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ABSTRACT: We compute anomalous dimensions of higher spin operators in Conformal
Field Theory at arbitrary space-time dimension by using the OPE inversion formula of [1],
both from the position space representation as well as from the integral viz. Mellin rep-
resentation of the conformal blocks. The Mellin space is advantageous over the position
space not only in allowing to write expressions agnostic to the space-time dimension, but
also in that it replaces tedious recursion relations in terms of simple sums which are easy
to perform. We evaluate the contributions of scalar and spin exchanges in the ¢-channel
exactly, in terms of higher order Hypergeometric functions. These relate to a particular
exchange of conformal spin 8 = A+ J in the s-channel through the inversion formula. Our
results reproduce the special cases for large spin anomalous dimension and OPE coefficients
obtained previously in the literature.
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1 Introduction and results

Recent years have seen a resurgence of the bootstrap program boosted by the developments
of [2] on bounding operator dimensions by imposing crossing symmetry on correlation
functions. Subsequent applications of this techniques [3-6] lead to tremendous progress
that can be followed by looking into the recent updated reviews on the topic [7-9].
Despite the crossing equation is the suitable tool to analyze conformal observables
numerically, there are some regions in parameter space that still allow to be explored ana-
lytically. In particular, a great deal of progress has been made by looking at the spectrum



of large spin operators [10, 11]. Based on this analysis a successful perturbation theory
in spin has been developed [12-16] which allows not only to compute anomalous dimen-
sion of large spin operators by also to understand universal properties of those operators
in generic conformal field theories. One of the striking achievements of this approach is
that, even when a perturbation expansion has been made in inverse powers of large spin,
the given expansion can resum to get results at finite smaller values of the spin. The
reason why this happens is due to the analyticity in spin of the conformal partial wave
expansion recently proved in [1] (see also [17]), where also a powerful inversion formula has
been derived which express the OPE coefficient of a given operator exchange in terms of a
convolution of the double discontinuities of the four-point correlation functions across the
light-cone branch cuts. This inversion formula is our main tool in this paper to compute
the anomalous dimension of the large spin double-twist operators at large but still finite
values of the spin, or in other words we show that the inversion formula indeed resums the
large spin expansion of the anomalous dimension. We do this by writing the four-point
function in a conformal partial wave expansion in both, position space and Mellin space. A
first consideration of the inversion formula in Mellin space have been made recently in [18]
which we developed and improve further here. A boostrap approach in Mellin space has
been developed and applied in the works [19-23], where unlike here, crossing symmetry
is guaranteed by construction and the bootstrap equations corresponds to conditions that
eliminate spurious exchanging operators.

Even though there are closed forms for the conformal blocks in two and four dimen-
sion [24-26], that’s not the case in general dimension, in particular there is not known closed
form in any odd dimension. One of the advantages of working in Mellin space is that it is
possible to write the conformal partial waves expansion in arbitrary dimension [27] and we
exploit this fact here. The most important result of the paper is demonstrated in section 3
and again in section 4. We consider a correlator of the form (O (x1)O2(x2)O2(x3)O1(x4))
in the z — 0 limit so that in the s-channel, we consider the product of OPEs O x Os. In
the t-channel, the decomposition is between the OPE of O; x O; and Oy x Oy (resembles
the decompostion of identical scalars). Specifically, in the s-channel, we can write, in the
z — 0 limit,

gJ,A(Z,E) <Ol($1)02($2)02(5€3)01($4 s—channel — ZZZC GJ,A(Z72)7 (11)

where 7 = A1 + Ags +712(8), B = A+ J is the conformal spin, with v12(8) the anomalous
dimension. This decomposition, is related to the contribution in the ¢-channel through the
inversion formula of [1] and gives,

an JA f22(JA)Hﬁ/ dZ kﬁ( z)dDisc [Gsa(z,2)], (1.2)

where a = (Ag — A1)/2. We will review this formula in the next section. Expanding both
sides in the z — 0 limit, we obtain two sets of relations for the anomalous dimensions and
the corrections to the OPE coefficients corresponding to the coefficient of the log z terms
and the regular term.



The contribution of the scalar exchange in the ¢-channel related to a particular operator
of a particular conformal spin 3 = A + .J in the s-channel is given by,!

(a_ AJQFT') (_a_ A—gﬂ)
a 2 T(A
N5 (8) = = 2fuo 075N 7o (A )
(=5 -1) (B +1), T (3) .9
X F 1_h+%7%7A<§T/+1_a7A§T,+1+a.1
443 1+A_h2_67A27‘r 1+,3+A+T ) :

A generalization of the above expression is the contribution of a spin—J operator in the
t-channel in given in section 4.2 and to quote,

<a7 Afé+r/) <7a B A*é‘lﬂ'/)
A—J A—J I‘(A
J,A _ 2 2
Mg (B) == 2fuofas0 <37A+J7T’ _1)
2

) al (%5
o (BE41) ., @-2uT (44 sim(ﬂ)

J 1)7=m A, (J, A
.S (—1)7 " A (], A)

TA+m—J)(L+m—28) (1—h+m+ 557)

m=0 J—m

LAFL 1 —htm+ 85 AT 1 4 ¢, A=0FT 11 —g

/ / 1 . 14
L+m—J14+A—h2— 8280 gy BEA-Jor (14)

><5F4|:

In the limit z — 0, these are exact expressions in 8 as long as the anomalous dimension is
keep it small (see below). The definiton of A,,(J,A) is given in (A.22). Notice that (1.4)
reduces to (1.3) for J = 0.

The rest of the paper is organized as follows. In section 2, we provide a brief review of
the inversion formula of [1]. In section 3, we computed the large spin anomalous dimension
from position space. In section 4, the inversion formula is analyzed from the Mellin (inte-
gral) representation point of view and the contributions to the large spin anomalous dimen-
sion from the scalar and spin exchanges are computed. In section 4.3 agreement between
the two approaches is shown. Section 5 discusses some special cases and recover previous
results in the literature. We also consider a perturbative expansion in d — € dimensions for
identical scalars. Section 6 discusses vaguely how the regular terms can be obtained from
both the position space and the Mellin space. We end with some discussions in section 7.
The relevant details of the computations are provided in appendices. Appendix A discusses
the general integral representation for the conformal block and appendix A.1 discusses the
relevant simplifications of the Mack polynomials in the limit z — 0. Appendix B discusses
the recursion relations for the general spin—J conformal blocks in position space.

!Note that the expressions below agree with the large 8 limit, but has additional contributions for finite
B. We thank David Simmons-Duffin for pointing this out to us. In general, there are additional terms
n (1.3) and (1.4), which for four dimensions were considered in [28] and we comment below.



2 Inversion formula

We would like to consider the correlator of four conformal primary scalar operators, which
by conformal invariance, is only a function of cross ratios,

(Oua) -+ Or(an)) = 1 () (3) et e

() 2(Br+82) (03,320 t80) R, ) Aaly

where a = £(Ag — A1), b= (A3 — Ay), and 2, z are conformal cross-ratios given by,

2 .2 2 .2
T5o X T5aT

2= (L-2)(1-2) =33, (2.2)
L13Lo4 Ti3Lo4

The correlator above, can be expand in an operator product expansion when two operators
get close to each other. Expanding in terms of the small distance between, say 1 and 2, we
have the following s-channel expansion,

G(z,2) = Z fi20f130 Gya(2,2) (2.3)

JA

where the sum runs over the exchanged primary operator with spin J and dimension A.
The function G ja are termed conformal blocks and are eigenfunctions of the quadratic
and quartic Casimir invariants of the conformal group.

