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To appear in the Annals of Probability

LARGE EXCURSIONS AND CONDITIONED LAWS FOR
RECURSIVE SEQUENCES GENERATED BY RANDOM
MATRICES

By JEFFREY F. COLLAMORE AND SEBASTIAN MENTEMEIER*
University of Copenhagen and TU Dortmund

We study the large exceedance probabilities and large exceedance
paths of the recursive sequence V,, = M, V,,—1+Qpn, where {(Mp, Qn)}
is an i.i.d. sequence, and M; is a d X d random matrix and Q1 is a
random vector, both with nonnegative entries. We impose conditions
which guarantee the existence of a unique stationary distribution
for {V,,} and a Cramér-type condition for {My,}. Under these as-
sumptions, we characterize the distribution of the first passage time
T2 :=inf{n: V,, € uA}, where A is a general subset of R, exhibiting
that Tf/u”‘ converges to an exponential law for a certain « > 0. In
the process, we revisit and refine classical estimates for P (V € uA),
where V possesses the stationary law of {V;,}. Namely, for A C R,
we show that P(V € uAd) ~ Cau™® as u — oo, providing, most im-
portantly, a new characterization of the constant C'4. As a simple
consequence of these estimates, we also obtain an expression for the
extremal index of {|V,|}. Finally, we describe the large exceedance
paths via two conditioned limit theorems showing, roughly, that {V,,}
follows an exponentially-shifted Markov random walk, which we iden-
tify. We thereby generalize results from the theory of classical random
walk to multivariate recursive sequences.

1. Introduction. The goal of this paper is to describe the extremal
behavior and tail asymptotics, and to develop certain conditioned limit the-
orems, for the multivariate recursive sequence

(11) Vn:MnVn—1+Qna n= 1727"'7 ‘/ON’%

where {(M,,Qy)} is an ii.d. sequence, M is a d x d random matrix with
nonnegative entries, and is ()1 a nonnegative random vector, and the initial
measure 7 in (1.1) is supported on the nonnegative orthant and independent
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of {(M,,Q,)} (typically taken to be point mass at v € [0,00)?%). We allow
for an arbitrary dependence structure between M; and ;.

Motivated by branching processes in random environments with immi-
gration, as considered by Solomon [47, 48], the recursive sequence (1.1) was
originally studied in the fundamental paper of Kesten [28]. Assuming that
the top Lyapunov exponent for {M,} is negative, then the Markov chain
{V,} has a unique stationary distribution; and if V' is a random variable
possessing the stationary law of {V},}, then it is shown in [28] that under
appropriate moment and irreducibility conditions,

(1.2) P((w,V)>u) ~Cuu® as u— oo,

for any vector w € (0,00)? and some constant %, > 0.

Recently, there has been a renewed interest in Kesten’s estimate. For
example, the asymptotics in (1.2) have been shown to characterize the sta-
tionary tail decay in the GARCH(p, q) financial time series model or, anal-
ogously, the ARMA (p, q) process with random coefficients; cf. [19, 38]. The
process (1.1) is also relevant for the study of random walk in random en-
vironment (cf., e.g., [30, 50]), and in a variety of other problems related
to branching processes and Mandelbrot cascades; cf. [11, 24, 33] and refer-
ences therein. Furthermore, in recent years, the scope of Kesten’s method
has broadened to include more general fixed point equations in R; namely

equations of the form V F (V), where F' : R — R is a random func-
tion independent of V', and F(v) ~ Mwv, for large v, where M is a random
variable in R; cf. [4, 18, 23, 39]. (Here 2 denotes equality in distribution.)
Moreover, generalizations to Markov-dependent recursive sequences (satis-
fying different assumptions from those we consider here) have been obtained
in [14, 17, 44].

It is natural to ask whether this theory may be extended to reveal more
refined path properties of the process {V,,}. In fact, some characteristics

of {V,,} over large excursions can essentially be inferred from those of the
Markov random walk {(X,,S,) : n =0,1,...}, defined by

M, --- M; Xy
1.3 Xp=r"—""5- Sy, =log |M,, - - - M1 X
(1.3) " =M, - M Xo| n = log | My - M Xol,
where | - | denotes a norm in RY, and Xy can be taken to be the projec-

tion of Vj onto the unit sphere. While the rough equivalence between {V,,}
and {e%" X,,} has been utilized by numerous authors, including Kesten [28],
the correspondence between these processes has typically only been em-
ployed to obtain estimates such as (1.2), and not to characterize more de-
tailed path properties. In contrast, our approach will be to quantify this
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discrepancy using Markov nonlinear renewal theory, as developed in Melfi
[34, 35], yielding—after accounting for the small-time behavior—estimates
which show that {V;,} is closely approximated by {e»X,} in a manner
which we characterize mathematically. Consequently, it is natural to ex-
pect that, over a large excursion, the random walk structure inherent in
{(Xn, Sn)} may be exploited to yield deeper properties of {V;,} which mimic
known attributes of Markov random walk. Following this approach, we shall
reexamine Kesten’s estimate, then extend the approach to obtain related
asymptotic results relevant in extreme value theory, and, ultimately, derive
certain path estimates conditioned on a large excursion, showing quantita-
tively that the path of {V,} under a large excursion resembles a Markov
random walk, but in an exponentially-tilted measure (which we will identify
as the “a-shifted measure” below).

We start by revisiting (1.2), establishing under appropriate conditions
that, for any set A C [0, 00)? with positive distance to the origin,

(1.4) P(V € ud) ~

)\’?oz) Loa(A)u™ as u— oo,
for a universal constant C' and a measure £,. In particular, we obtain a new
representation of the constant C' as the o™ moment of a certain power series
derived from {(M,, @)} and the time-reversed products of { M, }; see (2.9)
and (2.10) below. The formula we derive can be viewed as a multidimensional
extension of a central result in [18]. (For related one-dimensional estimates,
see also [12, 21] and the discussion in Section 2.3 below.) From (1.4), we
immediately conclude that V' is multivariate regularly varying, as could only
be deduced from (1.2) with the help of the Cramér-Wold device; cf. [6, 8].
We emphasize that this additional step is not needed in our method.
Following a similar approach, we then examine the extremal behavior of
{V,,}. Specifically, letting A C (0,00)% have a positive distance to the origin
and setting T4 = inf{n : V,, € uA}, we study the growth rate of T/} as
u — 00. We show that

TA
(1.5) lim PP <Z <z

U—00 U

V():v> =e Kaz 2>,

where « is given as in (1.2) and K 4 is a constant which we also characterize,
relating this constant explicitly to C and to the pre-factor appearing in
the asymptotic expression, as u — oo, for the hitting probability of the
set uA by {e°"X,}. As a special case, setting A = {z : |z| > 1}, we then
conclude that {|V,|} belongs to the maximum domain of attraction of the
Fréchet distribution. However, it should be emphasized that (1.5) is actually
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a stronger result, yielding the directional dependence of {V,,} and suggesting
a natural extension of classical extreme value theory to this multidimensional
setting. Note that (1.5) characterizes the first passage times of the “forward”
iterates {V,,} (in the sense of Letac [32]), which are qualitatively different
from the “backward” iterates. In one dimension, the backward iterates are
perpetuities, and the first passage times of these sequences have recently
been studied in in [9], yielding very different results from those we obtain
here. In contrast, (1.5) is qualitatively similar to reflected random walk, and
(1.5) can be viewed as an extension, to our setting, of a classical result
due to Iglehart [27] and some of its extensions, e.g. [20]. In particular, (1.5)
sharpens earlier work, largely restricted to one-dimensional recursions, in
[11, 19, 41, 42]; cf. Remark 2.9 below.

The key to establishing (1.4) and (1.5) is a proposition, where we study
the behavior of {V,,} over cycles emanating from, and then returning to,
a given set D C [0,00)?. Drawing an analogy with reflected random walk,
these returns to D play the role of Iglehart’s [27] returns of a reflected random
walk to the origin. Letting 7 denote the first return time to D, then for any
suitable function g and any m € {1,2,...}, we consider in Proposition 4.1
the limit behavior of

VTA VTA+
uE {g( L, m) Lira<r)

ngv] as u — oo.

If ¢ = 1, then this quantity represents the rescaled probability that {V,,}
enters the set uA before returning to . Moreover, for general g, we show that
the post—Tf—process behaves as {€°"X,,}, but starting with the stationary
overjump distribution. This idea is then extended in the final section of
the article to include the path behavior prior to time T4, drawing a close
analogy to the trajectory of {eS"Xn} in the a-shifted measure.

Namely, we develop two conditioned limit theorems. In the first, we study
the empirical law of {log|V,| —log|V,_1|} conditioned on {T < 7}, show-
ing that this empirical law converges weakly in P ( \Tf < T)—probability to
the distribution, under stationarity, of S7 in the a-shifted measure. We also
establish a result concerning the joint distribution of {V7,, V7, +1,...} con-
ditioned on {qu < 7}, where I, grows “slowly” compared wtih wu.

We emphasize that we shall develop our limit theorems without assuming
that the process {V,,} is Harris recurrent, and, thus—while we shall often
draw upon the theory of Harris recurrent chains and these methods will play
an important role in our analysis—our appoach will ultimately not require
this standard assumption from Markov chain theory, which is unnatural in
our setting. We circumvent this requirement by introducing a smoothing
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technique, where the sequence {Qg,} is “smoothed” for some k € {1,2,...},
thereby ensuring that the resulting process is Harris recurrent, yet the effect
of this smoothing is negligible in an asymptotic limit. This technique could
also be adapted to other recursive sequences satisfying a stochastic fixed
point equation (as considered in the one-dimensional setting in [18]). To
obtain a general theory without Harris recurrence, we shall, instead, rely
throughout the article on the recently-developed theory of Guivarc’h and Le
Page [25], which exploits spectral gap properties on special function spaces
for matrix products under weak regularity conditions. While the theory in
[25] is developed for invertible matrices, a formulation for matrices with
nonnegative entries, as we consider here, has recently been given in [10].
We now turn to a precise statement of our main results.

2. Statement of results.

2.1. Notation. Let Ni := {1,2, ...} denote the positive integers. For
given d € N, assume that R? is endowed with the scalar product <-, > and
canonical orthonormal basis {e;}. Set RY = {x eRY: <x, ei> >0,1<¢< d}.

Let | - | denote a norm in Ri, and assume throughout the article that
| - | is monotone, i.e., if 7, y € RY satisfy y — 2 € R, then |z < |y|. Let
§?1:= {2z € R? : |z| = 1} denote the unit sphere and S‘j__l = R4 NS
and for any 2 € R?\ {0}, let T denote its projection onto the unit sphere,
namely

= (z)” = |z| e

Set B,(y) = {x € R : |z —y| <r}, r > 0; and B, (y) = B,(y) NRL.

For any subspace .¥ of R4, let 2(.%) denote the collection of Borel sets
on .#; and let E°, E, E°, and OF denote the interior, closure, complement,
and boundary of E € %(.¥), respectively. For any measure v on . C
Ri, denote the support of v by suppv. Also, denote the set of bounded
continuous real-valued functions on a space E by é;,(E), equipped with the
norm | f|e := sup{|f(z)| : x € E}.

Let 9T denote the collection of d x d matrices with nonnegative coefficients,
and let [jm|| denote operator norm, i.e., |[m|| := sup,cgi—1 |mz|, m € M.

Now suppose that {V,} and {(M,,Q,) : n € Ny} are defined as in the
previous section; in particular, each (M,,Q,) is an i.i.d. copy of (M, Q),
where the random matrix M takes values in M a.s., @) takes values in Ri
a.s., and we allow the pair (M, Q) to have an arbitrary dependence struc-
ture. Denote the probability laws of (M,Q), M, and Q by p, par, and pq,
respectively. Assume that {(M,,Q,) : n = 1,...,n} is adapted to a given
filtration {Z, : n=1,2,...}.
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2.2. Basic assumptions. We first introduce certain restrictions on { M, }.

Allowable and positively regular matrices. We say that a matrix m €
I is allowable if it has no zero row or column. Moreover, if the coefficients
of a given matrix m € 9 are strictly positive, then we write m > 0 and
say that m is positively regular. Also write M° = {m e M :m > 0}. As a
standing assumption, we shall always assume that there exists an n € Ny
such that

N:=inf{neN;: M, ---M; -0} <0 as,;

thus, ultimately, the product M, --- My is positively reqular with probability
one. This assumption will be subsumed in the stronger Hypothesis (Hj),
given below (cf. [26, Lemma 3.1] or [10, Lemma 6.3]).

Non-arithmetic distributions for random matrices. Next, we shall
need a generalization of the notion of a non-arithmetic distribution to the
setting of random matrices. To this end, let I'j; denote the smallest closed
subsemigroup of 9t which contains supp pas.

DEFINITION 2.1. We say that s is non-arithmetic if the additive group
generated by {log |m|| : m € T'y; N9N°} is dense in R.

It is shown in [13, Lemma 2.7] that this condition implies that of Shurenkov
[45], which is closer to the condition imposed on one-dimensional Markov
random walks, but not easily verified in the setting of random matrices. It is
worth observing that, alternatively, we could replace log ||m|| with the Frobe-
nius eigenvalue of m in Definition 2.1; thus, our definition is in agreement
with the one given by Kesten in [28].

We are now prepared to introduce our basic assumptions on the distribu-
tion function pps of M.

HYPOTHESIS (Hi). ps is non-arithmetic and pp{m : m is allowable} = 1.

Next, we turn to certain moment conditions that will be imposed on the
pair (M, Q). Let

o= {020+ [ i’ pstam) <oo} = {920 B [211"] < <}

and let m? denote the transpose of m. Then for any # € © and any f €
‘Kb(Sfl[l), set:

Pyf(a) =E [|Mal’ f(Mz)|: Pf@) =E |[MTe|" f(MT2)):
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A6) = lim (E [\\Mn.--Mlyﬂ)l/"; A9) = log A(6).

n—oo

In the following lemma, we describe the left-invariant measures and right-
invariant functions associated with the operators P and Py.

LEMMA 2.2, Assume 0 € © and pp{m : m is allowable} = 1. Then
A(0) is the spectral radius of Py, and there is a unique probability mea-
sure lg on Si‘l and a unique, strictly positive function rg € 6 (Si‘l) with
[ ro(x)lg(dz) =1 such that

(2.1) lgPy = A(0)lg and Pyrg = X(0)ry.

Furthermore, the function rg is max{0, 1}-Hélder continuous; and thus, rg
s bounded from above and below by finite positive constants.

Similarly, the spectral radius of Py equals X\(0), and there exist a pair
(I,rp) which has the equivalent properties, relative to Py, as those possessed
by (lg,r9) relative to Py. Moreover,

(2.2) nle)=c [ o) lidn), Voest

Si
fore= ([ <x,y>al;(dx)l9(dy))_l ; and likewise, (2.2) also holds if (r9,1}) is
replaced with (rp,1lg).

