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Preface

Three years are gone since the first edition of the book has been published and at least
four classes of students at the Department of Chemistry, University of Copenhagen,
have tried to solve the exercises. Two classes, in particular, have been very dedicated
and could be convinced to help me with finally finishing the solution manual. I am
extremely thankful for their input and dedication and happy to share the authorship
of the solution manual with them.

While writing the solution manual we found of course several errors in the book.
All the corrections to these errors and errors, that I might find in the future in the
book or the solution manual, will be collected on my blogpost for the book at:
http://molecularelectromagnetism.blogspot.dk

Stephan P. A. Sauer
Copenhagen, February 2015
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Solutions to Chapter 2

2.1 We start by inserting the product trial solution for the time-dependent wavefunc-
tion, Eq. (2.4), in the time-dependent Schrödinger equation, Eq. (2.3)

Ĥ(0)
nuc,e |Φ(0)(R⃗, r⃗) ϑ(t)⟩ = ı~

∂

∂t
|Φ(0)(R⃗, r⃗) ϑ(t)⟩

which can be rearranged to

1

Φ(0)(R⃗, r⃗)
Ĥ(0)

nuc,e |Φ(0)(R⃗, r⃗)⟩ = ı~
ϑ(t)

∂

∂t
|ϑ(t)⟩

The left hand side depends now only on spatial coordinates, whereas the right
hand side depends only on time. Because both sides are equal for all values of
the variables they must be constant. We call the constant E(0) and obtain two
equations

1

Φ(0)(R⃗, r⃗)
Ĥ(0)

nuc,e |Φ(0)(R⃗, r⃗)⟩ = E(0)

and

E(0) =
ı~
ϑ(t)

∂

∂t
|ϑ(t)⟩

which can be rewritten as

Ĥ(0)
nuc,e |Φ(0)(R⃗, r⃗)⟩ = E(0)|Φ(0)(R⃗, r⃗)⟩

and

∂

∂t
|ϑ(t)⟩ = − ı

~
E(0)ϑ(t)

The first equation is the time-independent Schrödinger equation, Eq. (2.5),
whereas the latter is the eigenvalue equation for the time-dependent phase factor
ϑ(t), with the solution

ϑ(t) = e
−ı
~ E(0)t



2 Solutions to Chapter 2

2.2 When we insert the trial-solution Φ
(0)
n,vJ(R⃗, r⃗) = Ψ

(0)
n (r⃗; R⃗) Θ

(0)
v,J(R⃗), Eq. (2.11),

in the total time-independent Schrödinger equation, Eq. (2.5), we obtain

Θ
(0)
v,J

 1

2me

N∑
i

ˆ⃗p 2
i +

e2

4πϵ0

∑
i<j

1

|r⃗i − r⃗j |
− e2

4πϵ0

NM∑
iK

ZK

|r⃗i − R⃗K |

+
e2

4πϵ0

∑
K<L

ZKZL

|R⃗K − R⃗L|

}
Ψ(0)

n

+ Ψ(0)
n

1

2

M∑
K

ˆ⃗p 2
K

mK
Θ

(0)
v,J + Θ

(0)
v,J

1

2

M∑
K

ˆ⃗p 2
K

mK
Ψ(0)

n +
M∑
K

1

mK
(ˆ⃗p KΨ(0)

n ) · (ˆ⃗p KΘ
(0)
v,J)

= E
(0)
n,v,JΨ

(0)
n Θ

(0)
v,J

Using that Ψ
(0)
n (r⃗; R⃗) is the solution of the electronic Schrödinger equation

(including the nuclear repulsion), Eq. (2.10), we can rewrite the first parenthe-

sis of the left hand side as E
(0)
n (R⃗) Ψ

(0)
n (r⃗; R⃗) and combine it with the second

parenthesis of the left hand side

Ψ(0)
n

{
1

2

M∑
K

ˆ⃗p 2
K

mK
+ E(0)

n (R⃗)

}
Θ

(0)
v,J

+ Θ
(0)
v,J

1

2

M∑
K

ˆ⃗p 2
K

mK
Ψ(0)

n +
M∑
K

1

mK
(ˆ⃗p KΨ(0)

n ) · (ˆ⃗p KΘ
(0)
v,J) = E

(0)
n,v,JΨ

(0)
n Θ

(0)
v,J

Comparison with the nuclear Schrödinger equation, Eq. (2.12), shows that the
terms which are neglected in the Born-Oppenheimer approximation are given as

Θ
(0)
v,J

1

2

M∑
K

ˆ⃗p 2
K

mK
Ψ(0)

n +
M∑
K

1

mK
(ˆ⃗p KΨ(0)

n ) · (ˆ⃗p KΘ
(0)
v,J)

They involve the first and second derivative of the electronic wavefunction with
respect to the nuclear coordinates weighted by the corresponding nuclear masse
mK .

2.3 Starting from

∂ρel(r⃗1, t)

∂t
= −eN ∂

∂t

∫
r⃗2

· · ·
∫
r⃗N

∣∣∣Ψ(0)
k (r⃗1, r⃗2, · · · , r⃗N , t)

∣∣∣ 2 dr⃗2 · · · dr⃗N

we take the time-derivative of the probability density

∂ρel(r⃗1, t)

∂t
= −eN

∫
r⃗2

· · ·
∫
r⃗N

{
∂Ψ

(0)∗
k ({r⃗i}, t)
∂t

Ψ
(0)
k ({r⃗i}, t)

+Ψ
(0)∗
k ({r⃗i}, t)

∂Ψ
(0)
k ({r⃗i}, t)
∂t

}
dr⃗2 · · · dr⃗N



Solutions to Chapter 2 3

The time derivative of the wavefunction and its complex conjugate is given by
the time-dependent Schrödinger equation Eq. (2.13) leading to

∂ρel(r⃗1, t)

∂t
= − ıeN

2me~

∫
r⃗2

· · ·
∫
r⃗N

{
Ψ

(0)
k ({r⃗i}, t)Ĥ(0)Ψ

(0)∗
k ({r⃗i}, t)

−Ψ
(0)∗
k ({r⃗i}, t)Ĥ(0)Ψ

(0)
k ({r⃗i}, t)

}
dr⃗2 · · · dr⃗N

All potential energy terms in the Hamiltonian are multiplicative operators and can
therefore be moved in front of the product of the two wavefunctions. Consequently
these contributions cancel and we are left with the kinetic energy terms

∂ρel(r⃗1, t)

∂t
= − ıeN

2me~

∫
r⃗2

· · ·
∫
r⃗N

{
Ψ

(0)
k ({r⃗i}, t)

N∑
i=1

ˆ⃗p 2
iΨ

(0)∗
k ({r⃗i}, t)

−Ψ
(0)∗
k ({r⃗i}, t)

N∑
i=1

ˆ⃗p 2
iΨ

(0)
k ({r⃗i}, t)

}
dr⃗2 · · · dr⃗N

2.4 We start by rewriting the second part of the integral in Eq. (2.26) in the following
way ∫

r⃗2

· · ·
∫
r⃗N

Ψ
(0)∗
k ({r⃗i}, t)

N∑
i=1

ˆ⃗p 2
iΨ

(0)
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

=

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)∗
k ({r⃗i}, t)ˆ⃗p 2

1Ψ
(0)
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

+

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)∗
k ({r⃗i}, t)

N∑
i=2

ˆ⃗p 2
iΨ

(0)
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

and correspondingly for the first part∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)
k ({r⃗i}, t)

N∑
i=1

ˆ⃗p 2
iΨ

(0)∗
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

=

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)
k ({r⃗i}, t)ˆ⃗p 2

1Ψ
(0)∗
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

+

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)
k ({r⃗i}, t)

N∑
i=2

ˆ⃗p 2
iΨ

(0)∗
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

=

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)
k ({r⃗i}, t)ˆ⃗p 2

1Ψ
(0)∗
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

+

(∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)∗
k ({r⃗i}, t)

N∑
i=2

ˆ⃗p 2
iΨ

(0)
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

)∗
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where the last equal sign is a consequence of the fact that for a given value of
r⃗1 the second integral is just an integral over an hermitian operator for a N − 1
electron system. The expectation value of

∑N
i=2

ˆ⃗p 2
i , however, is real and we can

therefore write it as∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)
k ({r⃗i}, t)

N∑
i=1

ˆ⃗p 2
iΨ

(0)∗
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

=

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)
k ({r⃗i}, t)ˆ⃗p 2

1Ψ
(0)∗
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

+

∫
r⃗2

· · ·
∫
r⃗N

Ψ
(0)∗
k ({r⃗i}, t)

N∑
i=2

ˆ⃗p 2
iΨ

(0)
k ({r⃗i}, t) dr⃗2 · · · dr⃗N

which is the same integral over the
∑N

i=2
ˆ⃗p 2
i as in the second contribution to Eq.

(2.26). These two contributions cancel therefore and we are left with

∂ρel(r⃗1, t)

∂t
=

−ıeN
2me~

∫
r⃗2

· · ·
∫
r⃗N

{
Ψ

(0)
k ({r⃗i}, t)ˆ⃗p 2

1Ψ
(0)∗
k ({r⃗i}, t)

−Ψ
(0)∗
k ({r⃗i}, t)ˆ⃗p 2

1Ψ
(0)
k ({r⃗i}, t)

}
dr⃗2 · · · dr⃗N

2.5 We have to show that the change of the scalar and vector potentials according to

ϕ E(r⃗, t) → ϕ E ′
(r⃗, t) = ϕ E(r⃗, t)− ∂χ(r⃗, t)

∂t

A⃗B(r⃗, t) → A⃗B′
(r⃗, t) = A⃗B(r⃗, t) + ∇⃗χ(r⃗, t)

will leave the electric field E⃗(r⃗, t) and the magnetic induction B⃗(r⃗, t) unchanged.
Inserting the gauge transformed potentials in the expressions for the fields, Eqs.
(2.33) and (2.34) gives

E⃗ ′(r⃗, t) = −∇⃗ϕE
′
(r⃗, t)− ∂A⃗B′

(r⃗, t)

∂t

= −∇⃗
(
ϕ E(r⃗, t)− ∂χ(r⃗, t)

∂t

)
−
∂
(
A⃗B(r⃗, t) + ∇⃗χ(r⃗, t)

)
∂t

B⃗ ′(r⃗, t) = ∇⃗ × A⃗B′
(r⃗, t)

= ∇⃗ ×
(
A⃗B(r⃗, t) + ∇⃗χ(r⃗, t)

)
If we now expand the gradients and curls we get

E⃗ ′(r⃗, t) = −∇⃗ϕ E(r⃗, t) + ∇⃗∂χ(r⃗, t)

∂t
− ∂A⃗B(r⃗, t)

∂t
− ∂∇⃗χ(r⃗, t)

∂t
= E⃗(r⃗, t)

B⃗ ′(r⃗, t) = ∇⃗ × A⃗B(r⃗, t) + ∇⃗ × ∇⃗χ(r⃗, t) = B⃗(r⃗, t)
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because the curl of a gradient vanishes, ∇⃗ × ∇⃗χ(r⃗, t) = 0, and the partial
derivatives with respect to time and spatial coordinates can be interchanged,

∇⃗∂χ(r⃗, t)

∂t
=
∂∇⃗χ(r⃗, t)

∂t

2.6 The task is to show that on insertion of the Lagrangian

L(r⃗, v⃗, t) = mev⃗
2

2
+ e ϕ E(r⃗, t)− e v⃗ · A⃗ B(r⃗, t)

in the (Euler)-Lagrange equations

d

dt

[
∂L
∂vx

]
− ∂L
∂rx

= 0

we can recover the Newton’s second law, Eq. (2.50), where the force F⃗ is the
Lorentz force, Eq. (2.43), i.e. we should obtain Eq. (2.51). The (Euler)-Lagrange
equations are a set of equations, one for each coordinate. Here we will restrict
ourselves to only one coordinate which we choose to be the cartesian coordinate x.
Therefore we should recover the equation relating the x component of the velocity
to the x component of the Lorentz force.

Let us start with the second term in the (Euler)-Lagrange equations, Eq.
(2.49). For the x-component we obtain

∂L
∂rx

= e
∂ϕ E(r⃗, t)

∂rx
− e

(
vx
∂AB

x (r⃗, t)

∂rx
+ vy

∂AB
y (r⃗, t)

∂rx
+ vz

∂AB
z (r⃗, t)

∂rx

)

For the corresponding first term we get

d

dt

(
∂L
∂vx

)
=

d

dt

(
mevx − eAB

x (r⃗, t)
)

= me
dvx
dt

− e
dAB

x (r⃗, t)

dt

= me
dvx
dt

− e

(
∂AB

x (r⃗, t)

∂t
+
∂AB

x (r⃗, t)

∂rx

∂rx
∂t

+
∂AB

x (r⃗, t)

∂ry

∂ry
∂t

+
∂AB

x (r⃗, t)

∂rz

∂rz
∂t

)
= me

dvx
dt

− e

(
∂AB

x (r⃗, t)

∂t
+
∂AB

x (r⃗, t)

∂rx
vx +

∂AB
x (r⃗, t)

∂ry
vy +

∂AB
x (r⃗, t)

∂rz
vz

)
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Combining the two terms we obtain

me
dvx
dt

− e

(
∂AB

x (r⃗, t)

∂t
+
∂AB

x (r⃗, t)

∂rx
vx +

∂AB
x (r⃗, t)

∂ry
vy +

∂AB
x (r⃗, t)

∂rz
vz

)

− e
∂ϕ E(r⃗, t)

∂rx
+ e

(
vx
∂AB

x (r⃗, t)

∂rx
+ vy

∂AB
y (r⃗, t)

∂rx
+ vz

∂AB
z (r⃗, t)

∂rx

)
= 0

After some re-arrangement we can write

me
dvx
dt

= e
∂ϕ E(r⃗, t)

∂rx
+ e

∂AB
x (r⃗, t)

∂t

− e

{
vy

(
∂AB

y (r⃗, t)

∂rx
− ∂AB

x (r⃗, t)

∂ry

)
− vz

(
∂AB

x (r⃗, t)

∂rz
− ∂AB

z (r⃗, t)

∂rx

)}

which is the x-component of Eq. (2.51).

2.7 Any vector field F⃗ (r⃗, t) can be separated in two components

F⃗ (r⃗, t) = F⃗T (r⃗, t) + F⃗L(r⃗, t)

where F⃗T (r⃗, t) and F⃗L(r⃗, t) are the transverse and longitudinal components which
are defined by the following relations

∇⃗ · F⃗T (r⃗, t) = 0

∇⃗ × F⃗L(r⃗, t) = 0

Choosing the Coulomb gauge ∇ · A⃗ for the vector potential implies therefore
that the vector potential A⃗ is transverse, i.e. A⃗ = A⃗T because the transverse
component has no divergences per definition and the divergence of the longitudinal
component vanishes only if A⃗L = 0. However from the relation between the
magnetic induction B⃗ and the vector potential we can see that

B⃗ = ∇⃗ × A⃗ B

= ∇⃗ ×
(
A⃗ B

T + A⃗ B
L

)
= ∇⃗ × A⃗ B

T + ∇⃗ × A⃗ B
L

However the last term is zero due to the definition of the longitudinal component
and therefore we can conclude that

B⃗ = ∇⃗ × A⃗ B
T

and that the longitudinal component of the vector potential, A⃗ B
L, does not con-

tribute to the magnetic field. It can therefore be set to zero without loss of
generality.
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However in a time-dependent case the vector potential contributes also to the
electric field

E⃗ = −∇⃗ϕ E − ∂A⃗ B

∂t

= −∇⃗ϕ E − ∂A⃗ B
L

∂t
− ∂A⃗ B

T

∂t

The contribution from the scalar potential ϕ E is purely longitudinal because the
curl of a gradient (∇⃗ × ∇⃗ϕ E = 0) vanishes. The two components of the electric
field are therefore in general given as

E⃗L = −∇⃗ϕ E − ∂A⃗ B
L

∂t

E⃗T = −∂A⃗
B
T

∂t

The Coulomb gauge, ∇ · A⃗ and thus A⃗ = A⃗T implies that the vector potential
contributes only to the transverse component of the electric field

E⃗L = −∇⃗ϕ E

E⃗T = −∂A⃗
B
T

∂t

Thus, the two components of the electric field are nicely separated in the Coulomb
gauge.

2.8 We proceed like in exercise 2.7. The Lagrangian is now given as

L(r⃗, v⃗, t) = −me c
2

√
1− v⃗ 2

c2
+ e ϕ E(r⃗, t)− e v⃗ · A⃗ B(r⃗, t)

The second term in the (Euler)-Lagrange equations is therefore the same as in
the non-relativistic case (exercise 2.7). However, the first term reads now

d

dt

(
∂L
∂vx

)
=

d

dt

 mevx√
1− v⃗ 2

c2

− eAB
x (r⃗, t)


=

d

dt

mevx√
1− v⃗ 2

c2

− e
dAB

x (r⃗, t)

dt

=
d

dt

mevx√
1− v⃗ 2

c2

− e

(
∂AB

x (r⃗, t)

∂t
+
∂AB

x (r⃗, t)

∂rx

∂rx
∂t

+
∂AB

x (r⃗, t)

∂ry

∂ry
∂t

+
∂AB

x (r⃗, t)

∂rz

∂rz
∂t

)
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or

d

dt

(
∂L
∂vx

)
=

d

dt

mevx√
1− v⃗ 2

c2

− e

(
∂AB

x (r⃗, t)

∂t
+
∂AB

x (r⃗, t)

∂rx
vx +

∂AB
x (r⃗, t)

∂ry
vy +

∂AB
x (r⃗, t)

∂rz
vz

)
Combining the two terms we obtain

d

dt

mevx√
1− v⃗ 2

c2

− e

(
∂AB

x (r⃗, t)

∂t
+
∂AB

x (r⃗, t)

∂rx
vx +

∂AB
x (r⃗, t)

∂ry
vy +

∂AB
x (r⃗, t)

∂rz
vz

)

− e
∂ϕ E(r⃗, t)

∂rx
+ e

(
vx
∂AB

x (r⃗, t)

∂rx
+ vy

∂AB
y (r⃗, t)

∂rx
+ vz

∂AB
z (r⃗, t)

∂rx

)
= 0

and after some re-arrangement we can write

d

dt

mevx√
1− v⃗ 2

c2

= e
∂ϕ E(r⃗, t)

∂rx
+ e

∂AB
x (r⃗, t)

∂t

− e

{
vy

(
∂AB

y (r⃗, t)

∂rx
− ∂AB

x (r⃗, t)

∂ry

)
− vz

(
∂AB

x (r⃗, t)

∂rz
− ∂AB

z (r⃗, t)

∂rx

)}
which is the x-component of Eq. (2.64).

2.9 Inserting the relativistic canonical momentum, Eq. (2.67), and the relativistic
Lagrangian, Eq. (2.66), in the expression for the classical Hamiltonian, Eq. (2.54),
gives

H(r⃗, p⃗, t)

=

 me v⃗√
1− v⃗ 2

c2

− e A⃗ B(r⃗, t)

 · v⃗ +me c
2

√
1− v⃗ 2

c2
− e ϕ E(r⃗, t) + e v⃗ · A⃗ B(r⃗, t)

=
me v⃗

2√
1− v⃗ 2

c2

+me c
2

√
1− v⃗ 2

c2
− e ϕ E(r⃗, t)

=
me v⃗

2 +me c
2
(
1− v⃗ 2

c2

)
√

1− v⃗ 2

c2

− e ϕ E(r⃗, t)

=
me c

2√
1− v⃗ 2

c2

− e ϕ E(r⃗, t)

However, we cannot make the transition to quantum mechanics from this Hamil-
tonian because it is written in terms of the velocity and not the canonical
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momentum. Using the expression for the canonical momentum, Eq. (2.67), we
can eliminate the velocity. Before doing so we have to rearrange the expression
and square it on both sides(

H(r⃗, p⃗, t) + e ϕ E(r⃗, t)
)2

=
m2

e c
4

1− v⃗ 2

c2

The right hand side can also be written as(
H(r⃗, p⃗, t) + e ϕ E(r⃗, t)

)2
= m2

e c
4 +

m2
e c

2 v⃗ 2

1− v⃗ 2

c2

When we also rearrange and square the expression for the canonical momentum,
Eq. (2.67), we obtain (

p⃗+ e A⃗ B(r⃗, t)
)2

=
m2

e v⃗
2

1− v⃗ 2

c2

and can therefore identify the second term of the right hand side of the previous
equation as

m2
e c

2 v⃗ 2

1− v⃗ 2

c2

= c2
(
p⃗+ e A⃗ B(r⃗, t)

)2
The Hamiltonian becomes therefore

H(r⃗, p⃗, t) =

√
m2

e c
4 + c2

(
p⃗+ e A⃗ B(r⃗, t)

)2
− e ϕ E(r⃗, t)

2.10 In order to show that

α2
µ = β2 =

(
I 0
0 I

)
for µ = x, y, z

αµαν +αναµ =

(
0 0
0 0

)
for µ ̸= ν

αµβ + βαµ =

(
0 0
0 0

)
for µ = x, y, z

we make use of the commutator and anti-commutator relations of the Pauli spin
matrices

[σi,σj ] = 2 ı ϵijk σk or σiσj = ı ϵijk σk

and
[σi,σj ]+ = 2 δij I or σiσi = I

where ϵijk is the Levi-Civita symbol [?].
We obtain then for

α2
µ =

(
0 σµ

σµ 0

)(
0 σµ

σµ 0

)
=

(
σ2

µ 0
0 σ2

µ

)
=

(
I 0
0 I

)

β2 =

(
I 0
0 −I

)(
I 0
0 −I

)
=

(
I 0
0 I

)
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αµαν +αναµ =

(
0 σµ

σµ 0

)(
0 σν

σν 0

)
+

(
0 σν

σν 0

)(
0 σµ

σµ 0

)
=

(
σµσν 0
0 σµσν

)
+

(
σνσµ 0
0 σνσµ

)
=

(
[σµ,σν ]+ 0

0 [σµ,σν ]+

)
=

(
0 0
0 0

)

αµβ + βαµ =

(
0 σµ

σµ 0

)(
I 0
0 −I

)
+

(
I 0
0 −I

)(
0 σµ

σµ 0

)
=

(
0 −σµ

σµ 0

)
+

(
0 σµ

−σµ 0

)
=

(
0 0
0 0

)
2.11 ( ∑

α=x,y,z

σαĈα

) ∑
β=x,y,z

σβD̂β

 = σxĈxσxD̂x + σxĈxσyD̂y + σxĈxσzD̂z

+ σyĈyσxD̂x + σyĈyσyD̂y + σyĈyσzD̂z

+ σzĈzσxD̂x + σzĈzσyD̂y + σzĈzσzD̂z

Using that [σα, Ĉβ ] = 0 and [σα, D̂β ] = 0 we obtain

= σ2
xĈxD̂x + σxσyĈxD̂y + σxσzĈxD̂z

+ σyσxĈyD̂x + σ2
yĈyD̂y + σyσzĈyD̂z + σzσxĈzD̂x + σzσyĈzD̂y + σ2

zĈzD̂z

Using that σiσj = ı ϵijk σk and σiσi = I we can write

= I ĈxD̂x + I ĈyD̂y + I ĈzD̂z

+ ıσx

(
ĈyD̂z − ĈzD̂y

)
+ ıσy

(
ĈzD̂x − ĈxD̂z

)
+ ıσz

(
ĈxD̂y − ĈyD̂x

)
=
(
ˆ⃗
C · ˆ⃗D

)
I + ı

∑
α=x,y,z

σα

(
ˆ⃗
C × ˆ⃗

D
)
α

2.12 We will show that

ˆ⃗∇×
(
ˆ⃗
Cψ
)
= − ˆ⃗

C × ˆ⃗∇ψ +
(
ˆ⃗∇× ˆ⃗

C
)
ψ

for the x-component:[
ˆ⃗∇×

(
ˆ⃗
Cψ
)]

x
=

∂

∂y

(
Ĉzψ

)
− ∂

∂z

(
Ĉyψ

)
=

(
∂

∂y
Ĉz

)
ψ + Ĉz

∂

∂y
ψ −

(
∂

∂z
Ĉy

)
ψ − Ĉy

∂

∂z
ψ

=
[
ˆ⃗∇× ˆ⃗

C
]
x
ψ −

[
ˆ⃗
C × ˆ⃗∇ψ

]
x
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2.13 Using equation Eq. (2.90) we can rewrite( ∑
α=x,y,z

σα

(
p̂α + e ÂB

α(r⃗)
))( ∑

α=x,y,z

σα

(
p̂α + e ÂB

α(r⃗)
))

|ψ̄L⟩

as ((
ˆ⃗p+ e

ˆ⃗
AB(r⃗)

)2
+ ı

∑
α=x,y,z

σα

[(
ˆ⃗p+ e

ˆ⃗
AB(r⃗)

)
×
(
ˆ⃗p+ e

ˆ⃗
AB(r⃗)

)]
α

)
|ψ̄L⟩

On expansion of the cross product we obtain((
ˆ⃗p+ e

ˆ⃗
AB(r⃗)

)2
+ ı

∑
α=x,y,z

σα

[
e ˆ⃗p× ˆ⃗

AB(r⃗) + e
ˆ⃗
AB(r⃗)× ˆ⃗p

]
α

)
|ψ̄L⟩

because the cross product of a vector with itself is zero. Since ˆ⃗p = −ı~ ˆ⃗∇, we can
make use of Eq. (2.91) and obtain((

ˆ⃗p+ e
ˆ⃗
AB(r⃗)

)2
+ ~e

∑
α=x,y,z

σα

[
− ˆ⃗
AB(r⃗)× ˆ⃗∇+

(
ˆ⃗∇× ˆ⃗

AB(r⃗)
)
+

ˆ⃗
AB(r⃗)× ˆ⃗∇

]
α

)
|ψ̄L⟩

or ((
ˆ⃗p+ e

ˆ⃗
AB(r⃗)

)2
+ ~e

∑
α=x,y,z

σα

(
ˆ⃗∇× ˆ⃗

AB(r⃗)
)
α

)
|ψ̄L⟩

2.14 In order to proof that we let
(
Ĥ − ı~ ∂

∂t

)
act on eı

e
~χ(r⃗,t)|ψ(t)⟩. This should then

give eı
e
~χ(r⃗,t)

(
Ĥ ′ − ı~ ∂

∂t

)
|ψ(t)⟩. Let us therefore start with Ĥeı

e
~χ(r⃗,t)|ψ(t)⟩

Ĥeı
e
~χ(r⃗,t)|ψ(t)⟩ =

{
1

2me

(
ˆ⃗p+ e

ˆ⃗
A B(r⃗, t)

)2
− e ϕ̂E(r⃗, t)

}
eı

e
~χ(r⃗,t)|ψ(t)⟩

Inserting the expression for the canonical momentum operator, expanding the
outermost parenthesis and expanding the square we can write

=
1

2me

(
−ı~ ˆ⃗∇+ e

ˆ⃗
A B(r⃗, t)

)(
−ı~ ˆ⃗∇+ e

ˆ⃗
A B(r⃗, t)

)
eı

e
~χ(r⃗,t)|ψ(t)⟩

− eı
e
~χ(r⃗,t) e ϕ̂E(r⃗, t)|ψ(t)⟩

Letting the right parenthesis act on the transformed wavefunction gives

=
1

2me

(
−ı~ ˆ⃗∇+ e

ˆ⃗
A B(r⃗, t)

)
eı

e
~χ(r⃗,t)

(
e
ˆ⃗∇χ(r⃗, t)− ı~ ˆ⃗∇+ e

ˆ⃗
A B(r⃗, t)

)
|ψ(t)⟩

− eı
e
~χ(r⃗,t) e ϕ̂E(r⃗, t)|ψ(t)⟩
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Expansion of the left parenthesis gives

= − 1

2me
ı~ ˆ⃗∇eı e

~χ(r⃗,t)
(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

|ψ(t)⟩

+ eı
e
~χ(r⃗,t) 1

2me
e
ˆ⃗
A B(r⃗, t)

(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

|ψ(t)⟩

− eı
e
~χ(r⃗,t) e ϕ̂E(r⃗, t)|ψ(t)⟩

Application of the gradient operator in the first line gives

= eı
e
~χ(r⃗,t) 1

2me
e
ˆ⃗∇χ(r⃗, t)

(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

|ψ(t)⟩

− eı
e
~χ(r⃗,t) 1

2me
ı~ ˆ⃗∇

(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

|ψ(t)⟩

+ eı
e
~χ(r⃗,t) 1

2me
e
ˆ⃗
A B(r⃗, t)

(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

|ψ(t)⟩

− eı
e
~χ(r⃗,t) e ϕ̂E(r⃗, t)|ψ(t)⟩

Collecting terms we obtain

= eı
e
~χ(r⃗,t) 1

2me

(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

·
(
−ı~ ˆ⃗∇+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))

|ψ(t)⟩

− eı
e
~χ(r⃗,t) e ϕ̂E(r⃗, t)|ψ(t)⟩

or finally

Ĥeı
e
~χ(r⃗,t)|ψ(t)⟩ = eı

e
~χ(r⃗,t)

{
1

2me

(
ˆ⃗p+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))2

− e ϕ̂E(r⃗, t)

}
|ψ(t)⟩

Now we have to apply −ı~ ∂
∂t to eı

e
~χ(r⃗,t)|ψ(t)⟩

−ı~ ∂
∂t
eı

e
~χ(r⃗,t)|ψ(t)⟩ = eı

e
~χ(r⃗,t)e

∂χ(r⃗, t)

∂t
|ψ(t)⟩ − ı~eı

e
~χ(r⃗,t) ∂

∂t
|ψ(t)⟩

Combined with the previous results we obtain(
Ĥ − ı~

∂

∂t

)
eı

e
~χ(r⃗,t)|ψ(t)⟩=eı e

~χ(r⃗,t)

{
1

2me

(
ˆ⃗p+ e

(
ˆ⃗
A B(r⃗, t) +

ˆ⃗∇χ(r⃗, t)
))2

− e

(
ϕ̂E(r⃗, t)− ∂χ(r⃗, t)

∂t

)
− ı~

∂

∂t

}
|ψ(t)⟩

= eı
e
~χ(r⃗,t)

(
Ĥ ′ − ı~

∂

∂t

)
|ψ(t)⟩
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2.15 We have to proof two things. First that

⟨ψ′ | ˆ⃗π′ |ψ′⟩ = ⟨e−ı e
~χ(r⃗)ψ |e−ı e

~χ(r⃗) ˆ⃗π eı
e
~χ(r⃗) |e−ı e

~χ(r⃗)ψ⟩

= ⟨ψ |eı e
~χ(r⃗)e−ı e

~χ(r⃗) ˆ⃗π eı
e
~χ(r⃗)e−ı e

~χ(r⃗) |ψ⟩ = ⟨ψ | ˆ⃗π |ψ⟩

which is hereby already shown, and secondly that

ˆ⃗π′ = e−ı e
~χ(r⃗) ˆ⃗π eı

e
~χ(r⃗) = ˆ⃗p+ e

(
ˆ⃗
A B(r⃗) +

ˆ⃗∇χ(r⃗)
)

The proof is completely analog to the solution to exercise 2.14.

