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ON ALMOST ASYMPTOTICALLY LACUNARY STATISTICAL
EQUIVALENCE OF SEQUENCES OF SETS

UGUR ULUSU

AsTrACT. In this paper we study the concepts of Wijsman almost asymptoti-
cally statistical equivalent, Wijsman almost asymptotically lacunary statistical
equivalent and Wijsman strongly almost asymptotically lacunary equivalent
sequences of sets and investigate the relationship between them.

1. INTRODUCTION AND BACKGROUND

The concept of convergence of a sequence of real numbers has been extended to
statistical convergence independently by Fast [6] and Schoenberg [16].

Definition 1.1. (Fridy, [7]) The sequence x = (x1) is said to be statistically
convergent to the number L if for every e > 0,

1
lm—{k <n:|zy—L| >} =0,
non
(denoted by st —limxy, = L).

The concept of convergence of sequences of numbers has been extended by several
authors to convergence of sequences of sets. The one of these such extensions
considered in this paper is the concept of Wijsman convergence (see, 2, 4, 12, 17,
19]).

Let (X, p) be a metric space. For any point € X and any non-empty subset A
of X, we define the distance from z to A by

d(z,A) = ;Ielgp(x,A).

Definition 1.2. (Baronti & Papini, [2]) Let (X, p) be a metric space. For any
non-empty closed subsets A, Ay, C X, we say that the sequence {Ay} is Wijsman
convergent to A if

lim d(z, Ag) = d(z, A)

k—o0

for each x € X. In this case we write W — lim Ay = A.
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Let (X,p) a metric space. For any non-empty closed subsets Ay of X, the
sequence {Ay} is said to be bounded if sup;, d(z, Ax) < oo for each = € X.

Nuray and Rhoades [12] extended the notion of convergence of set sequences to
statistical convergence, and gave some basic theorems. Also the concept of almost
statistical convergence for sequences of sets was given by Nuray and Rhoades in
[12].

Definition 1.3. (Nuray & Rhoades, [12]) Let (X, p) be a metric space. For any
non-empty closed subsets A, Ay C X, we say that the sequence { Ay} is Wijsman
statistical convergent to A if {d(x, Ag)} is statistically convergent to d(x, A); that
is, for € > 0 and for each x € X,
1

lim —|{k <n:|d(x,A;) —d(z,A)| > c}| =0.

n—,oo M
Definition 1.4. (Nuray & Rhoades, [12]) Let (X, p) be a metric space. For any
non-empty closed subsets A, A C X, we say that the sequence { Ay} is Wijsman
almost statistical convergent to A if for e > 0 and for each x € X,

1
lim —|{k <n:l|d(z, Ag+i) — d(z, A)| > e}| =0,

n—o00 N

uniformly in .

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such
that ko = 0 and h, = k, — k,—1 — 00 as r — oo. Throughout this paper the
intervals determined by 6 will be denoted by I. = (k,_1, k], and ratio kfil will be
abbreviated by q,.

Ulusu and Nuray [17] defined the Wijsman lacunary statistical convergence of
sequences of sets, and considered its relation with Wijsman statistical convergence,
which was defined by Nuray and Rhoades. Also, the concept of Wijsman lacunary
almost statistical convergence and Wijsman lacunary strongly almost convergence
were given by Ulusu and Nuray in [17].

Definition 1.5. (Ulusu & Nuray, [17]) Let (X,p) o metric space and 0 = {k,}
be a lacunary sequence. For any non-empty closed subsets A, A, C X, we say that
the sequence {Ay} is Wijsman lacunary statistical convergent to A if {d(x, Ax)} is
lacunary statistically convergent to d(x, A); that is, for € > 0 and for each z € X,

1
lim | {k € I, : |d(z, Ay) = d(z, )| > } | = 0.

In this case we write Sp — limy = A or Ay, — A(W Sp).

