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ARTICLE

A problem with viscoelastic mixtures: numerical analysis and 
computational experiments

J. R. Fernández∗ and M. Masid

Departamento de Matemática Aplicada I, Universidade de Vigo, ETSI Telecomunicación, 
Campus As Lagoas Marcosende s/n, 36310 Vigo, Spain

A. Magaña and R. Quintanilla

Departamento de Matemáticas, E.S.E.I.A.T.-U.P.C., Colom 11, 08222 Terrassa, 
Barcelona, Spain

(April 2018)

In this paper, we study, from the numerical point of view, a dynamic problem involving a
mixture of two viscoelastic solids. The mechanical problem is written as a system of two cou-
pled partial differential equations. Its variational formulation is derived and an existence and
uniqueness result, and an energy decay property, are recalled. Then, fully discrete approxi-
mations are introduced by using the classical finite element method and the implicit Euler
scheme. A discrete stability property and a priori error estimates are shown, from which we
deduce the linear convergence of the algorithm. Finally, some numerical simulations, including
examples in one and two dimensions, are presented to show the accuracy of the approximation
and the behaviour of the solution.

Keywords: Mixtures; viscoelasticity; finite element approximations; error estimates;
numerical simulations.

AMS Subject Classifications: 74E30; 74D05; 65M60; 65M15; 65M12.

1. Introduction

The interacting continua theory came from the decade of 1960’s. The current for-
mulation of this theory comes from the classical works of Truesdell and Toupin [1],
Kelly [2], Eringen and Ingram [3], Green and Naghdi [4, 5], Müller [6] and Bowen
and Wiese [7]. Some other presentations of this theory can be found in several re-
view articles (see [8–12], among others). The first proposals considered an Eulerian
description where the independent variables were the gradient of the displace-
ment of each constituent of the mixture and the relative velocity. Bedford and
Stern [13, 14] provided a Lagrangian description that has been widely accepted. In
this case, the independent variables are the gradient of the displacement of each
constituent and the relative displacement. In this paper, we consider this approach.
In fact, as the physical models to describe the behavior of the materials become

more accurate, the corresponding mathematical problems become more complex.
The systems of partial differential equations that arise for different kind of mixtures
have been the aim of study of many authors. For example, Ieşan and Quintanilla [15]
proved the existence and uniqueness of solutions in the isothermal case and, later,
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Mart́ınez and Quintanilla [16] extended some of these results for the non-isothermal
problem.
During the last fifty years the literature concerning binary mixtures has increased

drastically because their applications can be found in different fields. For instance,
they can be used to model the well-known composites (see, e.g., [17]), used in the
automotive or nautical industries, or even some type of cells in biology (see [18]).
There exists a large number of papers dealing with qualitative properties of

the solutions of the mathematical problem associated with the mixtures (see, for
instance, [19–28] and the numerous references cited therein). The asymptotic be-
havior of the solutions for the one-dimensional case when the only dissipation
mechanism is the temperature was developed in [19, 26, 27]. The exponential sta-
bility of solutions has been proved [28] when the dissipation mechanisms are the
gradient of the velocity of a constituent and the relative velocity. Moreover, the nu-
merical analysis of this mixtures problem between a thermoviscoelastic constituent
and an elastic one, assuming anti-plane shear deformations, was provided in [29].
Different dissipation mechanisms have been proposed for interacting continua.

We should cite the work of Iesan and Quintanilla [25] where a very general kind of
dissipation mechanisms was proposed and the work of Fernández et al. [30] where
a qualitative study was developed.
In this paper, we continue the research developed in [30], where the mixture

of two viscoelastic solids problem was described and the necessary and sufficient
conditions to guarantee the positive definiteness of the internal energy and the
dissipation were derived. The existence of a unique solution, analyticity of the
associated semigroup and an energy decay property were also shown. We are inter-
ested in the problem determined by an isothermal viscoelastic mixture when the
dissipation mechanisms are the gradient of the velocity of each constituent and the
relative velocity. Now, our aim is to give a numerical counterpart of this problem,
providing fully discrete approximations, proving a discrete energy decay property
and a priori error estimates and performing some numerical simulations.
The outline of this paper is as follows. In Section 2, we describe the mathematical

problem (following [30]) and we derive its variational formulation. Existence and
uniqueness and an energy decay property are recalled. Then, fully discrete ap-
proximations are introduced in Section 3 by using the finite element method for
the spatial approximation and the backward Euler scheme for the discretization
of the time derivatives. A discrete stability property and an error estimate result
are proved, from which the linear convergence is deduced under suitable regularity
assumptions. Finally, in Section 4 some one- and two-dimensional numerical exam-
ples are shown to demonstrate the accuracy of the algorithm and the behaviour of
the solutions.

2. The mechanical model and its variational formulation

In this section, we present a brief description of the model (details can be found in
[30]). As we did there, we deal with a mixture of two interacting continua restricting
ourselves, for the sake of simplicity, to the case of isotropic homogeneous materials
with centre of symmetry.
Let Ω ⊂ R

d, d = 1, 2, 3, be the domain and denote by [0, T ], T > 0, the time
interval of interest. The boundary of the body Γ = ∂Ω is assumed to be Lipschitz,
with outward unit normal vector ν = (νi)

d
i=1. Moreover, let x ∈ Ω and t ∈ [0, T ] be

the spatial and time variables, respectively. In order to simplify the writing, we do
not indicate the dependence of the functions on x = (xj)

d
j=1 and t, and a subscript
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after a comma under a variable represents its spatial derivative with respect to the

prescribed variable, i.e. fi,j =
∂fi
∂xj

. The time derivatives are represented as a point

for the first order, and two points for the second order, over each variable. Finally,
as usual the repeated index notation is used for the summation.
Let us denote by S

d the space of second-order tensors on R
d and let u ∈ R

d and
w ∈ R

d be the displacement field of the first constituent and the displacement field
of the second constituent, respectively.
For the sake of simplicity in the writing of the problem and the analysis presented

in the next section, we will assume homogeneous boundary conditions for both
displacements and so,

u = w = 0 on Γ× (0, T ).

Therefore, the mathematical problem of the interaction between two isotropic
homogeneous viscoelastic mixtures with centre of symmetry is written as follows
(see [30]).
Problem P. Find the displacement of the first constituent u = (ui)

d
i=1 : Ω ×

[0, T ] → R
d and the displacement of the second constituent w = (wi)

d
i=1 : Ω ×

[0, T ] → R
d such that

(λ+ 2ν + µ+ 2ζ + α+ 2γ)uj,ji + (µ + 2κ + 2ζ)ui,jj + (α+ ν + 2κ+ ζ)wj,ji

+(2γ + ζ)wi,jj + (λ∗ + ν∗ + ν∗1 + µ∗ + ζ∗ + ζ∗1 + α∗ + 2γ∗)u̇j,ji

+(µ∗ + 2κ∗ + ζ∗ + ζ∗1 )u̇i,jj + (α∗ + ν∗ + 2κ∗ + ζ∗)ẇj,ji + (2γ∗ + ζ∗)ẇi,jj

−ξ(ui −wi)− ξ∗(u̇i − ẇi) = ρ1üi in Ω× (0, T ), (1)

(ν + ζ + α+ 2κ)uj,ji + (ζ + 2γ)ui,jj + (α+ 2γ)wj,ji + 2κwi,jj

+(ν∗1 + ζ∗1 + α∗ + 2κ∗)u̇j,ji + (ζ∗1 + 2γ∗)u̇i,jj + (α∗ + 2γ∗)ẇj,ji

+2κ∗ẇi,jj + ξ(ui −wi) + ξ∗(u̇i − ẇi) = ρ2ẅi in Ω× (0, T ), (2)

u = w = 0 on Γ× (0, T ), (3)

u(x, 0) = u0(x), u̇(x, 0) = v0(x) for a.e. x ∈ Ω, (4)

w(x, 0) = w0(x), ẇ(x, 0) = e0(x) for a.e. x ∈ Ω. (5)

