,) is a direct sum of Lp for D < C.

Proof. By construction, UY(Lc;, ) are holonomic (Dx, N, 77)-modules supported inside

C(wC) U C(wCs,)) = C(wC). This implies that UJ(Lcs,) has finite length, and its compo-
sition factors must be in the set {Lp|D € We\Wand D < C}. Because p, is a locally
trivial fibration with fibers isomorphic to P! (in particular, it is a projective morphism
of smooth quasi-projective varieties), and Lcs, is a semisimple holonomic D-module, the
decomposition theorem [Moc11, §1 Thm. 1.4.1] implies that H*p, (Lcs, ) are semisimple.
By the local triviality of p,, this in turn implies that UY(Lcs,) are semisimple, which
completes the proof of (ii).

To prove (i), we establish the connection between U? and the results in Section 4.1.4.
Let Y, = X xx, X be the fiber product of X with itself relative to the morphism p,. Denote
by g1 and g5 the projections of Y, onto the first and second factors, respectively. Then the

following diagram

Y, 2, x

qll lpa

x P x,

is commutative. By base change (Theorem 2.5),

U(Les,) = pa (H pas (Les,)) = Hoq14.(95 (Les,)-

Because Dx = D_,, we have U (Lcs,)(a) = U7(Lcs,). This establishes the connection
with the U-functors of Section 4.1.4, and to complete the proof, we need to show that we
are in case (ii) of Theorem 4.7; i.e. that L[5, (Lcs,) = 0. Because Cs, < C, we can apply

Proposition 4.29 to the coset Cs, and conclude that
Llsa(D(I(wCsa, A7) = D(I(wc,sa)\,q)).

In particular, this implies that L=, (Z(w‘s,, A, 7)) = 0, and because L¢s, is a submodule

of Z(w'sy, A, 1), L1, (Lcs,) = 0 as well. O

We are working toward showing that ¢(C) = v(Lc) satisfies (ii). We will do so by re-
lating T, (¢(Cs,)) to UY(Lcs,) and using Lemma 6.6 to obtain our desired decomposition.

Let C € Weg\W and «a € I be such that Cs, < C. Then if wC is the longest element in C,
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Proposition 5.9 implies that w®s, is the longest element of Cs,, and ¢(w®s,) = £(w) — 1.

Let D < C. Then by Proposition 5.9, £(wP) < ¢(w®), so C(wP) C C(wC). By assumption,
C(wC) is open and dense in p; ' (p.(C(wC))) = C(w®) U C(wCs,), so pa (pa(C(wC))) =

C(wC). Because C(wP) C C(w®), pa(C(wP)) C pa(C(wC)), so

C(w?) UC(wPsa) = pi ' (pu(C(wP))) C pit (pa(C(w ))) C pic (pa(C(w ))) = C(w).

We conclude that both wPs, < w® and wP < wC€. Because both elements are less than
or equal to w® in the Bruhat order, we can assume without loss of generality that wPs, <
wP; ie. ((wPsy) = £(wP) —1and C(wP) is open in Z, = p; 1 (p.(C(wP))) = C(wP) U
C(wPsy).

Here we pause, and address the two possibilities of the relationship between D and «.

Either
(a) wPs, € D, or
(b) wPs, & D.

The rest of our argument will address each case separately. The following lemma describes

the key result in case (a).

Lemma 6.7. Let v € W be a Weyl group element such that v # wC is not a longest coset element

for any coset C € We\W. Let F € M,;,(Dx, N, 1) be irreducible. Then
RN (F) =0
forallk € Z.
Proof. Let X' = X — dC(v), and express the canonical immersion i, as the composition of

a closed immersion and an open immersion in the following way.

ko

Clv) — X/ X

Then, if F is an irreducible (Dx, N, 7)-module,



76
ity (ko (jot (jb (K, (D(F))))))
it (kot (RT (o) (ky (D(F)))))
iy (ko (RT (o) (D(Fx1))))

Here the second equality falls from Corollary 2.3, the fourth equality from Theorem 2.2,
and the final equality from the fact that dim X = dim X’ and k, is an open immersion.
Because X' is open in X and F is irreducible, F|x is irreducible as well. For all k € Z,

Rkl"c(v)]-" |x’ is a submodule of F|x/, so either
(@) RFTc(p) Flx =0, or
(b) RfT (o) Flxr = Flxr-

In case (a), the preceding calculation implies that R¥i} (F) = 0, and we are done. In case
(b), we have suppF|x = suppRT¢(,) F|x» € C(v). By [Mila, Ch. V §4 Cor. 4.2], F is the
unique irreducible holonomic Dy-module that restricts to F|x/, and suppF = suppF|x' C
C(v). There are no irreducible objects in M.y, (Dx, N,7) with support equal to C(v)
because v is not a longest coset element, so we must have suppF C dC(v) = C(v) — C(v).
This implies that in case (b),
RN (F) =0
forallk € Z. O

Now, we return to our previous setting. Let D < C, and a« € II such that Cs, < C,
and assume that C(wP) is open in Z, = p; ! (p.(C(wP))). We do not specify at this time
whether Ds, = D or Ds, # D. Letj: Z, — X and jp : ps(C(wP)) — X, be natural
inclusions. Let g, : Z, — pa(C(wP)) be the restriction of p, to Z,. Then we have the

following fiber product diagram [Mila, Ch. IV §10].

