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Abstract

In this paper, we study the fundamental solution for natural powers of the n-parameter fractional Laplace
and Dirac operators defined via Riemann-Liouville fractional derivatives. To do this we use iteration through
the fractional Poisson equation starting from the fundamental solutions of the fractional Laplace A, and
Dirac D¢, operators, admitting a summable fractional derivative. The family of fundamental solutions of
the corresponding natural powers of fractional Laplace and Dirac operators are expressed in operator form
using the Mittag-LefHler function.
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1 Introduction

During the last decades, the study of the so-called fractional Laplace operator has received the attention of
several authors (see for example [1L[14] and references therein indicated). This operator is defined as a singular
integral operator or as a Fourier multiplier in Fourier domain and has the purpose of extending the harmonic
function theory of the Laplace operator by taking into account the long-range interactions that occur in a
number of applications. Motivated by fractional calculus and fractional derivatives it appeared recently new
definitions for fractional Laplace operators (see [6L/7]).

In this paper we consider a n-parameter fractional Laplace operator defined in n-dimensional space and the
associated n-parameter fractional Dirac operator over a Clifford algebra, both defined via Riemann-Liouville

fractional derivatives with different fractional order of differentiation for each direction. Previous approaches
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for this type of operators can be found in [6l/7]. There the authors studied eigenfunctions and fundamental solu-
tions for the three-parameter fractional Laplace operator defined with Caputo and Riemann-Liouville fractional
derivatives, and derived also fundamental solutions for the corresponding fractional Dirac operator which fac-
torizes the fractional Laplace operator. In both cases, the authors applied an operational approach via Laplace
transform to construct general families of fundamental solutions.

The aim of this paper is to present an expression for the family of fundamental solutions for the natural
powers of the n-parameter fractional Laplace operator, as well as a family of fundamental solutions for the
natural powers of the fractional Dirac operator. To do this, we use the fundamental solution of the Laplace
operator AY, and the fundamental solution of the Dirac operator D7, and the iteration process using the
fractional Poisson equation in order to get the families of fundamental solutions expressed in operator form
using the Mittag-Leffler function.

We explain now how this paper is organized. In Section [2] we recall some basic knowledge about fractional
calculus and Clifford analysis. In Section [3] we solve the Poisson equation for the n-parameter fractional Laplace
operator, being this the key for the paper, because it connects the fundamental solution of previous order of the
powers of the operator with the next order. In Section [] are presented the fundamental solutions for natural
powers of the n-parameter fractional Laplace operator together with a detailed discussion for the integer case.
To finish, in Section [5| we present the fundamental solutions for natural powers of the n-parameter fractional
Dirac operator.

2 Preliminaries

2.1 Fractional Calculus

Let (D%, f) (z) denote the fractional Riemann-Liouville derivative of order a > 0 (see [11])

d\" 1 N f(#)
dt = 1 1
0200 = (1) o [ oo dt m=lal 41, o> ®
where [a] means the integer part of «. When 0 < @ < 1 then takes the form
d 1 )
D = — . 2
( a+f) (Z‘) dx F(].-Oé)/a ({I?—t)a dt ( )
The Riemann-Liouville fractional integral of order « > 0 is given by (see [11])
L A L)
I = dt .
12N @) =5 [ Gloms . v>a )

We denote by I (L) the class of functions f represented by the fractional integral of a summable function,
that is f = I ¢, ¢ € Li(a,b). A description of this class of functions was given in [13].

Theorem 2.1 A function f € I% (Ly),a > 0 if and only if I f € AC™([a,b]), m = [a]+1 and (I f)*)(a)
0,k=0,...,m—1.

In Theorem 2.1 AC™([a, b]) denotes the class of functions f, which are continuously differentiable on the segment
[a,b] up to order m — 1 and f(™~1) is absolutely continuous on [a,b]. Removing the last condition in Theorem
2.1] we obtain the class of functions that admits a summable fractional derivative.

Definition 2.2 (see [15]) A function f € L1(a,b) has a summable fractional derivative (D2, f) (z) if (II %) (z) €

AC™([a,b]), where m = [a] + 1.

