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Abstract. In this paper, we have introduced neutrosophic
hyperideals of a semihyperring and considered some op-

erations on them to study its basic notions and properties.
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1 Introduction

Hyperrings extend the classical notion of rings, substi-
tuting both or only one of the binary operations of addition
and multiplication by hyperoperations. Hyperrings were in-
troduced by several authors in different ways. If only the
addition is a hyperoperation and the multiplication is a bi-
nary operation, then we say that R is a Krasner hyperring
[4]. Davvaz [5] has defined some relations in hyperrings
and proved isomorphism theorems. For a more compre-
hensive introduction about hyperrings, we refer to [9]. As a
generalization of a ring, semiring was introduced by Van-
diver [17] in 1934. A semiring is a structure (R;+;;0)
with two binary operations + and - such that (R;+;0) is
a commutative semigroup, (R;-)a semigroup, multiplica-
tion is distributive from both sides over addition and
0-Xx=0=x-0 for all Xe R . In [18], Vougiouklis
generalizes the notion of hyperring and named it as semi-
hyperring, where both the addition and multiplication are
hyperoperation. Semihyperrings are a generalization of
Krasner hyperrings. Note that a semiring with zero is a
semihyperring. Davvaz in [12] studied the notion of semi-
hyperrings in a general form.

Hyperstructures, in particular hypergroups, were intro-
duced in 1934 by Marty [11] at the eighth congress of
Scandinavian Mathematicians. The notion of algebraic hy-
perstructure has been developed in the following decades
and nowadays by many authors, especially Corsini [2, 3],
Davvaz [5, 6, 7, 8, 9], Mittas [12], Spartalis [15], Strati-
gopoulos [16] and Vougiouklis [19]. Basic definitions and
notions concerning hyperstructure theory can be found in

[2].

The concept of a fuzzy set, introduced by Zadeh in his
classical paper [20], provides a natural framework for gen-
eralizing some of the notions of classical algebraic struc-

tures.As a generalization of fuzzy sets, the intuitionistic
fuzzy set was introduced by Atanassov [1] in 1986, where
besides the degree of membership of each element there
was considered a degree of non-membership with (mem-
bership value + non-membership value)< 1. There are also
several well-known theories, for instances, rough sets,
vague sets, interval-valued sets etc. which can be consid-
ered as mathematical tools for dealing with uncertainties.

In 2005, inspired from the sport games (winning/tie/
defeating), votes, from (yes /NA /no),from decision mak-
ing(making a decision/ hesitating/not making), from (ac-
cepted /pending /rejected) etc. and guided by the fact that
the law of excluded middle did not work any longer in the
modern logics, F. Smarandache [14] combined the non-
standard analysis [8,18] with a tri-component log-
ic/set/probability theory and with philosophy and intro-
duced Neutrosophic set which represents the main distinc-
tion between fuzzy and intuitionistic fuzzy logic/set. Here
he included the middle component, i.e., the neutral/ inde-
terminate/ unknown part (besides the truth/membership
and falsehood/non-membership components that both ap-
pear in fuzzy logic/set) to distinguish between ’absolute
membership and relative membership’ or ’absolute non-
membership and relative non-membership’.

Using this concept, in this paper, we have defined neutro-
sophic ideals of semihyperrings and study some of its basic
properties.

2 Preliminaries

Let H be a non-empty set and let P(H) be the set of all
non-empty subsets of H . A hyperoperation on H is a
map o:HxH — P(H) and the couple (H,o) is
called a hypergroupoid.

