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Abstract. Let n and k be natural numbers such that 2* < n. We study the restriction
to &,,_or of odd-degree irreducible characters of the symmetric group &,,. This analysis
completes the study begun in [Ayyer A., Prasad A., Spallone S., Sém. Lothar. Combin. 75
(2015), Art. B75g, 13 pages] and recently developed in [Isaacs I.M., Navarro G., Olsson J.B.,
Tiep P.H., J. Algebra 478 (2017), 271-282].
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1 Introduction

Let n be a natural number, and let x be an irreducible character of odd degree of the symmetric
group &,,. Then there exists a unique odd-degree irreducible constituent of the restriction xg,, ;.
This interesting fact was discovered recently in [1]. The result had immediate applications in
the study of natural correspondences of characters of finite groups (see for example [2]). In [3,
Theorem A] the result mentioned above was generalized, by showing that given any k € N such
that 2¥ < n, there exists a unique odd-degree irreducible constituent i (x) of X&, . appearing
with odd multiplicity. The main goal of this article is to study for all n, k € N the map

f]?: IITQI(GTL) — Ier’(Gn—Qk)7

naturally defined by Theorem A of [3]. All our results are proved using a description of f;’ in
terms of the natural partition labels of the involved irreducible characters.

Before describing the main results of this paper, we introduce some vocabulary. If 2 appears
in the binary expansion of n we say that 2 is a binary digit of n. Similarly we say that two
natural numbers m and n are 2-disjoint if they do not have any common binary digit. On the
other hand, if m < n and all the binary digits of m appear in the binary expansion of n, then we
say that m is a binary subsum of n. This will be denoted by m Cy n. Let v5(n) be the exponent
of the highest power of 2 dividing the integer n.

This paper is a contribution to the Special Issue on the Representation Theory of the Symmetric Groups
and Related Topics. The full collection is available at https://www.emis.de/journals/SIGMA /symmetric-groups-
2018.html
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A question raised in [3] may be phrased as: For which n and k is ' surjective? The
authors showed that f;' is surjective whenever 2 is a binary digit of n, and they observed that
otherwise f;' could be both surjective or not (see [3, Proposition 4.5 and Remark 4.6]). In this
paper we answer the question of surjectivity completely with the following result.

Theorem A. Letn € N, k € Ngy be such that 28 < n. Let d(n, k) = VQ(LZ%J)

o If k=0 then f} is surjective if and only d(n, k)

< 2.
o If k>0 then f' is surjective if and only d(n, k) < 1.

Theorem A is a consequence of Theorem 3.5 below, which describes the images of the maps f7'.
For all n € N, k € Ny with 2¥ < n and any ¢ € Irry/(S,,_ox) we define the set

E(,2%) = {x € It (&) | fiH(X) = ¥},

and set 6(1/1, 2’“) = ‘8(1/1, 2"“') ! We show in Corollary 3.8 that the maps f;' are regular on their
images. This means that for any ¢ in the image of f;', the number e(1, 2%) depends only on n
and k£ and not on the specific ). We also give a complete description of those 1) € Irro/(&,,_ox)
such that e(¢, 2¥) = 0, in Theorem 3.5.

In the final part of the paper we study commutativity. For convenience, we sometimes
denote f7! just by fi, when the natural number n is clear from the context. Then, for &,/ € Ny,
k < ¢, such that 2 + 2¢ < n, we may ask: when is fifr = fofs? or more specifically:
when is fgfzsz = f[‘dk ¢ In [3, Proposition 4.3] it was proved that fif; = fofi whenever
2 < n < 281 This is the case £ = ¢ in our second main result, which answers the question
completely.

Theorem B. Let n = 2! +m where 0 < m < 2t. Suppose that k, ¢ satisfy 0 < k < ¢ <t and
2k 1 2¢ < n. Then, with the exception of the case n =6, k=0, £ =1,

fufe = fofw if and only if 2F > m or £ = t.