In the above lemma, we have written Iy Py for the application of the adjoint
operator P) to the measure ly, i.e. [Py is the unique measure satisfying

d—1
ne (loPy)(dz) = /S - (Pof(2)) lg(dz), for all f € G(ST).
The proof of Lemma 2.1 can be found in [10], Proposition 3.1; see also [25,
Theorem 2.16] for an analogous result in the setting of invertible matrices.

For any allowable matrix m, now define é¢(m) := inf_ _ga1 |mzf.
+

HYPOTHESIS (Hj). There exists an o > 0 such that A(a) = 1, and the
following moment conditions hold:

E [ ||¢]/* max{Jlog |M]]],[log é(M)[}] < o5 and E[|QI*] < .

The shifted distribution. We shall utilize the constant o in (Ha) to
employ a change of measure, as developed in the multidimensional frame-
work by Kesten [28]. Namely for m € 9, 6 € © and any n € N, define

B Imz|® o (mz)

0 T d—l‘
Pe ) = @ T
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Note by an application of Lemma 2.2 that
[ ) i (s, dai i) =1, @ s

Moreover, the system of probability measures ,uﬁ@, = pz(:n, Ju®™ is a pro-
jective system; hence by the Kolmogorov extension theorem, there exists
a unique probability measure P? on (9 x Ri)Nﬂ“ having marginals u%w
When the random variables {(M,,Q,) : n =1,2,...} are generated by the
measure }P’g rather than the true underlying probability measure, we write
EY[-]. We shall refer to this measure as the “9-shifted measure.”

It is worth observing that, although {(M,,,@,) : n = 1,2,...} is assumed
to be i.i.d. in the unshifted measure, this sequence will be Markov-dependent
in the #-shifted measure, for any # > 0. However,

(2.3) ng(E) := / ro(z)lg(dz) yields that P’ := /d 1IP’i ng(dzx)
E sd-

is shift-invariant; i.e., the sequence {(M,,Q,)} is stationary under @9; cf.
Section 3.1 of [10]. This is an important observation, as it will allow us to
apply the results of Hennion [26] on products of random matrices; cf. Section
4 below. Furthermore, by Lemma 6.2 of [10], P < P for all z € S471; and
we shall use this result frequently to infer convergence P$-a.s., for arbitrary
x € S‘fl, by proving PY-as. convergence.

In the #-shifted measure, the limit behavior is described through the fol-
lowing generalization of the Furstenberg-Kesten theorem, which may be de-
duced from [26, Theorem 2] together with [10, Theorem 6.1].

LEMMA 2.3. Assume that (Hy) is satisfied and let 6 € D, and suppose
that (Hy) holds with 0 in place of a. Then for z,y € Siﬁl, we have PP-as.
that:

1 1 .
lim —log|M, --- Miz| = lim —log||M, --- M| = A () = EY[Sy];
n—,oo N n—,oo n

. 1 _
nh_}rrolo sup{ ’nl{mgn} log(y, My, ... Mix) — A’(Q)‘ C X,y € Si 1} =0.

Here, A’(0) is interpreted as a one-sided derivative if § € 9D. Note A’(0) <
0, since A is convex and A(0) = A(a) = 1; thus, the top Lyapunov exponent
associated with {M,} is negative. Together with the moment assumptions

in (Hy), this guarantees the existence of a unique stationary distribution for
{V} (cf. [28]), which is given by the law of

(2.4) Vo= Q1+ ZMl---Mk_le.
k=2
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The Markov random walk. The process {M,,} induces a Markov ran-
dom walk on S‘i_l x R, obtained by setting

(25) Xn:(Mn-'-MlXo)N, Sn:log\ManX(ﬂ, ’I’L:1,2,...,

for some initial state X¢ € Si_l and Sop = 0. In contrast to (1.3), in some
contexts we will need to take Xq to be different from V{y, but still independent
of {(M,,,@n)}. This process will play an important role in the sequel. Note
that in the 6-shifted measure, {X,} has a unique stationary distribution
given by the measure 7y in (2.3); see [10, Theorem 4.11].

Probability measures. We introduce the following conventions to de-
scribe conditional probabilities which depend on the initial values of X and
V. Write:

P,() =P(|Vo=v), PL()=P(|Xo=2), P, ()=P5(|Vo=0),

and use the same notation for the corresponding expectations. When con-
ditioning on an initial distribution Vy ~ =, write P,(-) = [Pyu(-)~(dv),
}P’f/(-) = fP%U(-)'y(dv), and finally set ng(') = IP’%U('). We note that while
working in the #-shifted measure, we will generally need to specify both X
and Vj in these equations, and we will typically take Xg = 170. The reason for
the asymmetry comes from the observation that, due to the Markov depen-
dence in the §-shifted measure, the initial state does affect the law of {M,,}
and hence that of {V},} under P?. Finally, we note that we will sometimes
suppress the dependence on (x,v) when these values are clear and simply
write P%-a.s.

In this terminology, the change of measure can be written as follows: for
allne Ny, xz € S‘i—l, and any bounded measurable function f : S‘fl X (90 x
R

efozSn

(2.6) Ta(2)Eg , (X))

£ (X0, Vo, My, Q- Mo, Q)|
= E[f(2,0, M1, Q1.+, Ma, Q)]

2.3. Tail estimates for {V,}. We now turn to our first main result, where
we revisit and extend Kesten’s well known theorem in [28].

Let 7 denote the stationary distribution of {V,,}, which is given by the
law of the random variable V' defined in (2.4). Now fix a set D C RY where
(D) > 0, and let mp denote the stationary distribution of {V,,} restricted
to ID; that is,

~ m(END)

(2.7) mp(E) = D) E € B(R).
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Also let 7 denote the first return time of {V,,} to D; namely,
7 =inf{n €e N : V,, € D}.
Next, let T = (1,...,1)7 and define

(2.8) Y; = lim (MZT---MJT)N, n=1,2,....

n—oo

Note that if §# € D, then the limit on the right-hand side exists P?-a.s.,
since this product constitutes a backward sequence of an iterated function
system and the maps {M,} act as contractions on S cf. [26, Section 3].
Moreover, the law of Y; is given by

W5(E) = /E (@)l(de), E e B,

where 7 and [j are given as in Lemma 2.2 (cf. [25], Theorem 3.2; [10],
Proposition 3.1).

The condition (R). Recall that under (H;), the measure pys is non-
arithmetic and hence M, --- M is positively regular for sufficiently large n
w.p.1, implying that for some positive integer k and some s > 0,

(R) My, -+ MyQq = s1  with positive probability.

Now if k£ > 1, then it is natural to introduce the k-step process; namely, fix
k € N4, and for all n € N, set

kn
Mn = Mk:n o Mk(n—1)+1 and Qn = Z Mkm te MZ'+1QZ"
i=k(n—1)+1

Note as a consequence of these definitions that

Vien = ]/\vak(n_l) + @n, n=12...,

where @n — s1 > 0 with positive probability. It is worth observing here that
the stationary distributions of {Vj,,} and {V,,} are, of course, identical.

Finally, let 65 (R% \ {0}) denote the set of bounded continuous functions
on R4 \ {0} which are supported on R? \ B, (0), for some r > 0.

THEOREM 2.4. Assume that Hypotheses (H1) and (H2) are satisfied, and
suppose that D = B (0), where r has been chosen sufficiently large such that
(D) > 0. If f € 6o(RL\{0}) and k =1 in (R), then

(29)  lim uE [f <Z>] _ X((’;) /S G
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where

(2.10) C'= /ra JES, 7(dv).

(Y;,Q; Q4] ¢
(i 55220 ok s

If k > 1 in (R), then the theorem still holds, but the constant C is then
computed with respect to the k-step chain {Vi,} generated by {(M;, Q;)}
rather than with respect to the 1-step chain {V;,}.

If {V,,} is a Harris recurrent chain, then we may always take k = 1; see
Proposition 5.2 below. Moreover, if Q) > 0 with positive probability, then we
may again take k = 1.

More generally, when dealing with the k-step chain, we observe that the
stopping time 7 in (2.10) must now be computed with respect to that chain
(rather than the 1-step chain), and the drift factor X' (a) in (2.9) must be
replaced with the drift of the k-step chain, namely k) («); cf. Remark 5.3
below.

REMARK 2.5. For another representation of (2.9), let £, be the measure
on R4 \ {0} defined by the equation

/ e f(e’r)ly(dr)ds = / f(z)La(dx).
ST xR R4\ {0}

Then (2.9) gives the vague convergence (of measures on R4 \ {0}) toward
C/N(e). In particular, for any measurable set A C R? which is bounded
away from zero and satisfies £,(0A) = 0, it follows from the Portmanteau
theorem that

(2.11) uh_}r{)lou P(V e ud) = Vo)

Furthermore, note that for any ¢ > 0 and any measurable E C Si‘l with
lo(OE) = 0, the sets B! := {z € RY : |2| > t,z/|z| € E} are £,-continuous.
Hence, for all E C ST with I, (0F) = 0,

C
aN(«)

(2.12) ulLrgou“P (\V\ > tu, ’VV| € E) = 7 (E).

Thus we infer the weak convergence

(2.13) Jim P <\K\ e u> S Ia(e).
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REMARK 2.6. Let C(v) denote the expectation in (2.10); that is, C' =
Jp 7a(0)C(v)m(dv). Then we have two further representations for C(v). First,
by Lemma 3.6 below, it will follow that

2.14 Cv)= lim B¢ |(—"™ ) 1,...].

Moreover, it will follow by combining Corollary 4.2 (noting C'(v) = r(0)C(v))
with Lemma 6.1 that

~ P(|Vp| >u, 0<n<7|Vy=
(2.15) C(v) = lim Vol >w, 0=n<rlVo=v)
U—00 IF’(Sn > log u, for some n € N| Xy = v)

The latter expression shows that 5(1}) describes the discrepancy between
the probability of a large exceedance of {V},} occuring over a cycle, and the
probability of ruin for the corresponding Markov random walk.

We conclude this section with a brief comparison of our result to some
recent one-dimensional representations. As noted in the introduction, (2.10)
can be viewed as a generalization of a result of Collamore and Vidyashankar
[18] to the multidimensional setting. Alternatively, building upon Goldie
[23], it is shown in Buraczewski et al. [12] that in the one-dimensional setting
(and its generalization to the class of similarities described there), we have
C = (aN(@)) ' lim, 00 n 'E[|V;]%]. Finally, a further one-dimensional rep-
resentation was derived in Enriquez et al. [21], expressed in terms of expec-
tations of perpetuity sequences under a delicate conditioning on the process.
The proofs of these one-dimensional results are all quite different, and there-
fore it is not transparent how they can be easily unified.

2.4. Ezxtremal estimates for maxima and first passage times. Our next
objective is to study the probability of a large exceedance occuring over a
single cycle emanating from, and then returning to, a given set D C R%,
and, in this way, to characterize the distribution of the first passage time

(2.16) T, :=inf{n e Ny : |V,| > u},

or more generally,

(217) T :=inf{n € Ny :V, cuAd}, where AC {zcR%:|z|>1},
and we assume that the set A satisfies the following regularity property.

DEFINITION 2.7. We say that a set A € B(RY) is a semi-cone if A C
R%\ B1(0) and x € 0A = {tz :t > 1} C A.
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Now suppose that A is a semi-cone, let {S,,} be defined as in (2.5), and
set

(2.18) da(z)=inf{t>1:tx € A}, zeSL
SA =G, —logda(X,), n=01,2,...;
rﬁ(az) = ra(:c)(dA(x))a, T € Si‘l; Pa= {:c € Si_l tda(x) < oo} :

As a consequence of Kesten’s renewal theorem, it will be shown in Lemma
6.1 below that if P4 = Si‘l, then

(2.19) P (Mn . --MﬂN/O € uA, for some n € N+’ Vo = v) ~ 1o(V)Dgu"®

as u — 00, where

e*OlS

2.20 Dy ::/ o’ (dz, ds
(2:20) st n, TA@ Y )

and the measure o will be specified below in Section 3.3. Essentially, (2.19)
is the ruin estimate for the Markov random walk {(X,,S2):n =0,1,...}
under the initial state Xy = 0, and o corresponds to the stationary excess
distribution for this process. Indeed, if A is a semi-cone and d 4 is continuous,
then it follows immediately from the definitions that e*»X,, € ud < % >
u - da(X,) and hence, on the left-hand side of (2.19),

Mn---Ml%EUA & X, cud & Sf>logu.

Now if P4 # Si‘l, then (2.19) will still hold and this defines the constant
D 4, although the identification of D4 is less explicit in that case (i.e., there
is no equivalent of (2.20)). However, D4 can nonetheless be interpreted as

the ruin constant for the Markov random walk; see Section 6 below.
Finally, let C' be defined as in (2.10), and set

(V@) il )"

=1

(221)  C(v) = ra(D)ES,

THEOREM 2.8. Suppose that Hypotheses (Hy) and (Hg) are satisfied and
D = B;(0), where r has been chosen sufficiently large such that w(D) > 0.
Assume that A is a semi-cone, and da is continuous. Then for any v €

R\ {0},

(2.22) lim w®P (T < 7| Vo =v) = DaC(v).

U— 00
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Furthermore, assuming that k = 1 in (K), we have that the normalized
sequence {TA /u®} converges in distribution; more precisely,
TA
(2.23) limIP’<“§z’VO—v>—l—eKAz, z >0,
U—00 ue

for allv € RL\ {0}, where Ky = CDy.

As in Theorem 2.4, the assumption k = 1 is not necessary if {V,,} is Harris
recurrent, or if Q) > 0 with positive probability.

REMARK 2.9. For one-dimensional recursions, related estimates have
previously been given for the distribution of max{Vi 1< g < nl/ O‘u}
as n — oo; cf. [19, Theorem 2.1] or [41]. However, in the multidimensional
setting, the only result we are aware of is that of Perfekt [42], who studies
the componentwise maxima, namely

max Vi,..., max Vy as n — oo.
1<i<n 1<i<n

Note that the componentwise maxima need not be achieved simultaneously;
hence Perfekt’s results do not coincide with ours. Moreover, in all of these
references, additional conditions are assumed which we do not impose here;
in particular, in their formulations it must be assumed that Vy ~ 7.

REMARK 2.10. As a particular application of the previous theorem, we
now determine the extremal index of {|V,,|}. Integrating with respect to the
measure 7 in (2.23), we obtain that

U—00 u® - -

TA
lim}P’(“<z‘V0~7r>:1—eKAz, 2> 0.