ˆ⃗π eı
e
~χ(r⃗)|ψ⟩ =

(
ˆ⃗p+ e

ˆ⃗
A B(r⃗)

)
eı

e
~χ(r⃗)|ψ⟩

Inserting the expression for the canonical momentum operator we can write

ˆ⃗π eı
e
~χ(r⃗)|ψ⟩ =

(
−ı~ ˆ⃗∇+ e

ˆ⃗
A B(r⃗)

)
eı

e
~χ(r⃗)|ψ⟩

= eı
e
~χ(r⃗)

(
e
ˆ⃗∇χ(r⃗)− ı~ ˆ⃗∇+ e

ˆ⃗
A B(r⃗)

)
|ψ⟩

= eı
e
~χ(r⃗)

(
ˆ⃗p+ e

(
ˆ⃗
A B(r⃗) +

ˆ⃗∇χ(r⃗)
))

|ψ⟩
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3.1 Projecting

| Ψ(m)
0 (F⃗)⟩ =

∑
l ̸=0

|Ψ(0)
l ⟩ C(m)

l0 (F⃗)

on the unperturbed bra ⟨Ψ(0)
n |, now for a change, we obtain

⟨Ψ(0)
n | Ψ(m)

0 (F⃗)⟩ =
∑
l ̸=0

⟨Ψ(0)
n | Ψ(0)

l ⟩ C(m)
l0 (F⃗)

But the unperturbed wavefunctions |Ψ(0)
l ⟩ are orthonormalized

⟨Ψ(0)
n | Ψ(0)

l ⟩ = δnl

and thus

⟨Ψ(0)
n | Ψ(m)

0 (F⃗)⟩ =
∑
l ̸=0

δnl C
(m)
l0 (F⃗) = C

(m)
n0 (F⃗)

3.2 Projecting the first-order equation

Ĥ(0)|Ψ(1)
0 (F⃗)⟩+ Ĥ(1)|Ψ(0)

0 ⟩ = E
(0)
0 |Ψ(1)

0 (F⃗)⟩+ E
(1)
0 (F⃗)|Ψ(0)

0 ⟩

again but now on the unperturbed bra ⟨Ψ(0)
n | we obtain

⟨Ψ(0)
n |Ĥ(0) |Ψ(1)

0 (F⃗)⟩+⟨Ψ(0)
n |Ĥ(1) |Ψ(0)

0 ⟩

= E
(0)
0 ⟨Ψ(0)

n | Ψ(1)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

n | Ψ(0)
0 ⟩

Using again that the unperturbed wavefunctions |Ψ(0)
n ⟩ are orthogonal and

eigenfunctions of Ĥ(0) we can write

E(0)
n ⟨Ψ(0)

n | Ψ(1)
0 (F⃗)⟩+ ⟨Ψ(0)

n |Ĥ(1) |Ψ(0)
0 ⟩ = E

(0)
0 ⟨Ψ(0)

n | Ψ(1)
0 (F⃗)⟩

or

⟨Ψ(0)
n |Ĥ(1) |Ψ(0)

0 ⟩ =
(
E

(0)
0 − E(0)

n

)
⟨Ψ(0)

n | Ψ(1)
0 (F⃗)⟩

But ⟨Ψ(0)
n | Ψ(1)

0 (F⃗)⟩ = C
(1)
n0 (F⃗) according to Exercise 3.1 and for E

(0)
0 ̸= E

(0)
n we

obtain thus

C
(1)
n0 (F⃗) =

⟨Ψ(0)
n |Ĥ(1) |Ψ(0)

0 ⟩
E

(0)
0 − E

(0)
n
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3.3 First, we determine the second-order coefficients. The second-order equation reads

Ĥ(0)|Ψ(2)
0 (F⃗)⟩+ Ĥ(1)|Ψ(1)

0 (F⃗)⟩+ Ĥ(2)|Ψ(0)
0 ⟩ = E

(0)
0 |Ψ(2)

0 (F⃗)⟩+ E
(1)
0 (F⃗)|Ψ(1)

0 ⟩

+ E
(2)
0 (F⃗)|Ψ(0)

0 ⟩

Projecting onto an unperturbed state ⟨Ψ(0)
n | gives

⟨Ψ(0)
n |Ĥ(0)|Ψ(2)

0 (F⃗)⟩+ ⟨Ψ(0)
n |Ĥ(1)|Ψ(1)

0 (F⃗)⟩+ ⟨Ψ(0)
n |Ĥ(2)|Ψ(0)

0 ⟩

= E
(0)
0 ⟨Ψ(0)

n |Ψ(2)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

n |Ψ(1)
0 ⟩+ E

(2)
0 (F⃗)⟨Ψ(0)

n |Ψ(0)
0 ⟩

which reduces to

E(0)
n ⟨Ψ(0)

n |Ψ(2)
0 (F⃗)⟩+ ⟨Ψ(0)

n |Ĥ(1)|Ψ(1)
0 (F⃗)⟩+ ⟨Ψ(0)

n |Ĥ(2)|Ψ(0)
0 ⟩

= E
(0)
0 ⟨Ψ(0)

n |Ψ(2)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

n |Ψ(1)(F⃗)
0 ⟩

by applying the Hermiticity of the unperturbed Hamiltonian and the orthonor-
mality of the unperturbed eigenfunctions. Inserting the expansions for the first-
and second-order corrections to the wavefunction, Eq. (3.23), gives

E(0)
n

∑
m ̸=0

⟨Ψ(0)
n |Ψ(0)

m ⟩C(2)
m0(F⃗) +

∑
k ̸=0

⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

k ⟩C(1)
k0 (F⃗) + ⟨Ψ(0)

n |Ĥ(2)|Ψ(0)
0 ⟩

= E
(0)
0

∑
m ̸=0

⟨Ψ(0)
n |Ψ(0)

m ⟩C(2)
m0(F⃗) + E

(1)
0 (F⃗)

∑
k ̸=0

⟨Ψ(0)
n |Ψ(0)

k ⟩C(1)
k0 (F⃗)

or

E(0)
n

∑
m ̸=0

δnmC
(2)
m0(F⃗) +

∑
k ̸=0

⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

k ⟩C(1)
k0 (F⃗) + ⟨Ψ(0)

n |Ĥ(2)|Ψ(0)
0 ⟩

= E
(0)
0

∑
m ̸=0

δnmC
(2)
m0(F⃗) + E

(1)
0 (F⃗)

∑
k ̸=0

δnkC
(1)
k0 (F⃗)

and finally

E(0)
n C

(2)
n0 (F⃗) +

∑
k ̸=0

⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

k ⟩C(1)
k0 (F⃗) + ⟨Ψ(0)

n |Ĥ(2)|Ψ(0)
0 ⟩

= E
(0)
0 C

(2)
n0 (F⃗) + E

(1)
0 (F⃗)C

(1)
n0 (F⃗)

The second-order coefficients therefore become

C
(2)
n0 (F⃗) =

⟨Ψ(0)
n |Ĥ(2)|Ψ(0)

0 ⟩ − E
(1)
0 (F⃗)C

(1)
n0 (F⃗)

(E
(0)
0 − E

(0)
n )

+
∑
k ̸=0

⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

k ⟩C(1)
k0 (F⃗)

(E
(0)
0 − E

(0)
n )

As we show in Exercise 3.4, the first-order correction to the energy can be writ-
ten as an expectation value of the first-order perturbation Hamiltonian over the
unperturbed wavefunction

E
(1)
0 (F⃗) = ⟨Ψ(0)

0 |Ĥ(1)|Ψ(0)
0 ⟩
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Inserting the first-order correction to the energy and the first-order coefficients
yields

C
(2)
n0 (F⃗) =

⟨Ψ(0)
n |Ĥ(2)|Ψ(0)

0 ⟩
E

(0)
0 − E

(0)
n

− ⟨Ψ(0)
0 |Ĥ(1)|Ψ(0)

0 ⟩⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

0 ⟩
(E

(0)
0 − E

(0)
n )2

+
∑
k ̸=0

⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

k ⟩⟨Ψ(0)
k |Ĥ(1)|Ψ(0)

0 ⟩
(E

(0)
0 − E

(0)
n )(E

(0)
0 − E

(0)
k )

The second-order correction to the wavefunction therefore becomes thus

|Ψ(2)
0 (F⃗)⟩ =

∑
n̸=0

|Ψ(0)
n ⟩

[
⟨Ψ(0)

n |Ĥ(2)|Ψ(0)
0 ⟩

E
(0)
0 − E

(0)
n

− ⟨Ψ(0)
0 |Ĥ(1)|Ψ(0)

0 ⟩⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

0 ⟩
(E

(0)
0 − E

(0)
n )2

+
∑
k ̸=0

⟨Ψ(0)
n |Ĥ(1)|Ψ(0)

k ⟩⟨Ψ(0)
k |Ĥ(1)|Ψ(0)

0 ⟩
(E

(0)
0 − E

(0)
n )(E

(0)
0 − E

(0)
k )


3.4 Projecting the first-order equation

Ĥ(0)|Ψ(1)
0 (F⃗)⟩+ Ĥ(1)|Ψ(0)

0 ⟩ = E
(0)
0 |Ψ(1)

0 (F⃗)⟩+ E
(1)
0 (F⃗)|Ψ(0)

0 ⟩

on the unperturbed bra ⟨Ψ(0)
0 | we obtain

⟨Ψ(0)
0 |Ĥ(0) |Ψ(1)

0 (F⃗)⟩+⟨Ψ(0)
0 |Ĥ(1) |Ψ(0)

0 ⟩

= E
(0)
0 ⟨Ψ(0)

0 | Ψ(1)
0 (F⃗⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

0 | Ψ(0)
0 ⟩

Using that the unperturbed wavefunction |Ψ(0)
0 ⟩ is normalized

⟨Ψ(0)
0 | Ψ(0)

0 ⟩ = 1

and that it is an eigenfunction of Ĥ(0), i.e.

⟨Ψ(0)
0 | Ĥ(0) = ⟨Ψ(0)

0 | E(0)
0

we can write

E
(0)
0 ⟨Ψ(0)

0 | Ψ(1)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(1) |Ψ(0)
0 ⟩ = E

(0)
0 ⟨Ψ(0)

0 | Ψ(1)
0 (F⃗)⟩+ E

(1)
0 (F⃗)

and thus

E
(1)
0 (F⃗) = ⟨Ψ(0)

0 |Ĥ(1) |Ψ(0)
0 ⟩

Note that for the first-order energy correction it is not necessary to use the
consequence of the intermediate normalization, i.e.

⟨Ψ(0)
0 | Ψ(1)

0 (F⃗)⟩ = 0
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Projecting similarly the second-order equation

Ĥ(0)|Ψ(2)
0 (F⃗)⟩+ Ĥ(1)|Ψ(1)

0 (F⃗)⟩+ Ĥ(2)|Ψ(0)
0 ⟩

= E
(0)
0 |Ψ(2)

0 (F⃗)⟩+ E
(1)
0 (F⃗)|Ψ(1)

0 (F⃗)⟩+ E
(2)
0 (F⃗)|Ψ(0)

0 ⟩

on the unperturbed bra ⟨Ψ(0)
0 | we obtain

⟨Ψ(0)
0 |Ĥ(0) |Ψ(2)

0 (F⃗)⟩+ ⟨Ψ(0)
0 |Ĥ(1) |Ψ(1)

0 (F⃗)⟩+ ⟨Ψ(0)
0 |Ĥ(2) |Ψ(0)

0 ⟩

= E
(0)
0 ⟨Ψ(0)

0 | Ψ(2)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

0 | Ψ(1)
0 (F⃗)⟩+ E

(2)
0 (F⃗)⟨Ψ(0)

0 | Ψ(0)
0 ⟩

Using again that the unperturbed wavefunction |Ψ(0)
0 ⟩ is normalized and an

eigenfunction of Ĥ(0) we can write

E
(0)
0 ⟨Ψ(0)

0 | Ψ(2)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(1) |Ψ(1)
0 (F⃗⟩+ ⟨Ψ(0)

0 |Ĥ(2) |Ψ(0)
0 ⟩

= E
(0)
0 ⟨Ψ(0)

0 | Ψ(2)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

0 | Ψ(1)
0 (F⃗)⟩+ E

(2)
0 (F⃗)

The two terms E
(0)
0 ⟨Ψ(0)

0 | Ψ(2)
0 (F⃗)⟩ cancel again, but for the term E

(1)
0 (F⃗)⟨Ψ(0)

0 |
Ψ

(1)
0 (F⃗)⟩ we have to use now that

⟨Ψ(0)
0 | Ψ(1)

0 (F⃗)⟩ = 0

due to the intermediate normalization. This leads then to

E
(2)
0 (F⃗) = ⟨Ψ(0)

0 |Ĥ(1) |Ψ(1)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(2) |Ψ(0)
0 ⟩

For a Hamiltonian quadratic in the perturbation, themth-order equation reads

Ĥ(0)|Ψ(m)
0 (F⃗)⟩ + Ĥ(1)|Ψ(m−1)

0 (F⃗)⟩+ Ĥ(2)|Ψ(m−2)
0 (F⃗)⟩

= E
(0)
0 |Ψ(m)

0 (F⃗)⟩+
m−1∑
i=1

E
(i)
0 (F⃗)|Ψ(m−i)

0 (F⃗)⟩+ E
(m)
0 (F⃗)|Ψ(0)

0 ⟩

Projecting onto the unperturbed ground state gives

⟨Ψ(0)
0 |Ĥ(0)|Ψ(m)

0 (F⃗)⟩+ ⟨Ψ(0)
0 |Ĥ(1)|Ψ(m−1)

0 (F⃗)⟩+ ⟨Ψ(0)
0 |Ĥ(2)|Ψ(m−2)

0 (F⃗)⟩

= E
(0)
0 ⟨Ψ(0)

0 |Ψ(m)
0 (F⃗)⟩+

m−1∑
i=1

E
(i)
0 (F⃗)⟨Ψ(0)

0 |Ψ(m−i)
0 (F⃗)⟩+ E

(m)
0 (F⃗)⟨Ψ(0)

0 |Ψ(0)
0 ⟩

or

E
(0)
0 ⟨Ψ(0)

0 |Ψ(m)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(1)|Ψ(m−1)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(2)|Ψ(m−2)
0 (F⃗)⟩

= E
(0)
0 ⟨Ψ(0)

0 |Ψ(m)
0 (F⃗)⟩+

m−1∑
i=1

E
(i)
0 (F⃗)⟨Ψ(0)

0 |Ψ(m−i)
0 (F⃗)⟩+ E

(m)
0 (F⃗)

Again, we apply the intermediate normalization condition and obtain for the
mth-order correction to the energy

E
(m)
0 (F⃗) = ⟨Ψ(0)

0 |Ĥ(1)|Ψ(m−1)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(2)|Ψ(m−2)
0 (F⃗)⟩
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3.5 In order to derive an expression for the third-order energy correction we have to
start from the third-order equation

Ĥ(0)|Ψ(3)
0 (F⃗)⟩+ Ĥ(1)|Ψ(2)

0 (F⃗)⟩+ Ĥ(2)|Ψ(1)
0 (F⃗)⟩

= E
(0)
0 |Ψ(3)

0 (F⃗)⟩+ E
(1)
0 |Ψ(2)

0 (F⃗)⟩+ E
(2)
0 |Ψ(1)

0 (F⃗)⟩+ E
(3)
0 (F⃗)|Ψ(0)

0 ⟩

which we again project on the unperturbed bra ⟨Ψ(0)
0 |

⟨Ψ(0)
0 |Ĥ(0) |Ψ(3)

0 (F⃗)⟩+ ⟨Ψ(0)
0 |Ĥ(1) |Ψ(2)

0 (F⃗)⟩+ ⟨Ψ(0)
0 |Ĥ(2) |Ψ(1)

0 (F⃗)⟩

= E
(0)
0 ⟨Ψ(0)

0 | Ψ(3)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(0)

0 | Ψ(2)
0 (F⃗)⟩+ E

(2)
0 (F⃗)⟨Ψ(0)

0 | Ψ(1)
0 (F⃗)⟩

+ E
(3)
0 (F⃗)⟨Ψ(0)

0 | Ψ(0)
0 ⟩

Using again that the unperturbed wavefunction |Ψ(0)
0 ⟩ is normalized and an

eigenfunction of Ĥ(0) and that

⟨Ψ(0)
0 | Ψ(m)

0 (F⃗)⟩ = 0

due to the intermediate normalization, we obtain for the third-order energy
correction

E
(3)
0 (F⃗) = ⟨Ψ(0)

0 |Ĥ(1) |Ψ(2)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(2) |Ψ(1)
0 (F⃗)⟩

However in order to evaluate the first time one needs to know the second-order
correction to the wavefunction, |Ψ(2)

0 (F⃗)⟩. On the other hand, if one recalls that

⟨Ψ(0)
0 |Ĥ(1) |Ψ(2)

0 (F⃗)⟩ = ⟨Ψ(2)
0 (F⃗) |Ĥ(1) |Ψ(0)

0 ⟩∗

we can obtain this term by projecting the first order equation on ⟨Ψ(2)
0 (F⃗)|

⟨Ψ(2)
0 (F⃗) |Ĥ(0) |Ψ(1)

0 (F⃗)⟩+⟨Ψ(2)
0 (F⃗) |Ĥ(1) |Ψ(0)

0 ⟩

= E
(0)
0 ⟨Ψ(2)

0 (F⃗) | Ψ(1)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(2)

0 (F⃗) | Ψ(0)
0 ⟩

Using again the intermediate normalization and rearranging we obtain

⟨Ψ(2)
0 (F⃗) |Ĥ(1) |Ψ(0)

0 ⟩ = ⟨Ψ(2)
0 (F⃗) |E(0)

0 − Ĥ(0) |Ψ(1)
0 (F⃗)⟩

If we recall now that

⟨Ψ(2)
0 (F⃗) |E(0)

0 − Ĥ(0) |Ψ(1)
0 (F⃗)⟩ = ⟨Ψ(1)

0 (F⃗) |E(0)
0 − Ĥ(0) |Ψ(2)

0 (F⃗)⟩∗

we can obtain this term by projecting the second order equation now on ⟨Ψ(1)
0 (F⃗)|

⟨Ψ(1)
0 (F⃗) |Ĥ(0) |Ψ(2)

0 (F⃗)⟩+ ⟨Ψ(1)
0 (F⃗) |Ĥ(1) |Ψ(1)

0 (F⃗)⟩+ ⟨Ψ(1)
0 (F⃗) |Ĥ(2) |Ψ(0)

0 ⟩

= E
(0)
0 ⟨Ψ(1)

0 (F⃗) | Ψ(2)
0 (F⃗)⟩+ E

(1)
0 (F⃗)⟨Ψ(1)

0 (F⃗) | Ψ(1)
0 (F⃗)⟩+ E

(2)
0 (F⃗)⟨Ψ(1)

0 (F⃗) | Ψ(0)
0 ⟩



Solutions to Chapter 3 19

Using again the intermediate normalization and rearranging we obtain

⟨Ψ(1)
0 (F⃗) |E(0)

0 − Ĥ(0) |Ψ(2)
0 (F⃗)⟩ = ⟨Ψ(1)

0 (F⃗) |Ĥ(1) |Ψ(1)
0 (F⃗)⟩

− E
(1)
0 (F⃗)⟨Ψ(1)

0 (F⃗) | Ψ(1)
0 (F⃗)⟩

+ ⟨Ψ(1)
0 (F⃗) |Ĥ(2)(F⃗) |Ψ(0)

0 ⟩

Going back this means that ⟨Ψ(0)
0 |Ĥ(1)(F⃗) |Ψ(2)

0 (F⃗)⟩ can be rewritten as

⟨Ψ(0)
0 |Ĥ(1)(F⃗) |Ψ(2)

0 (F⃗)⟩ = ⟨Ψ(2)
0 (F⃗) |Ĥ(1) |Ψ(0)

0 ⟩∗

= ⟨Ψ(1)
0 (F⃗) |E(0)

0 − Ĥ(0) |Ψ(2)
0 (F⃗)⟩

= ⟨Ψ(1)
0 (F⃗) |Ĥ(1) |Ψ(1)

0 (F⃗)⟩

− E
(1)
0 (F⃗)⟨Ψ(1)

0 (F⃗) | Ψ(1)
0 (F⃗)⟩

+ ⟨Ψ(1)
0 (F⃗) |Ĥ(2) |Ψ(0)

0 ⟩

and that the third-order energy correction can alternatively be written as

E
(3)
0 (F⃗) = ⟨Ψ(0)

0 |Ĥ(1) |Ψ(2)
0 (F⃗)⟩+ ⟨Ψ(0)

0 |Ĥ(2) |Ψ(1)
0 (F⃗)⟩

= ⟨Ψ(1)
0 (F⃗) |Ĥ(1) |Ψ(1)

0 (F⃗)⟩ − E
(1)
0 (F⃗)⟨Ψ(1)

0 (F⃗) | Ψ(1)
0 (F⃗)⟩

+ ⟨Ψ(1)
0 (F⃗) |Ĥ(2) |Ψ(0)

0 ⟩+ ⟨Ψ(0)
0 |Ĥ(2) |Ψ(1)

0 (F⃗)⟩

showing that it only depends on the zeroth and first order wavefunction in
agreement with the 2m+ 1 rule

3.6 Deriving Eq. (3.81) starting from Eq. (3.80):

ı~
∂

∂t
|ΨI

0(t, F⃗)⟩ = −Ĥ(0)e
ı
~ Ĥ(0)t|Ψ0(t, F⃗)⟩+ e

ı
~ Ĥ(0)tı~

∂

∂t
|Ψ0(t, F⃗)⟩

The time derivative ı~ ∂
∂t of |Ψ0(t, F⃗)⟩ is known from the electronic Schrödinger

equation, Eq. (3.74):

ı~
∂

∂t
|Ψ0(t, F⃗)⟩ =

(
Ĥ(0) + Ĥ(1)(t)

)
|Ψ0(t, F⃗)⟩

Inserting this we obtain

ı~
∂

∂t
|ΨI

0(t, F⃗)⟩=−Ĥ(0)e
ı
~ Ĥ(0)t|Ψ0(t, F⃗)⟩+ e

ı
~ Ĥ(0)t

(
Ĥ(0) + Ĥ(1)(t)

)
|Ψ0(t, F⃗)⟩

= −Ĥ(0)e
ı
~ Ĥ(0)t|Ψ0(t, F⃗)⟩+ e

ı
~ Ĥ(0)tĤ(0)|Ψ0(t, F⃗)⟩

+ e
ı
~ Ĥ(0)tĤ(1)(t)|Ψ0(t, F⃗)⟩
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And, because
[
e

ı
~ Ĥ(0)t, Ĥ(0)

]
= 0, we can write:

ı~
∂

∂t
|ΨI

0(t, F⃗)⟩=−e ı
~ Ĥ(0)tĤ(0)|Ψ0(t, F⃗)⟩+ e

ı
~ Ĥ(0)t

(
Ĥ(0) + Ĥ(1)(t)

)
|Ψ0(t, F⃗)⟩

= e
ı
~ Ĥ(0)tĤ(1)(t)|Ψ0(t, F⃗)⟩

= e
ı
~ Ĥ(0)tĤ(1)(t)e−

ı
~ Ĥ(0)te

ı
~ Ĥ(0)t|Ψ0(t, F⃗)⟩

= Ĥ(1),I(t)|ΨI
0(t, F⃗)⟩

3.7 As shown below, the linear response function only depends on a time interval
t− t′ and not on the two absolute times, t and t′

⟨⟨P̂ I(t); ÔF,I
β... (t

′)⟩⟩ = Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
P̂ I(t), ÔF,I

β... (t
′)
]
|Ψ(0)

0 ⟩

= Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
e

ı
~ Ĥ(0)tP̂ e−

ı
~ Ĥ(0)te

ı
~ Ĥ(0)t′ÔF

β...e
− ı

~ Ĥ(0)t′

− e
ı
~ Ĥ(0)t′ÔF

β...e
− ı

~ Ĥ(0)t′e
ı
~ Ĥ(0)tP̂ e−

ı
~ Ĥ(0)t

]
|Ψ(0)

0 ⟩

= Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
e

ı
~E

(0)
0 tP̂ e

ı
~ Ĥ(0)(t′−t)ÔF

β...e
− ı

~E
(0)
0 t′

− e
ı
~E

(0)
0 t′ÔF

β...e
− ı

~ Ĥ(0)(t′−t)P̂ e−
ı
~E

(0)
0 t

]
|Ψ(0)

0 ⟩

where we have used that |Ψ(0)
0 ⟩ is an eigenfunction of the unperturbed Hamilto-

nian with eigenvalue E
(0)
0 which implies that

e
ı
~ Ĥ(0)t|Ψ(0)

0 ⟩ =
∑
n

1

n!

