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Abstract: Chien, Liu, Nakazato and Tam proved that all n x n classical Toeplitz matrices (one-level Toeplitz
matrices) are unitarily similar to complex symmetric matrices via two types of unitary matrices and the type
of the unitary matrices only depends on the parity of n. In this paper we extend their result to multilevel
Toeplitz matrices that any multilevel Toeplitz matrix is unitarily similar to a complex symmetric matrix. We
provide a method to construct the unitary matrices that uniformly turn any multilevel Toeplitz matrix to a
complex symmetric matrix by taking tensor products of these two types of unitary matrices for one-level
Toeplitz matrices according to the parity of each level of the multilevel Toeplitz matrices. In addition, we
introduce a class of complex symmetric matrices that are unitarily similar to some p-level Toeplitz matrices.

Keywords: Multilevel Toeplitz matrix; Unitary similarity; Complex symmetric matrices

1 Introduction

Although every complex square matrix is similar to a complex symmetric matrix (see Theorem 4.4.24, [5]), it
is known that not every n x n matrix is unitarily similar to a complex symmetric matrix when n > 3 (See [4]).
Some characterizations of matrices unitarily equivalent to a complex symmetric matrix (UECSM) were given
by [1] and [3]. Very recently, a constructive proof that every Toeplitz matrix is unitarily similar to a complex
symmetric matrix was given in [2] in which the unitary matrices turning all n x n Toeplitz matrices to complex
symmetric matrices was given explicitly. An interesting fact was that the unitary matrices only depend on the
parity of the size.

Multilevel Toeplitz matrices arise naturally in multidimensional Fourier analysis when a periodic multi-
variable real function is considered [6]. In this paper, we show that any multilevel Toeplitz matrix is unitarily
similar to a complex symmetric matrix. Along the line in [2], a constructive proof is given. One can take tensor
product of the unitary matrices defined in [2] and identity matrices appropriately to construct the unitary ma-
trix turning any multilevel Toeplitz matrix to a complex symmetric matrix which only depends on the parity
of the size of each level. In section 4, we provide two examples of constructing the unitary transition matrices
of a 2-level Toeplitz matrix and a 3-level Toeplitz matrix to illustrate our main results in section 3. The con-
verse is considered in Section 5, in which we give the necessary and sufficient condition for a 2” x 2P complex
symmetric matrix similar to a p-level Toeplitz matrix under the unitary transformation given in Section 3.
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2 Preliminary and Notations

A classical 1-level matrix T, € C™" is called Toeplitz if it has constant entries along its diagonals, i.e, if it is
of the form

to tg ot
T, = t1 to o tone
t14n ... B to

A p-level Toeplitz matrix, denoted by T®, has Toeplitz structure on each level and corresponds to a p-
variate generating function.

For an integer p = 1, a p-level Toeplitz matrix of size (nonynyns -+ np) x (npnyny - -+ np) where ng = 1
andn; e Nfori=1,2,...,p,isablock Toeplitz matrix of the form

-1 -1 -1
TR (5
-1) -1) ‘. -1)

70 _ S S
-1) -1) -1)
(AR R ¢

where each block Tfp_l) isitself a (p - 1)-level Toeplitz matrix of size (nq - n, -+ - np_1) x (n1 - ny - - - np_1). For
instance if p=2, we have the following two-level Toeplitz matrix with Toeplitz blocks

too to-1 t10 toi-1]
T@ _ {Tél) T(_ﬂ: ton too t11 ta0

1 1
T(l) T

0 ti0 ft1,-1 foo fo,-1

tin tio ton oo |

t to.- t_ t_q._ t t1._ . .
where TV = [0’0 0, 1} , T = [ Lo ', 1} and TV = [1’0 L=11 are classical 1-level Toeplitz

fo,1 too 11t ti1 tio |
matrices.
k
More generally, let p € N. For 0 < i < p, let n; € N with ng = 1. Denote s = Hn,- fork=1,2,...,p.
i=0
Denote

0 ..
Tl(f}). =t for |i-jl<n; -1,

where t;_; € C. Then a p-level Toeplitz matrix, T ®) s of size Sp x Sp and denoted by

-1) -1) -1)

L

D e -1)

70 _ S S

-1) -1) -1)
(AR R ¢

where the (i, j)th block of T® is the (p - 1)-level Toeplitz matrix, Tgf’}.'l), of size s,_1 for |i - j| < np — 1. Note
that 1-level Toeplitz matrix T is a regular Toeplitz matrix. Denote i = v/—1. Using the notation of p-level
Toeplitz matrices, the main result in [2] is stated as the following theorems.