If A and B are non-empty subsets of H and Xe H ,

then we denote AcB= U aobh,
acA,beB
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Xo A={X}o A and Ao X = Ao{X}. A hypergroupoid

(H,o) is called a semihypergroup if for all X,y,Z € H

we have (XoY)oZ=Xo(Yoz) which means that
U UoZ= U XoV.

uexoy veyoz

A semihyperring is an algebraic structure (R;+;-) which
satisfies the following properties:

(i) (R;+)is a commutative semihypergroup

(i) (R;*) is a semihypergroup

(iii) Multiplication is distributive with respect to hyperop-
eration + that is X-(Yy+Z)=X-y+X-Z ,
(X+y)-z=Xx-2+Yy-2Z

(iv) 0-Xx=0=X-0 forall XeR.

A semihyperring (R;+;)is called commutative if and on-
lyifa-b=Db-a forall a,beR.
Vougiouklis in [18] and Davvaz in [6] studied the notion

of semihyperrings in a general form, i.e., both the sum and
product are hyperoperations.

A semihyperring (R;+;-) with identity 1 € R means
that 1 - X=X-15 =X forallX € R.
An element X € R is called unit
Yy € Rsuchthat Iz =X-y=Yy-X.

A nonempty subset S of a semihyperring (R;+;:) is

if there exists

called a sub-semihyperring if a+b c Sand a-bc S
for all 8,0 €S . A left hyperideal of a semihyperring R

is a non-empty subset | of R satisfying

(i) If a,belthena+bcl

(i) fael and Se€ Rthen s-ac |

i) I = R.
A right hyperideal of R is defined in an analogous manner
and an hyperideal of R is a nonempty subset which is both

a left hyperideal and a right hyperideal of R .
For more results on semihyperrings and neutrosophic sets
we refer to [6, 10] and [14] respectively.

3. Main Results

Definition 3.1. [14] A neutrosophic set A on the uni-
verse of discourse X is defined as

A={<x: AT(x), A (x), AF(X) >, x € X}
AT A AT X STo"

where

and

T0< AT(X)+ A'(X)+ AT (X) < 3" . From philosoph-
ical point of view, the neutrosophic set takes the value
from real standard or non-standard subsets of ~ ]0,1[ . But

in real life application in scientific and engineering prob-
lems it is difficult to use neutrosophic set with value from

real standard or non-standard subset of ~ ]0,1[ . Hence we

consider the neutrosophic set which takes the value from
the subset of [0, 1].

Throughout this section unless otherwise mentioned R
denotes a semihyperring.

Definition 3.2. Let 2= (u', ', 11" )be a non empty
neutrosophic subset of a semihyperring R (i.e. anyone of
1 (X), ' (X)or 1" (X)not equal to zero for some
X € R).Then u is called a neutrosophic left hyperideal
of R if

() inf " (z)2min{u’ (x), 4" (¥)},

zex+y

M)+ (y)
2 9

(iii) sup u" (2) <max{u" (X), 1" (Y)},

zex+y

() inf 4" (2) = 1 (),

Gy inf u'(z)=
zex+y

) inf 4! (2) = 4 (y),
(vi) sup " (2) < " (y).

zexy

forall X,y € R.
Similarly we can define neutrosophic right hyperideal of

R.

Example 3.3. Let R ={0,a,b,C} be a set with the hy-

peroperation @ and the multiplication ® defined as fol-
lows:

@ 0 a b c

0 0 a b c

a a {a,b} b c

b b b {0,b} c

[ C C C {0.c}
and

° 0 a b C

0 0 0 0 0

a 0 a a a

b 0 a b C
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c [0 | a [ c | c
Then (R,,®) is a semihyperring.
Define  neutrosophic  subset 4 of R by

1(0)=(1,0.60.1) , u@)=(0.7,04,03)
1(b) =(0.8,0.5,0.2) z(c)=(0.6,0.2,0.4). Then u
is a neutrosophic left hyperideal of R .

Theorem 3.4. A neutrosophic set £ of R is a neutro-
sophic left hyperideal of R if and only if any level subsets

wo={xeR:u" (x)=t,t [0.1]} ,
u ={xeR:u' (x)>t,tel0.1]}
s ={xeR:u" (X)<t,t €[0.1]} are left hyperide-
alsof R.

and

Proof. Assume that the neutrosophic set 4 of R is a neu-
trosophic left hyperideal of R .

