MATRIX TODA AND VOLTERRA LATTICES
AMILCAR BRANQUINHO', ANA FOULQUIE MORENO™, AND JUAN C. GARCIA-ARDILA*

ABSTRACT. We consider matrix Toda and Volterra lattice equations and their relation with
matrix biorthogonal polynomials. From that relation, we give a method for constructing a
new solution of these systems from another given one. An illustrative example is presented.

1. INTRODUCTION

The Toda lattice

W bu(t) = an(t) — ans1(t)
i1 (1) = i1 (0) (bu(t) = byy1 (1))

when both (a,(?)).eny and (b, (2))nen are real or complex functions has been well studied
in the literature from different points of view (see [2, 13, 6, 11, 17, 19]). In particular,
if we assume that a,(f) # 0, n > 0, and we define a sequence of polynomials (p;)en
recursively by

610:0, l’l:(),l...,

Pn+1(X, 1) = (x = by (1)) pu(x, 1) — an(t) pp-1(x, 1), p-1=0, po=1

then using Favard’s theorem [9], for each 1 € R. there exists a linear functional u(t)
such that the sequence of polynomials (p,),en is orthogonal with respect to u(¢). This
connection with orthogonal polynomials was used in [/, 11}, 19] to give sufficient conditions
for the construction of a solution of the above Toda lattice from another given one. Both
solutions are linked by a Bicklund transformation, given by

ap = Yon-1Y2n, bn =%Yowm + VYon+l + Ca n €N,

An = YonY2n+1, by = yon+1 + Yonro + C, neN,
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where (y,,)nen is solution of the Volterra lattice

(2) 7./n+1 = 7n+1(7n - 7n+2)9 n € N.

Here we emphasize that the dot “” means differentiation with respect to ¢ € R.

Both the Volterra and the new solution of the Toda lattices are strongly related with
Darboux transformations of orthogonal polynomials (or equivalently, the LU and UL fac-
torization of its Jacobi matrix associated [8]). In [5] the above analysis is generalized to
high-order Toda and Volterra lattices.

The Darboux transformations has also been used by Spiridonov and Zhedanov to study
the discrete-time Toda [20] and Volterra lattices [21] and their connection with Askey-
Wilson polynomials.

More recently, a matrix interpretation of high-order Toda lattices is given in [4] to con-
sider the following semi-infinite system of differential equations

ap = Cp — Cp-2,
(3) bn = CpQap+1 — Cp—1ap + dn - dn—Q, neN
Cn = cp(bps1 — by) + dpapsg — dp_1ap,

dy = dy(bpig — by),
with initial conditions ay = by = ¢p = dyp = c1 = 0, where a,, b,, c, and d,, are complex

functions depending on ¢t € R. This system can be characterized in terms of matrix
orthogonal polynomials satisfying the following three term recurrence relation

XVm(x) = Am+1Vm+1 + Ban(x) + Cme_l(X), ne N,
where
1 0 bom+1  a2m+2 dom-1  Com
A, = , B, = , C, = )
" [a2m+3 1] " [02m+1 boam+2 " 0 dom

Notice that from the above differential system, can be written in matrix notation as

Am = AuDpi1 — DAy
Bm = AnCn+1 — CApm-1+ ByDy — Dy By, n €N,
Cm = BnCy — CuBy-1 + CuDiy-1 — DGy

Com+1 0
tions) a representation of the vector of linear functional associated with the polynomials

(Vinen and show that the orthogonality governs the high-order Toda lattice.

In a more general framework, the non-Abelian Toda and Volterra lattices and the Bick-
lund relation between them have been well studied [12, 13, [15, 16} 18], In particular, if we
assume that a, and b, are matrices, then a solution of the Toda lattice can be expressed in
term of quasideterminants [14] (the definition of quasideterminants can be found in [10]).

where D,, = [ 0 0]. With this new interpretation, the authors find (under some condi-
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In this paper we deal with similar Toda and Volterra lattices as in (1) and (2), but now
with N X N matrix complex functions, a,, b, and y,. In this case we need to be careful
because the matrix product is no more commutative. Here, we also find a close relation
between the matrix Toda lattice and the matrix biorthogonal polynomials associated to a
matrix sesquilinear form, which allows us to find a new solution from a given one using the
symmetrization process (¢f Section [3). We also find a close relation between the matrix
Toda and Volterra lattices.

This work is organized as follows: In Section [2, we present the basic theory about
matrix biorthogonal polynomials and a Favard’s matrix theorem. Following the ideas given
in [9] we expose the symmetrization process for matrix sesquilinear forms associated to a
matrix of the linear functionals, this process involves the block LU factorization (see [8]
in the scalar case) and the matrix Christoffel transformation [1]. In Section {4, we study a
matrix Toda system and use this symmetrization process (the analogous to the Backlund
transformation) to construct a new solution from another given one. Both solutions are
liked to each other by a matrix Volterra lattice. We also give a very instructive example
which motivates the study in Section[5|of the matrix Volterra lattice (or equivalently matrix
2Toda lattice), where we give characterizations of the solution of a Volterra lattice, its
corresponding matrix of linear functionals associated to the block Jacobi matrix and its
sequence of matrix biorthogonal polynomials.