( ı
~
Ĥ(0)t

)n
|Ψ(0)

0 ⟩ =
∑
n

1

n!

( ı
~
E

(0)
0 t
)n

|Ψ(0)
0 ⟩ = e

ı
~E

(0)
0 t|Ψ(0)

0 ⟩

and likewise for the complex conjugate. Using the fact that e
ı
~E

(0)
0 t is a function

(and not an operator), and thus, commutes with all the operators, we obtain

⟨⟨P̂ I(t); ÔF,I
β... (t

′)⟩⟩ = Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
P̂ e

ı
~ Ĥ(0)(t′−t)ÔF

β...e
− ı

~E
(0)
0 (t′−t)

− e
ı
~E

(0)
0 (t′−t)ÔF

β...e
− ı

~ Ĥ(0)(t′−t)P̂

]
|Ψ(0)

0 ⟩

= Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
P̂ e

ı
~ Ĥ(0)(t′−t)ÔF

β...e
− ı

~ Ĥ(0)(t′−t)

− e
ı
~ Ĥ(0)(t′−t)ÔF

β...e
− ı

~ Ĥ(0)(t′−t)P̂

]
|Ψ(0)

0 ⟩

= Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
P̂ ÔF,I

β... (t
′ − t)− ÔF,I

β... (t
′ − t)P̂

]
|Ψ(0)

0 ⟩
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or

⟨⟨P̂ I(t); ÔF,I
β... (t

′)⟩⟩ = Θ(t− t′)
1

ı~
⟨Ψ(0)

0 |
[
P̂ , ÔF,I

β... (t
′ − t)

]
|Ψ(0)

0 ⟩

= ⟨⟨P̂ ; ÔF,I
β... (t

′ − t)⟩⟩

3.8 The linear response function in the time domain reads, Eq. (3.107),

⟨⟨P̂ ; ÔF,I
β... (t)⟩⟩ =Θ(−t) 1

ı~
⟨Ψ(0)

0 |
[
P̂ , ÔF,I

β... (t)

]
|Ψ(0)

0 ⟩

where t now denotes a time interval. The eigenfunctions of the unperturbed Hamil-
tonian form a complete set and we use this to invoke the resolution of the identity,
i.e.

1 =
∑
n

|Ψ(0)
n ⟩⟨Ψ(0)

n |

This gives

⟨⟨P̂ ; ÔF,I
β... (t)⟩⟩ =Θ(−t) 1

ı~
⟨Ψ(0)

0 |P̂ ÔF,I
β... (t)− ÔF,I

β... (t)P̂ |Ψ
(0)
0 ⟩

=Θ(−t) 1
ı~
∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |ÔF,I
β... (t)|Ψ

(0)
0 ⟩

− ⟨Ψ(0)
0 |ÔF,I

β... (t)|Ψ
(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩
]

=Θ(−t) 1
ı~
∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |e ı
~ Ĥ(0)tÔF

β...e
− ı

~ Ĥ(0)t|Ψ(0)
0 ⟩

− ⟨Ψ(0)
0 |e ı

~ Ĥ(0)tÔF
β...e

− ı
~ Ĥ(0)t|Ψ(0)

n ⟩⟨Ψ(0)
n |P̂ |Ψ(0)

0 ⟩
]

=Θ(−t) 1
ı~
∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |e ı
~E(0)

n tÔF
β...e

− ı
~E

(0)
0 t|Ψ(0)

0 ⟩

− ⟨Ψ(0)
0 |e ı

~E
(0)
0 tÔF

β...e
− ı

~E(0)
n t|Ψ(0)

n ⟩⟨Ψ(0)
n |P̂ |Ψ(0)

0 ⟩
]

=Θ(−t) 1
ı~
∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |ÔF
β...e

− ı
~ (E

(0)
0 −E(0)

n )t|Ψ(0)
0 ⟩

− ⟨Ψ(0)
0 |ÔF

β...e
ı
~ (E

(0)
0 −E(0)

n )t|Ψ(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩
]

Performing the Fourier transformation of the response function

⟨⟨P̂ ; Ôω
β...⟩⟩ω =

∫ ∞

−∞
⟨⟨P̂ ; ÔF,I

β... (t)⟩⟩e
−ıωtdt



22 Solutions to Chapter 3

we obtain

⟨⟨P̂ ; Ôω
β...⟩⟩ω =

1

ı~
∑
n

∫ ∞

−∞
Θ(−t)

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |Ôω
β...e

− ı
~ (E

(0)
0 −E(0)

n +~ω)t|Ψ(0)
0 ⟩

− ⟨Ψ(0)
0 |Ôω

β...e
ı
~ (E

(0)
0 −E(0)

n −~ω)t|Ψ(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩
]
dt

=
1

ı~
∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |Ôω
β...|Ψ

(0)
0 ⟩

∫ ∞

−∞
Θ(−t)e− ı

~ (E
(0)
0 −E(0)

n +~ω)tdt

− ⟨Ψ(0)
0 |Ôω

β...|Ψ(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩

∫ ∞

−∞
Θ(−t)e ı

~ (E
(0)
0 −E(0)

n −~ω)tdt

]
Change of integration variable x = −t (the limits of integration have been changed
accordingly, however, subsequently they have been interchanged by changing the
sign of the integral) gives

⟨⟨P̂ ; Ôω
β...⟩⟩ω =

1

~
∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |Ôω
β...|Ψ

(0)
0 ⟩1

ı

∫ ∞

−∞
Θ(x)e

ı
~ (E

(0)
0 −E(0)

n +~ω)xdx

− ⟨Ψ(0)
0 |Ôω

β...|Ψ(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩1

ı

∫ ∞

−∞
Θ(x)e−

ı
~ (E

(0)
0 −E(0)

n −~ω)xdx

]
Using that

1

ı

∫ ∞

−∞
eıatΘ(t)dt = lim

η→0+

∫ ∞

−∞

δ(a− x)

x+ ıη
dx = lim

η→0+

1

a+ ıη
=

1

a

with a = ~−1(E
(0)
0 −E(0)

n +~ω) in the first integral and a = −~−1(E
(0)
0 −E(0)

n −~ω)
in the second, we arrive at

⟨⟨P̂ ; Ôω
β...⟩⟩ω =

∑
n

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |Ôω
β...|Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n + ~ω

+
⟨Ψ(0)

0 |Ôω
β...|Ψ

(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩

E
(0)
0 − E

(0)
n − ~ω

]

The contribution from n = 0 is

⟨Ψ(0)
0 |P̂ |Ψ(0)

0 ⟩⟨Ψ(0)
0 |Ôω

β...|Ψ
(0)
0 ⟩

E
(0)
0 − E

(0)
0 + ~ω

+
⟨Ψ(0)

0 |Ôω
β...|Ψ

(0)
0 ⟩⟨Ψ(0)

0 |P̂ |Ψ(0)
0 ⟩

E
(0)
0 − E

(0)
0 − ~ω

= 0

and hence n = 0 can safely be omitted in the summation thereby giving Eq.
(3.110)

⟨⟨P̂ ; Ôω
β...⟩⟩ω =

∑
n̸=0

[
⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩⟨Ψ(0)

n |Ôω
β...|Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n + ~ω

+
⟨Ψ(0)

0 |Ôω
β...|Ψ

(0)
n ⟩⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩

E
(0)
0 − E

(0)
n − ~ω

]
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3.9 The second-order correction to the time-dependent expectation value of P̂ reads

⟨Ψ0(t, F⃗)|P̂ |Ψ0(t, F⃗)⟩(2) =⟨Ψ(1)
0 (t, F⃗)|P̂ |Ψ(1)

0 (t, F⃗)⟩

+ ⟨Ψ(0)
0 (t, F⃗)|P̂ |Ψ(2)

0 (t, F⃗)⟩+ ⟨Ψ(2)
0 (t, F⃗)|P̂ |Ψ(0)

0 (t, F⃗)⟩

where according to Eq. (3.87) and Eq. (3.88) the first- and second-order correction
to the time-dependent wavefunction are given as

|Ψ(1)
0 (t, F⃗)⟩ = 1

ı~
e−

ı
~ Ĥ(0)t

∫ t

−∞
dt′Ĥ(1),I(t′)|Ψ(0)

0 ⟩

|Ψ(2)
0 (t, F⃗)⟩ =

(
1

ı~

)2

e−
ı
~ Ĥ(0)t

∫ t

−∞
dt′
∫ t′

−∞
dt′′Ĥ(1),I(t′)Ĥ(1),I(t′′)|Ψ(0)

0 ⟩

and their adjoints are

⟨Ψ(1)
0 (t, F⃗)| = ı

~
⟨Ψ(0)

0 |
∫ t

−∞
dt′Ĥ(1),I(t′)e−

ı
~ Ĥ(0)t

⟨Ψ(2)
0 (t, F⃗)| =

(
1

ı~

)2

⟨Ψ(0)
0 |
∫ t

−∞
dt′
∫ t′

−∞
dt′′Ĥ(1),I(t′)Ĥ(1),I(t′′)e

ı
~ Ĥ(0)t

using the Hermiticity of Ĥ(0) and (Ĥ(1),I)† = (e
ı
~ Ĥ(0)tĤ(1)e−

ı
~ Ĥ(0)t)† = Ĥ(1),I .

Inserting the expressions for the first- and second-order corrections to the wave-
function into the second-order correction to the expectation value, we obtain for
the first term

⟨Ψ(1)
0 (t, F⃗) | P̂ |Ψ(1)

0 (t, F⃗)⟩

= −
(

1

ı~

)2 ∫ t

−∞
dt′
∫ t

−∞
dt′′⟨Ψ(0)

0 |Ĥ(1),I(t′)e
ı
~ Ĥ(0)tP̂ e−

ı
~ Ĥ(0)tĤ(1),I(t′′) |Ψ(0)

0 ⟩

= −
(

1

ı~

)2 ∫ t

−∞
dt′
∫ t

−∞
dt′′⟨Ψ(0)

0 |Ĥ(1),I(t′)P̂ IĤ(1),I(t′′) |Ψ(0)
0 ⟩

The function is symmetric with respect to t′ and t′′ and we can therefore rewrite
the expression as,

= −2

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |Ĥ(1),I(t′)P̂ IĤ(1),I(t′′) |Ψ(0)
0 ⟩

= −
(

1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′
(
⟨Ψ(0)

0 |Ĥ(1),I(t′)P̂ IĤ(1),I(t′′) |Ψ(0)
0 ⟩

+ ⟨Ψ(0)
0 |Ĥ(1),I(t′′)P̂ IĤ(1),I(t′) |Ψ(0)

0 ⟩
)

where t′′ now is integrated from −∞ to t′.
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The second term becomes

⟨Ψ(0)
0 (t, F⃗)|P̂ |Ψ(2)

0 (t, F⃗)⟩

=

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 (t, F⃗)|P̂ e− ı
~ Ĥ(0)tĤ(1),I(t′)Ĥ(1),I(t′′)|Ψ(0)

0 ⟩

=

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |e ı
~ Ĥ(0)

P̂ e−
ı
~ Ĥ(0)tĤ(1),I(t′)Ĥ(1),I(t′′)|Ψ(0)

0 ⟩

=

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |P̂ I(t)Ĥ(1),I(t′)Ĥ(1),I(t′′)|Ψ(0)
0 ⟩

while for the third term, we have

⟨Ψ(2)
0 (t, F⃗)|P̂ |Ψ(0)

0 (t, F⃗)⟩

=

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |Ĥ(1),I(t′′)Ĥ(1),I(t′)e
ı
~ Ĥ(0)tP̂ |Ψ(0)

0 (t, F⃗)⟩

=

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |Ĥ(1),I(t′′)Ĥ(1),I(t′)e
ı
~ Ĥ(0)

P̂ e−
ı
~ Ĥ(0)t|Ψ(0)

0 ⟩

=

(
1

ı~

)2 ∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |Ĥ(1),I(t′′)Ĥ(1),I(t′)P̂ I(t)|Ψ(0)
0 ⟩

where we have used that |Ψ(0)
0 (t, F⃗)⟩ = e−

ı
~E

(0)
0 t|Ψ(0)

0 ⟩ = e−
ı
~ Ĥ(0)t|Ψ(0)

0 ⟩. Finally
collecting the three terms and recognizing the double nested commutator, we
arrive at

⟨Ψ0(t, F⃗)|P̂ |Ψ0(t, F⃗)⟩(2)

=

(
1

ı~

)2∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |
[
P̂ I(t)Ĥ(1),I(t′)Ĥ(1),I(t′′)

+ Ĥ(1),I(t′′)Ĥ(1),I(t′)P̂ I(t)− Ĥ(1),I(t′)P̂ I(t)Ĥ(1),I(t′′)

− Ĥ(1),I(t′′)P̂ I(t)Ĥ(1),I(t′)

]
|Ψ(0)

0 ⟩

=

(
1

ı~

)2∫ t

−∞
dt′
∫ t′

−∞
dt′′⟨Ψ(0)

0 |
[[
P̂ I(t), Ĥ(1),I(t′)

]
, Ĥ(1),I(t′′)

]
|Ψ(0)

0 ⟩

This is Eq. (3.120) and can be turned in to Eq. (3.121) by using the heaviside
step function.

3.10 Using the fact that the perturbation operator in the Schrödinger picture ÔF
β...

is independent of time and that [e±
ı
~ Ĥ(0)t, Ĥ(0)] = 0, we show below that the

time derivative of an operator in the Interaction picture is the commutator of the
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operator with the Hamiltonian, i.e.

d

dt
ÔF,I

β... (t) =
d

dt

(
e

ı
~ Ĥ(0)tOF

β...e
− ı

~ Ĥ(0)t
)

=

(
d

dt
e

ı
~ Ĥ(0)t

)
ÔF

β...e
− ı

~ Ĥ(0)t + e
ı
~ Ĥ(0)tÔF

β...

(
d

dt
e−

ı
~ Ĥ(0)t

)
=
ı

~
Ĥ(0)e

ı
~ Ĥ(0)tÔF

β...e
− ı

~ Ĥ(0)t − ı

~
e

ı
~ Ĥ(0)tÔF

β...Ĥ
(0)e−

ı
~ Ĥ(0)t

=
ı

~

[
Ĥ(0)ÔF,I

β... (t)− e
ı
~ Ĥ(0)tÔF

β...e
− ı

~ Ĥ(0)tĤ(0)
]

=
ı

~

[
Ĥ(0)ÔF,I

β... (t)− ÔF,I
β... (t)Ĥ

(0)
]

=
1

ı~

[
ÔF,I

β... (t), Ĥ
(0)
]

3.11 The equation of motion of the linear response function in the time domain, Eq.
(3.133) , reads

ı~
d

dt
⟨⟨P̂ , ÔF,I(t)

β... ⟩⟩ = −δ(t)⟨Ψ(0)
0 |[P̂ , ÔF

β...]|Ψ
(0)
0 ⟩ − ⟨⟨P̂ ; [Ĥ(0), ÔF,I

β... (t)]⟩⟩

Using the inverse Fourier transform of the linear response function, Eq. (3.135),

⟨⟨P̂ , ÔF,I(t)
β... ⟩⟩ = 1

2π

∫ ∞

−∞
dω ⟨⟨P̂ ; Ôω

β...⟩⟩ωeıωt

and the definition of the Dirac Delta function as the inverse Fourier transform of
1, i.e. Eq. (3.136)

δ(t) =
1

2π

∫ ∞

−∞
eıωtdω

the equation of motion can be rewritten according to

ı~
1

2π

d

dt

∫ ∞

−∞
dω ⟨⟨P̂ ; Ôω

β...⟩⟩ωeıωt =− 1

2π

∫ ∞

−∞
eıωtdω⟨Ψ(0)

0 |[P̂ , Ôω
β...]|Ψ

(0)
0 ⟩

− 1

2π

∫ ∞

−∞
dω ⟨⟨P̂ ; [Ĥ(0), Ôω

β...]⟩⟩ωeıωt

The order of differentiation and integration can be interchanged on the l.h.s.,
because they are with respect to different variables∫ ∞

−∞
dω ı~

d

dt

(
⟨⟨P̂ ; Ôω

β...⟩⟩ωeıωt
)
=−

∫ ∞

−∞
eıωtdω⟨Ψ(0)

0 |[P̂ , Ôω
β...]|Ψ

(0)
0 ⟩

−
∫ ∞

−∞
dω ⟨⟨P̂ ; [Ĥ(0), Ôω

β...]⟩⟩ωeıωt
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Subsequently, we remove the integration over the frequencies which occurs on
both sides of the equality and obtain

ı~
d

dt

(
⟨⟨P̂ ; Ôω

β...⟩⟩ωeıωt
)
=− eıωt⟨Ψ(0)

0 |[P̂ , Ôω
β...]|Ψ

(0)
0 ⟩ − ⟨⟨P̂ ; [Ĥ(0), Ôω

β...]⟩⟩ωeıωt

or after differentation

ı~ ⟨⟨P̂ ; Ôω
β...⟩⟩ω (ıω)eıωt =− eıωt⟨Ψ(0)

0 |[P̂ , Ôω
β...]|Ψ

(0)
0 ⟩ − ⟨⟨P̂ ; [Ĥ(0), Ôω

β...]⟩⟩ωeıωt

Finally, elimination of the exponentials yields the equation of motion of the linear
response function in the frequency domain, Eq. (3.134),

~ω ⟨⟨P̂ ; Ôω
β...⟩⟩ω =⟨Ψ(0)

0 |[P̂ , Ôω
β...]|Ψ

(0)
0 ⟩+ ⟨⟨P̂ ; [Ĥ(0), Ôω

β...]⟩⟩ω

3.12 If one chooses the state-transfer operators to be, Eq. (3.165),

{ĥn} =
{
eĥn,

d ĥn

}
=
{
|Ψ(0)

n ⟩⟨Ψ(0)
0 |, |Ψ(0)

0 ⟩⟨Ψ(0)
n |
}

the overlap matrix and electronic Hessian matrix become diagonal, i.e. the off-
diagonal blocks of the overlap matrix edS and deS, and the electronic Hessian
matrix, edE and deE, vanish in this basis. For the off-diagonal blocks of the
overlap matrix, we have

edSij = ⟨Ψ(0)
0 |
[(

|Ψ(0)
i ⟩⟨Ψ(0)

0 |
)†
, |Ψ(0)

0 ⟩⟨Ψ(0)
j |
]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |
[
|Ψ(0)

0 ⟩⟨Ψ(0)
i |, |Ψ(0)

0 ⟩⟨Ψ(0)
j |
]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
i |Ψ(0)

0 ⟩⟨Ψ(0)
j |Ψ(0)

0 ⟩ − ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
j |Ψ(0)

0 ⟩⟨Ψ(0)
i |Ψ(0)

0 ⟩
= 0

and

deSij = ⟨Ψ(0)
0 |
[(

|Ψ(0)
0 ⟩⟨Ψ(0)

i |
)†
, |Ψ(0)

j ⟩⟨Ψ(0)
0 |
]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |
[
|Ψ(0)

i ⟩⟨Ψ(0)
0 |, |Ψ(0)

j ⟩⟨Ψ(0)
0 |
]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |Ψ(0)

j ⟩⟨Ψ(0)
0 |Ψ(0)

j ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩ − ⟨Ψ(0)
0 |Ψ(0)

j ⟩⟨Ψ(0)
0 |Ψ(0)

i ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩
= 0

where we have used the orthonormality of the states, recalling that i, j ̸= 0.
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For the electronic Hessian matrix, we have

edEij = ⟨Ψ(0)
0 |
[(

|Ψ(0)
i ⟩⟨Ψ(0)

0 |
)†
,
[
Ĥ(0), |Ψ(0)

0 ⟩⟨Ψ(0)
j |
]]

|Ψ(0)
0 ⟩

= ⟨Ψ(0)
0 |
[
|Ψ(0)

0 ⟩⟨Ψ(0)
i |,

(
Ĥ(0)|Ψ(0)

0 ⟩⟨Ψ(0)
j | − |Ψ(0)

0 ⟩⟨Ψ(0)
j |Ĥ(0)

)]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
i |Ĥ(0)|Ψ(0)

0 ⟩⟨Ψ(0)
j |Ψ(0)

0 ⟩ − ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
i |Ψ(0)

0 ⟩⟨Ψ(0)
j |Ĥ(0)|Ψ(0)

0 ⟩

− ⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

0 ⟩⟨Ψ(0)
j |Ψ(0)

0 ⟩⟨Ψ(0)
i |Ψ(0)

0 ⟩+ ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
j |Ĥ(0)|Ψ(0)

0 ⟩⟨Ψ(0)
i |Ψ(0)

0 ⟩
= 0

and

deEij = ⟨Ψ(0)
0 |
[(

|Ψ(0)
0 ⟩⟨Ψ(0)

i |
)†
,
[
Ĥ(0), |Ψ(0)

j ⟩⟨Ψ(0)
0 |
]]

|Ψ(0)
0 ⟩

= ⟨Ψ(0)
0 |
[
|Ψ(0)

i ⟩⟨Ψ(0)
0 |,

(
Ĥ(0)|Ψ(0)

j ⟩⟨Ψ(0)
0 | − |Ψ(0)

j ⟩⟨Ψ(0)
0 |Ĥ(0)

)]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |Ψ(0)

i ⟩⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

j ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩ − ⟨Ψ(0)
0 |Ψ(0)

i ⟩⟨Ψ(0)
0 |Ψ(0)

j ⟩⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

0 ⟩

− ⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

j ⟩⟨Ψ(0)
0 |Ψ(0)

i ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩+ ⟨Ψ(0)
0 |Ψ(0)

j ⟩⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

i ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩
= 0

3.13 If one chooses the state-transfer operators as, Eq. (3.165),

{ĥn} =
{
eĥn,

d ĥn

}
=
{
|Ψ(0)

n ⟩⟨Ψ(0)
0 |, |Ψ(0)

0 ⟩⟨Ψ(0)
n |
}
,

the diagonal blocks of the overlap and electronic Hessian matrices are themself
diagonal. To show this we use the following identities

eeSnm = ⟨Ψ(0)
0 |
[
eĥ†n,

e ĥm

]
|Ψ(0)

0 ⟩ = ⟨Ψ(0)
0 |
[
dĥn

eĥm − eĥm
dĥn

]
|Ψ(0)

0 ⟩ = ⟨Ψ(0)
0 |dĥneĥm|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |eĥ†neĥm|Ψ(0)

0 ⟩
ddSnm = ⟨Ψ(0)

0 |
[
dĥ†n,

d ĥm

]
|Ψ(0)

0 ⟩ = ⟨Ψ(0)
0 |
[
eĥn

dĥm − dĥm
eĥn

]
|Ψ(0)

0 ⟩ = −⟨Ψ(0)
0 |dĥneĥm|Ψ(0)

0 ⟩

= −⟨Ψ(0)
0 |dĥndĥ†m|Ψ(0)

0 ⟩
eeEnm = ⟨Ψ(0)

0 |
[
eĥ†n,

[
Ĥ(0),e ĥm

]]
|Ψ(0)

0 ⟩ = ⟨Ψ(0)
0 |dĥn

[
Ĥ(0),e ĥm

]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |eĥ†n

[
Ĥ(0),e ĥm

]
|Ψ(0)

0 ⟩

ddEnm = ⟨Ψ(0)
0 |
[
dĥ†n,

[
Ĥ(0),d ĥm

]]
|Ψ(0)

0 ⟩ = −⟨Ψ(0)
0 |
[
Ĥ(0),d ĥm

]e
ĥn|Ψ(0)

0 ⟩

= −⟨Ψ(0)
0 |
[
Ĥ(0),d ĥm

]d
ĥ†n|Ψ

(0)
0 ⟩

To derive these, we have used the fact that the deexcitation operators are the
hermitian conjugate of the excitation operators eĥ†n = dĥn as well as the killer
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condition dĥn|Ψ(0)
0 ⟩ = 0. The elements of the diagonal blocks of the overlap matrix

are

eeSnm = ⟨Ψ(0)
0 |(|Ψ(0)

n ⟩⟨Ψ(0)
0 |)†|Ψ(0)

m ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩ = ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
n |Ψ(0)

m ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩
= δnm

and

ddSnm = −⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
n |(|Ψ(0)

0 ⟩⟨Ψ(0)
m |)†|Ψ(0)

0 ⟩ = −⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
n |Ψ(0)

m ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩
= −δnm

The elements of the corresponding blocks in the electronic Hessian matrix are

eeEnm = ⟨Ψ(0)
0 |
(
|Ψ(0)

n ⟩⟨Ψ(0)
0 |
)† [

Ĥ(0), |Ψ(0)
m ⟩⟨Ψ(0)

0 |
]
|Ψ(0)

0 ⟩

= ⟨Ψ(0)
0 |
(
|Ψ(0)

0 ⟩⟨Ψ(0)
n |
[
Ĥ(0), |Ψ(0)

m ⟩⟨Ψ(0)
0 |
])

|Ψ(0)
0 ⟩

= ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
n |Ĥ(0)|Ψ(0)

m ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩ − ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
n |Ψ(0)

m ⟩⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

0 ⟩

= δnm(E(0)
n − E

(0)
0 )

and

ddEnm = −⟨Ψ(0)
0 |
[
Ĥ(0), |Ψ(0)

0 ⟩⟨Ψ(0)
m |
] (

|Ψ(0)
0 ⟩⟨Ψ(0)

n |
)†

|Ψ(0)
0 ⟩

= −⟨Ψ(0)
0 |
([
Ĥ(0), |Ψ(0)

0 ⟩⟨Ψ(0)
m |
]
|Ψ(0)

n ⟩⟨Ψ(0)
0 |
)
|Ψ(0)

0 ⟩

= −⟨Ψ(0)
0 |Ĥ(0)|Ψ(0)

0 ⟩⟨Ψ(0)
m |Ψ(0)

n ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩+ ⟨Ψ(0)
0 |Ψ(0)

0 ⟩⟨Ψ(0)
m |Ĥ(0)|Ψ(0)

n ⟩⟨Ψ(0)
0 |Ψ(0)

0 ⟩

= δnm(E(0)
n − E

(0)
0 )

Analogously, for the property gradient vectors

eTT
n (P̂ ) = ⟨Ψ(0)

0 |[P̂ ,e ĥn]|Ψ(0)
0 ⟩ = ⟨Ψ(0)

0 |P̂ eĥn|Ψ(0)
0 ⟩ = ⟨Ψ(0)

0 |P̂ |Ψ(0)
n ⟩

dTT
n (P̂ ) = ⟨Ψ(0)

0 |[P̂ ,d ĥn]|Ψ(0)
0 ⟩ = −⟨Ψ(0)