Theorem 2.1. (Theorem 3.3 [2]) Every 1-level Toeplitz matrix T € Cnxn is unitarily similar to a symmetric matrix.
Moreover, the following n x n even and odd unitary matrices uniformly turn all Toeplitz matrices with even sizes
and odd sizes into symmetric matrices respectively via similarity:
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116 —— LeiCao and Selcuk Koyuncu DE GRUYTER

(a) whenn =2mwithm =1,

1 1
1 1 i
Un)=— 2
= L @
1 -1
(b) whenn=2m+1withm=1,
1 i
1 1 O i
Un) = —= 0 V2 0 3
V2 1 0 -i
1 -1

Let J, be the n x n matrix with all elements zero except the elements on the anti diagonal which are all 1’s.

That is,
1

Then a Toeplitz matrix with any size can be unitarily turned into a symmetric matrix by the matrix

-1

V=1

(In +1i/n)
which is clearly unitary.
Theorem 2.2. (Theorem 3.1 [2]) Every n x n Toeplitz matrix T = (t;;) is unitarily similar to a symmetric matrix

B = (bj;) via the unitary matrix

U = %(In + i]n).

More specifically,
1 i
bij = 5(tij + -0 + 5(tisjon1 = tusa-ig)-

3 Multilevel Unitary Symmetrization

Denote U(n) an n x n unitary matrix and if n is even, U(n) is defined by (2); if n is odd, U(n) is defined by (3).

Theorem 3.1. Let T®) be a p-level Toeplitz matrix of size sy x s,. Then there exists a unitary matrix U of size
Sp x Sp, such that
U'T?U

is symmetric and the unitary transition matrix U is

U=Uy- Uy 1Up,
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DE GRUYTER A note on multilevel Toeplitz matrices = 117

where

Ui=In,®In,®...0In, @ Un) @In, ®...0In & In
fori=1,2,3,...,p.

Proof. We prove it by mathematical induction on p.
For p = 1, it is true due to Theorem 3.3 in [2].
Assume the result is true for k meaning that there exists a unitary matrix I of size s; x s; such that

rT®g

is symmetric for any k-level Toeplitz matrix with size s; x s;.
That is, any k-level Toeplitz matrix TW js unitarily similar to a symmetric matrix via U = Uj - - - U. This
implies the following
ULU - Ui TOULU, - U = TP TOT

is symmetric.
Let us prove the result for case p = k + 1.
Consider a (k + 1)-level Toeplitz matrix T**1 with size s,; x Sgs1

(k) (k) (k)
T?k) Tzkl) o T—I:l)k+1+1
n Ty e T—nk+1+2
7D - : : : :
(k) (k) (k)
T(—k2)+nk+1 T(_’B)Jrnk+1 cee Tfkl)
T_1+nk+1 T—<2+nk+1 T Ty
k
where all blocks Tf’_‘]) are k-level Toeplitz matrices of size s; x s} and note that s; = H n;. Next we define
i=0
U o 0
. . |o T 0
U = I"k+1 ® U = .
0 0 U
Let S = U* TV, Then
i
¢ | Unu U 'l VAP /A N
10O g orr® i+ T f)
%, o %, oo TP

By induction hypothesises, U* Tl(’_? U is symmetric. Denote U* Tl(’_‘]) Uby S, , then

