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1 Introduction

Die Beherrschung der Arithmetik, Herr Kollege, ist
keine Frage der Uberheblichkeit, hitte ich gedacht.

Alexander van der Bellen,
Rede im Nationalrat am 21. April 2009

The theories of electromagnetism and quantum mechanics are cornerstones in our
current understanding of the universe as observed by scientists. Within both theories,
wave phenomena occur in an essential way. The description and analysis of wave
phenomena in a mathematical language quite often leads to the field of dispersive
partial differential equations. This active field of research is powered both by the
wealth of applications coming from physics and by the mathematical curiosity seeking
to apply and develop analytical tools for solving challenging problems. Accordingly,
progress in the field can be as diverse as mastering a particular difficulty in a toy
problem by new analytical techniques or developing and analyzing new algorithms for
numerical simulations of a dispersive equation on a computer. In this field, the wave-
and the Schrodinger equation are of fundamental importance and thus have attracted
a lot of attention in the literature. They can be considered as model problems, and
our understanding of them is representative of the state of the art of the whole field.
In this thesis, we contribute to the study of a dispersive system that couples the
wave- and the Schrodinger equation together.

The Maxwell-Schrodinger system

The Mazwell-Schrodinger system describes a charged quantum mechanical particle in-
teracting with its self-generated electromagnetic field. Coupling the linear Schrodinger
equation for a free particle with the Maxwell equation for the electromagnetic potential,
one obtains the system

iatu(ta J"> + AA(t,ac) U(t, ZL‘) = ¢(t7 x

)
—Ap(t,x) — 0y div A(t, x) = p(t, z), (1.1)
O} A(t,z) — AA(t, x) + V(9 (t, x) + div A(t, ) = J(u(t, ), A(t, x)),

where the time variable ¢ belongs to some interval / C R and the space variable x to
the full space R®. We are looking for solutions of the system in terms of the wave
function u: I x R® — C and the electromagnetic potential (¢, A): I x R — R x R3.
The coupling between the Schrodinger and the Maxwell part of the system is
realized by the magnetic Schridinger operator Ay = V3 (with the magnetic



derivative V4 := V —iA), on the one hand, and via the charge density p given by
p(t,z) = |u(t,z)|” and the current density J given by

J(u(t,z), A(t,z)) = 2Ima(t, ) Vaa) u(t, ),

on the other hand.

The Maxwell-Schrodinger system in the formulation of is not well-posed as
it does not determine solutions uniquely. The reason is that the physically observable
electromagnetic field does not determine the electromagnetic potential but leaves
freedom to choose a gauge. In fact, if (u,$, A) is a solution of the system and
A: I xR? — R is any sufficiently regular function, then applying the gauge transform

(@, , A) = (ePu, ¢ — I\, A+ V)

yields another solution (4, o, fl) By specifying an additional requirement for the
solution, the so-called fizing the gauge, one can remove this ambiguity. There are
many possible choices to do this. Here we choose the Coulomb gauge which requires
that the magnetic vector potential is divergence free, i.e.

divA(t,z) =0, tel,xecR. (1.2)

With this choice, by the second line of (|1.1)), the electric potential has to satisfy the
Poisson equation
~A¢(t,x) = p(t,z), tecl,zcR®

which can be solved with the fundamental solution of the Laplace equation as
d(u) = (=A)7"p =y xul,

where v(z) = = |z|7!. To the last equation in the system (I.1) we apply the
Helmholtz projection P to obtain the Mazwell-Schrodinger system in Coulomb gauge

¢(u)(t, v)ult, ),

PJ(u(t,x), A(t, z)), (1.3)
0,

i@tu(t, JT) + AA(t,yc) U(t, l’)
O A(t,z) — AA(t, z)
div A(t, x)

fort € I and x € R3. For p € (1, 00), the Helmholtz projection P is a bounded linear
operator on LP(R3,R?) given as a Fourier multiplier P := 1 — F _1%}" . Its range

are the divergence free vector fields in LP. We aim to solve the Cauchy problem (|1.3])
in the natural state space X*7 defined by

X*7={(u, A, B) € H*(R*,C)x H(R*, R*) x H* " (R*,R*) : div A = div B = 0}



for some values s,0 € R. Here B stands for the time derivative 9; A of the magnetic
potential.

The following variant of the Maxwell-Schrodinger system (1.1]) is central to
our work. Introducing a charge e € R and adding a focusing power nonlinearity
— |uf’"" u on the right side of the magnetic Schrédinger equation with a parameter
p > 1, we investigate

i0u(t, ) + Acape) ult, ) — ep(t, x)u(t, ) = — |ult, )P ult, x),
—A¢ — 8, div A(t,z) = = |u(t, z)|?, (1.4)

J(u(t,z),eA(t, x)),

NN O

OPA(t, ) — AA(t, ) + V(0,0(t, z) + div A(t, 2)) =

for t € I and x € R®. As for the original Maxwell-Schrodinger system ((1.1]), the
same remarks about gauge invariance apply to the system (|1.4). In Coulomb gauge

the system becomes
10u(t, 2) + Acaqr u(t, x) = ep(u)(t, x)u(t, x) — |u(t, z)|" u(t, ),

OPA(t,x) — AA(t,x) = —PJ(u(t,x), A(t, z)), (1.5)

div A(t, x)

e
2
0,

for t € I and z € R?, where ¢(u) = §(—A)~! lu|”. The task is to solve the Cauchy
problem for the system with given initial data (ug, Ag, A1) in X*7. We refer to
the article [AAM17] for a discussion about the relevance of this system as a model
problem in physics.

In the special case of vanishing charge, i.e. e = 0, the system (2.1)) is no longer
coupled. If we choose (Ag, A1) = 0, then Maxwell’s equations admit the trivial
solution A = 0 and ¢ = 0. In this case, the whole problem reduces to the study of
the nonlinear Schrodinger equation

0+ Au+ [ulP P u =0, u(0) = u. (1.6)

The Cauchy problem for the nonlinear Schrédinger equation has been extensively
studied, and it is much better understood than the Maxwell-Schrodinger system. Many
results on nonlinear Schrédinger equations are collected in the monograph [Caz03]. A
particularly interesting case occurs if the nonlinearity in equation satisfies
pE (1, %) Then there exists special solutions of which have the form of a
standing wave given by

u(t,r) = e p(z), (t,z) € R xR’ (1.7)

for some frequency w and a fixed profile ¢ which decays at infinity. A classical result
by Thierry Cazenave and Pierre-Louis Lions in [CL82| shows that these standing

9



waves are orbitally stable. Informally, this means the following: Any solution whose
initial value is close to a standing wave profile will stay close in a suitable topology
to a standing wave for all times, at least modulo a translation and a phase shift,
which are the symmetries inherent in the nonlinear Schrédinger equation . The
importance of Cazenave’s and Lions’s seminal article [CL82| lies not in its particular
application to the nonlinear Schrodinger equation. Rather, their article outlines
a general method to prove orbital stability that is applicable whenever certain
properties of a partial differential equation are satisfied and fit together in the correct
way. These properties are global well-posedness, conservation laws, and a certain
variational structure from which the wave profile ¢ arises.

It is natural to ask if standing wave solutions of the form ((1.7)) with A = 0 also
exist in Maxwell-Schrodinger systems. With this ansatz in the system ([1.3)), we
obtain the nonlinear elliptic problem

— Ap(z) + ¢lp)p(x) = wp(z), =R (1.8)

On the other hand, starting from the Maxwell-Schrodinger system ((1.5)) with
additional power nonlinearity, we obtain

— Ap(z) + ed(p)p(a) = wo(a) + (@) p(z), =R (1.9)

Related work

The Maxwell-Schrodinger system has been the subject of several works, the first of
which date back more than thirty years ago. The first local well-posedness theory
appears in [NT86]. Their result shows local well-posedness in the space X7 for
s = 0, where s and o are integers larger than 3. (We remark that they treat the
Cauchy problem in the Lorentz gauge, not in the Coulomb gauge.) In [GNS95]
weak solutions in the energy space X! are constructed which exist globally in time.
However, their approach lacks uniqueness. We also mention the articles [Tsu93|,
[Shi03], [GV03], [GV06], [GV07], [GV08a], and |[GVO8b| in which scattering theory
for the Maxwell-Schrodinger system is developed.

Two articles by Makoto Nakamura and Takeshi Wada ([NWO05] and [NW07]) and
one by loan Bejenaru and Daniel Tataru ([BT09]) give comprehensive local and
global well-posedness results for (1.3). In [NW07] local well-posedness is established
in the space X*7, where the lowest regularity which can be treated by their method
requires s > & and 0 > 1. Even though this misses the space X! which is
naturally associated to the conserved energy of the system, they can conclude that
solutions exist globally in time. The article [BT09] introduces nonstandard function
spaces which are adapted to the system and proves novel Strichartz estimates
for the magnetic Schrodinger equations. With these tools, the authors achieve
global well-posedness in the energy space X !'. These results provide a satisfactory
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well-posedness theory for the Maxwell-Schrodinger system . Concerning the
question of existence of standing waves for ([1.3)), it is known from the article [CG04]
that there are no nontrivial solutions of which are radially symmetric. The
nonexistence of standing waves without the assumption of radial symmetry is further
investigated in Chapter 5] of this thesis.

The Maxwell-Schrodinger system (|1.4]) with an additional power nonlinearity in
the Schrodinger part is much less investigated. It is treated in the recent article
[AdM17] (but with a defocusing nonlinearity, i.e + |u|” ~!u on the right side) and
in the series of related articles [CW17], [CW19a] and [CW19b| by Mathieu Colin
and Tatsuya Watanabe. In [AdM17], the study of the system is motivated by
physical considerations and a connection to quantum magneto-hydrodynamic systems
arising in the description of quantum plasmas in astrophysics or semiconductor
devices. This is elaborated in Section 5 of the article |JAdM17|. We shall report on the
results achieved in [CW19b| and [CW19a] since they motivate our work and we can
compare our well-posedness results with theirs. We start with the article [CW19b|
which improves upon the results from [CW17]. The main concern of these articles
is to solve the elliptic problem through variational methods and to conclude
orbital stability of standing waves in the spirit of |[CL82|. We summarize a part of
the main result from Theorems 1.1 and 1.2 in [CW19b|, where we only focus on the
particular case p = 2 which is currently best understood.

Theorem 1.1 (Orbitally stability by Colin and Watanabe)
Let p=2. Let w € (0,00).

(1) There exists a constant ey € (0, %] such that for all e € (0,¢g) there exists a
ground state ¢ of ((1.9) which is unique up to phase shift and translations.
Moreover, ¢ can be chosen real-valued and radially symmetric.

(2) Assume that the Cauchy problem for the Maxwell-Schrodinger system is
globally well-posed in X''. Then the standing wave (u(t), A(t)) = (e“'¢,0),
t € R, is orbitally stable in the following sense: For all € € (0, 00), there exists
§ € (0,00) such that the global solution (u, A, 9;A) € C(R, X'1!) of with
initial values (u(0), A(0),9,A(0)) = (ug, Ag, A1) € X" and

[Vug —ieAgug — V| 12 + [[ug — || 2 + [[rot Aol o + || A1l . <0

satisfies
inf  ||Vu(t) —ieA(t)u(t) — e XO V(-
igg{yeRg{lX€02\\ u(t) —ieA(t)u(t) — eXOVp(- +y)| .
inf 1) — elex(® (.
el e®) = Ol + )],
+ Xigcfg [rot A(t) — Vx(t)|| 2 + [|0:A(t) — &:Vx(t)HLz} <e.
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It is an open problem whether the Cauchy problem for the Maxwell-Schrodinger
system (1.5 is indeed globally well-posed in X!, and Theorem motivates
research in this direction. As a first step, the following result is obtained in |[CW19b).

Theorem 1.2 (Local well-posedness by Colin and Watanabe)

Let s € (%, oo) NN. Let p € [7, 00). For every (ug, Ag, Ay) € X252 there exists
T* > 0 and a unique solution of the Maxwell-Schrodinger system on [0,7%
satisfying the initial conditions and

ue C([0,T°], H**(R?)) N C' ([0, T*], H*(RY)),
A e C([0, T, H*(R?) nC' ([0, 7], H(R?)).

In the introduction to [CW19b], the authors remark that “it is not clear” whether
the arguments from [NWO07] or [BT09| can be applied to the system ([1.5). Much of
the present work is motivated by the desire to investigate this particular problem.

Content and contributions of this thesis

In Chapter 2, we develop a comprehensive local well-posedness theory for the
Maxwell-Schrodinger system with power nonlinearity. Our approach is based
on the methods from [NW05] and [NW07]. Our main result is stated in Theorem [2.1]
and we shall compare it with Theorem First, our result shows local well-posedness
of in X% for s > % and o > 1. The number % is the optimum which can be
expected from the method of [NW07] and we emphasize that 4 < 2. Therefore, the
Sobolev embedding H*(R?) < L>(IR?) which only holds true if s > 2 is not available
in our setting. This causes several complications in finding good enough estimates for
nonlinear terms. We overcome them by a sophisticated use of Lemma [2.9] in which
we interpolate between H*(R?) and the auxiliary space H*~'/26(R3), throughout
our calculations. We remark that the desire to obtain solutions in spaces with
as little regularity as possible is directly related to the quality of the result. Our
method requires a lower bound p > s for the exponent of the power nonlinearity
which is explained in Remark [2.23] The treatment of small powers p thus requires
a local well-posedness theory at low regularity. If s < %, we also face an upper
bound on the range of p, which seems to be optimal in view of the loss of derivatives
in the magnetic Schrédinger equation, see again Remark Lemma [2.20] is a
typical result showing the persistence of regularity through an argument involving
Gronwall’s inequality. Second, in comparison to Theorem [I.2] we also tackle the
delicate problem of continuous dependence in detail. We show with some additional
effort that the involved arguments from [NW07| are robust enough to be adapted to
incorporate the power nonlinearity. For this part, additional restrictions on p apply.

Chapter [3| does not contain original research but is of expository character. Its
aim is to give a self-contained introduction to the recent theory of UP- and VP-spaces
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which are developed to tackle difficult problems in the field of dispersive equations.
Being a rather new theory, a definitive set-in-stone textbook version does not seem
available yet. We therefore explore some variants of the proofs for the results
established in [HHKO09] and [Koc14] and add illustrating examples. The motivation
to learn this theory stems from the desire to understand [BT09] and to apply its ideas
to the Maxwell-Schrodinger system in Chapter 2} This aim is pursued in Chapter [

In Chapter [ we apply the theory of UP- and VP-spaces to several dispersive
equations. We discuss three examples. The first example deals with the existence of
global solutions of a 2-dimensional critical nonlinear Schrodinger equation with small
initial data in L?*(R?). While our result is not new, we use this as a rather simple
example to demonstrate that the theory developed in Chapter |3 yields efficient and
elegant proofs. In the second example, we treat a critical nonlinear Schrodinger
equation with a derivative nonlinearity. This is an artificial example to highlight the
power of the present method for it cannot be treated in the framework of more classical
function spaces. Again, our result is not new but it was first obtained in Tobias
Schottdorf’s PhD-thesis [Sch13]. We present a variant of his proof following more
closely the presentation of [HHKO09] to get acquainted with the method. The third
example discusses a nonlinear magnetic Schrodinger equation. The setting of this
example is close to the Maxwell-Schrodinger system. Instead of the coupled system
we only discuss the Schrodinger part where we provide a fixed (but time-dependent)
magnetic field. We then proceed to show local existence of H!'-solutions by using the
Strichartz estimates from |[BT09]. This can be seen as a first step in the attempt
to extend the method from [BT09| to the full Maxwell-Schrodinger system with
additional nonlinearity.

Chapter [o|is of different flavour. Here we come back to the original Maxwell-
Schrédinger system ([1.3). From the article [CG04], it is known that there are no
standing wave solutions of type with a radially symmetric profile. It is an open
problem, whether this holds true in full generality. Our result, however, shows the
nonexistence of standing waves in a more general class than [CGO04]. Instead of
radial symmetry we have to assume a mild decay property. Under this assumption,
we rule out the existence of standing wave solutions by making use of the method
from the article [FHHHS82] which was designed to show nonexistence of eigenvalues
for Schrodinger operators. In our reasoning we also benefit a lot from methods which
were recently developed in [AHK19).
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2 A version of the Maxwell-Schrodinger system
with additional nonlinearity

These are the only ones of which the news has come to Harvard,
And there may be many others, but they haven’t been discovered.

Tom Lehrer, The Elements

In the notation of the article [CW17], the Maxwell-Schrodinger system with an
additional power nonlinearity is given by the system

i0u + Acpu = epu — |u|p_1 u, in I x R?,

€ 2 . :
“A¢ =Gl +OdivA, i I xR (o)

02A — AA+ V(96 + div A) = gJ(u, eA), in I x RS,

Here, the time variable ¢ belongs to some interval / C R containing 0 and the space
variable z belongs to the full space R3. We are looking for solutions of the Cauchy
problem for the system in terms of the wave function u: I x R* — C and the
electromagnetic potential (¢, A): I x R — R x R3, where initial values u(0) = wuy,
A(0) = Ap and 0;A(0) = A; are prescribed. It is part of the problem to find large
enough function spaces from which the initial values can be drawn to obtain a proper
solution theory. The coupling between the Schrodinger and the Maxwell part of
the system is realized by the magnetic Schridinger operator Ay = V3, where the
magnetic derivative is given as V4 = V —iA, on the one hand, and via the charge

e

density p given by p(t,x) = § |u(t, 2)|” and the current density J given by
J(u(t,z), A(t,z)) = 2Ima(t, 2) Vagq) u(t, ),

on the other hand. In comparison with the Maxwell-Schrodinger system (L.1]), an
additional parameter, the charge, e € R is introduced and there is a focusing power
nonlinearity — |u|” ~'u on the right side of the magnetic Schrodinger equation with a
parameter p > 1. In this section, we develop a local well-posedness theory for the
Cauchy problem associated to the system ([2.1)) in the Coulomb gauge.

Statement of the main result

We shall construct solutions of the Maxwell-Schrodinger system on an interval I,
where I = [0, 7] for some 7" > 0. The second order Maxwell part of the system is
treated as a first order system where we solve for the field A as well as its time
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derivative 0; A. We are looking for solutions which have at each moment in time
values in the state space

X*7:={(u, A, B) € H*(R?,C)x H°(R*,R*) x H*"(R*,R?) : div A = div B = 0},

where s,0 € R are specified below. The local solution is constructed in vector-valued
Lebesgue- and Sobolev spaces on the interval I. For any Banach space X, and any
numbers ¢ € [1,00] and k € N, we use the shorthand notation

LiX = LYI,X) and WpiX = W"(], X)
to denote such function spaces. As in [NWO07], we also introduce the spaces
M} = LY H° (R*) N W H 1 (R?)

and
M7 = LF¥H(R®) N WpXHH(R®) N Wi HT*(R?),

in which we study solutions to the Maxwell part of the system. We collect some
formulas which are helpful in the calculations. Assume in the following that
u: R? — C and A: R® — R? are sufficiently regular and vanish at infinity sufficiently
fast so that the formulas make sense and always assume that A is divergence-free, i.e.
div A = 0. We use the symbol (-, ), to denote the inner product both in L?(R?, C),
L*(R3,C?) (linear in the first, conjugate-linear in the second component) and also
in L?(R? R?). We use a dot “-” to write a bilinear form on R?® or C?, such as in
Vu-A= 23:1 0;uA;. Moreover, when we apply a differential operator such as 9; to
the vector field A componentwise, we simply write 9;A to mean (0;A;, 0;As, 0;As).
We have

Aju=(Va)u=Au—2A-Vu— (A Au. (2.2)

Note that V4 u is a skew-symmetric and Ay is a symmetric operator, since

(Vau,v),» = /Vuz_} —iAuvdx = —/UV@ —uidvdz = — (4, Vav),,, (2.3)

(Anu,0) 0 = (0, Agv) 2. (2.4)
There are commutator relations

[0}, Valu = —iu(0;A), (2.5)

[8]‘ AA]U = -2 VA u - 6]14 (26)

If the functions u: R x R?® — C and A: R x R?® — R? are time-dependent, we also
obtain

[0y, Valu = —iu(0;A), (2.7)
[at, AA]U = —2i VA u - 8,514 (28)
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Let F': R? — R? be a divergence free vector field, i.e. divF = 0 and hence
PF = F. Then the following formula involving the nonlinearity holds

(PJ(u,A), F);2 =2i(u,Vau-F);, € R. (2.9)
In fact, we compute

(PJ(u, A), F)2 = (J(u,A), PF) ;2 = (J(u, A), F) 2 =2Im (uVau, F)p.
=2Im (Vauw,uF) ;. = —2Im (u,Vau- F);..

Since (u, Vau - F);» = (Vau- F,u);2 = — (u,Vau- F);. is an imaginary number,
the desired formula follows from —2Im (u, Vau - F);. = 2i(u, Vau - F),,.

As for the Maxwell-Schrédinger system , also the system is not
well-posed as it does not determine solutions uniquely. The physically observable
electromagnetic field does not determine the electromagnetic potential but leaves
freedom to choose a gauge. In fact, if (u, ¢, A) is a solution of the system and
A: I xR? — R is any sufficiently regular function, then applying the gauge transform

(ﬂ, b, /~1) = (e®u, ¢ — OGN, A+ V)

yields another solution (, o, A) of the system (2.1). To remedy this ambiguity, we
choose the Coulomb gauge which requires that the magnetic vector potential is
divergence free, i.e.

divA(t,z) =0, tel, xR (2.10)

With this choice, by the second line of (2.1)), the electric potential has to satisfy the
Poisson equation
~A¢(t,x) = p(t,x), tel, vcR3

which can be solved with a Green’s function as
e 2
P(u) =v*p=rx*5|ul”,

where v(z) = & |z| " for € R\ {0}. We apply the Helmholtz projection P to the
last equation in the system (2.1)) and obtain

i0u + Acpu = epu — |u|p_1 u, in I x R?,
O2A — AA = gpj(u, eA), in I x R?,

where ¢ = £(—A)7! |u|2 For the following analysis, it is more convenient to multiply

the second equation with e and replace eA with A. Moreover, we set A = % and we
define ¢ = (—A)~!|ul*. Hence, we study
0+ Agu = Apu — |ulP " u,  in I x R®,

2.11
OFA — AA = \PJ(u, A), in [ x R?, (211)
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with initial values
u(0) =ug, A(0) =eAy, 0A0)=ceA,

where Ay and A; are divergence free.
The main theorem requires that the parameters s and o which characterize the
state space X*7 fulfil some restrictions. We recall from [NWO07] the notation

R.={(s.0) €R?: 0 > max{l,s — 2,22} (s,0) # (}.2)},

R*={(s,0) €eR*:0 <min{s+1,3s,25 — 3}, (s,0) # (2,3)}

’) 29

(2.12)

and R = R, NR*. These restrictions arise from the coupled nature of the system.
When dealing with the Schrodinger part of the system in H® then one encounters
nonlinear terms such as A - Vu which can only be controlled if the parameter o
is not too small relative to s. Conversely, estimates of the nonlinear parts of the
Maxwell equation in H? often require that s is not too small in comparison with o.
Thus, the conditions R, appear in conjunction with the Schrodinger- and R* with
the Maxwell part.

If we study the Schrodinger part at regularity below H>/2?, we need to impose
restrictions on the growth of the power nonlinearity. To formulate these restrictions,
we introduce

_5—23
- 3-—2s

_4—23

p*(s): Ty

3
and p*(s): for s < 3 (2.13)

and we set p*(s) := oo and p*(s) := oo for all s > 2.

Theorem 2.1 (Local well-posedness of the Maxwell-Schrodinger system)
Let s € [4,2] and o € (1,00) such that (s,0) € R. Let p € (s,p*(s)).

(1) For every (ug, Ao, A1) € X*7, the Maxwell-Schrodinger system (2.11]) has a

unique maximal solution in CpX*7.

(2) If additionally s > &, (s +1,0) € R, and p € (s + 1,p*(s)), then the
solution map (ug, Ag, A1) — (u, A, 9;A) is continuous from a neighbourhood of
(ug, Ag, A1) in X7 to C;zX*°, where T is less than the maximal existence
time of the solution (u, A, 0;A).

In Figure [I] the parameters s, o and p for which the statements of Theorem
hold are illustrated. The proof of Theorem requires several preparations.
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/o"’b» Theorem 2.1 (2)
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4 Theorem 2.1 (1)
1
1 YR
8 2
S S
Figure 1 — The parameters s, ¢ and p as in Theorem
Preliminaries

We first remark in Lemma that the Maxwell-Schrodinger system has an
associated energy, which is conserved at least for smooth solutions. A key tool in
the proof of the well-posedness result are Strichartz estimates. These estimates
capture the dispersive nature of both Schréodinger and wave equations and are
essential to treat nonlinear terms in the equation by providing improved integrability
properties of solutions to these equations. We recall standard Strichartz estimates
for the Klein—-Gordon equation in Lemma [2.4] and for the Schrodinger equation
in Lemma [2.60 We also prove Strichartz estimates with a so-called loss for the
Schrodinger equation in Lemma extending the ones previously given in [NWO07].
These estimates allow us to work with an auxiliary function space which plays an
essential role with most nonlinear estimates at low regularity. We devote Lemma [2.9
to state the range of available estimates using this auxiliary space and we conclude in
Corollary bounds for the power nonlinearity |u|”~" «. Through the Lemmata
and we establish bounds for the other nonlinear terms P.J(u, A) and ¢(u)u
in fractional Sobolev spaces by using the fractional Leibniz rule and interpolation.
Finally, we recall in Lemma [2.14] an application of Strichartz estimates with loss and

in Lemma [2.15 the construction of an evolution family for the magnetic Schrodinger
equation. Both of these results are contained in [NWO7].
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The square of the L?-norm of the wave function is commonly referred to as the
mass of the system. The energy functional associated to the system ([2.11)) is given by

A
Blu, 4, B) = [Vaul}s + 5 V6w,
. 2 > (2.14)
+ 55 IVAIL + 55 1B — — Il

We demonstrate that both quantities are constant along solution trajectories.

Lemma 2.2 (Conservation of mass and energy for regular solutions)

Let T € (0,00). Let u € C+L*(R3) N CrH?(R3) and A € CZL*(R?) N C+H'(R?) N
CrH?(R?) be a solution of the Maxwell-Schrodinger system on the inter-
val [0,7]. Then mass and energy are conserved quantities, that is for all ¢ € [0, T] we
have

()72 = Iluollz
and
E(u(t), A(t), 8tA(t)) = E(Uo, A07 Al)
Proof. Using integration by parts, the conservation of mass follows from
Si5 lullze = Re (9pu, u)
=Re (A u — idd(u)u + i ul"~ u,u)
= Rei (|Vaullzz = AMVou)7z + ullfri:) = 0.

Using formula (2.9)) with “F = 0;A” and the commutator relation (2.7)), we obtain

(PJ(u, A), 8tA)L2 = —2Im (u,Vau- 0,A),.
= —2Re(—iudA, Vau);.
= —2Re ([815, VA]U, VA u)LQ .
We also compute
Re \ (0, Vo(u), Vo(u)),» = —ARe (0,A¢(u), \d(u))
= ARe (0, [ul* , Ao (w))
= 2Re (A p(u)u, Oyu) ;o -
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With the help of these two preliminary computations we now deduce

1
B, A, 0A) = § (Vau, Vaw)p + 55 (V¢( ), Vo(u) e — 5175 lullfen
+ %\ (VA, VA)H 2,\ dt <atA atA)
=2Re (0, Vau,Vau)2 + ReX(0,Vo(u), Vo(u)),-
— 2Re(|uf ™" u, du) 213 (0FA—AA DA,
=2Re(— Ay u+ Ap(u)u — luP~" u, Oyu) 12
+2Re ([0, Valu, Vau), . + (PJ(u, A), 8,5A)L2
= 2Rei||0ul3, = 0. O
In the next lemmata we state various types of Strichartz estimates which are an
important tool in the study of dispersive equations such as Klein—-Gordon, Schrodinger
and wave equations. Such kind of estimates were first established by Robert S.
Strichartz in [Str77b|, where he interpreted estimates on the restriction of the Fourier
transform to curved surfaces as space-time decay (which means lying in LP(R¥1)) of
solutions to linear dispersive equations posed on R x R?. These type of estimates
were subsequently generalized in many directions and all have in common that they
show improved integrability properties of solutions to linear dispersive equations. We

start by taking a short look at the Klein-Gordon equation. Let X = H'(R3) x L*(R3)
and consider the Klein—Gordon operator

A(A,B) = (B,AA — A)
with domain
dom(A) = {(4,B) e ¥ : AA e L*(R*),B e H'(R%)}.

The operator A is skew-adjoint, see e.g. Proposition 2.6.9 in [CH98|, and hence
generates a unitary Cy-group 7 on X. Let (A4, A1) € X and let A: R — H'(R3?) be
the first component of ¢ — T (t)(Ag, A;). Then A € C(R, H'(R®))NC' (R, L*(R®))N
C? (R, H *1(R3)) is a solution of the homogeneous Klein-Gordon equation

O2A—AA+A=0

with initial values A(0) = Ay and 9;A(0) = A, see Proposition 3.5.11 in [CH9S|.
The parameters in the following Strichartz estimates for the Klein-Gordon equation
satisfy a certain relation which we introduce in the next definition.

Definition 2.3 (Klein-Gordon admissible pair)
A pair of numbers (q,r) is called Klein-Gordon admissible if
2 2

-—=1—- and 2<¢g<o0.
q T
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For reference we quote the following Strichartz estimates for the Klein-Gordon
equation from Lemma 2.3 in [NWO7].

Lemma 2.4 (Strichartz estimates for the Klein—Gordon equation)

Let I be an interval with 0 € I and let o € R. Let (q,r) and (¢, 7) be Klein-Gordon
admissible pairs. Let (Ag, A;) € H(R®) x H*"Y(R®) and f € LY (I, HO 71247 (R3)).
Then a solution A of the Klein—Gordon equation

PA—AA+A=f

with A(0) = Ay and 9,A(0) = A; belongs to C'(1, H°(R?*)) N C* (I, H**(R?)) and
satisfies the estimate

0|0 Al s o210y < C (1040 ADllgo o s + 1 o g reo7a) ) -

Note that the pair (0o, 2) is admissible and that this is the only pair for which
one does not lose “—2/g-derivatives” in the estimate.

We next state Strichartz estimates for the Schrodinger equation. We recall that
the Schrodinger operator iA on R3 turns into the multiplication operator —i£? by
applying the Fourier transform. Therefore, the free Schrodinger group S acting on
up € S(R?) is given by the formula

F(S(t)up)(€) = e Fug(€), forallt € R and ¢ € R,

This formula extends to any Sobolev space H*(R?). The scaling property of the
homogeneous Schrodinger equation gives rise to the following admissibility condition.

Definition 2.5 (Schrodinger admissible pair)
A pair of numbers (g, ) is called Schridinger admissible if

2 3 3
—=—-—— and 2<gq,r<oc. (2.15)
qg 2 r
We reproduce the following Strichartz estimates in fractional Besov spaces stated
in Corollary 2.3.9 in [Caz03|.

Lemma 2.6 (Strichartz estimates for the Schrodinger equation)

Let I be an interval and let ¢ty € I. Let s € R and let (¢,7) and (§,7) be two
Schrodinger admissible pairs satisfying the admissibility condition . Moreover,
let ug € H*(R?) and f € L7 (I, B ,(R?)). Define

u(t) = S(t)u0+i/t5'(t—7)f(7) dr, fortel.

to
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Then the function u belongs to L? (] , B;?’Q(]Rg)) and satisfies the Strichartz estimate
HUHLQ(I,BﬁQ) S llulto) lms + HfHLfi’(I,B;, ,) (2.16)

where the constant in (2.16) is independent of the time interval I.