Set A = {z : |z| > 1}. Then it easily follows with v = n!'/®w and z = w=
that

e T (max Vil < n'/ew | Vo ~ 7r> = e Han
n—o00 1<i<n
Moreover, for this choice of A, it follows by Theorem 2.4 that
C
(2.25) lim nP (\V] > nl/aw> — W
n—o0 Oé)\l(oz)

Then reasoning as in [31, Section 2.2], we conclude from (2.24) and (2.25)
that the extremal index of {|V},|} is given by

(2.26) O =a)N(a)Dya.

For a related result in the one-dimensional setting, see [18, Proposition 2.2].
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2.5. The path and empirical law under a large exceedance. We conclude
by examining the path behavior of {V,,} prior to a large exceedance. Mo-
tivated by classical results for random walk (e.g. Section XII.6.(d) of [22]
or more recent work in [5, 7]), it is natural to expect that, conditioned on
{TA < 7} (where 7 is the return time to any 7-positive set D), {V;,} should
behave as its “associate,” which, in our setting, translates to the process
{e5» X,,} under the a-shifted measure.

However, in our problem, we cannot anticipate that the behavior of {V},}
will mimic that of {7 X,,} over the entire trajectory. For this reason, we
introduce an “initial” level ¢,, where ¢, = o(u) and €, 1T 00 as u — 0o, and
study the trajectory of {V,,} subsequent to its exceedance over the level ¢,.

THEOREM 2.11. Suppose that Hypotheses (Hy) and (Hs) are satisfied,
and assume that A is a semi-cone and the function d 4 is bounded and contin-
UOUS oN, Sjlfl. Letm € Ny, andlet g : (JRS{_)W"Irl — R be 8-Hélder continuous,
for some 6 < min{1, a}, and also bounded. Set

I,=1T.,, where g,=o0(u) and g, /oo as u— .

Then for all v € RZ,

2.27 lim E, L,
@21 i, Mrvm 7

ol
= Eg g(X03651X1,~--7€Sme) o(dz,ds).
Si_lXR+

The class of 8-Holder continuous functions is a separating class, and thus
for all m € N, we then deduce the weak convergence

V[ V] +m> A >
P s T c-|Th <1
<<|V1u| Vi
= PY ((Xo, €% X1, ..., 5" X,,) € ) o(dw, ds),

S171 XR+

for any given V.
Finally, we conclude by studying the empirical law of {log |V,,|—log |V,,—1|}.

THEOREM 2.12. Suppose that Hypotheses (Hy) and (Hs) are satisfied,
and assume that A is a semi-cone and d4 is bounded and continuous on
Siﬁl. Then for any v € ]Rfl|r and any bounded Lipschitz continuous function
g:R—=R,

TA

2 o9 (108 (1)) - B latsun || 7 < o| =0

U n=1

(2.28) lim E,

U—00
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Thus the empirical law of {(log|V,| —log|V,,—1])} converges weakly, in
P, (-|T < 7)-probability, to P*(S; € ).

By comparing with [10], Theorem 6.1, we see that (2.28) agrees precisely
with the empirical law, without conditioning, of the Markov random walk
{(Xn, Sn)} under the a-shifted measure.

3. Background. 3.1. Preliminary results from Markov chain theory.
We start by deriving an analog of the drift condition from Markov chain
theory.

LEMMA 3.1. Assume that (Hy) and (Ha) are satisfied. Then for any
0 < 0 < min{l, a}, there exist positive constants t < 1 and L < oo such that
for DT :={v e RY : |v| < L},

(3.1) E [|vny"r(,(17n)

ﬂn71:| S t|Vn71‘97‘9(‘7n71)a fOT all anl S Rf&l— \]D)T

In particular, for 71 := inf{n € N : V,, € DT}, there exists B < oo such
that

(32 E[Val'Liisn

W = v} < Bt"[v|’,  for all v € RL\ D'

PROOF. Let 0 € (0,1). By applying Eq. (2.2) of Lemma 2.2, then using
subadditivity and a further application of (2.2), we obtain that for some
c € (0,00),

(33)  E|[Val're(Va) Fua

fn_l} =cE

Lo 1) 5t

< cE Vn—l

Lilaum@who“+@m%ﬁ)@uw
< B [|MaVir |70 (Mo V1)) | Varr | + B [|@l”]
The first term on the right-hand side equals
Vae1|” Porg(Vii—1) = [V |PA(0)r9 (Vao1),

and so the required estimate follows under Hypothesis (H3), choosing 6 such
that 0 < 6 < min{e, 1}.

Using that rg is bounded from above and below by finite positive constants
(by Lemma 2.2), (3.2) is then obtained by iterating (3.1). O
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LEMMA 3.2. Suppose (Hy) and (Hs) are satisfied, and let D = B;F(0)
for some r > 0 such that 7(D) > 0. Let D' = {v € RY : |v| < L}, where L
is chosen such that (3.1) is satisfied and such that DT > D. Then there exist
constants t € (0,1) and B < oo such that for T = inf{n € Ny : V,, € D},

(3.4) sup P(7 >n| Vo =v) < Bt", forallneN;.
veDt

Proor. From (3.1), it follows that, starting from an initial state Vg ¢ DT,
{V;,} returns to D' at a geometric rate; for a proof, see [37, Theorem 15.2.5)].
Thus it suffices to show that

(3.5) sup P (7 >n|Vo=v) <(1-s)

veDt
for some s > 0 and n € N;. To establish (3.5), we use Proposition 4.3.1
of [11], which precisely describes supp 7. Namely, there exists a set . with
. = suppm such that the following holds: For each vy € .7, there exists
l € Ny and my,...,m; € supp par, qi,--.,q € supp pq such that

l
h:v'—>ml---m1v+zmz”'mi+1qi
i=1

is a contraction on Ri with vy as the unique fixed point. Hence, using that
DT is compact, we obtain that for any § > 0, there exists j € N, such that
|k (v) — wo| < §/2 for all v € Df. Then, from continuity and the definition
of the support, we conclude that

(3.6) inﬂ;]P’(le—vo\ <0|Vop=wv)>0.
ve
Since D is open in ]R‘j_ and 7(D) > 0, and hence D Nsupp 7 # 0, it follows

that D N .Y # () as well. Now let v9 € DN .¥ and choose § > 0 such that
Bs(vg) € D. Then (3.5) follows from (3.6) with k = ;. O

For an arbitrary m-positive set D, define the return times kg = 0 and
ki=inf{n >kr;_1:V, €D}, i=12,...,

and let 7; := K; — Ki—1. Set Np(n) = > ;_; 1p(Vk). Using that {V,} is
stationary and ergodic when V) ~ m, we infer the following strong law of
large numbers for {k;}, which is standard.
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LEMMA 3.3. Suppose that (Hy) and (Hz) are satisfied and w(D) > 0.
Then for w-a.e. v € R,

: N ! 1
(3.7) lim ﬁ = lim <D(n)) =——=E; [n] P,-a.s.,

i—00 1 n—o00 n W(D)
and mp(+) = w(-)/m(D) is invariant for the process {Vy, : i =0,1,...}.

Now let P denote the transition kernel of {V,}. We conclude this sec-
tion with two results which hold under the following additional Hypothesis
(Hs) (which will ultimately be dropped in our main theorems by utilizing a
smoothing argument).

HYPOTHESIS (H3). Assume the following conditions.

(i) There exists a m-positive set F' such that, for each v € F, P(v,-) has
an absolutely continuous component with respect to some o-finite non-null
measure P.

(ii) (supp 7)° # 0.

Note that under (Hs), it follows from [3], Theorem 2.1 (b) and Theorem
2.2 (b) that {V,,} is an aperiodic, positive Harris chain on Ri. Once this is
observed, the following result is also standard; cf. [37, Theorem 15.0.1].

LEMMA 3.4. Assume that (Hy), (H2), and (Hs) are satisfied. Then {V,,}
is an aperiodic, positive Harris chain on R‘i. Moreover, {V,,} is ¥-irreducible,
regular, and geometrically recurrent.

LEMMA 3.5. Suppose that (Hy), (Hz2), and (Hs) are satisfied, and let
D C RY be chosen such that m(D) > 0. Let 7 := inf{n € N} : V,, € D}
denote the first return time of D. Then for any m-integrable function h,

T—1
> h(Vi)
=0

PROOF. See [40], Proposition 5.9 and the discussion just prior to [40],
Corollary 5.3. For a closely related result, see the proof of [15, Thm. 2.1]. O

(3.8) / h(w)r(dv) = E[h(V)] = Eﬂlm%

3.2. Quantifying the discrepancy between {V,} and {e>»X,}. Set

Yoy My M1 Q;
M, - MiXo|

’Mn .. 'MIXO‘

(3.9) Zn and Z\0) =
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for all n € N. (Thus ZY) = (V,, — Vi)/|M,, - - - M1 Xo|.) Also introduce the
shorthand notation

I, :==M,---M; and II} :=M,---M,.
LEMMA 3.6.  Assume (Hy) and (Hz). Then:

(i) suppen |Zn| < 00 P%-a.s. and sup,ey ‘27(10)’ < oo P*as.

(ii) Suppose v € RE\ {0}. Then in P§ -measure, the sequence {Z,} con-
verges in law to a random variable Z, and |Z,| = |Z| a.s., where

}/’HQZ |Ql x
(3.10) =|v ]—i—z Vi, X) 5] P§ -a.s

Moreover, |Z| is strictly positive and finite P§ -a.s. Similarly,

o (V2. Q0) [Q] o
(3.11) TELH;O|Z ‘ Z (Y5, ) T30 P§ -a.s.

=1

(iii) Let F C RL\ {0} be a bounded set and let 7' be any {.F,}-stopping
time such that sup,cp P (7' > k|Vp = v) < Btk, k € N, for some finite con-
stant B and t € (0,1). Then for any v € RL \ {0},

(3.12)

sup E§ [sup\Zn]a 1{T/>n}] < oo and supEf;‘U[\Z\al{T/:OO}] < 00.
velF neN - veF

(iv) For v € R4\ {0}, we have the L'-convergence

Note that by Lemma 3.2, the condition in (iii) holds, in particular, for
7 =7:=inf{n e Ny : V, € D} with F =D\ {0}.

PROOF. For any vector z € R%, let z(9) = <ez, ZL'> denote the i component
of z, and set 1 = (1,...,1)7. Also, except in part (iii), fix Vo = v throughout
the proof.

First recall that any P¢ , is absolutely continuous with respect to P ([10],
Lemma 6.2), and hence the convergence of {Z,,} in law, or the convergence
of {|Z,|} P*-a.s., implies the respective convergence under Pg - Thus, it is
sufficient to prove the convergence results in part (i) and (ii) with respect
to the measure I/FBO‘, under which the sequence {(M,,,Q,) : n =1,2,...} is
stationary (cf. Section 2 above), thus allowing us to apply Hennion [26].
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(i) Suppose m € M, and let zy be chosen such that ||m|| = |mzy|. Since
m is nonnegative, an elementary argument shows that x,, can, in fact, be

chosen such that x,(,f) > 0 for all ¢. Then for any x € Si_l,
|mzx| > (mjn:c(j)) ‘mf‘ > ( min ) |mzy| = (mjna:(j))\\m|].
J J J

Thus

] < — ! _ forall z € S%! and all m € 9.

imz| ~ min; 20) +
Recall the stopping time 91 := inf {n €y 11, » 0}, which is finite P%-a.s.
by (Hi). [Since pps is equivalent to P*(M; € -), (Hy) holds equally well
for P*(M; € -). Then Lemma 3.1 of [26] yields finiteness of 91.] Identifying
Qo := Vp = v yields

07, Q] =~ | || Qi
G112l < Z Xl = 2 JiE, [T, X

S% HH1+1H’Q1‘ + Z 1 ’Qz|

i=0 z+1X ‘ IT1; Xo| i—TAn 1IN X(] ITL; Xo|

By [10, Lemma 6.3], €i(z) := infpey (|7 1:U|/HHZ+1H) > 0 P?as., Vz €
s Also X9 = (I1;X0)@ /| Xo|, implying XY |IT,Xo| = (I, XO)() =
(e, I1;Xp). This identifies the denominator in the second sum of (3.14), and
shows that this denominator is positive for ¢ > 91. Hence

Qi
minj <€j, H1X0>

gk

Qi
(3.15) supyz | < Z | |ZH X +

Il
3

)
N © d
Qi Qi
=2 O] T 2 2 LK)
=M j=1

Since M < o0 @O‘—a.s., it suffices to focus on the second sum. By Lemma
2.3, we have that P*-a.s.,

1
(3.16) lim sup{ El{mgn} log(y, I,z) — N (a)| : z,y € Si—l} =0.

n—oo

Furthermore, by a Borel-Cantelli argument, pe (log |Q;| > di i.0.) = 0, for
all 6 > 0. Thus, given € € (0,A’(a)), there exists a finite integer ko such
that, for all ¢ > kg and all j € {1,...,d},

(3.17) log |Q;] — log(e;,11; Xp) < — (A’(a) - 5)1' P-a.s.
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Since (3.17) holds uniformly in j, substituting (3.17) into (3.15) establishes
part (i) of the lemma, where we also use that ‘Z,(LO)‘ < |Z,| for all n € N.

(ii) Following [26], let o(II}") denote the spectral radius of II?, and let R},
and L denote the right and left eigenvectors corresponding to the maximal
eigenvalue in modulus; that is,

7R, = o()R;, and (I}))" L} = o(I})L;,  1<i<n.

Note that the Perron-Frobenius theorem assures that R!, and L! have non-
negative entries. We further assume the following normalization: }LH =1,
(LE,RLY = 1,1 < i <n. Let {Y;} be defined as in (2.8). Then we will show

n

1 L5 fe'
(3.18) nh_)rgo (ej,Zn) — {ej, R},) g > I, X0| =0 P%as.,

1=

for all 1 < j < d. The sequence {R;} converges in distribution as n — o0
([26], Theorem 1 (ii) (b)); hence we obtain the convergence, in distribution,
of {Z,} to

Y;, Qi) Qi
7 .= 1 nl < )
= By Hooz (Y;, X;) T Xo|

Moreover, since ‘RH =1, (3.18) yields (3.10), i.e. lim,, o0 | Zn| = | Z| P*a.s.
In the same way, (3.11) is obtained by setting Qo = 0.

