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Abstract 

There are life forms with incredibly effective locomotion mechanisms, sensing and 

computation capabilities, which are invaluable sources of inspiration for researchers. One 

of these bio-inspired designs is snake-like robots, which their small body cross-section, 

intrinsic stability, manoeuvrability and hyper-redundancy make them ideal for locomotion 

in challenging environments. However, design, modelling and control of a snake-like 

robotic mechanism for effective locomotion on surfaces with irregularities is a challenging 

task, which requires extensive research work. 

In this thesis, the design of a cost-effective modular snake robot is presented for 

generating pedal wave locomotion (undulatory motion in the vertical plane) on surfaces 

with irregularities, where the robot lifts its body parts to climb over obstacles. To design the 

motor torque measurement unit as a reliable and robust environmental sensing mechanism, 

an elastic element with the desired shape and stiffness has been designed and manufactured 

using easily accessible Polyurethane sheets and attached between the links and the motors 

to turn a conventional servo into a Series Elastic Actuator (SEA). The designed torque 

sensor is calibrated and the resolution and stiffness of the sensor are obtained to be 0.01𝑁.𝑚 

and 1.74 𝑁.𝑚. 𝑟𝑎𝑑−1, respectively. In addition to the design of the SEAs, the snake robot 

modules are also designed and manufactured using cost-effective 3D printing method with 

Acrylonitrile Butadiene Styrene (ABS), which unlike existing snake robot designs are not 

equipped with wheels allows effective pedal wave locomotion on surfaces with 

irregularities. Experimentation results are also provided showing the effectiveness of the 

developed snake robot with SEAs for effective pedal wave motion generation. 

Moreover, this thesis introduces the equations of motion of modular 2D snake robots 

moving in vertical plane employing SEAs for the first time. The kinematics of such 2D 

modular snake robot is presented in an efficient matrix form and the Euler-Lagrange 

equations have been constructed to model the robot. Moreover, using a spring-damper 

(Kelvin-Voigt) contact model, external contact forces, necessary for modelling pedal wave 

motion are taken into account, which unlike existing methods enables to model the effect of 

multiple contact points on surfaces with irregularities. Using the constructed model, pedal 

wave motion of the robot is simulated and the torque signals measured with the elastic 
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element from the simulation and experimentation are compared. The correlation coefficient 

indicating the similarity between the signals is calculated to be 83.36% showing the validity 

of the dynamical model. Using the simulated and the physical robot, the effect of friction 

on the motion of the robot is investigated, which showed that the average speed of the pedal 

wave is positively correlated with the friction coefficient of the surface. 

Additionally, this thesis presents Local Stiffness Control strategy, which with the 

help of an admittance controller, enables active control of the joint stiffness to achieve 

adaptive, snake robot pedal wave locomotion. The effectiveness of the proposed controller 

in comparison to an open-loop control strategy is shown by several experiments, which 

demonstrates the capability of the robot to successfully climb over an obstacle with the 

height of more than 55% of the diameter of the snake robot modules, which was not possible 

with the open-loop gait based control strategy due to side instability of the robot. Moreover, 

to enable the snake robot to effectively use pedal wave locomotion pattern in more 

challenging environments, the extend Local Stiffness Control strategy, named Tail-leading 

Stiffness Control (TSC) strategy is also proposed, which allows propagation of the position 

feedback signal along the snake body. The experimental results showing the superiority of 

the TSC strategy compared to both open-loop controllers and the Local Stiffness Control 

strategy are provided, which proved that TSC strategy with the use of both position feedback 

between neighbouring joints and the stiffness control concept increases the side stability of 

the snake robot pedal wave motion. Therefore, enables the developed snake robot with SEAs 

to successfully use pedal wave motion to move forward in environments with multiple 

irregularities.
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1                                                            
INTRODUCTION 

 

 

 

 

 

 

 

 

1.1 Motivation 

Mobile robotic systems are dominated by wheels as the main means of locomotion. Such 

mobile robots are usually the first design concept for any mobile platform because they are 

easy to model, control and manufacture [1]. However, such mechanisms are often effective 

for locomotion on relatively smooth surfaces and can become useless, when it comes to 

locomotion in unstructured environments, where adaptability is necessary [2].  
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On the other hand, there are many organisms with locomotion mechanisms that are 

incredibly effective in unstructured environments evolved over millions of years in response 

to the changing environmental conditions, which are invaluable sources for engineering 

inspiration [3]. One of these effective locomotion mechanisms is the snake locomotion [4]. 

