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Abstract. The concepts of Wijsman asymptotically equivalence, Wijsman asymptoti-
cally statistically equivalence, Wijsman asymptotically lacunary equivalence and Wijsman
asymptotically lacunary statistical equivalence for sequences of sets were studied by Ulusu
and Nuray [24]. In this paper, we get analogous results for double sequences of sets.

1. Introduction
Throughout the paper, N denotes the set of all positive integers and R

the set of all real numbers. The concept of convergence of a sequence of real
numbers has been extended to statistical convergence independently by Fast
[7] and Schoenberg [20]. This concept was extended to the double sequences
by Mursaleen and Edely [11]. Çakan and Altay [6] presented multidimensional
analogues of the results presented by Fridy and Orhan [8].

The concept of convergence of sequences of numbers has been extended by
several authors to convergence of sequences of sets (see, [3, 4, 5, 12, 25, 26]).
Nuray and Rhoades [12] extended the notion of convergence of set sequences
to statistical convergence and gave some basic theorems. Ulusu and Nuray
[23] defined the Wijsman lacunary statistical convergence of sequence of sets
and considered its relation with Wiijsman statistical convergence, which was
defined by Nuray and Rhoades. Nuray et. al. [13] studied Wijsman statistical
convergence, Hausdorff statistical convergence andWijsman statistical Cauchy
double sequences of sets and investigated the relationship between them.
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Marouf [10] presented definitions for asymptotically equivalent and asymp-
totic regular matrices. Patterson [16] extended these concepts by presenting
an asymptotically statistical equivalent analog of these definitions and natural
regularity conditions for nonnegative summability matrices. Patterson and
Savaş [17] extended the definitions presented in [16] to lacunary sequences.

The concepts of Wijsman asymptotically equivalence, Wijsman asymptot-
ically statistically equivalence, Wijsman asymptotically lacunary equivalence
and Wijsman asymptotically lacunary statistical equivalence for sequences of
sets were studied by Ulusu and Nuray [24]. In this paper, we get analogous
results for double sequences of sets.

2. Definitions and notations
Now, we recall the basic definitions and concepts (See [1, 2, 3, 4, 5, 9, 10,

12, 13, 14, 15, 16, 17, 18, 21, 22, 23, 24, 25, 26]).
Two nonnegative sequences x “ pxkq and y “ pykq are said to be asymp-

totically equivalent if
lim
k

xk
yk
“ 1

(denoted by x „ y).
Let pX, ρq be a metric space. For any point x P X and any non-empty

subset A of X, we define the distance from x to A by

dpx,Aq “ inf
aPA

ρpx, aq.

By a lacunary sequence we mean an increasing integer sequence θ “ tkru
such that k0 “ 0 and hr “ kr ´ kr´1 Ñ8 as r Ñ8. Throughout this paper,
the intervals determined by θ will be denoted by Ir “ pkr´1, krs, and ratio
kr
kr´1

will be abbreviated by qr.
Throughout the paper, we let θ “ tkru be a lacunary sequence and A,Ak

be any non-empty closed subsets of X.
We say that the sequence tAku is Wijsman convergent to A if

lim
kÑ8

dpx,Akq “ dpx,Aq,

for each x P X. In this case we write W ´ limAk “ A.

We say that the sequence tAku is Wijsman statistical convergent to A if,
for ε ą 0 and for each x P X,

lim
nÑ8

1

n
|tk ≤ n : |dpx,Akq ´ dpx,Aq| ≥ εu| “ 0.

We say that the sequence tAku is Wijsman lacunary statistical convergent
to A if tdpx,Akqu is lacunary statistically convergent to dpx,Aq; i.e., for ε ą 0
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Asymptotically lacunary statistical equivalence of double sequences of sets 185

and for each x P X,

lim
r

1

hr
| tk P Ir : |dpx,Akq ´ dpx,Aq| ≥ εu | “ 0.