In even spacetime dimensions, the conformal blocks can be expressed in a closed form
in terms of products of hypergeometric functions. They are very well known in two and
four dimensions and are given respectively by

ka—y(2)ka+s(2) + kats(2)ka—s(2)

Gz 2) = — , (2.4)
Gra(z2) = % ka—s—(2)kars(2) — kass(2)kas—a(2)] . (2.5)

where,
ka(z) = 27291 (B/2+ a, 8/2+ b, B, 2). (2.6)

Our main tool in this work is the Lorentzian OPE inversion formula recently derivated by
Simon Caron-Huot [1],2 which we will review quickly in this section. The starting point is
the spectral representation of the OPE (2.3) expansion given by [29],

® d/2+ico dA
G(z,2) =1+ Z/ 9 c(J,A)Fra(z,2). (2.7)
T—o0/d/2—icc 4T
The contour integral pick up the physical poles associated to the exchange of operators in
a OPE expansion and are contained in the function ¢(J, A). The function Fj is given in
terms of a linear combination of conformal blocks plus its shadow respectively as,

1 Kirq_
Fiaz2) =3 (GJA(Z,Z) + f?jf GJ,dA(z,z)> : (2.8)

2See also [17].



with coefficients given by,

_T(A-1) T -ar(E+a)r (4 -0)r(5 +0b)
Ka=pasg™s S aergoorg 0

and they form a set of orthogonal functions, such as the relation (2.7) can be automatically
inverted in order to solve for the partial wave coefficients,

c(J,A) =N (J,A) /sz w(z,2) Fra(z,2)G(2,2), (2.10)

with the normalization factor,

_ T+ +5) Ky
N(IA) = 2rD(J+ )T +d—2)Kjq-n (2.11)

and the conformal invariant measure given by

2 — 7|42 ((1 —2)(1 - 2))a+b ‘

(22)?

iz, z) = (2.12)

74

When going from the Euclidean to the Lorentzian region, the four-point function G(z, z)
develops branch cuts singularities along the lightcone distances between the scalar in the
correlator. The idea is then to explore the analytic structure of the partial wave coeffi-
cients (2.10) by deforming the contour of integration in such way that trapping the branch
cuts with the deformed contour extracts the associated discontinuities. In order to do
that, it is necessary to write the spectral function Fja(z,Z) in terms of solutions of the
conformal Casimir equations such as the function can be split up in two parts: a part
that vanishes with the proper power law at infinity and another that vanishes in the same
way around the origin. Remarkably, it turns out that the particular combination with
this property is actually a conformal block with the quantum numbers A and J swapped
(and shifted by d —1), namely Ga41-4,7+4—1. Once the proper spectral representation has
been found, one can freely deform the integration contour by trapping the branch-cuts and
hence extracting the discontinuities of the four-point function across them. Notice that for
a given cross ratio branch cut, there are associated two lightcone distances and therefore,
by crossing a given cross ratio branch cut, we are actually crossing two lightcone branch
cuts, and therefore a double discontinuity. Denoting by dDisc the operation of taken that
given double discontinuity and the s-channel OPE coefficients by,

C(J,A) =CHJ,A) + (-1)/C*(J,A), (2.13)

the final result from Caron-Huot is,

1
C'(J,A) = KJ;FA / dzdz p(z, 2) Gap1-d,g+d-1(7, Z) dDisc[G(z, 2)] . (2.14)
0

The wu-channel contribution C* is the same but with operators 1 and 2 interchanged. In
practice, the OPE coefficients can be extracted from the z integration as a power expansion



in small z, since at this limit, the effect of the z—integration is only to produce the poles
associated to the coefficient under consideration, in the following way: at leading order in
small z (2.14) is approximated by,

C'J,A) :/

0 z

1
&z p), (2.15)

where the following “generating function” has been defined,

1 dz(1 =% a+b
C'(z,B8) = / %/@g ks(z)dDisc[G(z, 2)], (2.16)
5 z
which at small—z will be given by a power expansion, such as schematically,
1
dz 7=t F(J,A
C'(J,A) = F(J, A)/ . M. (2.17)
poles 0 2z T — 70

We have defined the usual conformal twist and spin respectively 7= J—A and f = A+ J.
In the main body of the paper, we will be interested in study the contributions to (2.16)
coming from a single exchange, so by using the t-channel block decomposition of the four-
point point function G(z, zZ) we can compute that contribution from,

1 1—% a+b _ #G 1— , 1— 3
C' (2, B8) 58 = fraga)fosayks | dz =z _z) ks (Z)dDisc () 7 S 2
22 _ 2+A23
z (1=2)(1—2)] 2
(2.18)

where f; ;) corresponds to the three-point function between the external scalars i and
j and the exchanging operator.

In the remaining of this paper we are mainly interested on an equal-dimensions scalar
four-point function. In such case several comments are in order: the operator exchanges
are limited to even spins J. The C* and the C! coefficients are the same and therefore it
is enough to consider only C?. Additionally we would like to consider the z — 0 limit in
which the conformal blocks dependence on z splits into a singular contribution containing
a log(z) factor and a regular power contribution.

3 Spinning anomalous dimension at finite 3 from cross-ratios space

In this section we would like to use the formula (2.18) to compute the contribution to the
anomalous dimension of large spin operators from a scalar exchange. We are going to do
this in coordinate space and in latter sections also in Mellin space. In both cases, we are
able to give exact expressions at finite [.

3.1 Scalar exchange

The scalar conformal block can be written as a double power expansion [26, 30],

. e - (%)fm (%)fn-i—n _\m _ \m _ L7\
goall-—z1-2= > o B 1 (A)zm+n(1 2)™(1—2)™(1 —22)", (3.1)



where h = d/2 and should be noticed that we are expanding in the ¢-channel. From this
representation we can take the z — 0 limit to obtain,

I'(A A A
goa(l—2) = —(7)2(1 —z)2/? <1Og(2)2F1 (, *;—g +A+151- 5)
F(%) 272 2

+ log(z) o F) @ %; —g +A+1;1— z) +2 (W) (2) —i—’y)) . (32)

In this section we will focus only on the terms accompanying the log(z) term, which we
will refer to as “the log term”, and we will refer to the remaining terms as “the regular
terms” which we will consider later.

As we have mentioned in the section above, at small z the generating function (2.18)
is given by a power expansion in z, whose leading term can be written as,

Cl(z,B)]sa ~ Co(B)zET2m28) (3.3)
If the anomalous dimension y12(/3) is small, which is the case we are going to consider in
this work, we can approximate it as,

C'(e1)aa ~ 2% ColB) (14 mald) os(2)) (3.4

where Cy(3) corresponds to the tree-level OPE square coefficient of the double twist oper-
ator corresponding to 7 = (A;+Ag). By comparing the log(z) term at (3.4) with (3.2) and
using (2.18), the correction to the anomalous dimension v12(8) from a scalar exchange is,

P(A)kg  [Hdz(l—z)% 5
m2(8) = = 2f110 fas0 / - ks(2)
1 TG0 o S ’
A A (3.5)
A1+A
xoF1 |5 4a, 5 +bA-h+1,1 —z] x dDisc[(1 — z)2 222757

Here we have taken the o F function outside the dDisc because it is analytic in the argument
1 — z. Following [1] in order to perform this integral it is useful to define the following
object,

. N5
199 (3) = /0 g(l—f)a"_b/ﬂ/jkﬂ(f)dDisc < - ) ()" (3.6)

= 2sin7r(7—/+a> sin7r<7—/—b)!ﬁ;5r(ﬁ)r(g+lb)F(T2/+1+a) F(g — %: — 1) ,
GrarG-n Gy
where the sin(7z) factors comes from taking the double discontinuity on the term in brack-
ets. The square OPE coefficient Cy(8) corresponds to taking the tree-level double twist
7= —190 = —(A1 + Ag), ie, Co(B) = 100 (8), 1o meaning the tree-level twist of the

T = (A1+Ag)
double twist operators. It is also convenient to use the following transformation of the o F7,

A A
2F1[2+a,2+b,A—h+1,1—z]

A, {A A —2h (37)
=z 2 %BF|— +a, 5

5 +1-bA—h+1,—y



with y = ;2. By using the power series expansion of the Gauss hypergeometric in (3.5)
and using (3.6) to perform the integral term by term, we arrive to,
1 b
dz(1—z)%* B A A—2h . At
/0 Tl{:g(z)gFl 54—&, 5 +1—b,A —h+1,—y| xdDisc[(1 —2) "2z %z 7]
A’ Atr \TOT (257 +a+1)T (457 —b+1) 1257 -1)
= 2sin7r< +a) sinw( — b> -
N A (RO o R =
S -h+1,5,8" ta+1,57 —b+1
X 4 F: 1202 ’ T2 ’ ,]. 5 3.8
NI T 38)
where as before we are using the definition 7/ = —(A; + Ag). Hence we can write the

contribution to the anomalous dimension coming from the scalar block as,

W (B) = —2fra0 fazo

A\ 2
2
m(%+a)sinm (% —b) (W 1)é (5§T/+1)é P(%)Q
2 2

S h+1,2, 8" pa+ 1,847 b1
X 4 F: 1202 ’ T2 ’ ,1 3.9
43[ A—h+1,2—%,1+% (3.9)
When all the scalars in the correlator are the same, i.e. A; = Ag, i =1,---,4, we should

supplement it with a = b = 0 and 7/ = —2Ag = —7y. Putting these in (3.9), we can find
that the anomalous dimensions of double twist operators of the form O3 = 0190...00,
in the s-channel are given by,

2
oA sinw<§ - AO) 2f1o0fa20T(A)(1 - Ao)%
Y12 (5) = - :
sinm(—A)?  (B=A+280 _ 4 B=280 4 1) T (24)?
), (), 10

Z-h+l 3,880 41 880 41
A — h+1 9 _ B—A+ 2A0’1+ﬁ+A22A07

A

(3.10)

4F5[

An important observation should be made at this point. In order to compute the inte-
gral (3.5), we have used the power series expansion of the hypergeometric function, which
is reliable for values of Z near to one but behave poorly around z = 0. Therefore the
result (3.9) should be thought as an asymptotic large— 3 expansion determined by the re-
gion Z ~ 1. In order to have a result valid for finite values of 3, we need to perform the
integral (3.5) ezactly. We don’t know yet how to perform such exact integration in general
dimension d, but fortunately this can be done in d = 4 and d = 2 which we will consider
independently in section 3.3 below.?

