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Abstract. The logic TK was introduced as a propositional logic extending the classical
propositional calculus with a new unary operator which interprets some conceptions of
Tarski’s consequence operator. TK-algebras were introduced as models to TK. Thus, by
using algebraic tools, the adequacy (soundness and completeness) of TK relatively to the
TK-algebras was proved. This work presents a neighbourhood semantics for TK, which turns
out to be deductively equivalent to the non-normal modal logic EMT4.
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Introduction

Considering algebraic aspects of the notion of Tarski’s consequence operator, Nasci-
mento and Feitosa (2005) defined an algebra that rescues these conceptions in an
algebraic context, the TK-algebra. So Feitosa, Gracio and Nascimento (2007) in-
troduced a propositional logic which has as models exactly these TK-algebras. This
logical system was presented in the Hilbert-style, with axioms and rules of inference,
and the adequacy between the axiomatic system and the TK-models was proved. As
the new operator was introduced to interpret the characteristics of the Tarski’s oper-
ator, this propositional logic turns out to be a modal logic. In this paper, we present
a neighbourhood semantics for this new logical system.

1. Tarski’s consequence operator

In what follows, we consider the concept of a consequence operator in a way a little
more general than was introduced by Tarski, in 1935.

Definition 1.1. A consequence operator on S is a function C : 2(S) — #(S) such
that, for every A, BC S:

(C)) ASCM);
(C,) ACB= C(A)C C(B);
(C3) C(CA) S CA.
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Of course, in view of (C;) and (C5), for every A C S, the equality C(C(A)) = C(A)
holds.

Definition 1.2. A consequence operator C on S is finitary when, for every AC S:
C(A) = U{C(Ap) : Ay is a finite subset of A}.

Definition 1.3. A Tarski space (a deductive system or a closure space) is a pair (S, C)
such that S is a set and C is a consequence operator on S.

Definition 1.4. Let C be a consequence operator on S. The set A is closed in (S, C)
if C(A) = A; and A is open in (S, C) if its complement relative to S, denoted by A’, is
closed.

2. TK-algebras

The definition of a TK-algebra puts in the context of algebraic structures the notions
of consequence operator.

Definition 2.1. A TK-algebra is a sextuple .o/ = (A,0,1,V,~,e) such that (4,0,1,
V,~) is a Boolean algebra and e is a new operator, the Tarski operator, such that:

(i) avea=ueaq;
(ii) eave(avb)=-e(aVb)
(iii) e(ea)=-ea.

Since we are working with a Boolean algebra, the item (i) of the above definition
asserts that, for every a € A, a < ea and we can define in a TK-algebra:

a—b=g~aVvh.
Proposition 2.2. In any TK-algebra the following conditions are valid:
(i ~ea<~a<e~qg;
(i) a<b=ea<ebh.
(iii) e(aAb)<eaAeb;
(iv) eaveb<e(aVhb).

(v) e(eaAeb)=eaAeb.
Naturally we can define a dual operation of e in any TK-algebra:

oa :di.NCL
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Proposition 2.3. In any TK-algebra, the following conditions hold:
(i oca<a
(ii)) o(laAb)=<oa;
(iii) ca<ooa;
(iv) a<b=oa<ob.
An element a € ./ is closed when ea = a and a € ./ is open when oa = a.
Proposition 2.4.
(i) Ifaisopen, thena<b<<a=<ob;

(i) Ifbisclosed, thena <b > ea <b.

3. TK Logic

The propositional logic TK is the logical system associated to the TK-algebras. TK is
determined over a propositional language L(—,v,—, #,p1, P2, P3,--.) as follows:

Axiom Schemas:

(CPQ) ¢, if ¢ is a tautology;
(TKy) ¢ — 4g;
(TKy) 449 — $0.

Inference Rules:

MP) ¢ =, ¢ / ¢;
RM®) ¢ >/ 40— .

As usual, we write g ¢ to indicate that ¢ is a theorem of some axiomatic system
S, and we drop the subscript if there is no danger of confusion.

Definition 3.1. Let TU{¢} a set of formulas of some system S. We say that I" deduces
¢, what is denoted by I' F¢ ¢, if there is a finite subset 11, ..., , of I" such that

Fpia...ap,)— .

