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Gravitational wave detection beyond the standard quantum limit
using a negative-mass spin system and virtual rigidity
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Niels Bohr Institute, University of Copenhagen, DK-2100 Copenhagen, Denmark

Farid Ya. Khalili*

Russian Quantum Center, Moscow, Russia
® (Received 9 August 2019; published 23 September 2019)

Gravitational wave detectors (GWDs), which have brought about a new era in astronomy, have reached
such a level of maturity that further improvement necessitates quantum-noise-evading techniques.
Numerous proposals to this end have been discussed in the literature, e.g., invoking frequency-dependent
squeezing or replacing the current Michelson interferometer topology by that of the quantum speedmeter.
Recently, a proposal based on the linking of a standard interferometer to a negative-mass spin system via
entangled light has offered an unintrusive and small-scale new approach to quantum noise evasion in
GWDs [Phys. Rev. Lett. 121, 031101 (2018)]. The solution proposed therein does not require
modifications to the highly refined core optics of the present GWD design and, when compared to
previous proposals, is less prone to losses and imperfections of the interferometer. In the present article, we
refine this scheme to an extent that the requirements on the auxiliary spin system are feasible with state-of-
the-art implementations. This is accomplished by matching the effective (rather than intrinsic) suscep-
tibilities of the interferometer and spin system using the virtual rigidity concept, which, in terms of
implementation, requires only suitable choices of the various homodyne, probe, and squeezing phases.

DOI: 10.1103/PhysRevD.100.062004

I. INTRODUCTION namely, binary black hole coalescences. In order to
regularly detect gravitational waves from less powerful
events, like neutron star coalescences and supernova
explosions, the next major step in increasing the sensitivity
of the GWDs is required.

The shot noise can be suppressed either by the brute-force
increase of the optical power circulating in the interferom-
eter or by injecting squeezed light into the interferometer
dark port, as was proposed in Ref. [8]. Squeezed light is used
is the ,ShOt noise, V.VhiCh originates from the quantum in thg smaller G%V lCc)letector GE(g-]6OOCl since 20%1 [9,10].
fluctuations of the light phase [3]. In the more general Starting from the beginning of the O3 observing run, it is
context. (,)f the theory of linear quantgm m§a§urem§nts used in the Advanced LIGO and Advanced VIRGO as well.
[4-6], it is known as th-e measurement imprecision noise. Because of the Heisenberg uncertainty relation, suppres-
In the lower fr'equenmes bandf the technical (that is, o of the shot noise leads to the proportional increase of
nonquantum). NOISE sources dominate for now. o another kind of quantum noise, namely, the radiation

) The fes““m_g Se“S“‘V“y, h"_ls proved to be sufficient f‘?f pressure noise, also known as the quantum backaction noise
direct observatloq of gravitational waves from astrophysi- [5]. It originates from the quantum fluctuations of the light
cal sources [3] with an event rate which exceeded one per  ower in the interferometer, which create a random force
week during the current (as of June 2019) O3 observing run  peryhing the positions of the interferometer mirrors. Within
of the Advanced LIGO and Advanced VIRGO interfer- e gensitivity band of the laser GW detectors (=10 Hz), the
ometers [7]. At the same time, almost all GW signals  gygpended mirrors of the GW detectors can be treated as free
detected to date came from only one class of cosmic events,  |2ccaq Correspondingly, the massless susceptibility func-
tion of the signal mechanical degree of freedom of the
interferometer can be approximated as

The sensitivity of the contemporary state-of-art optical
interferometers is to a large degree limited by quantum
fluctuations of the probing light. In particular, in the
modern laser interferometric gravitational wave detectors
(GWDs), like Advanced LIGO [1] and Advanced VIRGO
[2], the dominating noise source in the mid- and high-
frequency parts of their sensitivity band (above ~100 Hz)

:zeuthen@nbi.ku.dk
'polzik @nbi.ku.dk . 2
“khalili@phys.msu.ru x1(Q) = =1/Q2, (1)
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where € is the observation frequency. Therefore, the
radiation pressure noise is most important in the low-
frequency part of the GW detectors’ sensitivity band.
When the Advanced LIGO reaches its design sensitivity,
the radiation pressure noise will be the dominating one at
low frequencies, i.e., below ~100 Hz.

At any given frequency €2, an optimal value of the optical
power exists which provides the minimum of the sum
quantum noise at this frequency. In the case where the
imprecision noise and the backaction noise are uncorre-
lated, this minimum is known as the standard quantum limit
(SQL) [11]. Being expressed in units of spectral density of
the effective position noise, it is equal to [12]

h
SsqL = o2 (2)

Several methods of overcoming the SQL suitable for laser
interferometers are known; see, e.g., the reviews [5,6]. In
particular, as early as in 1982, Unruh [13] had shown that,
injecting into the interferometer squeezed light with the
optimally tuned frequency-dependent squeeze angle (i.e.,
phase squeezing at higher frequencies and amplitude
squeezing at lower ones), it is possible to suppress the
quantum noise spectral density by the squeeze factor e*”
over the entire band of interest. A practical method for
generating frequency-dependent squeezed light was pro-
posed by Kimble and co-workers in Ref. [14]. They have
shown that the necessary frequency dependence can be
created by reflecting an ordinary frequency-independent
squeezed vacuum from an additional Fabry-Pérot cavity (a
so-called filter cavity).

This scheme is considered now as one of the most
probable candidates for implementation in the next gen-
eration of GW detectors. However, it has a significant
disadvantage, namely, vulnerability to optical losses in the
filter cavity. In order to “dilute” them, long (and therefore
expensive) filter cavities with high-reflectivity mirrors have
to be used. In fact, filter cavities with the same 4 km length
as the main interferometer arms were considered in
Ref. [14]. Currently, a more modest but still long (tens
of meters) cavity is discussed as an option for the future
upgrade of the Advanced LIGO detectors [15,16].