Let us consider non-empty closed subsets Ak, Bk Ď X such that dpx,Akq
ą 0 and dpx,Bkq ą 0 for each x P X. Then, we remember following definitions:

We say that the sequences tAku and tBku are asymptotically equivalent
(Wijsman sense) if for each x P X,

lim
k

dpx,Akq

dpx,Bkq
“ 1

(denoted by Ak „ Bk).
We say that the sequences tAku and tBku are asymptotically statistical

equivalent (Wijsman sense) of multiple L if for every ε ą 0 and for each
x P X,

lim
n

1

n

ˇ

ˇ

ˇ

ˇ

"

k ≤ n :

ˇ

ˇ

ˇ

ˇ

dpx,Akq

dpx,Bkq
´ L

ˇ

ˇ

ˇ

ˇ

≥ ε

*ˇ

ˇ

ˇ

ˇ

“ 0

(denoted by tAku
WSL
„ tBku) and simply asymptotically statistical equivalent

(Wijsman sense) if L “ 1.
We say that the sequences tAku and tBku are asymptotically lacunary

equivalent (Wijsman sense) of multiple L if for each x P X,

lim
r

1

hr

ÿ

kPIr

dpx,Akq

dpx,Bkq
“ L

(denoted by tAku
WNL

θ
„ tBku) and simply asymptotically lacunary equivalent

(Wijsman sense) if L “ 1.
We say that the sequences tAku and tBku are strongly asymptotically

lacunary equivalent (Wijsman sense) of multiple L if for each x P X,

lim
r

1

hr

ÿ

kPIr

ˇ

ˇ

ˇ

ˇ

dpx,Akq

dpx,Bkq
´ L

ˇ

ˇ

ˇ

ˇ

“ 0

(denoted by tAku
rWNsLθ
„ tBku) and simply strongly asymptotically lacunary

equivalent (Wijsman sense) if L “ 1.
We say that the sequences tAku and tBku are asymptotically lacunary

statistical equivalent (Wijsman sense) of multiple L if for every ε ą 0 and
each x P X,

lim
r

1

hr

ˇ

ˇ

ˇ

ˇ

"

k P Ir :

ˇ

ˇ

ˇ

ˇ

dpx,Akq

dpx,Bkq
´ L

ˇ

ˇ

ˇ

ˇ

≥ ε

*ˇ

ˇ

ˇ

ˇ

“ 0
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186 F. Nuray, R. F. Patterson, E. Dündar

(denoted by tAku
WSLθ
„ tBku) and simply asymptotically lacunary statistical

equivalent (Wijsman sense) if L “ 1.
A double sequence x “ pxkjqk,jPN of real numbers is said to be convergent

to L P R in Pringsheim’s sense if for any ε ą 0, there exists Nε P N such that
|xkj ´ L| ă ε, whenever k, j ą Nε. In this case we write

P ´ lim
k,jÑ8

xkj “ L.

The double sequence tAkju is Wijsman convergent to A if

P ´ lim
k,jÑ8

dpx,Akjq “ dpx,Aq

for each x P X.
We say that the double sequence tAkju is Wijsman statistically convergent

to A if for each ε ą 0 and for each x P X,

P ´ lim
m,nÑ8

1

mn
|tk ≤ m, j ≤ n : |dpx,Akjq ´ dpx,Aq| ≥ εu| “ 0.

The double sequence θ “ tpkr, jsqu is called double lacunary sequence if
there exist two increasing sequences of integers such that

k0 “ 0, hr “ kr ´ kr´1 Ñ8 as r Ñ8 and
j0 “ 0, h̄u “ ju ´ ju´1 Ñ8 as uÑ8.

We use following notations in the sequel:

kru“ krju, hru“hrh̄u, Iru“tpk, jq : kr´1ă k≤ kr and ju´1ă j≤ juu,

qr “
kr
kr´1

and qu“
ju
ju´1

.

We say that the double sequence tAkju is Wijsman lacunary statistically
convergent to A, if for each ε ą 0 and for each x P X,

P ´ lim
r,uÑ8

1

hrh̄u
|tpk, jq P Iru : |dpx,Akjq ´ dpx,Aq| ≥ εu| “ 0.

In this case, we write st2 ´ limWθ
Akj “ A.