2. MATRIX BIORTHOGONAL POLYNOMIALS

First of all we will fix some notation. Let C be the set of complex numbers, and de-
note by CV*V the linear space of N x N matrices with complex entries. For an arbitrary
finite or semi-infinite matrix A, the matrix A" is its transpose conjugate. We will denote
by I and O the identity and zero N X N matrices, respectively.

A sesquilinear form on the bimodule of matrix polynomials C
is a map

NxN[x], with real variable,

<_, > . CNXN[X] x CNXN[x] — CNXN’

such that for any triple P,Q,R € CN*N[x] and for all A, B € CNXV,

1. (AP(x) + BQ(x), R(x)) = A(P(x), R(x)) + B{(Q(x), R(x));
2. (P(x), AQ(x) + B R(x)) = (P(x), Q(x)) AT + (P(x), R(x)) B.

If (P(x),0(x)) = {(0Q(x), P(x))", then (-, -) is called a symmetric sesquilinear form.
Given a matrix of linear functionals, i.e.

Uo,0 T Uo,N-1

<
Il

UN-1,0 - UN-1N-1
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where u; ; belongs to the dual space of C|[x], we define its associated sesquilinear form
(P, Q), as follows

N-1

(PO )ij = ) lutkss Pir(x) Qju(x)) ij=01- N-1

k,1=0

Here, [u;j, p(x)] is the application of the linear functional u;; to the scalar polyno-
mial p(x).
An important property of the sesquilinear form defined in terms of a matrix of linear
functionals is that (x P(x), Q(x)), = (P(x),x Q(x)),. Hereinafter we only work with ma-
trix sesquilinear forms satisfying the above property and unless otherwise stated we will
assume that (ILI), = L.

Definition 1. 7The n-th moment of a sesquilinear form associated with a matrix of linear func-
tionals is defined as

(uo0, x") ... (uon-1,x")
U, = : : , n € N.
(un-10,x") ... (un-1N-1,X")
We also define the block moment matrix M and its n-th truncation as
uy up - uy o Upe1
uyp uz . M,=]| : o, neN,

Up-1 -+ Up-9

M

Let y(x) := [I Ix Ix? ]T Observe that with this notation, the block moment
matrix can be expressed as M = ( y(x), y(x)),.

Proposition 1. The block moment matrix M satisfies

0O I O
(4) MA" =AM where, A=10 0 I
Proof. The proof follows from the identity A y(x) = x x(x). |

Definition 2. A4 sesquilinear form (-, -), is said to be quasi-definite if all block leading sub-matrices
of the corresponding block moment matrix are nonsingular.

Proposition 2 (¢f [1]). If the sesquilinear form <., -), is quasi-definite, then its block moment
matrix M has an unique Gauss-Borel factorization,

(5) M =S H(Sy)™,

where S1, Sy are lower unitriangular block matrices and H is a block diagonal matrix. More-
over, if M = M7, then S; = Ss.
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Definition 3. Given a quasi-definite sesquilinear form (-, -), such that the associated block moment
matrix has a Gauss-Borel factorization as in (5), then we define the corresponding first and second
families of matrix biorthogonal polynomials as follows

Py P[?](x)
P (x) = |P(0)| = S x(x), PP(x) = | PP (0)| = Sy x(x).

Proposition 3 (Biorthogonality). The first and second families of monic matrix polynomi-
als (P,[Lll)neN and (P,[,z])neN are biorthogonal, i.e.,

(P (x), PRY(x)) = 6nmH nmeN,

where H,, is the (n, n)-block element of the block semi-infinite matrix H obtained in the Gauss-Borel
factorization (B)). These biorthogonal relations yields,

(PM(x),x"1) =0, (x"L PP (x)) =0, m=0,...,n—1,
(P(x),x"T) = H,, (x"L PP(x)) = H,, neN.

Definition 4. The matrices

(6) Jp = S1AST Jg := SoAS; 1,

are said to be the Jacobi matrices associated with the moment matrix M.

Proposition 4. The two Jacobi matrices in (6) are related by
H'h=JJH™,

being block tridiagonal. Moreover, we have that

(7) J1PY(x) = xPU(x), Jo PP (x) = xPP(x).

Proof. The relation between the above two Jacobi matrices follows from the Gauss-Borel
factorization and (). The relation follows from the definitions of the Jacobi matri-

ces (0). o

Observe that a consequence of the above proposition is that J; and Jy have a three
diagonal block shape with the block I on the superdiagonal,

7S 7S
1 1 2 2
@) h=lal BT , Jy=|a? B 1
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The equations in (7) means that (P,[,l])neN and (PLQ])neN, respectively satisfies a three term
recurrence relation

P = P o + P + P (o), PR =1 P =0,
xPP) = PEL ) + P + af P (0. P00 =10 PRl =0,

where fori =1,2, ag], and bgl are N X N matrices. Moreover, aLl] = HnH;_ll.