Definition 1.6. (Ulusu and Nuray, |17]) Let (X, p) a metric space and 0 = {k,}
be a lacunary sequence. For any non-empty closed subsets A, A, C X, we say that
the sequence {Ay} is Wijsman lacunary almost statistical convergent to A if for
each € > 0 and for each x € X,

1
lim h—| {kel :|dx,Axti) — d(z, A)| > e} | =0,

r—00

uniformly in i.
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Definition 1.7. (Ulusu and Nuray, |17]) Let (X, p) a metric space and 0 = {k,}
be a lacunary sequence. For any non-empty closed subsets A, A, C X, we say that
the sequence { Ay} is Wijsman lacunary strongly almost convergent to A if for each
re X,

. 1
S e 3 ) = ] =0
el

uniformly in i.

Marouf [11] presented definitions for asymptotically equivalent sequences and
asymptotic regular matrices. Patterson [13] defined asymptotically statistical equiv-
alent sequences by using the definition of statistical convergence.

Definition 1.8. (Marouf, [11]) Two nonnegative sequences x = (xy,) and y = (yi)
are said to be asymptotically equivalent if

lim 28 = 1
k Yk

)

(denoted by x ~ y).

Definition 1.9. (Patterson, [13]) Two nonnegative sequences x = (xy) and y =
(yx) are said to be asymptotically statistical equivalent of multiple L provided that
for every € > 0,

n -n

1
lim — {the number of k < n :
Yk

“—L‘m}:o,

(denoted by x % y), and simply asymptotically statistical equivalent if L = 1.

Patterson and Savag [14] extended the definitions presented in [13] to lacunary
sequences. In addition to these definitions, natural inclusion theorems were pre-
sented.

Definition 1.10. (Patterson and Savag, |14]) Let 0 = {k.} be a lacunary sequence,
two nonnegative sequences (x| and [y] are said to be asymptotically lacunary statis-
tical equivalent of multiple L provided that for every € > 0,

{k:el,,: “—L’zs}‘zo,

1

lim —
SL

(denoted by x < y) and simply asymptotically lacunary statistical equivalent if

T T

SL
L =1. Furthermore, let SQL denote the set of T and y such that x '~ y.

Definition 1.11. (Patterson and Savas, [14]) Let 0 = {k.} be a lacunary sequence,
two number sequences v = (xx) and y = (yx) are said to be strong asymptotically
lacunary equivalent of multiple L provided that,

NL
(denoted by x ~ y) and strong simply asymptotically lacunary equivalent if L = 1.
NL
In addition, let NP denote the set of ¥ and y such that x ~ y.
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Ulusu and Nuray [18] extended the definitions presented in [14] to sequences
of sets in the Wijsman sense. In addition to these definitions, natural inclusion
theorems are presented.

Definition 1.12. (Ulusu & Nuray, [18]) Let (X, p) be a metric space. For any
non-empty closed subsets Ay, Br C X such that d(z, Ar) > 0 and d(z, Bg) > 0 for
each © € X. We say that the sequences { A} and {By}are Wijsman asymptotically
statistical equivalent of multiple L if for every € > 0 and for each x € X,

{kgn: d(x, Ag)

——= —L| > =0
(. By) ‘ - H |

(denoted by {Ax} WS {Bx}) and simply Wijsman asymptotically statistical equiv-
alent if L = 1.

lim —
non

Definition 1.13. (Ulusu & Nuray,|18]|) Let (X,p) be a metric space and 6 be
a lacunary sequence. For any non-empty closed subsets Ay, By C X such that
d(z,Ar) > 0 and d(z,B) > 0 for each x € X. We say that the sequences {Ay}
and {By} are Wijsman asymptotically lacunary statistical equivalent of multiple L
if for every e > 0 and each z € X,

1
lim —
r r

WSg
(denoted by {Ar} ~° {By}) and simply Wijsman asymptotically lacunary statis-
tical equivalent if L = 1.
2. MAIN RESULTS
In this section we shall give some new definitions and new theorems.

Definition 2.1. Let (X, p) be a metric space. For any non-empty closed subsets
Ak, By € X. We say that the sequences {Ax} and {By} are Wijsman almost
asymptotically statistical equivalent of multiple L if for every € > 0 and for each
reX,

1
limﬁ {k <n:|d(x; Agxti, Brri) — L| > €} =0,

uniformly in i where

A
% , o & AU By
d(x; Ay, By) = (z, Br)
L , x € AU By,.

