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Given an arbitrary function, we may construct symmetric and antisymmetric functions under a certain operation. Since statistical
isotropy and homogeneity of our Universe has been a fundamental assumption of modern cosmology, we do not expect any
particular symmetry or antisymmetry in our Universe. Besides fundamental properties of our Universe, we may also figure our
contamination and improve the quality of the CMB data products, by matching the unusual symmetries and antisymmetries of the
CMB data with known contaminantions. If we let the operation to be a coordinate inversion, the symmetric and antisymmetric
functions have even and odd-parity respectively. The investigation on the parity of the recent CMB data shows a large-scale odd-
parity preference, which is very unlikely in the statistical isotropic and homogeneous Universe. We investigated the association of
the WMAP systematics with the anomaly, but did not find a definite non-cosmological cause. Besides the parity anomaly, there
is anomalous lack of large-scale correlation in CMB data. We show that the odd-parity preference at low multipoles is, in fact,
phenomenologically identical with the lack of large-angle correlation.

1. Introduction

In an inflationary paradigm, the CMB anisotropy pattern is
expected to follow a random Gaussian distribution with the
statistical isotropy and homogeneity, due to the nature of
the quantum fluctuation during the cosmic inflation [1–5].
Passing through the period of the inflation and cosmological
evolution from very early stages till the present day, the quan-
tum fluctuations turn into classical fluctuation, in which all
information about the beginning of the inflation, the ioniza-
tion history of the cosmic plasma, and the formation of the
large-scale structure have been well preserved. Therefore, the
observation of the CMB anisotropy allows us to investigate
the extreme states of matter and radiation well beyond the
limit, obtainable by modern particle accelerators and shed
light on the problem of “darkness” of the Universe, in which
the present mass density mainly consists of the cold dark
matter and the dark energy.

For the past years, there have been great successes in
measurement of CMB anisotropy by ground and satellite
observations [6–16]. Since release of the data from the orbital
observations [17–19], the issue of statistical anisotropy and
non-Gaussianity has been given very significant attention.
Several hints of statistical anisotropy and non-Gaussianity
have been reported [20–43]. In particular, many of the

reported anomalies are associated with low multipoles (2 ≤
l ≤ 30) of the CMB, including the low amplitude of the
quadrupole [44] and the striking alignment between the
quadrupole and octupole, dubbed the “axis of evil” [27, 28,
44], and some other features of the CMB map [42] and the
power spectrum [37, 38]. These anomalies could be given
two possible explanations. The first one is that statistical
homogeneity and isotropy of the primordial fluctuation in
general is obeyed, but we are living in a Universe, which is
not typical of the ensemble Universe. The second explanation
is that, at least for some range of multipoles, the properties
of primordial fluctuations are in disagreement with the
isotropic Gaussian Universe.

The CMB anisotropy at low multipoles are associated
with scales far beyond any existing astrophysical survey, and
therefore CMB anomalies at low multipoles may hint new
physics at unexplored large scales, including nontrivial topol-
ogy of the Universe, broken scale invariance at large scales.
On the other hand, these anomalies are simply due to non-
cosmological contamination such as unaccounted astrophys-
ical emission (e.g., the Kuiper Belt objects) and unknown
systematic effects.

Recently, it was shown that some of the anomalies can
be explained in terms of symmetries and antisymmetries of
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the CMB sky [37, 38, 41]. For instance, the CMB anisotropy
pattern may be considered as the sum of symmetric and
antisymmetric functions under the coordinate inversion.
Equivalently, the forementioned symmetric and antisym-
metric functions possess even and odd parity, respectively.
Given the Gaussian Universe, we do not expect the CMB
anisotropy pattern to show a particular parity preference.
However, the angular power spectrum of WMAP data shows
anomalous odd-parity preference at low multipoles [37–
40, 45]. In this work, we are going to discuss the odd-parity
preference of the WMAP data and present our investigation
on its origins. In order to understand the nature of the
odd-parity preference, we have additionally investigated the
phase of even and odd multipole data, respectively, and
found they show features distinct from each other. The
parity anomaly is explicitly associated with the angular power
spectrum, which is heavily used for cosmological model
fitting. Having noted this, we have also fitted a cosmological
model, respectively, to even and odd multipole data set and
found significant tension [40]. These parametric tensions
indicate either unaccounted contamination or insufficiency
of the assumed model.

One of most important elements in the study of non-
Gaussianity is to identify the anomalies of the common ori-
gin, whether it is cosmological or systematics. In particular,
there have been reports on the lack of large-angle correlation,
since the COBE-DMR data [30, 46–50]. Recently, we have
shown that the lack of large-angle correlation is phenomeno-
logically identical with the odd-parity anomaly of the CMB
power spectrum. Besides them, we may understand the
low quadrupole power as a part of odd-parity preference
at low multipoles [37, 38, 44]. Even though it still leaves
the fundamental question on its origin unanswered, the
association between seemingly distinct anomalies will help
the investigation on the underlying origin.

The outline of the paper is the following. In Section 2,
we discuss the anomalous odd-parity preference of the
WMAP data. In Section 3, we investigate the phase of the
even and odd multipole data, respectively, and discuss its
result. In Section 4, we investigate the octupole component
of CMB anisotropy and discuss some anomalous feature. In
Section 5, we show there is a significant parametric tension
between the cosmological models, when fitted to the even
or odd low multipole data, respectively. In Sections 6 and
7, we discuss the lack of correlation of WMAP data at large
and small angles and show the odd-parity preference at low
multipoles is phenomenologically identical with the lack of
the large-angle correlation. Finally, in Section 8, we discuss
the findings and draw our conclusions.

2. Parity Asymmetry of the WMAP Data

The CMB temperature anisotropy over a whole-sky is con-
veniently decomposed in terms of spherical harmonics
Ylm(θ,φ) as follows:

T(n̂) =
∑

lm

almYlm(n̂), (1)

where alm is a decomposition coefficient and n̂ is a sky direc-
tion. Decomposition coefficients are related to primordial
perturbation as follows:

alm = 4π(−ı)l
∫

d3k

(2π)3 Φ(k)gl(k)Y∗lm
(

̂k
)

, (2)

where Φ(k) is primordial perturbation in Fourier space and
gl(k) is a radiation transfer function. For a Gaussian model
for primordial perturbation, decomposition coefficients sat-
isfy the following statistical properties:

〈alm〉 = 0,
〈

a∗lmal′m′
〉

= Clδll′δmm′ ,
(3)

where 〈· · · 〉 denotes the average over the ensemble of
universes. Given a standard cosmological model, Sach-Wolf
plateau is expected at low multipoles [2]: l(l + 1)Cl ∼ const.

