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Abstract

We prove a lower bound on the rate of Greenberger—-Horne—Zeilinger states distil-
lable from pure multipartite states by local operations and classical communication
(LOCC). Our proof is based on a modification of a combinatorial argument used in the
fast matrix multiplication algorithm of Coppersmith and Winograd. Previous use of
methods from algebraic complexity in quantum information theory concerned trans-
formations with stochastic local operations and classical communication (SLOCC),
resulting in an asymptotically vanishing success probability. In contrast, our new
protocol works with asymptotically vanishing error.

1 Introduction

When two or more parties are only allowed to operate locally and use classical commu-
nication channels (LOCC), entanglement shared between them becomes a resource. This
resource plays a central role in quantum information theory, therefore much effort has been
put into understanding the possible transformations between different kinds of entangled
states under LOCC operations.

Entanglement in bipartite pure states is well understood, and the condition for con-
vertibility becomes particularly simple in the limit of many copies [ ]. The reason
is that any LOCC transformation between such states is asymptotically reversible, there-
fore there is an essentially unique quantity measuring the amount of entanglement, the
von Neumann entropy of the two reduced states. It is common to choose the base of
logarithm to be two, which amounts to choosing the ebit to be the unit of entanglement.

The situation is much more complicated for more than two parties because of the
absence of a unique standard state into which any other (pure) state can be reversibly
transformed. Computing the conversion rates between any pair of states is certainly out of
reach. Instead of this, one can e.g. focus on a specific target state of interest and try to find
how many copies of it can be distilled from many copies of an arbitrary state. When the
target state is an ebit shared between a specified pair of states, this optimal rate is known
as the asymptotic entanglement of assistance and, for pure initial states, coincides with
the minimum entanglement entropy over the possible bipartitions separating the members



of the specified pair [ , |. More generally, one can consider products of ebits
in some fixed configuration as in the entanglement combing protocol | .

Much less is known when the target state contains genuine multipartite entanglement.
The simplest such state is arguably the (multipartite) Greenberger-Horne—Zeilinger (GHZ)
state

1
—([00...0) + |11...1)), 1
7 (I )+ ) (1)
the key ingredient of the quantum secret sharing protocol [ |. The method of ref.

[ | provides a lower bound of simultaneously distilling EPR pairs and GHZ states.
Very recently, a combination of the entanglement combing and state merging protocols
has been applied to transformations between multipartite entangled states | ].

Our result is a new lower bound on the distillable GHZ rate (Ep guz, for a precise
definition see Section 3.2) for pure multipartite states, and can be stated in terms of the
joint probability distribution induced by measuring the state in a product orthonormal
basis. We need the concept of Shannon conditional entropy

H(X|Y)p = — Z Py (y) Z Pxy (zly) log Pxy (zy), (2)
yey TeX

where P is the joint distribution of X and Y.

Theorem 1.1. Let [¢) € CIt @ --- @ CIF be a unit vector and P(iy, ... i) = |t i, |?
the associated probability distribution, considered to be the joint distribution of random
variables Ay, ..., A,. Let x1,..., x5 > 0 be such that

VI C K], T # 0,0 # [k Y @ > H(A|A7)p.
JjeJ

M-

Then Ep anz(|X¢]) = H(P) —

{L‘j.
1

J

The proof is inspired by a recently found connection between entanglement transfor-
mations and algebraic complexity theory | , , , ]. It has been
observed that complexity upper bounds on tensor powers of bilinear maps can be di-
rectly interpreted as achievability by asymptotic SLOCC transformations. In the one-shot
regime, SLOCC transformations were introduced in | | as a relaxation of LOCC
convertibility, while a characterisation in terms of tensor products of linear maps was
given in [ ]. In the asymptotic regime LOCC transformations are allowed to in-
troduce a small error, but the notion of asymptotic SLOCC convertibility requires the
final state to be reached exactly for any finite number of copies, albeit only with some
nonzero probability. For this reason, the two types of conversion rates are incomparable
in the sense that any of them can be (arbitrarily) larger than the other, depending on the
initial and target states. As a simple example, consider the family of two-qubit pure states
[Yp) = /P|00) + /1 —p|11) (p € (0,1)): the optimal SLOCC rate of the transformation
[1p) to |1)g) is always 1, whereas the optimal LOCC rate is h(p)/h(q), which can take any
positive value. Thus it is not possible to directly translate results in algebraic complexity
theory into bounds on asymptotic LOCC transformations. Nevertheless, we will exhibit a
nontrivial SLOCC protocol which can be upgraded to an (asymptotically perfect) LOCC
one.



The starting point of our investigation is a combinatorial result from | |, which
forms the basis of the upper bound 2.40363... on the exponent of matrix multiplication.
The result is a lower bound on the asymptotic subrank of a specific set, which was later
generalized to a large family of sets (called tight sets) in | ], where a matching upper
bound was also derived. One of the main ideas of the lower bound proof is intersecting (a
large power of) the subset with a product of random subsets with a carefully chosen joint
distribution, one which makes use of the tightness of the set. We investigate the effect of
choosing the distribution in a different, simpler way, which leads to a weaker bound, but
one which applies to subsets without such special structure. When applied to the support
of a state in a product basis, the asymptotic subrank serves as a lower bound on the rate
at which GHZ states can be extracted by asymptotic SLOCC transformations.

We then show how to adapt the idea to LOCC transformations. Instead of taking
the intersection of the support with subsets, which would amount to projecting out a
large portion of the state, we replace this first step with a randomly chosen measurement
and apply the rest of the protocol to the post-measurement state. At the same time, we
control the coefficients of the resulting GHZ-like states to estimate the equivalent number
of standard GHZ states.

The structure of the paper is as follows. In Section 2 we give a high-level explanation
the combinatorial result from | , ] which forms the basis of the upper bound
2.40363 ... on the exponent of matrix multiplication. We present the argument in a form
which differs from the original formulation, mainly to separate those ideas that we use in
later sections to prove our main result from those that we do not. In Section 3 we prove
our main result. Some properties of our lower bound as well as number of examples are
presented in Section 4. In Section 5 we compare the lower bound with earlier bounds from
the literature. Sections A and B contain the proofs of technical lemmas related to the
conversion of nonuniform GHZ-like states to approximately uniform ones.

2 The asymptotic subrank of a subset

In this section we review and generalize a technique used by Coppersmith and Winograd
[ |, and by Strassen | |, which gives a lower bound on the asymptotic subrank of
a subset inside a Cartesian product. This puts Lemma 2.3 into context, which is the only
ingredient from this section to be used later.

The asymptotic subrank of such a subset can be viewed as a combinatorial analog of
the asymptotic subrank of tensors (not discussed here) as well as the distillable GHZ rate
of pure states.

Definition 2.1. Let I1,..., I} be finite sets. A subset’ C Iy x---x I is called a diagonal if
the restriction maps 7;|r are injective for each j € {1,...,k}, where mj : Iy X - - - x Ij; = I
denotes the jth projection.

Let & C Iy X -+ x Iy arbitrary. A subset I' C ® is called free (for ®) if I' = &N
(m(T) x -+ x mp(T)).