(WS)

In this case we write {Ay} = ~"" {Bi} and simply Wijsman almost asymptotically
statistical equivalent if L = 1. Furthermore, let (V[//TS’)L denote the set of {Ar} and

(Ws),
{By} such that {Ap} ~ ~"" {B}.

Example 2.2. Consider the following sequences;

A — {(z,y) : 2> +y* —2kx =0} , ifk is a square integer,
b {1, 1)} , otherwise.



60 UGUR ULUSU EJMAA-2014/2(2)

and
B, — {(z,y) : 2> +y? +2kz =0} , ifk is a square integer,

{(1,1)} , otherwise.
Since 1

lim — [{k < n: |d(2; Apti, Bryi) — 1] 2 €} =0,

non
uniformly in ¢, the sequences {Ax} and {By} is Wijsman almost asymptotically
WS

statistical equivalent. That is {A} ( N)l {B}.
Definition 2.3. Let (X, p) be a metric space and 0 be a lacunary sequence. For
any non-empty closed subsets Ay, B, C X. We say that the sequences {Ax} and

{Bx} are Wijsman almost asymptotically lacunary statistical equivalent of multiple
L if for every € > 0 and for each x € X,

1
1imh— Hk € I, : |d(z; Akyi, Beyi) — L| > €} =0,
: - : : (W56), . .
uniformly ini. In this case we write {Ar} = ~"" {Br} and simply Wijsman almost

asymptotically lacunary statistical equivalent if L = 1. In addition, let (V/VE))L

WSs
denote the set of {Ar} and {By} such that {A} ( ~ )L {B&}.

Example 2.4. Consider the following sequences;

1 if ki k<k._ h d
2. 2, 2 1 if kro1 <k <ke_1+ [Vhe] an
Ay = {(x,y) ER®:(z+1)"+y" = k} "k is a square integer,
{(0,0)} ,  otherwise.
and
1 if ki k<k._ h d
2. (0 N2 2 L if kro1 <k <kp_1 4 [Vhe] an
By = {(x,y) ERT: (1) +y" = k} "k is a square integer,
{(0,0)} ,  otherwise.
Since

1
lim hf |{k el,: ‘d(fE;Ak—&-iaBk—H) — 1| > €}| =0,

uniformly in i, the sequences {A;} and {Bj} is Wijsman almost asymptotically
ws

lacunary statistical equivalent. That is {Ay} ( Ne)l {By}.

Definition 2.5. Let (X, p) be a metric space and 0 be a lacunary sequence. For

any non-empty closed subsets Ay, B C X. We say that the sequences {Ar} and

{Bx} are Wijsman strongly almost asymptotically lacunary equivalent of multiple

L if for each v € X,

o1
lim - k; |d(a; Agyi, Bryi) — L =0,

(7

uniformly in i. In this case we write {Ay}  ~ ° {Bi} and simply Wijsman
strongly almost asymptotically lacunary equivalent if L = 1. In addition, let (W)L

WNy
denote the set of {Ar} and {By} such that {A} ( NG)L {B&}.
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Example 2.6. Consider the following sequences;

Ay = (wyy)eRQ:WJrgZ:l} ,if ke <k <ke_1+ V]
{(,1)} , otherwise.

and

By = (x,y)€R2:(x_k\ﬁ€)2+ng} y if ko1 <k <ke—1+ [V
{(1,1)} , otherwise.

Since

hm— Z |d(z; Agyi, Brgi) — 1| =0,
" kel,

uniformly in ¢, the sequences {Ax} and {By} is Wijsman strongly almost asymp-

[WNo],

totically lacunary equivalent. That is {Ay} {B&}.

Theorem 2.7. Let (X, p) be a metric space, 0 = {k.} be a lacunary sequence and
Ak, Bi be non-empty closed subsets of X;

0 @ {40 By = a2 s,

(b) [VT/J\VQL is a proper subset of (VI//TS'Q) :
() (e, Ay) = O (e, B and {4} "2 By = fa T (B,

Proof. (i) — (a). Let € > 0 and {Ak} Wl {By}. For each x € X, we can write

> ld(w; Apyi, Bryi) — LI > > |d(x; Akys, Brys) — L
kel,. kel,.
|d(z;Ak4i,Bryi)—L|>e

> €- ‘{k el : |d(.’L‘;Ak+i,Bk+i) — Ll > E}l
uniformly in ¢ which yields the result.

