arXiv:1804.04989v1 [hep-ph] 13 Apr 2018

Deconfinement Transition Effects on Cosmological Parameters and Primordial
Gravitational Wave Spectrum

P. Castorina®?, D. Lanteri’?, S. Mancani'

L Dipartimento di Fisica, Universita di Catania, Via Santa Sofia 64, 1-95123 Catania, Italy.
2 INFN, Sezione di Catania, 1-95123 Catania, Italy.

(Dated: April 16, 2018)
Abstract

The cosmological evolution can be described in terms of directly measurable cosmological scalar parameters
(deceleration g, jerk j, snap s, etc...) constructed out of high order derivatives of the scale factor. Their
behavior at the critical temperature of the Quantum Chromodynamics (QCD) phase transition in early
universe could be a specific tool to study the transition, analogously to the fluctuations of conserved charges
in QCD. We analyze the effect of the crossover transition from quarks and gluons to hadrons in early universe
on the cosmological scalars and on the gravitational wave spectrum, by using the recent lattice QCD equation
of state and including the electroweak degrees of freedom and different models of dark matter. Near the
transition the cosmological parameters follow the behavior of QCD trace anomaly and of the speed of sound
of the entire system. The effects of deconfinement turn out to be more relevant for the modification of the
primordial spectrum of gravitational waves and our complete analysis, based on lattice QCD simulations

and on the hadron resonance gas below the critical temperature, refines previous results.

PACS numbers: 24.10 Pa,11.38 Mh,05.07 Ca

Introduction

Quantum Chromodynamics (QCD) decon-
finement phase transition has a interesting role
at cosmological level, modifying, for example,
the primordial spectrum of the gravitational
waves |1H3].

Other consequences of the QCD transition
show up in the cosmological parameters (deceler-
ation g, jerk j, etc.) which involve the derivatives
of the scale factor a(t) [4]. Indeed, the fluctua-
tions of the cosmological parameters with higher
order derivatives are strongly enhanced by the
phase transition.

This effect is similar to the fluctuations of
conserved charges (net baryon-number, net elec-
tric charge, net strangeness) evaluated in lattice
QCD at finite temperature, which require the
calculation of the higher order cumulants, i.e.
high order derivatives of the logarithm of the
QCD partition function. These fluctuations pro-
vide a wealth of information on the properties
of strong-interaction matter in the transition re-
gion from the low temperature hadronic phase to
the quark-gluon plasma phase and, in particular,
they can be used to quantify deviations from the

1

hadron resonance gas (HRG) model |5, 16].

Previous analyses |4, |7, 8] considered the evo-
lution of the first cosmological parameters (g,
j) and of the energy density fluctuations dur-
ing the deconfinement transition by a specific
parametrization of the QCD equation of state
(EoS) and neglecting the dark matter contribu-
tion.

In this paper we discuss the behavior of a
larger set of cosmological scalars, with higher
order derivatives of the scale factor, and take
into account the electroweak sector, the strongly
interacting sector and different models of dark
matter also. Moreover the transition (cross-over)
between the quark-gluon phase and the hadronic
phase is described by recent lattice QCD EoS [9]
and by the HRG [10] below the critical temper-
ature 7T, ~ 150 MeV.

Finally, the detailed treatment of the EoS
above and below T, permits a refined analysis
of the modification of the primordial spectrum
of the gravitational waves.

The paper is organized as follows: the def-
inition of the cosmological parameters is given
in Sec. [ the relevant degrees of freedom and
the role of the different contributions to the to-
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tal energy density and to the EoS of the whole
system are discussed in Sec. [[I Sections [IT] and
[V] contain respectively the results on the speed
of sound and on the fluctuations of the cosmolog-
ical parameters during the deconfinement tran-
sition, with different dark matter models; Sec. [V]
is devoted to the modification of the primordial
gravitational wave spectrum due to the transi-
tion; comments and conclusions are in Sec. [Vl

