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Abstract

The aim of the present work is the theoretical justification of new refractive index determination technique
for a homogeneous transparent plane dielectric layer. It uses intensity measurements for two polarizations
of transmitting electromagnetic beam and does not take into consideration phase relationships and phase
parameters of testing field at unknown thickness of a layer.

For this purpose, the layer transmission energy coefficients for two linear polarizations of an
electromagnetic beam, orthogonal and parallel to the plane of incidence, are studied to be dependent on
the layer thickness and its refractive index. We have found the function of energy transmission coefficients
for these polarizations, which does not depend on the layer thickness and is characterized by monotonic
dependence on its refractive index.

It is shown that this function provides the opportunity to determine the layer refractive index uniquely.
It can be made analytically using the inverse function, and also with the help of experimental calibration
technique for the initial function. The influence of losses on the method efficiency is investigated, and it is
established, that the presence of absorption causes appearance of separated zones of refractive index variation,
where the method becomes inoperative. However, at absorption index values of the order of 10-° the method
can be applied, but in the bounded domain of refractive index variation.

So, it is established that the proposed methods provides the opportunity to determine the refractive
index of a plane dielectric layer under conditions of low and null value of absorption using the intensity
measurements for two orthogonal polarizations of transmitting electromagnetic radiation.

Keywords: refractive index measurement, energy transmission coefficients, transparent dielectric, low
absorption.
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Ienbto paboOThl SBJISIETCS TEOPETHUECKOE OOOCHOBAHHUE HOBOIO METOJa OMpEICICHUS TOoKazaTels
MPETIOMIICHHS OTHOPOTHOTO TIPO3PAYHOTO IIOCKOTO JUAIICKTPUUECKOTO CIIOS IO H3MEPEHUIO MHTEHCHBHOCTH
JIBYX TIOJISIPH3AIIAN TIPOXOSIIETo MyYKa IICKTPOMArHUTHOTO U3TyueHus 0e3 yueTra (pa3oBbIX COOTHOICHHUN
1 (a30BbIX MaPAMETPOB TECTHPYIOIIETO OIS PY HEM3BECTHOM TOJIIIMHE CIIOSI.

J1J1s 5TOrO paccMaTpUBAIUCH SHEPTeTHYECKHE KOIPPHUIIMEHTBI TPOXOKICHUS CIIOS JIJISl IBYX JIMHEHHBIX
MOJISIPU3AIMNA TyYKa BIICKTPOMArHUTHOTO W3JIyYCHUS, TEPICHIUKYISIPHOW W MapajuleIbHOW TUIOCKOCTH
MaJICHUs, W W3y4YaIUCh MX 3aBUCHMOCTH OT ITOKa3arellsl MPETOMIICHUsS CJIOsi M ero ToimuHbl. Haiinena
(byHKIHS SHEPreTHIeCKUX K03(DOUIIMEHTOB MPOXOKACHUS JIBYX Pa3HBIX MOJSPU3AIN, KOTOPAs HE 3aBUCHT
OT TOJIIIMHBI CIIOSI ¥ XapaKTEPU3yeTCs MOHOTOHHOM 3aBUCUMOCTBIO OT €ro TOKa3aTeJIsl TPeIOMIICHHS.

[Toka3zaHo, 4To MPUMEHEHUE TAHHOH (PYHKIINH TTO3BOJISIET OJJHO3HAYHO OMPEICTUTh HCKOMBIN TTOKa3aTelh
MPEJIOMIICHHS CJIOS TI0 U3MEPEHUSM HHTCHCHBHOCTEH JBYX OPTOTOHAIBHBIX MOJSIPU3AIMN TPOXOISIIETO
U3IyYeHUsl. DTO MOXKHO C/IeJIaTh aHAIMTHYECKHU, UCIIONB3Yysl OOpaTHY0 (YHKIUIO, 8 TaKKEe C MOMOIIBIO
IKCIIEPUMEHTAITBHON KaMHOPOBKH MCXOMHOW QyHKIMH. M3yueHo BiusHIE TorionieHns Ha Y(h()eKTHBHOCTb
MPUMEHEHHS METO/Ia ¥ YCTAHOBIICHO, YTO €r0 PUCYTCTBUE BHI3bIBACT MTOSBIICHUE OT/ICIBHBIX 30H H3MCHCHUS
MoKa3aTelisi MPEeIOMIICHUsI, TJe METoJ rmepectaeT padorarb. OJHAKO €CHM €ro BEIWYMHA HE MPEBbIIIaeT
3HaueHud mopsiika 107, To MEeToJ MOXKET MPUMEHSTHLCS, HO YK€ B OFPAaHHMYCHHOM WHTEPBAJe M3MCHCHUS
MOKAa3aTels MPEIOMIICHHUSL.

