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Sigmoidal-trapezoidal quadrature for ordinary

and Cauchy principal value integrals

David Elliott*

(Received 6 October 2003; revised 8 June 2004)

Abstract

Consider the evaluation of If := fol f(x)dx. Among all the
quadrature rules for the approximate evaluation of this integral, the
trapezoidal rule is known for its simplicity of construction and, in gen-
eral, its slow rate of convergence to If. However, it is well known,
from the Euler—-Maclaurin formula, that if f is periodic of period 1,
then the trapezoidal rule can converge very quickly to I f. A sigmoidal
transformation is a mapping of [0, 1] onto itself and is such that when
applied to If gives an integrand having some degree of periodicity.
Applying the trapezoidal rule to the transformed integral gives an
increased rate of convergence. In this paper, we explore the use of
such transformations for both ordinary and Cauchy principal value
integrals. By considering the problem in a suitably weighted Sobolev
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space, a very satisfactory analysis of the rate of convergence of the
truncation error is obtained. This combination of a sigmoidal trans-
formation followed by the trapezoidal rule gives rise to the so-called
sigmoidal-trapezoidal quadrature rule of the title.
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Contents E3
1 Introduction

In a recent paper [4], T discussed the Euler-Maclaurin formula for the ap-
proximate evaluation of the integral fol f(z) dx, after introducing a sigmoidal
transformation which maps [0, 1] onto itself. (For a discussion on sigmoidal
transformations, see [5].) In [4] I gave an error analysis based on a space of
functions introduced by Kress [7]. The purpose of this paper is to introduce a
weighted Sobolev space, which is more general than the space given by Kress
and which enables us both to extend and improve some of the truncation
error estimates previously given.

2 A weighted Sobolev space

Throughout the paper we let € denote the open interval (0,1) with Q de-
noting the closed interval [0, 1]. We let Ny denote the set of all non-negative
integers, that is, Ny := {0,1,2,...} and N denotes the set of all positive
integers. We also write Z to denote the set of all integers. The notation
k = 0(1)N means that k takes all values in the set {0,1,2,..., N}. We now

introduce the weighted Sobolev space WM(Q) where 1 <p <oo, N € Ny
and o € R, the set of all real numbers.

Definition 1 (a) For 1 <p < oo, o € R and N € Ny we say that f is in
the weighted Sobolev space W,E]X)(Q) if

[ =y < oo,

for k =0(1)N, in which case the norm of f will be denoted and defined
by

' k—a| (k) P 1p
Il = e { [ [0 =)= af ™. )

k=0(1)N
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(b) Forp=o00,a € R and N € Ny we say that f is in the weighted Sobolev
space W&N&(Q) if
fBec(Q) and max(t(l —t)* | f® ()] < 0o,

teQ)

for k=0(1)N . The norm of f is denoted and defined by

SN = t1 =)o F P @) 2
£ llo,0, v kg&ngl?e%X(( N @) (2)

In this definition, C'(2) denotes the space of all functions which are con-
tinuous on Q = (0,1). Again, if f € C*(Q2) and if, for some o € R
and 1 < p < oo, we have [ € W;S]X)(Q) for every N € Ny then we write
fFeWR(Q).

With this definition, let us consider some immediate consequences and in
order to do this we shall make use of Holder’s inequality. For 1 < p,q < o0,
we say that these are conjugate numbers if

il 3)

P q
Note that for 1 < p < oo we shall always have 1 < ¢ < oco. However,
when p = 1, we see from (3) that 1/¢ = 0 so that ¢ = co; similarly ¢ = 1
corresponds to p = oo. Throughout the paper whenever we introduce p
we shall always assume that ¢ is its conjugate number satisfying (3). For
1 < p < oo, Hélder’s inequality states that for f € L,(Q) and g € L,()
then

[ sl < ([ ) ( [Caora)” =i o

When p = 1 we again have (4) provided that we define ||g||« as

) 1 1/q
1900 = qhm (/ |g(t)\th) ;= ess sup ¢, (5)
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where ess sup g means the essential supremum of g. That is, if |g(t)] < M
almost everywhere on 2, where M is the smallest possible number for which
this inequality is satisfied, then ||g||.c = M . In the particular case when
g is continuous on ), then we have that ||g|lcc = max,cq |g(t)|. Hélder’s
inequality in this case follows immediately from the generalized mean value
theorem of integral calculus.

Theorem 2 (a) For 1 <p<oo, a€R and N € Ny we have

WEUQ) S WE(Q) S W (©Q),

with

1 e < 1 llpay < 1 oo (6)

(b) For1 <p<ooanda,f € R with f < a we have Wp“cf)(ﬂ) c ng)(Q)
with

1F lpon < (1/9)C | fllpan (7)

(c) If f € W,SJX)(Q) for1<p<oo, real o and N € N then for j = 0(1)N
we have fUY) € W(N_])(Q) with

pvaij

1f P lpamsiv-i < 1f lpaun - (8)

Proof:

(a) Suppose f € WO(ONC)V(Q) then for any 1 <p < ooand k € {0,1,2,..., N}
we have
1 p
[ =1 o < (maxa-0 1001 < 1

(9)
Thus f € Wég)(Q) and we find

£ llponv < [ fllocan (10)
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Again, if [ € Wé]x)(Q) for 1 < p < oo then, by Holder’s inequality (4),
we have

/0 (L = ) O 1) at

</01 [(t<1 — t))k—a‘f(k)(tmp dt) 1/p(/01 . dt) 1/q

1/ llp.an (11)

On letting k take all values in {0,1,2,..., N} in (11), we find

IN

IN

[fllan < 1 llpan

which, together with (10), establishes (a).

Suppose that 1 <p < oco. For any f € WP(JX)(Q) we have
1
| lea- oy a
0

= [ 60 -0yl 6 -y a
< (/) A1

pya,N

(12)

by the mean value theorem since o — 3 > 0 so that [t(1 — t)]@ AP is
continuous on €. Hence WZSJX)(Q) C WI%)(Q) and, on letting k take all
values in {0,1,2,..., N}, from (12) we find

115 < (/9D fllpan (13)
When p = oo, if we suppose that f € W&N&(Q) we have
max(t(1 — )" f® ()]
teQ

= max(t(1 — ) OB (E(1 - 1)

< (1/4) P fllocan -
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Thus, arguing as before, f € W(EONB)(Q) with

£ llso.s8v < (1/4) " flloc,an -
This proves (b).

Suppose first that 1 < p < oo. Now f € Wég)(Q) implies that

/0 (L= ) OO dt < |1 f 1 - (14)

Fix j € {0,1,2,..., N} and write k = [+j where [ € {0,1,..., N —j}.
Then we rewrite (14) as

/0 [(H(1 — £ (FDE)O” dt < Ly

This implies f(j) € W(N_j)(Q) and, further, ||f(j)||p,a—j,N—j < ||f||p7a7N.

p,OC_j
When p = oo we have, from

max(t(1 — ) PO < N floa

that on writing £ = j + [ as above then

max(t(1 =)= (FP )] <[ fllocan  for I =0(1)(N =),

tef)

so that f@ € W) and || fD||oc.amin—; < | fllcoan - This com-

o0, —

7a ‘7
pletes the proof of (c).

A

Note in passing that in [4] the analysis was done in a space which, fol-
lowing the work done by Kress [7], I denoted by K. In the notation of this

paper, K§ is the space WI(JZ)(Q) We are now in a position to give some
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further properties of functions in the space W,)(]X)(Q) In particular, we shall
say something about the continuity of these functions and their derivatives
on Q2 and Q. In the statement of Theorem 4, the space L;(f2) is that of
integrable functions on €2 but first, a definition.

Definition 3 (a) f is locally integrable on Q, we write f € Ly 1,.(Q2), if
f:|f(t)|dt<oof0r all a,b € Q such that 0 <a<b<1.

(b) If f is continuous on Q with, in addition, f(0) = f(1) = 0 we shall
0
write f € C(Q).

Theorem 4 Suppose f € WP(JX)(Q) where 1 <p<oo, and « € R.

(a) If1 <p<oo, N €Nandn € Ny is such thatn < a+1/¢g<n+1< N

then .
@), J=0(1)(n—-1),
FU) ¢ CYNLi(Y), j=n,
(), j=m+1DH1)N-1),
Ly 10.(9) j=N.

(b) If p=o00, N € Ny and n € Ny is such that n < a+1<n+1 then
FOD] < 1 lloosan (B = 1)) (15)
for j =0(1)N so that
j=nanda=n,

)
Q)
Q), j=nanda<n,
Q), j=Mm+1H()N.
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Proof:

(a) If 0 < a < b < 1 then, by Holder’s inequality,

b 1/q
[ e [ €1=0p e at) " 1< <0,
1 b e 11— )", p=1.

Hence, by Definition 3, f™) € Ly ,.(Q) .
For j € {0,1,2,..., N — 1} let us first choose any z,z + h in 2. Then

[fD (@ +h) = ()]

h
f(j“)(t) dt‘
z+h
= / (t(1 — )= fUD () (1 — 1)) dt‘ (16)
W han (| = oy a1 <p <o

| f 11,0,y MaXse (g apny (E(L — 1)), p=1,

on using Holder’s inequality. Note that we write ¢ € (x,x + h) to
mean that z < ¢t <z +hifh >0andaz+h <t <zif h <O0.
For 1 < p < oo we see that limy,_o f9(z + h) = fU)(x) and, since x
was chosen arbitrarily from Q, we have that f) is continuous on
for j = 0(1)(V — 1). Suppose, however, that we limit j to the set
{0,1,2,...,n — 1} then we may now assume that x,x + h are points
out of . Since g(aw —j — 1) > —1 then, when 1 < p < oo, the integral
exists even when we choose either z or = + h to be an end-point of .
Since, when p =1, n < a it follows that a—j—1 > 0 for j = 0(1)(n—1)
so that we shall have fU) € C(Q) for j = 0(1)(n —1) and 1 < p < 00
But we can say more. Since f € Wﬁp(Q) for 1 < p < oo we have

/ = ) O] dt < o0
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(b)

for j = 0(1)(n — 1). We have that fU) is continuous on  but since
n < a+ 1/q, we have that p(j —a) < p(n —1—a) < —1. The only
way that this integral can exist is if

fP0) = f9(1) =0 for j=0(1)(n—1). (17)
. 0 _
That is, f9) € C(Q) for j = 0(1)(n —1). If a +1/q < n+ 1 then we
must have L)
P
|, w <

and although p(a —n) < 1, given that £ € C(Q) we can make no

further conclusion about the values of f™ at 0 and 1. However, we
shall have f™ € L;(9) since

/0 @) de = / (E(1 — £ O ()| (E(L — £))* "t

1/q
< VIl (o (e = ) a) ™ 1< p < oo,
/1110 maxgeq (E(1 — 1)), p=1.
(18)
Since n < a + 1/q, the right hand side of (18) is finite for 1 < p < oo
which concludes the proof of (a).