Let θ “ tpkr, jsqu be a double lacunary sequence. The double sequence
tAkju is Wijsman strongly lacunary convergent to A if for each x P X,

P ´ lim
r,uÑ8

1

hrh̄u

kr
ÿ

k“kr´1`1

ju
ÿ

j“ju´1`1

|dpx,Akjq ´ dpx,Aq| “ 0.

3. Main results
Throughout the paper, we let θ “ tpkr, jsqu be a double lacunary se-

quence and A,Akj , Bkj be any non-empty closed subsets of X. We define
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Asymptotically lacunary statistical equivalence of double sequences of sets 187

dpx;Akj , Bkjq as follows:

dpx;Akj , Bkjq “

$

&

%

dpx,Akjq

dpx,Bkjq
, x R Akj YBkj ,

L, x P Akj YBkj .

Definition 3.1. We say that the double sequences tAkju and tBkju are
Wijsman asymptotically equivalent of multiple L if for each x P X

P ´ lim
k,jÑ8

dpx;Akj , Bkjq “ L,

in this case we write tAkju
WL

2
„ tBkju, and simply Wijsman asymptotically

equivalent if L “ 1.

As an example, consider the following double sequences of circles in the
px, yq-plane:

Akj “
 

px, yq P R2 : x2 ` y2 ´ 2kx´ 2jy “ 0
(

and
Bkj “

 

px, yq P R2 : x2 ` y2 ` 2kx` 2jy “ 0
(

.

Since
P ´ lim

k,jÑ8
dpx;Akj , Bkjq “ 1,

the double sequences tAkju and tBkju are Wijsman asymptotically equivalent.

Thus, Akj
W 1

2
„ Bkj .

Definition 3.2. We say that the double sequences tAkju and tBkju are
Wijsman asymptotically C-equivalent of multiple L if for each x P X

P ´ lim
m,nÑ8

1

mn

m,n
ÿ

k,j“1,1

dpx;Akj , Bkjq “ L,

in this case we write tAkju
W2CL
„ tBkju, and simply Wijsman asymptotically

C-equivalent if L “ 1.

Definition 3.3. We say that the double sequences tAkju and tBkju are
Wijsman strongly asymptotically C-equivalent of multiple L if for each x P X

P ´ lim
m,nÑ8

1

mn

m,n
ÿ

k,j“1,1

|dpx;Akj , Bkj ´ L| “ 0,

in this case we write tAkju
rW2CLs
„ tBkju, and simply Wijsman strongly

asymptotically C-equivalent if L “ 1.
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188 F. Nuray, R. F. Patterson, E. Dündar

Definition 3.4. We say that the double sequences tAkju and tBkju are
Wijsman asymptotically lacunary equivalent of multiple L if for each x P X

P ´ lim
r,uÑ8

1

hrhu

ÿ

k,jPIru

dpx;Akj , Bkjq “ L,

in this case we write tAkju
W2NL

θ
„ tBkju, and Wijsman asymptotically lacunary

equivalent if L “ 1.

Definition 3.5. We say that the double sequences tAkju and tBkju are
Wijsman strongly asymptotically lacunary equivalent of multiple L if for each
x P X

P ´ lim
r,uÑ8

1

hrhu

ÿ

k,jPIru

ˇ

ˇ

ˇ
dpx;Akj , Bkjq ´ L

ˇ

ˇ

ˇ
“ 0,

in this case we write tAkju
rW2NL

θ s
„ tBkju, and Wijsman strongly asymptoti-

cally lacunary equivalent if L “ 1.

As an example, consider the following double sequences;

Akj :“

$

’

&

’

%

"

px, yq PR2 :
px´

?
kjq2

kj
`
y2

2kj
“ 1

*

, if
kr´1ă kă kr´1`r

?
hrs,

ju´1ă jă ju´1`r
a

hus,

tp1, 1qu, otherwise.

and

Bkj :“

$

’

’

’

’

&

’

’

’

’

%

"

px, yq PR2 :
px`

?
kjq2

kj
`
y2

2kj
“ 1

*

, if
kr´1ă kă kr´1`r

?
hrs,

ju´1ă jă ju´1`r
a

hus,

tp1, 1qu, otherwise.