If a function f admits a summable fractional derivative, then the composition of and can be written in
the form (see [13, Thm. 2.4])

m—1 k—1

(12D ) (@ x{aa ()™ V@ m= ]+ @)
=0



We remark that if f € 1% (Ly) then (4) reduces to (1%, D%, f) (z) = f(z). Nevertheless we note that D%, 1% f =
f in both cases. This is a particular case of a more general property (cf. [12} (2.114)])

o (I ) =D azy>0. (5)

It is important to remark that the semigroup property for the composition of fractional derivatives does not
hold in general (see |12, Sect. 2.3.6]). In fact, the property

D (D2 f) =Dl f (6)
holds whenever
f9(a*) =0, j=0,1,...,m—1, (7)

and f € AC™ Y([a,b]), f™ € Li(a,b) and m = [a] + 1. There are other sufficient conditions that ensure the
semigroup property (see [7]).

One important function used in this paper is the two-parameter Mittag-Leffler function E,, ,(2) [9], which
is defined in terms of the power series by

0 k

z
E,.. =§ - 0, 0, C. 8
Hy (Z) P F(/J,k+l/) > v > z € ( )

In particular, the function E, , (%) is entire of order p = % and type 0 = 1. Two important fractional integral
and differential formulae involving the two-parametric Mittag-Leffler function are the following (see [9, pp.
87-88)

Ige ((z = )" ' By (k(z — a)")) = (2 = a)* ™" Eppia (k(z — a)") (9)
forall a >0,k e C,z >a,u>0,v>0, and

(2 —a)" TEuy (k(z —a)") = (. —a)" " Eyu_a (k(z — a)) (10)
forala >0,k e C,z >a,u>0,v>0,v#a—p,withp=0,...,m—1,and m = [a] + 1.

Remark 2.3 For v =a —p, withp =0,...,m —1 and m = [a] + 1 we have that D%, ((z — a)* P~ 1) = 0,
which implies that the first term in the series expansion of (x —a)”"'E, , (k(z — a)") vanishes. Therefore, the
derivation rule @) must be replaced in these cases by the following derivation rule:

o (= a)* P Epap (klz—a)") = (2 —a)* P 'k Eyup (k(z—a)*), p=0,....n— 1 (11)

The approach presented in this paper is based on the Laplace transform and leads to the solution of a linear
Abel integral equation of the second kind.

Theorem 2.4 ([9, Thm. 4.2]) Let f € Li[a,b],a > 0 and A € C. Then the integral equation
)\ xr
u(z) = f(x) + I’(a)/a (z —t)* tu(t) dt, x € [a,b]
has a unique solution

uw) = @)+ [ “(@ = " B a (e — ) £(1) dt. (12)

2.2 Clifford analysis

Let {e1,---,en} be the standard basis of the Euclidean vector space in R™. The associated Clifford algebra
Ro., is the free algebra generated by R™ modulo 22 = —||z||? eg, where 2 € R™ and e is the neutral element
with respect to the multiplication operation in the Clifford algebra Ry ,. The defining relation induces the
multiplication rules

67;6]' + ejei = —25”', (13)



where d;; denotes the Kronecker’s delta. In particular, e? = —1forall i =1,...,n. The standard basis vectors
thus operate as imaginary units. A vector space basis for Ry, is given by the set {e4 : A C {1,...,n}} with
ea =eye,...e,where 1 <3 <...<l, <n,0<7r<n,ey:=e¢ep:=1 Each a € Ry, can be written in the
form a = )" , a4 ea, with asx € R. The conjugation in the Clifford algebra Ry ,, is defined by @ =) , a €4,
where €4 =€, €, ,...¢,,and ¢; = —¢jforj=1,...,n, e =¢ = 1.