Consider now the case where p = co. From (2) it follows that

(1 =) PO < M1 f oo (19)

for j = 0(1)N and t € Q. Inequality (15) follows at once for every t € Q
and j = 0(1)N . Again, Definition 1(b) assumes that ) € C(Q) for all
j = 0(1)N . Since we have assumed that n < o +1 < n+ 1 it follows

that « —j > 0 for j = 0(1)(n — 1). Consequently f) € 8’((2) for
j =0(1)(n —1). In the particular case when j = n = «, (15) implies
that lim, .o | £ (¢)| is finite, not necessarily zero. With a similar result
at the end point 1, it follows that ™ € C(Q) when n = «.
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This completes the proof. [

This theorem has established the qualitative nature of the functions and their
derivatives given that they are in a weighted Sobolev space. In the special
case when p = oo, (15) gives a bound on the function and its derivatives
on §2. This raises the question as to whether similar results may be obtained
in the general case when 1 < p < co. This is the topic of the next theorem.

Theorem 5 Suppose f € WISJZ)(Q) where 1 <p < oo, n €Ny and N € N
such that

n<a+1l/g<n+1<N. (20)
Then for allt € Q and j = 0(1)(N — 1)
[FOD] < el fllpan L —t))* P77, (21)

except when a+1/g=n+1,1<p < oo and j =n, in which case

[FP O] < el fllpan 1L/ (1~ 1)) (22)

The constant ¢ is independent of f and t.

Proof: Note that when p = oo, (21) follows at once from (15) with ¢ =1
and indeed in this case, the result is also true when j = N. We now restrict
ourselves to the case when 1 < p < 0.

From Theorem 4(a) since f)(0) = 0 for j = 0(1)(n — 1) then

t t
PO = [ 106 ds = [ (61— ) (1 ) s,
0 0
(23)
By Holder’s inequality we have

LFPO] < N llpanGy(0) (24)
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say, where the function

qla—j—1) La
(fo (1—29)) ds) , l<p<oo,

G;(t) == . (25)
maxX,epq(s(1 —s))* 71, p=1.
If 1 < p < oo then, on writing s = tu, we have
) 1 ) 1/q
G,(t) = tO‘_J_Hl/q(/ (u(1 — tu))?@=9=1 du) . (26)
0

Assume first that 0 <¢ <1/2. Since 1/2 <1—tu < 1forall 0 <u <1 and
since g(a — j — 1) > —1 for j = 0(1)(n — 1) we have from (26) that

G;(t) < c-toi-1-1a (27)

where ¢ # ¢(t). (Note that throughout we shall take ¢ to denote a generic
constant whose value may change from line to line. The notation ¢ # ¢(t)
means that ¢ is independent of ¢.) From (3), (24), (25) and (27), we have

1FD@)] < el fllpant™?1P (28)

for 0 <t <1/2and j =0(1)(n—1). We argue similarly when ¢ € [1/2,1].
Since fW(1) =0 for j = 0(1)(n — 1), from

£ = /1 D (5) ds

LFPO] < el fllpan (L =) (29)

for 1/2 <t < 1. Since for j = 0(1)(n — 1) we have « — j — 1/p > 0 we may
combine (28) and (29) to give

[FPO] < el fllpan(tL =)= (30)

we find that
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for all t € Q. When p = 1, we have at once from (25) that

Gi(t) <c-(t1—1)"7, teq, (31)

since  —j — 1> 0 for j =0(1)(n — 1) and 1/¢ = 0 in this case. Again (24),
(25) and (31) combine to give (21) for j =0(1)(n — 1) when p=1.

Suppose now that j € {n,n+1,...,N — 1}. From Theorem 4(a) we
know that f) is continuous on €. In particular, choose any point a € Q and
suppose t is such that 0 <a <t < 1. Then

FO)—f9(a / fUt(s) ds = / (s(1—s) T fUTD(5)(s5(1—s))* "1 ds.
By Hoélder’s inequality we have

FIE) = F2@)] < N fllp.anHj(t) (32)

say, where the function

: i 1/q
(5(1 —s))le )qu) , 1l<p<oo,

H;(t) := (fa

maxX,<s<¢(s(1 —s))

, (33)
il p=1.

Suppose that 1 < p < oo. Since (o« —j — 1)g < =1 for j = n(1)(IN — 1) we
have, by Holder’s inequality for sums, that

(a—j—1) 1 1 (+1-a) 1 1
_ )\ e—i-Da _ [ =
(s(1—s)) (S + 11— s) S C(S(j+1—a)q T (1— 5)(j+1—a)q> ’

for some ¢ independent of s, so that

) <ol [ L) 34
j(t)—c</a 5(j+1—a)q+(1_3)(j+1—a)‘1 8) ' ( )
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On assuming that (j + 1 — a)g > 1 we find from (34) that

c 1 1
Hit) < - — -
HURE G+1-a)g—1 ((1 — {)Uti=alal (1 — q)G+l-a)a-t

1 1
TGt ae 1 T gGiae 1 )

Since 0 < a <t < 1 we find that

a c 1 1
Hj (t) — (,] +1-— a)q -1 ((1 _ t)(j+1—a)q—1 + a(j-i—l—a)q—l)
c
< (a(1 —t))Utl-e)g-1" (35)
From (32) and (35) we have
|f(])(t)| S |f(])<a>| + CHpr,Oc,N (36)

(a1 — )y F1=o17

for 0 < a <t < 1. We may proceed analogously when 0 <t < a < 1 to give
in this case that

FD®)] < |fD(a)] + a fngﬁfﬁa—l/q ) (37)

Combining (36) and (37) gives

() () el fllpev
Lf70 < [V (a)] + (t(1 — t))H—a—1/a(a(1 — a)+i—a—1/a’ (38)
for any a € Q2 and t € 2. The constant c¢ is independent of a,t and the
function f. We shall now fix ¢ in (38) and consider a as a variable over (.
Recall from Theorem 2(b) that if f € WIEZ)(Q) then also f € W;%)(Q) for
any 0 < a with || fll,sn < c||fllpan- In (38), by Holder’s inequality for
sums, we have

(g P ()P 11,0,
FROF < e <|f( (@)P+ (t(1 - t))p(j-%l—a—l/q)(a(];_ a))p(j-l—l—a—l/Q)) - (39)
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On multiplying each side of (39) by (a(1—a))?U=# and integrating over (0,1)
with respect to a we find

|f(j) ()P - /0 (a(l — a))p(j—ﬂ) da

Hf”p,a,N ! a—03)—1
<o(IFon+ G [ =y,

The integral on the left hand side of (40) exists since for j = n(1)(N —1) we
have p(j — ) > —1. Again the integral on the right hand side of (40) exists
since a > 3. Consequently from (40) we have

(40)

11150, )

FO)P < C(Ilf s+ Ga—gyperieim (41)

for some ¢ independent of ¢ and f. Finally, since ||f[,sn < || fllpan We
find from (41) that

700 < e (12

as required.

In the particular case when n+ 1 =« + 1/¢ so that g(a —n—1) = —1,
we have from (33) with 1 < p < oo that

mo- [ Cor)en(@) o

Since 0 < a <t < 1 we have

H (1) < '/ (11 ). (44)

Similarly, for 0 <t <a < 1, we find

H,(t) < In'/? (t(l ! ). (45)
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We may combine (44) and (45) so that for 0 < a < 1 and 0 < ¢ < 1 we have

H,(t) < In'/? (t(l - t)2(1 - a)) ‘ (46)

Since for a,t € 2, we have both 1/(t(1 —¢)) and 1/(a(l — a)) are > 4 it
follows that

In (t(l - t)i(l - a)) = 11:2 n (t(l 1— t)) In (a(l 1— a)> - )

From (32), (46) and (47) we have

£ 1@+ el o 0 (5 0 (s

so that

t(ll—t))lnp/q <a(11—a)>} » (49)

for some positive constant ¢ independent of f, a and t. Arguing as before, if
we multiply each side of (49) by (a(1 — a))?™=# where 3 < a and integrate
with respect to a over (0,1) we find

PO < LD (@) + ellfI o 0P

0P [ (e =)y do
<e{ls

1
/
by I 07 (G5 ) (50)

)da}.

X /1(a(1 — a))p(n—ﬁ) 1np/q<

a(l —a)

Since both integrals exist and since || f||, 5.5 < || f]lp.a.n it follows from (50)
that

101 S Al 0 (75 651)
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for all ¢ € 2, which is (22).

It finally remains to consider the case when p = 1. For j = 0(1)(n — 1)
we have that o — j — 1 > 0 since, from(20), when p = 1 we have 1/¢g = 0 so
that n < «. Consequently recalling (25) gives G,(t) = (¢(1 —¢))*7~! and
from (24) we see that

O] < N a1 —1))* 7 (52)
which is (21) withp=1,1/g=0and c=1.

For j =n(1)(N—1) and n < o < n+1 from (33) we have, since j+1 > «,
that

1 1
B Smo G g O

Consequently (32) gives in this case that

790 < @+ Wl { s « s

(54)
We shall argue as before by choosing § < « then, since f € Wl(];f)(ﬂ), we
know that f € Wl(];)(Q) also, with || fll1 5.8 < || fll1.0.5 - On multiplying (54)
by (a(1 —a))’=? and integrating with respect to a over (0,1) we find

£90) / (a(1 - a)V " da

1
<l + v masc{ [ (a1 =) da. (55)

(t(1 — tl))j+1—a /0 (a(1—a)) " da } .

Obviously all the integrals exist so that we find

FPO] < el flhan (1 —1) 7! (56)
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for j = n(1)(N — 1) given that n < « <n+ 1 and p=1. Thisis (21) and
completes the proof. e

From Theorem 4(a) we see that given f € WISZX)(Q) for 1 < p < oo and
with N > n + 1 then, for j = 0(1)(N — 1), ) will be continuous on €.
From Theorem 5 we have the behaviour of fU) near the end points of  for
j =0(1)(N—1). These results come together in the following theorem which
will be of some importance in the subsequent analysis.

Theorem 6 (a) Suppose, for 1 <p < oo, thatn <a+1/g<n+1<N
or, forp =1, thatn < a <n+1< N where o« € R, n € Ny and
N eN. Thenif f € Wp(];[)(Q) we also have that f € WCSON_I) (Q) with

,a—1/p

[flloc.a-1/p5-1 < €l Fllpen (57)

for some constant ¢ independent of f.