Since
P ´ lim

r,uÑ8

1

hrhu

ÿ

k,jPIru

ˇ

ˇ

ˇ
dpx;Akj , Bkjq ´ 1

ˇ

ˇ

ˇ
“ 0,

the double sequences tAkju and tBkju are Wijsman strongly asymptotically

lacunary equivalent. Thus, tAkju
W2N1

θ
„ tBkju.

Theorem 3.1. For any double lacunary sequence θ, if

1 ă lim inf
r
qr ≤ lim sup

r
qr ă 8 and 1 ă lim inf

u
qu ≤ lim sup

u
qu ă 8,

then tAkju
rW2CLs
„ tBkju if and only if tAkju

rW2NL
θ s

„ tBkju.

Proof. Firstly, we assume that lim infr qr ą 1 and lim infu qu ą 1, then there
exist λ, µ ą 0 such that
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Asymptotically lacunary statistical equivalence of double sequences of sets 189

qr ≥ 1` λ and qu ≥ 1` µ for all r, u ≥ 1, which implies that

krju

hrhu
≤ p1` λqp1` µq

λµ
.

Let Akj
rW2CLs
„ Bkj . We can write

1

hrh̄u

ÿ

k,jPIru

|dpx;Akj , Bkjq ´ L| “
1

hrh̄u

kr,ju
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L|

´
1

hrh̄u

kr´1,ju´1
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L|

“
krju
hrh̄u

ˆ

1

krju

kr,ju
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L|

˙

´
kr´1ju´1
hrh̄u

ˆ

1

kr´1ju´1

kr´1,ju´1
ÿ

i“1

|dpx;Ais, Bisq ´ L|

˙

.

Since Akj
rW2CLs
„ Bkj , the terms

1

krju

kr,ju
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L| and
1

kr´1ju´1

kr´1,ju´1
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L|

both convergent to 0, and it follows that
1

hrh̄u

ÿ

k,jPIru

|dpx;Akj , Bkjq ´ L| Ñ 0,

that is, Akj
rW2NL

θ s
„ Bkj . Secondly, we assume that lim supr qr ă 8 and

lim supu qu ă 8, then there exist M,N ą 0 such that qr ăM and qu ă N ,

for all r, u. Let tAkju
rW2NL

θ s
„ tBkju and ε ą 0. Then we can find R,U ą 0

and K ą 0 such that

sup
i≥R,s≥U

τis ă ε and τis ă K for all i, s “ 1, 2, ¨ ¨ ¨ ,

where

τru “
1

hrh̄u

ÿ

Iru

|dpx;Akj , Bkjq ´ L| .

If t, v are any integers with kr´1 ă t ≤ kr and ju´1 ă v ≤ ju, where r ą R
and u ą U , then we can write
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190 F. Nuray, R. F. Patterson, E. Dündar

1

tv

t,v
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L| ≤
1

kr´1ju´1

kr,ju
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L|

“
1

kr´1ju´1

ˆ

ÿ

I11

|dpx;Ais, Bisq ´ L| `
ÿ

I12

|dpx;Ais, Bisq ´ L|

`
ÿ

I21

|dpx;Ais, Bisq ´ L| `
ÿ

I22

|dpx;Ais, Bisq ´ L| ` ¨ ¨ ¨

`
ÿ

Iru

|dpx;Ais, Bisq ´ L|

˙

≤ k1j1
kr´1ju´1

.τ11 `
k1pj2 ´ j1q

kr´1ju´1
.τ12 `

pk2 ´ k1qj1
kr´1ju´1

.τ21

`
pk2 ´ k1qpj2 ´ j1q

kr´1ju´1
.τ22 ` ¨ ¨ ¨ `

pkR ´ kR´1qpjU ´ jU´1q

kr´1ju´1
τRU

` ¨ ¨ ¨ `
pkr ´ kr´1qpju ´ ju´1q

kr´1ju´1
τru

≤
´

sup
i,s≥1,1

τis

¯ kRjU
kr´1ju´1

`

´

sup
i≥R,s≥U

τis

¯

pkr ´ kRqpju ´ jU q

kr´1ju´1

≤ K
kRjU

kr´1ju´1
` εMN.