The widespread existence of these creatures in almost every environment ranging from 

rivers to deserts and forests, clearly shows the effectiveness of their unique locomotion 

pattern. This suggests that snake-like locomotion mechanisms can be ideal alternative 

strategies for locomotion in unstructured environments. 

In addition to effective locomotion in many environments, a snake-like robotic 

mechanism with similar characteristics to biological snakes provides a number of 

advantages over conventional robotic systems. These advantages including small body 

cross-section, intrinsic stability, hyper redundancy and high adaptability suggest that bio-

inspired snake-like robots present a rich avenue of research for developing a robotic system 

capable of operation across a wide variety of environments. 

 

1.1.1 Small body cross section 

 One of the desirable characteristics of snake-like mechanisms, similar to their 

natural counterparts is their small body cross section, which makes them suitable for 

locomotion in narrow and confined spaces, such as pipes, narrow canals and ducts [5]. This 

is shown in Figure 1.1 using the V-Rep simulation environment [6]. As it can be seen in 

Figure 1.1, the small cross section of the snake robot relative to its length, allows the robot 

to manoeuvre between two parallel planes, which is not possible to explore with 
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conventional wheeled robots, unless reducing the size of the robot, which limits its 

maximum speed and capabilities. 

 

Figure 1.1. A snake robot moving forward in a confined space by pushing against the walls, 

simulated in V-Rep environments. 

1.1.2 Intrinsic locomotion stability  

In legged robots, the stability even on smooth surfaces is a major concern. However, in 

snake locomotion, instability of the robot is not usually an issue [7]. The reason is that unlike 

walking, in snake locomotion the centre of mass of the robot remains very close to the 

ground. This means that the projection of the centre of the gravity will be located inside the 

convex hull of contact points during the locomotion. Thus, compared to legged locomotion 

[8], the static stability of the robot during the locomotion, even on rough terrains can be 

guaranteed with less effort. 

1.1.3 Modularity and Hyper-redundancy 

Another advantage of snake robots is their modular design and hyper-redundancy. There 

are many cases that the robot needs to operate in remote and inaccessible environments, 

which makes the maintenance of a damaged robot very costly. However, the body of a 

modular snake robot consists of several identical modules, making it relatively inexpensive 

to manufacture and repair.  
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In addition, snake robots belong to the hyper-redundant robotic mechanism family. 

This means that modular snake robots can have more degrees of freedom (DoF) than the 

minimum required number makes them very suitable for locomotion in complex and 

unstructured environments, where extra DoF can be used to achieve more agile motion [9]. 

Moreover, the hyper redundancy of the snake robots makes them more robust in response 

to an actuator fault in any of the modules, when the rest of the modules can be controlled to 

minimize the effect of the fault on the overall robot motion [10]. 

1.1.4 Adaptability  

Biological snakes, have demonstrated incredible abilities to move in unstructured 

environments, which stems from the hyper-redundancy of their body structure, effective 

environmental sensing and efficient locomotion patterns. Although the existing modular 

snake robots are not as sophisticated as biological snakes, many existing snake robot designs 

have also shown an impressive capability for locomotion in confined spaces [11], cluttered 

environments [12] and on rough terrains [13]. 