So S-1 cer Sopa+t
~ Sl SO e S—nk+1+2
S= . . . ’
S—1+nk+1 S—2k+1+n oo SO

where S; is symmetric for t = —ng,; + 1, -Ng; +2,...,-1,0,1,..., Nyyq — 1.
Let
U1 = Ulngq) @ Iy,
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118 —— LeiCao and Selcuk Koyuncu DE GRUYTER

that is,
ISk Iisk
12 I, -ils,
Isk _iISk
if ny,, is even;
ISk iIsk

U1 = —= 0 V2I;, O

Is, =

if ny,4 is odd.
It suffices to show that U;HS Uy, is symmetric. Let V = Uy,4.
Suppose ny.,, is even, that is ny,; = 2t for some integer t. Then

Im 1<istandi=j
iy t+1l<i<ng,andi=j
ﬁVﬁ: ilm 1<istandi+j=np +1
Im t+1l<isngandi+j=mngq+1
0 otherwise
and
Im 1s<istandi=j
ilm t+1<isng ,andi=j
V2Vi={ Im 1sistandi+j=npq+1

—ilm t+1l<isngandi+j=np 4 +1

0 otherwise

which gives us that

Vo= Sij* Snk+1—i.-(i+1) 1<is ‘
=i(Sy,,,oj-i-1) T 1Sij) t+1sism,
Denote
So S-1 s St
S = V*svz Sl SO S—nk+1+2 _ 21 Zz
: : : Z3 Zy
S—1+nk+1 S—2k+1+n see SO

where Z1, Z,, Z3 and Z, have the same size and let 1 < p, q < n;,; be the indices. Then we get,

(@ Forl<ps<tandlsgq=<t,
Spq = S—(p—q) + Sp_q + S—(Zt—p—q+1) + SZt—p—qul (4)

(b) Fortspstandt+1<q=<2t

Spq = i(g—(Zt—p—q-H) + Sq—p) - i(g—(q—p) + SZHHJH) ®)
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DE GRUYTER A note on multilevel Toeplitz matrices = 119

(c) Fort+1<p<2tandl<gqgc=<t,

Spq = —i(szt—p—qﬂ + S—(pfq)) + i(gp—q + S'—(Ztﬂquﬂ)) ©)

(d) Fort+1<p<2tandt+1<gq=<2t,

Spa = Sq-p + Sprg-1-26 + S_(qp) + S-ataprqen) @)

First note that (4) and (7) are the same due to the Toeplitz structure of S. If we switch p and g in (4) or (7), we
have

Sf(qu) +8qp + S7(2t7qu+1) +S2t-g-pr1
= Sp-q+S_(p-g) + S-(at-g-p+1) + S2t-p-q+1)
which is equal to (4) and (7) meaning that both Z; and Z, are symmetric. If we switch p and q in (5), we have
(5 (a-g-pe1) + Sp-) =) + S2t-gpr1)

equal to (6) which shows that Z, = Z{ and Z} = Z5. Hence
VARVA: Z, Z
st= (08 ) =0 =S
<Z§ zt) " \z, z

Suppose ng, ; is odd. Then we can write n;,; = 2t + 1 for some integer t. Let S = V*SV. Similarly to the
case for even, onecanshow Spq = Sgpforp =1,2,...,¢t,t+2,...,2t+landg=1,2,...,t,t+2,...,2t+1.
In addition, straightforward calculation yields the (¢ + 1)th row and the (¢ + 1)th column as follows

Thus S is symmetric.

?(§t+1_p+§p_[_1) l<sps<tandg=t+1
V2
2
Spq = So p=t+landg=t+1

(Sg-t-1+St1-q) p=t+landlsqgst

gi(gq_[_l +§t+1_q) p=t+landt+2<qg<2t+1

?i(gm,p +§p,,,1) t+2<p<2t=1landg=t+1

Hence S is symmetric.
We also generalize Theorem 2.2, in which one does not need to consider the parity of the size. We denote

RET
V(n)—ﬁ(In"'l]n)-

Theorem 3.2. Let T®) be a p-level Toeplitz matrix of size spxsp, where sy = [1Y_ n;. Then there exists a unitary
matrix V such that V*TPV is symmetric, where

and
Vi=ln, ®In,, ®...0In,, ® Vi) @ Ing, @ ... @ In, @ In,

fori=1,2,...,p.

