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1. Introduction

The calculation of photon interactions with matter is part of any introductory (or advanced)
course on quantum mechanics. Indeed the evaluation of the Compton scattering cross section is
a standard exercise in relativistic quantum mechanics, since gauge invariance together with the
masslessness of the photon allow the results to be presented in terms of relatively simple analytic
forms [1].

One might expect a similar analysis to be applicable to the interactions of gravitons since, like
photons, gravitons are massless and subject to a gauge invariance. Also, just as virtual photon ex-
change leads to a detailed understanding of electromagnetic interactions between charged systems,
a careful treatment of virtual graviton exchange allows an understanding not just of Newtonian
gravity, but also of spin-dependent phenomena—geodetic precession and Lense-Thirring frame
dragging—associated with general relativity which have recently been verified by gravity probe
B [2]. However, despite these parallels, examination of quantum mechanics texts reveals that (with
one exception [3]) the case of graviton interactions is not discussed in any detail. There are at least
three reasons for this situation:

1) the graviton is a spin-two particle, as opposed to the spin-one photon, so that the interaction
forms are more complex, involving symmetric and traceless second rank tensors rather than
simple Lorentz four-vectors;

i) there exist fewer experimental results with which to confront the theoretical calculations.
Fundamental questions beyond the detection of quanta of gravitational fields have been ex-
posed in [4];

iii) in order to guarantee gauge invariance one must include, in many processes, the contribution
from a graviton pole term, involving a triple-graviton coupling. This vertex is a sixth rank
tensor and contains a multitude of kinematic forms.

A century after the classical theory of general relativity and Einstein’s' argument for a quanti-
zation of gravity [5], we are still seeking an experimental signature of quantum gravity effects. This
paper presents and extends recent works, where elementary quantum gravity processes display new
and very distinctive behaviors.

Recently, however, using powerful (string-based) techniques, which simplify conventional
quantum field theory calculations, it has been demonstrated that the scattering of gravitons from an
elementary target of arbitrary spin factorizes [6], a feature that had been noted ten years previously
by Choi et al. based on gauge theory arguments [7]. This factorization property, which is sometime
concisely described by the phrase “gravity is the square of a gauge theory", permits a relatively
elementary evaluation of various graviton amplitudes and opens the possibility of studying gravita-
tional processes in physics coursework. In an earlier paper by one of us [8] it was shown explicitly

! Gleichwohl miiBiten die Atome zufolge der inneratomischen Elektronenbewegung nicht nur elektromagnetische,
sondern auch Gravitationsenergie ausstrahlen, wenn auch in winzigem Betrage. Da dies in Wahrheit in der Natur nicht
zutreffen diirfte, so scheint es, daf3 die Quantentheorie nicht nur die Maxwellsche Elektrodynamik, sondern auch die
neue Gravitationstheorie wird modifizieren miissen
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how, for both spin-0 and spin—% targets, the use of factorization enables elementary calculation of
both the graviton photoproduction,
Y+S§—g+S,

and gravitational Compton scattering,
g+S—g+S§,

reactions in terms of elementary photon reactions. This simplification means that graviton inter-
actions can now be discussed in a basic quantum mechanics course and opens the possibility of
treating interesting cosmological applications.

In the present paper we extend the work begun in [8] to the case of a spin-1 target and demon-
strate and explain the origin of various universalities, i.e., results which are independent of target
spin. In addition, by taking the limit of vanishing target mass we show how both graviton-photon
and graviton-graviton scattering may be determined using elementary methods.

In section 2 then, we review the electromagnetic interactions of a spin one system. In section
3 we calculate the ordinary Compton scattering cross section for a spin-1 target and compare with
the analogous spin-0 and spin-% forms. In section 4 we examine graviton photoproduction and
gravitational Compton scattering for a spin-1 target and again compare with the analogous spin-0
and spin—% results. In section 5 we study the massless limit and show how both photon-graviton and
graviton-graviton scattering can be evaluated, resolving a subtlety which arises in the derivation.
Section 6 discusses some intriguing properties of the forward cross-section. In section 7 we review
the classical physics calculation of the bending of light, including both lowest order and next to
leading order corrections. After a derivation of the gravitational interaction of massless and massive
systems in section 8, in section 9 we present at an alternative derivation in terms of geometrical
optics, which uses the wave interpretation of light propagation. Then in section 10, we examine an
additional way to derive the light bending, in terms of a quantum mechanical small angle scattering
(eikonal) picture following the approach in [9]. A brief concluding section summarizes our results.
The equivalence between results derived via these on the surface disparate techniques serves as an
interesting example which can introduce students to new ways to analyze a familiar problem. Two
appendices contain formalism and calculational details.

2. Spin One Interactions: a Lightning Review

We begin by reviewing the photon and graviton interactions of a spin-1 system. Recall that for

a massive spin-0 system, we generate the photon interactions by writing down the free Lagrangian
for a scalar field ¢

L7 = 0up o o —m*979, 2.1)

and making the minimal substitution [10]
iy — Dy =idy —eAy .
This procedure leads to the familiar interaction Lagrangian

L5 = —iA, 07T 19+ PARAY D079, (22)

int
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where e is the particle charge and A, is the photon field, and implies the one- and two-photon
vertices

(P IV ™ (pi) = ie(py+pi)*,

(prIVan i) = 2ie*nH". (23)
The corresponding charged massive spin-1 Lagrangian has the Proca form [11]
_ 1
Lyt =5 BB +m’ BB, 2.4)

where B* is a spin one field subject to the constraint d, B* = 0 and B*" is the antisymmetric tensor
B*Y = oMBY —9VBH. (2.9
The minimal substitution then leads to the interaction Lagrangian
L5 = 1A BY (e’ Dy~ Nags 9 v) B — EAMA (T — Mua o) BB, (26
and the one, two photon vertices
{pr.es \Ve%)“\pi,£A>S:1 = —iegpy ((prrPi)”naﬁ —Tlﬁ“l?? —lepf;) €A s
(proes \Ve(,i)“v P, = ;o2 e (2naﬁnuv _porpBy _ navnﬁu) E1g. 2.7)

However, Eq. (2.7) is not the correct result for a fundamental spin-1 particle such as the charged
W-boson. Because the W arises in a gauge theory, the field tensor is not given by Eq. (2.5) but

rather is generated from the charged—\/g (x £ iy)—component of
B“v :D“Bv_DvB“_ggaB“ XB\/, (28)

where g4, 1s the gauge coupling. This modification implies the existence of an additional Wty
interaction, leading to an “extra" contribution to the single photon vertex

(py.es ‘6Ve(r:l)“‘pi7£A>S:1 =iegp (n““(pi —Pf)ﬁ —nPH(p; —pf)a)) €A - (2.9

The significance of this term can be seen by using the mass-shell Proca constraints p;- €4 = py-€p =
0 to write the total on-shell single photon vertex as

(P28 |(Vem+ 8Ven )" | pivea)g_, = —iegyg ((pf+pi)“n°‘ﬁ—2nﬁ“(pi—pf)°‘

- 2n"*"(p; _Pf)ﬁ> Eras (2.10)

wherein, comparing with Eq. 2.9, we observe that the coefficient of the term —n**(p; — p f)B +
nPH(p; — ps)* has been modified from unity to two. Since the rest frame spin operator can be
identified via®

¥ . .
B[B;— BB = —igiu(f|S|i), (2.12)
2Equivalently, one can use the relativistic identity
1 i |
€pud €A — EApq € = — (*%ﬁysl’?qﬂ?s — 5= (py+Ppi)u€s-qea- q) : (2.11)
1—4L \m 2m
m

where §9 = ﬁs‘smc €ps€ac(Py+ pi)¢ is the spin four-vector.
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the corresponding piece of the nonrelativistic interaction Lagrangian becomes

Lt = (f|8]i)-V <A, (2.13)

e
85
where g is the gyromagnetic ratio and we have included a factor 2m which accounts for the nor-
malization condition of the spin one field. Thus the “extra” interaction required by a gauge theory
changes the g-factor from its Belinfante value of unity [12] to its universal value of two, as orig-
inally proposed by Weinberg [13] and more recently buttressed by a number of additional argu-
ments [14]. Henceforth in this manuscript then we shall assume the g-factor of the spin-1 system to
have its “natural” value g = 2, since it is in this case that the high-energy properties of the scattering
are well controlled and the factorization properties of gravitational amplitudes are valid [15].

