
J
H
E
P
1
0
(
2
0
1
9
)
2
6
7

Published for SISSA by Springer

Received: July 24, 2019

Accepted: October 20, 2019

Published: October 30, 2019

Constraints on the quartic Higgs self-coupling from

double-Higgs production at future hadron colliders
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1 Introduction

In the standard model (SM) of elementary particle physics, the interactions involving the

Higgs boson take the following simple form

L ⊃ |DµH|2 −
∑
f

(
yf f̄LHfR + h.c.

)
− V , V = −µ |H|2 + λ |H|4 , (1.1)

where Dµ denotes the SU(2)L × U(1)Y covariant derivative, H is the Higgs doublet,

the subscripts L,R indicate the chirality of fermionic fields and yf are the so-called

Yukawa couplings.

An obvious question that one may ask concerning (1.1) is: what is presently known

about the interactions of the Higgs boson? The ATLAS and CMS combination of the

LHC Run-I Higgs measurements [1] imply that the gauge-Higgs interactions, which are

encoded by |DµH|2, agree with the SM predictions at the level of 10%. The Yukawa

interactions yf f̄LHfR+h.c., on the other hand, have been tested with this accuracy only in

the case of the tau lepton, while the constraints on the top and bottom Yukawa couplings

just reach the 20% level. Apart from the muon Yukawa coupling, which is marginally

constrained by the existing LHC data, first and second generation Yukawa couplings are

not directly probed at present. In the case of the Higgs potential V , the vacuum expectation

value (VEV) of H is known since the discovery of the W and Z bosons, while the LHC

discovery of a scalar with a mass of around 125 GeV tells us about the second derivative of

V around its VEV, because this quantity determines the Higgs mass. The h3 and h4 Higgs

self-interactions that result from (1.1) are in contrast essentially untested at the moment.

Given our limited knowledge of the properties of the discovered 125 GeV resonance,

constraining or measuring as many of its so far poorly known or unknown couplings will
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Figure 1. Left: total production cross section for pp→ h (red), pp→ hh (blue) and pp→ hhh (yel-

low) as a function of
√
s. Right: dependence of the cross section ratio σ(pp → h)/σ(pp → hh)

(green) and σ(pp → hh)/σ(pp → hhh) (purple) on the collider CM energy. The shown predic-

tions are based on the state-of-the-art SM calculations of single-Higgs [2–4], double-Higgs [5–8] and

triple-Higgs [9] production.

be an important part of any future high-energy programme. In the case of the Higgs self-

couplings the most obvious way to get access to the cubic and quartic interactions consists

in searching for multi-Higgs production. Unfortunately, all multi-Higgs production rates

are quite small in the SM, as can be seen from figure 1, making already LHC measurements

of double-Higgs production a formidable task. As a result, at best O(1) determinations

of the cubic Higgs self-coupling seem to be possible at the LHC (cf. for instance [10–16]).

Significantly improved prospects in extracting the h3 coupling would be offered by a high-

energy upgrade of the LHC (HE-LHC) to 27 TeV [17] or a future circular collider (FCC-

pp) operating at a centre-of-mass (CM) energy of 100 TeV [4, 11, 18–22]. A 100 TeV pp

machine, in particular, may ultimately allow one to determine the cubic Higgs self-coupling

with a statistical precision of the order of a few percent. Even a 100 TeV FCC-pp collider

is, however, not powerful enough to determine the SM triple-Higgs production rate to an

accuracy better than just order one [4, 20, 23–27]. The resulting bounds on the quartic

Higgs self-coupling turn out to be weak, in general allowing for O(10) modifications of the

h4 vertex with respect to the SM prediction.

Motivated by the above observations, we apply in this work the general idea of testing

the h3 interaction indirectly [15, 28–37, 39, 40] to the case of the h4 vertex. Specifically,

we consider the constraints on the quartic Higgs self-coupling that future precision mea-

surements of double-Higgs production in gluon-fusion may provide. In order to determine

the dependence of the gg → hh distributions on the value of the h4 coupling, we cal-

culate the relevant electroweak (EW) two-loop amplitudes and combine them with the

exact O(α2
s) matrix elements [5–7]. This allows us to predict the cross section and vari-

ous distributions for double-Higgs production at the next-to-leading order (NLO) in QCD,
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including arbitrary modifications of the cubic and quartic Higgs self-couplings. We then

perform an exploratory study of the synergy and complementarity of double-Higgs and

triple-Higgs production in constraining the h3 and h4 interactions, considering both the

HE-LHC and a FCC-pp machine as an example. A similar analysis has very recently also

been performed in [39]. For completeness, we add that the indirect constraints on the

quartic Higgs self-coupling that high-energy e+e− machines may be able to set have been

studied in [36, 37]. In these articles it has been shown that future lepton colliders can in

general only provide coarse bounds on possible modifications of the h4 vertex, if one makes

no assumption about how ultraviolet (UV) physics alters the cubic and quartic Higgs self-

interactions. We will compare our limits to those obtained in the publications [36, 37, 39].

This article is structured as follows. In section 2 we introduce our parameterisation of

the Higgs potential and discuss how the coefficients entering it are related to the Wilson

coefficients of two higher-dimensional operators of the SM effective field theory (SMEFT).

The calculation of the two-loop corrections to the gg → hh scattering amplitude result-

ing from a modified quartic Higgs self-coupling is described in section 3. In section 4 we

determine the hypothetical reach of a 27 TeV HE-LHC and a 100 TeV FCC-pp in con-

straining the cubic and quartic Higgs self-couplings by measurements of double-Higgs and

triple-Higgs production in gluon-fusion. section 5 contains our conclusions.

2 Preliminaries

After EW symmetry breaking, the cubic and quartic self-interactions of the Higgs field h

can be parameterised in a model-independent fashion by

V ⊃ κ3λvh
3 + κ4

λ

4
h4 . (2.1)

Here λ = m2
h/(2v

2) with mh ' 125 GeV the Higgs-boson mass and v ' 246 GeV the EW

VEV. Notice that the normalisation of the terms in (2.1) has been chosen such that within

the SM one has κ3 = κ4 = 1.

In the presence of physics beyond the SM (BSM) the coefficients κ3 and κ4 will in

general deviate from 1. As an illustrative example, let us consider the following two terms

LSMEFT ⊃ O6 +O8 = −λ c̄6

v2
|H|6 − λ c̄8

v4
|H|8 , (2.2)

in the SMEFT. In such a case the parameters κ3 and κ4 are related at tree level to the

Wilson coefficients c̄6 and c̄8 via

κ3 = 1 + ∆κ3 = 1 + c̄6 + 2 c̄8 , κ4 = 1 + ∆κ4 = 1 + 6 c̄6 + 16 c̄8 . (2.3)

The relations (2.3) imply that if the dimension-six operator O6 represents the only nu-

merically relevant modification in the SMEFT, the shifts in the cubic and quartic Higgs

self-couplings are strongly correlated as they obey ∆κ4 = 6∆κ3. This correlation is, how-

ever, broken by the dimension-eight contribution O8, if this operator receives a non-zero

Wilson coefficient. Notice that the initial conditions of the Wilson coefficients c̄6 and c̄8 can
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be found in any UV complete BSM model by a suitable matching calculation. If the new

interactions that lead to O6 and O8 are weakly coupled and the new-physics scale Λ is in

the TeV range, one expects on general grounds that the dimension-eight and dimension-six

contributions have the following hierarchy c̄8/c̄6 = O(v2/Λ2) � 1. The Wilson coeffi-

cients c̄8 and c̄6 can however be of the same order of magnitude if the underlying UV

theory is strongly coupled or the new-physics scale Λ is at (or not far above) the EW scale.