I. COSMOLOGICAL PARAMETERS

The standard model of the cosmological evo-
lution is based on the Friedmann - Lemaitre -
Robertson - Walker (FLRW) equations and a set
of equations of state for the different contribu-
tions to the total energy density. By defining the
total energy density er and the total pressure pp
as

(1)

ET = Eg+ Eew T Ed T EA ,

PT = Ps + Pew + Pa +PA (2)

where
A
EA = StC ; (3)
PA = —€A (4)

are the dark energy contributions and the other
terms correspond to strong (s), electroweak (ew)
and dark matter (d) sector, the FLRW equations
for a flat Universe are given by
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The cosmological parameters are defined as |11,
12]

g=ldo _ 1 da
“aat T Tam A
e Y
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and their evolution is directly related to the EoS.
Indeed, A,, can be written as the sum of terms

containing the first n — 1 derivatives of the Hub-
ble parameter H, which can be expressed in
terms of the w = pr/ep, of the speed of sound,
c2 = Opr/Oer, and its derivatives. For example,
the jerk, j, is given by

H H
j=A3=1+3

mtm 0

and, by FLRW equations, one has

H 3 pr
= 2 (1 £
H? 2<—i_<€T>7

H 9 2 pr
H3 2 (1+¢) <1+€T> '
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The complete set of relations for various cosmo-
logical parameters is given in Appendix [Al

The cosmological evolution can be described
by the Hubble parameter H, the deceleration ¢,
the jerk j, the snap (s = A4) and the others
cosmological parameters since they specify the
various terms of the Taylor expansion of the scale
factor:

alt)=a(t)[1+ H(E) (¢~ 7) -

—%(t—t*)z—l—
H?) (t) .
%(t—t )3_|_...

(9)
In Sec. [[V] the effect of the QCD deconfinement

transition on the cosmological parameters will be
analyzed and, as discussed in the introduction,
higher order derivatives of a(t) show larger fluc-
tuations.

II. THE EQUATION OF STATE IN THE
EARLY UNIVERSE

Early Universe was a hot and dense plasma
and during the cosmological evolution the num-
ber of degrees of freedom changed due to vari-
ous phase transitions (see Fig. 1.1 of ref. [1]).
Since we are interested in the effect of the de-
confinement phase transition on the cosmologi-
cal parameters and on the spectrum of gravita-
tional waves, we consider the temperature 1T in



the range 70 MeV < T < 400 MeV. In this sec-
tion the number of degrees of freedom and the
equations of state for strong, electroweak and
dark matter sectors will be discussed.

A. a. Strong and electroweak sectors

The QCD deconfinement transition rapidly
reduces the number of the strongly interacting
degrees of freedom, g;. However, lattice QCD
simulations indicates that the transition is not
so sharp and is indeed a cross-over between
a system of quarks and gluons and a hadron
gas |9, [13, [14]. The (pseudo) critical tempera-
ture turns out to be T, ~ 150 — 160 MeV by the
analysis of chiral susceptibility.

Starting from the lattice QCD partition func-
tion, one defines the trace anomaly ©**(T') as
the derivative with respect to the lattice spacing

a; [9]

T din Z
OM(T) =~y dln q

(10)

and one evaluates all other thermodynamical
quantities, i.e. the pressure

p) _po [T M)
_ o,

(11)
the energy density
e=3p+ 0", (12)

the entropy density s

(13)

and the speed of sound

o _Op s _ Op/oT

“T 9 T Cy  0ejarT’

(14)

where Cy is the specific heat.
The pressure obtained by the HotQCD col-
laboration can be parametrized as follows [9]:

4
et (1) = S 1+ tanb e (¢~ t0)]] £(T),

(15)

C an bn Cn, dn
3.8706 | -8.7704 | 3.9200 0 0.3419
to ag by cd dg
0.9761 | -1.2600 | 0.8425 0 -0.0475

TABLE I: Parameters used in Egs. (I8]) and (@) for the
pressure of (2+1)-flavor QCD in the temperature
interval T' € [100 MeV, 400 MeV] [9].
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7
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1+% + 54840