To establish (3.18), first recall (with the identification Qg := Vj = v) that
Zn =310 (I71Qi/|,Xo|) , and observe that

Zn: <€ij?+1Qi> < i HHH—IH Qi

ITL,, Xo| I, X5 | 11 X0

i=|n/2]+1 i=|n/2]+1

and the right-hand side tends to zero as n — oo, by the proof of part (i)

(in particular, (3.15)). Since Y; is a unit vector with nonnegative entries,
(Y, X;) > d~ ' min, Xi(]). Hence we also have

E”: ¥ Qi) 1l | o ¥ d___|Qi

<Yi,Xi> ‘HiXO‘ N i=|n/2)+1 mln] ’H XO‘

(e, By)
i=|n/2]+1

Thus, to establish (3.18) (and part (ii)), it is enough to show that P®-a.s.,

[n/2] [n/2]
. <ej7HZT'l+1Q YZ7Q > ‘Q’L|
G19) w13 S e ) 2 R K

Then by the triangle inequality, it is sufficient to establish the following.
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SUBLEMMA 3.7. The following limits hold Peas. :

[n/2] ,
: (e, 11,1 Qi) ~i (LEFL Q) 1
2 1 N Terl vE . i+1 n_> 7 —0
(3 O) n1—>120 rar ’HnXO‘ <e]7Rn ><L:1+1,XZ> ‘HZX[)‘ 0;
21 pitl i+1 (). : ’
(321) lim Z <€]7Rn > <<Ln+17 Qz> . <E+17Qz>) _ O;
noo e | I Xo| \(L5", X5)  (Yig, Xi)
[n/2]
3 1 <Y;+1, QZ> i+l 51
.22 1 . iy g -0
. e ; 1L Xol (Yiq1, Xi) <<6J’Rn ) <€]’R”>) 0

PROOF OF THE SUBLEMMA. For (3.20), observe by [26, Corollary 1] that

(3.23) lim

n—oo

(M oL

- : =0 P"as.,
[Ea HR%“M%“H) -

where a ® b is the rank-one matrix with (e;, (a ® b)e;) = (e, a)(b, e;) . From
(3.23) we infer the asymptotic identities

LTI, Q; RN (L O,
(324) lim <€j z+1Q2> . <€]7 Z_1>< ni+1> Qz) _ 0’
oo\ I | [Fn™ @ L]
", X; RAMY(LHY X,
(3.25) fan (| L il _| ”H‘f n i) _o.
n=oo \ |7 | [Rn @ L™
Combining (3.24) and (3.25), we conclude that
(3.26)  lim (@) _ o 1L Q0
n—00 ’HnX()‘ n—0o0 |H?+1Xz‘HHiX0’
. i+l Q> 1 R
= tim (e, Bty SEn Qi P-a.s.
n1_>120<6]7 n ><L%@+1,Xi> |HiX0| a.8.,

showing, in particular, that the individual terms in (3.20) — 0 P as.

To prove that the sum in (3.20) converges to zero, we now invoke a dom-
inated convergence argument. Since 1 is finite a.s., it suffices to focus on
summands with ¢ > 91, where we can assume that all components of X; are
positive, as the remaining terms form a finite sum. Observe that

(Lt Dmax; Q7 _ 1@l
(L 1) min; Xi(j)  min, Xi(j) 7

(3.27)



LARGE EXCURSIONS FOR MULTIVARIATE RECURSIVE SEQUENCES 23

and therefore

[n/2]
(e, I}, Qi) Sy (Ln Qi) 1
3.28 su ! ej, REFTY AT 2
[n/2]

< 2sup
n ZZ;J; min; X ) 1L X0|

by part (i) (where we have used the calculation in (3.14) to handle the first
term on the left-hand side). Thus, using a dominated convergence argument
(applied pointwise on the space where (3.25) and (3.28) hold), we deduce
that (3.20) follows from (3.25). R

Next we turn to (3.21). It follows by Lemma 3.3 of [26] that, under P®, the
sequence {Lifl} converges a.s. as n — oo to Y;y1. Hence, by a dominated
convergence argument, we conclude that (3.21) holds.

Finally, to establish (3.22), note by Proposition 3.1 of [26] that

(3.29) ‘RZ“ R =

(I}, REFYY™ — (IL,RL)™| < 2¢(I1%, ),

where c(-) is bounded above by one and tends to zero P-a.s. as (n—i) = o0
([26, Lemma 3.2]). Then (3.22) follows, once again, by the dominated conver-
gence theorem. This completes the proof of the sublemma and, consequently,
part (ii) of Lemma 3.6. O

PROOF OF LEMMA 3.6 (continued). We now return to the proof of main
lemma, where it remains to verify that (iii) and (iv) hold.
(iii) Let m € N and By = max,y (ra(2)/ra(y)) € (0,00). Then for o > 0,

85, | (s 1Zuf110m) | < B3 (00 (|v\+2 )]

— (al®) B, [ra (X)L Xol" 500 (v|+§j'ngff’l{ﬂzk_l}))“}

IN

B1Es, [( sup ([T Xollo] + Z T X - |Hz+1Qk1{T/zk1}))“}

= BiE, [(Z HHnHH . HHZHH . |Qk|1{7/2k_1})a], where Qg := v.

Now suppose that a > 1. Then by Minkowski’s inequality,

o 1/
< [<Z [resenyiy i ray K |Qk|1{r’2k—1}> D
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s 1/« n a1\ Ve o a4
< 35 @[l ) (B I ]) (o + Bl 50
k=0
where py := P, (7' > k — 1). Now by [10, Corollary 4.6], E[||I1,]|%] < Bz €
(0,00), for all n. Moreover, E[|Q;|*] < oo by (H2); and by the assumption
of part (iii), pp < Bst* for some ¢ € (0,1) (uniformly in v). Combining these
estimates yields

00 [0
Eg [sup Zn’al{T/Zn}:| < B1B§(|v| + EHQl\a]) (Z(Bgtk)l/a> < 00,
neN k=0
and this bound is uniform over v € F, for any bounded set F' C R% \ {0}.
If & < 1, then we use the subadditivity, namely the inequality |z + y|*
|z|* + |y|* in place of Minkowski’s inequality, and then proceed as before.
Now it follows from part (ii) that |Z,|* 1{7>ny = [Z]% 1{71—oy P*-a.s. as
n — oo. Consequently,

SUPE(O;U |Z|a 1{T’=oo}] < SupEgv |:Sup|Zn|a 1{7—’2n} < 0.
veF veF neN

(iv) The almost sure convergence |Z,|" 11>,y — [Z]%1 L{r/—cc} Was ob—
tained in part (i), and it was shown in part (iii) that { |Z,|* 1 {T’>n}}n N L
uniformly integrable, and the L!-convergence follows. O

3.3. Markov nonlinear renewal theory. Set T, = inf{n € N, : S, >
logu}. Assuming (H;) and (Hs), then Kesten [28, Theorem 2| proved that
there is a probability measure ¢ on Sﬂlfl x (0,00), namely the asymptotic
overjump distribution, for which we have the weak convergence

(3.30) (Xz,,5¢, —logu) = o(-) as u— oc.

If the function d4 is bounded and continuous, and we define Sf =5, —
logda(X,) and T = inf{n € N : S/ > logu}, then only minor modifica-
tions are needed to deduce that for a certain probability measure o4,
(3.31) (XTu7S‘3:4u —logu) = () as wu— oco.

In this section, we apply the Markov nonlinear renewal theory developed
by Melfi [34, 35] to obtain the asymptotic overjump distributions for the
processes {V;,} and {V.A}, where

(3.32) vAi=—"_ neN.

First recall the definitions of T}, T in (2.16), (2.17), and note that it
follows from the definitions that T4 = inf{n € N, : |[V.A| > u}.
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THEOREM 3.8. Assume (Hi) and (Hs). Let dy € ‘Kb(SCfl). Then for all
fe %b(Si_l x (0,00)) and all x € St and v € RE \ {0},

~ V-
(333) lim Egﬂ) |:f <[Tu7 1Og | Ly |):| = / f(ya S) Q(dy7 dS),
U—00 U S-1yR
+ +

where g is given as in (3.30). Moreover, the same result also holds if (0, Vr,)
is replaced with (o™, Vz‘f‘A).

Proor. We need to verify conditions (I'), (IT), and (IIT) of [35, Theorem
3] for the process {(Wiogus Ziog u> Riogu) = (V1,,log |V, |, log |V1,| —logu)}.

Condition (III), namely tightness of {Vr, }, is satisfied since S‘i‘l is com-
pact. The validity of Conditions (I) and (II) is proved below in Lemmas 3.9
and 3.11, respectively. Then (3.33) follows from [35, Theorem 3].

Turning to the case where (o, V7,) is replaced with (QA,V,I‘QL‘A

to check the validity of Conditions (I') and (II) for {(VA log |[VA)Y. By
(3.32), VA =V, Thus, for f(z,s) = (z,s —logda(z)), we have that
(VA 10g VAN = {f (Ve log [Va)} and {(X, S2)} = {f(Xn, Su)} (using
(2.18)). Hence (I') can be deduced from Lemma 3.9 below. Finally, since d 4
is bounded, the tightness of {log |VT‘2‘| —logu} = {log|Vpa| —logda(Vpa) —

log u} follows from Lemma 3.11. O

), we need

Write 0,,, for the Prokhorov distance on the space of probability measures
on (S471 x [0, 00))™.

LEMMA 3.9. Assume (Hi) and (Hz). Then for all m € N4,

~ V- m
Om <Pa(<VTu+k,10g W)kl € ‘9%) » Py, ((Xk, Sk)i=1 € ))

converges to zero as u — oo in P*-probability.

Proor. Using the Markov property,

P ((vTqukalOg \Vi+k| = 1og |V, [)i<k<m € - ’ yTu)

gl(Tu,VTu ((YN/k,log Vil = log [Vo|)1<k<m € ) .

By [25, Lemma 3.5], the total variation distance between P%

o
20 and Py s

bounded above by B |z — y|* for some B < oo, where @ = min{a, 1}. [The
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proof in [25] is for invertible matrices, but carries over to nonnegative matri-
ces.] Then, as total variation distance is an upper bound for the Prokhorov
distance,

O (P, v, ((Vislog Vil —Tog VoD € ) s B3 ((Xks Sl € )
< B ‘XTU - Vr, "

o (P2 (Vi log Vel = log [Vo)iy € ) PS (X Si)fy € 1))

It will be proved in Lemma 3.10 below that ‘XTu — ‘7Tu‘ tends to zero in
P*-probability. We thus consider only the last term Fix the initial values
(Vr,,Vr,) = (,v), and introduce the notation V1 = @ and V(O)
2?21 My - M;11Q;. Then standard estimates yield, for all v € R% \ {0},

IP’%( ‘(Vk,long\ —log [Vol)1<k<m — (Xk,Sk)lgkgm‘oo >e|Vo= v)
3 ‘V’“(O)| B ¥ (0)|a
) <k:1 T o 2 BT

for some universal constant B, where we used Chebyshev’s inequality and
boundedness of r, in the last inequality. Hence

Vi
(V log ||Vk;> (Xk’Sk)ZL:I

lim sup ]P’%‘(

U004 o[ >u

26"/0:11):0.

Recall that convergence in probability implies convergence in the Prokhorov
metric. Since PY(T}, < oo) = 1 and |V, | > u, we infer the P*-a.s. conver-
gence; namely, as u — 00,

O (PaVvau <<Vk,log ‘|v];||> ) P (Xk, SNy € .)) 0. O

LEMMA 3.10. Forallzx € Sflfl and Vo =wv € R‘i \ {0},

(3.34) lim ‘XTU TV,

U— 00

=0 in PZ -probability.

PROOF. Let w = u/2, and decompose the process based on its behav-
ior prior and subsequent to the time T;,. Recalling that 1I}' := M, --- M;

and using the triangle inequality, we see that P% <“7Tu — XTu‘ > 6) can be

>g>

written as

pg(

~

Ty
17 +1XTw>

n”
To41 VT + 3 2y Hifq Qi <
V.|




LARGE EXCURSIONS FOR MULTIVARIATE RECURSIVE SEQUENCES 27

T Ty Tu (). T,
o |ma [ | M Vrw + 2k, 1 i Qi _ 71 VT ¢l
<E; |P; > FT,
Vr.| ‘H::?u +1VTw 2

~ ~ g
B2 (1 )~ (0] 5) =i+

To compute Iy(u) as u — oo, we apply Proposition 3.1 of [26], which
yields
sup | (T2, )™ — (I 9)"| < 20(T )
@yES‘f:l

for a function ¢(-) which is bounded above by one and tends to zero P-a.s.
as (n — i) — oo ([26, Lemma 3.2]). Since P is absolutely continuous with
respect to the measure P ([10, Lemma 6.2]), it follows that C(H%/zﬂ) —0

PZ-a.s. for all z € Sfi[l, and hence
(3.35) Ip(u) < P2 (2c (H%H) > g) N0 a5 u— oo.

Now consider I;(u) as u — oco. Standard estimates yield

(3.36) I, (u) < E* | P2 LT(S)‘ s &
' I u’HTu%l 2) ]

Next recall by Lemma 3.6 (i) that 270 :=sup,,cy (\VTEO) |/|HnX0|) <ooP*as.,

and this quantity does not depend on the initial value, Vj. Using that
Py () < BP?()) for some universal constant B ([10, Lemma 6.2]), we
T

theﬁ obtain that

N 0
(3.37) I,(u) < B lim P (g > 5) = 0. 0

U—00 u 8

The following lemma concludes the proof of Theorem 3.8.
LEMMA 3.11. {Vp, —logu}ys is tight under P°.

ProoOF. A sufficient condition is given in [35], Section 5.2: Letting &, :=
log |V,,| — Sy, and supposing that {{7, }u>1 and {&z, }u>1 are tight under P,
then it follows that {Wr, —logu},>1 is tight.

Now by Lemma 3.6,

[Vl

—logZ P%-a.s.,
Vel %

fn = log
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for a finite random variable Z. Since T, and T, are stopping times with
respect to the filtration {.%#,} and tend to infinity as u — oo, we deduce
that

lim &7, =logZ P%as. and lim &z, =logZ P%-a.s.
U—00 U—00

Thus, in particular, the families {{7, }u>1 and {{z, }u>1 converge in distri-
bution under P* and are consequently tight. O

The last result concerns the first passage times in the a-shifted measure.

LEMMA 3.12. Assume that da is bounded and continuous. Then
A
1

N ) -
(3.38) ul;n;o og = o) in P*-probability.

PROOF. By definition, V,, = Z,e5 and VA = V,/da(V,), and conse-
quently

(3.39) log [VA| = Sp + | Zn| —logda(Vy) := Sy, + &n.

Recall that sup,,cy Z,, is finite a.s., by Lemma 3.6. Since d4 is bounded, it
follows that the sequence {;} in (3.39) is slowly changing (as defined in [46],
Eq. (9.5)). Now by Lemma 2.3, S,,/n — X(a) a.s., and hence log |V,3|/n —
X(a) a.s. The result then follows by reasoning as in [46, Lemma 9.13]. [

4. Characterizing the large exceedances over cycles.

4.1. Proposition 4.1 and its consequences. Recall that T denotes the re-
turn time to a set D = B;7(0), where 7(D) > 0, and T;; := inf {n : V,, € uA} =
inf {n : [VA| > u}, where VA := V,,/da(Vy,) (cf. (3.32)). Also recall that
rd(z) := ro(z) (da(z))®, z € ST

We say that a function g : (le_)m“'1 — R is almost -Hélder continuous if

(4.1) 9(vo, s vm) = §(vos - -+, Vm) Liju,n|>6)

for some 6 > 0 and #-Holder continuous function g.