To achieve the inverted hierarchy c̄8/c̄6 � 1 the new particles that give rise to (2.2) have

to have masses of O(v) and have to have interactions with the Higgs doublet H that are

strong — SM extensions with colourless SU(2) quadruplets Θ [38] can for instance lead

to such an inverted hierarchy if the quadruplet is sufficiently light and the Higgs portal

coupling |Θ|2 |H|2 is sufficiently large.

In our work we choose to be agnostic about how UV dynamics modifies the Higgs

self-interactions, and hence make no assumption about the actual size of c̄6 and c̄8. In

this case, the cubic and quartic Higgs self-couplings can deviate independently from the

SM predictions. The important point is now that even if ∆κ3 and ∆κ4 are treated as

free parameters, quantum processes such as gg → h or loop corrections to e+e− → hhZ

can still be calculated consistently as long as the SMEFT is used to perform the computa-

tions (see [28–33, 36, 37, 39, 40] for non-trivial one-loop and two-loop examples and further

explanations). Since modifications in the cubic and quartic Higgs self-coupling are most

commonly parametrised by ∆κ3 and ∆κ4, we will also use this parameterisation in what

follows. We however emphasise that constraints on the latter parameters can always be

translated into bounds on the Wilson coefficients c̄6 and c̄8 by means of (2.3).

3 Calculation

The scattering amplitude describing the process g(p1) + g(p2) → h(p3) + h(p4) can be

written as

A (gg → hh) = δa1a2 εµ1 (p1) εν2(p2) Aµν , (3.1)

where a1 and a2 denote colour indices while εµ1 (p1) and εν2(p2) are the polarisation vectors

of the two initial-state gluons. Using Lorentz symmetry, parity conservation and gauge

invariance, one can show that the amplitude tensor Aµν that appears in (3.1) can be

expressed in terms of two form factors as follows

Aµν =

2∑
m=1

Tmµν Fm , (3.2)

where [41]

T1µν = ηµν −
p1 ν p2µ

p1 · p2
,

T2µν = ηµν +
1

p2
T (p1 · p2)

(
m2
h p1 ν p2µ − 2 (p1 · p3) p2µ p3 ν

−2 (p2 · p3) p1 ν p3µ + 2 (p1 · p2) p3µ p3 ν ) ,

(3.3)
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g
<latexit sha1_base64="6CZoLmchak7PeUGdbOiCR035cyo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCp7DrJR6DXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKtf4Xd48+anOHkcNLGgoajqprsrSATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+WdGSfoR3QgecgZNVaqD3rFklt2ZyCrxFuQUvX0o/4NALVe8bPbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHUsljVD72ezQCTm3Sp+EsbIlDZmpvycyGmk9jgLbGVEz1MveVPzP66QmvPIzLpPUoGTzRWEqiInJ9GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LsueWvbpN4xrmyMMJnMEFeFCBKtxCDRrAAOERnuHFuXeenFfnbd6acxYzx/AHzvsP2y+PLA==</latexit><latexit sha1_base64="QYiVIz1HWeqSAcfYlxshn5OrYrE=">AAAB6HicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmAckS5iddJIxs7PLzKwQlhw9efGgiFe/It/hzW/wJ5w8DppY0FBUddPdFcSCa+O6X05mZXVtfSO7mdva3tndy+8f1HSUKIZVFolINQKqUXCJVcONwEaskIaBwHowuJn49QdUmkfyzgxj9EPak7zLGTVWqvTa+YJbdKcgy8Sbk0LpeFz5fjwZl9v5z1YnYkmI0jBBtW56bmz8lCrDmcBRrpVojCkb0B42LZU0RO2n00NH5MwqHdKNlC1pyFT9PZHSUOthGNjOkJq+XvQm4n9eMzHdKz/lMk4MSjZb1E0EMRGZfE06XCEzYmgJZYrbWwnrU0WZsdnkbAje4svLpHZR9NyiV7FpXMMMWTiCUzgHDy6hBLdQhiowQHiCF3h17p1n5815n7VmnPnMIfyB8/EDuXSQkg==</latexit><latexit sha1_base64="QYiVIz1HWeqSAcfYlxshn5OrYrE=">AAAB6HicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmAckS5iddJIxs7PLzKwQlhw9efGgiFe/It/hzW/wJ5w8DppY0FBUddPdFcSCa+O6X05mZXVtfSO7mdva3tndy+8f1HSUKIZVFolINQKqUXCJVcONwEaskIaBwHowuJn49QdUmkfyzgxj9EPak7zLGTVWqvTa+YJbdKcgy8Sbk0LpeFz5fjwZl9v5z1YnYkmI0jBBtW56bmz8lCrDmcBRrpVojCkb0B42LZU0RO2n00NH5MwqHdKNlC1pyFT9PZHSUOthGNjOkJq+XvQm4n9eMzHdKz/lMk4MSjZb1E0EMRGZfE06XCEzYmgJZYrbWwnrU0WZsdnkbAje4svLpHZR9NyiV7FpXMMMWTiCUzgHDy6hBLdQhiowQHiCF3h17p1n5815n7VmnPnMIfyB8/EDuXSQkg==</latexit><latexit sha1_base64="/PJ7Z1iFzXuG81L8a5C962ANKKY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVao0G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPLNYzn</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
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Figure 2. Prototypes of two-loop Feynman diagrams with an insertion of an effective quartic Higgs

self-coupling (black square) that contribute to the process gg → hh.

with ηµν = diag (1,−1,−1,−1) the Minkowski metric and pT denoting the Higgs transverse

momentum. In terms of the partonic Mandelstam variables

ŝ = (p1 + p2)2 , t̂ = (p1 − p3)2 , û = (p2 − p3)2 , (3.4)

one can write

p2
T =

t̂ û−m4
h

ŝ
. (3.5)

Notice furthermore that p2
1 = p2

2 = 0 while p2
3 = p2

4 = m2
h and that the Mandelstam

variables fulfill the relation ŝ+ t̂+ û = 2m2
h.

The form factors entering (3.2) are most conveniently extracted by using a projection

procedure. The appropriate projectors read (see [5] for example)

Pµν1 =
1

4 (d− 3)
[ (d− 2)Tµν1 − (d− 4)Tµν2 ] ,

Pµν2 =
1

4 (d− 3)
[− (d− 4)Tµν1 + (d− 2)Tµν2 ] ,

(3.6)

where d = 4− 2ε denotes the number of space-time dimensions.

After applying the projectors (3.6) each of the two gg → hh form factors can be

calculated separately. Since the form factors are independent of the external polarisation

vectors, all the standard techniques employed in multi-loop computations can be applied.