Proposition 5. Given a matrix of linear functionals u and its sequence of moments (uy,)nen.
Then u, = (J]')o0, n € N.

Proof- We know from (7) that J{’Pm (x) = x"P(x), n € N, and the first line gives us

F P = (o PR (0);
k=0

applying the sesquilinear form and making use of the biorthogonality condition we get
the desired result. m]

Definition 5 (¢f [10]). Let A € C™™, B € C™N, C € CV" and D € CV*VN, with A a

nonsingular matrix. If we take the block matrix [é g], then

A B]_ o
0. |:C D] =D-CA B
is said to be the last quasi-determinant of the matrix [é g].

Remark 1. The sequences of matrix polynomials (P,[}])neN and (Hy,),en can be written in term
of the moments (up)nen as follow (see [1])

IP
] n | X
PG = 2"l = [un -+ ugea| M,
-1
x" I,
and
Uy
M,
H, =0, "
Uon-1

Up - UIp-1 Ugn
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Using this fact and the thee term recurrence relation, we have

Un+1

B M,
a =m,HY, Y =D,H, where D, =0, 4 "
n

Up - Ugn-1 | Ugnel

There exist similar formulas for (P,[f])neN, aLQ] and bLQ].

Definition 6. Let u be a matrix of linear functionals and its sequence of moments (u,)nen. If
r = supf|x| : x € suppu}) < oo we consider the disks about infinity, D := {z € C : |z| > r}.
Then, for z € D we define the Stieltjes matrix function as

F(z) = <LI, I> .
—X

u

Observe that in this definition we have that the geometric series 37 (f

convergent in any compact subset of D. With this in mind, F(z) can also be written as

k-, .
) is uniform

F(z) =
k=0

U
Zk+1

Proposition 6 (Matrix Favard’s theorem). Let (a,)nen and (bp)nen be two sequences of ma-
trices with a, nonsingular for every n € N. If we define the matrix polynomials P, e by

(9) P (x) = (1= b)) PP (x) = a, P (), >0,
Py(x) =1 P_1(x) =0,

then we can find a matrix of linear functionals u such that its sesquilinear form satisfies
1
(P, X" D = (@ 1) S,
where 8, is the Kronecker delta function.

Proof. To prove the above result we define the moments (u,),en of the matrix of the linear
functional u inductively by

wo = LIy, =1, (PN (x).1) =0, n=12....
So, we can define u; using the fact that

0 = (P1(x0), 1) = (T = bo), 1) = w1 = bouo.
In the same way ug can be defined by

0= <P£1](x), I>u = <x21 - xb1 - xb() - blbo, I>u = U9 — (b() + b1)u1 - blbouo.
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Following this process we can find all the moments of u. From the above definition and
the recurrence relation (9), we have

<P,[11](x), me>u =0, m < n, and H, = <P,[11](x), x”I>u =a,---aj.

As a last comment, it is important to point out that from the Proposition |4, we can con-
struct the second family of matrix biorthogonal polynomials with respect to (-, -),, i.e

2
(P e O
3. SYMMETRIZED SESQUILINEAR FORMS

Let (P,[}])neN and (P,[lzl)neN be the sequences of matrix biorthogonal polynomials with
respect to a quasi-definite sesquilinear form (-, -),. We are interested in finding conditions
such that the Jacobi matrices J; and Jy, have block LU factorization, i.e,

I i
)/g] I & I[1]
(10) Ji=LU; = Yl vy 1 , i=1,2.
4 . .

The above factorization will be our principal tool to construct a new solution of a Matrix

Toda system (as in (I7), Section [4) from another given one.

Lemma 1. Let J;, i = 1,2, be the Jacobi matrix associated to (P,[}])neN. Ing](O) is a nonsingular
matrix, then there exist block matrices L; and U; as in such that J; = L;U;. Moreover,

(11) Y = -P ) (P0) 7, neN.
Proof. If the factorization exists, then necessarily
D= gy + 73 120, al =YYy n21,
with yp = 0. Now, we are going to use the induction process to prove (1I). Observe
that for n = 0, bl = —PM(0)(P(0))™* = y!1. Suppose now that for k < n, ¥yl | =

—P][j](O)(P[l] 1(0))” 1 . Using the three term recurrence relation (8)
[l] il pli il pli]
—P"(0) = B1P0) + dP" (0),
then
~P_ )P0yt = Bl + 1P (0)(PH(0))™
= o+ aft [Py P 0]
_ plil Il

[i] -
YonYon-1 (72n—1)

_ pli [ _ i
= by = Y9, = Voui1-
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Thus, if P[i](O), is a nonsingular matrix, then the block elements of the matrix U; are well
defined. Defining the block elements of the matrix L; as y[’] =: b[’] - yg] .1 we obtain

the result. m|

Define now j: =U;L;, i =1,2. It is not difficult to check that Z is also a block tridiago-
nal matrix

pi1
N A
(12) Ji = ~ 2:'1 ?912” I ,

thus the sequences (ﬁ])neN, i = 1,2, of matrix polynomials defined by the recurrence
formula

xPP(x) = P (x) + 6P () + @l P! (), > 0,

Py =0, Pl =1

are also biorthogonal with respect to a matrix sesquilinear form, but what is the matrix of
the functionals? The answer is given in the next result.