Notice that with the notion of syntactic consequence here presented the Deduc-
tion Theorem holds; the inference rules are understood as rules of proof.

Proposition 3.2. - ¢ — ¢(p v ).
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Proposition 3.3. ¢ - .

As in the case of a TK-algebra, we can define the dual operator of ¢ in the
following way:
Wy =4 ~4—¢.

Proposition 3.4. ¢ >y FERp - WY.
Corollary 3.5. ¢ &¢I Hy & WY.
Proposition 3.6. - By — .

Proposition 3.7. - By — HE.
Proposition 3.8. - B(p A1) > Hy.
Corollary 3.9. - H(p AY) > (Hp ARY).

We could, alternatively, consider the operator B as primitive and substitute the
axioms TK; and TK, by the following ones:

(TK)) Wy — o,
(TK;) My —» HEy,
and the rule RM* by the rule RM™:
RM™) ¢ - /Hy - WY

Feitosa, Gracio and Nascimento (2007) showed the adequacy of TK relative to
TK-algebras.

4. A neighbourhood semantics for TK

In this section we introduce a new semantic for TK and prove, in later section, its
adequacy.

We can show that TK is deductively equivalent to the classical modal system
EMT4 when considering the operators B and 4 to be identical to the necessity and
possibility operators [J and ¢. Taking [J as primitive, ¢ can be defined in the usual
way:

EMT4 can be axiomatized by adding to the classical propositional calculus the
following axiom schemes and rule of inference:

M) O(p Ay) = (Op AOY);
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(M g — e;
(4) Oy —»0O0yp;
(RE) ¢ & /Op <> Y.

Proposition 4.1. Every theorem of EMT4 is a theorem of TK.

Proof. 1t follows directly from the definition of M, TK], TK}, and Corollaries 3.5
and 3.9. O

Proposition 4.2. Every theorem of TK is a theorem of EMTA4.

Proof. We only need to show that EMT4 provides RM™.

1. p-ovY hypothesis

2. ¢ —=(pay) CPCin 1

3. (pAyY)—>op CPC

4. 9 (pay) CPCin 2 and 3
5. Op < 0O(p A) RE in 4

6. OlpAay)—(@OpAdy) M

7. Op — (O¢ Ay) CPCin5and 6
8. (OpAOy)— Oy CPC

9. Oy -0y CPCin 7 and 8.

O

Definition 4.3. A frame for TK is a structure § = (U, S) such that U is a nonempty
set of possible worlds and S is a function that associates to each x € U a set of
subsets of U (that is, S(x) € & (U)) that satisfies the following conditions:

(m) XNYeS(x)=>XeS(x)andY € S(x);
M) XesSx)=>xeX;
4 XeSx)=>{yeU:XeS(y)}eS(x).

Definition 4.4. A valuation V on U is a function from the set of atomic formulas to
2(U).

Definition 4.5. Let § = (U, S) be a frame and V a valuation in U. A model for TK is
a pair 9 = (F, V) or, equivalently, a triple M = (U, S, V).

Definition 4.6. Let 9t = (U, S, V) be a model and x an element of U. A formula ¢
is true in the world x, what is denoted by (9, x) E ¢, when:

(O, x) E p; & x € V(p;), if p; is a propositional variable;

(M, x) F—p < (M, x) ¥ p;
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MM, x)F e =Y & (M, x) # ¢ or (M, x)EY;
(M, x) EOp < |lo]|™ € S(x), with ||¢|™ = {x e U : (9, x) E ¢}.

Definition 4.7. The set ||p||™ from the above definition is called the truth set of ¢
in M.

When there is no risk of confusion, we will drop the superscript and write simply
el

Definition 4.8. A formula ¢ is valid in a model M = (U, S, V) when it is true in every
x € U, and it is valid if it is true in any model 99t. We denote that a formula ¢ is
valid in a model 2t by M F ¢, and that ¢ is valid by F ¢.

If T is a set of formulas and 9t = (U, S, V) a model, then we write 9t = I' if and
only if 9 E ¢, for each ¢ € T'. For every x € U, we say that (9, x) E I if and only
if (M, x) F ¢, for each p €T.