From the CMB anisotropy, we may construct a sym-
metric and antisymmetric function under the coordinate
inversion n → −n:

T+(n̂) = T(n̂) + T(−n̂)
2

,

T−(n̂) = T(n̂)− T(−n̂)
2

.

(4)

In other words, T+(n̂) and T−(n̂) have even and odd parity.
Taking into account the parity property of spherical harmon-
ics Ylm(n̂) = (−1)lYlm(−n̂) [51], we may easily show

T+(n̂) =
∑

lm

almYlm(n̂)cos2
(

lπ

2

)

,

T−(n̂) =
∑

lm

almYlm(n̂)sin2
(

lπ

2

)

,

(5)

where n is an integer. Therefore, significant power asymme-
try between even and odd multipoles may be interpreted as
a preference for a particular parity of the anisotropy pattern.
Hereafter, we will denote a preference for particular parity
by “parity asymmetry.” In Figure 1, we show the WMAP 7-
year, 5-year,and 3-year data and the WMAP concordance
model [6, 9, 52–54]. From Figure 1, we may see that the
power spectrum of WMAP data at even multipoles tend
to be lower than those at neighboring odd multipoles. In
Figure 2, we show (−1)l l(l+1)/2π (CWMAP

l −CΛCDM
l ) for low

multipoles. Since we expect random scattering of data points
around a theoretical model, we expect the distribution of
dots in Figure 2 to be scattered around the both side of zero.
However, there are only 5 points of positive values among
22 points in the case of WMAP7 or WMAP5 data. Therefore,
we may see that there is the tendency of power deficit (excess)
at even (odd) multipoles, compared with the ΛCDM model.
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Figure 1: CMB power spectrum: WMAP 7 year data (blue), WMAP
5 year data (green) and WMAP 3 year data (red), ΛCDM model
(cyan).

Taking into account l(l + 1)Cl ∼ const, we may consider the
following quantities:

P+ =
lmax
∑

l=2

cos2
(

lπ

2

)

l(l + 1)
2π

Cl,

P− =
lmax
∑

l=2

sin2
(

lπ

2

)

l(l + 1)
2π

Cl,

(6)

where P+ and P− are the sum of l(l + 1)/2π Cl for even and
odd multipoles, respectively. Therefore, the ratio P+/P− is
associated with the degree of the parity asymmetry, where the
lower value of P+/P− indicates odd-parity preference, and
vice versa.

In Figure 3, we show the P+/P− of WMAP data, and a
ΛCDM model for various lmax. As shown in Figure 3, P+/P−

of WMAP data are far below theoretical values. Though the
discrepancy is largest at lowest lmax, its statistical significance
is not necessarily high for low l, due to associated statistical
fluctuation. In order to make a rigorous assessment on
its statistical significance at low l, we compared P+/P− of
WMAP data with that of simulation. We have produced 104

simulated CMB maps of HEALPix Nside = 8 and Nside =
512, respectively, via map synthesis with alm randomly
drawn from Gaussian ΛCDM model. We have degraded the
WMAP processing mask (Nside = 16) to Nside = 8, and
set pixels to zero, if any of their daughter pixels is zero.
After applying the mask, we have estimated power spectrum
2 ≤ l ≤ 23 from simulated cut-sky maps (Nside = 8) by
a pixel-based maximum likelihood method [6, 55, 56]. At
the same time, we have applied the WMAP team’s KQ85
mask to the simulated maps (Nside = 512) and estimated
power spectrum 2 ≤ l ≤ 1024 by pseudo Cl method
[57, 58]. In the simulation, we have neglected instrument
noise, since the signal-to-noise ratio of the WMAP data is
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Figure 2: (−1)l× difference between WMAP power spectrum data
and ΛCDM model.
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Figure 3: P+/P− of WMAP data and ΛCDM.

quite high at multipoles of interest (i.e., l ≤ 100) [6, 7].
Using the low l estimation by pixel-maximum likelihood
method and high l estimation by pseudo Cl method, we have
computed P+/P−, respectively, for various multipole ranges
2 ≤ l ≤ lmax and compared P+/P− of the WMAP data
with simulation. In Figure 4, we show P value of WMAP7,
WMAP5 and WMAP3, respectively, for various lmax, where
P-value denotes fractions of simulations as low as P+/P− of
the WMAP data. As shown in Figure 4, the parity asymmetry
of WMAP7 data at multipoles (2 ≤ l ≤ 22) is most
anomalous, where P-value is 0.0031. As shown in Figure 4,
the statistical significance of the parity asymmetry (i.e., low
P-value) is getting higher, when we increase lmax up to 22.
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Table 1: The parity asymmetry of WMAP data (2 ≤ l ≤ 22).

Data P+/P− P value

WMAP7 0.7076 0.0031

WMAP5 0.7174 0.0039

WMAP3 0.7426 0.0061

Therefore, we may not attribute the odd parity preference
simply to the low quadrupole power and find it rather likely
that the low quadrupole power is not an isolated anomaly,
but shares an origin with the odd parity preference.

In Table 1, we summarize P+/P− and P values of
WMAP7, WMAP5, and WMAP3 for lmax = 22. As shown in
Figure 4 and Table 1, the odd-parity preference of WMAP7
is most anomalous, while WMAP7 data are believed to have
more accurate calibration and less foreground contamina-
tion than earlier releases [6–9, 59]. In Figure 5, we show
cumulative distribution of P+/P− for 104 simulated maps.
The values corresponding to P+/P− of WMAP data are
marked as dots.

In the absence of strong theoretical grounds for the parity
asymmetry (2 ≤ l ≤ 22), we have to take into account
our posteriori choice on lmax, which might have enhanced
the statistical significance. However, as shown in Figure 4,
the odd-parity preference exists for various values of lmax.
Therefore, the statistical enhancement by our posterior
choice on lmax is not significant.