In practice, we proceed in the following way. We generate the relevant two-loop Feynman

diagrams with FeynArts [42]. Representative examples of two-loop graphs are shown in

figure 2. The projection onto form factors as well as the colour and Dirac algebra is

performed with the help of FORM [43]. The resulting two-loop integrals are then evaluated

numerically using the pySecDec [44–46] package. Including all two-loop diagrams leads to

UV-finite results for the form factors, and we have checked that the double and single 1/ε

poles cancel to a relative accuracy of at least a permyriad for all calculated phase-space

points. Since in addition the quartic Higgs self-coupling does not result in a finite one-

loop correction of the Higgs wave function, it follows that the calculation of the O(κ4)

contributions to the gg → hh form factors arising from the Feynman diagrams depicted in

figure 2 does not require renormalisation.

As a further check of our numerical results, we have performed a systematic expansion

of the two-loop form factors in the limit m2
t � m2

h, ŝ, t̂, û by employing the method of

asymptotic expansions (see [47] for a review and [40] an application in a similar context).
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Figure 3. Real part (left panel) and imaginary part (right panel) of the function f(ŝ) (upper row),

g(ŝ) (middle row) and h(ŝ) (lower row) as introduced in (3.7), (3.9) and (3.11), respectively.

Our analytic calculation made use of MATAD [48], LiteRed [49], the tensor reduction proce-

dures described in [50–52] and the results of massive two-loop vacuum integrals first given

in [53]. The agreement of the final results in the limit ŝ < m2
t between the two approaches

serves as a non-trivial cross-check of our numerical computations.
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<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

h
<latexit sha1_base64="jNqYi08GCeCvVOz3ywaQcq0Duug=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZt0C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fPACOtQ==</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="wd0aV0ZPYYeteM36VqpGLZ5Rv5w=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa40G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPMuYzo</latexit>

h
<latexit sha1_base64="jNqYi08GCeCvVOz3ywaQcq0Duug=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZt0C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fPACOtQ==</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="wd0aV0ZPYYeteM36VqpGLZ5Rv5w=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa40G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPMuYzo</latexit>

h
<latexit sha1_base64="jNqYi08GCeCvVOz3ywaQcq0Duug=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZt0C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fPACOtQ==</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="wd0aV0ZPYYeteM36VqpGLZ5Rv5w=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa40G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPMuYzo</latexit>h

<latexit sha1_base64="jNqYi08GCeCvVOz3ywaQcq0Duug=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZt0C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fPACOtQ==</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="wd0aV0ZPYYeteM36VqpGLZ5Rv5w=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa40G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPMuYzo</latexit>

h
<latexit sha1_base64="jNqYi08GCeCvVOz3ywaQcq0Duug=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZt0C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fPACOtQ==</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="LguE+t2zqpZt5A8BqRFiO0jC+HQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV6XfyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8tj5Ap</latexit><latexit sha1_base64="wd0aV0ZPYYeteM36VqpGLZ5Rv5w=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa40G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPMuYzo</latexit>

g
<latexit sha1_base64="6CZoLmchak7PeUGdbOiCR035cyo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCp7DrJR6DXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKtf4Xd48+anOHkcNLGgoajqprsrSATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+WdGSfoR3QgecgZNVaqD3rFklt2ZyCrxFuQUvX0o/4NALVe8bPbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHUsljVD72ezQCTm3Sp+EsbIlDZmpvycyGmk9jgLbGVEz1MveVPzP66QmvPIzLpPUoGTzRWEqiInJ9GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LsueWvbpN4xrmyMMJnMEFeFCBKtxCDRrAAOERnuHFuXeenFfnbd6acxYzx/AHzvsP2y+PLA==</latexit><latexit sha1_base64="QYiVIz1HWeqSAcfYlxshn5OrYrE=">AAAB6HicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmAckS5iddJIxs7PLzKwQlhw9efGgiFe/It/hzW/wJ5w8DppY0FBUddPdFcSCa+O6X05mZXVtfSO7mdva3tndy+8f1HSUKIZVFolINQKqUXCJVcONwEaskIaBwHowuJn49QdUmkfyzgxj9EPak7zLGTVWqvTa+YJbdKcgy8Sbk0LpeFz5fjwZl9v5z1YnYkmI0jBBtW56bmz8lCrDmcBRrpVojCkb0B42LZU0RO2n00NH5MwqHdKNlC1pyFT9PZHSUOthGNjOkJq+XvQm4n9eMzHdKz/lMk4MSjZb1E0EMRGZfE06XCEzYmgJZYrbWwnrU0WZsdnkbAje4svLpHZR9NyiV7FpXMMMWTiCUzgHDy6hBLdQhiowQHiCF3h17p1n5815n7VmnPnMIfyB8/EDuXSQkg==</latexit><latexit sha1_base64="QYiVIz1HWeqSAcfYlxshn5OrYrE=">AAAB6HicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmAckS5iddJIxs7PLzKwQlhw9efGgiFe/It/hzW/wJ5w8DppY0FBUddPdFcSCa+O6X05mZXVtfSO7mdva3tndy+8f1HSUKIZVFolINQKqUXCJVcONwEaskIaBwHowuJn49QdUmkfyzgxj9EPak7zLGTVWqvTa+YJbdKcgy8Sbk0LpeFz5fjwZl9v5z1YnYkmI0jBBtW56bmz8lCrDmcBRrpVojCkb0B42LZU0RO2n00NH5MwqHdKNlC1pyFT9PZHSUOthGNjOkJq+XvQm4n9eMzHdKz/lMk4MSjZb1E0EMRGZfE06XCEzYmgJZYrbWwnrU0WZsdnkbAje4svLpHZR9NyiV7FpXMMMWTiCUzgHDy6hBLdQhiowQHiCF3h17p1n5815n7VmnPnMIfyB8/EDuXSQkg==</latexit><latexit sha1_base64="/PJ7Z1iFzXuG81L8a5C962ANKKY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVao0G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPLNYzn</latexit>