Definition 4.9. Let I' U {¢} be a set of formulas. We say that I implies ¢, or that
 is a local semantic consequence of T, what is denoted by I' E ¢, when, for every
model 9 = (U, S, V) and every x € U, we have: if (0, x) E T then (I, x) F .

5. Soundness

Since we have shown that TK and EMT4 are the same logic, we will work, in what
follows, with the EMT4 axiomatization.

Lemma 5.1. Let 9 = (U, S, V) be a TK-model, and ¢ and ) any formulas. Then:
@ el =—lel;

i e apli=llellnllyll;

G e vl =Illellullyll;

) e =yl =—llellullyl;

™ e oyl =lellullpDnlplulielDs
i) (I8¢l ={x €U :lell € S(}

Proof. Items (i) to (v) are straightforward; we only show (vi). Now, for every x € U,
x € {x €U : o]l € S(x)}iff ||¢]l € S(x) iff x E Oy iff x € [|O¢]|. It follows that
{xeU: ¢l est)}=I0¢ll O

Theorem 5.2. If | ¢, then F ¢.
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Proof. By induction on theorems. Let 9 = (U, S, V) be a TK-model.

(A) Let ¢ be an axiom. If it is a tautology, the proof is straightforward owing to the
fact that every tautology is true in every state of a model, and thus in the model. So
suppose ¢ is one of the modal axioms.

For M: Let x be an element of U such that x E O(p A ). It follows that ||¢ A €
S(x) and, since || A Y|l = |||l N ||| by the preceding lemma, then ||¢|| N || €
S(x). Given that (m) holds in 90, it follows that S(x) contains ||¢|| and ||v||. But
then x F Oy and x F v, from what it follows that M holds.

For T: Let x be an element of U such that x F O¢. By definition, S(x) contains ||¢||
and thus, because (t) holds, x € ||¢||. But if x belongs to the truth set of ¢, we have
that x F ¢, and it follows that T is valid.

For 4: Let x be an element of U such that x F Og. By definition, S(x) contains
llpll and thus, because (4) holds, {y € U : ||¢|| € S(¥)} € S(x). By Lemma 5.1 (vi),
{y eU:|lelleS(y)}=I0O¢ll. Thus, ||O¢|| € S(x), so x E OO, and it follows that
4 is valid.

(B) If ¢ was obtained by MB the proof is immediate, since modus ponens is validity-
preserving. So let us consider RE, and suppose - ¢ <> 1. Then (inductive hypothe-

sis) ¢ < 1 is valid. So ¢ and v are equivalent, hence ||¢|| = ||y]]. It follows that,
for every x € U, ||¢|| € S(x) iff ||y|| € S(x). Thus x F Oy iff x F OvY, from what it
follows that x F Oy <> Oy. Hence RE preserves validity. O

Corollary 5.3. If Tk ¢, then T F ¢.

Proof. Suppose I' - ¢, and let 9t be some model, and x a world in 91, such that
(O, x) ET. Since I" ¢, by definition there is a finite subset ¥4, ...,4, of I such
that F (¢, A ... A1,) = ¢. By the preceding theorem, (Y1 A ... AY,) — ¢ is valid
and so true at x. Since (9, x) F T, and every v; € T, it follows that (91, x) F ¢ and,
thus, that T F ¢. O

6. Completeness

Definition 6.1. A set of formulas A is maximal consistent if A is consistent, and no
proper extension of it is consistent.

Theorem 6.2 (Lindenbaum). Every consistent set of formulas T" can be extended to a
maximally consistent set A.

Proof. The proof is standard; see, for instance, Fitting and Mendelsohn 1998, p. 76.
O
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Completeness will be proved using canonical models. Let & be the set of all
TK-maximal consistent sets of formulas (TK-MCS).

Definition 6.3. The proof set of ¢ isthe set |p| ={T'€ & : ¢ €T}.

Lemma 6.4. Let ¢ and v any formulas. Then:
@ |=el=—lel

(i) e Al =lelnhpl;

(i) o vpl=lplull;

(i) e >l=—lplulyl;

W leeyl=(=lelulpDn(=lplulel);
VD) el =Fe>y;

Vi) Jel=IYl e oy

Definition 6.5. 9t = (U, S, V) is a canonical model for TK if it satisfies the following
conditions:

@ U=¢6;
() |pleST)e=0OpeTl, forallT € U,
(iii) V(p;) = |p;|, for every propositional variable p;.