3. Compton Scattering

The vertices given in the previous section can now be used to evaluate the ordinary Compton
scattering amplitude,
Y+S—=y+S,

for a spin-1 system having charge e and mass m by summing the contributions of the three diagrams
shown in Figure 1, yielding

&-Di€f-Pf & Pr€f-pi
Comp A 2 * f f *
Ampg_ " = 2e {SA-SB[ — — &€
- Di ki pi-ky
§ (& pi & L (€ Ef - Pi
oo (575 et (5 50
1 1 1 1 1 1
1
— €&, ki]- (€5, kr| €5 — ———€a-[€F, ks - [€,ki]€h| 7, (3.1)
e ekl ek g~ e ek | J]}

with the momentum conservation condition p; +k; = py + ky. We can verify the gauge invariance
of the above form by noting that this amplitude can be written in the equivalent form

2
Comp 2e %
Am = —— ¢ -exlpi-F-Fr-pi
Ps=i pi'kipi‘kf{ Beals 7o)

+ (&5 Fr-e0) (i Frepp) + (85 i) (01 Fy - )|

- [Pi'kf(gﬁ'Ff'E'gA)—Pi'ki(SE'E'Ff'EA)} }, (3.2)

where the electromagnetic field tensors are F/'Y = &'k} — e"k!' and F fH V= 8;-“ ky — Jf"kﬁf-. Since
F; ; are obviously invariant under the substitutions & ; — & r + Ak; s, i = 1,2, it is clear that
Eq. (3.1) satisfies the gauge invariance strictures

e;“kivAmpﬁ‘;‘j;*’zl =K} el-"Ampﬁ?f;il —0. (3.3)

In order to make the transition to gravity, it is useful to utilize the helicity formalism [16],
wherein one evaluates the matrix elements of the Compton amplitude between initial and final
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(a) (b) (c)

Figure 1: Diagrams relevant to Compton scattering.

spin-1 and photon states having definite helicity, where helicity is defined as the projection of the
particle spin along the momentum direction. We work initially in the center of mass frame and, for
a photon incident with four-momentum kLH = pem(1,2), we choose the polarization vectors

eﬂf = —\% (£+iAP), A=+, (3.4)

while for an outgoing photon with K= pem(1,co8 BcmZ + sin OcpmX) we use polarizations

A Ay ( TR .
g’ = ———( cosOcmL+ildsP—sin 6 z), Ar==. 35
y NG oM 1y cm % (3.5)

We can define corresponding helicity states for the spin-1 system. In this case the initial and final

four-momenta are le = (Ecm, —pcemZ) and pif = (ECM, —peMm(cos BemZ + sin GCM)?)) and there
exist two transverse polarization four-vectors

e
& = (0, B )

& 08 Bemd - 792 sin Bene?
81::“ = (o, €0S OcmX + 1y F sin Ocmz ’ (3.6)
V2
in addition to the longitudinal mode with polarization four-vectors
ou 1 A
& = —(pems —EcmZ)
m
1 . R
sg“ = . (pCM, —Ecm(cos OcmZ + sin GCMx)> , 3.7
In terms of the usual invariant kinematic (Mandelstam) variables
2 2 2
s=(pi+k), t=(ki—ks)", u=(pi—ky)", (3.8)
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we identify

s—m?
pcm = 27\/5,
s+m
E = —
CM 2\/§ )
1 1
1 ((s—mz)z—i-st>2 (m“—su)2
—6 g g
COSZ ™ s—m? s—m?
1 —st)?
SiIl*GCM = u (39)
2 s—m?

The invariant cross-section for unpolarized Compton scattering is then given by

dGComp
S=1
- (ab; d( , 3.10
dt 16717(s—m2 ZO+ CdZJ (absc (3-10)
where
B'(absed) = (py,bskyp,d |Amps™T® | piyaskiyc ), (3.11)

is the Compton amplitude for scattering of a photon with four-momentum k;, helicity a from a
spin-1 target having four-momentum p;, helicity ¢ to a photon with four-momentum &, helicity
d and target with four-momentum py, helicity b. The helicity amplitudes can now be calculated
straightforwardly. There exist 3% x 22 = 36 such amplitudes but, since helicity reverses under
spatial inversion, parity invariance of the electromagnetic interaction requires that

}Bl(ab;cd)’ = }Bl(—a—b;—c—d)‘.

Also, since helicity is unchanged under time reversal, but initial and final states are interchanged,
T-invariance of the electromagnetic interaction requires that

’Bl(ab;cd)‘ = ]Bl(ba;dc)‘.

Consequently there exist only twelve independent helicity amplitudes. Using Eq. (3.1) we calculate
the various helicity amplitudes in the center of mass frame and then write these results in terms of

3Note that we require only that the magnitudes of the helicity amplitudes related by parity and/or time reversal be
the same. There could exist unobservable phases.
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invariants using Eq. (3.9), yielding

) ((s—mz)2 +m2t)2

1 ) — B (—— )| =2
|B'(++;++)| = [B'(————)| =2 (P
m4—su 2
BG4 = B o) =2 (s—(mz)S(uzmz)’
2
|Bl(+_;+_)} = ‘Bl(_‘l';_"_)‘ :282 (s—m2)3zu—m2)’
[B'(+=1=+)] = [B'(—+:i+-)| =2¢ (s_mzs;t(zu_mz)’
B (++;4-)| = [B'(——;—+)| = |B' (++:—+)| = [B' (——;+—)|,
m*t(m* — su)
= 2¢? ,
(s =m?)(u—m?)
|B'(+—:++)| = |B'(—+:—=)| = |B' (—+:++)| = [B' (+——-)|,
5 m’t(m* —su)
= 2 ) (3.12)
and
|B'(0+;++)| = [B'(0—:——)| = [B'(+0;++)| = |B' (—=0; ——)|,
52 V2m(tm? + (s —m?)?) /=t (m* — su)
N (s —m?)3(u—m?) ’
|B'(0+:+—)| = [B'(0—;—+)| = |B'(+0; —+)| = [B'(—0;+-)|,
_ 02 V2mst\/—t(m* — su)
(s —m?)3(u—m?)
B (0+:—+)[ = |B'(0—:+-)| =[B! (+0:+-)| = [B'(~0;—+)],
_ 2e2ﬁm3t\/7t(m4fsu)
(s—m2)3(u—m?) ~’
|B'(0+5——)| = [B'(0—;++)| = |B' (+:0; =—)| = [B'(=0; ++)],
52 ﬁm(—t(m“—su))%
(s—m2)3t(u—m?) ’
m2 s—m2 2 m4—su
|B'(00;++)| = [B'(00;——)| =2¢ (2 (:_(m2>3(iz(mz) ),
B'(00;4+—)| = |B'(00: —+)| = 262 (e (s — %) +2s1) (3.13)
[B'(00;+-)| = [B'(00;—+)]

(s —m2)3(u—m?)

Substitution into Eq. (3.10) then yields the invariant cross-section for unpolarized Compton scat-
tering from a charged spin-1 target

dog ™ et 4 2 4 0N 2 2 2
d; = 22 (s — ) — (m* —su+17) (3(m* — su) +17) +17(t —m*) (t — 3m") |,

(3.14)
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which can be compared with the corresponding results for unpolarized Compton scattering from
charged spin-0 and spin—% targets found in ref. [8]—

Comp 4
dog_,, e 4 2y 42
-0 _ B ;
dt A7 (s —m?)*(u —m?)? [ = su)” +m*c°]
dGSCfrlnp et 4 4 2 2.20n,2
=1
& SaG—m) a—m)? [(m —su) (2(m* —su) +17) + m’t*(2m —t)] .
(3.15)
Often such results are written in the laboratory frame, wherein the target is at rest, by use of the
relations
s—m? = 2ma;, u—m* = —2maoy,
0 0
m* —su = 4m2a)l-a)f cos’ TL’ m*t = —4m2a),-cof sin’ ?L, (3.16)
and )
d d 207(1—cosb) \  ©f 317
dQ  2mdcos6p \ 1+ 2(1—cos6)) 7w ’
Introducing the fine structure constant & = e? /47, we find then
do'" o2 o} 6 6 o . 26\’
S 2 (cost 2 4sint 2 ) (142= sin® =
dQ m? @} 2 2 m 2
+ Wz’sm > l—i—ZEsm > + 3m4l sin” ==
dGComp 1 5 3 )
lab,S=5 (04 (Df 4 GL . 4 GL W . - QL W7 . 4 GL
Tzzﬁw—? [(cos ?—i-sm > 1+2Esm ) +2m—'2s1n 5|
doges?y @[ 8 9
S0 — 2 feost ZE 4sint | (3.18)
dQ m? o: 2 2

We observe that the nonrelativistic laboratory cross-section has an identical form for any spin

NR
dcrﬁﬁf?p o’ 400 .46 ;
o _mZKcos ?+sm ?) (H_ﬁ(m)ﬂ , (3.19)

which follows from the universal form of the Compton amplitude for scattering from a spin-S target
in the low-energy (@ < m) limit, which in turn arises from the universal form of the Compton
amplitude for scattering from a spin-S$ target in the low-energy limit—