Since kr´1, ju´1 Ñ8 as t, v Ñ8, it follows that

1

tv

t,v
ÿ

i,s“1,1

|dpx;Ais, Bisq ´ L| Ñ 0

and consequently tAkju
rW2C1s
„ tBkju. Hence we obtain the desired result.

Definition 3.6. We say that the double sequences tAkju and tBkjuare
Wijsman asymptotically statistical equivalent of multiple L if for each ε ą 0
and for each x P X

P ´ lim
m,nÑ8

1

mn

ˇ

ˇ

ˇ

!

k ≤ m, j ≤ n :
ˇ

ˇ

ˇ
dpx;Akj , Bkjq ´ L

ˇ

ˇ

ˇ
≥ ε

)ˇ

ˇ

ˇ
“ 0,

in this case we write tAku
W2SL
„ tBku, and simply Wijsman asymptotically

statistical equivalent if L “ 1.

As an example, consider the following double sequences of circles in the
px, yq-plane:

Akj “

#

tpx, yq P R2 : x2 ` y2 ` kjy “ 0u, if k and j are a square integer,
tp1, 1qu, otherwise.
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Asymptotically lacunary statistical equivalence of double sequences of sets 191

and

Bkj “

#

tpx, yq P R2 : x2 ` y2 ´ kjy “ 0u, if k and j are a square integer,
tp1, 1qu, otherwise.

Since

P ´ lim
m,nÑ8

1

mn

ˇ

ˇ

ˇ

!

k ≤ m, j ≤ n :
ˇ

ˇ

ˇ
dpx;Akj , Bkjq ´ 1

ˇ

ˇ

ˇ
≥ ε

)ˇ

ˇ

ˇ
“ 0,

the double sequences tAkju and tBkju are Wijsman asymptotically statistical

equivalent. Thus, tAku
W2S1

„ tBku.

Definition 3.7. We say that the double sequences tAkju and tBkju are
Wijsman asymptotically lacunary statistical equivalent of multiple L if for
every ε ą 0 and each x P X

P ´ lim
r,uÑ8

1

hrhu

ˇ

ˇ

ˇ

!

pk, jq P Iru :
ˇ

ˇ

ˇ
dpx;Akj , Bkjq ´ L

ˇ

ˇ

ˇ
≥ ε

)ˇ

ˇ

ˇ
“ 0,

in this case we write tAkju
W2SLθ
„ tBkju, and simply Wijsman asymptotically

lacunary statistical equivalent if L “ 1.

As an example, consider the following double sequences;

Akj :“

$

’

’

’

’

&

’

’

’

’

%

"

px, yq PR2 :x2 ` py ´ 1q2“
1

kj

*

, if
kr´1ă kă kr´1 ` r

?
hrs,

ju´1ă jă ju´1 ` r
a

hus

and k is a square integer,
tp0, 0qu, otherwise,

and

Bkj :“

$

’

’

’

’

&

’

’

’

’

%

"

px, yq PR2 :x2 ` py ` 1q2“
1

kj

*

, if
kr´1ă kă kr´1 ` r

?
hrs,

ju´1ă jă ju´1 ` r
a

hus

and k is a square integer,
tp0, 0qu, otherwise.

Since

P ´ lim
r,uÑ8

1

hrhu

ˇ

ˇ

ˇ

!

pk, jq P Iru :
ˇ

ˇ

ˇ
dpx;Akj , Bkjq ´ 1

ˇ

ˇ

ˇ
≥ ε

)ˇ

ˇ

ˇ
“ 0,

the sequences tAkju and tBkju is Wijsman asymptotically lacunary statistical

equivalent. Thus, tAkju
W2S1

θ
„ tBku.