(16)

and t = T/T,, T, = 154 M€V, p;q = 95/18072 is
the ideal gas value of p/T* for massless 3-flavor
QCD and the other parameters are summarized
in Table [Tl

In the temperature region T' < T, all ther-
modynamic quantities are well described by the
hadron resonance gas (HRG) model where the
gran canonical partition function can be ex-
pressed as a sum of one-particle partition func-
tions Z} over all hadrons and resonances [16].
If mypqe is the maximum mass one includes, the
trace anomaly can be written as a sum over all
particles species with mass m; < myq. 16, 19],

ouu\ HRG d;
T4 - Z 27T2X

> (—p )L my m;
XZ( 7i) (?)3[(1(%),

(17)

where 7; = —1(+41) for bosons (fermions), K is
the modified Bessel function, d; are the degener-
acy factors.

The trace anomaly for the HRG has been
parametrized as [10]

—3p HRG
<€ ) = CLlT + CL2T3 + CL3T4 + CL4T10 s

T4
(18)
with a; given in Table [[Il and, by interpolation
with lattice data, the pressure is given by

attice T :
pHHC(T) = plot <ﬁ> LoT),  (19)
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4.654 GeV 1 —879 GeV 3
as a4

8081 GeV 4 —7039000 GeV 10

TABLE II: Parameters used in Egs. (I8) and (20) |10].

where pf‘mice is the pressure at T; = 130 MeV
and

a
g(t) = T (T =) + 5 (T° ~ 1)+
as 4 4 a4 10 10
+Z(T —Tz)+E(T -1 .

(20)

The electroweak sector is included as a rela-
tivistic gas of massless particles, i.e.
2
ew

s
e =30 = gew 55

where ge,, = 14.45 is the effective number of elec-
troweak degrees of freedom [4].

T, (21)

B. b. Dark matter sector

In previous analyses of the evolution of the
cosmological parameters the dark matter contri-
bution has been neglected and we now evaluate
its role in the EoS of the complete system by con-
sidering the following different models (see Ap-
pendix [B] for details):

e Cold Dark Matter: for pressure, pegm,
and energy density, €qqm, of the cold dark
matter one has

Medm
Pedm =0, Ecdm = a3
(22)
By considering the isentropic condition

ads = ag S0, and indicating with € and p

the non-dark-matter contributions to the
energy density and to the pressure, one ob-
tains (see Appendix [BT])

E+p

—_— 2
T 1" (23)

Eedm =

1 Qo 5 x 109
(chm0+ > ey Y

Ty is the present temperature, €9 and
Qeamo the present baryon and cold dark
matter density respectively.

Since we study the cosmological evolution
for temperatures such that KT > 1,

ot ™~ — ~2x 107107 (25)

=

and the cold dark matter term can be ne-
glected.

General Barotropic case: a barotropic
equation of state is a linear relation be-
tween energy density, €, and pressure, pp,

Db = Wy Ep (26)

with wp = const. Using again the isen-
tropic evolution, one gets, as in the previ-
ous case, an equation connecting the en-
ergy of the dark sector to the energy of
all other sectors. This equation can be
analytically solved for a few values of wy
(wp = 0 gives the cold dark matter) and,
in general, one needs numerical methods.
We study the value w, = 1/3, i.e. a mass-
less dark matter, useful to estimate the
maximum contribution of the dark sec-
tor, although excluded by phenomenolog-
ical analyses |15].

Polytropic case and Chaplygin gas: for
a polytropic gas the pressure, p,, and the
energy density, €,, are related by

Pp X €y, (27)

where « is the polytropic index. In Ap-
pendix B3| one shows that, in a cosmo-
logical contest, such a case is equivalent
to a generalized Chaplygin gas with index

o = —, i.e. the energy density is given
by
1
1—y
1+ w
Ep = Eg _'IU2 + P_ )



with wp = pp/s and ay, pp and E evalu-
ated at some reference time. In partlcular
by choosing ag at the present time, in the
early universe (a < ag) one has to study
three different cases:
a) v =1 (see Eq. ([27)), which is the gen-
eral barotropic case;
2) v < 1, then
A
&~ 3 (29)

and, by Egs. (I3) and (21), the entropy

density turns out to be

Ts :E 1+C a0 -5
P= 3

where A, B and C' constants, i.e. with the
same behavior of the cold dark matter;

3) v > 1 is physically meaningful only for
wg < 0 and in such a case (see Eq. (28]))

1
€p X (—wg)m , (31)

Pp=—¢p (32)

and the resulting entropy density is con-
stant and negligible.