2 Notation and background

Let n be a natural number. We let Irr(&,,) denote the set of irreducible characters of &,,
and P(n) the set of partitions of n. The notation A € P(n) is sometimes replaced by A - n and
we write |A\| = n. There is a natural correspondence A <+ x* between P(n) and Irr(&,). We
say then that \ labels x*. We denote by Irry (&,,) the set of irreducible characters of &,, of odd
degree. If x* € Irry/(&,,) we say that x* is an odd character, we call A an odd partition of n and
write A -, n. Also the empty partition will be considered as an odd partition.

Remark 2.1. Let n, k be such that 2% < n. In [3, Theorem A and Proposition 4.2] it is shown
that the map f;': Irre(&,) — Irry(S,,_or) may be described in terms of the odd partitions
labelling the odd characters as follows:

oM = x* < o n — 2% can be obtained from A -, n by removing a 2*-hook.

Correspondingly we write (by abuse of notation) f;'(A\) = p. In fact when A is odd, there is only
one 2*-hook of X\ whose removal leads again to an odd partition; we will refer to such a hook
as an odd hook of A. This combinatorial description of f;' will be used throughout this paper,
and we will regard f;' also as a map between the corresponding sets of odd partitions. Also, for
whon — 2F we set e(,u, 2'“) = e(X“,2k).
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We need some concepts and basic facts concerning hooks in partitions. For any integer
e € N we denote by C¢(\) and Q.(A) the e-core and the e-quotient of A, respectively. Then

e—1
Qc(A) = (Mo, -+, Ae—1) is an e-tuple of partitions satisfying n = |C.(A)| + e > [Ai|. Tt is well-
i=0

known that a partition is uniquely determined by its e-core and e-quotient (we refer the reader
to [6] or [4, Chapter 2.7] for a detailed discussion on this topic).

Let H(\) be the set of hooks of A having length divisible by e, and let H(Q.()\)) = Ui H(\:).
As explained in [6, Theorem 3.3], there is a bijection between H.(A) and H(Q()\)) mapping
hooks in A of length ex to hooks in the quotient of length . Moreover, the bijection respects
the process of hook removal. Namely, the partition p obtained by removing a ex-hook from A
is such that Ce(u) = C.(\) and the e-quotient of p is obtained by removing an z-hook from one
of the partitions involved in Q. ().

For e = 2 we want to repeat the process of taking 2-cores and 2-quotients to obtain the
2-quotient tower Qa(\) and the 2-core tower Co(A\) of A\. They have rows numbered by £ > 0.
The kth row Qék)()\) of Q2(\) contains 2* partitions )\Z(k), 0 <i<2F—1, and the kth row Cék)()\)
of C2(A) contains the 2-cores of these partitions in the same order, i.e., Cy ()\gk)), 0<i<2F—1.

The 0th row of Qa(A) contains A = /\(()0) itself, row 1 contains the partitions )\(1), )\gl) oc-
curring in the 2-quotient @QQ2()), row 2 contains the partitions occurring in the 2-quotients of
partitions occurring in row 1, and so on. Specifically we have Qo ()\Ek)) = ()\g;+1), )‘(215111)) for
i€ {O, 1,...,2F— 1}. We remark that the 2F partitions in ng)()\) are the same as those in the
2k_quotient Qqx (M) of A, but in a different order for k& > 2.

We also introduce the k-data Dék)()\) of A. This is a table containing the following k + 1 rows:

the k rows Céj)()\), j=0,...,k—1, and in addition the row ng)()\).

Remark 2.2. A partition A may be recovered from its 2-core tower. For k > 0, it may also be
recovered from the knowledge of the k-data Dék)()\) of A, because the rows Cél)()\) with [ > k
of Ca(\) consist of the 2-core towers of the partitions in Qék)()\).

Lemma 2.3. Suppose that A\ n —2* and p+n. The following are equivalent.

(i) X is obtained from p by removing a 2¥-hook.

(13) The k-data Dék) (u) and Dék)()\) coincide, except that for one i € {0,...,2F — 1} )\Ek) is
(

obtained from uik) by removing a 1-hook.