Lemma 6.6. Let 901 be a canonical model. Then, for every formula ¢ and every T € U:
M DNEp=perl.

Proof. The proof proceeds by induction on formulas. Let I" be some element of U:
(a) ¢ = p;, for some i € N. By definition, (9,T) F p; iff I € V(p;) iff T € |p;|. By
construction of |p;|, I' is a set in |p;| iff p; € T.

(b) p =—p. (M, T) F @ iff (M, T) ¥ iff (by induction hypothesis) ¢ ¢ T'iff p €T
(¢c) ¢ =Y — 0. By definition, I' E ¢ — o iff (M, T) ¥ 1 or (M, x) E o. By the
inductive hypothesis, (M, ) F 4 iff 1 ¢ T', and (M, x) E o iff c €T. Now ) ¢ T or
celiffy »oel. Thus(MM,T)FyY > oiffyp 5o eT.

(d) ¢ =O. By definition, (9, T") E O iff ||+ || € S(T). By the inductive hypothesis,
for every A € U we have that (I, A) F 1 iff ¢y € A, that is, ||[Y]| = [¢]|. So
ll|| € S(T) iff |4y| € S(T"). Now, by definition of S, || € S(I") iff Oy € I'. Hence,
M, D) FOY iff Oy eT. O
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It is well known with regard to monotonic logics that the smallest canonical
model — that is, the model where, for every I', S(I') contains only proof sets — does
not satisfy condition (m). Fortunately we can show that there are other canonical
models in which this condition holds.

Definition 6.7. The supplementation of 91 is the model M = (U,S™, V) such that
forevery I' € U and every X C U:

XeST (I <Y CX forsome Y € S(I).

It follows from this definition that ST(I') = {X C U : |¢| € X for some Oy € I'}
and, obviously, for every I" € U, S(I") € S*(I").
We need to prove that 91" is a canonical model for TK.

Lemma 6.8. 9" = (U,S™,V) is a canonical model for TK.

Proof. It is enough to show that condition (ii) of the definition is satisfied, that is,
for every ¢ and every I' € U:

lplesSH (M) <Oy eT.

(<) If Oy €T, then |p| € S(I') and since 90 is a canonical for TK so |¢| € ST(T).

(=) Let |p| € ST(I"). Thus, for some Y C |¢|, Y € S(I"). Since 91 is the smallest
canonical model, this means that Y = ||, for some 1. It follows that |[¢| C |¢|, and
Y € T. By Lemma 6.4 we have that - ¢ — ¢, and from RM that - Oy — Oe.
Hence, Oy €T

So M is a canonical model for TK. O

Lemma 6.9. Let 9 be the smallest canonical model for TK, and M™ its supplementa-
tion. Then the conditions (m), (t) and (4) hold in ™.

Proof. (a) For (m): We have from the previous lemma that M is a canonical model
for TK. Let I" be an element of U, and X and Y be subsets of U such that X NY €
S*(TI"). By construction, there must be some Z such that Z C X NY and Z € S(T'). It
follows that Z € X and Z C Y and, again by construction, X € ST(I') and Y € S*(T").

(b) For (t): Let I" be an element of U, and X a subset of U such that X € S™(T").
Suppose that X is a proof set, that is, X = ||, for some . By definition, we have
that Op € I'. Since I is an MCS, and TK has T, it follows that ¢ € I'. But then
I € |p[, and (t) holds. Suppose now that X is not a proof set. By construction, for
some ¢, |¢| € S(T), |¢] € X. Butif |p|eS(T),dp e, Tk ¢, T elp|, [ €X, and
again (t) holds.

(c) For (4): Let T be an element of U, and X a subset of U such that X € S™(T").
We have to show that {A € U : X € ST(A)} € ST(I).

