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GROUND STATE ENERGY OF A DILUTE TWO-DIMENSIONAL BOSE

GAS FROM THE BOGOLIUBOV FREE ENERGY FUNCTIONAL

SØREN FOURNAIS, MARCIN NAPIÓRKOWSKI, ROBIN REUVERS, AND JAN PHILIP SOLOVEJ

Abstract. We extend the analysis of the Bogoliubov free energy functional to two di-
mensions at very low temperatures. For sufficiently weak interactions, we prove two term
asymptotics for the ground state energy.

1. Introduction

It has been a long standing problem to determine the asymptotics of the ground state
energy density e0(n, ρ) of a dilute Bose gas in n dimensions in the thermodynamic limit.

In three spatial dimensions (n = 3), the famous Lee–Huang–Yang formula [16] predicts
that

e0(3, ρ) = 4πaρ2
(
1 +

128

15
√
π
(ρa3)1/2 + o(

√
ρa3)

)
as ρa3 → 0, (1.1)

where a denotes the scattering length of the two-body interaction potential, ρ is the density
of the system and we have chosen units so that ~/2m = 1. The diluteness condition ρa3 ≪ 1

means that average inter-particle spacing ρ−1/3 is much smaller than the effective range of
the potential a. Note that this formula implies that the ground state energy depends on
the two-body interaction only through the scattering length and can be interpreted as a
universality result.

The first rigorous result in the direction of (1.1) has been obtained by Dyson in [10]
where a matching upper bound for the first term in the expansion has been obtained. It
then took over 40 years until Lieb and Yngvason [20] proved a lower bound for the leading
order term (see also [15, 38, 17] for further improvements and extensions). The correct
upper bound for the second term in the expansion has been obtained by Yau and Yin [36]
(see also [11] for an intermediate result). While there have been several partial results in
that direction ([13, 3, 4]), a precise lower bound that would capture the second order term
remains unknown.

One can ask the same question in two spatial dimensions (n = 2). In this case it has
been first derived by Schick [33] and then proved by Lieb and Yngvason [21] that

e0(2, ρ) =
4πρ2

| ln(ρa2)| (1 + o(1)) as ρa2 → 0. (1.2)

While there are no rigorous results about the second order correction term, it has been
predicted in many works (see, e.g., [1, 30, 25]) that it should be given by

− 4πρ2 ln | ln(ρa2)|
| ln(ρa2)|2 . (1.3)

An even more difficult task is to consider the Bose gas at positive temperatures. In principle,
all thermodynamical properties of such a system are accessible via its free energy. There
exist only very limited rigorous results about the free energy of a bosonic system starting
from a many-body Schrödinger Hamiltonian. In fact, in the dilute regime, the homogeneous
gas in three dimensions has been treated by Seiringer [34] and Yin [37] (see also [8, 9] for
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recent developments for the trapped and Gross–Pitaevskii cases). The lower [34] and upper
bound [37] prove the free energy asymptotics

F (T, ρ) = F0(T, ρ) + 4πa
(
2ρ2 − [ρ− ρfc]

2
+

)
+ o(aρ2) as ρa3 → 0. (1.4)

Here F0(T, ρ) is the free energy of the ideal Bose gas given by

F0(T, ρ) = sup
µ≤0

{
µρ+

T

(2π)3

∫

R3

ln
(
1− e−T−1(p2−µ)

)
dp

}
. (1.5)

The free critical density for Bose–Einstein condensation (BEC) in the ideal gas equals

ρfc(T ) =
1

(2π)3

∫

R3

(
ep

2/T − 1
)−1

dp. (1.6)

Finally, [·]+ = max{·, 0} denotes the positive part. Very recently, the free energy of a
homogeneous two-dimensional Bose gas has been rigorously analyzed by Deuchert, Mayer
and Seiringer [7].

While the impressive results mentioned above improve our understanding of Bose gases at
positive temperatures significantly, the proof of Bose–Einstein Condensation in a homoge-
neous system in the thermodynamic limit is still lacking. The analysis of certain properties
of Bose systems at positive temperatures relies therefore only on effective theories which -
while still non-trivial - are easier to handle than the full many-body problem.

One of such effective theories is given by the so-called Bogoliubov free energy functional.
This functional, first introduced by Critchley and Solomon [6], models a homogeneous Bose
gas at positive temperatures in the thermodynamic limit. It is obtained by evaluating the
expectation value of H−TS−µN in a quasi-free state (here H is the Hamiltonian, S is the
von Neumann entropy, N is the particle number operator and µ us the chemical potential)
and then varying over all quasi-free states.

Recently, several interesting properties of a system of interacting bosons have been de-
rived within this approximation. In particular, it has been shown in [26] that the model
exhibits a BEC phase transition and, in the dilute limit, the critical temperature of such
phase transition has been derived [27]. The Lee–Huang–Yang formula (1.1) and the free
energy expansion (1.4) have been also almost (this will be made precise later) recovered. In
[28] it has been shown that the functional has also interesting features in two dimensions
at criticality.

The goal of this paper is to extend the analysis in [28] to include a derivation of the
ground state energy formula that includes both (1.2) and (1.3). A precise statement of the
theorem will be given in Section 2 where the functional will be also introduced. In Section
3 we will recall its most important properties, summarizing the results of [26, 27, 28].
In Section 4 we will provide an outline of the proof together with the most important
preliminary steps. The proof of the main result will be a given in Section 5.

Acknowledgments. The support of the National Science Centre (NCN) project Nr.
2016/21/D/ST1/02430 is gratefully acknowledged.

2. The model and main result

The model we want to analyze is defined by the Bogoliubov free energy functional F
given by

F(γ, α, ρ0) = (2π)−n

∫

Rn

p2γ(p)dp − µρ− TS(γ, α) +
V̂ (0)

2
ρ2

+
1

2
(2π)−2n

∫∫

Rn×Rn

V̂ (p− q) (α(p)α(q) + γ(p)γ(q)) dpdq

+ ρ0(2π)
−n

∫

Rn

V̂ (p) (γ(p) + α(p)) dp,

(2.1)
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which is the free energy expectation value in a quasi-free state. Here, ρ denotes the density
of the system and

ρ = ρ0 + (2π)−n

∫

Rn

γ(p)dp =: ρ0 + ργ .

The entropy S(γ, α) is

S(γ, α) = (2π)−n

∫

Rn

s(γ(p), α(p))dp = (2π)−n

∫

Rn

s(β(p))dp

= (2π)−n

∫

Rn

[(
β(p) +

1

2

)
ln

(
β(p) +

1

2

)
−
(
β(p)− 1

2

)
ln

(
β(p)− 1

2

)]
dp,

(2.2)

where

β(p) :=

√(
1

2
+ γ(p)

)2

− α(p)2. (2.3)

The functional is defined on the domain D given by

D = {(γ, α, ρ0)|γ ∈ L1((1 + p2)dp), γ(p) ≥ 0, α(p)2 ≤ γ(p)(1 + γ(p)), ρ0 ≥ 0}.
This set-up describes the grand canonical free energy of a homogeneous Bose gas at

temperature T ≥ 0 and chemical potential µ ∈ R in the thermodynamic limit. The grand-
canonical free energy is given by

F (T, µ) = inf
(γ,α,ρ0)∈D

F(γ, α, ρ0). (2.4)

Throughout the paper we will assume that the interaction potential is described through a
positive, radial, smooth and compactly supported function V (x) whose Fourier transform

