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We construct asymptotically flat, spinning, regular on and outside an event horizon, scalarized black
holes (SBHs) in extended scalar-tensor–Gauss-Bonnet models. They reduce to Kerr BHs when the scalar
field vanishes. For an illustrative choice of nonminimal coupling, we scan the domain of existence. For
each value of spin, SBHs exist in an interval between two critical masses, with the lowest one vanishing in
the static limit. Non-uniqueness with Kerr BHs of equal global charges is observed; the SBHs are
entropically favoured. This suggests that SBHs form dynamically from the spontaneous scalarization of
Kerr BHs, which are prone to a scalar-triggered tachyonic instability, below the largest critical mass.
Phenomenologically, the introduction of BH spin damps the maximal observable difference between
comparable scalarized and vacuum BHs. In the static limit, (perturbatively stable) SBHs can store over 20%
of the spacetime energy outside the event horizon; in comparison with Schwarzschild BHs, their geodesic
frequency at the ISCO can differ by a factor of 2.5 and deviations in the shadow areal radius may top 40%.
As the BH spin grows, low mass SBHs are excluded, and the maximal relative differences decrease,
becoming of the order of a few percent for dimensionless spin j≳ 0.5. This reveals a spin selection effect:
non-GR effects are only significant for low spin. We discuss if and how the recently measured shadow size
of the M87 supermassive BH constrains the length scale of the Gauss-Bonnet coupling.
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Introduction.—Strong gravity has entered the precision
era. The breakthroughs in gravitational wave astrophysics
[1,2] and the unveiling of the first black hole (BH) shadow
image [3–5] are probing the true nature of BH candidates.
Thus, the hypothesis that astrophysical BHs when near
equilibrium are well described by the Kerr metric [6]—
the Kerr hypothesis—can be tested to a new level of
accuracy [7–9].
A primary concern in such testing is to assess degen-

eracy. That is, to what extent other viable BHmodels mimic
the Kerr phenomenology. Three theoretical requirements
for a viable BH model are that it should (i) arise in a
consistent and well-motivated (effective field) theory of
gravity, (ii) have a dynamical formation mechanism, and
(iii) be (sufficiently) stable [10]. Thus, a pressing theoreti-
cal task is to investigate the phenomenology of models
obeying these criteria.
One such family of models arises in the context of the

BH spontaneous scalarization mechanism [11–13], akin to
the scalarization of neutron stars occurring in scalar-tensor
models [14]. By considering extended-scalar tensor Gauss-
Bonnet models (ESTGB), which include a Gauss-Bonnet
(GB) term, vacuum General Relativity (GR) BHs—the
Kerr family—may scalarize. On the one hand, this is a
sound class of models with second order field equations,
avoiding Ostrogradsky instabilities [15], and with high

energy physics motivations [16]. On the other hand, the
scalarization phenomenon yields a formation mechanism,
and, in the only case studied hitherto—the static spherical
case [17–25]—scalarized BHs (SBHs) stable against radial
perturbations have been found [26,27]. In this Letter we
report on ESTGB spinning SBHs, which may form from
the spontaneous scalarization of Kerr BHs. We show that
introducing (the astrophysically relevant) spin downsizes
the phenomenological effects of scalarization. Using our
results, we discuss how the M87 BH shadow measurement
[5] may constrain the length scale of the ESTGB sponta-
neous scalarization models.
The model.—Nonminimal couplings often allow circum-

venting BH no-scalar hair theorems [28,29]. A dynamical
scenario of BH spontaneous scalarization relies on three
key ingredients. (a) One augments Einstein’s GR with a
new (real) scalar field degree of freedom, ϕ, describing a
spacetime varying coupling. The proposal that fundamental
couplings vary in space and time is old, e.g., Refs. [30,31],
and, in particular, motivated by different attempts at grand
unification theories and quantum gravity. (b) One adds to
GR a source of gravity, I , which can trigger a repulsive
gravitational effect for BHs, and assumes some function
fðϕÞ describes the coupling strength of I . This class of
models is described by the action:
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S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − 2∂μϕ∂μϕþ fðϕÞI �; ð1Þ

where R is the Ricci scalar of the spacetime metric gμν.
(c) One chooses fðϕÞ so that both GR and non-GR
(scalarized) exist in the model and the former may become
unstable.
The choice of I in (ii) could be, e.g., the familiar

electromagnetic Lagrangian IEM ¼ −FμνFμν [32] or, the
choice herein, the Gauss-Bonnet curvature squared term,