Proof. A 2F-hook Hy in p corresponds in a canonical way to a 28!

-hook H; in a partition
in le)(,u), i.e., in row 1 of the 2-quotient tower Qs(x). Continuing we see that Hy corresponds
in a canonical way to a 1-hook Hj, in a partition ugk) in Q;k) (1), row k of Qa(u). If A is obtained
by removing Hy from g, this corresponds to )\gk) being obtained by removing the 1-hook Hjy
from ,ugk) (by repeated applications of [6, Theorem 3.3]). Apart from this the rows ng) (1)

and Qék)()\) coincide. Note also that the rows Céj)(u) and Céj)()\) coincide for j =0,...,k — 1,
since the removal of the hooks H; of even length do not change the 2-cores. |

Odd-degree characters of &,, and thus odd partitions were completely described in [5]. We
restate this result in a language which is convenient for our purposes. We let cék)()\) be the sum
of the cardinalities of the partitions in the kth row Cék) (A) of Ca(N).

Lemma 2.4 ([5]). Let A be a partition. Then X is odd if and only if cgk)()\) <1 forall k> 0.

It may be decided from the k-data Dék)()\) whether A is odd. The case k = 1 of the following
result appeared in [3, Lemma 4.1] and also in [1, Lemma 6].
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Theorem 2.5. Let A+ n, and let k > 0 be fixed. Consider Q;k)()\) = ()\Ek)), Then X\ is odd if
and only if the following conditions are all fulfilled:

(1) céj)()\) <1 forall j < k.
(1) The partitions )\Ek), 0<i<2F—1, are all odd.

(791) The numbers ’)\Ek) , 0 <i<2F—1, are pairwise 2-disjoint.

In this case ) ‘)\Z(k)’ = LQ%J
i>0
Proof. This is proved by induction on k& > 0, using Remark 2.2 and Lemma 2.4. |

We illustrate the result above by giving an example.

Example 2.6. Let n = 15 and take A = (5,4, 22, 12) F 15. To decide whether A is odd, we
choose k = 2 and compute the 2-data Dg)()\). The 2-core is Co(A) = (1), giving Céo)()\) = ((1)).
Furthermore, the 2-quotient is Q2(\) = ((22,1?), (1)), and computing the 2-cores C5((22,1?)) =
(0), C2((1)) = (1), we obtain the next row: Cél)()\) = ((0), (1)). The 2-quotients are Q2((2%,1%))
= ((1%),(1)), @Q2((1)) = ((0),(0)); hence the final row of the 2-data table is obtained as
2
Q5" (V) = ((12), (1), (0), (0))-
We visualize Dg)()\) like this:
0
ey (M): (1)
1
eV () (0) (1)

oM: (1) W 0 (0
Theorem 2.5 shows that A is odd and thus it contains a unique odd 4-hook. Again using the
theorem, it is clear that removing this 4-hook corresponds to the second partition (1) in ng)
being replaced by (0). Thus, removing the corresponding 4-hook of A we obtain the odd partition
"= (3, 23 12) F 11 with the property that Dgg)()\) and DgZ) (w) differ only in their final row.
Remark 2.7. Using the construction of partitions from their 2-cores and 2-quotients already

mentioned, the criterion above can be applied to construct all odd partitions of n with a specific
kth row in the 2-quotient tower. For this, let n,k € N, and take any sequence of odd parti-

tions v;, 0 <4 < 2% — 1, such that the numbers |v;| are pairwise 2-disjoint, and > |v;| = b%J
i>0
Then there are exactly [][ 2™ odd partitions A of n with ng)(/\) = (v;), obtained by choosing
m<k
2MCon

one 2-core in row m of the k-data table to be (1), for each m < k such that 2™ Cy n.
The following easy consequence of Theorem 2.5 will be used repeatedly.

Lemma 2.8. Let 2! be the largest binary digit of n. A partition X of n is odd if and only if \
contains a unique 2t-hook and the partition obtained from \ by removing this 2t-hook is an odd
partition of n — 2.