Z, — 1 X

lq s Pa

pu(C(wP)) 2 X,

Note that because p, and g, are surjective submersions, p; and g; are exact, so they both
lift to functors on the respective derived categories D’ (M (Dx)) and D*(M(Dz,)). In the

calculations below, we denote both the functors on the derived category and the functors
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on modules by the same name, either p/ or g, . Let d be the codimension of Z, in X.
Note that the codimension of p,(C(wP)) = pu(Z,) in X, is also d. Recall that for any
immersion i : Y — X of smooth algebraic varieties, the extraordinary inverse image and
the D-module inverse image are related by i'[codim(Y)] = Li*. By base change (Theorem

2.5), Lemma 6.6, and the relationship described in the previous sentence, we get

RS (UQ(Les,)) = H( (pi (ot (D(£c5,)))))
= H* (L (pa (pa+ (D(Lcs,)))))
= H*(L(pa 0 )" (pa+ (D(Lcs,))))
= H*"(L(jp 0 4a) " (par (D(Lcs,))))
= H" (g (Lj (pa+ (D(Lcs,)))))
= H*(q} (jp(pat (D(Lcs,)))))
95 (H (jp (pat (D(Lcs, )
9a (H*(q+ (1 (D(Les,)))))-

Our next step is to analyze the complex j'(D(Lcs,)). Denote by i : C(wP) — Z, and
i’ : C(wPsy) — Z, the canonical affine immersions. Note that i is an open immersion,

and i’ is a closed immersion. We have the following commutative diagram.

wP) 'K
\ j
) Zy, — X
rd
C(wPsy) ;

wDsy
For any complex F* € D’(M(Dz,)), we have the following distinguished triangle [Mila,

Ch. IV §9].
L F) = F s i(F o))

Applying this to 7 = j*(D(Lcs,)), we get the distinguished triangle
i, (i"(f'(D(Les,)))) — (D(Les,)) — iv((D(Les,))leqry)-

Now, since j'(D(Lcs,))lcwr) = i*(f(D(Lcs,))) = #(f(D(Les,))) = iy (D(Lcs,)) be-

cause i is an open immersion and i"* o j' = zst we simplify this distinguished triangle
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to

i (i05, (D(Lcs, ) — J'(D(Les,)) — i (iyn(D(Les,))).

Applying the functor g,4 and using the fact that (g, 0i)4 = gat 0 iy and (guoi')y =

Gut 011 we get the following distinguished triangle in D? (M (Dp,(cwp)))):

(qu 0 1)+ (iyng, (D(Lcs,)))) — at(7(D(Les,))) — (9 © 1)+ (70 (D(Les,))))-

Because p,(C(wP)) is an N-orbit in X, and all D-modules in the arguments above are
N-equivariant, the cohomologies of the complexes in this triangle are all sums of copies of

O, (c(wP))- Additionally, the map
guoi 1 C(wPsy) — pa(C(wP))
is an isomorphism, and the map
geoi:C(wP) — pu(C(wP))
is a locally trivial projection with one-dimensional fibers. We conclude that

dimoH"((4a 1)+ (iyo,, (D(Lcs,)))) = dimoR i, (Lcs,), and
dimoH*((4a © 1)+ (ip (D(Lcs,)))) = dimR™ i p (Lcs, ).

From the final distinguished triangle above, we also obtain the long exact sequence in

cohomology:

—H((ga 01)+ (i (D(Les,))) — H (g0 01')+ (iyny, (D(Les,)))) =
H(qu+ (7' (D(Lcs,))) = H (g0 0 1)+ (10 (D(Les, ) =
H(qa 0 1)+ (iyng, (D(Les,)))) = -+

This is a sequence of D, (c(,,0))-modules which are sums of copies of O, (c(wp))-
Now we are ready to prove that ¢(C) = v(L¢) satisfies 6.1 (ii) by induction in the

length of wC. The base case is when w®

= we. In this case, for any a € I1, either Cs, = C,
or Cs, > C, because wg is minimal length in the set of longest coset elements. Therefore,
by 5.10, we conclude that C = Wg, and 6.1 (ii) is void. Assume that ¢(C) = v(L¢) satisfies

6.1 (ii) for C € Wg\W<, and some k € IN. By 6.3, ¢(C) = v(Lc) satisfies the parity
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condition on Wg\W<y; that is, for C € We\W< and D € We\W, Pcp = qg(wc)*é(wD)QCD,
for Qcp € Z[q%,q72]. Because

Pep(q) = Y dimo(R™i0(Lc))q",

mez
we conclude that for any C € We\W<and D € We\W, if m = £(w") — £(wP) — 1(mod 2),
then RmiéuD(ﬁc) =0.
Let C € Wg\W be such that £(w®) = k+ 1. Then C # Weg, and so we know by 5.10
there exists a € I such that Cs, < C. By 5.9, the longest element in Cs, is wCs,. For any
D € Wg\W, we have either

(@) k= £(wP) — £(wCs,) (mod 2); or
(b) k = £(wP) — £(ws,) — 1 (mod 2).

In case (a), we have k +1 = £(wP) — ¢(wCs,) — 1 (mod 2), so the parity condition
implies that
R L (Les,) = 0.

Similarly, in this case, we have k = ¢(wPs,) — (ws,) — 1 (mod 2). If D € Wg\W has the

D

property that Ds, # D (i.e. w”’s, is the longest element in some coset), then we can apply

the parity condition again to conclude that

st (‘CCSA) -

If D € Wg\W has the property that Ds, = D, then we can use Lemma 6.7 to draw the

same conclusion: R¥' Lyns, (Lcs,) = 0. Either way, we are able to conclude that in case (a),

H* (90 1)+ (740 (D(Les,)))) = 0, and HY((qu 0 1)+ (50, (D (L, ) = 0.
Then, by the long exact sequence in cohomology, this implies that
H*(g.(j*(D(Lcs,)))) = 0 for k = £(wP) — £(ws,) (mod 2).

In case (b), we have k = £(wPs,) — £(w s,) — 1 (mod 2), and k +1 = £(wPs,) —

£(wCsy) — 1 (mod 2). We can conclude immediately from the parity condition that

R (Les,) = 0, and H*1((qa 0 i)+ (iy0 (D(Lcs,)))) = 0.
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As above, if Ds, # D, then wPs, is the longest element in some coset, and we can use the

parity condition again to conclude that
Rl b (Les,) =0, and H ((gq 07') 1 (ilyn, (D(Les,)))) = 0.

If Ds, = D, then applying Lemma 6.7 leads us to the same conclusion. We see from these

two arguments that the long exact sequence in cohomology has the form
=2 0=20=20—=*x=2*x=2+x=20=20=20—=*x—=>*x—=>*x—=>0—-20—->0—---
Therefore, if k = £(wP) — £(w®s,) — 1 (mod 2), then

dimoH*(qa+ (j'(D(Lcs,)))) = dimoR E p_ (Lcs,) + dimoR 1 5 (L, ).

wPs,

Recall that because g, is a surjective submersion, g is exact, and we showed previously

that R5/ (UY(Lcs,)) = g5 (H*(gas (j'(D(Lcs,))))). We conclude that
(@) If k = £(wP) — £(wCs,) (mod 2), then dimp R j* (U?(Lcs,)) = 0; and
(b) If k = ¢(wP) — £(wd,) — 1 (mod 2), then

dimoR (U (Les,)) = dimpR 5 (Les,) + dimpRE (Les, ).

wPs, wP

By restricting further to C(wP) and C(wPs,), we finally obtain our desired parity result.