<S,Mf;£f‘Ampgomp|S,Ml‘;8i> :2628;'81'5M,-,Mf+'-- , (3.20)

o<m

which obtains in an effective field theory approach to Compton scattering [17].*

“4That the seagull contribution dominates the non relativistic cross-section is clear from the feature that

EDE'D  ®
27 PR 8 Ampggueu = 26°€] - €. (3.21)

Ampgy, ~ 2e ok p
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4. Gravitational Interactions

In the previous section we discussed the treatment the familiar electromagnetic interaction,
using Compton scattering on a spin-1 target as an example. In this section we show how the gravi-
tational interaction can be evaluated via methods parallel to those used in the electromagnetic case.
An important difference is that while in the electromagnetic case we have the simple interaction
Lagrangian

Ly = —eAyJ* 4.1)

where J* is the electromagnetic current matrix element, for gravity we have
K v
a%int = EhuvT . (4-2)
Here the field tensor A,y is defined in terms of the metric via
guv = Nuv + Khyy, (4.3)

where K is given in terms of the Cavendish constant G by k?> = 327G. The Einstein-Hilbert action
is

2
SEinstein—Hilbert = / d*x\/~g P R, 4.4)
where
1 1
V—g=+/—detg= expitrlogg =1+ En“"h#v +..., 4.5)

is the square root of the determinant of the metric and R = R* urvg"” is the Ricci scalar curvature
obtained by contracting the Riemann tensor R*y, s with the metric tensor. The energy-momentum
tensor is defined in terms of the matter Lagrangian via

2 O0V—8Z
v—g &gt

The spin-1 single graviton emission vertex shown in figure 2(a) can now be identified

Ty = (4.6)

BKRAARARARA [V

Figure 2: (a) The one-graviton and (b) two-graviton emission vertices from either a scalar, spinor or vector
particle.

10
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K
(prres Vel | pivea)g | = —i5 [EE-SA(pf‘p}erivpﬁ) —&5-pi(Phel +eipy)
— ea-pr(pleg” +pi'es’) + (pr-pi—m?) (e &' +eley")
- n”v[(Pi'Pf—mz)gé'SA—gﬁ'PiSA'PfH . 4.7

There also exist two-graviton (seagull) vertices shown in figure 2(b), which can be found by ex-
panding the stress-energy tensor to second order in /.

<pf7333kf‘ngvﬂ‘/po‘PHSA k> *—z—eA Sg)*{

2)} (n#pnvo + NuoNvp — Tluvrlpc)

+ [piﬁpfa Nap(pi-pr—m
+ MNup [naﬁ <pzvpf6+pzopfv> NavPipPfo — NBvPicPfa
— MBoPivPfa — NacPipP v+ (Pi- Py mz) (navn/so+77aomsv>]
+ Nuo [naﬁ (szpfp +Pzppfv> NavPipPrp —NBvPipPro

— NppPivPra—NapPipPsv+ (Pi* Py m2>77av7?/3p+77ap77/3v>}

+ Mvp [Tlaﬁ (PszfG+PzGPfu NauPipPro — NpuPlicPra

+ Nve [naﬁ <Ptupfp +Pzppfu> NauPipPfp — NBuPlipPfo
pi-pf mz) (naunﬁp + napnﬁu>]

NopPipPfo — NBpPLicPfo

)-

~ Mpopiupsa—TNaoPippra+ (i py—m*) (NayNpo +NaoTpu ) |
— NBpPiuPra—NapPipPru+ (

— Mupv [naﬁ (Ptppfc +P10pr>

— MNpoPipPfa — NacPipPfp + (Pz Py m2) (T]apnﬁo + nﬁpnac)]
— TNpo [naﬁ (qupfv +szpfu> NauPipPrv — NpuPlivPra

— NpvPipPra —NavPigPru+ (pi-pr—m ) (naun[sv +nﬁunav>}
+ <71apPiu - naupip) (nﬁapfv - Tlﬁupfa>

+ <ntxcpiv - Tltxvpic) <n[3ppf,u —MNpuPsp

_|_

)
<rloc6Piu - noc/,tpic> <nﬁppfv - nﬁvpfp)
)

+ (nocppiv - navpip) (nﬁopfu —NpuPfo } . (4.8)

Finally, we require the triple graviton vertex of figure 3

iK 1 3
Tup s (K @)=—— [(Iocﬁ,yS =5 aply3) [k“kv +k—q)(k—q)" +q"q" - 271‘”612]

+ 29396 [Ila’aﬁluv’ya S LI A LMY LA —Icv’aﬁll“’ya}

11



Illuminating Light Bending Pierre Vanhove

j0%

q

Figure 3: The three graviton vertex

+ {6]/161“ (MapI™y5 + Nys I ap) + 20" Map™* 45 + Nys I ap)
- q2 (naﬁI“wﬁ + nyﬁluwaﬁ) - n”vqlqc(naﬁly&lc + nySIoc[i,/lG)]
+ {2% (I ysIap ao(k—q)* +1% yslop ao(k—q)" — IV qplys g ok =1 oply5 2 oK)

+ (1P aploo” +1apo 1 y5) + 1" 0 o (luprpl” 36+ s 2p" o)

1 1
+ [(kz + (k* Q)z) <Io-'u7aﬁly6,0'v +16v7a[31y8,6“ - Enuv (Iocﬁ,y6 - Enaﬁ leS) )

— (Pnapl" 5+ (k=) My " up)| } : (4.9)
where 1
Lap ys = 5 (MayNps + NasTpy) - (4.10)
We work in harmonic (de Donder) gauge which satisfies, in lowest order,
1
with
h=trhyy, 4.12)
in which the graviton propagator has the form
i 1
Dqp.y5(q) = ﬂi(nmﬂ?ﬁa +NasNgy — NapMys) - (4.13)

Then just as the (massless) photon is described in terms of a spin-1 polarization vector &, which
can have projection (helicity) either plus- or minus-1 along the momentum direction, the (massless)
graviton is a spin-2 particle which can have the projection (helicity) either plus- or minus-2 along
the momentum direction. Since Ay is a symmetric tensor, it can be described in terms of a direct
product of unit spin polarization vectors—

helicity = +2:  higy =&/ ¢e),

n
helicity = —2: Al =ege; (4.14)

and, just as in electromagnetism, there is a gauge condition—in this case Eq. (4.11)—which must
be satisfied. Note that the helicity states given in Eq. (4.14) are consistent with the gauge require-
ment since

Ve el =ntVe e, =0, and kMg, =0. (4.15)

With this background we can now examine specific graviton reactions.
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4.1 Graviton Photo-production

We first use the above results to discuss the problem of graviton photo-production on a spin-1
target—y + S — g + S—for which the relevant four diagrams are shown in Figure 4. The elec-
tromagnetic and gravitational vertices needed for the Born terms and photon pole diagrams—
Figures 4a, 4b, and 4d—have been given above. For the photon pole diagram we require the
graviton-photon coupling, which can be found from the electromagnetic energy-momentum ten-
sor [10]

1
Ty = —FuaFE + ZgﬂvFaBF“ﬁ , (4.16)

and yields the photon-graviton vertex’
. K k *
(kg 7 |VAEY | i) = i5 [gf & (KUK + KK ) — &7 -k (kE ) + el'kY)
— k(K HhierY) +hp-ki(efef +e¥er)
— T]I'W [kf'k,'S}'S,‘—S;'k,’Si'kf] :| . (4.17)

(a) (b)
(c) (d)

Figure 4: Diagrams relevant to graviton photo-production.

Finally, we need the seagull vertex which arises from the feature that the energy-momentum
tensor depends on p;, pr and therefore yields a contact interaction when the minimal substitution
is made, yielding the spin-1 seagull amplitude shown in Figure 4c.

i
(pr.epiky erey ’T‘piaeA;kia€i>seagu” = 5 Ke [8;'(17.}”"‘]71')8;'81'8;"‘%

— E-EEf PrEf €A —Ep Pi€f EErEA—EAEiE; DiEf-Ep

- eA-pfs}‘»-e,-e}‘--sg—e}‘--eAe,--(prrpi)s;-sg} . (4.18)

SNote that this form agrees with the previously derived form for the massive graviton-spin-1 energy-momentum
tensor—Eq. (4.7)—in the m — 0 limit.
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The individual contributions from the four diagrams in Figure 4 are given in Appendix B and have
a rather complex form. However, when added together we find a much simpler result. The full
graviton photo-production amplitude is found to be proportional to the already calculated Compton
amplitude for spin-1—Eq. (3.1)—times a universal kinematic factor. That is,

(prikp.eses|T piskine) = > Amp(Fig (i) = H x (efaepTmpan(S=1)) ,  @19)
i=a,b,c,d

where . .
_ kprFrepi k& prkp-pi— & -piks-py
2 kitky  2e ki kg ’