In Ref. [17], a different approach to the preparation of the
necessary quantum state of light was proposed. In this
scheme, two entangled light beams are prepared using an
optical parametric oscillator. One of them (“signal”) probes
the interferometer, and the second one (“idler”) the filter
cavity. The output beams are then measured by two
homodyne detectors. Because of the entanglement, meas-
urement of the idler beam prepares the signal beam in the
required frequency-dependent squeezed quantum state.
Taking into account that the wavelengths of the signal
and the idler beam could be different (the nondegenerate
regime), some additional mode of the interferometer can be

used as the filter cavity; it is this option that was considered
in detail in Ref. [17]. This scheme does not require a
dedicated filter cavity, but it requires instead the additional
squeezed light injection and the additional readout optical
paths which could hinder its practical application.

Instead of the passive filter cavity, a much more compact
active “negative effective mass” atomic spin ensemble
has been shown to cancel quantum backaction noise,
generate entanglement, and perform sensing beyond the
SQL. First experiments were performed with purely atomic
systems [18,19]. Later, the idea was applied to a mechani-
cal system [20] in the spirit of trajectories without quantum
uncertainties based on the establishment of entanglement
between a mechanical oscillator and a spin system [21].
There, it has been shown that an ensemble of spins oriented
(anti)parallel to the axis of the magnetic field behaves as
an effective (positive-) negative-mass oscillator within the
Holstein-Primakoff approximation. Those early papers
utilized the “sequential” layout, where the same light
interacts with the mechanical mode and the spin ensemble.
Recently, suppression of the backaction noise using the
atomic spin ensemble scheme was demonstrated experi-
mentally, with a nanomechanical membrane playing the
role of the mechanical object [22].

This scheme cannot be used directly in the laser GW
detectors, because, in order to interact effectively with the
atomic spin ensemble, the optical wavelength must be close
to that of the atomic transition (4g ~ 850 nm), while in the
contemporary GW detectors the wavelength is equal to
A; = 1064 nm, and longer wavelengths are planned for
future upgrades. To circumvent this problem, a “parallel”
layout (similar to the one of Ref. [17]) was proposed in
Ref. [23]. It was shown that, using demanding but realistic
parameters of the spin system, it is possible to improve the
sensitivity by 6 dB over the entire frequency band of the
GWD.

In order to effectively suppress the quantum noise, two
conditions have to be satisfied for the interferometer and
the spin system. First, the readout rates (the measurement
strengths) in the subsystems have to match each other.
Second, the susceptibility of the spin system has to match
that of the relevant mechanical degree of freedom in the
interferometer. In Ref. [23], a brute-force approach to
satisfying these conditions was used, which resulted in a
very demanding value of the quantum cooperativity factor
Cy of the spin system (denoted as d,, in Ref. [23]), about 10?
(see details in Sec. I A). Such a high value of Cg requires
that the spin ensemble should be placed inside an optical
cavity, which inevitably increases the optical losses, greatly
hindering the implementation of this scheme.

In the present paper, we introduce an additional mecha-
nism, the virtual optical rigidity effect (see Sec. 4.4 of
Ref. [5]), into the combined GWD and spin system.
We show that this idea dramatically relaxes the requirement
on Cg. The new mechanism can be implemented by
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FIG. 1. The GW interferometer (/) and the spin oscillator (S)
are probed and detected in parallel by laser beams (solid arrows)
with different wavelengths but entangled fluctuations (dashed
arrows). These two-mode-squeezing correlations are achieved by
means of a sum frequency generator in combination with an
optical parametric oscillator. The collective spin of the atomic
ensemble precesses around the magnetic field B, forming a spin
oscillator. With respect to the squeeze angle of this process, we
reference the probe ¢;¢ and detection ;s phases of the
respective systems. The output fields impinge on detectors
D, s, and the resulting measurements are suitably combined to
cancel the joint meter noise. A possible practical implementation
of the present conceptual schematic is presented in Ref. [23].

experimentally straightforward phase shifts of the optical
carrier and homodyne detection. In the following, we
provide the general analysis of the parallel spin-system-
based scheme shown in Fig. 1, assuming full freedom in
our choice of the relevant phases, namely, two homodyne
angles and two optical carriers relative to the squeezing
phase. We then show that the virtual rigidity effect can
induce effective frequency shifts in the mechanical and spin
system susceptibilities. Finally, we derive a simple closed
equation (57) for the sensitivity gain provided by our
scheme, which clearly shows the comparative role of the
optical and the spin system losses at different frequencies.

The paper is organized as follows. In Sec. II, we
familiarize the readers with the ‘“brute-force” matching
conditions of Ref. [23], introduce the virtual rigidity con-
cept and use it to derive conditions for quantum noise

suppression under ideal conditions. In Sec. III, we present
the full expression for the sensitivity of our scheme
accounting for various imperfections, including finite
entanglement between the probe fields, optical losses,
the spin system thermal noise, and response mismatch
due to the spin system dissipation. We then evaluate the
sensitivity in Sec. IV using state-of-the-art parameters for
interferometer and spin systems to assess the potential of
our scheme. Finally, we conclude and give an outlook
in Sec. V.

The main parameters used in this paper are listed in
Table 1. For the GW interferometer parameters, we use the
values which correspond to the Advanced LIGO design
goal [24]. We would like to note, however, that our results
explicitly depend only on one parameter of the interfer-
ometer, namely, the readout rate

16w,1
Q. = 0 c, 3
ql I’YlCL]/ ( )

which is equal to Q. ; ~ 27z x 60 Hz for the parameters
listed in Table I. Taking into account that for future
interferometers higher optical power but at the same
time heavier test masses and longer arms are planned,
it is reasonable to expect that this parameter will not
change drastically. For the intrinsic spin linewidth we
assume ygo = 27 X 1 Hz as has been demonstrated in an
experiment [25].