III. THE COSMOLOGICAL DECONFINE-
MENT TRANSITION

By previous parametrization of the EoS of
strongly interacting, electroweak and dark mat-
ter sectors, we now analyze the full Eos in the
range 70 MeV < T < 400 MeV by interpo-
lating the lattice data and the HRG results at
T; ~ 130 MeV.

The results for the w = pp/epr and for the
speed of sound ¢? are summarized in Fig. [
where the continuous curves indicate the speed
of sound and the dashed lines the value of w.
The blue lines give the results for the strong sec-
tor, the red ones contain the electroweak sector
and the black curves take into account the mass-
less dark matter also. Cold dark matter is not
included since its contribution is negligible.

The arrows indicate the temperature of the
transition, defined as the temperature at the
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FIG. 1: The speed of sound ¢2 (continuous curves) and
w (dashed line) for the different sectors: QCD (blue),
QCD plus electroweak sector (red) and including a

massless dark sector (black).
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FIG. 2: Temperature as a function of the cosmological
time in the different sectors (see Fig. [l for the colors
legend), compared with the behavior of the pure

radiation era (red dotted line).

minimum of the speed of sound, which goes from
the TP = 147 MeV for strongly interaction only,
to TF* = 158 MeV adding the electroweak sec-
tor, to T = 157 MeV including the massless
dark sector.

The relation between the temperature and
the cosmological time is

t=1ty)+ —— (33)

To

V24n G / Tc2
which is numerically solved (with Tp = 500 MeV
and to = 1 ps [4]). In Figure 2 we have shown
how the temperature decrease in the different
cases previously discussed and in the pure radia-
tion era (red dotted line). The transition time
is reduced by adding more and more sectors:
t5 = 36.39 us, t& = 18.71 us and t§ = 16.98 us.

Finally, Figure Bl shows the behavior of the
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FIG. 3: The sound speed ¢? (continuous line) and the
EoS w (dashed line) for the different sector (see Fig. [I]
for the colors legend) as a function of time.

speed of sound as a function of the cosmological
time. For the whole system, after about 100us
the values of w and ¢? come back to be that ones
of a radiation dominated era.

IV. EVOLUTION OF THE COSMOLOGI-
CAL PARAMETERS

The results in the previous sections are the
starting point to study the behavior of the cos-
mological parameters during the deconfinement
transition. Since the cosmological parameters
can depend on the higher order derivatives of
the Hubble parameter, i.e. on the higher order
derivative of the thermodynamical quantities, it
could be possible that some effects show up near
the critical temperature [4].

We have analyze three different cases: strong
sector only (blue curves in the figures); strong
plus electroweak sector (red curves); the whole
system, including the three EoS of section 2b for
the dark matter (black lines). In all figures, the
arrows indicate the transition time.

In Figure @ and in Figure [l are respectively
depicted the time behavior of the scale factor a(t)
(normalized to the value at 400 MeV, a*) and of
H(t). The final result is essentially independent
on the specific setting.

In Figures [@ [7 B @ and the time evolu-
tion of ¢, 7, s, As and Ag is plotted. As expected
the parameters with high order derivative show
larger deviations from the typical values of a ra-
diation dominated era. However once the transi-
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FIG. 4: The scale factor a/a™ as a function of

cosmological time in the different sectors (see Fig. [l for
the colors legend).
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FIG. 5: The Hubble parameter H as a function of
cosmological time in the different sectors (see Fig. [l for
the colors legend).

tion is over, the Universe is again dominated by
radiation.