3 Surjectivity and regularity

The aim of this section is to study the images of the maps f;' for all n, k such that 2k < n. For
this purpose we introduce the concept of d-good partitions (see Definition 3.1 below). This will
allow us to prove Theorem 3.5 (describing the images) and thus Theorem A (describing exactly
when f! is surjective) and to show that the maps f;' are always regular on their image (see
Corollary 3.8).
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Definition 3.1. Let d > 0. We call an odd partition A d-good, if

(i) [\ =2% -1 mod 24+,
(ii) Cqa(A) is a hook partition.

Let us remark that condition (i) may be reformulated as
(i*) vo(|A[+1) =d.

In particular, if A is d-good, then |A| is odd if and only if d > 0.
The relevance of d-good partitions in our context is illuminated by the following reformulation
of [1, Theorem 2J:

Lemma 3.2. Let A\, n. Let d =va(n+1). Then e(A, 1) # 0 if and only if A is d-good. In this
case, e(A\,1) =14fd =0, and e(N\,1) =2 if d > 0.

Lemma 3.3. Let A be an odd partition, and let d > 0. Then the following hold.

(1) Ford <2, X\ is d-good if and only if |\| = 2% —1 mod 2¢+1,
(2) If X is d-good, then Cya()) is a partition of 2¢ — 1.

Proof. If the odd partition \ is d-good, then |A| = (2d — 1) + m where the binary digits of m
are at least 291, The hooks of \ corresponding to the binary digits of m may be decomposed
into 29-hooks and thus do not contribute to Cya(A). Thus |Coa(A)| = 2¢ — 1. This shows (2).
For d =0, 1,2 we have |Cya(A)| = 0, 1 and 3, respectively. Since all partitions of 0, 1 and 3 are
hook partitions, (1) follows. [

Definition 3.4. If 28 < n, we define d(n, k) = VQ(LQ%D Thus d(n, k) is the smallest integer
d > 0 satisfying the condition 2¥t¢ C, n. In particular, d(n,k) = 0 if and only if 2k Cy n.

Moreover, we may write bﬂkj = 24(nk) L (n, k) where 24R)*1 | m(n, k).

As mentioned in the introduction, the results in [3] show that f;' is a surjective (2F-to-1)-map
whenever 28 Cy n, i.e., d(n, k) = 0. In the spirit of [1, Theorem 2], we now give a characterization
of the image of the map f;! for all n, k such that 2k < n.

Theorem 3.5. Letn € N, k € Ny be such that 28 < n. Let A\, n—2F. Then e()\, Qk) # 0 if and
only if there exists a d(n, k)-good partition in the kth row of Q2(\). In this case, e(>\, 2’“) =2k
if d(n,k) =0, and e(X,2%) = 2 if d(n, k) > 0.

Proof. If k£ = 0 then the statement follows from Lemma 3.2. Hence assume that £ > 1. Let
d = d(n, k). By assumption bikj = 2¢ 4 m, where the binary digits of m are at least 24+, Thus
_ 9ok
5] - @+
Suppose first that e()\, 2’“) # 0 and that u b, n satisfies fi(p) = A\. From Remark 2.1 and
Lemma 2.3 we get that there exists an i € {0,1,...,2% —1} such that fo (ugk)) = )\Ek). Since ,ul(-k)
and )\Z(k) are odd, we get e()\l(-k), 1) # 0. We have that ’)\Z(-k)‘ and ’ugk)‘ are both 2-disjoint with
my = > |)\§.k)‘ = ’,ug.k)‘ Cy L”_QkJ, by Theorem 2.5. Since mj Co L”E—EW and m; Ca LQ%J,
J#i J#1

