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1. Introduction

It is known that among all real symmetric (complex Hermitian) n-by-n matrices, the complete rela-
tionship between the diagonal entries and eigenvalues is characterized by majorization [5]. However,
for even very large subclasses of the real symmetric matrices, there may be additional restrictions (in
addition to majorization). For example, classes of additional inequalities have recently been identified
for graph Laplacians [1]. Our purpose here is to examine additional restrictions based upon the sign
pattern class of the off-diagonal entries. As none of the diagonal entries, eigenvalues or symmetry
is changed by signature or permutation similarity, we are interested in sign pattern classes, up to
these symmetries. Of course, majorization implies that the largest (smallest) eigenvalue is at least (at
most) the largest (smallest) diagonal entry, and we are primarily interested in inequalities between
the ith largest eigenvalue and the kth largest diagonal entry. We give a new (universal) such inequal-
ity for matrices with nonpositive off-diagonal entries that generalizes an inequality recently proven
for graph Laplacians [1], but further graph Laplacian inequalities do not generalize to the nonpositive
off-diagonal case. In low dimensions, necessary and sufficient inequalities are given, though these
involve more complicated inequalities, and interesting sufficient conditions for both nonnegative and
for nonpositive off-diagonal entries are given for general n.

2. Known results and definitions

First, we present several definitions that will help us later to divide matrices into types, and also
several well known theorems and lemmas that deal with eigenvalues of symmetric or nonnegative
matrices.

Definition 1. A signature matrix is a diagonal matrix whose diagonal entries are +-1.

Definition 2. A signature similarity of a square matrix A is a product of the form SAS , with S is a
signature matrix.

We continue with the definition for majorization.

Definition 3. Let « = [«;] € R" and 8 = [B;] € R" be given. The order of the entries of & and B is
as follows:

j, <Otj11—1<'“<aj1’ ﬁmngﬁmn—1<"'<ﬁm1'

The vector f is said to majorize the vector « ifo:] Bm; = ZL] aj forallk =1, 2, ..., nwithequality
fork =n.

The following lemmas and theorems are from [5].

Lemma 2.1. Let A be an n-by-n real symmetric matrix with eigenvalues A, < Ap—1 < --+ < A7
Then A, = max{ (gg) lgLvk—1, Vk—2, . .., v1},whenvi_1, vk_2, . .., v are eigenvectors of eigenvalues
Ak—1, Ak—2, - - . » Aq TESpectively.

Lemma 2.2. Let n be a given positive integer, and let {A;]i = 1,2, ..., n} and {):,-|i =1,2,...,n+1}
be two given sequences of real numbers such that )A»n+1 < Ay < in < Apeg <o <A1 < 3\1.
Let A = diag(Ay, An—1, ..., A1). There exists a real number a and a real vector y € R" such that

{):n_H, )A»n, R ):1} is the set of the eigenvalues of the real symmetric matrix
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N
AE( Ty) € Mpi1(R).
y a

Furthermore, a and y may be constructed in the following way:

n+1 n

a= Z 5\,' — Z)\i.
i=1 i=1

In order to construct y, define the polynomials

n+1 n

FO =TT €=x), g© =] nr).

i=1 i=1

Define s(t) = f(t)/g'(t) (s(t) is in lowest terms). For all 1 < i < n, y; can be chosen to be some solution
of the equation y;i* = —s(Ap—i+1).

Remark. By the proof of this lemma, —s(A,;—;+1) is nonnegative, hence this equation always has a
solution, and if this solution is nonzero, then both of the options for the solution may be chosen in
order to construct the vector y.

The following theorem shows that majorization is a complete description of the relationships be-
tween the eigenvalues and diagonal entries of a general real symmetric matrix.

Theorem 2.3 [5]. Letn > 1landleta, < ap—q1 < -+ < apand Ay < Ap—q < - -+ < Aq be given real
numbers. If the vector . = [A;] majorizes the vector a = [a;], then there exists a real symmetric matrix
A = [aj] € My(R) with spectrum {A;} such that a; = aj fori = 1,2, ..., n.

Next, we recall the Interlacing Theorem [5].

Theorem 2.4 (Interlacing Theorem ). Let A € M, be a given Hermitian matrix, and let B € My_1 be
a principal submatrix of A. Let the eigenvalues of A and B be denoted by {);} and {)A»i}, respectively, and
assume that they have been arranged in nonincreasing order A1 > --- > A, and )Aq > > ):,,,1. Then
Ai 2):,- > Aipqforalll <i<n-—1.

Finally, we also recall part of the Perron-Frobenius Theorem for nonnegative matrices [5]. We use
p(A) to denote the spectral radius of A.

Theorem 2.5 (Perron-Frobenius). IfA € M, and A is nonnegative matrix, then p(A) is an eigenvalue of
A and there is a nonnegative vector x > 0, x # 0, such that Ax = p(A)x.

3. Matrix types

Here, we consider the connections between the sign pattern of the off-diagonal entries, and inequal-
ities that involve diagonal entries and eigenvalues. Nonpositive off-diagonal entries will be denoted
by “—", and nonnegative off-diagonal entries will be denoted by “+". If some off-diagonal entry is zero,
we may denote it either with “+" or “—", and so if a matrix has some zero off-diagonal entries, there
are several sign patterns that may be associated with it. We now divide matrices into several types,
based upon their off-diagonal sign pattern. It may be that if a matrix has a zero off-diagonal entry, it
will be associated with more than 1 type.

As we mentioned in Section 1, the operations permutation and signature similarity do not change
the diagonal entries, eigenvalues or symmetry. We will say that all the matrices from some set are of
the same type if for each two matrices from the set, we can move from the off-diagonal sign pattern of
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the first one to the off-diagonal sign pattern of the other one, using only the operations permutation
and signature similarity. We do not take into account the signs of the entries that are on the main
diagonal.