V̂ (p) =

∫

Rn

e−ipxV (x)dx

is also positive.
Let us very briefly mention how (2.1) is obtained. We start from the Hamiltonian for

a gas of N bosons with a repulsive pair interaction V in a n-dimensional box [−l/2, l/2]n

and periodic boundary conditions, where n = 2, 3. In units ~ = 2m = kB = 1,

HN =
∑

1≤i≤N

−∆i +
∑

1≤i<j≤N

Vij, (2.5)

with second-quantized form in momentum space

H =
∑

p

p2a†pap +
1

2ln

∑

p,q,k

V̂ (k)a†p+ka
†
q−kaqap. (2.6)

The canonical Gibbs state at temperature T and particle density ρ = N/ln can be found
by minimizing

inf
ω

[
〈HN 〉ω − TS(ω)

]
, (2.7)

where ω is an N -boson state and S is the von Neumann entropy.
The grand canonical Gibbs state at temperature T and chemical potential µ is the

minimizer of

inf
ω

[
〈H − µN〉ω − TS(ω)

]
, (2.8)

where ω is now a state on the bosonic Fock space, N is the particle number operator and
the infimum itself is the free energy.

The states ω which we want to consider in (2.8) are quasi-free states with an added
condensate which we expect to have zero momentum. To implement the possibility of the
occurrence of a condensate, one replaces a0 → a0 +

√
lnρ0 in the Hamiltonian. This is the
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counterpart of the famous c-number substitution of Bogoliubov [2] which has been rigor-
ously justified in [19]. One then evaluates the expectation value of the resulting Hamiltonian
among quasi-free states only. Those states satisfy Wick’s rule and thus

〈a†p+ka
†
q−kaqap〉 = 〈a†p+ka

†
q−k〉〈aqap〉+ 〈a†p+kaq〉〈a

†
q−kap〉+ 〈a†p+kap〉〈a

†
q−kaq〉. (2.9)

Assuming translation invariance and 〈apa−p〉 = 〈a†−pa
†
p〉, the two (real-valued) functions

γ(p) := 〈a†pap〉 ≥ 0 and α(p) := 〈apa−p〉, together with the number ρ0, now fully determine
the expectation value in the Hamiltonian part of (2.8). Taking the thermodynamic limit
l → ∞, yields the energy part of the functional. One still has to determine the formula of
the entropy of quasi-free states. For that we refer to the appendix of [26].

The derivation provides us with the following interpretation of the variables of the func-
tional. The function γ ∈ L1((1 + p2)dp) describes the momentum distribution of the
particles in the system. Since the total density equals ρ = ρ0+(2π)−n

∫
Rn γ(p)dp, it follows

that a non-negative ρ0 can be seen as the macroscopic occupation of the state of momentum
zero and is therefore interpreted as the density of the Bose–Einstein condensate fraction.

Finally, the function α(p) describes pairing in the system and its non-vanishing value
can therefore be interpreted as the presence of off-diagonal long-range order (ODLRO) and
the macroscopic coherence related to superfluidity.

It might be not immediately visible why the functional can be associated with Bogoli-
ubov. The reason is the following. Recall that Bogoliubov’s approach [2] relies on two
main assumptions: the c-number substitution and the truncation of the resulting Hamil-
tonian to a quadratic one. Now, ground and Gibbs states of such quadratic Hamiltonians
are quasi-free states; exactly the states considered in our minimization problem. This is
why we name the functional the way we do. Bogoliubov theory was extremely successful,
therefore the hope that the functional will have interesting properties as well.

So far we defined the model in the grand canonical ensamble. The diluteness condition
ρ1/2a ≪ 1, under which we want to analyze the two-dimensional model, requires the notion
of the density. To this end we formulate the canonical version of the functional. It is given
by

Fcan(γ, α, ρ0) = (2π)−n

∫

Rn

p2γ(p)dp − TS(γ, α) +
1

2
V̂ (0)ρ2

+ ρ0(2π)
−n

∫

Rn

V̂ (p) (γ(p) + α(p)) dp

+
1

2
(2π)−2n

∫∫

Rn×Rn

V̂ (p− q) (α(p)α(q) + γ(p)γ(q)) dpdq,

(2.10)

with ρ0 = ρ− ργ . The canonical minimization problem is

F can(T, ρ) = inf
(γ,α,ρ0=ρ−ργ)∈D

Fcan(γ, α, ρ0) = inf
0≤ρ0≤ρ

f(ρ− ρ0, ρ0), (2.11)

where

f(λ, ρ0) = inf
(γ,α)∈D′∫

γ=λ

Fcan(γ, α, ρ0) (2.12)

and

D′ = {(γ, α) | γ ∈ L1((1 + p2)dp), γ(p) ≥ 0, α(p)2 ≤ γ(p)(γ(p) + 1)}.
Strictly speaking, this is not really a canonical formulation: it is only the expectation
value of the number of particles that we fix. We will nevertheless describe this energy as
canonical. The function F (T, µ) as a function of µ is the Legendre transform of the function
F can(T, ρ) as a function of ρ.

We are now ready to state the main result of this paper.
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Theorem 1. Consider n = 2 and the dilute limit ρa2 ≪ 1. Let b := | ln(ρa2)|−1 ≪ 1

and let F can(T, ρ) be as defined in (2.11). Assume V̂ (0) = νb for some positive parameter
ν = O(1). Then

F can(0, ρ) = 4πρ2b+ 4πρ2b2 ln b+

(
inf
d≥0

Cν(d)

)
ρ2b2 + o

(
ρ2b2

)

where

Cν(d) =

(
1− 1

8π

(√
d(d+ 16π)− d

))
(2ν − 16π − d) +

d2

16π
+ 2π + d− 4π (ln 8− 2Γ)

− 1

16π
d
√

d(d + 16π)− 1

2

√
d(d + 16π) + 4π ln

(
d+

√
d(d+ 16π) + 8π

)
.

(2.13)

Remark 2. In the limit when ν → 8π (c.f. Theorem 10) the minimization over d can
be carried out explicitly. It is easy to see that in that case the infimum is attained for
d = 0 which corresponds to C8π(0) = 2π(1 + 4Γ + 2 lnπ), where Γ is the Euler-Mascheroni
constant.

3. Known results about the functional

3.1. General properties of the functional. The physical information about the system
under consideration is encoded in the structure of the minimizers at given (T, µ) (or (T, ρ)).
This means that the fundamental question that one needs to ask first is the one about the
existence of minimizers of the functional. The positive answer to that question has been
given in

Theorem 3 (Theorems 2.1. - 2.4. in [26]). Then the grand-canonical (canonical) mini-
mization problem has a minimizer for any (T, µ) (or (T, ρ)).

Let us stress that for simplicity of the presentation, the assumptions on V made in the
previous Section are stronger than those in the original results. This also allows to treat
the T = 0 and T > 0 cases together, while, in fact, the assumptions needed are not the
same in those cases.

Knowing that minimizers of the functional exist, one can ask the question about their
structure. It turns out that if the model exhibits a phase transition, then it does not
distinguish between BEC and superfluidity as follows from

Theorem 4 (Theorem 2.5. in [26]). Let (γ, α, ρ0) be a minimizing triple for either (2.1)
or (2.10). Then

ρ0 = 0 ⇐⇒ α ≡ 0.