PROPOSITION 4.1.  Assume (Hy) and (Hz) are satisfied. Let m € N and
g : (]Rflir)m+1 — R be a bounded almost 0-Holder continuous function for

0 < min{l,a}, and assume that the function da is bounded and continuous
on Si_l. Then for any v € RL \ {0},

V V
lim u"E [g( L T#m)l{m@}

U—00 u u

Vo:v}
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= ra(?j)Egv [|Z|a1{’r:oo}]

X / Tz(x)E{g(eSOXo, R eSme) |Xo =z, 5 =s+log dA(x)} QA(dx, ds).

Recall that o is the asymptotic overjump distribution related to {VTAA},
while on the left-hand side of the above equation, we evaluate g for the
process {V,,} (not {V:A}) at a sequence of times commencing at the time

TA. This explains the additional term “logd4(x)” in the expression for S;
namely, it arises when transforming VTAA to Vpa.

As a corollary, we specialize to the case where g =1 (in (4.2)), and then to
the case where we also have d4 = 1 (in (4.3)). We use the shorthand notation
C(v) = ra(v)E§, [1Z |a1{7—:oo}] (which is equivalent to the definition given in
Section 2) and employ the change of measure in the second identity (namely

(4.3)).

COROLLARY 4.2. Under the assumptions of Proposition 4.1, we have
that for any v € RL\ {0},

: a A N € A
(4.2) ull)n;ou ]P’(Tu < T‘ Vo = U) = C(U)/r&“(x) o (dx,ds),
and
. Vr, VI, 4+m
4.3 1 “E — ..., —— 1 Vo =
( ) ul_{gou |:g( u ’ u > Tusry ° U:|

e e—a(Sm-l—s) s Sm+s
= C(v) [ ES mg(e Xo,...,e”" X)) | o(dw, ds).

4.2. Proof of Proposition 4.1. We will rely on the following.

LEMMA 4.3.  Assume the conditions of Proposition 4.1. Then:
(i) For allv € R% \ {0}, we have the L'-convergence
| o
(ii) For u >0, define

1 ’VTA ‘ - VTA VTA+m
= L E S z Fral.
o= (o) (B ) ]

Then, independent of n, we have P*-a.s. that

n—r00 U—r00

(4.4) lim lim E§ “\ZTJA\"&{TKT} — | Zn|* ey Lpn<ry
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U— 00

e*as m
:/ rgx(x)E[g((eS"Xn)n:o) ’Xo =z, So = s+ log dA(:U)} o (dax, ds).

PROOF OF LEMMA 4.3. (i) By Lemma 3.2, 7 satisfies the assumptions
in Lemma 3.6 (iii). Thus, this result is a direct consequence of Lemma 3.6
(iv), where the L'-convergence |Z,|" 1,<ry — |Z|% 17250y is proved. It
follows that |Z,|" 1f,,<,y constitutes a Cauchy sequence in L', yielding the
assertion.

(ii) Let n € N4. Then by the Markov property,

E* (G0 Fn] Lieray = ES, v [Bu] sy PHas.

As limy oo 1{n§T714} = 1 P%-a.s., it suffices to determine lim, .~ EZ [(’5u]
and show that this quantity is independent of x and v.
For all v € R‘i and u > 0, set

ERRTE U IR R | |

where VTSLO) = Z:il HﬁlQi for m > 2 and Vl(o) := (1. Now consider the
decomposition:

T, LN E))

+Egm{m<m> 1 (\VRA})“G<VT$>]::HI(U)+HZ(U)_

To(Xra) ra(f/Tf) u u

STEP 1. We begin by showing that I;(u) — 0 as u — oo. Let g be a
¢-Hoélder continuous function with g(vo,...,vm) = §(vo, - - -, Vm)L{je,.|>5)-
Then

o (10 + 022)" ) = (1))
o (1o + VO )" ) = a( (),
+19loo (1[5700) (‘Hmv + (VO /) D - 1[5700)(|Hmv|)>

< 1, 0>61
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1 m
< 5 2 ML+l (B [+ (V0 0] ) = 2y () )
n=1

for some constant Bj arising from the -Hélder continuity of g. Let (M*, Q%)
be a pair of random variables that is independent of the sequence {(M,,, Q,)},

where the P*-law of (M*, Q") is given by P((Hm, VT,(lo)) € ) Upon setting
By = max, g1 (ro(y)) ™' and using that (IVpal/u) ~% < 1, we obtain that

(4.6) Ty(u) < BIBQE[Z\VH@ ‘]

IR )

Since the #-moment of V"’ is finite, the first term tends to zero as u — oo.
For the second term, use the P*-convergence (M*,Q*/u) = (M*,0) and
(V:;“A,log| Y| —logu) = ¢* (by Theorem 3.8). Let (X,S) ~ 0% be a
random vector independent of (M*, Q*) under P¢. Solving (3.32) for V,,, we
have that Viya/u = da(X)e SX. [Here X describes the limiting direction
of V4 T /u and S the limiting logarithmic overjump, as log| A — logu =

S\ Since the sequences {(M*,Q"/u)} and {Vpa/u} are 1ndependent they
converge jointly in distribution. Hence, under IP’O‘
* V;
e YT Q— = da(X)eSM*X  and M1 = du(X)eSM*X.
U u

Thus, the second term in (4.6) vanishes if [§,00) is a continuity set for
da(X)eS|M*X|.

We now show that [0, 00) is a continuity set. Since M* is independent
of (X,S), it suffices to show that for any allowable matrix m, the event
{da(X)e’|lmX| = 5} has probability 0. Now for each fixed y € Sdil the
equation h(s) := da(y)e®lmy| = 0 has a unique solution s, € R. Hence

P*(ds(X)ed|imX| =6) = /SMXR Liss,y 0" (dy, ds) = 0,
+
since the radial component of the overjump distribution is absolutely con-
tinuous with respect to Lebesgue measure (as can be seen from the repre-
sentation of o in Eq. (1.16) of [29]).
Thus, having shown that [4,00) is a continuity set, we conclude by the
Portmanteau theorem that for all x € Sflfl and v € R% \ {0},

V. . 1%
ng<‘M*m+Q > 5) —ng<‘M*Tf > 5>
? u u ’ u
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~ po (dA(X)eS\M*X| > 5) _pe (dA(X)eS]M*X\ > 5).

Hence also the second member of (4.6) vanishes as u — oo. Thus I (u) — 0
as u — 0o.

STEP 2. Now turn to Iz(u). Using Theorem 3.8, again invoke the conver-
gence ((V:,’%,)N, log ]V:éA\ —logu) = o under P*. Moreover, by Lemma 3.10,

using the continuity and boundedness of 74, we have that ro(Vz,)/re(XT,)
tends to one in P¥-probability. Hence by Slutsky’s theorem, the quantity in-
side I (u) converges in law, and identifying this limit distribution, we deduce

that
ra(Veg) 1 (IVEIN (v
lim Ip(u) = lim Egv[ c = o G(“)}
B = BB s e v | ?

u

_ /S e G(daly)e’y) o™ (dy, ds).

171 xRy Té (y)

Recalling that G(v) = E[g (v, ILv,..., Hmv)], the assertion follows. O

PROOF OF PROPOSITION 4.1. Note that {V},} is transient in the a-shifted
measure and thus TuA < oo a.s.; c¢f. Lemma 3.12. Hence, employing the
change of measure only over the random time interval [0, 7] (namely the
“dual” change of measure of [18], Section 4, which we denote by the super-
script 2), we obtain that

VTA VTA+
uaE[g( uu7"'a uu m>1{Tﬁ4<T}

Vo = v]
7aSTA

e u VTA VTA+m
—1 E Lo L .
ety ®lo (S =) o

Now substitute the quantity &,, of Lemma 4.3 (ii) into the previous equation.
Noting that Z, = V,,/|I, Xo| = (Vn/es’l) , n € Ny, we obtain after a little
algebra that

o VTA VTA m
(4'7) u"E I:g ( SERRRE uu+ ) 1{T114<T}

= u®r, ('17)E§%

X():f?;,‘/o:’l)]
u

= ra(D)EF, || 221Gl rp <y

For n € N, the right-hand side can be further equated to

48) @83, |(120a] Loy ~ 12" Ly Lner ) 04
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+ T‘a(’ﬁ)]Egv ’Zn|a 1{n§T1f‘}1{n§T} E® [6u |yn]] )

where we have replaced Ef [-[.7,] with E*[|#,] in the last expectation,
since this conditional expectation depends only on (X,,V,), and not on
the initial values (Xo, V) once (X,, V,,) has been specified. Moreover, the
superscript 2 can now be dropped, since the change of measure over the
random time interval [0, 7] coincides with the usual a-shifted measure for
qufx—measurable random variables.

To analyze the quantity in (4.8), we first take the limit as v — oo and
then as n — oo. By part (i) of Lemma 4.3 and the boundedness of &, we
deduce from (4.7) and (4.8) that

Vra Vraim
g U Yoy U 1{T5‘<T}

— lim lim ra('ﬁ)IEg“v{]ZnP 1neraylinen EX[6,

n—00 U—r00

(4.9) lim u“E

U— 00

Vozv]

ek

Now by Lemma 3.6 (iii), {|Zn‘a1{n§7—}} is uniformly integrable. Denote by
® the right-hand side of (4.5). Since &,, is bounded by b~!|g|__ and T 1 o0
P%-a.s., it follows by Lemma 4.3 (ii) that

1% Vi o
(4.10)  lim w°E [g( z‘“ i+ )1{T5<T}

U—00 (7

Vo = v}
= lim 7o (7)E3, [|zn|a Lnery lim 1o, ra)E2[6, m]}
=ra(@)ES, [ lm |2, 1ner, ] = ra(@ES, [17]° 1rony] 6. 0

In some cases, it is useful to consider functions g which depend on the
infinite path (VTf, Vqux 41,---), or to consider functions g which need not be
bounded. Moreover, it is also useful to have uniform upper bounds. In these
situations, a variant of the above proposition is useful.

PROPOSITION 4.4. Suppose that g : (RN — [0,00) is a nonnegative
measurable function, and set

o (1) o (), ]
TQ(XT,f) u u k}ZO u

Further, assume that for some finite constant B and some % > 0,

(4.11) sup 8, < B P%as.
u>wU
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Then for any bounded set F' C RL\ {0}, there exists a finite constant L, not

depending on B, such that
VT;[‘+k
9 Lira<r
u k>0

Moreover, if (4.11) holds and limsup,,_,., &, = 0 P*-a.s., then

VT;‘Jrk
g\\ = Lira<n
k>0

PROOF. Repeating the argument in the proof of Proposition 4.1 leading

to (4.9), we obtain that
Vrayk
gl \—— Liracry
k>0

< Bro(®)supES. [sup |zn|a1{ng}] |
neN

(4.12) 0 < sup sup u°E
u>%U veF

Vo=v| < BL.

(4.13) uh_)rrgo uE VW=v| =0.

o
IN

sup sup u®E
u>% veF

Vo=v

veF

which is finite by Lemma 3.6 (iii) and the boundedness of 7. The bound-
edness of &, then allows us to use the dominated convergence theorem in
order to deduce (4.13) from (4.9). O

4.3. Toward the proof of Theorem 2.4. We now restrict our attention to
the case where dy = 1; thus Tf =Ty, rﬁ =74, and 0% = p.

In order to establish Theorem 2.4 in the subsequent section, we first prove
a proposition which, together with Lemma 3.5, will link the tail properties
of V to the renewal measure associated with {(X,, S,)}. As before, we use
the shorthand C'(v) = ro(v)E§, [1Z]%1 {7200y -

PROPOSITION 4.5.  Assume (Hy) and (Hz) are satisfied. Let § < min{1, a}

and let f be a nonnegative bounded 0-Hélder continuous function. Then for
all v € RY \ {0},

T—1

v;
> 1 <u> L(vilzu)

=0

=C(v / ES
( ) SiﬁlXR+

where F(x, s) := (e f(e%z) /ra(x)) 19 00)(s) is directly Riemann integrable.

(4.14) lim «“E

U—00

Vo=

iF(XZ',SZ' + 8)

1=0

o(dz,ds),
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We note by [36, Section 6.1] that, if F' directly Riemann integrable (as
defined in [10], Eq. (7.1)), it follows that on the right-hand side of (4.14),

< oQ.

Z|F(Xz',5i+5)|

1=0

(4.15) sup sup EJ
zeS‘jfl seR

We shall deduce Proposition 4.5 from Corollary 4.2. However, to do so,
we need to handle the remainder terms, which we study in the following.

LEMMA 4.6. Let h be a bounded measurable function such that h(z) =0
forall z € B;(O), for some § > 0. Then for allv € Ri\{()} and all m € N,

T—1-T,
vV
(4.16) lim_lim u"E > h<Tu+k> L7, mery|Vo = 0| = 0.
k=m
Moreover, if F C R% \ {0} is bounded, then
T—1 Vi
(4.17) lim sup sup u°E Zh — Lavisuy|Vo = v| < occ.
u—00 vEF i—o u '
Furthermore, for allv € RY \ {0},
Tw+m Vi
(4.18) Jim lim «"E > h(;>1{Tu<T<Tu+m} Vo=vl| =0
=T

PROOF. STEP 1. First we establish (4.16).
By Eq. (4.12) in Proposition 4.4, it suffices to prove that

_ 1 ‘VTH‘ IR Vi, +k
sup &, := sup (XTu)( . ) E[ . M) | tgmen

u>wU uw>U Ta b—m

is bounded above by B(m,% ), where the sequence {B(m,% )} tends to
zero as we first let % — oo and then let m — co. By employing the Markov
property and the boundedness of r,, we see that it is enough to show that,
for a suitable sequence B(m, % ),

Vol\ ™ 5=, (V2
sup sup Hy(v):= sup sup E[<O> Zh( k)l{m<7}

u>% v:|v|>u u>% v:|v|>u u u

(4.19) < B(m,%).

-

Voz’v}

k=m
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Now let D = {v € RY : |v| < L} be defined as in Lemma 3.1, and set
71 = inf{n € Ny : V,, € D'}. Recall that h(z) = 0 for all z € B; (0).
Hence, for 0 < § < min{1, a} and |v| > u,

rt—1

—a T—1
v
H,(v) < yh\ooIE[ <|UO|> Z Lvl>our + Z L{Vi|>6u}

k=m k=11

-]

v —a OO 3 T
<|hls <|u|> > 0w B [ [Vil’ 1piamy ] +1bl sup By {Z 1{|Vk|>5u}:|’
k=m we k=0

The first sum can be estimated further by employing Lemma 3.1; namely,

sup <|U|> D (0uw) B [ Vil 1oy

vifp[>u \ U ke

_ B w\?*\ ¢t B tm
— | su — —_—
s v:\v|12)u U 1-—1¢ 81—t

and this last term tends to zero as m — oo. For the second term, note
that (3.4) implies that sup,cpi E[7| Vo) = w] < co. Hence we can apply a
dominated convergence argument to infer that

T T
sup sup Ey [Z l{vk|>5u}] < sup Ey [Zl{Vk|>5%}] — 0as % — .
u>% webt k=0 weD k=0

Combining these estimates establishes (4.19), and (4.16) follows.
Finally, (4.17) is a direct consequence of (4.19) (with m =0 and § = 1)
combined with (4.12).