(4.20)

and ef oEip TCOIfnpton(S) is the spin-1 Compton scattering amplitude calculated in the previous sec-
tion. The gravitational and electromagnetic gauge invariance of Eq. (4.19) is obvious, since it
follows directly from the gauge invariance already shown for the Compton amplitude together with
the explicit gauge invariance of the factor H. The validity of Eq. (4.19) allows the straightforward
calculation of the cross-section by helicity methods since the graviton photo-production helicity

amplitudes are given simply by
C'(ab;cd) = H x B' (ab;cd) (4.21)

where B! (ab;cd) are the Compton helicity amplitudes found in the previous section. We can then
evaluate the invariant photo-production cross-section using

do?™re
=1 _ C! (ab; cd (4.22)
dt l67l' 3 azo + L—Z-&- ’
yielding
do_photo 22004
S=1_ _ _ ek (m T su) 5 [(m4—su+t2)(3(m4—su)+t2)
dr 967t (s —m?)" (u—m?)
+ IZ(Z _ ml)(t _ 3m2) } . (4.23)
Since |
K (m*—su\?
H =2 4.24
i e < -2t ) 7 20

the laboratory value of the factor H is

K2m? cos® 36,

Hgpl? = ——2—= 4.25
| Hiap| 27 sin’le,’ (4.25)
and the corresponding laboratory cross-section is
hot C
dojy s | B 2d0 5"
a0~ Ml —g,
0, [ 4 2 0, 9 ) 0, W; ., or, 2
= Gacos> — [ L tn®— — [ 1+2=sin*> =
cos 2( > cn2 2—|—sn > + msm >
16(1)i . 9L GL 3260~4 . 6 GL
Zl1422sin? 2 - —=1 . 4.26
T 2<+ 2>+3m4smz (4.26)
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Comparing Eq. (4.26) with the spin-0 and spin—% cross sections found in [8§]

dehOtO, 0 ) 2 0 0 0
ZIabS=0 _ Gocos? & <f> [szL cos? & +sin? L]

dQ 2 \ o 2 2 2
do_photo 1 3
ab,5—1 6, (@ 6 6 6 20; 0 .40
% = G(XCOS2 7L <];> |:<Ctn22L 0082 EL —|—sin2 ZL) + n(;) <COS4 EL +s1n4 2L>
2 0
+ 220 in? L} , 4.27)
m 2

we see that, just as in Compton scattering, the low-energy laboratory cross-section has a universal
form, which is valid for a target of arbitrary spin

d Gﬁﬁ‘f? 2 0L 200 L0 5,0 ;
10 = Gocos 2<ctn ECOS 3+sm 2> <l+ﬁ(m>>. (4.28)

In this case the universality can be understood from the feature that at low-energy the leading
contribution to the graviton photo-production amplitude comes not from the seagull, as in Compton
scattering, but rather from the photon pole term,

sjt~eie}-kl-

Amp, e — x ki (priS,My|Ju|pis S, M) . (4.29)

K
o<m 2kf . k,'

The leading piece of the electromagnetic current has the universal low-energy structure

m

(priS; My |Ju| pisS,M;) = ﬁ(pf+pi)”6Mf,Mi <1 + ﬁ(m_pi» , (4.30)

where we have divided by the factor 2m to account for the normalization of the target particle.
Since k; - (pr + pi) —()) 2m®, we find the universal low-energy amplitude
—

€€k
NR SO
Ampy~,,, = Ke® W , (4.31)
whereby the helicity amplitudes have the form
o
ce | 250 (FE ) =T e 4=,
NR sin ¢
AmpY—pUle = ﬁ cos;—L (4.32)
Lsing, (J=5f ) = St ein? & +— =+
Squaring and averaging, summing over initial, final spins we find then
dolys 0 0 6 6 o;
: 2O 290 20 20 @i
10 @ G ocos 5 [(ctn 5 cos > + sin 2)(1—1—@’(’”))} , (4.33)

as determined above—cf. Eq. (4.28).

Comparing the individual contributions from the Appendix B with the simple forms above,
the power of factorization is obvious and, as we shall see in the next section, permits the straight-
forward evaluation of even more complex reactions such as gravitational Compton scattering.
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4.2 Gravitational Compton Scattering

In the previous section we observed the power of factorization in the context of graviton photo-
production on a spin-1 target in that we only needed to calculate the simpler Compton scattering
process rather than to consider the full gravitational interaction description. In this section we
consider an even more challenging example, that of gravitational Compton scattering—g + S —
g+ S—from a spin-1 target, for which there exist the four diagrams shown in Figure 5.

(a) (b)
() (d)
Figure 5: Diagrams relevant for gravitational Compton scattering.
The contributions from the four individual diagrams can be calculated using the graviton ver-
tices given above and are quoted in Appendix B. Each of the four diagrams has a rather complex

form. However, when added together the total again simplifies enormously. Defining the kinematic

factor
K pirkipicky K (s—m?) (u—m?)

= = 4.34
8et k,‘-kf 16¢4 t ’ ( )
the sum of the four diagrams is found to be
4
<pf,83;kf,€f8f ‘Ampgrav‘ pi,SA;ki,8i£i>S = ZAmp (Fig.5(i))
i=1
= YX](pys,€p:ki, € |Amp,, | pi,€aski, &) g X (priki, € |Amp g | piski, )50,
(4.35)
with S = 1, where
(prikis €7l Ampyy | piski, €)s—o = 26* |~ L - LS T gng| (4.36)

pi-ki pi-kr

is the Compton amplitude for a spinless target.
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In [8] the identity Eq. (4.35) was verified for simpler cases of S=0and S = % This relation is
a consequence of the general connections between gravity and gauge theory tree-level amplitudes
derived using string-based methods as explained in [18]. Here we have demonstrated its validity
for the much more complex case of spin-1 scattering. The corresponding cross-section can be
calculated by helicity methods using

D'(ab;cd) =Y x B! (ab;cd) x A°(cd), (4.37)

where D! (ab;cd) is the spin-1 helicity amplitude for gravitational Compton scattering, B! (ab; cd)
is the ordinary spin-1 Compton helicity amplitude calculated in section 3, and

4

0 o m* —su
A" (++) = 2e =) (a )’

2
AO(+—) = 262 i (4.38)

(s—m?)(u—m?)’

are the helicity amplitudes for spin zero Compton scattering rising from Eq. 4.36 calculated in
[8]. Using Eq. (4.35) the invariant cross-section for unpolarized spin-1 gravitational Compton

scattering
d c;ngomp 1

S=1 1 1 1
= — — D (ab;cd
di 167 (s —m?)’ 3a—§,+20_2+| (absed)

2
)

(4.39)

is found to be

—Com
dog (™ _ [l — s (3 —su) 4 ) — st 1))
dt 7687 (s —m?) (u—mz) 12
+ m4t4(3m2—t)(m2—t)} 7 (440)

and this form can be compared with the unpolarized gravitational Compton cross-sections found in

[8]

g—Comp 4
dog_g — K4 ; [(m4—su)4+m8t4}

dQ 2567 (s —m2)” (u—m?)*2
doé Comp »

§=3 — [m4—su3 2m* — su +t2 +m6t4 2m2—t}_

4.41)

The corresponding laboratory frame cross-sections are

dog, SO o} 0 0 0 5 0\?
% = GZmz—w; <ctn42L cos4?L +sin* 2L> (1 +2% sin® 2L>
16 w? 0 0 .20
+ ?% <cos6 ?L +sin® 2L) (1 +2% sin’ 2L>
16 ()O4 ) GL 4 6L .4 6L
+ ?m—;sm > | cos E%—sm 5 )|

17



Illuminating Light Bending Pierre Vanhove

doj, 0. .6 . .6 0. 6L 0
71333:7 G*m 2(0]; [(ctn42Lcos 2L + sin* 2) +2< 2 2L cos® > —|—sm62L>
()O2 L
+ 2’2<cos L 4 sin 2>]
dGﬁb gor(r)lp 2 2 0 0 6
f 4 9L ¢ L 4 YL
dT =Gm wi2 [ctn 7(:0 5 + sin 2] . (4.42)
We observe that the low-energy laboratory cross-section has the universal form for any spin
dogy ™ 0 .0 . .60
% G*m? [(ctn 7C084?L + sin* 2) (1 —i—ﬁ( ))] . (4.43)
It is interesting to note that the “dressing" factor for the leading (++) helicity Compton
amplitude—
2 4 2m? cos? &
pllatt] = o5 T S (4.44)
2e? —t 2e2 511'12 %

—is simply the square of the photo-production dressing factor H, as might intuitively be expected
since now both photons must be dressed in going from the Compton to the gravitational Compton
cross-section.® In this case the universality of the nonrelativistic cross-section follows from the
leading contribution arising from the graviton pole term

Amp, . (&) (kS +KKY) S (prsS, My [T | pisS M), (4.46)