We will define now two important types:

Definition 4. A real symmetric matrix A = [a;] € Mp(R) is of Type Z, if it is possible to bring it to
the form for which all the off-diagonal entries are nonpositive, using only the operations permutation
and signature similarity.

Definition 5. A real symmetric matrix A = [a;] € M;(R) is of Type P, if it is possible to bring it to
the form for which all the off-diagonal entries are nonnegative, using only the operations permutation
and signature similarity.

In the next lemma, we give a full characterization of the types for n = 3, 4. This characterization
will be also useful later, when we examine the relations between diagonal entries and eigenvalues of
special types.

Lemma 3.1. There are exactly two types of real symmetric matrices of size 3-by-3: Type P and Type Z.
For 4-by-4 real, symmetric matrices, there are exactly three types: Type P and Type Z, and another type,
which we call Type 3.

Proof. We start with the 3-by-3 case. If A is a real symmetric 3-by-3 matrix with nonnegative off-
diagonal entries, then by performing signature similarity with each one of the matrices

—-100 100 10 0
010|,J]0-101(,]01 O
0 01 001 00 -1

we get a matrix with two nonpositive off-diagonal entries, and one nonnegative (and there are three
options for the place of the nonnegative entry, depends on which signature matrix of the three above
we chose). By the definition, all these three kinds of matrices, together with the matrix with the same
off-diagonal sigh pattern as A, are of Type P. Similarly, if we start with a real symmetric 3-by-3 matrix
with nonpositive off-diagonal entries, and perform the same operations, we get a Type Z matrix. Since
there are exactly eight different off-diagonal sign patterns, it is clear that all of them appeared above,
so for the 3-by-3 case, there are exactly these two Types P and Z.

Consider the 4-by-4 case. There are 16 different signature matrices of size 4-by-4, and 64 different
off-diagonal sign patterns that a real symmetric 4-by-4 matrix can have. Now, if A = [a;;] € M4(R),
and S is a signature matrix, then SAS = (—S)A(—S). It is easy to check that if we go through all

+1 0 0 O
) 0 £1 0 0 , . ) .
the matrices S of the form , then we may divide the 64 different off-diagonal sign
0 0 £10
0 0 01

patterns to eight different equivalence classes, each equivalence class has eight different off-diagonal
sign patterns matrices, and inside each class we can move from one off-diagonal sign pattern to another
by applying signature similarity with the matrix S of the form above, so each one of the eight different
signature matrices above is associated with a different class. The class that contains the off-diagonal
sign pattern in which all the off-diagonal entries are nonnegative would be Type P. Similarly, the
class that contains the off-diagonal sign pattern in which all the off-diagonal entries are nonpositive
would be Type Z (and in both classes, it is easy to check that performing permutation similarity
on some off-diagonal sign pattern from the class will leave us inside the class). Now, there are six
different off-diagonal sign patterns, in which one entry (above the main diagonal) is nonpositive, and
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the others are nonnegative. It is impossible to move from one such off-diagonal sign pattern to the
other with signature similarity, hence these six off-diagonal sign patterns appear each one in a different
equivalence class. On the other hand , we can move from each one with such off-diagonal sign pattern
to the other by applying permutation similarity. Therefore, all these six classes, which have 48 different
off-diagonal sign patterns in total, are of the same type, and we name it Type 3. The following pattern
is an example of Type 3:

7+ 4+
+ 7+ +
+ 4?7 -
+4 =2

we refer to this pattern as the canonical form of Type 3. O

Note that A is of Type P if and only if —A is of Type Z, and also if A is of Type 3 then —A is also of
Type 3. In this paper, we are primarily interested in the relations among eigenvalues, diagonal entries
and types of symmetric matrices. In order to make the wordings more clear, we have the following
notation: Let A = [A;]i_,, d = [d;]{_; be two vectors of length n. We say that {, d} € E(R, n) if there
exists a real symmetric matrix of order n and of type R for which A is the set of eigenvalues and d is
the set of diagonal entries. Generally, R may be one of types P, Z and Type 3, or some different type
if n > 4. An interesting question that one may ask is what is the number of the different types of
matrices of order n. In [3], the following is proven:

Theorem 3.2. The number of sign patterns of totally nonzero symmetric n-by-n matrices, up to conjugation
by permutation and signature matrices and negation, is equal to the number of unlabeled graphs on n
vertices.

Note that the definition of “types” in this theorem is slightly different from ours (we do not allow
negation while the theorem does, and we do not care about the signs of the off-diagonal entries while
the theorem does), but that can be a good starting point for one that is interested in calculating the
number of different types.

4. Bounds for eigenvalues of special types

We start with a lower bound for the second largest eigenvalue of a Type Z matrix. This bound is a
generalization of the bound for Laplacian matrices that appears in [1].

Theorem 4.1. Let A be an n-by-n (n > 3) real symmetric Type Z matrix, with diagonal entries d, <
dp—1 < - -+ < dy, and eigenvalues oy < Ap—1 < - -+ < Aq. Thends < Ao

Proof. Suppose at first that n = 3. Let A be a 3-by-3 symmetric Z-matrix, and let h be an eigenvector
associated with the eigenvalue A1. From Lemma 2.1 we have

(%) XAy = max {<;\g’g)>|gJ_h] .