Forallk € Z,, D € Wg\W, and « € IT such that Cs, < C, we have

dimoR* i 5 (U2 (Les,)) = dimpRM 1 1 (Les,) + dimoR N b, (Lcs,), and

wPs,

dimeR* i p. (U(Lcs,)) = dimoR¥ i 5 (Lcs,) + dimoR ' . (Les,)-

wPs, wPs,
In addition, if D € Wg\W has the property that Ds, = D, we can use Lemma 6.7 to further

reduce the formulas above. Indeed, by Lemma 6.7, in this case,

dimpR*'# , (D(Lcs,)) =0, and

wPs,

dimoR*,p, (D(Lcs,)) =0

for all k € Z,. By Lemma 6.6, UY(Lcs,) = @®p<cmcpLp for some mcp € Z., hence

Lemma 6.7 also implies that

dimpR i, (UY(Lcs,)) = 0.

wPs,
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Combining this with the relationships above, which hold for all D € Wg\W regardless of

relationship between D and s, we conclude that for D € Wg\W such that Ds, = D,
dimoR ! » (U2 (Les,)) =0

forallke Z..

We conclude the proof of the theorem with the following computation.

v(Up(Les)) =}, ) dimo(R"i0 (Up(Les,)))q"op

DeWe\W meZ

Z Z dim@( le( (ﬁCsa)))qusD

Dsy,>D meZ

+ Y Y dimo(R" 5 (U(Lcs,)))q™"op

Ds,<D meZ

+ ), ) dimo(R"ip (UR(Les,)))q"0p

Dsy,=D meZ

L ¥ dimo(R"iyo, (US(Les)))" o0,

Ds,<D meZ

+ Y ) dimp(R™in (UY(Les, )" 6D

Ds, <D meZ

Z Z dlm@Rm (Lcs,) + dimpR™™ 1! Ty, (Lcs,))q"0ps,
Ds,<D meZ

+ Z Z dlm@Rm“' (Lcs,) + dimpR™ Zst (Les,))q" D

Ds,<D meZ

= Y Y (dimoR"™i b (Les,) + dimoR™ip, (Lcs,))q" (60 + q0ps,)

Dsy,<D meZ

E E dimoRm—’_li;}D (ﬁcsa)qm—’_l (q_l(SD + (SDsa)

Dsy,<D meZ

—+ Z Z dim@Rmi;}D (ECSLX))qm (5Ds,x + q(sD)

Dsy>D meZ

=Ta(v(Lcs,)) = Ta(@(Csa)).

Therefore, for C € Wg\W<, and « € IT such that Cs, < C,

To(9(Csa)) = v(UY(Les,)) =v(ED epLp) = Y cpv(Lp) = Y cpp(D

D<C D<C D<C

This shows that 6.1 (ii) holds on Wg\W<j,1. By induction, we see that ¢ satisfies 6.1 (ii),

and this completes the proof of Proposition 6.4. It also completes the proof of Theorem 6.1.
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6.1 Multiplicities of Irreducible Whittaker Modules
in Standard Whittaker Modules

Finally, we will establish the connection between the polynomials Pcp and the multi-
plicities of irreducible Whittaker modules in the composition series of standard Whittaker

modules. We start with two preliminary lemmas.

Lemma 6.8. The evaluation v(—1) of the map v at —1 factors through the Grothendieck group
K(Mcon(Dx, N, 1)) of Mcon(Dx, N, 17).

Proof. For an object F in M,,(Dx, N, 1),

v(F)(-1) = Y Y (-1)"dime(R™ic(F))éc.

CGW@\W meZ

If0 - F; — F» — F3 — 0is a short exact sequence in M,,(Dx, N, ), then for each

C € We\W, we have a long exact sequence

2 RV (Fa) &% RV (F2) 25 R™ i (F1) -+

w

ml le (f)

of N-homogeneous 7-twisted connections on C(w®). For each m € Z, we have short exact

sequences

0 — ker f,, — R™i! o(F1) = im fi — O,
0 — kergy, — Rmi!wc(]:z) — im g, — 0, and

0 — kerdy, — R™i' c(F3) — imd, — 0.
The O-dimension sums over short exact sequences, so we have

dimp Rmi!wc (F1) = dimp ker f,, + dimp im f,,
dimp R™i. o (F>) = dimp ker g, + dimp im g, and

dimp Rmi!wc (F3) = dimgp ker 9, + dimp im 9.

Therefore, by multiplying the second equality above by —1, summing over m € Z, and

using the relationships ker f,, = imd,,_1, ker g,, = im f,,, and ker 9,, = im g;,, we have
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Y (1) dimp(R™ilc(F2)) = Y (=1)" dimo(R™i\c(F1)) — Y (—1)" dimo ker f,

meZ meZ meZ
+ ) (—=1)"dimp(R e (F)) — Y (—1)"dimo ker 9y,
mez meZ
= E d1m(9 (]'—1))
me.
+ E " dime (R i;uc (F3))-
me
This implies the result. O

Lemma 6.9. v(Z¢) = dc.

Proof. By definition, Zc = iy,c (O¢(qc)). By Kashiwara’s theorem (more specifically, Corol-

lary 2.3),
R (Zc) = RO (iye 1 (Ocwe))) = Ocluc),
and for m # 0,
R™iye(Zc) = R™iye (iye i (Ocucy)) = 0.
Let D # C be another coset in Wg\W. Then i;}) (C(w®)) = 0, so by base change (Theorem
2.5),
R™iyp(Zc) = R™igyp (iye 1 (Ocur))) = 0

forallm € Z. O

Let x : Mu(Dx,N,n) — K(Mu(Dx,N,7)) be the natural map of the category
Mon(Dx, N, 17) into its Grothendieck group K(M..,(Dx, N, 1)).