0 |dĥnP̂ |Ψ(0)
0 ⟩ = −⟨Ψ(0)

n |P̂ |Ψ(0)
0 ⟩

eTT
n (Ô

ω
β...) = ⟨Ψ(0)

0 |[eĥ†n, Ôω
β...]|Ψ

(0)
0 ⟩ = ⟨Ψ(0)

0 |[dĥn, Ôω
β...]|Ψ

(0)
0 ⟩ = ⟨Ψ(0)

0 |dĥnÔω
β...|Ψ

(0)
0 ⟩

= ⟨Ψ(0)
n |Ôω

β...|Ψ
(0)
0 ⟩

dTT
n (Ô

ω
β...) = ⟨Ψ(0)

0 |[dĥ†n, Ôω
β...]|Ψ

(0)
0 ⟩ = ⟨Ψ(0)

0 |[eĥn, Ôω
β...]|Ψ

(0)
0 ⟩ = −⟨Ψ(0)

0 |Ôω
β...

eĥn|Ψ(0)
0 ⟩

= −⟨Ψ(0)
0 |Ôω

β...|Ψ(0)
n ⟩

3.14 First-order correction to the eigenvalues starting from Eq. (3.189):

E(1)R(0)
n +E(0)R(1)

n =
(
~ω(1)

n S(0) + ~ω(0)
n S(1)

)
R(0)

n + ~ω(0)
n S(0)R(1)

n
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and projecting it against the zeroth-order left eigenvector

L(0)
n E(1)R(0)

n + L(0)
n E(0)R(1)

n = L(0)
n

(
~ω(1)

n S(0) + ~ω(0)
n S(1)

)
R(0)

n

+ ~ω(0)
n L(0)

n S(0)R(1)
n

From Eq. (3.187) and Eq. (3.188) we know

L(0)
n E(1)R(0)

n = 0

L(0)
n S(1)R(0)

n = 0

which leads to

L(0)
n E(0)R(1)

n = ~ω(1)
n L(0)

n S(0)R(0)
n + ~ω(0)

n L(0)
n S(0)R(1)

n

From Eq. (3.178) and Eq. (3.180) we know

LmSRn = δmn

L(0)
n E(0) = L(0)

n S(0)~ω(0)
n

and we can write

L(0)
n E(0)R(1)

n = ~ω(1)
n + ~ω(0)

n L(0)
n S(0)R(1)

n

~ω(1)
n = L(0)

n E(0)R(1)
n − ~ω(0)

n L(0)
n S(0)R(1)

n

~ω(1)
n =

(
L(0)
n E(0) − ~ω(0)

n L(0)
n S(0)

)
R(1)

n

~ω(1)
n = 0

The second-order correction to the eigenvalues can be derived in a similar way
from Eq. (3.190):

E(2)R(0)
n + E(1)R(1)

n +E(0)R(2)
n

=
(
~ω(2)

n S(0) + ~ω(0)
n S(2) + ~ω(1)

n S(1)
)
R(0)

n

+
(
~ω(1)

n S(0) + ~ω(0)
n S(1)

)
R(1)

n + ~ω(0)
n S(0)R(2)

n

Using Eq. (3.175) we can write

E(2)R(0)
n + E(1)R(1)

n

=
(
~ω(2)

n S(0) + ~ω(0)
n S(2) + ~ω(1)

n S(1)
)
R(0)

n

+
(
~ω(1)

n S(0) + ~ω(0)
n S(1)

)
R(1)

n
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Projecting against the zeroth-order left eigenvector

L(0)
n E(2)R(0)

n + L(0)
n E(1)R(1)

n

= L(0)
n

(
~ω(2)

n S(0) + ~ω(0)
n S(2) + ~ω(1)

n S(1)
)
R(0)

n

+ L(0)
n

(
~ω(1)

n S(0) + ~ω(0)
n S(1)

)
R(1)

n

L(0)
n E(2)R(0)

n + L(0)
n E(1)R(1)

n

= ~ω(2)
n L(0)

n S(0)R(0)
n + ~ω(0)

n L(0)
n S(2)R(0)

n + ~ω(1)
n L(0)

n S(1)R(0)
n

+ ~ω(1)
n L(0)

n S(0)R(1)
n + ~ω(0)

n L(0)
n S(1)R(1)

n

L(0)
n E(2)R(0)

n + L(0)
n E(1)R(1)

n

= ~ω(2)
n + ~ω(0)

n L(0)
n S(2)R(0)

n + ~ω(0)
n L(0)

n S(1)R(1)
n

By rearranging we obtain

~ω(2)
n = L(0)

n

(
E(2) − ~ω(0)

n S(2)
)
R(0)

n + L(0)
n

(
E(1) − ~ω(0)

n S(1)
)
R(1)

n
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4.1 Taking the first partial derivative of 1

|R⃗−r⃗|
gives

∂

∂rα

1

| R⃗− r⃗ |
=

∂

∂rα

{(
R⃗− r⃗

)2}− 1
2

= −1

2

{(
R⃗− r⃗

)2}− 3
2 ∂

∂rα

(
R⃗− r⃗

)2
= −1

2

1

| R⃗− r⃗ |3
∂

∂rα

(
R⃗2 − 2R⃗ · r⃗ + r⃗2

)
= −1

2

1

| R⃗− r⃗ |3
(−2Rα + 2rα)

=
Rα − rα

| R⃗− r⃗ |3

Evaluating this derivative for r⃗ = R⃗O gives(
∂

∂rα

1

| R⃗− r⃗ |

)
r⃗=R⃗O

=
Rα −RO,α

| R⃗− R⃗O |3

Taking now the second partial derivative of 1

|R⃗−r⃗|
gives

∂2

∂rα∂rβ

1

| R⃗− r⃗ |
=

∂

∂rα

Rβ − rβ

| R⃗− r⃗ |3

= (Rβ − rβ)
∂

∂rα

1

| R⃗− r⃗ |3
+ δαβ

(
∂

∂rα
(Rβ − rβ)

)
1

| R⃗− r⃗ |3

= (Rβ − rβ)
∂

∂rα

{(
R⃗− r⃗

)2}− 3
2

+ δαβ (−1)
1

| R⃗− r⃗ |3

= −3

2
(Rβ − rβ)

{(
R⃗− r⃗

)2}− 5
2 ∂

∂rα

(
R⃗− r⃗

)2
− δαβ

1

| R⃗− r⃗ |3

= −3

2

Rβ − rβ

| R⃗− r⃗ |5
∂

∂rα

(
R⃗2 − 2R⃗ · r⃗ + r⃗2

)
− δαβ

1

| R⃗− r⃗ |3

= −3

2

Rβ − rβ

| R⃗− r⃗ |5
(−2Rα + 2rα)− δαβ

1

| R⃗− r⃗ |3
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and finally

∂2

∂rα∂rβ

1

| R⃗− r⃗ |
=

3 (Rβ − rβ) (Rα − rα)

| R⃗− r⃗ |5
− δαβ

1

| R⃗− r⃗ |3

Evaluating this derivative for r⃗ = R⃗O gives(
∂2

∂rα∂rβ

1

| R⃗− r⃗ |

)
r⃗=R⃗O

=
3 (Rβ −RO,β) (Rα −RO,α)

| R⃗− R⃗O |5
− δαβ

1

| R⃗− R⃗O |3

4.2 Expanding the definition of the electric dipole moment, Eq. (4.5),

µα(R⃗O) =

∫
r⃗

(rα −RO,α) ρ(r⃗) dr⃗

as

µα(R⃗O) =

∫
r⃗

rα ρ(r⃗) dr⃗ −
∫
r⃗

RO,α ρ(r⃗) dr⃗

=

∫
r⃗

rα ρ(r⃗) dr⃗ −RO,αq

one can see that only for a neutral molecule, q = 0, the dipole moment will be
independent of the origin R⃗O.

Similarly starting from the definition of the traceless quadrupole moment tensor,
Eq. (4.8),

Θαβ(R⃗O) =
1

2

∫
r⃗

[
3(rα −RO,α) (rβ −RO,β)− δαβ (r⃗ − R⃗O)

2
]
ρ(r⃗) dr⃗

which can be rewritten as

Θαβ(R⃗O) =
1

2

∫
r⃗

[
3rαrβ − δαβ r⃗

2
]
ρ(r⃗) dr⃗

− 1

2

∫
r⃗

[
3rαRO,β + 3RO,αrβ − 2δαβ (r⃗ · R⃗O)

]
ρ(r⃗) dr⃗

+
1

2

∫
r⃗

[
3RO,αRO,β − δαβ R⃗

2
O

]
ρ(r⃗) dr⃗

or

Θαβ(R⃗O) = Θαβ(O⃗)− 3

2
µα(O⃗)RO,β − 3

2
RO,αµβ(O⃗)− δαβR⃗O · µ⃗(O⃗)

+
3

2
RO,αRO,β q −

1

2
δαβ R⃗

2
O q

one can see the quadrupole moment tensor is only independent of the origin R⃗O

for a neutral, q = 0, and unpolar, µ⃗ = 0, molecule.
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4.3 The Taylor expansion of the electric potential, Eq. (4.15), is

ϕE(r⃗) = ϕE(R⃗O) +
∑
α

(rα −RO,α)
∂ϕE(r⃗)

∂rα
| r⃗=R⃗O

+
1

2

∑
αβ

(rα −RO,α) (rβ −RO,β)
∂2ϕE(r⃗)

∂rα∂rβ
| r⃗=R⃗O

where the term depending on the second order electric moment reads

1

2

∑
αβ

(−rα −RO,α) (rβ −RO,β)
∂2ϕE(r⃗)

∂rα∂rβ
| r⃗=R⃗O

=
1

2

∑
αβ

Qαβ(R⃗O)Eαβ(R⃗O)

Adding a constant C to the diagonal elements Qαβ gives

1

2

[
(Qxx(R⃗O) + C)Exx(R⃗O) + (Qyy(R⃗O) + C)Eyy(R⃗O) + (Qzz(R⃗O) + C)Ezz(R⃗O)

]
=

1

2

[
Qxx(R⃗O)Exx(R⃗O) +Qyy(R⃗O)Eyy(R⃗O) +Qzz(R⃗O)Ezz(R⃗O)

]
+

1

2
C
[
Exx(R⃗O) + Eyy(R⃗O) + Ezz(R⃗O)

]
Collecting the terms including the constant C we obtain

1

2

[
Qxx(R⃗O)Exx(R⃗O) +Qyy(R⃗O)Eyy(R⃗O) +Qzz(R⃗O)Ezz(R⃗O)

]
+

1

2
C
[
Exx(R⃗O) + Eyy(R⃗O) + Ezz(R⃗O)

]
=

1

2

[
Qxx(R⃗O)Exx(R⃗O) +Qyy(R⃗O)Eyy(R⃗O) +Qzz(R⃗O)Ezz(R⃗O)

]
+

1

2
C

[
∂2ϕE

∂x∂x
+
∂2ϕE

∂y∂y
+
∂2ϕE

∂z∂z

]
=

1

2

[
Qxx(R⃗O)Exx(R⃗O) +Qyy(R⃗O)Eyy(R⃗O) +Qzz(R⃗O)Ezz(R⃗O)

]
+

1

2
C

[
∂2

∂x∂x
+

∂2

∂y∂y
+

∂2

∂z∂z

]
ϕE

=
1

2

[
Qxx(R⃗O)Exx(R⃗O) +Qyy(R⃗O)Eyy(R⃗O) +Qzz(R⃗O)Ezz(R⃗O)

]
+

1

2
C∇⃗2ϕE

Using now Laplace’s equation

∇2ϕE(R⃗O) = 0
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we finally obtain for this term

=
1

2

[
Qxx(R⃗O)Exx(R⃗O) +Qyy(R⃗O)Eyy(R⃗O) +Qzz(R⃗O)Ezz(R⃗O)

]
=

1

2

∑
α

[
Qαα(R⃗O)Eαα(R⃗O)

]
This terms is thus unchanged by adding a constant C to the diagonal elements
of the second electric moment tensor Q, Eq. (4.6).

4.4 In Eq. (4.18), the traceless quadrupole moment tensor, Eq. (4.8), is used instead
of the second-order electric moment, Eq. (4.6),

Qαβ(R⃗O) =

∫
r⃗

(rα −RO,α)(rβ −RO,β)ρ(r⃗)dr⃗

in the Taylor expansion of the electric potential. But the quadrupole moment
tensor can be rewritten as

Θαβ(R⃗O) =
1

2

∫
r⃗

[
3(rα −RO,α)(rβ −RO,β)− δαβ(r⃗ − R⃗O)

2
]
ρ(r⃗)dr⃗

=
3

2

∫
r⃗

(rα −RO,α)(rβ −RO,β)ρ(r⃗)dr⃗ −
1

2

∫
r⃗

δαβ(r⃗ − R⃗O)
2ρ(r⃗)dr⃗

=
3

2
Qαβ − 1

2

∫
r⃗

δαβ(r⃗ − R⃗O)
2ρ(r⃗)dr⃗

=
3

2
Qαβ − 1

2
δαβ

∑
γ

Qγγ

which implies that it is essentially the second electric moment tensor with a
constant added to the diagonal elements, which leaves the electric potential
unchanged, as shown in Exercise 4.3.

4.5 Verification of Eq. (4.62) with an electric field (Ex, Ey, 0) and the dipole moment
only expanded in the polarizability. The line integral

∑
α

∫ (Ex,Ey,0)

(0,0,0)

µα +
∑
β

ααβE ′
β

 dE ′
α

is independent of the path and we can therefore integrate in two steps: one from
(0, 0, 0) to (Ex, 0, 0) and the second from (Ex, 0, 0) to (Ex, Ey, 0)

∑
α

∫ (Ex,Ey,0)

(0,0,0)

µα +
∑
β

ααβE ′
β

 dE ′
α

=
∑
α

∫ (Ex,0,0)

(0,0,0)

µα +
∑
β

ααβE ′
β

 dE ′
α +

∑
α

∫ (Ex,Ey,0)

(Ex,0,0)

µα +
∑
β

ααβE ′
β

 dE ′
α
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or

=

∫ (Ex,0,0)

(0,0,0)

(µx + αxxE ′
x) dE ′

x +

∫ (Ex,Ey,0)

(Ex,0,0)

(
µy + αyxEx + αyyE ′

y

)
dE ′

y

Integration gives then

∑
α

∫ (Ex,Ey,0)

(0,0,0)

µα +
∑
β

ααβE ′
β

 dE ′
α

= µxEx +
1

2
αxxE2

x + µyEy + αxyExEy +
1

2
αyyE2

y

=
∑

α=x,y

µαEα +
1

2
(αxyExEy + αyxExEy) +

1

2
αxxE2

x +
1

2
αyyE2

y

Finally using

αxy = αyx

one obtains∑
α

∫ (Ex,Ey,0)

(0,0,0)

µα +
∑
β

ααβE ′
β

 dE ′
α =

∑
α=x,y

µαEα +
∑

β=x,y

1

2
ααβEαEβ


4.6 In Eq. (4.14) the electric field gradient tensor is defined as

Eαβ(R⃗) = − ∂2ϕρ(r⃗)

∂Rα∂Rβ

Inserting the definition of the electrostatic potential, Eq. (4.1),

ϕρ(R⃗) =
1

4πϵ0

∫
r⃗

ρ(r⃗)

|R⃗− r⃗|
dr⃗

one obtains

Eαβ(R⃗) = − 1

4πϵ0

∂2

∂Rα∂Rβ

(∫
r⃗

ρ(r⃗)

|R⃗− r⃗|
dr⃗

)

= − 1

4πϵ0

∫
r⃗

ρ(r⃗)
∂2

∂Rα∂Rβ

1

|R⃗− r⃗|

Using the result from Exercise 4.1, but differentiating now with respect to R⃗ and
not r⃗, we can write:

Eαβ(R⃗) = − 1

4πϵ0

∫
r⃗

ρ(r⃗)

[
δαβ

|R⃗− r⃗|3
− 3

(Rα − rα)(Rβ − rβ)

|R⃗− r⃗|5

]
dr⃗
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5.1 In the exercise it was given that∮
f(r⃗)⃗j(r⃗) · dS⃗′ = 0

for a bounding surface S⃗′ which completely encloses the current distribution j⃗(r⃗).
Using the divergence theorem one can rewrite it as∮

f(r⃗)⃗j(r⃗) · dS⃗′ =

∫
r⃗

∇⃗ ·
[
f(r⃗)⃗j(r⃗)

]
dr⃗ = 0

where dr⃗ is the volume element inside of S⃗′. Using the general rule of vector
calculus

∇⃗ · [g(r⃗)⃗a(r⃗)] = a⃗(r⃗) · ∇⃗g(r⃗) + g(r⃗)∇⃗ · a⃗(r⃗)
we obtain for the r.h.s.∫

r⃗

∇⃗ ·
[
f(r⃗)⃗j(r⃗)

]
dr⃗ =

∫
r⃗

[⃗
j(r⃗) · ∇⃗f(r⃗) + f(r⃗)∇⃗ · j⃗(r⃗)

]
dr⃗ = 0

And since

∇⃗ · j⃗ = 0

for a steady current, we get the result∮
f(r⃗)⃗j(r⃗) · dS⃗′ =

∫
r⃗

[
∇⃗f(r⃗)

]
· j⃗(r⃗)dr⃗ = 0

which is what we wanted to show.
5.2 From Eq. (5.5) we have ∫

r⃗

[
∇⃗f(r⃗)

]
· j⃗(r⃗)dr⃗ = 0

Choosing the arbitrary function as

f(r⃗) = rα

we obtain ∫
r⃗

[
∇⃗rα

]
· j⃗(r⃗)dr⃗ = 0

and thus ∫
r⃗

jα(r⃗)dr⃗ = 0

If we choose instead

f(r⃗) = (rα −RGO,α)(rβ −RGO,β)
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we get ∫
r⃗

[
∇⃗ {(rα −RGO,α)(rβ −RGO,β)})

]
· j⃗(r⃗)dr⃗ = 0

or ∫
r⃗

[e⃗α(rβ −RGO,β) + e⃗β(rα −RGO,α)] · j⃗(r⃗)dr⃗ = 0

where e⃗α and e⃗β are unit vectors in α or β direction. This yields then the
expression ∫

r⃗

[(rβ −RGO,β)jα(r⃗) + (rα −RGO,α)jβ(r⃗)] dr⃗ = 0

which is what we wanted to show.
5.3 The definition of the magnetic dipole moment, Eq. (5.10), can be expanded as

m⃗ =
1

2

∫
r⃗

(r⃗ − R⃗GO)× j⃗(r⃗)dr⃗

=
1

2

∫
r⃗

r⃗ × j⃗(r⃗)dr⃗ − 1

2

∫
r⃗

R⃗GO × j⃗(r⃗)dr⃗

=
1

2

∫
r⃗

r⃗ × j⃗(r⃗)dr⃗ − 1

2
R⃗GO ×

∫
r⃗

j⃗(r⃗)dr⃗

Using ∫
r⃗

jα(r⃗)dr⃗ = 0

we get

m⃗ =
1

2

∫
r⃗

r⃗ × j⃗(r⃗)dr⃗

which shows that the magnetic dipole moment is independent of the gauge origin
R⃗GO.

5.4 The first-order molecular Hamiltonian reads for magnetic perturbations

Ĥ(1) =

N∑
i

ĥ(1)(i)

with

ĥ(1)(i) =
e

me

ˆ⃗
A(r⃗i) · ˆ⃗pi +

gee

2me

ˆ⃗si ·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]

For the vector potential of a homogenous magnetic induction, Eq. (5.19),

ˆ⃗
AB(r⃗i) =

1

2
B⃗ × (r⃗i − R⃗GO)

the operator becomes

ĥ(1)(i) =
e

me

1

2

[
B⃗ × (r⃗i − R⃗GO)

]
· ˆ⃗pi +

gee

2me

ˆ⃗si ·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]
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Using then the general rule of calculus

(A⃗× B⃗) · C⃗ = (B⃗ × C⃗) · A⃗

and the fact that
ˆ⃗
B =

ˆ⃗∇× ˆ⃗
A(r⃗i)

we get

ĥ(1)(i) =
e

2me

[
(r⃗i − R⃗GO)× ˆ⃗pi

]
· B⃗ +

gee

2me

ˆ⃗si ·
ˆ⃗
B

If we define
e

2me

[
(r⃗i − R⃗GO)× ˆ⃗pi

]
· B⃗ = −

∑
α

Bαô
lB
i,α(R⃗GO)

where

ôlBi,α(R⃗GO) = − e

2me

[
(r⃗i − R⃗GO)× ˆ⃗pi

]
α

and similarly
gee

2me

ˆ⃗si ·
ˆ⃗
B = −

∑
α

Bαô
sB
i,α

where

ôsBi,α = − gee

2me

ˆ⃗si,α

we can write the first-order perturbation Hamiltonian operator as

Ĥ(1) =

N∑
i

ĥ(1)(i)+Ĥ(1)
nuc = −

N∑
i

∑
α

Bα

[
ôsBi,α + ôlBi,α(R⃗GO)

]
= −

∑
α

Bα

[
ÔsB

α + ÔlB
α (R⃗GO)

]
where

ÔsB
α =

N∑
i

ôsBi,α

ÔlB
α (R⃗GO) =

N∑
i

ôlBi,α(R⃗GO)

which is what we wanted to show.
5.5 The second-order molecular Hamiltonian reads for magnetic perturbations

Ĥ(2) =

N∑
i

ĥ(2)(i)

with

ĥ(2)(i) =
e2

2me

ˆ⃗
A2(r⃗i)
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Inserting the vector potential, Eq. (5.19), this reads

ĥ(2)(i) =
e2

2me

[
1

2
B⃗ × (r⃗i − R⃗GO)

]2
=

e2

8me

[
B⃗ × (r⃗i − R⃗GO)

] [
B⃗ × (r⃗i − R⃗GO)

]
If we use the relation

(A⃗× B⃗)(C⃗ × D⃗) = A⃗ (D⃗ · B⃗ I3 − D⃗B⃗T ) C⃗

the second-order operator becomes

ĥ(2)(i) =
e2

8me
B⃗
[
(r⃗i − R⃗GO) · (r⃗i − R⃗GO) I3 − (r⃗i − R⃗GO)(r⃗i − R⃗GO)

T
]
B⃗

=
e2

8me

∑
αβ

Bα

[
(r⃗i − R⃗GO)

2 · δαβ − (r⃗i,α − R⃗GO,α)(r⃗i,β − R⃗GO,β)
]
Bβ

=
∑
αβ

ôBB
i,αβ(R⃗GO)BαBβ

and the second order perturbation Hamiltonian is

Ĥ(2) =
N∑
i

ĥ(2)(i) =
N∑
i

e2

2me

ˆ⃗
A2(r⃗i)

=
e2

8me

N∑
i

∑
αβ

BαBβ

(
(ri,α −RGO,α)

2δαβ − (ri,α −RGO,α)(ri,β −RGO,β)
)

=
∑
αβ

ÔBB
αβ (R⃗GO)BαBβ

where

ÔBB
αβ (R⃗GO) =

N∑
i

ôBB
i,αβ(R⃗GO)

=
e2

8me

N∑
i

(
(ri,α −RGO,α)

2δαβ − (ri,α −RGO,α)(ri,β −RGO,β)
)

This is what we wanted to show.
5.6 Inserting the vector potential from Eq. (5.2)

A⃗j(R⃗) =
µ0

4π

∫
r⃗

j⃗(r⃗)

|R⃗− r⃗|
dr⃗

into Eq. (5.19)

B⃗j(R⃗) = ∇⃗ × A⃗j(R⃗)
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we get

B⃗j(R⃗) = ∇⃗ × µ0

4π

∫
r⃗

j⃗(r⃗)

|R⃗− r⃗|
dr⃗ =

µ0

4π

∫
r⃗

∇⃗ × j⃗(r⃗)

|R⃗− r⃗|
dr⃗

If we look now at the x-component, we obtain

Bj
x(R⃗) =

µ0

4π

∫
r⃗

[
∇⃗ × j(r⃗)

|R⃗− r⃗|

]
x

dr⃗

=
µ0

4π

∫
r⃗

[
∂

∂Ry

jz(r⃗)

|R⃗− r⃗|
− ∂

∂Rz

jy(r⃗)

|R⃗− r⃗|

]
dr⃗

=
µ0

4π

∫
r⃗

[
jz(r⃗)

∂

∂Ry

1

|R⃗− r⃗|
− jy(r⃗)

∂

∂Rz

1

|R⃗− r⃗|

]
dr⃗

=
µ0

4π

∫
r⃗

[
−jz(r⃗)

(Ry − ry)

|R⃗− r⃗|3
+ jy(r⃗)

(Rz − rz)

|R⃗− r⃗|3

]
dr⃗

= −µ0

4π

∫
r⃗

[
(Ry − ry)

|R⃗− r⃗|3
jz(r⃗)−

(Rz − rz)

|R⃗− r⃗|3
jy(r⃗)

]
dr⃗

= −µ0

4π

∫
r⃗

[
(R⃗− r⃗)

|R⃗− r⃗|3
× j⃗(r⃗)

]
x

dr⃗

and analogously for the other components. Using this the permanent molecular
magnetic induction can be written as

B⃗j(R⃗) = −µ0

4π

∫
r⃗

(R⃗− r⃗)× j⃗(r⃗)

|R⃗− r⃗|3
dr⃗

= −µ0

4π

∫
r⃗

ρ(r⃗)
(R⃗− r⃗)× v⃗(r⃗)

|R⃗− r⃗|3
dr⃗

5.7 The first-order molecular Hamiltonian reads again

Ĥ(1) =

N∑
i

ĥ(1)(i)

ĥ(1)(i) =
e

me

ˆ⃗
A(r⃗i) · ˆ⃗pi +

gee

2me

ˆ⃗si ·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]

but now the vector potential is the potential of a nuclear magnetic dipole

ˆ⃗
AK(r⃗i) =

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3
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For the first term of ĥ(1)(i) we get

e

me

ˆ⃗
A(r⃗i) · ˆ⃗pi =

e

me

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

 · ˆ⃗pi

=
e

me

µ0

4π


(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

× ˆ⃗pi

 · m⃗K

=
e

me

µ0

4π

ˆ⃗
li(R⃗K)

|r⃗i − R⃗K |3
· m⃗K

For the second term of ĥ(1)(i) we get

gee

2me

ˆ⃗si ·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]
=

gee

2me

ˆ⃗si ·

 ˆ⃗∇×

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3


=

gee

2me

µ0

4π
ˆ⃗si ·

 ˆ⃗∇×

m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3


Then we use the general rule of vector calculus

∇⃗ ×
(
A⃗× B⃗

)
= A⃗

(
∇⃗ · B⃗

)
− B⃗

(
∇⃗ · A⃗

)
+
(
B⃗ · ∇⃗

)
A⃗−

(
A⃗ · ∇⃗

)
B⃗

However, in our case the second and the third terms on the right hand side are
equal to zero, as the gradient of the nuclear magnetic moment with respect to
electronic coordinates is zero. We thus get

gee

2me

ˆ⃗si·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]
=

gee

2me

µ0

4π
ˆ⃗si·

m⃗K

∇ ·

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

−
(
m⃗K · ∇

) (r⃗i − R⃗K

)
|r⃗i − R⃗K |3


Let us look at the two terms in the curly bracket individually. Using the results
of exercise 4.1, i.e. (

r⃗i − R⃗K

)
|r⃗i − R⃗K |3

= −∇⃗ 1

|r⃗i − R⃗K |
we get for the first term

m⃗K

∇⃗ ·

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

 = −m⃗K

(
∇⃗2 1

|r⃗i − R⃗K |

)

= m⃗K4πδ(r⃗i − R⃗K)
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The second term we can rewrite as

(
m⃗K · ∇⃗

) (r⃗i − R⃗K

)
|r⃗i − R⃗K |3

=

(∑
α

mK
α

∂

∂ri,α

) (
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

If we now look at the β component, we obtain

(∑
α

mK
α

∂

∂ri,α

)
(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3


β

=
∑
α

mK
α

∂

∂ri,α

(ri,β −RK,β)

|ri −RK |3

=
∑
α

mK
α (ri,β −RK,β)

∂

∂ri,α

1

|r⃗i − R⃗K |3

+
∑
α

mK
α

|r⃗i − R⃗K |3
∂

∂ri,α
(ri,β −RK,β)

The second term in the last expression is only different from zero when α = β,
and we thus get

(∑
α

mK
α

∂

∂ri,α

)
(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3


β

=
∑
α

mK
α (ri,β −RK,β) (−3)

(ri,α −RK,α)

|r⃗i − R⃗K |5

+
mK

β

|r⃗i − R⃗K |3

=
mK

β

|r⃗i − R⃗K |3
− 3

m⃗K ·
(
r⃗i − R⃗K

)
(ri,β −RK,β)

|r⃗i − R⃗K |5

and analogously for the other components. For the whole vector we obtain then

(
m⃗K · ∇⃗

) (r⃗i − R⃗K

)
|r⃗i − R⃗K |3

=
m⃗K

|r⃗i − R⃗K |3
− 3

m⃗K ·
(
r⃗i − R⃗K

)(
r⃗i − R⃗K

)
|r⃗i − R⃗K |5

However, this derivation is not valid, if |r⃗i− R⃗K | approaches zero, and we have to

take care of this special case. For r⃗i = R⃗K only the total symmetric component
of the operator can contribute and we have therefore to calculate the isotropic
part of the operator, i.e.