Proof. The proof will be omitted since it is similar to Theorem 3.1.
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120 —— Lei Cao and Selcuk Koyuncu DE GRUYTER

4 Examples

Here are two examples to illustrate the constructions of the transition matrices given by Theorem 3.1 and
Theorem 3.2 respectively .

Example 1. Let

i1 04 i 1
2 i 1]i 4 i
T=32f?i4’
5 2 i|i 1 O
0O 5 2|2 i 1
1 0 53 2 i

a 2-level Toeplitz matrix of size 6 x 6, where n; = 3 and n, = 2. By Theorem 3.1,

1 0 i .
1 1 1 i
Uny)=U0U3)=—| O 2 0 and U(ny) =UQ2) = — .
(n1) =UQB) 7 f. (np) =U(2) ﬁ(1—1>
1 0 -
Then
1 0 ilo o0 o©
0 V2 0]/0 0 O
1 1 0 -i|l0 0 O
Up=1I Un)=LeoUQB)= — ,
1=In,®UM)=LoUQB) 2170 0 o1 o i
0 0 0|0 vV2 o
0 0 0|1 o0 -
and
10 0/i 0 o
01 0l0 i O
1 00 1/0 0 i
Upy=Un)@In, =UQ) I3 = —
2 (ny) ® In Q) eI V2 1 0 0l< o0 o
01 0|0 - O
00 1/0 0 -i
So
3+2i 3V2 3i 10 2v2i 0
3V2 2i Vv2i | 2v2i 8 0
1 3i V2i -3+2i| O 0 6

UiTU, = =
PN T [T ei 2v2 1+ [ 3+2i 3v2 3i

2V2 10 -2v2i | 3v2 2 V2i
1+i -2v2i 9-i 3i V2i -3 +2i

in which each block is symmetrized, that is the first level is symmetrized, and

27 +5i 8vV2+2V2i 1+7i -1+1i 2V2+2V21 -1+i
8v2 +2v2i 18 + 4i 0 22 +2V2i 2i 2V2
1+7i 0 9 +3i -1+i 22 1+3i

1
UsUSTU U, = =
e 1+i 2V2+2V2i -1+i| -15+3i 4V2-2v2i -1+5i

2v2 + 221 2i 2V2 | 4v2 =221  -18 +4i 4+/2i
-1+i 22 1+3i -1+5i 4+/2i -21+5i
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DE GRUYTER A note on multilevel Toeplitz matrices = 121

which is symmetric. The transition unitary matrix U is given by

1 0 ili 0 -1

0 vV2 0|0 V2i o

111 o -ili 0 1
U_UlUZ_Z 1 0 il|-i o 1
0 v2 0|0 —V2i 0

1 0 -] - 0 -1

One may use Theorem 3.2 as well. To construct the transition matrix, we construct V(n{) and V(n;) as
the following:

1 0 i
1 1 1 i
Ving)=V@B)=—1] 0 1+i O and V(ny) =V(Q2)=— .
() =VG)= = | ¢ (n2) ()ﬁ<i1>
1 0 1
Then
1 0 ilo 0 0
0O 1+i 00 0 0
1 i 0 1|0 0 0
Vi=In, V() =L V3)= — ,
1=In,®V(n1) =1, ® V(3) 2 0 0 01 0 i
0 0 0[O0 1+1i O
0 0 Ofi 0 1
and
1 0 O|li O O
01 0|0 i O
1 0O 0 1/0 O i
V, =V(n In, = V(2 ;= —
2=V @In =VQ2)x I3 21T 00100
0O i 0|0 1 O
0O 0 i|0 O 1
So
-1/4-3/4i 3/2-1 7/4+1/4i | 17/4-1/41 1/2+i 3/4+1/4i
3/2-i 1/2i 1/2 1/2 +1i 9/2 1/2
VTV = 7/4+1/4i 1/2 1/4+7/4i 3/4+1/4i 1/2 19/4 + 1/4i