II. QUANTUM NOISE MATCHING

A. Matching conditions for the interferometer
and spin systems without virtual rigidity

A schematic of the experimental layout is shown in
Fig. 1. To set the stage for this extended scheme, we start by
reviewing the simpler scheme introduced in Ref. [23]. In
essence, it differs from the one considered here and shown
in Fig. 1 only by the specific choice of the homodyne and
the carrier angles:

bi=ds=0.  §=(=3. (4)

TABLE I. The main parameters and their numerical values used in this paper.

Notation Quantity Value used for estimates
@, Optical frequency 2zc/(1064 nm)

L Interferometer arm length 4000 m

m Mirror mass 40 kg

Y Interferometer bandwidth (half width at half maximum, HWHM) 27z x 500 Hz

I. Optical power circulating in each of the arms 840 kW

7s.0 Spin system “dark” damping rate (HWHM) 2z x 1 Hz

Nirs ol Input and output quantum efficiencies of the interferometer 0.95

Nis> Nos Input and output quantum efficiencies of the spin system 0.95
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In this limiting case, relations for the input &, ¢ and output
l;,, s light quadratures for the interferometer and spins,
respectively, are [23]

78 ~S qu 2 Ac
by =aj + 1 \/ﬁF‘v +Qga; ), (5a)
by = a +)(S(QquCT + Qésag)’ (5b)

where Qs and Q,; are the readout rates, F is the signal

(GW) force, f7 is the normalized thermal noise of the spin
system, y; and y¢ are the massless susceptibilities, and the
superscripts ¢ and s denote the cosine (amplitude) and sine
(phase) quadratures, respectively.

The analysis of the work [23] was based on two
conditions for the negative-mass spin system parameters,
which allow us to provide the required conditional fre-
quency-dependent squeezing across the entire bandwidth of
interest. The first one is the equality of the readout rates in
the two subsystems:

QqS = qu s (6)

where

Qs = /45 ()

is the spin system readout rate, g is the spin system
(Larmor) resonance frequency, and I'g is the spin-light
coupling factor proportional to the optical power probing
the spin system. Both Qg and I’y are typically highly
tunable parameters for a collective spin oscillator [22], the
former by the dc magnetic bias field and the latter by the
optical probe power. However, the readout of the spin
oscillator entails an increase of its bandwidth beyond its
intrinsic value yg( due to induced spontaneous emission
(i.e., power broadening)

Vs —Vs0 = 7spb = [s/Cs, (8)

where the spin oscillator cooperativity Cg depends on
factors such as atomic density, the atomic species, optional
cavity enhancement, and probe detuning from atomic
resonance but is independent of probe power. Since it is
desirable to keep the spin decay yg small, due to the noise
and response mismatch it otherwise entails, we are moti-
vated to realize the condition (6) by means of a relatively
small I's (so as to keep ygp, small) and a large €.
However, this strategy raises another problem pertaining
to the second matching condition which must be fulfilled
for broadband noise cancellation:

I 1
o~ (@) = ,
2~ ) = e a0

x1(Q) = )

—Q

where yg is the spin system (massless) susceptibility. In
addition to showing the need for small yg, this condition
prompts us to employ a small Qg — 0, contrary to what was
suggested by the first condition [Eq. (6)]. These two
opposing requirements can, in principle, be accommodated
by a compromise involving a small, finite Qg as in the
original proposal [23], where the value 27z x 3 Hz was
used. But this strategy demands a highly refined spin
system with Cg~10? to avoid an excessively power-
broadened yg (8), thus posing a significant practical
challenge.

B. Virtual rigidity representation

Let us start with a standard optomechanical setup
consisting of a mechanical object (free mass or harmonic
oscillator) whose motion modulates the eigenfrequency of
an optical cavity probed by a pump laser. Using the well-
known analogy between the mechanical system and the
collective spin mode of the atomic ensemble [22,26], our
treatment here can be extended to the latter, as we will
make use of in Sec. II C. For simplicity, we neglect here
the optical and mechanical losses (they will be taken into
account later). Also for simplicity, we assume that our
frequency band of interest is well within the cavity half
bandwidth y (the bad-cavity approximation):

Q<xy. (10)

This assumption, which we retain throughout this work,
will be discussed in more detail in Sec. IIT A.

The input-output relation for this system can be pre-
sented as follows:

b* = b cos¢ + b sin¢

= +1<\/ij_mF“' + Qf,&(ﬁ) sin(C = ¢); (1)

see, e.g., the review papers [5,27]. Here ¢ is the homodyne
angle, ¢ is the optical carrier phase, a“* are the cosine and
the sine quadratures of input light, respectively, satisfying

the commutation relation [a¢,a*] =i [28], b°* are the
corresponding amplitudes of the output light, and aV, b,
etc., are the rotated quadratures in terms of an angle y, e.g.,

a¥ = a‘cosy + a’siny. (12)
It is easy to see that Eqs. (5) correspond to the particular
case of Eq. (11) where ¢ =0 and { = 7/2.

From the output field (11), the signal force is
estimated as

Fy=F,+Vam], (13)

where
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b X o
f_Qqsin(C—qS)a +Q,a (14)
is the normalized sum quantum noise of our system. The
two components of this equation describe the imprecision
noise and the backaction noise, respectively; in general,
these are correlated with each other.