Thus, there can only be one kind of phase transition, and the next results show that it
indeed exists:

Theorem 5 (Theorem 2.6. [26]). Given µ > 0. Then there exist temperatures 0 < T1 < T2

such that a minimizing triple (γ, α, ρ0) of (2.4) satisfies

(1) ρ0 = 0 for T ≥ T2;
(2) ρ0 > 0 for 0 ≤ T ≤ T1.

Theorem 6 (Theorem 2.7. in [26]). For fixed ρ > 0 there exist temperatures 0 < T3 < T4

such that a minimizing triple (γ, α, ρ0) of (2.11) satisfies

(1) ρ0 = 0 for T ≥ T4;
(2) ρ0 > 0 for 0 ≤ T ≤ T3.

Knowing there exists a phase transition, one can ask for example what is the critical
temperature. While there is no answer to that question in full generality, a relevant analysis
can be made in the dilute limit.
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3.2. Known results in the dilute limit in three dimensions. Since the diluteness
conditions involves the scattering length a, let us recall its definition. In three dimensions
it is given by

4πa :=

∫
∆ϕ =

1

2

∫
V ϕ, (3.1)

where ϕ satisfies

−∆ϕ+
1

2
V ϕ = 0

in the sense of distributions with ϕ(x) → 1 as |x| → ∞. The quantity 8πa is often replaced

by
∫
V = V̂ (0), which is its first-order Born approximation. In fact, V̂ (0) > 8πa (see [18,

Appendix C] for more details). Below this discrepancy will be quantified by the parameter

ν = V̂ (0)/a, so that ν > 8π. The limit ν → 8π, that is, a sequence of potentials such that

V̂ (0) tends to 8πa, is of special interest (cf. comment after Theorem 9).

For the following three results in three dimensions, one has to assume that the gas is
dilute

ρ1/3a ≪ 1, (3.2)

and that there exists constant C such that∫
V̂ ≤ Ca−2 and ‖∂nV̂ ‖∞ ≤ Can+1 for 0 ≤ n ≤ 3, (3.3)

where ∂n is shorthand for all n-th order partial derivatives. The following theorems, proven
in [27], contain information about the critical temperature of the phase transition in the
dilute limit.

Theorem 7 (Theorem 8 in [27]). Let (γ, α, ρ0) be a minimizing triple of (2.11) at tem-
perature T and density ρ. There is a monotone increasing function h1 : (8π,∞) → R with
h1(ν) ≥ limν→8π h1(ν) = 1.49 such that

(1) ρ0 6= 0 if T < Tfc

(
1 + h1(ν)ρ

1/3a+ o(ρ1/3a)
)

(2) ρ0 = 0 if T > Tfc

(
1 + h1(ν)ρ

1/3a+ o(ρ1/3a)
)
,

where Tfc = c0ρ
2/3 with c0 = 4πξ(3/2)−2/3 is the critical temperature of the free Bose gas.

Theorem 8 (Theorem 9 in [27]). Let (γ, α, ρ0) be a minimizing triple of (2.4) at tempera-
ture T and chemical potential µ. There is a function h2 : (8π,∞) → R with limν→8π h2(ν) =
0.44 such that

(1) ρ0 6= 0 if T <
( √

π
2ζ(3/2)

8π
ν

)2/3 (µ
a

)2/3
+ h2(ν)µ+ o(µ)

(2) ρ0 = 0 if T >
( √

π
2ζ(3/2)

8π
ν

)2/3 (µ
a

)2/3
+ h2(ν)µ+ o(µ).

The other main result of [27] provides an expansion of the canonical free energy (2.11)
in the dilute limit. For simplicity, we will state the results not in full generality but rather
in the most relevant regions.

Theorem 9 (Theorems 10, 11 and Corollary 12 in [27]). Assume that T and ρ satisfy the
conditions (3.2) and T ≤ Dρ2/3 with D > 1 fixed. Then

(1) For T > Tfc

(
1 + h1(ν)ρ

1/3a+ o(ρ1/3a)
)
, the free energy is

F can(T, ρ) = F0(T, ρ) + V̂ (0)ρ2 +O((ρa)5/2),

and we have ργ = ρ, ρ0 = 0 for the minimizer. Here F0(T, ρ) is the free energy of
the non-interacting gas.
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(2) For ρa/T ≪ 1 and T < Tfc

(
1 + h1(ν)ρ

1/3a+ o(ρ1/3a)
)
, the canonical free energy

is given by

F can(T, ρ) = F0(T, ρ) + 4πaρ2 + (ν − 4π)aρfc(2ρ− ρfc) +O(T (ρa)3/2).

(3) For ρa/T ≫ 1 and T < Tfc

(
1 + h1(ν)ρ

1/3a+ o(ρ1/3a)
)
, the canonical free energy

can be described in terms of a function g : (8π,∞) → R as

F can(T, ρ) = 4πaρ2 + g(ν)(ρa)5/2 + o ((ρa)5/2),

with g(ν) → 512
15

√
π as ν → 8π.

In fact, the asymptotics in (2) of Theorem 9 are much more precise but we rewrite them
in the present form to underline the following fact: in the limit when ν → 8π the results
above reproduce (1.1) and (1.4). Indeed, in that limit we can replace V̂ (0) by 8πa and the
formulas in (1) and (2) of the theorem above reproduce the free energy expansion (1.4)
while the expansion in (3) yields the Lee–Huang–Yang formula.

Let us briefly comment on these results. As it is explained in, e.g., [18, Appendix A], one
can reproduce the Lee–Huang–Yang formula from Bogoliubov’s original quadratic theory
as long as one replaces V̂ (0) by 8πa. This substitution is motivated by the fact that V̂ (0)
is the first Born approximation to 8πa. Then, in [11], it was noticed that including in the
effective Hamiltonian some quartic terms that are obtained after the c-number substitution,
allows one to reproduce the scattering length in the leading order term and get the right
order of the second order term together with a constant that converges to the desired Lee–
Huang–Yang constant as the interaction becomes weaker. In that sense the result in (3) of
Theorem 9 does not come as a surprise. It is worth noticing, however, that since it provides
also a lower bound, it shows that within the class of quasi-free states one cannot obtain
the full Lee–Huang–Yang formula exactly (this is also the reason why the trial state used
in [36] is more complicated).

What is probably much more interesting about this functional is the result in Theorem
7. It shows that in the limit ν → 8π the critical temperature of the interacting gas is given
by

Tc = Tfc(1 + 1.49(ρ1/3a) + o(ρ1/3a)). (3.4)

For general potentials, there has been a lot of debate about whether the linear dependence
on ρ1/3a in (3.4) is correct. Nonetheless, (3.4) is still expected to hold true, at least up
to the value of the constant 1.49 (we refer to [35] for a comprehensive list of references
regarding this issue; in fact, the upper bound on the critical temperature in [35] is the
only rigorous result on this issue). In a number of articles it was claimed that mean-field
theories such as Bogoliubov theory cannot predict a change in the critical temperature. As
Theorem 7 shows, a variational, non-linear formulation of Bogoliubov theory indeed does
show the predicted behaviour (3.4) and with a constant 1.49 which is very close to 1.32
which is the constant obtained in Monte Carlo simulations for this problem (see, e.g., [29]).