V. MODIFICATION OF THE PRIMOR-
DIAL SPECTRUM OF THE GRAVITA-
TIONAL WAVES

According to previous results, the fluctua-
tions of the cosmological parameters in the whole
system (strong, electroweak and dark matter sec-
tors) are limited to a short time interval of about
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FIG. 6: Cosmological deceleration ¢ as a function of
cosmological time in the different sectors (see Fig. [l for
the colors legend).
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FIG. 7: The jerk, j, as a function of cosmological time
in the different sectors (see Fig. [l for the colors legend).

100 ps. Therefore the deconfinement transition
turns out to be more relevant in the modification
of the primordial spectrum of the gravitational
waves, proposed in [2], that will be recalled in
this section and reevaluated on the basis of the
detailed description of the transition in Sec. [II

2]
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FIG. 8: The snap, s, as a function of cosmological time
in the different sectors (see Fig. [l for the colors legend).
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FIG. 9: A5 as a function of cosmological time in the
different sectors (see Fig. [Il for the colors legend).
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FIG. 10: A as a function of cosmological time in the
different sectors (see Fig. [l for the colors legend).

During the inflation era the wavelengths
of the quantum fluctuations are stretched to
scales greater than the casually connected re-
gion and the fluctuations of the metric tensor
result in a background of stochastic gravitational
waves |17].

In the transverse traceless (TT) gauge, tensor
perturbations h;; of the FLRW metric satisfy the
linearized equation of motion

hij. it =0, (34)

where “;”

the corresponding Fourier modes take the form

A3k
hij(n) :/W

where A = (4, x) are the two polarization
states and ef}- is the symmetric polarization ten-

indicates the covariant derivative, and

> edhiam)e® ™ (35)
A

sor (e;; =0, kieij = 0). In conformal time, 7, the



equation of motion for the perturbations reads |3]

!/

a
k() + 25}1;@,)\(77) + E*ha(n) =0, (36)

where d/dn is denoted by prime “/”. By defining
trx = a hiy, Eq. (36) can be written as

2

11 2 (n) + <k2 - %) () = 0. (37)

Two different regimes are physically relevant and
correspond to fluctuations well inside the Hubble
horizon or well outside the horizon. Since a”/a ~
(a H)?, when k > a H the wavelength is smaller
than the horizon: this is the subhorizon regime.
In this case Eq. (37) is the harmonic oscillator,
hence, pix(n) ~ €* and for the perturbation one
obtains

hg ~a™t, (38)

which implies that the amplitude decreases in
time. In the superhorizon regime, i.e. for k <
a H, Eq. [31) has two independent solutions: a
decaying mode g ~ a2, which we neglect, and
pe ~ a that leads to

hy ~ const. (39)

that is the amplitudes are almost frozen, being
outside the casually connected region.
Therefore, during the inflation era the ampli-
tudes are stretched to size larger than the hori-
zon, where they remain constant, but when infla-
tion ends the comoving Hubble horizon (a H)~!
grows in time and each mode crosses the horizon
and reenters inside the casually connected region
when the wavelength is comparable to the hori-
zon size, i.e. k = a H. In this case, a general
solution of Eq. (87) can be written introducing a
factor depending on mode’s amplitude in super-
horizon regime and a transfer function, T (n), as

hie(n) = Ry \" Te(n) , (40)
where hzf;m is the amplitude when the mode left
the horizon during the inflationary period and
Ti(n) describes the evolution of the gravitational
wave after it crosses the horizon. In radiation
dominated universe, the solution reads

huen(n) = B 3" jo(kn) | (41)

where jo(z) is the spherical Bessel function |17].
Let us define the power spectrum of gravita-

tional waves. The energy density is given by

< h/ijh/ij > . (42)

en() = 327Ga?

and in k space the spatial average reads

< W sl >= 21)* 006 (k + k) |W kAl .