The consequences of the correlations can be elucidated
by introducing the orthonormal quadrature basis defined by
the detection angle ¢:

a“ = a2 = a°sin¢ — a*cos ¢, (15a)
a =af =4a°cos + a*sind. (15b)
The resulting form of j‘ (14) is
A )(_1
f="a" 4 pa, (16)
p
where
p=Q,sin({ ~ ) (17)
is the effective readout rate and
QZ
Xt =1 +tsin2(C - ¢) (18)

is the effective susceptibility of the scheme. It follows from
Eq. (16) that the orthonormal basis (15) introduces the
effective, uncorrelated imprecision and backaction noise
terms constructed by absorbing the part of the backaction
correlated with the nominal imprecision noise into an
effective imprecision noise term. A by-product of this
transformation is the modified effective susceptibility
Xetr- Since the modification term in Eq. (18) is real and
independent of the Fourier frequency, it corresponds to a
shift in the resonance frequency of y, whence it is referred
to as virtual rigidity (see Sec. 4.4 of Ref. [5]).

We conclude that, in the absence of optical losses, the
probing of a system characterized by y and probe param-
eters €, ¢, and ¢ is indistinguishable from the scenario
resulting from using the scheme with effective parameters

Xeff> Qqeff = f, and Lo — egr = 7/2.

C. Quantum noise matching using virtual rigidity
for two systems probed by entangled light

Consider now two systems—the interferometer and the
spin system, denoted by the subscripts / and S, respectively.
Suppose that they are probed by individual optical meters,
described by the four quadratures a;* and ag”®, in the
manner described in Sec. II B. The two systems are not

interacting, but the fluctuations of the two light meters are

assumed to be entangled by a nondegenerate parametric
down-conversion process (see Fig. 1). We will use the
parametric pump phase as the phase reference point (that is,
the squeeze angle defines zero phase). In this case, the noise
spectral densities of all four quadratures are equal to

cosh2r
2 b

Sa;f = Sa; = Sag = Sag = (193)
and the cosine quadratures of the beams are correlated,
whereas the sine counterparts are anticorrelated:

sinh 2r

5 (19b)

Sa;’ag. = _Sa;a'bl =
where r is the squeeze factor. All other components of the
correlation matrix vanish.

Assume now that we wish to measure a force signal
acting on system /. Because of the meter noise correlations,
the sensitivity to this signal can be improved by exploiting
the additional probing on system S by adding the corre-
sponding additional output signal to the main interferom-
eter signal with some optimal weight function A. The
equations for the normalized meter noise (14) for the two
systems are

—1
> _ A1 ~C) ~r

= - a;'+ Q a;’, 20a
fi Qq151n(€1—¢1) ! i (202)
N )(_1
fg= s ag +Qusa%,  (20b)

Qs sin({s — s)

respectively, where {; ¢ are the homodyne angles in the
interferometer and the spin system channels, respectively,
and ¢; ¢ are the corresponding probe phases of the carrier
fields. In Ref. [23], the simplest particular case of meas-
uring the phase quadratures of light while probing with the
(orthogonal) amplitude fluctuations was considered:

7
gI:CSZE’ ¢ = s =0, (21)
which corresponds to
w o a
f1= Q—I&; + Qg a5, (22a)
q
x5!
fs= Q—S&fg +Q,gag (22b)
q

Taking into account Eqgs. (19), it is easy to see that if
st = le and x5 = —x1. (23)

then the simple subtraction of fs from j‘, (which corre-
sponds to the choice of the above-mentioned weight
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function A = —1) allows us to reduce the resulting noise
spectral density by the factor ¢?”/2 relative to a standard
interferometer subject to vacuum noise. The optimal weight
function A = — tanh 2r gives the slightly better suppression
factor cosh2r.

As was discussed in Sec. II A, implementation of the
near antisymmetric susceptibilities (23) could be pro-
blematic due to technological limitations. However, the
virtual rigidity approach can be used to make the effective
susceptibilities (18) match each other. Here we demonstrate
how the complete cancellation of quantum noise at all
Fourier frequencies can be engineered in the limit of a
lossless negative-mass spin system with

75 = (@ - 02), (24a)
where the overall sign stems from the negative mass (the
general case is considered in Sec. III). For the interferom-
eter, we suppose that

at=-Q (24b)
(the ideal free mass).

In general, the phase rotation transformations (15) in
terms of {; s alter the cross-correlation entries in the spectral
density matrix of the light quadratures. However, an inter-
esting feature of the two-mode squeezed light generated in a
nondegenerate parametric process is that if the homodyne
angles {; and (g are antisymmetric with respect to the phase
of the parametric pump (modulo 7),

{r+ s = mn, (25)

where 7 is an integer, then the matrix remains invariant and,
in particular, Egs. (19) remain valid. This follows from the
simple geometrical observation that Eq. (19b) implies that
the quadrature pairs (af, a5) and (aj, —as$) are correlated.
The minus sign in the latter pair effectively inverts the sense
of rotation (15), {§ — —{§, resulting in the antisymmetric
condition (25) for invariance of the correlation matrix. Let
us, without the loss of generality, take n = 1 in Eq. (25) in
order to provide a smooth transition from the case of
Ref. [23], as stated in Egs. (21).

Assuming the condition (25), we can rewrite Egs. (20) in
the virtual rigidity form (16):

)(—l
T Aeffl ~st ~cl
f[ ap +ﬁ1a1 ’

= 26a
5, (26a)
N )(_1
fs= %&? + Bsay. (26b)
where
Prs = Qs Sin(CLS - ¢1,S) (27)

and

2

-1 2 qu .
Yoy = —Q° + Tsm 2(¢— ), (28a)

2

Q
Xats = Q2= Q3 + T"Ssm2(§5 - s). (28b)

Therefore, the setting

Q2 Q;
qu sin2(¢; — ¢p) = Q% — qu sin2({s — gs) (29)

provides the effective response functions matching con-
o -1 -l
d1t19n Xetts = Heffl- ) .
Finally, we have to make the effective coupling factors
equal to each other, which gives the following condition:

Pt = Bs. (30)

In order to simplify the equations, it is convenient to
introduce the following combined angles:

=49, d=d¢r+ ¢s. (31)

In these notations, the conditions (25), (29), and (30) can be
reexpressed and summarized, respectively, as

(+dr+ s =m, (32a)
sin?¢
, _singsing _, (32¢)

S sin(+g)

These conditions generalize those of the simpler scheme,
Egs. (6) and (9), which are recovered from Egs. (32b) and
(32c) as the special case { = z/2 and ¢ = 0.