TakuM 00pa3oM, JTOKAa3aHO, YTO TpeiaracMblii METOJ JaeT BO3MOXKHOCTH OTPENENATh MOKa3aTelb
MPEJIOMIICHHS JHAJICKTPUYECKOTO CJIOSi B YCIOBHSX MAJOrO0 W HYJICBOTO MOIVIOIICHHS MO WU3MEPEHHSIM
WHTEHCUBHOCTEH TPOXOJISIIIETO DIICKTPOMArHUTHOTO H3TyUSHHS JBYX OPTOTOHAIBHBIX TOJISIPH3ALIUH.

KiroueBble ciioBa: n3MepeHUe MMoKa3arells MPeOMIICHUS, SHEPreTHUeCKUH Kod(pQUIIMEHT TPOXOKICHHS,
MPO3PavHBIN AUDIIEKTPUK, MAJIOE MOTIONICHHUE.
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Introduction

The problem of refractive index measurement
for various dielectric materials and substances is
of great importance for all fields of science and
industry, which use and study the phenomenon
of electromagnetic waves propagation through
matter [1-3]. For its solving, one applies various
techniques. There are refractometric ones (using
also the phenomenon of total internal reflection) [1,
2-4], interferometric methods (utilizing the phase
relationships between various coherent fields after
transmission and reflection from the testing material)
[1, 2,5, 6] and others [7-9]. This topic acquires new
importance last years due to development of study
of heterogeneous disperse systems, i.e. materials
produced by macro- and microparticles of different
phases having developed interfaces (soils, clouds,
food-stuffs, cosmetic products, building, wood, paper
materials and so on) [10, 11]. Using measurements
of averaged dielectric permittivity for such materials
under various conditions and over various regions of
electromagnetic radiation, one can investigate their
physical properties, for instance, concentration and
relative position of compounding phases, physical
state and etc (see, for example, [11]).

Among the collection of refractive index
determination techniques one can highlights the
ellipsometric ones [8], which allows for solving the
problem of refractive index determination for various
homogeneous and layered media in the wide region
of electromagnetic spectrum at unknown thickness of
different layers. The name of the technique reveals its
essence, when sought parameters of tested medium
are determined by measurements of polarization
ellipse parameters for reflected or transmitted beam.
However, the ellipsometric technique produces low
accuracy at very small absorption [12], besides,
it uses complicated algorithm of refractive index
computation. In the present work, we present an
additional method of this index determination for
transparent and low absorbing plane materials, based
on field intensity measurements without taken into
account phase relationships, but distinguished by
simplicity of realization. It uses results of intensity
measurements for two transmitting orthogonal
polarizations, parallel and orthogonal to the plane
of beam incidence, and employs simple analytical
equations at determining sought refraction index
and does not require additional information about
thickness of a medium and another its physical
properties.

Description of the method

Let a beam of electromagnetic radiation of the
frequency ® be incident on a plane dielectric layer
of the thickness h. As it is known, for two orthogonal
polarizations of a plane wave, the amplitude
transmission coefficient for a dielectric layer is
determined by the expression [13—15]:
T, . = D"'T,T,exp(ikyh), (1)
where i = (—1)"2 is the imaginary unite; k = o/c is the
wavenumber;

D =1- R’ exp(ikyh),

R, T, and T, are the amplitude coefficients
of plane wave reflection and refraction on the
plane boundaries «air (vacuum) — dielectric» and

«dielectric — air»:
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(the Fresnel formulae), written in terms of the
normal propagation parameters [12-15]. Here,
¢ is the dielectric permittivity of layer material at
the frequency of incident radiation, § = cos¢ and
vy = (-1 + B»" are the parameters of normal
propagation for a plane wave in air and in a dielectric,
respectively, ¢ is the angle of wave incidence on
the surface of a dielectric layer, 8 = 0 for the H (or
TE) polarization of incident wave, when its electric
vector is orthogonal to the plane of incidence, and
0 =1 for the E (or TM) polarization, whose electric
vector lies in this plane.