Theorem 6.10. Let Pcp, C,D € We\W be the polynomials in Theorem 6.1. Then

x(Le) =x(Zc)+ Y., Pep(—1)x(Zp).
D<C

Proof. By definition, the set {x(Lc)}cewe\w forms a basis for the Grothendieck group
K(Mon(Dx, N, 1)). Because Z¢ contains L¢ as a unique irreducible submodule, and the
other composition factors of Z¢ are Lp for D < C, we can see that x(Z¢), C € Wg\W form
another basis for the Grothendieck group. Therefore, there exist Acp € Z such that

x(Lc) =Y Acox(Ip).
D=C
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By Lemma 6.8, v(—1) factors through K(M,.,(Dx, N, 7)) and by Lemma 6.9, v(Zp) = p,

SO

V(ﬁc)(—l) = Z /\CDV(ID)(—l) = Z ACDéD-
D<C D<C

By construction, Pc¢c = 1 forany C € Wg\W, so Acc = 1and Pcp(—1) = Acp. This proves

the theorem. 0

This theorem gives an algorithm for calculating the multiplicities of irreducible Whit-
taker modules in standard Whittaker modules. One starts by ordering elements of Wg\W
by the Bruhat order on longest coset representatives. Then the matrix (Acp)c,pewg\w i8
lower triangular and has 1’s on the diagonal. Let (ycp)c,pewe\w be the inverse matrix.

From Theorem 6.10, we have

x(Zo)= ), Y uceAepx(Zp)

DeWe\W EEWe\W

= ) #CE( Y /\EDX(ID)>

EcWo\W DeWg\W

= ). pcox(Le)
E€Wo\W

= Y mcex(Le).
E<C

By Theorem 5.23 and Theorem 5.25, we have established the main result of this disserta-

tion.

Corollary 6.11. The multiplicity of the irreducible Whittaker module L(—wPp, ) in the standard

Whittaker module M(—wp, 1) is picp.

We can get theorems analogous to Theorem 6.10 and Corollary 6.11 for regular weights
i € P(X) by twisting by a homogeneous invertible Ox-module. To establish the same
multiplicity results for standard Whittaker modues of arbitrary central character requires
further analysis, which we will examine in future work. (See Chapter 8.)

We complete this section with the following observation about the polynomials Pcp.

Corollary 6.12. The coefficients of the polynomials Pcp from Theorem 6.1 are non-negative inte-

gers.

Proof. This follows immediately from Proposition 6.4 and the definition of v. O



CHAPTER 7

WHITTAKER KAZHDAN-LUSZTIG
POLYNOMIALS

This chapter relates the Whittaker Kazhdan-Lusztig polynomials Pcp of Theorem 6.1
to the combinatorics of Kazhdan-Lusztig polynomials appearing in [Soe97] and [Milb, Ch.
5 §2 §3]. We also establish the relationship between Whittaker Kazhdan-Lusztig polynomi-
als and the polynomials arising in the Kazhdan-Lusztig algorithm for generalized Verma
modules in [Milb, Ch. 6 §3 Thm. 3.5], following the philosophy of dual Hecke algebra
modules laid out in [Vog82, §12 §13]. To make these associations, we need to introduce the

Hecke algebra into our story.

7.1 The Hecke Algebra

Let (W, S) be a Coxeter system with length function ¢ : W — IN.

Definition 7.1. The Hecke algebra' H = H (W, S) of the Coxeter system (W, S) is the asso-

ciative algebra over Z[g, '] with generators { H; }scs satisfying the relations

(i) (quadratic)
(Hs+q)(Hs —q~ ') =0foralls € S, and

(ii) (braid) fors,t € S,
HsH;---H, = H;H;---H;ifst---s=ts---t

H;H;H;---H;y = HiH;H; - - - Hg if sts-- -t = tst- - -s.

All H; for s € S are invertible with H;! = H; + (9 —g~!). For w € W, we choose

a reduced expression rs- - -t of w and define H, € H by H,H;--- H;. This element is

1As Z[q,q7']-modules, H = @pew Z[q,9 '] Tw where Ty, := g~ Hy,. The algebra structure defined above
is the unique associative algebra structure on the Z[g,q~']-module @,cw Z[q9,9 '] Tw such that T, Ty = Ty
if £(w) + £(v) = £(wv) and T? = 2T, + (372 — 1)Ts for s € S [Bou05, Ch. IV §2 Ex. 23].



86

independent of choice of reduced expression. If ¢(w) + ¢(v) = {(wv), then we have

HyH, = Hyyp. There is exactly one ring homomorphism

d:H—H
H—H
such that§ = g~! and H,, = (H,,1)~!. This is clearly an involution. We say that H € H

is self-dual if H = H. For each s € S, the element C, := H, + q is self-dual. Indeed,
C=(H) ' +q ' =Hs+(q—q ") +q'=Cs

7.2 He is a Hecke Algebra Module
Now we return to the setting of Chapter 6. Let W be the Weyl group of a reduced
root system X with simple roots Il C X and corresponding simple reflections S C W.
Then (W, S) is a Coxeter system. Let ® C II be a fixed subset of simple roots and let
Ho = @Bcewo\w Z[q,9 ']6c be the Z[g,q~']-module from Theorem 6.1. Recall that for
each a € I1, we defined a Z[q, g~ !]-linear endomorphism T, of Hg by
0 if Csy, =C

Ta((5(j) =4 qoc + 5CSD€ if Cs, > C.
g 6c+6cs, ifCsy<C

Our first observation is that the operators { T, },cr1 generate a Hecke algebra under com-
position. Indeed, if we define S, := T, — g, then a computation shows that

(i) (Sa+9)(Sa—gq1')=0,and

(i) SaSpSu = SpSaSp if suspsa = spsasp € W.

We conclude that (Ty)sert C Endyp,,11(He) is isomorphic to the Hecke algebra H of
(W, S) under the isomorphism S, — H;,. Under this isomorphism, T, — Cs , where Cs, is
the self-dual element described in the preceding section. This gives Hg the structure of a

Hecke algebra module with action given by

HXHe = Heo

(Hsk,éc) — Szx<5C)~

This extra structure will allow us to relate Theorem 6.1 to the results in [Soe97, §2 §3].