Then anyone of ,uT , ,u' or ,uF is not equal to zero for
some X € Ri.e., in other words anyone of ,utT , ,utl or
My ¥ is not empty for some t € [0,1]. So, it is sufficient to
consider that all of them are not empty.

Suppose X, Y € y, = (,UtT a,UtI aﬂtF)and S € R.Then
inf g (2) 2min{u" (X), 4" (y)} = min{t,t} =t

zex+y
I |
zZex+y 2 2
sup 4" (z) < max{u" (X), 4" (y)} < max{t,t} =t
zex+y

which implies X+ Y C g, o4, 244, ie.X+Y C p,.
Also

inf 4" (2) 2 u" () 2t,

ZeSX

inf 4! (2)2 ' (0 2,
sup(2) < pt (X) <t,

ZesX

Hence SX C 4.
Therefore /4, is a left hyperideal of R .

Conversely, suppose 4, (# @) is a left hyperideal of R . If
possible g is not a neutrosophic left hyperideal. Then for
X, Y € R anyone of the following inequality is true.

inf p7(2) <min{u” (0,47 ()}

Zex+y 2

sup 4" (2) > max{u" (x), u" (y)}

zex+y

For the first inequality, choose

=2 inf 7 () min{a” (%) 47 (Y)}]. Then

2 Tzex+

ZeX+

inf 4" () <t,<min{ " (X), " (Y)} which implies
y

X,y e ytTl but X+Yy¢ ytTl - a contradiction.

For the second inequality, choose

= Linf 4! @)+mina! (0,4 (D] Then

2 “zex+
ziiify u' (2)<t, < M which  implies
X,y e ,utl2 but X+Yy¢g ,utl2 - a contradiction.

For the third inequality, choose
t, = %[i‘if’y 4 (2)+ max{® (X), 1" (Y)}]. Then

sup " (2) >t,> max{u (x), 4" (y)} which im-

zex+y
plies X,Vy € ,utf but X+Yy¢& ,u: - a contradiction.

So, in any case we have a contradiction to the fact that
M, is a left hyperideal of R .

Hence the result follows.

Definition 3.5. Let 4 and v be two neutrosophic subsets
of R. The intersection of 4 andis V defined by

(" v )(X) =min{ z" (X),v" (X)}
(1" v )(X) = min{ ' (x),v" (X)}
(1" A vFH(0) = max{u”" (X),v" ()}
forall X e R.

Proposition 3.6. Intersection of a nonempty collection of
neutrosophic left hyperideals is a neutrosophic left hyper-

ideal of R .

Proof. Let {#4 :1 € |} be a non-empty family of neutro-
sophic left hyperideals of R and X,y €R . Then

inf (N )(2)

zex+y iel

= inf inf 4 (2)

zex+y el
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> inf {min{ 1] (). 1] (Y)}}
= min{inf 4 (X),inf 4 (¥)}
= min{ 4] (), 447 (V)}

inf (N 4! )(2)

zex+y el

= inf inf ' (2)

zex+y el
lelg £ (X );,Uil(Y)
lﬂlf /JiI (X)+ I.Ig ;Uil (y)
- 2
Qﬂil (X)+ Q;Uil y)
2

SUP(leA )(2)

zex+y

= sup sup uf (2)

zex+y iel

<sup{max{s (X), 1 (Y)}}

iel

= max {sup z; (X),sup s (Y)}

iel iel

= maX{QI ,UiF (X), Q ;UiF (Y)}

inf (N 4 )(2)

zesx el

=inf inf 2 (2)

2 llnf (%)
=0 (%)
y&Qqﬂ.XZ)

=inf inf 1 (2)

zesx el

> inf 41! (%)

=0 2 (X)

sup(N 44 )(2)

ZesX

= supsup 4; (2)

zesx el

<sup g (X) = f\ﬁa (X)

iel

Hence ﬁl M, is a neutrosophic left hyperideal of R .
le

Definition 3.7. Let R , S be semihyperrings and
f : R — Sbe a function. Then f is said to be a homo-

morphism if for all a,b € R
(Hf(a+b)c f(a)+ f(b)
(i) f(ab) = f(a)f(b)
(iii) £ (05) = 05

where O and Og are the zeros of R and S respectively.