g
<latexit sha1_base64="6CZoLmchak7PeUGdbOiCR035cyo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCp7DrJR6DXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKtf4Xd48+anOHkcNLGgoajqprsrSATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+WdGSfoR3QgecgZNVaqD3rFklt2ZyCrxFuQUvX0o/4NALVe8bPbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHUsljVD72ezQCTm3Sp+EsbIlDZmpvycyGmk9jgLbGVEz1MveVPzP66QmvPIzLpPUoGTzRWEqiInJ9GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LsueWvbpN4xrmyMMJnMEFeFCBKtxCDRrAAOERnuHFuXeenFfnbd6acxYzx/AHzvsP2y+PLA==</latexit><latexit sha1_base64="QYiVIz1HWeqSAcfYlxshn5OrYrE=">AAAB6HicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmAckS5iddJIxs7PLzKwQlhw9efGgiFe/It/hzW/wJ5w8DppY0FBUddPdFcSCa+O6X05mZXVtfSO7mdva3tndy+8f1HSUKIZVFolINQKqUXCJVcONwEaskIaBwHowuJn49QdUmkfyzgxj9EPak7zLGTVWqvTa+YJbdKcgy8Sbk0LpeFz5fjwZl9v5z1YnYkmI0jBBtW56bmz8lCrDmcBRrpVojCkb0B42LZU0RO2n00NH5MwqHdKNlC1pyFT9PZHSUOthGNjOkJq+XvQm4n9eMzHdKz/lMk4MSjZb1E0EMRGZfE06XCEzYmgJZYrbWwnrU0WZsdnkbAje4svLpHZR9NyiV7FpXMMMWTiCUzgHDy6hBLdQhiowQHiCF3h17p1n5815n7VmnPnMIfyB8/EDuXSQkg==</latexit><latexit sha1_base64="QYiVIz1HWeqSAcfYlxshn5OrYrE=">AAAB6HicbVDLSgNBEOyNrxhfUY+KDAbBU9j1osegF48JmAckS5iddJIxs7PLzKwQlhw9efGgiFe/It/hzW/wJ5w8DppY0FBUddPdFcSCa+O6X05mZXVtfSO7mdva3tndy+8f1HSUKIZVFolINQKqUXCJVcONwEaskIaBwHowuJn49QdUmkfyzgxj9EPak7zLGTVWqvTa+YJbdKcgy8Sbk0LpeFz5fjwZl9v5z1YnYkmI0jBBtW56bmz8lCrDmcBRrpVojCkb0B42LZU0RO2n00NH5MwqHdKNlC1pyFT9PZHSUOthGNjOkJq+XvQm4n9eMzHdKz/lMk4MSjZb1E0EMRGZfE06XCEzYmgJZYrbWwnrU0WZsdnkbAje4svLpHZR9NyiV7FpXMMMWTiCUzgHDy6hBLdQhiowQHiCF3h17p1n5815n7VmnPnMIfyB8/EDuXSQkg==</latexit><latexit sha1_base64="/PJ7Z1iFzXuG81L8a5C962ANKKY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVao0G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPLNYzn</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
<latexit sha1_base64="LfjryXehj/KANgayZCLB5P6zdA0=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44WdCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOy55a9mluqXMNMeTiCYzgFD86hArdQhTow4PAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHTjCOwQ==</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="DXgNIhl4hFnwccdx6FVzAkB9s5c=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJG4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqkxTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOh7Rb/iFUpXMFUODuEITsCHMyjBDZShCgw4PMATPDt3zqPz4rxOS5ecWc8B/JHz9gM/v5A1</latexit><latexit sha1_base64="84yCtWkvOB93GhRL4GpPe8vxj/Y=">AAAB6HicbVA9TwJBEJ3DL8Qv1NLmIjGxInc2WhJtLCGRjwQuZG+Zg5W9vcvunAkh/AIbC42x9SfZ+W9c4AoFXzLJy3szmZkXplIY8rxvp7CxubW9U9wt7e0fHB6Vj09aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsd3c7/9hNqIRD3QJMUgZkMlIsEZWalB/XLFq3oLuOvEz0kFctT75a/eIOFZjIq4ZMZ0fS+lYMo0CS5xVuplBlPGx2yIXUsVi9EE08WhM/fCKgM3SrQtRe5C/T0xZbExkzi0nTGjkVn15uJ/Xjej6CaYCpVmhIovF0WZdClx51+7A6GRk5xYwrgW9laXj5hmnGw2JRuCv/ryOmldVX2v6je8Su02j6MIZ3AOl+DDNdTgHurQBA4Iz/AKb86j8+K8Ox/L1oKTz5zCHzifP97pjPQ=</latexit>

t
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Figure 4. Two-loop graph with an effective cubic and quartic (left diagram) and quintic (right

diagram) Higgs self-coupling that gives rise to gg → hh production. The effective interactions are

indicated by black squares. For further details consult the text.

Using the results of our numerical two-loop calculation, we find that the O(κ4) correc-

tions to the two gg → hh form factors that arise from the graphs shown in figure 2 can be

written as

∆Fκ41,n =
αs
4π

λκ4

(4π)2
y2
t f(ŝ) , ∆Fκ42,n = 0 . (3.7)

Here αs = g2
s/(4π) is the strong coupling constant, yt =

√
2mt/v denotes the SM top-

quark Yukawa coupling and the subscript n indicates that the above corrections arise

from non-factorisable two-loop diagrams. Two features of the expressions (3.7) are worth

emphasising. First, the correction to the spin-0 form factor F1 depends only on ŝ but not

on the other two Mandelstam variables t̂, û (or the combination p2
T introduced in (3.5)).

Second, the correction to the spin-2 form factor F2 turns out to be identical to zero.

The first feature is readily understood by noticing that the momentum routing in the

two diagrams in figure 2 can be chosen such that the external momenta only enter in the

combination p1 + p2. Due to Lorentz invariance the corresponding Feynman integrals can

thus only depend on ŝ = (p1 + p2)2 = 2p1 · p2. The vanishing of the correction ∆F2,n

to the spin-2 form factor follows for instance from the observation that the vertex h4 can

effectively be generated via the s-channel exchange of a heavy scalar S that interacts with

the Higgs boson through a term of the form Sh2. As a result the graphs in figure 2

are mathematically equivalent to the off-shell production of a heavy CP-even spin-0 state

that subsequently decays to hh. The corresponding scattering amplitude has evidently no

spin-2 component.

The real and imaginary parts of the function f(ŝ) that appears in (3.7) are depicted

in the upper row of figure 3. The shown results correspond to mh = 125 GeV and mt =

173 GeV. From the left panel one sees that the real part of f(ŝ) changes its slope at

the top-quark threshold
√
ŝ = 2mt ' 375 GeV and has a pronounced global maximum

at
√
ŝ = 2 (mh +mt) ' 600 GeV. As illustrated on the right-hand side and expected

from the optical theorem, the imaginary part of f(ŝ) instead vanishes at the threshold for

double-Higgs production, i.e.
√
ŝ = 2mh ' 250 GeV. It then decreases rapidly, developing

a distinct minimum in the vicinity of
√
ŝ ' 400 GeV. We will see in section 4.2 that

the non-trivial ŝ dependence of the real and imaginary parts of f(ŝ) leads to distortions in

the kinematic gg → hh distributions such as the invariant mass mhh of the di-Higgs system.

Additional corrections to the gg → hh form factors (3.2) that are proportional to the

self-coupling modifier κ4 arise from the two types of Feynman diagrams displayed in figure 4.
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Since the operators O6 and O8 do not generate couplings between two Higgs and two

would-be Goldstone fields only graphs with Higgs-boson exchange contribute to the class

of diagrams with a cubic and a quartic self-interaction. As a result this contribution is of

O(κ3κ4). In the case of the graphs with a quintic scalar self-coupling instead both Higgs and

would-be Goldstone loops are present, and this contribution turns out to be proportional

to O(κ4). Besides the two-loop diagrams shown in the latter figure one-loop counterterm

contributions associated to the renormalisation of the Higgs tadpole Th, its wave function

Zh and its mass mh as well as corrections associated to operator renormalisation have to be

included to obtain a gauge-invariant result. We perform the renormalisation of Th, Zh and

mh in the on-shell scheme, while the fine structure constant α is renormalised in the so-

called GF scheme (cf. [54] for a review of the renormalisation of the EW sector of the SM).

To guarantee that the Wilson coefficients or effective couplings obey the usual SMEFT

renormalisation group equations [55], the operator renormalisation is performed in the MS

scheme with the renormalisation scale set to mh. Our renormalisation procedure therefore

resembles the one employed in the article [36] to which we relegate the interested reader

for further technical details.