3.3. Known results in the dilute limit in two dimensions. Historically, the two-
dimensional Bose gas received attention much later than the three-dimensional system.
This is probably because the non-interacting 2D Bose does not exhibit a phase transi-
tion at positive temperature. For systems with short range interactions, the celebrated
Mermin–Wagner–Hohenberg theorem [23, 14] excludes continuous symmetry breaking and
the presence of long-range order, therefore prohibiting BEC in its traditional sense. It
has been realized only later, that 2D systems undergo the Kosterlitz-Thouless (KT) phase
transition and quasi-long-range order can occur. In the context of Bose gases this is related
to the concept of a quasi-condensate ([31, 24]). In fact, it has been observed in experiments
[5] that a 2D Bose system undergoes two phase transitions: from the normal phase to a
quasi-condensate without superfluidity and then the second one to a quasi-condensate with
superfluidity, the latter being the KT phase transition. Since, as stated in Theorem 4, the
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Bogoliubov free energy functional does not differentiate between BEC and superfluidity, it
sees only the KT phase transition. One should note here, that the experiment mentioned
above dealt with a quasi 2D system. It is difficult to obtain truly homogeneous, translation
invariant systems in the lab (see [22] for recent progress in that direction). In [28] the
critical temperature of a dilute, homogeneous 2D Bose gas has been determined. It turns
out, in agreement with Schick’s prediction [33] that the relevant expansion parameter is,
as already mentioned,

b := 1/| ln(ρa2)| ≪ 1 (3.5)

(here a is the two dimensional scattering length, cf. Section 4). We set
√
Ta ≤ Cρ1/2a ≪ 1 (3.6)

Due to dimensional consideration (notice V̂ (0) is dimensionless) we assume

V̂ (p) = V̂ (0) + Ca2p2 + o(a2p2) (3.7)

and the same for V̂ w(p) (with, in general, other constants). With this we have

Theorem 10. Consider the canonical problem (2.11) in two dimensions. The critical
temperature, defined by the properties ρ0 > 0 if T > Tc, ρ0 = 0 if 0 ≤ T < Tc, is

Tc = 4πρ

(
1

ln(ξ/4πb)
+ o(1/ ln2 b)

)
, (3.8)

with ξ → 14.4 as V̂ (0) → 8πb.

This result improves upon several theoretical and numerical derivations in the literature
(see, e.g., [31, 12, 32]) as it provides a systematic way to compute the constant ξ. The
proof of the statement above relies on a careful expansion of the free energy in the critical
region. The main steps of our approach will be presented in the next section.

4. The simplified functional

4.1. Outline of proof. Let us briefly recall the main idea behind the proof. In principle
one could try to determine the minimum of the functional by analysing the associated Euler–
Lagrange equations. However, when writing them out one will notice that the derivatives
of the non-linear terms give rise to terms that are non-local, i.e. V̂ ∗ γ and V̂ ∗ α. This
makes the Euler–Lagrange equations hard to analyze quantitatively. The idea is to show
that, in the relevant region, the full functional can be effectively replaced by a simplified
one that one can first solve explicitly in γ and α and then minimize over ρ0. To put it
differently,

inf
(γ, α, ρ0)

ρ0 + ργ = ρ

Fcan ≈ inf
0≤ρ0≤ρ

inf
(γ, α)

ργ = ρ− ρ0

F sim, (4.1)

where the infimum over γ and α is calculated explicitly, then expanded properly in the
dilute limit, and finally minimized in ρ0.

The justification of this approximation will rely on several steps. First, we will replace

the convolution term involving γ with V̂ (0)ρ2γ . We expect that the particles interact weakly
in the dilute limit and it seems reasonable to assume that the system will behave like a free
Bose gas to leading order. We therefore expect that the minimizing γ is concentrated on
a ball of radius

√
T as in the non-interacting case which can be solved explicitly. On this

scale V̂ (p) is approximately V̂ (0) justifying the replacement.
Second, by introducing a trial function α0, we rewrite the convolution terms involving

α. This trial function will be expressed in terms of V̂ w, where w is the solution to the

scattering equation. Finally, we will also substitute V̂ by V̂ w in the terms that are linear
in γ at the cost of a small error. These steps will rely on several a priori estimates.
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We then minimize the simplified functional. We split the minimization in two steps: first
one over γ and α with the constraint that ρ0 + ργ = ρ, followed by a minimization over

0 ≤ ρ0 ≤ ρ. The first step will lead to a useful class of minimizers (γρ0,δ, αρ0,δ). The final
minimization over ρ0 will then follow.

4.2. Scattering equation in two dimensions. As mentioned above, the simplified func-
tional will involve a trial function α0 which will be related to the solution of the scattering
equation or rather, to be more precise, its Fourier transform. Because of that we shall now
review some properties of the two-dimensional scattering equation. It is given, in the sense
of distributions, by

−∆w0 +
1

2
V w0 = 0, (4.2)

with the asymptotics w0(x) ≈ ln(|x|/a) when |x| ≫ R where R is such that suppV ⊂
B(0, R). Here a is the scattering length given as in [18, Appendix C]. Let us stress, that
unlike in the three-dimensional case, in two dimensions the elegant characterization of the
scattering length (3.1) is not valid. In fact, in two dimensions we have

1

2

∫
V w0 = lim

N→∞

∫

B(0,N)
∆w0 = lim

N→∞

∫

|x|=N
∂r ln(r/a) = 2π. (4.3)

In the definition of α0 we will use ŵ where w = 2bw0. In particular V̂ w(0) = 8πb. Be-
cause of the logarithmic behaviour of w, the computation of its Fourier transform is more
complicated than in three dimensions. In fact, we have

Lemma 11. Let ε = 2
aeΓ

exp(−1
2b ). Then the Fourier transform of w is given by the distri-

bution ŵ of the form
ŵ = (2π)2δ0 − ϕ̂

with

ϕ̂(φ) =

∫

|p|≤ε

V̂ w(p)φ(p)− V̂ w(0)φ(0)

2p2
dp+

∫

|p|>ε

V̂ w(p)φ(p)

2p2
dp. (4.4)

For the convenience of the reader we provide a proof of this fact in Appendix A. We
stress that with the definition (3.5) we have that

ε = Cρ
1
2 (4.5)

with C = 2/ exp(Γ).

4.3. Derivation of the simplified functional. As mentioned before we expect the min-
imizing α to be related to the scattering solution. To this end we define

α0 := (ρ0 + t0)ŵ − (2π)2ρ0δ0, (4.6)

where t0 ∈ [−ρ0, 0] is an additional parameter that will be tuned later on. With this
definition we allow the scenario, that for small momenta α might be more complicated
than the scattering solution. We approximate this part by a δ-function and eventually
optimize our approximation in t0 (recall ŵ has a δ0 in its definition).

To approximate α by α0, we add and subtract terms to replace the convolution term
with α by ∫

(α− α0)(p)(V̂ ∗ (α− α0))(p)dp, (4.7)

which we later show to be small for the minimizing α. By doing this we have of course

introduced terms involving V̂ ∗ α0, but

(2π)−2V̂ ∗ α0(p) = (ρ0 + t0)V̂ w(p)− ρ0V̂ (p), (4.8)

so that no convolution terms remain in our functional. This has the added effect that V̂
gets replaced by V̂ w in the term linear in α, but this Fourier transform is well-defined
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and satisfies V̂ w(0) = 8πb. To simplify the resulting functional, we make sure to obtain a

similar replacement for the ρ0
∫
V̂ γ-term.