We have seen that the inversion formula resums the power expansion in 3, as a reflection
of the analiticity in spin. As we have just mention, here we still need to consider that ( is

3We want to thank David Simmons-Duffin, Junyu Liu, Eric Perlmutter and Vladimir Rosenhaus, for
important clarifications and comments on this issue and for provide us with the exact integration in d = 4,
which have been addressed in [28].



large enough such that the anomalous dimension is small, unlike the four-dimensional case
to be considered below. For the operators we are considering, the anomalous dimension
for large enough f scales as [10],

ni e ~ tofmo. (3.11)

3.2 Spin exchange

Let us now consider the contributions to the anomalous dimension 712(/3) coming from a
spin exchange. Here we are going to restrict again to the terms accompanying the singular
log(z) at the leading z — 0 region, namely,

As +A4 1 A3 +A4

Gia(l—21-2)=

log(2)gsa(1 — 2) + reg. (3.12)

In terms of g;a, the generating function (2.18) for a particular spin exchange can be
written as,

Az3+Ay
z

2

C(z,0)|sa = log(z)ésa(B), (3.13)

where we have defined,

_A3tAy

. J1a(7,0) f23(7,0) 1—z)etb [z gAa(l =z
cra(B) = )— / dz 7)145 3(2)dDisc J ’A2(+A3 ) (3.14)
(1-2"=2
In order to perform the integral we can expand ga,; as a power series in % =y,
graly) =y ng (J, A)y (3.15)

Higher k—powers of y in the above expansion correspond to contributions from the descen-
dant family of the given primary exchange. The generating coefficient éa s(z,3) can be
rewritten as (with a = b =0 and A; = Ay),

A f f L | _ . A—J+2k—2A¢
cin(B) = M ng (J,A) / dz ?k‘g(z)lesc<y 2 ), (3.16)

by using (3.6) and dividing by the identity contribution, we obtain

N f11(JA()(;f(2)2 (J,A) ch (J.AB). (3.17)
QI_QAO
with
(), 8) = gk (5, TGRS oy (B) - (3.18)

Here is worth noticing that the contribution to the discontinuity from (3.15) will come only
from the primary at k = 0, since k # 0 is an integer and therefore 3* is a single valued
function. This will applies to the remaining cases considered later in this work.



On the other hand g a(y) satisfy recurrence relations of the type considered in [5, 25],
however in the small—z limit those recursion are subtle due to the fact that the quartic
and the quadratic Casimir mix the leading and the first term in the Taylor expansion in
z and we would like to consider the leading log(z) term only as in (3.12). The adequate
recursion at small—z can be obtained from the following Casimir equation [1],

d—2 2—d
z ~ z ~
cagin(z) = <1—z> (2D, -Y —c2+2—d) <1_ ) (2D, +Y —c2)g5a(2),
(3.19)
obtained from the quadratic and quartic Casimirs given respectively by,
Cy=D,+ Dz +(d- 2) [(1—2)8—(1—2)35],
2z \42 2z \ 2 (3.20)
= D, — D;s — D, — Ds).
a=(2) >() (D. - D)
whose eigenvalues are,
co =5 [J(J+d—2)+A(A—-d),
(3.21)

ca=JJ+d—2)(A—1)(A—d+1).

By plugging the power series expansion (3.15) into (3.19), we get the following recursion
relation for the coefficients gx_1(J, A),

pk—l(Av J) gk—l(Ja A) + pk—Q(Jv A) gk—?(*L A) + pk(‘]v A) gk(J7 A) =0, (322)
with

pk1(J7A>:_2<d—2<k+;))2<d<—A+J+4<k+;—1>)+A2
+(J—2)J—4(k+;)2+4>

pk_g(J,A):4(k+%—2)(—d+k+g—|—1)< (/.c+——1) )(( ) d)

pk(J,A):(—A+J+2(k:+%))(2d—A+J—2(k+;+1))

x(—d+A—|—J+2<k+g)> (d+A+J—2<k+%+1)),

where 7 = A — J is the usual conformal twist for the exchanged operators. From the
above recurrence relation, we can compute all the coefficients expanding the conformal
block (3.15), however they become unmanageable large very quickly. Let us display the

~10 -



first few coefficients for arbitrary A, J and d, for example,

(d—A+J—2)((d—2)J — A(d+2J —4))

g1 (A, ) = 2(d —2(A + 1)) (d+2J —4)
A d—A+J—4)(d—A+J—2)
92(4, )_8(d72(A+1))(d72(A+2))(d+2<]76)(d+2J—4)(d*A+J*3)

[A2(d+2J —6) (4> + d(5.] — 9) + 2(J — 9).J + 20)
+A (—4(d—3)J* + ((54—7d)d—100)J* —2(d—10)(d—4)(d—3)J + 2(d—6)(d—4)(d—3))
FA3(—(d+2J — 6))(d+2J —4) + (d— 4)(d — 2)(J — 2)J(d + J — 3)]

- d—A+J—6)(d—A+J—2) y
48(d — 2(A +1))(d — 2(A +3))(d + 27 — 8)(d +2J — 4)
(d—A+J—6)(d(A—J+8) —4(3A +8) +2(A +5).J)

[ (d—2(A+2)(d+2]—6)(d—A+J—3)

( A2(d +2J — 6) (d® + d(5.] — 9) + 2(.J — 9).J + 20)
+A (—4(d—3)J* + ((54—7d)d—100)J* —2(d—10)(d—4)(d—3)J + 2(d—6)(d—4)(d—3))
+A3(—(d+2J —6))(d+2J —4) + (d — 4)(d — 2)(J — 2)J(d+ J — 3) )

gS(Aa J) -

oA+ T —2)2d — A+ J —8)((d — A + J(—d + 2A +2)) } . (3.23)

By using gx(A,J) we can then compute all the coefficients in the expansion (3.17). For
example, at leading order in y we have,

a(A 1) (JP(—d+2(J+1)+2)+2] (d—(J+1)* =T -1 —2)+(4—d) (J+7)?)

co(A, 7, B) 2d+2J —4)(d—2(J + 7 +1))
D(3(J—A+280) 70 (543 (—T+A-280) + 1) T (§+ 1 (J - A+280-2) - 1)
F(%(J—A+2A072))2F(§+%(7J+A—2A0+2)+1)F(§+%(J—A+2A0)71>
(3.24)

X

which should be a good approximation as long as the ratio (3.11) is small. At the large (
limit it simplifies to,

(A J,B) (A=200—J+2)2 (d+2J —4)72 +2J(d+ J— 3)7 + 2(d — 2)(J—1).J)

co(A, J, B) 28%(d+2J —4)(d—2(J+1) —27) ’

(3.25)

This expression matches previous results in the literature [13-15].* Notice that at leading
order in large—f3, each coefficient (3.18) (divided by the leading c¢p) start at 8%, more

precisely, .
k(D 1,5) K _J—A+2Ao> ]“’(2)2
7CO(A,J,B) ge(A ) | 1 — . 3 . (3.26)

therefore at a given order in a (8~1)? expansion, we only need a finite number of coefficients.

40ur gi coefficients are slightly different to the ones from [14] ghere = Athere 4 %, because we are
expanding the blocks here in (3.15) is in y, whereas [14] expand it in z.
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The conformal blocks satisfy a recursion relation in spin for fixed A [25, 26|, hence
we can solve a block for spin J from the conformal blocks at spin J — 1 and J — 2, or
equivalently, we can write a spin J conformal block in terms of linear combinations of
scalar blocks (3.1), and subsequently the contribution to the anomalous dimension can be
similarly be written in terms of linear combinations of the 4F3 in (3.9). Even thought this
approach will give us closed expression at finite [, it become very large and tedious even
for the lowest values of J. We show the simplest J = 1 block from this procedure in the
appendix. We can still however write a closed expression for any spin in four dimension
(as well as in two), which we will consider next.

3.3 Four dimensions

In four dimension the recursion discussed above can be resummed into hypergeometric
functions, as we already pointed out at equation (2.4),

(1—2)(1-2)

GJ,A(l—Z,l—Z): pop—

[k‘A_J_g(l —2)karg(1—=2) —karg(1—2)ka_j_o(1— Z)] .
(3.27)
whose leading log-term around z < 1 is given by,>

Gas(1—21-3) = L-z log(2) (WkAJFJ(l —z) — F(A_ngmuu—z))

: r(32) r(37)

+0O(zlog z) . (3.28)

Putting this leading log into the generating function (2.18), we have to perform the following
integral,

1 3 Apg—1 7 .
s [ 42 k(2 (1 z ) (me 35— wka_J—a(l - z)) .