The subrank Q(®) is the size of the largest free diagonal T' C ®. For ® C I} x --- X I},
and ¥ C Jy X -+ x Ji, we define the product ® x ¥ C (I} x Jy) X -+ x (I x Ji). The
asymptotic subrank is Q(®) = limy oo Q(&*™)V/™ = sup Q(®*™)1/7,

For example, the support of an r-level tripartite generalized GHZ state in the usual
basis is {(1,1,1),(2,2,2),...,(r,7,7)}, which is itself a diagonal of size r, therefore has
subrank r. On the other hand, the support of the W state %(HOO) +1010) + [001)) is
{(1,0,0),(0,1,0),(0,0,1)}, which has subrank 1.



The key steps in the Coppersmith—Winograd—Strassen lower bound method can be
described as follows:

1. Draw subsets W; C I; (j = 1,..., k) from some distribution (possibly in a correlated
way).

2. Consider the (random) graph G = (V, E) with V.= &N (W x --- x W) and
. . ./ ./ V . - -/
E = {{(zl,...,zk),(zl,...,zk)} € <2>‘3j o :zj}.

3. The set T" of isolated vertices in G is a free diagonal.
4. Bound E|I'| from below and use E |I'| < Q(®).

In refs. | , | the set @ is a truncation of a large power of the tight (see | ,
Section 5.] for the definition) set ¥ and the joint distribution of the subsets W is carefully
chosen accordingly. We do not wish to make such restrictions at this point, but we will
assume the following property which simplifies the calculations considerably.

Definition 2.2. We say that the joint distribution of Wi, ..., Wy is homogeneous for
® if Prliy, i) € Wh,... ik, 1, € W] depends on i1,iy,. .. ik, 7, only through the subset

J:{ﬁﬂmq#%}WWMNHWMGéaM@@MJQGQ

The following lemma is the core of the argument. For bounding the subrank, only the
lower bound is needed and even that only in the special case when f is the constant 1
function. However, we will need the general form later, and the proof is essentially the
same.

Lemma 2.3. Let W; C I; be random subsets with distribution homogeneous for some
® C I x - xI. Let py denote the common value of Prliy, i} € Wi,... ik, 1) € W]
when J = {j € [k‘]‘z] #* z;} Consider the set I' of isolated vertices in the random graph

G = (V, E) as introduced before. Then for any function f : ® — Ry the following estimates
hold:

po— . 2MwaxlAsADey N EG) <EDCF() <pp > £(0). (3)

JCIk] icd® iel icd®
J#0,JH[k]

Here the max-entropy refers to any random variable with support equal to @, i.e.

H,yox (Ag| A7) = log [nax {(ij)jesl(i1, ... i) € @Y. (4)

Yi)jeT

Proof. For any realization of the random graph G = (V, E) the following inequalitites hold
(note that the second sum is over unordered pairs):

D@ = > (FO+FE) <D FE) <D F@). (5)

eV {i,i’}€E iel eV

This implies that similar relations are true for the expected values, i.e.

EY f()—E > (F@)+ @) <ED_ f(i) <EY f(i). (6)

eV {ii"}eE i€l eV



The first sum can be computed as

EY f(i) =Y Prlis € Wi,..., i, € Wil f(i) = > pyf(i), (7)

eV icd 1€

while the second one can be bounded as

E > (fO+f0)) = > Prliv,i) € Wi,...,ig, i, € Wi (£(i) + £(i))
{i,i'}eE {ii'ye($)

3jii;=1

i€ ' cd\ i}

Hj:ij:i’-
=3 > Z Prlin, i € Wi, ik, i € Wil )
i€d  JClK] ()

J#0, J#[k] {j\zj;éz b=J

= > 2 > i@

JC[k] €@ i€
JA0,J#K]  {d]igAd =T

S Z Z2Hmax(AJ‘A7)q>pJf(Z)
JC[k] i€®
TA0,J#[K]

The second equality uses that the sum over unordered pairs is half the sum over distinct
ordered pairs, and that the sum of f(i) is equal to the sum of f(i'). In the next step the
sum over 7’ is split according to the location of the components shared with 7. O

By construction, I' is a free diagonal in ®. The expected size of I" is a lower bound on
the maximum size of the free diagonal. Applying the lower bound of Lemma 2.3 for the
function f(i) = 1 leads to the estimate

QU®) 2 (9] [pp— Y 2w iAoy, | )
JCIK]
J#£0, J£[k]

For lower bounding the asymptotic subrank, one chooses ® = WX N (Tp X --- X Tgk)
for some type classes where P; has a limit. In such a setting the conditional max-entropy
grows linearly. Note also that log [®| = H,,a (A Ap)e-

max (

Lemma 2.4. Let W C I} X --- x I, and P € P(V) (the set of probability distributions
on ). Let ™ = ¥ N (T;(n) X e X T;(n)) for some types P € P, (V) such that
1 k

P™) — P. Then

hy:= lim max(AJ|A )(D(n) maX H(AJ|A ) (10)

Vj: Q]

Proof. ®™ is a disjoint union of type classes

M =15 (11)
Q



where @ € Pp(¥) such that Q; = Pj(n) for all j. The exponentiated max-entropy is
monotone in the support and subadditive under taking unions, therefore

mSXHmax(AﬂAj)Tg max(AJ|A )<I>(") < maX max(AJ|A )T" + IOg |P ( )| (12)
Consider the projection (I1 x -+ x Ix)*" — (][ ;c71;)*". This map is equivariant under
the S, action permuting the factors. Its restriction to 7, ¢ is onto the set T, "7, where S,

acts transitively. Therefore

75
max(AJ|A )T" log —— ’ Q |7 (13)
SO
H(Aj|A7)qQ = 1og [Pu(V)| < Hypax(As| A7)y < nH(As[A7)Q +log [Pr(P)[.  (14)
The claim follows by continuity and using log [P, (¥)| = o(n). O

The following example was the main motivation for our work, but it is not necessary
for understanding our results. The reader may wish to skip to Example 2.6, which is
simpler and more similar to our main theorem.

Example 2.5 (Asymptotic subrank of tight sets, k = 3). This ezample is by Strassen
from ref. |[. /, based on the ideas of ref. [ . We present it in a different but
equivalent form and omit some details.
Let W C Iy x Iy x I3 be tight, P € P,(V) and take a sequence P ¢ Pn(V) let
o) = pxn (T (ny X T;(n) X T;(n>)~ Without loss of generality assume that P has
1 2 3

mazximal entropy given its marginal distributions. Then

|(I)(n)| _ 2nH(P)+o(n) (15&)
max(A |A )fb(n) =0 (15b)
H o (A5145) g0 = n (H(P) — H(F;)) + o(n) (15¢)

by Lemma 2.4 and tightness.
For a large prime M € N, draw a; : IjX” — Zr uniformly from the space of triples of

functions satisfying al(il) + ag(iz) = 2a3(i3) for all (iy,io,i3) € ®™. Let S C Zys be a

subset of {0,1,..., 1} without three-term arithmetic progressions, and let W; = a; 1(5).
It can be shown that the joint distribution is homogeneous for ®™ . More precisely,
5] 5]
Py = M2 and P{1,2}y = P{1,3} = P{2,3} — e (16)

Choose M = 2nH(P)—min{H (P1),H(Py),H(Ps)})+o(n) gnd let S be as large as possible. Then
S| = M) as shown in ref. | |. Inserting these as well as the asymptotics from
15) into (9) gives

( 9

Q™) > Q(&™)

> (6] (|5\2 2000 () H(P) | guHPI=H(P2) g H(P)=H(E)) ]’5’ )

) S| n(H(P)—min{ H(Py),H(P2),H(Ps)})+o(n) 1
> 1), 2)s 3

> om[22] (12

_ onH(P)~(n(H(P)—min{H(Py).H(P2),H(P3)})+o(n))

—9n min{H (P1),H (P2),H(P3)}+o(n)

)



(17)
which implies log Q(V) > min{H (P1), H(), H(P3)}.