After renormalisation, we find that the O(κ3κ4) correction associated to the Feynman

diagrams of figure 4 can be written as

∆Fκ3κ41,f =
αs
4π

λκ3
λκ4

(4π)2
g(ŝ) . ∆Fκ3κ42,f = 0 , (3.8)

where

g(ŝ) =
18ŝ

ŝ−m2
h

τt

[
1 + (1− τt) arctan2

(
1√
τt − 1

)]
×
[√

1− τh ln

(√
1− τh + 1√
1− τh − 1

)
+

2π√
3
− 6

]
, (3.9)

and τa = 4m2
a/ŝ with a = t, h and it is understood that τa → τa− i0 for analytic continua-

tion. The subscript f in (3.8) indicates that these corrections arise from two-loop diagrams

that factorise into two one-loop graphs. We add that the above result is identical to the

one that one obtains if the renormalised h3 vertex is defined via a subtraction at vanishing

external momenta as done in [37].

Under the assumption that the operators O6 and O8 introduced in (2.2) represent the

only modifications of the effective one-loop h3 vertex, we find that the O(κ4) correction

arising from the graphs displayed in figure 4 takes the following form

∆Fκ41,f =
αs
4π

λκ4

(4π)2
λh(ŝ) . ∆Fκ42,f = 0 , (3.10)

where

h(ŝ) = − 42ŝ

ŝ−m2
h

τt

[
1 + (1− τt) arctan2

(
1√
τt − 1

)]
. (3.11)

We emphasise that the result (3.10) unlike (3.8) is model dependent. This model depen-

dence arises because ∆Fκ41,f receives contributions from Feynman diagrams with quintic
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scalar self-interactions such as the one shown on the right-hand side of figure 4. The ex-

pressions given in (3.10) and (3.11) correspond to a quintic Higgs self-interaction of the

form V ⊃ κ5/v h
5 with κ5 = λ (3 c̄6 + 14 c̄8) /4. Like in [36, 39] other possible contributions

to the coupling modifier κ5 such as those that arise for instance from the higher-dimensional

operator O10 = −λ c̄10/v
6 |H|10 have instead been neglected in our calculation of ∆Fκ41,f .

This should be contrasted with the analysis [37] where it has been assumed that the con-

tributions from higher-dimensional operators other than O6 and O8 are such that the

correction ∆Fκ41,f effectively vanishes. Since (3.10) is compared to (3.7) parametrically sup-

pressed by a factor of λ/y2
t ' 0.13 it turns out that neglecting the c̄10 contribution in the

calculation of ∆Fκ41,f is satisfied in BSM models in which the ratios of Wilson coefficient

scale as c̄D/c̄D+2 = O(v2/Λ2) � 1 or c̄D/c̄D+2 = O(1) with D = 6, 8. SM extensions

that give rise to c̄10/c̄8 � 1 are, on the other hand, not well described by (3.10). To be

directly sensitive to the Wilson coefficient c̄10 or equivalently κ5, one would need to eval-

uate quadruple-Higgs production at the tree level or study one-loop effects in triple-Higgs

production, and combine the obtained constraints with the measurements of double-Higgs

and triple-Higgs production considered in section 4. Such an analysis is, however, beyond

the scope of this article.

The two panels in the middle and lower row of figure 3 show the real and imaginary

parts of (3.9) and (3.11), respectively. One sees that the ŝ-dependence of both g(ŝ) and h(ŝ)

is non-trivial with extrema at
√
ŝ = 2mt ' 375 GeV and

√
ŝ = 2 (mh +mt) ' 600 GeV.

The observed features will again distort the kinematic distributions in gg → hh production.

4 Numerics

In this section we derive limits on the parameters ∆κ3 and ∆κ4 that describe possible

modifications of the cubic and quartic Higgs self-couplings with respect to the SM. We

consider both double-Higgs and triple-Higgs production at a 27 TeV HE-LHC with an

integrated luminosity of 15 ab−1 as well as a 100 TeV FCC-pp collider assuming 30 ab−1

of data.

4.1 Inclusive double-Higgs and triple-Higgs production

We begin our study by presenting results for the relevant inclusive production cross sections.

In the case of double-Higgs production, we find the following expressions

σ (pp→ hh)HE-LHC = 131
[
1− 0.73∆κ3 + 1.9 · 10−3∆κ4

+ 0.24 (∆κ3)2 + 4.9 · 10−4∆κ3∆κ4 + 2.7 · 10−5 (∆κ4)2

− 1.3 · 10−3 (∆κ3)2 ∆κ4 − 1.8 · 10−5∆κ3 (∆κ4)2

+ 8.8 · 10−6 (∆κ3)2 (∆κ4)2
]

fb ,

σ (pp→ hh)FCC-pp = 1151
[
1− 0.76∆κ3 + 2.1 · 10−3∆κ4

+ 0.23 (∆κ3)2 + 6.1 · 10−4∆κ3∆κ4 + 3.1 · 10−5 (∆κ4)2

− 1.3 · 10−3 (∆κ3)2 ∆κ4 − 2.1 · 10−5∆κ3 (∆κ4)2

+ 8.9 · 10−6 (∆κ3)2 (∆κ4)2
]

fb .

(4.1)
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These formulas have been obtained with a customised version of the POWHEG BOX [56]

implementation of the NLO QCD calculation of double-Higgs production [5–7] using

PDF4LHC15 nlo parton distribution functions (PDFs) [57]. Our scale choice is µR =

µF = mhh/2 with µR and µF denoting the renormalisation and factorisation scale, re-

spectively. As a cross-check we have also derived similar expressions using MCFM [58] and

MadGraph5 aMC@NLO [59], finding numerical agreement between all results at leading order

(LO) in QCD. We note that the SM cross sections that follow from (4.1) agree with the

central values of the NLO QCD results quoted in [5, 6, 8] within a few percent. The ob-

served small differences are in part due to a slightly different treatment of αs in POWHEG

BOX and the latter calculations.

In the case of triple-Higgs production, the dependence of the total production cross

sections on ∆κ3 and ∆κ4 instead takes the form

σ (pp→ hhh)HE-LHC = 0.44
[
1− 0.79∆κ3 − 0.10∆κ4

+ 0.81 (∆κ3)2 − 0.16∆κ3∆κ4 + 1.6 · 10−2 (∆κ4)2

− 0.23 (∆κ3)3 + 4.5 · 10−2 (∆κ3)2 ∆κ4

+ 3.5 · 10−2 (∆κ3)4
]

fb ,

σ (pp→ hhh)FCC-pp = 5.1
[
1− 0.67∆κ3 − 0.11∆κ4

+ 0.72 (∆κ3)2 − 0.14∆κ3∆κ4 + 1.6 · 10−2 (∆κ4)2

− 0.20 (∆κ3)3 + 4.0 · 10−2 (∆κ3)2 ∆κ4

+ 3.0 · 10−2 (∆κ3)4
]

fb . (4.2)

These expressions have been obtained at LO in QCD with the help of MadGraph5 aMC@NLO,

taking into account the NLO QCD corrections calculated in [9] in the form of an overall

normalisation. The used PDF set is again PDF4LHC15 nlo. We add that the ∆κ3 and ∆κ4

dependence of our FCC-pp result as given in (4.2) agrees with a similar formula presented

in [23] for the special case ∆κ4 = 6∆κ3.

In order to estimate the precision of future hadron colliders in measuring the inclu-

sive double-Higgs production cross section, we consider the bb̄γγ final state. This channel

has been identified in the literature [4, 11, 17–20, 22] to lead to the best SM signal sig-

nificance and the highest precision in the measurement of the cubic Higgs self-coupling.