(3.29)

This integral has been performed very recently in [28],°

Yaz /1 z \?
Qnpp = / < > kon (Z)kop (1 — 2)
0

2\1-z
L(2h)C(R' — p+1)*T'(—=h' + h+p—1) R W —p+ 1,0 —p+1
- C(h)2T(W +h—p+1) 4F3[2h’,h’+h—p+1,h’—h—p+2;1]
rr\L(h+p—1)T(W —h—p+1) h,h,h+p—1,h+p—1
T(W)2T(h +h—p—1) 4F3[2h,h’+h+p— 1,—h’+h+p;1] ’
(3.30)

5In the case of the scalar J = 0, is straightforward to see that the linear combination of hypergeometric
functions here, simplifies to the one at the log term in (3.2).

SHere we are considering an equal scalars correlator and hence we have specialized the formula from [28]
accordingly.
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which lead us to,

JA oy kg(Z) . A—J\?
Y5 (B) = _71(_02’(20 @) 81n7r(A0 Ty )
NA—-J-2) I'(p)
X| =5 8.Aats00-1 — Q,B,AJz,Aol) (3.31)
< I (A==2)° r <§)2

or more explicitly,

r(g)QF(AO)% (g —A0+1>
DO (84 80— 1) T (A5 — Ag +1)20 (A - 2572

[(A—J-2) I(A+J)
X —— 3 Warinec-1— — 5% a-s-2a,-1 | - (3.32)
( I S .

In the Mellin space consideration below, the exact matching with (3.32) or more generally
in generic dimensions, requires us to consider the contribution of additional poles in the
s-integral. In the sections below, we have considered the contribution of the s = n pole
which dominates in the large 5 limit. When doing the s-integral, we should be considering
all the contributions (choosing the contour either on r.h.s. or otherwise) that fall within the
contour. The additional poles contributing at finite 5 come from s = (f—A+J—71)/2—1+n,
which we have neglected in the later calculations.

4 Spinning anomalous dimension at finite 3 from Mellin space

In the previous sections we have discussed the inversion formula of [1] from position space
conformal blocks. This section onwards, we will discuss it by alternative using the integral
representation of the conformal blocks i.e. the Mellin space. As we will see, working in
Mellin space representation have some nice advantages. On one hand, it allow us to write
expressions, which are democratic with respect to the space-time dimensions. Even more
appealing is that, unlike the cross-ratios conformal blocks in general dimension, we can
write a compact representation for the blocks in terms of a contour integral that lately allow
us to write them in a power series expansion without the need of solving the cumbersome
recursion relations discussed in previous sections.
Let us start with the definition for the physical block in (A.11) of appendix A,

. D(A+J)I(1+A-h) (g —s)em(A2=9)
Gin(z,2) = =2 = 1) ams /C sdt TiTs— ) N(—t)I'(—t—a—b)'(s+t+a)
x T(s+t+b)Pra(s,t,a,b)(22)*((1 — 2)(1 — 2))". (4.1)

in complex (z, Z) coordinates in the t-channel. We are considering a subclass of the most
general form of correlators: (O1020201), for which the ¢-channel block has a = b = 0. See
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appendix A for more details. Furthermore, since we are considering z — 0, our starting
point for the ¢t-channel block is (A.20),

1. t —
Zl_ff(l) gJ,A(Za Z)

JEate <1 - 2>A2+T2_b2_bF(A + )T(1+A —h)
(d—A-1)%,

> T(k—s)I'(s—k+A)T(s+ ) [1-2\°
1 ds(—1)° . Prals—k+X2,0,0,0
X[ngkz_o/c s(=1) KDL+ 5 —k+ X2 — \o) z Ials=ktd, )

> oy L= 8)0(s =k + Ao)T(s + Ao) (12 s
+kzzo/cd (—1) ( _ >

z

ET(1+s—k+ A — A2) z

X ((H()\g—i-s—l) + H(A2+s—k—1))Psa(s—k+A2,0,0,0) + PfLA(s—k:—F/\g,O,O, 0))] .
(4.2)
where 7/ = —A; — Ay and b= (Ay — Ay)/2.
4.1 Scalar exchange

Consider for simplicity the exchange of scalars in the t-channel. For this, the Mack polyno-
mial in (A.8) is Ppo = 1 and the above expression undergoes considerable simplification.
Furthermore Ao = A/2, and,

. t _
Zh_% gO,A(za Z)

o (125) TN LA o
=z Z z ()
> SF(k‘fs)F(sfk:+é)I‘(s+é) 1—-2\°
X[logzkzzo/cds e TN{ Sy < z ) (4.3)

- Jhk =5 (s—k+2)T(s+5) /1-2\°
+k20/cd8(—1) kyr(1+s—k+2A*h) 2 < z >

><(H(A/2—|—s—1)+H(A/2+s—k—1))}.

We will come back to the discussion of the regular terms later, but for now, focus on the
coefficient of the log term which contributes to the anomalous dimension of double field
operators 010, ...0,,02 of dimension A = Ay + Ag + J + 712(8) (where 8 = A+ J is
the conformal spin) in the s-channel. The summation over k gives,

> —s5)I' (s — & s+ 2 —s)I (s +2)? —s,h—s—
Z:F(k T (s—k+35)0(s+3) T(=s)I(s+%) 21[ h A

ET(1+4s—k+ A —h) T T(1+s+A—h) 1-s— %

; 1] (4.4)

k=0
Provided we choose to close the contour on the r.h.s., then A > 2h — 2 — 2s is always
satisfied due to the unitarity bound. Thus,
S| B UEL L (CUETE ]

1-s—42 rl-2)r1-hr+%)

21 [ (4.5)
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The coefficient of the log term becomes,

. t _
lim gw(z, Z)
z—0 log 2

A+7‘/ b

zAﬁ;A2<l —z)z— b T(AT(1+ A — h)
: ri-3ra-ne3rE)

X/ds F(—s)F(s—i—%ff(l—s—%)F(l—h—i—s—i—%)(1—2)8'
c I'l+s+A—h)

It is straightforward to see that choosing the poles s = n, we can recover the usual log
term scalar block in cross-ratios space,

li + _
li G512

(4.7)

o\ A A1 _ A —z
:_ZWC‘Z) B A
z F(

A —h+1 z |’
We will however in this section use a Mellin space representation of the conformal blocks,

| >
\_/

which as we will see, allow us to write them in a closed form, unlike the cross-ratio space
analysis of sections above, which requires to solve a complicated recursion relation. The idea
is to first perform the Z integral and leave the s-integral as the final step to the anomalous
dimensions. The resulting coefficient for the log term, following (2.18) and (3.6) is,

log z:|

d—m ks(2) dDi lim G (2,2)
z o kgkg(Z 1sc | lim Go A(z, 2

Ar1+Ag F(A)F(l + A — h)
=2z 2 A AN (4.8)
F(-9)r(1-h+32)r(3)
/ds(_) I(—s)T (s+ )F(l—s——) (I1-h+s+5 )I(“’“) )
c F(1+s+A—h) Atri+2s 37/
Note that I(A+T) 125(8) has factors sin W(A%T/ + s+ a)sin W(A%T/ + s — a) coming from the

double discontinuity. Since we are choosing the poles of s = n from I'(—s), these factors
can be pulled out of the integral in the form of sin W(A%T, + a)sin W(A%T/ —a). To obtain
the anomalous dimensions, one divides the above expression by the tree-level contribution
. (a,a) .

i.e. I,”7(B) and we obtain,

15> (8) = Ea - 257 (e Aﬁ;g r(A)

(4.9)

(17 (3); (1= h ), (457 +14a) (447 +1-4a)
X/ (=s) A Atr o -
c (1—5—7)8(1+A—h)s<5+%+1> (5 —5—1)5
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The integration contour C allows a clean separation of the poles on the r.h.s. and Lh.s. of
the complex s-plane.” Computing the poles of I'(—s) at s = n we can see that,

10 () (1-h+3), (A +1+a) (4 +1-0),

1—5—3)5(1+A—h)5(W+1) (W—sq)

/Cds F(—s)(

(4.10)

which matches with that obtained in (3.9) for a = b. For the sake of completion, we write
down the final expression,

_ A+T’) (_ _ A+T’>
a a
YR G Y G LS T
(57 0), (), T3
2 ) (4.11)
A A A+T! A+’
431—h+2,7, 5 +1—a,=5 —|—1/+a1
1+ A—h2— 02577 1 4 BH54T

4.2 Spin exchange

A generalization of the scalar exchange is to extend the above formulation to the exchange

of spin—J operators in the t-channel. We will start with the coefficient of the log term
in (A.20),

li t _
Zgr(l) gJ,A(Za z)