2.1. Cosmological or Noncosmological? In the WMAP data,
there are noncosmological contamination such as asymmet-
ric beams, instrument noise, foreground, and cut-sky effect,
which might be responsible for the discussed anomaly. First
of all, there is contamination from galactic and extragalactic
foregrounds. In order to reduce foreground contamination,
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Figure 5: Parity asymmetry at multipoles (2 ≤ l ≤ 22): cumulative
distribution of P+/P− for 104 simulated maps (cyan), P+/P− of
WMAP7 (blue), WMAP5 (green), and WMAP3 (red).

the WMAP team have subtracted diffuse foregrounds by
template-fitting and masked the regions that cannot be
cleaned reliably. For foreground templates (dust, free-free
emission and synchrotron), the WMAP team used dust
emission “Model 8,” Hα map, and the difference between K
and Ka band maps [8, 60–63]. In Figure 6, we show the power
spectrum of templates. As shown in Figure 6, templates
show strong even parity preference, which is opposite to
that of the WMAP power spectrum data. Therefore, one
might wrongly attribute the odd-parity preference of WMAP
data to oversubtraction by templates. Consider spherical
harmonic coefficients of a foreground-reduced map:

aobs
lm = acmb

lm + a
fg
lm − ba

tpl
lm , (7)

where aobs
lm , a

fg
lm, and ba

tpl
lm correspond to a foreground-

cleaned map, a foreground, and a template with a fitting coef-
ficient b. For simplicity, we consider only a single foreground
component, but the conclusion is equally valid for multicom-
ponent foregrounds. Since there is no correlation between
foregrounds and CMB, the observed power spectrum is given
by

Cobs
l ≈ Ccmb

l +
〈
∣

∣

∣a
fg
lm − ba

tpl
lm

∣

∣

∣

2


. (8)

As shown (8), the parity preference should follow that of
templates (i.e., even parity preference), because of the second
term, provided templates are good tracers of foregrounds

(i.e., a
fg
lm/a

tpl
lm ≈ const). Nevertheless, (8) may make a bad

approximation for lowest multipoles, because the cross term
∑

m Re[acmb
lm (a

fg
lm − ba

tpl
lm)∗] may not be negligible. Besides

that, our argument and the template-fitting method itself
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Figure 6: The power spectra of the templates (synchrotron, Hα,
dust): plotted with arbitrary normalization.

fail, if templates are not good tracers of foregrounds. In order
to investigate these issues, we have resorted to simulation in
combination with WMAP data. Noting the WMAP power
spectrum is estimated from foreground-reduced V and W
band maps, we have produced simulated maps as follows:

T(n̂) = Tcmb(n̂) +
(V(n̂)−W(n̂))

2
, (9)

where V(n̂) and W(n̂) are foreground-reduced V and W
band maps of WMAP data. Note that the second term on
the right hand side mainly contains residual foregrounds.
Just as cut-sky simulation described in Section 2, we have
applied a foreground mask to the simulated maps and
estimated the power spectrum from cut-sky by a pixel-based
maximum likelihood method. In Figure 7, we show P+ and
P− values estimated from simulations. For comparison, we
have included simulations without residual foregrounds, and
dashed lines of a slope corresponding to P+/P− of ΛCDM
model and WMAP7 data. As shown in Figure 7, the P+/P−

of simulations in the presence of residual foregrounds do
not show anomalous odd-parity preference of WMAP data.
Considering (8) and simulations, we find it difficult to
attribute the odd-parity preference to residual foreground.
There also exist contamination from unresolved extragalactic
point sources [52]. However, point sources follow Poisson
distribution with little departure [64] and therefore are
unlikely to possess odd-parity preference. Besides that, point
sources at WMAP frequencies are subdominant on large
angular scales (low l) [52, 60, 64, 65]. Though we have not
found association of foregrounds with the anomaly, we do
not completely rule out residual foreground, due to our
limited knowledge on residual foregrounds.

The WMAP team have masked the region that cannot
be reliably cleaned by template fitting and estimated CMB

0.8 1 1.2 1.4
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

WMAP7

CMB

P
+

P− ×104

×104

ΛCDM

CMB + foreground

Figure 7: The parity asymmetry in the presence of residual
foregrounds (V−W): dashed lines are plotted with slopes corre-
sponding to P+/P− of P+/P− of ΛCDM (cyan), WMAP7 data (red).
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year, and, 3-year map at multipole range 2 ≤ l ≤ lmax.

power spectrum from sky data outside the mask [6, 9, 52, 60].
Even though we have properly taken into account the cut-
sky effect in the P value estimation, we have investigated
the WMAP team’s Internal Linear Combination (ILC) map,
which is expected to provide a reliable estimate of CMB
signal over whole-sky on angular scales larger than 10◦

[52, 60, 65]. We have compared P+/P− of the ILC maps with
whole-sky simulations. In Figure 8, we show P-values of the
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Table 2: The parity asymmetry of WMAP ILC maps (2 ≤ l ≤ 22).

Data P+/P− P value

ILC7 0.7726 0.0088

ILC5 0.7673 0.0074

ILC3 0.7662 0.0072

ILC maps, respectively, for various lmax. As shown in Figure 8,
the odd-parity preference of ILC maps is most anomalous
for lmax = 22 as well. In Table 2, we summarize P+/P− and
P-values for lmax = 22. As shown in Figure 8 and Table 2,
we find anomalous odd-parity preference exits in whole-sky
CMB maps as well. Therefore, we find it difficult to attribute
the anomaly to cut-sky effect.

There are instrument noise in the WMAP data. Espe-
cially, 1/f noise, when coupled with WMAP scanning
pattern, may result in less accurate measurement at certain
low multipoles [52, 66, 67]. In order to investigate the
association of noise with the anomaly, we have produced
noise maps of WMAP7 data by subtracting one Differencing
Assembly (D/A) map from another D/A data of the same
frequency channel. In Figure 9, we show P+ and P− values
of the noise maps. As shown in Figure 9, the noise maps
do not show odd-parity preference, but their P+/P− ratios
are consistent with that of white noise (i.e., Cl = const).
Besides that, the signal-to-noise ratio of WMAP temperature
data is quite high at low multipoles (e.g., S/N ∼ 100 for
l = 30) [52, 59, 67]. Therefore, we find that instrument noise,
including 1/f noise, is unlikely to be the cause of the odd-
parity preference.