At the 27 TeV HE-LHC with 15 ab−1 of integrated luminosity the statistical precision of

pp → hh → bb̄γγ is expected to be around 14% [17], while at a 100 TeV FCC-pp collider

with 30 ab−1 statistical uncertainties in the ballpark of 3% are anticipated [4, 11, 17–

20, 22]. Estimating the theoretical uncertainties on the prediction of the signal and the

systematic uncertainty on the overall determination of the background rates is more diffi-

cult and necessarily has to rely on assumptions. The study of double-Higgs production at

approximate next-to-next-to-leading order (NNLO) in QCD [8] finds that the inclusive pro-

duction cross section at 27 TeV (100 TeV) is plagued by scale uncertainties of 2.6% (2.1%)

and uncertainties of 3.4% (4.6%) due to unknown top-quark mass effects. Given these

numbers and envisioning that the understanding of top-quark mass effects at NNLO QCD
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will be drastically improved in the years to come, it seems not implausible that a total

theoretical uncertainty on σ (pp→ hh) of order 3% (2%) may ultimately be achievable at

the HE-LHC (FCC-pp). A detailed analysis of the systematic uncertainty on the overall

determination of the SM background rates at a FCC-pp has been performed in [4]. From

the results presented in this work one can conclude that the experimental systematic un-

certainties may amount to only about 2%, making them subleading compared to other

sources of uncertainty. Treating all quoted uncertainties as uncorrelated Gaussian errors

then leads to total uncertainties of around 15% and 5% on the double-Higgs production

cross section at the HE-LHC and FCC-pp, respectively. The latter uncertainty estimates

will be used in our numerical analysis.

In the case of triple-Higgs production, pp→ hhh→ bb̄bb̄γγ is the channel that has ob-

tained the most attention [4, 20, 23–26]. Under optimistic assumptions about the detector

performance (see [4, 23] for details) these analyses concur that a 100 TeV FCC-pp collider

with 30 ab−1 of data should be able to exclude triple-Higgs production cross sections that

are larger by a factor of 2 than the SM prediction. It may be possible to further improve

this 95% CL upper limit by considering for instance the bb̄bb̄τ+τ− final state [27], but we

will not entertain such a possibility here. A sensitivity study of triple-Higgs production at

the HE-LHC does to the best of our knowledge not exist. To estimate the sensitivity that

a measurement of triple-Higgs production in the bb̄bb̄γγ channel can achieve at a 27 TeV

machine with 15 fb−1 of integrated luminosity, we proceed as follows. We generate the dom-

inant background channels, i.e. bb̄bb̄γγ and hhbb̄, as well as the triple-Higgs signal at LO in

QCD using MadGraph5 aMC@NLO. Our analysis follows the articles [4, 23] for what concerns

K-factors, systematic uncertainties, selection cuts and detector performances such as the

b-tagging efficiency and the jet-to-photon mis-identification rate. Based on our simulations,

we expect 0.2 and 0.2 background events from the bb̄bb̄γγ and hhbb̄ channel, respectively,

while for the pp→ hhh→ bb̄bb̄γγ signal we predict 0.5 events within the SM. Using these

numbers and calculating the significance from a Poisson ratio of likelihoods modified to

incorporate systematic uncertainties on the background, we find that a 27 TeV HE-LHC

with 15 ab−1 of data is expected to exclude triple-Higgs production cross sections that are

larger than the SM prediction by a factor of approximately 11.

The two panels in figure 5 display the expected exclusion sensitivity in the ∆κ3–∆κ4

plane for the 27 TeV HE-LHC (left) and a 100 TeV FCC-pp collider (right) with 15 ab−1

and 30 ab−1 of integrated luminosity, respectively. The red and green curves illustrate the

limits from measurements of the double-Higgs and triple-Higgs production cross sections

with the accuracy discussed above, while the yellow regions are the ∆χ2 = 5.99 contours

(corresponding to a 95% CL for a Gaussian distribution) that derive from a combination

of the two measurements in the form of a χ2 fit. The SM point is indicated by the black

dots. One observes that the constraints that arise from the hypothetical measurements of

double-Higgs production are bands that form ear-shaped exclusion regions. The widths of

the bands are determined by the accuracy of the associated measurement of the inclusive

pp → hh cross section, and as a result the band is narrower by a factor of around 3 for

the FCC-pp than the HE-LHC. The shape of the constraints from triple-Higgs production

instead depends on whether a future hardron collider can set an O(10) or an O(1) bound on
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Figure 5. Hypothetical constraints in the ∆κ3–∆κ4 plane. The red and green contours correspond

to the allowed regions in parameter space that arise from double-Higgs and triple-Higgs production,

respectively, while the yellow regions are obtained by a combination of the two constraints requiring

∆χ2 = 5.99. In both panels the SM is indicated by the black point and the black dashed line

corresponds to ∆κ4 = 6∆κ3. In BSM models that lead to the hierarchy c̄6/c̄8 � 1 of Wilson

coefficients only ∆κ3 and ∆κ4 values close to the black dashed line can be obtained. The results

in the left (right) panel have been obtained by assuming that the double-Higgs production cross

section has been measured with an accuracy of 15% (5%) at the HE-LHC (FCC-pp). In the case

of triple-Higgs production, our projection is instead based on the assumption that cross section

values that are larger by a factor of 11 (2) than the SM value are experimentally disfavoured by

the HE-LHC (FCC-pp) at 95% CL. See text for further explanations.

the cross section. If, like in the case of the HE-LHC, only rough limits can be obtained the

triple-Higgs constraint has the form of a banana that extends along the ∆κ3 axis, while the

allowed region turns out to be oval-shaped, if a future hadron collider such as the FCC-pp

is able to probe triple-Higgs production cross sections at the SM level.

Combining the two constraints, two regions of parameter space remain viable at the

HE-LHC that are centred around {0, 0} and {3, 4}, respectively. In the case of κ3 = 1,

we find that the range κ4 ∈ [−21, 29] is allowed at 95% CL. Also notice that the family of

solutions ∆κ3 = 6∆κ4 (dashed black line) goes right through the non-SM region of viable

parameters. This implies that measurements of the inclusive double-Higgs and triple-Higgs

production cross sections at the HE-LHC are unlikely to be able to tell apart scenarios in

which large modifications of both the h3 and h4 vertices arise from the single operator O6 or

the two operators O6 and O8 (cf. the discussion after (2.3)). The FCC-pp should instead

be able to disentangle these two possibilities since it is expected to almost entirely rule

out parameters choices in the ∆κ3–∆κ4 plane that are located close to the point {3, 4}.
Large modifications of the quartic Higgs self-coupling could in such a case only arise from

the simultaneous presence of O6 and O8. One also sees that the allowed region around

the SM-point {0, 0} will be largely reduced at the FCC-pp compared to the HE-LHC.
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Numerically, the following 95% CL range κ4 ∈ [−5, 14] is obtained under the assumption

that κ3 = 1. The quoted range agrees with the FCC-pp bound on the quartic Higgs

self-coupling reported in [4].