Clifford analysis can be regarded as a higher-dimensional generalization of complex function theory in the
sense of the Riemann approach. An Ry ,—valued function f over  C R} has the representation f =" , eafa,
with components f4 : @ = Rg ,,. Properties such as continuity or differentiability have to be understood com-
ponentwise. Next, we recall the Euclidean Dirac operator D = Z;;l ej Or,, which factorizes the n-dimensional
Euclidean Laplace, ie., D? = —A = _Z;‘L:1 axf. An Ry ,-valued function f is called left-monogenic if it
satisfies Du = 0 on Q (resp. right-monogenic if it satisfies uD = 0 on §2).

For more details about Clifford algebras and basic concepts of its associated function theory we refer the
interested reader for example to [3l8]. Connections between Clifford analysis and fractional calculus were studied
in [6L[7,[10L[15).

3 The Poisson problem

Let Q = H;;l[aj, b;] be any bounded open rectangular domain, let o = (a1, ..., ay), with a; €]0,1],i=1,...,n,
and let us consider the n-parameter fractional Laplace operator AY, defined over 2 by means of the Riemann-
Liouville fractional derivative given by

a+ - ZalJrOtJ (14)

The previous fractional operator is associated to the corresponding fractional Dirac operator defined by

1+cx

DY, = Z ej0 7 . (15)

_ 1ta,
For j = 1,...,n the partial derivatives aii‘” and axﬁ are the Riemann-Liouville fractional derivatives of
J J

1 .
orders 14 a; and 2

, with respect to the variable z; € [a;, b;]. Like in the three-dimensional case (see [7]),
under certain conditions we have AY, = —D¢%, D¢, . Due to the nature of the fundamental solutions of these
operators we additionally need to consider the variable Z = (zs,.,z,) € Q= H?zz[aj,bj], and the fractional
Laplace and Dirac operators acting on Z defined by:

n 1+a
- =30 (6
Consider the following Poisson problem
A%, v(z) = ule), (17)
where we suppose that v(z) = v(zy,...,z,) admits summable fractional derivative 9'T* v(z) in the variable
Ty
z1 and belongs to Iliaj (L1) in the variables z;, for j = 2,..., n. Starting to apply the fractional integral Iifen
a; al

J
to both sides of the previous equation and taking into account we get
-1

o)~ P ) ) T (o) 0,5 (127 ) 0= (157) )

Applying successively the fractional integrals I;jaj, with j = 2,...,n, to both sides of the previous equation,
j

recalling that we supposed that v belongs to I;raj (L1) in the variables x;, applying Fubini’s theorem, and
J



rearranging the terms, we obtain:

n n
nr S| @ (T ) e (D) @
k=2j=2 j=2 7 j=1 ‘

J#k

— 1 —
- T th HI“%fl @)+ Hf““ffo @), as)

where fo and f; are fractional initial conditions given by
@ = (151) (a1, 2), A@) = (620) (a1,9). (19)

We observe that the fractional integrals in are Laplace-transformable functions. Therefore, we may apply
the n-dimensional Laplace transform with respect to xs, ..., x,, which we define by

n

+oo “+o0
FB) = Flsn o 50) = LLH(59s -2 50) :/ / exp <_Zspa:p> F(@ar e an) dy -+ da.
as an p—2

Taking into account its convolution and operational properties (see [4[11]), we obtain the following relations for

each term in :

r I1+a1 Z HI1+ag (21,5 Z H < (Il+a1 V) (21,3), k=2,...,n,

k=2 j=2 k=2 p=2
J#k p#k

n

n
r Hliiajv (21,%) ZHsgl_“”V(xug),
=2’

p=2

n

n
14+aj ~ —1— 1+ ~
L l_IIaJ‘r Tu p (x1,8) = H s, (Ia;ral Ll) (21, 9),
j=1 "’ p=2

alln

1 o R 1 —a
H11+ o | s = S ITs" 700

(x1 — Cll )T

(z1—a)™ [ 7 rte, 331 —a)” L
A A, I J , — ()‘p]-'
[ +1) ]1;[2 e R T +1) H ° i

1+a,

Combining all the resulting terms and multiplying by Hp o9 Sp we obtain the following second kind homo-

geneous integral equation of Volterra type:

I~ 1 - 1+ap o A 2 — ~ 140 ~
V@9 + iy 2% | @y sd = (P s+ (1) @09) (20)
where
W (mr—ap)Tt (1 —a)™ L
F(z1,8) = 2" F S F
(‘Tl S) F(al) 0(8)+ F(O{l—‘rl) 1(8)

and Fr(3) = L{f}(s), with k = 0,1. Using (12), we have that the unique solution of in the class of
summable functions is:

V(a1,3) = F(a1,3) + (11+a1u) (21,3)

n

=S s [ (@ = ) Briay e, |~ (@ - )Y skt (F(t,?) n (Ilial u) (m1,§)) dt,  (21)
a =2 “

p=2 !



which involves the two-parameter Mittag-Leffler function. Due the convergence of the integrals and the series
that appear in , we can interchange them and rewrite (21)) in the following way:

V(21,8) = (21— a1)™ ' Eiya,a <—($1 —apy)M ! Zsflo+ap> Fy(s)

p=2

+ (21— a1)** Eitay 140, <($1 —ay)™ ! ZS;JFQ”) Fi(s)

p=2

n

+o00 n
> (‘(Zsé“”)) 1 01,9), 22

p=2

In order to cancel the Laplace transform, we need to take into account its distributional form in Zemanian’s
space (for more details about generalized integral transforms see [16]) and the following relation:

o1+irs ontir, T n n (1+ )
lim / / H sn+en) F(s) exp E SpTp | dsp...dsy = H T i | (@),
T2,...,'p—>+00 o1—ire On—iTn =2 p=2 j=2 J

where k = 0,1. Therefore, applying the multinomial theorem and after straightforward calculations we get the
following solution of :

too )k(1+a1)+a1—1 )k(1+a1)+a1

(r1—a xa \ s a ~— (r1—a XA
’U(l‘) = Z(_l)k ;‘((1;041)1434*0(1) (Aa+) f0($>+]§(_1)kr((11+ 0[11)k+(1+041)) <Aa+> fl(x)

'S B (an) (D)
N +ai)(k+
>0 (<R ) 1T ), (23)
k=0
From the previous calculations we obtain the following theorem, where we describe the solution of the Poisson
equation in a operator form using the Mittag-Leffler function .

Theorem 3.1 The solution v(x) of the Poisson equation is given in the operator form by
v(@) = (@1 = a)™ ™ Birayap (—(21 =) AL ) fol@)

+ (21— a1)™ Eitar14a: (—(331 —ap)™ ! 32@) f1(Z),

1

+oo N k
+30 (FAs ) IOy ), (24)
k=0

where the functions fy and f1 are the Cauchy’s fractional conditions given by @

Proof: We give a direct proof of the theorem. Since 8;ial(x1 —ay)* 1 =0 and Giial(xl —a1)® =0 we
1 1

need to use the derivation rule (11) with respect to x; for the first two terms of (24). Concerning the third

term in 1) we take into account that 8;;0‘11;10“ = I. Therefore, applying the operator A%, = 533?” + A%+



to we obtain

A% v(x) = =A% (21— a1)* ! Eriay oy )AL ) fo(@)

961—(11

(x1+1 Aa+
a

fi@

N ey
- A(fr (371 - al) ! E1+a1,1+0¢1

(- )

+ A% (21— a1)  Eryay o ( 21 —ay) A +) fo(@
(- )
)

+ A% (21— a1)™ Bt 140n (—(1‘1 —ap)™ ! Aa H(E@

Xk
+u(z) — A2, Z (—A%) I(E?al)(kﬂ)u(x)
k=0

oI,k
A% (7Aa ) I(1+(X1)(k+1)
+ at ];J at ai*— U(SC)

= u(x).
]

We remark that if u(x) = 0 then reduces to the fundamental solution of the fractional Laplace operator.
Moreover, in the special case a = (1,...,1), considering fo(Z) = || — @||> ™ and f;(Z) = 0, the solution of the

Poisson problem Au = v has the following representation

v(w) = ||zfa||“+2( R)" P Vu(), (25)

where A = > s 837

4 Fundamental solution for natural powers of the fractional Laplace

operator

Consider a function G be a fundamental solution of A%, and a function G§ such that A%, G§ = Gf. Then

& is a fundamental solution of (A;‘u)Q, since (Ag@)Q g =A% (Ax GO‘) ¢ = 4. In a similar way, if
G¢ is such that Ay, G§ = G then G is a fundamental solutlon of (Agﬁr) . Hence we can deduce by induction
the following theorem.

i

Theorem 4.1 Let G, with i € N, a fundamental solution of (qu) .
A%, Gy = GY is a fundamental solution of (A;J‘+)Z+1.