Example 2.6. Let ® C Iy x --- X I}, be arbitrary and choose W1, ..., W by including in
W; each element of I; with probability q;, independently of all other choices. Then

pr=qaa - a ][ 4 (18)
Jj€J
where the first k factors are the probabilities of the (independent) events that i; € Wj,
while the remaining ones correspond to Z; € W; for j € J. Therefore

Q((I)) > \@]qqu g | 1 — Z 2Hmax(AJ‘A7)§>+ZjEJ10gq]' . (19)

JCIK]
J#0,J#[k]

Now let W C Iy x - x I be arbitrary, P € P(¥) and @) = W0 (T7 ) x--xT7,))
1 k

for some distributions P € Pn(¥) converging to P. Let hy be as in Lemma 2./ and
choose q; as q; = 27" for some real numbers x; > 0. Then

Q(\I/X”) > Q(Cb(n)) > on (b — ?:1 zj)to(n) | 1 _ Z 2”(’”721'6ij)+0(”) . (20)
JClk]
J#0,J£[K]

As long as hy < 3 ,c;x; for each subset J (except for O or [k]), the sum in the second
factor of (20) goes to 0 as n — oo. If this holds, then we get the estimate

k

log Q(¥) > %bg QI*™) > hyy — Y ;. (21)
j=1

3 Distillation of asymptotically perfect GHZ states with
LOCC

3.1 Proof strategy

In this section we prove our main result (Theorem 1.1), a lower bound on the multiparty
distillable entanglement (Ep guz) of an arbitrary pure state, which can be seen as an
analog of Example 2.6.

Let |¢) € H1®- - -@Hy, with finite dimensional Hilbert spaces #;, assume that |||p)|| =
1. Choose an orthonormal basis in each of the Hilbert spaces (henceforth identified as
H; =~ Cli), and let ® = supp |p) C I; x - -+ x Ij, be the support. The methods of Section 2
can be applied to extract a generalized GHZ state if a local restriction to a subset W
is interpreted as performing a two-outcome measurement with projections Iy, I — Iy,
where

My = 3 liYil. (22)

ieW



This leads to a generalized GHZ state of rank Q(®), but the success probability may be
very low and there is no control on the coefficients of the resulting state, i.e. we only get
an asymptotic SLOCC transformation. Our goal in this section is to improve the protocol
such that the success probability is close to 1.

To understand the reason for the loss of probability, first note that the randomized
construction from Section 2 actually gives rise to a two-step protocol. In the first step
the parties project onto the subspaces generated by Wi,..., Wi, while in the second step
they project again onto w1 (T),...,m(T"). Suppose for a moment that the magnitude of
the nonzero coefficients of |¢) are the same (this is approximately true in a precise sense
for e.g. large tensor powers), so that the success probability is proportional to the number
of coefficients not projected out. Examining the bounds of Lemma 2.3, one can see that
when the py (J # ) are sufficiently small, then the size of T' is essentially the same as
that of supp |¢) N (W7 x -+ x Wy). Thus the probability of failure in the second step is
negligible.

In order to achieve high probability in the first step, we replace the projection onto a

subspace with a measurement with respect to a partition of the set of basis states. Let us
M

choose set partitions (Wj,mj)mjzl of I;. For each m = (mq,...,my) € [My] x -+ x [My)]
consider the graphs G, = (Vi, Ey) with Vi, = @0 (Wi, X -+ x Wy, ) and
V,
Eszm<;), (23)

i.e. two elements in the support are adjacent if they share at least one coordinate. Let
I';, be the set of isolated vertices in G,,,. We use the following improved protocol.

1. At site j perform a measurement according to the pairwise orthogonal projections

Wjm, = Y li)il. (24)
iEWj7m].

2. If the outcomes are m = (my,...,my), then the resulting state has support V,,,
which has a free diagonal I';,. Extract this diagonal by measuring the local projec-
tions

D laxal. (25)
iEWj(Fm)

3. If every measurement is succesful, then the resulting state is a generalized GHZ
state.

If the parties wish to distill (standard) GHZ states from many copies, then after running
the above protocol many times, the obtained states can be converted into GHZ states
at a rate given by the von Neumann entropy of its reduced states, averaged over the
measurement outcomes. One may think of this expected entropy as the asymptotic value
of the ensemble.

Our goal is to show that a randomly chosen k-tuple of partitions leads to a good esti-
mate on the asymptotic value of the diagonals. We will work explicitly with mixtures of
pairwise orthogonal generalized GHZ states (a parameterization in terms of joint distri-
butions is introduced below) to represent the extracted diagonal. The asymptotic value
of such a state is given by the Shannon conditional entropy.

However, as we have already seen in Examples 2.5 and 2.6, it can be advantageous
to apply the protocol to a state (subset) which is not exactly a power in order to get



the best asymptotic bound. In the case of subrank, the high power was first intersected
with a product of type classes, which is clearly not affordable in the present case as it
would already lead to an asymptotically vanishing success probability. One could intersect
instead with typical subsets corresponding to the marginals, but it is possible to do better,
since we allow approximate transformations. The conditional max-entropies appearing in
the lower bound in Lemma 2.3 can be lowered to approximately the Shannon conditional
entropy if we work with a nearby state instead.

One proof strategy would be to derive a lower bound on the Shannon conditional en-
tropy (fairly simple using Lemma 2.3) and then use the asymptotic equipartition property
(AEP) to get an asymptotic statement. The difficulty is that if we apply the protocol to
a state deviating slightly from [t/)(¢)|*" and consider many copies of the resulting state,
then a qualitative AEP is not useful since the small error gets amplified as we take more
and more copies. It is possible to remedy the situation with a quantitative form of the
AEP (e.g. the one from | ]), but this approach leads to a fairly complicated proof
and no useful single-shot bound.

Instead, we derive a lower bound on the (smooth) conditional min-entropy, which
governs the number of GHZ states that can be (approximately) extracted in a one-shot
setting (see Lemma B.2 for a precise statement). Since its definition involves an optimiza-
tion over the measurement outcomes, estimating it directly in such a probabilistic setting
seems difficult. To circumvent this problem, we use the conditional Rényi entropy as an
intermediate quantity, which is more convenient to use. In particular, the expected value
can again be estimated using Lemma 2.3.

It is conceivable that with some probability (over the choice of the random set par-
titions) the conditional min-entropy itself is large, which would lead to our result more
directly. However, proving this (if true) would likely involve a measure concentration
argument which relies on some strong independence property of the randomly chosen
partitions. In contrast, our proof assumes only a homogeneity property (Definition 2.2),
which is a condition involving at most 2kth moments (of the indicator functions of subset
memberships), therefore works for a large class of joint distributions.