In the following lemma we prove another type of Strichartz estimates for the
Schrodinger equation which feature a so-called “loss”. These estimates are useful
to treat less-regular inhomogeneous terms and will be in our case crucial to deal
with the term A - Vu in the magnetic Laplacian regarded as a perturbation of the
free Schrodinger equation. As a special case, the estimate in the form of was
proved in [INWO7|, Lemma 2.4. By extending the proof in [NWO07], we are more
flexible in treating different time and space regularities in the inhomogeneity. The
parameter « in Lemma [2.7] describes the “loss” in the estimates, meaning that
the spatial regularity which is controlled on the left side is less than the spatial
regularity which enters on the right, see the Sobolev spaces H*~*" vs. H®. The idea
of the proof is to use a spectrally localized estimates which are obtained from a
Littlewood—-Paley decomposition and a partition of the time interval which is adapted
to the frequency decomposition. Such an approach has been successfully used to
prove Strichartz estimates with (fractional) loss of derivatives in various situations,
notably in [BGT04] for nonlinear Schrodinger equations on manifolds and in [KT03]
for the Benjamin—-Ono equation.

Lemma 2.7 (Strichartz estimates with loss of derivatives)

Let T € (0,0), s € R, and a € (0,00). Let (¢,7), and (g, ) be two Schrodinger
admissible pairs satisfying the admissibility condition (2.15)). Moreover, let 8 € ¢, 2]
and f € LP([0,T], ;'TB(:%_QM_%)&(R?’)). Let

ue L*([0,T], H*(R*)) n W ([0, T], H**(R?))
be a solution of the inhomogeneous Schrédinger equation
i0u(t) + Au(t) = f(t), te€]0,7T].

Then u belongs to L?([0, T], H*~*"(R?)) and satisfies

g e < Cullgeres + T g oo )
We point out two special cases of this estimate. In both cases we consider the
Strichartz pair (¢,7) = (00,2). Thus, we may take 5 € [1,2]. If 5 = 2, then we
obtain

el g e < € (el geze + T2l oo ) (2.17)
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since B3,**(R?) = H*2*(R®). This is the estimate already obtained in [NWO07],
Lemma 2.4. On the other hand, if we take g = 1, then we obtain

il e < C(Ntlgeme + 11l g5 ) (2.18)

Proof. We prove the case s = 0 only. This simplification is only for notational
convenience to shorten some long terms and does not affect any of the arguments.
Let u= )" gu; and f =} f; be Littlewood-Paley decompositions of u and
f, where we define the Littlewood-Paley blocks u; = A;(u) and f; = A;(f) for
J € Nj as in Definition . Fix j € Ny. Then u; is a solution of the mhomogeneous
Schrodinger equation

10,u;(t) + Au;(t) = f;(¢). (2.19)

Let I denote the interval [0, T]. We choose a partition of I into disjoint intervals
with the following properties. There is m; € N and there are m; intervals I}, such
that I = J,2, I} and the interval lengths satisfy

272ajT < ‘[’Z‘ < 27201j+1T
for k € {1,...,m;}. Furthermore, for each k € {1,...,m;} we take a point tf; such

that #], belongs to the closure of I} and ||u;]|,» has a minimum on I} in the point #.
From the partition of I into smaller intervals, we obtain

mj 1/(]
||uj||Lq<I,m=<Z /ﬂnuj(t)u%dt) (Zn J||WW> (220
k=1"Y"k

The standard Strichartz estimate applied to the Schrodinger equation (2.19)), see
Lemma [2.6] yields

||“J‘Hm(1g,y) < CH“J’ (t@ ||L2 +C ||fj||Lé’(1g,Lf’) :

1/q

Applying this Strichartz estimate to each summand in (2.20)), using the triangle
inequality and the embeddings ¢# < ¢? < (7 due to 3 < 2 < ¢, we obtain

1/q
il pagr.ory < (Z H%HLq i LT)
; 1/2 1/8
; 2
< (zuuj(t@up) (zum o ) |
k=1

We next use the specific construction of the partition to put the pieces back together
and obtain an upper bound only involving the functions on the whole interval I. For
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the first part of the sum we use the lower bound 1 < 71222 |I ,ﬂ and the minimality

of Huj(ti)”m to get

m; 1/2 m; 1/2
(Zuujum;) s(ZT122aj\fzwuj<t;>u;) < T2 o
k=1

k=1

For the second part we use Holder’s inequality, ¢ < (3 and the upper bound
}I,ﬂ < 27299+ T to obtain

/B
(ZHf]HLq (IJ L ) <Z|I]‘ﬁ 1/q 71/6 ||f]”Lﬂ(1J L )

< (QT)l/q —I/BHQ 2a5(1/§'—1/B) fj

/B

HLB (I,L™)

Multiplying with 2%/, we obtain altogether
—aj ~1/2
12 ]uj”LCI(],LT) ST il Lo ) (2.21)
1-1/G-1/8| o205 (1-1/4—1/8)—aj :
+ 7Y H2 J(1-1/4-1/8) Jff”Lﬁ(I,LF/)'

To conclude the computation, it remains to relate the estimates on each
Littlewood-Paley block to the functions u and f. We need the following results from
Littlewood—Paley theory. We use that the Sobolev space H~*"(R?) is isomorphic to
the Triebel-Lizorkin space F,;*(IR?), see Theorem [A.8, Since r > 2 we next use the
embedding B, 5 (R?) — F; o(R3), see Theorem [A A.9|(2)} Since ¢ > 2 we finally apply
Minkowski’s integral 1nequahty and arrive at

HUHLQTH*‘“ S HUHL%F;;‘

S ||u||L‘1TB;§‘

-/ (i 3200 uj<t>|ir)q/2 at
(fj ( [z o, dt) W) N

7=0

- 1/2
_ (Zuz—w‘ujuiw) |
=0

1/q

IN
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We now apply ([2.21]) for each summand and arrive at

0o 1/2 00 1/2
i 112 _

(ZH2 ﬂujnw) <1 “2(Zuujuiw)

=0

Jj=0

. 1/2
I RSV (Z||2—2aj(1—1/q—1/ﬂ)—ajfj Higy') ‘
j=0

From these terms, we can conclude the desired assertion. Concerning the first term,
we compute

00 1/2 00 1/
T <2; ||uj||izTL2> — 12 (Z;/IIIUJ‘@)HE2 d’f)
J= J=

1/2
=1 ([ lutoliy, @)

N ||u||L%°L27

2

where, in the last step, we use Holder’s inequality and the mutual isomorphy of the
spaces BY,(R?), Fy,(R?*) and L*(R?), see again Theorems and as above.
We treat the second term similarly. By the embedding ¢% < 2 due to 8 < 2, the
second term is less than

oo 1/6
T1-1/3-1/8 (Z}|22°‘j(11/‘71/5)°‘jfj Hiﬁ L)
T

J=0

~ , 1/B
_ T1-1/4-1/8 /Hf” —2a(1-1/§-1/8)—a dt
I By

= TP fll g pomiscaisime

This proves the assertion.

As we mentioned in the statement of the lemma, the special case f = 2 and the
fact # < 2 allows to use the embedding H*>™ (R?) = F5 5 (R?) — By ,(R?), for which
we refer again to Theorems and cited above. This shows in particular (2.17)).
Otherwise, the final estimate involves some Besov space-norm of the function f. [

In the next lemmata we prepare the estimates which we need to treat the power
nonlinearity. In Lemma [2.8| we investigate the smoothness properties of the map
2 |2|P ~! 2 and we calculate explicitly its derivatives in order to derive pointwise
estimates.
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Lemma 2.8 (Pointwise bounds for differences of the power nonlinearity)
Let p € [1,00). Let u, @ € C®°(R x R3,C). Define g: C — C, g(z) = |2’ 2.

(1) The function g is real differentiable. If p > 2, ¢ is two times real differentiable.

(2) We have
ufP™ = afP a) < (Pt + [af ) fu—al. (2.22)

(3) We have
10 [ul”™ | < Jul"" |05l (2.23)

and if p > 2, we even have
‘(9j (|u|p_1 u—|aff! 1])|

2.24
S a0 (u = @)+ (Jul”™ + [al"™) 19;al Ju — al 220

for j € {0,1,2,3}.

Proof. In the case p = 1 all assertions are evident, so we assume p > 1 throughout
the proof. To compute the real derivatives of g most efficiently, we use the Wirtinger
calculus for the operators 0, = (9, — 19,) and 0, = $(9, +10,). In this way, we can
use the product- and the chain rule and we note that for any function ~: R? — C we
have ;h = 20.,h. For any o > 0, it is convenient to write |z|* = (22)*/2. By the
chain rule, we obtain

d. |z]" = %(ZZ)QT_QE + %(ZZ)QT_QZ =2 127?Z and 8.|2*=0.|z|]" = S |2]*72 2.
Using the product rule, we infer that

0.g(z) = 2 2P 2P+ 2P = 2 P and 0.g(2) = B 2P0 2% (2.25)

This shows real differentiability of g on C\ {0}. Looking at the difference quotient,
we directly see that g is even complex differentiable in 0 with ¢’(0) = 0. Hence, the
formulas in (2.25)) also hold true for z = 0. We obtain the estimate

max {|0,9(2)],10.9(2)|} S |2/~ forall z € C. (2.26)
With the formulas above, it is easy to compute the second derivatives of g. We obtain
Dg(z) == 2, 0.0.9() = Tt 2" 2
0.0.9(2) = EHER P ek (o) P, Bg(e) = LR 0,

Again, if p > 2 the difference quotient reveals that d,¢ and d,g are complex
differentiable in 0 with derivative 0. Here we obtain the estimate

max {|02g(2)|,10.0.9(2)|,10.0.9(2)|,1029(2)|} < |2[P>, forall z € C. (2.27)
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Let z,w € C. Define h: [0,1] — C, h(7) = 72+ (1 —7)w. We note that h'(1) = z—w
and that |h(7)|" < |2]" 4 |w| for all T € [0,1] and any o > 0. This, the fundamental
theorem of calculus and ([2.26]) yield

962) — gt} = | [ @) (i) = )+ @u) (o) - ) o

S (12 1+|w|p 1) |2 = wl.

Hence, estimate ([2.22)) is proved.
Let 7 € {0,1,2,3}. The chain rule yields

(2.28)

0i(g 0 u) = (99 0 u)dju + (D:g © u)dju
Using ([2.26)), we obtain (2.23]). We further obtain

|0;(g ou) — 0j(gou)| <0.90ul|0ju— 0;a|+ 0.9 cu— 0,9 ol |0;ul
aug o ul [0 - 5] + 10 0w — Brg o] [53].

From this estimate, we can deduce the assertion by using again (2.26) and by
applying ([2.28]) to the functions 0,¢ and 0.g which yields together with (2.27)) the

estimate
max {[0.gou — d.godl,|0.gou—0.g00|} (|u|p_2—|— |ﬂ|p_2) lu—al. O

The key problem we face with the nonlinearity is the following. If we start
with a function u € H*(R?), then we can only ensure that |u[’~" u belongs to the
space H*(R3) if we can control the L>®-norm of u, cf. estimate below. If we
had s > 2, we could simply use the Sobolev embedding H*(R*) < L>(R?). For
the case s < %, we must use additional information on u. We shall later see that
thanks to the Strichartz estimates with loss from the previous Lemma [2.7] we can
work with the auxiliary space L2 H*~Y/26(R3). If s > 1, we then take advantage
of the Sobolev embedding H*~'/%6(R3) « L>(R?). However, we cannot simply
estimate each L®-norm by the H* Y/26-norm. The reason is that we must also
take into account the time integrability. A typical term which we later encounter is

I ’“‘p_IHLlTLw' The naive estimate gives
1 g 1
|||U|p_ ||L1TL°° S /0 [[u(®)] ]1){:71/26 dt < TEP/2 ||U||L2 H5—1/2.6 5

which requires that p < 3. This is an unacceptable low upper bound for p. By
interpolation between the spaces H*(R3) and H*~'/26(R3), aiming to shift as much
weight as possible on the former space, we can considerably increase the range of p
which we can handle by this method. Since terms of this type appear in several
variants below, we collect all the available estimates in Lemma [2.9
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Lemma 2.9 (Interpolation with the auxiliary space)

Let s € [0,00). Let u € H*(R3) N H*"Y/26(R3). Let o € (0,00) and 3 € [1, o0] such
that af > 2. If § = oo, this condition is satisfied for any «, and one has to read
é = 0 in the formulas below. Define

Y(a, B, 8) = a3 —28) — =

Ifs>1-25ands >3 2a6’ then |u|® belongs to L#(R?) and for every v € [0, o]
which satlsﬁes (e, B, ) <7 < min{2as, 3a ,6’}’ we have the estimate

ol

Hs—1/2,6 * (229)

Ifpg>2s>2-— %, and s > T — 26’ then Vu belongs to L#(R?) and for every

7 € [0, 1] which satisfies y(1,8,s — 1) <y < min{2(s — 1), 2 — E}’ we have

Hl®llLs S

IVl S luall g el s - (2.30)

In the applications of the estimates above, we are usually interested to take v as
small as possible. If s > %, we observe that v(a, 3, s) < 0 and we may choose v = 0.
Ifs< %, we note that

Y, Bys) <1 if a< 13+_62/§ and ~vy(a,f,s5) <2 if a< 2;__62/5. (2.31)
Proof. Let 6 € [0,1]. We have the interpolation result
[H~1/26(R3), HY(RY)], = HP0/26/(-20)(R3),
If 2s > 0, 5= 29 < af, and s+ 19 —-= > ——,8, we also have the Sobolev embedding
H50/26/(-20)(R3) y [o8(R3).
To use both results we must find 6 € [0, 1] which satisfies § < min{2s, 3 — 5} and

0>3—2s— a—ﬁ. We can find such 6 under the stated assumptions in the lemma and
we thus obtain

a « a— a9
Nul®llze = lullzas S llully el e /2. -
By setting v = af, we obtain (2.29). We deduce (2.30)) by applying (2.29) with
a =1 and s — 1 to the function Vu. m
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Corollary 2.10 (An upper bound for the power nonlinearity)
Let p € (1,00) and s € (1,p). Let u € H*(R?) N H*~1/26(R3). Then lu[P~" u belongs
to H*(R?) with the bound

|p*1 p—
HS

[l ™ ull e S el ull e oo (2.32)
where v € (v(p —1,00,8),p — 1} as in Lemma . If s > %, we may choose v = 0,

and if s < %, we may choose

4 — 2s 5 —2s
2 if .
59, d <2 b p<aTol

Proof. By Theorem 5.4.3/1 from [RS96], we have

vy<1 if p<

1 1
el ] o S el s Nlulle - (2.33)
The assertion thus follows from (2.29)) and (2.31)) in Lemma O

The nonlinearity in the Maxwell part of the system is given by the current
density .J. In the next lemma, we repeat the statement and the proof of Lemma 2.6 in
INWO07] which gives upper bounds on this term which are sufficient for the fixed-point
argument. The conditions on the parameters s and o are given in . Note
that every condition stated in the set R* enters into the proof of Lemma 2.11] In
particular, the fact that H'/%6(R3) is not embedded in L*®(R?) is the reason why
the point (s,0) = (2, 3) is excluded from the set R*.

Lemma 2.11 (An upper bound for the current density)
Let s € [4,00) and o € [1,00) such that (s,0) € R*. Let u € L>([0,7], H*(R?*)) N
L2([0,T), H*~'/26(R?)) and A € L>([0,T], H°(R*)). Then P.J(u, A) belongs to
the space L*([0, 7], H°~'(R?)) and satisfies the bound

1P Al e S TV A o) Nl g e - (230

~Y

Proof. In the first part of the proof we neglect the dependence on the time variable
and prove estimates for PJ(u, A) in H°~'(R3) under the assumption that u €
H3(R*) N H*/25(R3) and A € H°(R?). We recall that the definition of the current
density J and the boundedness of the Helmholtz projection on H°~(R?) imply

1P (u, Al gos < 2[|PuNVul| gos + 2 [[aAul] o - (2.35)

We start to estimate the first summand. Using the Kato—Ponce commutator estimate
from the Appendix of [KP88| and that the Helmholtz projection vanishes on a
gradient field, Lemma 2.5 in [NWO07] shows that

1PN ul| o S Ml o1 [[VUll 12 (2.36)
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for any p; € (1,00) and ps € (1, 0] satlsfylng = + L = 1. We choose p; and

p2 depending on s, where we distinguish three cases We use Theorem [A.10| for
interpolation.

We first consider the case s € [% %) In this case, we set p; = ?3_2 and
po= (31— pil)_l = - Note that p; € (3,4] and p, € [4,6). Interpolation with
parameter #; = 3 — 25 which belongs to (3, 1], shows that

[Hs_l(RS), H8_3/2’6(R3)]91 = [p2 (R?’).
Interpolation with parameter 6y = 25 — g, which belongs to [%, %), also shows that
[HS(RS), H371/2,6(R3):|92 SN Hafl,pl (R3)

Here we note that %2 + % = 233—’2 pil and we use that the condition 2s — % >o0—1

is equivalent to 0as + (1 — 62)(s — ) > o — 1. From (2.36]), we thus obtain

0,40 2-0,—0 1/2 1 13/2
| PaVull o < lullg ™ Nulli202 = lllf? Tul3 e
The next case is s € [2,2). Here we set p; = 72 and p, = (5 — pil)*l =2
Note that p; € (2,3] and py € [6,00). Since s — % - % =s—2= —p%, we have

the Sobolev embedding H*~%/ 26(R3) < LP2(R3). Interpolation with parameter
03 = s — 1, which belongs to [ , 1), further yields

[HS(RB)’Hsfl/Z,G(R?))}eS SN Hafl,pl (RB)

Here we note that %3 + % = 256_ 1l — p% and we use that the condition %s >0 is

equivalent to f3s + (1 — 05)(s — 3) > o — 1. From (2.36)), we next obtain
_ 0 29
1Pavulljro-s S Il Nl me = lullr lull sz -

We now discuss the case s = 2. Since (s,0) € R* by assumption, we have o < 3.
Consequently, there exists ¢ € (0,1), such that o < 3 — gg. We set p; = 1%5 and
py = (1 — -)~" = 2. Using the Sobolev embeddings H*(R?) < H’~'#(R?) and

H*73/26(R3) «— LP2(R3), we deduce from (2.36)) that

1PaNvull gos S Jull go-ro IVull oo < lul

Hs u||Hs—1/2,6 .

Finally, we consider the case s € (2,00). Here we set p; = 2 and py = 0o. Then
(2:36) and the Sobolev embedding H*~3/26(R3) — L>*(R3) yield

1PaNull yos S NJull ot [Vl oo S M1l s 10l o/
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where we use the condition s > ¢ — 1 in the second step. This finishes the discussion
of the first summand in ([2.35)).

We consider the second summand in . Here we distinguish two cases. The
first case is o € [1, 2]. The fractional Leibniz rule from Theorem and the Sobolev
embeddings H?(R?) — L5(R3), H*(R3) — LS(R?), H*~Y/26(R3) — L>(R?) and
H*(R3) — H° 13(R3) show that

[aAul| o S 1Al 2o lull grors l1ull oo + 1Al oo lell o lull o
S Al o [lul

Hs uHHs—l/Q,G

In the other case we have o € (%, o0). Here we combine the fractional Leibniz rule
with the Sobolev embedding H(R3) < L>(R?) to obtain

[Aul| gror S Al oo [l o [l oo + (1A o106 llull 2o llull 2o
S N[ All go [lul

Hs U||Hs—1/2,6 9

which is, overall, the same estimate as in the first case. Here we use the condition
s > o — 1 in the second step.

To deduce assertion ([2.34]), we combine all the above estimates with Holder’s

inequality applied to the time integration. As an example, we consider the case

where s € [, 3). We compute

1P, Al 1o
= [ 1Pt A®) e

S,/O [1Pu®)Vu®)| g + [[a(®) A)u(t)] gov dt

1/2
STV ull s e

1/4 2
ST A g sre) il e sy e

The other cases are treated similarly. O]

3/2
U/HL/%HS—I/Z,G + T1/2 ||AHL%°H" ||uHL%°H5

u||L2TH571/2,6

Yet another nonlinear term in the Maxwell-Schrodinger system is the electric
potential ¢ given by ¢ = (—A)~! [u?|. To estimate this term in fractional Sobolev
spaces, we use the following lemma which is based on the Hardy-Littlewood-Sobolev
inequality combined with the fractional Leibniz rule and Sobolev embeddings.

Lemma 2.12 (An upper bound for the electric potential)

(1) Let g € (2,3) and set r = ()E—qzq. (Conversely ¢ = 535-.) For every u € LY(R?),

the electric potential ¢(u) = (—A)~'(|u|?) belongs to L"(R?) and satisfies

2
()l 2 < Nlullza -
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(2) Let g € (2,6) and set 7 = 63—fq. (Conversely ¢ = =) For every u € LI(R?),

the electric potential ¢(u) = (—A)~'(Ju|?) has a distributional derivative,
Vé(u) belongs to L7(R?) and satisfies

Vo)l < lullz, -

(3) For every u € H'(R?), the electric potential ¢(u) = (—A)~'(|u|?) is bounded
and satisfies
2
()l oo S lleell -

(4) Let s, s1, 59,83 € R satisfy the conditions

(i) 0 < s < s3, (iii) s1+ s9 > 0,

(il) max{s — 2,0} < min{sy,sq}, (iv) s+1 < min{s; + 5o+ s3,3}.
If s; = % for some j € {1,2,3} orif s = s3 < %, then conditionshould hold
with strict inequality. Let u; € H* (R?) for j € {1,2,3}. Then (—A)~*(ujus)us
belongs to the space H*(R3) and is bounded by

3

e S T sl -

j=1

1(=A) " (urus)us]

Proof. For the first and second assertion, we note that the solution of the Poisson
equation is given by

_E R3 |:v—y|

and its gradient is given by

L[ ) (@ —y)

S — dy, ze€R3, 2.37

Vo(u)(r) =

see Theorem 6.21 in [LLO1]. We deduce both assertions from the Hardy-Littlewood-
Sobolev or the weak Young inequality, see e.g. Theorem 4.3 in |[LLO1]. We recall that
for any p € (1,00) the weak LP-space LP (R?) consists of all measurable functions
f such that sup,.ot [{z : |f(x)] > t}Y? < co. The function z — |z| ™" belongs to
L3 (R?) and the function 2 — x [z| > belongs to L¥/*(R3). Since 1+ =5t we
obtain

(@)l < 1] oy < el -
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Moreover, we have 1 + % = % + g. Hence, we also obtain

IVo(u)

The third assertion follows from the following direct computation. Using Holder’s
inequality and the Sobolev embedding H'(R3) < L%(R3), we obtain

2 2
o, < (s [ Jeign_dy_+t/“ w)l’
vek? J{ly—sl<i} |7 =] {ly-al>1y |7 = Yl

2/3
gmm(/’ |x—m3”d@ el + [al2
{ly—=|<1}

z€R3

v Sl e < ullZe

2
S el

The fourth assertion is proved in Lemma 2.1 in [NWO05|. The proof essentially
uses the fractional Leibniz rule, Sobolev embeddings and again the Hardy-Littlewood—-
Sobolev inequality. O

We collect several facts about solutions of the magnetic Schrodinger equation.
We study solutions of
10w + Agv = Ap(u)v + f, (2.38)

with initial value v(0) = ug, where the functions A, v and f are given. In the
following we solve ([2.38) under the following assumptions. For some o > 1, the
function A: I x R3 — R? satisfies

Ae Mp"NLAL™(R?), divA =0,

and the potential ¢(u) = (—A)~" |u|* is defined for some function u: I x R? — C
with

u € L H'(RY).
For the inhomogeneity in the magnetic Schrodinger equation ([2.38)), we require at

least that
fe L%OHS_Q(Rg).

We introduce the same solution concepts as in [NW07], namely we distinguish between
weak and strong H*-valued solutions of the magnetic Schrodinger equation ([2.38)).

Definition 2.13 (Weak and strong solutions of the magnetic Schrodinger equation)
Let s € [0,2]. A function v: I x R® — C is called a weak H*-solution of (2.38), if
v € LY H*(R?) N WL H*2(R3) satisfies the magnetic Schrodinger equation (2.38)).
The function v is called a strong H*-solution, if v € Cp H*(R3)NCLH*2(R3) satisfies
the magnetic Schrodinger equation (2.38).
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If we regard the magnetic Schrodinger equation as a perturbation of the free
Schrodinger equation, we encounter the term —2iA - Vo which turns out to be the
most challenging. The standard Strichartz estimates such as in Lemma [2.6] are
not particularly useful to treat this term since they only yield upper bounds which
require more regularity than the function to be estimated. This is an obstacle for any
fixed-point argument. To overcome this difficulty, we next present an application of
the Strichartz estimates with loss from Lemma to the magnetic Schrodinger
equation. This result was obtained in Lemma 3.1 of [NW07].

Lemma 2.14 (Application of Strichartz estimates with loss to magnetic Schrodinger
equations)

Let s € [0,00), 0 € (1,00) such that 0 > s — 1 and T" € (0,00). Let A €
L H?(R3) N L2L>®°(R?) be divergence free. Let u € L H™>{s~L1H(R3). Let
f € L2H*Y(R3). Let v be a weak H*-solution of the magnetic Schrodinger equation

10w+ Agv = Ap(u)v + f

on the interval [0, 7]. Then v belongs to the space LZH*~'/%6(R3) and there exists
a constant m € (0,00) such that the function v satisfies the estimate

m
HUHLQTHS*UZG SEVO <maX{HAHL§S’H"ﬂL%L°° , (A) HUHL%OHH‘“{S*L”}> HUHL%"HS
TV s

Proof. We apply the Strichartz estimate with loss (2.17) from Lemma with the
parameter o = % to the magnetic Schrodinger equation ([2.38]). We obtain

”v”L%"HsﬁLQTHS*l/?vG S ||U||L§9Hs + T2 |24 - Vo + A - Av + Ag(u)o + f||L2THS*1 :

We start with the discussion of the term A - Vo for which we distinguish several
cases. First, we treat the cases s =1 and s = 0. In the former case we obtain from
Holder’s inequality that

A VU”L2TL2 S HA”LQTLOO HVUHL%OLQ = HAHL;LOO HUHL"TCHl :

In the latter case we use duality and integration by parts where we observe that
div A = 0 to obtain that

A - VUHL%H*1 N Ht = sup

/R3 A(t,x) - Vou(t, z)p(x) dx

llell gr=1 L2,
= Ht = sup / v(t,x)A(t,z) - V(z) de
ol g1=11J/R3 L2,

S HAHLQTL‘X’ HUHL%OL2 :
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Interpolation between these two estimates leads to
|A - VU”LZTHS*1 S HAHLgrLOO HU”L%QHS
for all s € [0,1]. If s € (1,00), we use the fractional Leibniz rule which yields
1A~ Vollgg ges S 1AL g 100+ 1Al s (ol e

where we can choose any ¢, g2, 71,72 € [1, 00] such that + = =3 and + = = 5.
We claim that we can find 6 € ( ) and ¢, o, 71 and 7"2 for Wthh the estlmate

< p(1-0)/2

0
AN oy gyo=rora [[0]] paz e S 1A g oz oo 10Nz 101125 ramvsze (2:39)

holds true. Accepting ([2.39)), we obtain the desired result. Namely, by combining
(2.39) with Young’s inequality, we obtain for any ¢ > 0 that

4 Vol s
S WAl gz o 10l Lo s 4 1Al Ly o=t 0] 2 12
_ 0)
S Al gz g [0l e grs + T2/ AT oo 0l oo s + € 0] g2 o172 -

L HNLE

By choosing € small enough, we can absorb the last term in proving the final estimate.

We thus prove . We start with the most difficult case s € (1,2). We set
0=s—1,1r = 21, ro = %S and ¢ = 225, Q2 = . We use interpolation and the
Sobolev embeddlng

|:Hs—1/2,6(R3)7H3(R3)]871 — HsHD/26/(5-25)(R3) y 12/(2=5) (R,
We also use the estimate
1Al 2/ porason S 1Al e 1A 2 2o
which is proved in Lemma 3.1 of [NW07]. We thus obtain

HAHLQ/(Q—S)HQ/S—l HUHLQ/(sA)Hl 2/(2—s)

< T(2 s /2 HAHLOOHGOLQ Loe “/U”LOCHS ”UH2§111‘1371/2’6 :

Ifs:2,wetake0:1—3§,Whereweset6—min{ 5 ,4} asm We

set (1 = 00, ¢ = 2 and % =19 1 _ . Using interpolation and the Sobolev

2 0 g
embeddings

[HB/Q’G(R3),H2(R3)]1,35 _ H(3+35)/2,6/(1+65)<R3> SN Hl,rz(RB»)
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and H?(R3) — H'"(R3), we arrive at

1A e s 10l grrre S T2 I All o o 101 e
T T

If s € (2,00), we take 6 € (max{5 — 23,5}, 1). We set r = 2, 1 = 0o and
q1 = 00, g3 = 2. Using interpolation and the Sobolev embeddings

[Hsfl/2,6(R3>’ HS(R?))]G — H379/2,6/(3720) (R3) SN Hl’OO(R?’)
and H?(R3) — H'(R?), we arrive at
< T(l —0)/2

0
UHL%H‘9_1/2’6 .

[
JAN o prems ol 2 rne < ([ e T

The next term is A - Av. If s € [0,1], we use the Sobolev embeddings
L6/(5—25)<R3) SN HS_I(R?’), HS(R3> N LG/(3_2S)(R3), HO’(R3) SN L3(R3) and
Holder’s inequality to obtain

A - AUHL%HS*1 SA- AUHL%LG/({’*QS)
< HAHL%L‘X’ HAHLgs’LS ”UHL%°L6/(3_23)
S HA”LQTL‘X’ ||A||L39Hff ||U”L;°HS :
If, on the other hand, s € (1,00), then we use the fractional Leibniz rule and
the Sobolev embeddings H*(R3) — H* 15(R3), H°(R3) — L°(R?®) and Hélder’s
inequality to obtain that
[A - Avl| gz et SIA - All gz 1 [[0]] e pro-10 + 1A - All 2 pro—srs 0] L2e o
S ”AHLQTLOo HAHL%OH" HUHL%’HS :

3

Here we distinguish two subcases for the second term. If s € (1, 5], we choose ¢, = 6,

= 3, use the Sobolev embeddings H*(R3) < L%(R?), H7(R?) — H* '3(R?) and
the estimate || A - A||L2 1 S ||A||L2 oo ||A||LOOHS 1,3 by the fractional Leibniz rule.
If s e ( 0), we choose mstead qs = oo and ry = 2 and argue similarly as above
using the embeddings H?(R?) — H*'(R3) and H*(R?) — L>*(R?).
Finally, we consider the term ¢(u)v. If s € [0, 1], we use the trivial embedding
L*(R3) — H* 1(R3) Holder’s inequality and Lemma to estimate

Il g s S T2 9wl oo
STV ”¢<U)HL%°L°° ”U||L°T°L2
2
N T/? ||U“L§9H1 HUHL%OH :

In the case s > 1, we use Lemma with the parameters s; = so = max{1l,s—1}
and s3 = s to obtain that

o(u)oll gy S T2 full oo prmaciroy [10]] ooy -

From these estimates, we deduce the assertion. O
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We continue to recall the theory for the linear magnetic Schrodinger equation (|2.38|)
as presented in [NWO07] where an evolution family of operators is constructed to
solve the nonautonomous problem . Summarizing their Lemmata 3.2 and 3.3,
the following facts are known.