Principia 15(2): 287-302 (2011).
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Suppose first that X is a proof set, that is, X = |¢|, for some ¢. By definition,
we have that ¢ € I'. Since I' is an MCS, and TK has 4, it follows that " - OO¢p
and that OO € I'. By canonicity of the model, |d¢| € S(T") and, by construction of
M, |Op| € ST(I'). We must now show that |Op| = {A € U : Op € ST(A)}. Now,
|O¢| ={A € U : Op € A}. Since the model is canonical, Oy € A iff |p| € S(A) iff
(by construction) || € ST(A). So |[Op| = {A € U : |¢| € ST(A)}. It follows that
{A€U:|plest(A)} est (), and (4) holds.

Suppose now that X is not a proof set. By construction of 9", however, there
is some formula ¢ such that || € X and |¢| € S(I"). As above, we can show that
|O¢| € ST(I'), and that {A € U : |p| € ST(A)} € ST(I'). Now, for every A € U, if
@ €ST(A), then X € ST(A). So{Ae€U:|pleSt(A} C{AcU:X eST(A)}
But {A € U : |¢| € ST(A)} = |O¢], so it is a proof set. By construction of ™,
{A€U:XeST(A)} €S ('), and (4) holds. O

Theorem 6.10 (Completeness). If ' F ¢, then T I .

Proof. Suppose that I' ¥ ¢. Thus, I' ¥ =—p, and it follows that TU{—¢} is consistent.
By Lindenbaum’s Theorem, there exists an TK-MCS A such that I'U {—p} C A, that
is, 7p € A, and ¢ ¢ A. Let now 9 be the smallest canonical model for TK, and 9+
its supplementation. By the preceding lemma, conditions (m), (t) and (4) hold in
9™, so it is a model for TK. Now A is a TK-MCS and I' C A, so A is a state in 9™
such that, by Lemma 6.6, (0", A) ET and (MM, A) ¥ ¢; hence T' ¥ ¢. O

7. Decidability

We show the decidability of TK using filtrations.

Definition 7.1. Let I" be a set of formulas closed under subformulas, and 9t a model.
For any states x and y in 9, we say that

x = y iff forevery p € I',(IM, x) E p iff (M, y) F p.

In other words, if x = y then x and y are equivalent with regard to the formulas
in I'. We can easily show that = is indeed an equivalence relation, partitioning the
set U of states into disjoint equivalence classes.

Definition 7.2. Let I' be a set of formulas closed under subformulas and 9t =
(U, S,V) amodel. Then:

@ ifxel [xlp={yeU:x=ry};
() ifXCU, [X]r={[x]:xeX}.
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Again, we will usually drop the subscript and write =, [x], and [X].

Definition 7.3. Let 9t = (U,S,V) be some model, and I" a set of formulas closed
under subformulas. A filtration of 9 through T is any model " = (U*,S*,V*) such
that:

(@ wWr=[W];
(b) for every x € U, and every formula O¢ €T,

@D llel™esx) < [lel™ es*([x]);
(i) IO¢l™ e S(x) < [lIoel™] € S*([x]);
(© V*(p;)=1[V(p;)], for every i € N such that p; €T.

Notice that the above definition leaves room for different filtrations of a model.

Definition 7.4. A filtration is the finest filtration if, for every x € U, S*([x]) con-
tains only the sets [||¢]|™] and [||O¢||™] such that, respectively, ||¢||™ € S(x) and
IO¢|™ € S(x), for every Oy €T.

This is what is needed for a model to be a filtration. Coarser filtrations will allow
S*([x]) to contain other sets besides the minimum required.

Theorem 7.5. Let M* = (U*,S*,V*) be a I'-filtration of a model 9 = (U, S, V). Then,
forevery ¢ €T and every x € U:

M, x)E o & (N, [xDE ¢,
that is, [|l@]|™] = [l¢]™.

Proof. The proof is by induction on formulas. Let x be any state in 91, and p some
variable in I":

O, x)Ep iff x eV(p) (by 4.6)
iff [x]e[V(p)] (by 7.2(ii))
iff [x]eV*(p) (by 7.3(c))
ifft (M*, [x])Ep (by 4.6).