3.2 Notations

We let S<(H) = {p € B(H)|p > 0,Trp < 1} be the set of subnormalized states on the
Hilbert space H, while the set of normalized states is S(H) = {p € B(H)|p > 0, Trp = 1}.
For p,o € S<(H), the purified distance is defined as D(p,0) = /1 — F(p,0)?, where

F(p,0) = /(1 —Trp)(1—Tro)+ Tr\/cl/2pal/2, (26)

is the generalized fidelity | , Definitions 2. and 4.]. The closed e-ball around a state
pis Be(p) ={p' € S<(H)|D(p, p’) < €}. We will also write p =, o if D(p,0) <.
Probability distributions on a finite set X will be identified with those states on C*
which are diagonal in the standard basis. The diagonal elements in S<(C*) will be denoted
by P<(X). When considering probability distributions, the e-ball is understood to be
B(P)={P" € P<(X)|D(P,P") < ¢€}.
For multipartite states p € S<(H1 ® --- @ Hy) and 0 € S<(K1 ® --- ® Kj) we write

p LOCC, & if there is a trace-nonincreasing LOCC channel A such that A(p) € Be(o),

while p LOCC, 5 means that there is a A such that A(p) = o. Note in particular that

p . o implies p %E o, since the identity is an LOCC channel. Trace-nonincreasing
channels are contractions with respect to the purified distance, therefore the relations



LOCC, " enjoy a transitivity-like property:

LOCC LOCC LOCC
(p—=qo0and o —=, 7)) = (P —c14es T)- (27)

We define the distillable entanglement as

N
Ep.cuz(p) = lim lim sup max {n P& m)g GHZ®N} . (28)

=0 pnooco

For joint distributions Pxy € P(X x )), one of the several different notions of the
conditional Rényi entropy is defined as [ ] (see also [ , Definition 5.2.])

1

HY(X[Y)p = sup log Pxy (z,1)*Qy)' ™ | . (29)
Qer(y) 1 —«a :;(
yey

3.3 Proof of the main result

The protocol explained above leads to a random GHZ-like state. We find it convenient
to work with such an output ensemble as a mixed state where the different outcomes are
distinguished by classical flags, available to every party. First we define a parameterization
of such mixtures by joint distributions.

Definition 3.1. For a nonnegative function Pxy : X XY — Ry where X and Y are finite
sets, we define the unnormalized state

GHZp,, = Z \/PXy(x, y)Pxy (2, y) ‘(xy) . (:cy)><(x/y) .. (x/y)} (30)

yey
r,x'eX

on the Hilbert space ((Cxxy)@k. States of this form will be referred to as random GHZ
states.

A distribution P € P(X) can be identified with one on X x {0}, and the corresponding
(pure) generalized GHZ state will be denoted by GHZp. We will write GHZ to mean GHZp
with P the uniform distribution on X = {0, 1}.

The role of X and Y in the definition is not symmetric, but reflects the quantum-
classical splitting of the state. The second marginal Py (if present) encodes the weights
in the classical mixture, while the conditional states are pure generalized GHZ states with
coefficients given by /Px|y—,.

Asymptotically, GHZp,, is equivalent to H(X|Y)p copies of the GHZ state. In the
single shot regime, the Shannon entropy is not meaningful, but the Rényi entropies with
a > 1 can be used to bound the number of GHZ states that can be approximately extracted
from GHZp,, . This is made precise in the following lemma (the proof is in Section B).

Lemma 3.2. For any Pxy € P(XxY), e € (0,1) and o > 1 the relation GHZp, %e

GHZ®N holds with

N = {Hg(X\Y)p - (1 + 1> log ?J (31)

a—1

10



Lemma 3.3. Let |p) be a unit vector in Ch @-..@Clk, let (Wj,mj)i\n/ljzl a partition of I; for
j=1,...,k, and letT'y, = Ty .m, be a free diagonal in (supp |©)) V(Wi m; X X Wi m, ),
and let R € P(Y) be a “reference” distribution with Y = ([Mi] x -+ x [My]) U {*}. Then

for any o > 1 there exists a probability distribution Pxy on X x )Y (for some finite set X')

such that | )| Loce, GHZp,, and

HY(X|Y)p > 1ialog S il Rim)' > + <1 -3 > \902-12) R(*)l_“] (32)

m i€l m 1€l

Proof. We use the protocol explained above. For each j € [k], the jth party performs a
measurement with operators

Wjmy = D liXil, (33)

iEWj,mj
and broadcasts the outcome m; to all the other parties. This results in the state

> [y, @+ @ Mgy [Nl (Mamy @ -+ @ My, ) @ [mim . ..m)mm....m| . (34)

m

In the next step, every party performs a two-outcome measurement conditioned on the
measurement result m. One of the operators at party j is

REHONCHOIR (35)

i€l

associated with the outcome “success”, while the other outcome is interpreted as “failure”.
I';, is a free diagonal in the support of the conditional state, therefore if every measurement
is successful, then after applying the local partial isometries

> liXm@)l, (36)

1€l

the parties end up with a generalized GHZ state. The phases of the coefficients can now be
adjusted with a diagonal unitary applied by any of the parties. From now on we assume
that the resulting coefficients are nonnegative real numbers. In this case, they keep the
flag m and the protocol is finished. Otherwise, if any of the measurements fails, they
discard the measurement result and prepare the separable state

|00...0X00...0] @ [**...)(%*...%, (37)

where the second factor represents the new value of the flag. The protocol clearly imple-

ments the transformation |p)¢p| Loce, GHZp,, where X = (I} x --- x I;;) U {0}, and

P e P(X x ) is defined as

|0z |? ifye[M]x---x[Mg] and z €Ty
Pxy(z,y) =91 =32, > er,, li|> ify=%and z =0 (38)
0 otherwise.

Finally, HL(X|Y)p is defined as a supremum over distributions on Y, therefore any
given R € P()) provides a lower bound as stated. ]

11



Now we can prove the single-shot form of our main theorem:.

Theorem 3.4. Let |p) € CIt @ -+ ® Clk be a unit vector and Q(i1, ... i) = |pi. i, |
the associated probability distribution, considered to be the joint distribution of random
variables Ay, ..., Ag. Let My, ..., My > 1 be integers and define

A=k i log M, — AslA-)o | -
+ min > log Hypox (A g A7) (39)
J#0, 04K \IE/

Then for any € € (0,1) and a > 1 the relation |p)¢| LOCC, GHZ®N holds with

Lo | 1 10
N = h - log< 2% (Ha(Q)=Xj log M) +2—A/a) - (1 + )1 og 2J . (40)

Proof. For each j € [k] choose the partition (Wj»mj)'r]\r/zlj:1 randomly in the following way:
for each element in I}, draw a label uniformly at random from [M;] independently of all
other choices, and let W, be the set of elements having label m;. Let V;, = (supp |¢)) N
(Wimy % -+ X Wim,) (where m = (mq,...,my)), and consider the set I',, of isolated
vertices in the graph G, = (V,,,, Ey,), where the edges are the colliding pairs. We will
use Lemma 3.3 with these partitions and diagonals and with the probability distribution
R(m) = (1 — r)(M{My--- M)~ ', R(x) = r for some r € (0,1) chosen later. In the
following we derive a lower bound on the mean of the right hand side of (32). Note that
for any m the joint distribution of (W1, -+, Wi, ) is homogeneous for supp |¢) with
pr= (M- M) ey M;