STEP 2. Turning to (4.18), we apply the second part of Proposition 4.4.
Using that h = 0 on Bs(0), it is now sufficient to show that for any m € N,

—Q Tu+m
6= i () E[Z

=T

h(;) ‘ 1{|V¢>5u}1{Tu<T<Tu+m}‘yTu

is bounded uniformly in u and tends to zero P*-a.s. as u — oo. As the
prefactors are bounded, it suffices to estimate

Tyu+m
(4.20) E[ >

=T

Vi
h <u> ‘ 1{“/i|>5u}1{Tu<7—§Tu+m} '54}4

T+m

Z (v >su}

< |l E|E

-

9}] Lir,<r}
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Let 6 € (0, ). Then for all k =0,...,m,

P(|Vyyr| > 0ulV, =v) < sup (du)°E [|Vk\9‘ Vo = v]
veD

k
G
T SugE[HHkHG] Jol? + E E UH?HQ]-‘ ] < B
ve X
J=1

for some finite constant B; (dependent on m). Substituting this estimate
into (4.20) and then into the definition of &, above (4.20), we obtain that
G, < Bomu~? | 0 as u — oo, some By < co. Thus, by Proposition 4.4,

Tu+m Y
and (4.18) follows. O

PROOF OF PROPOSITION 4.5. Let g(v) := f(v)1lfy>1}, and note that g
is an almost 6-Holder-continuous function. Now

71 Vv T—1 Y
21 <u> 1{|Vi|2“}] = u"Ey [Z f <u> 1{vi|zu}1{Tu<T}] ,

and the right-hand side can be decomposed into three terms, namely

o S VTu-Hf o T VTu-i-k
U ZE” g " 1{Tu<T} + u“E, Z g w 1{Tu+m<7}

u“E,

k=0 k=m+1
. Tu+m V;
(4.21) —u"E, Z I\ u LT <r<Tutmy | -
=T

On the right-hand side of (4.21), the last two terms tend to zero, by Lemma
4.6, when taking first the limit v — oo and then m — oo. Next, by Corollary
4.2, Eq. (4.3), we obtain for the remaining term that

3 (03 % Vu
Jim ) B {9 < Tf) Lir,<ry|Vo = U]
k=0
C( )/ R ie_a(5i+8)f( St X)]_ (d d)
= v o ———f(e”TX; ts o(dx,ds).
T rar ra(X;) {Si+s>0}

It remains to show that F(z, s) := (e7** f(e’z) /ra(x)) 1[0,00)(8) is directly
Riemann integrable, which, by (4.15), will allows us to take the limit as
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m — 00. Since 7, is bounded from below, it follows that for some positive
constant b,

_ 1
F(s):= sup |F(z,5)] < 5 |floc €™ Lp,00)(5).

d—1
rESY

Since the right-hand side is a decreasing integrable function, we conclude
that F' is (univariate) directly Riemann integrable. But F' is obtained from
F' by taking the supremum over all x € S‘fl, so it follows immediately that
F is (multivariate) Riemann integrable. O

5. Proof of Theorem 2.4. In this section, we provide the proof of
Theorem 2.4, first under the additional hypothesis (H3) of Section 3, which
is then removed by approximating {V},} from above and below by smoothed
processes for which (Hs) is satisfied.

To establish Theorem 2.4, we apply Proposition 4.5 directly, except that
we must identify the integral in (4.14). This is done in the following lemma.

LEMMA 5.1. Let g : Sﬂlfl X R — R be a directly Riemann integrable
function. Then

/Eg [Z 9(Xi, Si + 8) 15,4550}

1=0

o(dx,ds) =

X(la) /g(x, $) No(dzx) ds.

The crucial point is to identify ¢ as the stationary Markov delay distri-
bution, i.e., the initial distribution for {(X,,S,)} under which the renewal
measure (restricted to Si_l x Ry) equals n, ® ds. This identification can be
done along identical lines to the proofs of Theorem 3 and Corollary 3 in [2].
For this reason, we omit the proof and refer the reader to the arXiv version
[16] of our article for the details.

We now establish Theorem 2.4 under the additional Hypothesis (H3) of
Section 3.

PROPOSITION 5.2.  Assume that Hypotheses (Hi), (H2) and (Hs) are
satisfied, and suppose that D € B(RL) is bounded and (D) > 0. Then for

any f € G(RL\ {0}),

(5.1) lim uE [f (Z)] = Xfa) /S _ e~ f(e°x)lo (da)ds,

where C' is given as in (2.10). Equivalently, we have the weak convergence

Vv
(5.2)  lim u®P <|V| > tu, — € ) t7 % (-), forallt>0.

U—00 ‘&ﬂ

~ aN ()
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PROOF. We first prove the result under the additional assumption that f
satisfies f(x) = f(w)l{mzr} for some r > 0, where f is a 6-Holder continuous
function with § < min{1, o}, i.e., f is almost #-Holder continuous.

STEP 1. First assume r = 1, ie., f(z) = f(x)1{|a:\21}~ Since (H3) is
satisfied, it follows from Lemma 3.5 that

Y T—1 . ‘/Z
1 (7) tea] =g [ (5 () s 16 =] ot
T—1
(5.3) :/]DJE [Zf(if) Ly zu| Vo = v | m(dv),
=0

where 7 denotes the first return time of {V;,} to D. Moreover, from Lemma
3.3 we have that 7(D) = (E,,[7]) "}, where mp(-) = 7(- N D) /7 (D).

Now apply Proposition 4.5 and the identity (5.3) separately to the positive
and negative parts of f to obtain that

(5.4) lim u°E [f (Z) 1{|V2u}:|

U— 00

oL

where F(z,s) = (e7* f(e%z)/ra(x)) 19 ). Note that Proposition 4.5 actu-
ally holds conditional on {Vj = v}, where v € RZ \ {0}; and to extend this
result so that it holds conditional on {Vy ~ mp}, we have applied a domi-
nated convergence argument together with the bound provided by (4.17) of
Lemma 4.6. Moreover, we have used that 7({0}) = 0, which follows since
7 is the law of V' := Y 022 My -+ Mj_1Qr—1 # 0 w.p.1. Next, observe by
Lemma 5.1 that

(5.5) / E°

1 e as 53} ) ds — 1 e_O‘S esq} o) ds
B X(Oz)/ra(x)f(e ) 1a(dx)d X(a)/ F(€°2) Lo (dz) ds,

using that 7, (dz) = ro(x)lo(dz) (cf. (2.3) and the discussion there).
Also, by applying Lemma 3.6 (ii), we obtain that

Y F(Xi, Si+ s)
=0

o(dx, ds)) m(dv),

o(dz,ds) =

i F(X“ Sz + 8)
=0

1
(o) /F(m, $)Na(dx)ds

(5.6) /D C(v) m(dv) = /D ra(D)ES, [| 210y —oy] w(dv) = C,
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where C'is given as in (2.10). Then (5.4), (5.5), and (5.6) imply that

(5.7) Jim u*R [f (Z)] = lim u°E [f (Z) 1{|v>u}]
C
- Yo /S o e (dr)ds

for any bounded, almost 8-Holder continuous function f satisfying the rep-
resentation f(z) = f(a:)l{mzl}, where f is §-Hélder continuous.

The validity of (5.1) for f with f(z) = f(2)1jz,, for general r > 0,
then follows by applying (5.7) to the function fr(x) =r=“f(rv).

STEP 2. It remains to remove the assumption that f is almost 6-Holder
continuous, needed to apply Proposition 4.5 in the above argument. To this
end, observe that for all r > 0,

Tg) = u*P (V € -, m > 7'>

u u

defines a family of uniformly bounded measures on R% \ B;F(0), where the
boundedness follows by employing (5.1) with f(z) = 1{4>,}, which is an
almost #-Holder continuous function. The Fourier characters z +— @)
are bounded Lipschitz continuous functions for any y € R? then fy(z) =
PRSAON | {jz|>r} 18 almost #-Holder continuous for any 6 < min{1,a}. Let £,
be the measure on R? \ {0} defined by the equation

/S B (CONCETE / F(2)Ealde),

R4\ {0}

and let €1 denote its restriction to a measure on R% \ B;(0). Then, based
on what we have proved so far, by considering real and imaginary parts
separately we may infer the convergence, as u — oo, of

/ei<~’”’y>T§[‘)(dﬂs) — u°E |:€i<u_1V7y>1{|V|ZTU}} . )\/fa)/ei(wmg)(dx)’

for all y € R%. Then the Lévy continuity theorem yields the weak convergence
TSLT) = /\,((’;) 22‘), for any r > 0. Now if f € %) (Ri \ {0}), then there exists
r > 0 such that f is supported on (B;7(0))°. Hence

U— 00

uan;OuaE [f(:j)} = lim [ f(2)T")(dz) = X?a)/f(a;),ﬂa(dx),

i.e. (5.1) holds. Finally, the equivalence of (5.1) to (5.2) follows from Theo-
rem 2 in [43]. O
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5.1. Smoothing. To remove Hypothesis (Hs), we employ a lower and
upper approximation, where the approximating sequences are smoothed so
that (Hs) is satisfied by these sequences.

We begin by constructing the lower approximating sequence. First recall
the condition (R) introduced just prior to the statement of Thereom 2.4.
Also, from this discussion in Section 2, recall the definitions

(5.8) M, :=Mpyy - Mygoiyr1, Qui= > My MiaQi,

for all n € Ny. Now let k£ € Ny be chosen such that (&) holds. Then
{(Mn, Qn)} is an i.i.d. sequence under PP, and with positive probability, Ql —
s = 0 for some s > 0. Let B,, = {Qn — sl = O} and let xne == (—¢€)xn
for an i.i.d. sequence {x,}, independent of {(Mn,Qn)}, such that y; has
a nondegenerate absolutely continuous distribution concentrated on [0, 1]
(and thus x1 . is concentrated on [—¢, 0]%).

For each n, set Qn,a = @n + 1g, Xn,. and note that, conditioned on the
event B, @n,e has a continuous distribution function. Then, since the event
B,, occurs with positive probability, the distribution function of @n@ has an
absolutely continuous component with respect to Lebesgue measure.

Now set

(5.9) Vie=MVo1c40ne, n=12,...; Vo=

Then {V;, .} forms the smoothed lower sequence. Let

o
(5.10) Vei=Que+ Y M-+ My_1Qpp,
k=2

and note that the law of V. is the stationary distribution of the process
{Vi.e}, which we denote by 7.

A smoothed upper sequence is constructed analogously, now choosing x¢, :=
€Xn, S0 that this random variable is concentrated on the interval [0, £]¢. For
each n, let @fl = @n +1g, x5, Then set Vi = Vj and

o0
Ve=MVi +Q5, n=12..; Ve=Q{+> M- M_10;.

Let 7€ denote the distribution of V¢.
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REMARK 5.3. At this stage, it should be emphasized that this smooth-
ing construction only affects the random quantity @Q.,,, and not M,,, and so
the function A is unchanged. Thus, in particular, the solution « to the equa-
tion A(a) = 0 and the corresponding invariant function r, and invariant
measure [, are the same as for the unsmoothed process. Moreover, since
My = My, --- My and A(«) = 1, the factor X (a) must now be replaced with
kN («); cf. Lemma 2.3.

REMARK 5.4. Observe that if & > 1 in (K), then the evolution of the
lower and upper smoothed sequences cannot be compared to the dynamics
of the process {V,,}, but to that of the k-step chain {Vj, : n € N}, which
at time n is equal to

n
V, = Mn...M1%+ZMn"'Mi+1Qi-
i=1

We then have the sandwich inequality

Voe < V, < Ve, where Vi, = Vin.

For the remainder of this section, we consider the k-step chain {17“}, defined
in terms of {(M;,Q;)}. This k-step chain has the same stationary law, but
different dynamics, than the 1-step chain {V,,}.

For any = € Sflfl and F' C S‘fl, let d(z, F) = inf {|x —y| : y € F'}; and
for a given set £ C Si‘l, let

2 2
Ef = {x € Si_l cd(x, E) < sg} and E, = {x € Si_l s d(x, E€) > 88}

LEMMA 5.5. Let e > 0. Then under the assumptions of Theorem 2./:

(i) The approzimating sequences {Vy ¢ }nen and {V; nen each satisfy Hy-
pothesis (Hs).

(ii) For all uw > 0, we have the sandwich inequality

V. Vv Ve
P( |V >u,€EE5) gIP(|V| >u,€E> §P<|VE|>u,€E5>.
< Vel V] Vel
Proor. (i) To verify part (i) of (Hs), let P. denote the transition kernel

of the process {V,c} in (5.9). Recall that x. is independent of M and Q.
Hence, by construction,

PE(U,E):IP’(]\//.?U—FCA?GE,IB%C) +/ P(J\%+@+yeE,IB%) P (x. € dy)

[—E,O]d
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=P (v,E)+ Py (v, E).

The kernel P, . is obtained by the convolution of P <]\//f v+ @ € -, IEB) with

the probability measure P (x. € -), which, by assumption, is smooth; thus
P, (v, -) itself has a Lebesgue density for all v € R%. Hence part (i) of (Hj)
is satisfied with ® taken to be Lebesgue measure and F = R‘j_.

Since ¢ is the stationary distribution of the Markov chain with transition
kernel P, it follows that 7. has a continuous component with respect to
Lebesgue measure. Hence (supp 7.)° # 0 and part (ii) of (Hs) is satisfied.

The verification for the process {V,5} is analogous.