(b) Suppose, for a € R, f € W&N&(Q) withn < a+1 < n+ 1 where
n,N € Ng. Then for any 1 < p < oo we have f € W,S“]X)(Q) where
v < a+1/p. Furthermore,

[ llpn < €l lloosan (58)

for some constant ¢ independent of f.

Proof:

(a) In each case we need to consider, for j = 0(1)(N — 1),

Iy i= max(t(1 — 1)~ O] (59)

From (21) we have for 1 < p < oo that

FPO] < el fllpan(td =) 27, (60)
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for 7 =0(1)(N —1). Combining (59) and (60) gives

I < || fllpan < o0 (61)
for j = 0(1)(N —1), so that f € WO(ON(;_li/p(Q) and (57) follows at once.
(b) Since f € W& () we have, from Definition 1(b) that
FOD] < 1 lloosan (B(1 = 1)) (62)
for j = 0(1)N . Consider I;, for j = 0(1)N , where we now define
1
= [ [0 -0y )00 d (63
0
From (62) and (63) we have
1
L < ey [ (0= 0 @t < el e (60)
0

provided « is chosen so that p(ow —+) > —1, which is so. Since I; < 0o
for j = 0(1)N it follows that f € W,EJX)(Q) and (58) follows at once.

[ )

There is a further consequence of Theorem 5 which will be useful when,
in Section 4, we come to consider estimates of the truncation error in the
Euler-Maclaurin formula. We shall define the function p by

p(t):==t(1—1t). (65)

Theorem 7 Suppose f € W,S]X)(Q) where 1 < p < 0o, n € Ny is such that
n<a+l/g<n+1and N €N with N>n+1. Then

(a) pf™ € 8’(@), and
(1) pfH) € L,(0).
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Proof:

(a)

By the preceding theorem we have that for all 1 < p < oo, the function
fe Wooa 1/p(Q) so that

(t(1 =)™ PO )] < | flloc.amt/pn—1 -

Thus
PO W] < el Fllpan (1 — 1)1

and the right-hand side tends to zero as parameter ¢t — 0 and 1. That
0 _
is, pf™ € C(Q) as required.

Counsider

1
/ (EA =)D (0)] dt = /1(15(1 — ) fED ()] (81— 1)t
0 0
By Holder’s inequality we have
[ oo
0

/4
Ul (fe =iy a) ™, 1< p <o,
7w maxiea(t =)= p=1.

(66)

Since n < a + 1/q we have g(a — n) > —1 so that the integral on
the right of (66) exists. Again, when p = 1, @« —n > 0 so that
max,cq(t(1 —t))* "™ = (1/4)* ™. This establishes (b) and the theorem
is proved.

A

As a final result in this section we need to determine the weighted Sobolev
space in which the product of two functions is to be found. But first, it is an
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easy matter to show that if p and ¢ are conjugate numbers, recall (3), and if
r is such that ¢ < r < oo then s, defined by

—=—-4-, (67)

is such that 1 < s < 0.

Theorem 8 Suppose p and q are conjugate numbers with 1 < p qg < oo and
r is such that ¢ < r < oco. If f € W, andgGWn ()forsome

a, € R and N1, Ny € Ny then fg € WS( (Q) where 1/s =1/p+ 1/r and
N = min{Ny, No} . Furthermore,

a+p8

17 9llsarsn < llfllp.anillgllrsn (68)

where ¢ is a positive constant such that ¢ # c¢(f,g) .

Proof: Since N = min{N;, N2} it follows at once from Definition 1 that
f e Wi (9) and g € W (Q) with

||f||p,a,N < Hf

poty andlgllrgn < lgllvpn, - (69)

Suppose first that s = oco. This can only occur if p = r = co. For
j =0(1)N, consider

(00) := max(t(1 — 1))’ “*D|(fg)(2)] . (70)

(1920 =3 (1) 14090, ()
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From (70) and (71) we have

2 (1) [mseta = =217 @) [max(e1 - 0 ~lg o).

—~ teQ teQ
It follows at once that for j = 0(1)N
Ii(00) < 27| flloo.a,n [19]loo.0,n (72)

since °7_, (J) = 2/. Consequently fg € wl
with ¢ = 2V

aw(Q) and (68) is satisfied

Suppose now that 1 < s < oo and consider

A(5) = / [((1 — )| ()P (D[] dt (73)

for j = 0(1)N . Again by Leibnitz’s theorem, see(71), we have

b = [ (7)o e - oy h) . m

k=0

From the triangle inequality when s = 1 and Holder’s inequality for sums
when 1 < s < oo we have

J

S
D

J
S+ T Jarl, 1<s<oo. (75)
k=0 k=0

From (74) and (75) we have
1

=G0 (1) [ (s -ormi) -

x (1= )y Pl 0)]) .
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for 7 =0(1)N. If p = oo then s = r and since in this case

o Ne = H1 — )] £ (¢
11f |loo,ce,v k:%l(?iiNlrile%X(( )]

we see from (76) that for j = 0(1)N

J .\ 8
. s— s s J
56 < 6+ 0 U Il 3 (1) (77)

k=0

Consequently in this case fg € ng}rﬂ(Q) with

1fglls.atsn < €l flloo.amllgllrpn (78)

where ¢ := (j 4+ 1)'71/¢] ‘11:0 (i) S} Vs independent of both f and g.

Arguing similarly if » = oo so that s = p we would find

HngS,aJrﬁ,N < CHf”p,oz,M ”gHoo,ﬁ,Nz .

Thus it remains to consider [;(s), see inequality (76), when 1 < s < oo and
1 <p,r <oo. Under these circumstances we see from (67) that p/s > 1 so
that applying Holder’s inequality to the integral on the right of (76) we find

Lo <603 (1) [ Tea-ar-erong a)”

(79)
s/r

<[ [ et -op2igra)']

Consequently

J N
N S— S S ]
) < G40 Wl Y- (1) 0
k=0
for j = 0(1)N. Again we find that fg € W;Jllﬁ(ﬂ) and that (68) is satisfied
with ¢ = (j+1)1"Y*[3>7_ (/)°]V/*. This completes the proof of the theorem.

k
[ )
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3 Sigmoidal transformations

Sigmoidal transformations are useful when the Euler-Maclaurin formula is
used to find approximate values of the integral fol f(z)dx. Essentially we
make a change of variable x = ~,(t) say, where r > 1, and use the Euler—
Maclaurin sum on fol g-(t) dt where the function

g9:(t) == f(n®)7 (1), teQ, r>1. (81)

The function v, maps Q onto itself and is chosen so that ~,(t) = O(t") as
t — 0, whereas near t =1, 7,(t) = 1 + O((1 —t)"). There are many such
transformations to be found in the literature; a survey has been given by the
author in [5]. An archetypal transformation is

V() = e a (82)

+ (1=t

Since the graph of this function is in the shape of an elongated “S”, these
transformations are called sigmoidal. This leads us to the following definition
of a generic sigmoidal transformation of order r.

Definition 9 A sigmoidal transformation 7y, of order r > 1 possesses the
following properties:

(a) v, € CH(Q) N C=(Q) with 7(0) =0,

(b) ) +7(1—t)=1 forallt €Q,

(c) A is strictly increasing on Q,

(d) ~.. is strictly increasing on [0,1/2] with ~.(0) =0,

(e) %Ej)(t) = O™ near t = 0, for all j € Ny when r ¢ N and for
J=0L)rifN>r>2.
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As an immediate consequence of Definition 9, note, from the discussions
of Section 2, that v, € W;SJX)(Q) for any N € Ny where v + 1/ < 1 if
1 <p<ooand a <0if p=o00. Again, for the function ~, it can be verified
that 7, € W;S]X)(Q) for any N € Ny where v+ 1/¢ < rif 1 < p < oo and
y+1<rifp=occ.

Before considering the Euler-Maclaurin formula, the fundamental ques-
tion we shall now address is that given f € WIS]Z)(Q) for 1 < p < oo and
N “sufficiently large”, in what space is the function g,, as defined in (81), to
be found? The answer is in the following theorem.

Theorem 10 Suppose [ € WZEJZ)(Q) where 1 < p < oo and N € Ny is

sufficiently large. If g, :== (f o v,)7. then g, € W;E ot (r— 1)/q(Q) and

||gr||p,ar+(rfl)/q,N < C”f“p,a,N (83)

where ¢ is a positive constant independent of f.

Proof: Choose j € {0,1,...,N}. From (81), by Leibnitz’ theorem, we

have .
=2 (‘,1) ()™ (F ()™ (84)

Let us rewrite this as

(1) _Zu,” (1)), (85)

say. On differentiating (85) once we find that the functions wy ; satisfy

g j+1(t) = v (1)
Us j1(t) = ws1 ()9 (8) +uf (1), s=1(1)7, (86)
Ui j+1(t) = wjj(E)(t) .
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In particular we see that since, from (81), uoo(t) = v.(t) then

() = A9 I() and  wy(t) = (v(6)" (87)

In order to identify the space in which g, is to be found let us consider its
behaviour near the end points of 2. In particular, near t = 0, we have
from (87) and Definition 9 that

'LLO,J' (t) = O(trijil) and Uj,j(t) = O(t(Til)(j+1)) . (88)

What about the behaviour of u, ;(t) near t = 0 for s = 1(1)(j—1)7 From (86)
if we conjecture that near t =0

ug j(t) = O™ ) for s=0(1)7, (89)

then it is readily verified that (86) and (88) are satisfied. Similarly, near
t = 1 we shall have

us; (1) =O0((1—t)"777) | s =0(1)j. (90)
Consequently we may write
Ui (8) = (1 = 1)U (1) (91)

say, for s = 0(1)j and j = 0(1)N where the functions U, ; are continuous
on {2 and non-vanishing at the end-points. In the same spirit and bearing in
mind Definition 9 we may write

V()L =7 (t) = (¢(1 = 1)) Tro(t), (92)
(b)) = (t(1 = 1)) ' T, (1) (93)
say, where I', o and I',; are continuous and strictly positive on Q.

Suppose now that 1 < p < oo and, for a given j € {0,1,2,..., N},
consider

I(p) = / [(t(1 = tyy o010 (1) " (94)
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From (57) and (85) we have

9P OF < e lungOF |F (n ()P (95)

for some constant ¢ depending only on j and p. Consequently,

<CZ/ t(L 1)) e ()] f© (e (0) ] [(L = 1)) dt . (96)

From (91) and (93) we have

r(k—a) (k) P (t)
) < CZ HL =) Uk (OIS (e (1)) dt. — (97)
From (92) and since Uy, j, 1/T,o and 1/T,; are continuous on Q we find
J 1 P
DX [ e =)l o os)
k=0
where again ¢ is independent of f. On writing x = 7,(¢) we find that

<c2/ o1 =2 U@ de < el (99)

by (1). Asthisis true for j = 0(1) N we have at once that g, € Wp art(r—1)/g($)
for 1 < p < oo and (83) is satisfied.