First note that x +— —ﬁ log = is convex and decreasing, therefore it is enough to find
an upper bound on the expected value of its argument,

Sy () (T re) W

m i€l m i€l

For the first term, we use the upper bound from Lemma 2.3 (with ® = supp |¢) and
f(@) = Qi)%):

eX Y 00 () - (i) L X e

m €ly, m i€l
1—r 1=
<(van ) Tm X aer
My My - -~ My i€supp|yp) (42)
< 1—r >1—a
S ST 2. Q)"
My My - My, i€supp|ep)

— (1 — )imeg(-0)(Ha(@-3j log M;)

To bound the second term, we use that z* < x (when z € [0, 1]) to get

E (1 > Q(i))arl_“ <Pl E (1 -3 Q(i))

m i€l m i€l

= (1—21@ Q(i)>,

m i€l

(43)

12



and the lower bound from Lemma 2.3 (with f(i) = Q(¢)), which implies

E Z Qi) > N 1— Z 9 Hmax(As[A7)Q =2 e s log M; Z Qi)

i€l A JCIK] icsupply)  (44)
T£0,J£[K)
1 -A
>~ (1-27%)
= MM, --- Mk( )

Here we used that 2* is an upper bound on the number of subsets, the definition of A
and that ) . Q(i) = 1. Next we combine eqs. (43) and (44), using that the m takes
MM, - - - M, different values:

E (1 - ) Q(i)) rlme < plag=a, (45)
m i€l
By egs. (42) and (45), the expected value of (41) is upper bounded by

(1 . r)l—a2(1—a)(Ha(Q)—Z?:1 IOgMJ) + rl_QQ_A, (46)

therefore there exists a realization of the random variables achieving a value which does

not exceed this bound. According to Lemma 3.3, there is a probability distribution Pxy

such that [@)(p| Loce, GHZp,, and

1
HY(X|Y)p > .

— IOg ((1 - T)l—QQ(l—&)(Ha(Q)—Z§:1 logMj) + rl—a2—A> ) (47)

We choose r optimally (as can be seen by differentiation or observing that the right hand
side itself is a Rényi divergence) as

9—A/a
r = T—a % 3 (48)
2T(Ha(Q)*Zj=1 log Mj) + 2-A/a

which leads to the bound
HL(X|Y)p > 5 Y log (gffawa(@)—zf:llogzwj) n Q—A/a) (49)

-«

for some P. Lemma 3.2 implies that GHZp,,, %6 GHZ®N , therefore
LOCC

)| ===+ GHZ®N . (50)
O

Corollary 3.5. Using the same notations as in the statement of Theorem 3./, assume

A >0 and Hy; (Q) > Y5_ log M;. Then for any € € (0,1) the relation |¢)¢| Loce,

GHZ®N holds with some N satisfying

k k
1 1 log |1; 1
N> |H,,(Q) — g log M; <1 - A> — <2+ w> 108;?8- (51)
i=1

13



Proof. The right hand side of (40) is an increasing function of the entropy of @, so it gets
smaller if we replace the entropy by H_, (Q). Using the abbreviation h = H_, (Q) —
Z§:1 log Mj, set

A
=1+ —. 52
o + h (52)
Then the logarithm in (40) becomes
o A
log (z%h + Q_A/O‘> —1-= (53)
«

We get the lower bound

N = \‘1 a log (21?7&(1[104(@)*2?:1 IOgMj) + Q_A/OC) <1 + 1) ]Og 1SJ

1
> - <1_> <1+><log S)_l
10
= 1-— 1+ 1
| ) (1+5) (or5) -2 5
_ log |1; 1
> h < <1+ g] ’) <10gg)2
€
_ log |1; 1
- ( g! !) <10g g) |
€
in the last two steps using h < H_; (Q) < ijl log |1;| and log i—g >log 10 > 2. O

The asymptotic statement follows by a standard argument involving the asymptotic
equipartition property.
Proof of Theorem 1.1. There is nothing to prove if H(P) — Z?:l xj < 0. Otherwise, let
e € (0,1) and 6 > 0 small enough, and define for every (large) n € N the jointly typical
set 7™ to be the set of n-tuples (i1,...,i,) € (I3 X -+ x I)™ such that for every subset
J C [k] the inequality

H(Ap)p— > 108 Pay(img)jes)| < 0+ log(1 — ) (55)

m=1

holds. Let |p) € (CIt @ --- ® C*)®" be the vector with components

LT[’ _, v, ifir...i,€T™
P R (56)
0 otherwise.
By the asymptotic equipartition property (see e.g. | , Theorem 7.6.1])
H Xn Xn —
Jim D(|=" (v [o)el) = 0. (57)

In particular, for sufficiently large n the distance is less than e. By its definition, the
following inequalities hold:

(As|A7)e < n(H(As[A7)w +6) (58)
H_. (3) > n(H(T) —5). (59)

min(

VI C k] H

max

14



We use Corollary 3.5 with the vector |¢) (so that Q(i) = |¢;]?) and M; = [2n(@iT20)++]
(the role of the term k is to cancel the —k in the definition of A). Then for any J C [k]
such that J # 0, J # [k]

> log My — Hypo (Ag|Ag) =k > (n(aj +26) + k) — Hypoe (A A7) — &

jeJ jeJ
>2md+n Y x;—n(H(As|A7)p +0) (60)
JjeJ
> nd,

therefore A > nd. On the other hand,

Fj?r

k
H,in(Q) = Y log M; > n(H(P) — n(x;+20) + k) —k

j=1 j=1
) (61)
Z (2k +1)6 | — k(k+1).
. - ®n LOCC QN
Using (51) we conclude that ) ¢|®" ———9 GHZ®" where
. 1
N > (2k —k(k+1 1-—
> | n ij +1 (k+1) | (1= —)

hoilog LI\ . 10

Letting n — oo this gives the lower bound

lim inf ﬁ > H(P

n—oo N

(2k + 1 (63)

||M?r

Since this holds for any € € (O, 1), we also get

.M?r
b&

Ep cuz([¥)y]) = H(P) — — (2k+1)0. (64)

<
Il
—

Finally, the inequality is true for any ¢ > 0, therefore

Ep anz([¥)¢)) = H(P) = ) xj. (65)

M-

<
I
—

O]

Remark 3.6. The one-shot result can be formulated in such a way that the resulting
state is a pure GHZ state with high probability and the parties have access to a classical
flag telling whether the transformation succeeded. That is, the protocol implements an
exact LOCC transformation to (1 — o(1)) GHZ®N with essentially the same N as before.
To see this, one needs an exact probabilistic version of Lemma 3.2, which also follows
from Nielsen’s theorem. However, in the asymptotic result the transformation becomes
approximate because the projection onto the jointly typical subspace cannot be implemented

by LOCC.
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4 Evaluation of the optimal bound

To get the best possible bound in Theorem 1.1 or in Example 2.6, one needs to minimize
the sum x1 + - - - + x subject to the respective constraints. Introducing h; = H(A;|A7)
(respectively using the definition in Lemma 2.4), one is lead to the following linear program:

k
Problem 1 (Primal). Minimize ij subject toVJ C [k], J # 0, J # [k] : Za:j > hy.

j=1 jeJ
This linear program is clearly feasible and bounded, e.g. x; = maxjh; satisfies
the constraints and for every partition {Ji,...,J.} of [k] every feasible point satisfies

2?21 x; > > hy. Problem 1 is an example of a covering linear program. The dual

problem is the following (packing) problem:

Problem 2 (Dual). Maximize Z hyyy subject to Vj : Zyj <1,VJ:y;=>0.
JC[k] J3j
J#0, J#[K]

By strong duality, the optimal values of both programs are equal to each other. The
advantage of the dual formulation is that the feasible region does not depend on the
parameters hj, therefore in principle one can find every vertex for a given k and write
down the optimal value as the maximum of a finite number of linear combinations of the
parameters. Note that hy > 0 implies that the maximum is attained at a vertex satisfying
ViiYoss jys =1 However, the number of such vertices is still very large except for small
values of k.