⟨(
m⃗K · ∇⃗

) (r⃗i − R⃗K

)
|r⃗i − R⃗K |3

⟩
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For that we have to realize that m⃗K · ∇⃗ (r⃗i−R⃗K)
|r⃗i−R⃗K |3

can be considered as the product

of the vector m⃗K with the tensor ∇⃗ (r⃗i−R⃗K)
T

|r⃗i−R⃗K |3
. Using again that

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

= −∇⃗ 1

|r⃗i − R⃗K |

we have to calculate the isotropic component of it, i.e.

−1

3
Trace

∇⃗

(
∇⃗ 1

|r⃗i − R⃗K |

)T
 = −1

3

(
∇⃗x∇⃗x + ∇⃗y∇⃗y + ∇⃗z∇⃗z

) 1

|r⃗i − R⃗K |

= −1

3
∇⃗2 1

|r⃗i − R⃗K |

Finally using again that ∇⃗2 1

|r⃗i−R⃗K |
= −4πδ(r⃗i−R⃗K) we obtain finally for r⃗i = R⃗K

the additional contribution

⟨(
m⃗K · ∇⃗

) (r⃗i − R⃗K

)
|r⃗i − R⃗K |3

⟩
=

1

3
m⃗K4πδ(r⃗i − R⃗K)

Collecting now all contributions to the second term of ĥ(1)(i) we obtain

gee

2me

ˆ⃗si ·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]
=

gee

2me

µ0

4π
ˆ⃗si ·
{
m⃗K4πδ(r⃗i − R⃗K)− 1

3
m⃗K

[
4πδ(r⃗i − R⃗K)

]}

+
gee

2me

µ0

4π
ˆ⃗si ·

3m⃗K ·
(
r⃗i − R⃗K

)(
r⃗i − R⃗K

)
|r⃗i − R⃗K |5

− m⃗K

|r⃗i − R⃗K |3


=
geeµ0

3me

ˆ⃗si · m⃗Kδ(r⃗i − R⃗K)

+
gee

2me

µ0

4π
m⃗K ·

3 ˆ⃗si ·
(
r⃗i − R⃗K

)(
r⃗i − R⃗K

)
|r⃗i − R⃗K |5

−
ˆ⃗si

|r⃗i − R⃗K |3
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The first-order perturbation Hamiltonian becomes then finally

Ĥ(1) =
N∑
i

ĥ(1)(i)

=
N∑
i

e

me

ˆ⃗
A(r⃗i) · ˆ⃗pi +

gee

2me

ˆ⃗si ·
[
ˆ⃗∇× ˆ⃗

A(r⃗i)
]

= −
∑
α

(
ÔlmK

α + ÔsmK

α

)
mK

α

where

ÔlmK

α = − e

me

µ0

4π

N∑
i

l̂i,α(RK)

|r⃗i − R⃗K |3

ÔsmK

α = ÔFC
K,α + ÔSD

K,α

ÔFC
K,α = −geeµ0

3me

N∑
i

δ(r⃗i − R⃗K)ŝi,α

ÔSD
K,α = − gee

2me

µ0

4π

N∑
i

3 ˆ⃗si ·
(
r⃗i − R⃗K

)
(ri,α −RK,α)

|r⃗i − R⃗K |5
− ŝi,α

|r⃗i − R⃗K |3


5.8 The second-order molecular Hamiltonian is given as

Ĥ(2) =
N∑
i

ĥ(2)(i)

where

ĥ(2)(i) =
e2

2me

ˆ⃗
A2(r⃗i)

and

ˆ⃗
A(r⃗i) =

ˆ⃗
AB(r⃗i) +

∑
K

ˆ⃗
AK(r⃗i) =

1

2
B⃗ × (r⃗i − R⃗GO) +

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

Let us therefore look first at
ˆ⃗
A(r⃗i)

2, where however, the summation over the
nuclei in the second term was changed from K to L

ˆ⃗
A(r⃗i)

2 =

[
ˆ⃗
AB(r⃗i) +

∑
K

ˆ⃗
AK(r⃗i)

]
·

[
ˆ⃗
AB(r⃗i) +

∑
L

ˆ⃗
AL(r⃗i)

]
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or

ˆ⃗
A(r⃗i)

2 =

[
1

2
B⃗ × (r⃗i − R⃗GO)

]2
+

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

 ·

∑
L

µ0

4π
m⃗L ×

(
r⃗i − R⃗L

)
|r⃗i − R⃗L|3


+ 2

[
1

2
B⃗ × (r⃗i − R⃗GO)

]
·

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3



The first of the three terms was discussed in Exercise 5.5 and we found that[
B⃗ × (r⃗i − R⃗GO)

]2
=
∑
αβ

BαBβ

[
(ri −RGO)

2δαβ − (ri,α −RGO,α)(ri,β −RGO,β)
]

Using the same procedure as in Exercise 5.5, we get for the second term

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

 ·

∑
L

µ0

4π
m⃗L ×

(
r⃗i − R⃗L

)
|r⃗i − R⃗L|3

 =

∑
αβ

∑
KL

mK
α m

L
β


(
r⃗i − R⃗L

)
|r⃗i − R⃗L|3

·

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

δαβ − (ri,α −RL,α)

|r⃗i − R⃗L|3
(ri,β −RK,β)

|r⃗i − R⃗K |3



which leads to the first contribution to the second contribution to the second-order
perturbation Hamiltonian

Ĥ(2) =
∑
KL

∑
αβ

ÔmKmL

αβ mK
α m

L
β

where

ÔmKmL

αβ =
e2

2me

(µ0

4π

)2 N∑
i


(
r⃗i − R⃗L

)
|r⃗i − R⃗L|3

·

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

δαβ −

(
r⃗i,α − R⃗L,α

)
|r⃗i − R⃗L|3

(
r⃗i,β − R⃗K,β

)
|r⃗i − R⃗K |3


For the last term

[
B⃗ × (r⃗i − R⃗GO)

]
·

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3
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one gets

[
B⃗ × (r⃗i − R⃗GO)

]
·

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

 =

∑
K

µ0

4π
m⃗K ×

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

 ·
[
B⃗ × (r⃗i − R⃗GO)

]
=

∑
αβ

mK
α Bβ

(r⃗i − R⃗GO

)
·

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

δαβ − (ri,α −RGO,α)
(ri,β −RK,β)

|r⃗i − R⃗K |3


which leads to the third contribution to the second-order perturbation Hamilto-
nian

Ĥ(2) =
∑
KL

∑
αβ

ÔmKB
αβ mK

α Bβ

where

ÔmKB
αβ (R⃗GO) =

e2

2me

µ0

4π

N∑
i

(r⃗i − R⃗GO

)
·

(
r⃗i − R⃗K

)
|r⃗i − R⃗K |3

δαβ − (ri,α −RGO,α)
(ri,β −RK,β)

|r⃗i − R⃗K |3


5.9 We are dealing with operators that are defined as

Ôr
α =

N∑
i

ri,α

Ôp
α =

N∑
i

pi,α

µ̂α(R⃗GO) = −e
N∑
i

(ri,α −RGO,α)

Ôµ
α(R⃗K) =

e

4πϵ0

N∑
i

(ri,α −RK,α)

|r⃗i − R⃗K |3

First we want to show that the two commutators
[
ˆ⃗µ(R⃗GO), (

ˆ⃗
Or)T

]
and[

ˆ⃗
Oµ(R⃗K), (

ˆ⃗
Or)T

]
are zero. Since none of the operators contain a derivative with

respect to electronic coordinates, it its trivial to see that the commute.
Using the vector triple product rule

A⃗×
(
B⃗ × C⃗

)
= B⃗

(
A⃗ · C⃗

)
−
(
A⃗ · B⃗

)
C⃗
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we can write the commutator[
ˆ⃗
O2 ×

(
ˆ⃗
O1 ×

ˆ⃗
Op
)
, (

ˆ⃗
Or)T

]
as[

ˆ⃗
O2 ×

(
ˆ⃗
O1 ×

ˆ⃗
Op
)
, (

ˆ⃗
Or)T

]
=
[
ˆ⃗
O1

(
ˆ⃗
O2 ·

ˆ⃗
Op
)
, (

ˆ⃗
Or)T

]
−
[(

ˆ⃗
O1 ·

ˆ⃗
O2

)
ˆ⃗
Op, (

ˆ⃗
Or)T

]
=
[
ˆ⃗
O1, (

ˆ⃗
Or)T

] (
ˆ⃗
O2 ·

ˆ⃗
Op
)
+

ˆ⃗
O1

[
ˆ⃗
O2 ·

ˆ⃗
Op, (

ˆ⃗
Or)T

]
−
(
ˆ⃗
O1 ·

ˆ⃗
O2

) [
ˆ⃗
Op, (

ˆ⃗
Or)T

]
−
[
ˆ⃗
O1 ·

ˆ⃗
O2, (

ˆ⃗
Or)T

]
ˆ⃗
Op

The first and the last commutators are zero as discussed before and the second
commutator can be rewritten as[

ˆ⃗
O2 ×

(
ˆ⃗
O1 ×

ˆ⃗
Op
)
, (

ˆ⃗
Or)T

]
=

ˆ⃗
O1(

ˆ⃗
O2)

T
[
ˆ⃗
Op, (

ˆ⃗
Or)T

]
−
(
ˆ⃗
O2 ·

ˆ⃗
O1

) [
ˆ⃗
Op, (

ˆ⃗
Or)T

]
Realizing that

[
ˆ⃗
Op, (

ˆ⃗
Or)T

]
is in reality a matrix M of commutators with elements

Mαβ =
[
Ôp

α, Ô
r
β

]
= −ı~δαβ

we finally obtain

− ı

~

[
ˆ⃗
O2 ×

(
ˆ⃗
O1 ×

ˆ⃗
Op
)
, (

ˆ⃗
Or)T

]
= − ˆ⃗

O1 ⊗
ˆ⃗
O2 +

(
ˆ⃗
O2 ·

ˆ⃗
O1

)
I3

5.10 The elements of the two tensors are defined as

ξαβ =− ⟨Ψ(0)
0 |ÔBB

αβ (R⃗GO) + ÔBB
βα (R⃗GO) |Ψ(0)

0 ⟩

−
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

α(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |m̂l
β(R⃗GO) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

−
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

β(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |m̂l
α(R⃗GO) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

and

σK
αβ = ⟨Ψ(0)

0 |ÔmKB
αβ (R⃗GO) |Ψ(0)

0 ⟩

+
∑
n̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |m̂l
β(R⃗GO) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

+
∑
n̸=0

⟨Ψ(0)
0 |m̂l

β(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |ÔOP
K,α |Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n
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We add now an arbitrary displacement vector D⃗ to the gauge origin R⃗GO. If the
sum of the dia- and paramagnetic terms are independent of the gauge origin, the
terms containing this change should cancel.

Let us start with the nuclear magnetic shielding tensor:

σK
αβ = ⟨Ψ(0)

0 |ÔmKB
αβ (R⃗GO + D⃗) |Ψ(0)

0 ⟩

+
∑
n ̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |m̂l
β(R⃗GO + D⃗) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

+
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

β(R⃗GO + D⃗) |Ψ(0)
n ⟩⟨Ψ(0)

n |ÔOP
K,α |Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n

where according to Eq. (5.21) and Eq. (3.65) the magnetic dipole moment
operator for a shifted gauge origin can be written as

m̂l
α(R⃗GO + D⃗) = − e

2me

N∑
i

[
(r⃗i − R⃗GO − D⃗)× ˆ⃗pi

]
α

= m̂l
α(R⃗GO) +

e

2me

N∑
i

(
D⃗ × ˆ⃗pi

)
α

= m̂l
α(R⃗GO) +

e

2me

(
D⃗ × ˆ⃗

Op
)
α

and according to Eq. (5.83) diamagnetic shielding operator becomes

ÔmKB
αβ (R⃗GO + D⃗) =

e2

2me

µ0

4π

N∑
i

(
r⃗i − R⃗GO − D⃗

)
· r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ

− e2

2me

µ0

4π

N∑
i

(ri,α −RGO,α −Dα)
ri,β −RK,β

|r⃗i − R⃗K |3

= ÔmKB
αβ (R⃗GO)−

e2

2me

µ0

4π

N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
Inserting the last expressions for both operators in the equation for the elements
of the nuclear magnetic shielding tensor, we get

σK
αβ = ⟨Ψ(0)

0 |ÔmKB
αβ (R⃗GO) |Ψ(0)

0 ⟩

+
∑
n̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |m̂l
β(R⃗GO) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

+
∑
n̸=0

⟨Ψ(0)
0 |m̂l

β(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |ÔOP
K,α |Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n
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plus the following contributions

− e2

2me

µ0

4π
⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

+
e

2me

∑
n̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |
(
D⃗ × ˆ⃗

Op
)
β
|Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

+
e

2me

∑
n̸=0

⟨Ψ(0)
0 |
(
D⃗ × ˆ⃗

Op
)
β
|Ψ(0)

n ⟩⟨Ψ(0)
n |ÔOP

K,α |Ψ
(0)
0 ⟩

E
(0)
0 − E

(0)
n

In order for the tensor to be independent of the gauge origin, the three last
terms, which we denote as ∆σK

αβ , must cancel. Using the off-diagonal hypervirial
theorem, Eq. (3.66), we obtain

∆σK
αβ = − e2

2me

µ0

4π
⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

+
e

2ı~
∑
n̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ(0)
n ⟩⟨Ψ(0)

n |
(
D⃗ × ˆ⃗

Or
)
β
|Ψ(0)

0 ⟩

− e

2ı~
∑
n̸=0

⟨Ψ(0)
0 |
(
D⃗ × ˆ⃗

Or
)
β
|Ψ(0)

n ⟩⟨Ψ(0)
n |ÔOP

K,α |Ψ
(0)
0 ⟩

Using Eq. (3.67) and the resolution of the identity,
∑

n |Ψ
(0)
n ⟩⟨Ψ(0)

n | = 1, we get

∆σK
αβ = − e2

2me

µ0

4π
⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

+
e

2ı~
⟨Ψ(0)

0 |ÔOP
K,α

(
D⃗ × ˆ⃗

Or
)
β
|Ψ(0)

0 ⟩ − e

2ı~
⟨Ψ(0)

0 |
(
D⃗ × ˆ⃗

Or
)
β
ÔOP

K,α |Ψ
(0)
0 ⟩

or

∆σK
αβ = − e2

2me

µ0

4π
⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

+
e

2ı~
⟨Ψ(0)

0 |
[
ÔOP

K,α,
(
D⃗ × ˆ⃗

Or
)
β

]
|Ψ(0)

0 ⟩

The operator ÔOP
K,α is given by

ÔOP
K,α = − e

me

µ0

4π

N∑
i

l̂i,α(RK)

|r⃗i − R⃗K |3
= − e

me

µ0

4π

N∑
i

(
r⃗i − R⃗K

| r⃗i − R⃗K |3
× ˆ⃗pi

)
α
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which results in

∆σK
αβ = − e2

2me

µ0

4π
⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

− e2

2meı~
µ0

4π
⟨Ψ(0)

0 |

[
N∑
i

(
r⃗i − R⃗K

| r⃗i − R⃗K |3
× ˆ⃗pi

)
α

,
(
D⃗ × ˆ⃗

Or
)
β

]
|Ψ(0)

0 ⟩

Before we evaluate the commutator and corresponding ones for the magne-
tizability later on, it is useful to proof first the following general commutator
relation(C⃗ ×

∑
i

ˆ⃗ri

)
α

,

∑
j

ˆ⃗oj × ˆ⃗pj


β

 = ı~
∑
i

(
ˆ⃗oi · C⃗ I3 − ˆ⃗oi ⊗ C⃗

)
αβ

where the operator ˆ⃗oi commutes with ˆ⃗ri, i.e. [ôi,α, r̂i,β ] = 0 and C⃗ is a constant

vector. We don’t need to consider the case, where the two operators ˆ⃗ri and ˆ⃗oj× ˆ⃗pj
refer to different electrons, as the commutator is always zero then and we will
drop the electron index i during the proof of this commutator. In order to do
proof the commutator, it is best to distinguish between the two cases α = β and
α ̸= β and to consider two particular components like xx and xy. For α = β = x
the commutator becomes then[(

C⃗ × ˆ⃗r
)
x
,
(
ˆ⃗o× ˆ⃗p

)
x

]
= ôyĈy [r̂z, p̂z] + ôzĈz [r̂y, p̂y]

Using that [r̂α, p̂β ] = ı~ δαβ one obtains[(
C⃗ × ˆ⃗r

)
x
,
(
ˆ⃗o× ˆ⃗p

)
x

]
= ı~

(
ôyĈy + ôzĈz

)
For α = x and β = y the commutator becomes correspondingly[(

C⃗ × ˆ⃗r
)
x
,
(
ˆ⃗o× ˆ⃗p

)
y

]
= −ôxĈy [r̂z, p̂z] = −ı~ ôxĈy

The same holds then for all the other components, which proofs the commutator
relation above.

Applying the commutator now to the case of the shielding tensor, gives for
∆σK

αβ

∆σK
αβ = − e2

2me

µ0

4π
⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

− e2

2meı~
µ0

4π
(−ı~) ⟨Ψ(0)

0 |
N∑
i

(
D⃗ · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ −Dα

ri,β −RK,β

|r⃗i − R⃗K |3

)
|Ψ(0)

0 ⟩

= 0

which is what we wanted to show.
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For the magnetizability tensor we get correspondingly on displacing the gauge
origin R⃗GO by D⃗

ξαβ = −⟨Ψ(0)
0 |ÔBB

αβ (R⃗GO + D⃗) + ÔBB
βα (R⃗GO + D⃗) |Ψ(0)

0 ⟩

−
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

α(R⃗GO + D⃗) |Ψ(0)
n ⟩⟨Ψ(0)

n |m̂l
β(R⃗GO + D⃗) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

−
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

β(R⃗GO + D⃗) |Ψ(0)
n ⟩⟨Ψ(0)

n |m̂l
α(R⃗GO + D⃗) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

where

ÔBB
αβ (R⃗GO + D⃗)

=
e2

8me

N∑
i

[(
r⃗i − R⃗GO − D⃗

)2
δαβ − (ri,α −RGO,α −Dα) (ri,β −RGO,β −Dβ)

]

= ÔBB
αβ (R⃗GO) +

e2

8me

(
D⃗2δαβ −DαDβ

)
− e2

8me

N∑
i

[(
r⃗i − R⃗GO

)
· D⃗ δαβ −Dα (ri,β −RGO,β)

]

− e2

8me

N∑
i

[
D⃗ ·
(
r⃗i − R⃗GO

)
δαβ − (ri,α −RGO,α)Dβ

]

Inserting this and the expression for m̂l
α(R⃗GO + D⃗) from above in the expression

for the magnetizability tensor one obtains

ξαβ = −⟨Ψ(0)
0 |ÔBB

αβ (R⃗GO) + ÔBB
βα (R⃗GO) |Ψ(0)

0 ⟩

−
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

α(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |m̂l
β(R⃗GO) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

−
∑
n ̸=0

⟨Ψ(0)
0 |m̂l

β(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |m̂l
α(R⃗GO) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

− e2

4me
⟨Ψ(0)

0 |
(
D⃗2δαβ −DαDβ

)
|Ψ(0)

0 ⟩

+
e2

4me
⟨Ψ(0)

0 |
N∑
i

[(
r⃗i − R⃗GO

)
· D⃗ δαβ −Dα (ri,β −RGO,β)

]
|Ψ(0)

0 ⟩

+
e2

4me
⟨Ψ(0)

0 |
N∑
i

[
D⃗ ·
(
r⃗i − R⃗GO

)
δαβ − (ri,α −RGO,α)Dβ

]
|Ψ(0)

0 ⟩
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plus the following contributions

− e2

4m2
e

∑
n̸=0

⟨Ψ(0)
0 |
(
D⃗ × ˆ⃗

Op
)
α
|Ψ(0)

n ⟩⟨Ψ(0)
n |
(
D⃗ × ˆ⃗

Op
)
β
|Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

− e2

4m2
e

∑
n̸=0

⟨Ψ(0)
0 |
(
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The last nine terms, which we will denote ∆ξαβ , must be zero in order for the mag-
netizability tensor to be independent of the gauge origin. Using the off-diagonal
hypervirial theorem we get for them
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plus the following contributions
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which can be rewritten as
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Now we can apply the general commutator relation,

(C⃗ ×
∑
i

ˆ⃗ri

)
α

,

∑
j

ˆ⃗oj × ˆ⃗pj
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again for all three commutators and obtain
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which is, what we wanted to show.
5.11 We start from the intermediate result for the change in the shielding tensor due

to a change in the gauge origin from Exercise 5.10
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The change in the isotropic shielding constant becomes then
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∆σK
αα

= − e2

3me

µ0

4π

∑
α

Dα⟨Ψ(0)
0 |

N∑
i

ri,α −RK,α

|r⃗i − R⃗K |3
|Ψ(0)

0 ⟩

+
e

6me

∑
αβγ

ϵαβγDα

∑
n̸=0

⟨Ψ(0)
0 |ÔOP
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where ϵαβγ is the Levi-Civita symbol as defined in Eq. (5.112). Using the definition

of the electric-field gradient operator Ôµ
α in Eq. (4.95) and the fact that ϵ0µ0 = 1
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we obtain
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which implies that the components of the gauge-origin dependence vector for the
shielding constant are given as
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For the magnetizability we obtained for the change in the tensor elements in
Exercise 5.10
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The change in the isotropic magnetizability becomes then
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plus the following terms

+
e

3me

∑
α

Dα

∑
βγ

ϵαβγ

∑
n̸=0

⟨Ψ(0)
0 |m̂l

γ(R⃗GO) |Ψ(0)
n ⟩⟨Ψ(0)

n |Ôp
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Using the definition that the norm of the wavefunction is equal to the number

of electrons, ⟨Ψ(0)
0 | Ψ(0)

0 ⟩ = N , and the definition of the electric dipole moment
operator in Eq. (4.30) one obtains
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which implies that the components of the gauge-origin dependence vector for the
magnetizability are given as
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β |Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n


− e

3me
⟨Ψ(0)

0 | µ̂α(RGO) |Ψ(0)
0 ⟩



58 Solutions to Chapter 5
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β |Ψ
(0)
n ⟩⟨Ψ(0)

n |Ôp
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5.12 The change in the paramagnetic contribution to an element of the shielding tensor
was derived in Exercise 5.10 to be

∆σK,para
αβ =

e

2me

∑
n̸=0

⟨Ψ(0)
0 |ÔOP
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Now we have to derive the corresponding change in the CTOCD-DZ diamagnetic
contribution, Eq. (5.115). Let us start by deriving the change in ÔCTOCD−DZ

K,δα ,

Eq. (5.117), on changing the gauge origin R⃗GO by D⃗. According to the definition
of the electric dipole moment operator in Eq. (4.30), this becomes
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The change in the CTOCD-DZ diamagnetic contribution, Eq. (5.115), becomes
then

∆σK,∆
αβ =

e

4me

∑
γδ

ϵβγδ

∑
n̸=0

⟨Ψ(0)
0 |Ôp

γ |Ψ
(0)
n ⟩⟨Ψ(0)

n |
[
Dδ Ô

OP
K,α + ÔOP

K,α Dδ

]
|Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

+
∑
n ̸=0

⟨Ψ(0)
0 |
[
Dδ Ô

OP
K,α + ÔOP

K,α Dδ

]
|Ψ(0)

n ⟩⟨Ψ(0)
n |Ôp

γ |Ψ
(0)
0 ⟩

E
(0)
0 − E

(0)
n
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The displacement Dδ is a constant and can therefore be moved to the transition
moments over Ôp

γ

∆σK,∆
αβ =

e

2me

∑
γδ

ϵβγδ

∑
n̸=0

⟨Ψ(0)
0 |Ôp

γ Dδ |Ψ(0)
n ⟩⟨Ψ(0)

n |ÔOP
K,α |Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n

+
∑
n̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |Ôp
γ Dδ |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n


Recognizing

∑
γδ ϵβγδÔ

p
γ Dδ as the β component of the vector product

ˆ⃗
Op × D⃗

we can rewrite it as

∆σK,∆
αβ = − e

2me

∑
n̸=0

⟨Ψ(0)
0 |
(
D⃗ × ˆ⃗

Op
)
β
|Ψ(0)

n ⟩⟨Ψ(0)
n |ÔOP

K,α |Ψ
(0)
0 ⟩

E
(0)
0 − E

(0)
n

+
∑
n̸=0

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |
(
D⃗ × ˆ⃗

Op
)
β
|Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n


which cancels exactly the change in the paramagnetic contribution.
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6.1 We can proof this by looking at only one component, e.g. the x-component,[
A⃗×

(
B⃗ × C⃗

)]
x
, which is[
A⃗×

(
B⃗ × C⃗

)]
x
= Ay

(
B⃗ × C⃗

)
z
−Az

(
B⃗ × C⃗

)
y

Evaluating the inner vector product gives then[
A⃗×

(
B⃗ × C⃗

)]
x
= Ay (BxCy −ByCx)−Az (BzCx −BxCz)

which can be rewritten as[
A⃗×

(
B⃗ × C⃗

)]
x
= Bx (AyCy +AzCz)− (AyBy +AzBz)Cx

Adding and subtracting then AxBxCx we get[
A⃗×

(
B⃗ × C⃗

)]
x
= Bx (AxCx +AyCy +AzCz)− (AxBx +AyBy +AzBz)Cx

which is the same as[
A⃗×

(
B⃗ × C⃗

)]
x
= Bx (A · C)− (A ·B)Cx

and thus the x-component of[
A⃗×

(
B⃗ × C⃗

)]
x
=
[
B⃗
(
A⃗ · C⃗

)
−
(
A⃗ · B⃗

)
C⃗
]
x

The same can be shown also for the other two components.
6.2 The second-order molecular Hamiltonian reads for magnetic perturbations