Proposition 7. Let u be a matrix of linear functionals and J;, i = 1,2 its respectively block
Jacobi matrices with block LU factorization as in (10), (or equivalently, for every n € N, Pi0)
is a nonsingular matrix). Then the matrix polynomials (ﬁ,ll)”eN and (ﬁZQ])neN associated to
J1 = ULy and Jo = UyLy are the sequences of mairix biorthogonal polynomials with respect to
the sesquilinear form generated by the matrix of linear functionals xu.

Proof. Define Ol = U;P with i = 1,2. The hypothesis implies that QE](x) = P,[ﬁrl(x) +
yg,]lﬂP[i](x) (observe that QE](X) is a polynomial of degree n + 1). From the block LU
factorization we also have that xPV = (L;U;) P! = L; 0. thus

xP(x) = QW (x) +yS ol (), neN,

but this implies that Q,[;] 0) = 7531Q['] (0) and taking into account that by definition
y([)’] = 0, then QE](O) = 0 for every n = 0,1, .. .. From here, Q[,f](x) can be written as xIS,[f](x)

where Pll(x) is a matrix polynomial of degree n. As a consequence

xPWxy = PU (o) + 9 P (x),

with 7’5;]1 = P[’ll (0)(P1(0))™ . In [1] was shown that (PI)),cy and (P12, are precisely

the families of matrix biorthogonal polynomials associated to the sesquilinear form (, -),,,.
O
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Definition 7 (cf. [1]). The matrix of linear functionals x u is said to be the Christoffel transfor-
mation of u.

If now, we define the sequences of matrix polynomials (S,[lll)neN and (S,[ZQ])neN by

[7] — plil¢,2 glil pli -
six) = Pi(x?), Sh (0 = xPU (), i=12

it is not difficult to check that (S,[,f])neN for i = 1,2, satisfies the following three term
recurrence relation

xS = st 0o+ YIS (), nel,

n+1

or equivalently, its corresponding block Jacobi matrix has the shape

0 I

[i]
i _ " 0 1

170 y“ 0 I : i=12

Let s be the matrix of linear functionals for which the sequences (SLll)neN and (S,[f])neN are
biorthogonal and (wy,),en its corresponding sequence of matrix moments, then

Wo, = Uy, and wons1 = 0, n € N.

Observe also that from the block LU factorization, we have the following relations for
i=12,

(13) b[’] Yopar + Vi) 120, S n>1,
= (yH [i] all =yl 0
(14) n - (72n+2 + 72n+1) n =0, , = Yon+1Yon n>1,

with the convention y([)i] = 0. From here and Proposition

15) Vg = P O(PO) ™ Yo = =i P, O (P0) 7,
2 1 2 -
Va1 = B Yoy H)' Van = (Hy 73 )
The above, give us the following representation for a a and bl

(16) B = PP () + B, - PR O (PYO0) 7

all = P! ) (PP (0) a0y (P(0))~.
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4. MATRIX TODA LATTICE

In the scalar case, if we have a moment functional u(¢) : C[x] — C depending of a
parameter ¢ € R, then it is clear that its moments also dependent of 7 i.e (u(¢), x") = u,(¢).
We can define the derivative of a moment functional with respect to ¢ as follows,

(u( + h), p(x)) = (u(), p(x))
h s

d
<Eﬂ(t),P(X)> = lim p(x) € Clx].

An important property that can be proven from the above definition is the following.
m

Suppose that we have a polynomial depending of ¢, i.e p(x, ) = cr(H)x* then
k=0

d d d
E </’l(t)7p(x7 t)) = <E:u(t)’p(x’ t)> + </.l(t), Ep(-xst)> .

Extrapolating the above argument, we can define the derivative of a sesquilinear form
associated to a matrix of linear functionals that depends on a parameter ¢ as follows

d
=7 (PO, Q) ucry

d d
= <EP(X)’ O(X)u@ry + (P(x), Q(@)%u(,) + (P(x), EQ(X»W)'

Consider now the following semi-infinite system of matrix differential
equations

a7 {bn(t) = an(t) — ani (1),

. , aop(t) =0, n e N,
an+1(t) = an+1(t)bn(t) - bn+1(t)an+1(t)

To give an interpretation of the above system, we start by considering the following se-

quence of matrix orthogonal polynomials (PM),en satisfying the three term recurrence
relation

(18) xPMx, 1) = P (1) + b, () P (x, 1) + an () PY (x,1) > 0,

+1

Pl =0 PN =L

From Proposition [0, we know that there exists a sesquilinear form (-, -), (depending on r)

such that the sequence (P, is the first family of matrix biorthogonal polynomials, as
well as that the sequences (a,(f)),en and (b, (f))nen can be written in term of the quasi-
determinants (¢f Remark [I).