_> [ —
oKm 4kf . k,'

Here the matrix element of the energy—momentum tensor has the universal low-energy structure

s S My | T | piS. M) = 2 (v + prepin) Suyn (140 (PLEY)) 0 @an)

where we have divided by the factor 2m to account for the normalization of the target particle. We

find then the universal form for the leading graviton pole amplitude
2
K

Ampgfpole (8;: . 8,')2 (pi . kfpf -kf +pi- kipf . ki) 5Mf,Mi . (4.48)

—> —
non—rel 8m kf : ki

Since p -k — m® the helicity amplitudes become
o<m

(1+COSOL)2 . 005402

= ++=—
2(]—cos GL) sin’ 92L ’
Ampg pole — 4nGm 2 (449)
1—cos GL) sint %L
= 3 73 +—=—+.
2(17c059L) sin” 5
Squaring and averaging,summing over initial,final spins we find
—Com
dogy s 6 6L 6
lab,S 2 2 4 YL 4 4 VL
—F— — G"m” |ctn”—cos +sin” — 4.50
dQ o<m 2 2 2]’ ( )
as found in Eq. (4.43) above.
SIn the case of (+—) helicity the “dressing" factor is
K
[Y||at—| = 22 ™M (4.45)

so that the non-leading contributions will have different dressing factors.
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5. Graviton-Photon Scattering

In the previous sections we have generalized the results of [8] to the case of a massive spin-1
target. Here we show how these spin-1 results can be used to calculate the cross-section for photon-
graviton scattering. In the Compton scattering calculation we assumed that the spin-1 target had
charge e. However, the photon couplings to the graviton are identical to those of a graviton coupled
to a charged spin-1 system in the massless limit, and one might assume then that, since the results of
the gravitational Compton scattering are independent of charge, the graviton-photon cross-section
can be calculated by simply taking the m — 0 limit of the graviton-spin-1 cross-section. Of course,
the laboratory cross-section no longer makes sense since the photon cannot be brought to rest, but
the invariant cross-section is well defined

do§_ 1C0mp . 47w G* (3s%u* — 4r*su+1*) 4AnGA (st +ut + s2u?)
dt m—0 3522 35212 '

6.

and it might be (naively) assumed that Eq. (5.1) is the graviton-photon scattering cross-section.
However, this is not the case and the resolution of this problem involves some interesting physics.
We begin by noting that in the massless limit the only nonvanishing helicity amplitudes are

2
S
D' (++;++)m=o = D' (== =) ~0=87G—,

2
u
Dl(__;++)n120 = Dl(++; __)m:0 = 87TG7 )

D' (00; ++) =0 = D' (00; ——) o f87tG7 (5.2)
which lead to the cross-section
dof "™ 1 |
— D' (ab; d
dt 16752 3 :Z_ CZ;‘ (absc
1 1 ! sUout sTu?
= G 2
167r232(”)>< X{ Tt }
4 st +ut +s7u?
e L N 53

in agreement with Eq. (5.1). However, this result reveals the problem. We know that in Coulomb
gauge the photon has only fwo transverse degrees of freedom, corresponding to positive and neg-
ative helicity—there exists no longitudinal degree of freedom. Thus the correct photon-graviton
cross-section is obtained by deleting the contribution from the D' (00; ++) and D' (00; ——) multi-
poles

do, 1 1 1 2

" Tert3 2o 3 2 [P'(abied)]
a=+,

11

— 4
l67ms2 22 5-4)

which agrees with the value calculated via conventional methods by Skobelev [19]. Alternatively,

since in the center of mass frame
dt (DCM

55
0 70 (5.5)
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we can write the center of mass graviton-photon cross-section in the form

docv 5 5 [ 1+cos® U
a0 2000 | | (5.6)

again in agreement with the value given by Skobelev [19].
So what has gone wrong here? Ordinarily in the massless limit of a spin-1 system, the longi-
tudinal mode decouples because the zero helicity spin-1 polarization vector becomes
2

1 m 1 m
0 - o P I A
&, —>O (p,(p+2 —i—...)z) p“—i—((),2 z>+... 5.7

However, the term proportional to p,, vanishes when contracted with a conserved current by gauge

m

2p
scattering amplitude becomes gauge invariant for a massless spin-1 system can be seen from the

invariance while the term in 7% vanishes in the massless limit. Indeed that the spin-1 Compton
fact that the Compton amplitude can be written as

62

Comp
Ampg_;” — Pi-qipi-qf
I
— 7 (Te(FFy)Tr(FaFg) + Te(FEn)Tr(Fy Fi) + T (i) Te (FyF) )] :

(5.9)

[Tr(F,-FfFAFB) + Tr(FiFaFyFg) + Tr(F;FsFpFy)

which can be checked by a bit of algebra. Equivalently, one can verify explicitly that the mass-
less spin-1 amplitude vanishes if one replaces either €4y by piy or gy by pru. However, what
takes place when rwo longitudinal spin-1 particles are present is that the product of longitudinal
polarization vectors is proportional to 1/m?, while the correction term to the four-momentum DPu
is ©'(m?) so that the product is nonvanishing in the massless limit and this is why the multipole
D(00; 4+ )m—0 = D(00; ——),u—o is nonzero. One deals with this problem by simply omitting the
longitudinal degree of freedom explicitly, as done above.

5.1 Extra Credit

Before leaving this section it is interesting to note that graviton-graviton scattering can be
treated in a parallel fashion. That is, the graviton-graviton scattering amplitude can be obtained by
dressing the product of two massless spin-1 Compton amplitudes [20]—

(presepiky eper|Ampy, | pigaeaski €€i),, o5 o = (5.9)

0!

Y X (pr,epskr, € |AMPSS™| i, €aski€)m—0.5=1 X (pr,€piks, €| AMPSO™| pi €45 Ki&i) m=0.5=1 -

Then for the helicity amplitudes we have
E(+434++F)m0 = ¥ (B' (4 ++)mo) (5.10)

where E?(++;++) is the graviton-graviton ++; 4+ helicity amplitude while B! (4-+;++) is the
corresponding spin-1 Compton helicity amplitude. Thus we find

T 164 1

which agrees with the result calculated via conventional methods [21].

2 K% su 28 2 53
E“(++;++)m=0 x | 2e* = :87rG—t, (5.11)
u u
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6. The forward cross-section

It is interesting to note some intriguing physics associated with the forward-scattering limit.
In this limit, i.e., 8, — 0, in the laboratory frame, the Compton cross-section evaluated in section 3
has a universal structure independent of the spin S of the massive target

C
i dﬁlal())glp _ iz 6.1)
0,0 dQ 2m?’ '

reproducing the well-known Thomson scattering cross-section.

For graviton photo-production, however, the small-angle limit is very different, since the
forward-scattering cross-section is divergent—the small angle limit of the graviton photo-production
of section 4.1 is given by

hot
fim (s’ _ 4G
0,—0 dQ 07
and arises from the photon pole in figure 4(d). Notice that this behavior differs from the familiar

(6.2)

1/6* small-angle Rutherford cross-section for scattering in a Coulomb-like potential. Rather, this
divergence of the forward cross-section indicates that a long range force is involved but with an
effective 1/r? potential. This effective potential arising from the y-pole in figure 4(d), is the Fourier
transform with respect to the momentum transfer g = ks — k; of the low-energy limit given in
Eq. 4.31. Because of the linear dependence in the momenta in the numerator, one obtains
dq .1 1
/ ok el Tl =527 (6.3)

and this result is the origin of the peculiar forward-scattering behavior of the cross-section. Another

contrasting feature of graviton photo-production is the independence of the forward cross-section
on the mass m of the target.

The small angle limit of the gravitational Compton cross-section derived in section 4.2 is given
by

li : = 4
eglo dQ o} ©4)

where again the limit is independent of the spin S of the matter field. Finally, the photon-graviton

cross-section derived in section 5, has the forward-scattering dependence
docu _ 32G°wdy
Bcm—0  dQ

6.5
o -
The behaviors in Eqs. (6.4) and (6.5) are due to the graviton pole in figure 5(d), and are typical of
the small-angle behavior of Rutherford scattering in a Coulomb potential.

The classical bending of the geodesic for a massless particle in a Schwarzschild metric pro-
duced by a point-like mass m is given by b = 4Gm/6 + O(1) [22], where b is the classical impact
parameter. The associated classical cross-section is

16G%m?

dGclassical B b @
dQ  sin@ |do| 64

+0(67%), (6.6)
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matching the expression in Eq. (6.4). The diagram in Figure 5(d) describes the gravitational
interaction between a massive particle of spin-S and a graviton. In the forward-scattering limit the
remaining diagrams of figure 5 have vanishing contributions. Since this limit is independent of the
spin of the particles interacting gravitationally, the expression in Eq. (6.4) describes the forward
gravitational scattering cross-section of any massless particle on the target of mass m and explains
the match with the classical formula given above.