Before discussing how modified cubic and quartic Higgs self-couplings impact the kine-

matic distributions in double-Higgs production, we briefly comment on the maximal size

that the parameters ∆κ3 and ∆κ4 may take. Under plausible assumptions about the UV

structure of the Higgs potential, it has been shown in [60] that values |∆κ3| . 4 are

compatible with Higgs and EW precision measurements, direct LHC searches and vacuum

stability. The corresponding limit on the modifications of the quartic Higgs self-coupling

reads |∆κ4| . 40, if one assumes hat there is a parametric separation between the EW

and new-physics scales, leading to a suppression of operators with dimension higher than

six. The quoted upper bounds fall into the same ballpark than the limits obtained in [36]

from perturbativity considerations (see also [61, 62] for related discussions). Since the men-

tioned theoretical bounds on the parameters ∆κ3 and ∆κ4 are neither sharp nor model

independent, we do not explicitly indicate them in figures 5, 7 and 8 when reporting the

results of our phenomenological ∆χ2 fits in the ∆κ3–∆κ4 plane.

4.2 Kinematic distributions in double-Higgs production

In the previous section we have seen that combining the information on the inclusive double-

Higgs and triple-Higgs production cross section may not be able to resolve all ambiguities

in the ∆κ3 and ∆κ4 determination — a feature that is nicely illustrated by the left panel in

figure 5. It is well-known [4, 11, 17–22] that precise measurements of differential distribu-

tions in double-Higgs production can be used to resolve ambiguities and/or flat directions

in the extraction of coupling modifiers or Wilson coefficients, and in the following we will

apply this general idea to the case of a simultaneous determination of the cubic and quartic

Higgs self-couplings.

In figure 6 we depict the differential distributions of two relevant kinematic vari-

ables, namely the invariant mass mhh of the di-Higgs system (upper row) and the lead-

ing transverse momentum pT,h of the two Higgs bosons (lower row) in pp → hh. The

shown results are NLO accurate and, as before, have been obtained with a modified

version of POWHEG BOX using PDF4LHC15 nlo PDFs. They assume pp collisions at a

CM energy of 100 TeV. The coloured histograms represent the four choices {κ3, κ4} =

{0.7, 0}, {1, 60}, {1.05, 0}, {1,−30}. The former two parameter combinations lead to en-

hancements of the inclusive pp→ hh cross section by roughly 30% with respect to the SM,

while the latter two choices reduce the double-Higgs production rate by about −5%. Based

on measurements of σ (pp→ hh) the choices {0.7, 0} and {1, 60}
(
{1.05, 0} and {1,−30}

)
are therefore not distinguishable. As can be seen from the four panels in figure 6, the

predictions for the normalised mhh and pT,h spectra are however not the same for the two

types of {κ3, κ4} sets. Since the distortions in the pT,h distribution turn out to be typically

smaller than those in the mhh spectrum, we will use the latter kinematic observable in our

shape analysis.

The signal needed to perform the shape analysis is generated at NLO in QCD with

POWHEG BOX matched to Pythia 8 [63, 64] to include parton-shower effects (we use a cus-
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Figure 6. Normalised predictions for the mhh (upper row) and the leading pT,h (lower row)

spectrum in pp → hh production at the 100 TeV FCC-pp. The black histograms represent the

SM distributions, while the coloured curves correspond to different choices of the Higgs boson

self-coupling modifiers κ3 and κ4. Consult the main text for additional details.

tomised version of the computer code presented in [7]). PDF4LHC15 nlo PDFs are employed

and jets (j) are reconstructed with FastJet [65] using an anti-kt algorithm [66]. Our anal-

ysis then follows [17]. We demand two b-tagged jets (b) and two isolated photons (γ) with

the following minimal cuts on the transverse momentum, pseudorapidity and radius separa-

tion: pT,x > 30 GeV, |ηx| > 2.5 and ∆Rxy > 0.4 for x, y = j, b, γ. A flat b-tagging efficiency

of 70%, and mis-tag rates of 15% for charm quarks and 0.3% for light flavours are adopted.

Events with more than three jets are vetoed, and the requirements |mbb̄ −mh| < 25 GeV,

|mγγ −mh| < 1 GeV and mhh > 400 GeV are imposed as a final selection. The obtained

mhh distributions have then been binned into bins of 25 GeV. Our shape fit includes

the statistical uncertainties in each bin as well as theoretical and experimental systematic

uncertainties of 3% (2%) and 2% (2%) at HE-LHC (FCC-pp), respectively. The quoted
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Figure 7. Hypothetical constraints in the ∆κ3–∆κ4 plane following from a shape analysis of

the mhh spectrum in pp → hh production at the HE-LHC (left panel) and FCC-pp (right panel).

The green (yellow) contours correspond to 68% CL (95% CL) regions. In both figures the SM

is indicated by the black point and the black dashed line represents the family of solutions that

satisfy ∆κ4 = 6∆κ3. In SM extensions that give rise to the hierarchy c̄6/c̄8 � 1 of dimension-eight

and dimension-six contributions only ∆κ3 and ∆κ4 values close to the black dashed line can be

accommodated. For further details consult the text.

uncertainties have been treated as uncorrelated Gaussian errors in the χ2 fit. We emphasise

that our fit does not consider the impact of backgrounds, but we have verified that with

the described methodology we are able to reproduce the CL-level curves presented in [17]

for both the HE-LHC and FCC-pp quite well. This agreement gives us confidence that our

simplified approach is able to mimic the more sophisticated analysis [17] that includes a

simulation of all relevant SM backgrounds.

The results of our mhh shape analysis are shown in figure 7. The green (yellow) regions

are the ∆χ2 = 2.28 (∆χ2 = 5.99) contours, corresponding to 68% CL (95% CL) limits for

a Gaussian distribution. In both panels the SM point is indicated by a black dot and the

black dashed line illustrates the equality ∆κ4 = 6∆κ3. From the panel on the left-hand

side one sees that at the HE-LHC a shape analysis of the mhh distribution in pp → hh

will not allow one to exclude choices in the ∆κ3–∆κ4 plane around {3, 4}, i.e. parameters

that survive a combination of the measurements of the inclusive double-Higgs and triple-

Higgs production cross sections (see the left panel in figure 5). For κ3 = 1 we find the

following 95% CL range κ4 ∈ [−82, 37]. As shown in the right panel in figure 7, at the

FCC-pp the constraints in the ∆κ3–∆κ4 plane that follow from a mhh shape analysis are

expected to improve noticeably compared to the corresponding HE-LHC limits. Differential

measurements of pp→ hh at the FCC-pp alone will in consequence be able to distinguish

scenarios in which large modifications of both the h3 and h4 interactions arise from the

operator O6 or a combination of O6 and O8

(
cf. the text after (2.3)

)
. Assuming again

that κ3 = 1, the 95% CL range for the parameter κ4 reads κ4 ∈ [−22, 15]. Profiling
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Figure 8. Hypothetical constraints in the ∆κ3–∆κ4 plane following from a combination of a shape

analysis of the mhh spectrum in pp→ hh production and a measurement of the inclusive production

cross section of pp → hhh. The green (yellow) contours correspond to 68% CL (95% CL) regions

and the left (right) panel shows the HE-LHC (FCC-pp) projections. The SM solution is indicated by

the black point and the black dashed line represents the parameter choices satisfying ∆κ4 = 6∆κ3.