(4.12)
log z

NETe (1 - z)’\ﬁg_b__bF(A + )T(1+ A —h)
=2 —
z (d — A — 1)J’yj\11

3 Dk —s)T(s —k+M)T(s +A2) (1 -2\°
ds (—1)° _ P —k+22,0,0,0).
kZ:O/C s (—1) FT(L+ 5 — k4 Mo — o) B 7A(s + A2 )

As explained in appendix A.1, we can use (A.21) to obtain,

(d=A-1); <

Sy, 2 A= S, (413)
m=0

PJ,A(S —k+ )‘270707 0) =

"For this separation 8 > 2 + A + 7 which is satisfied for general cases.
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with A,,(J, A) given in (A.22). The coefficient of the log term then becomes,

li t _
Zl_r)r(l) gJ,A (Zv Z)

log 2z

A7J+Tl_b
(A+J) (1+A—h)

A1+89 (1 —Z 2 b
=z 7 > o AtJ
JT(A2)

J (- )r(s+ AN 5\®
ZAm(J,A)/Cds (-1) TAistA_D) ( . )(_S)J—m

m=0

A—J

J—m—s,h— A—sl
e e

A*JJrT/ b

_ZAﬁQrA2<1—Z> 2 75% NA+J)T1+A—-h)
(d=2),T (442)'T (1~ h+ 247)

)J-m T'(—s)T (5+A‘])2<1—z>5

J
2:0 T(1+m— A+J)A"‘(J’A)/cds(_) T(1+s+A—h)

P(1+s)(1—s— AQ) (l—h—i-m—t—s—}—AJ)
8 F'l+s+m—J) '

z

(4.14)

The third line follows from the second line provided we close the contour on the r.h.s., so
that the only pole contributions can come from I'(—s) satisfying 1—h+m+s+(A—J)/2 > 0
due to the unitarity bound. Following the discussion in section 4.1,

log z:|

_ A+ +A-h) J -
T2, (B T (1 -t 53 Zof %)Am(J,A)

>\2a

1 1—
00 = [ a S waka(a) ddise |t 62,9

. (=) (s + 2502 T(14+s)T (1—s — 250 T (1—h+m+s+257)
/c 1) TA+s+A—MI(1tstm—J)

X I(Aa a}+7-/+23(6) ; (4.15)

is the generalization of (4.9), in the case of a spin—.J operator exchange in the t-channel.
We will choose to close the contour on the r.h.s. in the complex s-plane so that it suffices
to consider the poles coming from I'(—s). The poles are at integers s = n € I>o. Thus
the sin factors associated with the dDisc can be pulled out of the integral. After some
simplifications (and dividing by the tree-level contribution), the above integral can be put
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in a more convenient form,

(CL o A—J—l—T/) (701 o A—J+T’)
J.A 2 ey Pt T(A+Y)

Y5 (B) = - -
(), (R )., o ()
2 2

/}hc_msrc-$(§J)§J<n (Ltm—830)  (ohiAE)
C

(1+A—h)s(1+m—J)s(M%H)S(%—S—QS

_ / _ /
x(A‘QIH+1+a) (A‘2]+T+1—a) , (4.16)

where the s-integral evaluates to,

[as = (D2, W (bm =20, (0 -ht A L
c (14+A—h)(1 +m_J)s(M%+1> (W—s—l)

A—J+7 A—J+7
x (=5 Flta) (=5 +1-a
s ; (4.17)

1 1
sinm (£52) 1 (852)° F(1+m AN (1—h+m+25L),
J

S31 1= htm 857, g +1+a’A“2’”’+1‘“‘1]
A o el B+A—J 47’ I
l+m—J14+A— h2 e R

where a = b = (A — A1)/2. Just for the sake of completion we will write down the final
expression as a result of the above simplification,

(0= 25 s (o 29)
as azs T(A+J)  al (857

JA
715 (ﬂ) = ’ 4 1 —
(== —) L (B 1), (@ 2ar (3 e (50)
2

(4.18)

i (-1 A (], A)
Tl 4+m—JT (L+m- ) (1-h+m+252),
ATl —htm AL AT g A2ET 1] g

/ / ,1
T4m—J1+A—h2— 82830 BrA-Jur

1
><5F4|:’

For J = 0 (and consequently m = 0), the above formula reduces to (4.11). At leading
order, we can write the entire contribution from the t-channel as,

m2(8) =) Fraen Faarayris (B) - (4.19)
N,

Some comments on (4.19) are in order. As we have mention before, the current analysis is
valid for finite 8 but large enough such as the anomalous dimension of twist-two operators
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remain small. The sum in (4.19) is therefore to be understood in a large /3 expansion. Even
more, at the lightcone limit that we are considering, the sum does not converge at small
values of /3, but produces the correct asymptotic series in 1/ for large . The expression
for the anomalous dimension in (4.18) or (4.11) is the result of the resummation of the
large 8 expansion. Finite [ versions can be obtained by take into account the residues
contributing at finite # which are not visible in our analysis.

Equation (4.19) is the leading order in the sense that we have considered only the
coefficient of the log z term. More generally, we should consider v ~ vg + 1 log 5+ ...,

27 ~yologz +12log® z 4+ v log flogz + ... . (4.20)

The second and the third term contribute to the subleading order.

4.3 Matching cross-ratios conformal blocks

We want to show here that from the previous expressions computed in Mellin space we
can recover the coefficients obtained from the conformal blocks in position space. The
coefficients of the log terms are,

T(A+J)D(1+A—h)
(d—A—1),T (M)4

JO(s —k+A)l(s+X) [ 1-2\°
- — k+2,0,0,0). (4.21
XZ/ k:'F (1+s—k+X—X) 5 ) Poals =k +2,0,0.0). (421)

Using (A.21), we can write,

(A +J)I(1+A—h)
(d —2),T (&)

(s —k+ X2)(s+ o) 1-2z\°
XZA ‘]AZ/ k:'F1+s—k:—|—>\2—)\2) <_ z >(k_5)‘]_m

(4.22)
DA+ )T +A- h ZJ:A / T(—s)D(s + \o)? (_1-5)3
(d—2),0 (&) 4 m( e T+ s+ 2 — ) z
X(—S)]m2F1|:J_m_S’>\2_A2_S;]_:|.
1—5— X9

Closing the contour on the r.h.s., one can see that (A+2(1+s+m)—d—J)/2 > 0 for all
s poles and hence,

oy

[J—m—s,)\z—)\Q—S;l} _ F(l—s_)\2)1—‘(l+m+3_‘]_)\2), (4.23)

1—s5—X L(1—J+m—X)(1—N)
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The coefficient of the log term becomes,

(A +J)I(1+A—h)
(d —2),T (A4)"

[(s—k+X)T(s+ A2) 1-2z\°
XZA ‘]AZ/ k:ll“1+s—k:+)\2—/\2) <_ z )(k_s)"‘m

_ DA+ ITA+A-h) /dsn—s)r (s +459)°T (1-s— 257 (_ 1—z>s
(d_z)Jr(Mf T (1—h+ 24 Je L(l1+s+A—h) z

oy G e g e ) )
~ AN T(1+s+m—J) e

_B(:;,A) [1+nzogn(J,A)(— tzﬂ. (4.24)

Notice that for a particular n residue, the sum over m, can extend from J upto J —n as

the terms m < J — n are zero. To fix the normalization, it suffices to evaluate the n =0

residue, which gives,

(2h — 2),T (A4L)?

By(J,A) = - (4.25)

The coefficients computed previously from position space (3.23) are then given by g; =
B;/ By, i.e, with this normalization gy = 1 and,

(d—A+J—2)(J(d—2) — A(d+2J — 4))

alA)= 2(d+2J —4)(2(A+1) — d) ’
(d—A+J—=2)(d—A+J—4)

920 ) =g 2T — DT 2] —6)(d— 201+ A))(d—22 + A))([d—AT T —3)

X ((d—4)(d—2)(J=2)J(d—3+J)+(2(d—3)(d—4)(d—6) —2(d—3) (d—4)(d—10).]

+ ((54 — 7d)d —100).J? — 4(d — 3)J3)A

+(d+2J —6)(d* +d(5J —9) +2(10 + (J — 9).J))A?