The boolean cases are straightforward; we show only the case in which ¢ = 0O,
for some 1. Let again x be any state in 9i:

M, x)EOy iff [[P)|™ e S(x) (by 4.6)
iff [lly|™] €S*([x]) (by 7.3(b))
iff Y™ €S*([x]) (inductive hypothesis)
iff (M, [x]) F Oy (by 4.6). N
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Corollary 7.6. Let 9" be a T-filtration of a model 9. Then M and IM* are equivalent
modulo T, that is, for every ¢ €T, M E ¢ iff M*E .

A well-known result says that if a logic is axiomatizable and has the finite model
property—that is, every nontheorem fails in some finite model—, then it is decidable.
TK is axiomatizable, as we have shown before. All we need to show is that TK is
determined by the class of finite models satisfying conditions (m), (t) and (4).

Lemma 7.7. Let 9t be a model, T a set of formulas closed under subformulas, and 9t
a T'-filtration of 9. Then, for every ¢ €T':

@ 0elM={xeU: o™ s}
() [Ioel™ ={[x]1eU*: [lpl™] € s*([xD}.

Proof.

() x €||Oe|™ iff xEDOg; [Def. truth-set]
iff ||¢||™ € S(x); [Def. 4.6]
iff xe{xeU:|¢l™eS(x)}.

() [x] € [IOel™] iff [x]<0el™;
iff [x]FEOg;
iff llol™ € S*([x]);
iff  [llel™] € S*([xD);
iff [x]e{[x]eU*:[llel™]eS*([xD} O

Theorem 7.8. Let 91 be a model satifying conditions (m), (t) and (4), and, for some
set of formulas T closed under subformulas, let 9" be the finest T-filtration of 9N. Then
its supplementation, 9", is a T-filtration of 9 and satisfies (m), (t) and (4).

Proof. We first show that 91" is a I'-filtration of 9. That is, we must show that, for
every x € U and every Oy €T,

@ llel” eS0x) & [llel™ €5 ([x]), and
(i) (I0¢lI™ € S(x) & [IOwl™'] € S ([x]).

(). Suppose first that ||¢||™ € S(x). Then [|l¢]|™*] € S*([x]), since M* is a I'-
filtration of 9. Thus [||¢||™] € S**([x]) by supplementation.

Suppose now that [||¢]|™] € $**([x]). By the definition of a supplementation,
there must be some v (eventually 1) = ) such that () € T, [|[4||™] € S*([x]) and
Y™ € [llelI™]. It follows that |J3p||™ € S(x), since 9t* is the finest I-filtration
of M. Now I satisfies condition (m), which means that every superset of ||||™
belongs to S(x). We just need to show that ||3[|™  ||¢|™".
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Now, [[[9[|™] € [ll@|I™] means that {[x] : x € [[[|”'} S {[x] : x € [|¢[™'}. Let
y € |lY|I™. Hence [y] € {[x] : x € |[||™}, and [y] € {[x] : x € ||@||™}. It follows
that y € ||¢]|™. So [[]|™ € ||¢||™, and from this we have that ||¢||™ € S(x).
@i). If ||O¢|I™ € S(x), then [||O¢||™] € S*([x]) because M* is a I-filtration of I,
and, by the definition of a supplementation, [||0¢]||™] € $**([x]).

Suppose now that [||0¢||™] € S**([x]). By the definition of a supplementation,
there must be some ) such that (Jvy €T and

@ [lIyI™] €s*([x]) and [ < [lIO@]™], or
) (oYl €s*([x]) and [IOY (™ < [ID@]™].

(a). Since M* is a filtration of M, we have [|1p||™ € S([x]). Suppose now y €
1™, Hence [y] € {[x] : x € [[4|I™}, and [y] € {[x] : x € ||O¢|I™} by the
second part of (a) above. But then y € ||O¢]||™. Thus ||[¢||™* C ||O¢||™. Since 9t is
supplemented, [|[TJp||™ € S([x]).

(b). Since 9* is a I'filtration of M, we have |0y ™ € S([x]). Suppose now
y € [0y [I™". Hence [y] € {[x]: x € [0y [|™}, and [y] € {[x] : x € ||O¢|I™} by the
second part of (b) above. But then y € ||[O¢||™. Thus ||[Oy[|™ C ||O¢||™. Since M
is supplemented, ||[0¢|™ € S([x]).