(43)
Moreover, one assumes that the primordial
gravitational waves are unpolarized, that is

Wk ()P = Bk, ()]
Using Eq. ([40), we can write the energy den-
sity as

1 dk 2
=— [ =A2 [T/ 44
€h (77) 39rGa2 L h,prim |:77<2 (77)] ) ( )
where Aipm.m is the primordial amplitude which

in de Sitter inflation turns out to be

16

Hys\”
A? — 4
: (MPZ) . (45)

h,prim

9 .
— Pk::~5|h£mm|2 -
H;s and Mp; being the Hubble constant in de
Sitter inflation and the Planck mass, respec-
tively.

The logarithmic energy density is defined as
dep/dInk and the fractional energy density is
given by

. A}%,prim [77;(77)]2
dink e.(n)  32rGaZe.(n) ’
(46)

Qn, k) = dep(n,k) 1

where €. is the critical energy density.
From Friedman equations () we finally get

2
h,prim

2

Qn, k) = T2H2 () o [Te(m)]™ (47)
A gravitational wave of mode k has frequency
f = 2mk/a. Because of redshift, once a wave
crosses the horizon its frequency decreases. From
the definition of fractional energy density follows
that Q decreases as a4 H 2, since gravitational
waves are decoupled from the rest of the Universe
and e, ~ H? from Friedman equation. For waves
that reentered at a certain time 7, the fractional
energy density today is

Q0 = Q1. f)a4(n)H2(n)

—_—, 48
aéHg (48)



and the frequency today is fo = 2mwk/ag, where
ao and Hy are the scale factor and the Hubble
parameter today.

The evolution of the hr modes and of the
crossing condition, k = a H, are controlled by
the scale factor a and the modification of the
spectrum of gravitational waves from the primor-
dial one depends on the content of matter in the
epoch they reenter the horizon. As previously
shown (see Fig. [3), during the QCD transition
the speed of sound ¢? is strongly modified since
the Universe stands no longer in a pure radiation
era and, correspondingly, the primordial gravita-
tional waves cross the horizon near that transi-
tion time at different rates.

By lattice QCD simulations, the HRG model
and including the electroweak and dark matter
sectors, we now discuss a detailed analysis of this
effect by numerical integration of Eqs. (B6)-(37),
improving previous analysis |2, 13].

It is more useful to write Eq. (36) for the
transfer function as a function of the tempera-
ture, that is (see Appendix [C] for details)

&Ti
a7’

Ty

ﬁ ‘i‘:‘iz(T,k)'];C =0.

+ f(T) (49)
In order to integrate numerically Eq. (49]), we set
boundary conditions at high temperature, such
as 10* MeV, where the modes hy, are given by
the radiation era solutions (Eq. ({I))).

In Figure[I1] the numerical results for different
values of k are reported.

Waves with higher frequencies cross the hori-
zon earlier and waves that reentered at T ~
150 MeV have frequencies of about 10~7 Hz, the
typical frequency f, of waves from the QCD tran-
sition. The effects of the transition are expected
to be impressed in the fractional energy density
Q) and, in particular, one computes |2| the quan-
tity Q(f)/Qf < f+), that is the fractional en-
ergy density of the gravitational waves with re-
spect to the same quantity evaluated for waves
that do not encounter the transition (f being a
fixed frequency much lower than f,).

From Eq. (48]), this quantity evaluated today
is
a'(f)H*(f)
a

HOHHA(F)

Q(f) Q)

Q(f < f) QUF< L) (50)

T
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FIG. 11: Transfer function 7 against cosmic time at
different values of the wave number k. It describes the
evolution of a gravitational wave. Green is for
=217 x 107 ps™!, yellow k = 6.02 x 1071* ps™1,
orange k = 1.20 x 10~ ' us™!. Continuous lines are for
EW + QCD sectors, dashed lines contain massless Dark
Matter. Vertical lines indicate the QCD transition.
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FIG. 12: Fraction of energy density of gravitational
waves with respect to waves that do not encounter the
QCD transition in continuous lines, only the redshift
factor to today values in dashed lines. Both against
frequency f. EW contribution in red, massless Dark
Matter in black. Vertical line represents the transition.
The size of the step is about 38%.