It remains to consider the case when p = co. For agiven j € {0,1,2,..., N}
consider ' ‘
I;(00) = max(t(1 — )=~ |gP (1) . (100)

te
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From (85) and (91) we find

Ij(00) < 3 max(t(1 = ) U O P ] (101

Since Uy, ; € C(9) and recalling (92) we have

<czmax (1 =5 B @)/ Trot) . (102)

teQ

But again we have that T',.o € C(£2) and furthermore does not vanish on €.
On putting = 7,.(t) we find from (102) that

<chax (1— )2 f®(2)], (103)

z€Q

where ¢ # ¢(f). Recalling (2) we have that for j = 0(1)V

I;(00) < e[| flloc.av (104)

so that g, € T/VOo arir—1(2) With [|g,/[ee,artr-1,8 < [ f]loo,a,n Which estab-
lishes the theorem when p = oo and completes the proof. [

Let us comment on the phrase “N € N is sufficiently large” which appears
in the statement of Theorem 10. From (84) we see that the functions g, and f
need to have the same number of derivatives. Suppose n, € Ny is such that

n, <r(a+1/q) <n,+1. (105)

Recalling the results that have gone before let us then assume that N € N
is such that
N>n.+1, (106)

and this is the value of N that is deemed to be “sufficiently large” in Theo-
rem 10. From Theorem 4(b) we have that if (106) is satisfied then

g(0) =g (1) =0 for j=0(1)(n, —1). (107)
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On the other hand, if n < o+ 1/q < n+ 1 then f is such that
f90)=f91)=0 for j=01)(n-1). (108)

Since with our sigmoidal transformations we choose r > 1 then, in general,
we shall have n, bigger than n so that the function g, will in general have
more derivatives vanishing at the end points of 2 than the function f has.
This observation will have important consequences when we consider the
Euler-Maclaurin quadrature rule for both ordinary and Cauchy principal
value integrals in Sections 4 and 5 respectively.

4 The Euler—Maclaurin formula

This has been discussed at some length by the author in [4] and we shall
both quote results from that paper and use its notation. We let

1
It ;:/ f@)de, (109)
0
and if we define
t,=w+1)/2 for —1<v<1, (110)

then for m € N a quadrature rule Q%} f is defined by

LSRGt m), l<v <,
Quif .= "= (111)
LS4 fm). =1,

=0

m
where " denotes a sum whose first and last terms are halved.
=0
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For j € No, we let B; denote the Bernoulli polynomial of degree j; see, for
example, Abramowitz and Stegun [1, Chapter 23]. Furthermore, B; denotes
the periodic extension to R of B; defined on [0, 1). That is,

Bj(x +k)=Bj(x) forall k€Z and 0<z<1. (112)

We note that the functions B; are continuous on R except when j = 1 when
it has a finite jump discontinuity at each integer. As a consequence of this
and Abramowitz and Stegun [1, §23.1.5] we have that

Buia() = (n+ 1)Ba(a) (113)
forneNandz e R.

Our starting point is the following theorem.

Theorem 11 Suppose f is such that for some s € Ny, f) € C(Q) and
fer) € Li(Q). Then, for any m € N,

EWf =1f—QWf= — i Bj('ty) fUTV@) = f9D(0)

mJ
j=do(v) (114)
s+1 s+1( — ma) d
ms+1/ f (s+1)! .

where

. 1, |l/| <1,
= 115
ol¥) {2, v=1. (115)

Proof: See, for example, Elliott [4, theorem 2.1]. Note that with (114)
and (115) we have now corrected the lower limit on the sum to allow for the

fact that QLII] f incorporates the first term of that sum. e
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Note that under the conditions of this theorem we may rewrite (114) as

fU=D(1) — fU-D

j=jo(v (116)

(1) s+1(t —mz) — By (ty)
/ / (s+1)! de.

ms+1

Equations (114) and (116) give the classical forms of the Euler-Maclaurin

formula. We shall now consider an upper bound for |ET[Z] f| under the as-
sumption that f is in some weighted Sobolev space. But first, a lemma.

Lemma 12 For all x € Q and m,n € N we have
|Bpii(t, — mz) — Bua(t,)] < c-ma(l —x) (117)

where ¢ is a positive constant depending only on n.

Proof: From (113) we have

|Bn+1(tu —mr) — Bn+1(tu)| = |Bn+1(tu) - Bn-i—l(tl/ - mx)|

/ti Bnia(§)
/t m B (6) d&‘ |

But, from Abramowitz and Stegun [1, §23.1.16 and §23.2.18], we have that

(118)

=(n+1)

1/2, n=1,
max | Ba ()] < {2((n)n!/(27r)”, n>2. (119)

Consequently from (118) and (119) we have that
|Bry1(t, — mz) — Bpyi(t,)] < c-ma (120)



4 The Euler-Maclaurin formula E32

where ¢ = ¢(n). Again we have
‘Bn+1 (tu - mx) — B (tz/)’ = ‘Bn+1 (tl/ - m:L‘) — B (tl/ - m)‘

t,—mx 3 (121)
| B <eomi- ),

v—m

on using (113) again, where ¢ = ¢(n). Combining (120) and (121) we ob-
tain (117) and the lemma is proved. [ )

We now come to the starting point of the analysis of an upper bound for
|ET[Z} f| given that f is in some weighted Sobolev space.

Theorem 13 Suppose f € Wp(](\)f)(ﬂ) where 1 <p<oo,a€R,neNyand
N € N are such that

n<a+1l/¢g<n+1<N. (122)

Then, for all m such that N> m > 2,

B = m /0 PO @) (Bua (6 — ma) = By () dr. (123)

Proof: That the integral in (123) exists under the given conditions follows
from (117) together with Theorem 7(b). From Theorem 4 we have that
fO0) = fU(1) = 0 for j = 0(1)(n — 1). If in (116), we put s = n we
recover (123) and the theorem is proved. o

We shall now derive a better rate of convergence of |E,[ﬁ} f] to zero than

that implied by (117) and (123) which together give that EY)f tends to zero
as m — oo like O(1/m™).
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Theorem 14 Suppose f € Wé?(@) and N>m > 2.

(a) If1 < p<oowithn € Ny and N € N such thatn < a+1/q <n+1 < N
then

V] cll fllp.a,n
[BLf| < Zolred, (124)

(b) For1<p<ooanda+1/g=n+1<N then

ol fllLan

EM < mn—H
E TS5 el InVe(m)

mn+1

p=1,

Y

(125)

, 1<p<Loo.

Here ¢ denotes a positive constant which is independent of both m and f.

Proof: From (123) we have

Brf= ! ; / (21 — )™= f) (1)

mnt(n +1)!
 Bunlty—ma) ~ Buow)
FIr

From Definition 1(b) (when p = c0), the mean value theorem (when p = 1)
and Holder’s inequality for 1 < p < oo we find

B < Wl g (126
say, where the function
([ Bunlt, —ma) - Bn+1<t>rd e
o (90(1—90))”+1 o ’ ’
_ q 1
(/ 'B““S;zl _”;ﬁiq<nﬁ“z;< )" 1< pene
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First consider the case when p = 1 so that 1/g =0withn <a <n+1<N.
From this we see that n+1—« > 0. For N > m > 2 let us write

Q=1[0,1/m|U[1/m,1/2] U[1/2,1 —1/m]U[1 — 1/m,1],

and we shall consider the maximum of the quotient on each of these intervals.
From (117) we have that on [0,1/m)]

|B11(t, — mx) — Bpya(t,)] < ¢-max,
where ¢ = ¢(n). Consequently

B,.1(t, — — B,.1(t,
max | n+1( mx) n+1( )| S c-m max %" =c- mnfaJrl
z€[0,1/m] (x(1 —z))rtl-e 2€[0,1/m]

)

(128)
since « —n > 0. We may argue similarly to give the same upper bound for
xz € [l —1/m,1]. Consider now the interval [1/m,1/2]. From (119)

By (ty, — — Bnia(ty 1
max | +1( mx) +1( >| <c- max =c- mnfa+1
w€ll/m,1/2] (x(1 —x))nti-e z€[l/m,1/2] xH-

(129)
where, again, ¢ = ¢(n). A similar result is to be found over the interval
[1/2,1 — 1/m] so that from (128) and (129) we find

|Bn+1<tu - m:c) - BnJrl(tl/)’ +1—
1) = <c-m" T 1
i G (130)

Consequently from (126) and (130) we see that both (124) and (125) are
valid forp=1landn<a<n+1<N.

Suppose now that p = oo so 1/¢ =1 and we haven < a+1<n+1< N.
From (126) let us write

1/m 1/2 1-1/m 1 B1(t, — max) — By (t,
J(00) = (/0 +/1/m +/1/2 +/1_1/m> = ((7;(1 —x)))nf_a () dz .
(131)
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From (117) we find, since 0 <n — «a < 1, that

1/m B - - B 1/m d
/ | Buia(ty — ma) ni1(t) dx <c-m / T c-m" % (132)
A T L s

¢ being independent of m. A similar result holds for the integral over the
interval (1 — 1/m,1). For the integral over (1/m,1/2) we have from (119)
that

/1/2 |Bn+1(ty —mzx) — Buy1(t)| P /1/2 dzx
&=z S

{c-m”‘a, n—a>0

1/m

(133)

c-In(m), n=a.

Again ¢ is a positive constant independent of m. A similar bound is found
for the integral over (1/2,1 — 1/m). To sum up, we have

n—«

. ifn —
J(o0) < c-m ) 1n a >0, (134)
c-In(m), ifn=q.

From (126), (127) and (134) we recover both (124) and (125) in the case
when p = c0.

Finally, let us consider the remaining case for which 1 < p < oo and
n<a+l/g<n+1< N. We can argue as we have done in the case
when p = oo by splitting the integral for J(p) in (127) over the four intervals
(0,1/m), (1/m,1/2), (1/2,1 — 1/m), (1 — 1/m,1). For the integral over
(0,1/m) we find, from (117) and (127), that

1/m | B B N 1/m
/ |Bn+1<tV mx) Bn+1 (tv)lq dx < C.mQ/ dx — C.m(n-i-l—oc)Q—l
0 (x(1 — z))ant1-) o x—a

Y

(135)



4 The Euler-Maclaurin formula E36

since (n — a)g < 1. Again, for the integral over (1/m,1/2) we have on
recalling (119) that

/1/2 ‘Bn—&-l(tv - mx) B Bn-i—l(tu)’q dr
1/m (z(1 — x))atntize)

1/2 dr
< C./l r(nt+l—a)q

/m
c-mtl=ada=l - f o 4 1 /g <n 41,
- | (136)
¢-In(m), ifa+1/g=n+1.