)

There are two possibilities:

(1) One of the entries of h is zero.
(2) All the entries of h are different from zero.
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In case (1), we assume that hy = 0 for some 1 < t < 3. We take a vector g such that

0ifi#t
& = . .
1ifi=t¢t
Since g is orthogonal to h , we get from (*) that A, > (g;} ,and hence
Ag,
2o > B8 _ s minfdy, dy, ds) >
(g.8)

and we are done.
In case (2), at least two of the entries of h have the same sign. Suppose without loss of generality
that h, h; have the same sign for some 1 <'s, t < 3, s # t. Define a vector g by

0 ifi#t,s
g=1 1 ifi=t
—§ ifi=s

with § > 0 such that g is orthogonal to h (since hs, h; are with the same sign there exists such positive
8 ). Therefore

(Ag.g)  ay — da — Sas + 8%ass
(g.2) 14682 :

A is Z-matrix, and hence a;s and ag; are nonpositive. In addition, § is positive, and hence

2 =

ag — 8ags — dase + 82(155

Ay =

‘1—}—752 = min{a[tv ass}

> min{dy, do, d3} > d3

and we are done. Suppose now that A is an n-by-n symmetric Z-matrix, n > 3, with diagonal entries
dp < dyp—q < --- < dy. Let A7 be a principal 3-by-3 submatrix of A whose diagonal entries are
di, dy, ds. It follows that A»(A1) > ds, and hence by the Interlacing Theorem, A, (A) > Ay(A1) >
ds. O

Corollary 4.2. Let A be an n-by-n (n > 3) symmetric Type P matrix, with diagonal entries d, < dp—1 <
-+ < dy, and eigenvalues Ay < Ap—1 < -+ < A.Thendp—y = Ap—1.

Proof. By the definition, —A is a Z-matrix, and hence from Theorem 4.1, A, (—A) > d3(—A). Since
Ar2(—A) = —Ap—1(A)and d3(—A) = —dp_2(A) weget —Ap—1(A) > —dy—2(A),and hence d,_»(A) >
An—1(A). O

Note that Theorem 4.1 and Corollary 4.2 are, of course, not valid for general, symmetric matrices. In
the next section, we give a comprehensive description of the relation between A and d in the 3-by-3
case.

5. Full characterization of the 3-by-3 case

We start with the following corollary, which is a direct consequence of Lemma 3.1 ,Theorem 4.1
and Corollary 4.2.
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Corollary 5.1. Let A be a 3-by-3 real symmetric matrix, with diagonal entries d3 < d, < dy, and
eigenvalues A3 < Ay < Aq. Then one of the following happens:

(1) Aisof Type Z, and A, > ds.
(2) Aisof Type P, and A, < dj.

The next theorem will help us to give a full characterization of the 3-by-3 case:

Theorem 5.2. Let {A1, A2, A3} and {d1, da, d3} be two given sequences of real numbers such that d3 <
dy < dqand A3 < Ay < Aq. Suppose that the vector A = [A;] majorizes the vector d = [d;]. Then:

(1) If A2 > ds, then {A, d} € E(Z, 3).
(2) If A2 < dy, then {A, d} € E(P, 3).

Proof. We start by proving (1). From Theorem 2.3 and the fact that [A;] majorizes [d;], there exists a
2-by-2 symmetric matrix with diagonal entries d1, d, and eigenvalues A1, d; 4+ dy — Aq. If the off-
diagonal entries of this matrix are positive, we modify the matrix by multiplying it from both of the

-10
sides with the matrix . This multiplication does not change neither the eigenvalues nor the
0 1
diagonal entries.
d1 C
Let B = be such matrix. As we mentioned before, the eigenvalues of B are A1, d; +
C dz

d, — A1, and c is nonpositive. There exists a real orthogonal matrix Q € M,(R) such that B =
di+d,— A1 O

Q N QT, and the columns of Q are the eigenvectors of B.
0 1

From majorization and the assumption in (1), we have the following equalities and inequalities:

di +dy < A+ Az, )

d3 < A2, (2)

di+dy+d3 = A1+ A2+ As. (3)
Combining (3) and (3) yields

A+ A3 < dp +do. (4)

Hence, from (4) we have

A3 <dip +dy — Aq, (5)

and from (2) we have
di +dy — A1 < A3, (6)

Therefore, {A1, A3, A3} are interlaced with {A1, d 4+ d2 — A1}, since from (5) and (6) we have
A3 <dp+dy — A <Ay <A1 < Aq (7)
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Using Lemma 2.2, there exists a real number a and a vector y = (y1 ) € R? such that {Aq, A2, A3}

Y2
di+dy— 21 0 ¥y

is the set of the eigenvalues of the matrix K = 0 A1 yo | where
Y1 Y2 a

a=A+AiA+A3—A —(di+dy—Xy)
=AM+t A+A3—d —dy
=dy +dy+d3—dy —dy

a_(QO0\ (QOo\_[ B @\_( B W
o1 01) \@"a) \@"d)

Notice that the eigenvalues of Aare {11, A2, A3}, and thatits diagonal entries are {d1, d3, d3}. Therefore
we only need to show that A is of Type Z, and then we are done. Since c is nonpositive, it is enough to
show that y may be chosen in such way that Qy will be nonpositive. From the definition of Q, the first
column of Q is the eigenvector that corresponds to the smallest eigenvalue of B. Since B is of Type Z,
from Perron-Frobenius Theorem we may conclude that the first column of Q is nonnegative.

Using the notation from Lemma 2.2 we have

fO) =t =2t —2)(t —A3), g () =[(t —A)(t —dy —day + 1)) =2t —dy — do.

Now, from the remark after Lemma 2.2, y; can be chosen to be some nonpositive number. Since
f(X1) = 0 there are two options:

e g'(h) #0.
® g'(A) =0.