IGB ¼ λ2ðRμναβRμναβ − 4RμνRμν þ R2Þ; ð2Þ

where λ is a constant length scale. Choosing IEM, electro-
vacuum GR BHs become unstable below a certain M=Q,
i.e., BH mass to charge ratio, determined by the choice of
fðϕÞ, and spontaneously scalarize. In this model, scalari-
zation was established dynamically [32–34] and shown to
be approximately conservative, for high M=Q. Choosing
IGB, vacuum GR BHs become unstable against scalariza-
tion below a certain M=λ [11]. In both cases, it becomes
dynamically favorable for BHs with sufficiently low mass
compared to the length scale associated to the repulsive
effect (Q or λ) to excite the scalar field, varying the
coupling strength of the repulsive term.
Coupling function and instability threshold.—Appropriate

couplings fðϕÞ obey f0ðϕÞjϕ¼0 ≡ df=dϕjϕ¼0 ¼ 0, so that
the vacuum GR BHs are solutions of Eq. (1). Moreover,
the latter are prone to a tachyonic instability triggered
by a scalar field perturbation if Id2f=dϕ2jϕ¼0 > 0 [32]. A
choice of appropriate coupling, which yields entropically
favored, perturbatively stable, static, spherical SBHs in the
ESTGB model, is as follows [11]:

fðϕÞ ¼ 1

2β
ð1 − e−βϕ

2Þ; ð3Þ

where β > 0. Following [11] we take β ¼ 6. For suffi-
ciently high β, the properties of this particular choice are
universal. For Schwarzschild BHs, IGB > 0, and both
above conditions are met for Eq. (3).
Schwarzschild BHs are unstable against scalarization

when [11,12]M=λ≲ 0.587. This number is independent of
the specific choice of fðϕÞ, as long as it is compatible with
scalarization. For a Kerr BH with given dimensionless spin
j≡ J=M2, the corresponding threshold for stability is now
a function of J=λ2, forming an existence line in the ðM; JÞ
plane. We will see in Fig. 1 that there exist some J, such
that the threshold of scalarization is larger than 0.587. Thus,
spinning BHs can scalarize for (slightly) larger masses.
The domain of existence.—Stationary, axisymmetric

solutions of Eq. (1) describing spinning, SBHs can be
constructed using the metric ansatz ds2 ¼ −e2F0Ndt2þ
e2F1ðdr2=N þ r2dθ2Þ þ e2F2r2 sin2 θðdφ −WdtÞ2, where
N ≡ 1 − rH=r, and Fi, W, as well as the scalar field ϕ,

depend on r, θ only. Asymptotic flatness is guaranteed
by imposing that limr→∞Fi ¼ limr→∞W ¼ limr→∞ϕ ¼ 0.
Axial symmetry and regularity impose, on the symmetry
axis, θ ¼ 0; π, ∂θFi ¼ ∂θW ¼ ∂θϕ ¼ 0, and F1 ¼ F2, (no
conical singularities). At the event horizon, located at a
constant value of r ¼ rH > 0, a new radial coordinate is
convenient, x≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 − r2H
p

, leading to the horizon boun-
dary conditions, at r ¼ rH, ∂xFi ¼ ∂xϕ ¼ 0 and W ¼ ΩH,
where the constant ΩH > 0 is the horizon angular velocity.
The system of coupled PDEs obtained from Eq. (1) is

solved using a Newton-Raphson relaxation method, the
above boundary conditions and the same numerical strategy
and solver as in, e.g., [35]. The ADM mass M and
total angular momentum J of the BH solutions are read off
from the asymptotic expansions, for large r: gtt ¼ −e2F0Nþ
e2F2W2r2 sin2 θ ≃ −1þ 2M=r, gφt ¼ −e2F2Wr2 sin2 θ ≃
−2J sin2 θ=r. In Fig. 1, we exhibit the domain of existence
of the spinning SBHs in the ðM; JÞ plane (shaded blue
region), obtained by extrapolating to the continuum a discrete
set of thousands of solutions. The domain of existence is
bounded by the static BHs (black dashed line), which have
J ¼ 0 and M=λ < 0.587, the existence (blue solid) line
corresponds to the Kerr BHs, which can support test field
configurations of the scalar field (a zeromodeof the instability
[36]) and a set of critical solutions (red dotted line). The
existence line is universal for anyfðϕÞ allowing scalarization,
cf. Ref. [34]. The critical and static sets are model dependent.
The former reveals that below a certainM=λ, which depends
on J, solutions cease to exist. This behavior is shared with the
dilaton-GBmodel [37,38]. Physically, the repulsive GB term
can prevent the existence of an event horizon below a certain
M=λ, and this value increases with J, which adds another
repulsive effect [39].
Physical properties.—Nonuniqueness between scalar-