Proposition 3.8. Let f : R — S be a morphism of
semihyperrings. Then

(i) If ¢ is a neutrosophic left hyperideal of S , then
f 7' (#) [13] is a neutrosophic left hyperideal of R .

(ii) If T is surjective morphism and g is a neutronsophic
left hyperideal of R, then f () [13] is a neutrosophic
left hyperideal of S .

Proof. Let f : R — S be a morphism of semihyperrings.
Let ¢ be a neutrosophic left hyperideal of S and
r,seR.

inf 7(4")2)
=mfw(un)

Zer+s

= ¢" (f(2))

f(z)cf(r)+f(s)
>min{g" (f(r)),¢" (f(s))}
=min{ f ' (¢" )(N), T 7 (¢ )(S)}.

inf (4" )2)
=ggw(un)
= ¢ (1(2))

f(z)cf (r)+f(s)
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NAUWETAO)
2
_ @O0+ @)
2

sup f ' (¢7)(2)

Zer+s

= sup ¢" (f(2))

Zer+s

= sup ¢ (f(2)

f(2)cf(r)+f(s)
<max{g" (f(r),¢" (f(s))}
< max{f " (g7)(r), f (" )s)}.

Again

inf £~ (4" )(2)

JASIS)

=inf ¢T(f(z))

Zers

= ' (f(2)

f(z)cf(r)f(s)

>¢"(f(s)=T"(¢")s).

inf f'(¢')(2)

Zers

=inf¢'(f(2))

Zers

= ¢' (f(2)

f(z)cf (r)f(s)

24" (f(s) =17 (4')s).
sup (4" )(2)

Zers

=supg" (f(2))

Z€ers

= sup ¢ (f(2)

f(D=t(rf(s)

<gT(f(s) =T (8" )s).

Thus f ' (@) is a neutrosophic left hyperideal of R .
(i) Suppose 4 be a neutrosophic left hyperideal of R and

X', y' € S . Then

_inf .(f(ﬂT ()

= inf sup "(2)

ZEX+y zef™ (Z)

= inf sup u' (2)

ZeX+Y xef (X )yef ' (y)

> sup  {min{u’(X), 4 (Y)}}

xef1(x)yef(y)

=min{ sup 4’ (X), sup u'(y)}

xef 1(x) yef™'(y)
= min{( f (" )OO, (fF (Y}
nf ‘(f(ﬂ'))(Z')
= inf sup Y7, (Z)
Zex+y 2ef71(2)

= inf sup u'(2)

ZeX+Y xet 1 (x),yef 7 (y)

S sup KO+ (Y)

xef1(x),yef (y) 2

=l[ sup u' (X)+ sup ' (Y)]

2 xeti(x) yef(y)
:%[(f(,u' N+ (F e NI
sup (f(u")(2)

Zex'+y
Zex+y 2€f7 (@)

< sup nf 4" (2)
Z,EX,W, xef 0yt (y)

< {max{u" (x), u" (Y)}}

xef~ (x)yf "(y)
=max{ inf (X) lnf ,u F(y)}

xef™ (x)
= max {( f (&")(X ),(f(ﬂ ))(y )}
Again
inf (f(u" )
= inf sup u'(2)
ZEXY zet7Y(7)

= s 4'(2)

xef1(x),yef ' (y)

> sup p(y)=(F(u)NY).

yef'(y)
inf ()@

= inf sup u'(2)

ZEXY 7ef71(2)
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= sup x4 (2)

xef1(x),yefI(y)

> sup p'(y)=(F(uNY).

yef'(y)
sup (f(u")(2)

z'exy
inf " (2)

= Sup )
czefN(Z)

Zexy

< inf 4
xef 1(x),yef 1(y)

< yjff!ﬁ,)”F (¥)=(fF (e NY)

Thus f () is a neutrosophic left hyperideal of S .