Here, ρ1 and ρ2 denote the densities of the viscoelastic materials, assumed to
be constant for the sake of simplicity, λ, ν, µ, ζ, α, γ, κ, ξ, λ∗, ν∗1 , µ

∗, ζ∗1 , α
∗,

ν∗, γ∗, ζ∗, κ∗ and ξ∗ are the constitutive coefficients over which we will state the
necessary conditions to guarantee the positivity of the internal energy and also of
the dissipation, and u0, v0, w0 and e0 are given initial conditions.
In order to simplify the writing of the problem let us redefine the coefficients in

the following form: a1 = λ+2ν+µ+2ζ+α+2γ, a2 = µ+2κ+2ζ, a3 = α+ν+2κ+ζ,
a4 = 2γ + ζ, a5 = λ∗ + ν∗ + ν∗1 + µ∗ + ζ∗ + ζ∗1 +α∗ + 2γ∗, a6 = µ∗ +2κ∗ + ζ∗ + ζ∗1 ,
a7 = α∗+ν∗+2κ∗+ζ∗, a8 = 2γ∗+ζ∗, b1 = ν+ζ+α+2κ, b2 = ζ+2γ, b3 = α+2γ,
b4 = 2κ, b5 = ν∗1 + ζ∗1 + α∗ + 2κ∗, b6 = ζ∗1 + 2γ∗, b7 = α∗ + 2γ∗ and b8 = 2κ∗.
Now, to obtain the variational formulation of Problem P, let Y = L2(Ω), H =

[L2(Ω)]d and Q = [L2(Ω)]d×d and denote by (·, ·)Y , (·, ·)H and (·, ·)Q the respective
scalar products in these spaces, with corresponding norms ‖ · ‖Y , ‖ · ‖H and ‖ · ‖Q.
Moreover, let us define the variational space V as follows,

V = {z ∈ [H1(Ω)]d ; z = 0 on Γ},
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with respective scalar product (·, ·)V and norm ‖ · ‖V .
By using Green’s formula and boundary conditions (3), we write the variational

formulation of Problem P in terms of the velocity of the first constituent v = u̇

and the velocity of the second constituent e = ẇ.
Problem VP. Find the velocity of the first constituent v = (vi)

d
i=1 : [0, T ] → V

and the velocity of the second constituent e = (ei)
d
i=1 : [0, T ] → V such that

v(0) = v0, e(0) = e0 and, for a.e. t ∈ (0, T ),

ρ1(v̇(t),z)H + a1(divu(t),div z)Y + a2(∇u(t),∇z)Q + a3(divw(t),div z)Y

+a4(∇w(t),∇z)Q + a5(divv(t),div z)Y + a6(∇v(t),∇z)Q

+a7(div e(t),div z)Y + a8(∇e(t),∇z)Q + ξ(u(t)−w(t),z)H

+ξ∗(v(t)− e(t),z)H = 0 ∀z ∈ V, (6)

ρ2(ė(t), r)H + b1(divu(t),div r)Y + b2(∇u(t),∇r)Q + b3(divw(t),div r)Y

+b4(∇w(t),∇r)Q + b5(divv(t),div r)Y + b6(∇v(t),∇r)Q

+b7(div e(t),div r)Y + b8(∇e(t),∇r)Q − ξ(u(t)−w(t), r)H

−ξ∗(v(t)− e(t), r)H = 0 ∀r ∈ V, (7)

where the displacement fields u and w are then recovered from the relations:

u(t) =

∫ t

0
v(s) ds + u0, w(t) =

∫ t

0
e(s) ds+w0. (8)

In [30] the following theorem was proved.

Theorem 2.1 Let ρ1, ρ2 > 0 and assume that

κ > γ,
µ > 0,
(γ + κ)µ > ζ2,
λ+ µ > 0,
(α+ γ + κ)(λ + µ) > (ζ + ν)2,
ξ > 0,

and

κ∗ > γ∗,
µ∗ > 0,
4µ∗(γ∗ + κ∗) > (ζ∗ + ζ∗1 )

2,
λ∗ + µ∗ > 0,
4(λ∗ + µ∗)(α∗ + γ∗ + κ∗) > (ζ∗ + ζ∗1 + ν∗ + ν∗1)

2,
ξ∗ > 0
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for the two-dimensional setting (i.e. d = 2), and

κ > γ,
µ > 0,
(γ + κ)µ > ζ2,
3λ+ 2µ > 0,
(3λ+ 2µ)(3α + 2γ + 2κ) > (2ζ + 3ν)2,
ξ > 0,

and

κ∗ > γ∗,
µ∗ > 0,
4µ∗(γ∗ + κ∗) > (ζ∗ + ζ∗1 )

2,
3λ∗ + 2µ∗ > 0,
4(3λ∗ + 2µ∗)(3α∗ + 2γ∗ + 2κ∗) > (2ζ∗ + 2ζ∗1 + 3ν∗ + 3ν∗1 )

2,
ξ∗ > 0

for the three-dimensional case (d = 3). Therefore, there exists a unique solution to
Problem VP with the following regularity:

u ∈ C1([0, T ];V ) ∩ C([0, T ]; [H2(Ω)]d) ∩H2(0, T ;H),
w ∈ C1([0, T ];V ) ∩ C([0, T ]; [H2(Ω)]d) ∩H2(0, T ;H).

Moreover, this solution is exponentially stable and analytic.

Remark 1 As it was commented in [30], a consequence of the analyticity of the
solutions is the impossibility of localization, which means that the unique solution
that can be identically zero after a finite period of time is the null solution.

3. Fully discrete approximations: a priori error estimates

In this section, we now consider a fully discrete approximation of Problem V P .
This is done in two steps. First, we assume that the domain Ω is polyhedral and
we denote by T h a triangulation. Thus, we construct the finite dimensional space
V h ⊂ V given by

V h = {zh ∈ [C(Ω)]d ; zh
|T

∈ [P1(T )]
d, z

h = 0 on Γ}, (9)

where P1(T ) represents the space of polynomials of degree less or equal to one
in the element T ; i.e. the finite element space V h is composed of continuous and
piecewise affine functions. Here, h > 0 denotes the spatial discretization parameter.
Moreover, we assume that the discrete initial conditions, denoted by u

h
0 , v

h
0 , w

h
0

and e
h
0 , are given by

u
h
0 = Ph

u0, v
h
0 = Ph

v0, w
h
0 = Ph

w0, e
h
0 = Ph

e0. (10)

where Ph is the classical finite element interpolation operator over V h (see, e.g.,
[31]).
Secondly, we consider a partition of the time interval [0, T ], denoted by 0 =

t0 < t1 < · · · < tN = T . In this case, we use a uniform partition with step
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size k = T/N and nodes tn = n k for n = 0, 1, . . . , N . For a continuous function
z(t), we use the notation zn = z(tn) and, for the sequence {zn}