ized and Kerr BHs, for the same global quantities
ðM; JÞ, is manifest in Fig. 1. To get a measure of how
much these two families of BHs differ, we show in Fig. 2
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FIG. 1. ðM; JÞ domain of existence of spinning SBHs.
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the ratio of the horizon mass, computed as the Komar
integral [40] for the stationarity Killing vector field, k ¼ ∂t,
to the ADM mass, as a function of the dimensionless spin.
For static BHs (j ¼ 0) over 20% of the spacetime energy
can be stored outside the horizon. This occurs for solutions
with the smallest values ofM=λ≲ 0.29. For large spin, say
j≳ 0.8, solutions have M=λ≳ 0.6 and the energy outside
the horizon is less than 10%. In the j ¼ 0 limit, the SBHs in
this model are stable against radial perturbations forM=λ≳
0.171 [26], which encompasses the whole static (black
dashed) line in Fig. 2.
Let us assess the entropy of the spinning SBHs. In

the ESTGB model, the BH entropy is not given by the
Bekenstein-Hawking formula, SBH ¼ AH=4, where the
event horizon area AH, is, in terms of our metric ansatz,

AH ¼ 2πr2H
R
π
0 dθ sin θeF

ð2Þ
1
ðθÞþFð2Þ

2
ðθÞ. The corrected entropy

is obtained using Wald’s approach [41],

S¼SBHþSsGB; SsGB≡λ2

2

Z
H
d2x

ffiffiffi
h

p
fðϕÞRð2Þ; ð4Þ

where Rð2Þ is the Ricci scalar of the metric hij, induced on
the spatial sections of the event horizon, H. Defining the
reduced (dimensionless) area and entropy,

aH ≡ AH

16πM2
; s≡ S

4πM2
; ð5Þ

we plot these quantities in Fig. 3 for the spinning SBHs. For
fixed j, the reduced area of the SBHs decreases from the
existence to the critical line. In this sense, the SBHs are
smaller than comparable Kerr BHs (with the same M, J).
But, by virtue of the corrected entropy formula, the reduced
entropy of the spinning SBHs, for fixed j, increases
from the existence to the critical line, cf. Fig. 3 (inset).

Thus, SBHs are entropically preferred over comparable,
i.e., the same ðM; JÞ, Kerr BHs.
The solutions obey a Smarr-type formula [42],

M ¼ 2ðTHSþ ΩHJÞ þMðϕÞ; ð6Þ

where TH ¼ ½eFð2Þ
0
ðθÞ−Fð2Þ

1
ðθÞ�=ð4πrHÞ is the Hawking tem-

perature and MðϕÞ is a bulk (outside the horizon) integral
along a spacelike hypersurface Σ, accounting for the scalar
field MðϕÞ ¼ ð1=2πÞ RΣ d3x ffiffiffiffiffiffi−gp

(fðϕÞ=f0ðϕÞ)□ϕ. This
formula is used for numerical accuracy tests [43].
Another test is provided by the first law of BH thermo-
dynamics, dM ¼ THdSþΩHdJ, where no explicit scalar
field term appears, even though the solutions possess a
scalar “charge” Qs, which is read off from the far-field
asymptotics as ϕ ≃ −Qs=r.
BH shadows.—The shadow is an optical image of a BH

due to background or surrounding light sources [44–48].
Recently the first image of a BH shadow was released
[3–5]. A BH shadow is a feature of strong gravitational
lensing, and it is determined by the fundamental photon
orbits—bound states of light around the BH [49]. These
include, in particular, the equatorial light rings (LRs).
Measuring the LRs gives the boundary of the shadow.
The shadows in two distinct (stationary and axisymmetric)
BH spacetimes are comparable if the BHs are comparable
and the observers are identical, say, both on the equatorial
plane and at the same perimetral distance ffiffiffiffiffiffiffigφφ

p from each
BH [50]. In Fig. 4 the shadow and lensing of two SBHs,
and their comparable vacuum counterparts are shown,
obtained using ray tracing. The j ¼ 0 SBH is the smallest
stable one [26], in order to maximize the relative difference
with its vacuum counterpart. The shadow of the former has
roughly half the size, whereas the Einstein ring (the lensing
of the image point behind the BH) is similar (top panels,
Fig. 4). For the spinning SBH and Kerr BH (both with the
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FIG. 2. Horizon mass to ADMmass ratio vs j. The color coding
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spin value, j ¼ 0.24) the differences are still obvious, but
smaller (lower panels, Fig. 4). To make the comparison
quantitative, we introduce the areal radius r̄≡ ffiffiffiffiffiffiffiffiffi