Motivated by these considerations we define

E1 :=
1

2
(2π)−4

∫
(α− α0)(p)(V̂ ∗ (α− α0))(p)dp

E2 := ρ0

(
(2π)−2

∫
V̂ (p)γ(p)dp − V̂ (0)ργ

)

E3 := −(ρ0 + t0)

(
(2π)−2

∫
V̂ w(p)γ(p)dp − V̂ w(0)ργ

)

E4 :=
1

2
(2π)−4

∫
γ(p)(V̂ ∗ γ)(p)dp − 1

2
V̂ (0)ρ2γ ,

(4.9)

and

F sim(γ,α, ρ0) = (2π)−2

[∫
p2γ(p)dp + (ρ0 + t0)

∫
V̂ w(p)(γ(p) + α(p))dp

]
− TS(γ, α)

+ 4πb(ρ0 + t0)(3ρ0 − 2ρ− t0) + V̂ (0)(ρ2 − ρ20)

+ (2π)−2(ρ0 + t0)
2

∫
V̂ w(p)2 − χ|p|≤εV̂ w(0)2

4p2
dp.

(4.10)

This leads to the following

Lemma 12. With the definitions (4.9) and (4.10) we have

Fcan(γ, α, ρ0)−F sim(γ, α, ρ0) = E1 + E2 + E3 + E4.

Proof. The proofs follows exactly the proof of [27, Lemma 13]. The main difference lies

in the evaluation of the 1
2(2π)

−4
∫
α0(p)(V̂ ∗ α0)(p)dp which, in particular, leads to the

appearance of the last term in (4.10). �

The crucial property of the simplified functional is that, excluding the entropy term, it
is linear in γ and α and is much easier to analyze than the full functional.

4.4. A priori estimates. We will now justify the approximation scheme (4.1). To this end
we shall derive several a priori estimates that will show that F can indeed be approximated
by F sim when one considers the minimization procedure.

The main idea is the following: since we are considering a dilute gas, it is feasible to
assume that the minimizer should to leading order behave like the one of the non-interacting
problem

F0(γ) = (2π)−2

∫
p2γ(p)dp − TS(γ, 0). (4.11)

Its minimizer for given ρ is

γµ(ρ)(p) =
1

e(p
2−µ(ρ))/T − 1

, (4.12)

where µ(ρ) ≤ 0 is such that (2π)−2
∫
γµ(ρ) = ρ. Since the integral diverges as µ(ρ) → 0, this

definition works for all ρ ≥ 0 (note the difference with respect to three spatial dimensions
where a critical density occurs).

Let (γ, α, ρ0 = ρ− ργ) be a minimizing triple for (2.10) at a temperature T . Using the

bound V̂ (p) ≤ V̂ (0) we find the following upper bound in terms of the free gas energy F0

Fcan(γ, α, ρ0) ≤ Fcan(γµ(ρ), 0, 0) ≤ F0(γµ(ρ)) + ρ2V̂ (0). (4.13)
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We also have

Fcan(γ, α, ρ0) ≥ F0(γ) +
1

2
V̂ (0)ρ2 + ρ0(2π)

−2

∫
V̂ (p)γ(p)dp

+
1

2
(2π)−4

∫∫
γ(p)V̂ (p − q)γ(q)dpdq − 1

2
ρ20V̂ (0),

(4.14)

where we have first used that the entropy decreases if we replace α by 0 and then minimized
over α, finding the minimizer α = −(2π)2ρ0δ0. We conclude

F0(γµ(ργ )) ≤ F0(γ) ≤ F0(γµ(ρ)) + ρ2V̂ (0). (4.15)

We will use this to give an estimate on the integral of γ in a region |p| > ξ, where ξ is to
be chosen below. We shall use the following result whose proof is identical as in the three
dimensional case.

Lemma 13 (A priori kinetic energy bound). If for some Y > 0 the function γ satisfies
F0(γ) ≤ F0(γµ(ργ )) + Y , then for all ξ with ξ2 > 8T we have

1

2
(2π)−2

∫

|p|>ξ
p2γ(p)dp ≤ Y +CT 2e−ξ2/4T .

Using F0(γµ(ργ )) ≥ F0(γµ(ρ)) in (4.15), we can use this lemma with Y = ρ2V̂ (0) to
conclude that∫∫

|p−q|>2ξ
γ(p)V̂ (p− q)γ(q)dpdq ≤ CV̂ (0)ρ

∫

|p|>ξ
γ(p)dp

≤ CV̂ (0)ρ(ρ2V̂ (0) + T 2e−ξ2/4T )ξ−2.

(4.16)

We choose ξ = a−1(ρ1/2a)1/2. Then, using (3.6), ξ2/T ≥ C−1(ρ1/2a)−1/2 ≫ 1 and we find
∫∫

|p−q|>2ξ
γ(p)V̂ (p − q)γ(q)dpdq ≤ Cρ3V̂ (0)2ξ−2 ≤ Cρ2(ρ1/2a). (4.17)

Of course, the same bound holds if V̂ (p − q) is replaced by V̂ (0). On the other hand we
also have∫∫

|p−q|<2ξ
γ(p)|V̂ (p− q)− V̂ (0)|γ(q)dpdq ≤ Cξ2ρ2a2 ≤ Cρ2(ρ1/2a). (4.18)

where we used (3.7). For the same choice of ξ:

∣∣∣∣
∫

γ(p)V̂ (p)dp −V̂ (0)

∫
γ(p)dp

∣∣∣∣ ≤

∣∣∣∣∣∣∣



∫

|p|≤ξ

+

∫

|p|>ξ


 γ(p)

(
V̂ (p)− V̂ (0)

)
dp

∣∣∣∣∣∣∣

≤ Cξ2a2
∫

|p|≤ξ
γ(p)dp + CV̂ (0)ξ−2

∫

|p|>ξ
p2γ(p)dp

≤ Cρa2ξ2 + Cξ−2(ρ2 + T 2e−ξ2/4T ) ≤ Cρ(ρ1/2a).

(4.19)

The same bounds hold for V̂ w which, because V is compactly supported and smooth, is
well defined and smooth. We have thus shown the following result.

Proposition 14 (A priori estimates). Any minimizing triple (γ, α, ρ0) with density ρ =
ργ + ρ0 and temperature T satisfying T < Dρ obeys the estimates

∣∣∣∣(2π)−4

∫∫
γ(p)V̂ (p− q)γ(q)dpdq − V̂ (0)ρ2γ

∣∣∣∣ ≤ Cρ2(ρ1/2a),

∣∣∣∣(2π)−2

∫
γ(p)V̂ (p)dp− V̂ (0)ργ

∣∣∣∣ ≤ Cρ(ρ1/2a),
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where the constant C depends on D and the potential V . This second inequality holds also

with V̂ replaced by V̂ w.

4.5. Minimization of the simplified functional. Since E1 is non-negative, it follows
from Lemma 12 that for any triple (γ, α, ρ0) we have

F sim(γ, α, ρ0) + E2 + E3 + E4 ≤ Fcan(γ, α, ρ0) = F sim(γ, α, ρ0) + E1 + E2 + E3 + E4.