Our first step is to recognize Hg as a certain induced module (the antispherical module
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for the Hecke algebra) in order to extend the duality in H given by the involution d to a
duality in He. If S¢ C S is the subset of simple reflections corresponding to ® C I1, then
the subalgebra H® of H generated by {Hs, } for « € © is isomorphic to the Hecke algebra
of the Coxeter system (Wg, Sg). The surjection H® — Z[q,47'] sending Hs, — —q gives
Z[g, qfl] the structure of a H®-bimodule, and with this bimodule structure, we can form

the induced right H-module
NO®:=27[q,47 @0 H.

This is the antispherical module of the Hecke algebra . Note that in the special case ©® = @,
NOis just the Hecke-algebra #. The set { Ny, := 1 ® Hy,} for minimal coset representatives
w € C € We\W forms a basis for N© as a Z[g, 4~ !]-module.

Remark 7.2. By instead using the surjection H® — Z[g,47!] given by Hy, — g~ to form
the H®-bimodule structure on Z[g,q~], it is possible to construct another induced right
H-module M® := Z[q,q7'] ®40 H [S0e97, §3]. This is the spherical module of the Hecke
algebra H. This module also has the property that M? = . By an analogous argument
to the one below, one can show that the #-module that appears in the Kazhdan-Lusztig
algorithm for generalized Verma modules in [Milb, Ch. 6 §3] is isomorphic to the spherical

module.

One can compute [Soe97] that the action of C; on N'© for s € S is given by

0 ifws e C
NwCs = ¢ gNw + Nus if ws > wand ws ¢ C .
g 'Ny + Nys  ifws <wandws g C

From this, we conclude that Hg is isomorphic as an H-module to the antispherical module

N© under the isomorphism
¢:Ho — N©
dc = Nuygw-
Here wg is the longest element in Wg. Note that in the special case ® = @, this provides

an H-module isomorphism between g and the Hecke algebra H, viewed as a module

over itself with the right regular action.? The benefit of viewing He as an induced module

2This justifies the notational choice in [Milb, Ch. 5 §2], where the Z]g, qfl]-module H is referred to as H.
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is that it allows us to use the involution d of H to construct an involution of the induced
module, which we can then use to define self-duality in Hg. There is a homomorphism of
additive groups

N® — N©
a®@H—a®H:=a® H.

This homomorphism has the property that N, = N, and

NH =N

s

(7.1)

forall N € N© and H € H. We say that an element E € Hg is self-dual if the corresponding
element in NV© is fixed under this involution; that is, if ¢(E) = ¢(E). Since ¢(T,(E)) =
$(E)Cs, forany a € ITand E € He and C;, is self-dual in H, property (7.1) implies that T,

preserves self-duality.

7.3 The Recursion Relation in Theorem 6.1 Is
Equivalent to Self-duality

The main content of this chapter is a proof that condition (ii) in Theorem 6.1 is equiva-

lent to ¢(C) being self-dual in the sense of the preceding section.
Theorem 7.3. Let ¢ : Wo\W — He be a function satisfying
¢(C) =dc+ Y Pcpdp for Pep € qZ]q] (7.2)

D<C
for all C € We\W. Then the following are equivalent.

(i) Ifa € ITand C € We\W are such that Cs, < C, then there exist mp € Z such that

Ta(¢(Csa)) = ch mp@(D).

(ii) All ¢(C) are self-dual.

Proof. Assume that (i) holds. Using the definition of T,, we compute

Ta(9(Csa)) = Tu(cs, + ), Pes,e0k)
E<Cs,

=dc+qécs, + Y, Pes,eTa(0E)
E<Cs,

=dc+ Y, Qcpde
D<C
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for some Qcp € Z[q]. Therefore, mc = 1. Thus, for any « € IT such that Cs, < C (for

C # Wp such an & must exist by Theorem 5.9),

¢(C) = Tu(9(Csa)) — Y mpe(D (7.3)
D<C

Now we show that all ¢(C) are self-dual by induction in £(w®). If C = We, then ¢p(Wg) =
Swy, is self-dual because ¢(dw,) = 1 ® H, and H, = H, in H. Assume ¢(D) is self-dual
for all D < C. Then because T, preserves self-duality, equation (7.3) implies that ¢(C) is
self-dual. We conclude that (i) implies (ii).

Assume that (ii) holds. In [Soe97, §3 Thm. 3.1], Soergel constructs such a ¢(C) for
each C € Wg\W and proves that ¢ must be unique. His construction goes as follows. We
prove existence of a self-dual ¢(C) satisfying equation (7.2) by induction in ¢(w®). For
C = We, equation (7.2) can only be satisfied by ¢(Wg) = Jw,, which is self-dual by the
argument above. Assume inductively that for D < C, a self-dual ¢(D) satisfying equation
(7.2) exists. Then, there exists some « € ITsuch that Cs, < C (Theorem 5.9). For this a, we

have

Tu(9(Csy)) = 0c + Z Qcpdp

D<C
for appropriately chosen Qcp € Z[gq]. Define
¢(C) := Tu(9(Csa)) Z Qcp(0
D<C

This satisfies equation (7.2) and is self-dual by the induction assumption and the fact
that T, preseves self-duality. This proves the existence of a ¢ satisfying equation (7.2)
and (ii). The uniqueness of such a ¢ follows from the observation that for any E &<
Ycewe\w 9Z[q]0c, self-duality implies E = 0. Indeed, if E = Y ccwy\w Rcdc and we
let C be maximal such that Rc # 0, then ¢(E) = ¢(E) implies that Rc = Rc, which
is impossible because Rc € gZ[q]. This fact immediately implies uniqueness of the ¢
constructed above, because for any other ¢’ : Wg\W — Hg satisfying equation (7.2) and
(i), 9(C) — ¢'(C) € Lcewe\w 9Z[q]dc is self-dual, so ¢(C) — ¢'(C) = 0.
Therefore, any ¢ satisfying equation (6.1) and (ii) must be of the form

¢(C) := Tu(@(Csa)) — Y Qen(0

D<C
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for some & € I, so

if D
Tu(¢(Csa)) = ) mpe(D) for mp Qep(0) 1 <C .
D<C 1 ifD=C

We conclude that (ii) implies (i). O

This establishes the relationship between the results in this dissertation and the re-
sults in [Soe97, §2 §3]. In particular, it establishes the relationship between the Whittaker
Kazhdan-Lusztig polynomials Pcp and polynomials that have shown up elsewhere in the
combinatorics literature under the name “parabolic Kazhdan-Lusztig polynomials.” We

explicitly list these relationships now.
Remark 7.4. 1. The Whittaker Kazhdan-Lusztig polynomials Pcp are equal to the poly-

nomials 71, in [Soe97] for x = wew® and y= wewP.