(ii) By construction,

oo
(5.11) V—Ve=—1g,x1c— M- Myl Xis1e
k=1

since @k — @k@ = 1, X.. [Here we define By in the same way as B, but
with respect to the pair (Mg, Qk).] Consequently, setting My to be equal to
the identity matrix and recalling that y. is supported on [—e¢, O]d, we obtain
that

(o]
(5.12) V-V < g‘ 3 (MO : .-M,J) 1g,., |
k=0
Moreover,
[o.¢] - R o - -
(5.13) V]= ‘ZMO : "MkaH’ > 8’ Z (Mo ' "Mkl) 1g, |-
k=0 k=0

This implies that

VE
Vel

1 1

Vi [vel

1 V- Ve 2
<V = VeV < <=
V] v

(5.14) '; _

Hence

Vz Ve 2¢ Vv Vv
—c F d|l — ., E° — d|l —. E° 0 — c F.
A (w >>ﬁ (IV\’ >> N

Furthermore, by (5.11), we also have that |V;| > u = |V| > u. Consequently,

ren) < B(Wise grer)
5.15 P(|Ve|>u, — € E, <Pl|V|>u, =€ FE).
(5.15) <| >, e E VI>

The remaining inequality of part (ii) is established analogously. O
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Since Hypothesis (H3) is satisfied for the two approximating sequences
in Lemma 5.5, it is natural to apply Proposition 5.2 to these sequences,
yielding upper and lower bounds for P (|V| > u, V/|V| € E) as u — oc.

Let ‘Zg‘ be defined the same as the random variable |Z] in Section 3.2,

but with respect to the process {(]\Z, @w) i=1,2,... }; namely,

- Vi, (Qi)™) | Qicl .
5.16 Ze| = |v| + ~= — — -a.s.,

where

and X’z = (]\Z - M\lv)N. Then, with F = Si‘l, we obtain by Proposition
5.2, Lemma 5.5, and Remark 5.3 that

C: ce
— < y®limi 1% < i P (|V < —
TN (@) <u hun_1>1anP’(\ | >u) < llglsupu P(|V]|>u) < SUE

where, in view of Lemma 3.6 (ii), we have

C. = [ ral@E3, (|21 .m0y mela)
D

and
o - / oS, (12711 e oy 7).
D

In what follows, we will generally write 7 = 7(D) to emphasize the depen-
dence of this quantity on the choice of D. However, it is important to observe
from Proposition 5.2 that C. and C® are universal constants, not dependent
on the choice of D.

The next lemma shows that these constants converge to the required
constant C' in (2.10) as € } 0.

LEMMA 5.6. Assume the conditions of Theorem 2.4. Then for any set
D = B, (0) with m(D) > 0,

(5.17) C. /C and C°N\C as e—0,

where C' is independent of the choice of D and has the representation

(5.18) C= /D ra(DES, [|Z1°L (s (0)—ocy ] ().
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PRrROOF. To establish the result, we will show

(5.19) lim C. > C(D) and lin(%CagC(}D)),
e—

e—0

where C'(D) represents the quantity on the right-hand side of (5.18). Note
that these limits necessarily exist, since C., —C® are monotonically increas-
ing (as follows from the monotonicity, in e, of V2 and V¢ and (5.2)). Then
(5.19) yields lim._,o C. = C(D) = lim._,¢ C*.

STEP 1. We begin by establishing that lim. o C. > C(D). Set

H. (v) = ra(0)E§, [|Z:1 01—y | H(©) = 1), |12 0y |-

Then we need to show that

(5.20) lim inf/ H.(v)m(dv) / H (v
e—0
We will prove below that: (i) H.(v) 1 H(v) as € — 0; and (ii) for all ¢ > 0,
the function v — H,(v) is lower semicontinuous.
Assume that (i) and (ii) hold, and fix g9 > 0. Since H.(v) is a monotone
increasing sequence as ¢ | 0,

C. > ﬁ H., (v)me(dv), for all e < gp.
D

As the function v — H,(v) is lower semicontinous and bounded from below
by 0, and . = 7 (cf. (5.11)), in then follows from the Portmanteau theorem
([49, Theorem 1.3.4 (iv)]) that

liminf C; > liminf [ H,,(v)m.(dv) /
e—0 e—0 D

Now let g — 0 and use the monotone convergence H,, T H to infer by the

monotone convergence theorem that

liminfC; > lim HE_:0 7 (dv) / H(v = C(D).
e—0 g0—0

It remains to prove (i) and ( i). In order to obtain (i), observe that |V}, .|

increases monotonically to |V,,| as ¢ — 0. Thus, if the process {V,} en-

ters D, then so does {V,, .}, for all € > 0. Hence, we trivially obtain that

1{;(113)):00} > 1{75@):00}, where 7(D), 7.(D) are the first passage times of

{Vi}, {Vic} into D, respectively. Conversely, observe that if 7(ID) = oo, then
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V = (171,172,...) S (DC)N, which is open. Now V. := (Vi.,Va,,...) con-
verges to V a.s. in the product topology (as x. is supported on [—¢,0]%). It
follows that V. € (]]j)C)N for sufficiently small €. Consequently, 1 (r(D)=cc} <
liminfe 0 1, ()=o)~ Thus we conclude that 1 (g)_oy = lime—0 11 (5)—oc}
and, moreover, the convergence is monotone, i.e. 1 D)=t T L{r(D)=cc} 85
€ — 0. Furthermore, as @5 increases componentwise to @, we deduce from
(5.16) and Lemma 3.6 (ii) that | Z.| 1 |Z] as e — 0. Also, by Lemma 3.6 (iii),
\2\“1{7@)):00} is an integrable upper bound for the family {|25|"‘1{T6 (B)=o0} }€>0,
and thus we obtain the monotone convergence H.(v) T H(v) as € — 0, for
all v € D.

To obtain (ii), observe that if v — v, then V(v) converges to V(0), where
V = (Vie,Vae,...), and by writing V(v), we emphasize the dependence
of this quantity on its initial state. Then by repeating the argument given
above, we obtain that D closed = L m)=cc) < Hminfy s 1o g 5)—o0ys
where, once again, 7(ID, -) denotes the dependence on the initial state. From
the representation (5.16), we deduce that the function v — Z.(v) is continu-
ous a.s. (namely, this series converges a.s. by Lemma 3.6 (i)). Then we may
apply Fatou’s Lemma and use the continuity of r, to infer that H. is lower
semicontinuous.

STEP 2. To establish the second inequality in (5.19), we proceed as before,
now using (i’) the convergence

H*(v) == ra(v)E;, \28,0‘1{75(11)):00}} N\ ra(v)E5, [|Z\|a1{T(D)=OO} = H°(v)

and (ii’) the upper semicontinuity of H*(v), which follows since we consider
now the hitting time of an open set. Furthermore, Lemma 3.6 (iii) yields
that sup,cp He, (v) < B, for some finite constant B. Then we may apply the
Portmanteau theorem ([49, Theorem 1.3.4 (v)]) to infer that

e—0 e—0

limsup C* < lim sup/ H® (v)m®(dv) = / H (v)7(dv),
D D
for all 9 > 0, and thus, letting €9 — 0 and using (1),

limsup C¢ < /HO(U)W(dU) = C(D).
e—0 D

STEP 3. It remains to show that if D = B, (0), where m(D) > 0, then,
in the first equation in (5.19), we in fact have that lim._,o C: > C(D). To
this end, let {r;} be chosen such that r; 1 7 as i — oo, and set D; = B, (0).
If {V,} avoids D, then it also avoids each D;, so we trivially obtain that
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1 D=0} = 1r()=cc} Conversely, V,, € D = V,, € D; for sufficiently
large i. Thus lim;_ 1{T(Di):oo} = 1{7(D)=cc}- Now lim,_,0 C: is a universal
constant, independent of the choice of the set D in (5.19). Consequently, we
conclude by (5.19) that

(5.21) lim Ce > lim C(D;) = lim | ra(9)E5, [\2\&1{7(%:%}} (dv)

i—00 i—00 D,
= [ ra@B3, 121175101 () = C(D),
as required. O

PROOF OF THEOREM 2.4. It follows directly from Proposition 5.2 and
Lemmas 5.5 and 5.6 that for any E € 2(ST),

(5.22) lirginfuaP <\V! > tu, v € E) > Lf‘l limsup lo(E:)

V] ~ akN(«a) c0
and
(5.23)  limsupu®P <|V| > tu, v € E> < ¢ t~ liminf i, (E°).
u—500 \4 akN(a) e—0

Now if [,(0F) = 0, then
limsuply(E:) = liminf 1, (E®) = l4(E).

e—0 e—0

Hence the two bounds coincide and, thus, for all measurable E C Sfl[l with
lo(0OF) =0,

% C
li PV tu, — € E | = t %, (E).
Jim (' >t 7 € ) () la(B)

By the Portmanteau Theorem, this implies the weak convergence

(5.24) u“P <\V\ > tu, v € > = a)\’(a)t lo()  asu— oo,
for all ¢ > 0, which is equivalent to (2.9) by Theorem 2 of [43]. O

6. Proof of Theorem 2.8. Next we turn to the proof of Theorem 2.8.
Throughout this section, assume that the set A is a semi-cone.

We begin by identifying the constant appearing in the ruin problem for
the random walk {(X,,S2)}. For this purpose, define

‘Zf:inf{nEN:Mn--'MﬂN/oEuA}.
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LEMMA 6.1.  Suppose that (H1) and (Hs) are satisfied, and assume that
da is bounded and continuous on Si_l. Then for all v € RY \ {0},

(6.1) lim u“P (Tﬁ < oo| Vo =v) =14(0) / LOCSQA(dx,ds) =714(0)Da4,

u—00 ré(x)
where o is the asymptotic overjump distribution of the process {(Xn, S2)}.

ProOF. Converting to the a-shifted measure, we obtain that for any
veRE\ {0},

uP (T < 00| Vo = v) = 14(V)ES [e‘a(%‘l‘)g“) <7~g‘ (ng))*1 1{%@0}} ,

using the definitions of S2 and r7. To characterize the limit on the right-
hand side, use the weak convergence (3.31), which holds due to Kesten’s
renewal theorem. dJ

To establish the weak convergence of {7} /u®}, the main idea will be to
study the excursions of {V,,} over cycles eminating from the set D. For this
purpose, we introduce the random variables

Ui = max VnA, 1=1,2,...,

Ki—1<n<k;

where VA := V,,/d4(V;) and {x;} denote the successive return times to D;
that is, k; = inf{n > k;_1 : V,, € D}, 1 € Ny; kg = 0. For n € N, also set

///g:max{Ul,...,Un}; ///n:max{VlA,...,V,fl}.

Recall that {T4 < N} = {VA > u, somen < N}. Thus, {ZY > u}
describes the event that T2 occurs by the random time k,,, while {.#;, > u}
describes the event that T/ occurs by the deterministic time n.

PROPOSITION 6.2.  Suppose that (Hy) and (Hs) are satisfied, and suppose
that there exists m € Ny such that (Hs) holds for the m-skeleton {Viy, + n €
N}. Assume that D € B(RY) is bounded and (D) > 0, and suppose that the
function d is bounded and continuous on Sfl[l. Then for all v € R\ {0},

(6.2) lim P (//7? < n'/oy | Vo = v) =exp{ — KaEq[r]u™*},

n—oo

where Kq4 = CD4 and C is given as in (2.10).
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Unless explicitly noted, we assume throughout the rest of this section that
Vo = v for a fixed v € RY \ {0}, ie., P=DP,.

PROOF. Set u, = n'/%u. Then for any | € N,

l
(6.3) SPWUi>un)— Y PUi > up, Uj > up)
=1

1<i<j<l

< P(//lU>un) < ZP(Ui>un).

Now fix & € Ny. We begin by calculating Zi(:nl) P (U; > uy), as n — 00,
for the sequence l[(n) = |n/k]. By Eq. (4.2) of Corollary 4.2 and the Markov
property, we have that for all i € Ny and w € R \ {0},

(6.4) nhﬁn;() nu®P (Ui > Uy ‘qu = w) = T}Lngo nu®P (qu4 <7|Vp = w)

—Qas

— ro(@ES, (1711 ()] / fT(x)gA(da;, ds) = H(w) = C(w)Da.

Under Hypotheses (H3), {Viun : n > 0} is a positive aperiodic Harris
chain (Lemma 3.4). Then {V,,}, and hence {Vj,}, are positive m-periodic
Harris chains (cf. [1, Theorem 8.3.7]), and the invariant measure of {V,}
is mp (cf. Lemma 3.3). If ~; denotes the law of V,, ¢ € Ny, then Harris
recurrence gives that [n~! Sor v — mlrv — 0 as n — oo, where | - |y
denotes the total variation distance; see [37, Theorem 13.3.4]. Set

Hy(w) = nu®P (Uy > u, | Vo =w).

Using (4.17) with h = 1, we have sup{H w):weD\{0},neN} <B<

oo. Now nuP (U; > uy,) le) w)yi—1(dw), and
[n/k]
’ Znu (Ui > up) — /H ﬂde’
[n/k)

IN

[ > o ) aw) — [ (Hw) = H(w)ms(au)

Ln/kJ
< 3*2%1—@) /|H (w)] 7 (duw).
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The second term tends to zero as n — oo by dominated convergence and the
fact that H,(w) — H(w), by (6.4). Thus the left-hand side of (6.5) tends

to zero as n — oo, and hence, using (6.4),

Ln/k]

(6.6) Tm Y B (U > ) = % /D H (w)ro(dw)
=1
_ Da m(dw)  KaEq[7]
_k/DC(w) D) k&

since C' = [ C(w)7(dw) and Ey[r] = (7(D))”" (by Lemma 3.3). Substi-
tuting this equation into (6.3), we deduce that for any k € N,

KAEWD [T] I

(6.7) lim sup P (/f{i > un> < =4

n—oo

Note that the right-hand side is independent of Vy € R4\ {0}, and hence the
same calculation yields the asymptotic behavior of the maximum over any
block of comparable length; in particular, for lim sup,, _}OO]P’(U Lin/k]+1s - - - s
UlG+1)n/k) > un‘fnun/m), j =0,...,k — 1. Hence, letting k& — oo, we
conclude by (6.7) that

k
limsup P (4 < uy) < ) — exp { — KAE,, [T]u*a}

n—oo

< KAE, [T]u™®
1= Sk

as k — oo. Moreover, again using the upper bound provided by Lemma 4.6
(uniform in the initial state), we obtain that for any positive integer k,

1
(6.8) limsup Z P (U; > un, Uj > uyp) =0 () as n — oo.

"y <ici<|n/k) k

Finally, using (6.6) and (6.8) in (6.3), we see that we also have

liminf P (7 < un) 2 exp{ — KBy [r]u™ }. O

LEMMA 6.3. Suppose that (Hy), (H2), and (Hs) are satisfied and d 4 is
bounded and continuous. Then for any A > 0, there exists a constant 6 > 0
such that

(6.9) limsup P ( max | My — My| > nl/o‘A> < A.

n—00 |m—n|<nd
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PrOOF. Let k € Ni. Then A, = max{///n,Vn‘il,...,Vnﬁk}, and
hence
'//n < '/ln-i—k < '//n —|—H1aX{V7£|_1, e ’an}l—k} .

Since VnA = Vn/dA(f/n), it follows that

(610) max |%m - %n’ < bmaX{’VLn—n5J+l|7 SRR |V\_n+n(5j |} )

|[m—n|<nd

where b = max { (da(z)™" :z e Si_l} < 0o. We now determine the maxi-
mum on the right-hand side, conditioned on {V,,_,5; = v}. Set

my, = [n+nd] — ([n—nd| +1) < 2né,

and observe that as an upper bound, it is sufficient to study .#,,, condi-
tioned on {Vp = v}.