Eq. (6.5) can be interpreted in a similar way, as the bending of a geodesic in a geometry
curved by the energy density with an effective Schwarzschild radius of v/2 Gay determined by
the center-of-mass energy [23]. However, the effect is fantastically small since the cross-section in
Eq. (6.5) is of order £3/(A%6¢y) where (3 = hG/c® ~ 1.62107* m is the Planck length, and A
the wavelength of the photon.

7. Bending of Light in Classical General Relativity

We close our discussion by examining the process of gravitational light bending and look at
different pictures by which this phenomenon can be discussed. We begin with the standard general
relaticistic derivation. The theory of general relativity encapsulates the theory of gravity in terms
of a simple second rank tensor equation [24]

2
K
—Tyv, (7.1)

1
Ruv - *guvR = - 4

2
where k? = 327G is the gravitational coupling constant, T,y is the energy-momentum tensor,
guv = Muv +huv, (7.2)

is the metric tensor, and Ry, R are the Ricci curvature tensor, scalar curvature, which are defined
in terms of &y as

K
Ryy = 2 [aﬂavh-i- alalhuv —Judh*y — 8‘,8,1}1)“”
R=n"Ry =k [I:Ih— auavh.uv] 7 (7.3)

in the linear approximation. For a spatially isotropic spacetime the invariant time interval d7 is
defined via a metric tensor of the form

dt? = guydxtdx¥ = A(r)dr* — B(r)dr® — r*dQ?,

and vanishes in the case of the motion of a massless system such as a photon. We represent the sun
as a simple non-spinning massive object, described by the Schwarzschild metric [25]

2GM 1
A(}"):l— , y B(r):@ (74)
r
The solution for the bending angle is then given by standard methods [24]
-, (7.5)

0= 2/ \/1 2GM — )
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where we have defined u = 2. Here D is the distance of closest approach in Scwarzschild coordi-

nates. The integration in Eq. (7.5) can be performed exactly in terms of elliptic functions, but since
near the solar rim 2GM /D ~ 1073 < 1, we can instead use a perturbative solution

1 2
e:z/ du[ ! GM_ 1tutu
0

\/(1—u)(1+u)+ D /(1—u)(1+u)
3G*M? (1 +u+u?)?
2 D2\ -w)(l+u)p
4GM+4G2M2 <157r_1> L

D D? 16

_|_

/1

(7.6)

However, instead of using the coordinate-dependent quantity D, the bending angle should be writ-
ten in terms of the invariant impact parameter b, defined as

R
b=+/BD)D=—-—=D+GM~+..., (1.7)
1_2%‘M

we have then
4GM 151 G*M? N
b 4 b2 Y
which is the standard result, together with the next to leading order correction.

0=

(7.8)

8. Quantum Mechanical Scattering Amplitude

Both alternative methods require the quantum mechanical scattering amplitude for the grav-
itational interaction of neutral massive and massless systems. For simplicity we take both to be
spinless and therefore described by the simple Klein-Gordon Lagrangian [26]

1
£ =3 ("0 —m*9?) 8.1)
so that the energy-momentum tensor is given by
0 — 1

The corresponding matrix element is then

< prlTuv|pi >= prupiv+ piwp sy —Muv(ps-pi—m*) + ... (8.3)

Using the gravitational interaction [27]

K

L = Eh#vTuw (8.4)
and the harmonic gauge graviton propagator
s ipoB:vs
DFF (g) = ——. (8.5)

q
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where P78 — %(n‘”nﬁ 8 4 nadnBr — n*Bn7r9), the lowest order graviton exchange amplitude
for interaction between massive and massless systems described via initial, final energy-momentum
P, Pr and p;, pr respectively, becomes (cf. Figure 1)

- 1 1 K
 JAE/E; \/Aepe; 2
2 2 2 2 4 4
K -2 M M
<s s(m*+ ! )+m*+ +s—M2—m2>,

q

i.20(q)

w8, K
< Pr|TuplP > DFPT°(q)5 < pylTyslpi >

(8.6)

4

where s = (P, + p;)? = (Pr+ pr)?, ¢* = (P — P)*> = (py — pi)*, and we have divided by the con-
ventional normalizing factors v/2E for each external scalar field. Working in the rest frame of the
system having mass M, if the light system has mass m, then in the nonrelativistic limit s ~ (M +m)?

and go ~ 0 so that
1 22M’m*> _ 4nGMm

Y/ ~_ - = 8.7
In Born approximation the transition amplitude is related to the potential via [28]

Mo(q) =< pf\f/o]pi >= /d3reiq"V0(r), (8.8)
where ¢ = p; — p;. The corresponding gravitational potential is then given by the inverse Fourier
transform 5

d’q _; GMm
Vo(r) — qr_g(q) = — 8.9
0(0) = [ e 7 tifg) == (59

and has the expected Newtonian form. However, if the light system is massless and carries energy
E,,, then s = M? +2ME,, so that

8TGME
Mo(q) ~ ————. (8.10)
q
and the gravitational potential becomes’
dq 2GME,
Vo(r) = —iqr g (a) = — n 8.11
() = [ e "l == 8.11)

Higher order corrections to this lowest order potential can be found by calculating loop effects.
Such calculations have been performed by a number of groups and the next to leading order
(0(G?)) form of the gravitational interaction amplitude has been found to be [30]
157°G*M°E
M(q) = -4, (8.12)
2/ ¢>

which will be used below. With these forms in hand, we can now proceed to alternative light
bending calculations.

THere the factor of two difference between the massless and massive systems under the replacement m — E,
represents the well-known relation between the predicted light bending in the Newtonian and Einstein formulations of
gravity [29].
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9. Geometrical Optics

In section 7 we presented the conventional (particle) derivation of the bending angle, in terms of the
trajectory traveled by photons. In this section we review an alternative approach, presented in [9], to
describe the propagation of light via geometrical optics, wherein the beam travels through a region
defined by a position-dependent index of refraction n(r), in which case we have the equation of

motion [31]
d dr

ds'ds
where r(s) is the trajectory as a function of the path length s. In the case of light ds ~ cdr and Eq.

Vi, 0.1

(9.1) simplifies to

Ld°r 1

——=-Vn. 9.2

2dr " an " ©2)
The index of refraction describes the propagation of light when E # |p|, and is defined by n =
E/|p|. In our case, as discussed in the previous section, the presence of the gravitational interaction
between photons and the sun leads to a modification of the energy and therefore to an effective

position dependent index of refraction
1
n(r)~(E,—V(r))/E,=1- E—V(r). 9.3)

where, for a massless scalar with energy E,, interacting with a mass M we found®

2GME,,
Vo(r) = — 9.5)

r

In the absence of a potential (n(r) = 1) consider a light beam incident along the &, direction and
with impact parameter b on a massive target located at the origin. The trajectory is then character-
ized by the straight line

ro(t) = be, + ctey, —o0 < < oo, (9.6)

If we now turn on a potential Vy(r) the index of refraction is no longer unity and there will exist a
small deviation from this straight line trajectory. Integrating Eq. (9.2) we find

1dr 1 [~ |
A —=—— dtVVy(r) = —— dtVy(r)? 9.7
so that | _— b
-0~ / drVy(V b+ 22) ——, 9.8)
Cc En ) o 0( ) V b2+C2[2
where 6 is the bending angle. Now change variables to r = bu/c, yielding
1 b [7 1
-0~ / duV(b\/ 1+ u? . 9.9)
c E. ) o ol ) V1+u?

8This description in terms of a position-dependent index of refraction has been called the optical-mechanical
analogy and is given in terms of [32]

n(r) = VB =1+ 257 + . ©4)
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That is,

® 2GE,Mdu 4GM
/ VO V1 +u2) = G u _a6M. (9.10)
o D2(1412)2

as expected.
The leading correction to Eq. 9.10 arises from the one-loop correction to the potential dis-
cussed above

d*q i, 157°G*M?E 15G*M?E
Vi(r) = —/ q3 e T i m—_ 5 = 9.11)
(2m) 2\/q? 4r
so the additional bending is given by
b [ du b [ 15G*M?E,du  151G*M?
0 =— —V/(bV1+u? = 9.12
'TE, /_w\/71+u2 1(bVI+u) = / 263(1 1+ 12)? 4?0 ©-12)

in agreement with the result found by the conventional GR method. We see then that geometrical
optics, in which light is treated in a wavelike fashion, provides and interesting alternative way to
look at the bending process.