Similar bounds to those given by (135) and (136) are found for the integrals
over (1 —1/m,1) and (1/2,1 — 1/m) respectively. In all cases ¢ is a positive
constant independent of m. From (127), (135) and (136), for 1 < p < oo we
find that
. ntl—a—1/q if 1 < 1
J(p) < c ml/ 1 a+1l/g<n+1, (137)
c-In'/(m), ifat+1/g=n+1.

From (126) and (137) we see that (124) and (125) follow so that the theorem
is proved. [

It is appropriate to compare the results of Theorem 14 when <p = 1 with
that given in Elliott [5, Theorem 3.3]. There, since K§ = Wlﬁ)(ﬂ), for

n < a < n+1 we obtained ]E%]f\ <c|fllian/m". Forn <a <n+1and
p =1, Theorem 14 gives |Eq[7l{]f| < ¢ || fll1,an/m*. The improvement in the
rate of convergence of EY f to zero is apparent.

Let us now consider the effect of making a sigmoidal transformation to
the integral I f before using the Euler-Maclaurin formula. That is, we have
on writing = = 7,(¢) in (109) that

Uzlf@MZAfW®M@ﬁ=Aw®W (138)



4 The Euler-Maclaurin formula E37

on recalling (81). From Theorem 10 we have that if f € Wp(jx)(ﬂ) with

1 < p < oo then g, € W;Zwr(r 1)/q(Q) and it is to the function g, that we

apply the Euler-Maclaurin theorem to give a quadrature rule
If =1Ig, = Qg + EVlg, = QW f + B f, (139)
say. An estimate for £Y gr = joied f is given in the following theorem.

Theorem 15 Let ’yT be a sigmoidal transformation of order r > 1 and sup-
pose that [ € Wpa (Q) with 1 < p < oo. Suppose also that N> m > 2.

(a) If 1 < p < oo with n., N € N such that n, <r(a+1/q) <n,+1<N

o 11
v,r v c ) )N
B = 1B < et (140)
(b) For 1 <p<oo andr(a+1/q) =n,+1< N we have
e [l -
LS = 1B < 4 | (141)
" =) e f ey In /q(m)
T , 1l<p<oo.

In both (140) and (141), ¢ is a positive constant which is independent
of both m and f.

Proof: This follows at once by applymg; Theorem 14 to the function g,
which is in the weighted Sobolev space W'/ . 1/, (€). [ )

Thus we see that, on comparing (124) with (140), a sigmoidal transformation
of order r speeds up the rate of convergence of the quadrature rule to the
integral by a factor of . On choosing r to be 4, 5 or 6 say, this can lead to
a very substantial increase in the rate of convergence.
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5 Cauchy Principal Value Integrals

5.1 Introduction

Suppose the function f is defined on Q x Q as follows

¢(z)
flzsA)=q -\’ T
0, rT=A,

(142)

where ¢ is “well behaved” on Q. (We shall be more explicit about the prop-
erties of ¢ later.) In order to assign a meaning to I f(-;\) we shall define the
integral as a Cauchy principal value integral; that is we shall write

'6()

A—e¢
— lim < / / ) | (143)
0o T — e—0+ e xr —

provided that the limit exists. As before, see (111), we shall define QY f (-5 N)
by

Tf(-3 ) =

%mff((j o) mi), 1<y <l

Quf(:A) = (144)
Z"f(ﬂ/m A)s v=1.
m
We note that since, in(142), we have defined f(X,\) to be zero, Q%]f( i A)
is always defined even if, for some integer [ € {0,1,2,...,m — 1}, we have
(l+t,)/m=A\.

In order to obtain a result comparable to Theorem 14, we will intro-
duce an appropriate “subtraction function” S, (-; A), see equation (164), with
the properties that S,(-;\) has the same singularity at A as does the func-
tion f(-;\) and, furthermore, has the same zeros as ¢ at the end-points of Q.
Then we shall apply Theorem 14 to the function f(-;A)—S,(-; \) and obtain
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both a quadrature rule for the Cauchy principal value integral I f(-; ) and
an estimate of the truncation error Ew f (+;A). So much for an outline of
the strategy for this section; let us now get down to details. First we require
a theorem which will give us an explicit expression for I — QLVL] of certain
functions which will play a key role in the development of this theory.

5.2 The subtraction function

We shall only prove the next theorem for the case when —1 < v < 1, but
the modification required when v = 1 is straightforward. In the context of
this theorem we define Q%]g(- : A) by

m—1
i,_og((wrtu)/m;k), m\—t, ¢ Z,
g(-:\) = 1 145
Umo (5 4) %Zog((j—kty)/m,/\), m\—t,=1€L. (145)
=
Gl

Theorem 16 Suppose a function g(-;\) is defined on the strip S, where
S={z=z+iy:0<2<1 -0 <y < oo} and satisfies the following
conditions:

(a) g(-; ) is real on Q and analytic in S except for a simple pole at the
point A € €

(b) g(-;A) is 1-periodic;

(c) for z=z+1ia,0<z<1,méeN is such that

lim e 2™ g(z +ia; \)| = 0.

a—00

Then
Ig(-0) = QUlg(3 ) = mxes{eot(m(mz — .)g(5 N}, (146)
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where rg§{h(z)} denotes the residue of the function h at the point \.

Proof: Suppose —1 < v < 1. Choose a > 0 and let C, denote the closed
contour described positively (that is, anti-clockwise) comprising the straight
line segments joining the points A(0, —a), B(1,—a), C(1,a), D(0,a) and
A again. Consider the integral

1
I,:=— [ g(z;\) cot(n(mz—t,))dz. (147)
27 Je,

If A # (I+t,)/m for some integer [, the integrand will have simple poles at
the points z; := (j +t,)/m, for j = 0(1)(m — 1), and at the point A. For
Jj =0(1)(m — 1) we have

ves {g(: \) cot(m(mz — £,))} = %g((j L) mN) . (148)

2=z

Applying the residue theorem to I, and recalling (145) we have

o= Qg0 + res{g(zi N cot(mlmz — )} (149

Let us now consider the contour integral I, in more detail. We have

oo b bt 150

Since, by condition (b), g(-; A) is 1-periodic then so is g(z; A) cot(m(mz—t,))
so that fBC + fDA is zero. Along AB we have z = z — ia with x going from
0to 1. Along C'D , z = x +ia with x from 1 to 0. Since the integrand is real
when z is real we find

I, = _1/0 Slglx + ia; \) cot(r(m(z +ia) — t,)]dw.  (151)

™
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As 3(z) = —R(iz) we find, on writing z + ia = z in (151), that

I = %a%{ / " iz A cot(r(msz — 1)) dz} | (152)

a

From (149) we obtain
QWg(-;\) = —=x rgi{g(z i A) cot(m(mz —t,))}

+9%{ /im+1 ig(z; ) cot(w(mz—ty))dz}. (153)

a

Let us now obtain a comparable expression for Ig(-;\). Let C be a
contour in the upper half plane (3z > 0) from A;(0,0) to By(1,0), but
indented at A by a semi-circle v, say of radius € > 0 described negatively,
the straight line segments B;C; from Bi(1,0) to Cy(1,a), C1D; from Cy
to D1(0,a) and Dy A; from D; back to A;. Within this closed contour the
function g¢(-; A) is analytic so that by Cauchy’s theorem we have

/+g(z;)\)dz:0. (154)

Splitting this integral into its component parts we have, since g(-;\) is 1-
periodic, that fBlcl +fD1A1 = 0. From the integrals over A;B; and C, D,
we have

A—e 1 ia
/ g(x;)\)d:)s+/ g(z;)\)dz—l—/ g(:l:;)\)dzx+/ g(z;\)dz=0.
0 Ye A

+e 1+ia
(155)
On letting € — 0 and recalling that v, is a semi-circle described negatively
we have

a

1 1+ia
]gg(x;)\) dx:mgei{g(z;)\)}Jr/i g(z;\)dz. (156)



5 Cauchy Principal Value Integrals E42

On taking complex conjugates and recalling from (a) that g(-; \) is real on
we have simply that

@(uyziaaxmx:%{ZMHyamd%. (157)

From (153) and (157) we find

Tg(-13) = Qg 1) = 7 ves{g(z:A)cot(r(ms —1,))} (158)
+m{/m u—mmwmm—@mm%»d%.

Consider now the integral over (ia, ia+1) where a > 0. On writing z = z+ia,
0<xz<1, wefind

26727rma

1—1icot -t < —. 1
|1 — icot(m(mz )| < = (159)
Hence
1a+1
5)%{ / [1 —icot(m(mz —1t,))]g(z; ) dz}
< #/1 *27Tma| ( +1q ')\)’d (160)
S T | e g(x +ia; T,

But, from (c), we have that the integral tends to zero in the limit as a — oo
so that from (158) we recover (146).

It remains to consider the case when mA — t, = [ for some integer [. In
this case we have cot(m(mz—t,)) = cot(mm(z—A\)). Consider now, see (147),
the integral I,. The integrand has simple poles at the points z; = (j +1t,)/m
for j = 0(1)(m — 1) with j # [ and a pole of order two at A\. Thus we find,
recall (145),

I = (1/mQg(: X) + res{g(z: N cot(mm(z — X))} . (161)
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Arguing as before we find (cf.(153))

Qg0 = —mres{g(z;X) cot(mm(z — \))}

+3%{ / o ig(z 3 \) cot(mm(z — )\))dz}. (162)

La

We find from (157) and (162) that

Ig(-5X) = Qulg(-5X) = mres{g(z; X) cot(mm(z — A))} (163)

ia+1
+ R {/ [1 —icot(mm(z — N))]g(z; ) dz} :
On letting a — oo, we can show, as before, that the integral on the right
of (163) tends to zero which establishes (146) in this case and the theorem
is proved. [

Having established this theorem we can now introduce an appropriate sub-
traction function and apply Theorem 16 to it. We are going to assume
that f(-;A) is defined by (142) and that the function ¢ is in the space
WPUX)(Q) where 1 <p < oocandn < a+1/¢ <n+1< N where n € N,
and N € N. We know, from Theorem 4, that ¢¥)(0) = ¢ (1) = 0 for all
j=0(1)(n—1). Since A € Q, from (142) we have fU)(0;\) = f9(1; 1) =0
for j =0(1)(n—1). Again, as f(-;\) has a pole at A\, we need to choose the
subtraction function S, (- ;\) so that it both cancels out this singularity and
is such that S5 (0: A) =S5 (1:A) = 0 for j = 0(1)(n — 1) . Bearing in mind
the conditions of Theorem 16 we require also that S,(-; \) be 1-periodic.