—(d+2J — 6)(d+2J —4)A3),
gg(J’A):(d—A+J—2)(d—A+J—4)(d—A+J—6)P(%+J—4)F(A—§l+1)

3072(d — A+ J = 3)T(¢+J-1)I'(A -4 +4)
X (=64 d) (=4 +d)(—2+d)(-4+J)(=2+J(=3+d+J)
—(8(8 +d)(6 4 d)(—4 + d) (34 d)—4(=3 + d)(—16 + 3d) (46 + (<15 + d)d).J
+ (5024 4+ 3d(—1296+d(342+ (=35+d)d))) J* +2(—564+d(378+d(—78 + 5d))) J*
+2(44 + 3(-8 + A)d) J)A + (8 + d + 2J)(-2(-6 + d) (4 + d)(-13 + 3d)
+ (—844 + d(464 + 3(—25+d)d))J + 4(714+3(—10+d)d)J* + 6(—4 + d)J>)A?
— (=8 +d+2J)(—6+d+2J)(36 + (13 + d)d — 28] + 6dJ + 2J%) A3

+ (=84 d+2J)(—6+d+2J)(—4+d+2J)AY),
(4.26)
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and so on, which of course match the results obtained from the recursion relations, but
this time they come from the contour integrals in Mellin space. This is a very non-trivial
cross check of our formulas, in particular, even though the compact form for the anomalous
dimension (4.18) looks still complicated, it will be even harder to get to such a formula from
the recursion relations in position space, while in Mellin space it boils down simply to the
computation of a sum over some residues, which present a clear advantage in comparison
with solving algebraic equations.

5 Special cases

As some special cases of (3.10) or equivalently (4.11), we will consider the case of identical
scalars in the context of the perturbative e—expansion in four dimensions.® Furthermore,
we also reproduce previous results obtained in [13-15].

5.1 e-expansion for identical scalars

A special case of (3.10) is obtained for identical scalars where 7 = —2A4. In that case, we
are looking at the anomalous dimensions of operators ¢d...0¢ with A = 2A4+J +~;(B).
For the exchange of the scalar ¢?, A/ = 204 +9g7v42 and Ay = h—1+ g2fy¢ in a perturbative
expansion in g,

A+T7=gv4. (5.1)

We can then write the large spin expansion in the s-channel in terms of the low twist scalar
exchange in the ¢-channel, given by,

T(l—%)ZF(1+97—6)F('336)F(/37%_1)
P () 1 () T (B )

B EALEE ]
2- S+ S gy — 5

v1(B) =

><4F3[ (5.2)

Notice that the expansion begins at O(g?) because of the sin factors and the leading order

B _
I 9427211:22—#3 _ 2272. (5.3)

Let’s go to the next order. The overall factors, have the expansion,

P1-$5)'T(+gy—oF (%)F (B_m - 1)

result is,

51320 v7(B) =

B—o00

2
CE) r () ()T (5 ) o
g 209 o ) .
_ﬁ(BQ)[1+B(ﬁ2) (97 = )1 = H(B/2=1)) + O(¢", )

8See a more detailed account as well higher order corrections to this case in [30].
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and the Hypergeometric function can be expanded as,

D1+ 1+ZL h—1+% a7 4
E 2 2 2 2 =7 9 (__= 9) 55
4£'3 2_5—29771+B+2g'y’h_1+g,}/7 ] 2 \B(5—2) +mesemf/ (5.5)
Combining these two, we can write up to O(g37 53)7
9272 gy
— | gy —e) (1 = H(5/2—-1)) + T -mesenf 2). 5.6
s (=00~ #1(372- ) + Drcserm) 5:9)

5.2 Particular dimensions

In some specific cases the scalar contribution to the anomalous dimension simplifies con-
siderably. Let us consider some of the cases computed previously in the literature [13-15].
In order to make the comparison more transparent we set 7 = —2A, A = A, and
fr1of220 = fZ in (3.10), we can write,

T(A)T (LB —2A+2))T(A)T (3 (B+2A - A —2))
(A(B+2A-2))T (3 (28 - A)) 2T (5) 20 (4 (B—2A+A+2))
—d Bt A+ S+, A+ S+, 5
B A+ S 42,8 AL L1, -S4 A 4T ]

n2(8, A, A) = =2ff =

aF3 (5.7)

5.2.1 d=3,A =1

The simplest case corresponds to taking d = 3, A, = 1. Plugging it back into (5.7), the
expression simplifies to

) NPT (§-a+1)T (52 +4)
T2(8) = =2f5 N2 1 3 (5.8)
22T (A= 1)°T (3(8-24+3) T (§+A-1)
By further set A = 1 and replacing  — 1 — /452 + 1 we got,
2
12(8) = (5.9)

1+ 452737

By Taylor expand around large j, we can write the above function as,
¢ ¢
0 k
me=—= 1+ = | (5.10)
J 1 J

where the coefficients of the expansion are given by,

1\ T (k+ 1)
cp=— (4) F(Trf) (5.11)

which is exactly the result quoted in eq. (35) [14].
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52.2 d=6,A =4
Now putting the particular values d = 6, A, =4 in (5.7) we got,

g2 96T (A)? 1
Jo T(3—-A2(B-2A+2)(B—-2A+4)(B+2A —6)(B+2A —4)

(5.12)

Replacing 8 — 1—1/452 + 1 in the equation above, we recover the result from eq. (65) [14].
6T (A)? ( J* >

M2 = -2f3 1+ . 5.13

e-ap\ T aoea - - aoaaoy) O

6 Regular terms

The computations considered in sections above only determines the anomalous dimension
from the coefficient of the log terms. As one can see from (3.4), for the OPE coefficients
one needs to analyse the regular (non-log) terms as well.
For the scalar block (3.2) the leading regular non-log term is given by,
_ r'(A’ N
QO,A’(l_Z):_ ( )2(1—2)2

r (%)

(2F1 [A, & A —h+1,1 - z] log(z) +2 (v + 1/)(A’/2))> . (6.1)

272”7

After plugging it at (2.18) and expanding the 9F; function in power series, we need to
consider the following complicated integral,

7_/

N dz 1—-2\2
I(8) = / j@kg( 7) dDisc (;) log(2) ] (6.2)
0
By further expanding the log we can perform the integral,
4
9 re-r-2)
2m2T(B — 1)I(B)

o _1pT(p+5+1) 5 8
; b (prd) £ (55

Dividing by the identity, we can write the regular part contribution from the scalar to the
coefficient C(3) as,
(3),

—h+1)

oty = 4

iy 1> . (6.3)

/ |NPAN
o <5>=—(2)00<2<w+w<A’/2 NILY, +§j

r (%) I,

IA/2A0+2k(5)>
(6.4)

We could not find a more compact way to write this expression. In the next section
we will consider this contribution from Mellin space.
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6.1 From Mellin space

We will again start with (A.20) of appendix A but this time focussing on the non-log terms.
To keep this simple, we will consider the regular terms in the case of scalar exchange.
The spin counterpart follows identical logic but with additional complications due to the
non-trivial Mack polynomials. The regular terms of (A.20) for scalar exchange in the
t-channel, are,

A1’ _b

i G (3 A 1—z\ 2 Z_bl“(A)F(lJrA—h)
stz ( z > (3
JT(=s) (s+ 5 ) 1-2\° & 1+s—k+A—h)
/cds (=1) F'l+s+A-— h< z ) Zo k;l (s —k+ )
X 2y +Y(A/24s) + (A2 + s — k). (6.5)

The first step is to perform the & sum. This can be done by exploiting an identity,

> —s5,1— b—c)s
Z |) 2F1[ % b;q _ (=9 , Re(b—c+s)>0.  (6.6)
=0 kk 1—c Cc

Closing the contour on the r.h.s., we can see that the last condition is satisfied for b =
14+s+A—hand ¢ = s+ A/2, due to the unitarity bound and provided that the exchanged
scalar is not a fundamental scalar. Thus,

i K1+A—h+s—k); (5 -h+1),

(s — k+ 5)ik! T A—h+,(1-s—2) " (6.7)

k=0

Next, the derivative of (6.6), w.r.t. the parameter c, gives,

> D (o) p(e)) = (= (b= 0) (1 e 9) b1 0) = bl )]

Pt = k)
(6.8)
which gives,

> Ww@—m = O o) (1= s)—(1—c)—p(b—c+5)] . (6.9)
k=0

For the specified values of b and ¢, we can write,

> - if/ir h)+; B0y 4 (D)2 + ) + B(A/2 + 5 — k)
k=0 5 ) k!
A
:M[27+2¢(5+A/2)+¢(A/2_h+1)+w(1_A/2) (6.10)
—Ss—3

(1 —s—AJ2) —p(AJ2—h+1+s)] .
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Plugging this back in (6.5), we find,

li t _
zli% gO,A(zv Z) reg

_Laum (1o Ty LT3R 122V (3 —h+ 1),
- < z ) ‘ r(§)2/cd5(—1) (1+A—2h)s< z > (12_5_%)5
x [27+2w(s+A/2)+w(A/2—h+1)—|—¢(1—A/2)

—U(l—5 = A/2) = (A2 = h+1+5)] (6.11)

Finally, performing the z integral using (3.6) and dividing by the tree-level contribution,

we find,

o (5) = o 5); o), e
—1), (1), 1)

(5 (1-h+ B, (Ag“ +1 +a) (AgT’ +1-— a)
8

S

x/cdsf(—s)(l_s_A)S(1+A_h)s (W—Fl)s( *Asz’ _3—1>8

2
x {2ry+ 20(s + A/2) + (A2 — h+ 1) + (1 — A/2)
—¢(1—S—A/Q)—¢(A/2—h+1+s)}, (6.12)

with a = (Ay — Aq)/2. We can now consider the s-poles from I'(—s) and close the contour

on the r.h.s., to obtain,

X [27+2¢(n+A/2) F (A2 —h+1) + (1 — A/2)
—¢(1—n—A/z)—zp(A/g—h+1+n)} .