In the first case, from Lemma 2.2, y,2 = —f(X1)/g’ (A1) = 0, and hence y, = 0. Therefore,

QyzQ(y]) _ <Q11J/1)’
Y2 Q211

and since the first column of Q is nonnegative, and y; is nonpositive, we get that Qy is nonpositive,
and therefore A is of Type Z.
In the second case, g’(A1) = 0 implies 211 = d; + d». Now,

20 =di +dy < A+ 22 < 2Mq,

and therefore dy + dy = A1 + A, which implies that d3 = As. In this case we may take A = (l(j : )
3
and again, A is of Type Z, with eigenvalues {11, A3, A3} and diagonal entries {d, d3, d3}.

In order to prove (2), consider the lists —A = { — A3, —A2, —A1},and —d = { — d3, —d, —d1}.
We have —A1; < —Ay < —A3,and —d; < —d < —ds. Now, since A majorizes d then —A majorizes
—d. In addition, according to (2), A, < d1, and hence —A, > —dj.In conclusion, the lists —A and —d
satisfies the requirements of (1), and hence it is possible to construct a Type Z matrix A with eigenvalues
{ = A1, =2, —A3} and diagonal entries —d; < —d; < —ds. Hence —A is a Type P matrix which
satisfies all the requirements of (2). O
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Finally, we are ready now to give a full characterization in the 3-by-3 case, as is presented in the
following two theorems:

Theorem 5.3. Let {A1, A2, A3} and {dy, da, d3} be two given sequences of real numbers such that d3 <
dy, < dqand A3 < Ay < Aq. Suppose that the vector A = [A;] majorizes the vector d = [d;]. Then:

(1) {\,d} € E(Z,3) ifand only if A, > ds.
(2) {1,d} € E(P, 3) ifand only if X, < d;.

Theorem 5.4. Let {L1, Xy, A3} and {dy, d2, d3} be two given sequences of real numbers such that d3 <
dy < dqand A3 < Ay < Aq. Suppose that the vector A = [A;] majorizes the vector d = [d;]. Then:

(1) If x > dy, then {X,d} € E(Z, 3) and {A, d} ¢ E(P, 3).
(2) Ifdy > Ay > ds, then {A,d} € E(Z,3) and {X, d} € E(P, 3).
(3) If Ay < ds, then {A,d} ¢ E(Z,3) and {A, d} € E(P, 3).

Remark. One important family of Type P matrices is the family of symmetric nonnegative matrices.
For such 3-by-3 matrices, our results in parts (2) of Theorems 5.2 and 5.3 are analogous to the following
result due to Fiedler [4]:

Lemma 5.5. Let Ay > Ay = Az andd; = dy = d3 = 0. Then There exists a 3-by-3 symmetric
nonnegative matrix B with eigenvalues {A1, A2, A3} and diagonal entries {dy, d, d3} if and only if the
following conditions are satisfied:

® )\ =>d.

® A+ A2 =>di +da

® )+ Ay + A3 =dy +dy +ds.
e ), < di.

6. Special inequalities for general n

In this section, we present a large class of sufficient conditions for the existence of matrices of Types
P and Z for general n.

Theorem 6.1. Let {A1, A2, ..., An}and{dy, da, ..., dn} (n > 3) be two given sequences of real numbers
such thatd, < dyp—q < - < dyand Ay < Ap—q < --- < Aq. Suppose that the vector . = [A;]
majorizes the vector d = [d;]. Then:

(1) If &j = djqq forallj =2,3,...,n—1,then {A,d} € E(Z, n).
(2) IfAj < dj_q forallj =2,3,...,n—1,then {A, d} € E(P, n).

Proof. We start with case(1).Inorder to prove it, we will use induction onn. The casen = 3 is provenin
Theorem 5.2. Suppose then that the statement is true for n— 1, and we will show that it is true also for n.

Consider thelistsd = {d1, da, ..., dn—3, dn1},¥ = {A1, 22, ..., Anos, Anoa, Zim'di — 070
Since A majorizes d, and

n—1 n—2
MAda+ - Fhs+rno+ D di— D hi=di+d+-+dyo+di
i=1 i=1

we get that y majorizes d. In addition, using the assumption in (1) we have A; > djyq for all
,3,...,n — 2. Hence, by the inductive assumption, there exists a real symmetric matrix
Bijl € M;—1(R) of Type Z such that b; = d; fori = 1,2,...,n — 1 and such that y
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is the set of the eigenvalues of B. There exists a real orthogonal matrix Q € My_1(R) such that
B = Qdiag (Zl’;—f di — Z?;lzki, An—2, An—3, ..., A2, )\.]) 0T, and the columns of Q are the eigenvec-
tors of B. From majorization and the assumption in (1), we have the following equalities and inequali-
ties:

n—1 n—1

Sd<S (8)
i=1 i=

dn < An—1. (10)
From (8) we get
n—1 n—2
Dodi— D ki < hnoi (11)
i=1 i=1
From (9) and (10) we have
n—1 n—2
D di =D Ai+ A, (12)
i=1 i=1
and hence
n—1 n—2
D di— DA = (13)
i=1 i=1

Therefore, using (11), (13) and the definition of y we get that A is interlaced with y. Using Lemma 2.2,
there exists a real number a and a vector y € R"~! such that A is the set of the eigenvalues of the
matrix

n—2

n—1
dlag dl - )"17 )“Tl—Z’ )Ln—3, ey )"27 )"] y
(Z;‘ ; € Mp(R),

v a

where
n n—1 n—2 n—2
a=Z)L,'— <Zd,‘— Z)x,‘) — Z)\.i
i=1 i=1 i=1 i=1
n n—1
=>Ai— D di
i=1 i=1

=dy.
Define

a_(Q0\ (QOo\_[ B @\_( B @
o1 0o1) \@"a) \@"d)

Now, since B is of Type Z, it is enough to show that y may be chosen in such way that Qy will be nonpos-
itive. We denote yT = (y1, y2, . .., yn). The first column of Q is the eigenvector that corresponds to
the smallest eigenvalue of B, and again from Perron-Frobenius Theorem we know that the first column
of Q is nonnegative. Using the notation from Lemma 2.2 we have
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n—1 n—2 !
FO =TI, (€= 2).8'0 = ((t - (Z di— > M)) [t Ai)) :
i=1 i=1
Now, y1 can be chosen to be some nonpositive number. Since f(A;) = Oforalli = 1,2,...,n — 2,

there are two options:

® g'(A) #0foralli=1,2,...,n—2.
® There exists at leastonei € 1,2, ..., n — 2 such thatg’(%;) = 0.