The redshift factor gives the shape of the step
and the final result is showed in Fig. The size
of the step is about 38%, larger than previous
results |2, 13]. In particular, in |2] the step size
was =~ 30%. Figure[I3shows a direct comparison
between the latter result and our evaluation.

VI. COMMENTS AND CONCLUSIONS

The fluctuations of conserved charges at the
deconfinement transition are a clear signature
of the different behavior between a quark-gluon
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FIG. 13: Comparison of the fraction of energy density of
gravitational waves with respect to waves that do not
encounter the QCD transition between the evaluation

made in |2], in black, and our evaluation, in red.
Vertical line represents the transition.

plasma and a hadron resonance gas model, but
their detection in relativistic heavy ion collisions

is difficult.

The fluctuations of the cosmological param-
eters at the QCD transition have, in principle,
the same physical basis, i.e. they originate from
the combined effect of the equation of state and
of the calculation of higher order derivatives of
the relevant physical parameters, that is, in early
Universe, the scale factor.

We have shown, by a complete treatment of
the thermodynamics of the whole system (strong,
electroweak and dark matter contributions), that
after about 100us the cosmological parameters
return to the typical values of a radiation domi-
nated era, i.e. to their values before the tran-
sition, and that this result remains valid also
for cosmological scalars involving higher order
derivatives of the scale factor (see Figs. 6-10).

Moreover the dark matter contribution turns
out to be negligible, independently on the consid-
ered model and, as shown in ref. [7], the effects
of the QCD transition on the density fluctuations
are small.

Therefore the possible signature of the decon-
finement transition in early Universe is restricted
to the modification of the primordial gravita-
tional wave spectrum.

By using the recent lattice QCD simulation
data and the HRG below T, to describe the tran-
sition, one evaluates the fraction of energy den-

10

sity of gravitational waves with respect to waves
that do not encounter the QCD transition. A
difference of about 10% is observed with respect
to previous analyses [2].
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Appendix A: Cosmological parameters

In the framework of Friedmann cosmology the
evolution can be described by the Hubble param-
eter H, the deceleration ¢, the jerk j = As, the
snap s = Ay and others cosmological parame-
ters, since they specify the various terms of the
Taylor expansion of the scale factor:

alt) = a(t) |1+ H(E) (t =) -

_ w (t _ t*)2 +
GH) (), .
T )>? + ]
(A1)
Since
d"a _ d"' (da\  d"(aH)
dtr — dgn1 (E) = g1 (A2

it is easy to show that these quantities are related
to the derivatives of the Hubble parameter as
follows:

H
qz—l—ma (A3)

. H
]:A3:1+3ﬁ+ﬁ’ (A4)

H H H H
s=A=1H 0 43 (m) Tt

H2
(A5)
. . 2 .
A 1—1—10H—|—15<H> —|—10H+
5= 02 e 0
H H H (A6)
H H H HWY
o T W st s
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By recalling that

Ag =1+15

+

—I—HG.

2829
S

L )

and

1 d"H
Hr 1 g

47 G d" (e +p)
- _Hn+1 den—1 ’

(A9)

each of the previous derivatives can be
as

express

% -3 <1+§>, (A10)
%z%(l—i—cg) (1+2).  an

H 9 p\ rdc?/dt 2

gi=5 (1) [T 3 0+ d)’-
_g(1+c§)(1+73>]7
(A12)

% - g (1+2) o (1 + )"+

+18 (1+2)° (1+§>—

—3 (442432 dez/dt

d2§:§/dtg C) "

fi7 |

(A13)

[d?’cg/dt?’_g dc/dt\*
H? H

+ 12 c§>

2
+(1+2) (135 + 812+ 54c2) des fdt _

H
! ¥(1+c§)3(1+§)—

—27(1+ &) (1+§)2] .

d2c2 /dt?
H2

—-27(1 —I-cg)

(A14)

Furthermore, by the definition of w(e) one can
show that

=wHe o

5 de

and thus all the cosmological parameters can be

express in terms of w, ¢2 and its derivatives. For
the first three parameters one gets