Definition 17 For given A € Q andn € Ny, the subtraction function Sy (-; \)
is defined on 2 x Q by

meot(m(z —N)), x=#A\, n even,
mese(n(z—AN), x#N, n odd, (164)
0, r=A\.

sin”(mx)

Sn(z;A) = S0 ()
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Note in passing that when n = 0, Sg(-;\) corresponds to the subtraction
function 1 introduced by Lyness [8].

Theorem 18 For a given n € Ny and for allm € N such that m > [n/2]+1
we have

meot(m(mA—t,)), mA—t, ¢7Z,

(mn/m)cot(m)), mA—t, €Z. (165)

ISu (-3 A) — QUS, (- A) = {

Proof: We may, from (164), continue the definition of S, (x;\) into the
strip S by replacing z by z but ignoring the condition in (164) that S, (A\; \) =
0. Instead we observe that for n both even and odd the function S, (z;\)
has a simple pole at z = A with residue 1. With this S,(z; ), it is readily
verified that it satisfies conditions (a) and (b) of Theorem 16. Let us now
consider condition (c).

When n is even we need to determine

lim 6—27rma sin” (’/T(Z’ + Z(I))

a—00 sin”(m\)

cot(m(z +ia — )|, (166)

where 0 < x < 1. From Abramowitz and Stegun [1, §4.3.83]
| sin™(7(z + ia))| < cosh”(ma) . (167)

Since sra 2im(e-)
1 —zTTa 1T \T—
cot(m(z + ia — \)) = —i ¢ __°

(168)

—t 1 — e—2mag2in(z—)) ’

it follows that
lim | cot(m(z +ia — N))| = 1. (169)

a—00

From (166), (167) and (169) we see that condition (c¢) of Theorem 16 will be
satisfied if m is such that m >n/2 + 1.
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Suppose now that n is odd. From [1, §4.3.85] we have
| cse(m(x +ia — )| < 1/sinh(7a) . (170)
Then, from (164), (167) and (170) we have that

lim e 2™|S,, (z +ia;\)| =0, (171)

a—00

provided that —2m +n — 1 < 0. Since n is odd this will be true when
m>[n/2]+1.

Thus, under the given conditions, we can apply Theorem 16 to the func-
tion S, (+; \) to give

IS, (-5 ) — Q%Sn(- PA) = ngi{cot(w(mz —1,))Sn(z;A)} (172)

We need to consider the residue at A in the two cases when mA —t, ¢ Z and
mA —t, =1 wherel € {0,1,...,m —1}.

Let us recall from [1, §4.3.68 and §4.3.70] that

w{i‘i}(w(z—») - ziA L0 - A). (173)

When mA — ¢, ¢ Z the function cot(m(mz —t,))S,(z;A) has a simple pole
at z = A and we have, for n both odd and even, that

ng:?\{cot(w(mz —1,))Su(z;A)} = meot(m(mA —t,)). (174)

This establishes the first of (165).

Suppose now that mA —t, = [, an integer such that [ € {0,1,...,m—1}.
For z # X it follows that cot(m(mz —t,)) = cot(mm(z — A)) . In this case the
function cot(mm(z — A))S,.(z; A) has a pole of order two at z = X for n both
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even and odd. Since, near z = 0, both cot z and csc z behave like 1/z+ O(z)
we find near z = A\, for n either even or odd that

Sn(z;A) =

! y T cot(mA) + O(z — \). (175)

z —

It then follows that near z = A\

1 n 1
- A= — 1), (1
cot(mm(z — A))S,(2z; ) Tz — V2 + - Cot(m\)z — +0(1), (176)
and we find
ﬂrgi{cot(ﬂm(z —A)Su(z;AN)} = (mn/m) cot(mA). (177)
This is the second of (165) and the theorem is proved. »

We comment in passing that (165) is a very neat result giving the difference,
between the Cauchy principal value integral IS,(-;A) and the quadrature

sum QLZ] Sn(-;A), as a single term. This generalises beautifully a result given
by Lyness [8]. We also note that the right-hand side of (165) does not depend
on whether n is even or odd although of course, the definition of S, (- ; \) does.

5.3 The function f,

In order to use the results of Section 4 to obtain the appropriate quadrature
rule for Cauchy principal value integrals we shall now introduce a function
fn say, which satisfies the conditions of Theorem 14. We define, on €2 x |

o) L
folz; A) = x_)\_ﬁb()\)Sn(x,)\), £\,

&' (\) —nmp(N) cot(mA), x=\.

(178)

Note that f,(A; ) is defined as lim, ., f,(x;A) and the definition in (178)
follows from (164), (175) and the application of I’'Hopital’s rule.
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From (164), for = # A we may write S, as

Sn(x ; /\) =

Smn(”){ L @] (179)

sin(w\) [z — A
say where, from Abramowitz and Stegun [1, §4.3.91 and §4.3.93], the function

[e.e]

Bl ) = ;% (180)

for |z — A| < 1, the coefficients ay,, being defined by

1 n even
Ay = ’ ’ 181
" {(—1)’2 n odd. (181)

From (178) to (180) we shall write f,, as

fa(@A) = fai(z5A) = fap(ziA), (182)
where f,,;1 and f,, o are defined on Q x Q by

(e () esc(mx) — P(A) cse™ () .
e = {7 T ) o#h
@' (N) — nwo(N) cot(mA), T =\
and
fr2(x; X)) := @(A) esc () sin” (mx) by, (25 N) (184)

Given that ¢ is in some appropriate weighted Sobolev space we now need to
find the corresponding space for f, before applying Theorem 14. First, the
function f,,1(-; ).

Theorem 19 Forn € No, N> N > 2 and 1 < p < oo, suppose that
b € WN(Q) where

n<a+l/g<n+1<N. (185)
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(a) If p=o00, then f,1(-; ) € Wéo]YJl)(Q) with

C||¢||OO,O¢,N

n 7)\ oo,a,N — S—;
Iaa i Ml € S

(186)

where ¢ is independent of A and ¢.

< p < oo, then fn1(-; € _ or any positive € (no
b) If 1 hen foi(-;0) € WAZ2(Q
matter how small) with

¢ [[9llp.o.n

.- <
||fn1( a/\)||p,a—€7N—2 = )\(1 _ )\) !

(187)

where ¢ is independent of A\ and ¢.

Proof: For x € Q and n € Ny let us write

n(x) = ¢(x) csc™ () . (188)

Now the function csc™(7x) is defined on (2 and is infinitely differentiable
there. Since, for x € 2,

mx(l —x) <sin(rz) < 4z(l — x), (189)

we conclude, by considering the behaviour of csc™(mz) near its end-points,
that it is in the space W;Nln(ﬂ) for any N € Ny and its norm will depend

only on n and N. By Theorem 8 we will have that v, € Wp(];[)_n(ﬂ) for
1 < p < oo and furthermore

[nllp.a—nn < cllllpan- (190)

(a) Suppose p = oo. If we write

U, (x5 ) =

(191)
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then, by Theorem 26, ¥, (-;\) € WéON;_lzL(Q) and

c ||¢n||oo,oc—n,N—1

\Iln;>\ oco,a—n,N— S 3
9 W) o < S

(192)

where ¢ is independent of A and . Since sin”(7mzx) € W 1)((2) it
follows from (183) and Theorem 8 again that f,(-;\) € W 1)(Q)
and furthermore, from (190), that (186) is satisfied.

(b) Suppose 1 < p < oo. From Theorem 27 applied to the function 1, we
have , for any € > 0, that ¥,,(-; \) € W;JZ:Z)_e(Q) with
cnllpa-ny _ cll$llpan

U (5 A) [pamn—en—2 < = ’
W (-3 A)llpa—n—en—2 YT AL =)

(193)

on using (190) where ¢ is independent of both A and ¢. Again, since
sin”(rz) € Wil 2)(Q) we have from Theorem 8 applied to (183) that
fai(5A) € W;ﬁ:?)(ﬂ) with its norm satisfying (187).

)

Consider now the functionf, »(-;\), see (184). Before stating the re-
sult, we first need the following property of the function h,(-;\), see (180)
and (181).

Theorem 20 For alln € Ng, A € Q2 and N € N we have that
hu(5A) € Wi (9,

with

C
17 (5 M llos,0,v-1 < X (194)

(1=A)"

where ¢ is a positive constant independent of \.
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Proof: For j ={0,1,..., N — 1} and given X\ € 2 we need to consider

H;(\) := max (2(1 — 2))’|hY (x5 \)] . (195)

0<z<1
We first observe from (180) that
ho(l =23 X)) = —h,(z;1 =), (196)
so that for j = 0(1)(N — 1)
RO (1 —z;)) = (=1 R (21— \). (197)
As a consequence we see from (195) that we may write
Hj(A) = max{H;1 (), Hj1 (1= A)} (198)
say, where we define

H;1(\) := max (2(1 —2))Y |[n9 (x5 \)] . (199)

0<z<\ "

Suppose that j = 0; from (180)
= 1
ho(z: )] <2y —~ 2

Since for 0 < x < A we have k? — \? < k? — (z — \)? it follows that

1 =1
< _— —_ 7.
Hoi(\) < 2{1 —+ ; o AQ} (201)

Since, for k > 2, (k — 1)? < k* — A% we have, from the definition of the
Riemann zeta function (see Abramowitz and Stegun [1, §23.2.1]), that

c

H@} <5 (202)

o <2
01(N) = {1—A2
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where c is independent of A. From (198) we have that

HO(A)ScmaX{ﬁ, %}gﬁ (203)

We may proceed similarly for H;(\) when j = 1(1)(N —1). From (180),
on splitting each term of the sum into partial fractions and differentiating
j times we find that

= (2(1—2)) = (2(1—2))
. |
Hj(\) <! or?f%{z(k A+w+1+; IHA_W“ (204)
For 0 < x < X\ we have that
k—1<k—X+2 and kE<k+\—=zx,

so that

. 1—x
Hj1(\) S]!{Orgfg(/\( (_</\+ )))]H +2C(]+1)} (205)

on recalling the definition of the Riemann zeta function. It readily follows
that

(x(1 —x)) < 1 " (1 —2))\’ 1
max max ———— X Inax .
0<e<A (1 — N+ x)it 0<e<Al — A4+ o0<e<A\1—-A+z/) —1-X
(206)
From (205) and (206) we have
c
H; < 2
< 15 (207
for some ¢ which is independent of A. From (198) we have that
H(\) < L (208)
f cmaxy+, 7
so that (194) follows at once and the theorem is proved. N

We are now in a position to determine the weighted Sobolev space in
which the function f,2(-;A) may be found.
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Theorem 21 Suppose ¢ € Wé]x)(Q) for1 <p<oo withn € Ny and N € N
such that
n<a+l/g<n+1<N. (209)

Then foo(-; ) € W(Q) with

cl|@llpan
o M) lsom ot < — , 21
[ fn2(3 Mlloosn,n-1 ()\(1_/\)>n+2—(a+1/q) (210)
where ¢ is independent of X and ¢.
Proof: Consider the function
Sp(x) == sin"(7zx) . (211)

This is infinitely differentiable on 2 and, from considering its behaviour near
the end-points of €2, we have that s, € Wéo]YJI)(Q) with [|sy|lconn-1 < €,
with ¢ depending only on n and N. By Theorems 8 and 20 it follows that
Suhn(-3A) € WELTY(Q) with

C
||thn( ) /\>||oo,n,N—1 S /\( (212)

YL
where ¢ is independent of . From (184) it follows that f,o(-: A) € W ().