The shape of the WMAP beams is slightly asymmetric
[59, 68, 69], while the WMAP team have assumed symmetric
beams in the power spectrum estimation [6, 9, 59, 68].
We have investigated the association of beam asymmetry
with the anomaly, by using simulated maps provided by
[69]. The authors have produced 10 simulated maps for
each frequency and Differencing Assembly (D/A) channels,
where the detailed shape of the WMAP beams and the
WMAP scanning strategy are taken into account [69]. From
simulated maps, we have estimated P+ and P−, where we have
compensated for beam smoothing purposely by the WMAP
team’s beam transfer function (i.e., symmetric beams). In
Figure 10, we show P+ and P− values of the simulated maps,
and the dashed lines of a slope corresponding to P+/P−

of ΛCDM and WMAP7 data, respectively. As shown in
Figure 10, we do not observe the odd-parity preference of
WMAP data in simulated maps. Therefore, we find it hard
to attribute the odd-parity preference to asymmetric beams.

Besides contamination discussed so far, there are other
sources of contamination such as far sidelobe pickup. In
order to investigate these effects, we have resorted to sim-
ulation produced by the WMAP team. According to the
WMAP team, time-ordered data (TOD) have been simulated
with realistic noise, thermal drifts in instrument gains and
baselines, smearing of the sky signal due to finite integration
time, transmission imbalance, and far-sidelobe beam pickup.
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Figure 9: The parity asymmetry of the WMAP noise: the dots
denote (P+, P−) of noise maps, and alphanumeric values in the leg-
end denote the frequency band and the pair of D/A channels used.
Two dashed lines are plotted with the slope corresponding to P+/P−

of white noise and WMAP7 data, respectively.

Using the same data pipeline used for real data, the WMAP
team have processed simulated TOD and produced maps for
each differencing assembly and each single year observation
year. In Figure 11, we show the P+ and P− of the simulated
maps, where the power spectrum estimation is made from
cut-sky by a pixel-based likelihood method. As shown in
Figure 11, all points are far above P+/P− of WMAP7 and
agree with ΛCDM model. Therefore, we do not find definite
association of the parity asymmetry with known systematics
effects.

As discussed, we are unable to find a definite noncosmo-
logical cause of the anomaly. Therefore, we are going to take
the WMAP power spectrum at face values and consider a
possible cosmological origin. Topological models including
multiconnected Universe and Bianchi VII model have been
proposed to explain the cold spot or low quadrupole power
[70–72]. However, the topological models do not produce
the parity asymmetry, though some of them, indeed, predict
low quadrupole power. Trans-Planckian effects and some
inflation models predict oscillatory features in primordial
power spectrum [4, 73–82]. However, oscillatory or sharp
features in primordial power spectrum are smeared out
in translation to the CMB power spectrum [20]. Besides,
reconstruction of primordial power spectrum and investi-
gation on features show that primordial power spectrum is
close to a featureless power-law spectrum [6, 53, 54, 83–
85]. Therefore, we find it difficult to attribute the anomaly
to trans-Planckian effect or extended inflation models. We
will consider what the odd-parity preference imply on
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primordial perturbation Φ(k). Using (2), we may show the
decomposition coefficients of CMB anisotropy are given by

alm = (−ı)l
2π2

∫∞

0
dk
∫ π

0
dθk sin θk

∫ 2π

0
dφkΦ(k)gl(k)Y∗lm

(

̂k
)

,

= (−ı)l
2π2

∫∞

0
dk
∫ π

0
dθk sin θk

∫ π

0
dφk gl(k)

×
(

Φ(k)Y∗lm
(

̂k
)

+ Φ(−k)Y∗lm
(

−̂k
))

,

= (−ı)l
2π2

∫∞

0
dk
∫ π

0
dθk sin θk

∫ π

0
dφkgl(k)Y∗lm

(

̂k
)

×
(

Φ(k) + (−1)lΦ∗(k)
)

,

(10)

where we used the reality conditions Φ(−k) = Φ∗(k) and
Ylm(−n̂) = (−1)l Ylm(n̂). Using (11), it is trivial to show, for
the odd number multipoles l = 2n− 1,

alm = − (−ı)l−1

π2

∫∞

0
dk
∫ π

0
dθk sin θk

×
∫ π

0
dφkgl(k)Y∗lm

(

̂k
)

Im[Φ(k)],

(11)

and, for even number multipoles l = 2n,

alm = (−ı)l
π2

∫∞

0
dk
∫ π

0
dθk sin θk

×
∫ π

0
dφkgl(k)Y∗lm

(

̂k
)

Re[Φ(k)].

(12)

It should be noted that the above equations are simple refor-
mulation of (2). From (11) and (12), we may see that the
odd-parity preference might be produced, provided

|Re[Φ(k)]| � |Im[Φ(k)]|
(

k � 22
η0

)

, (13)

where η0 is the present conformal time. Taking into account
the reality condition Φ(−k) = Φ∗(k), we may show primor-
dial perturbation in real space is given by

Φ(x) = 2
∫∞

0
dk
∫ π

0
dθk sin θk

∫ π

0
dφk

× (Re [Φ(k)] cos(k · x)− Im[Φ(k)] sin(k · x)).
(14)

Noting (13) and (14), we find our primordial Universe
may possess odd-parity preference on large scales (2/η0 �
k � 22/η0). The odd-parity preference of our primordial
Universe violates large-scale translational invariance in all
directions. However, it is not in direct conflict with the
current data on observable Universe (i.e., WMAP CMB
data), though it may seem intriguing. Considering (13) and
(14), we find this effect will be manifested on the scales
larger than 2π η0/22 ≈ 4 Gpc. However, it will be difficult to
observe such large-scale effects in non-CMB observations. If
the odd-parity preference is indeed cosmological, it indicates
we are at a special place in the Universe, which may sound
intriguing. However, it should be noted that the invalidity of
the Copernican Principle such as our living near the center
of void had been previously proposed in different context
[86, 87].

Depending on the type of cosmological origins (e.g.,
topology, features in primordial power spectrum and (13)),
distinct anomalies are predicted in polarization power spec-
trum. Therefore, polarization maps of large-sky coverage
(i.e., low multipoles) will allow us to remove degeneracy and
figure a cosmological origin, if the parity asymmetry is in-
deed cosmological.