D. Geometrical interpretation of noise
cancellation using virtual rigidity

We now provide a geometrical interpretation of the
conditions for quantum noise cancellation arrived at
above. To this end, we focus on the case { = z/2, which
is the natural choice for purposes of broadband sensing
enhancement (as will be discussed below). In view of
Egs. (31), we may choose ¢p; = 0 as a matter of convention,
since this is without consequences for Q. ¢ and Qg
[Egs. (32b) and (32c¢)]; it follows that ¢p = ¢bg and, from
Eq. (32a), {s = n/2. Conveniently, this implies equality
between the original and primed quadrature bases &;’g and
ﬁ;:;’ [Egs. (15)].

In this scenario, the backaction matching condition (32b)
can be written [cf. Eq. (6)]

062004-6
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FIG. 2. Geometrical representation of the virtual rigidity effect.
The backaction and imprecision noise quadratures for / and S are
depicted with respect to the quadrature bases (a5, aj ), re-
spectively. Homodyne measurement quadratures are chosen to be
by and b} (e, ¢, =C&5=m/2) so that the corresponding
imprecision noise quadratures (vertical bold arrow) coincide
with the vertical axes, aj and aj. For I, we make the “standard”
choice of probe phase ¢; = 0 such that the orthogonal quadrature
ag acts as backaction. However, for S, a probe phase ¢ = ¢y
relative to ag is introduced.

Q= Q}cos’p = 4QT scos’¢h, (33)

where only the component I'scos?¢ of the spin backaction

ﬁf overlapping with that of the interferometer &5 contributes

(Fig. 2); the projection factor is cos ¢ in terms of amplitude
and, thus, cos® ¢ in terms of power. However, the power
broadening of y¢ and associated noise are still proportional
to the full backaction rate I'g according to Eq. (8).

The virtual rigidity effect results in an effective spin
resonance frequency Qg as found in Eq. (28b):

QZ
Q2= Q% — qusin 29 = Q- Q2 tang,  (34)

where the condition (33) was used to obtain the last
expression. This shift can be understood geometrically
from Fig. 2 as follows: The state of S is mapped with
/2 whose

¢
S

strength Qés onto the output quadrature IA)%5

imprecision noise &‘é’”/ 2 (orthogonal to the backaction a

has the projection factor cos¢ onto af, the imprecision
noise of the chosen measurement quadrature. Meanwhile,
the part of the backaction &? correlated with aj is the
projection sin¢. Combining these factors, the resulting
interference is found to be equivalent to a shift in

the resonance frequency squared by —Qés cos¢sing =
—(Qé 5/2) sin 2¢ [see Eq. (34)], where the minus sign arises
from the negative effective mass; cf. Eq. (24). Matching

requires Qg = 0 as discussed above, thus, according to
Eq. (34), fixing

Qg = Q,\/tan ¢, (35)

which is consistent with Eq. (32¢) for { = z/2.

E. Optimal ¢ for minimizing spin decay yg

Continuing to focus on the choice { = z/2 relevant for
broadband quantum noise evasion, we now finally address
to which extent the virtual rigidity effect can alleviate
the limitation of the original scheme reviewed in Sec. II A.
Our goal is to approach the quantum noise matching con-
ditions while minimizing yg and, hence, I'y; see Eq. (8).
As is clear from Eq. (35), the virtual rigidity effect allows us
(in principle) to work at an arbitrarily large €2¢ for a given
Q,; by letting ¢ — /2. But the projection factor cos? ¢ in
Eq. (33) entails that under the constraint of matching (32)
the minimum of yg occurs at a finite value of Q.
Combining Egs. (33) and (35), we find that

. 7 (36)
4+/sin ¢pcos’

which is minimal at ¢) = /6, resulting in

FS:

Iy =Q,/3%4, Q5 =Q,/3"4, (37)
and, hence, in view of Eq. (8), the minimized spin decay yg.
Since this is the main bottleneck parameter, as will be clear
from the full sensitivity calculation below, the parameters
{=n/2, ¢ = x/6, and (37) constitute a quasioptimal set
for broadband quantum noise evasion resulting in a much
less stringent requirement for the spin cooperativity Cg and/
or the intrinsic decay rate yg, compared to the original
proposal [23].

III. CALCULATION OF THE SENSITIVITY

A. Assumptions and approximations

In the analysis above, we arrived at the conditions for
perfect quantum noise cancellation while elucidating the
essential physics of our scheme. However, this was done in
the idealized limit of dissipationless mechanical and spin
degrees of freedom. While the mechanical losses in modern
gravitational wave detectors are very small and can safely
be neglected in our analysis, the imperfections brought
about by finite bandwidth y¢ of the spin system as well as
by the optical losses must be accounted for in order to
assess the feasibility of the scheme.

A finite y¢ will impact performance in two ways. First, it
will introduce a nonzero imaginary part to the spin system
susceptibility:

xs' = —(Q5 - Q* - 2iQy). (38)

which cannot be countered by the virtual rigidity effect
and, hence, will render perfect broadband matching of the
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effective susceptibilities )(gf}, and )(e_f}S impossible. Second,
on account of the dissipation-fluctuation theorem, spin
noise uncorrelated with the meter noise will degrade the
sensitivity.