Theorem 3.2. piq tAkju
rW2NL

θ s
„ tBkju implies tAkju

W2SLθ
„ tBkju,

piiq
“

W2N
L
θ

‰

is a proper subset of W2S
L
θ .
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192 F. Nuray, R. F. Patterson, E. Dündar

Proof. piq Let ε ą 0 and tAkju
rW2NL

θ s
„ tBkju. Then we can write

ř

k,jPIru

|dpx;Akj , Bkjq ´ L| “
ř

k,jPIru

|dpx;Akj ,Bkjq´L|≥ε

|dpx;Akj , Bkjq ´ L|

`
ř

k,jPIru

|dpx;Akj ,Bkjq´L|ăε

|dpx;Akj , Bkjq ´ L|

≥ ε. |tpk, jq P Iru : |dpx;Akj , Bkjq ´ L| ≥ εu|

which yields the result.
piiq Suppose that

“

W2N
L
θ

‰

Ă W2S
L
θ . Let tAkju and tBkju be following

sequences;

Akj “

#

tkju, if kr´1 ă k ≤ kr´1 `
“?
hr
‰

, ju´1 ă j ≤ ju´1 `
”

a

hu

ı

,

t0u, otherwise.

Bkj “ t0u for all k and j. Note that tAkju is not bounded. We
have, for every ε ą 0 and for each x P X,

P ´ lim
r,uÑ8

1

hrhu
|tpk, jq P Iru : |dpx;Akj , Bkjq ´ 1| ≥ εu|

“ P ´ lim
r,uÑ8

“?
hr
‰

”

a

hu

ı

hrhu
“ 0.

Thus, tAkju
W2S1

θ
„ tBkju. On the other hand,

P ´ lim
r,uÑ8

1

hrhu

ÿ

k,jPIru

|dpx;Akj , Bkjq ´ L| ­“ 0.

Hence tAkju
rW2NL

θ s
 tBku.

Theorem 3.3. dpx,Akjq “ O
`

dpx,Bkjq
˘

and tAkju
W2SLθ
„ tBkju then

tAkju
rW2NL

θ s
„ tBkju.

Proof. Suppose that dpx,Akjq “ O
`

dpx,Bkjq
˘

and tAkju
W2SLθ
„ tBkju. Then,

we can assume that

|dpx;Akj , Bkjq ´ L| ≤M
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Asymptotically lacunary statistical equivalence of double sequences of sets 193

for each x P X and all k and all j. Given ε ą 0, we get

1

hrhu

ÿ

k,jPIru

|dpx;Akj , Bkjq ´ L| “
1

hrhu

ÿ

k,jPIru

|dpx;Akj ,Bkjq´L|≥ε

|dpx;Akj , Bkjq ´ L|

`
1

hrhu

ÿ

k,jPIru

|dpx;Akj ,Bkjq´L|ăε

|dpx;Akj , Bkjq ´ L|

≤ M

hrhu
|tpk, jq P Iru : |dpx;Akj , Bkjq ´ L| ≥ εu| ` ε.

Therefore tAkju
rW2NL

θ s
„ tBkju.

Theorem 3.4. If θ“tpkr, jsqu is a double lacunary sequence with lim infr qr
ą 1, lim infu qu ą 1, then

tAkju
W2SL
„ tBkju implies tAkju

W2SLθ
„ tBkju.

Proof. Suppose first that lim infr qr ą 1 and lim infu qu ą 1, then there exist
λ, µ ą 0 such that qr ≥ 1` λ and qu ≥ 1` µ for all r, u ≥ 1, which implies
that

krju

hrhu
≤ p1` λqp1` µq

λµ
.

If tAkju
W2SL
„ tBkju, then for every ε ą 0, for sufficiently large r, u and for

each x P X, we have

1

krju
|tk ≤ kr, j ≤ ju : |dpx;Akj , Bkjq ´ L| ≥ εu|

≥ 1

krju
|tpk, jq P Iru : |dpx;Akj , Bkjq ´ L| ≥ εu|

≥ p1` λqp1` µq

λµ
.

ˆ

1

hrhu
|tpk, jq P Iru : |dpx;Akj , Bkjq ´ L| ≥ εu|

˙

,

this completes the proof.

Theorem 3.5. If θ“tpkr, jsqu is a double lacunary sequence with lim supr qr
ă 8, lim supu qru ă 8 then

tAkju
W2SLθ
„ tBkju implies tAkju

W2SL
„ tBkju.