Lemma 2.15 (The evolution family of the magnetic Schrodinger equation)
Let s € [-2,2], 0 € (1,00). Let u € L¥FH'(R?) and A € Mj° N L3 L>*(R?) with
div A = 0 be given.

(1) The homogeneous magnetic Schrédinger equation ([2.38]), i.e. we consider the
case f = 0, with initial value vy € H*(R?) has a unique weak H*-solution.

(2) Part m induces an evolution family Uy: [0,7]> — L(H*(R*)) where the
solution v is given by v(t) = U(t,0)vg, t € [0,T]. For s > s and every
t,7 € [0,T], the operator U,(t, ) is the restriction of Uy (t,7) to H*(R?).
Therefore, we use the notation Uy instead of Us.

(3) If u € CLH?*(R?), we even obtain strong H*-solutions of (2.38). In particular,
the map t — Ua(t, 7)vg belongs to CrH*(R?).

(4) Define
Ky = sup ||Ua(t,7)]

0<t,r<T

Hs—HSs *

We have the estimate K, > 1 and more importantly there exists constants
c € (0,00) and [ € (0,00) such that

2|s|
Ko S (14l i)
!
X €xp <C [s| 7Y% (T)! <maX{HAHM,}F»GmL2TL°° , (A) HUHL§$H1}> )

holds true.

(2.40)

(5) Let f € LYH*2(R?). Let w be a weak L%-solution of the inhomogeneous
equation ([2.38). Then w is given by Duhamel’s formula, i.e.

w(t) = Ua(t, 0)w(0) — i /0 Ualt, 7)f(r) dr. (2.41)

Local well-posedness

The previous lemma finishes the presentation of the prerequisites for the proof of
Theorem 2.1 We now establish Theorem [2.1] through a series of lemmata. Throughout
the rest of this section, we fix the following notation. For given ¢ > 1, we define

11 1 1 2 1 2
§=mmnd - -4V L _2_ 2 1_20 (2.42)
2 1 ¢ 2 3 3
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Note that this pair (¢, r) is admissible for the Strichartz estimates of the Klein—

Gordon equation, see Definition [2.3 Due to o — % -0 — % > %5 > 0, we obtain

that the Sobolev space H°~2/7%7(R3) appearing in the Strichartz estimates of
Lemma [2.4{ embeds into L>(IR?) by the Sobolev embedding A.9El Sinceoc—1-3 >
—34+25= —g, we obtain the Sobolev embedding H°~}(R®) — L(R?). Finally,
since s — % — % >s5—1—-20=s—1-— %, we also obtain the Sobolev embedding
HS_1/2’6(R3) N Hs—l,r<R3)‘

In many ways our strategy follows the arguments in [NW07]. In particular, we
use the same fixed-point space as they do in order to construct a solution of the
Maxwell-Schrodinger system. Let T' € (0, 1) and take parameters Ry, Ry, Ry > 1.

Define the space

B = {(u, ) [ull gz e < R, lull s groossos < R, |1 Al ygporgs 1 < Ravdiv A =0}
endowed with the metric induced by the norm

[(u, A)ll5 = HUHL%OL2 + ’|AHL%°H1/20L4TL4 .

The space B is complete. In the next lemma we use Banach’s fixed-point theorem in the
space B to construct a weak X*7-solution of the Maxwell-Schrédinger system .
By this, we mean that we construct functions (u, A, 9,A) € LFX*7 N W, X 5201
such that u satisfies

u(t) = Ua(t,0)ug + i/o Ual(t,T) ]u(T)\p_l u(r)dr

and A satisfies the wave equation
OFA(t) — AA(t) = APJ (u(t), A(t))

for almost all ¢ € [0, 7. Besides existence of solutions, a proper well-posedness result
should comprise uniqueness and continuous dependence of the solutions on the initial
values. To some extent, these properties follow from the techniques used in the
fixed-point argument in a straightforward way and they are included in the statement
of the next lemma. We call this result our basic version of local well-posedness.
However, Lemma [2.16] does not settle the problem completely. At least three issues
need to be addressed separately. First, in the fixed-point argument below we can
only close the estimates if we assume that the two solutions of the Schrodinger-
and of the Maxwell part of the linearized system belong to some auxiliary function
spaces. Therefore, we also obtain uniqueness only within this restricted class of
solutions. Only later in Corollary [2.19 we show that in fact the Maxwell-Schrodinger
system enjoys the property of unconditional uniqueness. Second, Lemma states
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continuous dependence of solutions only in a topology which is strictly weaker than
the one of the solution space. To obtain the full result requires substantial additional
work which cumulates in Lemma [2.22, Third, we should also expect that solutions
preserve mass and energy, cf. Lemma [2.2l This and further regularity properties of
solutions are shown in Lemma 217

Lemma 2.16 (Local well-posedness, basic version)
Let s € [&,2] and o € (1,00) such that (s,0) € R. Let p € (s,p*(s)).

For any (ug, Ao, A1) € X7, there exists Tyax € (0, 00] such that the Maxwell-
Schrodinger system has a unique, maximal solution (u, A) with

we Ly H(R®) NWp™H**(R®) N L7 H*/*5(R?)

and
A€ LEH (R N Wy~ H (R N L3 L®(R?)
for every T € (0, Tnax). We have the blowup alternative: If Ti,., < 0o, then
lim H (U(t), A(t>7 atA(t)) HXS,U = Q.

t— TIn ax

The solution depends continuously on (ug, Ag, A1) in the following sense: Let
((ug, Ay, A7), be a sequence in X7 which converges to (ug, Ao, A1). There exists
T € (0, Tiax) such that the solution (u", A", 0;A™) with initial value (ug, A, A7)
exists on [0, 7] and is bounded in LPX*? for all sufficiently large n € N. Moreover,
for any € > 0 we have (u", A", ;A") — (u, A, 0A) in LEX*"577¢ as n — o0.

Proof. First step. Construction of a solution by a fized-point argument. Let T € (0, 1)
be specified in (2.55) and (2.60)), and let Ry, Rs, R3 by given by the equations
below. Note that T < 1 and R; > 1 so that (T) < v/2 and (R;) < V2R, for
Jj € {1,2,3}. To solve the Maxwell-Schrodinger system on the interval
I = [0,T7], we linearize these equations and study

10,0 4+ Mg v = Ap(u)v — Jul’ ' u, in I x R?, (2.43)
OB — AB+B=\PJ(u,A)+ A,  inlxR (2.44)

with ¢(u) = (=A)~!|u|* as before. For given (u, A) € B, we obtain a solution v of
the magnetic Schrodinger equation and a solution B of the Klein—-Gordon
equation (2.44). We denote by ®: (u, A) — (v, B) the joint solution map. We show
that ®: B — B is a contraction. The weak solution of the inhomogeneous magnetic
Schrodinger equation can be expressed with the evolution family through the

Duhamel formula (2.41])
t
o(t) = Ua(t, 0)ug + i / Ua(t, 7) [u(r)P " u(r) dr. (2.45)
0
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To estimate the nonlinearity, we fix a number v € (v(p —1,00,8),p— 1} as required

by Corollary . If s > %, we set v = 0. Otherwise, we choose v according to the
conditions ([2.31]), i.e. we always have v < 2. Using the boundedness of the evolution

family on H*(R?) with constant K given in ([2.40) and estimate (2.32)) to control
the nonlinearity, we get

| Uan) P ate) ar

0

L H®

t
< esssusz/ |||u(7)|p71 u(r)||,. d7
ter
© ° (2.46)
Sessup K, [ u(r) () oo 07
te 0
< K, 7' ||UHI£§JHS HuHZQTHS*1/2’6
< K, T'""72RVR].
Hence, our estimates of the right side of the Duhamel formula (2.45]) yield
[0l < CKs (luoll e + T 72RE 7). (2.47)

As we see in and , it is possible to choose R, Ry and T only depending
on [|(ug, Ao, A1)]| xs.o Such that ||v||L%oH5 < R;.

We next consider the Schrédinger equation in the auxiliary space L2 H*1/26(R3).
Here we use the Strichartz estimates with loss from Lemma [2.7] Since they are stated
for the Schrodinger equation without magnetic fields, we change our point of view on
the magnetic Schrodinger equation . First, we treat the magnetic Laplacian
as a perturbation of the standard Laplacian and second, we split the equation in
two parts with the aim to employ different Strichartz estimates to each subproblem.
More concretely, we define f; = 214 - Vo + (A- A)v + Ap(u)v and fo = — [u|’ " u.
Then we decompose v = v; + v9, Where vy is a solution of the Schrodinger equation

i0,01(t) + Avy(t) = fi(t), in I x R?, (2.48)
with initial value v(0) = uy and v, solves
10,05 (t) + Avy(t) = fo(t), in I x R?, (2.49)

with v(0) = 0. By applying Lemma [2.14] which is crucially based on Strichartz
estimates with loss (2.17)), to the equation ([2.48)), we obtain the estimate

[v1ll 2 o120 S (T)™ max{(X) Ry, Rs}"™ [[oal] oo pro -
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We apply the standard Strichartz estimate, namely from Lemma to
equation (2.49). The Strichartz pairs (00, 2) and (2,6), the embeddings Bj,(R%) —
F§o(R?) = HS(R3) — H*"'/26(R?), see Theorem and Theorem 'E, and
estimate from Corollary imply that '

”UZHL%OHSDLQTHS—l/?ﬁ N H|“|p_1 UHLITHS N Tlﬂ/zR}fﬂR;-

In this step, we estimate the inhomogeneity in the same way as in (2.46]) above.
Since v; = v — vy, this further implies that

HleL%OHS < HUHL;OHS + HUQHL;OHS S R+ Tliv/ZR}laﬂRg-
We thus obtain
[0l sremve < 0t remsrns + oall g vns
SAT)™ max{(\) Ry, Rg}"™ [[vn[| e s + T"*R{ Ry
<A(T)" max{(\) Ry, Rs}"™ (R + T*"2RYR)) + T" /2Ry RY.

Using T' < 1 and R; > 1 for j € {1,2,3}, we conclude that there is a constant
C € (0,00) such that

||UHL%H571/2’6 S C’max{ <)\> Rl, Rg}le (2 50)
+ CT* 2 max{(\) Ry, Ry} R'R]. '

Finally, the estimate for the Klein-Gordon equation (2.44)) does not differ from
the one obtained in [NW07|. Namely, from the estimate (2.34)) for the current density
given in Lemma it follows that

1/4 2
||PJ(UaA)||L,}FHU*1 5 T1/4 <T> / <||A||L39HU> ||u||L%°HSﬁL%HS*1/216

(2.51)
< TV Rsmax{Ry, Ry }>.

The standard Strichartz estimate for the Klein-Gordon equation from Lemma 2.4]
with the admissible pairs (00, 2) and (g, r) further implies that
1Bllyonzzre < Ce ([ Aollge + 1 Aill o) + C () TV Ry max{ Ry, Ry}?, (2.52)

where we use the estimate ||B||;2 ;0 S || Bl a go-2/ar which we deduce from the
Sobolev embedding H°~2/¢7(R?) o L>(R3).

The dependency of the operator norm K, on the bounds R; and Rj3 is stated in
Lemma [2.15] which, as we recall here, yields

K, < OR3 exp (eT"? max{(\) Ry, R3}"), (2.53)
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where ¢ is a constant. The estimates above remain true if we enlarge the constant
C'. We therefore fix the same constant C' in the estimates (2.47)), (2.50), (2.52) and
as well as in the estimates and below. To ensure that ® maps B
into itself, we must select the parameters 7' € (0,1) and R; € (1,00) for j € {1,2,3}
appropriately. We now choose, in the order given below,

Ry > 2Ce ([|Aoll 7o + [[A1ll o),
Ry > 4C ||ugl| 4o B3, (2.54)
R2 Z 2C max{(A) Rl, Rg}le.

Moreover we choose T' € (0, 1) which satisfies

C exp(¢TY? max{(\) Ry, Rs})
CT' PR R]RY

CT' 2 max{(\) Ry, Ry}"R" "R}
C (N T4 max{R;, Ry }?

Y

(2.55)

ININ IN A
NI= N P’;\‘I}—‘ DO

With these choices, we obtain K < 2R§S from and the terms on the right
sides of ([2.47)), (2.50) and (2.52)) can be bounded by R;, R, and Rs, respectively.
Hence, the image ®(B) is contained in B. Note that lists one more restriction
on T', which ensures that ® is also a contraction.

We therefore estimate the difference of two solutions (v, B) = ®(u, A) and
(0, B) = ®(u, A), starting from (u, A), (@, A) € B. We define w = v — 0. Then w
satisfies

w(t) = —i/o Ua(t,7) [21(A(r) — A(7)) - Vi(r)] dr
— i/o Ua(t,7) [(A(r) — /I(T)) (A(r) + A(7))o(7)] dr
—iX i Ua(t,7) [(6(u)(r) — o(a)(r))o(r)] dr

+ i/o Ua(t,T) [‘U(T)‘pil v(T) — \6(7)|p71 T)(T)] dr.

We bound the difference w in the space L L*(R3). In each case, we use the unitarity
of Ua(t, ) and it thus remains to prove bounds on the terms in brackets in the space
LY L?(R3). The first three integrals on the right side of are estimated as in
[INWO07] and we just repeat the arguments from the proof of Proposition 4.1. Using
Holder’s inequality and the interpolation result

LYPH T A4RY) = [LF H(R), Ly H ™5 (R?)],
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see Theorem 1 and Remark 3 in Section 1.18.4 of [Tri95], we first obtain
1A~ D)Vl g0 < T¥A — Ay 1o [Vl 0
N T3/8||A - AHL“TL“ ||1~)||L%°H50L%H5*1/2*6 (2'57)
< T3 max{Ry, Ry} ||(u — i, A — A)||.

We point out, that in this estimate the condition s > % is crucial to bound v
in the space LY/*H"*(R?). Due to the Sobolev embeddings H'/?(R3) — L3(R3),
H*(R?) — L5(R3) and Lemma the estimates

(A —A)(A+ fl)f)HLlTp <T'V?|A- AHL%CU*HA + AHLQTU’O HﬁHL%OLG
STV R Rs||(u—a, A— Az
and

H (¢(U) - d)(a))f’”LlTLz STlu— u||L°°L2 [Ju + U||L°°H1 ||U||L°°H1

STRY(u—1a,A - A)lls

are less delicate. To estimate the last integral, we use (2.22)) to compute

-1 1~ 1 1
P~ = 8 o0 S ([ NP et NP 7)o =

Since we have v > v(p — 1, 00, s) above, we can use this number also with (2.29)) to
further estimate

/ eEp ), dr / o)

Of course, the same also holds true for 9. Altogether we obtain the estimate

—1—
e ol

Hs—1/2,6 dr < Tl 7/2Rp 7 IR’Y

||U - f}HL%OH

_ 2.58
< C () (T*¥max{Ry, Ry, Rz} + TRy 'RY) |(w—a, A— A (2.58)

s

We finally estimate the difference B — B in the same way as in the proof of
Proposition 4.1 in [NW07]. We apply the Strichartz estimates from Lemma
with regularity H'/? and admissible pairs (co,2) and (4,4) to the difference of the
Klein-Gordon equations satisfied by B and B. This leads to

1B — BHL%"HV?ﬁLﬁ}L“ +[|0(B - B)HL%oH—l/z
STNA = All e gr-1/2 + NP J (u, A) — PJ(, A)||L4T/3L4/3.
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We expand
J(u, A) — J(@, A) = 2Tm (aVu — aVi — iA |ul® +i4 |

and we note that at this point the Coulomb gauge is crucial. Namely, we use that
the Helmholtz projection P vanishes on gradient fields and obtain the identity

= PIm((u — a)(Vu + Va) — V(ui))

PIm(aVu — aVa) = PIm((a — @)(Vu+ Vi) — aVi + aVu)
= PIm((u — a)(Vu + V).

Therefore, no term of the form V(u — u) appears in the estimate. We further have

~Y

< T3 max{Ry, Ry}||(u — @, A — A)||3,

HPIm(ﬁVu - l:LVﬁ)HLz;mLzl/g < T3/8 HV(U + ﬁ)HL;/?’L“ Hu — ﬁ”L;@H

where we use the same interpolation inequality as in (2.57)). The other terms in the
difference of the current densities are handled by the estimate

A u)* — A |ﬂ!2||L4T/3L4/3 = ||[(A = A) Jul* + Au(a — @) + A(u — Y| s s
STV?A - A||L4TL4 ||u||i%°L4
+ T1/2||A||L§9L6 4| o pro [l — @l o 2
< TV max{R?, Rs}||(u — @, A — A)||.

We obtain that

||B - B||L%°H1/2|’1L4TL4 + Hat(B - B)HL109H71/2 ) (2‘59)
< C(N)T3®max{Ry, Ry, Rs}*||(u — 1, A — A)||5.
Thus, in addition to (2.55)), we require that 7" is chosen such that
C(\) (T*®max{Ry, Ry, R3}* + T*2RY'R)) < 1. (2.60)

We conclude that @ is a contraction in the space B and hence it has a unique fixed
point (u, A) in B which is the desired weak solution of the Maxwell-Schrédinger
system on the interval [0, 7).

Second step. Uniqueness. In the given class, uniqueness is implicitly contained
in the estimates required for the contraction argument in the first step. To make
this more explicit, we argue as follows. Let (u, A) and (&, A) be solutions of the
Maxwell-Schrédinger system on an arbitrary interval [0, 7] as in the statement
of the lemma. In all the calculation leading to (2.58)) and (2.59|) we have some wiggle
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room when we apply Holder’s inequality in the time variable. Therefore, we can also
show that there exists C' € (0,00), a1, a3 € (1,00) and a3 € (1,4) such that

[|u — ﬂ’HLOO(J,LQ) +[|A - AHL‘)O(J,HUQ) +[|A — AHL“(J,L“) 261)
<C (HU — [ pay (g2 + 1A= Al pearmrzy + |A = AHL"B(J,L‘*))

holds true for every interval J C [0,7] with 0 € J. Here the constant C' only depends

on T and the norms of the functions u, % in L H*(R?) N L3.H*~1/>6(R?) and A, A in

LEH?(R?*) N W, Ho~(R?) N LZL>®(R?). The elementary Lemma 4.2.2 in [Caz03]

shows that implies that v = @& and A = A almost everywhere on [0, T7.
Third step. Mazximal solution and the blowup alternative. We define

Tiax = sup{T € (0, 00) : there exists a solution (u, A) of (2.11)}.

It follows from the first two steps that a solution exists on the interval [0, T ,ax)-
Assume that Ty, < oo and there exists M € (0, 00) with

limsup ||(u(t), A(t), 0,A(t))|

t—Tmax

Xs,a S M

According to (2.54) we choose R3(M) = 4CeM, Ri(M) = ACMR3, Ry(M) =
2C' max{(\) Ry, R3}"™ R, and T (M) € (0, 1) satisfying and (2.60). Starting at
time tg = Trax — 37(M) with initial value (u(to), A(to), 9, A(to)), we can construct a
solution of on the interval [ty,to+ T'(M)] by the first step, thereby extending a
solution beyond T;,.x. Since this is impossible, the blowup alternative is established.

Fourth step. Continuous dependence. The last assertion is also a consequence of
the contraction argument in the first step. Fix ng € N such that

I(ug, Ay, AT)]

xso < 2| (ug, Ao, A1)

Xs,o

for allm > ng. We define Ry = 8Cel|(ug, Ay, A1)|| x50, Ry = 8CR2%||(ug, Ao, A1) || x50
and Ry = 2C max{(\) Ry, R3}™ R, and we choose T' € (0, 1) satisfying and
(2.60). From (2.54), it follows that the solutions (u", A", ;A™) constructed in the
first step belong to the same set B for all n > ng. The choice of T, estimates
and , the unitarity of U4 and Lemma imply that

(" =, A" = A < C g — woll o + C [ (Af — Ao AT = A0 gasny v

1 n n
5l = A" = )

for all n > ngy. In particular, we conclude that (u™, A™, 9,A™) converges to (u, A, 0,A)
in L2 X%/2 as n — oo and that (u", A", 9,A") is bounded in L5°X*7. Interpolation
finally yields convergence of the solutions in LFX*~%77¢ for every € > 0. O]
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In Lemma we show that this weak solution is in fact a strong X®7-solution
which even belongs to Cp X*° N C7. X727~ 1,

Lemma 2.17 (Regularity and conservation of mass and energy)
Let s € [&,2] and o € (1,00) such that (s,0) € R. Let p € (s,p*(s)).

Let (u, A) be the weak solution obtained in Lemma on the time interval
[0, 7] for some T' > 0. Then (u, A) is a strong solution lying in the space CpX 7.
Moreover, if p > 2, the mass ||u(t)||3, and the energy are conserved, i.e. for
all t € [0, T] we have

2 2
[u()l[z2 = lluollL:

and
E(u(t), A(t), 0,A(t)) = E(uo, eAg, eAy).

Note that the energy (2.14) of the Maxwell-Schrodinger system (2.11)) yields the
expression

A 2
E(ug,eAy,eAr) = ||Vy Uo||i2+§ ||V¢(Uo)||iz+||VAo||i2+||A1||i2—m [[uol[552 -

e

It is only the second term which actually depends on the parameter A = <-.

Proof. We first discuss continuity of the solution (u, A) constructed in Lemma [2.16]
In the proof of Lemma we show in estimate that PJ(u, A) € LLH 1(R?).
Hence, it follows from the Strichartz estimates stated in Lemma that A €
CrH(R?*) N CLH(R3). We next note that the function u solves the Schrodinger
equation such that

u(t) = S(t)ug — i/t S(t—71)[21A-Vu+ A Au+ Apu — P! ul dr - (2.62)
0

for every ¢ € [0,T)]. Since ug € H*(R?), we note that the map ¢ — S(t)uy belongs
to C7H*(R?). The term in brackets can be easily bounded in L%.L*(R?) by the
following computation
[21A - Vu+ A+ Au+ Apu — |ul’ " |,
T
2 2
N T ||A||L2TL°° HVUHLOTOL2 + HA“L%LOO ”u||L%°L2+)‘T ||¢(U)u||Lg9L2 +T ||u||L];>9L2P

2 3 2
S T2 | Al g oo ol e e + A2 o 1l e e+ AT e e + T ]

where we use the Sobolev embedding H*(R?) < L?’(R?) which holds in particular
whenever p < p*(s) and the estimate

2 3
H¢(U)UHL%°L2 < H¢(U)HL§9L4 HUHL;OL4 S HuHL%OL24/11 “UHLgSHS S HUHL;OHSa
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which follows from Lemma We thus obtain that u belongs to C7L?(R?) from
formula (2.62)). This and the boundedness of v in L3 H*(R?) imply by interpolation
that w € CrH® for every 5 € [0, s). Using (2.29)), we further obtain

(t) = w(m)ll e < Iu(t) = ulm)l g () = w(m)[Haas .7 € 10,71,

and we deduce in particular that u € CoH'(R*) N CrL>(R?). This implies that
Ua(-,0)uy € CTH *(R3) by using Lemma “- and it also shows that the map
t— Ju(t) [P u(t) belongs to L H*(R3)NCpH* 2(R?). Hence, the Duhamel formula
from Lemma yields that the map t — f[f Ua(t,T) ]u(7)|p_1 u(7) dr belongs
to the space CpH*(R?) N C-H*"2(R3). This shows that u is a strong H*-solution.

Finally, we prove conservation of mass and energy. For strong H 2—solut10ns,
this follows by direct computation, see Lemma . Consider a sequence (uo, A %)
in H?(R?) x H*(R?) which converges to (ug, Ag) in H* x H?. By the continuous
dependence result in Lemma , we obtain that the solutions (u;, A;); converge to
(u, A) in L X! Combining Lemma and Lemma [2.20 we show persistence of
regularity for solutions of the magnetic Schrodinger equations, i.e. taking § = 2
in Lemma [2.20, we see that the H?norm of u does not blow-up on [0,7]. For
this reason, we assume p > 2 in this step. From Lemma and Lemma [2.11] it
also follows that the H?-norm of A does not blow-up on [0,T]. Therefore, the
approximate solutions conserve mass and energy on the full interval [0, T]. Hence, we
obtain that

E(W/(t), A(t), 0,47 (t)) — E(u(t), A(t), 9, Alt))

for 7 — oo and every t € [0, 7. O

It is crucial for the fixed-point argument in Lemma [2.16] to assume that the
functions v and A lie in certain auxiliary spaces which provide more integrability
than L X*?. In the next lemma we show that for any solution we can recover
this extra integrability by using Strichartz estimates. This also allows us to deduce
unconditional uniqueness of solutions. The main difficulty in the following proof is
that we have to proceed in several small steps: Gaining a bit of integrability in the
Maxwell part, we can use this to make progress on the Schréodinger part which in
turn allows to further improve the Maxwell part and so on. The basic idea of this
lemma is contained in Lemma 5.1 of [NWO07] but the presence of our nonlinearity
forces us to insert some extra steps in between.

Lemma 2.18 (Additional integrability of solutions)

Let s € [%, 2}, o€ (1, 1790}. Let T'> 0 and let (u, A,0;A) € CrX*7 be a solution of
the Maxwell-Schrédinger system ([2.11)). Recall from the definitions of the
positive number § and of the Klein—Gordon admissible pair (¢, 7). Let § € [1, s] and
let R; € (0,00) such that

I(1t, A, 8,A) || e o1 < R, (2.63)
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Then we have the following estimate
||A||LqTLT < C(Rl) <T> : (2-64)
Moreover, if p < %‘2}“85 where 5 € [1, min{% — 0, s}} then we also have

”'U/HL%Hl/Q—é,(i < C(R;3) (T)g, (2.65)
|AlLgonss e < CCR)(T) (2.66)

We note that p*(3) < 2525580 Tf p < p*(s), we also have
[ull . rs-1726 < C(Rs) (T)™ (2.67)

where m € (0, 00) is a constant.

Proof. To show ([2.64]), we apply Strichartz estimates from Lemma with the
admissible pairs (0o, 2) and (g,7) at the regularity level H?/? to the Klein-Gordon
equation, i.e. to the second equation of the system (2.11f), and obtain

1A 2y < 11CA0 A pr2ras rzra—s + 1Al Ly mrzsamre + 1P (s AVl g gyara-ar -

Since ¢ > 2, it follows that HAHLlTHg/q_l,z <T HAHL§?L2 < C(R1)T by (2.63). For
the last term above, we use Holder’s inequality in the time variable, Lemma 2.5
from [NWO7|, the fractional Leibniz rule, and the Sobolev embeddings H'(R?) —
H*1=14(R3) and H*(R?) — L*(R3) to obtain

12T )y avasor S TV NPUNV Ul e praamsr + TN AT i
ST Jull e oo |Vl e
+ 7Y ||AHL£}°H4/‘1_1’(1 HuHi%"L4
S A 1 ¥/ VY
STV [l oo (AN o)
< O(Ry)(T).
To show @, we use Lemma twice. We first apply the Strichartz estimate with

loss (2.17)) at the regularity level H' to the Schrodinger part where we use the loss

a=1- ]§§ + 26 and the admissible pairs (2,6) and (0o, 2). Here we obtain

||U||L%H(§—26)/3,6

S HUHLgsHl + T1/2H21A -Vu+ ‘A|2 u+ ¢(u)u + ’u‘p_l u||L2TH—(3—2§+45)/3-
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We note that —%M < —26 due to the assumption § < % — 0. The Sobolev
embedding L% G+49)(R3) — H~29(R?) and Holder’s inequality yield

||A : VuHL?TJLr% S ||A : V“HL2TL6/(3+46) < T(a=2)/(2) ||A||LqTLT “quL%OL? .

Even simpler, just by using L?(R3) — H~2*(R3), the Sobolev embedding H'(R?) <
L5(R3), Holder’s inequality and Lemma [2.12|(1)| we obtain

2 2 2 2
H‘A| u“L?TH*% N H|A| < T'/? HAHL%OL6 HUHL%OL6 < T HA”L%OHl ||“||L§9H1

UH 272
2L

and
Iyl g2 S Nlo(ull a2 < T2 ()| ol e o < T2 [l

From the Sobolev embedding L!®/(15-45+80)(R3) <y [f=(3-25+49)/3(R3) and the em-
bedding H¥(R?) — L'8#/(15-45+80)(R3) where we use the assumption p < 15-45180
for the latter embedding, we obtain

H ‘u’p_l UHLQTH—(3—2§+45)/3 5 T HUHZL)%OLBP/<15—4§+85> 5 T'? ”uHing :
We therefore conclude that
[ull 2 20756 S C(Rs) (T)*. (2.68)

We apply again the Strichartz estimate with loss (2.17) at the regularity level H*,
here using the loss @ = 5 + ¢ and the admissible pairs (2, 6) and (oo, 2). We obtain

lull g prrve-so S Nl e g+ TH2]|20A - Vot [AP w+ d)u+ ul”™ ] 1y
We know from the step before that
214 - Vu + AP u + pluyul 5 420 S C(Rs) (T)”

If p € [1,2], we use the Sobolev embedding H'(R3) < L?’(R?®) and obtain that

H|u|p_1 uHL%H*Q‘S < T1/2 ||u||1£%°L2P 5 T1/2 ||u|II[),%OH1 < O(R§> <T> : (269}

Otherwise, if p > 2, we next use the Sobolev embeddings L5/G+4)(R3) — H~2(R3),
H(§—25)/3,6 (R?’) SN L18/(3—2§+45) and Hé’(RS) SN L18(p—1)/(6+2§+86) (R3)7 the latter

embedding uses the assumption p < %, and the interpolation

[L%LIB/(3—2§+45) (R3), L%OL18(p—1)/(6+2§+86) (R?’)} = L2TpL6p/(3+45) (R3)

/
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to estimate

™" ull g -2 S 1l 2 oorisras
,S HUHL%ng/(g—sta) ‘|UH]£%1L18@—1)/(6+2§+85)

S Ml gz grs—aovsm l[ullFoprs

Due to (2.68)), the estimates above yield ([2.65]).

With this additional integrability of u we can go back to the Maxwell part
and improve the estimates for A. Applying once again Strichartz estimates from
Lemma [2.4] with the admissible pairs (00, 2) and (6, 3), we obtain

1A ypompg mo-2rar S (A0 Ao o1 +T (| Al ge o2 12T (s A g5 gyo=2rsr2 -

Using Holder’s inequality in the time variable, Lemma 2.5 from [NWO07], the
fractional Leibniz rule and the Sobolev embeddings H'/26(R3) — Ho—2/36(R3),
HY(R?) «— Ho2/318/7(R3) and H'Y?796(R3) — L°(R?) which make use of the
assumption that o < 1790, we deduce

|2, Dl -2z S TP 1PV ull g groasare + T ALl 13 o5
< T'? ||u||L%H"*2/3v6 HVUHL%OLQ
e ANl oo gro—2rs8/7 1ull 12 1o el poc o
+T'° [ull 2. o2/ [[ul] oo 13 | All oo 16
ST H“HL;HI/Q—&G HUHLgsHl <HAHL%°H1>

< C(Rs) <T)3+1/3.

Since 0 — 2 — 2 = @ > 0, the Sobolev embedding H~2/9"(R?) < L*(R?)
finally shows that

, 4
1Al oo S TV N All g 20 < C(R3)(T)

and so ([2.66]) is proved.