In the first case, similarly to the proof of Theorem 5.2, we gety; = Oforallj = 2, ..., n— 1. Therefore
Qy is equal to the first column of Q (which is a nonnegative vector), multiplied by y; (a nonpositive

number). Hence Qy is a nonpositive vector, and so A is of Type Z and we are done.
In the second case, let us pick somej € {1, 2, ..., n—2} for which g’(%;) = 0. First, consider the case

n—1 n—2
=D di— > A (14)
i=1 i=1

In this case we have

n—2 n—1
A4 D A= di (15)
i=1 i=1
Now, since
An—1 < Aj (16)
we get
n—1 n—2 n—1
D<A+ D k=D d (17)
i=1 i=1 i=1

On the other hand, we have

n—1 n—1
Z A= Z d;. (18)
i=1 i=1

From (17) and (18) we conclude that

n—1 n—1
Dri= D d;, (19)
i=1 i=1

and hence

An = dy. (20)
Note that the inequality in (16) has to be an equality (otherwise we get a contradiction to the assumption
that A majorizes d). Hence the eigenvalues of B are {An_1, An—2, An—3, . . . , A2, A1}. Define the matrix

B O
Atobe < ) . Ais of Type Z, and it satisfies all the requirements of the theorem, and hence in this
n

case we are done.

Assume now that (14) does not hold. Since g(4;) = 0,g’(%;) = 0, A; is as a root h(t) of multiplicity
x, such that x > 2, when h(t) = 1_[;-1:_12 (t — A;). The multiplicity of A; as a root of f(t) and g(t) is then
at leat x, and exactly x respectively. Therefore, the term t — A; appears at least one time more in f(t)
than in g’ (t). Hence, using the notation s(t) from Lemma 2.2, we get s(Xj) = 0, and from here the
solution continues in the same way as in the first case and we are done.
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Regarding the proof of (2), we can follow similar argument to the one we did at Theorem 5.2. O
Remark. A related result, which has a bit different point of view, may be found in [2] (Theorem 2.25).

To conclude this section we present arelation to the following Theorem, which is due to Suleimanova

[7].

Theorem 6.2. Let {A;}i; be a collection of n real numbers such that ; < 0 forallj € {2,3, ..., n} and
> 1 4Ai = 0. Then there exists a real symmetric nonnegative matrix with the spectrum {A1, A, ... Ap}.

Note that we may say that not only there exists a real symmetric nonnegative with the given
spectrum, but according to Theorem 6.1, there exists such matrix whose all diagonal entries are zero
except one of them which is equal to D' ;A;. More generally, using Theorem 6.1 we can prove the
following:

Theorem 6.3. Let A1 >0 > Ay > --- > Ap,andletdy > dy > --- > d, such that d,—» > 0. Suppose
that the vector .. = [\;] majorizes the vector d = [d;]. Then {A, d} € E(P, n).

Note that this theorem generalizes the theorem of Suleimanova.

7. The 4-by-4 case

So far, we have given a full characterization in the 3-by-3 case, and some partial results for general n.
We next discuss the 4-by-4 case. A wide range of possibilities is covered. We start with some necessary
conditions for eigenvalues of matrices of given types.

Theorem 7.1. Let A be a 4-by-4 real symmetric matrix with diagonal entries dy < d3 < dy < dq, and
eigenvalues Ay < A3 < Ay < Aq. Then, at least one of the following happens:

1. Ais of Type Z, and then must satisfy
A2 = d3
2d1 2 M+ Ag
dy +d3 = Ay + A4,
2. Ais of Type P, and then must satisfy
A3 < do
2dg < A+ 2y
dy +d3 < A1+ As.
3. Ais of Type 3, and then must satisfy
A3 < dy
Ay > dg.
In addition, A satisfies at least one of the following:
(@) A2 = d3
dy +d3 > Ay + Mg
(b) A2 = ds
A3 < dy
di +dy = Ay + Ay
() dy +d3 < A+ A3
dy +d3 = Ay + Mg
(d) A3 < da
dy +d3 < Aq + A3

Proof. From Lemma 3.1 we know that any 4-by-4 matrix has to be either of Type Z, P or 3. First, let us
suppose that A is of Type Z. From Theorem 4.1 we have A, > d3. Now, consider the 3-by-3 principal
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submatrix B of A whose diagonal entries are {d3, d3, d4}. Denote its eigenvalues by u3 < p2 < 1.
By using the Interlacing Theorem, we have

Ay < 3 < A3 < U2 < A2 < Uy < Are (21)
B is of Type Z, and hence, from Theorem 4.1 we have

M2 = da. (22)
In addition,

M3+ o+ =dy +d3 + dg. (23)
From (22) and (23) we get

M3+ p1 < d2 +ds. (24)
And then, from (21) and (24) we have

Ay + Ay < dy +ds. (25)

Let uslook at —A+-d11. This matrix is a nonnegative matrix, and hence from Perron-Frobenius Theorem
we get