Proof. Assume that lim supr qr ă 8 and lim supu qu ă 8, then there exist

M,N ą 0 such that qr ăM and qu ă N , for all r, u. Let tAkju
W2SLθ
„ tBkju
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and ε ą 0. There exists R ą 0 such that for every r, s ≥ R

Ars “
1

hrhs
|tpk, jq P Irs : |dpx;Akj , Bkjq ´ L| ≥ εu| ă ε.

We can also find H ą 0 such that Ars ă H for all r, s “ 1, 2, ... . Now let
m,n be any integers satisfying kr´1 ă m ≤ kr and ju´1 ă n ≤ ju, where
r, s ą R. Then we can write

1

mn
|tk ≤ m, j ≤ n : |dpx;Akj , Bkjq ´ L| ≥ εu|

≤ 1

kr´1ju´1
|tk≤ kr, j≤ ju : |dpx;Akj , Bkjq´L|≥ εu|

“
1

kr´1ju´1
|tpk, jq P I11 : |dpx;Akj , Bkjq´L|≥ εu|

`
1

kr´1ju´1
|tpk, jq P I21 : |dpx;Akj , Bkjq´L|≥ εu|

`
1

kr´1ju´1
|tpk, jq P I12 : |dpx;Akj , Bkjq´L|≥ εu|

`
1

kr´1ju´1
|tpk, jq P I22 : |dpx;Akj , Bkjq´L|≥ εu|

...

`
1

kr´1ju´1
|tpk, jq P Iru : |dpx;Akj , Bkjq´L|≥ εu|

“
k1j1

kr´1ju´1k1j1
|tpk, jq P I11 : |dpx;Akj , Bkjq´L|≥ εu|

`
pk2´k1qj1

kr´1ju´1pk2´k1qj1
|tpk, jq P I21 : |dpx;Akj , Bkjq´L|≥ εu|

`
k1pj2´J1q

kr´1ju´1k1pj2´j1q
|tpk, jq P I12 : |dpx;Akj , Bkjq´L|≥ εu|

`
pk2´k1qpj2´j1q

kr´1ju´1pk2´k1qpj2´j1q
|tpk, jq P I22 : |dpx;Akj , Bkjq´L|≥ εu|

...

`
pkR´kR´1qpjR´jR´1q

kr´1ju´1pkR´kR´1qpjR´jR´1q
|tpk, jq P IRR : |dpx;Akj , Bkjq´L|≥ εu|

...

`
pkr´kr´1qpjr´jr´1q

kr´1ju´1pkr´kr´1qpjr´jr´1q
|tpk, jq P Irr : |dpx;Akj , Bkjq´L|≥ εu|
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“
k1j1

kr´1ju´1
A11`

pk2´k1qj1
kr´1ju´1

A21`
k1pj2´j1q

kr´1ju´1
A12`

pk2´k1qpj2´j1q

kr´1ju´1
A22

...

`
pkR´kR´1qpjR´jR´1q

kr´1ju´1
ARR` ...`

pkr´kr´1qpjr´jr´1q

kr´1ju´1
Arr

≤
!

sup
r,s≥1

Ars

) kRJR
kr´1ju´1

`

!

sup
r,s≥R

Ars

)

pkr´kRqpjr´jRq

kr´1ju´1

≤ H ¨
kRjR

kr´1ju´1
`ε ¨M ¨N.

This completes the proof.

Combining Theorem 3.4 and Theorem 3.5, we have

Theorem 3.6. If θ “ tpkr, jsqu is a double lacunary sequence with

1 ă lim inf
r
qr ≤ lim sup

r
qr ă 8 and 1 ă lim inf

u
qu ≤ lim sup

u
qu ă 8

then
tAkju

W2SLθ
„ tBkju if and only if tAkju

W2SL
„ tBkju.

References

[1] B. Altay, F. Başar, Some new spaces of double sequences, J. Math. Anal. Appl. 309(1)
(2005), 70–90.

[2] J.-P. Aubin, H. Frankowska, Set-valued Analysis, Birkhauser, Boston, 1990.
[3] M. Baronti, P. Papini, Convergence of sequences of sets, In: Methods of Functional

Analysis in Approximation Theory, ISNM 76, Birkhauser-Verlag, Basel, 1986, 133–155.
[4] G. Beer, On convergence of closed sets in a metric space and distance functions, Bull.