Since ¢ € W,EJX)(Q) it follows from (21) that
[6(N)] < cllgllpan (AL = A)*H77, (213)

where ¢ is independent of A\. Again from (189) we have that for some ¢
independent of A

csc™(mA) < c( A1 —=X)"". (214)
From (3), (184), (213) and (214) it follows that (210) follows immediately
and the theorem is proved. 'y
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Comment: as a consequence of (209), inequality (210) may be replaced
by the weaker result that

. clollp.oy
an,Q(' ) )‘)Hoo,n,N—l < m 3 (215)

and this will be useful later when we consider sigmoidal transformations.

By combining the results of Theorem 19 and 21 we now identify a suitable
weighted Sobolev space for the function f,(-; \), see (182), and also its norm
in that space.

Theorem 22 Suppose ¢ € WIEJZ)(Q) for 1 < p < oo, with n € Ny and
N> N > 2 such that

n<a+l/g<n+1<N. (216)

(a) If p= o0, then f,(-;\) € WCSOJYJD(Q) with

CHCbHOO,a,N

||fn( 3 /\)“OO,CLN—l < ()\(1 _ A))n—i—l—a ) (217)
where ¢ 1s independent of ¢ and .
b) If 1 <p < oo, then fo(-;\) € W(JX:S) Q) for any € > 0 with
p,
1l W ey < 0l (215)

()\(1 _ )\))n+2f(a+1/q) )

¢ being independent of ¢ and .
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Proof:

()

Suppose p = co. Theorem 19(a) implies that f,1(-; ) € WCEOJYJI)(Q)
and from Theorem 21 we have that f,2(-;\) € W V(). Since
from (216) when p = oo we have 1/q = 1 it follows that o« < n so that
by Theorem 2(b) we have f,,2(-;\) € Wi 1)(Q) and furthermore

an,2<' ; )‘)”oo,a,Nfl <c an,2< ; )‘)Hoo,n,Nfl . (219)

On recalling (182) we have that f,(-;\) € Wo(onojl)(Q) and from (186),
(210) and (219), (217) follows since n +1 —a > 1.

Suppose now that 1 < p < oco. For any positive ¢ we have from
Theorem 19(b) that f,1(-; ) € W(N_Q)(Q) with norm given by (187).

p,a—e
Again, from Theorem 21 we have f,(-;\) € WCEOJYJD(Q) with norm
given by (210). However, Theorem 6 implies that f,,2(-; ) € Wéﬁ:j)(ﬂ)
with

[ fn2(5 Mllpa—en—1 < ellfnzl; Mllconn-1, (220)
for some c¢ independent of f, 5. From (182) we shall certainly have
Fol-:2) € W=2(Q) and from (182), (187), (210), (216) and (220) we

p,&x—e€

see that (218) follows and the theorem is proved.

[ )

We are now in a position to apply Theorem 14(a) to the function f,(-;\)
which will give the required quadrature rule with error term for the Cauchy
principal value integral I f(-;A). This we shall do in the next section.

5.4

The denouement

Let us recall that the function f(-;\) is defined in (142), the Cauchy prin-
cipal value integral If(-;A) in (143) and the sum Q%]f( ;A) in (144). Tt
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is appropriate at this stage, following Lyness [8, eq(1.12)] , to define the
function
wo(A) cot(m(t, — mA)), mA—t, ¢ Z,

—¢'(\)/m, mA—t, €Z. (221)

Splf(5A) = {

We now have the following theorem.

Theorem 23 Suppose ¢ € Wﬁz)(ﬂ) where 1 <p<oo, N3N >2 and « is
such that
n<a+l/g<n+1<N, (222)

for some n € Ny. For m € N such that m > [n/2] + 1 and X € Q we have
1
d
176i8) = f A = QN = SEACaN + BEC) (229)
Y, T —

where the truncation error El,l{]f(- : A) is such that

¢ [[8llp.o.n

W ogo..
|Em f( ’)‘)’ =< ()\(1 _ )\))n+27(a+1/q)ma+1/q76(20) ’

(224)

¢ being independent of X\, ¢ and m and €(p) being such that e(c0) = 0 and
e(p) >0 forl <p<oo.

Proof: Suppose first that mA — ¢, ¢ Z. Applying Theorem 14 to the
function f,(-;\) we have from

Lfa(-30) = QU fu(-3 N) + BY fu(-3 \) (225)
that
LF(-30) = QY F( M) + (N (ISu(-:A) — QYIS (-1 A) + EX f (-5 0) . (226)

From Theorem 18 we immediately recover (223) with Sk r (+; A\) being defined
by (221).
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Suppose now that mA —t, = [ for some [ € {0,1,...,m—1}and |[v| < 1.
We now have

Ifa(- an“t Nt RN FENRCN.(220)

751
From (178) we obtain

N = L3Rt ) - BN, (T ) 008,50

— m =0
J#l J#l
() — nro(N) cot(mA)} + Bl A) (228)

Recall, from (142), that f((I+t,)/m; ) = f(A;A) = 0 and, from (164), that
Sn((L+1t,)/m;A) =S, (A;A) = 0. Restoring these zero terms to the sums
gives

IF(50) = QU A) + dW{ISA(-3 A) — QYIS (- M)}
) — mmo(N) cot(mA)} + BYA (3 0) . (229
But, from (165) and (221), since mA — t,, € Z we recover (223) again.

It remains to put an upper bound on |E,[Z]fn( ;A)|. If, when 1 < p < o0
we apply Theorem 14(a) to the function f,,(-; A) which, from Theorem 22(b),

we know to be in W~ 2)(Q) we have from (124) and (218) that

p,oe—e

c[[9llp.o.n
()\(1 _ A>>n+2—(a+l/q)ma+l/q—e ’

By fal s M) < (230)

Alternatively when p = oo we know that f,(-;\) € W 1)(Q), from Theo-
rem 22(a), with norm given by (217). This and (124) together give

C||¢||oo,a,N

Mg (..
|Em f"( ’A)| < ()\(1 _ A))n-‘rl—ama-ﬂ :

(231)



5 Cauchy Principal Value Integrals E57

In both (230) and (231) the constant ¢ is independent of A, ¢ and m. These
two results may be combined as in (224), and the theorem is proved. [ )

Note: in spite of the complexity of the subtraction function for arbitrary
n € Ny we have obtained the same quadrature rule as did Lyness [8] for
the particular case where n = 0. We also comment from (224) that for
1 < p < oo the rate of convergence is O(1/m1/97¢) where we may choose €
to be arbitrarily small. We have been unable to derive a similar result with
e = 0. Finally we comment on the dependence of the error on \. When A is
close to either end-point the term 1/(A(1 — X))"*2=(@+1/9) will become large
but we note that the exponent of A(1—\)) is always less than 2, independent
of the value of n. This will be of some importance when, in the next section,
we consider sigmoidal transformations.

5.5 Sigmoidal transformations

We now consider the effect of applying a sigmoidal transformation of order r
(see Section 3) to the integral If(-;\), see (143). On writing

r=m(), A=%(s), (232)

where 0 < s < 1, we may, on using the usual rules for the change of variable
of integration, rewrite If(-;\) as

'G,(t,s)dt
R (233)
o t—s
The function F, is defined on Q x € by
G.(t,s)
F.(t;s):=¢ t—s "’ t#s, (234)

0, t=s,
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say, compare with (142), where the function G, is defined on Q x Q by

t—s , 5
Colt:5) = A ) =) %(S)é(%(t))%(t) , U#s, (235)
¢()‘) ) t=s.

We must first determine a weighted Sobolev space for the function G, (-; s).

Theorem 24 Consider the case ¢ € W;SJZ)(Q) for 1 < p < oo, a real
and N € Ny. If v, is a sigmoidal transformation of order r > 1 then
G.(-;s) € W) (Q) for any € > 0 with

par+(r—1)/q—e

c||@llp,a,
”Gr< ; S)Hp,ar—i—(r—l)/q—e,N < % s (236)

where ¢ is independent of A and ¢.

Proof: On Q x Q let us define a function

v, (@) = ()

O, () = oy wanCRNE 8 (237)
(7' (Ne(A), r=A.
Since (7,71 (X) = 1/4.(7,1()\)) it is readily shown that
Gr(t;55) = r(m(t); M) (1) - (238)

In order to use Theorem 10 to determine an appropriate space for G,., we
must first determine a space for ®,. First, let us define

% (@) =7t
(23 )) = s S (239)
(') T=A.

The function ;7! is infinitely differentiable on Q and v !(x) = O(2/") near
r=0and v (z) =1+ O((1 —2)") near x = 1. It follows that, for any




5 Cauchy Principal Value Integrals E59

e >0 and N; € Ny, we will have 7! € W™ (Q). By Theorem 26, for
0 < e <1 we have that I',.(-; \) € WOO]’Vlel (Q) Wlth

C ||’7;1||oo,—e,N1

(DY (240)

T+ (5 Moo, ~e.va—1 <
where ¢ is independent of A. Since ®,.(-;\) = ¢I'v(-; \) it follows from Theo-
rem 8 that if we choose N; = N + 1 then, since ¢ € Wpa (©), we shall have
D,.(-;N) € Wp,a_e(Q) with

¢ [|]lp,an
(I)T7)\ a—e Sé
R sy

(241)
where c is now independent of A and ¢. From (238) and Theorem 10 it follows

that G,.(-;s) € Wp art(r_1)/q—c(§2) , for any € > 0, and (236) follows at once.
[ )

We are now in a position to consider the quadrature rule and its trunca-
tion error after a sigmoidal transformation has been applied. Let us recapit-
ulate on the quadrature rule we have obtained so far. Applying (223) to the
function F,, see (234), we have

Lf(-50) =IF.(-;8) = QUF,(-;5) = SYIF.(-;8) + EVF.(-55)  (242)
= QUF(- i A) = SETF( N + BRI N

say. Thus we have

m—1
%Zﬂ((j—l—tl,)/m;s), -l<v<l,
Q0 = QuE(ss) =4 )
L5 VE(j/m;s), v=1.

j=0

(243)

Again, we note that these sums are always defined since, from (234), we have
defined F, to be zero when t = s.