(i) — (b). Suppose that [Wg} c (m’/\so) . Let {44} and {By.} be following
sequences; L L

B ke <k<ko+[VE] r=12-
7 {0}, otherwise.

and
B, = {0} for all k.
Note that {Ax} is not bounded. For every € > 0 and for each x € X, we have

— 0, as r — oo,

]
h

r

1
—|{k € I d(; Aprs, Brsi) — 1] 2 €} <

(750)

uniformly in 4, that is, {Ax}  ~ ' {Bx}. On the other hand, there exists x in X



62 UGUR ULUSU EJMAA-2014/2(2)

1
— Z |d(z; Agti, Bryi) — L| 4 0, as r — oo,

Iy
kel,.
[WN),
uniformly in i. Hence {Ax} # {Bx}.

(1) Suppose that d (x, Ay) = O (d(x, Bg)) and {Ax}
assume that

(WS),
~ " {By}. Then we can

|d(x; Ay, Bryi) — LI < M

for each z € X, for all k¥ and uniformly in i.
Given € > 0 and for each z € X, we get

1 1
— > ld(z; Apgis Bryi) = L| = — > |d(z; Agti, Brti) — L
hy ket, hy kel
|d(x;Ak44,Bryi)—L|>e
1
+ 7 > |d(z; Ag+i, Biyi) — L
T kel,

ld(x;Ap4i,Bryi)—L|<e

M
< - Hk €I, : |d(x; Agti, Bryi) — L] > €} + ¢,

: L [WNe],
uniformly in i. Therefore {Ax} ~ ~ " {By}. O

Lemma 2.8. Suppose that for given €1 > 0 and every € > 0 there exist ig and jo
such that

1
;|{0 <k<j—1:|d(x;Apts, Bryi) — L] > e}| < eq,

wSs
for each x € X, for all j > jo and i > ig, then {Ax} ( N)L {By}.

Proof. Let 1 > 0 be given. For every ¢ > 0 and for each z € X, choose j{ and g
such that

1 . €
FHOSk<j—1:fd(s Apsi Bry) = L] 2 2} < -
for all j > jj and @ > ig. It is enough to prove that there exists j§ such that

1
i|{0§k’§j—1:‘d(l’;AkJri,BkJri)—L‘ZE}‘<€1, (21)
J

for each x € X, for j > j{ and 0 < i < ig. If we let jo = max{j}, 5}, (2.1) will be
true for j > jo and for all . Once i¢ has been chosen, i is fixed, so

{0 <k <o —1:|d(x; Agyi, Brys) — L| > e} = M,
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for each z € X. Now, taking 0 <14 < ig, and j > g, for each x € X we have

1 .
J HO <k <j—1:|d(w; Agyi, Brys) — L] > e}

1
< I HO <k <ig—1:|d(x; Apyi, Beys) — L| > €}]

+ |{io <k <j—1:|d(x; Akts, Brti) — L| > €}]

M 1, . .
i + 7 Hio <k <j—1:]d(@; Agyi, Beyi) — L > e}

IN

jo 2
Thus, for j sufficiently large and for each z € X

M e

IN

1 M
SHO Sk <= 1eldw; Avyi, Bevi) ~ L 2 <l < &+ 5 <,
uniformly in ¢ which gives (2.1) and this step concludes the proof. O

Theorem 2.9. For every lacunary sequence 6 = {k,}, (V/VT%)L = (VI//TS”)L

Proof. Let {Ax} € (W//\SQ)L, then from Definition (2.3) assures us that, given
€1 > 0 there exist € > 0, 3r¢ and L such that

1

hf ‘{k’ el : |d(x;Ak+i7Bk+i) — L| > €}| <é€q,

foreach z € X, forr>rgand i=k.—1+1+v wherev > 0.
Let j > h, and write j =m-h, +t where 0 <t < h, and m is an integer.
Since j > h, and m > 0, we obtain the following, for each z € X,