In this Section we are interested in showing the relationship that there exists between the

sequence of matrix polynomials (P, (as well as, its respective matrix of the linear
functionals associated) and the Toda matrix system (17).
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If we assume that Jj is as in (8), we have that the system can be described in terms
of a Lax pair (J1, J1-), i.e.

(19) Ji(6) = hoh = W
where Ji_ is the following block matrix

0 0 0

ai (1) 0 0

(20) S-=1 0 a@t) 0

Lemma 2. Let J1 be a solution of a Toda lattice system as in (I7). Then, the following relation
holds,

H, = —b,H, + H,bo, neN.

Proof. Taking into account that a, (1) = H,H,, then from we get
HnH,:_ll - HnH,:_llHn—lHn__ll = HnH,:_llbn—l - annH,;}l

After some manipulations, we arrive to

H'H, - HY H,-1 = H, by1H,-1 — H, b, Hy,.
Thus, for every n € N we see that

H,'(H, + byHy) = Hy'(Ho + boHo),
and remembering that Hy = I, we complete the proof. m]

Proposition 8. If J; is a solution of a Toda lattice as in (17), then Jo is a solution of the
semi-infinite matrix differential system

112 2 2 2], 12 214 [2
{bL] = (ay) —ap)) + (bg'by = bby)

n+1

Q= g G R

n+l — n+1"n+1

Proof. From Proposition [4| we have that

ag] =0, n € N.

n+l n+1 n+170

Jj=-H'hH+HY hH+HhH
=-H'AHWH) +HYNHh ”h-Hhh )H+H Y LH
(21) =(H W H-H1)J - JJ(Hh_H-HH).
On the other hand, from Lemma [2| we get

0
1 P -t

-1 177 _
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Thus, replacing the above in (2I) we obtain

a9 2 O 1215 L2 (2 .
o = { alf!t — a4 BRI — I, if m=n,
2/mm = 217 217 [217 7 [2]F (217 2 [27] 217 [217 : _
by a, g —a, byt (anbg byt ay), i m=n+l,
and the result follows. O

From Proposition 8 we note that Jy is not a solution of the matrix Toda lattice. However
it is true if we apply a transformation as we will see in the next result.

Proposition 9. Let J; be a solution of a Toda lattice system as in ([17). If for every H,, we can
find two matrix functions V,, and W, satisfying

Vi = _ann, W, = _bOWm
and such that H, = Van_l, then
2 - 2 - 2 -
LwioPwrhy = widtwy T - wia? wi n=01...,

d T 2] -\ — w2 pR2ly-T 02 2] —- _
aWoa  Wo ) =Woa, by Wy =Wyb, ha i W', n=01,....

Proof. First of all observe that if we take derivative to H, = V,W,, 1 then, we obtain the result
given in Lemma 2| From the fact that %(Hn Wy) = =b,H,W) and taking into account that

bLZ]T = H;1b,H, and a,[fﬁ = H;_llHn we get the desired result. O
Proposition 10. Let J; be a solution of a Toda lattice as in and (P its first family
of matrix biorthogonal polynomials associated. Then, for every n € N,

PN(x,1) = ay(t)PY (x,1).
Proof. From the relation xP = J; P (recall that we are taking the derivate on the vari-
able 1), we have

xPW = i P P = (g - ) PR 4 PR
From here

(xI = J)(PM = j_PMy = 0.
So we get the result. m]

Proposition 11. If J; is a solution of a Toda lattice, then for alln = 1,2... the following
identity is satisfied

(JP) = hoJy = TP
Proof. The proof will be by induction. For n = 1, it follows from (19). For n = 2 we have
j12 =hh+hh=Uh—-hho)h+ (A=)
=" JE - Jih_.
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Suppose that the property is satisfied by n = m — 1 to prove by n = m
St =g+ g gy
=(h I = o+ I (k- )
=h-J] = J{ -
thus for every n € N we get the result. m]

Corollary 1. Let u be a matrix of linear functionals such that the corresponding block Jacobi
matrix is a solution of (17). Then the sequence of matrix moments (u,),en satisfies the following
matrix differential equation

Un (1) = un(H)ur(t) — un41(), n € N.
Proof. The result follows from the fact that u,(¢) = (J1)o0- O

Corollary 2. Let u be a matrix of linear functionals such that its corresponding block Jacobi
matrix is a solution of (17). Then its associated Stieltjes function satisfies the following matrix
differential equation

(22) F(z) = F(2)(u1(t) — zI) + L.
Proof. Using Corollary [I| we have that

(o8] (o)

) 1 (1) Up+1(1)
F) =) —e5 =FQun -z )~
k=0 < =0 ¢
and the result follows from the definition of F(z). O

Proposition 12. If J; is a solution of a Toda lattice as in and u is the corresponding matrix
of linear functionals, then the following equation holds

(23) i(t) = u(®)ur (t) — xu(r).