To get the bound on the distillable GHZ rate (respectively the asymptotic subrank),
one subtracts the optimal value of either linear program from H(P) (respectively hy).

Example 4.1 (Asymptotic subrank, k = 2). For k = 2 the optimum is clearly at xj = hipy
Jor j =1,2 in the primal formulation, y;1y = yroy = 1 in the dual one, which leads to the
lower bound

log Q(V) > hyy 9y — hy1y — hygy- (66)

Recall that the terms on the right hand side depend on a chosen distribution P € P(¥)
through its marginals. The terms are

h{1,2} = Qfeﬂggfp) H(A{l,Q})Q = leggfp) H(Q) (67)
Vi:Qj=F; Vj:Q;=F;
hiy = H(Aq|A = H — H(P. 68
1y = e (AmylAg)e omax, (Q) — H(P2) (68)
¥j:Q=P; ¥j:Q=P;
hioy = H(An|A = H — H(P 69
{2} Q?E(’i) ( {2}| {1})Q QE?EEA (Q) (Pr), (69)
V35:Q;=P;j V5:Q;=P;
therefore
I U) > H(P H(Py) — H . 70
og Q( )_Prengggy) (P1) + H(P2) omax, (Q) (70)

Without loss of generality the maximum can be restricted to be over those P which have

maximal entropy given its marginals, in which case the expression to be maxrimized is
I (A1 : AQ) P
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Example 4.2 (Asymptotic subrank, &k = 3). Let k = 3. Then the objective function is

hinyyy + hi2yyger + hizyygsy + by 2yyq1,2y + hsyyqn,sy + hy23ivge,3)s (71)

and the feasible region is given by the inequalities

Yy Fypey Fypgy <1 (72a)
Yioy + Y2y T Y3 <1 (72b)
Yy H 3y T Ypesy <1 (72¢)

along with yy > 0 for all J. The vertices a satisfying eqs. (72a)—(72c) with equality are

(y{1}7 Y{2}> Y{3}> Y{1,2}: Y{1,3}> y{273}) - (17 1,1,0,0, 0); (17 0,0,0,0, 1); (07 0,0, 1/27 1/27 1/2);
up to permutation of the subsystem indices. Therefore the mazimum of the dual program
18

1
max {h{1}+h{2}+h{3}v hiy+hingy hey+hisy s ey 5 (b + s + hies) }
(73)

This has to be subtracted from hyy o3y, so the best lower bound on log 9(\11) 18 the minimum
of the following expressions

hii23) = hiry = hyzy = hysy (74a)

hii23)y = hiry = 2y (74b)

hii23) = hi2y — hia sy (74c)

hii23) = sy = hi2y (744)
1

hizsy = 5 (haay + sy + hiza) - (74e)

Example 4.3 (Asymptotic subrank of free subsets, k = 3). Let k = 3 again, and assume
now that ¥ is free (introduced in ref. [ |, this notion of freeness differs from the one
in Definition 2.1), i.e. any two elements of W differ in at least two coordinates. Then
hijy =0 forj=1,2,3, and
hy= max H (Q) — H(Fy). (75)
V35:Q;=P;j

Assume without loss of generality that P mazimizes H(P) with given marginals. Then the
lower bound on log Q(¥) becomes

. 1
log Q(¥) > min {H(Pl), H(P),H(Ps), 3 (H(P) + H(P) + H(Ps) — H(P))} . (76)
Example 4.4 (Asymptotic subrank). More generally, if k is arbitrary and any two ele-

ments of ¥ differ in at least k — 1 coordinates, then hy =0 for |J| <k — 2,

he = H(Q) — H(P; 77
7T Qma (Q) — H(F)), (77)
V35:Q;=P;j

and

h[k]: max H(Q) (78)
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Assume that P has mazximal entropy among the distributions with the same marginals,
then h; = H(P) — H(P;) and hyy = H(P). Now most constraints of Problem 1 are

vacuous, the only conditions are
k
Vi[> x| —x; > HP) - H(P). (79)
j=1

The optimum becomes

max {H(P) ~H(P), ..., H(P) ~ H(Pe), - (KH(P) = H(P) — - H(Pk))} . (80)
which leads to the bound
log Q(¥) > min {H(Pl), H(PO, s (H(P) 4+ H(Py) - H(P))} (s1)

We now turn to optimizing the lower bound of Theorem 1.1. When evaluating the
optimum of Problem 2 in this setting, the number of vertices that need to be considered
can be reduced using strong subadditivity of the entropy. Indeed, suppose that a tentative
maximum point satisfies vz, > 0, yz, > 0 for some nonempty disjoint subsets Ji, Jo C [k]
such that J; U Jy # [k]. Then the transformation y;, — vy, — 0, yp, — Ys — 6, Ysus, —
YJ,uJ, + 0 leads to a feasible point if 0 < 0 < min{ys,, vz}, and changes the value of the
objective function by

§(H(Anurl|Aznos) — H(ALAT) — H(AL|AR))
= 0(H(Ay) + H(Az) — H(Azgy) — H(Ap)), (82)

which is nonnegative by the strong subadditivity inequality applied to the random variables
Ag, A JQ,Am. In particular, any vertex where such a reduction is possible can be
excluded when looking for the maximum.

Example 4.5 (Distillable entanglement, k = 3). For k = 3, the remaining vertices are

(y{1}7 Y{2}> Y{3}> Y{1,2}> Y{1,3}> y{2,3}) = (17 0,0,0,0, 1) and (07 0,0, 1/27 1/27 1/2)7 up to per-
mutations of the subsystems. The lower bound on Ep cuz s

. 1
mln{I(A1 . AQAg),I(AQ : A1A3), I(A3 . A1A2), 5[(141 . AQ . Ag)}, (83)

where I(Al 1Ay Ag) = H(Al) + H(AQ) + H(Ag) — H(A1A2A3)

Example 4.6 (Distillable entanglement, k = 4). For k = 4, the lower bound on Ep guz
18 the minimum of the quantities