1 .
S {0 <k <j—1:|d(z; Akti, Brti) — L| > €}

1
< - |{0 <k< (m+ 1)h,« —1: |d(CIZ;Ak+i7Bk+Z‘) — L| > E}|
J
1 m
=3 > {nhe <k <(n+Dhy —1:|d(z; Akti, Brti) — L| > €}
n=0
1
=~ (m+ )hr “€1
21 - B -
RN S
J
uniformly in 4.
m - h,

hy
For — < 1, since < 1 we have, for each x € X,
J

1
S HO <k <j—1:l|d(x;Apri, Bryi) — L > e}| < 2e,
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uniformly in ¢. Then, Lemma 2.8 implies
(@0) - (I/I//TS') .
L L
It is also clear that
(Ws) < (Ws0)
L L
for every lacunay sequence 6. Hence, we have the result. (I

Theorem 2.10. Let (X,p) be a metric space and Ay, By be non-empty closed
subsets of X. If 6 = {k,} be a lacunary sequence with liminf, ¢, > 1, then

(750)

(Ws), L
~ " A{Brt = {Ax} ~ " {Bk}.

{Axk}

Proof. Suppose first that liminf, ¢, > 1, then there exists a A >0 such that
qr > 1+ X for sufficiently large r, which implies that

A Py
—_ < —.
1+X 7k
(Ws),
If {Ar} ° ~"" {Bs}, then for every ¢ > 0, for each € X and for sufficiently large
r, we have

1 1
7 [k < kp 2 |d(@; Akgs Bres) = L 2 e}l 2 = [{k € I 2 |d(2; Api, Bri) — L] 2 €}

A 1
Z m <hr |{k’ S Ir : |d(I,Ak+“Bk+7) — L| Z g}|) ,
uniformly in 7. This completes the proof. 0

Theorem 2.11. Let (X, p) be a metric space and Ay, By be non-empty closed
subsets of X. If 0 = {k.} be a lacunary sequence with limsup,. ¢, < oo, then

(75:) (7)

{Ar} "B} = {Ax} " {Bs}.

Proof. Let 6 = {k,} be a lacunary sequence with limsup, ¢, < co. Then there is

WSo)

w
an M > 0 such that ¢. < M for all r > 1. Let {Ax} ( N {Bx}, and ¢; > 0.
There exists R > 0 and € > 0 such that for every j > R and for each x € X

1
Aj = hf ‘{k} S Ij : |d($§Ak+ika+i) — L| > E}| <eé€q,
J

uniformly in . We can also find H > 0 such that A; < H for all j=1,2,.... Now
let ¢ be any integer with satisfying k,_1 <t < k,, where r > R. Then we can write,
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for each z € X,

1
kr—l

1
7 k< t0d(@; Apsi, Bres) — Ll 2 €}] < {k < k2 |d(2; Apris Bryi) — L| > €}

1

r—1

{{k € Iy : |d(x; Akri, Beti) — L] > e}[}

1
krfl

+ {|{k € I : |d(w; Ay i, Bryi) — L] = €}}

1
+o o - {{k € I, : |d(x; Aktis Beti) — L] > }[}

r

k
= 1 kel :|dw Apsi, Beri) — L] > €}
kr_1-k1
ko — k1

2™ ke, |d(a; Apyi, Broi) — L] >
oy Uk € 2 (5 A By) = L] > <)

kr —kr—1

k € Ig :|d(z; Agti, Brti) — L| >
+ +kr—1(kRikR—l) ‘{ € 1lRr ‘ (./11'7 k4 k+) ‘ E}‘
+ +%|{k61'|d(  Apri Begs) — L| > )|
kr—1(kr —kr_1) r |05 Aki, Dhti >
kl k2 — kl kR _ kal
= A Aot SR ER-L
kr—1 L kr_1 2t + kp_q R
k — k k'r - krf
+MAR+1++71AT
kr—l kr—l
k' kr _ k
< fsupjz 4} TRl + {sup;=r Aj} 1R
<HM o,
krfl
uniformly in 2. This completes the proof. O

Combining Theorem (2.10) and (2.11) we have following Theorem.

Theorem 2.12. Let (X,p) be a metric space and Ay, By be non-empty closed
subsets of X. If 0 = {k,} be a lacunary sequence with 1 < liminf, ¢, < limsup, ¢, <
oo, then
(@G)L (V/VTS’)L
{Ar} -~ B} = {A) -~ B
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