Proof. Using the original representation of the Stieltjes matrix function F(z) and (22)
we have

2

F(z) = < u ()t - ZI> + (L Dy

u(t)

1 Z
= < ,Ml(l)T> + < ,I> + <L Dy »
—X u(t) —X u(t)

and so

. I I
Fo=(d) ()
Z—X u(t)uy(t) =X xu(t)
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Thus, if we denote by i the matrix of linear functionals
i=-Lus (t)
i =——u+uui(t) — ux,
i

then the corresponding Stieltjes function is the zero matrix; but this implies that every
matrix moment of i is equal to 0, and from here # is equal to the zero matrix of linear
functionals. m]

Corollary 3. Ifin particular (P, Q), = f PW (x,1)Q"dx and its corresponding Jacobi matrix Jq
satisfies (17)), then the matrix weight function W (x,t) has the structure

(24) W(x,t) = e “"W(x,0)K (1),
where K (t) satisfies the following matrix differential equation

K(t) = K(H)u1 (7).
Proof: Recall that if J; satisfies (I7), then u satisfies (23), but this implies that

W(x,1) = W(x, ) (u (1) — xI).
On the other hand, if we take derivative in (24),

W(x,t) = W, (K 0K (@) - xI),

and taking into account our hypothesis, we get the result. m]

Suppose now that we have a Jacobi matrix J;(¢) with block LU factorization as in (10).
If the sequence of matrix (y,),cn is a solution of a Volterra lattice, i.e.

(25) Yn1(®) = Yn1 @O yn(t) = VYus2(O)Yns1(8), n 20,

then using the representation it is easy to prove that J; and J; are solutions of the
Toda lattice (I7). Here we are interested in the reciprocal result.

Theorem 1. If (by)nen and (a,)nen are solutions of the Toda lattice (17) and their associate

Jacobi block matrix J1 has a block LU factorization, then there exists another Toda solution J~1 and
a Volterra solution such that and are verified.

Proof- First of all, notice that

d . . d _
E(P,[}](x, N = —Pl(x, 1) 1(EP,[11](x, N)PY(x, )7L,

Let J; be as in (12). If we take derivative in (16), we get that J1 is also a solution of
the Toda lattice. Now, defining the sequence of matrices (y,)sen as in (1), and taking
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derivative we obtain
Yons1 = —an1 P (0,0 (PH(0,1)) 7
+ P 0,0 (PM0. 1) an ()P 0,0 (P (0, 1))
= =Yon+2Y2n+1 t Yon+1Yon,
Yon = —(anby-1 = byan)PM (0,1 (PM(0,1)) ™!
— ayap 1P, (0.0 (PRO.0) ™ = (an P (0.0 (P(0.0) 71
now, as b, = =P (0,1) (P (0,1)) ™" - a, P (0,1) (PI(0,1)) ™" we get that
Yon = an(t) = P 0,0 (PH (0, 1) an () P, (0,6) (P (0, 1))~
= YoanYon-1 — V2n+1Y2ns

and the result follows. O

Remark 2. Observe that from the above Theorem, if (by)nen and (ap)nen are solutions of the
Toda lattice and we know the sequence of matrix polynomials (P (x, ))nes, that satisfies
the recurrence relatjon and P,[11](0, t),n > 0, is a nonsingular matrix, then the matrix sequences
(@n(X))nen and (by(x))nen defined by

bu(6) = Py (0.0 (P (0.0) ™ + bt (1) = Pt (0.0) (P (0,)) 7,
ay(t) = P (0.0 (P0.0) an(P,), (0.0 (P(0.0)) 7
are also solution of the matrix Toda lattice (17). Moreover, in this case
Yo (0) = =P 0.0 (P0.0) 7,
Y1) = =an (O P, 0.0 (PY(0.0)) 7,
is solution of a matrix Volterra lattice.
Next, we are going to show an illustrative example.

Example 1. Suppose that we have the following matrix weight

W(x,t) = e=9" [)(; _xl] e *x%, x €]0, oo, a > —1.

Observe that in this case f W (x,t)dx is an invertible matrix different from the identity. However,

this hypothesis is not necessary in the symmetrization process. If (P, ey is the sequence of left ma-
trix orthogonal polynomials with respect to W (x,t), then making a suitable change of the variable,
we obtain that

26)  PH(x) = o ),,Q[”(( +1)x),
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where

1 1 a+l _ a+2 _
(27) QE](X):[O 1 HL" () -zl (x)] [0 (t+1)

) 0 L““(x) t+1)

and (LY )nen is the sequence of scalar monic Laguerre polynomials of parameter o which are orthog-
onal with respect to the measure du =: e ™*x*dx and has the following monomial representation
(see [9)] for other characterizations),

N (=" & (n+ @) (=x)F
L) = n! Z(n—k) k'

k=0

On the other hand, we know that Plll](x, t) satisfies a three term recurrence relation

plll

n+1l

Using the representation given in and the properties of the Laguerre polynomials, we find that

(x,1) = (xI = b, (1) PP (x,1) — a, (1) PM (x,1).