Definition 3.9. Let i and v be two neutrosophic sub-

sets of R. Then the Cartesian product of 4 and V is de-
fined by

(" xvT)(x,y) =min{ " (X),v" (y)}
1 )+v'(y)

2
(" xv)(xy) =max{u’ (x),v" (V)}
forall X,y € R.

(1" xv')(xy) =

Theorem 3.10. Let & and V be two neutrosophic left
hyperideals of R . Then g XV is a neutrosophic left hy-
perideal of Rx R.

Proof. Let (X;,X,), (¥;,Y,) € RxR.Then
(1" xv')(z,,2,)

(1" xv')(z,,2,)
W' (2).v'(2,)}

n
(21,23)e(X,%)+(Y1,Y2)
= inf

(X +Y1).2,€(X+Y3)
= inf min
(X +Y1),22€(X+Y2)

> min{min{ 2" (x,), &' (y,)},min{v" (x,),v" (y,)}}

=min{min{ 2" (x,),v" (X,)},min{z" (y,),v" (y,)}}
= min{(yT xv' )X Xz)a(/uT xv' Y Y2)4-

(/JI XVI)(Zl’Zz)

(21,27)e(X,%)+(Y1,Y2)
: | |
=t (W' xv')zz)

(X +Y1),2,€(X+Y3)

_ inf ﬂ|(21)+V|(22)
1 e(X Y1), 2,6(X+Y3) 2

Zl[ﬂl (X1)+,UI (y,) + VI(X2)+V| (¥>)
2 2 2

=l[/v‘| ()(1)""’I (X,) + lul (y1)+vl (y,)
2 2 2

]

]

:%[(ﬂ' v (X, %) + (! v (Y, Ya)]

sup (/UF va)(ZDZ2)

(21,25)€(X), %) +(Y1,Y2)

= sup
ziE(X Y1), 2,€(X+Y5)

F F
(1™ xv)z,2,)
F F
= supmax  {u (2)),v (Z,)}
Zi (X +Y) ), Zr€(Xy+Y5)

< max {max{ " (X)), " (y,)},max{v" (x,),v"(y,)}}
= max {max{z" (X,),v" (X,)},max{u" (y),v" (¥,)}}
= max{(/UF XVF)(XI,Xz),(/uF XVF)(yU Y,)5-

inf T v )z .72
(Zl,Zz)e(xl,xz)(y],yz)(ﬂ )( 12 2)
. T T
= inf  (u xv )z,,Z,)
2,€X,Y1,22€%, Y
. . T T

21 €X1Y],Z,€X, Y,

2 rnin{;uT (yl )aVT (yz)} = (ﬂT XVT )(yls yz)

inf 'xv'Y)(z,,12
(Zlazz)e(xnxz)(YI:)’z)(ﬂ )( 1’ 2)

(,UI XVI)(ZpZz)

u'(z)+v'(z,)

= inf

21€X1Y1,23€X, Y,

= inf
21€X1Y1,22€XY, 2
| +V|
ZILI (y1)2 (y2)=(/1| le)(yl,yz).
sup  (u" xvT)(z,,2,)

(21,25)e(%, %) (Y1, Y2)
F F
= sup (4 xv )Z,,Z,)
LIEXY1,Z2€X, Y,
F F
= supmax {u (z,),v (z,)}

Z1€XY1,2,€X Y
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<max{u" (y),vF (v, =" xvi)y,.Y,).

Hence 4 XV is a neutrosophic left hyperideal of Rx R.