Although an exact expression is difficult to obtain, one can see that in the large § limit,

the correction can be expanded in the form,

CYs°(8) = _(;)AiAk(ayh,A,T/)(Z)k. (6.14)

k=0
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The first few coefficients are of the form,

Ao(a,h, A, 7' =2a0H(A/2 - 1),
Ai(a,h, A, T') =2a0AH(A/2 - 1),

A2(a>h7A77J) :6 =

S —1)(2—=2a+A+7)(24+2a+A+7") + A(12a%(2—2h+A
Ty 6(h—1)(2—2a+A+7")(2+2a+A+7") + A(12a*(2—2h+A)

+ (24+A)(2— (A—4)A + h(4A—2)) + 6(1+h)AT + 3ATHYH(A/2-1)] ,
(6.15)

and so on, where,

apg =

T(A) <a A +T'>

Fap : (—a—A;T/> , (6.16)

vl
vl

with a = (AQ — Al)/Q and 7' = —A; — A,

6.1.1 Special case: identical scalars

We will consider the above non-log term in a special case of identical scalars from the
expression in the last subsection. For identical scalars in four dimensions, a = 0 and
7/ = —2A4. We will consider an e—expansion around the free point, so that A = 2A4 + g,
and h = 2 — ¢/2, and further Ay = 1 — ¢/2 + O(g?). From (6.13), we then obtain, for
identical scalars,

oA F(2h—2+g)r(%_1) 1
Cd;qﬁ(/B): 2 2
P(h=1+4)°T (42 +1)T (-9
= (h-1+9),(9),0+9)?
B

R = R ) A

(6.18)

(2H(h —2) — H(2h —3) + H(B/2 —2) + H(3/2))| + O(¢%).

r(2h—2) ¢ [1_ g
2

Notice that the n = 0 term of the sum, starts contributing from O(g,€). The n = 0 term

is simple and,

71-2

2H (g~ )/2) = (g )~ 3¢B)(g—

c : (g— €3 +0(gh e, (6.19)

* 360
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while n > 0 terms do starting contributing from O(1) and we obtain,
(h=1+9),(5),0+4),
Bty

Sonlh— 1+ g)n ( + )n 2 )n{27+2w(n+h_l+ >+¢<>

e en £ (o)

4
B +mesemfB/2+ O(g),

The leading correction to C’gf () is then,

r(2h—-2) ¢

| - 4
Cgf(ﬁ) T D(h—1)23(3-2) [/3(/3 ~2)

+7rcsc7rﬂ/2} +0(g%). (6.21)

7 Conclusions and discussion

In this paper we have computed the anomalous dimension of higher spin operators in
conformal field theory by means of the Inversion Formula [1] both from position space
conformal blocks as well as from its Mellin space representation. In the former case, it is
necessary to solve a recursion relation that computes the coefficients of a power expansion
of the conformal blocks in generic dimensions, or equivalent, the coefficients on a expansion
in descendant contributions to the anomalous dimension of the spinning operators. In the
latter approach, we are left with an infinite sum which is the same as the left-over one
variable integral in the Mellin space. Important distinctions between the two approaches
can be observed in the case of a spin—J operator exchange in the ¢-channel. Consider
the position space approach first. In this case, we are looking for an expansion of the
following sort,

1—2
Gha(z,2) = Bo(J, A)y ngm y=—2=, (7.1)

and the coefficients gi(J, A) can be obtained through the recursion relations (3.22). In the
case of the (integral) Mellin representation, the recursion relation is replaced by a simple
sum over residues. Economically speaking, the sum over terms is much easier to handle
than the recursion relation itself. Secondly, the contributions of the scalar/spin exchanges
in the t-channel can be resummed for any operator in the s-channel with finite conformal
spin 8 = A+ J in terms of general ,Fy functions. Thirdly, we have also demonstrated that
the formula we obtained in (4.18) reduces to (4.11) for J = 0, and further (4.11) produces
the special cases obtained in [14]. Another advantage of the integral representation is
taking the z — 0 limit. In terms of the position space representation, taking the z — 0
limit becomes a little cumbersome specially when spin-exchanges are involved. However
starting from the (integral) Mellin representation, both the log z and the regular term can

—97 —



be obtained from the integral representation from the lowest pole in the integral variable.
For example we have a following form,

[t P02 (0 = 1) log 2+ 20£(0) + 110), (7.2)

which is obtained from just the ¢t = 0 pole of I'(—t)2. By taking the ¢ = 0 pole, we recover
both the log and the regular term at the same time. The higher orders (away from the
z — 0 limit) can be obtained from the ¢ = n poles of T'(—t)2.

As future perspectives it would be interesting to see how this results relate to previous
studies in Mellin space, such as the Mellin bootstrap program [19, 20, 22]. Even more
interesting, by considering the Mellin integrand as a scattering process in AdS, it would
be nice to explore what the results discussed in this paper have to teach us about higher
loops corrections to scattering in AdS where some recent considerations have been done
in [31-35] and more generally for the Witten diagrams containing spinning exchanges as
the ones considered in [36]. Another very attractive follow up is to implement the large
spin analysis to correlation functions containing tensorial operators. Such correlations have
been study very recently in Mellin space by [37] and it would be very interesting to use
those results on a analysis similar to the one performed in this paper. Another perspective
might be to explore the inversion formula in the context of Conformal Perturbation Theory
recently discussed in [38] in general dimensions. One might consider the usefulness of the
inversion formula in tying [38] together with [37] in the context of perturbed d—dimensional
CF'Ts, and correlators of general operators.
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A Integral representation

We will start with the integral representation of the conformal blocks following [25, 26]. The
integral representation for the four point function (O;02030,) in the OPE decomposition
O1 x Oz and O3 x O4 due to the exchange of an operator O a, is given by,

Fraluv) = %1% /C dsdt T(Ap — $)T(Rs — $)D(—t)T(—t — a — b) o

x D(s+t+a)l(s+t+bPsal(s,t,a,bu’,
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where we have stripped off the overall kinematical factors. The contour C extends from
v — 100 to v + ico where following [25, 26],

Res < A2, A2, Ret < 0,—a —b, Rec < a,b, (A.2)

and for the t integral, —a — s,—b— s <y < 0,—a — b. In general,

I 7
fJ,A(va) = 7/€ 771@ GJ7A(U,'U) +
Jd—A VX b

1 Yi,a
k1A YA a

Gj’d,A<’U,, ’U) s (A3)

is a linear combination of the physical block and the shadow respectively from the s = Ao+n
and s = Ay + n poles. To explain, the symbols,

A — — A
=2t 5 odzard (A.4)
2 2
A—J - d—A—J
o= S5 R = 05 (A.5)

a= % and b = % where A;; = A; — Aj. (u,v) are the conformal cross-ratios, given by,

2 .2 2 .2
w= 2T p oy =TT (1 - 7). (A.6)
Liqd MDA
13424 13424

Moreover,

poo_ L Td-A+)
BT A, TR

s Yey =T(z+y)T(z—y), and h=d/2. (A7)

d— is the spacetime dimension. Pja(s,t,a,b) is the Mack polynomial given by,

1 J! nros )

Pualste.b)=¢ d—2>Jm+n§+qJﬂMzﬂf1!(—1)p (2o +J—1)j—g(2ha+J —Dn(M+a—q)q

X (M +b—q)gM+a—m)mA+b—m)m(d—2+J+n—q)g(h—1)s—4
X (h—=14n+a+b)p(A2 = 8)prq(—t)n-

(A.R)

In order to eliminate the shadow contributions in (A.1) from the start, we will consider a
different definition of (A.1), that produces just the physical blocks. We will write,
G kja—n <
JA(u,v) = —=—— [ dsdt F(s)I'(Aa — s)I'(A\a — §)I'(=t)I'(—t —a —b)
YAr,a Vb Je
xT(s+t+a)l(s+t+b)Psa(s,t,a,b)uvt,

(A.9)

where F(s) may be thought of as the projection operator? onto the physical poles. It is
not very difficult to see that,
_ sinm(A2 — s)

_ mi(A2—s)
F(s) = Ay . (A.10)

9This is similar to the monodromy operation on the blocks that projects them on to the physical poles.