17/4-1/41 1/2+1 3/4+1/41 | 1/4-1/4i 3/2 5/4-1/4i
1/2 +i 9/2 1/2 3/2 3/2i 5/2+1i
3/4+1/4i 1/2 19/4+1/4i | 5/4-1/4i 5/2+i -1/4+13/4i

where the transition unitary matrix V = V; V; is given by

1/2 0 1/2i | 1/2i 0 -1/2

0 1/2+1/2i 0 0 -1/2+1/2i 0
V=V1V2=1 1/2i 0 1/2 | -1/2 0 1/2i
4 1/2i 0 -1/2 | 1/2 0 1/2i

0 -1/2+1/2i 0 0 1/2+1/2i 0

-1/2 0 1/2i | 1/2i 0 1
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Example 2. Let

DE GRUYTER

e O\| e W|0O ON|W N
O\ e | W me | N NN W
e W[ NW NI D

W e IN =N WD U

0 AN|W N NN -

oli 3
13 i
5/1 0
712 1
314 5 |’
216 4
712 3
63 2

a 3-level Toeplitz matrix of size 8 x 8, where n; = n, = n3 = 2. By Theorem 3.1,

U(ny) = Ulny) = Ulns) = U2) = — (1 i.)

\?2 1 -1
and hence
1 i|lo oo o]0 O
1 -i|l0 0|0 0[]0 O
0 0[1 i/0o o|0 O
1 0 0|1 -i|l0 0|0 O
Uy = ——=In, ®In, ® U(ny) = - ,
tmam e (n1) 0 0/0 0|1 i|0 0O
0 0|0 0|1 -i|l0 O
0 0|0 0|0 O|1 i
0 0|0 0|0 O|1 -i
1 0|/i olo olo o
0 1/0 i|lo o|l0 O
1 0|/-i 0[O0 0[O0 O
1 0 1/]0 -i|lo o|l0 O
Uy=—F=In, @Un) @ In, = - ,
Tan (n2) @ In, 0 0/0 0|1 0/[i o0
0 0|0 0|0 1|0 i
0 0|0 O|1 O0|-i O
0 0|0 0|0 1|0 -i
and
1 0/lo oli oo o
0 1/0 o|0 i|lo0 O
0 0/1 0[]0 ofi O
1 0 0|0 1|0 OO0 i
Us=—Un3)@In, @1In, =
3\5(3) o m 1 0/0 0|44 0|0 0O
0 1/0 0|0 -i|l0 O
0 0/1 0|0 oOof-i O
0 0|0 1|0 OO0 -i
respectively. So the transition unitary matrix is
1 i|i -1]i -1]-1 -
1 -i|i 1]i 1]-1 i
1 i|-i 1]i -1]1 i
oilao1li 1 .
U=UU:Us = LR R -
2v2 1 i|i 1|4 1 i
1 -l i -i -1] 1 i
1 i |- -i 1 |-1 -
1 —i|-i -1|- -1]-1 i
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DE GRUYTER

and one can check that

U*TU = L

o]

symmetric.

204 + 8i 8i 36i 0 —4 - 4i 4 16 - 4i 0
8i 8-4i 0] 4 +16i 4 8 +32i 0 4
36i 0] -84 0] 16 - 4i 0 -4 +12i 4
0 4 +16i 0 -4 0 4 4 -8i
-4 - 4i 4 16 - 4i 0] 60 — 8i 0 —-4i 0]
4 8 +32i 0 4 0 -48 + 4i 0 -4 - 16i
16 - 4i 0 -4 +12i 4 -4i 0 =20 -8i
0 4 4 -8i 0 -4 - 16i -8i 8 +4i

Now we are using Theorem 3.2 to symmetrize the same 3-level Toeplitz matrix.