N
n=0, we denote by

δzn = (zn − zn−1)/k its corresponding divided differences.
Therefore, using the backward Euler scheme, the fully discrete approximations

are considered as follows.
Problem VPhk. Find the discrete velocity of the first constituent v

hk =
{vhk

n }Nn=0 ⊂ V h and the discrete velocity of the second constituent e
hk =

{ehkn }Nn=0 ⊂ V h such that vhk
0 = v

h
0 , e

hk
0 = e

h
0 , and, for n = 1, . . . , N ,

ρ1(δv
hk
n ,zh)H + a1(divu

hk
n ,divzh)Y + a2(∇u

hk
n ,∇z

h)Q + a3(divw
hk
n ,divzh)Y

+a4(∇w
hk
n ,∇z

h)Q + a5(divv
hk
n ,divzh)Y + a6(∇v

hk
n ,∇z

h)Q

+a7(div e
hk
n ,divzh)Y + a8(∇e

hk
n ,∇z

h)Q + ξ(uhk
n −w

hk
n ,zh)H

+ξ∗(vhk
n − e

hk
n ,zh)H = 0 ∀zh ∈ V h, (11)

ρ2(δe
hk
n , rh)H + b1(divu

hk
n ,div rh)Y + b2(∇u

hk
n ,∇r

h)Q + b3(divw
hk
n ,div rh)Y

+b4(∇w
hk
n ,∇r

h)Q + b5(divv
hk
n ,div rh)Y + b6(∇v

hk
n ,∇r

h)Q

+b7(div e
hk
n ,div rh)Y + b8(∇e

hk
n ,∇r

h)Q − ξ(uhk
n −w

hk
n , rh)H

−ξ∗(vhk
n − e

hk
n , rh)H = 0 ∀rh ∈ V h, (12)

where the discrete displacements uhk
n and w

hk
n are now recovered from the respec-

tive formulas:

u
hk
n = k

n
∑

j=1

v
hk
j + u

h
0 , e

hk
n = k

n
∑

j=1

w
hk
j +w

h
0 .

In order to provide the numerical analysis of Problem V P hk, we assume the
following conditions on the constitutive coefficients:

a1, b3, a5, b7 > 0, (13)

a1 b3 − a23 > 0, (14)

a5 b7 −

(

a7 + b5
2

)2

> 0, (15)

a2, b4, a6, b8 > 0, (16)

a2 b4 − a24 > 0, (17)

a6 b8 −

(

a8 + b6
2

)2

> 0. (18)

Remark 2 We note that, from their definition, coefficients b1 and b2 equal a3
and a4, respectively. Moreover, after tedious algebraic manipulations, from the
conditions of Theorem 2.1, for each dimension considered, we can derive conditions
(16)-(18). However, even if we are able to simplify conditions (13)-(15), using the
conditions of Theorem 2.1, we could not conclude them from there.

Remark 3 In the particular case where we consider anti-plane shear deformations;
that is, if u(x1, x2, x3, t) = (0, 0, ũ(x1, x2)) and w(x1, x2, x3, t) = (0, 0, w̃(x1, x2)),
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where ũ and w̃ are now scalar functions, then the terms involving divergence-like
functions disappear and the necessary conditions imposed in (13)-(18) are obtained
straightforwardly from Theorem 2.1.

First, we will prove a stability result.

Theorem 3.1 Under the assumptions of Theorem 2.1 and conditions (13)-(18), it
follows that the sequences {uhk,vhk,whk,ehk}, generated by Problem V P hk, satisfy
the stability estimate:

‖vhk
n ‖2H + ‖∇u

hk
n ‖2Q + ‖divuhk

n ‖2Y + ‖ehkn ‖2H + ‖∇w
hk
n ‖2Q + ‖divwhk

n ‖2Y
+ξ‖uhk

n −w
hk
n ‖2H ≤ C,

where C is a positive constant assumed to be independent of the discretization
parameters h and k.

Proof. In order to simplify the writing, we remove the superscripts h and k in all
the variables.
Taking z

h = vn and r
h = en in equations (11) and (12), respectively, we find

that

ρ1(δvn,vn)H + a1(divun,div vn)Y + a2(∇un,∇vn)Q + a3(divwn,divvn)Y

+a4(∇wn,∇vn)Q + a5(divvn,div vn)Y + a6(∇vn,∇vn)Q

+a7(div en,divvn)Y + a8(∇en,∇vn)Q + ξ(un −wn,vn)H

+ξ∗(vn − en,vn)H = 0, (19)

ρ2(δen,en)H + b1(divun,div en)Y + b2(∇un,∇en)Q + b3(divwn,div en)Y

+b4(∇wn,∇en)Q + b5(div vn,div en)Y + b6(∇vn,∇en)Q

+b7(div en,div en)Y + b8(∇en,∇en)Q − ξ(un −wn,en)H

−ξ∗(vn − en,en)H = 0. (20)

It is straightforward to obtain that

a1(divun,div vn)Y ≥
a1
2k

[

‖divun‖
2
Y − ‖divun−1‖

2
Y + ‖div (un − un−1)‖

2
Y

]

,

a2(∇un,∇vn)Q ≥
a2
2k

[

‖∇un‖
2
Q − ‖∇un−1‖

2
Q + ‖∇(un − un−1)‖

2
Q

]

,

b3(divwn,div en)Y ≥
b3
2k

[

‖divwn‖
2
Y − ‖divwn−1‖

2
Y + ‖div (wn −wn−1)‖

2
Y

]

,

b4(∇wn,∇en)Q ≥
b4
2k

[

‖∇wn‖
2
Q − ‖∇wn−1‖

2
Q + ‖∇(wn −wn−1)‖

2
Q

]

,

ξ(un −wn,vn − en) ≥
ξ

2k

[

‖un −wn‖
2
H − ‖un−1 −wn−1‖

2
H

]

,

ρ1(δvn,vn)H ≥
ρ1
2k

[

‖vn‖
2
H − ‖vn−1‖

2
H

]

,

ρ2(δen,en)H ≥
ρ2
2k

[

‖en‖
2
H − ‖en−1‖

2
H

]

.

Using the fact that a3 = b1 and a4 = b2, from Theorem 2.1 and conditions (13),
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(14), (16) and (17) we easily find that

a2‖∇(un − un−1)‖
2
Q + b4‖∇(wn −wn−1)‖

2
Q

+2a4(∇(un − un−1),∇(wn −wn−1))Q ≥ 0,
a1‖div (un − un−1)‖

2
Y + b3‖div (wn −wn−1)‖

2
Y

+2a3(div (un − un−1),div (wn −wn−1))Y ≥ 0.

Keeping in mind that

a3(divwn,divvn)Y + b1(divun,div en)Y

=
a3
k

[

(divun,divwn)Y − (divun−1,divwn−1)Y

+(div (un − un−1),div (wn −wn−1))Y

]

,

a4(∇wn,∇vn)Q + b2(∇un,∇en)Q

=
a4
k

[

(∇un,∇wn)Q − (∇un−1,∇wn−1)Q

+(∇(un − un−1),∇(wn −wn−1))Q

]

and combining (19) and (20), we have

ρ1
2k

[

‖vn‖
2
H − ‖vn−1‖

2
H

]

+
ρ2
2k

[

‖en‖
2
H − ‖en−1‖

2
H

]

+
a1
2k

[

‖divun‖
2
Y − ‖divun−1‖

2
Y

]

+
a2
2k

[

‖∇un‖
2
Q − ‖∇un−1‖

2
Q

]

+
ξ

2k

[

‖un −wn‖
2
H − ‖un−1 −wn−1‖

2
H

]

+
b3
2k

[

‖divwn‖
2
Y − ‖divwn−1‖

2
Y

]

+
b4
2k

[

‖∇wn‖
2
Q − ‖∇wn−1‖

2
Q

]

+
a3
k

[

(divun,divwn)Y − (divun−1,divwn−1)Y

]

+
a4
k

[

(∇un,∇wn)Q − (∇un−1,∇wn−1)Q

]

+a5‖div vn‖
2
Y + a6‖∇vn‖

2
Q + (a7 + b5)(div en,divvn)Y

+b7‖div en‖
2
Y + b8‖∇en‖

2
Q + (a8 + b6)(∇en,∇vn)Q

≤ C
(

‖un‖
2
H + ‖vn‖

2
H + ‖wn‖

2
H + ‖en‖

2
H

)

.