Ĥ(2) =
N∑
i

ĥ(2)(i)

with

ĥ(2)(i) =
e2

2me

ˆ⃗
A2(r⃗i)

The relevant vector potentials are given in (5.19) and (6.5)

ˆ⃗
A =

ˆ⃗
AJ +

ˆ⃗
AB

where

ˆ⃗
AJ = −me

e
I−1J⃗ × (r⃗ − R⃗CM )

ˆ⃗
AB =

1

2
B⃗ × (r⃗i − R⃗GO)
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The square of the vector potential becomes then

ˆ⃗
A2 =

(
ˆ⃗
AJ
)2

+
(
ˆ⃗
AB
)2

+ 2
ˆ⃗
AJ · ˆ⃗

AB

The second-order perturbation Hamiltonian for the induced contribution to the
rotational g tensor arises from the last term, which we can write as

ĥ(2)(i) =
e2

me

[
−me

e
I−1J⃗ × (r⃗ − R⃗CM )

]
·
[
1

2
B⃗ × (r⃗i − R⃗GO)

]
If we use again the relation

(A⃗× B⃗)(C⃗ × D⃗) = A⃗ (D⃗ · B⃗ I3 − D⃗B⃗T ) C⃗

the second-order operator becomes

ĥ(2)(i) = −e
2

∑
αβ

Bα

[
(r⃗i − R⃗CM ) · (r⃗i − R⃗GO)δαβ − (ri,α −RCM,α)(ri,β −RGO,β)

] (
I−1J⃗

)
β

which leads to the second-order perturbation Hamiltonian

Ĥ(2) =

N∑
i

ĥ(2)(i)

=
∑
αβ

ÔBJ
αβ (R⃗CM , R⃗GO) Bα(I

−1 J⃗)β

where

ÔBJ
αβ (R⃗CM , R⃗GO) = −e

2

N∑
i

[
(r⃗i − R⃗CM ) · (r⃗i − R⃗GO)δαβ − (ri,α −RCM,α)(ri,β −RGO,β)

]
6.3 Realizing that

[
C⃗ × ˆ⃗

Or,
(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)T]

is in reality a matrix of commutators

we will show that it is equal to ı~
{
ˆ⃗µ(R⃗O) · C⃗ I3 − ˆ⃗µ(R⃗O)⊗ C⃗

}
for both a diago-

nal element and an off-diagonal element. Expanding therefore the xx-element we
have[

C⃗ × ˆ⃗
Or,

(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)T]

xx

=
[(
C⃗ × ˆ⃗

Or
)
x
,
(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)
x

]
=
[
CyÔ

r
z − CzÔ

r
y, µ̂y(R⃗O)Ô

p
z − µ̂z(R⃗O)Ô

p
y

]
=
[
CyÔ

r
z , µ̂y(R⃗O)Ô

p
z

]
−
[
CyÔ

r
z , µ̂z(R⃗O)Ô

p
y

]
−
[
CzÔ

r
y, µ̂y(R⃗O)Ô

p
z

]
+
[
CzÔ

r
y, µ̂z(R⃗O)Ô

p
y

]
But the components of the C⃗ are constants and any component of ˆ⃗µ(R⃗O) com-

mutes with any component of
ˆ⃗
Or and we can therefore take them out of the
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commutator[
C⃗ × ˆ⃗

Or,
(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)T]

xx

= Cyµ̂y(R⃗O)
[
Ôr

z , Ô
p
z

]
− Cyµ̂z(R⃗O)

[
Ôr

z , Ô
p
y

]
− Czµ̂y(R⃗O)

[
Ôr

y, Ô
p
z

]
+ Czµ̂z(R⃗O)

[
Ôr

y, Ô
p
y

]
Evaluating the commutators

[
Ôr

α, Ô
p
β

]
= ı~δαβ leads to

[
C⃗ × ˆ⃗

Or,
(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)T]

xx

= ı~Cyµ̂y(R⃗O) + ı~Czµ̂z(R⃗O)

= ı~
{
ˆ⃗µ(R⃗O) · C⃗ I3 − ˆ⃗µ(R⃗O)⊗ C⃗

}
xx

For the xy-element we obtain then analogously[
C⃗ × ˆ⃗

Or,
(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)T]

xy

=

[(
C⃗ × ˆ⃗

Or
)
x
,
(
ˆ⃗µ(R⃗O)×

ˆ⃗
Op
)
y

]
=
[
CyÔ

r
z − CzÔ

r
y, µ̂z(R⃗O)Ô

p
x − µ̂x(R⃗O)Ô

p
z

]
=
[
CyÔ

r
z , µ̂z(R⃗O)Ô

p
x

]
−
[
CyÔ

r
z , µ̂x(R⃗O)Ô

p
z

]
−
[
CzÔ

r
y, µ̂z(R⃗O)Ô

p
x

]
+
[
CzÔ

r
y, µ̂x(R⃗O)Ô

p
z

]
= Cyµ̂z(R⃗O)

[
Ôr

z , Ô
p
x

]
− Cyµ̂x(R⃗O)

[
Ôr

z , Ô
p
z

]
− Czµ̂z(R⃗O)

[
Ôr

y, Ô
p
x

]
+ Czµ̂x(R⃗O)

[
Ôr

y, Ô
p
z

]
= −ı~Cyµ̂x(R⃗O)

= ı~
{
ˆ⃗µ(R⃗O) · C⃗ I3 − ˆ⃗µ(R⃗O)⊗ C⃗

}
xy

This relation can then be used in the expression for the diamagnetic
contribution to the rotational g tensor

gdiaJ,αβ = ⟨Ψ(0)
0 |
∑
i

[
(r⃗i − R⃗CM ) · (R⃗GO − R⃗CM )δαβ − (ri,α −RCM,α)(RGO,β −RCM,β)

]
|Ψ(0)

0 ⟩

= −⟨Ψ(0)
0 |
[
ˆ⃗µ(R⃗CM ) · (R⃗GO − R⃗CM )δαβ − µ̂α(R⃗CM )(RGO,β −RCM,β)

]
|Ψ(0)

0 ⟩

= − 1

ı~
⟨Ψ(0)

0 |
[{

(R⃗GO − R⃗CM )× ˆ⃗
Or
}
α
,
{
ˆ⃗µ(R⃗CM )× ˆ⃗

Op
}
β

]
|Ψ(0)

0 ⟩

=
1

ı~
⟨Ψ(0)

0 |
[{

(R⃗GO − R⃗CM )× ˆ⃗
Or
}
α
, L̂β(R⃗CM )

]
|Ψ(0)

0 ⟩
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Expanding the commutator it becomes

gdiaJ,αβ =
1

ı~
⟨Ψ(0)

0 |
{
(R⃗GO − R⃗CM )× ˆ⃗

Or
}
α
L̂β(R⃗CM ) |Ψ(0)

0 ⟩

− 1

ı~
⟨Ψ(0)

0 | L̂β(R⃗CM )
{
(R⃗GO − R⃗CM )× ˆ⃗

Or
}
α
|Ψ(0)

0 ⟩

Inserting the resolution of the identity,
∑

n |Ψ
(0)
n ⟩⟨Ψ(0)

n | = 1, between the
operators we get

gdiaJ,αβ =
1

ı~
∑
n

⟨Ψ(0)
0 |
{
(R⃗GO − R⃗CM )× ˆ⃗

Or
}
α
|Ψ(0)

n ⟩⟨Ψ(0)
n | L̂β(R⃗CM ) |Ψ(0)

0 ⟩

− 1

ı~
∑
n

⟨Ψ(0)
0 | L̂β(R⃗CM ) |Ψ(0)

n ⟩⟨Ψ(0)
n |
{
(R⃗GO − R⃗CM )× ˆ⃗

Or
}
α
|Ψ(0)

0 ⟩

The constant vector (R⃗GO − R⃗CM ) can temporarily be taken out of the integrals

gdiaJ,αβ =
1

ı~
∑
n

{
(R⃗GO − R⃗CM )× ⟨Ψ(0)

0 | ˆ⃗Or |Ψ(0)
n ⟩
}
α
⟨Ψ(0)

n | L̂β(R⃗CM ) |Ψ(0)
0 ⟩

− 1

ı~
∑
n

⟨Ψ(0)
0 | L̂β(R⃗CM ) |Ψ(0)

n ⟩
{
(R⃗GO − R⃗CM )× ⟨Ψ(0)

n | ˆ⃗Or |Ψ(0)
0 ⟩
}
α

Now the off-diagonal hypervirial relation, Eq. (3.66), can be applied leading to

gdiaJ,αβ = − 1

me

∑
n

{
(R⃗GO − R⃗CM )× ⟨Ψ(0)

0 | ˆ⃗Op |Ψ(0)
n ⟩
}
α
⟨Ψ(0)

n | L̂β(R⃗CM ) |Ψ(0)
0 ⟩

E
(0)
0 − E

(0)
n

− 1

me

∑
n

⟨Ψ(0)
0 | L̂β(R⃗CM ) |Ψ(0)

n ⟩
{
(R⃗GO − R⃗CM )× ⟨Ψ(0)

n | ˆ⃗Op |Ψ(0)
0 ⟩
}
α

E
(0)
0 − E

(0)
n

Using Eq. (3.67) and moving the constant vector (R⃗GO − R⃗CM ) back in the
integral completes the derivation

gdiaJ,αβ = − 1

me

∑
n̸=0

⟨Ψ(0)
0 |
{
(R⃗GO − R⃗CM )× ˆ⃗

Op
}
α
|Ψ(0)

n ⟩⟨Ψ(0)
n | L̂β(R⃗CM ) |Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

− 1

me

∑
n ̸=0

⟨Ψ(0)
0 | L̂β(R⃗CM ) |Ψ(0)

n ⟩⟨Ψ(0)
n |
{
(R⃗GO − R⃗CM )× ˆ⃗

Op
}
α
|Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

6.4 The second-order molecular Hamiltonian reads for magnetic perturbations

Ĥ(2) =

N∑
i

ĥ(2)(i)
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with

ĥ(2)(i) =
e2

2me

ˆ⃗
A2(r⃗i)

The relevant vector potentials are given in Eqs. (5.55) and (6.5)

ˆ⃗
A =

ˆ⃗
AJ +

ˆ⃗
AK

where

ˆ⃗
AJ = −me

e
I−1J⃗ × (r⃗ − R⃗CM )

ˆ⃗
AK =

µ0

4π
m⃗K × r⃗i − R⃗K

|r⃗i − R⃗K |3

The square of the vector potential becomes then

ˆ⃗
A2 =

(
ˆ⃗
AJ
)2

+
(
ˆ⃗
AK
)2

+ 2
ˆ⃗
AJ · ˆ⃗

AK

The second-order perturbation Hamiltonian for the induced contribution to the
spin rotation tensor arises from the last term, which we can write as

ĥ(2)(i) =
e2

me

[
−me

e
I−1J⃗ × (r⃗ − R⃗CM )

]
·

[
µ0

4π
m⃗K × r⃗i − R⃗K

|r⃗i − R⃗K |3

]
If we use again the relation

(A⃗× B⃗)(C⃗ × D⃗) = A⃗ (D⃗ · B⃗ I3 − D⃗B⃗T ) C⃗

the second-order operator becomes

ĥ(2)(i) = −eµ0

4π

∑
αβ

mK
α

[
(r⃗i − R⃗CM ) · r⃗i − R⃗K

|r⃗i − R⃗K |3
δαβ − (ri,α −RCM,α)

ri,β −RCM,β

|r⃗i − R⃗K |3

](
I−1J⃗

)
β

which leads to the second-order perturbation Hamiltonian for the induced
contribution to the spin rotation tensor

Ĥ(2) =

N∑
i

ĥ(2)(i)

=
∑
αβ

ÔmKJ
αβ (R⃗CM , R⃗K) mK

α (I−1 J⃗)β

where

ÔmKJ
αβ (R⃗CM , R⃗K) = −eµ0

4π

∑
i

[
(r⃗i − R⃗CM ) · r⃗i − R⃗K

| r⃗i − R⃗K |3
δαβ − (ri,α −RCM,α)

ri,β −RK,β

| r⃗i − R⃗K |3

]
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6.5 Similar to Exercise 6.3 we will show the commutator relation for both a diagonal
element and an off-diagonal element. Expanding therefore the xx-element we have[
ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op,
(
D⃗ × ˆ⃗

Or
)T]

xx

=
[(

ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op
)
x
,
(
D⃗ × ˆ⃗

Or
)
x

]
=
[
Ôµ

y (R⃗K)Ôp
z − Ôµ

z (R⃗K)Ôp
y , DyÔ

r
z −DzÔ

r
y

]
=
[
Ôµ

y (R⃗K)Ôp
z , DyÔ

r
z

]
−
[
Ôµ

y (R⃗K)Ôp
z , DzÔ

r
y

]
−
[
Ôµ

z (R⃗K)Ôp
y , DyÔ

r
z

]
+
[
Ôµ

z (R⃗K)Ôp
y , DzÔ

r
y

]
But the components of the D⃗ are constants and any component of

ˆ⃗
Oµ(R⃗K) com-

mutes with any component of
ˆ⃗
Or and we can therefore take them out of the

commutator[
ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op,
(
D⃗ × ˆ⃗

Or
)T]

xx

= Ôµ
y (R⃗K)Dy

[
Ôp

z , Ô
r
z

]
− Ôµ

y (R⃗K)Dz

[
Ôp

z , Ô
r
y

]
− Ôµ

z (R⃗K)Dy

[
Ôp

y , Ô
r
z

]
+ Ôµ

z (R⃗K)Dz

[
Ôp

y , Ô
r
y

]
Evaluating the commutators

[
Ôp

α, Ô
r
β

]
= −ı~δαβ leads to[

ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op,
(
D⃗ × ˆ⃗

Or
)T]

xx

= −ı~Ôµ
y (R⃗K)Dy − ı~Ôµ

z (R⃗K)Dz

=
~
ı

{
D⃗ · ˆ⃗Oµ(R⃗K) I3 − D⃗ ⊗ ˆ⃗

Oµ(R⃗K)
}
xx

For the xy-element we obtain then analogously[
ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op,
(
D⃗ × ˆ⃗

Or
)T]

xy

=

[(
ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op
)
x
,
(
D⃗ × ˆ⃗

Or
)
y

]
=
[
Ôµ

y (R⃗K)Ôp
z − Ôµ

z (R⃗K)Ôp
y , DzÔ

r
x − µ̂x(R⃗O)Ô

r
z

]
=
[
Ôµ

y (R⃗K)Ôp
z , DzÔ

r
x

]
−
[
Ôµ

y (R⃗K)Ôp
z , DxÔ

r
z

]
−
[
Ôµ

z (R⃗K)Ôp
y , DzÔ

r
x

]
+
[
Ôµ

z (R⃗K)Ôp
y , DxÔ

r
z

]
= Ôµ

y (R⃗K)Dz

[
Ôp

z , Ô
r
x

]
− Ôµ

y (R⃗K)Dx

[
Ôp

z , Ô
r
z

]
− Ôµ

z (R⃗K)Dz

[
Ôp

y , Ô
r
x

]
+ Ôµ

z (R⃗K)Dx

[
Ôp

y , Ô
r
z

]
= ı~Ôµ

y (R⃗K)Dx

= −~
ı

{
D⃗ · ˆ⃗Oµ(R⃗K) I3 − D⃗ ⊗ ˆ⃗

Oµ(R⃗K)
}
xy
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This relation can then be used in the expression for the diamagnetic
contribution to the spin rotation tensor

CK,dia
αβ = ⟨Ψ(0)

0 |
N∑
i

[
(R⃗K − R⃗CM ) · (r⃗i − R⃗K)

| r⃗i − R⃗K |3
δαβ − (RK,α −RCM,α)

(ri,β −RK,β)

| r⃗i − R⃗K |3

]
|Ψ(0)

0 ⟩

=
4πϵ0
e

⟨Ψ(0)
0 |
[
(R⃗K − R⃗CM ) · ˆ⃗Oµ(R⃗K)δαβ − (RK,α −RCM,α)Ô

µ
β(R⃗K)

]
|Ψ(0)

0 ⟩

=
4πϵ0
e

ı

~
⟨Ψ(0)

0 |
[{

ˆ⃗
Oµ(R⃗K)× ˆ⃗

Op
}
α
,
{
(R⃗K − R⃗CM )× ˆ⃗

Or
}
β

]
|Ψ(0)

0 ⟩

= −4πme

µ0e

ı

~
⟨Ψ(0)

0 |
[
ÔOP

K,α,
{
(R⃗K − R⃗CM )× ˆ⃗

Or
}
β

]
|Ψ(0)

0 ⟩

Expanding the commutator it becomes

CK,dia
αβ = −4πme

µ0e

ı

~
⟨Ψ(0)

0 |ÔOP
K,α

{
(R⃗K − R⃗CM )× ˆ⃗

Or
}
β
|Ψ(0)

0 ⟩

+
4πme

µ0e

ı

~
⟨Ψ(0)

0 |
{
(R⃗K − R⃗CM )× ˆ⃗

Or
}
β
ÔOP

K,α |Ψ
(0)
0 ⟩

Inserting the resolution of the identity,
∑

n |Ψ
(0)
n ⟩⟨Ψ(0)

n | = 1, between the
operators we get

CK,dia
αβ = −4πme

µ0e

ı

~
∑
n

⟨Ψ(0)
0 |ÔOP

K,α |Ψ(0)
n ⟩⟨Ψ(0)

n |
{
(R⃗K − R⃗CM )× ˆ⃗

Or
}
β
|Ψ(0)

0 ⟩

+
4πme

µ0e

ı

~
∑
n

⟨Ψ(0)
0 |
{
(R⃗K − R⃗CM )× ˆ⃗

Or
}
β
|Ψ(0)

n ⟩⟨Ψ(0)
n |ÔOP

K,α |Ψ
(0)
0 ⟩

The constant vector (R⃗K − R⃗CM ) can temporarily be taken out of the integrals

CK,dia
αβ = −4πme

µ0e

ı

~
∑
n

⟨Ψ(0)
0 |ÔOP

K,α |Ψ(0)
n ⟩

{
(R⃗K − R⃗CM )× ⟨Ψ(0)

n | ˆ⃗Or |Ψ(0)
0 ⟩
}
β

+
4πme

µ0e

ı

~
∑
n

{
(R⃗K − R⃗CM )× ⟨Ψ(0)

0 | ˆ⃗Or |Ψ(0)
n ⟩
}
β
⟨Ψ(0)

n |ÔOP
K,α |Ψ

(0)
0 ⟩

Now the off-diagonal hypervirial relation, Eq. (3.66), can be applied leading to

CK,dia
αβ =

4π

µ0e

∑
n

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩

{
(R⃗K − R⃗CM )× ⟨Ψ(0)

n | ˆ⃗Op |Ψ(0)
0 ⟩
}
β

E
(0)
0 − E

(0)
n

+
4π

µ0e

∑
n

{
(R⃗K − R⃗CM )× ⟨Ψ(0)

0 | ˆ⃗Op |Ψ(0)
n ⟩
}
β
⟨Ψ(0)

n |ÔOP
K,α |Ψ

(0)
0 ⟩

E
(0)
0 − E

(0)
n
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Using Eq. (3.67) and moving the constant vector (R⃗K−R⃗CM ) back in the integral
completes the derivation

CK,dia
αβ =

4π

µ0e

∑
n

⟨Ψ(0)
0 |ÔOP

K,α |Ψ
(0)
n ⟩⟨Ψ(0)

n |
{
(R⃗K − R⃗CM )× ˆ⃗

Op
}
β
|Ψ(0)

0 ⟩

E
(0)
0 − E

(0)
n

+
4π

µ0e

∑
n

⟨Ψ(0)
0 |
{
(R⃗K − R⃗CM )× ˆ⃗

Op
}
β
|Ψ(0)

n ⟩⟨Ψ(0)
n |ÔOP

K,α |Ψ
(0)
0 ⟩

E
(0)
0 − E

(0)
n

6.6 In order to derive an expression for ˆ̃H(1) we have to carry out the unitary
transformation of the perturbed Hamiltonian in Eq. (6.60), i.e.

ˆ̃H = e−ıλŜ
(
Ĥ(0) + λĤ ′

)
eıλŜ

Expanding the exponentials and keeping terms up to first-order in λ gives

ˆ̃H =
(
1− ıλŜ + · · ·

)(
Ĥ(0) + λĤ ′

)(
1 + ıλŜ + · · ·

)
= Ĥ(0) + λĤ ′ + ıλ

[
Ĥ(0), Ŝ

]
+ · · ·

= Ĥ(0) + λ
(
Ĥ ′ + ı

[
Ĥ(0), Ŝ

])
+ · · ·

The effective first-order Hamiltonian, ˆ̃H(1), is thus

ˆ̃H(1) = Ĥ ′ + ı
[
Ĥ(0), Ŝ

]
In order to determine the form of the operator Ŝ one would have to solve the
equation

⟨Ψ(0)
0 ({r⃗i};R) |Ĥ ′ + ı

[
Ĥ(0), Ŝ

]
|Ψ(0)

n ({r⃗i};R)⟩ = 0

which becomes

⟨Ψ(0)
0 ({r⃗i};R) |Ĥ ′ |Ψ(0)

n ({r⃗i};R)⟩+ ı⟨Ψ(0)
0 ({r⃗i};R) |

[
Ĥ(0), Ŝ

]
|Ψ(0)

n ({r⃗i};R)⟩

= ⟨Ψ(0)
0 ({r⃗i};R) |Ĥ ′ |Ψ(0)

n ({r⃗i};R)⟩

+ ı
{
E

(0)
0 (R)⟨Ψ(0)

0 ({r⃗i};R) | Ŝ |Ψ(0)
n ({r⃗i};R)⟩ − ⟨Ψ(0)

0 ({r⃗i};R) | Ŝ |Ψ(0)
n ({r⃗i};R)⟩E(0)

n (R)
}

= 0
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7.1 Consider the vector potential of a linearly polarized electromagnetic wave
oscillating with angular frequency ω

A⃗(r⃗, t) = A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

The length of the wave vector k⃗ is

|⃗k| = nr(ω)
ω

c
=
ω

c

where we have used that in vacuum the refractive index is nr(ω) = 1. In the
Lorenz gauge, the fourth Maxwell equation, Eq. (2.129), reads

∇2A⃗(r⃗, t)− 1

c2
∂2A⃗(r⃗, t)

∂t2
= 0

Inserting the expression for the vector potential into the fourth Maxwell equation
yields

∇2
[
A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

]
− 1

c2
∂2

∂t2

[
A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

]
=

(
∂2

∂r2x
+

∂2

∂r2y
+

∂2

∂r2z

)[
A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

]
− 1

c2
∂2

∂t2

[
A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

]
=
[
(ıkx)

2 + (ıky)
2 + (ıkz)

2
]
A⃗ωeı(k⃗·r⃗−ωt) +

[
(−ıkx)2 + (−ıky)2 + (−ıkz)2

]
A⃗ω∗e−ı(k⃗·r⃗−ωt)

− (−ıω)2

c2
A⃗ωeı(k⃗·r⃗−ωt) − (ıω)2

c2
A⃗ω∗e−ı(k⃗·r⃗−ωt)

= −|⃗k|2
[
A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

]
+
ω2

c2

[
A⃗ωeı(k⃗·r⃗−ωt) + A⃗ω∗e−ı(k⃗·r⃗−ωt)

]
= −|⃗k|2A⃗(r⃗, t) + ω2

c2
A⃗(r⃗, t) =

(
−|⃗k|2 + ω2

c2

)
A⃗(r⃗, t) =

(
−ω

2

c2
+
ω2

c2

)
A⃗(r⃗, t) = 0

showing that the vector potential is indeed a solution to the fourth Maxwell
equation.

7.2 The oscillator strength in the mixed representation is given by

fmn0 = −2

3

1

ı~
⟨Ψ(0)

0 | ˆ⃗Op|Ψ(0)
n ⟩⟨Ψ(0)

n | ˆ⃗Or|Ψ(0)
0 ⟩
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This can be rewritten according to

fmn0 = −2

3

1

ı~
⟨Ψ(0)

0 | ˆ⃗Or|Ψ(0)
n ⟩∗⟨Ψ(0)

n | ˆ⃗Op|Ψ(0)
0 ⟩∗

= −2

3

1

ı~
⟨Ψ(0)

0 | ˆ⃗Or|Ψ(0)
n ⟩⟨Ψ(0)

n |
(
− ˆ⃗
Op
)
|Ψ(0)

0 ⟩

=
2

3

1

ı~
⟨Ψ(0)

0 | ˆ⃗Or|Ψ(0)
n ⟩⟨Ψ(0)

n | ˆ⃗Op|Ψ(0)
0 ⟩

where we have assumed real wavefunctions and used that the momentum operator
is purely imaginary. If we combine now the two formulations, we obtain a third
alternative expression for the mixed representation of the oscillator strength

fmn0 =
1

3

1

ı~

(
⟨Ψ(0)

0 | ˆ⃗Or|Ψ(0)
n ⟩⟨Ψ(0)

n | ˆ⃗Op|Ψ(0)
0 ⟩ − ⟨Ψ(0)

0 | ˆ⃗Op|Ψ(0)
n ⟩⟨Ψ(0)

n | ˆ⃗Or|Ψ(0)
0 ⟩
)

which will be useful in the subsequent derivation.
The dipole oscillator strength sum S(0) is given by

S(0) =
∑
n ̸=0

(E(0)
n − E

(0)
0 )0fmn0 =

∑
n ̸=0

fmn0

where we can include n = 0 in the summation, as the term is anyway zero.
Inserting the expression for the oscillator strength gives

S(0) =
1

3

1

ı~
∑
n

(
⟨Ψ(0)

0 | ˆ⃗Or|Ψ(0)
n ⟩⟨Ψ(0)

n | ˆ⃗Op|Ψ(0)
0 ⟩ − ⟨Ψ(0)

0 | ˆ⃗Op|Ψ(0)
n ⟩⟨Ψ(0)

n | ˆ⃗Or|Ψ(0)
0 ⟩
)

or in terms of the cartesian components

S(0) =
1

3

1

ı~
∑
n

∑
α=x,y,z

(
⟨Ψ(0)

0 |Ôr
α|Ψ(0)

n ⟩⟨Ψ(0)
n |Ôp

α|Ψ
(0)
0 ⟩ − ⟨Ψ(0)

0 |Ôp
α|Ψ(0)

n ⟩⟨Ψ(0)
n |Ôr

α|Ψ
(0)
0 ⟩
)

Now we make use of the resolution of the identity

S(0) =
1

3

1

ı~
∑

α=x,y,z

(
⟨Ψ(0)

0 |Ôr
αÔ

p
α|Ψ

(0)
0 ⟩ − ⟨Ψ(0)

0 |Ôp
αÔ

r
α|Ψ

(0)
0 ⟩
)

=
1

3

1

ı~
∑

α=x,y,z

⟨Ψ(0)
0 |[Ôr

α, Ô
p
α]|Ψ

(0)
0 ⟩

Evaluating the commutator according to

⟨Ψ(0)
0 |[Ôr

α, Ô
p
β ]|Ψ

(0)
0 ⟩ = ı~Nδαβ

gives the Thomas-Reiche-Kuhn sum rule

S(0) =
1

3

1

ı~
∑

α=x,y,z

ı~N = N
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7.3 The positive even dipole oscillator strength sums can be obtained as derivatives
of the frequency-dependent polarizability as

Sl
αβ(2k) = (−1)k−1 me

e2~2
~2k

2kk!
lim

ω→∞

(
ω3 d

dω

)k

~2ω2ααβ(−ω;ω)

for k = 0, 1, 2, · · · . The frequency-dependent polarizability reads

ααβ(−ω;ω) =
~2e2

me

∑
n̸=0

f ln0,αβ

(E
(0)
n − E

(0)
0 )2 − ~2ω2

From this alternative expression for the dipole oscillator strength sum, we will
derive the Thomas-Reiche-Kuhn sum rule, i.e. S(0) = N . For k = 0 the general
expression becomes

Sl
αβ(0) = − me

e2~2
lim

ω→∞
~2ω2ααβ(−ω;ω)

= − lim
ω→∞

~2ω2
∑
n̸=0

f ln0,αβ

(E
(0)
n − E

(0)
0 )2 − ~2ω2

= − lim
ω→∞

∑
n̸=0

f ln0,αβ(
E

(0)
n −E

(0)
0

~ω

)2

− 1

=
∑
n ̸=0

f ln0,αβ

Averaging of the diagonal elements of the oscillator strengths gives then

S(0) =
1

3

∑
α=x,y,z

Sl
αα(0) =

1

3

∑
α=x,y,z

∑
n ̸=0

f ln0,αα =
∑
n ̸=0

1

3

∑
α=x,y,z

f ln0,αα =
∑
n̸=0

f ln0

For the Sl(2) sum we consider now k = 1 in the general expression

Sl
αβ(2) =

me

e2~2
~2

2
lim

ω→∞

(
ω3 d

dω

)
~2ω2ααβ(−ω;ω)

First, we take the derivative

d

dω

[
~2ω2ααβ(−ω;ω)

]
=

d

dω

~2ω2 e
2~2

me

∑
n ̸=0

f ln0,αβ

(E
(0)
n − E

(0)
0 )2 − ~2ω2


=
e2~2

me

∑
n̸=0

f ln0,αβ
d

dω

1(
E

(0)
n −E

(0)
0

~ω

)2

− 1
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which gives

d

dω

[
~2ω2ααβ(−ω;ω)

]
=
e2~2

me

∑
n ̸=0

f ln0,αβ

−

(E(0)
n − E

(0)
0

~ω

)2

− 1

−2(
E

(0)
n − E

(0)
0

~

)2

(−2ω−3)


=

e2

me

2

ω3

∑
n ̸=0

f ln0,αβ

(
E

(0)
n − E

(0)
0

)2
[(

E
(0)
n −E

(0)
0

~ω

)2

− 1

]2
Inserting this into the expression for Sl

αβ(2) yields

Sl
αβ(2) =

me

e2~2
~2

2

2e2

me

∑
n̸=0

f ln0,αβ

(
E(0)

n − E
(0)
0

)2
lim

ω→∞

1[(
E

(0)
n −E

(0)
0

~ω

)2

− 1

]2

=
∑
n ̸=0

f ln0,αβ

(
E(0)

n − E
(0)
0

)2
Finally, we take the average of the diagonal elements on both sides of the equality

Sl(2) =
1

3

∑
α=x,y,z

Sl
αα(2) =

∑
n̸=0

(E(0)
n − E

(0)
0 )2

1

3

∑
α=x,y,z

f ln0,αβ

=
∑
n ̸=0

(
E(0)

n − E
(0)
0

)2
f ln0,

which is identical to the definition in Eq. (7.79) for k = 2.