I(Al : A2A3A4) (84&)
I(A1A2 : A3A4) (84b)
1

5[(141142 . A3 . A4) (846)
1](141 : AQ . A3 . A4) (84(31)
3

1 1 1 2 2

gH(A1A2) + gH(A1A3) + gH(A2A3) + gH(A4) - gH(A1A2A3A4) (84e)

and the similar ones with permuted subsystem indices.
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Remark 4.7. If I} = --- = I} and the state [Y)| (or at least the induced distribution
P) is symmetric, then the optimal value is attained at x1 = --- = xg. This is because
permutations of any feasible vector x; are still feasible and the objective function takes
the same value on them. In this case, the number of inequalities is only k — 1, since
H(A;|A5)p depends only on |J|. The optimal value for x can be written as

H(Ay|Ag)p H(P) — H(Ap_;
r= max — DT g ) .( i j])P, (85)
1<j<k—1 j 1<j<k—1 J
whereas the lower bound on the distillable entanglement becomes
 kEH(Ap_i)p— (k— 4§ H(P
Epanz(wiyl) > min MAa)e = &2 DHEP) (86)

T 1<j<k-1 J

Example 4.8 (W state). Let |¢) = |[W) = ﬁ(\lOO. ..00)+(010...00)+---4100...01)).
As remarked above, the optimal value is attained at some v1 = --- = x, = x. The
distribution P is now uniform on the support, H(P) =logk and

k=g, 1 j. ]
r log% %log%, (87)

which leads to the bound

H(Ap—p)p = —

. k _
Ep cuz(|Wi)Wg|) > min log — = log =O0(k 1). (88)

T 1<j<k—1 J k—1

The support of Wy in the computational basis has the property that any probability
distribution on it is uniquely determined by its marginals, making the limits in Lemma 2./
especially simple to evaluate. They are equal to the appropriate Shannon conditional
entropies, which implies that the lower bound of Example 2.6 is the same as the lower
bound on the LOCC distillable rate. It is known that none of these lower bounds are op-
timal. The logarithm of the asymptotic subrank of the support is h(1/k) where h(p) =

—plogp— (1 —p)log(l—p) (see [ | for the lower bound (k =3) and [ , ]
(general k) and |[. , | for the upper bound). The LOCC distillation rate is not
known, but for k = 3 ref. [ | proves a lower bound of 0.64327 ..., whereas our lower

bound is only 0.58496 . . ..

Example 4.9 (Equal superposition of permutations). Consider now the state |¢)) =
ﬁ > ves, lo()a(2)...o(k)). Then H(Ap_;)p = log I;—,', therefore we get the bound

log ;! log(k —1)!
Epcnn([6)e]) > logh! — & max 289" _ jog 1 — o8k = D!
’ 1<j<k—-1 j k-1 (89)
_ 1 logk +O0(k™h
~In2 2k '

Finally, we would like to stress that the bound of Theorem 1.1 depends on the local
bases as well. At present we are not aware of an efficient way to optimize the basis choice,
and we do not know whether the optimized bound is additive on copies of the same state
or considering powers can lead to an improvement. On the other hand, if we fix a basis
choice for a single copy and use the tensor power bases, then the bound is additive, since
in the dual formulation the feasible region stays the same, whereas the objective function
as well as H(P) are multiplied by the number of copies.
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5 Discussion

To help evaluate the strengths and weaknesses of our bound, we compare it with the lower

bounds from refs. | | and [ | on specific families of tripartite states. Let
papc = p = |¢)| denote the initial state, pa = Trpc p, etc. its marginals.
The method suggested in | , Example 11] uses a protocol simultaneously distill-

ing GHZ states and EPR pairs between a specified pair of parties. If we do this for two
pairs of parties, then the resulting EPR pairs can be turned into GHZ states by telepor-
tation. The asymptotic rates of GHZ states and EPR pairs between e.g. parties A and
B are min{H (pa),H(pB)} — Ec(pap) and Ec(pap), respectively, where E¢ stands for
the entanglement cost, and can be replaced with a higher value as long as both rates stay
nonnegative. Suppose that for a fraction ¢ of the initial states we apply the protocol to
produce EPR pairs between A and B, while for the remaining fraction we produce EPR
pairs between B and C. The above strategy leads to the following lower bound on Ep guz:

t(min{H (pa), H(pB)} — Ec(paB))
+ (1 = t)(min{H (pa), H(pc)} — Ec(pac)) + min{tEc(pap), (1 — t)EC(PAC)(} |
90

This holds for any ¢ € [0, 1] and for any permutation of the three parties. This expression
as a function of ¢ is either affine or obtained by gluing together two affine parts. Therefore
the maximum is attained either at ¢ = 0 or £ = 1 or at the point where the arguments
of the last minimum coincide, ¢t = Ec(pac)/(Ec(pas) + Ec(pac)). For these values (90)
evaluates to

min{H (pa), H(pc)} — Ec(pac) (91)
min{H (pa), H(pp)} — Ec(pap) (92)

and

min{H (pa), H(pp)} Ec(pac) + min{H (pa), H(pc)} Ec(pas) — Ec(pas)Ec(pac)
Ec(pa) + Ec(pac)

(93)

respectively. The value of E¢ is in general not known, therefore in the graphs below we
use the entanglement of formation (Ep) instead as an upper bound, which for two qubits
can be evaluated using Wootters’ formula | ].

A different lower bound on the distillable rate comes from | , Theorem 2], spe-
cialized to the GHZ state as the target:

H(pa)

Enne(p) = min { 704 H(pw). H(pc) | (94)
Again, the same holds for any permutation of the subsystems. To get the best bound, the
party with the highest local entropy should take the place of A.

For reference, we also compute the upper bound given by the bipartite cuts, namely
min{H(pA)7 H(pp), H(ﬂC)}'

As a first simple example let us examine the generalized GHZ states GHZp € S(C* ®
C* @ C*) where P € P(X). With respect to the local bases {|z)},cx, Theorem 1.1 gives
H(P), matching the bipartite upper bound. (91) evaluates to the same lower bound, while
(94) gives only half of this rate. For more than three parties, Theorem 1.1 still gives H (P),
while the method of ref. | | leads to a rate of H(P)/(k —1).
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Figure 1: Bounds on the distillable entanglement of the asymmetric W state. (Thick

black: lower bound from Theorem 1.1, dashed blue: lower bound from | |, dot-
dashed green: lower bound from | ], solid red: upper bound given by smallest local
entropy)

Next we consider the asymmetric W states [1),) = \/p|100) 4 /p |010) + /1 — 2p|001)
where p € [0,1/2]. These interpolate between a separable state (p = 0) and an EPR pair
shared between A and B (p = 1/2), both of which have zero distillable GHZ entanglement,
while the symmetric W state is recovered by choosing p = 1/3. We choose the {|0),[1)}
as the local bases. The lower bound of Theorem 1.1 gives the minimum of ~A(1 — 2p) and

h(p) — p, (91) yields

h(p)h (W) +min{h(p), h(1 — 2p)}h (1;41’2)

5 <1— 1—§p(1—2p)> h <1 ;4p2>

The lower bound from (94) is min{h(p), h(1 — 2p), max{h(p)/2, h(1 — 2p)/2}}. The three
lower bounds together with the bipartite upper bound min{k(p), h(1—2p)} are illustrated
in Figure 1. When p is sufficiently close to 1/2, both (94) and our bound match the upper
bound h(1 — 2p). More precisely, if we denote by p* the smallest value in [1/3,1/2] such
that p* < p implies Ep cuz(|¢pXv¢p|) = k(1 — 2p), then (94) shows that p* < 0.45569. ..
(the solution of h(p)/2 = h(1 — 2p)), whereas our bound improves this to p* < 0.4359...
(the solution of h(p) — p = h(1 — 2p)).
Consider now the state

IR,) = \/g\oom + \/g\om + ,/1%17 1100) — ,/1%79 111). (96)

This family interpolates between an EPR pair between B and C' (p = 0) and a GHZ
state (p = 1/2, up to an Hadamard gate applied at A). This state is studied in | ,
Example 10.] (also in | |), where it is found that their protocol gives a GHZ rate
of h(p), matching the bipartite upper bound. In contrast, (94) gives only min{h(p),1/2},
which exemplifies that the method based on combing works best when the state is close
to a bipartite one and cannot make use of genuine multipartite entanglement. When
applied with the computational basis, Theorem 1.1 only gives the trivial lower bound 0.
This is because the measurement of A is independent of the measurement results of B
and C together. However, a rotation on the first qubit can result in a nontrivial bound.