2. Anormalization of Pcp gives the parabolic Kazhdan-Lusztig polynomials in [Deo87].

Indeed, the polynomials

(qE(WQWD) _ qf(wewc))PCD
are polynomials in the variable v := g2, and they are precisely the polynomials
poly q y P y polyn
P! _, in [Deo87] for u = v and Wg = W;.

(wewP) !, (wew?)

3. In the special case where ® = @, the polynomials

(qf(v) o qé(w))Pwv

are the Kazhdan-Lusztig polynomials as defined in [KL79].

7.4 Combinatorial Duality of Whittaker Modules and
Generalized Verma Modules

We conclude this chapter by listing some results established in [Soe97] relating the
Whittaker Kazhdan-Lusztig polynomials Pcp to the polynomials arising in the Kazhdan-
Lusztig algorithm for generalized Verma modules established in [Milb, Ch. 6 §3]. These re-
sults recover the Kazhdan-Lusztig inversion formulas of [KL79] as a special case. We also
establish a formula relating the Whittaker Kazhdan-Lusztig polynomials to the Kazhdan-

Lusztig polynomials in [Milb]. We refer the reader to [Soe97] for omitted proofs.
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We start by discussing inversion formulas. Let

'H% = Homz[q’q—l] (H®/ Z[q/ qil])

/\/@* = Homz[,wq] (NG)/Z[q/ q_l])

be the dual Z[g,q~!]-modules to Hg and N'©, respectively. The isomorphism ¢ : He —

N© induces an isomorphism of
o* NO = HE
N+ ¢oN.

We refer to the inverse of this isomorphism by ¢’'.
We can extend the involution on N'© to a Z[g, 3 !]-skew linear involution on N'®* in

the following way. For F € N'®*, define

E(N) := E(N).

We say an element E € H, is self-dual if the corresponding element in N®* is self-dual; that

is, if ¢’ (E) = ¢/(E). We define a basis {6} for 1) as a Z[g,q~!]-module by the formula

—1)l@wen") ifC =D
Mm):{é ) e n

The following theorem guarantees the existence of inverse Whittaker Kazhdan-Lusztig

polynomials.

Theorem 7.5. [S0e97, §3 Thm. 3.6] There exists a unique function  : We\W — H¢ satisfying
(i) Y(C) = 8¢ + L p-c PCPSP for PCP € qZ][q), and
(ii) P(C) is self-dual.

Proof. We define i by the formula

o
#(C)(p(D)) = {é‘”“we’w e

where ¢ : Wo\W — Hg is the unique function from Theorem 6.1. The self-duality of
@(C) (Theorem 7.3) implies that (C) is self-dual. Since {67} form a basis for H{,, we can
express (C) = Lpewg\w PCP6P for some P<P € Z[g,q7'], and the relationship

P(C)(p(D)) = ( Y PCE5E> (5D+ y pDF5F> _ {é—l)f(“’@w ) ifC=D

EeWo\W F<D if C #D
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implies that P<C = 1, P = 0 for E < C and Pt € gZ]g]. This completes the proof of the

theorem. O

From the construction of 1, it follows that the polynomials PP and Pcp are “inverse

polynomials” in the following sense®.

(_1)€(wE)+€(wC)PCEPDE = {1 ifC=D (7'4)

ECWo\W 0 ifC#D’

Note that by Lemma 5.12, /(wew®) = £(w") — £(we), so {(wewt) + L(wew®) = £(wF) +
2(wC).

In [Milb, Ch. 6 §3], Milic¢i¢ establishes a Kazhdan-Lusztig algorithm for generalized
Verma modules. We review his results here to establish their relationship with the Whit-
taker Kazhdan-Lusztig algorithm of this document. Let He = @Dcewo\w Z1q,9 '|oc
be the Z[q, g !]-module from the preceding section. We can realize He as a Z[q,q -
submodule of the Z[g, g !]-module* Hp = @ew Z[9, 9 0w by setting

dc=Y q"96,e.
weWe

For o € T1, let T? : Hp — Hg be the endomorphism defined by

1) o if
12(6,) = {00 ifwn>w
g 0w+ Ows, ifwsy <w

as in Section 7.2. We introduce @ into the notation here to emphasize that T is an endo-
morphism of Hg. A computation shows that the endomorphism 7,2 transforms J¢ in the

following way:
(E] + qil)éc if Cs,
T2(6c) = { gdc + dcs, if Cs, < C .
q_l(SC + dcs, if Cs, > C

Mili¢i¢ showed that Hg is stable under T?, so Heg is an H-submodule of Hg. With this H-
module structue, Hg is isomorphic to Soergel’s spherical module (Remark 7.2). In [Milb,
Ch. 6 §3], Milici¢ proves the following Kazhdan-Lusztig algorithm for generalized Verma

modules.

31f ® = @, the PCP are the inverse Kazhdan-Lusztig polynomials as in [Soe97].

4Recall that this module is isomorphic as an H-module to the Hecke algebra #, with module structure
given by the right regular action. In [Milb, Ch. 5 §2], this module is referred to as H, but here we choose to
use the notation H( as a reminder that it is a special case of Hg.
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Theorem 7.6. [Milb, Ch. 6 §3 Thm. 3.5] There exists a unique function ¢' : Wo\W — He
satisfying the following.

(i) For C € We\W,

¢'(C) =déc+ Y, Ptpép
D<C

for P, € qZ[q], and

(i1) for o € 11 such that Cs, < C, there exist integers m’y such that
8! D

T (¢'(Csa)) = ) mp¢'(D).
D<C

Furthermore, the polynomials P(.[, are given by the Kazhdan—Lusztig polynomials for (W, S) by

wCwD -

In [Milb, Ch. 6 §3], Mili¢i¢ establishes that the unique function ¢’ : Wo\W — He
satisfying Theorem 7.6 is the function ¢'(D) := ¢(wP), where ¢ : W — Hg is the unique
function guaranteed by Theorem 6.1 in the special case ® = @. The Kazhdan-Lusztig
polynomials P(, of Theorem 7.6 describe the multiplicities of irreducible highest weight
modules in generalized Verma modules [Milb, Ch. 6 §3 Cor. 3.7].