Solutions to Chapter 8

8.1 We remember that we only need to consider functions of the type:

Θ
(0,0)
vb=1 ({Qa}) = ϑvb=1(Qb)

∏
a̸=b

ϑva=0(Qa)

The only non-zero matrix elements between two harmonic oscillator functions
ϑva , ϑv′

a
and Qa to power of up to three, when va and v′a are equal or differ by 1

are:

⟨ϑva |Qa|ϑva+1⟩ =
√

~
2ωa

(va + 1)

⟨ϑva |Q2
a|ϑva⟩ =

~
ωa

(va +
1
2 )

⟨ϑva |Q3
a|ϑva+1⟩ = 3

[
~

2ωa
(va + 1)

] 3
2

We see therefore that ⟨Θ(0,0)
vb=1 ({Qa}) |QcQdQe|Θ(0,0)

v=0 ({Qa})⟩ is only non-zero
when either all the indexes b, c, d, e are the same, or when b is equal to one of
c, d, e and the other two are the same but different from b. Inserting the above
expressions we get

1

6

∑
cde

Kcde⟨Θ(0,0)
vb=1 ({Qa}) |QcQdQe|Θ(0,0)

v=0 ({Qa})⟩

=
1

6
Kbbb⟨ϑvb=1|Q3

a|ϑvb=0⟩+
1

2

∑
c̸=b

Kbcc⟨ϑvb=1|Qb|ϑvb=0⟩⟨ϑvc |Q2
c |ϑvc⟩

=
1

2
Kbbb

(
~
2ωb

) 3
2
+

1

2

√
~
2ωb

∑
c̸=b

Kbcc
~
2ωc

=
~
4

√
~
2ωb

∑
c

Kbcc

ωc

8.2 In order to derive the expression for the first order correction, we need to calculate
both integrals in equation (8.43) to the appropriate order. In the first integral we
have

⟨Θ(0)
v=0|Qa|Θ(0)

v=0⟩(1) = ⟨Θ(0,0)
v=0 |Qa|Θ(0,1)

v=0 ⟩+ ⟨Θ(0,1)
v=0 |Qa|Θ(0,0)

v=0 ⟩ = 2⟨Θ(0,0)
v=0 |Qa|Θ(0,1)

v=0 ⟩

remembering that the zeroth-order term ⟨Θ(0)
v=0|Qa|Θ(0)

v=0⟩ = ⟨ϑva |Qa|ϑva⟩ van-
ishes. Inserting the expression for the first-order correction in equation (8.42) we
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have:

2⟨Θ(0,0)
v=0 |Qa|Θ(0,1)

v=0 ⟩ = −1

4

∑
b

2⟨Θ(0,0)
v=0 |Qa|Θ(0,0)

vb=1⟩

√
~

2ω3
b

∑
c

Kbcc

ωc

= −1

4

∑
b

2δab⟨ϑva=0|Qa|ϑva=1⟩

√
~

2ω3
b

∑
c

Kbcc

ωc

= −1

2

√
~

2ωa

√
~

2ω3
a

∑
c

Kacc

ωc
= − ~

4ω2
a

∑
c

Kacc

ωc

For the second integral we have:

⟨Θ(0,0)
v=0 |QaQb|Θ(0,0)

v=0 ⟩ = δab⟨ϑva |Q2
a|ϑva⟩ = δab

~
2ωa

Inserting this in (8.43) we obtain the wanted expression for the vibrational
correction:

∆αZPV C
αβ = −~

4

∑
a

1

ω2
a

(
∂ααβ

∂Qa

)
Q=0

∑
c

(
Kacc

ωc

)
+

~
4

∑
a

1

ωa

(
∂2ααβ

∂Q2
a

)
Q=0
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9.1 In Møller-Plesset perturbation theory the total field-free Hamiltonian is parti-
tioned as:

Ĥ(0) = F̂ + V̂

where the fluctuation potential, V̂ , is treated as perturbation. The unperturbed
wavefunctions are the eigenfunctions of the Fock operator, F̂ , which we know
to be Slater determinants formed from the Hartree-Fock molecular orbitals.
The Slater determinant with the lowest energy is the SCF wavefunction. The
zeroth- and first-order energies can thus be expressed using Rayleigh-Schrödinger
perturbation theory according to Eq. (3.14) and Eq. (3.29) as

EMP0 = ⟨ΦSCF
0 |F̂ |ΦSCF

0 ⟩
EMP1 = ⟨ΦSCF

0 |V̂ |ΦSCF
0 ⟩

The sum of the zero- and first-order energies is:

EMP0 + EMP1 = ⟨ΦSCF
0 |F̂ + V̂ |ΦSCF

0 ⟩ = ⟨ΦSCF
0 |Ĥ(0)|ΦSCF

0 ⟩ = ESCF

which is the Hartree-Fock energy as it is defined as the expectation value of the
SCF wavefunction over the total Hamiltonian.

9.2 To determine which determinants can contribute to the first order Møller-Plesset
wavefunction, we need to consider the transition element

⟨Φn|V̂ |ΦSCF
0 ⟩

which is the only term in (9.66) that can be zero. Since

V̂ =
∑
i<j

ĝ(i, j)−
∑
i

v̂HF (i)

is a two electron operator, the transition element must be zero by the Slater-
Condon rules if |Φn⟩ differs from |ΦSCF

0 ⟩ in more than two spin-orbitals. That
single excited determinants cannot contribute, can be shown most easily by noting
that

V̂ = Ĥ(0) − F̂

An element with a singly excited determinant is then

⟨Φa
i |V̂ |ΦSCF

0 ⟩ = ⟨Φa
i |Ĥ(0)|ΦSCF

0 ⟩ − ⟨Φa
i |F̂ |ΦSCF

0 ⟩

Both of the elements on the right can be seen to be zero by using the Brillouin
theorem, Eq. (9.61), that is they both evaluate to ⟨ψa|f̂ |ψi⟩ = 0. Thus only
double excited determinants can contribute to the MP first order correction to
the wavefunction.
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9.3 We have the coupled cluster ”Λ”-state:

⟨ΦΛ
0 | = ⟨ΦSCF

0 |(1 + Λ̂)e−T̂

where the Λ̂ operator is defined as a linear combination of all de-excitation
operators as in Eq. (9.35) - Eq. (9.38). We use here the general form:

Λ̂ =
∑
iµ

λiµ
dhiµ

Explicitly inserting this in the asymmetric expectation value, Eq. (9.95), gives

ECC,Λ
0 = ⟨ΦSCF

0 |(1 + Λ̂)e−T̂ Ĥ(0)eT̂ |ΦSCF
0 ⟩

= ⟨ΦSCF
0 |e−T̂ Ĥ(0)eT̂ |ΦSCF

0 ⟩+
∑
iµ

λiµ⟨ΦSCF
0 |dhiµe−T̂ Ĥ(0)eT̂ |ΦSCF

0 ⟩

The first term on the right can easily be identified as the coupled cluster energy.
Remembering that the coupled cluster vector function, Eq. (9.81), is defined as

eiµ = ⟨ΦSCF
0 |dhiµe−T̂ Ĥ(0)|ΦCC

0 ⟩

The asymmetric expectation value reduces to

ECC,Λ
0 = ECC

0 +
∑
iµ

λiµeiµ = LCC
0

which is, what we wanted to show.
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10.1 Since the operator Ô is a sum of one-electron operators ô, the Slater-Condon rules
in Eq. (9.58) lead directly to

⟨ΦSCF
0 |Ô|Φa

i ⟩ = ⟨ψa|ô|ψi⟩

Similarly the matrix elements over the Hartree-Fock Hamiltonian, Eq. (9.15),
gives a sum over one electron integrals of the Fock operator, which using the
expression for the orbital energy, Eq. (9.17), are seen to be

⟨ΦSCF
0 |F̂ |ΦSCF

0 ⟩ =
N∑
j

⟨ψj |f̂ |ψj⟩ =
N∑
j

ϵj

⟨Φa
i |F̂ |Φa

i ⟩ =
∑
j ̸=i

ϵj + ϵa

And so we obtain

⟨Φa
i |F̂ |Φa

i ⟩ − ⟨ΦSCF
0 |F̂ |ΦSCF

0 ⟩ = ϵa − ϵi

10.2 We can show that a matrix is the inverse of another matrix by showing that their
product gives a unit matrix. To show Eq. (10.14) we thus evaluate:(
U V
W Z

)( (
U−VZ−1W

)−1 −U−1V
(
Z−WU−1V

)−1

−Z−1W
(
U−VZ−1W

)−1 (
Z−WU−1V

)−1

)
=

(
A B
C D

)
where

A = U
(
U−VZ−1W

)−1 −VZ−1W
(
U−VZ−1W

)−1

=
(
U−VZ−1W

) (
U−VZ−1W

)−1
= I

B = −UU−1V
(
Z−WU−1V

)−1
+V

(
Z−WU−1V

)−1
= 0

C = W
(
U−VZ−1W

)−1 − ZZ−1W
(
U−VZ−1W

)−1
= 0

D = −WU−1V
(
Z−WU−1V

)−1
+ Z

(
Z−WU−1V

)−1

=
(
−WU−1V + Z

) (
Z−WU−1V

)−1
= I

where the matrices I and 0 are appropriately sized unit and zero matrices,
respectively. W obtain therefore(
U V
W Z

)( (
U−VZ−1W

)−1 −U−1V
(
Z−WU−1V

)−1

−Z−1W
(
U−VZ−1W

)−1 (
Z−WU−1V

)−1

)
=

(
I 0
0 I

)
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showing that it is indeed the inverse.
Another way to show Eq. (10.14) is to derive the inverse. We recall therefore

that the solution of a set of linear equations

M

(
x
y

)
=

(
U V
W Z

)(
x
y

)
=

(
c
d

)
is given by (

x
y

)
=

(
U V
W Z

)−1(
c
d

)

This implies that the inverse of

(
U V
W Z

)
can be obtained by solving the following

linear equations.

Ux+Vy = c

Wx+ Zy = d

Assuming that Z is non-singular we obtain from the second equation for y

y = Z−1 (d−Wx)

and then from the first equation for x

x =
(
U−VZ−1W

)−1 (
c−VZ−1d

)
This means that(
x
y

)
=

( (
U−VZ−1W

)−1 −
(
U−VZ−1W

)−1
VZ−1

−Z−1W
(
U−VZ−1W

)−1
Z−1 + Z−1W

(
U−VZ−1W

)−1
VZ−1

)(
c
d

)

Finally
(
U−VZ−1W

)−1
VZ−1 can be rewritten using the usual rules concerning

the inverse of a product of matrices(
U−VZ−1W

)−1
VZ−1 =

(
U−VZ−1W

)−1 (
ZV−1

)−1

=
[(
ZV−1

) (
U−VZ−1W

)]−1

=
(
ZV−1U−W

)−1

and for the M2,2 element the Woodbury matrix identity can be used giving

Z−1 + Z−1W
(
U−VZ−1W

)−1
VZ−1 =

(
Z−WU−1V

)−1

10.3 The matrix form of the polarization propagator is given as

⟨⟨P̂α; Ô
ω
β···⟩⟩ =

(
TT

1 (P̂α) , T
T
2···(P̂α)

)( M11 M12···
M2···1 M2···2···

)−1
(

T1(Ô
ω
β···)

T2···(Ô
ω
β···)

)
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According to Eq. (10.14) or the solution to exercise 10.2 the inverse of the principal
propagator can be rewritten as(

M11 M12···
M2···1 M2···2···

)−1

=

(
P−1 −P−1M12···M

−1
2···2···

−M−1
2···2···M2···1P

−1 M−1
2···2··· +M−1

2···2···M2···1P
−1M12···M

−1
2···2···

)
where

P−1 =
(
M11 −M12···M

−1
2···2···M2···1

)−1

Inserting this in the expression for the polarization propagator gives

⟨⟨P̂α; Ô
ω
β···⟩⟩ =

(
TT

1 (P̂α) , T
T
2···(P̂α)

)
(

P−1 −P−1M12···M
−1
2···2···

−M−1
2···2···M2···1P

−1 M−1
2···2··· +M−1

2···2···M2···1P
−1M12···M

−1
2···2···

)(
T1(Ô

ω
β···)

T2···(Ô
ω
β···)

)
Carrying out the matrix times vector multiplications gives

⟨⟨P̂α; Ô
ω
β···⟩⟩ =

(
TT

1 (P̂α) , T
T
2···(P̂α)

)
 P−1

[
T1(Ô

ω
β···)−M12···M

−1
2···2···T2···(Ô

ω
β···)

]
−M−1

2···2···M2···1P
−1
[
T1(Ô

ω
β···)−M12···M

−1
2···2···T2···(Ô

ω
β···)

]
+M−1

2···2T2···(Ô
ω
β···)


Combining these results, we can write the partitioned form of the propagator as

⟨⟨P̂α; Ô
ω
β···⟩⟩

=
[
TT

1 (P̂α)−TT
2···(P̂α)M

−1
2···2···M2···1

]
P−1

[
T1(Ô

ω
β···)−M12···M

−1
2···2···T2···(Ô

ω
β···)

]
+ TT

2···(P̂α)M
−1
2···2···T2···(Ô

ω
β···)

Or if we insert the expression for P = M11 −M12···M
−1
2···2···M2···1 again

⟨⟨P̂α; Ô
ω
β···⟩⟩ =

[
TT

1 (P̂α)−TT
2···(P̂α)M

−1
2···2···M2···1

]
×
(
M11 −M12···M

−1
2···2···M2···1

)−1
[
T1(Ô

ω
β···)−M12···M

−1
2···2···T2···(Ô

ω
β···)

]
+TT

2···(P̂α)M
−1
2···2···T2···(Ô

ω
β···)

10.4 We need to shown that

eP
(1)
α,ai = ⟨ΦMP|[P̂α, q̂

†
ai]|Φ

MP⟩(1) = 0

Evaluating the matrix element to first order means that we have to replace one
of the wavefunctions with the SCF wavefunction and the other with the MP1
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correction to the wavefunction, Eq. (9.66),

|ΦMP1⟩ =
∑
j<k

∑
b<c

tbcjk|Φbc
jk⟩

It is easy to see, that this integral is zero, when we the bra is the SCF wavefunction
and the ket the MP1 correction. The commutator gives two terms and in one we
have q̂†ai acting on a SCF function to the left, which gives zero, and in the other

q̂†ai acts to the right on the MP1 wavefunction, which gives a triply exited state
and makes the integral vanish due to the Slater-Condon rules. We therefore need
consider only elements of the type:

⟨Φbc
jk|[P̂α, q̂

†
ai]|Φ

SCF
0 ⟩ = ⟨Φbc

jk|P̂αq̂
†
ai|Φ

SCF
0 ⟩ − ⟨Φbc

jk|q̂
†
aiP̂α|ΦSCF

0 ⟩

The first term on the right becomes ⟨Φbc
jk|P̂α|Φa

i ⟩, but this element can only be
non-zero, if the two wavefunctions differ by only one spin-orbital. This implies
that a is either equal to b or c and i is equal to either j or k. The only contributions
are then of the form

±⟨Φad
il |P̂α|Φa

i ⟩ = ±⟨ψd|P̂ |ψl⟩

where the plus sign applies if ai matches one of the sets bj or ck, and the minus
if it matches at mix of them (like a = b, i = k). dl is the remaining set of indexes.

In the second term q̂†ai can only perform the deexcitation in the bra if a is either
b or c and i is either j or k. In this case we similarly only get contributions of the
form

±⟨Φd
l |P̂ |ΦSCF

0 ⟩ = ±⟨ψd|P̂ |ψl⟩

The two contributions will therefore cancel exactly, and the first order contribu-
tion to the property gradient vanishes.

10.5 We consider first contributions of the fluctuation operator V̂ to the A matrix:

⟨ΦMP|[qai, [V̂ , q†bj ]]|Φ
MP⟩(2)

Since V̂ is of first order, we need to consider only terms, where one of the
wavefunctions is the MP first order correction to wavefunction and the other
is ΦSCF. If we insert thus ΦMP1 e.g. in the ket and expand the commutators we
get contributions, which involve the following matrix elements:

⟨ΦSCF|qaiV̂ q†bj |Φ
cd
kl ⟩

− ⟨ΦSCF|qaiq†bj V̂ |Φcd
kl ⟩

− ⟨ΦSCF|V̂ q†bjqai|Φ
cd
kl ⟩

⟨ΦSCF|q†bj︸ ︷︷ ︸
=0

V̂ qai|Φcd
kl ⟩

The first term gives contributions of the kind ⟨Φa
i |V̂ |Φbcd

jkl⟩, while the second and

third gives contributions of the kind ⟨ΦSCF|V̂ |Φbc
jk⟩. We should also consider the
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terms coming from using ΦMP1 as bra. In this case all contributions, where qai
acts on the ket, vanish and we obtain only:

⟨Φcd
kl |qaiV̂ q

†
bj |Φ

SCF⟩

−⟨Φcd
kl |qaiq

†
bj V̂ |ΦSCF⟩

However, these are the same kind of contributions as before, if we remember that
V̂ is hermitian.

The corresponding contributions to the B matrix are of the type

⟨ΦMP|[qai, [V̂ , qbj ]]|ΦMP⟩(2)

Let’s first consider the case, where the MP1 correction is in the bra and the ket
is the SCF wavefunction. Three of the terms will then include operators trying
to de-excite the SCF wavefunction, which is not possible. This leaves us with the
term

−⟨Φcd
kl |qaiqbj V̂ |ΦSCF⟩

where however, the bra state becomes a quadruply excited determinant, which
gives a vanishing matrix element due to the Slater-Condon rules. In the other
case, having the MP1 correction as ket, we have:

⟨ΦSCF|qaiV̂ qbj |Φcd
kl ⟩

−⟨ΦSCF|qaiqbj V̂ |Φcd
kl ⟩

−⟨ΦSCF|V̂ qbjqai|Φcd
kl ⟩

⟨ΦSCF|qbj V̂ qai|Φcd
kl ⟩

The first and last terms will give contributions of the type ⟨Φa
i |V̂ |Φd

l ⟩, while the

second term will give contributions of the type ⟨Φab
ij |V̂ |Φcd

kl ⟩. The third term finally

will give a contribution as in the SCF energy ⟨ΦSCF|V̂ |ΦSCF⟩ but multiplied by
first order double correlation coefficients.
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11.1 We express the perturbed orbitals ψi(r⃗, F⃗) as linear combinations of the
unperturbed orbitals ψq(r⃗):

ψi(r⃗, F⃗) =

all∑
q

ψq(r⃗)Uqi(F⃗)

and require that the perturbed orbitals remain orthogonal:

⟨ψi(r⃗, F⃗) | ψj(r⃗, F⃗)⟩ = δij

Combining the above equations we get

δij =
∑
pq

U∗
pi(F⃗) ⟨ψp(r⃗) | ψq(r⃗)⟩︸ ︷︷ ︸

δpq

Uqj(F⃗)

=
∑
q

Uqi(F⃗)∗Uqj(F⃗)

which is the orthogonality condition of the perturbed orbitals.
11.2 The perturbed Fock matrix is in the basis of the unperturbed orbitals given by

Fpq(F⃗) = ⟨ψp | f̂(F⃗) |ψq⟩

where the perturbed Fock operator is given as

f̂(F⃗) = ĥ(0) + ĥ(1)(F⃗) + ĥ(2)(F⃗) + v̂HF (F⃗)

Here the Hartree-Fock potential depends on the external field, because it depends
on the occupied perturbed orbitals. The matrix element of the Hartree-Fock
potential in the basis of the unperturbed orbitals is thus.

⟨ψp | v̂HF (F⃗) |ψq⟩ =
occ∑
j

{
⟨ψpψj(F⃗) | ψqψj(F⃗)⟩ − ⟨ψpψj(F⃗) | ψj(F⃗)ψq⟩

}

=
occ∑
j

all∑
st

U∗
sj(F⃗) {⟨ψpψs | ψqψt⟩ − ⟨ψpψs | ψtψq⟩}Utj(F⃗)

=
occ∑
j

all∑
st

U∗
sj(F⃗) {(ψpψq | ψsψt)− (ψpψt | ψsψq)}Utj(F⃗)



82 Solutions to Chapter 11

Inserting the above in the definition of the perturbed Fock matrix gives

Fpq(F⃗) = ⟨ψp | ĥ(0) + ĥ(1)(F⃗) + ĥ(2)(F⃗) |ψq⟩⟩

+

occ∑
j

all∑
st

U∗
sj(F⃗) {(ψpψq|ψsψt)− (ψpψt|ψsψq)}Utj(F⃗)

11.3 The Fock and coefficient matrices can be expanded in orders of the perturbation:

Fpq(F⃗) = F (0)
pq︸︷︷︸

δpqϵp

+
∑
α···

F
(1)
α··· ,pqFα··· + . . .

Uqi(F⃗) = U
(0)
qi︸︷︷︸
δqi

+
∑
α···

U
(1)
α··· ,qiFα··· + . . .

An expression for F
(1)
α··· ,pq is thus obtained by expanding the expression for Fpq(F⃗)

and collecting the terms of first order, i.e. linear in the applied field Fα···. We use
the expression obtained in the previous exercise, remembering that since we use
the unperturbed functions as a basis, we only need to expand the operators and
matrices.∑

α···
F

(1)
α··· ,pqFα··· = ⟨ψp | ĥ(1)(F⃗) |ψq⟩

+
occ∑
j

all∑
st

{(ψpψq|ψsψt)− (ψpψt|ψsψq)}
(
U∗
sj(F⃗)Utj(F⃗)

)(1)
The one electron part is easily obtained using that

ĥ(1)(F⃗) =
∑
α···

ôFα···Fα···

meaning that we have in first order the integral ⟨ψp | ôFα··· | ψq⟩. For the two
electron part, we see that

U∗
sj(F⃗)Utj(F⃗) = δsjδtj +

∑
α···

(
U

(1)∗
α··· ,sj δtj + δsj U

(1)
α··· ,tj

)
Fα··· + · · ·

Taking the first-order term and inserting in the expansion of the Fock matrix we
get

F
(1)
α··· ,pq = ⟨ψp | ôFα··· |ψq⟩

+

occ∑
j

all∑
st

{(ψpψq|ψsψt)− (ψpψt|ψsψq)}
(
U

(1)∗
α··· ,sj(F⃗) δtj + δsj U

(1)
α··· ,tj(F⃗)

)
The summation over all orbitals in the first-order Fock matrix can be reduced

to the summation over only all virtual orbitals. This can be shown by splitting
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the summation in the part over the occupied and over the virtual orbitals, i.e.

occ∑
j

all∑
st

{
U

(1)∗
α··· ,sj(F⃗)δtj + δsjU

(1)
α··· ,tj(F⃗)

}(
ψp ψq

∣∣∣∣ψs ψt

)
=

occ∑
js

U
(1)∗
α··· ,sj(F⃗)

(
ψp ψq

∣∣∣∣ψs ψj

)
+

occ∑
jt

(
ψp ψq

∣∣∣∣ψj ψt

)
U

(1)
α··· ,tj(F⃗)

+
occ∑
j

vir∑
st

{
U

(1)∗
α··· ,sj(F⃗)δtj + δsjU

(1)
α··· ,tj(F⃗)

}(
ψp ψq

∣∣∣∣ψs ψt

)
where we have used the following short notation for the combination of a Coulomb
and exchange two electron integral(

ψp ψq

∣∣∣∣ψs ψt

)
=
(
ψp ψq

∣∣ψs ψt

)
−
(
ψp ψt

∣∣ψs ψq

)
As the unperturbed orbitals can be chosen to be real, we can interchange j and s
in the integral in the first sum. Furthermore we can rename the summation index
from s to t and obtain for the two summations over occupied orbitals

occ∑
jt

U
(1)∗
α··· ,tj(F⃗)

(
ψp ψq

∣∣∣∣ψj ψt

)
+

occ∑
jt

(
ψp ψq

∣∣∣∣ψj ψt

)
U

(1)
α··· ,tj(F⃗)

Finally according to Eq. (11.20) is U
(1)∗
α··· ,tj(F⃗) = −U (1)

α··· ,tj(F⃗), which shows that
the two summations of the occupied orbitals cancel each other and the first-order
Fock matrix can be written as

F
(1)
α··· ,pq = ⟨ψp | ôFα··· |ψq⟩

+

occ∑
j

vir∑
st

{
U

(1)∗
α··· ,sj(F⃗)δtj + δsjU

(1)
α··· ,tj(F⃗)

}
{(ψpψq|ψsψt)− (ψpψt|ψsψq)}

11.4 In order to obtain the Hartree-Fock energy to a certain order in the perturbation
starting from Eq. (11.26), we need to obtain the orbital energy to the same order.
We start therefore from the perturbed Hartree-Fock equations, Eq. (11.6):

all∑
q

Frq(F⃗)Uqi(F⃗) = ϵi(F⃗)Uri(F⃗)

We can expand the matrices in orders of the perturbation and collect the terms of
second order. For simplicity we will use a shorter notation than in chapter 11.1,

i.e. we will abbreviate
∑

α··· ϵ
(n)
α··· ,i Fα··· by ϵ

(n)
i (F⃗) and similarly

∑
α··· U

(n)
α··· ,qi Fα···

by U
(n)
qi (F⃗) or the Fock matrices by F

(n)
rq (F⃗). The second-order equation reads
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then

all∑
q

F (2)
rq (F⃗)U

(0)
qi (F⃗) +

all∑
q

F (1)
rq (F⃗)U

(1)
qi (F⃗) +

all∑
q

F (0)
rq U

(2)
qi (F⃗)

= ϵ
(2)
i (F⃗)U

(0)
ri + ϵ

(1)
i (F⃗)U

(1)
ri (F⃗) + ϵ

(0)
i U

(2)
ri (F⃗)

Since the perturbed orbitals are expressed in the basis of the unperturbed ones,

the zeroth-order orbital parameter matrix is a unit matrix, U
(0)
ri = δri. From this

we see that ϵ
(2)
i (F⃗)U

(0)
ri vanishes in the equation above unless r = i. And since

we are deriving an expression for ϵ
(2)
i (F⃗), we have to consider only the case r = i

in the equation above.