—(=A +dy) < =g+ dy, (26)
and therefore
2d1 > M + Ag. (27)

Suppose now that A is of Type P. Hence —A is of Type Z, and we finish by applying on —A the results
from above. The last case is the assumption that A is of Type 3. From the proof of Lemma 3.1, using
only permutation and signature similarity we can bring A to the form

dey + + +
+ doy + +
+ + doz —
+ 4+ = dy

B =

o € S4 and each one of the signs +, — includes also the option of having zero in that entry. Now, by
applying Corollary 4.2 on B[1, 2, 3|1, 2, 3] and using the Interlacing Theorem, we get

k3 < max{dy (1), do(2), do(3)} < d1. (28)
Consider B[2, 3, 4|2, 3, 4]. We can apply Theorem 4.1 and the Interlacing Theorem, in order to get
Lo = min{dy ), ds3), do 4y} = da. (29)

Finally, letuslookatA[1, 2, 3|1, 2, 3] and A[2, 3, 4|2, 3, 4]. Without loss of generality, we may assume
that a;; = d; foralli = 1, 2, 3, 4. Using Lemma 3.1, here is the list of the possibilities:

e A[1, 2, 3|1, 2, 3] isof Type Z and A[2, 3, 4|2, 3, 4] and is of Type Z.
e A[1, 2, 3|1, 2, 3] is of Type Z and A[2, 3, 4|2, 3, 4] and is of Type P.
e A[1, 2, 3|1, 2, 3] isof Type P and A[2, 3, 4|2, 3, 4] and is of Type Z.
e A[1, 2, 3|1, 2, 3] is of Type P and A[2, 3, 4|2, 3, 4] and is of Type P.

In the first case, by looking at A[1, 2, 3|1, 2, 3], A[2, 3, 4|2, 3, 4] and applying Theorem 4.1 and the
Interlacing Theorem we have

Ay = d3 (30)
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and
A2(A[2,3,4]2,3,4]) > ds (31)
respectively. Since

)"1 (A[zv 39 4|2’ 37 4]) + )"2(A[27 3’ 4|23 3’ 4]) + )"3(A[2’ 37 4|2’ 37 4]) = d4 + d3 + dZ (32)

from (31) and (32) we get

A (A[2, 3,412, 3,4]) + A3(A[2, 3, 4]2,3,4]) < d3 +dy. (33)
Therefore, using The Interlacing Theorem we have

X+ Ag < ds +da. (34)

In the second case, by looking at A[1, 2, 3|1, 2, 3], A[2, 3, 4|2, 3, 4] and applying Theorem 4.1, Corol-
lary 4.2, and The Interlacing Theorem we get

Ay > ds (35)

and
< dy. (36)

Now, since

X (A[1, 2, 31, 2, 3]) > ds, (37)
we have

M (A[2, 3,412, 3, 4]) + A3(A[2, 3, 4|2, 3,4]) < di + dy, (38)
and hence by The Interlacing Theorem,

ha 4+ Ag < dy + da. (39)

In the third case, by looking atA[1, 2, 3|1, 2, 3]and applying Corollary 4.2, and the Interlacing Theorem,
we get

M (A1, 2, 3]1,2,3]) < d;. (40)
Now,

M(A[L, 2,31, 2,3]) + A2(A[1, 2, 3|1, 2, 3]) + A3(A[1, 2,3]1,2,3]) =dy +dy +d3, (41)
and therefore from (40) and (41) we get

M (A[1, 2, 311, 2,3]) + A3(A[1, 2, 3|1, 2,3]) > d3 +dy. (42)
Finally,

Mt A3 > d3+do. (43)
The statement

A+ Ag < d3+do (44)
can be proven in the same way as (34). Finally, consider the last case. The statements

A3 < da (45)
and

Mt A3 = d3s+dy (46)

can be proven in the same way as (36) and (43) respectively. In conclusion, we proved statements
(28)-(30), (34)-(36), (39), (43), (44)-(46). Therefore, if A is of Type 3, we are done. [J
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Before discussing the 4-by-4 case further, we present the following useful lemma.

Lemma 7.2. Let A be a 4-by-4 real symmetric matrix with diagonal entries dy < d3 < dy < dq, and
eigenvalues A4 < A3 < Ay < Aq. Then, exactly one of the following happens:

® )\, >dsand A3 > ds.
® )y < d3 and)g < do.
® )y >dsand A3 < dy.

Proof. We need to show that it is impossible to have A, < d3 and A3 > d,. Suppose in contradiction
that it could happen. Then

)»2<d3<d2<)»3

which is clearly impossible, so we get a contradiction. [J

We may now give a full characterization associated with each of the first two cases from Lemma 7.2.
The following theorem covers a wide range of possibilities.

Theorem 7.3. Let {11, A2, A3, Aa} and {d1, d2, d3, da} be two given sequences of real numbers such that
dy < d3 <dy <djyand Ag < A3 < Ay < Aq. Suppose that the vector A = [A;] majorizes the vector
d = [d;]. Then,

1. If A3 > dy, we have:

(a) {r,d} € E(Z,4).

(b) {A,d} ¢ E(P, 4).

(c) Ifin addition A3 < dj then {A, d} € E(Type 3, 4). If A3 > dy, then {A, d} ¢ E(Type 3, 4).
2. If Ay < d3, we have:

(@) {A,d} ¢ E(Z, 4).

(b) {A,d} € E(P, 4).

(c) If, in addition, Ao > d4 then {X\, d} € E(Type 3, 4). If Ay < dg, then {A, d} ¢ E(Type 3, 4).