For arbitrary ® C I, the inverse Whittaker Kazhdan-Lusztig polynomials are equal
to the polynomials appearing in Theorem 7.6. The following theorem appears in [Soe97],

where it is originally attributed to Douglass [Dou90].
Proposition 7.7. [S0e97, §3 Prop. 3.9] Let ® C I1 be arbitrary, and C,D € Wg\W. Then
PCD = Péwngo

where wy is the longest element of W and P[.

from Theorem 7.6.

for C,D € We\W are the unique polynomials

wODwo

If we specialize to © = @, this recovers the Kazhdan-Lusztig inversion formulas.
1 ifo=w
—1)f+@p,, P, = : 7.5
u;;v( ) wu L vwy uwy 0 if o 7§ w ( )
We complete this chapter by describing the relationship between the Whittaker Kazhdan-
Lusztig polynomials Pcp and the Kazhdan-Lusztig polynomials in [Milb]. If ® = @&, then
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We\W = W, and each coset contains a single Weyl group element. In this setting, Theorem
6.1 specializes the algorithm in [Milb, Ch. 5 §2 Thm. 2.1], and the polynomials P, are the
Kazhdan-Lusztig polynomials in the sense of [Soe97] and [Milb]°. The following formula

relates Whittaker Kazhdan-Lusztig polynomials to Kazhdan-Lusztig polynomials.

Proposition 7.8. For ® C Il arbitrary,
Pep =) (—Q)K(U)Pw@wc vwewD-
veEWe
Proof. Pick a total order compatible with the partial order on Wg\W. From Theorem 7.6
we see that P., = 0 for D > C and Pcp = 1if C = D, so the matrix P = (P},) of
polynomials with respect to our total order is lower triangular with 1’s on the diagonal
and coefficients in Z[g]|. The inverse matrix Q = (Qcp) is also lower triangular with 1’s
on the diagonal and coefficients in Z[g]. From equation (7.4) and Proposition 7.7 we see
that the coefficients Qcp of the inverse matrix are related to Whittaker Kazhdan-Lusztig

polynomials in the following way:
Qcp = (_1)ﬂ(wc)+é(WD)PDw0CwO~ (7.6)

Then, if ¢ : W — H is the unique function from Theorem 6.1 in the special case ® = @,

we have

Y, Qepgp@w®)= ) Qcp( ) P,’DE(SE>

DeWe\W DeWe\W EeWo\W
- L[ E ooms
EcWo\W \DeWo\W
=dc.
In the special case © = @, this implies
Z Quo¢(v) = byp. (7.7)
veEW

Then, because

5(: = Z qé(v)évwc,

veWp

5These polynomials differ in normalization from the Kazhdan-Lusztig polynomials appearing in [KL79].
See Remark 7.4.
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we have the following relationship:

Z QCDq)(wD) = E qe(v)évwc

DEW@\W veEWp

= Z qf(v) (Z Quuc uqo(u))

veEWp ueW

_y ( y q%w,cu) ().

ueW \weWep

Here the second equality follows from equation (7.7). Since {¢(u) : u € W} form a basis
for Hp by Theorem 6.1, this implies that

Qcp = Z qé(v)vaC wP-

vEWe
Thus, since £(vw®) = ¢(w®) — £(v) by Theorem 5.12, an application of equation (7.6) for
the special case ©® = @ results in the following formula:
Qcp = (_1)€(wc)+€(wD) Z (_1)4(v)qf(v)wawO ooCay-
veWe
The proposition then follows by combining this formula with equation (7.6) and using the
fact that wCw is the shortest element of the coset Cwy, so it is equal to Wwewtwo by Theorem

5.6. O



CHAPTER 8

CONCLUSION

The results of Section 6.1 (in particular Corollary 6.11) accomplish the main goal of
this dissertation by computing the multiplicity of an irreducible Whittaker module in the
composition series of a standard Whittaker module. Furthermore, in arriving to Corollary
6.11 by means of the algorithm in Theorem 6.1, we have computed these multiplicities
without reference to the established Kazhdan-Lusztig algorithm for Verma modules. This
method is distinct from the methods for computing multiplicities established in [MS97]
and [Bac97], and it has several advantages. The primary advantage of this approach
is the establishment of Whittaker Kazhdan-Lusztig polynomials. These polynomials re-
veal the underlying combinatorics of the category of Whittaker modules and provide a
concrete combinatorial description that can be used to compare Whittaker modules to
other mathematical objects. The explicit conversions between Whittaker Kazhdan-Lusztig
polynomials and other types of Kazhdan-Lusztig polynomials from the combinatorics
literature in Chapter 7 lay the groundwork for such future combinatorial comparisons.
In addition to this, the algorithm of Theorem 6.1 is more efficient than the methods for
calculating multiplicities that were established in [MS97] and [Bac97]. These methods com-
pared Whittaker modules to singular blocks of category O, so computing multiplicities in-
volved performing the Kazhdan-Lusztig algorithm for Verma modules with non-singular
central character, then using translation functors to determine which irreducible subquo-
tients vanish when A pairs singularly with certain roots. This amounts to computing the
|W| x |W| (upper triangular) matrix of Kazhdan-Lusztig polynomials and deleting certain
rows and columns. In contrast, the method for computing multiplicities established in this
manuscript directly computes the |[Wg\W| x |Wg\W| matrix of polynomials to determine
multiplicities without providing any superfluous information, so its implementation is

more efficient.
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In addition to answering multiplicity questions in the category of Whittaker mod-
ules, another accomplishment of this project is the systematic development of the geomet-
ric category M., (D, N, 1) of y-twisted Harish-Chandra sheaves. Ever since Beilinson—
Bernstein’s [BB81] and Brylinski-Kashiwara’s [BK81] celebrated proofs of the Kazhdan-
Lusztig conjectures introduced the possibility of using algebraic geometry to address ques-
tions in representation theory, geometric descriptions of categories of g-modules have been
recognized as a powerful tool. However, geometric descriptions of g-modules are often in
terms of perverse sheaves instead of D-modules. For example, in [BB81] and [BK81], the
main geometric arguments were performed using categories of perverse sheaves and the
D-module description of these categories was primarily used as an intermediate tool for
comparing categories of perverse sheaves to categories of g-modules. Because the category
of D-modules which is obtained by localizing highest weight modules (the category of
“Harish-Chandra sheaves” [Milb]) consists of holonomic D-modules with regular singu-
larities, the Riemann-Hilbert correspondence makes it possible to convert that category
of D-modules to a category of perverse sheaves. However, the category M,,(D), N, 1)
which we obtain by localizing Whittaker modules contains holonomic D-modules with
irreqular singularities, which means that the Riemann-Hilbert correspondence does not
apply. Therefore, geometric descriptions of Whittaker modules must be in terms of D-
modules instead of perverse sheaves, and this document establishes the structure and tools
necessary for working within this category of D-modules.