Usually, the Fresnel formulae are derived
theoretically for incident field presented by a plane
electromagnetic wave, i.e. for monochromatic
radiation with determined direction of propagation in
space [12—15]. However, scientific experience show,
that as these formulae, as the formula (1) are valid
for more general case, when radiation is presented
by a spatially bounded beam or by superposition
of waves with various frequencies from narrow
bounded frequency region. Then, for the temporal
o and spatial B frequencies of propagation, one
takes averaged values of these parameters over the
temporal and spatial (angular) spectrum of incident
field (see, for example, [16]).

The expression (1) can be transformed to the
form:
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T, =[ coskyh—iQe'py) ("B +v*)sinkyh | . (2)

Assume that a layer is transparent, i.e. the
permittivity € is real number. Then, the parameter y of
wave propagation inside a layer is also real number,
and the coefficient of energy transmission through
the layer, which equals to the squared absolute value
of the amplitude coefficient (2), is determined by the
equation:

1T, P=[ 1+ Q%) B~y sinkyh ] . (3)

The plots on Figure 1 demonstrate the
dependence of the energy transmission coefficients
(3) on the refractive index of a layer. From here
one can see that this dependence is almost periodic.

1.0 ~e=== . . e

| T/I.E | 2

0.4

4.0

Figure 1 — Energy coefficients of transparent dielectric
layer transmission for two various polarizations of incident
radiation |7, * (curve 1) and |T,* (curve 2) as functions of
the refractive index n of a layer at its thickness h = 0.752,
when the angle of incidence ¢ = 30°

The analogous dependences on the layer thickness
are wholly periodic with the small period. This
circumstance is inhibitory to solve an inverse
problem of refractive index determination for a
testing dielectric layer over the wide region, if
one can use the energy transmission coefficient
only of one polarization. However, using of
data on measuring of such coefficients for two
different polarizations, provides the opportunity
to solve this problem independently on the layer
thickness, like it made in [17, 18] for determining
of the absorption coefficient using the amplitude
coefficients of reflection and refraction. Note that
in the values |7, |* and |T,* (3), one can construct the
function, which is not dependent on the thickness:

gT) _ e
gT,) Be+h-1’

f(TH’TE): (4)

where:
» 1/2
gl ) =(1T,, 7 -1) " (5)

The obtained simple equation allows for calculation
of the refractive index for a dielectric layer using
numerical value of the function (4):

= (a=pysra, )
"‘ﬁ‘[ B/ (T, T,) 1 j

It is obvious that the case of normal incidence on
a layer (¢ = 0) is excluded here, because in this case
B =1, and the energy transmission coefficients (1), (2)
for two orthogonal polarizations are equal one to the
other.

Figure 2 demonstrates the dependences
of functions A7, ,7,) (4) and g(T,,) (5) on the
refractive index of a layer. The first of them is
monotonic, what provides the opportunity to use that
for refractive index determination as by the method
of experimental calibration directly on a curve, as
using analytical technique according equation (6)
(the corresponding curve is also shown on Figure 2).

(6)

—~ 4.0 + .
= e’
- 35+ g
= Pid
S .
N 3.0 4 '¢‘
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Figure 2 — Dependence of functions g(7, ) (curve 1), g(T,)
(curve 2), AT, ,T,) (curve 3) and n(f(T, ,T,)) (curve 4),
computed by (5), (4) and (6), on the refractive index n of
a transparent dielectric layer, when its thickness # = 0.75\
and the angle of incidence ¢ = 30°

The inclination angle for the curve, depicting the
function AT, ,T,) (4), decreases under increase of
the refractive index, what corresponds to decrease
of sensitivity of the discussed technique. To
improve its sensitivity and decrease calculation
error at great values of the refractive index, one
can increase the angle of incidence for radiation
on the surface of the testing layer. Under increase
of this angle, the difference between transmission
coefficients for various polarizations (3) increases,
what causes to increase of derivative value for the
curve, representing the function (4).

58



IIpubopsr u memoosvl usmepeHuil
2017.—-T. 8 Ne 1. — C. 55-60
Ceporx B.M., Tumosuyxuii 1.A.

Devices and Methods of Measurements
2017, vol. 8, no. 1, pp. 55-60
Serdyuk V.M., Titovitsky J.A.

Up to here, we have considered the case of
a perfectly transparent testing layer at the absence
of absorption. Now consider the influence of low-
absorption on the opportunity to solve the inverse
problem of refractive index determination using
energy transmission coefficient measurements for
various polarizations. On Figure 3, the plots of the
functions g(7,, ) . AT,,,T,) and n(f(T,,T,)), calculated
by equations (4), (5), (6) and (2), are shown for the
case, when the absorption coefficient is not vanish:
x=2.0 x 107 (¢ = (n + ix)?). In this case, the function
n(f(T, ,T,)), as before, regenerates linearly growth
of the refractive index, with the exception of several
narrow regions of anomalous behavior of the pointed
functions, where the magnitudes of transmission
coefficients (2) for various polarizations reach their
maximum values.