5 Cauchy Principal Value Integrals E60

From (235) and the use of I'Hopital’s rule it is straightforward to show

that
2(77(5))*¢"(A) + 7 (s)6(A)

Grlsi) = 20109

(244)
From (221), (235) and (242) we have

wp(N) cot(n(t, —ms)), ms—t, ¢ 7,
-Gl (s;s)/m, ms—t, €7,
(245)

S5 0) = SEIF(-58) = {

where G).(s;s) is defined in (244).
We are now in a position to state the principal result of this section.

Theorem 25 Let v, be a sigmoidal transformation of order r > 1. Suppose
NS WZSIX)(Q) where 1 < p < oo and n,., N € N are such that

n, <rla+1/q) —e<n,+1<N. (246)
For m € N such that m > [n, /2] + 1 and A € Q we have

1
170 = f 25— Qi) = S FCaN) + BRI (2a)

where Q%" and S&" are defined in (243)—(245). The truncation error E
is such that

¢ [|llp,an
(A(1 = X))/ rpprie+i/g—e”

[ERTF(-A)] < (248)

where € is an arbitrarily small positive number and c is independent of A,
m and ¢.
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Proof: This follows by Theorem 23 where we replace f(-;\) by F.(-;s)
and ¢ by G.(-;s). If, in (224) applied to G,(-;s), we replace the exponent
“n4+2—(a+1/q)” by 2 we have

] £( . clGr (5 8)llpartr—1)/q-en
’Em f( 7)‘)‘ < (S(l _ S))Q mratl/g— (249)

where € is arbitrarily small and positive. On recalling (92) and (232) we
have, since v, 1(t) = O(tY/") near t = 0 and 1 — v, (t) = O((1 — t)¥/") near
t = 1, that there exist constants c¢; and ¢y say, such that

(ML =) < s(1—s) =7 (AL =71 (V) < e2(ML=N)Y". (250)
From (236), (249) and (250) we recover (248) and the theorem is proved. #

Interestingly, in (248), note the dependence of the truncation error on A
and we see that for all ¥ > 1, we have 1+2/r < 3. The rate of convergence of
the truncation error is O(1/m"(@*+1/9=¢) which is almost that for the ordinary
integral as given in (140). The author has been unable to put € equal to zero,
although it can be assumed to be arbitrarily small and positive.

6 Conclusion

In this paper we have introduced the sigmoidal-trapezoidal quadrature rule
for the approximate evaluation of both ordinary and Cauchy principal value
integrals. The paper is then concerned with establishing the rates of conver-
gence of these quadrature rules given that the integrand is in a particular
weighted Sobolev space. We have found comparable rates of convergence for
both ordinary (see Theorem 15) and Cauchy principal value (see Theorem 25)
integrals. The ultimate aim of this analysis is its application to the approxi-
mate solution of various integral equations. Some results have already been
made in this direction; see Kress [7], Elliott [3] and Elliott and Prossdorf [6].
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An unpublished report by Duduchava, Elliott and Wendland [2] also makes
considerable progress in this direction.

What we have not done in this paper is to give any numerical results for
the quadrature of explicit functions. This will have to await another occasion;
this paper is long enough as it is. In this regard the paper by Weideman [9]
should be of considerable relevance.

Acknowledgment: The author is extremely grateful to an unknown ref-
eree who made some excellent constructive comments on the first draft of
this paper. In particular, the referee suggested Theorem 16 which simplified
much of the earlier analysis. This, in turn, inspired the author to review
Section 5 thoroughly. Theorems 23 and 25 are now much improved versions
of the corresponding theorems which appeared in the first draft.

A Appendix

In this appendix we state and prove two theorems which are useful in Sec-
tion 5 where we consider Cauchy principal value integrals. It is convenient to
put these into an appendix and quote them as required rather than interrupt
the arguments in Section 5, which is long enough anyway. In these theorems
the function ¥ is defined on 2 x Q by

Y(z) =¥\
U(x; \) = rx 0 TTA (251)
PO, z=\.

Theorem 26 Suppose 1 € WéoNﬁ)(Q) where N € N and 0 < f+1 < 1. Then
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U(-;\) € W V(Q) with
cl[¢lloop.v
(5 M) [oo,8v-1 < /\(1—_@\) ; (252)

where ¢ is a positive constant independent of X and 1.

Proof: For j =0(1)(N — 1) and given X\ € Q, define I;(\) by
() = max (z(1 — 2))? P09 (z; V)] (253)

We need to show that I;(\) is finite for j = 0(1)(NV —1).

Suppose first that 0 < z < A. From (251) we have

U(a: ) = /01 W+ (O — 2)u) du., (254)
so that for j = 0(1)(NV — 1) we have
TO) (2 \) = /01(1 —u)? YU (2 4+ (N — 2)u) du . (255)
From (15),
WO+ (=2l < Il (5o T )

(256)
so that from (255)

. L . 1 1 e
10O (2; \)] < ||¢||Ooﬂ,N/0 (1—u)’ (x p x)u+1 —r—(A— x)U) du .
(257)
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From Holder’s inequality for sums we obtain
(O (23 N)] < el[¢]loo,on (s A) + @5(1 — 251 = X)), (258)
say, ¢ being independent of z, A and 1, and where we define

Oj(w; ) = /0 . +((1A—_ U:E; 31;“—6' (259)

In order to obtain an upper bound for ®;(-;A) on [0, A] we first identify it
as a hypergeometric function. From Abramowitz and Stegun [1, §15.3.1] we
find, on replacing u by 1 — w in the integrand of (259), that

1
Dj(; M) = NG 1) FG+1=0+Lj+2(A—x)/A). (260)

On applying the linear transformation [1, §15.3.3], we obtain
xﬁ_]
A7 +1)

For 0 < z < A, the argument of this hypergeometric function lies in the
interval [0, 1]. Again, from [1, §15.1.1], since j — 3 > 0 for j = 0(1)(NV — 1),
it follows that the series expansion for this hypergeometric function is abso-
lutely convergent on the unit circle. Hence, for 0 < z < A, we have that

Q;i(x;\) = X F(1+06,1;7+2;(A—x)/N). (261)

cxP=I
A )

Dj(z; ) < (262)

for some ¢ independent of x and .
Consider now ®;(1 — ;1 — A) which, from (260), may be written as

1

(1= \)yi+1-0(j + 1)F(7+1—5,j+1;j+2; —(A=x)/(1=X)).

(263)

Qi(l—z;1-)N) =
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On applying the linear transformation [1, §15.3.5] we have

(1—z)=1
(L=N"PG+1)

For 0 <z < A wesee that 0 < (A —2x)/(1 —x) < X< 1 and, since =3 > 0,
it follows from [1, §15.1.1] that the series expansion for this hypergeomet-
ric function converges absolutely on the unit circle. Hence there exists a
constant ¢, independent of A and x, such that

Q;(1—x;1-N) =

FG+1,145;5+2; (A—x)/(1-x)) . (264)

c(l—x)7-1
O(1—z1-)N)< "1 2
]( €, A) — (1<_ A),g ( 65)
From (258), (262) and (265) it follows that for 0 <z < A
, B—J 1 — )t
) (- LA Gl
W0 < clllan( S+ G0 ) (200

We may now proceed similarly for the interval A < z < 1. Again we have
an upper bound on | (x; \)| given by (258) and (260). If, to the hyperge-
ometric function in (260), we apply the linear transformation [1, §15.3.5] we

find .

—j—1
NG+
For A < x <1 we see that the argument of this hypergeometric function lies
in the interval [0, 1 — A] and, since — > 0, we have that its series expansion
converges absolutely on the unit circle. Consequently, for A < z < 1 we have

Di(x;\) = FG+1,1+8,5+2,1—-\z). (267)

—j—1

(268)

where ¢ is independent of A and x. Finally we consider ®;(1 — z;1 — \) for
A <z < 1. If to the hypergeometric function in (263) we apply the linear
transformation [1, §15.3.3] we find

(1—2)~

Qi(l—z;1-N) = mF(l+ﬁ,l;j+2;—()\—x)/(l—a:)). (269)
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Again, for A < z < 1, the argument of this hypergeometric function lies
in [0,1] and, since —(3 < 0, its series expansion converges absolutely on the
unit circle. Hence there exists a constant ¢, independent of A\ and x, such
that

c(l—z)Pd
d(1—z1—-N) < ——mF— 2
J( Z; A)-— (1__ A) ’ ( 70)
for A < < 1. From (258), (265) and (270) we have, for A <z <1, that
—j—1 — p\B—J
G/ x (1—x)
9] < clllan( S + U0 ) e

Returning to (253), we put an upper bound on [;(\) for j = 0(1)(N —1).
We have

() =max{ max ((@(1—2)) 7[00 (@A),

0<z<A

max ((z(1 - 2)) 7[00 (@ V)]) |- (272)

A<z<1

From (266) and (271) we find

(1—x)F 29 Bl —x)"1h
) < gl max{ max (S0 + )

gj;{l( PR G _)\)) }.(273)

Since j — 3 > 0 for j = 0(1)(N — 1) and since 1 + 8 > 0 we see from (273)
that

() < Cﬂgﬁ”—fi)]v <00. (274)

Consequently W(-;\) € W;Ngl)(ﬁ) with the norm of U satisfying (252). &
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Comment: We could have allowed 3 = 0 in Theorem 26 but some modi-
fication would have been needed to the statement of the theorem. We have
decided not to pursue this case here.

We now come to the second of our theorems.

Theorem 27 Suppose 1 € Wp(];)(Q) where 1 < p<oo,0<f+1/g<1
and N> N > 2. Then, for any e >0, ¥(-;\) € W:;:?(Q) with

cl[¥llps.n

UM b gen o < ,
[RACH )Hpﬁ N=2 = (1= M)

(275)

¢ being independent of 1 and .

Proof: By Theorem 6(a), since ¢ € W;gfl)(Q) then we shall also have
v ew ™ (Q) with

9]l so,8-1/p.8-1 < l[Plpan (276)

¢ being independent of 1. By Theorem 26, since 3 —1/p+ 1 < 1, it follows
that W(-;A) € W2 (Q) with

p,8—1/p

cl¥lloos-1/pn-1 _ c|llpsn
W Moo 8- o < ’ : < e 277
(5 Mloo,-1/pn-2 < M=) S A=V (277)

by (276), where ¢ is independent of both ¢ and A\. By Theorem 6(b), since
W(-;A) € W2 (Q) it follows that W(-;A) € WS5-2(Q) for any € > 0
and furthermore from (277) and (58) it follows that (275) is satisfied and the

theorem is proved. [
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