Then the function Gf | such that

Using Theorem @ we can deduce an expression for G§*. First we need the expression for the fundamental
solution of A%, , which can be obtained putting u = 0 in Theorem

Theorem 4.2 A family of fundamental solutions for the fractional Laplace operator A%, is given by
GH(2) = (21 = a1) ™" Bryaya (~(01 = @) B2 ) f10(2)

+ (21— 0) Bryantban (—(@1 — @) A% ) f11(@), (26)
where

fro@) = (1.767) (a1, ), fra(@ = (9:167) (a1, ). (27)



Taking into account Theorem [3.1} Theorem [£.2] and the transition relation A%, G§ = Gf, we can deduce the
following expression for G, which is the fundamental solution of (A;‘“+)2, in terms of G

G5 (@) = (21~ 0) ! Pryayen (—(01 = @) 7 A% ) f20(@)

(21 = a1)" Bryanthe (01— a) ™+ AL ) f21(3)

=  qa ) k+1

+ 30 (FAg ) G @), (28)
k=0

where f50(Z) = Iljang‘) (a1,%) and f2.1(Z) = (80&(}3‘) (a1,7). By induction and using the transition
a 11

relation A% G¢,, = G we obtain the following result:

Theorem 4.3 Fori €N, a family of fundamental solutions G, for the operator (A(‘;)Hl is given by
2 (@) = (@1 — @)™ Bryaye (—(o1 = @) A%) fiyno(@)

+(r1—a1)* Eita, 11 (*(Il —ap)t 3Z‘+) fir1,1(2)
s ~a \F (tan)(k+1)

+ 30 (Ag ) et ge 29
~ ( a+> a1+ i (l‘) ( )

where fi11,0(T) = (Iiljale‘H) (a1,7), fir1.1(2) = (8:;§G§‘+1> (a1,7), and G¢ is a fundamental solution of
()"
Example 4.4 Here we present another expression for GS. Substituting @) imnto @ we have

G5 (@) = (@1 = @) 7 Briayan (—(01 = 01) 7 B ) f20(@)

+ (z1 — 1) Ei4ay 140, (-(331 —ap)tte 33+> f2,1(Z)

00 N k N
+> (_ 3+) I(E?al)(kﬂ) [(xl —a)™ " Bliay o <—(901 —ap)tte A3+> fl,o(f)}
k=0

00 N k N
+ Z (*Af}r) Ilglﬁal)(kﬂ) [(!171 —a1)™ Eiya; 140, (*(zl —ap)tt AZ‘+) f1,1(f)} .
1
k=0

Making use of the integral formula (@ to calculate the fractional integrals that appear in the last two terms, we
obtain

G5(2) = (21— 0)" " Bryayon (—(01 — @) 7 A% ) fo0(@)

+ (21 —a1)* Eitay140a, <—($1 —a;)tte 3Zﬁr) f2,1(Z)

“+o0

_~ k ~
+ (z1 — ay)*™ Z(Il — ap)Ten)k (*Af}r) Eitay 14200 +(14a1)k (*(Il —ap)'te A3+) f1,0(Z)
k=0

+oo N k N
+ (zy — ay)tH2en Z(xl - al)(Hal)k (—A(a)‘+) Ei 4o (14a1)(k+2) (-(331 —ap)tte A§+) f1,1(2).
k=0
(30)