The optical losses can in a natural way be divided into
three parts: the losses in the input paths of the interferom-
eter and the spin system, the light absorption inside these
two subsystems (e.g., the intracavity losses), and the losses
in their output paths. The input losses include, in particular,
the imperfections of the squeezer, whereas the output losses
include, in particular, the finite quantum efficiency of the
detectors. In order to simplify the equations, we neglect the
intracavity losses. In the contemporary GW interferome-
ters, the influence of these losses is small in comparison
with the input and the output counterparts. Concerning the
spin system, the virtual rigidity approach requires only
the modest quantum cooperativity Cg ~ 10, which allows
the use of a small-finesse cavity or even a cavityless path-
through topology, which also makes the internal optical
losses much smaller than those at the input and the output.

In our analysis here and below, we still assume the bad-
cavity approximation (10). This approach is justified by the
following reasoning. The spectral shape of the quantum
noise of interferometers depends on the two characteristic
frequencies Q, and y. Below €, the radiation pressure
noise dominates over the imprecision shot noise (if no
backaction cancellation techniques are used). Above y, the
normalized noise increases due to the signal cutting by
the interferometer bandwidth. In all contemporary and
planned GWDs, Q, < 7. If frequency-independent squeez-
ing is used, then the effective Q, scales up as e*". However,
in frequency-dependent squeezing schemes like the one
considered here, both the backaction noise and the impre-
cision shot noise are suppressed, leaving Q, unchanged.
Therefore, all nontrivial behavior of the backaction can-
cellation schemes is concentrated in the frequency band
Q~Q, <y. In particular, it is easy to show that, at higher
frequencies, the scheme which we consider here provides
only the trivial (but desirable) frequency-independent
suppression of the sum quantum noise, which consists
only of the imprecision shot noise in this frequency band,
by a frequency-independent factor defined by the squeez-
ing rate and the optical losses.

B. Effects of dissipation and losses

With account of optical losses and spin dissipation, the
input-output relations for the interferometer and the spin
system take the following form:

. . Qyr 20 g
bgl = m|:a§[ +)(I <—/;—mFs + lea[lﬁl) Sln(é’l - ¢I):|

+ 1- ’1()12§, ’ (393')

by = \/moslas’ +)(S(QqS]ACT + 93,5&?3) sin(Cs — ¢s)]
T (390)

compare with Eq. (11). Here Z; ¢ are the vacuum fields
associated with the output optical losses of the interfer-
ometer and the spin system channels, and f7 is the nor-
malized thermal force of the spin system with the spectral
density defined by the fluctuation-dissipation theorem:

or > 2ysQ. (40)

We assume that this noise is ground-state noise, i.e., with
equality in the above equation. Accounting for the input
optical losses, the spectral densities and correlations (19) of
the incident optical fields generalize to

Su = S = nsinh®r +1/2, (41a)
_ — inh2
Sac = Say = migsinh™r 4 1/2, (41b)
1 .
Satas = ~Satas = 5 Vitllis sinh 2r. (41c)

Similar to our treatment in Sec. II C, we introduce the
normalized noise forces

. ~1 At ~lg 58

f[ :)(effl 1 _;j(I olZ] +ﬂ[&;‘/, (423)
—1 A~s/ -1 NS

- Xeitss T Xs €os< A 5

Jg = 2eftsS ﬂss 5 psag + fr, (42b)

where

-
€15 = ﬂ§ (43)
Nor.s

compare with Eqgs. (26). The spectral densities of f, and j‘s
and their cross-spectral density are equal to

_ nirK;

oy 5 (cosh2r 4+ x;), (44a)
K
o5 = Mis 2 s (cosh2r + xg), (44b)
1 .
O1s =5V NirMisK s sinh 2r, (44¢c)

where we have introduced the factors
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k 2
xp =€+ KIIS’;II ; (45a)
1
k 2
x5 = 4 ~SCos LT (45b)

describing the total imperfections in each of the channels,
and the coefficients

_ |Z§ﬁ£1.s : %)
Kis=—3—+Prs (46a)
Pis ’
K5 = Kjgcos({; + {s) + Kjgsin(¢; + Cs),  (46b)
—1)2
kys = @ (46c¢)
Pis
with
-1 ,,—1x%
KeffIX eftS Ps 1 | Pr__i.
Kjg === === [iPs. Kjs = 7= Xewrr + 7 Xeits-
Is B,Bs Ps 18 = g Ketil T g Keifs
(47)

The optimally combined sum noise spectral density of
the two meters is given by

i:g _ los5|? _ Nt
I gy 2K g(cosh2r + xg)

+ |Kys|* + K Ks[(x; + x5) cosh2r 4 xpxs]},  (48)

{|K o5 |*cosh?2r

where
‘I{res|2 = KIKS - |K1S|2' (49)

Note that the structure of Eq. (48) suggests that an optimal
value of squeezing providing the minimum of S should
exist. This optimization is done in the following subsection.

C. Squeezing optimization

Here we derive the optimal value of the squeezing
parameter r based on the general expressions given in
Sec. I B. To be precise, we derive the value of r that
minimizes the sensitivity S(Q) (48) at a given Fourier
component Q. Nonzero squeezing (and, hence, introducing
the spin system) can improve the sensitivity only if the
extraneous noise in the spin system uncorrelated with the
interferometer is sufficiently small; from Eq. (48), we find
the following condition on xg (45b):

|Kres|2

g < 1—20°msL
KiKs

(50)

Recall that these quantities depend on the Fourier fre-
quency Q. Provided that the condition (50) is fulfilled, the

squeeze parameter 7oy (€2) that minimizes the sensitivity
S(Q) is specified by

L

cosh 2rqy () = Ko
res

1 =% — xs. (51)

Note that Egs. (50) and (51) are both independent of the
extraneous noise in the interferometer due to optical losses,
nir-Nor < 1. If the source of entangled light is broadband,
as assumed throughout this work, it is characterized by
a squeeze factor r which is independent of the Fourier
frequency; accordingly, the chosen r will not be optimal
for all Fourier frequencies €. With this in mind, we may
nonetheless evaluate S(Q) (48) at r = r,, () to achieve an
expression for the optimized sensitivity at each Fourier
frequency:

i _ M
hm 2KS

F=Topt

[2|er63|2 COShzropt + KIKS(}{I + }{S)]’
(52)

with cosh2ry, given by Eq. (51), suppressing the €Q
dependence of the involved quantities for brevity.