3. Phase of Even and Odd Multipole Data

The decomposition coefficients alm of CMB anisotropy,
which are briefly discussed in Section 2, are equivalently
written as

alm = |alm| exp
(

iφlm
)

. (15)

Given a Gaussian model, we expect that the amplitudes
|al,m| and the phase φlm follow the Rayleigh distribution
and a uniform distribution [0, 2π], respectively [3, 4,
88]. Therefore, the phase information provides additional
information on the statistical properties and hence useful test
on Gaussianity. Noting this, we have investigated the phases
and compared those of even and odd multipole data. For
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the analysis, we are going to use the following trigonometric
moments:

S(l) = 1
2l + 1

l
∑

m=−l
sin
(

ϕlm
)

,

C(l) = 1
2l + 1

l
∑

m=−l
cos
(

ϕlm
)

.

(16)

Using the trigonometric moments, we may estimate the
mean angle Θ(l) as follows:

Θ(l) = arctan
(

S(l)
C(l)

)

, (17)

where the information of the CMB phases is condensed into
a single mean angle for an individual multipole. Further
details on the procedures above can be found in [89]. Given
a Gaussian random Universe, we would expect the mean
angles of each multipoles to follow a uniform distribution
(−π ≤ Θ ≤ π) [90]. In order to investigate the even and
odd multipole data, respectively, we will use the following
statistics:

r±s (lmax) =
lmax
∑

l=2

sinΘ±(l),

r±c (lmax) =
lmax
∑

l=3

cosΘ±(l),

R±(lmax) = 1
lmax − 2

(

[

r±s (lmax)
]2 +

[

r±c (lmax)
]2
)

,

(18)

where we imply that the quantities of + and − are associated
with the even and odd multipole data, respectively. In the
theory of statistical analysis of circular data, the statistic R is
widely used (refer to [91] for details). After a simple algebra
on (22), we may easily show

R±(lmax) = 1
lmax − 2

l
∑

ll′
cos(Θ±(l)−Θ±(l′))

= 1
2

(

δlmax,2n +
lmax − 1
lmax − 2

δlmax,2n+1

)

+
1

lmax − 2

l
∑

l,l′ /= l

cos(Θ±(l)−Θ±(l′)).

(19)

If the mean angles are correlated among distinct multipoles,
the second term in (19) is given by ∼ l−2, and thus R±

asymptotically approaches 1/2 [35]. On the other hand, if the
mean angles of distinct multipoles are similar to each other
(i.e., cos(Θ±(l) − Θ±(l′)) ∼ ±1), the second term in (19)
is comparable to the first term, and thus R± asymptotically
approaches 1.

In order to investigate the correlation of mean angles, we
have estimated cos(Θ(l) − Θ(l + Δl)). For Δl = 1 and Δl =
2, we find several unusual alignment for various multipoles,
where the unusual alignment is found in Galactic coordinate

Table 3: Mean angle correlation of WMAP data in Galactic coordi-
nate.

l cos(Θ(l)−Θ(l + 1))

2 0.9714

18 0.9947

28 0.9978

33 0.9477

36 0.9299

38 0.9485

Table 4: Mean angle correlation of WMAP data in Ecliptic coordi-
nate.

l cos(Θ(l)−Θ(l + 2))

5 0.9986

23 0.9995

33 0.9998

34 0.9999

and Ecliptic coordinate, respectively, for Δl = 1 and Δl = 2.
In Tables 3 and 4, we show the values of cos(Θ(l)−Θ(l + 1))
and cos(Θ(l)−Θ(l + 2)).

In Figure 12, we plot r±(l) of the WMAP team’s ILC
map, which are estimated in Galactic coordinate and Ecliptic
coordinate, respectively. As shown in the figure, the mean
angles of the even and odd are distinct from each other,
which is significant at ∼3σ level. In Figure 13, we show
R±(l) and their inverse for various values of l, which are
estimated in Galactic coordinate. From this figure, we can
see that a major contribution to the R−(l) comes from
the multipole 5 ≤ l ≤ 30, where the R−(l) exceeds the
2σ . The even multipoles, in contrast with the odd ones,
show noticeably small values of the R+(l)-parameter, which
indicate the correlations between the mean angles. It should
be noted that values of R−(l) and R+(l) are expected to be
around ∼0.5. Therefore, unusually high or small values as
those of WMAP data indicate unusual correlation of mean
angles, and the deviation from statistically isotropic Gaussian
Universe.

4. Antisymmetry of the Octupole Component

Using (1) and the reality condition alm = a∗l−m, we may easily
show that a whole-sky CMB anisotropy pattern is given by

T
(

θ,φ
) =

∑

l

al0Nl0Pl(cos θ) + 2
∑

l

∑

m≥1

NlmP
m
l (cos θ)

× (Re[alm] cos
(

mφ
)− Im[alm] sin

(

mφ
))

,

(20)

where Pl(cos θ) and Pm
l (cos θ) are the Legendre polynomials

and the associated Legendre polynomials, respectively, and

Nlm = (−1)m
√

(2l + 1)(l −m)
4π(l + m)!

. (21)
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Figure 12: (a) The parameter r−(l) (the black dots) for odd multipoles and r+(l) (the red dots) for even ones in Galactic coordinates. The
mean angles are estimated from the first 40 multipoles. (b) the same as the (a), but for ecliptic coordinates.
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Figure 13: The parameters R−(l) (top panel, the black line) for odd
multipoles and R+(l) (top panel, the red line) for even multipoles.
The black dash line is the asymptotic R+(l = even) = 0.5, the blue
dash line is for R−(l = odd) = (l − 1)/2(l − 2).

In addition to the parity operation (i.e., n → −n)
discussed previously, we may consider the following coor-
dinate inversion: (θ,φ) → (π − θ,−φ). In a similar way
to the investigation on the parity asymmetry, we construct
a symmetric and antisymmetric part under the coordinate
inversion (θ,φ) → (π − θ, 2π − φ) as follows:

T±
(

θ,φ
) = T

(

θ,φ
)± T

(

π − θ,−φ)
2

. (22)

Using (20), we may easily show the symmetric and antisym-
metric parts are given by

T±
(

θ,φ
) =

∑

l

Nl0 Pl(cos θ) Re[al0]
1± (−1)l

2

+ 2
∑

l

∑

m≥1

NlmP
m
l (cos θ)

×
(

Re[alm]
1± (−1)l+m

2

× cos
(

mφ
)

Im[alm]
1∓ (−1)l+m

2

− sin
(

mφ
)

)

.