Let D C RY be chosen such that m(D¢) < A/2, and let v € D\ {0}.
Since 4, < .#Y and m, < 2nd, we obtain from Proposition 6.2 (with
A={z eRe : |z| > 1}) that

limsup P(Ayp,, >nl/*A | Vo =v) <1 —exp{—KaEq, [r]-26A}

n—oo

(6.11) =2KA E;) [T] A%, where t € (0,9),

and the right-hand side is < A/2 when ¢ is chosen sufficiently small. Note
that (6.11) holds for all v € D\ {0}. Finally, let ~,, denote the distribution
function of V|,,_ps|. By the positive Harris recurrence of {V;,} (Lemma 3.4),
we have that |y, — m|rv — 0 as n — oo. Then, using Fatou’s lemma, we
deduce that

lim sup P ( max | My — M| > nl/O‘A>

n—00 |m—n|<nd

< limsup (%(DC) + | — wlTv + / P (///mn > n'/*A ‘ Vo= v) ﬂ(dv)>
D

n—o0

< m(D°) + %W(D) < A. O

PROOF OF THEOREM 2.8. Assuming that d4 is bounded, the first asser-
tion follows from Corollary 4.2, Eq. (4.2), and the uniformity provided by
Lemma 4.6. To remove the assumption that d 4 is bounded, see Step 4 below.
To establish the remaining assertion, we proceed in four steps.

STEP 1. First assume that d4 is bounded and continuous and that (Hs)
is satisfied. We claim that
(6.12) lim P <%n < nl/au) = ¢ Kau™®,

n—o0
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that is to say, we can transfer the result for maxima over cycles (Proposition
6.2) to the process of running maxima, namely to ..

To establish an upper bound for limsup,,_,,, P (///n < nl/o‘u), observe
that, by definition, .# ng () corresponds to the value of {.#}} during its last
visit to D in the time interval [0, n]. Thus

(6.13) P (//n > nl/o‘u> > P (///][\{D(n) > nl/au) .

To replace the random time Np(n) by a fixed time, observe by Lemma
3.3 that for all § > 0,

(6.14) IP( N”jf”) W(D)’ > 5) 0 as n— 0.

Set t, = n (m(D) — ) and Q,, = {| (Np(n)/n) — 7(D)| < 6}, and note that
Np(n) > [tn] on Q. Then

(6.15) P (///J[\{D(n) > nl/au) >P (///th]nj > nl/au) —P(£).

Then combining (6.13), (6.14), and (6.15) and applying Proposition 6.2, we
conclude that for all § > 0,

lim inf P (//{n > nl/o‘u> > lim P <,//lft]nJ > nl/au)

n—oo n—oo

=1- exp{ — KAE - [7] (m(D) — 6) u_o‘}.

Hence, letting & | 0 and recalling that 7(D) = (E,[7]) ™" (Lemma 3.3), we
obtain that

(6.16) limsup P (///n < nl/au) < exp{—Kau *}.

n—oo

To establish the corresponding lower bound for PP (j/n < nt/ au), observe
that for any A > 0,

(6.17) P (//Zn > nl/au) <P (//l]l\{m(n) > nl/%(u — A))

U
+ P (| — A

> nt/ aA) .
Reasoning as before, we see that the first term on the right-hand side satisfies

(6.18) limsupP (//l]gm(n) > nl/%(u — A)) < l—exp{—Ka(lu—A)""}.

n—oo
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Now to quantify the second term on the right-hand side of (6.17), recall
that .# Jl\{D(n) is the value of the process {.#;} during its last visit to D in

the interval [0,n]. Since x; denotes the time of the i*! visit to D, it follows
by definition that . J[\{D(n) = ///HND(H). Moreover, for any § > 0, we obtain
by Lemma 3.3 that

P((%—l‘zé)—m as n — oo.

Set (), = {}(&Nm(n)/n) — 1| < 4}. Then

P (|~ M)

> nton) <P (| — A

> nl/oA; §n> +IP’(§\2;)

<P < max | My, — My| > nl/%> +0(1)

|m—n|<nd

as n — 0o. Hence by Lemma 6.3,

(6.19) lim sup P (‘///n — MY,

n—oo

| > ntea) <A,
Finally, substituting (6.18) and (6.19) into (6.17) and letting A — 0, we
conclude that liminf,, ., P (///n < nl/o‘u) > exp{ — KAu_O‘}. Together
with (6.16), the assertion follows.

STEP 2. Next we remove the additional assumption (H3), but still assume
that the function d4 is bounded and continuous.

To remove (Hs), we employ the smoothing argument introduced in Section
5. Let {(Mn,@n :n =0,1,...} be defined as in (5.8). Then, since we are
assuming here that £ = 1 in (RK), it follows that (]\/Zn,@n) = (M,, Q) for
all n € Ny. This yields V,, . < V,, <V for all n € N.

By repeating the computation leading to (5.14), we obtain

Vn,e - Vn

VeV,

n

2e
< =

2
and < = for all n € Nj.

S

S

Since d 4 is assumed to be continuous on the compact set Si‘l, it is, in fact,
equicontinous. Hence there is a sequence §(¢), tending to zero as ¢ — 0, such
that

’dA (Voe) — da (Vi) <6(e) forallm e N,.

< 4(e) and ’dA(‘Zf) - dA(f/n)

Since A C {v: |[v| > 1} = da > 1, we have |V,| < uda (V) =

Vel < udA(Vn) < udA(XN/me) +ud(e) < udA(f/n’a)(l + 5(5)).
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Thus P (A, < u) <P (M <u(l+6(g))). Similarly, for all n € Ny,
Vel <uda(VE)(1—6(e)) = [Va| <uda(VE) —ud(e) <uda(Vi),

and we obtain that P (., < u) > P (#: < u(l —d(e))). Using these upper
and lower bounds together with Step 1, we conclude that

(6.20) exp{—K°(u—10d(g)) "} < lmgf]@ <///n < nl/o‘u)

< limsupP (//n < nl/au) <exp{—K.(u+ ()"},
n—oo
for constants K. := C.D4 and K¢ := C*D 4, where C. and C¢ are given as
in Section 5. By Lemma 5.6, this yields (6.12).
STEP 3. We now relate the behavior of the maxima to the behavior of the
first passage times. Recall that V,, € uA < |V,| > uda(Vy) < |VA| > w.
Hence for all n € N and all u > 0,

6.21)  P(TP<n)=P (VA >u, some 1 <i<n)=P(M>u).

@

Then by (6.12) and (6.21), hmMOOIP(T;‘I/Qw < n) S e Kau and

setting u = n'/%w and z = w® yields
TA
(6.22) lim P-4 <z)=1-ef17 >0
U—00 ue

STEP 4. Finally suppose that B4 := {z € Sfl[l cda(x) < oo} # Sflfl.
For any L > 1, set

%:{weRi:|w|ZL} and Ap =AU 7.

First observe that dy, (z) := inf{t : te € #} = L, Vx € Si‘l. Hence,
letting 77~ be defined as in (2.18), we have that 77% (z) = L% 4 (z) 1 oo as
L — oo (uniformly in x, by Lemma 2.2). Now in general, the constant K4 is
proportional to D 4, where the latter constant was characterized in Lemma
6.1. Using this characterization, we see that T‘{L (z) T o0, Vo = D‘fL 40 as
L — oo. Consequently,

T/t
(6.23) A(L) := lim IP( “— < z) N0 as L — oo

U—00 U

Since
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we conclude that for all z > 0,

TAL TA
lim]P’( u Sz)—A(L)S]imian(“Sz)
U—00 ue U—00 ue

TA TAL
<limsupP <1; < z) < lim ]P’( “a < z> + A(L).
U

U—00 U—00 U

Thus, by (6.23) and Step 3,

: T :
lim P <a < z) =1- Lh_)ngoexp{ —(CDa,)z} :==1—exp{ — (CDa)z}.

U—00 u

Observe that Dy :=limy_,o D4, exists, since Dy, = u®P (‘Ig‘L < oo|Vp~ 7T]D))
is a decreasing sequence; namely, it represents the hitting probability of a
decreasing sequence of sets.

It remains to identify D4 as the ruin constant in this case. Arguing as
before, we have that for all v > 0,

WP (T < 00| Vo = o) P (T4 < o0 | Vo = v) | < uP (T4 < 00| Vo =),
which tends to zero as L — oo. Thus, by another sandwich argument,

lim uaIP’(‘I{?<OO|V0:U): lim <lim uo‘IP(‘IfL<oo|V0:v)>

uU—00 L—oo U— 00

=74 (V) ngigo Dy, =rq(v)Da,

which gives the required identification of D4 as the constant in the ruin
problem for the Markov random walk; cf. Lemma 6.1.

To conclude the proof, observe that the same reasoning yields (2.22) for
unbounded functions d 4; namely, one can again introduce the family Ay =
AUy for L > 1, and argue that the hitting probability of the set J#7—mow
prior to the return time 7—becomes asymptotically negligible as L — oc.
The argument is entirely identical, so we omit the details. ]

7. Determining the path of large exceedance. We conclude by
providing the proofs of Theorems 2.11 and 2.12. [For a stronger version of
Theorem 2.11, allowing paths of infinite length, see the arXiv version [16].]

PrROOF OF THEOREM 2.11. It follows by Theorem 2.8 that
e—OéS

Jim w*E, |:1{T114<7‘}i| = C(v) / TT@)QA(d%dS) = C(v)Da,

[e%
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where C(v) = ro(0)E§, [|Z]*1{;—}] and Dy is given as in (2.20). Thus, to
establish the result, it suffices to show that

. VI VI +m> :|
7.1 lim u“E, 4, 1 -
D Mw (AR

_C(U>DA/E2 |:g(X0,€S1X1,...,€Sme):| Q(d.’E,dS),

To verify (7.1), proceed as in the proof of Proposition 4.1, first converting
to the a-shifted measure to obtain that

7.2 WO, o MmOy
(7-2) [g<|vfu| (AR
—aS, A
~ e Ty V[ V} +m> :|
= u%r,(v) E§ e 1 -
@) E3, [ra<xm>g<|vzu| Vil ) Hrden)

= ra(ES, 121G ulirpcn |

where Z, := |V,|/e%", n=0,1,..., and

R T e A aVrn) ) I\ Vel Wl )
[The term (dA(XTf)/dA(‘N/Téq»a arises when replacing [Vpa|™/ro(Xpa)
with |V7:4A|_a/r£(XTf), as can be seen directly from the definitions (2.18)

and (335)] The right-hand side of (7.2) can be written as the difference of
two terms, namely

(74)  ra(D)ES, KlZm\al{qu«} — 12" 1{n<Tm1{n3r}>(’5u}
+ ra(D)ES, [ |Znl* Lzl ingr) B (B I%]] :

As in the proof of Proposition 4.1, we may then apply Lemma 4.3 (i) and
use the uniform boundedness of {®,} to conclude that the first term in (7.4)
tends to zero as u — oo and then n — oo.

Thus, it suffices to analyze the second term in (7.4). Reasoning again as
in the proof of Proposition 4.1, it suffices to show that

. . VI VI +m
[e] o — (e} u u Q_
(7.5) ulgroloE [SHEZ _DAuILHc}oEX"’V" {g(WhV..., Vi P%-a.s..
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Now to establish (7.5), introduce a further conditioning on %y, ;,, inside
E® [6,]-%#,]. Then by the nonlinear renewal theorem (Theorem 3.8) together
with Lemma 3.10,

1 ‘ { A(Xpa) O67"&4(‘7TA)
= (e} — U U 1
Dlw) Bt Vi ra(Vpa) ( (] ) <dA(VTA) i (Xpa) {utm<T{}

converges to D4 in P®probability. Then on {n < TA},
u

. VI VI +m>:|
lim E%[&,|.%#,] = lim E% D(u)— D d L,
A3 B BulZal = g B [( ) A>g<\vfu\ Vil
: Vi Vi +m>]
+ lim D4 E% ., P*-a.s.,
wmroo A X"’Vn{ (vu\ Vil

and the first term on the right-hand side vanishes by dominated convergence.
This completes the proof of (7.5) and hence the theorem. O

PROOF OF THEOREM 2.12. It suffices to show that

TA
. o IS |Vn‘ ma
imsup w'B, || 723 o (1o () ) = Bl pqnsn| =0

For simplicity, introduce the shorthand notation pg := Ea[g(Sl)] and
2 =305 9(log [Vj| — log [Vj—1]).

Let {e,}u>0 be a sequence such that €, = o(u) and &, T 0o as u — oc.
Let v, = v — &, and J,, = TA, and set By = maxyy (ro(z)/rqo(y)). Then
from a change of measure argument, we infer that

aE[ TA _“g‘l{Ti‘«} Vo = ”}
o (STA log u)
= Ta(U) Eg@ [W’TA Mg‘l{TA<T}]

1 1 A
u

<oz | 77

1
— ug” + B E§, [
u

] =1 (u) + I (u).

First consider Iy(u). Note |J, 157" — (Tf)_lZ{f] is bounded above by

11 TA —
i(z{u—z'{f>+ LR B R
Ju J, TA
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By Lemma 3.12, (J,/logu) — (XN ()™ and (T4 — J,)/logu) — 0 in
P*-probability. Hence, the term inside the expectation in Is(u) tends to
zero in P*-probability and furthermore is bounded above by 2|g|o.. Thus
lim sup,,_,, I2(u) = 0.

To study Ty (u), observe that |J; 'S — i, is bounded above by

o (1 (i) ) 5=

By Lemma 3.12, J, T oo a.s. as u — oo. The second term tends to zero
P%-a.s., by [10, Lemma 6.1]. Next, use the Lipschitz continuity of g to infer
that for some finite constant By, the first term is bounded above by

Ju

1
T

Ju
1
+ TE g (S — Sn—1) — tg| -
U =1

J
By
7 nzl <] log | V| — log [Vii—1| — (S, - sn_l)]).
Also, it follows directly from the definitions (as given in (2.5) and (3.9)) that
(7.6) ’log V| = Tog [Vi1| — (S — Sn_l)‘ = (1og 1Z,] — log |Zn_1|‘.

Now by Lemma 3.6, {|Z,|} converges a.s. to the proper random variable | Z|
(and thus forms a Cauchy sequence). Then by Césaro’s theorem,

J.
1 u
7.7 lim sup — log |Z,,| — log|Z,— ) =0 as.,
(7.7) u—>oopJu§:: 8| Zn| g [ Zn-1]
and we conclude by an application of Fatou’s lemma that lim sup,,_, . I1 (u) =
0 P*-a.s. This establishes (2.28). O
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