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The thermal ignition problem in a cube
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Abstract

Steady state solutions for spontaneous thermal ignition
in a unit cube are considered. For the unit sphere there are
numerous solutions possible: these appear as “wiggles” in
the bifurcation diagram. For the unit sphere this has been
shown analytically. In contrast, for the unit cube analytic
solutions are not possible and hence we must resort to nu-
merical methods to determine the corresponding bifurcation
diagram. Comparisons between the cube and the sphere are
made.
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1 Introduction

We consider the thermal ignition problem in a cube. This problem
is well studied in various geometries, in particular in the sphere [1,
2, 4, 5]. One of the interesting properties of ignition in the sphere
is that there can be a very large number of solutions to the steady-
state problem. The sphere problem can be studied both numerically
and, to some extent, analytically. However, in the cube, ignition
can really only be attacked numerically and for this case we chose
to solve the problem using a finite difference approximation to the
steady-state equations. Then using a relaxation iterative method,
we find the “cold” branch of the bifurcation diagram. From this,
we find what seems to be an almost linear connection between the
behaviour in the sphere and cube. Using an averaging method, we
extend the numerical exploration to find the first few branches of the
bifurcation diagram. Again, an almost linear connection between
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the cube and sphere is found.

2 The thermal ignition problem in a
sphere

First, let us revisit the steady-state thermal ignition problem in a
unit sphere. As in [5], we assume the temperature profile is axisym-
metric, then the problem to be solved is the ODE

2
u'(r) + =/ (r) + 0™ =0,
r

with 4/(0) = 0 and u(1) = 0. This problem can easily be solved
numerically and the bifurcation diagram is drawn in Figure 1. See
that for a range of the parameter 0, there are multiple solutions to
the problem. For § = 2, there are an infinite number of solutions.

3 Mathematical model of thermal
ignition in a cube

Consider the evolution of a temperature profile in a cube of side
length one, where the faces of the cube are kept at ambient temper-
ature. This can be modelled by a heat balance equation

aT
P g = KV2T + QAe B/RT

with boundary conditions 7'(0,y,2) = T(1,y,2) = T(z,0,2) =
T(x,1,2) =T(x,y,0) = T(z,y,1) = T, ; and where p is the density,
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FIGURE 1: Bifurcation diagram showing the multiple solutions to
the steady-state problem in a sphere, where ., is the maximum
temperature in the sphere.



4 Numerical method 824

¢, is specific heat, T' is the temperature, s is the thermal conduc-
tivity, Q is the latent heat, A is the Arrhenius pre-exponential, F is
the activation energy and R is the universal gas constant.

Non-dimensionalising time, space and temperature, as described
in [2], this problem is rewritten as

0
87? — vZu + 5€u/(1+eu) :

u(z,y,1) =0.

We now consider the steady problem
Vu+de" =0,

where we have also set ¢ = 0 as it is a small number for most
physically realistic substances.

4 Numerical method

Unlike the sphere, the cube problem cannot be reduced to an ODE.
The only method of solution is numerical. The method we choose
is a relaxation iterative method [3], using a finite difference approx-
imation to the derivatives. Due to the symmetry of the problem,
we need only look at one eighth of the cube. (We can in fact reduce
the problem by another factor of eight by considering the diagonal
symmetries, but for clarity of presentation we are content with a
one eighth cube.)

The steady-state problem reduces to the non-linear equation for
each grid point

Uit1,k T Witk T Wigr1 ke + Uij—1k + Uigrt1 + Uigk—1
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— Guy i + 0AZ Mk =0,

where A is the grid spacing, and 4, 7 and k vary over the N grid
points in each direction.

Solving this equation for u; ;, and using updated values (this
method is the Gauss-Seidel method [3]) has order N3 convergence.
However, using a relaxation method, the convergence can be sped
up to be almost linear.

At each grid point, one performs the calculation of a residual

Sigk = Uitk + Wim1jk T Wijr1k + Wij—1k + Wik + Wijr—1
2 Ui =
— 6u; jp + OAZe I

and then iterates using the relation

updated gi,j,k
u’i,j,k - ulzjzk + w 6 .
This process is repeated until the solution is within some set toler-

ance.