Qra+dn 2 "(L;V;l) 0
— _ t
b,,(t)—[ o 2+Cl,¢g,,], an(t) = “0) n(a+ntl) | »
t+1 (t+1)2

and

_enTa+n+2) 1 _%
n- (r + D)er2n2 |0 1

Besides, observe that (bp)nen and (ay)nen satisfy the Toda lattice (17). Moreover, from the repre-
sentation (20) and

p[l](o) — 1 1 1 L;zHl 0) _w+1 L%HZ(O) —(t+1)

" (+1) |0 @p 0 Loy ||o @+1)
INa+n+1
where LY (0) = (— 1)"% Thus, if we use the symmetrization process we obtain that
a
a+n+2[1 —ED__ n o [1 - &b
"% (@+1)(a+2) () = —— (@tD@+2) |
Yt () = =25 ’ Y =77 o 1

It is not difficult to check that the sequence of matrices (y,)nen satisfies (25) and consequently we
can construct a second solution of the matrix Toda lattice. Moreover, deﬁmng the following sequence

of matrix polynomials, (SM,em, by

sW(x.r) = @ (Hm L"+1<(z+1)x2> —arlt@na) | (1 (@ + 1)
on 0 LE*L((t+1)x?) 0 (#+1)

2)] [1 —(t+1)

<r+1)"+1

a+3 n-1

[1 = (r+1>" L"“((Hl)x
S2n+1 (x t) [ ] [ L(Y+2((t+1)x2)

(z+1)"+1

0 (+1
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then, we have that

xS x, 1) = S, e ) + 7S, (o).

n

We can also see that (SY),cy is the Sirst family of matrix biorthogonal polynomials with respect
to the matrix weight

) 2 _ .
W(x, t) - e(l—xz)tI |:):-) x:Ql:| e—x2|x|2a+1, x € R.

Due to the close relation between the matrix lattices of Toda and Volterra we are going
to study the properties of the last one.

5. MATRIX VOLTERRA SYSTEM
Suppose that we have the following matrix Volterra system
(28) Yni1(t) = Y1 (O ¥n (@) = Vne2(O)Ynia1 (1), n 2 0.
This system can be described in terms of a Lax pair (I, F%_(t)), ie.
(29) @) =T I -Th 7,

where I'1(f) and I“%_(t) are the following block matrices

71%) (I) I 8 8
0 vy 0 1 o () Y1 (t 0
Ih(r) = and F%_(t) = [ )OYI( ) Y3(0)ye(t)

0 ¥y 0

Observe that for each ¢ € R, we have associated to the matrix I';(¢) a sequence of matrix
polynomials (M), defined by
S () = xS 1) =y Y (20,
or, in more compact form,
(30) STy () = xS, where, SU =[S0 (x, 1), S (x,1) - - - TF.

We will denote by s the matrix of linear functionals associated with (Sr[Ll])neN, and (Wy,)uen
will be the corresponding sequence of moment matrices.

Theorem 2. The following conditions are equivalent

(@) (Ynnew is a solution of (28), i.e. () = F%_Fl - I“ll“%_.
(b) Forn €N,

d
(31) — (Moo = (TH00(TM00 + TMoa (T

(c) Forn € N, the moments satisfy that w, = w,wg — wy9.
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(d) The Stieltjes function satisfies the following differential equation

(32) F(2) = F(2)(wa(1) = 2°D) + 2wo ().
(e) The following equations for the matrix of the moment functionals hold
(33) 5(1) = s(Hwa(t) — xs(2).
) 1f (M), e is the Sirst sequence of matrix orthogonal polynomials associated with I'1, then
d
(34) Sl = yyna (08,250,

Proof- We will prove this theorem according to the following scheme
@@ = ® = (@ = d = ( = = (@.
We begin proving that (a) = (b). First of all we establish that (a) implies that
(35) =T 17 -TIT}_, neN
The proof will be by induction. For n = 2 we have
([2) = T1T + T4y = (T2 - 20 + D020 - TT2))
=T} I} -TiT7 .
Suppose that is satisfied by n = m — 1, to prove by n = m.
() =7 HI + 177
=02 T - ) + T (T - D)
2 Tm my-2
=T I -T2
To prove (3I), we note that

(Moo = D (M )ox (Mo = MHox(TE ko = =T oa(TF_)ao.
k=0

On the other hand, is not difficult to check that (F%_)g,o = (F%)Q’() and

([T 00 = MooTPoo + Mo2Po-
From here
(Moo = =(TMo2(TF 20 = TooTT oo + oo oo
= (MM00(T2 oo — (CT ).
To prove that (b) = (c), we use and Proposition |5/ to obtain

Wp = WpWo — Wp42.