ϵ
(2)
i (F⃗)

= F
(2)
ii (F⃗) +

all∑
q

{
F

(1)
iq (F⃗)− δqiϵ

(1)
i (F⃗)

}
U

(1)
qi (F⃗) +

all∑
q

{
F

(0)
iq − δqiϵ

(0)
i

}
U

(2)
qi (F⃗)

But as the zeroth-order Fock matrix is diagonal in the basis of the unperturbed
orbitals and the diagonal elements are the unperturbed orbital energies the last
term on the right hand side vanishes leading to

ϵ
(2)
i (F⃗) = F

(2)
ii (F⃗) +

all∑
q

{
F

(1)
iq (F⃗)− δqiϵ

(1)
i (F⃗)

}
U

(1)
qi (F⃗)

If we introduce the following short notation for the combination of a Coulomb
and exchange two electron integral

(
ψp ψq

∣∣∣∣ψs ψt

)
=
(
ψp ψq

∣∣ψs ψt

)
−
(
ψp ψt

∣∣ψs ψq

)
and make use of the solution to exercise (11.2), we can write the required elements
of the perturbed Fock matrices as

F
(2)
ii (F⃗) = ⟨ψi | ĥ(2) |ψi⟩

+
occ∑
j

all∑
st

{
U

(2)∗
sj (F⃗)δtj + δsjU

(2)
tj (F⃗) + U

(1)∗
sj (F⃗)U

(1)
tj (F⃗)

}(
ψi ψi

∣∣∣∣ψs ψt

)
F

(1)
iq (F⃗) = ⟨ψi | ĥ(1) |ψq⟩+

occ∑
j

all∑
st

{
U

(1)∗
sj (F⃗)δtj + δsjU

(1)
tj (F⃗)

}(
ψi ψq

∣∣∣∣ψs ψt

)
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The second-order orbital energy becomes then

ϵ
(2)
i (F⃗)

= ⟨ψi | ĥ(2) |ψi⟩+
occ∑
j

all∑
st

{
U

(2)∗
sj (F⃗)δtj + δsjU

(2)
tj (F⃗) + U

(1)∗
sj (F⃗)U

(1)
tj (F⃗)

}(
ψi ψi

∣∣∣∣ψs ψt

)

+

all∑
q

⟨ψi | ĥ(1) |ψq⟩+
occ∑
j

all∑
st

{
U

(1)∗
sj (F⃗)δtj + δsjU

(1)
tj (F⃗)

}(
ψi ψq

∣∣∣∣ψs ψt

)
− δqiϵ

(1)
i (F⃗)

]
U

(1)
qi (F⃗)

Now we are ready to combine this with the expression for the second-order energy,
Eq. (11.26),

E
(2)
0 (F⃗) =

occ∑
i

ϵ
(2)
i (F⃗)−1

2

occ∑
ij

all∑
abcd

(
ψaψb

∣∣∣∣ψcψd

){
U∗
ai(F⃗)U∗

cj(F⃗)Ubi(F⃗)Udj(F⃗)
}(2)

The contribution from the sum over the second-order orbital energies becomes

occ∑
i

ϵ
(2)
i (F⃗) =

occ∑
i

⟨ψi | ĥ(2) |ψi⟩

+
occ∑
ij

all∑
st

{
U

(2)∗
sj (F⃗)δtj + δsjU

(2)
tj (F⃗) + U

(1)∗
sj (F⃗)U

(1)
tj (F⃗)

}(
ψi ψi

∣∣∣∣ψs ψt

)

+
occ∑
i

all∑
q

⟨ψi | ĥ(1) |ψq⟩+
occ∑
j

all∑
st

{
U

(1)∗
sj (F⃗)δtj + δsjU

(1)
tj (F⃗)

}(
ψi ψq

∣∣∣∣ψs ψt

)
− δqiϵ

(1)
i (F⃗)

]
U

(1)
qi (F⃗)

In addition, the second order correction to the SCF energy in Eq. (11.26) contains
also the following term

−1

2

occ∑
ij

all∑
abcd

(
ψa ψb

∣∣∣∣ψc ψd

){
U∗
ai(F⃗)U∗

cj(F⃗)Ubi(F⃗)Udj(F⃗)
}(2)

However, since the second-order corrections to the SCF energy in Eq. (11.27)
contains no contribution from two-electron integrals, the above must cancel the
terms with two-electron integrals in the expression for the second-order orbital
energy. We will proof this in the following.
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The part of the two-electron term in Eq. (11.27), that contains the second-
order correction to the orbitals is:

−1

2

occ∑
ij

all∑
abcd

{
U

(2)∗
ai (F⃗)δbiδcjδdj + U

(2)∗
cj (F⃗)δaiδbiδdj

+ U
(2)
bi (F⃗)δaiδcjδdj + U

(2)
dj (F⃗)δaiδbiδcj

}(
ψa ψb

∣∣∣∣ψc ψd

)
As we are summing over all i and j or a, b, c and d we can freely interchange
them and write the following instead of

−1

2

occ∑
ij

all∑
ab

2
{
U

(2)∗
aj (F⃗)δbj + δajU

(2)
bj (F⃗)

}(
ψi ψi

∣∣∣∣ψa ψb

)

which cancel the terms with second-order orbital coefficients in
∑occ

i ϵ
(2)
i (F⃗).

Next we consider terms which contain the product of two first-order orbital
coefficients, where neither of them are complex conjugated. From the second-order
orbital energy we have:

occ∑
ij

all∑
stq

δsjU
(1)
tj (F⃗)U

(1)
qi (F⃗)

(
ψi ψq

∣∣∣∣ψs ψt

)
=

occ∑
ij

all∑
tq

U
(1)
tj (F⃗)U

(1)
qi (F⃗)

(
ψi ψq

∣∣∣∣ψj ψt

)
From two-electron part of the Hartree-Fock energy we get

−1

2

occ∑
ij

all∑
abcd

{
δaiU

(1)
bi (F⃗)δcjU

(1)
dj (F⃗) + U

(1)∗
ai (F⃗)δbiU

(1)∗
cj (F⃗)δdj

}(
ψa ψb

∣∣∣∣ψc ψd

)

But according to Eq. (11.20) is U
(1)∗
ai (F⃗) = −U (1)

ai (F⃗) and we obtain

−1

2

occ∑
ij

all∑
abcd

{
δaiU

(1)
bi (F⃗)δcjU

(1)
dj (F⃗) + U

(1)
ai (F⃗)δbiU

(1)
cj (F⃗)δdj

}(
ψa ψb

∣∣∣∣ψc ψd

)
and interchanging the indices and using that the unperturbed orbitals can be
chosen to be real we obtain

−1

2

occ∑
ij

all∑
ab

2U
(1)
ai (F⃗)U

(1)
bj (F⃗)

(
ψi ψa

∣∣∣∣ψj ψb

)
which cancels the corresponding term from the second-order orbital energy.
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The remaining parts of the second-order energy are then

E
(2)
0 (F⃗) =

occ∑
i

⟨ψi | ĥ(2) |ψi⟩+
occ∑
i

all∑
q

⟨ψi | ĥ(1) |ψq⟩U (1)
qi (F⃗)

+
occ∑
ij

all∑
st

U
(1)∗
sj (F⃗)U

(1)
tj (F⃗)

(
ψi ψi

∣∣∣∣ψs ψt

)
+

occ∑
ij

all∑
qst

U
(1)∗
sj (F⃗)δtjU

(1)
qi (F⃗)

(
ψi ψq

∣∣∣∣ψs ψt

)
−

occ∑
i

all∑
q

δqiϵ
(1)
i (F⃗)U

(1)
qi (F⃗)

− 1

2

occ∑
ij

all∑
abcd

{
U

(1)∗
ai U

(1)
bi δcjδdj + U

(1)∗
cj U

(1)
dj δaiδbi

+ U
(1)∗
ai U

(1)
dj δcjδbi + U

(1)∗
cj U

(1)
bi δaiδdj

 (ab||cd)

Interchanging again the summation indices in the summation over abcd in the
last term, the four contributions in the last term can be shown to reduce to two
contributions, which cancel the third and fourth term in the expression above,
leaving us with

E
(2)
0 (F⃗) =

occ∑
i

⟨ψi | ĥ(2) |ψi⟩+
occ∑
i

all∑
q

⟨ψi | ĥ(1) |ψq⟩U (1)
qi (F⃗)−

occ∑
i

ϵ
(1)
i (F⃗)U

(1)
ii (F⃗)

The total energy must be real, but the second and third terms might not be, so
we replace them by their real parts

E
(2)
0 (F⃗) =

occ∑
i

⟨ψi | ĥ(2) |ψi⟩+
1

2

occ∑
i

all∑
q

{
⟨ψi | ĥ(1) |ψq⟩U (1)

qi (F⃗) + ⟨ψi | ĥ(1) |ψq⟩∗U (1)∗
qi (F⃗)

}

− 1

2

occ∑
i

{
ϵ
(1)
i (F⃗)U

(1)
ii (F⃗) + ϵ

(1)∗
i (F⃗)U

(1)∗
ii (F⃗)

}

The orbital energies are of course real, ϵ
(1)∗
i = ϵ

(1)
i and U

(1)∗
ii (F⃗) = −U (1)∗

ii (F⃗)
according to Eq. (11.20), which makes the term with the first-order orbital

energies vanish. Using that ĥ(1) is an hermitian operator we have

E
(2)
0 (F⃗) =

occ∑
i

⟨ψi | ĥ(2) |ψi⟩+
1

2

occ∑
i

all∑
q

{
⟨ψi | ĥ(1) |ψq⟩U (1)

qi (F⃗) + ⟨ψq | ĥ(1) |ψi⟩U (1)∗
qi (F⃗)

}
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Finally, as in the solution to exercise (11.2), the summation or all q can be reduced
to over all virtual orbitals

E
(2)
0 (F⃗) =

occ∑
i

⟨ψi | ĥ(2) |ψi⟩+
1

2

occ∑
i

vir∑
q

{
⟨ψi | ĥ(1) |ψq⟩U (1)

qi (F⃗) + ⟨ψq | ĥ(1) |ψi⟩U (1)∗
qi (F⃗)

}
11.5 We can express the time-dependant MCSCF wavefunction as:

|ΦMCSCF
0 (t)⟩ = eıκ̂(t)eıŜ(t)|ΦMCSCF

0 ⟩

Inserting this in the Ehrenfest theorem applied to an MCSCF wavefunction, Eq.
(11.40), we obtain

d

dt
⟨ΦMCSCF

0 |e−ıκ̂(t)e−ıŜ(t)ĥje
ıκ̂(t)eıŜ(t)|ΦMCSCF

0 ⟩

+
ı

~
⟨ΦMCSCF

0 |e−ıκ̂(t)e−ıŜ(t)[ĥj , Ĥ
(0) + Ĥ(1)(t)]eıκ̂(t)eıŜ(t)|ΦMCSCF

0 ⟩ = 0

We need to expand the orbital rotation and state transfer operators in orders of
the perturbation.

κ̂(t) = κ̂(0) + κ̂(1)(t) + · · ·
Ŝ(t) = Ŝ(0) + Ŝ(1)(t) + · · ·

Where the time independent terms vanish, since the MCSCF wavefunction are
optimized for the time-independent potential. The exponentials are not very con-
venient to work with, so we can expand the time-dependant part, retaining only
terms to first order.(

eıκ̂(t)eıŜ(t)
)(0,1)

= 1 + ıκ̂(1)(t) + ıŜ(1)(t)

Where the zero-order terms are independent of the perturbation and thus cannot
change the wavefunction. The equation from the Ehrenfest theorem to atleast
first order becomes:

d

dt
⟨ΦMCSCF

0 |
{
1− ıκ̂(1)(t)− ıŜ(1)(t)

}
ĥj

{
1 + ıκ̂(1)(t) + ıŜ(1)(t)

}
|ΦMCSCF

0 ⟩

+
ı

~
⟨ΦMCSCF

0 |
{
1− ıκ̂(1)(t)− ıŜ(1)(t)

}
[ĥj , Ĥ

(0) + Ĥ(1)(t)]
{
1 + ıκ̂(1)(t) + ıŜ(1)(t)

}
|ΦMCSCF

0 ⟩

= 0

Collection the first order terms and using the fact that ΦMCSCF
0 is time-

independent we get the first order equation:

ı~⟨ΦMCSCF
0 |[ĥj ,

d

dt
κ̂(1)(t) +

d

dt
Ŝ(1)(t)]|ΦMCSCF

0 ⟩

− ⟨ΦMCSCF
0 |[[ĥj , Ĥ(0)], κ̂(1)(t) + Ŝ(1)(t)]|ΦMCSCF

0 ⟩

= −ı⟨ΦMCSCF
0 |[ĥj , Ĥ(1)(t)]|ΦMCSCF

0 ⟩
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11.6 The first order MCRPA equation can be written as

ı~S
d

dt
γγγ(1)(t)−Eγγγ(1)(t) = ıT (Ĥ(1)(t))

and we can express the coefficient vector γγγ(t) in terms of it’s Fourier components:

γγγ(1)(t) =

∫ ∞

−∞
dω γγγ(1)(ω) = − ı

2

∑
β···

∫ ∞

−∞
dω X(Ôω

β···)Fβ···(ω)e
−ıωt

And thus

d

dt
γγγ(1)(t) =

d

dt

∫ ∞

−∞
dω γγγ(1)(ω) =

∫ ∞

−∞

d

dt
dω γγγ(1)(ω)

= −1

2

∑
β···

∫ ∞

−∞
dω X(Ôω

β···)Fβ···(ω)ωe
−ıωt

since ω and t are different variables. We also need to decompose T (Ĥ(1)(t)) into
Fourier components:

T (Ĥ(1)(t)) = − ı

2

∑
β···

∫ ∞

−∞
dω T (Ôω

β···)Fβ···(ω)e
−ıωt

And we obtain

− ı

2

∑
β···

∫ ∞

−∞
dω (~ωS −E)X(Ôω

β···)Fβ···(ω)e
−ıωt

= − ı

2

∑
β···

∫ ∞

−∞
dω T (Ôω

β···)Fβ···(ω)e
−ıωt

We require that the above equation must be true for any value of the frequency
ω. We can therefore remove the integration over ω and equate the terms linear in
the component Fβ··· of the external field, i.e.

(~ωS −E)X(Ôω
β···) = T (Ôω

β···)

11.7 We can express the time-dependant Møller-Plesset wavefunction as:

|ΦMP
0 (t)⟩ = eıκ̂(t)eıŜ(t)|ΦMP

0 ⟩

Inserting this in the Ehrenfest theorem applied to an Møller-Plesset wavefunction,
Eq. (11.55), we obtain

d

dt
⟨ΦMP

0 |e−ıκ̂(t)e−ıŜ(t)ĥje
ıκ̂(t)eıŜ(t)|ΦMP

0 ⟩

+
ı

~
⟨ΦMP

0 |e−ıκ̂(t)e−ıŜ(t)[ĥj , Ĥ
(0) + Ĥ(1)(t)]eıκ̂(t)eıŜ(t)|ΦMP

0 ⟩ = 0
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Expanding the exponentials like in exercise 11.5 to first order, the first-order
Ehrenfest equation becomes

ı~⟨ΦMP
0 |[ĥj ,

d

dt
κ̂(1)(t) +

d

dt
Ŝ(1)(t)]|ΦMP

0 ⟩

− ⟨ΦMP
0 |[[ĥj , Ĥ(0)], κ̂(1)(t) + Ŝ(1)(t)]|ΦMP

0 ⟩

= −ı⟨ΦMP
0 |[ĥj , Ĥ(1)(t)]|ΦMP

0 ⟩

Combining the orbital rotation and high-order excitation operators in one row
vector ĥT and the coefficients in one column-vector γ(t) again

κ̂(t) + Ŝ(t) = ĥTγ(t)

the first-order Ehrenfest equation can be written as

ı~⟨ΦMP
0 |[ĥj , ĥT d

dt
γ(1)(t)]|ΦMP

0 ⟩ − ⟨ΦMP
0 |[[ĥj , Ĥ(0)], ĥTγ(1)(t)]|ΦMP

0 ⟩

= −ı⟨ΦMP
0 |[ĥj , Ĥ(1)(t)]|ΦMP

0 ⟩

or collecting the first-order Ehrenfest equations for all operators ĥj as rows of an
matrix equation

ı~⟨ΦMP
0 |[ĥ†, ĥT ]|ΦMP

0 ⟩ d
dt

γ(1)(t)− ⟨ΦMP
0 |[[ĥ†, Ĥ(0)], ĥT ]|ΦMP

0 ⟩γ(1)(t)

= −ı⟨ΦMP
0 |[ĥ†, Ĥ(1)(t)]|ΦMP

0 ⟩

Identifying the electronic Hessian matrices E and the overlap S, Eq. (3.162) and
Eq. (3.163), as well as the property gradient vector T (Ĥ(1)(t)), Eq. (3.160), we
can write the first-order Ehrenfest equation more compact

ı~S
d

dt
γ(1)(t)−Eγ(1)(t) = −ıT (Ĥ(1)(t))

The rest of the derivation goes exactly like in exercise 11.6.
11.8 The time dependant coupled cluster and lambda states are given as

|ΦCC
0 (t)⟩ = eT̂ (t)eı

ϵ(t)
~ |ΦSCF

0 ⟩

⟨ΦΛ
0 (t)| = ⟨ΦSCF

0 |
[
1 + Λ̂(t)

]
e−T̂ (t)e−ı

ϵ(t)
~

We start by looking at the the right hand coupled cluster Schrödinger equation

e−T̂ (t)ı~
d

dt
|ΦCC

0 (t)⟩ = e−T̂ (t)Ĥ(t)|ΦCC
0 (t)⟩

Evaluating the time derivative on the left hand side, we see that

d

dt
|ΦCC

0 (t)⟩ = d

dt
eT̂ (t)|ΦSCF

0 ⟩eı
ϵ(t)
~

= eT̂ (t)
∑
jν

∂T̂

∂tjν

dtjν (t)

dt
|ΦSCF

0 ⟩eı
ϵ(t)
~ + eT̂ (t)eı

ϵ(t)
~ |ΦSCF

0 ⟩ ı
~
dϵ(t)

dt
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Remembering that ∂T̂
∂tjν

= eĥjν and projecting from the left with the state

⟨ΦSCF
0 |dĥiµ we get:

ı~
∑
jν

⟨ΦSCF
0 |dĥiµe−T̂ (t)eT̂ (t)eĥjν |ΦSCF

0 ⟩dtjν (t)
dt

eı
ϵ(t)
~ − ⟨ΦSCF

0 |dĥiµ |ΦSCF
0 ⟩dϵ(t)

dt
eı

ϵ(t)
~

= ⟨ΦSCF
0 |dĥiµe−T̂ (t)Ĥ(t)|ΦCC

0 (t)⟩

The first matrix element on the left hand side can be evaluated as:

⟨ΦSCF
0 |dĥiµe−T̂ (t)eT̂ (t)eĥjν |ΦSCF

0 ⟩ = ⟨ΦSCF
0 |dĥiµeĥjν |ΦSCF

0 ⟩ = δiµjν

while the second matrix element is the overlap between the SCF ground state and
a singly excited determinant is thus zero. Removing the phase factors on both
sides we obtain the desired equation for the amplitudes:

ı~
dtiµ(t)

dt
= ⟨ΦSCF

0 |dĥiµe−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF
0 ⟩

If we instead project against the SCF ground state on the left, all the terms that
include the derivative of the amplitudes will vanish, and we obtain the following
equation for the time derivative of the phase factor:

dϵ(t)

dt
= −⟨ΦSCF

0 |e−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF
0 ⟩

We now turn our attention to the left hand coupled cluster Schrödinger
equation

−ı~
(
d

dt
⟨ΦSCF

0 |
[
1 + Λ̂(t)

]
e−T̂ (t)e−ı

ϵ(t)
~

)
eT̂ (t) = ⟨ΦΛ

0 (t)|Ĥ(t)eT̂ (t)

Evaluating the derivative we get:

d

dt
⟨ΦSCF

0 |
[
1 + Λ̂(t)

]
e−T̂ (t)e−ı

ϵ(t)
~ =

∑
jν

⟨ΦSCF
0 | ∂Λ̂

∂λjν

dλjν (t)

dt
e−T̂ (t)e−ı

ϵ(t)
~

−
∑
jν

⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
e−T̂ (t) ∂T̂

∂tjν

dtjν (t)

dt
e−ı

ϵ(t)
~

− ı

~
⟨ΦSCF

0 |
[
1 + Λ̂(t)

]
e−T̂ e−ı

ϵ(t)
~
dϵ(t)

dt

Inserting ∂Λ̂
∂λjν

= dĥjν and ∂T̂
∂tjν

= eĥjν the left hand coupled cluster Schrödinger

equation becomes

−ı~
∑
jν

⟨ΦSCF
0 |dĥjν

dλjν (t)

dt
e−ı

ϵ(t)
~ + ı~

∑
jν

⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
eĥjν

dtjν (t)

dt
e−ı

ϵ(t)
~

−⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
e−ı

ϵ(t)
~
dϵ(t)

dt
= ⟨ΦΛ

0 |Ĥ(t)eT̂ (t)
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We can replace the time derivatives of the amplitudes and the phase factor using
the expressions derived above and then remove the phase factor exponentials from
the equation

−ı~
∑
jν

⟨ΦSCF
0 |dĥjν

dλjν (t)

dt

+
∑
jν

⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
eĥjν ⟨ΦSCF

0 |dĥiµe−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF
0 ⟩

+ ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
⟨ΦSCF

0 |e−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF
0 ⟩

= ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
e−T̂ (t)Ĥ(t)eT̂ (t)

Projecting from the right with an excited determinant, eĥiµ |ΦSCF
0 ⟩, yields

−ı~
∑
jν

⟨ΦSCF
0 |dĥjν eĥiµ |ΦSCF

0 ⟩dλjν (t)
dt

+
∑
jν

⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
eĥjν

eĥiµ |ΦSCF
0 ⟩⟨ΦSCF

0 |dĥjνe−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF
0 ⟩

+ ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
eĥiµ |ΦSCF

0 ⟩⟨ΦSCF |e−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF
0 ⟩

+ = ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
e−T̂ (t)Ĥ(t)eT̂ (t)eĥiµ |ΦSCF

0 ⟩

The matrix element in the first term on the left gives again δiµjν , while the
second term can be evaluate using the fact that excitation operators com-
mute and so creating the resolution of the identity 1 − |ΦSCF

0 ⟩⟨ΦSCF
0 | =∑

jν
eĥjν |ΦSCF

0 ⟩⟨ΦSCF
0 |dĥjν , which gives then for the second term

∑
jν

⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
eĥjν

eĥiµ |ΦSCF
0 ⟩⟨ΦSCF

0 |dĥjνe−T̂ (t)Ĥ(t)|ΦCC
0 (t)⟩

= ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
e−T̂ (t)eĥiµĤ(t)eT̂ (t)|ΦSCF

0 ⟩

− ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
eĥiµ |ΦSCF

0 ⟩⟨ΦSCF
0 |e−T̂ (t)Ĥ(t)eT̂ (t)|ΦSCF

0 ⟩

where the extra term on the right side here cancels the third term in the projected
left-hand coupled cluster Schrödinger equation, which then reads

−ı~
dλiµ(t)

dt
+ ⟨ΦSCF

0 |
[
1 + Λ̂(t)

]
e−T̂ (t)eĥiµĤ(t)eT̂ (t)|ΦSCF

0 ⟩

= ⟨ΦSCF
0 |

[
1 + Λ̂(t)

]
e−T̂ (t)Ĥ(t)eT̂ (t)eĥiµ |ΦSCF

0 ⟩
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This can be rearranged as the desired equation for the λiµ(t) amplitudes

−ı~
dλiµ(t)

dt
= ⟨ΦSCF

0 |
[
1 + Λ̂(t)

]
e−T̂ (t)[Ĥ(t), eĥiµ ]e

T̂ (t)|ΦSCF
0 ⟩

11.9 The components of the coupled cluster vector function are given as

eiµ = ⟨ΦSCF
0 |dĥiµe−T̂ (t)Ĥ(0)|ΦCC

0 ⟩

The only thing in the above equation that depends on the cluster amplitudes is the
cluster operator T̂ . Using the chain rule we get the derivative of the exponential
operator as

∂eT̂ (t)

∂tjν
= eT̂ (t) ∂T̂

∂tjν
= eT̂ (t)eĥjν

Remembering that excitation operators commute, we can evaluate

∂

∂tjν
eiµ = ⟨ΦSCF

0 |dĥiµ
∂e−T̂ (t)

∂tjν
Ĥ(0)|ΦCC

0 ⟩+ ⟨ΦSCF
0 |dĥiµe−T̂ (t)Ĥ(0) ∂e

T̂ (t)

∂tjν
|ΦSCF

0 ⟩

= −⟨ΦSCF
0 |dĥiµe−T̂ (t)eĥjν Ĥ

(0)|ΦCC
0 ⟩+ ⟨ΦSCF

0 |dĥiµe−T̂ (t)Ĥ(0)eĥjν |ΦCC
0 ⟩

The two terms in the last line can be written more compact as commutator

∂

∂tjν
eiµ = ⟨ΦSCF

0 |dĥiµe−T̂ (t)[Ĥ(0), eĥjν ]|ΦCC
0 ⟩

which turns out to be an element of the coupled cluster Jacobian, Aiµ,jν .