2k

we get m; Co m. Thus ‘)\gk)} = (29— 1) 4 my and ‘,ugk)} =29 4 my, where mo = m —mq Co m.
In particular VQ(‘)\Z(k)’ + 1) = VQ(‘MEIC) ’) = d. Then Lemma 3.2 shows that )\Ek) is d-good.
Conversely, if )\Z(k) is a d-good partition for some 7 € {O, 1,...,2F — 1}, then there exists
a bk, ’)\Z(»k)‘ + 1 such that fo(u*) = )\Z(k), by Lemma 3.2. We let u be the partition where the
k-data Dék) (1) and Dék)()\) coincide, except that ugk) = p*. Since A is odd and )\gk) is d-good,
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we know that ‘)\Ek)| = (2d — 1) + m’ where m’ Co m, and |>\§-k)‘ Com —m/ for all j # i. Hence
|p*| = |)\§k)‘ +1=2%4+m’ is 2-disjoint from all ‘)\g.k) , 7 # 1. Thus p is an odd partition of n by
Theorem 2.5, and fx(u) = A by Lemma 2.3 and Remark 2.1.

We conclude that e()\, 2’“) = > e(/\gk), 1). If d = 0 then L"g,?kJ is even. This implies

A% d—good

that all )\Ek) are of even cardinality and thus d-good. Thus e()\gk), 1) =1 for all 7, and we get
e(A,2%) = 2% If d > 0 there is exactly one )\Ek) in Q;k)()\) of odd cardinality. Only this )\Ek)
may be d-good and then e(/\, 2’“) = e()\gk), 1) = 2. Otherwise e()\, 2’“) =0. |

Corollary 3.6. Let n € N, k € Ny be such that 28 < n, and let d = Z/Q(LQ%J) Let Ao n — 2F.
Then e()\, 2’“) % 0 if and only if there exists a partition )\Ek) in the kth row of Qa(X\) such that
!)\Ek)‘ =2%-1 mod 29!, and Cya ()\l(-k)) 18 a hook partition. In this case, e()\, 2’“) =2Fifd=0,
and e(\,2%) =2 if d > 0.

We are now ready to prove Theorem A. In fact, this is a consequence of Theorem 3.5 and it
is stated here as the following corollary.

Corollary 3.7 (Theorem A). Let n € N, k € Ng be such that 28 < n.

o If k=0 then f}' is surjective if and only if d(n, k)
o If k>0 then f}' is surjective if and only if d(n, k)

IN

2.
1.

IN

Proof. By Theorem 3.5, f] is surjective if and only if for all A =, n — 2% we have that the kth

)

row of Q2(A) contains a d(n, k)-good partition )\g-k . By Theorem 2.5 and Definition 3.4, for any

A, n —2F we have 3 P\gk)‘ = L”_QkJ = (24K — 1) 4+ m(n, k).
Jj=0

2k

If £ = 0 then ng)()\) contains only A = )\((]0). Hence f is surjective if and only all odd
partitions of n — 1 are d(n,0)-good. By Lemma 3.3(1), the latter condition holds when d =
d(n,0) < 2. On the other hand, if d = va(n) > 2, then A = (n — 5,2,2) is an odd partition of
n — 1 by Theorem 2.5, but Cs(A\) = (3,2,2) is not a hook, and hence Cya(A) is not a hook. So A
is not d-good, and thus f{ is not surjective.

Now assume k£ > 1. Then ng)()\) contains at least two odd partitions. If d(n,k) > 2 then

any d(n, k)-good partition p satisfies 3 Co 240%) —1 Cy |u|. Write L"g,?kj = 1+my where mq is

even. Applying Remark 2.7, take any A -, n—2* such that ‘)\(()k)‘ =1 and )\gk) is an odd partition
with })\gk)‘ = my. Then no partition in Qék)()\) is d(n, k)-good. Thus f}' is not surjective. On
the other hand, if d(n, k) = 0 then 2% Co n and fJ is surjective [3, Proposition 4.5]. If d(n, k) = 1
then L”;,?kj =1+ m(n, k), where 4 | m(n, k). Thus any ng)()\) contains a partition with odd
cardinality; this partition is 1-good, by Lemma 3.3. Again f;' is surjective. |

It is an immediate consequence of Theorem 3.5 that f;' is regular on its image for all relevant
choices of n, k such that 2 < n. We have:

Corollary 3.8. Let n € N, k € Ny be such that 2 < n; set d = I/Q(LQ%J) Let \ F, n — 2F.
Then

2k ifd = 0;
e(X, Qk) =192 ifd>0, and the kth row of Q2(\) contains a d-good partition,;

0 otherwise.
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Example 3.9. For an illustration, we consider odd extensions of odd partitions by a 4-hook,
i.e., we take k = 2 above. For n > 22 we first compute d(n, k) = VQ(b%J), and then consider
odd partitions of n — 4 and their 4-extensions. For n = 6, d(6,2) = 0. Thus e((2),4) = 4. The
odd 4-extensions of (2) are (6), (3%), (2%,1%), (2,1*). For n = 10, d(10,2) = 1. In this case,
e(\,4) = 2 for all odd partitions A of 6. For instance, the odd 4-extensions of (6) are (10) and
(6,3,1). For n =19, d(19,2) = 2. Example 2.6 shows that for \ = (5,4, 22, 12) F, 15 there is

no 2-good partition in QgZ)()\), hence e(\,4) = 0.

4 Deciding commutativity of the maps f; and f,

Let n € N, and suppose that 0 < k < ¢ satisfy 2F + 2¢ < n. As stated in the introduction,
we want to complete the discussion of the commutativity of the maps f; and f,. Since the
relevant n will always be apparent for the maps f;' in this section, we just write f.

We write (n;k,¢) € T if for all A k-, n we have fifo(A) = fifx(\). Otherwise we write
(n; k,0) € F.

In this section we will prove Theorem B, which may be reformulated as follows.

Theorem 4.1. Let n = 2! +m where 0 < m < 2'. Suppose that k, ¢ satisfy 0 < k < £ and
2k 4+ 92t < n. Then with the exception of (6;0,1)

(n;k,0) € F if and only if £ < t and 2° < m.

The proof of Theorem 4.1 is based on a series of lemmas. The first lemmas concern two
extreme cases, where f; and f; commute.
In the case ¢ =t we have the following result as a reformulation of [3, Proposition 4.3].

Lemma 4.2. Let n = 2" +m with 0 < m < 2L, If 2% < m, then (n;k,t) € T.

It is also known that in the case where n is a power of 2, the maps f; and f; commute |3,
Remark 4.4], and we include a short proof here.

Lemma 4.3. If n = 2! then (n;k,0) € T for all k, {.
Proof. If 0 < b < a are integers then the binomial coefficient (‘g) is odd if and only if b Cs a,

by Lucas’ theorem. The odd partitions of 2! are exactly the hook partitions (2t —b, 1b), 0<b<
2t — 1, of degree (th_l). Hence for k£ € {0,1,...,t — 1} we have

(28 —b—2k1b) if 2~ 7, b,
A p—
fe(N) {(2t —b, 167216) if 28 C5 0.

It follows that for any k,¢ < t and odd partition A of 2¢, we have fyfr(\) = frxfe(N). |

Lemma 4.4. Let n = 2 +m with 0 < m < 2'. Suppose that k, ¢ satisfy 0 < k < £ and
2k 426 <n. If m < 2% then (n;k,0) € T.

Proof. We use induction on & > 0. For £ = 0 we have m = 0 and the claim follows from
Lemma 4.3. Suppose that k > 1 and that the claim has been proved up to kK — 1. Let A -, n.
Odd hooks of length 2% and 2¢ in A correspond to odd hooks of length 25=1 and 2¢~! in the
2-quotient Q2(\) = (Mg, A1) of A\. From Theorem 2.5 we deduce that |Ag| and |A1| are 2-disjoint
binary subsums of | %], so one of them contains 21, say |Ao[; then [A| < [%] < 2F-1 < 2671,
Thus the odd 2¥~!-hook in Q2(\) has to be in \g. Therefore

Q2(fr(N) = (fe-1(Ao), A1)
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Applying fs, the odd 2~ 1-hook cannot be in A1, hence