20 A BRANQUINHO, A FOULQUIE, AND GARCIA-ARDILA

To prove that (¢) = (d), we use the definition of the Stieltjes function, and the fact that
wi(t) = 0.

P = 3 = ) i - M0
=0 % =0 % 2
= F(z)(wa(t) — 2°T) + zwo ().

To prove that (¢) = (d), we use the original representation of the Stieltjes function F(z).
Notice that from (32)), we have that

] I B
F(z) = <— wo ()" - z21> + 2 (L Dy + (L Dy
T—X 5(f)
1 - -
= <— wo ()" - ZQI> + z<z ) I> + <xZ 1L I>
Z—X S(l‘) Z—X 5([) Z—X S(t)
I I
—X 5(,) —X 5([)

I I
= 1 - 1 .
T7X [s(tywe(r) 27X [

Thus, if we denote by § the matrix of linear functionals § = %s — s(H)wa(r) — s(¢)x2, then
its corresponding Stieltjes function is equal to the zero matrix, but this implies that every
moment matrix of § is equal to 0, and from here § is equal to the zero matrix of linear
functionals.

To prove that (d) = (e), we use the fact that S,Ll](x, t) — 7,1)/,,_15,[11_]2()6, t) is a matrix
polynomial of degree less or equal to n — 1. Let m = 0, ..., n — 1. From the hypothesis

o = (50, 271) = (e 027, + (30 )

= (ST, 1), 2™ T)_wa(t) = (S e, 1), x™T) + (ST, 1), 27T)
= (S0 D) = yayam1 Sty (%, 1), x™T)

and it implies that S, (x,1) = ¥, ¥u-1Sn-2(x, 1).

Before proving that (¢) = (a) we observe that using the notation in (30) we can
rewrite 34) as 4501 = 132 (1)S. With this in mind and recall that SUIy(r) = xS
we get

’
S

N0)SY(x, 1) + T SM(x, 1) = xS (x, ).
Thus,
D (OSY(x, 1) + (T (1) — xDT2 () SW (x, 1) = 0,
(I (1) = 12T + T 2) S x, 1) = 0.
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And since for each t, (P,(x,t))sen is a basis of left module CM*¥[x] we conclude that
I7(¢) — Fﬁl“l + Fll“ﬁ =0. O

Corollary 4. If in particular (P, Q), = f PW(x,1)Q"dx and its associated Jacobi matrix I'1
satisfies (28), then the matrix weight function W (x,t) has the structure

(36) W(x,1) = e "W(x, 0)K(7),
where K (t) satisfies the following matrix differential equation
K(t) = K(1)wa(1).
Proof. Recall that from Theorem [2] I'; satisfies (33), but this implies that
W(x,1) = W(x, 1) (wa(t) - x*T).

On the other hand, if we take derivative in (36)),

W(x, 1) =W, DK 0K (@) - x*D).
and taking into account our hypothesis, we get the result. m]

Corollary 5 (Lax-type Theorem). Let S™ be the block column vector of matrix monic polyno-
mials S,[}](x, t) and Let A(t) be a spectral point of the Jacobi matrix I'1(t), i.e.

(37) r1SHA0) = A0 sMa@));
if T'1(t) satisfies (29), then A(t) does not depend on t.
Proof- Taking derivative in (37)
NSM @) + risM ) = A0 sMa@) + 20 SHa@)).
Taking into account (29) we get
(A1 -T)@_sM ) - M) = A sMa@)).

And again using that SM(x, 1) = Ff_S[l] (x,1) we get A@0)SH (A1) = 0 but this implies that
A(t) = 0. O

Remark 3. We emphasize that we do not have the reciprocal of the last result.

In fact, if the spectral points of the Jacobi matrix I'1(¢) do not depend on ¢, then there

exists a semi-infinite block matrix C = [cj,k]oo 0 such that I} = CTy — I1C, where C has

-k
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the shape

* O % O % © O
SCx O OO
rt OoOx o000 oo
T N-E-E-E-E=
- E-E-E-R-E=)
coococococo

The sequence (y,),en must satisfy that
Yn = Cnn-2 — Cntln-1s n €N,

moreover, for every n > 2and m =2,3,...
0= Cnn—2m t Cnn-2(m-1)Yn-2(m-1) — ¥YnCn-1,n-2m-1) — Cn+1,n—(2m-1)-

Observe then that in this case we cannot assure that C is equal to 2. This is due among
other things to the fact that any matrix high-order Volterra lattice also satisfies the Corol-
lary [5] (see [5]), where we said that I'; is a solution of a matrix high-order Volterra lattice
if it satisfies that

1) = (T 2)*"T7 - T (I72)*",

for some m € N.
We remark that all the results given here can be generalized, using similar techniques,
to study this type of high order Volterra systems.
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