We proceed to the proof of (2.67). As before, we apply Lemma twice. We
first use (2.17) at the regularity level H* with loss a = 5. Here we obtain

||u||LzTH5/2,6 S ||u||L%oH + T1/2H21A Vu A+ |APu+ ¢lu)u + |u”! uHLgTLg.
The proof of Lemma shows that
|21A - Vu+ AP u + ¢(u)uHL2TL2 < C(Ry) (T)™.
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If p € [1,2], we can also use (2.69). If p > 2, we furthermore estimate

4
el ] 2 < S Nullfzp 20 S (T) [ull g /- lullfs e S C(R) (T,

where we use

[H1/276,6(R3)7 HS(R3)j| U _ H(1+2(p*1)8725)/(2p),6p/(3p72)<R3> SN L2p<R3)’

by interpolation and a Sobolev embedding which holds if p < %82_326' Hence, we can
use

lll g e < C(R (D)™

to apply Lemma a last time. We apply (2.17)) at the regularity level H*® with loss
a = % and arrive at

||U||L2THS—1/2,6 < ||u||L%oH + T1/2||21A -Vu + |A|2u + o(u)u + |u|p71 uHL%HS_I.

As above, we know from the proof of Lemma [2.14] that
1214 - Vu+ [A]Pu + ¢(u < O(R,) (T)™.

HL2 Hs1

In the case where p € [1, 2], we use and we obtain with the Sobolev embedding
H*/28(R3) < L>(R?) that

—1 -1 -1
[l ull i gros S MullZz oo 1l oo ges S C(RS) [[ull T3 prame < C(R)(T)™

Let p > 2 in the remaining part of the proof. Due to the Sobolev embedding
HYO/(T=25)(R3) < H*~1(R3?) and (2.23)), we consider

H Ju”! UHLQTHS—l S H Ju”™! UHLQTHL@/W—?S)

-1 —1

The first term can be essentially treated as in the step before. From the Sobolev
embedding H*(R?) — H/6=25)(R3) and

[HS/2’6(R3),HS(R3)] — H5(2p73)/2(p71),6(p71)/(3p75)(Ri}) N LS(pfl)(RS)’

1/(p—1)

which holds for every p < (37 235 we deduce for every t € [0, T] that

1 —1
|||u |p VU HLG/(7—2$) 5 ”u(t)H]zS(pfl) ”VU( )||L5/(5 2s)

S ()l grores a1 1Vu ()]

Hs—1 -
We thus conclude that
lel”™ ull 3 s S CR)(D™,
and this finishes the proof of (2.67)). O
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Corollary 2.19 (Unconditional uniqueness of solutions)
Let s € [§,2] and 0 € (1,00) such that (s,0) € R. Let p € (s,p*(s)). For each
(ug, Ao, A1) € X7, the Maxwell-Schrodinger system has at most one solution
(u, A) belonging to CrX*? with initial value (ug, Ao, A1).

Proof. By Lemma we find that u belongs to L2.H* '/26(R?) and A belongs to
L2.L>=(R?). Uniqueness of solutions in this class is guaranteed by Lemma [2.16| [J

Continuous dependence

The next lemmata contain the technical estimates which are necessary to show the
continuous dependence of the solution on the initial data. They serve as a preparation
for Lemma [2.22] To this end, we have to control the difference of two solutions
starting from different initial values. In the fixed-point argument in Lemma [2.16] we
study the difference of two solutions to the linearized equations but only at the
regularity level L? for the Schrodinger- and H'Y? for the Maxwell part. Here we
are aiming to obtain a result in the topology of the solution space X*®?. Therefore,
we need to compare two solutions in higher order norms and this poses additional
difficulties. As we see in , Lemma our estimates go through with reduced
regularity X*~1°~°. However, when working with full regularity X*° we cannot
treat some terms appearing in the estimates unless we assume that for one of the two
solutions the Schrédinger part lies in H*T!. We obtain a bound for the H*"!'-norm
of the Schrodinger part in Lemma Here we make use of Lemma 3.4 in [NW07],
whose proof is rather involved, and we apply Gronwall’s inequality.

Lemma 2.20 (Persistence of higher regularity)
Let s € (1,3) and o € (1,00) such that (s +1,0) € R.. Let p € (s+1,p*(s)).
Let T € (0,00). Let (u, A) € L X1 be a solution of the Maxwell-Schrédinger
system . Let R > 0 be a bound such that

||u||L%OHSOW%OOHS*%L%HS*/ZG + ||A||M%UOL%L°O < R, (2‘70)

Then there exists a constant C'(R) € (0,00) for which we have

||u||L%CHS+1nW71JOOHS_1 S C(R) ||U()| Hs+1 .
We may replace s + 1 by any § € (s,4) in the assumptions of this lemma and we still
obtain that

lall e < C(R) [uo]

H5 -

Proof. In this proof, we denote by C'(R) any constant which only depends on the
quantities in (2.70]). Thus, C'(R) may change from line to line. From Lemma 3.4 in

93



[INWO7], we deduce that

sup || Ua(t,7)|
0<t,7<T

Hs+1_y frs+1 S O(R) .

Since p < p*(s), we can choose v € (v(p —1,00,8),p— 1) with v < 2. Let t € [0, 7.
Starting from

w(t) = Un(t, 0y + i /0 Ua(t, 7) [u(r)P " u(r) dr,

we compute

)l gess < [TaCE Ot jeen + / |Ua(t, ) ()P ()| o 7
C(R) |l yoss + C(R) / () u()|] s dr
C(R) [Juol st C(R)/ H|u(7‘)|p_1||Loo [Ju(T)] g1 AT

1-
C(R) |[uoll grosr + C(R /Hu W Nl g0 [T | groen AT

e + C(R) / Ju(r)

where we use ([2.33]) and Lemma . With the inequalities of Gronwall and Holder
we obtain the desired estimate
|}i[s—l/2,6 dT)

[0 < OO Ll 0 (CCR) [t

Hs+1 €XP (C(R)t(2 R ||U||L2 Hs=1/2 6)

H5+1

< C(R) [Juo|

"1}115*1/2,6 ||U(’7’)| Hs+1 dr.

< C(R) [uol
< C(R) ||uo|

for every t € [0,T]. The addendum is proved analogously. From the equation, it
further follows that

10eul e pror S AUl gppgoms + 1Al e oms + 1™ ] o
S C(R) ||“||L°°HS+1 + ||u||L°°L°° ||u||L%°HS*1

N O( ) ||U||L;9H5+1

from which we deduce the assertion. Here we use (3.13) from [NWO07] and the
estimate

1 1 9 1
ull e S el 72 e ] S ™
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for some 6 € [0,1] satisfying § > 2 — s and (p — 1) < 1. We also rely on p < p*(s)
in this last step. O

Lemma 2.21 (Comparing two solutions, cf. Lemma 6.1, [NW07])

Let s € [X,2] and o € (1,00) such that (s,0) € R and (s +1,0) € R.. Let p €
(2,5%(s)). Let T € (0,00). Let (u, 4) € C([0,T], X*7) and (@, A) € C([0,T], X*T17)
be solutions of the Maxwell-Schrédinger system on [0, 7] with initial functions
(g, Ag, Ay) € X*7 and (iig, A, A;) € X519 respectively. Recall from the
definitions of the positive number § and of the Klein-Gordon admissible pair (g, ).
Let R > 0 be a bound such that

Hu”L%CHSF_‘IW%‘OOH572QL%H571/2’6 + ||A||M%’UQL%HU_2/Q’T S R, (271)
||a||L%CHSHW%»OCHS*QOL%HS*UZS + ||A||M}F"’QL%H‘772/%T < R (2‘72)

Then there exists a constant C'(R) € (0, 00) and a number 65 € (0, 1] such that the
estimates

||u - fLHLoToHsmLzTHsA/z,G + ||A - AHM%"OL%H”%/‘I’T

S C(R)”(UOaAOaAl) - (a07A07A1)|

X s o

- . (2.73)
+ C<R)HA - AHL%OHlquTHU*?/‘I*“!T ||UHW%»°°H5*1
1165 1105
+ C(R) flu— U”L;SHS*l HUHW%’OOHkl :
and
1A = All o g go-2rar < C(R)|[(Ao, A1) = (Ao, A1) || oo (2.74)
(N C(R) llu =l e g groessoe
hold true. Moreover, if additionally s > % and o < 25 — ;1 we have
||u - a||L%oH571 + ||A - A||M71—'70-7§QL%H0'72/q75,T (275)

Xs—1l,0-6.

< C(R)||(uo, Ao, A1) — (dig, Ag, Ay)|

Proof. Assume that 7" € (0,1). We start with the Schrodinger equation and take the
difference between the two solutions, resulting in

10p(u — @) = — Aa(u — @) + Ap(u)(u — @) 4+ 21(A — A) - Vi
+ (A= A)(A+ A)i+ A p(u) — (@) i+ |ulP ' u— @]’ a (2.76)
= (~ A FAG(w) (u— @) + B,
where we introduce the abbreviation F} for all remaining terms. If we formulate

equation (2.76)) with Duhamel’s formula and the evolution family Uy, we get
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equation plus the term Uy(+,0)(up— ). The time derivative of equation ([2.76)
is given by
102(u — @) = — An Oy (u — @) + A (u) Oy (u — @)
+ 210,A -V (u— 1) + 20, A - A(u — @) + O d(u)(u — @)
+ 210,(A — A) - Vi + 2i(A — A) - Vot + 0,(A— A) - (A+ A)i
+(A-A) 9 (A+ADa+ (A—A)- (A+ Aoy + A0 (¢(u) — ¢(@))a
+ Mo(u) — (@)t + Oy(|uf” w— ol @)
= (= As+20(u)) O (u — @) + F,

where we write Fy for all remaining terms.

Throughout this proof we use the expression C'(R) to denote a constant that
arises from any estimate using (2.71)) or (2.72)). Thus, C(R) may change from
line to line. We use equation @ to estimate the difference © — @ in the space
LZH*~'/26(R?) by applying Lemma [2.14] The terms in Fy, except the last one, are
amenable to the same methods as in the proof of Lemma Treating (A — A) - Vi
in the same way as A - Vv in Lemma [2.14] we obtain

I(A—= A) - Vit gz o1 S A= Allpgomonz o |l e 1072 e-1/20

5 Tlfq/zC(R) HA - AHM}"’HL%H"_Q/(”;

where we use the Sobolev embedding L7.H o-2eT(R3) < [2[°(R3). The term
(A—A)-(A+ A)u is basically the same as A- Av in Lemma 2.14 so that we similarly
obtain

(A= A) - (A+ Dl gz s S T P2CRYIA — Allygporsgg o
For the next term (¢(u) — ¢(@))@, we obtain
1 (6() — G@) a5 s < TPCR) 1~ Al g < TC(R) fu—
by following the reasoning in the proof of Lemma [2.14] and observing that
B(u) — 6(i) = —A (u(@ - @) — A7 ((u - D)),
Therefore, Lemma yields

= @ll 3 o126 < C(R) Nl = e o + TV 1 F2| 3 gy
< C(R)(Jlu - 71“L39H8 + 1A - AHL%OH"QL‘JTH"_Q/‘”) (2.77)

+ T1/2H|u\p_1 u— ]ﬁ|p_1 ﬂHLQTHS_l.
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Furthermore, we estimate
-1 ~p—1 ~ -1 ~p—1 -
[ful”™" = Jaf’ u”L?TL? < ([l HL2TL3 + || lal” ||L2TL3) lu — uHL;?L‘“

employing (2.22)) and Holder’s inequality. Using also (2.24)), we further obtain

[l — Jaf™ ﬁ”LQTHl

1 ~p=1 ~ -1 -
S H|u|p u — |uf? UHLQTL2 + H|U’p HL2TL3 |[Vu — VUHL%OLG

-2 ~|p—2 ~ ~
(g e A P ) 1978 g s =

We observe from ([2.31)) that v(p—1,3,s) < lif p < g:gz and that v(p — 2,00,s) < 1

if p < 3752 = p*(s). Therefore, there exists v < 1 such that (2.29) implies the

estimates

-1 — —1—
P s S T2 Nl i

ul|? < T(I_W)/QC(R)

L%HS_1/2’6 ~

(I

and

—2 - —2—
i < 702 ju|r22

[ ul[fa gossne < TOVRO(R).

Iz 1o
We also have the same estimates for the function @. By using in addition the Sobolev
embeddings H'(R3) — L5(R?) and H?*(R?) — L>°(R?), we thus obtain

1 ip—1 ~ _ -
H‘u’p u — |af? UHLQTLQ <70 7)/2C(R) |u — uHL%OHl 5 (2.78)
and
-1 ~ip—1 - - .
™ = (a0 e < TODPOR) fu— il (279)
Similarly as in (2.28)) we write
1
lulP~ u— |alP e = / g (tu+ (1 —7)a)dr (u—a). (2.80)
0

Freezing the terms under the integral and regarding the right side of (2.80) as a
linear map W, the calculations leading to the estimates (2.78]) and (2.79) imply that
U belongs to L(H'(R?), L*(R3)) and L(H?*(R3), H'(R?)). Interpolation yields

Pt < TOVPOR) fu— il gy (281)

H|u U= |a|p_1a||L2THS*1

For small T', this term can absorbed in the final estimate.

To estimate the difference u — @ in the space L H*(R?), we use the equation
above for the second derivative. We rewrite this equation in integral form using the
evolution family to obtain

9,(u — @)(t) = Ua(t,0)d,(u — @)(0) — i /0 Ua(t, 7)Fs(r) dr. (2.82)
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By (6.6) in the proof of Lemma 6.1 in [NWO07|, one can trade one time derivative for
two spatial derivatives, meaning that one obtains the estimates

e+ C(R)(lu — a2 + A = A e
S 0w = @)l s + C(R) (|lu = all 2 + || A = Allar-) (2.83)
S llw =l e + CR) (v — a2 + |14 = All o).

We estimate (2.82) in the usual way and apply (2.83)) to obtain

lu — al

lu — a”Lgﬁ}qsm/v%’mHS*2

< C(R)||(uo, Ao, Ar) = (@io, Ao, Ay)| x50 (2.84)
+OR) (lu = @ll gz + 14 = Allgese + 1 Fall g ez

In this step, we also use that K o < C(R). Next, we estimate each of the terms in
F, in the same way as in Lemma 6.1, [NWO07], yielding

[2i0,A - V(u — a)HLlTHS*Q STV ||atA||L?F°H”*1 Ju— ﬁ”L%HS*l/?vG ) (2.85)
1204+ At = @)l| o2
< l-1/q N (2.86)
ST HatAHL%OHU—l HAHLQTH”_Q/‘” lu — UHL%OHS ;
1000 () (= Dl ge-s S Tl ooy sres 1t = @l e (2.87)

1200, (A = A) - Vall g o2 S TV?00(A = Ao 1l g aoroe, (2.88)
i(A — A) - VOl py o2 S TYVNA = All g yro-2ra-sr 100 oo, (2:89)

104 — A) - (A+ A)a] e

) : ) ) (2.90)
< TY9|9,(A — Ao || A + AHL%H”_Q/‘” HUHL%OHS ’

1(A = A) - 0(A + A)il| s e (2.91)
ST VA = All o o200 |00(A + Al g 7= 1|l e e |

I(A— A) - (A+ A)os]| 1y - (2.92)
S TN = Al osrvmseezemn 1A + Allg 2o 10 mens s

0. ¢u)—¢<l~b (0] [
0 (o( Dl s (2.93)

ST u— ﬂHLg?HSmW,}vOOHs—z [+ aHL%"HSﬂW%*OOHS—? Ha“L%"HS ’
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(6(w) = o(@)dral] .-

_ (2.94)
STu— UHLOTOH

u+ aHL%"HS ﬂHL%OHSﬂW%v‘X’HS_?‘ :

We give examples how we obtain these estimates. Consider (2.85)). If s = 2, we have

12i0:A - V(u = @) |y g2 S T2 N0A oo [V (0 = @) 2.1

~Y

N T/? HatA”L%OHU*l ||u - aHLQTHi”/?»ﬁ )

where we use Holder’s inequality and the Sobolev embeddings H7(R?) — L4(RR?)
and H3/*6(R3) < H'7(R3) which are mentioned in the discussion of the choice of
the parameters ¢, r in . In the case s = 1, we use duality, integrate by parts
and observe that divd;A = 0, use Holder’s inequality and the same arguments as in
the case s = 2 above, to deduce

26004 (= @)1

§wF+SW>K@A®'VW—@XW¢H

llell =1 L,
= Ht —  sup O A(t, x)(u — a)(t,z)Ve(x) dx
Il =1 | S L

< 9 Aw — @)l 12

S T'? HﬁtAHLgsHv—l Hu - QNLHLQTHI/Z6 :

Interpolation between the estimates for s = 1 and s = 2 shows that (2.85]) holds true
for s € [1,2]. As another example we consider (2.89)). Here we have

||i(A - 121) ) vatﬂHLlTL? < Tl_l/qHA - AHL;L"" ||Vatﬂ||L39L2

ST A = Allyg oz 10 e

in the case s = 2, where we use the Sobolev embedding Ho~%/47%"(R3) — L>®(R3).
For s = 1, we compute with duality

|MA—u®-vamup¥1=HtH sup [((A— D)) V(t), o)

Il =1 L
< Ht —  sup / (A — A)(t,z)0,a(t, x)p(z) dx
el =1 1/R3 L}

T

S H(A N A)afaHLle

STNA = Allyg oo 1901 e
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where we use again integration by parts and that A and A are divergence free. Hence,
follows again by interpolation. All the other estimates claimed in —
are handled by the same methods.

Finally, we consider the last term in Fy, which is & (|u["~"u — |a’~" @). It arises
from the power nonlinearity and is thus not treated in [NW07]. In view of (2.24), we
only have to consider the terms

"~

[ul”~ Oy(u and  ||(Jul” + |a["~?) dyit(u — @

u ||L1THS*2 )

(2.95)

a> HLlTHS*Q

We use a different method for each of the two. We start with the first term and
argue similarly as above through interpolation. Using Hélder’s inequality, we obtain

el 04— )y o < ™y e 104 = )
< T RO(R) 04— )

Here we use that y(p — 1,00,5) = (p — 1)(3 — 2s) < 2 for all p < p*(s) which implies
that there exists v < 2 such that

[Jul”™!

1- _
Iy oo ST Mull 27l o120 < TC(R).

To arrive at the corresponding estimate in H~'(R?), we use duality to obtain

a0 = )l = s [P 8= (0.
ol r1=1 Ly
< Htr—> sup Hgolu Ol 1HH1 . ‘]8t(u—ﬂ)\]L5.9H_1.
T

ol g1 =1

Using the fractional Leibniz rule, the Sobolev embedding H'(R?) — L°(R3) and
(2.23), we further estimate

e s b
||‘PHH1:1 Ll
<l s lelln ™+ s NP s,
T

|¢H 1=1

S o IOP e+ P s+ P 170,

< T'2C(R).
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In the last step, we use that y(p — 2,00, s) +7(1,3,s — 1) = (p — 1)(3 — 2s) < 2 for
all p < p*(s). Hence, there exist v1, 7o > 0 and v = 71 + 72 < 2 such that

|t = M@ 1905
’ !
< / a2 (O o NN N2 g e (2:96)
< T2 ully o ull ) greesios = T 72C(R).
By interpolation, we conclude that
™ 0 = D))y s S T2C(R) 10— W) g2 (2.97)

For the second term in (2.95)), we distinguish two cases. If s € [%, 2}, we use the
Sobolev embeddings L%/(7=25)(R?) < H*~2(R?®) and H* }(R?) — L'2/(7=25)(R3) to
obtain that

™ + %)t =
S H (|u|p_2 + ’a|p_2) Opti(u — a)HLlTLG/(P?s)

2 ~p—=2 -
S (H|u’p HLlTLoo + |||U‘p ”LlTLoo) ||atuHL%°L12/(7*25)

S C(R) Hﬁta“/:gsHS*l lu — ﬁHL%OHS*l :

]u — ?7,||L%OL12/(7725)

We set 6, = 1 in this case. If s € [18—1, %), we set 0, = 2 — s. We note 0, € [%, %},

1 -6, = s —1 and that we have the interpolation results
[Hsfl(RS)’HszURB)}G — L2(R3)
and

[Hs—1(R3)’Hs—1/2,6(R3)]0 _ H3(s—1)/2,6/(5—2s)(R3) N L3/(2_s)(R3).

S

We start the estimate as above by using the Sobolev embedding L% (7=2%)(R3) —
H*7%(R%), but then we employ Hélder’s inequality with 22 = 1 4 22 to obtain

(P + P ) Qi = )]
5 H (|u|p—2 + |a|p—2) 8tﬂ(u - Q)HL%LG/(%%)

o e ST R Y [ oY e

L ||8ta||L§?L2'
With the interpolation results given above, we obtain

Ty 10l S C(R) 00

Y

0s
LeHs—1

0hiil o2 < 101
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and

1-05
Hs—1/2,6

_ 1105 ~
1w = @) ()] pore-o) S Nl = ll e o [[(w = @) (1))

< (el

/2 1 [[U(t)]
Using that y(p — 2,00,5) + 1 — 05 = p(3 — 2s) — 7+ 5s < 2 for all p < p*(s) if

s € [H 5), we conclude that

}_;:6—51/2,6> ||U — a”is%oHs—l .

[l 1al") i = @[ 3 o> S COR Oy o 1w — Ul o -
(2.98)

According to (2.84)) we also have to estimate v — @ in L L?(R3). From (2.76]),
we obtain that

t
u(t) — i(t) = Ua(t, 0) (uo — o) — i / Un(t,7)Fy () dr.
0
Since Ux(t,0) is a unitary operator on L?, we obtain

[UA(:,0)(uo — aO)HL%"LQ < lu— aO”LZ .

The second term involving Fj can be treated exactly as in the proof of the contraction

property in Lemma where we obtain the estimates (2.58)) and (2.59). We

note that the terms which are controlled by the constants R;, R, and R3 in
(2.58) and can also be bounded by C(R), since we have the embedding
LLH?%"(R3) — L2L>®(R3). Taking into account that here we also must add
the difference of the initial values (Ag, 4;) and (Ag, A1) to the estimate ([2.59), we
obtain that

lu — ﬂHLi}OL2 + HA - A||L%°H1/2OL4TL4
< C(R)||(uo, Ao, A1) — (i, Ao, Ar)|| x01/2
+T°C(R) (HU - ﬂ“Lg?L? +]]A - AHL;@HU%L‘*TL‘J ’

for some number o > 0. Hence, for 7" small enough we obtain

[ = @l oo 2 + [ AHL%OHI/%L‘;L‘*

R (2.99)
S C(R)H(U@, AO7 Al) - (U07 AO, A1)||X0,1/2.

Now we can control all terms on the right side of equation (2.84) appropriately.
Choosing T' > 0 small enough, we absorb the terms in (2.85)), (2.86)), (2.87)), (2.88§]),

62



([2:90), [©-91), (2.93), (2.94) and (2.97) on the left side and by (2.89), (2.92), [€.99)
and (2.99) we conclude

lu— '&/HL%OHS < C(R)<H(U0,A0,Al) — (i, Ao, Ar) || x50

+[|A- f‘}HM;,oquTHU—Q/W ~ (2.100)
+ “A - A”L%oHlquTH"*?/q*“ HUHLg?HS“mWF}*’QHS*1

116 <110
ol = @l e s Nl e s )

For the Maxwell part, the desired estimate (2.74)) is proved in the same way as in

[INWO7]. By inserting ([2.74)) into (2.100)) above, we also obtain ([2.73)).
Finally, we prove ([2.75]). Starting from equation (2.76)) in the integral form as in
(2.56)), we directly obtain the estimate

=l s S Kacr (I = oll ecs + 13y o2

< CO(R) (o = Tiollyo-s + 1 Fill g s )

The first three summands in F} can be estimated similarly as in the proof of
Lemma Compare with the discussion at the very beginning of this proof and
note that we here we can use Hoélder’s inequality for the time integration more
generously. We obtain the estimates

(2.101)

||1(A - A)V/ZLHL%“HS—I 5 T1/2”A — A||L§9H0750L%H0'72/q75,r Ha||L,§.—9H50L%H571/2’6 )

I(A = A)(A + Ail| g s

5 T1/2||A — AHL%OH”*‘SQL%HU_Q/(I_&T||A + AHL%OHO.,(;QL%HU—Z/q—é,T ||a||L%oHs ;

and

H (¢(u> - @b(a))aHLlTHsfl ST u— @HL%OHkl [Ju+ ﬂ”L;SHS aHL%"HS :

The estimates for the last term proceed rather similarly as the computations leading
to (2.78) and (2.79)). More precisely, we obtain
-1 _ip—1 ~ ~1 ~ip—1 .
b= s = = ]y < (g e+ 1Py ) Mt = 8l e
S Tl_V/QC(R) Ju— aHL,‘}OLQ ’
where we use that y(p — 1,00, s) < 2 for p < p*(s). We also have
I [ul”™ w —[a”™ ﬂHL;Hl

-1 ~ip—1 - —1 N
S Ml w =l ]y o+ ([l 1y e 1V = Vil e

it (e + P 2) 1780 I~ e
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Since v(p — 2,00, 5) +7(1,3,s — 1) = (p — 1)(3 — 2s) < 2 for p < p*(s), we argue as

in to obtain that
e (@] + [12OF ], 1930, < T 720,

Using the Sobolev embedding H'(R?) < L5(R?®) and an interpolation argument as
the one leading to (2.81]), we thus find that
Pl

| < T'"?C(R) |lu — @HL;OHS*1

u”LlTHS*l

for all s € [1,2]. Altogether, by choosing T" small enough, we conclude from (2.101)
that

lt = @l e o1 < C(R) (Jlao — ol

e+ [ A= AHM%,UfsquTHU—Q/q—a,r) . (2.102)
The Maxwell part can be treated as in Lemma 6.1, [NW07|. Here we obtain
1A = Allypyo-sypg g-2ia-50 < C(R)||(Ao, Ar) = (Ao, Av)|ro—s.cpro1-s

+ Tl/rC(R) Ju— ﬂHL,‘}OHS—lﬂL%HS_l/Q’G :

Combining (2.103)) with (2.102]), we arrive at (2.75)). O

Lemma 2.22 (Continuous dependence)
Let s € (X,2] and 0 € (1,00) such that (s,0) € R and (s + 1,0) € R.. Let
pE (s + 1,]5*(3)). Let R > 0. Then the solution map

(2.103)

O: {ze X ||z

Xs,0 S R} — CT(R)X&(T? @(UO, AOJ Al) - (u7 Aa atA)

of the Maxwell-Schrodinger system ([2.11)) is continuous. Here T'(R) is a positive
time such that all solutions starting from a ball of radius R exist at least up to T'(R)
by Lemma [2.16]

Proof. We fix (ug, Ag, A1) € X7 and R € (0, 00) such that R > 2 ||(ug, Ao, A1)|
We write T instead of T'(R) throughout the proof.

First, we consider smooth initial values. Namely, for ¢ > 0 we define regularized
initial values (u§, A5, AS) by setting u§ = . * ug, A5 = 1175 * Ag and A = 1,176 * Ay,
where we use a mollifier 7. as in Lemma[A.4] This lemma yields the bounds

Xs,0

(g, A, A7)

Xs,o S C7 ||u8|

o < Ce! (2.104)
and for j € {0,1} the convergence

el | (o — ug, Ao — Af, A1 — A7)l xs—jo—js = 0 ase — 0. (2.105)
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Let (u®, A%, 0,A%) = ®(uf, Af, AS) be the corresponding solution of the Maxwell—
Schrodinger system (2.11)) on the interval [0, T]. Then Lemma shows that

et - (2.106)

([P

Note that at this point we require the smoothness p > s + 1 of the nonlinear term.
Next, we estimate the difference between u and u®. Choose & € (1, min{o, 2s — % ]

With this choice we can apply (2.75]) below. Associated to & are the numbers 0, ¢
and 7 which are chosen according to (2.42)). From (2.73)), we deduce
Hu - UEHL%OHSQL%HS—UQ,G 5 ||(U0, A07 Al) - (u87 A(Eb Ai)HXSf’
FIA = Al go-a-se N lgems (2:107)

T oy o A

Using ([2.75)), (2.106)) and (2.104]), we obtain

||A - A‘SHL%OHIHL%H&_Q/‘?_SKF ||’U/E||V[/714°OI—1'571
S (w0, Ao, Av) = (ug, AG, ATl xa-1.0-5 [|ug]
< e [(uo, Ao, Av) — (ug, A5, A7) || xom15-5 -

Hs+1

Analogously we find that

Hu - U/E iS%oHs—l HUE ?}[i‘%,ooHs—l
5 5_95 (UO’ AOa Al) - (uga Aga Ai) i;sfl,&fg .

Hence, (2.105)) yields that u® converges to the solution u in CpH*(R3) N L& H*~1/26
as € — 0. Next we estimate the difference between A and A®. From (2.74), we
obtain

||A - ASHL%OH"QW%O"H"_I

S (Ao, Av) = (AG, ADI o scmo—r + llu = 0[] e oz o126 -

Formula and the result for the Schrodinger part imply that (A®, 9, A%)
converges to the solution (A, 9;A) in Cr(H° x H°') as e — 0.

With this preparation we can now prove continuity of the solution map. Namely,
let ((ug, Af, AT)),, be a sequence in X*? which tends to (ug, Ag, A1). We set

(u™, A", 0, A™) = P(ug, Ay, AT)

and consider regularized initial function ug®, etc. as before. By the argument above,
the functions (u®, A%, 0,A%) and (u", A, 0,A™) converge to (u, A, 0;A) respectively
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(u™, A" 0, A™) in the space CrX* as ¢ — 0 uniformly in n € N. Moreover,
shows that (u", A", 0,A") converges to (u®, A%, 0;A%) for each fixed ¢ > 0 in
the space CrX*? as n — oo. Therefore, the assertion follows from the simple
decomposition

u™, A", B,A™) — (1, A, 0, A)| e v
< [[(u”, A", 0, A") = (u™, A", O A™) || oo oo
", A", 0,A) — (i, A%, 9,A°) | o
1, A% 0,A7) — (1, A, 9 A) | oo O

Remark 2.23 (The role of regularity of the power nonlinearity)

The statement of Theorem excludes small values of p, i.e. we require that p > s
for the basic well-posedness result and even p > s + 1 for the full result including
continuous dependence in the topology of the solution space. In particular, we do
not achieve any result if p < %. The only reason for this regrettable restriction is
that |u[’~" w is not smooth enough to be estimated in H*(R3) via ([2-33). We expect
that there would be no obstacle to prove well-posedness results for nonlinearities of
the form g(|u|*)u where g: R — R is a smooth function and satisfies appropriate
growth conditions.

We shall compare our assumptions on p with known results about the nonlinear
Schrodinger equation ([1.6]). First we remark that has a scaling property which
determines the critical exponent py;¢(s) = ;:32 Therefore, p < pi1s(s) is a natural
upper bound for a local well-posedness theory in H*(R?) and little is understood
about the supercritical case p > pX;s(s). Such scaling considerations do not apply to
the Maxwell-Schrodinger system since the Schrodinger- and the Maxwell
part scale differently in the time variable. However, we remark that our critical
exponent p*(s), which is less than p{;¢(s), seems to be directly related to the loss
of one half derivative in the Strichartz estimates of Lemma 2.14l If we had the
estimates in H*%(R?) instead of H*~Y/26(R3), we would also arrive at pi;s(s) for
the Maxwell-Schrodinger system.

We also comment on the lower bound on p. At least in the case s < 2, there
is a standard procedure for the nonlinear Schrédinger equation to avoid any
technical restriction on p from below by differentiating the equation in time. Since
morally one time derivative is equivalent to two spatial derivatives in the nonlinear
Schrédinger equation, one then obtains local well-posedness in H*(R?) even for
p > 1, see e.g. [Kat87|. It is worthwhile to investigate whether a similar approach
would also work for the Maxwell-Schrodinger system. If s is larger than 2, then
restrictions on p from below are apparent in all known results. We refer to [UW12]
for the current state of the art. We also stress that this lower bounds in the local
well-posedness theory are not a purely technical artefact but that the regularity of
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the nonlinearity can pose a genuine obstacle to well-posedness. The first result from
this very interesting line of research is given in [CDW17].