Concerning the integer case, i.e. « = (1,...,1), the fundamental solution of the equation Alu = 0 which is
polyharmonic of least degree [ in R™ \ {a} is given by (cf. [2]):

lz — af*—"
wy(x) = foroddnand [ =1,2,... (31)
Yi—1
_ 2l—n
(K ,aH , forevennandl:1,27...,g—1
V-1
wi(x) = - , (32)
[ —all*™" In (f|z — a|) non
- ; , forevennandl=—,—-+1,...
Vi1 2°2

where the constants 7; and 7, are presented in [2, p.8]. Let’s examine first the case when n is odd. Considering

X[ s+k-1
(l—x)_‘q:z< ) z®, |z] <1

k=0

the binomial series

we obtain the series expansion

! 5 o)
u(z) = — ((#1 —a1)* + |7 - al|*)
Yi-1
g\ — 232
1 . i _ _ 2
=nx—an“l”(1+°ﬁ.f?l)
V-1 |z —al|
I 2k
1 n o_ _ —
= (—1)* < 2 l—;{—k 1 > A(xl/\—%a (33)
o & —al
: ~ A2 2 (xl_a1)2 . . B . ~ ~
with ||z —al|* =) _,_ 5(x;—a;)*, and o < 1. From (29) putting i+1 = with [ > 2, f;0(Z) = w(a1,7) =
W*jﬂjl_n, f1.1(&) = (0g,w1) (a1,%) = 0, and Gj_1(x) = W# we obtain a new fundamental solution of
Al given by

—+oo

1 = (_1)k($1_a1)2]€ N\a  ~2i-n 1 N 20—n—2
Gale) = - g:; TR (A) [ +—Z(—A) 1242z — | L (34)

Mi-2
From formula (1.5) in [2] we have that

22T (1-2+1)T(1-
ri-2+1-k)T(-4%-k)

N|—=
SN—
=)
|
)
N
|
3
|
N
E

~\ k
(3) 1@ —ap =

_ 22k T (l — % + 1) r (%) r (% — k) r (l — %) ”EU\_fd”Qlfank
"1 T_ 1 1
Fri—-2+1-kr(3-kTHr(-3-%
:F(%—l—kk)l“(%—kl)F(%—k)l“(l—% PP
D(E-DC(k+1) DT L1k
4 k-1 (Bt o
—( 2 D2k + 1) ||z — a2k, (35)
( k > (%_k)lfl

where the last identities follow from straightforward calculations involving the properties of the Gamma function
and the Pochhammer symbol. Putting in we obtain

1 = o _J4+k—-1 (%)171 (z1 —ar)?* 1 X,
Gi(z) = — —F | 2 ——— + —A) IRz — )22
(z) 1 kZ:O( ) < k (3 —k),_, lIF—af—2+2k " kZ_O( ) ot I |

(36)

1
Comparing with the first term of 1) we immediately see that they differ from the factor %, which
27 "1

is a constant under the action of the operator A!. Moreover, the restriction Gj(ay,7) is equal to u(a,z) =



lz—a||*—"
Yi—-1

characteristic singular solution of the equation Alu = 0. Since G}(z) and u,;(x) are fundamental solutions for the

. For the second term in we observe that it could be omitted since the first term corresponds to the

equation Aly = 0 they differ from a polyharmonic function of least degree I. In fact, putting F(z) = Gy(x)—u;(z)
we have that G;(z) = w(z) + F(x).

We proceed now with the case when n is even. For [ < g — 1 the fundamental solution coincide with .
For | > %, considering in i+1=1withl > 2, f10(Z) = w(a1,7) = —HE_EHZZ:,L ln(l“%_a”), fia(@) =
(0z,u1) (a1,Z) = 0, and G;_1(x) given by o

jz-al? ,_n
7%_2 ’ 2
G171($) = A R (37)
E-aP e mE-al) o, n
V2 ’ 2

we obtain a new fundamental solution of Al given by

_ 1 +oo(*1)k(fﬂ1*a1)2k S LT U R T2, Lk ot
Gl@):%,izkzzjo roiry (B) (E-a 1n<||xa|>>+]§(A) PG (). (39)

From formula (1.7) in [2] we have that
AN (15 A2ien ~_ -
(&) (7 —al*= w()z —al))

22kr(l_n+1)r(_%) & ~12l-n—2k N £ 1 1
Tl-2+1-k) (- %_k)”x_a” m(”x_“”H;(mn2i+2+212i>

Dl 4k—1 (3),1 1 1
—( 2 T2k + 1) 221 2-n=2k |1 (17 — @) + N |,
( k ) ( )(5 k), 1” —al n(l —al) Z Th_2it2 22

(39)

where the last identity follows from straightforward calculations involving the properties of the Gamma function
and the Pochhammer symbol. Putting in we obtain a new fundamental solution for the equation
Aly = 0, as it was done in .