Using conditions (13), (15), (16) and (18) it follows that there exist ζ1, ζ2 > 0
such that

a7+b5
2

a5
< ζ1 <

b7
a7+b5

2

,
a8+b6

2

a6
< ζ2 <

b8
a8+b6

2

,

which lead to the following estimates

a5‖div vn‖
2
Y + b7‖div en‖

2
Y + (a7 + b5)(div en,divvn)Y

≥

(

a5 −
a7+b5

2

ζ1

)

‖divvn‖
2
Y + (b7 − ζ1

a7+b5
2 )‖div en‖

2
Y ,

a6‖∇vn‖
2
Q + b8‖∇en‖

2
Q +

b6 + a8
2

(∇vn,∇en)Q

≥

(

a6 −
b6+a8

2

ζ2

)

‖∇vn‖
2
Q + (b8 − ζ2

b6+a8

2 )‖∇en‖
2
Q.
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Therefore, by induction we obtain

ρ1‖vn‖
2
H + ρ2‖en‖

2
H + a1‖divun‖

2
Y + a2‖∇un‖

2
Q + b3‖divwn‖

2
Y + b4‖∇wn‖

2
Q

+ξ‖un −wn‖
2
H + 2a3(divun,divwn)Y + 2a4(∇un,∇wn)Q

≤ Ck

n
∑

j=1

(

‖uj‖
2
H + ‖vj‖

2
H + ‖wj‖

2
H + ‖ej‖

2
H

)

+C
(

‖u0‖
2
V + ‖v0‖

2
H + ‖w0‖

2
V + ‖e0‖

2
H

)

.

Now, using again conditions (13), (14), (16) and (17) it follows that there exist
ζ3, ζ4 > 0 such that

a3
a1

< ζ3 <
b3
a3

,
a4
a2

< ζ4 <
b4
a4

,

which imply that

a1‖divun‖
2
Y + b3‖divwn‖

2
Y + 2a3(divun,divwn)Y

≥
(

a1 −
a3

ζ3

)

‖divun‖
2
Y + (b3 − ζ3a3)‖divwn‖

2
Y ,

a2‖∇un‖
2
Q + b4‖∇wn‖

2
Q + 2a4(∇un,∇wn)Q

≥
(

a2 −
a4

ζ4

)

‖∇un‖
2
Q + (b4 − ζ4a4)‖∇wn‖

2
Q.

Finally, using a discrete version of Gronwall’s inequality (see, for instance, [32]),
we conclude the stability property. �

From Theorem 3.1, we obtain the following discrete version of the energy decay
property.

Corollary 3.2 If we define the discrete energy at time t = tn, E
hk
n , as follows

Ehk
n = ρ1‖v

hk
n ‖2H + ρ2‖e

hk
n ‖2H + a1‖divu

hk
n ‖2Y + a2‖∇u

hk
n ‖2Q + b3‖divw

hk
n ‖2Y

+ξ‖uhk
n −w

hk
n ‖2H + b4‖∇w

hk
n ‖2Q + 2a3(divu

hk
n ,divwhk

n )Y

+2a4(∇u
hk
n ,∇w

hk
n )Q, (21)

then we have

Ehk
n − Ehk

n−1

k
≤ 0.

Next, we obtain some a priori error estimates on the numerical errors un −u
hk
n ,

vn − v
hk
n , wn − w

hk
n and en − e

hk
n . Therefore, assume the following additional

regularity on the continuous solution:

u,w ∈ C2([0, T ];H). (22)

We have the following.

Theorem 3.3 Under the assumptions of Theorem 3.1 and the additional regularity
conditions (22), if we denote by (u,v,w,e) and (uhk,vhk,whk,ehk) the solutions

9



to problems V P and V P hk, respectively, then we have the following a priori error
estimates, for all zh = {zh

j }
N
j=0, r

h = {rhj }
N
j=0 ⊂ V h,

max
0≤n≤N

{

‖vn − v
hk
n ‖2H + ‖en − e

hk
n ‖2H + ‖div (un − u

hk
n )‖2Y + ‖∇(un − u

hk
n )‖2Q

+‖div (wn −w
hk
n )‖2Y + ‖∇(wn −w

hk
n )‖2Q + ‖un − u

hk
n − (wn −w

hk
n )‖2H

}

≤ C
(

k

N
∑

j=1

‖v̇j − δvj‖
2
H + ‖ėj − δej‖

2
H + ‖u̇j − δuj‖

2
V + ‖ẇj − δwj‖

2
V

+‖vj − z
h
j ‖

2
V + ‖ej − r

h
j ‖

2
V

)

+ C max
0≤n≤N

‖vn − z
h
n‖

2
H + C max

0≤n≤N
‖en − r

h
n‖

2
H

+
C

k

N−1
∑

j=1

[

‖vj − z
h
j − (vj+1 − z

h
j+1)‖

2
H + ‖wj − r

h
j − (wj+1 − r

h
j+1)‖

2
H

]

+C
(

‖u0 − u
h
0‖

2
V + ‖v0 − v

h
0‖

2
H + ‖w0 −w

h
0‖

2
V + ‖e0 − e

h
0‖

2
H

)

, (23)

where δun = (un − un−1)/k and δwn = (wn − wn−1)/k, and C is a positive
constant assumed to be independent of the discretization parameters h and k but
depending on the continuous solution.

Proof. First, we subtract variational equation (6) at time t = tn for a test function
z = z

h ∈ V h ⊂ V and discrete variational equation (11) to obtain, for all zh ∈ V h,

a1(div (un − u
hk
n ),divzh)Y + a2(∇(un − u

hk
n ),∇z

h)Q

+a3(div (wn −w
hk
n ),divzh)Y + a4(∇(wn −w

hk
n ),∇z

h)Q

+a5(div (vn − v
hk
n ),div zh)Y + a6(∇(vn − v

hk
n ),∇z

h)Q

+a7(div (en − e
hk
n ),div zh)Y + a8(∇(en − e

hk
n ),∇z

h)Q

+ξ(un − u
hk
n − (wn −w

hk
n ),zh)H + ξ∗(vn − v

hk
n − (en − e

hk
n ),zh)H

+ρ1(v̇n − δvhk
n ,zh)H = 0,

and so, for all zh ∈ V h we find that

a1(div (un − u
hk
n ),div (vn − v

hk
n ))Y + a2(∇(un − u

hk
n ),∇(vn − v

hk
n ))Q

+a3(div (wn −w
hk
n ),div (vn − v

hk
n ))Y + a4(∇(wn −w

hk
n ),∇(vn − v

hk
n ))Q

+a5(div (vn − v
hk
n ),div (vn − v

hk
n ))Y + a6(∇(vn − v

hk
n ),∇(vn − v

hk
n ))Q

+a7(div (en − e
hk
n ),div (vn − v

hk
n ))Y + a8(∇(en − e

hk
n ),∇(vn − v

hk
n ))Q

+ξ∗(vn − v
hk
n − (en − e

hk
n ),vn − v

hk
n )H + ρ1(v̇n − δvhk

n ,vn − v
hk
n )H

+ξ(un − u
hk
n − (wn −w

hk
n ),vn − v

hk
n )H

10



= a1(div (un − u
hk
n ),div (vn − z

h))Y + a2(∇(un − u
hk
n ),∇(vn − z

h))Q

+a3(div (wn −w
hk
n ),div (vn − z

h))Y + a4(∇(wn −w
hk
n ),∇(vn − z

h))Q

+a5(div (vn − v
hk
n ),div (vn − z

h))Y + a6(∇(vn − v
hk
n ),∇(vn − z

h))Q

+a7(div (en − e
hk
n ),div (vn − z

h))Y + a8(∇(en − e
hk
n ),∇(vn − z

h))Q

+ξ∗(vn − v
hk
n − (en − e

hk
n ),vn − z

h)H + ρ1(v̇n − δvhk
n ,vn − z

h)H

+ξ(un − u
hk
n − (wn −w

hk
n ),vn − z

h)H . (24)