Q2(fefe(N) = (fe—1fe—1(X0), M1))-

In particular, we know that |Ag| > 271 4+ 271 Also [Ao| + [Ai| = | %] =271 + |%|. We have
already seen that 2~ ! is the largest binary digit of |\o|; furthermore |\g|—2!~! is a binary subsum
of L%J < 2F=1. We may therefore apply the inductive hypothesis to A\g to get fr_1fr_1(Ao) =

fr—1fe-1(Ao). This implies that Qa(frfe(N)) = Q2(fefr(N)) and thus fi fr(A) = fofi(N). L

Lemmas 4.2 and 4.4 show that the only if part of the theorem is true. We now turn to the if
part. We start by proving the statement for £ = 0 and use this as part of an inductive argument.

Lemma 4.5. Letn = 2 +m with 0 < m < 2t. If0 < £ < t then (n;0,{) € F, with the exception
of (6;0,1).

Proof. The result is easily checked for n < 8, which includes the exception (6;0,1). So we
assume that ¢t > 3.

Case 1: 2 < m. Then m > 3, since £ > 0. Consider the partition A\ = (m,m, 1“) F n where
a=mn—2m = 2" —m. The (1,1)-hook length of X is 2! + 1. The (2,1)-hook length of X is 2¢.
Removing the (2,1)-hook hook we get the odd partition (m), so A is odd, by Lemma 2.8. We
claim that

fo(A) = (m, m, 1‘1*1).

Indeed we cannot have fo(A\) = (m,m -1, 1“) because this partition does not have a hook of
length 2!, and thus it is not odd. Now

fefo(N) = fe(m,m, 197 = (m,m —2°,1°7)

since (m,m, 1“*1*22) and (m —1,m—2+1, 1“*1) both do not have a hook of length 2! and
thus are not odd (again by Lemma 2.8).
On the other hand,

fe(N) = (m— 1,m— (26— 1),1“).

Indeed, the other candidates for f;(\), which are (m, m—2°, 1“) and (m, m, 1“*24), do not have
hooks of length 2¢. Then

fo(fe(N) = fo(m —1,m — (28 = 1),1%) = (m — 1,m — 2,17).

This follows (again) by observing that all the other partitions of n — 2¢ — 1 obtained from
(m —1,m — (2 —1),1%) by removing a node do not have hooks of length 2. Thus fo(fe()\)) #
fe(fo(N))-

Case 2: m < 2¢. Consider the partition A = (n —26m+1, 1“), where a = 2¢ — (m + 1).
Note that n — 2¢ > m + 1 since £ < t by assumption, and that a > 0. The (1,1)-hook length of
A is n —m = 2!. Removing this hook we get the odd partition (m), so A is odd. The (2,1)-hook
length of X is 2¢. Now

fo(N) = (n -2t m, 1“)
since the other candidates do not have hooks of length 2¢. Then

fo(fo(N) = fo(n —25,m,1%) = p,
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where p is obtained from fo(\) by removing a 2‘-hook in the first row. (There are only hooks
of length < 2° in the other rows.) In fact, p = (n — 271, m, 1%) since n — 271 > n — 2! = m,
Thus fi(fo(N)) has at least 2 parts. On the other hand

fg(/\) = (n — 28)

since this odd partition is obtained from the odd partition A by removing a 2‘-hook (the one
n (2,1)). It follows that

folfe(V) = (n—2"—1)

and again fo(fe(A)) # fe(fo(N)).

Case 3: m = 2°. Then n = 2! +2°. If £ > 2 then choose A = (2/,2¢ — 1,1). The (1,2)-hook
length of X is 2¢; thus \ is an odd partition since removing this 2¢-hook gives an odd partition
(26 —-2,1, 1) of 2. We have fo(\) = (2t, 2t — 2, 1) since the other candidates are not odd. Then

fe(fo(N) = (2 — 25,2 = 2,1).