Definition 3.11. Let ¢ and v be two neutrosophic sets

of a semiring R . Define composition of £z and v by
T T . T T
(" 0v)() = sup min{ " (@,),v" (b))}}
Xei a;b;
i=1
= ( if X cannot be expressed as above

(' ov')(X) = sup iﬂ @)+v (b)
Xezn:aibi i=1 2n

=0 if X cannot be expressed as above

(u"ov™)(2) = inf{max{u" (a),v" (b)}}
XGgaibi

= ( if X cannot be expressed as above

where X,8;,b, €RR for i =1,...,n.

Theorem 3.12. If i and Vv be two neutrosophic left hy-
perideals of , R then oV is a neutrosophic left hyper-

ideal of R .

Proof. Suppose 4,V be two neutrosophic hyperideals of
n

R and X,yeR . If X+y ¢ Zaibi for
i=1

a;, bi € R, then there is nothing to proof. So, assume that

n
X+y eZaibi for a;,b; € R,. Then
i=1

inf (u"ov')(2)

ZEX+Y
= inf sup{min{" (@).v" (0)}}

n
x+yez ajb;
i=1

> supfmin {x" (¢,).v" (dy), 1" (&).v" (T)}}

n n
Xezcidi,yEZEi f;
i=1 i=1

= min{sup {min {" (¢,),v" (d,)}}.
XEicidir
sup {min (' ()T (f)}}
VEiZ;:ei fi
=min{(x" ov' )(X),(u" ov" )(y)}

inf (u'ov')(2)

zex+y
Nl I
zex+y Hyezn:aibi = 2n
Nl I I I
> sup Zﬂ (C)+v (d)+u (e)+v (f)

n n i 4n
XEZCidi,yeZei f; =l
i=1 i=1

>0 sup Zn:ﬂl(ci)wl(d‘),

20 i-1 2n

Xezlcidm
sup YO,
yegei fii =l
_(u'ovH(0+(u'ov' )(y)
2

sup (1" ov")(2)
zZex+y
= sup inf{max {x" (a;),v" (b)}}

Zex+y X+yegaibi

< inf{max  {u"(c).v"(d). 4" (&) (f)})
Xeg c;d; ,yeiZZ]:ei fi
= max {inf{max {z" (¢,),v" (d)}}

Xezi:cidi_

inf{max{z" (¢).v" (f)}}}

yeiZi]:eifi
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=max{(u"ov")(X),(u"ov")(Y)}

gaxfy(ﬂTovT)(Z)

=inf supmin {4 (@).v" (b))} }
xyeiaibi

> sup {min { z" (xe;),v" (f))}}

n
zexyez xe; fi

> sup {miin{,uT e).v' (f)1}
yegei fi
= ov' )(y)

iznxfy(ﬂ'OV' )(2)

—inf sup Zn:ﬂl(ai)"“/l(bi)

zexy n — 2N
xyeZaibi =l
i=1

> sup Z”:,ul(xei)z:]-vl(fi)

n
ZEXVEZ xe; f;

i=1

n I I
> sup Zﬂ (&)+v (fi)]
YE_aneifi:i =l 2n

=(u'ov'X(y)

sup(u"ov")(2)

Z:EXsyupinf{maX{,uF (a)v"(b)}}
= xyeizn]:;ibi

< inf{m_axi{yF (xe;)), v (f)}}
xyegxeli f

<inf{max{u" (&).v" (f)}}}

=(u ov")(Y).

Hence {oOV is a neutrosophic left hyperideal of R .

Conclusion

This is the introductory paper on neutrosophic hyperideals
of semihyperrings in the sense of Smarandache[14]. Our
next aim to use these results to study some other properties
such prime neutrosophic hyperideal, semiprime neutro-
sophic hyperideal,neutrosophic bi-hyperideal, neutrosophic
quasi-hyperideal, radicals etc.
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