(23)

As obvious in (23), the symmetric part gets contribution only
from Re[alm] of l + m = even and Im[alm] of l + m = odd.
On the other hand, the antisymmetric part gets contribution
only from Re[alm] of l+m = odd and Im[alm] of l+m = even.
Noting this, we have estimated the ratio of l + m = odd and
l + m = even components for the real and imaginary parts,
where we used the WMAP 7 year ILC map. Our estimation
shows the ratio Im[a33]/ Im[a32] is unusually high, which
requires the chance of 6-in-1000 level. In Figure 14, we show
the octupole components of the WMAP7 ILC map (top),
T+ (middle), and T− (bottom). From Figure 14, we may see
that the octupole components of the WMAP7 ILC map show
antisymmetric pattern for the inversion (θ,φ) → (π−θ,−φ),
where the center of the images corresponds to the coordinate
(θ = 0,φ = 0).
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Figure 14: The octupole components of the WMAP7 ILC map (a), T+
3 (θ,φ) (b), and T−3 (θ,φ) (c).

5. Parametric Tension between
Even and Odd Multipole Data

As discussed previously, there is the power contrast between
even and odd multipoles of WMAP TT power spectrum
[20, 37–39, 45]. At lowest multipoles (2 ≤ l ≤ 22),
there is odd multipole preference (i.e., power excess in
odd multipoles and deficit in even multipoles) [37–39, 45],
and additionally even multipole preference at intermediate
multipoles (200 ≤ l ≤ 400) [20]. For TE correlation,
we have also found odd multipole preference at (100 �
l � 200) and even multipole preference at (200 � l �
400), though its statistical significance is not high enough,
due to low signal-to-noise ratio of polarization data. Not
surprisingly, these power contrast anomalies are explicitly
associated with the angular power spectrum data, which
are mainly used to fit cosmological models. Having noted
this, we have investigated whether the even (odd) multipole
data set is consistent with the concordance model. For a
cosmological model, we have considered ΛCDM + SZ effect
+ weak-lensing, where cosmological parameters are λ ∈
{Ωb,Ωc, τ,ns,As,Asz,H0}. For data constraints, we have used
the WMAP 7-year TT and TE power spectrum data, which
have been estimated from the ILC map, and cut-sky V and
W band maps [6]. Hereafter, we shall denote WMAP CMB
data of whole, even and odd multipoles by D0, D2, and
D3, respectively. We like to stress that even/odd multipole
splitting is made for TT and TE power spectrum up to the
multipoles of WMAP sensitivity (i.e., l ≤ 1200 for TT and

l ≤ 800 for TE). Using CosmoMC with the modified WMAP
likelihood code, we have explored the parameter space on a
MPI cluster with 6 chains [6, 92–94]. For the convergence
criterion, we have adopted the Gelman and Rubin’s “variance
of chain means” and set the R−1 statistic to 0.03 for stopping
criterion [95, 96].

In Figure 15, we show the marginalized likelihood of
parameters, which are obtained from the run of a CosmoMC
with D0, D2, and D3, respectively. In Table 5, we show the
best-fit parameters and 1σ confidence intervals, where λ2 and
λ3 denote the best-fit values of D2 and D3, respectively. The
parameter set λ0 is the best-fit values of whole data D0 and
accordingly corresponds to the WMAP concordance model.
As shown in Figure 15 and Table 5, we find nonnegligible
tension especially in parameters of primordial power spec-
trum. It is worth to note that the best-fit spectral index of
even multipole data (i.e., D2) is close to a flat spectrum (i.e.,
ns = 1), while the result from the whole data rules out the
flat spectrum by more than 2σ .

There is a likelihood-ratio test, which allows us to deter-
mine the rejection region of an alternative hypothesis, given
a null hypothesis [97–100]. By setting sets of parameters
to a null hypothesis and an alternative hypothesis, we may
investigate whether two sets of parameters are consistent with
each other. To be specific, we have evaluated the following in
order to assess parametric tension:

L
(

λj | Di

)

L(λi | Di)
, (24)
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Figure 15: Marginalized likelihood of cosmological parameters (ΛCDM + sz + lens), given whole or even (odd) multipole data.

Table 5: Cosmological parameters (ΛCDM + sz + lens).

λ0 λ2 λ3

Ωb h2 0.0226± 0.0006 0.0231± 0.0008 0.0217± 0.0008

Ωc h2 0.112± 0.006 0.109± 0.008 0.115± 0.008

τ 0.0837± 0.0147 0.0913± 0.0157 0.0859± 0.015

ns 0.964± 0.014 0.989± 0.02 0.949± 0.019

log [1010As] 3.185± 0.047 3.132± 0.065 3.239± 0.062

H0 70.53± 2.48 71.73± 3.59 69.68± 3.47

Asz 1.891+0.109
−1.891 0.169+1.831

−0.169 0.89+1.11
−0.89

where parameter sets λi and λj correspond to a null
hypothesis and an alternative hypothesis, respectively. In
Table 6, we show the likelihood ratio, where the quantities
used for the numerator and denominator are indicated in
the uppermost row and leftmost column. As shown by
L(λ0|D2)/L(λ2|D2) and L(λ0|D3)/L(λ3|D3), the WMAP
concordance model (i.e., λ0) does not make a good fit for

Table 6: The likelihood ratio: ΛCDM + sz + lens.

L(λ0 | D0) L(λ2 | D0) L(λ3 | D0)

L(λ0 | D0) 1 0.076 0.0099

L(λ0 | D2) L(λ2 | D2) L(λ3 | D2)

L(λ2 | D2) 0.16 1 2× 10−4

L(λ0 | D3) L(λ2 | D3) L(λ3 | D3)

L(λ3 | D3) 0.16 0.0022 1

even (odd) multipole data set. Besides, there exists significant
tension between two data subsets, as indicated by very small
values of L(λ3|D2)/L(λ2|D2) and L(λ2|D3)/L(λ3|D3). The
parameter likelihood, except for Asz, follows the shape of
Gaussian functions, as shown in Figure 15. For a likelihood
of Gaussian shape, the likelihood ratios 0.1353 and 0.0111
correspond to 2σ and 3σ significance level, respectively. From
Table 6, we may see most of the ratio indicates ∼2σ tension
or even higher.
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Figure 16: Marginalized likelihood of cosmological parameters (ΛCDM + sz + lens + run), given whole, even, and odd multipole data,
respectively.