Secondly, subtracting variational equation (7), at time t = tn and for a test
function r = r

h ∈ V h ⊂ V , and discrete variational equation (12), we get, for all
r
h ∈ V h,

b1(div (un − u
hk
n ),div rh)Y + b2(∇(un − u

hk
n ),∇r

h)Q

+b3(div (wn −w
hk
n ),div rh)Y + b4(∇(wn −w

hk
n ),∇r

h)Q

+b5(div (vn − v
hk
n ),div rh)Y + b6(∇(vn − v

hk
n ),∇r

h)Q

+b7(div (en − e
hk
n ),div rh)Y + a8(∇(en − e

hk
n ),∇r

h)Q

−ξ(un − u
hk
n − (wn −w

hk
n ), rh)H − ξ∗(vn − v

hk
n − (en − e

hk
n ), rh)H

+ρ2(ėn − δehkn , rh)H = 0,

and so, we have,

b1(div (un − u
hk
n ),div (en − e

hk
n ))Y + b2(∇(un − u

hk
n ),∇(en − e

hk
n ))Q

+b3(div (wn −w
hk
n ),div (en − e

hk
n ))Y + b4(∇(wn −w

hk
n ),∇(en − e

hk
n ))Q

+b5(div (vn − v
hk
n ),div (en − e

hk
n ))Y + b6(∇(vn − v

hk
n ),∇(en − e

hk
n ))Q

+b7(div (en − e
hk
n ),div (en − e

hk
n ))Y + b8(∇(en − e

hk
n ),∇(en − e

hk
n ))Q

−ξ∗(vn − v
hk
n − (en − e

hk
n ),en − e

hk
n )H + ρ2(ėn − δehkn ,en − e

hk
n )H

−ξ(un − u
hk
n − (wn −w

hk
n ),en − e

hk
n )H

= b1(div (un − u
hk
n ),div (en − r

h))Y + b2(∇(un − u
hk
n ),∇(en − r

h))Q

+b3(div (wn −w
hk
n ),div (en − r

h))Y + b4(∇(wn −w
hk
n ),∇(en − r

h))Q

+b5(div (vn − v
hk
n ),div (en − r

h))Y + b6(∇(vn − v
hk
n ),∇(en − r

h))Q

+b7(div (en − e
hk
n ),div (en − r

h))Y + b8(∇(en − e
hk
n ),∇(en − r

h))Q

−ξ∗(vn − v
hk
n − (en − e

hk
n ),en − r

h)H + ρ2(ėn − δehkn ,en − r
h)H

−ξ(un − u
hk
n − (wn −w

hk
n ),en − r

h)H ∀rh ∈ V h. (25)

Using the fact that a3 = b1 and a4 = b2 from Theorem 2.1 and conditions
(13)-(18), we easily find that

a2‖∇(un − u
hk
n − (un−1 − u

hk
n−1))‖

2
Q + b4‖∇(wn −w

hk
n − (wn−1 −w

hk
n−1))‖

2
Q

+2b2(∇(un − u
hk
n − (un−1 − u

hk
n−1)),∇(wn −w

hk
n − (wn−1 −w

hk
n−1)))Q ≥ 0,

a1‖div (un − u
hk
n − (un−1 − u

hk
n−1))‖

2
Y + b3‖div (wn −w

hk
n − (wn−1 −w

hk
n−1))‖

2
Y

+2a3(div (un − u
hk
n − (un−1 − u

hk
n−1)),div (wn −w

hk
n − (wn−1 −w

hk
n−1)))Y ≥ 0.
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Taking into account that

a1(div (un − u
hk
n ),div (vn − v

hk
n ))Y ≥ a1(div (un − u

hk
n ),div (u̇n − δun))Y

+
a1
2k

[

‖div (un − u
hk
n )‖2Y − ‖div (un−1 − u

hk
n−1)‖

2
Y

+‖div (un − u
hk
n − (un−1 − u

hk
n−1))‖

2
Y

]

,

a2(∇(un − u
hk
n ),∇(vn − v

hk
n ))Q ≥ a2(∇(un − u

hk
n ),∇(u̇n − δun))Q

+
a2
2k

[

‖∇(un − u
hk
n )‖2Q − ‖∇(un−1 − v

hk
n−1)‖

2
Q

+‖∇(un − u
hk
n − (un−1 − u

hk
n−1))‖

2
Q

]

,

b3(div (wn −w
hk
n ),div (en − e

hk
n ))Y ≥ b3(div (wn −w

hk
n ),div (ẇn − δwn))Y

+
b3
2k

[

‖div (wn −w
hk
n )‖2Y − ‖div (wn−1 −w

hk
n−1)‖

2
Y

+‖div (wn −w
hk
n − (wn−1 −w

hk
n−1))‖

2
Y

]

,

b4(∇(wn −w
hk
n ),∇(en − e

hk
n ))Q ≥ b4(∇(wn −w

hk
n ),∇(ẇn − δwn))Q

+
b4
2k

[

‖∇(wn −w
hk
n )‖2Q − ‖∇(wn−1 −w

hk
n−1)‖

2
Q

+‖∇(wn −w
hk
n − (wn−1 −w

hk
n−1))‖

2
Q

]

,

ρ1(δvn − δvhk
n ,vn − v

hk
n )H ≥

ρ1
2k

[

‖vn − v
hk
n ‖2H − ‖vn−1 − v

hk
n−1‖

2
H

]

,

ρ2(δen − δehkn ,en − e
hk
n )H ≥

ρ2
2k

[

‖en − e
hk
n ‖2H − ‖en−1 − e

hk
n−1‖

2
H

]

,

a3(div (wn −w
hk
n ),div (vn − v

hk
n ))Y + b1(div (un − u

hk
n ),div (en − e

hk
n ))Y

=
a3
k

[

(div (un − u
hk
n ,div (wn −w

hk
n ))Y − (div (un−1 − u

hk
n−1),div (wn−1 −w

hk
n−1))Y

+(div (un − u
hk
n − (un−1 − u

hk
n−1)),div (wn −w

hk
n − (wn−1 −w

hk
n−1)))Y

]

,

a4(∇(wn −w
hk
n ),∇(vn − v

hk
n ))Q + b2(∇(un − u

hk
n ),∇(en − e

hk
n ))Q

=
a4
k

[

(∇(un − u
hk
n ),∇(wn −w

hk
n ))Q − (∇(un−1 − u

hk
n−1),∇(wn−1 −w

hk
n−1))Q

+(∇(un − u
hk
n − (un−1 − u

hk
n−1)),∇(wn −w

hk
n − (wn−1 −w

hk
n−1)))Q

]

,

ξ(un − u
hk
n − (wn −w

hk
n ),vn − v

hk
n − (en − e

hk
n ))H

= ξ(un − u
hk
n − (wn −w

hk
n ), u̇n − δun − (ẇn − δwn))H

+
ξ

2k

[

‖un − u
hk
n − (wn −w

hk
n )‖2H − ‖un−1 − u

hk
n−1 − (wn−1 −w

hk
n−1)‖

2
H

]

,

where we recall that δunk
n = v

hk
n and δwnk

n = e
hk
n , combining equations (24) and

(25) and using several times Cauchy-Schwarz inequality and Young’s inequality
ab ≤ ǫa2 + 1