~ 99 —



Combined with this, we can write,

D(A+)T(14+ A—h) / g [(Ag—s)e™(A2=9)
d—A—=1) 17,00 Je L(1+s—A2)
x D(s+t+b)Prals,t,a,b)(22)°((1 - 2)(1—2))".

Gia(u,v) = ( (=) (—t—a—0b)T'(s+t+a)

(A.11)

in terms of the complex z, Z coordinates. In order to simplify matters from the start, we
will be dealing with correlators of the form (O;02020;) and investigating the contribu-
tions of the ¢t-channel exchanges through the inversion formula in [1]. For these kind of
correlation functions, the t-channel contribution essentially reduces to the representation
for the identical scalars. The cross-ratios in the ¢-channel, is merely the transformation
(2,Z2) > (1 — 2,1 — 2z) and with a = b = 0, we can write,

. . DA+ )I(1+A-h) T(Ag —s)emiGe=s) 9
Gha(es?) = 2R o /Cdsdt fia oy TeTert
X Pra(s,t,0,0)(22) (1 — 2)(1 — 2))° .

The above formula will be the starting point of our calculations. We are furthermore
interested in the z — 0 limit, where there are simplifications. Before proceeding to the
core of the calculations, notice that (A.12) is still not in the form most useful for the
inversion formula since there are additional factors that we should take into account. The
correct quantity in the t-channel after taking into account the additional factors is,

_\A1t+89
zz 2

(= )1 =8 Ol

thf,A(Z7Z) = 272)7 (A13)

which in the z — 0 limit is,

A1+Ao

(22) "2  T(A+J)T(1+A—-h) T( g —s)em(P2=9)
~ A 4 dsdt —
(1—2) 2 (d—A—l)J’yAl c F(1+3_)\2)

lim G A (2, 2) = [(—t)* (s +t)?
z—0 7’

1 -~ S
X Pra(s,t,0, 0)z'z!*s <Z> i
z
(A.14)

Now we shift the variable, s — s + Ag, so that,

. aitay ) 1-2\"2"27"  T(A+J)T(1+A—h)
A1

z—0 z

D(=s)0(=t)’T(s + X2 +1)° totbsir (L 2\°
dsdt (—1)° = P Mo, t,0,0 BEARA u— R
X/C sdt (=1) T(1+5+ X — Xo) sals )22 z

where 7 = —A; — Ay and b = (Ag — A1) /2 and our contour pick up the poles of I'(—s) at
s = n. Further, using,

N
—_

v 5~ D .
% , we write 257142 = kz_o ol (s+t+ )y ", (A.16)
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we can write, after further shifting s — s — k,

. Aptay o (1=2\MTE A+ T(14+ A= h)
A1

z—0 z
o0 _ _ 2 _
XZ/dsdt(—l)sF(k SIT(=t) T(s—k+Xa+)'(s + A2+ t)
k=0"C

EIT(1+4s—k+ A — A2)

1-3 s
xPJ,A(s—kJFAQ,t,o,o)zt( Z).
(A.17)

Since we are interested in the z — 0 limit, it only suffices to close the contour on the right
and consider the ¢t = 0 pole. Explicitly,

Res F(—t)2r(8 —k+ X+ (s+ Ao+ t)PJ’A(S — k+ X, t,0, O)Zt:|
t=0

=T(s+ X)(s —k+ X)[(logz+ H(N+5s—1) (A.18)
FHQo+ 5 =k = 1)Psas = k+12,0,0,0) + Phals =k +2,0,0,0)].
where,
Prals— k420,000 = 3 I ipei, 17— 1), 400 )
7 (d—2); T m!plq! q

x (A1 — m)%n(d =24 J = q)g(h = 1)j—g(h = 1)p(k = $)ptq,

J mAn4ptg=J ‘nip:q:

X (2 + J = (A — @2 (M —m)7,
x(d=24+J4+n—q)q(h—1)j—q(h =14+ n)p(A2 = 5)piq-
(A.19)

The entire contribution from (A.17) can be decomposed into,
. t —
lg% gJ,A(Z7 Z)
ey (1 - Z>A2+5—b__,,r(A + )T(1+ A —h)
=z z
(d—A—=1)3,
[e.e]

T(k—s)T(s =k +A)T(s + o) (1—2)5
X< logz 2 [ds(=1) = 2 ) Puals —k+29,0,0,0
[ & ;0/ =) KT(1+s—k+ X2 — Aa) > 7.a( 2 )

> . (_ Tk —s)T(s—k+X)(s+A2) (1—2\°
+kZ:O/Cd (—1) ( )

z

EIT(1+s—k+ X2 — o) z

X ((H()\2+s—1) + H(M\o+s—k—1))Pja(s—k+X2,0,0,0) + P}7A(S—k+)\2,o,o,0)>:| ,

(A.20)

a log term, which contributes to the anomalous dimension and a finite piece, which con-
tributes to the correction of the OPE coefficient.
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A.1 Simplification of the Mack polynomials

Under certain circumstances, we can simplify the Mack polynomials appearing in (A.20)
furthermore. For example, in the coeffiicient of the log term, one can simply write,

PJA(S—k+)\2,0 0,0) = (d_l 2y, Z 77151)!!(]!(—1>p(2)\2+J—1)J_q()\1—q)g
m+p+q=J
O )2 (d=24+J=q)q(h—1)g—q(h = 1)p(k — 8)p+q
J
—(d A_lJZAm _S)J—Tru
- (A.21)
where,

T(ZEI=AT (28 — 14+ m— A)(h — 1),
I'(m+ l)F(Zh—l‘gJ—A)F(%—l-er;—J—A)g
A+J )2
—m

m

Ap(J,A) = 22720820/

(14 = mhn

m—Jh—1,h+m—1,2h—14+m—A
X (2h —=2+m)j—m 4F3[ Oh — 2 4 m, 2ram_J=A kamoJ-A 1

(A.22)

B Recursion in spin

In general dimension, the conformal blocks satisfies a recursion relation in spin of the
form [25, 26],

(L +d—2)Ga, @41y a, b;u,v) (B.1)

d _1 1 1 1 1
= (£+2—1> u 2<GA(€) (a— §,b+ 2;U,U> _'UGA,(Z) (a+2,b+ 2;U,’U>

1 1 1 1
+Ga, (0 <a+ §,b— 2;u,v> =G, (a— §,b— 2;u,v>> — LG, (-1)(a,b;u,v).

In the ¢-channel, one have at z — 0 that coordinates (u,v) go to u — (1 — 2), v — 0,
therefore in the limit of interest, the recursion relation can be approximated by

(L+d—2) GAMH)(CL, b; (1 —2),v)
d 1 1 1 B 1 1 3
= <€—|— 5~ 1) U2 (GA(@ (a— §,b+ 2;(1—2),1}) + Ga, () (a—l— §,b— 2;(1—2),1})

1 1
G (4= 50 301 20) ) = Ga (b= 2).0). (B.2)

In the small—z limit, the recursion is seeded by the scalar block,
/ /

1 ’ A
Ga,0)(a,b;(1 = 2),v) = ilog(z) (1- Z)ATQFl [2 +a, > +b,A"—h+1,1— 2} . (B.3)
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For example ¢ = 1 will be given by

9a,m(a,b; (1 = 2),0) =

1 ! 1 A
5(1—2)7_% (2F[2+a 57‘{‘()‘{‘ A/ h+1,1—2:|
A

A’ 1 A 1
Fi|— +b—=-,AN—h+1,1-2%
+2 1[2+a+2 o5 5’ + 1, Z:|
A 1 A 1
—oF1 | — — = —+b—=- AN —h+1,1-2%2||. B.4
21[2+a 5 5 5’ + 1, z}) (B.4)

Each to those terms will contribute an hypergeometric function (3.10) with A’ shifted
accordingly. Recalling the indentity,

oFi[a,b,c;z] = (1 — 2) % Fy [a,c —b,c 1Z] , (B.5)
-z
we can rewrite,

gA,(l)(av b; (1 - 2)7”) =

1 A’ 1 A 1 z
— [ (1—-2)"%F —-b —h, AN —h+1
2<( ?) 21[2+a o Uty +’1z}

A 1 A 3 z

1_——a—1F o A,
+( Z) 2 1|:2 +a+2 5 b+2 h, . :|
A’ 1 A 3 z
—(1—-2 F — —h,A — 1, . B.
( Z) 2 1{ +a— 2 b+2 h, h+ T Z:|> ( 6)

which by putting it back into (3.13) gives a combination of three 4F3 of a similar form
as in the scalar block and the spin block in four dimensions. However we will not display
the explicitly form because is large and we are not going to use it here. We just want to
emphasize that it is possible to write down a closed form for the spining blocks in general
dimension, even though as a large combination of Gauss hypergeometric functions.
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