A=π
p

, for a
shadow image with area A; r̄ is well defined even for
noncircular shadows. This measure is used in Fig. 5 to
obtain the relative deviation in the shadow size between
SBHs and Kerr BHs. One observes the deviations increase
monotonically asM=λ decreases. For j ¼ 0, deviations can
be larger than 80%, or, restricting to the stable BHs
(M=λ≳ 0.171), larger than 40%. This is consistent with
SBHs being smaller, cf. Fig. 3. Turning on j introduces a
critical lower mass, cf. Fig. 1, and the larger deviations (at
the smallest M=λ) are absent. For j ¼ 0.24, deviations still
reach ∼30%, but for j ¼ 0.48, deviations are only of a few
percent, resembling the Einstein-dilaton-GB model [46].
The j ¼ 0.24 SBH shown in Fig. 4 maximizes the differ-
ence with Kerr for this spin value. For j≳ 0.5 the shadows
of SBHs differ from Kerr ≲2% and lensing images of this
sort would look identical to the comparable Kerr.
The M87 shadow.—The M87 supermassive BH imaging

[3] gave a BH angular scale of θg ¼ 3.8� 0.4 μas. We thus
consider a 10% error in the measured shadow size [52].
A prior measurement of the BH mass using stellar
dynamics [53], but with updated distance [3], gaveMM87 ¼
6.2þ1.1

−0.6 × 109 M⊙. Taking this as the true mass, a putative
SBH is only consistent with the data (which is consistent
with a Kerr BH) if the relative shadow deviation is ≲10%.
The corresponding line separating excluded from viable
SBHs is shown in Fig. 5. Its intersection with the line of

solutions is not very sensitive to j: M=λ ¼ 0.35 (0.353) for
j ¼ 0 (j ¼ 0.24). Such low spin values are compatible with
some estimates of the M87 BH spin, say, j ∼ 0.1 in
Ref. [54]. Imposing MM87=λ≳ 0.353, yields the (weak)
constraint λ≲ 1.8 × 1010 M⊙. For larger λ, a BH withM ¼
MM87 would scalarize, and, assuming this process to be
approximately conservative [55], the SBH shadow would
be too small. Even though the mass estimate in Ref. [53]
assumes GR, the GB term fall off as ∼1=r6 implies GR is a
good approximation of a few gravitational radii in our
model and thus in the study of stellar dynamics. On the
other hand, if the M87 BH spin is large, as in other
estimates, say j ∼ 0.9 in Ref. [56], its shadow measurement
[3] per se is compatible with a SBH, as differences are
below the 10% error bar.
Frequency at the ISCO.—The geodesic frequency at the

innermost stable circular orbit (ISCO) of the SBHs, Ω, is of
relevance for x-ray astronomy, since the inner edge of
accretion disks is often modeled at the ISCO (e.g., Thorne-
Novikov disk model [57]). Then this frequency dictates the
cutoff on the frequency of synchroton radiation, which is
used in the continuum fitting of the x-ray spectrum of
accreting BH systems [58]. The ISCO frequency compu-
tation follows, e.g., Ref. [35]. Figure 6 shows the relative
frequencies at the ISCO for SBHs and Kerr BHs. For j ¼ 0,
the ratio ΩðsÞ=ΩðGRÞ reaches a maximum ∼2.5, attained for
stable BHs. The transition to unstable BHs is marked with a
square (M=λ≲ 0.171). In the spinning case, for j ¼ 0.24,
deviations are larger for prograde orbits [denoted with (þ)]
with a maximum ratio ∼2.3. For j ¼ 0.48 (inset) deviation
are ≲10%, and even less for higher j. For j ¼ 0, rISCO and
rLR have a different sensitivity to M=λ. Varying M=λ from
0.587 → 0.3, the former approximately halves, whereas the
latter becomes only ∼2=3 of its initial value. This explains

FIG. 4. Shadows and lensing, under comparable observation
conditions. Top, left to right: (i) static SBH with M=λ ∼ 0.172,
(ii) comparable Schwarzschild BH. Bottom, left to right: (iii) spin-
ning SBH with M=λ ∼ 0.237 (j ¼ 0.24), (iv) comparable Kerr
BH. The background image can be found in Ref. [51].
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the larger deviation from Schwarzschild in the ISCO
behavior as compared to shadows.
Universality and a spin selection effect.—Other coupling

functions fðϕÞ compatible with spontaneous scalarization,
e.g., Ref. [12], imply a different range for M=λ even in the
static (j ¼ 0) case. As a naïve expectation, the impact of
j ≠ 0 should generically follow the trend herein: increase
the minimal value of M=λ and simultaneously decrease
the maximal relative deviations from Kerr, as in Ref. [46].
This contrasts with the effect of spin in some models of
scalarized stars [59].
Finally, we observe this model illustrates a spin selection

effect: BHs with moderate to large spins will be either Kerr
BHs or SBHs which are indistinguishable from Kerr BHs
in current observations. Only low spin BHs could clearly
unveil the scalarization phenomenon. In this regard, one
may recall that typical BHs observed by both gravitational
wave observations (as the final BH) and x-ray spectroscopy
methods are estimated to have a fairly large spin:
cf. Table III in Ref. [2] and Table 8.1 in Ref. [58].
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