4ǫb
2, a, b, ǫ ∈ R, ǫ > 0, we find that

ρ1
2k

[

‖vn − v
hk
n ‖2H − ‖vn−1 − v

hk
n−1‖

2
H

]

+
ρ2
2k

[

‖en − e
hk
n ‖2H − ‖en−1 − e

hk
n−1‖

2
H

]

+
a1
2k

[

‖div (un − u
hk
n )‖2Y − ‖div (un−1 − u

hk
n−1)‖

2
Y

]

+
a2
2k

[

‖∇(un − u
hk
n )‖2Q − ‖∇(un−1 − u

hk
n−1)‖

2
Q

]

+
b3
2k

[

‖div (wn −w
hk
n )‖2Y − ‖div (wn−1 −w

hk
n−1)‖

2
Y

]

+
b4
2k

[

‖∇(wn −w
hk
n )‖2Q − ‖∇(wn−1 −w

hk
n−1)‖

2
Q

]

+
ξ

2k

[

‖un − u
hk
n − (wn −w

hk
n )‖2H − ‖un−1 − u

hk
n−1 − (wn−1 −w

hk
n−1)‖

2
H

]
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+
a3
k

[

(div (un − u
hk
n ),div (wn −w

hk
n ))Y − (div (un−1 − u

hk
n−1),div (wn−1 −w

hk
n−1))Y

]

+
a4
k

[

(∇(un − u
hk
n ),∇(wn −w

hk
n ))Q − (∇(un−1 − u

hk
n−1),∇(wn−1 −w

hk
n−1))Q

]

+a6‖∇(vn − v
hk
n )‖2Q + (a7 + b5)(div (en − e

hk
n ),div (vn − v

hk
n ))Y

+b8‖∇(en − e
hk
n )‖2Q + (a8 + b6)(∇(en − e

hk
n ),∇(vn − v

hk
n ))Q

+a5‖div (vn − v
hk
n )‖2Y + b7‖div (en − e

hk
n )‖2Y

≤ C
(

‖un − u
hk
n ‖2H + ‖vn − v

hk
n ‖2H + ‖wn −w

hk
n ‖2H + ‖en − e

hk
n ‖2H

+‖vn − z
h‖2V + ‖en − r

h‖2V + ‖v̇n − δvn‖
2
H + ‖ėn − δen‖

2
H

+‖u̇n − δun‖
2
V + ‖ẇn − δwn‖

2
V + (δvn − δvhk

n ,vn − z
h)H

+(δen − δehkn ,en − r
h)H + ‖div (un − u

hk
n )‖2Y + ‖∇(un − u

hk
n )‖2Q

+‖div (wn −w
hk
n )‖2Y + ‖∇(wn −w

hk
n )‖2Q

)

+ ǫ‖div (vn − v
hk
n )‖2Y

+ǫ‖∇(vn − v
hk
n )‖2Q + ǫ‖div (en − e

hk
n )‖2Y + ǫ‖∇(en − e

hk
n )‖2Q,

where ǫ > 0 is assumed small enough.
Keeping in mind the definitions of the positive parameters ζ1 and ζ2 introduced

in the proof of Theorem 3.1, we obtain

a5‖div (vn − v
hk
n )‖2Y + b7‖div (en − e

hk
n )‖2Y + (a7 + b5)(div (en − e

hk
n ),div (vn − v

hk
n ))Y

≥

(

a5 −
a7+b5

2

ζ1

)

‖div (vn − v
hk
n )‖2Y + (b7 − ζ1

a7+b5
2 )‖div (en − e

hk
n )‖2Y ,

a6‖∇(vn − v
hk
n )‖2Q + b8‖∇(en − e

hk
n )‖2Q +

b6 + a8
2

(∇(vn − v
hk
n ),∇(en − e

hk
n ))Q

≥

(

a6 −
b6+a8

2

ζ2

)

‖∇(vn − v
hk
n )‖2Q + (b8 − ζ2

b6+a8

2 )‖∇(en − e
hk
n )‖2Q.

By induction it follows that

ρ1‖vn − v
hk
n ‖2H + ρ2‖en − e

hk
n ‖2H + a1‖div (un − u

hk
n )‖2Y + a2‖∇(un − u

hk
n )‖2Q

+b3‖div (wn −w
hk
n )‖2Y + 2a3(div (un − u

hk
n ),div (wn −w

hk
n ))Y

+b4‖∇(wn −w
hk
n )‖2Q + 2a4(∇(un − u

hk
n ),∇(wn −w

hk
n ))Q

+ξ‖un − u
hk
n − (wn −w

hk
n )‖2H

≤ Ck

n
∑

j=1

(

‖uj − u
hk
j ‖2H + ‖vj − v

hk
j ‖2H + ‖wj −w

hk
j ‖2H + ‖ej − e

hk
j ‖2H

+‖vj − z
h
j ‖

2
V + ‖ej − r

h
j ‖

2
V + ‖v̇j − δvj‖

2
H + ‖ėj − δej‖

2
H

+‖u̇j − δuj‖
2
V + ‖ẇj − δwj‖

2
V + (δvj − δvhk

j ,vj − z
h
j )H

+(δej − δehkj ,ej − r
h
j )H + ‖div (uj − u

hk
j )‖2Y + ‖∇(uj − u

hk
j )‖2Q

+‖div (wj −w
hk
j )‖2Y + ‖∇(wj −w

hk
j )‖2Q

)

+ C
(

‖u0 − u
h
0‖

2
V + ‖v0 − v

h
0‖

2
H

+‖w0 −w
h
0‖

2
V + ‖e0 − e

h
0‖

2
H

)

∀{zh
j }

n
j=0, {r

h
j }

n
j=0 ⊂ V h.

Using now the positive parameters ζ3 and ζ4 > 0 defined in the proof of Theorem
3.1, we have

a1‖div (un − u
hk
n )‖2Y + b3‖div (wn −w

hk
n )‖2Y + 2a3(div (un − u

hk
n ),div (wn −w

hk
n ))Y

≥
(

a1 −
a3

ζ3

)

‖div (un − u
hk
n )‖2Y + (b3 − ζ3a3)‖div (wn −w

hk
n )‖2Y ,

a2‖∇(un − u
hk
n )‖2Q + b4‖∇(wn −w

hk
n )‖2Q + 2a4(∇(un − u

hk
n ),∇(wn −w

hk
n ))Q

≥
(

a2 −
a4

ζ4

)

‖∇(un − u
hk
n )‖2Q + (b4 − ζ4a4)‖∇(wn −w

hk
n )‖2Q.
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Finally, keeping in mind that

k

n
∑

j=1

(δvj − δvhk
j ,vj − z

h
j )H =

n
∑

j=1

(vj − v
hk
j − (vj−1 − v

hk
j−1),vj − z

h
j )H

= (vn − v
hk
n ,vn − z

h
n)H + (vh

0 − v0,v1 − z
h
1)H

+

n−1
∑

j=1

(vj − v
hk
j ,vj − z

h
j − (vj+1 − z

h
j+1))H ,

k

n
∑

j=1

(δej − δehkj ,ej − r
h
j )H =

n
∑

j=1

(ej − e
hk
j − (ej−1 − e

hk
j−1),ej − r

h
j )H

= (en − e
hk
n ,en − r

h
n)H + (eh0 − e0,e1 − r

h
1)H

+

n−1
∑

j=1

(ej − e
hk
j ,ej − r

h
j − (ej+1 − r

h
j+1))H ,

applying again a discrete version of Gronwall’s inequality (see, for instance, [32]),
we obtain a priori error estimates (23). �

We point out that estimates (23) can be used to obtain a convergence analysis.
For example, assume the following additional regularity conditions on the solution
to the continuous problem:

u, w ∈ H2(0, T ;V ) ∩H3(0, T ;H) ∩C1([0, T ]; [H2(Ω)]d). (26)

We recall that the finite element space V h was given in (9) and we use the discrete
initial conditions uh

0 , v
h
0 , w

h
0 and e

h
0 defined in (10). Thus, we have the following.