As discussed previously, the tension is highest in param-
eters of primordial power spectrum, which may be an
indication of missing parameters in primordial power spec-
trum (e.g., a running spectral index). Therefore, we have
additionally considered a running spectral index dns/d ln k

and repeated our investigation. Surprisingly, we find tension
increases to even a higher level. We show the marginalized
parameter likelihoods and the likelihood ratios in Figure 16
and Table 7, where we find tension is also highest in
the primordial power spectrum parameters. These tensions
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Table 7: The likelihood ratio: ΛCDM + sz + lens + run.

L(λ0 | D0) L(λ2 | D0) L(λ3 | D0)

L(λ0 | D0) 1 3.5× 10−4 0.0078

L(λ0 | D2) L(λ2 | D2) L(λ3 | D2)

L(λ2 | D2) 0.06 1 2.3× 10−5

L(λ0 | D3) L(λ2 | D3) L(λ3 | D3)

L(λ3 | D3) 0.042 5.8× 10−7 1

indicate there is either unaccounted contamination or the
failure of the assumed cosmological model (i.e., the flat
ΛCDM model).

6. Lack of Angular Correlation in
the WMAP Data

Given CMB anisotropy data, we may estimate two point an-
gular correlation as follows:

C(θ) = T(n̂1)T(n̂2), (25)

where θ = cos−1(n̂1 · n̂2). Using (1) and (3), we may easily
show that the expectation value of the correlation is given by
[101]:

〈C(θ)〉 =
∑

l

2l + 1
4π

WlClPl(cos θ), (26)

where θ is a separation angle, Wl is the window function of
the observation, and Pl is a Legendre polynomial. As shown
in (26), the angular correlation C(θ) is the linear combina-
tion of angular power spectrum Cl, and therefore, possess
equivalence.

In Figure 17, we show the angular correlation of the
WMAP 7 year data, which are estimated, respectively, from
the WMAP team’s Internal Linear Combination (ILC) map,
and foreground reduced maps of V and W band. In
the angular correlation estimation, we have excluded the
foreground-contaminated region by applying the WMAP
KQ75 mask, as recommended for non-Gaussianity study
[60]. In the same plot, we show the angular correlation of
the WMAP concordance model [54], where the dotted line
and shaded region denote the mean value and 1σ ranges
of Monte-Carlo simulations at V band. For simulation, we
have made 104 realizations with the same configuration with
the WMAP data (e.g., a foreground mask, beam smoothing,
and instrument noise). In order to include WMAP noise in
simulation, we have subtracted one Differencing Assembly
(D/A) data from another, and added it to simulations.

As shown in Figure 17, there exists nonnegligible dis-
crepancy between the data and the theoretical prediction.
Most noticeably, angular correlation of WMAP data nearly
vanishes at angles larger than ∼60◦, which are previously
investigated by [30, 46–49]. In the previous investigations,
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Figure 17: Angular correlation of CMB anisotropy: solid lines
denote the angular correlation of WMAP data. Dotted line and
shaded region denote the theoretical prediction and 1σ ranges, as
determined by Monte-Carlo simulations (ΛCDM).

the lack of large-angle correlation has been assessed by the
following statistic [30, 47–49]:

S1/2 =
∫ 1/2

−1
(C(θ))2d(cos θ). (27)

The investigation shows the S1/2 estimated from WMAP
data is anomalously low, which requires the chance � 10−3

[30, 47–50]. Besides the lack of correlation at large angles,
we may see from Figure 17 that correlation at small angles
tends to be smaller than the theoretical prediction. Noting
this, we have investigated the small-angle correlation with the
following statistics:

S√3/2 =
∫ 1

√
3/2

(C(θ))2d(cos θ), (28)

where the square of the correlation is integrated over small
angles (0 ≤ θ ≤ 30◦). Therefore, the values of S√3/2 and S1/2

correspond to the integrated power at small and large angles
respectively. In Table 8, we show S1/2 and S√3/2 of the WMAP
7-year data. Recall that the slight difference between V and
W band is due to the distinct beam size, and simulations
are made accordingly for each band. In the same table,
we show the P value, where the P-value denotes fractions
of simulations as low as those of WMAP data. As shown
in Table 8, WMAP data have unusually low values of S1/2

and S√3/2, as indicated by their P-value. It is worth to note
that the P-value of S√3/2 corresponds to very high statistical
significance, even though it is not as low as that of S1/2. In
summary, we find anomalous lack of correlation at small
angles in addition to large angles.

In Figure 18, we show S1/2 and S√3/2, which are estimated
from the WMAP 3-, 5-, and, 7-year data, respectively. As
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Figure 18: S statistics of WMAP 3-, 5- and 7-year data.

Table 8: S statistics of WMAP 7 year data.

Band Angles Value [μK4] P value

S1/2 V 60◦ ≤ θ ≤ 180◦ 1.42× 103 8× 10−4

S1/2 W 60◦ ≤ θ ≤ 180◦ 1.32× 103 6× 10−4

S√3/2 V 0◦ ≤ θ ≤ 30◦ 2.02× 104 3.2× 10−3

S√3/2 W 0◦ ≤ θ ≤ 30◦ 2.03× 104 3.2× 10−3

shown in Figure 18, the S statistics of WMAP 7 year data are
lowest, while WMAP 7 year data are believed to have more
accurate calibration and less foreground contamination than
earlier releases [7, 8, 60]. Therefore, we may not readily
attribute the anomaly to calibration error or foregrounds.

6.1. Investigation on Noncosmological Origins. The WMAP
data contain contamination from residual galactic and
extragalactic foregrounds, even though we have applied
the conservative KQ75 mask [60]. In order to investigate
the association with residual foregrounds, we have first
subtracted the foreground-reduced W band map from that
of V band. This difference map mainly contains residual
foregrounds of the forementioned maps with slight amount
of CMB. Recall that CMB signal is not completely cancelled
out, because the beam size at V and W band differs from
each other. From the difference map V(n) −W(n), we have
obtained S1/2 = 0.31 and S√3/2 = 31.36. By comparing these
values with Table 8, we may see residual foregrounds at V
and W band are too small to affect the correlation power of
WMAP data. In order to investigate the association of noise
with the anomaly, we have produced noise maps of WMAP7
data by subtracting one Differencing Assembly (D/A) map
from another D/A data of the same frequency channel.

In Table 9, we show S1/2 and S√3/2 estimated from the
noise maps. Comparing Table 8 with Table 9, we may see that
the noise is not significant enough to cause the correlation
anomalies of the the WMAP data. In Figure 19, we show

Table 9: The S statistics of WMAP instrument noise in the unit of
(μK4).