The (2,1)-hook length of A is 2, so fy(A) = (2¢) and
folfe(N) = (2" = 1),

showing fo(fe(A)) # fe(fo(N))-
On the other hand, if £ = 1 then choose A\ = (2t —2,2, 2) Fo 2842 = n. Since t > 3, it is now

easy to show that f1(fo(N\)) = (Zt —4,2, 1). On the other hand we see that fo(f1())) is a hook
partition of 2! — 1 = n — 3 and therefore is not equal to fi(fo())). [

Lemma 4.6. If (n;k,0) € F then also 2n;k+ 1,0+ 1) € F and 2n+ 1;k+ 1,0+ 1) € F.

Proof. Let the odd partition p of n satisfy frfe(r) # fefx(p). Let A be a partition of 2n or
2n 4 1 having 2-quotient Q2(A) = (u, (0)). Then A is odd, by Theorem 2.5. We have

Q2(frr1ferr (V) = (frfe(p), (0)) # (fefu(w), (0)) = Qa(fes1 ferar (M),

so that fry1fer1(N) # ferrfer1(N). L

We are now ready to conclude this section with the proof of Theorem B.

Proof of Theorem 4.1. The only if part follows from Lemmas 4.2 and 4.4. To prove the if
part we use induction on k£ > 0. If £ = 0, then the statement follows from Lemma 4.5. Let k& > 1
and suppose that the assertion is true up to and including k& — 1. To show that (n;k,¢) € F
it suffices to prove (|%];k —1,£ —1) € F, by Lemma 4.6. We are assuming n = 2' 4+ m,
0<m<2,0<k<{¢<tand2"+2°<n. Thisimplies || =21+ 2], 0< |2| < 27! and
2k—1 4901 < [%J . We may apply the inductive hypothesis to get (L%J i k—1, 6—1) € F, and then
(n; k,£) € F except when (L%J ik —1,0— 1) = (6;0,1). In that case we are considering (12;1,2)
or (13;1,2) which are both in F, by direct computation (consider for example (6,4,2) -, 12 and

(6,4, 3) F, 13, respectively). |

Acknowledgements

We thank Gabriel Navarro for providing some useful tables which helped us find the patterns
explained by the results of this paper. The second author is grateful to Trinity Hall, University
of Cambridge, for funding his research. Thanks also go to the referee for helpful comments on
a previous version of the article.



10

C. Bessenrodt, E. Giannelli and J.B. Olsson

References

[1] Ayyer A., Prasad A., Spallone S., Odd partitions in Young’s lattice, Sém. Lothar. Combin. 75 (2015),
Art. B75g, 13 pages, arXiv:1601.01776.

[2] Giannelli E., Kleshchev A., Navarro G., Tiep P.H., Restriction of odd degree characters and natural corre-
spondences, Int. Math. Res. Not., to appear, arXiv:1601.04423.

[3] Isaacs I.M., Navarro G., Olsson J.B., Tiep P.H., Character restrictions and multiplicities in symmetric
groups, J. Algebra 478 (2017), 271-282.

[4] James G., Kerber A., The representation theory of the symmetric group, Encyclopedia of Mathematics and
its Applications, Vol. 16, Addison-Wesley Publishing Co., Reading, Mass., 1981.

[6] Macdonald I.G., On the degrees of the irreducible representations of symmetric groups, Bull. London Math.
Soc. 3 (1971), 189-192.

[6] Olsson J.B., Combinatorics and representations of finite groups, Vorlesungen aus dem Fachbereich Mathe-

matik der Universitat Essen, Heft 20, 1994, available at http://www.math.ku.dk/~olsson/manus/comb_
rep_all.pdf.


https://arxiv.org/abs/1601.01776
https://doi.org/10.1093/imrn/rnw174
https://arxiv.org/abs/1601.04423
https://doi.org/10.1016/j.jalgebra.2017.01.021
https://doi.org/10.1112/blms/3.2.189
https://doi.org/10.1112/blms/3.2.189
http://www.math.ku.dk/~olsson/manus/comb_rep_all.pdf
http://www.math.ku.dk/~olsson/manus/comb_rep_all.pdf

	1 Introduction
	2 Notation and background
	3 Surjectivity and regularity
	4 Deciding commutativity of the maps fk and f
	References