Austral. Math. Soc. 31 (1985), 421–432.
[5] G. Beer, Wijsman convergence: a survey, Set-Valued Var. Anal. 2 (1994), 77–94.
[6] C. Çakan, B. Altay, Statistically boundedness and statistical core of double sequences,

J. Math. Anal. Appl. 317 (2006), 690–697.
[7] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241–244.
[8] J. A. Fridy, C. Orhan, Statistical limit superior and inferior, Proc. Amer. Math. Soc.

125 (1997), 3625–3631.
[9] J. A. Fridy, C. Orhan, Lacunary statistical convergence, Pacific J. Math. 160(1) (1993),

43–51.
[10] M. Marouf, Asymptotic equivalence and summability, Internat. J. Math. Sci. 16(2)

(1993), 755–762.
[11] M. Mursaleen, O. H. H. Edely, Statistical convergence of double sequences, J. Math.

Anal. Appl. 288 (2003), 223–231.
[12] F. Nuray, B. E. Rhoades, Statistical convergence of sequences of sets, Fasc. Math. 49

(2012), 87–99.
[13] F. Nuray, E. Dündar, U. Ulusu, Wijsman statistical convergence of double sequences

of sets, (under communication).

Brought to you by | Afyon Kocatepe University
Authenticated

Download Date | 12/25/19 11:52 AM



196 F. Nuray, R. F. Patterson, E. Dündar

[14] F. Nuray, U. Ulusu, E. Dündar, Wijsman lacunary statistical convergence of double
sequences of sets, (under communication).

[15] F. Nuray, U. Ulusu, E. Dündar, Cesàro summability of double sequences of sets, (under
communication).

[16] R. F. Patterson, On asymptotically statistically equivalent sequences, Demostratio
Math. 36 (2003), 149–153.

[17] R. F. Patterson, E. Savaş, On asymptotically lacunary statistically equivalent sequences,
Thai J. Math. 4 (2006), 267–272.

[18] A. Pringsheim, Zur theorie der zweifach unendlichen Zahlenfolgen, Math. Ann. 53
(1900), 289–321.

[19] E. Savaş, On some double lacunary sequence spaces of fuzzy numbers, Math. Comput.
Appl. 15(3) (2010), 439–448.

[20] I. J. Schoenberg, The integrability of certain functions and related summability methods,
Amer. Math. Monthly 66 (1959), 361–375.

[21] Y. Sever, Ö. Talo, B. Altay, On convergence of double sequence of closed sets, (under
communication).

[22] Ö. Talo, Y. Sever, On statistically convergence of double sequence of closed sets, (under
communication).

[23] U. Ulusu, F. Nuray, Lacunary statistical convergence of sequence of sets, Progr. Appl.
Math. 4(2) (2012), 99–109.

[24] U. Ulusu, F. Nuray, On asymptotically lacunary statistical equivalent set sequences,
J. Math., 2013, 5 pages.

[25] R. A. Wijsman, Convergence of sequences of convex sets, cones and functions, Bull.
Amer. Math. Soc. 70 (1964), 186–188.

[26] R. A. Wijsman, Convergence of sequences of convex sets, cones and functions II,
Trans. Amer. Math. Soc. 123(1) (1966), 32–45.

F. Nuray
DEPARMENT OF MATHEMATICS
FACULTY OF SCIENCE AND LITERATURE
AFYON KOCATEPE UNIVERSITY
03200, AFYONKARAHISAR, TURKEY
E-mail: fnuray@aku.edu.tr

R. F. Patterson
DEPARMENT OF MATHEMATICS AND STATISTICS
NORTH FLORIDA UNIVERSITY
JACKSONVILLE, FL., USA
E-mail: rpatters@unf.edu

E. Dündar
DEPARMENT OF MATHEMATICS
FACULTY OF SCIENCE AND LITERATURE
AFYON KOCATEPE UNIVERSITY
03200, AFYONKARAHISAR, TURKEY
E-mail: edundar@aku.edu.tr

Received September 8, 2014.

Brought to you by | Afyon Kocatepe University
Authenticated

Download Date | 12/25/19 11:52 AM