10. Small-Angle Scattering (Eikonal) Method

A third approach, , discussed in [9], is to look at the bending in terms of a particle interpretation
but using quantum mechanics rather than classical physics.? In this method we consider a trajectory
in terms of a series of small angle high energy scatterings of the photons by the sun. In such a
situation the dominant four-momentum transfer is in the transverse spatial directions. For photons
travelling in the z-direction we have p3 = p; + g, so that, squaring, we obtain 0 = 2E (g0 — ¢.) + ¢
A similar calculation for the heavy mass gives 0 = —2Mgq + ¢°, which tells us that both ¢ =
go & q. are suppressed compared to the transverse components g ~ —qi by at least a factor of
2E. This condition on the overall momentum transfer gets reflected in the same stricture for the
exchanged gravitons, so that the dominant momentum transfer inside loops is also transverse. (In
the effective theory of high energy scattering—Soft Collinear Effective Theory (SCET)—these
are called Glauber modes and carry momentum scaling (ky,k_,k;) ~ /s(A%,A%,1) where A ~
/—t/s [34].)

The one-graviton amplitude amplitude in this limit was found above to be

1
Mo(q,) = —K2M2E2q—2. (10.1)
1L

After some work described in Appendix B, the multiple graviton exchanges of this amplitude can
be summed, yielding

M (4,) = (47) 2MEmZ < 2ME> H/M ;2 Ze —q)), (102

9Note that some previous evaluations which used integration over the calculated cross section accidentally gave the
correct answer in the case of the leading contribution but were incorrect at higher order [27], [33].
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In order to bring this amplitude into impact parameter space, one defines the two-dimensional
Fourier transform, with impact parameter b being transverse to the initial motion.

(B — 4L g b 40
ll)l( ) - (271:)28 tot (qJ_) : (10.3)
We find then N
1 .
Mra(b) = 4AME, Y —(ixo(b))" = 2(s — M) <e'%0<”> - 1) , (10.4)
n=1 "

where xo(b) is the transverse Fourier transform of the one graviton exchange amplitude

%O(b): 1 /dZQJ_ eiql.b %O(q )
4ME,, | (27m)? +

K*MEy, / dqu2 oidb Lz
4 (2m) q

1
= —4K*ME,, Lz-4 —logh+ } . (10.5)

Only the logb term will be important in calculating the bending angle. If we now transform back
to momentum transfer space via

b,
Horl,) = / e M (B). (10.6)
and perform the impact parameter space integration via stationary phase methods, we find
d
35 1416 = x0(b)) =0. (10.7)

Since |q, | = 2E,sin$ ~ E,,0 we find

1 0

0= ——=-xo(b 10.8
V=E 3 b%o( )5 (10.8)
which yields the lowest order result
AGM
6y = 5 (10.9)

At next to leading order we require the eikonal phase found from the one-loop correction to
massive-massless scattering

1 d? A
0(b) = / 9L o g(q,)

AME,, | (27)?
d*q, ;, 15T°G*M?E, 157
= — q9.b " — ___G’M’E,,. 10.10
[ e ap O M (1049

The stationary phase calculation then yields the correction

19 _ 157G*M?

91:E—m%)cl( )—Ta

(10.11)

which once again agrees with the classical result.
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11. Conclusion

In [8] it was demonstrated that the gravitational interaction of a charged spin-0 or spin—%
particle is greatly simplified by use of factorization, which asserts that the gravitational amplitudes
can be written as the product of corresponding electromagnetic amplitudes multiplied by a universal
kinematic factor. In the present work we demonstrated that the same simplification applies when the
target particle carries spin-1. Specifically, we evaluated the graviton photo-production and graviton
Compton scattering amplitudes explicitly using direct and factorized techniques and demonstrated
that they are identical. However, the factorization methods are enormously simpler, since they
require only electromagnetic calculations and eliminate the need to employ less familiar and more
cumbersome tensor quantities. As a result it is now straightforward to include graviton interactions
in a quantum mechanics course in order to stimulate student interest and allowing access to various
cosmological applications.

We studied the massless limit of the spin-1 system and showed how the use of factorization
permits a relatively simple calculation of graviton-photon scattering, discussing a subtlety in this
graviton-photon calculation having to do with the feature that the spin-1 system must change from
three to two degrees of freedom when m — 0 and we explained why the zero mass limit of the
spin-1 gravitational Compton scattering amplitude does not correspond to that for photon scatter-
ing. The graviton-photon cross section may possess interesting implications for the attenuation of
gravitational waves in the cosmos [35]. We also calculated the graviton-graviton scattering ampli-
tude.

We discussed the main features of the forward cross-section for each process studied in this pa-
per. Both the Compton and the gravitational Compton scattering have the expected 1/ 92‘ behavior,
while graviton photo-production has a different shape that could in principle lead to an interest-
ing new experimental signature of a graviton scattering on matter—~ 1/67?. Again this result has
potentially intriguing implications for the photo-production of gravitons from stars [36, 37].

Finally, we have reviewed the evaluation of the classical general relativity contribution to the
light bending problem—the deviation angle occurring during the passage of a photon by the rim of
the sun—in three different ways. The result in each case was found to be identical

_4GM 151G M? N
b 4p?

What is interesting about these results is that they were obtained using apparently very disparate

0

(11.1)

pictures.

i) In the first, light is considered from the point of view of photons traversing a classical trajec-
tory in the vicinity of a massive object.

ii) In the second, the propagation of light is determined by standard geometrical optics, in the
presence of an effective index of refraction determined by the effective potential describing
the gravitational interaction of massive and massless systems.

iii) Finally, in the third, standard quantum mechanical scattering methods were used, relating
the massive-massless scalar gravitational interaction to the eikonal phase associated with a
series of small-angle scatterings.
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In the latter two cases, it may seem surprising that a method based on a three dimensional
Fourier transform, yielding an effective index of refraction, yields results identical to those ob-
tained using small angle scattering theory, involving a two-dimensional eikonal Fourier transform.
However, the equivalence is shown in Appendix A to result from a simple mathematical identity.'?
What we hope results from this comparison of the various methods is a deeper understanding and
illumination of an important general relativistic phenomenon—that of light bending in the presence
of a gravitational field.

We close by noting that the same method permits the determination of a quantum effect in the
bending angle, with the result [38] (and [39])

b
= ( 8hu’+9—48log —
Oy (8 u +9—48 0g2bo>

hGLM
b3’

(11.2)

where bu® is a coefficient that depend on the spin S of the massless particle scattered against the
mass stellar object M. The spin dependence of the quantum raises questions about the interpretation
of the equivalence principle at the quantum mechanical level [40, 38, 9] and strongly suggests
additional investigations concerning the nature of the Equivalence principle at the quantum level
that we leave for future work.
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A. Equivalence between eikonal and geometrical optics

In order to provide a general proof of the equivalence between eikonal and geometrical optics
methods, we note that the eikonal phase is, in general, given by

d’q, ., . 1 [~
x(b):/(zg;e quAmp(qi)zzn/O dssJo(b|s|)Amp(s?) (A.1)

where Amp(s?) is the photon-mass scattering amplitude. The corresponding contribution to the
lightbending angle is then

1 d T
0=——y(b)=— dssJ, (b|s|)A 2 A2
b == /0 55271 (bs]) Amp(s?), (A2)

where we have used J{j(x) = —J;(x).

10We note also that by including additional loop contributions, one can also use these methods to evaluate quantum
mechanical corrections to the bending angle [38, 9]. The origin of such quantum effects can be considered to be zitterbe-
wegung and the feature that the position of the massive scatterer can only be localized to a distance of order its Compton
wavelength—0r ~ 7i/m.
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On the other hand, in the geometrical optics method, we use the three-dimensional Fourier
transform

dq 1 [
V(r) = / (M‘)’ge*""’Amp(qZ):ﬁ /0 dqq’ jo(lq|r)Amp(g?), (A3)

in terms of which the lightbending shift is

d bV 1+u2)A A4
27r2E/ \/T/ aq’ j1(lg/bV/1+u?)Amp(q (A4)

where we have noted jj(x) = —ji (x). Using ji(x) = /53 ( 3 ) we have

o /0 dqq*G(\q|b)Amp(g?). (AS)

2n2E,,

T “  du
G(|q|b) = bV 1+u? A.6
(0= g | a1, (*6)

Changing variables to s = v/1 +u? so u = /s> — 1, then du = sds/+/s* — 1 and

Gla) = g | _ e 1) )

dxJs ( 3 (sx) T

VX xz—l 2s

where L;(x) is a modified Struve function and satisfies L; (x) = L;(—x) while J; (x) = —J;(—x) is
the usual Bessel function. . If then we change the integration to the range —oo to oo, the Struve

where

We have [41]

(Ji(s) —iLi(—is)), (A.8)

function disappears and we have

T 21 T
G(|gq|b) = ‘/W 'w/wh(\qlb) = Wﬁ(lq!b), (A.9)

1 oo
0=— dgq* b)A 2 Al
i | dad(lalb) Amp(a?), (A10)

whereby

which is identical to the eikonal result.