This method will converge for 0 < w < 2: for 0 < w < 1
the method is “under-relaxed”; for w = 1 the method is equiva-
lent to the Gauss-Seidel method; and for 1 < w < 2 the method is
“over-relaxed”. For every problem, the optimal relaxation parame-
ter needs to be found. As shown in Figure 2, the optimal relaxation
parameter for the current problem is about 1.9.

Using this method, we find the “cold” or stable solution to the
problem in a cube, shown in Figure 3. Also shown are the curves
for the smallest sphere that bounds the cube (radius v/3/2) and
the largest sphere which fits inside the cube (radius 1/2). As ex-
pected physically the cube solution lies between its bounding sphere
solutions.
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FI1GURE 2: Graph of the number of iteration needed for convergence
in the cube problem, for various relaxation parameters w.
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F1GURE 3: Graph of the stable branch for the cube, along with the
internal and exterior bounding spheres.
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FIGURE 4: Comparison of the parameter values in the cube and the
sphere, parameterised by the maximum temperature.

As another comparison between the cube and sphere, look in
Figure 4 at the solutions, parametrised by the maximum tempera-
ture, which occur in the centre of the cube and sphere respectively:
there is a linear relationship between the ¢ in the cube and the
sphere.

As a rather ad hoc justification to the connection between the
sphere and the cube, we look at the temperature profile, or more
correctly, the distributions of radii from the centre of the cube for
different surfaces of constant temperature. See in Figure 5 that the
profile is seemingly spherical near the centre, where there is little
variation in radii, but then loses this property as the temperature
reduces and the edge effects start to dominate.
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FI1GURE 5: Graph of the radii from the centre for various surfaces
of constant temperature.
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In the previous section, we found the stable branch. In the sphere,
the bifurcation diagram can be found by inverting the problem: that
is, by specifying the maximum temperature, and then the corre-
sponding parameter value ¢ is determined. We would like to be able
to do the same thing in the cube. By using an averaging method,
this turns out to be nearly possible and more of the bifurcation
diagram is determined, as described below.

Consider the finite difference equations we need to solve, written
as
= 2 ’L q
Vi + etk =0,

where V2 is the finite difference approximation to V2.

If we now multiply each equation by some weighting function
and sum over all grid points, we can then solve for §

=2
Dk Wik VUi jk

Pk Wi ek

5= —

The solution method is a combination of relaxation, as described
in a previous section, resetting the maximum temperature at the
centre as prescribed and then carrying out of the averaging step.

For w; j, = 1, this method converges for maximum non-dimen-
sionalised temperatures up to approximately 5.0, which is about
halfway along the first unstable branch. For

wijx = exp {=0.01 [(i = h)* + (j — h)* + (k — h)’| } |

where h = N/2 (half the number of grid points in each direction),
this method converges for maximum temperatures up to about 8.0,
which is somewhere along the second unstable branch.
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FiGURE 6: Bifurcation diagram showing the multiple solutions to
the steady-state problem in a cube

In Figure 6, see a resemblance with the sphere (cf. Figure 1)
and in Figure 7, see that there is still an almost linear relationship
between the steady-state solutions in the cube and sphere.

As a final comparison between the cube and the sphere, in Fig-
ure 8, we have plotted the derivatives of the corresponding param-
eter values, d, in the cube and the sphere with respect to the maxi-
mum temperature. See that the turning point, where the derivatives
vanish, nearly coincide in both cases. This suggests a fundamental
connection between the thermal ignition problem in the cube and
the sphere, probably related to our earlier observation about the al-
most spherical nature of the temperature iso-surfaces in the central
region of the cube.
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FIGURE 7: Comparison of the parameter values in the cube and the
sphere, parameterised by the maximum temperature.
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FIGURE 8: The derivative of the parameter values in the cube and

the sphere, with respect to the maximum temperature.
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6 Conclusions

We have considered the thermal ignition problem in a cube. Using
various numerical methods, we have been able to find regions of
parameter space where there are multiple solutions, albeit unstable
ones, for the steady-state problem. This behaviour has been well
studied in the sphere and we have been able to find an almost linear
relationship between the bifurcation diagram for the sphere and the
cube. There seems every reason to expect that there will be an
infinite multiplicity in the bifurcation diagram in the cube, just as
is known to exist in the sphere.
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