5.0
4.5 d
4.0 W
3.5 i
3.0 i
2.5
2.0
1.5

h
1.0

&(T,), &T). f(T,,, T, ), n(T,, T,)

0.5

0.0

Figure 3 — Dependence of functions g(7,) (curve 1),
g(T,) (curve 2), AT,,T,) (curve 3) and n(AT,,T,)) (curve
4), computed by (5), (4) and (6), on the refractive index
n of a low-absorbing dielectric layer, when its thickness
h=0.75A, the absorption index in a layer x = 2.0 x 10 and
the angle of incidence ¢ = 30°

Here, the real part of the sine of kyh equals or
almost equals to zero, and then the contribution of
components caused by the imaginary part of € and
v to (2), becomes noticeable. If it is necessity to
carry out the measurements directly in one of these
anomalous regions, we can shift them, changing the
angle of incidence, whose value depends on their
position, so that the energy transmission coefficient
of the £ polarization to be essentially differs from the
unite. Hence, the proposed technique can be applied
also in the case of low-absorption.

Under increase of absorption in a layer,
anomalous regions become wider, and even at
x=1.0 x 1073 they annex in the aggregate all region of
refractive index change, so that the pointed algorithm

stops to work under real conditions. Besides, usually
in practice the coefficient of absorption in material is
also unknown parameter, which should be determined
together with the refractive coefficient, so that two
measured parameters (the energy transmission
coefficients) can occur not sufficient for correct
solving of corresponding equations, which include
also unknown thickness of a layer.

Conclusion

Studying the dependence of energy transmission
coefficients of a plane transparent dielectric layer on
its thickness and refractive index, we have established
that, using two transmission energy coefficients for
two orthogonal polarizations of inclined incidence
electromagnetic beam, one can form a function,
which monotonically depend on the refractive index
of a layer over wide domain of its variation and does
not depend on the layer thickness. Application of
this function provides the opportunity to solve the
inverse problem of refractive index determination on
measurements of field intensities and using the layer
energy transmission coefficients under conditions of
incoherent beam and of unknown physical parameters
of a dielectric layer. For solving this problem, one
can applied the analytical method of inverse function
computation, or can utilize the direct experimental
calibration method for initial function. It emerges that
accuracy of the method using calibration function
depends on the value of the angle of beam incidence
on a layer. If the refractive index value varies over
the range from 1 to 2, then one can use the small
incident angle of 30° but for more great values of
refractive index (from 2 up to 4 and more), it is
appropriate to increase this angle up to the value of
60°. Using the analytical method of inverse function
computation, the refractive index can be computed
with any degree of accuracy, hence, accuracy of the
presented method on the whole is determined by the
measurement accuracy for electromagnetic radiation
intensity.

So, in the present work, an unconventional
technique of refractive index determination for
a transparent dielectric layer on measurement of
transmitting electromagnetic beam intensity is
proposed. It differs from another techniques by
the object of measurements, when one measures
intensities of two linear polarizations of transmitting
beam, which are orthogonal and parallel to the plane
of its incidence, and distinguishes by simplicity of
the analytic formulae (4) and (6), using for refractive
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index determination with the help of results for these
intensity measurements without taken into account
and introducing any phase field parameters.

The presence of absorption in a layer has very
negative influence on application efficiency of the
proposed method of refractive index determination.
Even weak absorption produces appearance of
narrow anomalous zones, where the dependence of
the function being considered on refractive index
is not monotonic. Distance between them is about
0.4-0.7 of refractive index value, and their width is
equal to 0.1-0.3 for the absorption index « having
the order of 10 and 10*. It allows us to use the
proposed method of refractive index determination
also under presence of absorption, but over narrow
domain of its variation. If necessary, the position
of anomalous zones can be shifted away from the
assuming domain of refractive index variation by
changing the angle of beam incidence on a layer.
However, at the growth of absorption up to x =
1073 and more, the width of anomalous zones of
monotonicity violation appreciably increases, and
the method becomes to be practically inapplicable.
In this case, substantial modification of the proposed
method is required to take into consideration
complexity of electromagnetic field propagation
parameters in a dielectric.
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