5 Fundamental solution for natural powers of the fractional Dirac
operator

The line or reasoning is similar to the case of the natural powers of the fractional Laplace operator, and we
assume the conditions indicated in [7] that ensure the semigroup property @ _ _

For the even powers of the fractional Dirac operatpr we have that (Da ) ! ( A;)Z = (-1) (Agﬂr‘)l, with
i € N, therefore the fundamental solution of ( a+) coincide with the fundamental solution of (Ag‘ +)Z.

For the odd case, consider a function G{* be a fundamental solution of D¢, and a function G5 such that
AZ;QQO‘ = G{*. Then G is a fundamental solution of (Dg‘+)3, since (Dgﬂr)g g8 = Dg, (Ag‘+ gg) =D& Gy = d.
In a similar way, if G§ is such that A%, G$ = G then G¢ is a fundamental solution of (D;"+)5. Hence we can
deduce by induction the following theorem:

Theorem 5.1 Let G*, with i € N, be a fundamental solution of (D:j+
)2i+1

)Qi_l. Then the function G¢,, such that
A% G2 =G is a fundamental solution of (D2,

Using Theorem we can deduce and expression for G*. We start recalling the expression for the fundamental
solution of D2, deduced in [5], which corresponds to the function Gf'.

Theorem 5.2 A family of fundamental solutions of the fractional Dirac operator D¢, is given by
=D e (1), (@)
j=1

10



where the function components are given by

a3

(G0), (@) = (@1 = a) ™7 By o (—(@1— )™+ A% ) (fros (@)

a;—1

+ (21 —ay) By e (—(561 —ap)tt 33+) (f1,01(@), (40)

and for j=2,....n

1t+a,

0,7 ) (ho)t@)

J

01, @) = (1= @) (Brianos (~or = o) A7)

1+o<]

+ (1 —a1)™ <E1+a1,1+a1 (—(1'1 —ay)tt 33+) 8$+2 > (fi,1);(@), (41)

J

where (f1,0);(®) = (1™ (1), )(al, 7). and (f11);(3) = (972 (99),) (a1, ) with j = 1,.

Taking into account Theorem Theorem and the transition relation A%, G = G¢*, we can deduce the

following expression for G§', which is the fundamental solution of (Dg+)3, in terms of Gf*:

= e (G5), (@)
Jj=1
where
(G9), () = (1 — a1)* ! Bryay .o (—(wl —ap)tt E;a) (f201(@)

+ (1 — 1) Eiya, 140, (-(961 —a;)tte 33+> (f2,1)1(2)

+oo 1
+3 (<8 1 g, ) (12)

1
k=0
and for j =2,...,n

1+o¢j

0.7 ) ()@

J

(981, (@) = (1 = )" (Bupon o (~(o1 = an) 1 B2,

1+a7-

+ (#1 —a1)™ <E1+a1,1+a1 (*(171 —ap)tte 3Zﬁ) 9 > (f2,1);(2)

J

J

+oo . k 1+‘1j
+ 30 (Bg ) g (G, (), (43)
=0

where (fa.0);(%) = (11 o (G )(al, %), and (f2.1);(%) = (aal (G5), )(al, %), with j = 1,...,n. By induction
1
and using the transition relation A%, G | = G¥ we can deduce the following result:

2i+1

Theorem 5.3 Fori €N, a family of fundamental solutions G, | for the operator (Dg+) is given by

H—l E :ej H—l 7

where
(G21), (@) = (z1 —a)* ' Eryay (—(961 —a)'t 33#) (fi+1,0), (@)