D. Quasioptimal noise cancellation
in the large-squeezing limit

We now optimize the full sensitivity (48) in the large-
squeezing limit e*” > 1. While the parameters which
provide this optimum are not strictly the best ones for
finite squeezing and in the presence of optical and spin
losses and noise, it is still a reasonable working point when
these detrimental effects are relatively small.

In the limit of r — o0, Eq. (48) simplifies to

N ’7i1€2r |I(re§|2
- = LI 53
hm 4 K (53)

In order to minimize this expression, the cross-correlation
term |K;g| has to be maximized. In principle, its rigorous
maximization in {; + {g is possible, but its maximum
corresponds to frequency-dependent homodyne angles.
We assume instead that the condition (25) is fulfilled. In
this case,

Bs v P4
|Kres|2: E)(efb—'—%)(ef}.g : (54)

It is easy to see that, in the ideal lossless case of (24), the
conditions (29) and (30) make K, equal to zero.

Unfortunately, the imaginary part of the realistic spin
system susceptibility (38) does not allow us to cancel K
completely. Taking it into account and still assuming the
conditions (25), (29), and (30), we obtain that
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4022
Ks=K; + ﬁ;’s’ (55a)
1
4 -2 92 2
KisP = K} + A0, (55)
1
K e = 4Q%y5. (55¢)

Note that y.¢; depends only on the angle ¢, as is clear
from Eqgs. (18) and (31). We thus remark that the optimized
noise spectral density (48) depends on the angle ¢ only via
x5!, as this dictates our choice of Qg according to Eq. (32¢).
The only term in Eq. (48) that contains y3' represents the
vacuum noise due to optical losses at the output of the spin
system and is minimal at the peak of ys(Q) (Q~ Qg
provided that Qg > y¢). Hence, in the absence of such
losses, n,s = 1 = €,5 — 0, the sensitivity is independent
of both ¢ and Qg. Crucially, this allows a significant extent
of freedom in choosing the (bare) spin resonance €2g, since
the appropriate effective (virtual) resonance can achieved
by the proper choice of ¢; this is a great advantage for
purposes of practical implementation and is a central result
of this work.

IV. DISCUSSION OF THE SENSITIVITY

We now explore this central idea in a case of particular
interest { = x/2, so that y.; = y;, which means that the
standard phase configuration of orthogonal probe and
homodyne quadratures is used for the main interferometer;
this is exactly the scenario discussed in Sec. II D. As for an
interferometer without a spin system, this yields the most
flat shape of the sum quantum noise spectral density, as
well as the best performance in the shot-noise-dominated
high-frequency band. Moreover, in all plots we choose ¢ =
7/6 in order to minimize yg for fixed Cg according to the
discussion in Sec. I E; hence, the quasioptimal Qg and T'g
are given as functions of Q_; alone; see Egs. (37).

Prior to plotting the sensitivity resulting from these
parameters, let us discuss the choice of squeezing r in
the presence of imperfections. The optimal degree of two-
mode squeezing r,, depends on the signal Fourier fre-
quency Q; see Sec. III C. This function is plotted in Fig. 3
for different spin cooperativities Cg and exhibits a mini-
mum near Q ~ Qg for the present parameters, as will be
discussed below in this section.

Taking into account that in GWDs the main interest is in
broadband sensing enhancement, we will here choose the

|

G:

Sed K;Ks(1 4+ x;)(cosh2r + xg)

Optimal squeezing, ropt
dB (20r/Log,10)

5 10 50 100 500
Signal frequency, f [Hz]

FIG. 3. Optimal squeezing as a function of the Fourier
frequency for different values of the spin cooperativity Cg. The
bare spin resonance Qg/(2x) is indicated by the vertical line and
coincides to a good approximation with the minimum of 7, ().

squeezing r = ry,;, that maximizes the minimal sensitivity
gain within the signal bandwidth. This will tend to flatten
the gain curve and will in some sense represent a
conservative assessment of the scheme in that the chosen
squeezing is optimal only for a single point on the gain
curve.

The degree of two-mode squeezing r, defined in
Egs. (19) and shown in Fig. 3, corresponds to the pure
state generated by the optical parametric oscillator and
not to what is actually observed given the losses and
imperfections which are taken into account separately.
Therefore, it essentially is limited only by the pumping
power. More specifically, the expression for the degree
of squeezing in a pure state as a function of the ratio of
the pump power to the threshold pump power, P/Py,, is
exp2r = (1 ++/P/Py)?/(1 —\/P/Py)? [29]. It follows
that the degree of squeezing of 15 dB is achieved at half
threshold power, and 20 dB can be achieved at 67% of
threshold power, which is well within the experimental
reach.

In Fig. 4, the normalized quantum noise spectral density
is plotted for the parameters discussed above and for three
realistic values of Cg. For comparison, the spectral density
Sqa of the standard interferometer, which corresponds to
r — 0and ¢ = x/2, is also shown in this plot. It can be seen
that a broadband sensing gain is possible relative to a
standard interferometer, surpassing the SQL over a broad
band, as also demonstrated in the original proposal [23].