and

respectively. So the transition unitary matrix is

1 ilo olo olo o

i 1/0 o/lo olo o

0 0|1 i|0 0]/0 0O

1 0 0|li 1/0 olo 0
Vi= ——In, @I ® V(ny) =

1T (1) 0 0/0 0|1 i]|O0 O

0 0|lo o|li 1|0 0

0 0|0 0/0 0|1 i

0 0|0 0o|lo oli 1

1 0|li olo oo o

0 1/0 i|o olo o

i 0|1 0|0 0]l0 O

1 0 i|l0 1|0 olo o

Vy = ——In @ V() @ In, = -

SRV R (n2) & In, 0 0/]0 0|1 0]i O

0 0|0 0|l0 1/0 i

0 0/0 0|]i 0|1 O

0 0|0 0|0 ilo 1

1 0lo oli olo o

0 1/0 0|0 ilo o

0 0|1 0|0 0|i O

1 0 0/0o 1/0 olo i
V= — V() @In, @ In, = | —

3\/2(3)1’12 np i olo ol1 olo o

0 i|lo 0|0 1]/0 o

0 0|i 0/]0 0|1 O

0 0/0o i|lo olo 1

1 1 |i -1]i -1|-1 -

i1 -1 i |-1 i|-i -1

i 1] 1 i |-1 -] i -1

1i i 1A o-1]-1 i

V=ViVyVs - L T

22 1 -1|-1 -1 i|i -1

T T S B

1 i -1]i -1]1 i

4o-1]-1 il-1 ili o1

A note on multilevel Toeplitz matrices = 123
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124 — LeiCao and Selcuk Koyuncu DE GRUYTER

and one can check that

30-18i 34-6i 38-10i 54+14i| 14-22i 6+2i 34+2i  18+2i
34-6i 22-18i 54+14i 38-2i 6+2i 14-14i 18+2i 34+2i
38-10i 54+14i 10+2i 22+14i| 34+2i 18+2i 18+4i 2+6i1
54+14i 38-2i 22+14i 2+2i 18 +2i 34+ 2i 2+61 18 +22i
14-221 6+2i 34+2i  18+2i 2+2i  14-10i 42+2i 50-14i
6+ 2i 14-14i 18+2i 34+2i | 14-10i 10+2i 50-14i 42+10i
34+ 2i 18+2i 18+ 14i 2+61 42+21 50-14i 22+14i 26+2i
18 +2i 34+ 2i 2+61 18+22i | 50-14i 42+10i 26+2i 30+14i

V*TV =

is symmetric and note that the resulting symmetric matrices are not necessarily the same.

5 Symmetric matrices that are unitarily similar to Toeplitz matrices

Let Tn be an n x n p-level Toeplitz matrix. According to Theorem 3.1, there exists a unitary matrix U, such that
UT,U" is a symmetric matrix. However, the converse is not true, i.e., not every complex symmetric matrix is
unitarily similar to a (multilevel) Toeplitz matrix (see Section 5 and Section 6 in [2]). Denote §,» the set of all
2P x 2P complex symmetric matrices. In this section, we provide the necessary and sufficient condition under
which a matrix in 8,» is similar to a 2” x 2P p-level Toeplitz matrix under the unitary transformation given in
Section 3.

Let S € 8,». Let g be a positive integer less than or equal to p. Then S can be written as

S11 Sz ... Sy
St S22 ... Sy
S=| . . )
Srl Sr2 I
where r = 2779 and each Sj; is a 29 x 29 matrix fori,j = 1,2,...,r.Fori,j=1,2,...,r, each §;; is called a

g-level block of S and S is said to have g-level constant anti-diagonals if each S;; has a constant anti-diagonal.
S having constant anti-diagonals at each level means that S has g-level constant anti-diagonals for all g =
1,2,...,n,

Example 3. Letp = 2, and
S11 S12 S13 S14
S21 S22 S23  S24

S = S 822 .
$31 S32 S33 S34
S41 Sa2  S43  Say
S having 1-level constant anti-diagonals means that
S14 = 523, S32 =S41, S12 =521, and S34 = Sy3. (8)
S having 2-level constant anti-diagonals means that
S14 = 823 = 832 = S41. )

S having constant diagonals at each level means both (8) and (9).