We conclude this section with a remark about the obstacles to prove global
existence of solutions.

Remark 2.24 (On global existence)

Assume that s, o and p are as in the statement of Theorem and that p > 2.
By Lemma mass and energy of the system are conserved quantities. For the
nonlinear Schrodinger equation , it is well known that in the case of a focusing
power nonlinearity with p € (1, %) the conservation of mass and energy implies
the boundedness of the H!-norm of solutions. Unfortunately, we cannot prove an
analogous result for the Maxwell-Schrodinger system .

For the rest of the discussion, we assume that instead of a focusing nonlinearity as
in (2.11)) we deal with a defocusing nonlinearity + [u|’~" u. The local well-posedness
theory developed in this Chapter is insensitive to the sign of the nonlinearity and
Theorem [2.1] also holds true in this case. It is then straightforward to see that the
conserved quantities implies that the solution (u, A) remains bounded in X! on its
maximal existence interval. From Lemma [2.18] we infer that A remains bounded in
L®H(R?) N W H?~1(R?) and u remains bounded in L2H'/27%5 as long as the
solution exists. Therefore, if blow-up occurs it is the H*-norm of u which becomes
infinite. From Lemma [2.20] we see that we could control the H*-norm of u if we had
information about the L>-norm of u. Regrettably our bound in L?2H'/27%6 is not
enough to achieve this task. Nevertheless, we can formulate an improved blow-up
criterion for the defocusing case. If Ti,ax < 00, then limy_,7,, ||u(t)]| ;0 = 0.
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3 Spaces of bounded variation

“Nuc-u-lar”. It’s pronounced, “nuc-u-lar”.

Homer Simpson, Simpson Tide

In this section, we introduce the space V? of functions of bounded p-variation
and the closely related atomic spaces UP. All main statements of this section can be
found in Section 2 of [HHKO09] (also note the erratum [HHK10]). Our proofs of the
basic properties of these spaces are mostly paraphrases of the proofs in [HHK09|,
sometimes furnished with additional details. However, the duality introduced
in Proposition rather follows the approach of Chapter 4 in [Koc14], which
differs from the presentation in [HHK09]. We believe that the proofs of [HHKO09]
allow getting to the point more directly, while in [Koc14] the role of Lemma is
emphasized: Any computation for UP-functions should be based on a computation
with UP-atoms. While we still follow many arguments taken from [HHKO09|, we
present all our proofs in such a way that they directly relate to Lemma [3.6] The lack
of density of step functions in the space V? is a drawback of the presentation in
[Koc14]. This issue has been pointed out in [CH18|. For our purpose, however, this
does not present an obstacle, since step functions still form a norming set for the
space UP, see Lemma |3.11

The spaces VP and UP were introduced in the context of dispersive equations by
Herbert Koch and Daniel Tataru, see the articles [KT05] and [KT07]. These spaces
are used in the study of critical problems for dispersive equations and play the role
of Jean Bourgain’s X *-spaces, which were introduced in the articles [Bou93b] and
[Bou93a| for the study of nonlinear Schrodinger- and Korteweg—de Vries equations.
They have been successfully used in the study of several equations, such as the
Kadomptsev—Petviashvili equation ([Had08]), the Maxwell-Schrédinger system
([BT09]), a supercritical generalized Korteweg—de Vries equation ([Str14]), the massive
Dirac—Klein-Gordon system ([BH17]), the Klein-Gordon—Zakharov system ([KK18]),
and others.

Throughout this section we are studying various spaces of functions defined on
the real line and taking values in a Hilbert space. The main aim of this section is
to identify the preduals of the spaces of bounded p-variation in terms of atomic
spaces (cf. Proposition and the characterization of the duality pairing in
Proposition [3.17]
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Figure 2 — The different types of partitions from Definition .

Definitions and basic properties

In the following, we have to be careful how our function should behave at +oo.
Therefore, we start by introducing two classes of partitions of R on which the
subsequent definitions of various function spaces rely.

Definition 3.1 (Notations for finite partitions of R)
A finite partition of R is a finite sequence 7 = (73,)5_, in R U {£o0} such that

—0 << <. ... <17 <.

The number of subintervals in |1y, Tx] induced by the partition 7 is denoted by
7| == |77} ([—00,0])] — 1 = K. We define the set of finite partitions of R including
both endpoints

Z = {T finite partition : —co =717 <7 < ... < 7T} = OO} )
and the set of finite partitions of R excluding —oo by
Z, = {7 finite partition : —co < 79 <7y < ... <7 =00} .

Let H be a Hilbert space. The first class of functions we consider are H-valued
step functions. For our purpose, it is enough to treat right-continuous step functions
which vanish at —oo.

Definition 3.2 (Right-continuous step functions)
We say that a function s: R — H is a right-continuous step function if we can write

7
5= Lo
k=1

for some partition 7 € Z; and some sequence (qﬁk)LT:‘l in H. We denote the set of
right-continuous step functions by S... Note that any s € S, satisfies tlim s(t)=0
since its construction is based on a partition belonging to 2. B
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The following class of functions was introduced in the book [Aumb4] by the
German name “Regelfunktionen”. In the book [Die60], the name was translated as
“regulated functions”. Sometimes these functions are also called “ruled functions” in
English.

Definition 3.3 (Regulated functions and the space of right-continuous functions)
A function f: R — H is called regulated if left limits exists in every point of (—oo, o0]
and right limits exists in every point of [—o00, 00). The space of regulated functions
is denoted by R. We also define the subspace R,. C R of all functions f € R, which
are right-continuous and satisfy tLiznoo f(t) =0.

The following basic properties of regulated functions are stated in Proposi-
tion 7.3.2.1 in the book |[Aumb4]. A function is regulated if and only if it is the
uniform limit of a sequence of step functions. Endowed with the supremum norm,
R and R,. are Banach spaces. Moreover, the set of discontinuities of a regulated
function is at most countable.

Next, we define the atomic space UP. The so-called UP-atoms are the building
blocks of the UP-space, as every function can be written as a weighted series of
UP-atoms. From a practical point of view, calculations in UP-spaces are convenient,
in the sense that many properties only have to be checked to hold for atoms and
then automatically follow for the full space. Note in particular that in the following
the value of p only enters the definition of a UP-atom, but not the way in which
the space U? is constructed from its atoms. We also remark that our notation for
UP-atoms is slightly different to the one used in Definition 2.1 of [HHKO09).

Definition 3.4 (UP-atoms and the space U?)
Let p € [1,00). Let 7 € Z be a partition, and consider a sequence (¢k)|kT:|1 in H
with the property that

I7|

D llewlly <1
k=1

A UP-atom is a right-continuous step function a: R — H given by

|7l

a= Z ]1[7#17%)(%'
k=1

We define the atomic space

Ur = {u = Z)\jaj s a; is a UP-atom, A; € C, Z 2] < OO}

j=1 j=1
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endowed with the norm
o o
||| = inf {Z IAj| i u= Z)\ja]‘, A €C,ajisa Up—atom} )
j=1 =1

We denote by
U =U"NC(R, H)

the subspace of continuous UP-functions. Note that the series appearing above
are well-defined as they converge in the space R,., see the arguments below in the
beginning of the proof of Proposition |3.5]

In the following proposition, we collect basic properties of the UP-spaces which
follow from the definition in a straightforward way.

Proposition 3.5 (Elementary properties of the UP-spaces)
Let p,q € [1,00) with p < ¢, and let u € UP. The following assertions are true.

(1) The space U? is a Banach space.
(2) The set of right-continuous step functions S,. is dense in U?.

(3) The function w is right-continuous, i.e. for every ¢, € R, we have

lim ||u(t) — u(to)|| 5z = 0.

t—to+

(4) The function u vanishes at —oo, and the limit tlim u(t) exists. In the following,
we use the notation ue, == limu(t). o

t—o00
(5) The embeddings UP < U? < R,. are continuous.
(6) The space UP is a Banach space.

Proof. We start by showing that the series in the definition of the space U converges
uniformly. For any UP-atom a, we have

lallog = max {{[gxlly : k=1, 7]} < 1.

Let u= "7 Aja; be a function in U? written as a series with UP-atoms a; and
complex coefficients \; for 7 € N. We thus obtain the inequality

[o.¢] oo
lulle <) Nl < D2 I
j=1 j=1
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Hence, the series Z;; Aja; converges uniformly to u. By taking the infimum over
all possible representations of u, we obtain

[ulloe < Nlullys - (3.1)

We next show that UP is a Banach space. It is clear that U? is a vector space and
that the expression ||-||,;, is positive definite and positive homogeneous. To show the
triangle inequality, let us fix € > 0 and consider u =3 "7, A\ja; and v = 72| j1;b;
in U? where we have chosen representations satisfying » % [Aj| < ||ul|y, + ¢ and
> o il < lJvllys + €. By defining

. {)\j, j odd, and ¢ = {aj, 7 odd,

[j, J even, bj, 7jeven,

Vj

we obtain u +v =} vjc; and hence

w0l < Dl =Y Il + D Il < Nl + ollyn + 22
j=1 j=1 j=1

Since € > 0 is arbitrary, the triangle inequality is proved. For completeness of U?,
we show that every absolutely convergent series converges. To this end, consider a
sequence (uy)pen in UP which satisfies Y7, |[un||» < 00. For j,n € N, we choose

UP-atoms ag-n) and )\gn) € C such that for each n € N we have u, = 72 )\§n)a§")

and Z;’;J)\y)’ < 2||tuy||;»- By relabelling the countable set of the above UP-atoms,
we can find a sequence of UP-atoms (b;),en such that

{ayl) :j,nEN} = {b; : j € N}.
(n)

We can now write u,, = zjoil ,ugn)bj for suitable coefficients u; ", j,n € N. For j € N,

e}

we define p; == >, ugn). We have

Il < 3D 1 <2 Hlunllyy < oo (3.2)
Jj=1 n=1

n=1 j=1

Hence, the function u defined by u = Z;’il ;b; is an element of UP. The series
> o, uy, indeed converges to u, since

N
u — E Unp,
n=1

[e.o]

oo N oo
SIS S-S,

Ur j=1 n=1 n=1 j=1

Up
o o

n=N+1 j=1 Up

i i‘ugn)‘ —0 as N — oo,

n=N+1 j=1

IN
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where we used ([3.2)) in the last step.

We next show density of the set S,.. Let uw € UP and ¢ > 0. Take any
representation u = »_°°, \ja; with UP-atoms a; and coefficients \; € C. Choose an
index n € N such that 3222 | [\;| < e. Then the function u, = >7_, Aja; belongs
to S, and satisfies

o
lu = wnlly < Y 1Nl <&
J=n+1

From estimating the supremum norm in , we already know that convergence
in UP implies uniform convergence. The density of S, in U? thus yields that every
function u € UP is right-continuous and vanishes at —oo. Moreover, every function
in S, has a limit at +00. Again, this property is preserved by uniform convergence
and assertions and follow.

The next step is to show the claimed embeddings. Since the sequence spaces "
are increasing in r € [1, 00|, we see that every UP-atom is a U%-atom, too. Thus, we
deduce the embedding U? — U1 together with the norm inequality

[ullge < llullys (3.3)

since the infimum on the left side of is taken over a larger set than on the right
side. The embedding of U into the space R,. follows from the estimate in the
beginning of the proof.

Finally, we show that U? is a Banach space. In fact, U? is a closed subspace of the
space UP| since convergence in UP implies uniform convergence by assertion O]

The following lemma shows that every linear operator acting on right-continuous
step functions which is uniformly bounded on UP-atoms can be uniquely extended to
the full space UP.

Lemma 3.6 (Extension from S,.)
Let X be an arbitrary Banach space. Let T": S,c — X be a linear operator. Assume
that there is a constant C' > 0 such that the operator T satisfies

[Tally <C
for all UP-atoms a.

(1) Let (upn)nen be a sequence in S, which converges in UP to some u € UP. Then
the sequence (T'uy)nen converges in X.

(2) There exists a unique extension of 7" to a linear operator T': U? — X satisfying

|Tully < Cllully, forallue UP.
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Proof. To prove the first assertion, we note that by assumption (u,),en is a Cauchy
sequence in UP. Thus, there are sequences /\§-n’m) € CN and UP-atoms ag-n’m) (j eN)
such that w, — u, = Zjol)\(" ™a{"™ and z;‘;l‘)\§"m)‘ — 0asn,m — oo. It
follows that

o)

e}

< Z\A§"’m)\llTa§"’m)\\x <cy .
j=1

[Tun = Tuml| x =

and hence (T'uy,)nen is a Cauchy sequence in X.

Next, we show that 7" has a unique extension from S,. to UP. Let u € UP. Take
a representation u = > Aja; with UP-atoms a; and )77, [Aj| < co. Since the
series converges to u in UP, we can apply part to define Tu = Z;’il ANTa;. A
standard mixing argument shows that this definition is independent of the choice of
the representation. Clearly, T is hereby extended to a linear operator on UP and we
immediately obtain

ITullx <CY Nl
j=1

The desired estimate is obtained by taking the infimum over all atomic representation
of u. =

Definition 3.7 (Spaces of bounded p-variation)
Let p € [1,00). For a function v: R — H for which the limit lim v(¢) exists, we

t——00
define v(—00) = 1tlim v(t), and we always set v(oc0) := 0. We call
——00

7] 1/p
[olly» = sgp(ZH (7)) — (T 1>HH) (3.4)

k=1

the p-variation of v. We define the space VP of bounded p-variation by

VP = {v: R — H: lim v(t) exists and |[v||,,, < oo}.

t—+oo

The subspace of VP-functions vanishing at —oo is denoted by

VP = {U:R—)H:UEVP and lim U(t):O}.

t——o0

If we further restrict to right-continuous functions, we use the notation
VP e =VPN R

In the next proposition, we give an equivalent norm on V? and state the obvious
embeddings of the spaces in the VP-scale.

75



Proposition 3.8 (Elementary properties of the V?P-spaces)
Let p,q € [1,00) with p < ¢g. The following assertions are true.

(1) Let v: R — H be a function satisfying

|| 1/p
nw%~=%m(§]wm»—Mmqmz> < oo.

20 \ k=1
Then v is a regulated function. Moreover, v belongs to V? and ||v||,, = H?}vaa.

(2) The embeddings V? — V? < R and V¥ < V7 are continuous and for all
v € VP we have

[0lloe < Nvllva < lvllys -
(3) The spaces V? and V? are Banach spaces.

Proof. We start to prove the first statement. Let v: R — H be a function with
||v||VOp < 00. Fix ty € (—00,00) and assume that lim; 4+ v(t) does not exist. Then

there exists £ > 0 such that for all n € N we can find £\, £ € (to, o + 1) such that

[o(t5”) — v(t™)]| ;> <.

By choosing partitions containing sufficiently many of the points tg"), tg"), we thus
see that ||v|» = oo, a contradiction. The case fo = —oo and the argument for the
left limits on (—o0, 00| are similar. It is clear that HU||VOp < ||v|ly/. For the converse
inequality, we already know that v(—o0) = tLiEnOOU(t) exists. Let ¢ > 0. Let 7 € Z.
Take 7 € (—o0, 1) such that ||v(t) — v(—o0)||; < ¢ for all ¢ € (—oo, 7]. Define the
partition o = (7, 71,...,7;) € Zo. We estimate

7] 1/p
(Z lv(7) — v(rk_onz)

1/p
|7]

< | (107) = w(=00)ly + lle(m) = o)l ) + 3 otm) — w(ma)

k=1
< et follyy

o] e
<e+ (Z |v(or) — U(Uk—l)H%)

which yields the desired estimate ||v|,, < ||v||;» by taking the supremum over all
partitions 7 € Z and since € > 0 was chosen ari)itrary.
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To prove the second statement, we note that the embeddings V? — V¢ and
VP — V4 directly follow from the embedding ?(N) < [7(N).

To prove that V? — R, take v € V7 and fix € > 0. Since v is regulated, there
is t € R such that |[v(¢)||; > [|v]|,, — €. The g-variation of v with respect to the
partition 7 = (¢, 00) is given by ||v(t) — v(00) ||y = [[v(¥)|l 5z > ||v]l., — . Hence, we
obtain [[o]. < [[v]y.

As a last step, we prove that V7 and V? are indeed Banach spaces. If ||v]|, = 0,
then v = 0 since the term v(0o) = 0 appears in definition . It is stralghtforward
to check that the map ||-||,, satisfies absolute homogeneity and the triangle inequality.
It remains to prove that the normed vector space V? is complete. Let (v,)nen be
a Cauchy sequence in VP. By the previous steps, each v, is a regulated function
and the sequence converges uniformly to some v € R. We have to show that the
function v belongs to V? and is the limit of the sequence (v,)nen in VP. Let 7 € Z
and n € N. Using the triangle inequality for the p-norm, we compute

7] 1/p
(Z [v(7) — U(Tk—l)H%)

I . 1/p
(Z[uv ) = 0a(T)llg + [0n(78) = vy + (i) = 0] )

1/p
< 2(2 Jo(n) - vn<m>||z) + ol

Letting n tend to infinity, we thus obtain that

|7| 1/p
(Z [v(7s) — v(Tk_l)HZ) < limsup [[valy, -

k=1 n—oo
Taking the supremum over all partitions 7 € Z, we conclude that v belongs to V7
and that ||v||,, <limsup,_,. ||vs|y»- Repeating the same computation as above
for the p-variation of v — v,, instead of v yields

[0 = vnlly, < limsup [[vg —vnlly, -
m—0o0
This estimate implies that the sequence (v, )nen converges to v in V7.
Finally, V* is a closed subspace of V? since convergence in V? implies uniform

convergence, see step . ]

Next, we want to clarify the relations between the U- and V-spaces. Duality is the
most important thing, but before, we start with an embedding between UP-spaces
and the right-continuous subspaces of V7.
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Proposition 3.9 (Embeddings, cf. Proposition 2.4, Corollary 2.6 in [HHKO09])
Let p,q € [1,00) with p < ¢. The embeddings

Ur = V>, = U!

are continuous.

Proof. We first show that U? < V?” . By Proposition parts and every
element of UP is right-continuous, has a limit at 400, and vanishes at —oo. In view of
Lemma [3.6/it remains to check the norm estimate for atoms. Let a = | | L Y ) P
be a UP-atom and o € Z a partition. If there is an index k € {1,.. ]a\} for which
a(oy) —a(og_1) = 0, we can remove the point oy from the partition o Without altering
the p-variation of a with respect to the partition o. After removing all superfluous

points from o, we obtain the partition & satisfying a(6;) — a(6;-1) = ¢x, — ¢x,_, for

some subsequence (¢y, )l i

We now compute
|o| |5]
> lla(oy) = alo;-1)Ilf = Z (&) = a(@;-2) I
j=1
|<f|
p
- ZH¢’€1 - (bkj—l”H
j=1

|51

< 2! Z (Hgka”I;{ + Hék’j—lHZ) <2

J=1

Therefore, ||al|}, < 2. Lemma [3.6] thus implies that |ul|,,, < 2|ul|,, for all u € U.
Next we show that V* < U9. Let v € V” _ and assume that [[v|,, = 1. By
Proposition 2.5 in [HHK09|, for each N € N there exists the following decomposition

which for all n € N possesses the following properties.
e u, is a right-continuous step function with partition 7 C 7"+,
o |F0)] <20,
o llunllg <27,

o flonll <277
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. .. . . . (n)
This decomposition implies the claim. In fact, we have u,, = l,;l | Il[ (n) (n))¢k for
Th—1"Tk

some ¢y, € H with ||¢g|l,; < 217" for k= 1,...,|7™)|. In particular, u, is a multiple
of a U%-atom with

() 1/ p
[tnllya < (Z ”¢k‘|?{> < M Vagl-n < gl+/a. 271(5—1).
k=1

Since U1 is a Banach space, every absolutely converging series in U? is also convergent.
Hence, we obtain

00 p 1
v < Uy, < 2l+l/a 1—2¢7") .
Ua Ua
n=1

This estimate implies the claimed embedding.

For completeness of this exposition, we repeat the inductive proof of Proposition 2.5
in [HHKO09]. For n = 0, we define the partition 7p = {—o00, 00} and we set uy = 0.
Then vy = v and all required properties are satisfied. Now we assume that for some

N € N the functions uyg,...,uy and vy =v — ij:o u, have been constructed as
requested. Let k € {0,...,|7(™|}. For j = 0, we set Tlin+170) = Tlgn) and inductively
for j > 1

) = i € (T ¢ ote) - orf ) | > 20,
as long as the set on the right side is nonempty. The partition 7("+1) is defined to
contain all the points in U;’il{nﬁn“’] J}. Next, we define

n+1

— E n+1
/U/TL+1 - :[L Tlg'riﬁl»l)ﬂ_lgnﬁ»l))vn(Tk_l )
k=1

This construction yields the inequalities
[tnsillo < lonlle <277
as well as
[ont1lloe = llon = tnsall

< sup sup |vn(t) — vy (T,qu{l)) ||H
RE{Ls T} g n D) b))

< 2—n—1

(n+1

Finally, each time a new partition point is inserted to 7("+1)| the function v varies on

the new segment at least by 2=tV Therefore,
(17" = [ 27+ P < lo|lf, = 1,

which implies |7("TD| < |[7()] 4 2(+Dp < ol4np 4 o(ntlp < 9l+(n+1)p, O
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Duality

We now arrive at the main result of this section, the duality between U- and V-spaces.
We first define the duality pairing for step functions and then extend to the full
space UP by the abstract result from Lemma [3.6, We also give a more explicit
formula for the duality pairing in Proposition [3.17] which is reminiscent of a Stieltjes
integral. To motivate the duality pairing, recall the Riesz representation theorem
stated in [Rie09].

Etant donnée 'opération linéaire A[f(z)], on peut déterminer la fonction
a variation bornée a(x), telle que, quelle que soit la fonction continue
f(z) on ait

Alf(z)] = / f(x) da(z).

This means that every bounded linear functional on C([0, 1], R) is represented by a
function of bounded 1-variation via a Stieltjes integral. For suitably regular functions
f and «, the above duality statement takes the form

[da==[adr== [ara

Compare this with the statement of Proposition [3.1

Proposition 3.10 (Duality between U? and V?, cf. [HHK09, Thm 2.8])
Let p € (1,00). We denote the dual exponent of p by p’ satisfying % + z% =1. Let

I7|

7€ Zy. Foru=73 ;' 15 , )¢k € Sc and v € VP, we define

7]

B(u,v) = Z(U(Tk_l),U(Tk) — 0(Th-1)) - (3.5)

k=1

Recall that by convention v(7j;|) = v(co) = 0 in the above formula. Definition (3.5)
gives rise to a sesquilinear form B: S,. x V? — C. It can be uniquely extended to a
sesquilinear form B: U? x VP — C which satisfies the estimate

|B(u,v)| < |[ullyp v]ly, for all u € UP and v € V?.
In the following sense the space U? is the predual of V?. The map
T:VP = (UP)*, T(v) = B(-,v)
is an isometric isomorphism. In particular, for v € U?" it holds

lullgpwr = sup|B(u,v)] (3.6)

vEVP, ||lv]lyp<1

and for v € VP we have
lv|ly, = sup|B(a,v)|. (3.7)

!
a UP -atom
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Proof. Note that representing the same function v in a different form by refining the
partition 7 does not alter formula . Hence, the mapping B: S;c x VP — C is
well-defined and it is clearly a sesquilinear form. In the first step, we show that B
extends to UP' x V?. Fix v € V?. For any U”-atom a with corresponding partition
T € 2y, we can estimate with Cauchy—Schwarz’ and Holder’s inequalities that

7] /9" /7 1/p
IB(a,v)IS(ZIIa(Tk—l)II’};> (ZIIU(%)-U(@-QIIZ) < wllys -

The linear operator B(-,v): S — C thus satisfies the assumptions of Lemma
and there exists a unique extension B(-,v): UP" — C which satisfies

|B(u,v)| < |Jullgw |[v]ly, for allu e U

We show next that 7" is an isometry. Let ¢ > 0 and v € V?\ {0}. We choose a
partition 7 € Zy such that

I7|

olls < D llo(m) = v(me) [l + <

k=1
Note that by Proposition we can actually achieve this with a Zy-partition.
For each k =1,...,|7|, we choose a vector x), € H with ||zy||; =1 and

(2, 0(1) = 0(71)) g = (1 =€) lu(m) = v(me) |y

7]

and we define ¢y, = ||v||y,” [v(m) — v(mh_) | ' 2k We define a == 3770 T |y Bk,
and we note that a is a UP'-atom since

|7l I7|

D loellf < lellyt Y llo(m) — o)l < 1.
k=1 k=1

It follows that

|7l

B(a,v) = (¢r, (1) — v(761)) g

7]

> Jlolly,” Y (1 —e) [[o(m) = v(m)llf

k=1
1—
> (=) lvllys — et =) [Jolly,"

Since € > 0 is arbitrary and since we have seen in the beginning of the proof that
[B(a,v)| < [vlly,. we obtain that [ T()]l, = o]y,
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Since T is an isometry, it is injective. It remains to prove surjectivity of T". Let
L € (U”)*\ {0}. For each t € R, by the Riesz representation theorem, there exists a
vector v(t) € H such that

(¢, 0(t))y = —L(1po0p) forall ¢ € H.

We show that v € V? and that B(u,v) = L(u) for all u € U?". Note that v # 0 since
L # 0. Consider a partition 7 € Z,. Define the number

I7|

7= 3 ) = ()l

For k =1,...,|7|, we define

or =7 o(m) — v(m) [ (o) — v(mc)).

. / .
We set a == LT:|1 1, 17 @x and we see that a is a U -atom since

7] I7|

SNl =7 llo(n) — v(no) | = 1.
k=1 k=1

We obtain
L] = [L(a)]

7]
= ZL(H[‘F}CA,OO)QSIC) - L<]l[7'k700)¢k)
k=1

I7|

= Z(gbk, v(Tk) — U(kal))H

k=1

7] 1/p
= (Z [v(7) — U(Tk—l)H%) :
k=1

By Proposition this estimate implies that v € V?. Finally, let 7 € Z, be a

partition and a a U -atom given by a = lk;T:|]_ L, 7@k We then compute
I7| I7]
T(v)(a) = Bla,v) =Y (s, 0(1) = v(7e1)) p = D Lllps, myés) = Lla).
k=1 k=1

Since this equality holds for all atoms, we conclude T'(v) = L.
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Formula (|3.6]) is clear by duality and so is

[olly, = sup[B(u,v)]| = sup|B(a,v)],

weU?, |ullyp<1 a UP'-atom

for every v € V?. The extension via Lemma (3.6 applied to T'(v): U? — C shows
that we have equality in the line above and thus (3.7]) follows. m

The definition of the space U? through atoms makes it difficult to actually
compute the UP-norm of a function or even of an atom. Another strategy to compute
the UP-norm is to use the duality pairing. The following lemma says that the UP-norm
can be computed by evaluating the duality pairing solely on right-continuous step
functions. Note that this statement is not trivial since the space S,. is not a dense
subspace of V7. The observation that S, is norming is contained in Theorem 4.4 of
the article |[CH1§].

Lemma 3.11 (S, norms U?)

Let p € (1,00). Denote the set of right continuous step functions in the unit ball
of V7 by BY. := {v € S, : ||v]|y»r < 1}. Step functions are norming for U?, i.e. for
every u € UP, we have

lullyn = sup [B(u, v)[. (3:8)
UGB%
Proof. We first consider step functions. Let u = Lil Ly 1 )Pk € Sie for some

I7|

partition 7 € Z; and a sequence (¢),_, in H. By the previous Proposition [3.10] and
the Hahn-Banach theorem, there exists v € V¥ with [[v[;,» < 1 such that

7]

> (ulriaa), v(m) = v(min))

k=1

[ullgn = |B(u, v)| =

Define a step function © € S, by setting v = ‘,;'1 L )V (Te—1). Since 9(1,) =
v(1y) for k =0,...,|7|, we have B(u,?) = B(u,v). We also have

7] 1/p’
18]y = (Z [v(7) — v(mﬂH”) < lvllyw <1,
k=1

and hence we have shown that

[ullye = sup [B(u,v)].

!
veEBL,
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Finally, let u € UP. By Proposition , there exists a sequence (U )nen in Sye
which converges to u. By the first step, there exists v, € S,c with ||v, ||, < 1 such
that ||uy ||y = |B(un,vs)| for every n € N. Hence, we conclude

ol = i s,

= lim | B(uy, vy

n—o0

< Tim sup [ Blun — u,0,)] + [B(u, 0,)]

n— o0
< sup |B(u,v)|. O
UGBII‘)(;
The duality pairing B(u,v) was initially defined by formula for u € S;c and
v € VP. In the following examples, we show how to calculate B(u,v) for arbitrary
uw € UP in two easy cases: first, if v is a constant function and second, if v is
supported in one point.

Example 3.12 (Duality pairing with a constant function)

Let p € (1,00). Let 2 € H and consider the constant function v(t) = x for t € R.
Then v € VP and |jv||,, = ||z||;. We want to compute B(u,v) for any u € U?".
First, let 7 € Zy and let w = >, iy, -0k € Sie be a right-continuous step
function. By Definition , we obtain

7]

B(w,v) = > (w(rs-1), v(7k) = v(7h-1)) y = — (w(Tr1), ) »

k=1
since v(7};/) = v(00) = 0 by convention.

Next, take an arbitrary function v € U P Let (tn)nen be a sequence in S, which
converges to u in U? as in Proposition Uniform convergence of (u,),en yields
Up (Tir|—1) = limuy, (1) — limu(t) = use asn — oo.

t—o0 t—o0
Therefore, we obtain the formula
B =lim B = lim — - = — (U . -
(uvv) nl_}n(;lo (un,v) nl_{go (un(ﬂﬂ 1),£U>H (u >x>H (3 9)
Example 3.13 (Duality pairing with a function supported in one point)

Let p € (1,00). Let x € H, s € R and consider the function v(t) = L4 (t)z for t € R.
Then v € VP and |[v]|y,, = 2Y7 ||z ;. Let 7 € Z; and let w = L;ll Lire 1)@k € Sre
be a right-continuous step function. Let § > 0 be a positive number so small that
d < min{r, —7_1:k=1,...,|]7|}. By adding the points s — 0 and s to the
partition 7, we obtain the partition 0 = 7 U {s — §, s} € Z,. We then compute

lo

B(w,v) = Z(w(ak_l),v(ak) —v(op-1)) ;= (w(s —6) —w(s),z) .  (3.10)

k=1
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Next, let uw € U?. By Proposition , there exists a sequence (U )nen in Spe
which converges to w in U?". For each n € N, we take 6, > 0 such that formula ([3.10)
is satisfied for w, and such that §,, — 0 as n — oo. Since the sequence (uy)nen
converges to u uniformly, we obtain

B(u,v) = lim B(uy, v)
n— oo

= lim (up (s — 0n) = uls = 0n) + uls = 6n) — un(s), 7)

= (hmu(s) — u(s),as)H

t—s—
In particular, if u is continuous at s then B(u,v) = 0.

In the following lemma, we obtain an explicit formula for B(u,v) where we now
take arbitrary u € U? and a left-continuous step function v, which vanishes at —oo.
We use this representation in Proposition to derive yet another formula for the
duality pairing.