(A15)

q:%(1+3w(a)), (A16)
j=1+43c (14q) =
(A17)
:q(1+2q)+3(1+q)eE,
s=1-3(1+q) —9ct(1+q)—
—3c§(1+Q)(3+q)+3(1+q)%=
=—-q(1+29)(2+3q)—
_3(1+q)(1+5q)s‘2—f—
w 2 C2
—9(1+Q)<€Cfl—€> +3(1+Q)dST/dt,
(A18)

Finally, to simplify the calculations it is better
to consider temperature derivatives rather than
time derivatives. In general, one needs a function
T = T(t) and, by defining the function

1 da

hT) = — — Al19
it is easy to show that
dl' H
—_— = — A2



and, by the FLRW equations and by the isen-
tropic expansion condition, one obtains

1 Cy

h=— = — , A21
32T 3(e+P) ( )
where Cy is the specific heat.
Appendix B: Dark Matter Sector
1. Cold Dark Matter
For a Cold Dark Matter one has
Pedm = 0. (B1)
and thus
8T G M,
2 d
Hcdm = 3 Ecdm = ;37” . (B2)
Moreover, by the isentropic expansion condition,
sa’ = s ag, one obtains
s =K ecgm , (B3)
with
87 G 3
k=212 S0% (B4)
3 Mcdm

If we indicate with an over-line the non-dark-
matter contribution (for instance, the total en-
tropy density is written as s S+ Scdm), €q.

(B3) gives

S =754 Seam = K €cam -

(B5)
Since for cold dark matter T S.gm = Ecdm, One
finds

sT  E+p
KT—-1 KT-1°

The value of K can be obtained by specifying eq.
(BE) at present time

1 E+ﬁ>
K=—(1+
T < Ecdm

1 Qyo
—— (1
7 (1

chmO
with Qp9 and Qcgmo the present baryon and cold
dark matter densities respectively.
Since KT > 1, €cgm ~ 10710  and the cold
dark matter contribution is negligible.

Ecdm = (BG)

T=Tpy
>~5x1wﬂhv*,
(B7)
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2. General Barotropic case

A barotropic fluid is characterized by a linear
equation of state

Db = Wy Ep (B8)

with wy, = const. and by energy conservation one

finds that

H? My

By using the isentropic expansion condition and
recalling that for the barotropic entropy density,
sp, one has T s, = (1 4+ wy) €4, it turns out that

(B11)

1+w
()
where
1
Ky, = 80 ap (@ T*4> 1+wb
@ =0T M
1
(T*4 ) T+uwy,
=s
€b
T=T,
and we have defined a conveniently temperature
T* to make the dimension of K, independent
to wp.
Eq. (BI0) can not be inverted analytically for
all wy, but only for a few values of wy, (wp = 0
gives the cold dark matter case).

3. Polytropic case and Chaplygin gas

A polytropic fluid is characterized by the
equation of state

(B12)

where pg, 52 are reference values, wg = pg / 52 and
~ 0
Ep = ep/ey
In this case the equation of energy conserva-
tion becomes
dg, 1 da
P _ 3 -~ 0
2 - 3(==) (6 +w
a dt ( p p

~
= g)) .

y (B13)



The integration from ag = a(e)) to a gives

[—wg +

with @ = a/ag. Thus, in a cosmological context,
a polytropic fluid corresponds to a generalized
Chaplygin gas with index oo = —.

1
wl+1]1-7
: ; (B14)

)

~

Ep:

Appendix C: Calculation of the tempera-
ture dependence

Let us consider the equation of motion for the
transfer function with respect to cosmic time ¢

AT 1da Ty

— -+ =T = C1
az aaa a0 (©)
and let us write
dl' dT dn 9
T T A (C2)

Then Eq. (CI)) becomes

%%ﬁhﬂﬂ%%+%%ﬂkﬂk=07 (C3)
where
2 2
1) = 3t g (O
ma:m::—ggg%ﬁ, (C5)
P
w="=, (C6)
2= (1)

In radiation era, the solution of Eq. (CIl) reads
k
77€ Jo <Oé T> )

where A and « are appropriate constants.

(C8)
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