B. Graviton Scattering Amplitudes

In this appendix we list the independent contributions to the various graviton scattering ampli-
tudes which must be added in order to produce the complete and gauge invariant amplitudes quoted
in the text. We leave it to the (perspicacious) reader to perform the appropriate additions and to
verify the equivalence of the factorized forms shown earlier.
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B.1 Graviton Photo-production: spin-1

For the case of graviton photoproduction, we find the four contributions, cf. Fig. 4,

: Ke * * * * * *
Figd(a): Amp,(S=1) =" <3i‘Pi [SB-SA € Pr€-Pr—EpkrE pres-a
] 1

— SA-pfg;-pfg;.g§+pf.kfg;.gAg;.g§:|

+ 8A-8,-[£§~k,-£}~pf£}‘~pf—£§-kf£;?-pfe}-ki—pf-kl-s}-pfe;-eg

+pf~kfeji‘-~k,~s}~e§}

~ ek |:8§.8i8;;.pfg;§.pf-_gg.kfgl’f.pfg;.Sl._gi.pfe;.pfe;.gg

+pf'kf8}6'8i8}<'8§i|

— EE-E;SA-eiE;-pfp,--k[>. (B.1)
Ke

pi-ky
+ eA-kfe;-p,-e}-eg—p,--kfe}-sAe}-eg}

Fig.4(b): Amp,(S=1)=—

(ei-pf[sA-6§8}-pi8}~pi—8§-pie}~pie}-sA

+ sg-ki[eA-sie}-pi«?;'Pi—Si-PiS}'PiS}'SAJrEA'kfe;'l’i‘g;'gi
- pi‘kfs;‘eAe;-e,-]
+ ei-eg[eA-kie}-pie}i-pf—pi-kieji-piS}'8A+8A'kfe?l’ig?ki
—p,-‘kfs}‘sAs}-k,}

— SA‘S;S;‘p,-Sg‘s,-pi‘kf>. (B.2)

Fig.4(c): Amp,(S=1)= Ke<8;'8,-(8§-8A € (ps+pi) — € pr€g € — € Pi€a-€f)
— EpEfEA-EIE[Pi—Ea -g,’?s}-eis}-pﬂre}-sAe}i-sge,--(pf+p,-)> ; (B.3)

and finally, the photon pole contribution

exK
2k ki

Fig.4(d): Ampg(S=1)=—

X [83 F € {8? (py+pi)(kp-kief - € — €f ki & - ky)

+ &7 -ki(€f - €ki- (pi+ py) — € - ki€i- (Pf—l-l?i))]
— 28§-pi [8? - €A (kf-kiS}-Si—SJt-kiSi-kf)

+ ij~k,~(e}‘»-8,-8A-k,-—s}‘»-k,-e,--sA)}
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— 2€4-py|&r-eplky-kigr- & — €5 ki€ -ky)
+8}-k,-(ej?-sie§-ki—8}-kisi-s§)]]. (B.4)

B.2 Gravitational Compton Scattering: spin-1

In the case of gravitational Compton scattering—Figure 5—we have the four contributions
Fig 5(a) :Amp,($ = 1) = K% 1 {(el--p»z(e;? e
Pi-Ki
— (€} py)&i- pi(€a-ki€y- &+ €a- €€ ;)
— (& pi)°€ - prlep-€/€a-pr+Ep-kpea-€f)
+8i'Pi8;f- "Pr&-Dréa 'ki8§'8;+8i'l7i8} 'Pfg;‘ 'PiSA'EiSE'kf
+ (&7 ) en-Ei€a - € pi kit (Si‘pi)28§'8}8A'8}Pf'kf
+&-pi€r-pr(€a-kiep -kp&i €5 +€g-€r€x-Epi-py)
— & Pi€f-PiE € €A EPrky—EfDrE-prea-€icy - Efpi-ki
— & pi€a-ki€p-Er € -Eipyky—€f-preg-kpea €& €pi-k

+8A'8,'82'8;pi'k,‘pf'kf{;‘,"8;—17128;'8;8,4'SiE;'pfSi'p,‘ . (BS)

1
Fig.5(b) :Amp,(S=1)= —k>*———
g.5(b) Py ) 201k

+ (e ps) €} pilenkyei -] —ea-ef i p)

+ (& -pi)zei.pf(eg'k,-eA-si—eg'eieA pr)

— €/ Di€& PrEf-Dre€a-krEg € — € Pi&i-préi-pia-€r€g-ki
— (& py) €5 €5 ea € pi-ky— (€7 - pi) €5 €84 &1 py ki

+& - pi&i-pr(ea-krep-ki€i € + €5 €4 € pi- py)
+&fPi&i i€y E€a-Efproki+ € prEf-préa- €5 €g-Eipi-ky
—8;'p,'8A'kfgg'gigi'8;pf"ki—8i'pf8§'kl‘SA'8;8;'8ipi'kf

(- pi)* (& py)’en- &5

—l—SA'E;Sg'Sip,'-kfpf-k,'S,‘-S;—mZEE'S,‘SA'S;Si'pfg;'p,‘ . (B6)
: Kz *\ 2 2 *
Fig.5(c) :Amp, (S =1) = Y (gi'gf) (m*—pi-pr)ea-eg

+ & pres i (si-s})2+ei-pie]‘i-pf~ (26i-€jer-€5— 261 -E265-€1)
+&-pre;-pi (26 €5 €x- €5 — 260 € €5 - €F)

+2¢& i€l Prea-EfEp-Ef +2€5 - PrEf - DiEA-EER-E;

— 26 pi€& €A PrEy-Ef —2E; PrEi-E;ENEES P
—26-pr€i-€/€n €€y pi— 287 Pi€i- € Ep-Ei€a- Py

—2(m*—py-pi)&i-€;(ea-€i€h-€f + €5 €5 ) | | (B.7)
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and finally the (lengthy) graviton pole contribution is

K2

16k;-ky

2 * *
~2pikips ke + py-kipiky) +6pi- prkicks | +4|(e-ks) e} pref

* * 2
S(d) :Ampd(S: 1) = |:SB'8A [(Ei'Sf) [4](,"pipf'ki+4kf'pikf~pf

+ (8;'ki)zsi'Pisi'Pf‘f‘ei'kfs;'ki(gi'pig;'pf‘i'gi'pfg;'pi)]

—4e €5 [Ei'kf(S}‘Pin‘kf—FE?‘Pfkf'Pi) +é&f 'ki(gi'pipf'ki‘i‘gi'l)fpi'ki)}
—4ki-kpei-ef(&-pigf-pr+&-pref-pi) —4pi-pf6i-e}ei-kf8}-ki}

— (pi-pres-€a—€5-pi€a-py) |:10(8,"8})2ki‘kf+4€i'8}8i'kf€;'kl'
—4(e;-€)) ki -ky —8e;- €5 - ky €} -k,-] +(pi-py—m?) [(g,-.e;f)z(4gA igh ki
+4eq-kpep-kyp—2(en-ki€p-kp+E€x-krep ki) + 685 €aki-ky)
+4|:(8i‘kf)28A'8;;£§'8;;+ (e}~ki)26A-e,~e§-s,~+£,~-kf£}-kf(eA~ei8§-ef
+8A-8}8§-8i)} —4g; - €} [Si-kf(SA-S;SE-kf—i-Sg-S;SA-kf)
+8}-k,-(sA-eisg-ki+8§-e,~sA-ki) +ki-ky(es-€igp-€5+ €5 €i8a- €F)

+ &4 -eéei-kfeji-kiﬂ —2¢ 'Pf[(8;‘81')2[28;'kiPi'ki+28§'kai'kf
35 piki-ky — (€5 kipi-ky + &5k pi-ki) | +2(ei k) e €7 €7 - i
+2(e5 k) ep - €16 pi+26i-kpes - ki(ep-€i€5-pi+ & piey-€})

—2¢;- € {si-kf(eg.e}pi-kare}.p,-eg-kf) +£l’f»-k,-(eg-8,-p,--k,-+£§-k,-e,--p,-)]
—2ki-ky& € (€ EiEf - pi+Ep- EF & i) —28§-pi8i-£;8i-kf8;-ki}
—28§‘Pi{(8;'8i)2 [28,4 kipr-ki+2€s-kypp-kp+3€a-prki-kys

— (&a-kips-kr+é€a -kfpf-kf)} +2(8i-kf)2£A~sjﬁs} 'pf+2(8;‘kj)28A'8j8i'pf
+2¢;-kper-ki(ea- &€ -pr+&-prea-€f — 26 € [ei-kf(sA~g?pf-~kf

+€ - prea-ky) +8;‘ki(8A‘gin'ki+8A'kisi'pf)}

—2ki-ky€i-€;(ea- &€ prt+e€a-€r & pr) 28A-pfs,-'e}“»e,-kfe}kﬂ : (B.8)
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