The first inequality together with the a priori estimates in Lemma 14 implies that any
potential minimizer satisfies

Fcan(γ, α, ρ0) ≥ F sim(γ, α, ρ0) + (E2 + E3 + E4)(γ, α, ρ0)

≥ F sim(γρ0,δ, αρ0,δ, ρ0)−O(ρ2(ρ1/2a)).
(4.20)

where (γρ0,δ, αρ0,δ, ρ0) is the minimizing triple for the simplified functional. Obviously, for
a minimizing triple of the canonical functional (γ, α, ρ0) we also have

Fcan(γ, α, ρ0) ≤ F sim(γρ0,δ, αρ0,δ, ρ0) + (E1 +E2 + E3 + E4)(γ
ρ0,δ, αρ0,δ, ρ0). (4.21)

Because of that, our goal will now be to minimize the simplified functional. We note that
the minimization problem can be rewritten as

inf
(γ,α,ρ0), ργ+ρ0=ρ

F sim(γ, α, ρ0) = inf
0≤ρ0≤ρ

[
inf

(γ,α), ργ=ρ−ρ0
F s(γ, α, ρ0) + V̂ (0)(ρ2 − ρ20)

+ 4πb(ρ0 + t0)(3ρ0 − 2ρ− t0)
]
,

(4.22)

with

F s(γ, α, ρ0) = (2π)−2

[∫
p2γ(p)dp + (ρ0 + t0)

∫
V̂ w(p)(γ(p) + α(p))dp

]
− TS(γ, α)

+ (2π)−2(ρ0 + t0)
2

∫
V̂ w(p)2 − χ|p|≤εV̂ w(0)2

4p2
dp.

The advantage of considering F s is that it can be solved explicitly. To this end let us define

G(p) = T−1
√

(p2 + δ + (ρ0 + t0)V̂ w(p))2 − ((ρ0 + t0)V̂ w(p))2

= T−1

√
(p2 + δ)2 + 2(p2 + δ)(ρ0 + t0)V̂ w(p).

We have the following lemma whose proof is exactly the same as in the three dimensional
case.

Lemma 15. Let δ ≥ 0, ρ0 ≥ 0 and −ρ0 ≤ t0 ≤ 0. The minimizer of

inf
(γ,α)

[
F s(γ, α, ρ0) + δ

∫
γ

]

is given by

γρ0,δ =
β

TG
(p2 + δ + (ρ0 + t0)V̂ w(p))− 1

2

αρ0,δ = − β

TG
(ρ0 + t0)V̂ w(p),

with G as above and

β(p) = (eG(p) − 1)−1 +
1

2
.
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The minimum is

F s(γρ0,δ, αρ0,δ, ρ0) + δ

∫
γρ0,δ = (2π)−2T

∫
ln(1− e−G(p))dp

+ (2π)−2 1

2

∫ [√
(p2 + δ)2 + 2(p2 + δ)(ρ0 + t0)V̂ w(p)− (p2 + δ + (ρ0 + t0)V̂ w(p))

+ (2π)−2(ρ0 + t0)
2

∫
V̂ w(p)2 − χ|p|≤εV̂ w(0)2

4p2
dp
]
dp.

5. Ground state energy expansion - proof of Theorem 1

In this section we will prove the main result of this paper. We divide the proof into two
parts. First, we will derive the leading order estimates from the analysis of F sim. In the
second part, we will show that the error terms in (4.21) are indeed of lower order.

5.1. Analysis of F sim. We will analyze the simplified functional in the ground state, which
implies in particular T = 0. As in the three dimensional analysis, we set t0 = 0. Under
these conditions, the expression in (4.22) can be rewritten in the following way

inf
(γ,α,ρ0), ργ+ρ0=ρ

F sim(γ, α, ρ0) = inf
0≤ρ0≤ρ

[
4πbρ2

(
3
ρ20
ρ2

− 2
ρ0
ρ

)
+ V̂ (0)ρ2

(
1− ρ20

ρ2

)

+ inf
(γ,α), ργ=ρ−ρ0

F s(γ, α, ρ0)
]
.

(5.1)

Using Lemma 15 at T = 0 we have

inf
(γ,α), ργ=ρ−ρ0

F s(γ, α, ρ0) = −δργρ0,δ + (2π)−2ρ20

∫
V̂ w(p)2 − χ|p|≤εV̂ w(0)2

4p2
dp

+ (2π)−2 1

2

∫ [√
(p2 + δ)2 + 2(p2 + δ)ρ0V̂ w(p)− (p2 + δ + ρ0V̂ w(p))

]
dp.

We set δ = dρ0b. After a change of variables (p 7→ p
√
ρ0b) we get

inf
(γ,α), ργ=ρ−ρ0

F s(γ, α, ρ0) = −dbρ0ργρ0,δ + (2π)−2ρ20

∫ V̂ w(
√
ρ0bp)

2 − χ|p|≤ ε√
ρ0b

V̂ w(0)2

4p2
dp

+
(ρ0b)

2

2(2π)2

∫ [
√

(p2 + d)2 + 2(p2 + d)8π
V̂ w(

√
ρ0bp)

8πb
− (p2 + d+ 8π

V̂ w(
√
ρ0bp)

8πb
)
]
dp.

(5.2)
Similarly,

ργρ0,δ = (2π)−2 ρ0b

2

∫ 
 p2 + d+ 8π V̂ w(

√
ρ0bp)

8πb√
(p2 + d)2 + 2(p2 + d)8π V̂ w(

√
ρ0bp)

8πb

− 1


 dp. (5.3)

Lemma 16. Let ργρ0,δ be given as in (5.3). Then

ργρ0,δ =
ρ0b

4π

[
4π − 1

2

(√
d(d+ 16π)− d

)]
+ o(ρ0b) =: C(d)ρ0b+ o(ρ0b) (5.4)

where C(d) ∈ [0, 1] for d ≥ 0 and C(d) = O(1d) as d → ∞.
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Proof. Since |V̂ w(
√
ρ0bp)|

8πb ≤ 1 and also converges to 1 as b → 0, we can use a dominated
convergence argument as in [27, Lemma 26]) to obtain

ργρ0,δ =
ρ0b

4π

∫ ∞

0

(
p2 + d+ 8π√

(p2 + d)2 + 2(p2 + d)8π
− 1

)
pdp+ o(ρ0b)

=
ρ0b

4π

[
4π − 1

2

(√
d(d+ 16π) − d

)]
+ o(ρ0b) = C(d)ρ0b+ o(ρ0b).

The result follows from a straightforward analysis of C(d). �

Note that (5.4) implies δργρ0,δ = dC(d)ρ2b2 + o(ρ2b2). for any d. We also have the
following

Corollary 17. Let V̂ (0) = νb and let d be fixed. Then

4πbρ2
(
3
ρ20
ρ2

− 2
ρ0
ρ

)
+ V̂ (0)ρ2

(
1− ρ20

ρ2

)
= 4πbρ2 + ρ2b2 (2νC(d)− 16πC(d)) + o(ρ2b2).