(95)
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Figure 2: Bounds on the distillable entanglement of the state in (96). (Thick black: lower
bound from Theorem 1.1, dot-dashed green: lower bound from | ], solid red: upper
bound given by smallest local entropy, equal to the lower bound from | )]

Measuring in the (|0) & |1))/v/2 basis leads to a lower bound of 1 — h(1/2 + /p(1 — p)).
The bounds are illustrated in Figure 2.
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A Entropies

In this section we will collect some definitions and facts from single-shot information
theory. We mostly follow the notations of ref. | |, but specialize to classical (com-
muting) random variables, therefore there is no need to distinguish different types of Rényi
divergences.

With the help of the Rényi divergence

1
a—1

Do (P[Q) = log ) P(a)* Q)" (97)

reX

between subnormalized distributions P, Q) € P<(X), one defines two versions of the Rényi
conditional entropies (the first one already encountered in the main text, while the second
one only used in the appendices with a — 00),

HI(X|Y)p= sup —Da(Pxy|lx ®Qy)
QeP(Y)

. 1/« (98)
-1 log Z Py (y) <Z PX|Y(93|y)a>

yey reX
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and

HYX|Y)p = —Dqs (Pxy|Ix ® Py)

1 a l1—a (99)
=108 > Pxy(x,y)* Py (y)
zeEX
yey
Both definitions can be extended to a = oo by taking limits:
HI(X|Y)p=—log» Py ) max Py (w]y) (100)
yey
1
HY (XY min  minlog ——. 101
OO( | )P yEsupp Py z€X PX‘y(ZL‘|y) ( )
We define the smooth min-entropy as
(XIYV)p = HIL(X|Y)q. 102
Hrin(X[Y)p = max Hoo(X[Y)q (102)
Note that if P is normalized and we allow embedding into a larger alphabet, then the
maximum is attained at a normalized distribution @ | , Lemma 6.5]. The smooth
min-entropy can be lower bounded using the Rényi entropies as | , eq. (6.92)]
1 2
Hig(XIY)p > HY(X|Y)p — —— log 5 (103)
for P € P<(X xY) and any a > 1 and € € (0,1).
The alternative smooth min-entropy is | , Definition 4.]
X|[Y)p= max HYL(X|Y)o. 104
Ain(XIY)p = max HL(X|Y)q (104)
Note again that if P is normalized then the optimal () can be chosen normalized as well.
The min-entropy and the alternative min-entropy are related as | , Lemma 20.]
2 1
i (XY = 1, (XY )p —lox ( 5+ = ). (105)
— e

We now combine the inequalities to bound the alternative smooth min-entropy in terms
of the “up” Rényi entropy.

Lemma A.1. For P P(X x ), a >1 and € € (0,1) the inequality

1 1

g X1V )p = HYXW)p = (14 2 ) low g (106
€

holds.

Proof. We use (105) with €; = €2 = ¢/2 and then (103) with smoothing parameter €/2:

€/2 8 1
X\Y)p>H XY)p—1 -+ —
mln( ‘ ) mln( | )P 0g <€2 + 1— 6/2)

1 8 8 1
> HI(X|Y)p — 1 —log| = +—-+ 107
=z Ha(X[Y)p a_1 8 0g(62+1—6/2> (107)
1 10 10
>H2(X]Y)p—711g6—2—1 5
since (1 —¢€/2)71 <2 < 2/ O
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Remark A.2. The bound derived in Lemma A.1 has the advantage that it has a simple
form and is valid for the largest possible range of parameters. This comes at the cost of
not being tight in certain regimes, including the one we use in the proof of Theorem 1.1
(namely o = 1, € < 1). However, this does not affect the resulting asymptotic bound.

B Properties of random generalized GHZ states

The goal of this section is to derive some properties of random GHZ states (see Defini-
tion 3.1) and to prove Lemma 3.2. First note that Nielsen’s theorem [ ] extends to a
characterisation of LOCC transformations between the pure states GHZ p:

Theorem B.1 (Nielsen). Let P and Q be probability distributions. Then GHZp Loce,

GHZq iff P is majorized by Q.
Lemma B.2. Let Pxy be a probability distribution on X x Y. Then

GHZp,, 20, GHZOH=(XIV)r) | (108)

Proof. When the conditioning is trivial (|| = 1), the relation is an immediate consequence
of Nielsen’s theorem. In the general case, this implies

GHZny(~\y) LOCC} GHZ@LH&O(XW:Z/)J

LOCC (109)
B

GHZE My camp py HS(X[Y=0)] _ GEz@LHL(XIV)]
In the second transformation some of the copies are discarded, which is clearly possible
via LOCC. To implement the stated transformation, the corresponding transformations
are preformed conditioned on the classical value y, and then the labels are erased. O

Next we turn to approximate transformations. The following lemma relates the purified
distance (D) of two random GHZ states to that of the probability distributions.

Lemma B.3. Let P,QQ € P<(X xY). Then D(GHZp,,,GHZq,,) = D(P,Q).

Proof. 1t is enough to estabilish F(GHZp,, ,GHZq,, ) = F(P,Q), since the purified dis-
tance is a function of the fidelity. First note that Tr GHZpy, =3_,  Pxvy(z,y), therefore
the first terms in (26) agree. The second term is homogeneous in both states, therefore
we can assume that P, () are normalized.

The states are block-diagonal with respect to the direct sum decomposition C* x
cY = @ye)} C¥, therefore \/GHle/iy GHZp,, GHZng can be computed blockwise.
The contribution of block y to the trace is

VP (y)VQy () Y \/wa(wly)QX\y(frly) =Y VPxy(z,y)Qxy(z.y).  (110)

TeEX zeX

The sum of this expression over y is equal to F(P, Q). O

Proof of Lemma 3.2. We may suppose that |X| is so large that the alternative smooth min-
entropy of P is attained at a normalized distribution P’. This means that D(P, P’) < €
and (by Lemma A.1)

~ 1 10
HY (X|Y)p = HS, (X|Y)p > HI(X|Y)p — (1 + a—l> log (111)
By Lemma B.3 we have D(GHZp,, ,GHZp, ) = D(Pxy,Pyy) < € and by Lemma B.2
the relation GHZP%Y LOCC, GHZ®N is true. Therefore GHZp,, %6 GHZ®YN as
claimed. O
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