Data S1/2 S√3/2

V1-V2 0.25 83.94

W1-W2 2.49 587.45

W1–W3 2.18 664.26

W1–W4 2.24 625.27

W2-W3 2.72 808.32

W2–W4 4.39 764.96

W3-W4 4.39 764.96

the values of S1/2 and S√3/2 for each year and D/A data. As
shown in Figure 19, the anomaly is not associated with a
particular D/A channel nor a year data, but present at all year
and D/A channels, which indicates the correlation anomaly is
not due to the temporal malfunctioning of a particular D/A
instrument. We have also investigated simulations produced
by the WMAP team, which are discussed in the Section 2.
From the simulated maps, we have estimated S1/2 and S√3/2,
which are plotted in Figure 20. As shown in Figure 20, S
statistics of simulated data are significantly higher than
those of WMAP data. Therefore, the anomaly may be
indeed cosmological or due to systematics, which we do not
understand well.

7. The Parity Asymmetry and
the Lack of Correlation

As shown in (26), angular power spectrum and angular
correlation possess some equivalence. Noting this, we have
investigated the association of the odd-parity preference with
the lack of large-angle correlation, and found the odd-parity
preference of the power spectrum is phenomenologically
connected with the lack of large-angle correlation. Using (26)
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Figure 19: The S statistics of WMAP data at each D/A and year.

with the Sach plateau approximation (i.e., l(l + 1) Cl/2π ∼
const), we find the expectation value of angular correlation
is given by

C(θ) =
∑

l

2l + 1
4π

WlClPl(cos θ)

=
∑

l

l(l + 1)Cl

2π
2l + 1

2l(l + 1)
WlPl(cos θ)

≈ α
l0
∑

l

2l + 1
2l(l + 1)

WlPl(cos θ)

+
∑

l=l0+1

Cl
2l + 1

4π
WlPl(cos θ),

(29)

where α is some positive constant and l0 is a low multipole
number, within which the Sach plateau approximation is
valid. As discussed previously, there exists the odd multipole
preference at low multipole (2 ≤ l ≤ 22). Considering

the odd multipole preference, we may show the angular
correlation is given by

C(θ) ≈ α(1− ε)F(θ) + α(1 + ε)G(θ)

+
∑

l=23

Cl
2l + 1

4π
WlPl(cos θ),

(30)

where

F(θ) =
22
∑

l

2l + 1
2l(l + 1)

WlPl(cos θ)cos2
(

lπ

2

)

,

G(θ) =
22
∑

l

2l + 1
2l(l + 1)

WlPl(cos θ)sin2
(

lπ

2

)

,

(31)

and ε is a constant related to the parity asymmetry, which
is defined to be positive for the odd parity preference
and negative for the even parity preference. Accordingly,
αε(−F(θ) + G(θ)) corresponds to the deviation from the
standard model, due to the odd multipole preference (2 ≤
l ≤ 22).

In Figures 21 and 22, we show −F(θ) + G(θ) and the
angular correlation of the standard model (i.e., ε = 0). Let us
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Figure 20: The S statistics of the simulated data produced by the WMAP team. Dashed lines show the values of WMAP data.
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Figure 21: The effect of the odd multipole preference on the corre-
lation.

consider the intervals 60◦ ≤ θ ≤ 120◦ and 120◦ ≤ θ ≤ 180◦,
which are associated with the statistic S1/2. At the interval
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Figure 22: The angular correlation without odd-parity preference
(i.e., (26)).

60◦ ≤ θ ≤ 120◦, the angular correlation has negative values,
while the deviation αε(−F(θ) + G(θ)) is positive. At the
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Figure 23: S1/2 of the WMAP team’s Internal Linear Combination
(ILC) map, where the octupole components are multiplied by the
suppression factor r.

interval 120◦ ≤ θ ≤ 180◦, the angular correlation has positive
values, while the deviation αε(−F(θ) + G(θ)) is negative.
Therefore, we find

(C(θ)|ε>0)2 < (C(θ)|ε=0)2 (60◦ ≤ θ ≤ 180◦). (32)

From (32), we may see that the odd-parity preference (i.e.,
ε > 0) leads to the lack of large-angle correlation power.

We like to stress that simple suppression of the power at a
single multipole does not necessarily lead to the lack of large-
angle correlation. For instance, suppressing octupole power,
which mitigates the odd-parity preference, rather increases
the large-angle correlation power. In Figure 23, we show S1/2

of the WMAP team’s Internal Linear Combination (ILC)
map, where we have multiplied the suppression factor r to
the quadrupole component of the map. From Figure 23, we
may see that the value of S1/2 rather increases, as the octupole
component is suppressed.

8. Discussion

We have investigated the symmetry and antisymmetry of
the CMB anisotropy under the coordinate inversion, which
are equivalent to the even and odd parity, respectively. As
presented in this work, we find there is an anomalous odd-
parity preference at low multipole CMB data. We have inves-
tigated noncosmological origins and did not find definite
association with known systematics. Among cosmological
origins, topological models or primordial power spectrum
of feature might provide theoretical explanation, though
currently available models do not. One of a viable phe-
nomenological model requires the real part of the primordial
fluctuation to be suppressed at low wavenumbers, which
leads to violation of translation invariance in primordial
Universe on the scales larger than 4 Gpc. Additionally, we
have compared the phase of even and odd multipole data and
found they show behavior distinct from each other.

The WMAP power contrast anomaly between even and
odd multipoles is explicitly associated with the angular
power spectrum data, which are mainly used to fit a
cosmological model. Having noted this, we have investigated
whether even (odd) low multipole data set is consistent
with the WMAP concordance model and found significant
tension. We believe these parametric tensions indicate either
unaccounted contamination or insufficiency of the assumed
parametric model.

Noting the equivalence between the power spectrum
and the correlation, we have investigated their association
and found that the lack of large-angle correlation is phe-
nomenologically identical with the odd-parity preference at
low multipoles. Additionally, the low quadrupole power may
be considered as a part of the odd-parity preference anomaly
at low multipoles.

Depending on the type of cosmological origins, distinct
anomalies are predicted in polarization data. Therefore, the
upcoming Planck polarization data, which have low noise
and large sky coverage, will greatly help us to understand the
underlying origin of the anomaly.
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