Only ∆κ3 and ∆κ4 values with ∆κ4 ' 6∆κ3 can be obtained in BSM models that give rise to

c̄6/c̄8 � 1. See text for additional details.

over κ3 by means of the profile likelihood ratio [67], we obtain the following 95% CL

bound κ4 ∈ [−89, 159] and κ4 ∈ [−19, 21] at the HE-LHC and the FCC-pp, respectively.

Our FCC-pp constraints on κ4 are comparable to those that have been derived in the

analysis [39].

4.3 Global fit at the HE-LHC and a FCC-pp

The full potential of the HE-LHC and the FCC-pp in constraining simultaneously the

coupling modifications κ3 and κ4 can be assessed by combining the information on the

differential measurements of pp → hh with the expected accuracies in the determination

of the inclusive pp → hhh production cross section. The outcome of such an exercise is

presented in figure 8. Here the green (yellow) contours correspond to 68% CL (95% CL)

regions, while the black dots represent the SM point and the black dashed lines illustrate

parameter choices of the form ∆κ4 = 6∆κ3. Numerically, we find that for κ3 = 1, the

95% CL bounds on κ4 from a global analysis of differential double-Higgs and inclusive

triple-Higgs data at the HE-LHC (FCC-pp) is κ4 ∈ [−21, 27] (κ4 ∈ [−5, 12]). Notice

that these limits represent an improvement of the bounds derived in section 4.1 based on

inclusive measurements alone. Profiling instead over κ3, the following 95% CL bounds are

obtained κ4 ∈ [−17, 26] and κ4 ∈ [−3, 13].

– 16 –



J
H
E
P
1
0
(
2
0
1
9
)
2
6
7

4.4 Comparison between sensitivities of future pp and e+e− machines

The constraints on the cubic and quartic Higgs self-couplings that high-energy e+e− ma-

chines may be able to set have been studied recently in [36, 37]. Both articles have per-

formed global fits assuming various ILC and CLIC setups to determine the allowed mod-

ifications of the cubic and quartic Higgs self-couplings. Under the assumption of κ3 = 1,

the article [36] finds for instance for an ILC with a CM energy of 500 GeV, polarisations

of P (e−, e+) = (−0.8, 0.3) and an integrated luminosity of 4 ab−1 (ILC-500) the following

95% CL bound κ4 ∈ [−11, 13]. At CLIC with a CM energy of 3000 GeV, polarisations

of P (e−, e+) = (−0.8, 0.0) and an integrated luminosity of 2 ab−1 (CLIC-3000) the corre-

sponding limit is said to be κ4 ∈ [−5, 7]. The constraints presented in [37] are less stringent

than those obtained in [36]. Taking the limits given in [36] at face value and comparing

them to the bounds presented in the last subsection, suggests that the HE-LHC has a

weaker sensitivity to modifications of the quartic Higgs self-coupling than the ILC-500.

On the other hand, the FCC-pp reach seems to be better than that of the ILC-500, and

roughly comparable to the CLIC-3000 potential.

5 Conclusions

In this work, we have investigated the possibility to constrain the quartic Higgs self-

interactions indirectly through precise measurements of double-Higgs production at fu-

ture hadron colliders. We have first presented the results of a calculation of the two-loop

contributions to the gg → hh amplitudes that involve a modified h4 vertex. Our results

have been obtained in numerical form with the help of pySecDec [44–46] and have been

implemented into POWHEG BOX [56]. Combining the two-loop EW corrections calculated

here with the O(α2
s) matrix elements computed in [5–7], we are able to predict the cross

section and the most important distributions for double-Higgs production at NLO in QCD,

including arbitrary modifications of both the h3 and the h4 coupling.

Based on our results, we have then performed an exploratory study of the sensitivity of

the 27 TeV HE-LHC and a 100 TeV FCC-pp in constraining simultaneously the cubic and

quartic Higgs self-couplings by measurements of double-Higgs and triple-Higgs production

in gluon-fusion. In a first step, we have considered only measurements of total rates.

In the case of the HE-LHC with 15 ab−1 of integrated luminosity, we have found that a

combined fit to σ (pp→ hh) and σ (pp→ hhh) will have a two-fold ambiguity in the κ3–κ4

plane with a family of solutions located either around {1, 1} or in the vicinity of {4, 5}.
The resulting bounds on possible modifications of the quartic Higgs self-coupling turn

out to be generically weak. For instance, for κ3 = 1 we found that κ4 values in the

range κ4 ∈ [−21, 29] are allowed at 95% CL. Due to its significantly improved sensitivity

to triple-Higgs production, a FCC-pp with 30 ab−1 of data should be able to resolve the

aforementioned degeneracy by reducing the viable parameter space to a stripe in the κ3–κ4

plane with SM-like cubic Higgs self-couplings. Numerically, we found that for κ3 = 1, the

range of κ4 ∈ [−5, 14] is allowed at 95% CL. Our limit agrees with the FCC-pp bound on

the h4 coupling quoted in [4].
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Given that precise measurements of differential distributions in double-Higgs produc-

tion are known [4, 11, 17–22] to be able to resolve degeneracies in the extraction of coupling

modifiers or Wilson coefficients, we have in a second step performed a shape analysis to de-

termine the allowed regions in the κ3–κ4 plane. We have considered both the mhh spectrum

and the leading pT,h distribution and found the former observable to have more discrim-

inating power in a simultaneous extraction of the cubic and quartic Higgs self-couplings.

From our mhh shape analysis it follows that at the HE-LHC with 15 ab−1 of data it should

be possible to constrain κ4 to the 95% CL range κ4 ∈ [−82, 37], if one assumes that κ3 = 1.

The corresponding constraint at a FCC-pp with 30 ab−1 of integrated luminosity turns out

to be κ4 ∈ [−22, 15]. The 95% CL bounds κ4 ∈ [−89, 159] and κ4 ∈ [−19, 21] instead apply

if one profiles over κ3. The obtained limits show that differential measurements in the

pp → hh channel alone are expected to lead compared to measurements of the inclusive

pp→ hhh cross sections to notable weaker determinations of the quartic Higgs self-coupling

at both the HE-LHC and a FCC-pp. The same conclusion has been drawn in [39] for what

concerns the FCC-pp.

To assess the full potential of the HE-LHC and the FCC-pp in constraining simulta-

neously the coupling modifiers κ3 and κ4, we have combined the differential measurements

of pp → hh with the inclusive measurements of pp → hhh. Our global analysis demon-

strates that under the assumption κ3 = 1, one can expect to obtain a 95% CL bound on

κ4 at the HE-LHC (FCC-pp) of κ4 ∈ [−21, 27] (κ4 ∈ [−5, 12]). By profiling over κ3, we

arrived at κ4 ∈ [−17, 26] and κ4 ∈ [−3, 13]. The former bounds can be compared to the

hypothetical constraints of the Higgs self-couplings that high-energy e+e− machines might

be able to set [36, 37]. For example, the ILC-500 (CLIC-3000) is expected to be able to

set the 95% CL bound κ4 ∈ [−11, 13] (κ4 ∈ [−5, 7]) [36], assuming that κ3 = 1. These

numbers indicate that the HE-LHC should have a weaker sensitivity to modified quartic

Higgs self-interactions than ILC-500. A FCC-pp and CLIC-3000 can, however, be expected

to have roughly similar potentials in constraining the coupling modifier κ4.
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