The results established in Chapters 1-7 of this manuscript open the door to many other
questions about the structure theory of the category of Whittaker modules. In the final

section of this document, we outline some natural future directions of this project.

8.1 Future Directions
This manuscript develops tools for analyzing the category N both algebraically and
geometrically, and these tools can be used to address other questions about this category.
The most obvious of these questions is computation of multiplicities in the case of singular

and non-integral central character.

Question 8.1. Can Corollary 6.11 be generalized to standard Whittaker modules with arbi-

trary central character?
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For Verma modules, the Kazhdan-Lusztig algorithm can be extended to arbitrary A €
h* by reducing the algorithm to the integral Weyl group, which is constructed from the
roots with which A pairs integrally. (See, for example, [Soe90, KT00].) However, the Whit-
taker setting requires a subtler approach which relates the sub-Weyl group determined
by 7 and the integral Weyl group. By using translation functors and Theorem 5.23, one
can establish combinatorial conditions that dictate when the global sections of irreducible
n-twisted Harish-Chandra sheaves with singular central character vanish, and this can be
used to compute multiplicities for singular A. To address the non-integral case, a parabolic
set of roots can be constructed by taking the union of the root system determined by # and
the positive roots. When intersected with the integral root system, this yields a smaller
parabolic set of roots, which determines a subset of simple roots depending on both 7
and A. I conjecture that the Kazhdan-Lusztig polynomials for non-integral Whittaker
modules are the polynomials corresponding to this subset. The conditions on irreducibility
of standard Whittaker modules established in [Luk04] support this conjecture.

An interesting consequence of the algorithm in Theorem 6.1 is its relationship to the
Kazhdan-Lusztig algorithm for generalized Verma modules in [Milb] as described in Sec-

tion 7.4. This relationship leads to the following question.

Question 8.2. Is the combinatorial duality present in the Kazhdan-Lusztig polynomials for
generalized Verma modules and the Kazhdan-Lusztig polynomials for Whittaker modules

a shadow of a deeper duality between these two categories?

The equivalence between blocks of A and singular blocks of category O established
in [MS97] and the “parabolic-singular” duality between singular blocks of O and regu-
lar blocks of parabolic category OF described in [BGS96] indicate that a duality between
Whittaker modules and generalized Verma modules should exist, but this relationship
has not yet been made precise in the literature. A first step in formalizing this idea is
to examine the role of projective objects in N in an attempt to realize blocks of A as
module categories over the endomorphism ring of some projective generator, following
the approach of Soergel in [BGS96]. This introduces a Koszul ring, and we can calculate
the corresponding Koszul dual ring, with the final goal of realizing blocks of parabolic

category O as modules over the Koszul dual ring.
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In addition to these questions, it is natural to ask whether other well-established results
of the category of highest weight modules extend to N. In [Jan79], Jantzen introduced a
canonical filtration of Verma modules which provided a beautiful conceptual proof of BGG
reciprocity for highest weight modules, and he conjectured that this filtration is compatible
in a natural way with embeddings of Verma modules. This became known as the Jantzen
Conjecture. It was discovered by Gabber and Joseph [G]81] that this conjecture establishes
detailed information about the coefficients of the Kazhdan-Lusztig polynomials, and a
proof of it implies the Kazhdan-Lusztig conjectures. The standard Whittaker modules in
N have similar structural properties to Verma modules, so it is reasonable to consider the

following problem.

Question 8.3. Can one define Jantzen filtrations in A in order to develop and prove a

conjecture analogous to the Jantzen conjecture for N'?

In [BB93], Beilinson and Bernstein provide a proof of the Jantzen conjectures using
weight filtrations on the corresponding perverse sheaves. However, as described above,
the irregular singularities of the D-modules in M,;(D,, N, 77) make methods of perverse
sheaves intractable for N. Therefore, the geometric development of Jantzen filtrations
for Whittaker modules would require detailed analysis of holonomic D-modules with
irregular singularities, building on the structure established in [Moc11]. In this setting,
the interactions between Hodge theory and representation theory have not yet been thor-
oughly studied, and there are many possibilities for future development. Furthermore,
there is an alternate algebraic approach to this problem using Soergel bimodules, which is
described below.

The category of Whittaker modules could also be approached using a different set of
tools. Inspired by the celebrated algebraic proof of the Kazhdan-Lusztig conjectures by
Elias-Williamson in [EW14], one could examine category A using Soergel bimodules with
the goal of providing a purely algebraic proof of Corollary 6.11 that does not appeal to
geometry. Indeed, Theorem 6.1 can be reformulated in terms of the anti-spherical module
for the Hecke algebra associated to W by the results in Chapter 7. In [LW17], Libedinsky-
Williamson use a diagrammatic category of Soergel bimodules (which they refer to as the

‘anti-spherical category’) to categorify the anti-spherical module, and this categorification
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establishes positivity of coefficients of parabolic Kazhdan-Lusztig polynomials. This leads

to the following question.

Question 8.4. Can the anti-spherical category of Libedinsky-Williamson be used to provide

a purely algebraic proof of Corollary 6.11?

In [RW15], Riche-Williamson relate the anti-spherical category of the affine Weyl group
to representations of algebraic groups, establishing the importance of this category in mod-
ular representation theory. Therefore, an answer to Question 8.4 would also illuminate the
role of Whittaker modules in modular representation theory. Additionally, this approach
could present an alternate avenue to Question 8.3 by building on Williamson’s recent
algebraic proof of the Jantzen Conjecture for Verma modules using Soergel bimodules

[Will6].
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