Lemma 3.14 (B(u,-) on left-continuous step functions)
Let p € (1,00), u € UY, 7€ Zy, ()i, € H, and v =31 1(r,_, 7% Then
|7|-1
B(u,v) = — Z(u(Tk) — w(Th-1), Vr) 5y — (oo — w(Tjr1=1), Vpr)) - (3.11)
k=1
Proof. For every u € U? we define
7|1
Fv(u) = - Z(U(Tk) — u(kal),iﬂk)H - (Uoo - U(T|T|—1)7w\7'|)H ’
k=1
Then F,: U?" — C is a linear map. Let a = Z',::ll Lo, 1,00)®k be a U -atom with
partition o € Z;. We check below that F,(a) = B(a,v). The uniqueness of the
extension provided by Lemma then implies the claimed equation (3.11]).

Define a new partition p = 7 U o. Note that py = min{ry, 00} < 79 and that
Plp| = Tjr| = Ols| = 00. By possibly adding one point to the partition o, we may and
will assume that pj, -1 = 0js|-1 > Tj7|—1. Since v(py) = 0 and v(p),) = v(c0) = 0,
summation by parts yields the identity

lp| lp| lp|
> (alpr-1),0(pe) = v(pr1)) ;= Y (alor-1),0(px)) ;y = Y (alps-1), v(pr1))
lol—1 lpl—1
= (alpr-1),v(px)) ;= > _(alpx), v(pr))
lpl—1

= Z(G(Pk) —alpk-1), U(pk>)H'
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Since a is constant on every interval [oy_1,0%) for k € {1,...,|o|}, we obtain from
Definition (3.5) and by a telescoping sum argument that

ol
B(a,v) = Z(G(kal),v(ak) - U(kal))H
lel

—Z a(pr-1),v(pr) = v(pr1)) -

Since v is constant on every interval (7y_1, 73] for k € {1,...,|7| =1} and v(t) = ¢
for t € (Tj7|-1, 7)) = (Tj7|-1, 00), We also obtain

|7|-1

F,(a) = —Z — a(7k-1), 77/)1<:)H — (0o = a(Tlr-1), Y

Ipl 1

:—Z ) — alpr-1), (Pk))H

Note that in this calculation we have used that pj,—1 > 7;-1 to obtain that
V(plp—1) = V)p and a(pjp|—1) = Goo. Comparing the last two results to the left and
right side of the identity above, we have thus proven that F,(a) = B(a,v) for every
UP -atom a. As noted in the beginning, the proof of the claimed formula is
complete. O

The following lemma contains another useful identity for B. If the first argument
is a continuous function, then we may change the second function on at most
countably many points. Since VP-functions are regulated functions, the lemma allows
us to replace them in the above situation by their right- or left-continuous variant.

Lemma 3.15 (Countable perturbations)
Let p € (1,00). Let D C R be a countable set. Let u € U? be continuous and let
v,v € VP such that v(t) = 0(t) all t € R\D. Then

B(u,v) = B(u, ).

Proof. Let ¢ > 0, and fix u € UP. Define w == v — & € V?. We show that
B(u,w) = 0 which implies the assertion by linearity. By assumption, we can write
w = 220:1 Ly, for some s € R and x, € H. Moreover

o0 o
lwllys <> 1 snanllye = 273 llaull; < 0o
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and the finite sums >, Iy, 32, converge to w in V? as n — oo. Since u is
continuous, the result of Example yields

B(u,w) =lim B (u, Z ]l{sk}xk> :JLIEOZB (u, ]l{sk}l'k) =0. O
k=1

n—00
k=1

Corollary 3.16 (B(u,-) on right-continuous step functions)
Let p € (1,00). Let u € U? be continuous, 7 € 2y, and (@Z)k)LTzll CH. Let v e S,
be given by v = L;'l L7, )%k Then

|7|—1

B(u,v) = — Z(u(m) — u(Tk,l),v(Tk,l))H — (uoo — U(T|T|_1),’I}(T‘T|_1>)H. (3.12)

k=1

Proof. Let v = Z‘,;'l 17, ,7]¥%- Then the functions v and v agree everywhere
except on a finite set. Therefore, B(u,v) = B(u, ?) by Lemma and the assertion
follows from formula (3.11)) in Lemma [3.14] O

We are now able to derive the announced representation of the duality pairing as
an integral. The proof uses formula together with the fundamental theorem of
calculus. The result turns out to be quite useful in handling the Duhamel term of an
inhomogeneous equation, we refer to Section [4] for applications.

Proposition 3.17 (The duality pairing as an integral, cf. [HHK09, Prop 2.10])
Let p € (1,00). Let u € V! be a function which is absolutely continuous on compact
intervals, and let v € &,.. Then the duality pairing B can be written as the following
integral

B(u,v) = — /00 (W' (t),v(t)), dt. (3.13)

Proof. By the embedding varc — U1 for any ¢ € (1, 00) proved in Proposition ,
u belongs to U? so that the expression B(u,v) makes sense. Since the Hilbert
space H has the Radon-Nikodym property, the assumptions on u furthermore imply
that v’ € L*(R, H) and that the fundamental theorem of calculus holds true, see e.g.
Propositions 1.2.3, 1.2.4, Definition 1.2.5 and Corollary 1.2.7 in the book |[ABHNT11].
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Let 7 € Z; be the partition associated to v such that v = |sz‘1 Ly 0(Th—1)-

Using formula (3.12)) and the fundamental theorem of calculus, we compute

-1
B(u,v) = = (w(m) = u(r1),v(me1)) = (oo = ulTir 1), 0(7951 1))
o
_ Z/ (u/(5), (s)) , ds
= /_OO (v(s),v(s)),, ds. 0

Remark 3.18 (Generalizations of the integral formula)

Formula can be extended to a larger class of functions v. Example allows
treating functions v which do not vanish at —oo, and Lemma [3.15] allows treating
functions v which are not right-continuous. By approximation, one can also take
v from the closure S, in V* .. However, S is not dense in V* . and thus our
proof does not yield formula for all v € VP. Nevertheless, Proposition 2.10 in
[HHKO09] proves the validity of formula for all v € V? by a different argument.
Since we use formula mainly to compute UP-norms, see e.g. the proof of
Lemma [3.20 and since S, is norming by Lemma [3.11, we are content with the
assumptions of Proposition (3.1

Next, we introduce a Littlewood—Paley decomposition which is beneficial for
more complicated nonlinearities by treating high and low frequencies differently.

Definition 3.19 (Littlewood—Paley decomposition)
A dyadic number N is a number of the form N = 2" for some n € Z. For dyadic
sums, we use the notation

ZaN = Zagn and ZCLN = Zagn.
N

nez N>M  n€Z,2n>M

We fix a function x € C§°((—2,2)) which is even, nonnegative, and x(¢) = 1 for all
t € [—1,1]. We define the cut-off function ¢ (t) :== x(t) — x(2t) for t € R which is
supported in the annulus {1 < || < 2}. We scale 9 to dyadic intervals

Yy =Y(N1)  for each dyadic number N.

Let N, M be dyadic numbers. Since supp ¢y C {N < |t| < 2N}, we observe that
the supports of ¥ and vy, are disjoint unless N and M are neighbours. This
motivates to use the notation N ~ M to express that [logy N — log, M| < 1. We also
write N < M to say that N < M but not N ~ M. Let u € §'(R'*?) a tempered
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distribution and N a dyadic number. We define the temporal Littlewood—Paley
projection

(ftQNu) (7—’ {E) = ¢N<7_) (Ftu) (T> 3:)

We also use the operators

Q>pu = ZQNU and Qopu =1 — Qspu.

N>M

Lemma 3.20 (Properties of the temporal Littlewood—Paley projections)
Let p € (1,00) and M a dyadic number.

(1) The projection onto high frequencies act favourably on L*(R, H), i.e. for all
veV?
||QMU||L2(R,H) < CM™'? [0]ly2 (3.14)

and
1@ oy < CM T2 0y - (3.15)

(2) The operators Q< and Q>py are bounded on UP and VP, i.e. for u € UP and
v € VP we have the estimates

1Q<mullys < Cllullys,  1Q2mullyy < Cllullys
1Q<rrvllys < Clvllyrs  Qeavllys < Cllvlly, -

Proof. Let v € V2. The first formula can be reformulated as the statement

sup MY2 (| Qarvll 2 < Cllollye

By Definition 2.15 in [BCD11], the expression on the left is the norm of v in
the homogeneous Besov space B 1/2 (R, H). So in fact, the proof below shows the
embedding V? < B, /2 (R, H). To do this, it is more convenient to use Theorem 2.36
in [BCD11| which prov1des the equivalent norm supj,.oh~Y2 [Jv(- + h) — Ul p2r

on B"‘ R, H). We compute
p
sup h~1/2

[o(- + 1) = vll o )
h>0

1/2
= sup h™Y/? (/ v(t +R) —v(t)|3 dt)

h>0

h>0

n+1 1/2
= sup h™Y/? < [o(t 4+ h) —v(t)||5 dt)
nez

1/2
< sup h™Y/? ( sup  |Jo(t +h) —v(t)||5 dt) :

h>0 te[nh,(n+1)h]



Let ¢ > 0. Choose t,, € [nh, (n + 1)h] such that

sup ot +h) — o) < (1+e) [otn +h) —v(ta)|l3 -
t€nh,(n+1)h]

The term on the right is less or equal to (14 ¢) ||v]|;2, and thus the assertion ({3.14]
follows.
From (3.14)), we conclude the second estimate (3.15)). Indeed, (3.14) yields

”QZMUHLQ(R,H) < Z HQNU||L2(R,H) < CZNA/Z [olly

N>M N>M

and we can easily compute the dyadic sum

ZNq/z 1/22]\[ 172 _ 1 ; 1/2M*1/2.

N>M N>1

Fix a dyadic number M. For the second part, it suffices to prove boundedness of
the operators )<y since >y = I — Q< by definition. Let v € VP. Write the
projection Q- as a convolution via

Qenv =Y Qvv =Y F ' (UnFu)= (Zf ¢N)*v—¢M*v

N<M N<M N<M

where we define the Schwartz function ¢p = Y5y, Fi '¢n. Note that by scaling
¢ar has the L'-norm

ol = [ lo(o) d
- [ |X o)

N<M
/

> F owm(t)

N<M
which is independent of M. Take a partition 7 € Z,. Minkowski’s integral inequality
in the measure space RI"l x L?(R, H) and the translation invariance of the p-variation

dt = {|¢n]l s
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yield that

|7l 1/p
(Z 1Q<nv(Tk) — Q<MU(Tk1)H§1)
k=1

- <T| p>1/p
< (lT (/ [Oae(8)] [[o(Te — 8) = v(Th1 = 8)[| d3>p)

1/p
/|¢M (ZHU Tk — 8) — v(Tp 1—s)||H) ds
< [ towt vl ds = ol ol
R

/ () (v(me — s) — v(Te—1 — 5)) ds

1/p

Hence, the operator (). is bounded on V? and its norm is uniformly bounded with
respect to M.

Let w € UP. By duality (3.8]), we can compute ||Q<aru||;;» by

|Q<rrtt| = sup | B(¢ar * u,v)] .

veBE,
Let v € S, with ||v]|;,» < 1. Using formula (3.12)), we obtain

|7|-1

1 B(dar xu,v)| = | > (¢ # ulri) — dar * u(rim), v(mic1))

+ ((¢M * u)oo — ¢M * U(T‘T|71)7U(T|T‘71))H

I7|-1

> (ulr =) —u(mio1 — 8),0(7e1))

k=1

< [ |éa(s)]

R

+ (ttos — u(Trj—1 — ), 0(Tj71-1)) , | ds

- / 6a0()] | B(u(- — 5),0)] ds
- / 630()| [ Blu,v)] ds

< ol lllis -
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Thus, the operator ()~ is also bounded on the space U? and its norm is uniformly
bounded with respect to M. O

Adapted spaces

In the end, we introduce the so-called adapted function spaces. These are spaces of
U-/V-type which are related to the linear evolution of a Cauchy problem.

Definition 3.21 (Adapted function spaces)
Let S(-) be a Co-group on H, and let p € [1,00). We define the adapted spaces
Ut = S(-)UP, and V¥ = S(-)V? with norms given by ||U||Ug = ||S(—)ul|y», and

HUH\/g’ = 1S(—)ully»-

The embeddings of Proposition [3.9] have an immediate counterpart for the adapted
spaces. We also note the following relations with the temporal Littlewood-Paley
projections.

Corollary 3.22 (Temporal Littlewood—Paley projections in adapted spaces)
Let S(-) be a Cy-group on H, and let p € [1,00). Let M by a dyadic number. We
define the adapted Littlewood—Paley projections

= SEQMS(—), Q2y =5()QemS(—) and Q3 = S()Q>mS(—).
Then the estimates of Lemma have a counterpart in adapted spaces.

(1) For all v € V&, we have
HQ%UHB(R,H) < CM~? ||U||VS2 (3.16)

and
||Q2ZMUHL2(R,H) <CM™V? HUva . (3.17)

(2) The operators Q2,, and Q3 ,, are bounded on Ug and V.

Proof. The assertions follow directly from Lemma [3.20] and Definition |3.21] [

A crucial part in the theory of adapted spaces is the following transfer principle.
Recall that we regard the Cy-group which enters the definition of the adapted spaces
as an object which we understand well. The next proposition tells us how we can
transfer estimates on the Cy-group to estimates on suitable adapted UP-spaces. For
the proof, it suffices again to check the assertion on atoms.
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Proposition 3.23 (Transfer principle, [HHK09, Proposition 2.19])
Let n € N, let Tp: L*(R?) x - -+ x L*(RY) — Li _(R?) be an n-linear operator, and

loc

let ¢, € [1,00). Assume that there exists C' > 0 such that
HTO (S(')¢1a s S()¢n) HLQ(R,L’“(Rd)) <C H ‘|¢j‘|L2(Rd)
j=1

for all ¢; € L*(R?). Then there exists an extension 7: Udx - --x Ul — L4(R, L"(R%))
satisfying
||T(U1, cee 7un) HL‘I(R,LT(Rd)) S CH ||u]||Ug
j=1
for all u; € UL where (T(ui,...,u,))(t)(z) = (To(wi(t),...,un(t)))(z) for a.e.
r € R4

Proof. For notational simplicity, we prove the case n = 1 below. The multilinear
case is a straightforward adaption of this proof.
Let a = Z,::‘l L, 1205 (-)¢k be a Ud-atom, 7 € Z; is the corresponding partition,

and (cbk)LT:ll satisfies E',;'l H(kaqLQ < 1. Then

7]

1T all o, ir ey < || D Lireovim 1765 (el 10
k=1 La
7] 1/q
= (Z ||T05(')¢k||qu(R,Lr)>
k=1
7] 1/q
<o(S1am) <o
k=1
The claim now follows from Lemma 3.6l O
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4 Well-posedness results via adapted spaces

Il est souvent question de « donner du sens » au calcul
mais il ne faut pas oublier que le calcul est porteur de
sens en lui-méme.

Cédric Villani et Charles Torossian,
21 mesures pour l’enseignement des mathématiques

A mass-critical nonlinear Schrodinger equation

We start with a rather simple problem. In some sense the following problem is
actually too simple, since our main tools, the U?- and V?2-spaces are not really
needed to achieve the desired result. However, we think the example is still a nice
illustration of how the method of adapted U?-spaces works in principle without the
burden of too many technical complications.

Example 4.1 (The cubic nonlinear Schrodinger equation in 2 dimensions)
We consider the nonlinear Schrédinger equation with cubic nonlinearity in two space
dimensions

i0pu(t, z) + Au(t,z) + plu(t, ) u(t,z) =0, (t,z) € Rso x R2 (4.1)

Here the parameter p belongs to {1, —1}, we refer to 4 = 1 as the focusing and
to u = —1 as the defocusing case. In addition, we impose the initial condition
uw(0,2) = ug(x), z € R?, for some uy € L?*(R?). Observe that equation is
invariant with respect to the scaling Au(A\%t, \x). Since this scaling leaves the
L?-norm invariant, the equation is called mass-critical. It is well known that is
locally well-posed in the space C([0, t1), L*(R?)), where the maximal time of existence
t1 depends on the initial function ug, see e.g. Theorem 5.3 in the monograph [LP09].

For initial data with sufficiently small L?-norm, the solution even exists globally by
Corollary 5.2 in [LP09).

Our aim is to reprove the global small data well-posedness result of Example
in the framework of adapted U2- and V2-spaces. Recall that the operator iA with
domain H?(R?) is a self-adjoint operator on L?(R?) and thus generates the unitary
free Schrodinger group S(-) on L*(R?). Instead of the differential equation (4.1)) we
solve the integral equation

u(t) = Stuo + i /0 S(t — 1) [u(r)|>u(r)dr, t € Rso, (4.2)
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by applying Banach’s fixed-point theorem in a suitable Banach space.

In the following, the Hilbert space H on which all constructions in Section [3| are
based is chosen as H = L%(R?). For p € (1,00), we use the corresponding adapted
spaces Ug and V7 as introduced in Definition . Note that these spaces are defined
in Section [3 only for functions with domain R. By the following remark, we can
consider these spaces also on subintervals of R.

Remark 4.2 (Restriction to intervals)
Let X C C(R, L*(R?)) be a Banach space, and let J be an interval. Then the
restriction space

X(J)={ueC(J,L*(R?): 30 € X with @|; = u}

endowed with the norm |[ul| ;) = inf {||@[|y : @ € X with @|; = u} is a Banach
space.

With these preparations, we can formulate the following well-posedness result for
the cubic nonlinear Schrodinger equation ((4.1]) in the critical space L*(R?).

Theorem 4.3 (Global well-posedness for small initial L?-data)
There exists § > 0 such that for all ug € L*(R?) with |lug||;» < & the cubic nonlinear
Schrodinger equation ([4.2)) has a global solution u € UZ ([0, 00)).

A key element of the proof is the following multilinear estimate, which, in this
case, is a consequence of a standard Strichartz estimate.

Lemma 4.4 (A simple multilinear estimate)
Let uy,...us € V?g. Then the following estimate holds

4 4
// Huj(t,x) dxdt‘ < C’H ||u]||VSQ
R JR2 52 paiey

Proof. From Holder’s inequality, we deduce that

4 4
// Huj(t,x) dz dt‘ < H H“J‘HL4(RxR2)'
R JRR2 j=1 7j=1

By Theorem 4.2 in [LP09|, the pair (4,4) is admissible for the Strichartz estimates

of equation (4.1)). The homogeneous Strichartz estimate yields [|S(-)¥[| 1 1) <
C'||¢|| 2 for all ¢p € L*(R?). By applying the transfer principle from Proposition (3.23]
this Strichartz estimate corresponds to the estimate

[l o, zay < Cllullyg (4.3)
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for all u € Ud. If u belongs to V_27S, we can change u at countably many points so
that the function u becomes right-continuous. This step does not alter the L*-norm.
Thus, the embedding V2, < U* stated in Proposition [3.9 implies that

[l o ey < Cllullvz »

and the assertion is proved. O

In order to prove Theorem , we have to solve the integral equation (4.2)).
The space for the fixed-point argument is defined as follows. Define the function
space X as the closure of C(R, H?(R?)) N U2 in U2 and the space Y as the closure
of C(R, H*(R?)) NV?, ¢ in V§. The embedding UZ < V2, g, cf. Proposition [3.9]
implies that X — Y.

The required estimates to control the Duhamel integral in the space U2 are
provided in the next lemma. For the computation of the U?-norm, we use the
particular integral form of the duality pairing in Proposition [3.17] whose structure fits
well to the Duhamel integral.

Lemma 4.5 (Mapping properties of the Duhamel integral)
For arbitrary functions uy, ug,us € C(R, H*(R?*)) N V2 g, we define

I(uy, ug, us)(t) = iplp,e0) (t) /0 S(t — T)uy(7)us(T)us(r) dr.

Then I(uq,us,u3) € X and we have the estimate

3
17t g us) gz < C T Ml -

j=1
Moreover, the functional I continuously extends to a 3-linear operator

I:Y XY xY — X,

as well as

It X xXxX—=X. (4.4)

Proof. First, we note that H?(R?) is an algebra and that the Schrodinger group is
also a strongly continuous group on H?(R?). This implies that the integrand 7
S(—7)u1(7)uz(7)uz(7) belongs to the space C(R, H*(R?)). By taking the integral,
the whole expression is now even continuously differentiable with values in H?(R?).
We thus obtain I(uy,us,u3) € C(R, H*(R?)). To show that I(uy,us,u3) € X, we
compute the UZ-norm of I via the duality pairing by using the integral formula
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from Proposition [3.17. This, in turn, allows us to apply the multilinear estimates
obtained in Lemma [£.4] In detail, we compute

1)l = o [ S (rintr)ustr)ar|
—Usetg];; B <1[0700)/0 S(=7) (w1 (7) a2 (7)us(7)) dT,?})‘
= su;p /OO/R uy (7, ) ug (7, x)usg (7, x)S(—7)v(1, ) de dr
veB? 2
< sup / / uy (7, x)ug (7, x)us (7, 2)0(7, ) de dr
||v||V2 <1 R?

< cTT sl
j=1

The mapping property (4.4)) finally follows from the embedding X — Y. O]

Having good estimates of the Duhamel integral, we can now proceed to the
proof of the main theorem. Note that in adapted spaces the handling of the linear
evolution is immediate.

Proof of Theorem[{.3. Fix C' > 0 as in the statement of Lemma [£.5] Choose
r=(7C +1)"2 <1 and § = r>. Our goal is to show that the map

O(u)(t) = S(t)uo + I(u,u,u)(t), t>0,
has a unique fixed point in the set
B, = {ue X([0,00)) : ||u||U§ <r}.

We first show that the solution of the homogeneous equation S(-)uy belongs to
X([0,00)). It is clear that S(-)ug belongs to U24([0,00)) and satisfies

15 Chuollys < luols < 6

Take a sequence (u,), in H?(R?) which converges to uy in L*(R?). Then S(-)u,
belongs to C([0, 00), H*(R?)) and

15 (-)un — S(')“o“yg < ||wn — UOHL2 —0 asn — 0.

Therefore, S(-)up € X ([0,00)). Let u € B,. Using Lemma to estimate the
Duhamel integral, we now obtain

Hq)(“)HUg = [|S(-)uo + I (u,u, u)HUg <§+C HuHSUg <S+Or < (CH+1)r° <.
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To show that ® is a contraction on B,, take u,v € B,. Since the nonlinearity is a
polynomial, we note the following identity

I(u,u,u) — I(v,v,v) = I(u,u,u —v) + I(u,u —v,v) + I(u—v,v,v).
Thus, we obtain again by Lemma 4.5
[P(w) = @)z = M (w, u,u) = I(v,v,0)[[y2
< 30(ullZg + 1012) 1 — vl
<6CT? ||lu — UHUg
< &= vl

and the proof is finished. O

A derivative nonlinear Schrodinger equation

We now turn our attention to a more difficult problem, a derivative nonlinear
Schrodinger equation. This equation was studied in the context of U/V-spaces in
Tobias Schottdorf’s PhD-thesis [Sch13|, the method is also sketched in Section 6.3 of
the book [Koc14]. We replace the nonlinearity |u|” « in Example [4.1/ by the expression
w0y, u involving a derivative. Of course, the main difficulty is how to control this
derivative. We use the framework of U/V-spaces as in the preceding example but in
addition we use a Littlewood—Paley decomposition which allows us to treat high- and
low-frequency parts separately.

Example 4.6 (The derivative nonlinear Schrodinger equation in 2 dimensions)
We consider a nonlinear Schrédinger equation with derivative nonlinearity in two
space dimensions

0,u(t, z) + Ault, z) + pu(t, )0, u(t,x) =0, (t,7) € Rsy x R2, (4.5)

As in Example [4.1] the nonlinear Schrédinger equation (4.5) is invariant under the
scaling Au(A\%*t, Az) so that the equation is again L*-critical. The small data global
well-posedness is proved in Theorem 5.1 in the PhD-thesis [Sch13].

We keep the notation from Example for the free Schrodinger group S(-). As
before, the main object of interest is the Duhamel formula

u(t) = S(t)uo + i,u/o S(t — 1)u(1)0pu(t)dr, t e Rs, (4.6)

to which we apply a fixed-point argument. In order to treat the derivative 0., in the
nonlinearity we have to use finer arguments than in Example 1.1} In particular,
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we need to introduce the following Littlewood—Paley decomposition in the first
space variable. Using the same notation as in Definition [3.19, we define the spatial
Littlewood—Paley projection

(FoPyu)(t, & n) = vn(I€]) (Fou) (t,€,m)

for u € 8'(R x R?). For later use in the proofs, we mention the following almost
orthogonality property of Littlewood—Paley projections. From the support of the
functions 1y it follows that (Ppu, Pyu) . = 0 unless M ~ N. A consequence of
this property is that the norms

1/2
lull 2 = |3, Pat|,  ana <Z \|PNu||§2> (4.7)
N

are equivalent. This property is e.g. discussed in the beginning of Section 2.3 of the
book [BCD11]. We next introduce the function space X in which we solve (4.6]).

Definition 4.7 (Function spaces)
Define X as the closure of C(R, H"*(R?)) N UZ¢ with respect to the norm

1/2
Jull = (z nPNuuag)
N

in the space C(R, L*(R?)) and Y as the closure of C(R, H"(R?)) N V2 s with

respect to the norm
1/2
2
ol = (Z ||PNv||VS2)
N

in the space C(R, L*(R?)).
The main result is analogous to Theorem [4.3]

Theorem 4.8 (Global well-posedness of (4.5) for small L-initial data)
There exists § > 0 such that for all uy € L*(R?) with |Jug|;> <  the derivative
nonlinear Schrodinger equation (4.6 has a global solution v € X.

We repeat a consequence of the Strichartz estimates which was the key ingredient
in the discussion of the cubic nonlinear Schrodinger equation (4.1).

Lemma 4.9 (Linear Strichartz estimate)
Let u € V2 4. Then it holds

[l ooy < Cllullve - (4.8)
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Proof. This estimate follows from a standard Strichartz estimate for the Schrodinger
group and the transfer principle from Proposition Its proof is already contained
in the proof of Lemma 4.4} O

In addition to linear Strichartz estimates we also use the following bilinear
estimates, which are a refinement of to treat products of two Littlewood—Paley
projections. The first estimate is concerned with functions from the space U2 and
follows from well-known bilinear Strichartz estimates established by Bourgain and
the transfer principle. For later applications, this first estimate is not good enough,
since in the computation of the U2-norm via duality at least one of the terms only
belongs to the larger space V&. The estimate for VZ-functions is established by an
interpolation argument which looses a logarithmic factor.

Lemma 4.10 (Bilinear Strichartz estimates)
Let uy,us € Ug and let Ny, Ny be dyadic numbers with Ny < N;. Then we have

N, 1/2
IPvn Pl <€ (57 Dl sl (4.9

If uy,uy € V2 g, then it also holds

N, 1/2 N, 2
”PNluleQUQHLQ(R,LQ) < C (Fl) (1 og (N ) + 1) ”ulHVS? HUQHVSQ . (410)

Proof. According to Lemma 111 in Bourgain’s article [Bou98]|, the bilinear estimate

Ny V2
1P Pty < © (ﬁ) el

holds for all v,y € L*(R?). Thus, estimate is a direct consequence of the
transfer principle in Proposition . Note that in the case N1 N5 Bourgain’s
estimate is just the same as the hnear Strlchartz estimate in the U 2_space. To

obtain the improved estimate in the V?2-space, we mterpolate and .
by using Proposition 2.20 in [HHKOQ] To repeat the arguments from Corollary 2.21,

we define Py = > wrn P for a dyadic number N. By this construction PNPN = PN.
Consider the bilinear operator 17 : ug +— PNlulPNZUQ From estimate and the
embedding U2 < U¢, we deduce that

||T1U2||L2(R,L2) = HPNIU1HL4(]R,L4) ||pN2u2||L4(]R,L4) <C HleulHUg ||]5N2u2HUg :

Hence, Tj is bounded linear operator from Ug to L*(R, L?) with norm less than
C'|Juy ||U§ . With the bilinear estimate (4.9) we see that

| Thua| ®R,L2) = C( )1/2 HPN1u1HU2 ||PN2U2||U2
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and hence T} is bounded from U2 to L*(R, L?) with norm less than C(%)I/z sl

Proposition 2.20 in [HHK09] allows to interpolate these two estimates with the result
that 77 is a bounded linear operator from V2 ¢ to L*(R, L?) with

1/2
ITitall ooy < C(3)"* (1og(32) +1) g Nuallyz - (410)

Next, define T: uy — ﬁNlu1PN2u2. As for the operator T7, using (4.8)), we see that
T, is a bounded operator from U# to L?(R, L?) whose norm is less than C [uzlly-

From (4.11)), we obtain that
1/2
1Tt ey < CG)"* (10g(52) + 1) llwn sz lwallyz

and hence T is a bounded linear operator from U2 to L?(R, L?) with norm bounded
by C(%)lﬂ <log(%) + 1) ||u2||V52 Interpolating again with Proposition 2.20 from
[HHKO09], we arrive at

~ ~ 2
| P s Pyt o g 2y < C(20) (10g(%) + 1) lurllys luellyz — (4.12)

for all uy,uy € V2, 5. To deduce (4.10), take uy, uy € V2 g. By changing u; and us
at countable many points, these functions become right continuous and neither the
L?-norm nor the V2-norm changes. By applying (4.12)) to Py,u; and Py,us, (4.10)
follows. O

The next lemma contains the essential technical calculations and is the counterpart
to the much easier Lemma (4.4l It shows how to combine the linear and bilinear
Strichartz estimates from Lemma [4.9 and 4.10] to obtain multilinear estimates on
dyadic blocks which allow to control the derivative in the nonlinearity.

Lemma 4.11 (Estimates on dyadic blocks)
Let Ny, N, N3 be dyadic numbers. Let upn,, un,, un, € Vis be functions such that
the support of F; ,u N, is contained in the set

Ay, = {(1,&n) e Rx R*: IN; < |¢] < 2N;} for j € {1,2,3}.
(1) Assume that N; ~ N5. Then

Z /OOO /R2 up, (£, ) un, (t, x)un, (t, x) de dt

Na< Ny

1/2
— 2
< Clluw, llyz ( >N, HuNszg> s llyz -

No< Ny

(4.13)
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(2) Assume that Ny ~ N3. Then

Z /OOO /R2 un, (t, 2)un, (t, v)un, (¢, ) de dt

N1< N2

1/2
2 —
<C ( > ||UN1||VS2> Ny lungllyg lluws llys -

N1 N2

(4.14)

(3) Assume that Ny ~ N,. Then

o o\ 1/2
Z sup / / un, (t, v)un, (t, z) Pyyo(t, ) do dt
Nozw Iolhyzst o Jee (4.15)

< C ||U’N1||VS2 N2_1 ||uNz||VS2 :

Proof. Let M be a dyadic number which is chosen below. We adapt the temporal
Littlewood—Paley projections from Definition [3.19] to the Schrodinger equation. Let
u € S(R x R?) be a Schwartz function. Recall from Corollary the definition

Qi = S()QuS(—)u.

For each ¢t € R, the free Schrodinger group S(t) is given as an JF,-Fourier multiplier
with symbol et The projection Qs is an Fy-Fourier multiplier with symbol ;.
Also note for every (&,7) € R2, the F;-transform of the function t — e € +7%) jg
the Dirac delta distribution d¢2,2. We these formulas in mind, we obtain

(E,:}ch‘/ju) (7—7 g? 77) - (»Ft,xS<>QMS(_)u) (Tv éa 77)
=F <t — e’it"FQMeitHz]-}u) (1,€,m)

= (5§2+772 *r (¢Mft7$u( + §2 + 7727 ga 77))) (T)
= Pu (7T — & — ) Frau(T, §,1).