Corollary 3.4 Let the assumptions of Theorem 3.3 still hold. Under the addi-
tional regularity conditions (26) the linear convergence of the algorithm is deduced;
i.e. there exists a positive constant C > 0, independent of the discretization param-
eters h and k, such that

max
0≤n≤N

{

‖vn − v
hk
n ‖H + ‖en − e

hk
n ‖H + ‖div (un − u

hk
n )‖Y + ‖∇(un − u

hk
n )‖Q

+‖div (wn −w
hk
n )‖Y + ‖∇(wn −w

hk
n )‖Q

}

≤ C(h+ k).

Corollary 3.4 is proved using classical arguments. Therefore, we have the follo-
wing property of approximation by finite elements (see, e.g., [31]):

k

N
∑

j=1

(

inf
z

h
j ∈V

h

‖vj − z
h
j ‖

2
V + inf

r
h
j ∈V

h

‖ej − r
h
j ‖

2
V

+ max
0≤n≤N

inf
zh

n∈V
h
‖vn − z

h
n‖

2
H + max

0≤n≤N
inf

rh
n∈V

h
‖en − r

h
n‖

2
H

)

≤ Ch2
(

‖u‖2C1([0,T ];[H2(Ω)]d) + ‖w‖2C1([0,T ];[H2(Ω)]d)

)

.

By using the additional regularity conditions (26), we find that the initial con-
ditions have the regularity

u0, v0, w0, e0 ∈ [H2(Ω)]d,
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and therefore,

‖v0 − v
h
0‖

2
H + ‖u0 − u

h
0‖

2
V + ‖e0 − e

h
0‖

2
H + ‖w0 −w

h
0‖

2
V

≤ Ch2
(

‖u0‖
2
[H2(Ω)]d + ‖v0‖

2
[H2(Ω)]d + ‖w0‖

2
[H2(Ω)]d + ‖e0‖

2
[H2(Ω)]d

)

.

Moreover, using again regularity conditions (26), we have

k

N
∑

j=1

[

‖u̇j − δuj‖
2
V + ‖ẇj − δwj‖

2
V + ‖v̇j − δvj‖

2
H + ‖ėj − δej‖

2
H

]

≤ ck2
(

‖u‖2H2(0,T ;V ) + ‖u‖2H3(0,T ;H) + ‖w‖2H2(0,T ;V ) + ‖w‖2H3(0,T ;H)

)

.

Finally, the remaining terms in estimates (23) can be bounded as follows (see
[32, 33] for details),

1

k

N−1
∑

j=1

[

‖vj − z
h
j − (vj+1 − z

h
j+1)‖

2
H + ‖ej − r

h
j − (ej+1 − r

h
j+1)‖

2
H

]

≤ Ch2(‖u‖2H2(0,T ;V ) + ‖w‖2H2(0,T ;V )).

Combining all these estimates, the linear convergence is deduced.

4. Numerical results

In this final section, we describe the numerical scheme implemented in MATLAB
for solving Problem VPhk, and we show some numerical examples to demonstrate
the accuracy of the approximation and the behaviour of the solution.
Let the finite element space be defined in (9). For n = 1, 2, . . . , N and given

u
hk
n−1, v

hk
n−1, w

hk
n−1, e

hk
n−1 ∈ V h the discrete velocity of the first constituent v

hk
n

and the discrete velocity of the second constituent e
hk
n , at time t = tn, are then

obtained from equations (11) and (12). That is, we solve the following problem, for
all zh, rh ∈ V h,

ρ1(v
hk
n ,zh)H + a1k

2(divvhk
n ,divzh)Y + a2k

2(∇v
hk
n ,∇z

h)Q

+a3k
2(div ehkn ,divzh)Y + a4k

2(∇e
hk
n ,∇z

h)Q + a5k(div v
hk
n ,divzh)Y

+a6k(∇v
hk
n ,∇z

h)Q + a7k(div e
hk
n ,divzh)Y + a8k(∇e

hk
n ,∇z

h)Q

+ξk2(vhk
n − e

hk
n ,zh)H + ξ∗k(vhk

n − e
hk
n ,zh)H = ρ1(v

hk
n−1,z

h)H

−a1k(divu
hk
n−1,divz

h)Y − a2k(∇u
hk
n−1,∇z

h)Q − a3k(divw
hk
n−1,divz

h)Y

−a4k(∇w
hk
n−1,∇z

h)Q − ξk(uhk
n−1 −w

hk
n−1,z

h)H ,
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ρ2(e
hk
n ,zh)H + b1k

2(divvhk
n ,divzh)Y + b2k

2(∇v
hk
n ,∇z

h)Q

+b3k
2(div ehkn ,div zh)Y + b4k

2(∇e
hk
n ,∇z

h)Q + b5k(divv
hk
n ,div zh)Y

+b6k(∇v
hk
n ,∇z

h)Q + b7k(div e
hk
n ,div zh)Y + b8k(∇e

hk
n ,∇z

h)Q

−ξk2(vhk
n − e

hk
n ,zh)H − ξ∗k(vhk

n − e
hk
n ,zh)H = ρ2(e

hk
n−1,z

h)H

−b1k(divu
hk
n−1,div z

h)Y − b2k(∇u
hk
n−1,∇z

h)Q − b3k(divw
hk
n−1,div z

h)Y

−b4k(∇w
hk
n−1,∇z

h)Q + ξk(uhk
n−1 +w

hk
n−1,z

h)H ,

where the discrete displacements of the first and second constituents, uhk
n and w

hk
n

respectively, are now recovered from the relations:

u
hk
n = k

n
∑

j=1

v
hk
j + u

h
0 , w

hk
n = k

n
∑

j=1

e
hk
j +w

h
0 .

Here, the discrete initial conditions are defined by (10).
This numerical scheme was implemented on a 2.8 GHz PC using MATLAB, and

a typical 1D run (h = k = 0.01) took about 0.146 seconds of CPU time, meanwhile
a 2D one (with the finite element shown later and k = 0.001) took about 19.062
seconds of CPU time.

4.1. First example: numerical convergence in a 1D example

As an academical 1D example, in order to show the accuracy of the approximations
we consider the following simpler problem.
Problem Pex. Find the displacement of the first constituent u : [0, 1]×[0, 1] → R

and the displacement of the second constituent w : [0, 1] × [0, 1] → R such that

ü = 9uxx + 23uxx + 23wxx + 3wxx + 9u̇xx + 23u̇xx + 23ẇxx

+3ẇxx − (u− w)− (u̇− ẇ) + F1 in (0, 1) × (0, 1),

ẅ = 23uxx + 3uxx + 3wxx + 20wxx + 23u̇xx + 3u̇xx + 3ẇxx

+20ẇxx + (u− w) + (u̇− ẇ) + F2 in (0, 1) × (0, 1),

u(0, t) = w(0, t) = u(1, t) = w(1, t) = 0 for a.e. t ∈ (0, 1),

u(x, 0) = x(x− 1), u̇(x, 0) = x(x− 1) for a.e. x ∈ (0, 1),

w(x, 0) = x(x− 1), ẇ(x, 0) = x(x− 1) for a.e. x ∈ (0, 1),

where the artificial volume forces F1, F2 are given by

F1(x, t) = et(x2 − x− 232), F2(x, t) = et(x2 − x− 196).