Thus, 9" is a T'-filtration of M. Does it satisfy conditions (m), (t) and (4)?
Since M** is a supplementation, it automatically satisfies (m).

Let us consider (t). We need to show, for any [x] € U* and any subset X of U,
that [x] € X, if X € S**([x]). Suppose first that X € S*([x]). Since 9" is the finest
filtration, X = [||¢||™], for some formula ¢ such that Oy € I' and ||¢||™ € S(x).
Now condition (t) holds in 91, so x € ||¢||™, and [x] € [||¢|I™] =X.

If now X ¢ S*([x]) then, by the definition of a supplementation, X is a superset
of some [||¢]|™] such that O¢ € T and ||¢||™ € S(x). As above, it follows that
[x] € [ll¢|I™], and, thus, that [x] € X. Thus (t) holds in 9.

With regard to condition (4), we show first that 91 has (4). Let [x] be an
element of U*, and X a subset of U* such that X € S*([x]). We have to show that

{yleU": X es*([yD} e S*([xD.

Since 9" is the finest filtration, there must be some formula O¢ € I' such that

@ X =T[llel™] and ||¢|™ € S(x), or
() X =[llO¢l™] and [IO¢|™ € S(x).

Suppose it is (). Since [[|[T¢l|™] = {[y]1 € U*: [ll¢lI™] € S*([y]} (Lemma 7.7),
what we have to show is that [||O¢||™] € S*([x]).
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Now condition (4) holds in 9, so {y € U : [|¢||™ € S(¥)} € S(x). But (Lemma
7.7) 10| = {y € U : |lo]|™ € S(y)}; thus ||O¢||™ € S(x). By condition (b.ii) of
the definiton of filtration, we immediately have [||0¢||™] € S*([x]).

Now consider (ii). We now have to show that

{lyleU": [IOpl™ € S*(LyD} € S*([x D).

By Lemma 7.7, [||O00¢||™] = {[y] € U* : [|IO¢||™] € S*([y])}. So what we have to
show is that [||O0O¢||™] € S*([x]).

Since condition (4) holds in 9, {y € U : ||0¢||™ € S(¥)} € S(x). By Lemma 7.7,
100¢(I™ = {y € U : |0¢lI™ € S(y)}; thus [|[O0¢ || € S(x).

Now F Op <> OO (it follows from T and 4), so F Oy <> OO. But then, for
every x € U, x E Oy iff x EOO¢. Thus [|[O¢||™ = ||O0¢|™.

From this it follows that ||0¢||™ € S(x), and also that [||O¢||™] = [lIO0e||™].
By conditon b.ii of the definition of filtration, we immediately have [||T¢||™] €
S*([x1), and [[|O0¢[™] € S*([x]).

It follows from (i) and (ii) above that 9t* has (4). We now show that 9t*" has
4).

Let [x] be an element of U*, and X a subset of U* such that X € S**([x]). We
thus have to show that {[y] € U*: X € S*T([y ]} € S*H([x]).

Since 91*" is the supplementation of 9*, there must be some formula ¢ such
that Jp €T, [||¢]™*] € $*(x) and [||¢||™*] € X (eventually [||¢||™] = X, of course).
But as we have shown above, M* has (4), so {[y] € U* : [|l¢|™] € S*([y])} €
S*([x]). Now, for every [y] € U, if [|l¢l|™] € S*([y]) then X € S**([y]) by
supplementation. So we have:

{[yleU :lllel™ es (yD} c{lyleU": X e S ([yD}.

Finally, since {[y] € U* : [|l¢||™] € S*([y¥])} belongs to S*([x]), {[y] € U* : X €
S*T([yD} € S**([x]) by supplementation and we are done. O

Theorem 7.9. TK is determined by the class of finite models satisfying conditions (m),
(t) and (4).

Proof. If ¢ is a theorem of TK, then it is valid in the class of all models satisfying
conditions (m), (t) and (4); in particular, in the class of finite models satisfying these
conditions.