Proof. We start with case number 1. From Lemma 7.2, since A3 > d,, we have A, > ds. In addition,
A3 = dy4. Hence by using Theorem 6.1 we can deduce that {A, d} € E(Z, 4). Now, since A3 > dj,
then according to Corollary 4.2, {X, d} ¢ E(P, 4). Similarly, from Theorem 7.1, A3 < dj is a necessary
condition for being Type 3, soif A3 > d, then {)\, d} ¢ E(Type 3, 4). Let us assume now that A3 < dj.
We will show that there exists a real symmetric matrix B = [b;] € M3(R) of Type Z with diagonal
entries {d3, d3, ds} and eigenvalues {), dy + d3 + dg — Ay — A4, Aa}. At first, since

MAr+rs+rg=d +dy+ds+dy (47)
and

h = dy, (48)
we have

A2+ A3+ g < dp +d3 + dy. (49)
And therefore

A3 <dy+d3+ds— Ay — g (50)

Now, we do not know which of A, and dy + d3 + d4 — Ay — A4 is bigger, but we do know (using (50))
that both of them are equal to or greater than A4. Therefore, since

dy < A3 < Ay < max{iy, dy +d3 +ds — Ay — Aa} (51)

and
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dy +d3 <A+ A3 <Ay +dy+ds+ds— Ay — Ay, (52)
we get that {A,, dy + d3 + d4a — Ay — A4, Aa, } majorizes {da, ds, d4}. In addition, since
dy < A3 < min{Ay, dy + d3 + da — Ay — A}, (53)

then from Theorem 5.2, there exists a matrix B which satisfies the conditions that were described
above. Now, from (47) and the inequality A3 < dq, we get

AMZ=dy+ds+dy— Ay — g (54)
Hence, from (50) and (54), one of the two following inequalities is satisfied:

M Zdy+d3+dg — Ay — Ay = Ao, (55)

Ay Zdy+d3+dg — Ay — Ag = A3, (56)

Therefore, in both cases, {A1, A2, A3, A4} are interlaced with {13, d2 + d3 + dg — A3 — A4, A4} Using
Lemma 2.2, there exists a real number a (which is, in this case, d;) and a real vector y € R such that
the matrix

T

c— diag(Ag, dy +d3 +ds — Ay — Ag, A2) ¥
y d;

has eigenvalues {A1, A2, A3, A4}. In addition, there exists a real orthogonal matrix Q € M3(R) such
that B = Qdiag(is, dy + d3 + ds — Ay — A4, A2)QT, and the columns of Q are the eigenvectors of B.
Define

(S 0) = (ans)
01 01 @' d

Let us observe the structure of Q. From Perron-Frobenius Theorem, the first column of Q is nonnegative.
The second and the third columns are orthogonal to the first one, hence, the three entries of each one
of them cannot be of the same sign. We can assume that each one of them has two nonnegative entries
and one nonpositive entry (we can do it since if v is an eigenvector then —v is also an eigenvector).
In addition, since the second column of Q is orthogonal to the third one, the places of the nonpositive
entry in each one of them are different. So up to permutation of the rows, the sign pattern of Q is of

+++

the form: | 4+ 4 — | where each one of the signs +, — includes also the option of having zero in that

+ - +
entry. Since B is of Type Z, in order to show that A is of Type 3, it is enough to show that y can be chosen
in such way that Qy will have at least one nonpositive entry, and at least one nonnegative entry. Since
this property (of having at least one row from each kind) is not changed if the rows of Q are permuted,
we can assume that the sign pattern of Q is as given above. Using the notation from Lemma 2.2 we
have

f(O) = (t =2t = A2)(t = A3)(t — Xa), &' (1) = [(t — Ag) (t — (d2 +d3 +da — Ao — Xa)) (t — A2)]'.

We can see that f(A4) = 0. Now, from (53), if g’(A4) = O then in particular A4 = A3. But since
A3 > dy, we getdy > Agq > dp which is impossible. Hence, g’ (14) # 0, so from Lemma 2.2, we can
choose y; = 0. Regarding A, we have f(1,) = 0.1f g’(A;) # 0, then according to Lemma 2.2, one
of y,,y3 is zero (it depends on whether A, is smaller or bigger than d, + d3 + d4y — Ay — A4). The
other one can be chosen to be nonnegative, and hence the sign pattern of Qy equals either to the sign
pattern of the second column of Q, or to the sign pattern of the third column. In both cases A is of Type
3 and we are done. The last case that we need to check is g’(1;) = 0. This case may appear only if
Ay = dy +d3 +ds — Ay — A4 Therefore, from Lemma 2.2, y; and y3 can be chosen such that y,? = y32.
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+ + + 0
Let us choose —y, = Y3, y» is nonnegative. Hence Qy is of the form | + + — yy |, anditis
+ -+ )2

easy to see that its second entry is nonnegative, while its third entry is nonpositive, and hence we get
again that A is of Type 3, and we are done. Consider case number 2. We have now the assumption
that A, < ds.In a very similar way to the proof of case number 1, we can prove (a),(b) and (c) for the
assumption A, < dg. Hence the only case that is leftis A5 > da. Thelists { — A1, —A, —A3, —A4} and
{—dy, —dy, —d3, —dy} satisfy the assumptions of case number 1, and hence it is possible to construct
a Type 3 matrix A with these given lists of diagonal entries and eigenvalues. By the proof of Lemma 3.1,
—A is also Type 3, so we can look at —A and we are done. [J

We conclude with a full characterization in the case in which all diagonal entries are equal (we
assume that they are all equal to d).