(5.5)

Proof. Since ρ = ρ0+ ργρ0,δ , using (5.4) we have ρ = ρ0+C(d)ρ0b+ o(b) = ρ0(1+C(d)b)+

o(b). Thus

ρ0
ρ

=
1

1 + C(d)b
= 1− C(d)b+ o(b). (5.6)

The statement follows from a direct computation and the assumption that V̂ (0) = νb. �

Notice that Corollary 17 gives the leading order term in the statement of Theorem 1.
To determine the second order term we will now analyze F s. Recall (5.2). Since

(ρ0b)
2

2(2π)2

∫ [
√

(p2 + d)2 + 2(p2 + d)8π
V̂ w(

√
ρ0bp)

8πb
− (p2 + d+ 8π

V̂ w(
√
ρ0bp)

8πb
)
]
dp (5.7)

is non-integrable (at infinity), we make the integral convergent by adding to it the large p
term from the last term in the first line of (5.2). Recall that the cut-off ε given in Lemma
11 satisfies ε = O(

√
ρ). We have

(2π)−2ρ20

∫ V̂ w(
√
ρ0bp)

2 − χ|p|≤ ε√
ρ0b

V̂ w(0)2

4p2
dp =

ρ20
(2π)2

∫

|p|≤ ε√
ρ0b

V̂ w(
√
ρ0bp)

2 − V̂ w(0)2

4p2
dp+

ρ20
(2π)2

∫

|p|> ε√
ρ0b

V̂ w(
√
ρ0bp)

2

4p2
dp =: I1 + I2.

(5.8)

Using (3.7) (for V̂ w), the first term can be bounded by

|I1| ≤
ρ20

(2π)2

∫

|p|≤ ε√
ρ0b

|V̂ w(
√
ρ0bp)

2 − V̂ w(0)2|
4p2

dp ≤ Cbρ20(ε
2a2) (5.9)
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which using (4.5) and the definition of b implies that the contribution of I1 is negligible.
Let us now analyze (5.7) together with I2. In particular

(5.7) + I2

=
(ρ0b)

2

2(2π)2

∫

|p|≤ ε√
ρ0b

[
√

(p2 + d)2 + 2(p2 + d)8π
V̂ w(

√
ρ0bp)

8πb
− (p2 + d+ 8π

V̂ w(
√
ρ0bp)

8πb
)
]
dp

+
(ρ0b)

2

2(2π)2

∫

|p|> ε√
ρ0b

[
√

(p2 + d)2 + 2(p2 + d)8π
V̂ w(

√
ρ0bp)

8πb
− (p2 + d+ 8π

V̂ w(
√
ρ0bp)

8πb
)

+ 64π2 V̂ w
2
(
√
ρ0bp)

128π2b2p2

]
dp =: I<(d) + I>(d).

(5.10)
The dominant contribution comes from I< which we will analyze first.

Lemma 18. Let I<(d) be defined as in (5.10). Then

I<(d) =
(ρ0b)

2

2(2π)2



∫

|p|≤ ε√
ρ0b

[√
(p2 + d)2 + 2(p2 + d)8π − (p2 + d+ 8π)

]
dp + o(b)


 .

(5.11)
In particular,

I<(d) =
(ρ0b)

2

4π

[d2
4

+ 8π2 + 4πd− 16π2 ln

(
2ε2

ρ0b

)
− 1

4
d
√

d(d + 16π)− 2π
√

d(d + 16π)

+ 16π2 ln
(
d+

√
d(d+ 16π) + 8π

)
+O(b)

]
.

(5.12)

Proof. The proof is similar (and simpler) to the proof of [27, Lemma 27]). Let us briefly
sketch it. We define

f(p, t) :=
√
(p2 + d)2 + 2(p2 + d)8πt − (p2 + d+ 8πt).

We estimate

|f
(
p,

V̂ w(
√
ρ0bp)

8πb

)
− f(p, 1)| ≤ sup

t∈[ V̂ w(
√

ρ0bp)

8πb
,1]

|∂tf(p, t)|
∣∣∣ V̂ w(

√
ρ0bp)

8πb
− 1
∣∣∣

For |p| ≤ ε/
√
ρ0b we have

| V̂ w(
√
ρ0bp)

8πb
− 1
∣∣∣ =

∣∣∣ V̂ w(
√
ρ0bp)− V̂ w(0)

8πb

∣∣∣ ≤ C
ε2a2

b
≤ Cbm (5.13)

for any m ∈ N. The last estimate allows, in particular, for a very crude bound on |∂tf(p, t)|
which can be easily shown to be |∂tf(p, t)| ≤ 8π. The final result follows from the fact that
ε/
√
ρ0b = O(b−1/2). Equation (5.12) follows from a direct computation. �

It follows from Lemma 18 that for small b the integral I<(d) = O(ρ2b2 ln b). To determine
d we need to collect all terms of order ρ2b2. Before that, let us show that there are no more
terms of order ρ2b2 left.

Lemma 19. Let I>(d) be defined as in (5.10). Then

I>(d) =
(ρ0b)

2

2(2π)2



∫

|p|≥ ε√
ρ0b

[√
((p2 + d)2 + 16π(p2 + d)− (p2 + d+ 8π) +

32π2

p2

]
dp+O(b)


 .
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In particular,

I>(d) = o
(
ρ2b2

)
.

The proof of this statement is similar to the proof of Lemma 18. In this case, however, the
term (5.13) can only be bounded by a constant. On the other hand, since 1/p2 = O(b) ≪ 1,
one can estimate sup |∂tf(p, t)| by an integrable function. We omit the details.

We arrive at the following result which yields the desired expansion in Theorem 1.

Corollary 20. Let F sim be defined as in (5.1) and let V̂ (0) = νb. Then

inf
(γ,α,ρ0), ργ+ρ0=ρ

F sim(γ, α, ρ0) = 4πρ2b+ 4πρ2b2 ln b+

(
inf
d≥0

Cν(d)

)
ρ2b2 + o

(
ρ2b2

)

where Cν(d) is given by (2.13).

Proof. The proof follows from a straightforward calculation using Corollary 17, Lemma 18
and Lemma 19. Furthermore, using (4.5) and (5.6), we notice that

ln

(
2ε2

ρ0

)
= ln

(
2ε2

ρ

)
+ ln

(
ρ

ρ0

)
= ln

(
8

e2Γ

)
+O(b).

�

5.2. Estimates on remaining error terms. It follows from (4.20) that

Fcan(γ, α, ρ0) ≥ F sim(γρ0,δ, αρ0,δ, ρ0)− o(ρ2b2).

Thus we only need to analyze the terms in (4.21). Recalling the definitions of (4.9) and

using V̂ (0) ≤ Cb as well as (5.4), we immediately see that
∣∣Ei(γ

ρ0,δ, αρ0,δ, ρ0))
∣∣ ≤ Cρ2b2, i = 2, 3, 4.

which shows that these terms are indeed of lower order with respect to the expansion in
Corollary 20. It remains to analyze E1(γ

ρ0,δ, αρ0,δ, ρ0). To this we notice that we notice
that, at T = 0 and for d = 0,

αρ0,δ − α0 = −1

2

ρ0V̂ w(p)√
(p2 + δ)2 + 2(p2 + δ)ρ0V̂ w(p)

+ ρ0ϕ̂

where the distribution ϕ̂ is given in Lemma 11. The action of ϕ̂ can be split into two terms,
the singular given by the first term in (4.4) and the regular one given by the second term
in (4.4). Accordingly, we write ϕ̂ =: ϕ̂1 + ϕ̂2. We rewrite

αρ0,δ − α0 = −1

2

ρ0V̂ w(p)√
(p2 + δ)2 + 2(p2 + δ)ρ0V̂ w(p)

+ ρ0ϕ̂2 + ρ0ϕ̂1 =: ρ0α̃+ ρ0ϕ̂1.

Then E1(γ
ρ0,δ, αρ0,δ, ρ0)) involves three terms:

A1 = ρ20

∫
α̃(p)(V̂ ∗ α̃)(p)dp,A2 = ρ20

∫
α̃(p)(V̂ ∗ ϕ̂1)(p)dp,A3 = ρ20

∫
ϕ̂1(p)(V̂ ∗ ϕ̂1)(p)dp.