We have thus shown that
E,xQJS\;[u(Ta 57 77) = wM(T - 52 - nz)ft,xu<7_> éa 77) (416)

There are analogous formulas for Q¢ ,, and Qg M-
Next, we decompose the integral into high and low frequencies of each term
obtaining eight pieces of the form

[ [ @tux@tux@ius avar,
R JR
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where each Q7 is either a projection QiM or Q%,, for i = 1,2,3. Here we integrate
over R and extend the functions by 0 to the whole real line. This does not cause any
problems since for all u € VZ the restriction satisfies [ L0,00yullvz < 2 HuHVSQ

The remaining plan of the proof is as follows. If the low frequency projection falls
on all three terms at the same time, we show that the integral vanishes. If the high
frequency is at least on the second term, then we can use Strichartz estimates
and the high frequency estimate to gain one derivative in the estimate. Finally,
if the high frequency term is not on the second term, then we need in addition the
bilinear Strichartz estimates from Lemma K.10l

We start by considering the interaction of three low frequency terms. By low
frequency, we mean the projection Qi s Where we set M = %Nf We obtain

/3 QiMu]\h QiMuNzQiMUN:s d([B, t)
R

= cF12 (Q2 yrun, Q2 yyun, Q2 pyun, ) (0)

=cC (E,zQiMu]\h * E,IQiMuNQ * E,IQiMuNB) (O>

Let p; = (75,&;,1;) € supp }}@QiMuNj for j = 1,2,3. The above integral vanishes
if we cannot satisfy the equation p; + po + p13 = 0. So assume that gy + po + g = 0.
Define \; = 7; — & —nj for j € {1,2,3}. Since

ft,IEQiMUNj - 7~p<1\/f()\j)1/}]\7j(|£J.|)“F.t,$u7

we obtain the bounds N;/2 < [¢;| < 2N; and |\;| < M for j € {1,2,3}. Observe
that 71 + 7 + 73 = 0. We thus obtain

IND <SG <|E+E+E+n+m+03 =M+ X+ Ag| < 3M.

Since we have defined M = %NZQ , this inequality cannot be true and thus the above
integral vanishes.

Now we turn to the proof of . The case of three low frequency interactions
is already settled. To discuss four of the remaining seven cases, we first assume that
Q5 = Q%,,. For the Q- and Qs-terms, we use the L*-Strichartz estimate , and
for the sum over Ny, we use that the Littlewood-Paley blocks are almost orthogonal

in the sense of (4.7)) to obtain that

Z / qu]\ﬁ QgMuNg qujvg dz dt
R3

NNy
< HQigUNlHM ZQgMUNQ ||Q§UN3HL4
No<Ny 2
1/2
2
<C HuNlHVS2 < Z HQiMuNQHL2> HUNSHVS2 :
No< N1
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In the last estimate, also the boundedness of the projections Qf on VZ is used, see
Corollary [3.22| By the crucial estimate for the high frequencies (3.17)), we have

[Q@Sarn 2 < OV [ s < ONG gy for s € {1,2,3). (@17

Inserting for j = 2 in the estimate above, we obtain in these cases.

For the next two cases, we assume that the high frequency falls on the first term,
ie. QF = Q%,,. We use again for the high frequency term and the bilinear
estimate for the other two terms. The logarithmic factor in (4.10) can be
roughly estimated by

Ny 1/2 . Ny +12< N, 1/4
N, &\ N, ~\N )

where we use the assumption that N; ~ N3. Together with Holder’s inequality and
the boundedness of QJS on V& by Corollary we obtain the bound

Z / QgMuNnguNgquNgdl'dt
R3

Nog Ny
<D l@%um | 2 Q5 un, Qunl
Nog<Vy
_ 1/4
< O N i llyz (32)* s llyz s
Na<N1
1/2 1/2
1/2 - 2
< e ( () ) ( Sy uuNqug) ol
NokVN1 NokNy
The dyadic sum can be easily computed and gives the constant
1/2 > 1
N: —1/2 _ —n/2 _
D) TSNS 2 = i
No<< N1 N>1 n=0
Therefore, the desired bound (4.13]) is proved in this case. Finally, the remaining
case is Q5 = Q2,,. Here we repeat the same calculation that we just performed in

the cases Q7 = Q3,, just by swapping the roles of Q7 with Q5. Consequently, the

proof of (#.13)) is finished.
In the next step, we prove (4.14). We start again with the case Q5 = g v The

arguments are similar as before. We use estimate (4.17)) once more for the high
frequency term and the bilinear Strichartz estimate (4.10]) for the other terms. As
above, the assumption Ny ~ N3 yields the rough estimate

N, 1/2 N, 2 N, 1/4
i i < | =
() (&))< (%)
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We compute

Z /d Qv un, QgMUN2 Q3 un, dz dt
-

N1< N2

< 2 lloPun Quns | 2 Q2w

N1< N2

1/4 _
<O (A lumllve Nzt lung llvz luwsllyz
N1 <K Na

1/2 1/2
1/2 2 _
SO<Z(%) ) (Znumn@) Ny s vz sl -

N1 N2 N1« N>

This is the claimed estimate in this case. To deal with Q5 = Q2 ,,, we repeat this
computation only changing the roles of uy, and uy,. We obtain the same result, and
hence is proved in these cases.

It remains to consider the case Q7 = Q%,,. The ingredients are as before, only
the high frequency estimate is now applied to the first term and we use the
simpler linear Strichartz estimate for the other terms. The sum poses no
additional problem and we get

Z /3 Q2 yrun, Q5 un, Q3 un, dr dt
R

N1 Na
3 DL
N1 < N3 1,2
1/2
2
<o ( > HQiMuNluLz) fusalls Tl
N1 No
1/2
2 _
<C ( > HUMva) Ny lungllyg lluws llyz -
N1 N2

This finishes the proof of .

We turn to the proof of (4.15). The cases where QY = Q%,, for i = 1,2 are
similar as in the proof of the first estimates (4.13)) and (4.14) above. We demonstrate
the case Q7 = Q2,,. Encore, using on the high frequency term and the
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bilinear estimate (4.10]) for the other terms, we obtain

E sup
N3<N; Hv‘lvsggl

1/2
<(x o louun el

N3<N; HvHvs%Sl

/ QS (1, 2) QS un, (1, 2)QS Py, ) der
0 R2

2) 1/2

1/2
_ 2 1/2 2 2
SC(Z Ny 2 lumy vz (52) " Nluns llyz - sup ||PN3U||V3>

<
N3<N; ||U||VS2,1

1/2
1/2 _
= C( > (%) ) lunyllvz N3 lluellyz -

N3<SM

As before, using the assumption N; ~ Ny, the dyadic sum gives a constant independent
of Ny and Ny. The case Q5 = Qg u can be proved in the same way by interchanging
the roles of uy, with uy,.

The remaining case is Q5 = Q%,, which we treat as follows. We use again

(3.17) on the high frequency term and the L*-Strichartz estimate (4.8)) and the
boundedness of Qf on V& for the other terms. We also have to use the symmetry of
the projection Py, and the almost orthogonality (4.7)) of the Littlewood-Paley blocks.

In detail
2) 1/2

E sup
N3<N; Hv‘lvggl

1/2
< ( Z sup HPNnguNnguNQHiQ HQiMPNgvHiz>

N3<N; Hvvagl

/ ) QT un, (t, 2)Q5un, (t, 2)Q5 , Pyyv(t, ) du dt
o Jr

1/2
< C( Z sup HPNnguN1Q§uN2HiQ Ny? HPN3UH$/S2)

N3<N; ||”||V§§1

< CNy! HQfUNnguNzuz

< Clluw llyz Ny *Hluws vz -
This finishes the proof. O

Lemma 4.12 (The Duhamel integral)
We define the Duhamel integral for uy, us € X N C(R, H%*(R?)) by

Iun, ug) (1) = il oo (1) /0 S(t — )ity ()0, n(7) A7, tER.
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For uy,us € X NC(R, H*(R?)), we have

1 (s uo) | x < C llually [luzlly -

Hence, I extends to a bilinear form /: Y x Y — X and, by the embedding X — Y,
alsoto I: X x X — X.

Proof. We imitate the proof of Lemma The assumption uy, us € C(R, H"*(R?))
implies again that 7 — S(—7)u;(7)0,, u2(7) belongs to C(R, L*(R?)) and we can
differentiate the Duhamel integral. We use the duality pairing and the integral
formula from Proposition to obtain that

1 (ur, uo) [ = ZHPNs (ur, u2) |72

= ZSUP ‘B( _')PN3I<U17U2)>'U)|2

Ns vEBZ,
2
sup Uy (7, ) Oy, U (T, ) Py S(—7)v (71, 2) de dr
Ns veBZ,

R2
/ / 'L_Ll(T7 $)811'EL2(T, x)PN31~)(T7 ilf) d.Z' dT
0 R2

2
<

g o2 <1

We further decompose each summand by

Z / / Pyt (1, 2) Pn, Oy, o (T, ) Py, 0(T, ) dz dT
R2

N1,Na

and we distinguish the three cases

IEDDD D DD I DI

N1,N2 N1 N2<N1 Ni Nao~Ni Ni N2>N;

Recall from the proof of Lemma [£.11] that not all frequencies contribute to the integral
in the last line. Namely, the integral is nontrivial, only if there exists & € Ay, for
i € {1,2,3} such that & + & + & = 0. Therefore, it is impossible that only one of
the three frequencies is significantly larger than the other two. In the first case, the
condition Ny < Np implies that N3 ~ Nj. In the second case, Ny ~ N; implies that
N3 < Ni. In the third case, N; < Ny implies that N3 ~ N,. We treat the dyadic
pieces in each of these cases with the estimates from Lemma [4.11]

First, we consider the case N3 ~ N; and we estimate the summands with
Ny < N; by using . The factor N, ! compensates the derivative and we obtain
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that

D s

v ||’UHV2 S

Z/ /PN1u1PN2811u2PN3dedt
R2

N1~N3 Na<N1

_ 2
<0y Y. 1P [ < >N, ”PN28x1u2”%/§> i [Py ol

N3 Ni~N3 Ny Ny VE’SS1
2
<O 1Pl 3 1Pvausl
Nl N2

2 2
< Cllually [luzlly -

In the second case, we consider N3 < N; and sum all the integrals where Ny ~ Ns.
We first estimate by the triangle inequality

Z ZI (Pnyur, Pyyus)|| < Z ZHI (P, u1, Pryus)l|

N1 Na~MN N1 Na~Ni
o o\ 1/2
S Z Z < Z sup / / PN1a1PN28xa2PN3U dx dt .
N1 Na~N1i \N3<N; HUHVQSI R2

Using estimate (4.15)), we further compute

Y (%

2) 1/2

/ / Py, uy Py, Oyug Pyyv da dt
R2

N1 Na~N; \N3<N; HUHV2§1
< CZ ZHPJ\hulHV2 1||PN28:B1UQHV2
N1 No~Np
1/2 1/2
2 2
sc(ZuPNluluvg) (ZHPNQWHVSQ)
N1 N2

= C'|lusrlly [luzlly -
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In the last case, we have Ny ~ N3 and we note that >y > v o n = D on, Do <y

Using (|4.14)), we obtain

2
Z sup Z Z /0 /R2 P,y Py, Oy, g Pryv de dt

Ns ”U”VE,SSI Na~N3 N1 <Ny

<0y Y ZHPNluH%/SQNEQHPNanluQHE/SQ sup HPNWH%/;

N3 Na~N3 N1<Ns H”HVE,SSI
2 2
<Y NPl 3 1 Prusls
Nl N2

2 2
< Cllully [luzlly - =

Proof of Theorem[{.8 Thanks to Lemma the proof of Theorem [.§ works very
similar as the proof of Theorem [4.3]
Fix C' > 0 as in the statement of Lemma [4.12] Choose r = (5C +1)7! < 1 and
= r2. We show that the map

O(u)(t) = S(t)uo + I(u,u)(t), t>0,
has a unique fixed point in the set
B, ={ue X([0,00)) : |lullx <7}
It is clear that S(-)ug belongs to UZ¢([0, 00)) and satisfies
1SCuollx < lluoll > < 0.
Let u € B,. Using Lemma to estimate the Duhamel integral, we obtain
()l = ISChuo + I, w)lly <8+ C llully <6+ Cr < (C+1)r* <.

To show that ® is a contraction on B,, take u,v € B,. Since the nonlinearity is a
polynomial, we note the following identity

I(u,u) — I(v,v) = I(u,u —v) + I(u — v,v).
Thus, we obtain again by Lemma 4.12

[@(u) = P(v)|x = [ (u,u) = I(v, )| x
< 20(Jlullx + [[vllx) lu =2l x
<A4Cr |lu— UHX < % [|u — U“X )

and the proof is finished. n
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A magnetic nonlinear Schrodinger equation

The greatest difficulty in the investigation of the Maxwell-Schrodinger systems
or arises from the magnetic parts of the Schrodinger equation. In Chapter
these parts are treated as a perturbation of the free Schrédinger equation with the
help of Strichartz estimates with loss. There also exists Strichartz estimates for
the magnetic Schrodinger equation, we refer e.g. to the articles [DFO§|, [FV09]
and [DFVV10]. Given a fixed magnetic potential A with suitable properties, the
above results are good enough to establish local and global well-posedness results
for nonlinear magnetic Schrodinger equations. As an example, we mention the
article [CCL14] in which the global well-posedness in H' of a magnetic nonlinear
Schrodinger equation with defocusing cubic nonlinearity is proved. However, in
this result the potential A is assumed to be time-independent and to satisfy certain
decay estimates which are required by the Strichartz estimates in [DFVV10]. Hence,
this approach is unsuitable to deal with Maxwell-Schrodinger systems where the
magnetic potential A satisfies another partial differential equation.

Another form of Strichartz estimates for the magnetic Schrodinger equation is
discovered in [BT09]. They show spectrally localized Strichartz estimates, make use
of the U/V-spaces and finally solve the Maxwell-Schrodinger system in the
energy space. In this Section, we make a first step to see whether their methods also
apply to the Maxwell-Schrodinger system ((1.5)) with additional power nonlinearity.
Instead of the full system, we only investigate the Schrodinger part where we regard
the potential A as given, but we aim to pose only assumptions on A which are not
too far away from the situation which one would encounter in the full system. Due
to technical problems, we also discuss the case of an artificial quadratic nonlinearity
only. We expect that the case of a cubic nonlinearity |u|>u or of |u|u can be treated
with a refinement of our method.

Example 4.13 (A magnetic nonlinear Schrédinger equation)

Let 0 € (1,00). Let T € (0,00). Let A € L¥H N WL H™' N L2L> with
div A = 0 be given. We study a magnetic nonlinear Schrodinger equation with
quadratic nonlinearity

i0u + Agu = u?. (4.18)
Under the given assumptions on A, the method from [NWO07] (without the electric

potential ¢) shows that there exists an evolution family Sa: [0, 7] — L(H?®) for

s € [—2,2] which solves the homogeneous equation, compare with Lemma [2.15]
We stress that we cannot solve the nonlinear equation (4.18) in H'(R?) with the
techniques from Chapter [2l Setting up a fixed-point argument leads to the term

/O 1Sa(t, 72| ,0 dr < / ) oo a7 1 7
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in the Duhamel formula. The auxiliary space LZH'?%(R?), in which the solution
can be controlled through Strichartz estimates with loss, just fails to be embedded in
L3.L>(R?) and we cannot close the estimates for a fixed-point argument. Therefore,
more sophisticated arguments are needed to construct an H'-solution of . To
do this, we introduce a few tools from [BT09|. First, we assume in addition to the
above that A € Uj, H'. Here U, H' is a U?-space adapted to the evolution of the
wave equation, see the definition in Section 3 of [BT09]. Second, we take H'(R?)
as the Hilbert space on which we base the constructions in Chapter 3] With the
evolution family S4 we define the corresponding adapted space

UiH" == {S4(0,)u:ue UH'}.

The duality relation is now (U3H!')* = VZH !, see Proposition 23¢) in [BT09]. We
denote the space U3H' on the interval [0, 7] as X in the following.

Theorem 4.14 (Local well-posedness of in H')

Let A€ U3, H' NLEH NWE*H N L2 L>® with div A = 0 be given. Let ug € H'.
Then there exists T € (0, 00) such that the magnetic Schrodinger equation (4.18))
has a unique solution in X with initial value u(0) = ug. Additionally, the solution
map ug — u from H! to X is Lipschitz continuous on bounded sets.

The proof of Theorem relies crucially on the following Strichartz estimate for
the magnetic Schrodinger equation from Proposition 24 in [BT09] which is the major
achievement of that article.

Lemma 4.15 (Magnetic Strichartz estimate)

Let (g, ) be a Schrodinger admissible pair, see in Definition . Let A € U H'
with div A = 0. Let N be a dyadic integer. There exists 6 € (0, 1) for which the
following spectrally localized Strichartz estimate

|Paullg e S TYINY fu s (4.19)
holds true.

Lemma 4.16 (The Duhamel integral)
Let T € (0,1). We define the Duhamel integral for u;,us € X by

t
I(uy,ug)(t) = i]l[O,T](t)/ Sa(t, T)ur(T)us(r)dr, tel0,T].
0
For uy,us € X, we have

I (ur, u2)l| ¢ < CTY |y fJually -
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Proof. To evaluate the norm of the Duhamel integral in X, we use the duality
(UZH"Y)* = VZH™!, see Proposition 23¢) in [BT09]. Similarly as in the proof
of Lemma , we use the duality pairing and the integral formula from
Proposition to obtain that

1 (i, u2) [ —SHP\B(SA M (ur, uz), 0)|

= sup
veEBZ,

/0 /Rs u (7, 2)uz (7, ©)Sa(0, 7)o (7, ) de dr

/OT /RS uy (7, 2)ug (7, 2)0(7, 2) de dT| .

We next use the Littlewood-Paley decomposition

ZZZ/ / Py, uy (7, 2) Pyyua (7, 2) Py, o (7, ) do dr.

As in the proof of Lemma [£.12] we only get contributions from the integral, if the
two largest frequencies are comparable. Moreover, the expression is symmetric in
and us and it is hence enough to treat the two cases

2.2 >, amd D > )

N N;ZN Na~Ny N N<SN Ni~N

? 1<1
Iz go1<

We start with the first case where the last term has low frequency. Take ¢ € (0, §).
With the Strichartz estimate (4.19)) we compute

T
/ / Py,uy (1, 2) Py, ug (7, ) Pyo(T, ) de dr
R3

sup
”U”VE AH_ISI N N<N
S D NPl sy o | Pryuall psysga Y NV Pyvoll g 2 N7H°
|Ivllv2 AH =1 NS
1/4
ST sup S ONT o NT S fluall NI LD 1Pl g
l[vlly 2 AH 1<1°N, NSN:
Using that
1/4
4
(Z HPNU“L‘;H*—E) ST ”UHL%OH—I STV HU”VjH—l , (4.20)
N
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we obtain the desired estimate in the first case. In the second case, we compute
similarly

w S Y

HUH\/E’AHflgl N stN

< sup Z||PNU1||L8T/3L4 1Pxoll L p2 Z ||PN2U2||L8T/3L4

~
H’UHVQ’AH71§1 N NQSN

ST sup YN |l N7 Jugl N[ P o o

”U”VE AHfl <1 N

1/4
4
ST sup 1||ul||XHU2||X(Z\IJ-Dzvay;H1s> :
N

V|2 1<
Il IIV—,AH 1

T
/ / Pnuy (T, 2) Pyyus (T, ) Pyv(T, ) de dr
o Jrs

Employing (4.20) again, we deduce the assertion. ]

Proof of Theorem[{.1] As in the previous examples, the main work is contained in

Lemma .16
Fix C' > 0 as in the statement of Lemma Choose R > 2 ||ug||y: and
T € (0,1) with T' < m. We show that the map
O(u)(t) = Sa(t)uo + I(u,u)(t), t>0,

has a unique fixed point in the ball Bp == {u € X : |july < R}. It is clear that
Sa(+,0)ug belongs to X and satisfies

154 (5 0)uollx < fluoll 1 -

Let u € Bp. Using Lemma to estimate the Duhamel integral, we obtain
1
() = 1S40V + I, w0l < luoll yu +CT2 ully < SR+CTVAR? < R

To show that ® is a contraction on Bpg, take u,v € Bg. Since the nonlinearity is a
polynomial, we note the following identity

I(u,u) — I(v,v) = I(u+v,u —v).
Thus, we obtain again by Lemma

[8(u) = @)l x = 1(u,u) = I(v,v)| x
< CTY(Jlullx + llvlly) lu = vlly (4.21)
<20TYV'R Ju— o]y < 5 llu—vllx.
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Hence, ® = ®,,, has a unique fixed-point u in Bg. Let also vg € H' with ||vgl ;1 <
We then have the solution v = ®,,(v). Using (4.21]), we derive

[ = vl x = |Puy (1) = Puy (0
< [15a( 0)(uo = wo)llx + [ (u;, u) = I(v,0)]|x

R
5 -

1
< lluo = voll g + 5 llu = vllx -

We conclude that ||[u — vy < 2 |lug — vo| 1. =
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5 Nonexistence of standing waves

Two scientists walk into a bar.
First scientist: “I'll take a glass of HyO.”
Second scientist: “I'll take a glass of HyO, too.”

Folklore

In this section, we come back to study the original Maxwell-Schrédinger sys-
tem without any additional nonlinearity. We recall that this system only
becomes a reasonable Cauchy problem if we choose a gauge and that the system in
Coulomb gauge is given by

i0u+ Agu=¢(u)u, inl xR
OPA—AA=PJ(u,A), inlxR? (5.1)
divA=0, in[lxR?

The main motivation in Section [2] for the investigations of the Maxwell-Schrodinger
system (2.11|) with additional power nonlinearity is the existence of standing waves
of the form

(u(t, x), A(t, x)) = (e “p(x),0) (5.2)

for t € R and x € R? as special solutions of the system. Using the same standing
wave ansatz ([5.2]) for the system (5.1)), we obtain the elliptic problem

— Ap(z) + ¢lp)p(x) = wp(z), =R (5:3)

We start with the basic observation about equation ([5.3|) that nontrivial solutions
can only exist if w is positive.

Lemma 5.1
Let o € H'(R?). Let w € R. Assume that (p,w) is a distributional solution of

equation (5.3). If ¢ # 0, then w > 0.
Proof. Let ¢ # 0 be a solution of (5.3). By Lemma Lemma [5.4] we have
¢ € L(R3?) N H'P(R3) for all p € [3,00) and that

1/2
([ 1o as) S Il <
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From the fractional Leibniz rule, we obtain that wp + ¢¢ belongs to H'(R?), and
elliptic regularity implies that ¢ € H?(R3). Hence, p € H"?(R3) for all p € [2, 00),
and we even infer that p € H>P(R3) for all p € [2,00). In particular, we conclude
that ¢ € C?(R3). Multiplying with ¢, using |¢|* = —A¢, and integrating by
parts, we obtain

0= [ wlo@l dot [ Ap@ita)de = [ ofo) o) da
—wlglls — [ Ve@P do= [ Vo) de

Hence, w > 0. O

We observe that if ¢ € H'(R®) is a solution of (5.3)), then w is a positive
eigenvalue of the Schrodinger operator Hy = —A + ¢. This suggests the following
strategy to prove that has no nontrivial solution at all. First, find suitable
conditions on the potential ¢ such that the Schrodinger operator Hy has no positive
eigenvalues. Then it remains to show that if ¢ € H*(R?) is a solution of the
electric potential ¢ given by the formula

o(z) = ! / Mdy, r € R, (5.4)

T d4r R3 ]x—y]

satisfies the conditions under which the absence of positive eigenvalues of Hy can be
proved.

This approach was successfully used in the article [CG04] in the radially symmetric
case. We briefly recall the argument from [CG04] in Theorem below, showing
that does not possess any nontrivial radially symmetric solution. The proof in
|[CGO04] for the absence of positive eigenvalues with radially symmetric eigenfunctions
is based on Agmon’s Lemma, see Lemma, |5.5|

We then proceed to prove a more general nonexistence result for which
excludes every nontrivial H'-solution of which satisfy a mild decay property,
see Assumption [5.2] We point out that by Remark every radial H'-function
satisfies our decay assumption so that our result also includes the nonexistence result
from |[CG04]. To exclude positive eigenvalues of the Schrodinger operator Hy, we use
the method from the article [FHHHS82|. With the setup and some technicalities, in
particular with the convenient choice of the weight functions, we also follow the
presentation in [AHK19|, where the method from [FHHHS82] is extended to the study
of magnetic Schrodinger operators.

Although our method of proof studies the Schrodinger operator H, and is thus
concerned with properties of the function ¢, we impose the following condition on ¢
rather than on ¢.
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Assumption 5.2 (Decay)
Let ¢ € H'Y(R?). If we assume mild decay of ¢, we mean that the function

z — |z|'? o(z) belongs to L*(R?).

Remark 5.3 (Radial H'-functions decay)

Let ¢ € H'(R®) be a radial function. The Radial Lemma of Walter Strauss
established in the article [Str77a] shows that ¢ decays at infinity such that the
estimate |@(z)| < |z| 7" [|¢ll1 is satisfied for almost all € {|z| > 1}. Tt follows
that

2 dz < |lll} < oo,

/ 2 o (@) de < [l / ()
{|z|>1}

{le|=1}

Hence, Assumption is fulfilled for every radial H'-function. This implies that the
assertion of Theorem [5.8]is contained in Corollary [5.15]

In the next lemma, we repeat the known regularity properties of the electric
potential which are stated in Lemma and we add an additional property if the
charge density satisfies Assumption [5.2]

Lemma 5.4 (Properties of the electric potential)
Let o € HY(R?). Let ¢ be given by (5.4).

(1) Then ¢ € L"(R?) for all r € (3, 00] and V¢ € L"(R?) for all r € (2,00). We
have the estimates

2 2
ol S el and [Vl S el -

(2) Assume in addition that Assumption is satisfied. Then the function
x +— x - Vé(r) belongs to LE(R?) and satisfies

Iz - Voo S Il + e o

Proof. We know that the function ¢ belongs to L*(R?*) N L°(R?) by the Sobolev
embedding. Lemma thus yields the first assertion.
To prove the second assertion, we recall formula (2.37) and compute

Vo) = L [ 1) o)’

dw =y’
1 2 1 Nz — 2
:_/ le(y)] dy+_/ y-(z y)l;@(y)ldy_
A1 Jgs |T — 9| A Jgs |z — 9|

By assumption, the function y — |y| |¢(y)|* belongs to L?(R?). We conclude the
proof with the weak Young inequality in the same way as in Lemma [2.12] O
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Review of the radial case

To give a quick overview over the radial case, we need the following lemma which
was proved by Shmuel Agmon in Theorem 3 of the article [Agm70]. It generalizes
previous results of Franz Rellich and Tosio Kato and its main application is to show
the nonexistence of positive eigenvalues for Schrodinger operators. The statement
below is a special case of Agmon’s result if we take “p; = 0,79,1m71 = 0"

Lemma 5.5 (Agmon’s Lemma)
Let Ry € (0,00), and let 2 C R? be an open set such that {|z|] > Ry} C Q. Let
© € C*Q)\ {0} be a solution of

—Ap(z) =p(x)p(z),  xell
Assume that p € C(1) is a function which is nonnegative on {|x| > Ry}, possesses a
continuous radial derivative and there exists a € (0,1) such that

ap

2(1 — )
B (x) + ———=

™ p(x) >0 forall x € {|z] > Ry}
T

Then 1
liminf —— p(z)*(x)dx > 0.
Roo RY JiRo<ial<r)

In addition to Agmon’s Lemma, the proof of the radial result is based on a
particular representation formula which is stated in Lemma [5.7 To derive this
formula, we first compute spherical means of the Green’s function in Lemma [5.6]
These two lemmata are contained in Lemma 9.1, 9.2 and 9.3 of [CG04].

Lemma 5.6 (Spherical means of the Green’s function)
Let x € R?\ {0} and p € (0,00). Then

1 1 1
L L o) ——
AT Jfuj=1y |z + pwl max{|z[, p}

Proof. First, observe that |z + pw| = \/ |z|> 4+ p? 4 2pz - w. By applying a suitable
rotation, we assume without loss of generality that x = (0,0, |z|). We now compute
in polar coordinates

1 1 1 1
A Jw=y |7+ pwl AT J{wi=1y \/|g;|2 0?4 201w

1 [7/? 0
_ 5/ Cos €.
/2 \/W + p? + 2p || sin 0
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If |z| = p, we directly conclude that

1/ L do(w) = — /M2 cos0__ 49
- —do\W) = —— -
A J(ol=1y |2+ pw 2v2p J 2 /1 +sin 8

— Vi@
= — sin
\/ﬁp —7/2
B 1
max{|z|, p}"
If |x| # p, we use the transformation () = \/|9c|2 + p? + 2p |x|sin @ which implies
t'(0) = ’”'i‘(g))se and ¢(+Z) = ||| £ r|. In this case, we also obtain
1 1 el 1
AT J =1y 17+ pw| lal—r| 21| p max{|z|, p}

Lemma 5.7 (Solution formula in the radially symmetric case)
Let f € C°(R). The solution of the Poisson equation —Ay(z) = f(|z|), z € R?,
has the representation

_ 1 ) 3
pl) = 4 /R3 max{|z|,|y|} dy, ek

Moreover the radial derivative of the function u at r = |z| is given by

Oy 1
@ =g [ S weR\ (o)

Proof. We start from the solution formula with Green’s function, transform to polar
coordinates, and then apply Lemma [5.6] obtaining

0 i)
o(z) = 47T/RS Sy
LI BT S
= fr /{M | = ] G0)dp
/ Ul max{rx\ p}d

f(lyD
47r re max{|z[, [y[}

Hence, the first assertion is proved. For the second assertion, we recall the penultimate
line in the above calculation. For r = |x|, we obtain

w(x)Z/Ooof(p)meaX{m p} / foe” dp +/ flp)pdp.

The second claim follows by differentiation. m
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Theorem 5.8 (Nonexistence of radially symmetric standing waves)
Let w > 0. Let ¢ € H'(R?). Assume that ¢ is radially symmetric and that (p,w) is
a distributional solution of equation (5.3). Then ¢ = 0.

Proof. We aim to apply the result of Lemma Let a € (0,1). Define the function
pi=—¢+w.

Let z € R3\ {0} and r = |z|. By the formula in Lemma and the estimate
L < Lforall y € R, we obtain

max{rgl} =
2
1 lo(y)|

1 2
= &y > _ .
A Jrs max{|z|, |y|} ytwsz 4y lollze + e

p(x) =

Similarly, also using that —% > 0 by Lemma ﬁ, we estimate

L)+ 202Dyt = (<G00 - Dot ) 4 20
2
[ i,
> M0, 202,
Hence, there exists Ry > 0 such that
p(x) >0 and %(m) + Wp(m) >0

for all |x| > Ry. Supposing that ¢ # 0, we can therefore apply Agmon’s Lemma
On the other hand, we obtain the bound

os/ p(a) () da
{Ro<|z|<R}

< [ pa)dt@)as

= g —p(z)p(z)? do + w /R3 o(z)?dz

2
< Nl zo 1€° [ ors + w1 oll72
4 2
S el +wllellze -
This yields

<
lim — p(z)p?(z) dz = 0,
Fimroo R JRo<|a|<R)

which is in direct contradiction to Lemma [5.5. O

122



The general case

After this short review of the radially symmetric case, we investigate the general
case. The method from [FHHHS82] tackles the problem of absent eigenvalues in two
steps. In the first step, rapid decay of eigenfunctions is shown, see Lemma [5.13] In
the second step, the nonexistence of eigenfunctions with rapid decay is established,
see Theorem [5.14, The first step relies on a proof by contradiction, excluding the
possibility of a slowly decaying eigenfunction. Two ingredients are necessary. We
compute in Lemma the commutator of the Hamiltonian H, with the generator
of the unitary dilation group introduced in Lemma [5.9] The contradiction obtained
in Lemma then relies on employing this commutator on eigenfunctions with
suitably chosen weight functions. Preliminary computations of lower order terms
arising from this weight functions are performed in Lemma [5.12]

Lemma 5.9 (Dilation group)
For every t € R and every f € L?(R?), we define

Ut)f(z) = et f(e'z) for all z € R®.