To further illustrate the sensitivity gain relative to the
standard interferometer, we introduce the gain factor

s |K os|*cosh?2r + | K s> + K K[(5¢; + x5) cosh 2r + xxg]

(56)

It is plotted in Fig. 5 for the same values of the parameters as in Fig. 4. Note that, since the event rate of GWDs scales as the
volume within which the GWD is sensitive, it is proportional to G*/2.
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0.020FT
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——— Std. interferometer
0.010p —— w/spin, Cg=5

----- w/ spin, Cs=10

Sxx/(h/m)

........ w/ spin, Cs=20
0.005}

0.002-
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=
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c
D
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c
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o

0.001} el
‘

Signal frequency, f [Hz]

FIG. 4. Normalized position sensitivity +/[y;(Q)|>S for the
spin-GWD scheme benchmarked against a standard interferom-
eter. Also shown is the SQL.

Equation (56) is quite cumbersome. However, for the
reasonable values of the parameters which we use for our
estimates, it can be significantly simplified, providing
insight into the comparative influence of the optical losses
and the spin system bandwidth on the sensitivity. Focusing
on the case { = z/2 and making the reasonable assump-
tions that x; g < cosh2r, yg < Q,, and €% < 1, Eq. (56)
can be approximated as

1 +J{]

. ) 57
approx 1 2y5Q/cosh2r ’ +x+x ’ ( )
Vcosh2r Ki ' o
where
kqe
) 508
Xsopt = €is T K o
sNis
2.50—".'.'. -------------------- 8
By “n\\ !
\i 3 \x\\\\ -------------------
T N T e '3
£ ] ]
2 .2
= 175f k
% 3
R Cs=20, r=1.91 (=16.6dB) 4
1.50F ----- Cs=10, =167 (=14.508)
Cs=5, 1=1.37 (=11.9dB) ’

1 5 10 50 100
Signal frequency, f [Hz]

FIG. 5. Sensitivity gain relative to standard interferometer
VG = \/S4q/S. The vertical line indicates Qg/(27). Gain values
predicted by simplified expressions for low (61) and high (62)
frequencies are indicated by horizontal line segments. We also
indicate the gain at Q = Qg, near the minimum, according to the
approximate formula Eq. (57).

is the part of »xg imposed by the optical losses (note that it
still depends on yg through the factor kg, but this depend-
ence is relatively weak).

Equation (57) succinctly expresses the impact of spin
decay g, optical losses x; and x gy, and finite squeezing r
on the performance of our scheme. It shows that, at the
price of introducing the additional optical losses x g, the
essential quantum noise contribution (i.e., in the absence
of losses) is reduced by the factor given by the parenthesis
squared in the denominator of Eq. (57). The squeeze
parameter 7., (Q) that maximizes Gy, at a given
Fourier frequency Q is simply given by cosh 2r,, () =
K /oy [using Eq. (40) with equality]; this is consistent with
the general result (51) within the regime of validity of G ~
G approx insofar as »§ << 1.

Equation (57) clearly shows also that the characteristic
dip in the frequency dependence of G (see Fig. 5) is created
by the spin system damping and corresponds, to a good
approximation, to the maximum of the ratio Q/K;, which
occurs at the frequency

Qnin = Qq1/31/4' (59)

It can be seen from Eq. (37) that Q_;, coincides with the
bare spin resonance Q;, = Qg when ¢ = 7/6, the choice
that minimizes yg. For our values of the parameters, it
evaluates to Q,;, ~ 27 X 48 Hz. Estimates show that,
around this frequency, the value of G is limited mostly
by the spin system damping. Because of the increase of the
spin system damping influence around Q;,, a smaller
degree of squeezing (that is, less entangled optical fields in
the interferometer and the spin system channels) becomes
optimal in this frequency band, creating the aforementioned
dip in Fig. 3.

At the same time, for low and high signal frequencies,
K; > 2y¢Qcosh2r and

N 1+}{[ .
~1/cosh2r + x; + Hsopt

(60)

that is, the sensitivity gain is primarily defined by the
optical losses. Keeping only the lowest-order terms in 6121' g
and eﬁ 1.5 in the numerator and denominator of Eq. (60), we

find for low (backaction-dominated) frequencies Q < Q;

Gr L+ ¢
1/cosh2r + €% + €3 + e25tan’p’

(61)

whereas for high (imprecision-noise-dominated) frequen-
cies Q> Q

~ L+ef +e
~ 1/cosh2r + el?l + 6%1 T 6125 n egs.

(62)
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The approximate Eqgs. (61) and (62) are compared to the
exact sensitivity gain in Fig. 5.

V. CONCLUSION AND OUTLOOK

We have discussed a scheme that promises to push
gravitational wave detectors into a new realm of broadband
sub-SQL sensitivity by means of a flexible and unintrusive
extension of existing interferometer topologies by a neg-
ative effective mass spin oscillator. The physical resources
required by this approach are relatively low cost compared
to other candidate techniques for quantum noise evasion
proposed for future GWDs.

We have shown that the addition of the virtual rigidity
technique to the scheme first proposed in Ref. [23] allows
one to achieve a tangible sensitivity gain even for modest
values of the atomic cooperativity, Cg ~ 10, which dramati-
cally facilitates practical implementation of this scheme.

The value of the resulting sensitivity crucially depends
on two factors: optical losses in the scheme and the
dissipation rate in the atomic spin system. For the
reasonably optimistic values of these parameters used

for our estimates, the sensitivity gain (in comparison with
an “ordinary” interferometer) could reach 6-7 dB.

While our modeling and assessment of the scheme is
reasonably detailed, it is beyond the scope of the present
work to exhaustively account for all realistic imperfections
of gravitational wave interferometers. A first step towards
the practical implementation of the scheme would be a
proof-of-principle demonstration of the spin subsystem
subject to a two-mode-squeezed input field. The modular
nature of the setup allows such separate characterization
and optimization of the spin subsystem. Given a spin
system fine-tuned in this manner, work towards integration
with an actual GWD could commence.
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