Theorem 7.4. Let {A1, A2, A3, L4} be a given sequence of real numbers such that A4 < A3 < Az < Aq.
Let d be a given real number, and suppose that the vector . = (Al Ao A3 A4) majorizes the vector

D= ( ddd d) . Then we have the following cases:

1. )\.2 <d.
Then {X, D} € E(P, 4), {x, D} ¢ E(Z, 4), {x, D} ¢ E(Type 3, 4).
2. )\.3 > d.
Then {X, D} € E(Z, 4), {\, D} ¢ E(P, 4), {X, D} ¢ E(Type 3, 4).
3. )Lz > dand)\g < d.
Then {A, D} € E(Type 3, 4). In addition, there are several options:
(@) A 4+ Agq > 2d.
Then {A, D} € E(P, 4) and {X, D} ¢ E(Z, 4).
(b) A + Aq < 2d.
Then {A, D} € E(Z, 4) and {X, D} ¢ E(P, 4).
(c) A1+ Agq = 2d.
Then {A, D} € E(Z, 4) and {\, D} € E(P, 4).

Proof. We start with case 1. Since A, < d, then from Theorems 4.1 and 7.1, we have {A, D} ¢ E(Z, 4)
and {A, D} ¢ E(Type 3, 4). By Theorem 2.3, there exists a real symmetric matrix A = [a;;] € Ma(R)
with the given lists of eigenvalues and diagonal entries. Hence this matrix A has to be of Type P. Case
number 2 can be proven in a very similar way to case number 1, by using Theorems 2.3 and 7.1, and
Corollary 4.2. Let us consider case number 3, part (a). From Theorem 7.1, {A, D} ¢ E(Z, 4). Now, since
A+ Agq > 2d, we get

2d — Ag < M. (57)
In addition, we have

2 KA+ Ay=4d— X3 —rg=2d — A3+ 2d — dg < 22d — \a), (58)
and therefore

Ay < 2d — Mg (59)
Hence, from (57), (59) and the assumptions in case 3, {A1, A2, A3, A4} are interlaced with

d A—do

{Zd — Mg, d, A4}. Consider the matrix B = A—d d 0. Its eigenvalues are

0 0 d
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1/4/20 1/42
{2d — A4, d, La}. Define Q = | 1/4/2 0 —1/+/2 |, and we have B = Qdiag(A4, d, 2d — A4)Q".
0 1 0
Y1
Using Lemma 2.2, there exists a vectory = | y, | € R3 such that {X1, A2, A3, A4} is the set of the
3
eigenvalues of the matrix K = (diag()q, j’TZd —A4) Z) € M4(R). Define

(G0 (e Y)
01 0 1 7T d

Using the notation from Lemma 2.2 we have
FO) = (€ = 2)(t = A2) (€ — A3)(t — Xa), 8'(0) = [(t — Aa)(t — d) (¢ — (2d — 2a))]".

Now, f(Ag4) = 0.1fg’(A4) = O, then either A4 = d or A4 = 2d — A4, which implies again A4 = d.
Therefore, Since A3 < d, we have A3 = d.Hence A1 + A, = 2d,and since A, > dwegetA; = Ay = d.
In this case, A1 + A4 = 2d which contradicts the assumptions. Therefore, g’(14) # 0, and hence we
can chose y; = 0. Therefore A is of the form

d ra—d 0 y3/v2
AM—d d 0 —y3/V2
0 0 d V2

v3/v2 —y3/N2y,  d

Now, each one of y,, y3 can be chosen to be either nonpositive, or nonnegative. Since 14 — d < 0, if
we chose y, and y3 to be nonpositive, Then A is of both Types 3 and P (this is because we can decide
whether we look at zero as “+" or as “—". For the Type 3 case we will look at both zeros as “—", and for
the Type P case we will look at the zero in the first line as “+", and on the other one as “—"). The next
case is number 3, part (b). We can apply the proof from above on —A, and we are done. The last case
is number 3, part (c). Since A1 + A4 = 2d, then A, 4+ A3 = 2d. Define

A=

d d—Xx4 O 0
A= d—As4 d 0 0

0 0 d d—»Xx;

0 0 d—Xx, d

The eigenvalues of this matrix are {A1, A2, A3, A4}, and A is of Types Z, Pand 3. O

We would like to emphasize some of the advantages of Theorem 7.4. First, we present the following
result, due to Fiedler [4]:

Theorem 7.5. LetA1 > Ay > --+ = Ap, a1 = Ay = - -+ = Qy Satisfy
1. Zfz])\i22i=1a,~, s=1,2,...,n—1.

2. er'l:l)‘i = Zi:] a;.
3o < ag-q1, k=2,3,...,n—1.
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Then there exists an n-by-n symmetric nonnegative matrix Bwith eigenvalues A1, A3, . . ., A, and diagonal
entries ai, da, . .., dp.

In [6] it is shown that for n > 4, the conditions in Theorem 7.5 are only sufficient. The authors
provide the following example:

5243
-| 234
1152
1125

B is a symmetric nonnegative matrix with eigenvalues 8, 6, 3, 3 and diagonal entries 5, 5, 5, 5 in
which A > a1, and hence condition 3 in Theorem 7.5 is not satisfied. However, these eigenvalues and
diagonal entries satisfy the conditions of Theorem 7.4 part 3(a).

In conclusion, we have investigated various relations between diagonal entries and eigenvalues of
different types of matrices. Still, the general question of describing the different types and giving the
exact relations between diagonal entries and eigenvalues that correspond to these types is still open
for n > 5. In addition, for n = 4, the third case in Lemma 7.2 is also still open. For example, through
majorization it is easy to show that there exists a 4-by-4 symmetric matrix with eigenvalues 5, 4, 0,
—3 and diagonal entries 3, 3, 0, 0. However, since this case falls down in the open case of Lemma 7.2,
it is unclear at this point which types exactly can be constructed with this eigenvalues and diagonal
entries.
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