The map

U: R — L(L*(R?))
is a unitary Cy-group, which has a skew-adjoint generator D: dom(D) — L?(R3).
For every f € C°(R?), we have

Df(z) =3(V(zf(z)+z-Vf(z)) =3f(x)+z-Vf(z) forallzeR’
and the space C°(IR?) is a core for D.
Proof. Tt is clear that U is a group. Let t € R. For every f,g € L*(R3), we compute

and

wso - |

R3

e f(er)g@@)dr = | fly)eHgley)dy = (. U(=1)g)

Hence, the operator U(t) is unitary. Let f € C2°(R?). Since f and V f are uniformly
continuous, we obtain

U@ f = fll—0
and
;W) f—f)—Df|,. =0
as t — 0. Finally, it is also clear that each operator U(t) leaves the space C°(R?)

invariant. Since C2°(R?) is dense in L*(R?), it follows that U is strongly continuous
and that C>°(R?) is a core for D. O
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Let ¢ € H'(R3) and let ¢ be given by . We consider the sesquilinear forms
q: H'R*) x H'(R*) —» C, q(u,v) = (Vu, Vv),
¢ HY(R*) x H'(R?) = C, qu(u,v) = (¢u,v)
and ¢ = ¢1 + ¢2. The operator Hy = —A + ¢ is associated to the form q.
A key step in the method from [FHHH82| is the computation of the commutator

[Hyg, D). To perform this calculation, we approximate the operator D by the difference

quotient
1

D, = ;(U(t) —1I), teR\{0}.
Since U(t)* = U(—t), we note that D} = —D_; for every t € R. For every
u € C*(R?), we have
([Hy, D]u,u) = q(Du,u) — q(u, D*u) = Pr% q¢(Dyu,u) — q(u, Diu). (5.5)
—

We show in Lemma that under Assumption [5.2] the limit on the right in (5.5)
even exists for all u € H'(R3). We then take (5.5]) as the definition of the expression
([Hy, D]u,u) for u € H'(R?).

Lemma 5.10 (The commutator of the potential with the generator of the dilation

group)
Let p,q € [3,00]. Let f be a function such that f € LP(R?) and x - Vf € LI(R?).
For every u € H'(R?), we have

tim ([f. DiJu,w) = —((z - V), ). (5.6)
Proof. First, let u € C2°(R?). For every z € R?, we obtain

. Diu(z) = £ (@) (Hue's) - u(z)) - % (3 f(ew)ute'a) — flw)ulx))

e2tu(e'z) (f(x) — f('x))
1 3¢ t ¢
= —3e* u(e'z) | x-Vf(sx)ds
1
Fubini and the transformation y = sx further imply

1 t

([f, Dt]u,u) = / —e2tu(etx) /:x -Vf(sx)dsu(x)de

/ %g/RS e'w)x - Vf(sx)u(r)dr ds
/ %g/RS s7'y) - VI(y)u(s™y)s ™ dyds

t

— /Rg Y- Vf(y); /ju(e"/s1y)7j($1y)54 dsdy.

| = | =

(5.7)
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We obtain that

el

1 to—1 N—(o—1 N.—4 7. —
lim — 1 u(e's " y)u(s y)s " ds = u(y)u(y)

for all y € R? since u € C°(R?). With dominated convergence it follows from
calculation that holds true for all u € C°(R3).

We show that the left side of extends to H'(R?). To this end, let u € H'(R3).
Let € > 0 and let u. € C>°(R?) such that ||u — u.||; < e. We have

([ Dilu, w) = (If; Diue, ue) = (If, Def(u = ue), u) + ([f, Difue, u = ue) .

With the second line of (5.7) and the Sobolev embedding H'(R3) s L24/(a=2)(R3),
we obtain that

t

|(If, De] (0 = ue), )| < e2t/1 sV | (w = u) ()| g llz - V Lo ll
< Celle -V fll g lull 2

~ | =

and similarly

|([f; DiJ(ue), w = ue)| < Cre |-V f| 1o lJell g 5

where the constant C; is bounded for ¢ in a bounded interval. Taking the limit as
t — 0, we obtain (5.6)) for all u € H'(R3). O

Lemma 5.11 (The commutator of the Hamiltonian with the generator of the
dilation group)

Let ¢ € H'(R?) satisfy Assumption and let ¢ be given by (5.4). For every
u € H'(R?), we have

Note that z - V¢ € L%(R3) by Lemma so that (z - Vé)u belongs to L?(R?).

Proof. Let u € H'(R?), and let t € R\ {0}. We first consider the contribution of ¢;.
Using D} = —D_,, we compute

¢ (Dyu, u) — q1(u, Dfu) = (VDyu, Vu) — (Vu, VD u)

(IV, DiJu + D;Vu, Vu) — (Vu, [V, DfJu + D; Vu)
= ([V, DyJu, V) + (Vu, [V, D_ju).

We further obtain

[V, DJu = %V(U(t)u —u) — %(U(t)Vu — Vu) = U(t)Vu.
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Since U is strongly continuous, [V, DJu converges to Vu in L*(R?) as t — 0. Hence,
we arrive at
11_{% %(Dtuv u) - Q1<u7 D:U) =2 ”VUHiQ :

Concerning g9, we compute

Q2(Dtu7u) - Q2(u’ D:u) = <¢Dtu> u) - ((bu) D:u)
([¢7 Dt] + Dt¢uau) - (¢ua D:u)
= <[¢7 Dt]U’?u)'

Due to Lemma [5.4] the potential ¢ satisfies the assumptions of Lemma [5.10] which
yields

m ([¢, De]u,u) = —((z - Vo)u,u). O

lim g5(Dyu, w) = go(u, Dyu) = lim

Lemma 5.12 (The commutator applied to weighted eigenfunctions)

Let w > 0. Let ¢ € H'(R?) satisfy Assumption and let ¢ be given by (5.4). Let

¢ € H'(R?), and assume that Hy) = wip. Let F € C°(R?* R) N L>*(R?) satisfy

VF(x) = xzg(x) for some positive function g € C*(R3 R) such that 9“g(z) decay

exponentially as |z| — oo for all multi-indices o € N* with order |a| < 2. Define
r = e1p. Note that ¢ and /gD r belong to L*(R?). Then we have the identities

([Hy, Dl¢pp, vr) = 2 ((w + |VF|2)¢F,¢F) — (20 + 2 - Vo)ibp, ¥F) (5.8)
and
([Hp, Dor, ) = =4 |VgDUrllz2 + (((x- V)29 — 2 - V [VF]*)vp,vr) . (5.9)
Proof. Lemma [5.11] shows that

([Hg, DlYp, r)
= 2| Voplj. — (x- Vorbr, vr) (5.10)
=2(Vr, Vi) + 2 (0vp,vp) — ((2¢0 + 2 - VO)Up, tbp).

We note that the assumption Hy = wi) means

(¢, v) = (V§, Vo) + (¢, v) = (Wi, v)

for all v € H'(R3). Taking v = ef'¢, we thus get the identity

(Ve,V(e"r)) = (wr,vr) — (0¥r, Ur) . (5.11)
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We compute

(VYr, Vir)

- (V( F¢) V¢F)
(VF)Yp, Vior) + (e"Vip, Vir)
((VF) ¢F,V¢F) (Vo V(e"yr)) — (" Vi, (VE)ip)
= (V¥,V(e"Yp)) + (IVF|* Y, vr) + 2 Im ((VEF)ibp, Vibr)
= (wYp,Yr) — (PVp, Yr) + (’VFF Vr,Yr),

where we use in the last step and note that the expression in every line of the
computation is real. Inserting this result into (5.10]), we obtain (5.8)).

To derive , we use the same approach as in Lemma i.e., we evaluate
P—% q(Debp, ) — q(Vp, Divp). First, let u,v € HY(R?). We compute

(5.12)

q(efu,e™F — ((VF)e"u, VF) ) + (VF)eu,e Vo)
( Fv) (eFVu e_FVU) + (gbeFu, e_FU)
(|VF| u, v) (VF)u,Vv) — (Vu, (VF)v) + q(u,v)
Using that VF(x) = xg(x) for every z € R3, we integrate by parts and infer

(VF)u, Vv) — (Vu, (VF)v) = (u, g(z - Vo)) + (u,3gv + (z - Vg)v + g(z - Vv))
= (u, 3gv + 2g(x - Vv) + (z - Vg)v)
=2 (u,gDv) + (u, (- Vg)v).

In the same way, we can alternatively obtain
—((VF)u,Vv) + (Vu, (VF)v) = 2(gDu,v) + ((z - Vg)u,v).
We thus deduce
q(u,v) = q(e"u,e™"v) — 2 (u, gDv) — (u, (z - Vg)v) + (|VF|2 u,v) (5.13)
and analogously
q(u,v) = gle "u,e"v) — 2(gDu,v) — ((z - Vg)u,v) + (]VF\zu, v).  (5.14)
Setting u = Dyp and v = Yp in and using that Hyy = wi, we compute

q(Dibp,r) = q(e" Dy, ¥) — 2 (Db, gDor)
— (Dpr, (z - Vo)r) + (IVF|)? Do, ¥or)
=w (D, ¥r) — 2 (Dypr, gDYr)
— (Depr, (x - Vo)r) + (IVF|)? Do, ¥r) -
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Similarly with v = ¢ r and v = D¢p in (0.14]), we obtain

q(r, Divr) = q(¢,e" Dip) — 2 (gDr, Dir)
— ((z - Vg)vr, Divr) + (Up, IVE[? Dfipr)
=w (Yr, D{yr) — 2 (gDYr, Divr)
~ (@ - Vg)op, Divp) + (IVFI ¢p. Dyjr) .

Altogether, this gives

¢(Debp,br) — q(r, Divp) = =2 (Depp, gDYp) — 2 (9DYp, D_yr)
— ([(z - V), Ddvop,vr) + ([VE*, Ditbr, vr) .

Since /gD p belongs to L*(R?), we obtain
lim —2 (Do, gDyr) = 2 (9D¢r, D-pibr) = —4 |V/gDYr|72
From Lemma [5.10, we further deduce

15%([@ -Vg), Dt]¢F,¢F) = — (((m V)2 9)Ur, ¢F)

and
P_I}(l) ([|VF|2’Dt]1/)F777Z)F) = - ((x -V |VF|2)1/)F,¢F) .
This concludes the proof of identity (5.9)). O]

In the next lemma, we show that an eigenfunction of the operator H, for a
positive eigenvalue has to decay faster than an exponential function. The proof relies
on the identities derived in Lemma where the weight functions F' have to be
chosen in a clever way. To prepare the proof, we first write down some elementary
computations. For u,e, A € (0,00), we define the bounded weight function

Flen: R} >R, z+— ,u&:’l(l — e’5<’”>*). (5.15)

Here we use the notation (z), = (A + |z|*)"/? for every 2 € R3. If X\ = 1, this
expression coincides with the Japanese bracket (-) which is our preferred notation in
this case. It is useful to note the formulas

\V4 |:L‘|2 = 2],’7 \V4 <.’L’>;\n = —nr <.’L’>;\n72 and Ve—e(z))\ — e <ZL'>;1 e—g<$>>\.
We note the following properties of the functions F), . y. For every x € R*, we have

Tt Fyea () = g ), - (5.16)
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Setting gu.a(z) = p (z);' e =@ for z € R3, we obtain VF, . () = 2g,.(z) and

the function g, . » satisfies the assumptions imposed in Lemma Moreover, we
have the estimates

Fueal®) < ple)y  and [Vl < plef(2)) e 5 < (5.17)

In view of (5.9), we further compute the following terms. Since |z|* = ()} — A, we
have

IV Fuea(@)f = 2 o (o132 e 200 = e 00 — 2 (2 e 220
and hence

— -V |VF (@)
=—z.V (M2e*2e<w>A _ ,u2)\ <x>;2 ef2s(x>>\)

5.18
= —z- (—2p’ex () 2uP A ()t 4 2pPeda x)f’) e_26 (5.18)
— (212 [2f? {2y} — 202\ [af? ()3 — 22\ [af? (2)F) %)
We also compute
(- V)gpealz) =2 -V ( (whl o *h)
= —plzf* (@), e — pe | (2),7 e
and thus we obtain
(- V)?guen(z)
= -V (=plal” (@) e — pe faf* ()7 e7*00)
=z (—2pz ()37 4 3pa || ()3 + pex || (x)?l)e_df‘:>A (5.19)

+x - (—2pex ()2 4 2uex o) (2)3* + pea |2 (95}7\3)e’5<x>A
= (=2ufaf* (2),” + 3plal" ()3 + pelal” (2))") e
+ (=2pe 2 (2),7 + 2pe |2 (@)3" + pe® |2l (2))7) 7,

Lemma 5.13 (Rapid decay of eigenfunctions)
Let w > 0. Let ¢ € H'(R®) satisfy Assumption and let ¢ be given by (5.4)). Let
Y € HY(R?) satisfy Hy) = wip. Then

et@hyp e LA(R?)  for all p > 0.

Proof. Define ., = sup {u € [0,00) : e*®p € L?(R?)}. We prove that p, = oo
in two steps. In the first step, we show that the assumption p, = 0 leads to a
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contradiction, and in the second step, we refute the assumption u, < oo. Both
steps are based on the identities derived in Lemma with suitably chosen weight
functions.

First step. Assume that p, = 0. Taking into account, there exists positive
null sequences (u,) and (e,) such that

lefmapl|2 — 0o as n — oo,
where we use the abbreviation F,, = F}, . i. We next define
on = el e, neN. (5.20)

We note that ||¢,||;. = 1 and that |, (2)| — 0 as n — oo for every x € R3. The
Sobolev embedding H'(R3) — LP(R3) for p € [2,6] and dominated convergence
imply that ¢, — 0 in L (R?) as n — oo for all p € [2,6]. We also note that

V()| = ||eF"@/J||Z21 |VFn(x)eF"(x)¢(x) + eF"(””)V@D(x)| —0 asn — oo,

for every x € R3, so that we also have Vi, — 0 in L _(R3). Using (5.12)), we obtain

loc

(v@na V@n) =w - (¢90n> Spn) + (|VFn|2 Pn; Spn)

and with (5.17)) we infer that

loallzn = llonllze + IVeallze < 14w+ s+ ($n, ou)l (5.21)

We now apply Lemma with the functions ¢,. Identity (/5.8]) gives

([Hg, D)pn, n) =2 ((w + [VF[*)pn, 0n) — (20 + 2 - VE) 0, ) -

Using Holder’s inequality and the Sobolev embedding H'(R3) — L'2/5(R?), we
compute

(G, )] < /

{lz|<R}

[¢(@)] [pa(2)[* do +/ [6(2)] [pn(2)|* do

{lz|=R}
2 2
< M0l oo 12l (qrar<ry) + 101 Lo (gratzmy) N@nlllzors
2 2
SN0l e lonllzacqrar<ry + 101 ocqron=my) lonllzre -

For any € > 0, we may choose R > 0 so large that ||¢||L6({|x\zR}) < e. Due to (5.21)),

we conclude that lim |(¢p,, ¢,)| = 0 and lim sup ||¢,|| ;1 < co. We further compute
n—00 n—00

x-Vo(r nxzdx
I V6(2) (@) +/

{lz[=R

(- V6@, o) g/

{lz|<R

}Ix V()| |on(2)]” da
2 2
Sl Vol e H(pTLHL12/5({|3:\<R}) + ||z V¢||L6({\w|2R}) oz -
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With the same argument as above, we obtain lim |((z- V@), ¢,)] = 0. We
conclude that e
lim inf ([Hg, D]pn, n) > 2w. (5.22)
n—oo

On the other hand, equation ([5.9) yields

([Hs, D]on, 0n) = =4 |V/GDpull22 + (((x - V)2gn — 2 - V|V ) 00, 00) -

Using that sup,cgs |z| ()™ = 1 and sup,cpse|z|e =@ < 1, we deduce from
equations (5.18) and (5.19) the estimate
2 2 2
((z-V)gn — - VIVE[), <202 + 3t + 4pinen. (5.23)

This implies
limsup ([Hy, D], on) < limsup (2 + 34 + dptnen) lonll72 <0,

n—oo n—o0

which is in contradiction with (5.22)). Hence, u, > 0.
Second step. Assume that u, < co. Then there exist sequences (i), and (&,),
which converge to p, respectively 0 from above such that

lefrapl|L2 — 0o as n — oo.

Here F), has the same meaning as in the first step and we also define ,, in the same
way as in (5.20)). The arguments presented in the first step show that (5.22)) holds
true. To derive a contradiction, we have to estimate finer than in (5.23)). We now
use that

(z-V)g,—2-V ’VFn|2)+ < e, (x) e @) L dpne, + 3, (). (5.24)
The contributions of the last two terms are straightforward, since
(41nEnns Pn) < Apinen ||@nll7s — 0 asn — oo

and, for any R > 0,

-1 2 —1 2 -1
(31 (2) " s on) < Bpan [0l L2 gjajy) + Bptn |S|u>%<x> lenllzz = 3p. (R)

as n — 0o. The first term is more delicate. We fix 6 > 0. For each n € N, we define
R, € [0,00) by (R,) = max{de, !, 1}. The key observation is that for all z € R3
with |z| > R, we obtain ¢, () > ¢ and hence the weight functions satisfy

Falw) = pn(a () (1= @) (2) < 6™ (1 —e7%) ().
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Since g, > 0 by step 1, there exists v € (0, iz,) such that e < e¥(® for all
r € {|z| > R,} and almost all n € N. Since ()¢ belongs to L?(R?) by definition
of p., it follows that

@uten (e n) = [ 2iten 2} fen(o o
R

_ e 2
< 2sllenlls + 1m0l [ 2 et da
{lz|>Rn}

— 2125 as n — o00.
Since 6 > 0 can be chosen arbitrarily, we obtain also in this case that

lim sup ([H¢> D]¢n7 Qpn) < 0.

n—oo

This contradiction with ([5.22]) implies the assertion p, = oo. O

Theorem 5.14 (Nonexistence of positive eigenvalues)
Let w > 0. Let ¢ € H'(R3) satisfy Assumption [5.2] and let ¢ be given by (5.4)). Let
Y € HY(R?) satisfy Hytp = wip. Then ¢ = 0.

Proof. Let F be a weight function satisfying the assumptions of Lemma [5.12] Set
Yp = efp. The computations in the proof of Lemma show that instead of (5.8))
we might as well obtain the identity

([Ho, DYor,vr) = (@ + [VF)r, ¢r) + IVUrllze = (& + 2 - VO)r, vr) .

For any ¢ > 0, there exists C. > 0 such that with the inequalities of Holder,
Gagliardo—Nirenberg and Young, we obtain that

(¢ + 2 - Vo)br, p)| < 6+ 2 - Vol o [¢rl7as
S g+ Vol o lorl e Vel
S+ Vol (e IVErlz: + Cellrllre) -
By choosing £ > 0 appropriately, we can fix C' > 0 such that the estimate from below
([Hy, Dltbp,vor) > (IVE[ br,vop) — C |ltpl7

holds true. Using (j5.9)), we also estimate the commutator from above so that we
obtain

(IVEP ¥r,r) < Cllvrli. + (((x-V)g— 2 VIVE[)br,vr) .  (5.25)

We choose F' = F), ., as in (5.15) and aim to show that (5.25)) cannot hold true
unless 1) = 0. Taking the limit ¢ — 0 in (5.18) and (5.19)), we obtain

. o 2:_ 2 2 —4
Tt - V[V F (1) = 22 Jal? (2
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and

Tim (@ - V)2 guer(@) = —2p o (@37 + 3yl ()57

We set F),\(z) = lime_yo Fj o\ (7) = p{x), and ¢, = efsrqh. Since 1 is rapidly
decaying by Lemma we obtain from ([5.25)) that

1 (2 (23 s V) < C lunllze + 3u 18llze
Taking also the limit A — 0, we arrive at
2
(1 = 3u) [Yull2 < Cllbullze
where 1, (z) = e#®lp(z). Since u? —3p — 0o as u — oo, we conclude that 1 = 0. [

Corollary 5.15 (Nonexistence of standing waves with mild decay)
No solution (¢, w) of (5.3) exists where ¢ € H'(R?)\ {0} satisfies Assumption [5.2]
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A Function spaces

It was frequently necessary to raise my head in order to see better,
and sometimes I had to work entirely be feel.

Leonid Ivanovich Rogozov, Self Operation

Fix a positive integer d. For x € R?, we use the notation of the Japanese bracket
(z) = (1 + |2?])*/2. In this appendix, we recall the definitions of various function
spaces on R? and discuss some of their properties.

We start by introducing the Schwartz space consisting of smooth functions of
which all derivatives are rapidly decaying. Its dual space is the space of tempered
distributions which is such a large class of generalized functions that it encompasses
all subsequently defined function spaces.

Definition A.1 (Schwartz functions and tempered distributions)
For a smooth function f € C*(R?) and multi-indices o, 8 € N the Schwartz
seminorms are given by

pas(f) = sup [2°0° f(z)] .

zeR?
The Schwartz space S(R?) is defined by
S(RY) = {fe C™(RY) : pos(f) < oo for all a, B € Nd} :

The Schwartz space with its family of seminorms is a complete metrizable locally
convex space. Its dual space is called the space of tempered distributions S'(R?).

Harmonic analysis is a broad field in which powerful quantitative estimates
applying to large classes of generic functions are obtained. The most fundamental
tool in harmonic analysis is the Fourier transform.

Definition A.2 (Fourier transform)
For a Schwartz function f € S(RY), its Fourier transform F f: R? — C is given by

FF(E) = (2m) /2 / e e f(z)dr, ¢e€R™

Rd

We also use the common notation f for Ff. The Fourier transform is an isomorphic
mapping from S(R?) onto S(R?) and its inverse is given by

FUf(E) = FF(—€) = (2m) 9 / ¢ f(z)dr, € R

R4

The operators F and F~! extend to operators from &'(R?) onto S'(R%).
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We remark that there are commonly used alternative definitions of the Fourier
transform which differ in the choice of scaling factors from the one given here. With
the choice above, F is an isometry on L*(R%). Moreover, for all f, g € S(R?) the
Fourier transform of a convolution is given by the formula

F(fxg)=@m)*(Ff)(Fg)

and for every multi-index a € N¢ we obtain the formula

d
F@ 1)) =i [ &xFr()  for every ¢ € R™.
k=1

Definition coincides with the definitions given in the textbooks [Tri83], [Tri95]
and |AF03|. The books [BL76|, |Gralda|, [Graldb| use different conventions.

Smoothness of a function corresponds to decay of its Fourier transform. This fact
motivates the following definition of fractional order Sobolev spaces.

Definition A.3 (Fractional Sobolev spaces)
Let s € R and p € (1,00). For f € S§'(R?), the fractional Sobolev norm is defined as

Hf| Hsp "= H‘F_l <'>sffHLp‘

The inhomogeneous Sobolev space H*P(R?) is defined by

H(RY) = {f € SR : ||/

ow < OO}
If p = 2, we use the shorter notation H*(R?) := H*%?(R%).

The space H*P(RY) coincides with LP(RY). For any positive integer k, the
space H®P(R?) coincides with the classical Sobolev space W*?(R9) of all functions
which are k-times weakly differentiable with derivatives belonging to LP(RY), see
[Tri95, Theorem 2.3.3Db)].

In the next lemma, we show how standard mollifiers, i.e., convolution with smooth
functions, can be used to approximate functions in H*(R%) by more regular functions.
The point of the proof is to work out the relation between the speed of approximation
and the regularity of the metric in which the approximation is measured.

Lemma A.4 (Mollifier and fractional Sobolev spaces)
Let s,7 € Rande € (0,1). Let n € S(R?) be a Schwartz function with [, n(z) dz = 1.
Define 7. = e79(- /). For every f € H*(R?Y), we define f¢:=1n. x f.

(1) There exists a constant C,. > 0 such that

171

e < Cre ™ [l s -
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(2) The regularized functions f¢ converge to f in H*~"(R%) with order o(e"), i.e.,
e f=fllys—r =0 ase—0.
This convergence is uniform on compact subsets of H*~"(R%).

Proof. In this proof, we use the simple estimates

(f/e) <778, (&) T < ()T,

and the identity 7:(¢) = N(&€) for all £ € RY.
First, let f € H*(R?) N S(RY). We compute

e R Gl
=)' [ RO @ FeP i
< @) | T 11

Hence, the first assertion follows from the estimate

1) ell oo = sup [{€)" 7(e8)] = sup [(¢/e)" Q)] < Cp(2m)~ 2™

¢eRd

where we set C, := (2m)¥2||(-)" A,
Next, let R > 0. By splitting the domain R? into a ball of radius R and its
complement, we compute

NS = ol = / TR - ) g

< [ o™ 1= el € o)
<) (@ - (2o

HS

/2.

N el<ery 1117
+ @ = en)P)||; . “|f©)] ac.
1677 (1 = o) /{QZR}@ ) ae

Let 6 > 0. Choose R > 0 so large that the second summand is less than §. Since
(2m)427(0) = 1 and 7 is continuous, there exists & € (0, 1) such that

()" (1 = (2m)?

i) HL°° ({l¢l<eRY) 171z

for all € € (0,€). This proves the second assertion. The addendum follows from a
standard covering argument in which we use that

17 =9 N ggor = 1CF = 9N gor SN = 9llpgor
for any g € H*™" due to part . O]
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For some applications, Definition does not provide a fine enough description
of a function. In such cases, a more refined analysis can be based on decomposing a
function into blocks in the frequency domain. From this decomposition, one can
proceed in two different ways. Either one can first take the LP-norm of each block
and then study a weighted sum in ¢", or the other way round. This two approaches
lead to Besov- and Triebel-Lizorkin spaces, respectively.

Definition A.5 (Littlewood-Paley decomposition)
Let 1 € C>°(R% R) be a positive function which is supported in the ball {¢ : [¢] < 2}
and which satisfies 1(§) = 1 for all £ with || < 1. Define

p(€) = ¥(€/2) —¥(€), forall¢ € R

and suppose that ¢ > 0. For every j € Z, we define the dilation ¢; == ¢(277*1.). By
construction, the function ¢, is supported in the annulus {¢ : 2971 < |¢] < 2771}
For u € S§'(R?), we define

Ao(u) = F "Fu
and

Aj(u) = F o Fu
for every j € N. The formal identity

I=>"A,
5=0
is called Littlewood—Paley decomposition .

Definition A.6 (Besov spaces)
Let s € R and p,r € (1,00). For f € §'(RY), the Besov norm is defined as

00 1/r
By, (Z (2 HAj(f)HL,,)’"> .

J=0

/1

The inhomogeneous Besov space B (R?) is defined by

B;,(RY) = {f e SR ||/l

Definition A.7 (Triebel-Lizorkin spaces)
Let s € R and p,r € (1,00). For f € S'(R?), the Triebel-Lizorkin norm is defined as

(i " 150N ) "

J=0

< Q.
5y, <}

1.f1

e ‘
p

The inhomogeneous Triebel-Lizorkin space F;T(Rd) is defined by

Fr (R = {f € SR : | f]

<o)
Fs .

138



Theorem A.8 (Equivalent norms)
Let s € R and p € (1,00). We have H*P(R?) = F,(R?).

References in the literature. See [Graldb, Theorem 1.3.6], [Tri83, Theorem 2.5.6 (i)]
or [Tri95, Theorem 2.3.3a)]. See also [AF03, § 7.57, §§ 7.62-7.65], where the Sobolev
spaces H*? are defined via complex interpolation as in Theorem [A.10](2)] O

The next theorem describes the relations between Besov- and Triebel-Lizorkin
spaces with different regularity and integrability parameters. In the first two parts,
the regularity of the spaces is the same. The last two parts state Sobolev-type
embeddings which generalize the observation that integrability properties of the
derivative of a function imply improved integrability properties of the function itself.
Through Theorem , the classical Sobolev embeddings for the spaces W?(R%),
see [AF03, Theorem 4.12], are included in the statements below.

Theorem A.9 (Embeddings)
Let s,t € R, p,q € (1,00) and 7,711,715 € [1, 0.
(1) If t > s and r; < ry, then
SR = B! (RY) — B (RY) < Bs, (R?) — S'(RY)

and

S(RY) = FI (RY) = F? (RY) < F;,, (RY) — S'(RY).
(2) If 1 <7 <p < oo, then
B (RY) < F; (RY) < B (RY).
If1<p<r<oo, then
B (RY) < F; (R?) < B; (RY).
(3) Iftgs,pgqands—g:t—g,then
B;,(R) = By, (R")
and if additionally 1 < r < oo, then
F2L(RY) = F (RY).
(4) Deﬁnea:s—%. If « >0and a ¢ N, then
B;, (RY) = C*(RY)
and if additionally 1 < r < co, then

ES L (RY) < C*(RY).
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References in the literature.

(1) [Tri83| Proposition 2.3.2/2 (i), (ii)] or [Tri95, Theorem 2.3.3 c)]
(2) [Tri83| Proposition 2.3.2/2 (iii)] or [Tri95, Theorem 2.3.3d)]
(3) [Tri83, Theorem 2.7.1 (i), (ii)] or [Tri95, Theorem 2.8.1a), b)]

(4) [Tri95, Theorem 2.8.1c¢), d), e)] O

Theorem A.10 (Interpolation)
Let s, 81 € R, po,p1 € (1,00), 19,71 € [1,00] and 6 € (0,1). Define
1

(1 — 1120, 0 120, 0
s = (1—0)sg+ 0sy, 5= o ==+

(1) The complex interpolation method yields
B;,r = [Bso 381 ]0'

PosT0? T P1,T1
(2) If 1 < 7,71 < oo, then the complex interpolation method yields
Fe,o=[F, Fo ],

Po,0? 7 P1,T1

References in the literature.

(1) See [BL76, Theorem 6.4.5 (6)] or [Tri95, Theorem 2.4.1d)]. See [Tri83, Theo-
rem 2.4.7 (i) and Remark 2.4.7/2] for a different method yielding the same
result.

(2) See [Tri95, Theorem 2.4.2d)]. See [Tri83, Theorem 2.4.7 (ii) and Remark 2.4.7/2]
for a different method yielding the same result. O]

In the study of nonlinear equations, one often has to deal with products of
functions. By the classical product or Leibniz rule, the derivative of a product
decomposes into a sum of two products in which the derivative either acts only on
the first or only on the second function. The next theorem states estimates which
operationalize this principle in fractional Sobolev spaces.

Theorem A.11 (Fractional Leibniz rule)
Let s € [0,00), 7 € [1,00] and py,p2,q1,q2 € (1,00] such that % = pil + q% and
r =+ o Let fe B (RY) N LP2(RY) and g € L®(RY) N H*%(R?). Then the

product fg belongs to H*"(R?) and satisfies the estimate
19l e S N1 F

References in the literature.

The case r = p; = @2 and ¢ = py = o0 is proved in [KP88, Lemma X4]. See [Pon91,
Lemma 2.2] for the extension to the case p1,p2, q1,q2 € (1,00). The general case is
proved in [GO14, Theorem 1]. O

s 19l A 1F 1| oo 191 prs.az -
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