The terms A2 and A3 are of lower order. This can seen from the fact that the action of
ϕ̂1 restricts to |p| ≤ ε. Consequently, similarly to the bound in (5.9), both terms can be
bounded by ρ2(εa) which is o(ρ2b2).

It remains to analyze A1. Note, that since V̂ (0) = νb, we have that

A1 ≤ ρ2b(

∫
|α̃|)2. (5.14)
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We will now estimate
∫
|α̃|. We have

∫
|α̃|(p)dp =

∫

|p|>ε

∣∣∣
[ −V̂ w(p)

2

√
(p2 + δ)2 + 2(p2 + δ)ρ0V̂ w(p)

+
V̂ w(p)

2p2

]∣∣∣dp

+

∫

|p|≤ε

∣∣∣ −V̂ w(p)

2

√
(p2 + δ)2 + 2(p2 + δ)ρ0V̂ w(p)

∣∣∣dp =: A>
1 +A<

1 .

As in the analysis before, we rescale δ and the p variable and get

A<
1 = b

∫

|p|≤ ε√
ρ0b

∣∣∣
−8π V̂ w(

√
ρ0bp)

8πb

2

√
(p2 + d)2 + 16π(p2 + d) V̂ w(

√
ρ0bp)

8πb

∣∣∣dp,

A>
1 = b

∫

|p|> ε√
ρ0b

∣∣∣
[ −8π V̂ w(

√
ρ0bp)

8πb

2

√
(p2 + d)2 + 16π(p2 + d) V̂ w(

√
ρ0bp)

8πb

+
8π V̂ w(

√
ρ0bp)

8πb

2p2

]∣∣∣dp.

Notice, that the term coming from ϕ̂2 makes the outer integral converge. In particular,
like in Lemmas 18 and 19, one can show that to leading order in b these integrals can be

replaced by those with V̂ w(
√
ρ0bp)/(8πb) = 1. In particular, a direct computation shows

that

b

∫

|p|≤ ε√
ρ0b

8π

2
√

(p2 + d)2 + 16π(p2 + d)
dp = O(b ln b)

which implies
A<

1 = O(b ln b).

Similarly, one can show that A>
1 = o(b ln b). Combining these estimates with (5.14), we

conclude that

A1 ≤ Cρ2b
[
(b ln b)2 + o((b ln b)2)

]
= Cρ2b2 ln b

[
(b ln b) + o(b ln b)

]
= o(ρ2b2)

and thus is subleading with respect to the terms in the statement of Theorem 1. This ends
the proof.

Appendix A. Proof of Lemma 11

Proof. Let ϕ = 1− w. From the scattering equation it follows that

ϕ̂ =
1

2

V̂ w(p)

p2
on R2 \ {0}. (A.1)

Since we are considering distributions, we have to determine the singular term at the origin.
To this end we notice that

ϕ = 1− 2b ln(r/a) + w̃

with w̃ ∈ L1(R2)∩L2(R2) (this follows from the fact that w̃ describes the behaviour of the
L2- function w for |x| < R). Thus

ϕ̂ = (2π)2(1 + 2b ln(a))δ0 − 2bl̂n(r) + ̂̃w (A.2)

where δ0 is the Dirac-delta distribution at the origin. Clearly ̂̃w ∈ L∞(R2) ∩ L2(R2). We
now need to compute the Fourier transform of the tempered distribution given by ln |x| on
R2. We will denote it by L. Introducing the distribution P given by

P(φ) = −2π

(∫

|p|≤1

φ(p)− φ(0)

p2
dp+

∫

|p|>1

φ(p)

p2
dp

)

we easily compute that
(−∆P)(φ̌) = −2πφ(0).
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Here φ̌(p) = (2π)−2
∫
exp(ipx)φ(x)dx denotes the inverse Fourier transform. Thus, since

obviously −∆L = −2πδ0, the distribution

M(φ) := L(φ)− P(φ̌)

satisfies −∆M = 0 which implies p2M̂ = 0. Thus

M̂ = c0δ0 + c1∂1δ0 + c2∂2δ0 + c3∂1∂2δ0.

To determine the constants ci we will use the scaling properties of the Fourier transform.
Let φκ(p) := φ(κp). Then from the definition of M we get

M̂(φκ) = M(φ̂κ) = L(φ̂κ)− P(φκ).

After a change of variables we have

P(φκ) =− 2π

(∫

|p|≤κ

φ(p)− φ(0)

p2
dp+

∫

|p|>κ

φ(p)

p2
dp

)

= −2π

(∫

|p|≤1

φ(p)− φ(0)

p2
dp+

∫

1<|p|≤κ

φ(p)− φ(0)

p2
dp +

∫

|p|>κ

φ(p)

p2
dp

)

= P(φ) + 2π

∫

1<|p|≤κ

φ(0)

p2
dp = P(φ) + (2π)2 ln(|κ|)φ(0)

= P(φ) + ln(|κ|)
∫

φ̂(p)dp.

Thus

M̂(φκ) = L(φ̂κ) +M(φ̂)− L(φ̂)− ln(|κ|)
∫

φ̂(p)dp.

Since

L(φ̂κ) =

∫
ln |x| 1

κ2
φ̂
(x
κ

)
dx = ln(|κ|)

∫
φ̂(p)dp + L(φ̂)

we arrive at

M̂(φκ) = M(φ̂).

This scaling invariance together with the fact that δ0(φκ) = δ0(φ), (∂iδ0)(φκ) = κ(∂iδ0)(φ)
and (∂1∂2δ0)(φκ) = κ2(∂1∂2δ0)(φ) implies that c1 = c2 = c3 = 0 and thus

M̂ = c0δ0.

To compute C0 we pick as test function f(p) = exp(−p2/2). We have

c0 = M̂(f) = L(f̂)− P(f)

which can be computed in polar coordinates and yields

c0 = 2(2π)2
∫ ∞

0
r ln(r) exp(−r2/2)dr = (2π)2(ln 2− Γ).

Thus altogether

L̂ = (2π)2(ln 2− Γ)δ0 + P. (A.3)

Remembering that away from the origin the action of the distribution ŵ is given by (A.1),
plugging (A.3) into (A.2), we obtain

ϕ̂(φ) = (2π)2(1 + 2b ln(a)− 2b ln 2 + 2bΓ)φ(0)

+

(∫

|p|≤1

V̂ w(p)φ(p)− V̂ w(0)φ(0)

2p2
dp+

∫

|p|>1

V̂ w(p)φ(p)

2p2
dp

)
.

(A.4)
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Rewriting the integral
∫
|p|≤1 as a sum

∫
|p|≤ε+

∫
ε<|p|≤1 we can rewrite the second line in

(A.4) as

∫

|p|≤1

V̂ w(p)φ(p)− V̂ w(0)φ(0)

2p2
dp+

∫

|p|>1

V̂ w(p)φ(p)

2p2
dp =

∫

|p|≤ε

V̂ w(p)φ(p)− V̂ w(0)φ(0)

2p2
dp+

∫

|p|>ε

V̂ w(p)φ(p)

2p2
dp + (2π)22b(ln ε)φ(0)

where we used (4.3). Choosing ε as in the statement of the lemma we cancel all δ-terms in
(A.4) and obtain the desired result. �
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