Given a positive integer p. Letny = ny =... = np_1 = np = 2. Then let
1 1 i
U=—
V2 (1 —i)
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and
Uk=1np®1np_1 ®---®Ink+1 ®u®1nk_1®---®1nz ®In1
fork=1,2,...,p.Denote

p
u?® =T u;. (10)
j=1

Lemma5.1. Let T®) be a 2P x 27 p-level Toeplitz matrix. Let U be the unitary matrix defined by (10). Then the

complex symmetric matrix
s _ (U(P))* T @

has constant anti-diagonals at each level.
Proof. We use induction on p.
Base case: When p = 1, SV has a constant anti-diagonal due to the symmetry of s,

Inductive assumption: Suppose it is true for p = m. That is the 2™ x 2™ complex symmetric matrix sm —
(UmM)* M y(m has constant anti-diagonals on each level.

Inductive step: We need to show for p = m + 1, the 2™ x 2™*! complex symmetric matrix S™*! =
(Um+Dy pm+ D) ym+1) has constant anti-diagonals on each level.

o (18 1)
m m
i Ty
where T(()m), Tf"l’) and T(lm) are 2™ x 2™ m-level Toeplitz matrices. According to the inductive assumption, there

exists a unitary matrix U™ such that all

Sgn) _ (U(m))* T(()m) U(m)’ S(_';l) _ (U(m))*T(_rf) U™ and S(lm) _ (U(m))*T(lm) pim

First note that

are complex symmetric matrices with constant anti-diagonals at each level. That is,

gm _ (U™ (Ten T [yt _(se” s
ym T(lm) Tgn) ym S(lm) Sg")

m jpm
m o _jpm)

Let

1
Uni1=U® (®Z1=112) = ﬁ (

where I™ is the 2™ x 2™ identity matrix. Then
s g mg L (2507 # SISV Sty isyY
i 2\ —istm g sm gim _ glm _ gm)

which has constant anti-diagonals at each level.
O

Lemma 5.2. Let S be a 2P x 2P complex symmetric matrix. If S has constant anti diagonals for each level, then
UP)S(UP)* is a p-level Toeplitz matrix.

Proof. We use induction on p.

Base case: Forp = 1, Let S = S11° 512} Tpep
S12 S22

1 i 1 1
U(l)S(l)(U(l))* _ ;(1 1i> (zn zu) ( i i)
- 12 22 -

S11+822 S11 = S22 +2iS13
S11 + S22 — 2iS13 S11+ 822
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a 1-level Toeplitz matrix.

Inductive assumption: Suppose it is true for p = m. That is, for a 2™ x 2™ complex symmetric matrix sm
with constant anti-diagonals at each level, U (m) gm)(7(m)* js an m-level Toeplitz matrix.

Inductive step: We need to show for p = m + 1, if S™*V jsa 2™+ x 2™*1 complex symmetric matrix with
constant anti-diagonals at each level, then UMD s+ D) (ym+Dy« js 3 (m + 1)-level Toeplitz matrix.

Note that o
S (S(H) S?))
m m
S12 S»
where S (1';'), S (1’5') and S (2';') are 2™ x 2™ complex symmetric matrices with constant anti-diagonals at each level.
According to the inductive assumption, there exists a unitary matrix U™ such that all

T(lrf) _ (U(m))S(lr;')(U(m))*, Tgr;) _ (U(m))s(lrg)(U(m))* and ng) _ (U(m))S(z'g)(U(m))*

are m-level Toeplitz matrices. That is,
(7 ) () () ()
m m m m m m ‘
Y 512 S22 U T12 T22

1 (1m §pm
Uns1 = (®Ir(n=112) QU= — < s

We define Uy, as

V2 \ 1™
where I is the 2™ x 2™ identity matrix. Then

1

(m) (m) (m) (m) +(m)
T(m+1) _ Um+1T(Um+1)* _ 1 ( Tlr;l + Tzr; Tlr;l - T2nz1 + 21T1Y£l )
2

T iy

is a (m + 1)-level Toeplitz matrix.

Combine Lemma 5.1 and Lemma 5.2, we have the following theorem.

Theorem 5.3. Let S be a 2P x 2P complex symmetric matrix. There exists a 2P x 2P p-level Toeplitz matrix T®)
such that
S= (U(P))* TV y®

if and only if S has constant anti-diagonals at each level.
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