For the other direction, suppose ¢ is not a theorem of TK. Then ¢ fails in some
world x of some model 9 for TK. Let I" be any finite set of formulas closed under
subformulas such that ¢ € T, and let 9t*" be the supplementation of a finest I'-
filtration 9* of 9. By Theorem 7.8, M*", is a I'-filtration of M and satisfies (m),
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(t) and (4). Since I' is a finite set, 9*" is a finite model. By Theorem 7.5, x and [x]
agree on every formula in I'; thus (9", [x]) ¥ . O

In view of the preceding result, every nontheorem of TK fails in some finite
model, from what it follows that TK has the finite model property. Since it is also
axiomatizable, TK is decidable.

Acknowledgements

This work has been sponsored by FAPESP through the Projects 2004/14107-2. The
article was written while Hércules Feitosa was at UFSC doing post-doctoral research.

References

Bell, J. L. & Machover, M. 1977. A course in mathematical logic. Amsterdam: North-Holland.

Blackburn, P; Rijke, M.; Venema, Y. 2001. Modal logic. Cambridge: Cambridge University
Press.

Carnielli, W. A.; Pizzi, C. 2001. Modalita e multimodalita. Milano: Franco Angeli.

Chagrov, A. & Zakharyaschev, M. 1997. Modal logic. Oxford: Clarendon Press.

Chellas, B. E 1980. Modal Logic: an introduction. Cambridge University Press.

Ebbinghaus, H. D.; Flum, J.; Thomas, W. 1984. Mathematical logic. New York: Springer-
Verlag.

Feitosa, H. A.; Gracio, M. C. C.; Nascimento, M. C. 2007. A propositional logic for Tarski’s
consequence operator. Campinas: CLE E-prints, p.1-13.

Fitting, M. & Mendelsohn, R. L. 1998. First-order modal logic. Dordrecht: Kluwer.

Hamilton, A. G. 1978. Logic for mathematicians. Cambridge: Cambridge University Press.

Mendelson, E. 1987. Introduction to mathematical logic. 3. ed. Monterey, CA: Wadsworth &
Brooks/Cole Advanced Books & Software.

Miraglia, E 1987. Cdlculo proposicional: uma interagdo da dlgebra e da ldgica. Campinas:
UNICAMP/CLE. (Colecéo CLE, v.1)

Nascimento, M. C. & Feitosa, H. A. 2005. As algebras dos operadores de consegéncia. Sao
Paulo: Revista de Matemdtica e Estatistica 23(1): 19-30.

Rasiowa, H. 1974. An algebraic approach to non-classical logics. Amsterdam: North-Holland.

Rasiowa, H. & Sikorski, R. 1968. The mathematics of metamathematics. 2. ed. Waszawa: PWN
— Polish Scientific Publishers.

Vickers, S. 1990. Topology via logic. Cambridge: Cambridge University Press.

Woijcicki, R. 1988. Theory of logical calculi: basic theory of consequence operations. Dor-
drecht: Kluwer. (Synthese Library, v.199)

CEZAR A. MORTARI

Departamento de Filosofia
Universidade Federal de Santa Catarina
Campus Universitdrio — Trindade
88040-010 Floriandpolis, SC

Principia 15(2): 287-302 (2011).



302 Cezar A. Mortari & Hércules de Aratjo Feitosa

BRASIL
cmortari@cfh.ufsc.br

HERCULES DE ARAUJO FEITOSA
Departamento de Matematica
Universidade Estadual Paulista (UNESP)
Campus de Bauru

17033-360 Bauru, SP

BRASIL

haf@fc.unesp.br

Resumo. A ldgica TK foi introduzida como uma légica proposicional estendendo o calculo
proposicional cldssico com um novo operador undrio que interpreta algumas concepgoes do
operador de consequéncia de Tarski. TK-algebras foram introduzidas como modelos para
TK. Assim, usando ferramentas algébricas, foi demonstrada a adequacdo (correcdo e com-
pletude) de TK relativamente as TK-algebras. Este trabalho apresenta uma semantica de
vizinhancas para TK, légica que resulta ser dedutivamente equivalente a l6gica modal nédo
normal EMT4.

Palavras-chave: Operador de consequéncia; algebra TK; logica TK; semantica de vizinhan-
cas.

Notes
1 Of course, one can also define deduction locally: we say that T' |- ¢ if there is a finite

subset v, ..., of T such that F (y; A ... AY,,) = . With this definition, obviously, the
Deduction Theorem holds.
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