+ (21— )™ Bryayiie (—(01 = @)™ A% ) (fi1), ()

+ Z (<ag)" 1) gy (),

11



and for j =2,...,n
1+aj

(G22),0) = (o1 = @)™ (Briay s (~(o1 = a0 32.) 9,5 ) (o), @

J

Itay

+ (xl - al)al <E1+061,1+011 (_(xl - a1)1+011 Ber) aTJrT

J

) Geer, @)

+Z( 2 )" I 975 (g, (o),

J

with (fisro), @) = (117°(68); ) (@1.8), (i), @ = (952 (921),) (@1,8), for j = 1.....n, and G is a

fundamental solution of (Dgﬁr)%il

Example 5.4 Here we present another expression for GS. Substituting @ and imnto @ and ,
respectively, they become equal to

(G8), (@) = (@1 = @)™ Bryay a0 (—(21 = 1) A2 ) (f20), (@)

(@1 = @) Brsayaie (—(o0— )" A5 ) (f21), @)

+ io (7A3+>k I,il++a1)(k+%) |:(CU1 - a1)a12_3E1+a1,“lT’1 <*(5”1 —ay)tte 3‘;@) (10)1 (ZE)]

1
k=0

+ Z ( ) (1+a1)(k+ ) [(m _ al)al;lEHQI,HQ1 (_(331 ~ap)lte 3%) (fr1), (55)} 7

and for j=2,....n

1t+ay

(gg>j (.’1?) = (56’1 - al)al_l <E1+a1,a1 (—(.’El — a1)1+°‘1 Egﬁr) 0 ¥

J

) (20, @)

1+a;

+ (21— a1)™ (E1+a1,1+a1 (—(951 —ap)tt £3+) 5’m+2> (f2,1); (@)

1+a

N Z (-2 ) pre D) 8 tos |:(‘T1 )™ By (o — ) 32) 05 (o), (7 )]

] J

1t+a,

400 =R k 1+ay ~
+ Z (_ g+) Ii?ral)(lﬁrl) 8x+2 l:(xl — 1) Bya, 1ta (—(xl _ al)l-‘r(n Ang) aﬁz (f1, 1) (z )} )

J J

(44)

Making use of the integral formula @ to calculate the fractional integrals that appear in the last two terms of
the two previous expressions, we finally obtain

G51(x) = (21— a1)™ ' Eryasa (—(501 —ap)'te 32“+> (f2,0); (Z)

+ (21— @)™ Briasara, (@1 — @) A% ) (o), (@)

_~ k -~
+ B a1 1 Z (1+o¢1)k (ng-#) E1+a1,al+(1+a1)k (7(‘%1 - a1)1+a1 Ag+) (f1,0)1 (IIZ)
+o0o N k R
(21— a0)™ Y (@1 — a) T F (<AL ) Bryay (reneern (@1 — a) AL (), @),
k=0

12



and for j =2,...,n

1+aj

081, (0) = (1 = @) (Breans (~o1 = )™ B2 ) 0,5 ) (f20), @

J

14+a;

+ (r1 —a)™ (E1+a1,1+a1 <—($1 —ap)'t 33+) 9 4 ) (f21); (@)

J

+oo

Nk . . N
+ (21 — ap)?™ 2(371 — ayp)(tFek (—A;“+) E1far 142014+ (14a1)k (—(331 —ap)tt A§+> a;ra] (f10); @)
k=0 J
+oo N k N e,
o —a) 2 Y =) (CA% ) Bray anern) (1 —a) B8 ) 91 (), (@)
k=0

(45)

6 Conclusions and Future Work

In this paper, we presented an expression for the family of fundamental solutions for the natural powers of the
n-parameter fractional Laplace operator, as well for the family of fundamental solutions for the natural powers
of the fractional Dirac operator. Moreover, it is desirable to find an explicit expression for the functions fy
and f; in the Cauchy’s fractional conditions , in order to obtain more explicit expressions for the results
obtained in Sections [4] and [5} This will be subject to future work.
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