We note that Problem Pex corresponds to Problem P with the following data:

Ω = (0, 1), T = 1, ρ1 = 1, ρ2 = 1, λ = 1, ν = 1, µ = 1, ζ = 1,
α = 1, γ = 1, κ = 10, ξ = 1, λ∗ = 1, ν∗ = 1, ν∗1 = 1, µ∗ = 1,
ζ∗ = 1, ζ∗1 = 1, α∗ = 1, γ∗ = 1, κ∗ = 10, ξ∗ = 1,
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the following initial conditions, for x ∈ (0, 1),

u0(x) = u̇0(x) = w0(x) = ẇ0(x) = x(x− 1),

and homogeneous Dirichlet boundary conditions on x = 0, 1.
The exact solution to Problem Pex can be easily calculated and it has the form,

for (x, t) ∈ (0, 1) × (0, 1),

u(x, t) = etx(x− 1), w(x, t) = etx(x− 1).

To show the numerical convergence and the asymptotic behaviour of the al-
gorithm, the numerical errors given by

max
0≤n≤N

{

‖vn − vhkn ‖Y + ‖en − ehkn ‖Y + ‖(un − uhkn )x‖Y + ‖(wn − whk
n )x‖Y

}

,

are calculated and presented (multiplied by 102) in Table 1 for several values of the
discretization parameters h and k. Finally, the evolution of the error depending on
the parameter h+ k is plotted in Figure 1. We notice that the convergence of the
algorithm is clearly observed, and the linear convergence, stated in Corollary 3.4,
is achieved.

h ↓ k → 0.01 0.005 0.001 0.0005 0.0002 0.0001 0.00005
0.01 8.619512 7.181511 6.389765 6.328891 6.297641 6.289279 6.287465
0.005 6.191994 4.380770 3.271737 3.195133 3.158866 3.148491 3.143712
0.001 4.751606 2.622495 0.889081 0.723513 0.654604 0.639072 0.632879
0.0005 4.662346 2.495919 0.652821 0.445403 0.348697 0.327318 0.319539
0.0002 4.634653 2.452818 0.544245 0.307391 0.178374 0.144805 0.132795
0.0001 4.630571 2.446212 0.520938 0.273441 0.131244 0.089220 0.072398
0.00005 4.629584 2.444574 0.514157 0.261904 0.112746 0.065676 0.044617

Table 1. Example 1: Numerical errors (x102) for some h and k.

If we assume now that there are not volume forces and we use the final time
T = 20, being the remaining data the same than in the previous simulation and
taking the discretization parameters k = h = 10−3, the evolution in time of the
discrete energy Ehk

n , defined in (21), is plotted in Figure 2 in natural (left) and
semi-log (right) scales. As can be seen, it converges to zero and an exponential
decay seems to be achieved.

4.2. Second example: a 2D surface force in one component

As a first two-dimensional example we study the effect of the application of a
surface force in the first constituent. Thus, we solve Problem P with the following
data:

Ω = (0, 5) × (0, 1), ΓD = {0} × (0, 1), ΓN = Γ− ΓD, T = 1, ρ1 = 1,
ρ2 = 1, λ = 4442.5, ν = 1, µ = 975.18, ζ = 1, α = 862.96, γ = 37,
κ = 2013.6, ξ = 130, λ∗ = 326.84, ν∗ = 1, ν∗1 = 1, µ∗ = 415.98,
ζ∗ = 1, ζ∗1 = 1, α∗ = 390.31, γ∗ = 22, κ∗ = 539, ξ∗ = 98,

and the initial conditions u0 = u̇0 = w0 = ẇ0 = 0.
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Figure 1. Example 1: Asymptotic constant error.

0 2 4 6 8 10 12 14 16 18 20
t

0

5

10

15

20

25

30

35

40

E
(t

)

Energy decay

0 2 4 6 8 10 12 14 16 18 20
t

-40

-35

-30

-25

-20

-15

-10

-5

0

5

ln
 E

(t
)

Energy decay

Figure 2. Example 1: Evolution of the discrete energy in the natural (left) and the semi-log scales (right).

We consider homogeneous Dirichlet boundary conditions on ΓD for both compo-
nents, that is,

u(0, y, t) = w(0, y, t) = 0 for all t ∈ (0, 1), y ∈ (0, 1).

Furthermore, we consider homogeneous Neumann boundary conditions on ΓN

for the displacements of the second constituent, w, and non-homogeneous Neu-
mann boundary conditions for the displacements of the first constituent, u, in the
following form:

Force =







(0, 0) if x ∈ (0, 5), y = 0,
(573t, 0) if x = 5, y ∈ (0, 1),
(0, 0) if x ∈ (0, 5), y = 1.

Using the time discretization parameter k = 10−3 and the finite element mesh
shown in Figure 3, the von Mises stress norm over the deformed mesh of the solid
material, for the first constituent, is plotted at final time in Figure 4. As expected,
there is an extension of the body in the X-direction and a compression in the
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Y-direction.
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Figure 3. Example 2: Finite element mesh.
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Figure 4. Example 2: von Mises stress norm for the displacements of the first constituent at final time
over the deformed mesh.

The von Mises stress norm is shown in Figure 5 over the deformed mesh of
the solid material for the second constituent and at final time. Now, there is a
compression of the body in the X-direction. This is possible produced as a reaction
to the effect due to the first constituent.
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Figure 5. Example 2: von Mises stress norm for the displacements of the second constituent at final time
over the deformed mesh.

As we did in the one-dimensional example, if we assume now that there are not
applied forces and we use the final time T = 5 and the initial conditions:

u0 = v0 = e0 = w0 = (x2 − 5x)(y2 − y),

being the remaining data the same used in the previous simulation and taking the
discretization parameter k = 10−3, the evolution in time of the discrete energy
Ehk

n , defined in (21), is plotted in Figure 6 in natural (left) and semi-log (right)
scales. As can be seen, it converges to zero and an exponential decay seems to be
achieved.

19



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t

0

2

4

6

8

10

12

14

E
(t

)

×105 Energy decay

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t

-20

-15

-10

-5

0

5

10

15

ln
 E

(t
)

Energy decay

Figure 6. Example 2: Evolution of the discrete energy in the natural (left) and the semi-log scales (right).

4.3. Third example: a 2D surface force in two components

As a second two-dimensional example, we study the effect of the application of
a surface force on both constituents. Hence, we solve Problem P considering the
same data as in the previous example.
We also assume homogeneous Dirichlet boundary conditions on ΓD for both

components, that is,

u(0, y, t) = w(0, y, t) = 0 for all t ∈ (0, 1), y ∈ (0, 1).

In this example, we consider non-homogeneous Neumann boundary conditions
on ΓN for the displacements of both constituents as follows,

Force =







(0, 0) if x ∈ (0, 5), y = 0,
(573t, 0) if x = 5, y ∈ (0, 1),
(0, 0) if x ∈ (0, 5), y = 1.

Using again the time discretization parameter k = 10−3 and the finite element
mesh shown in Figure 3, the von Mises stress norm over the deformed mesh of
the solid material, for the first constituent, is plotted at final time in Figure 7. As
expected, there is an extension of the body in the X-direction and a compression
in the Y-direction.
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Figure 7. Example 3: von Mises stress norm for the displacements of the first constituent at final time
over the deformed mesh.

Finally, the von Mises stress norm is shown in Figure 8 over the deformed mesh
of the solid material for the second constituent and at final time. Now, the results
are rather similar for both constituents maybe because the forces are applied at
the same time.
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Figure 8. Example 3: von Mises stress norm for the displacements of the second constituent at final time
over the deformed mesh.
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