1.2 Aims and Scope 

Snake-like robots, have the potential to be used in unstructured environments.  However, 

because of design limitations, modelling complexity and lack of a generalized control 

scheme, existing snake robot mechanisms have very limited capabilities in such 

environments. Specifically, on surfaces with irregularities, which is a very common scenario 

in real world environments the sake robot capabilities should be improved. 

Firstly, modular snake robots have several Degrees of Freedom (DoF) [14], 

numerous possible points of contact with the environment [15] and suffer from lack of a 
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fixed base on the chassis [16]. Hence, choosing a suitable sensory mechanism essential for 

achieving effective locomotion on surfaces with irregularities is very challenging [17]. 

Moreover, because of the limited available space inside of each robot module, acquiring a 

sensory system off the shelf to be used in the robot is not possible. Hence, to control the 

snake robot employing the environmental feedback signals, designing a snake robot with a 

custom-built sensory mechanism is inevitable. 

Additionally, modelling a hyper-redundant snake robot with numerous contact points 

with the environment is a critical step towards enabling effective snake locomotion. Such 

simulation model can facilitate the mechanical design of the robot and allows designers to 

examine the effectiveness of the sensory mechanism and testing of the proposed controllers. 

Some works such as [18] and [19] have proposed a modelling framework for the snake-like 

locomotion modelling. However, dynamical modelling of the snake locomotion capable of 

simulating the locomotion on surfaces with irregularities is yet to be fully addressed in more 

details. 

Moreover, incorporating the sensory information into the snake robot controller for 

achieving effective motion is another important issue that needs to be solved. For simple 

mechanical systems, such as an inverted pendulum [20] or a wheeled robot [1], traditional 

model-based control approaches have been used successfully. However, adaptive real-time 

control of snake robots on surfaces with irregularities requires novel methods to deal with 

the under-actuation, high nonlinearity and uncertainty of the snake robots models [21]. 

This thesis aims to address these issues regarding snake-like locomotion in 

environments with irregularities using sensory feedback. Particularly, this work addresses 

the following challenges: 
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 Design, manufacture and validation of a custom-built sensory mechanism for 

the snake robot to collect environmental information for effective locomotion 

on surfaces with irregularities. 

 Dynamical modelling of the snake-like robot capable of efficient simulation 

of the snake locomotion on surfaces with irregularities by taking into account 

the external contact forces. 

 Developing effective methods to incorporate the sensory feedback into the 

snake robot controller for achieving effective locomotion patterns on surfaces 

with irregularities. 

 

1.3 Thesis Contribution 

The novel contributions of this thesis can be summarized as follows: 

1.3.1 Design of a cost-effective modular snake robot with Series Elastic 

Actuators (SEAs) for reliable torque measurement for pedal wave 

locomotion on surfaces with irregularities 

As the basic component of this thesis, the design of a cost-effective modular snake robot is 

presented. To design the motor torque measurement unit as a reliable and robust 

environmental sensing mechanism, an elastic element with the desired shape and stiffness 

has been designed and manufactured using easily accessible Polyurethane sheets and 

attached between the links and the motors to turn a conventional servo into a SEA. This 

torque measurement mechanism, unlike others, which requires redesigning every module 

of the robot, such as [22] can easily be implemented on existing designs. Moreover, unlike 
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existing methods, such as [17] and [23] in which the sensing device should be attached to 

the surface of the links, the Polyurethane-based compliant element is embedded inside each 

joint, thus the final prototype is more robust in design.  

In addition to the design of SEA, the snake robot modules are also designed and 

manufactured using a cost effective 3D printer with Acrylonitrile Butadiene Styrene (ABS), 

which made the prototype cost-effective. Unlike other works, such as [24] the designed 

snake robot modules are not equipped with wheels, which makes the robot more suitable 

for pedal wave locomotion in challenging environments. Using this design the robot can 

perform pedal wave locomotion by lifting its body sections in the vertical plane and 

climbing over obstacles, where wheeled snake robots might suffer from the same limitations 

of wheeled robots.  

1.3.2 Dynamical modelling of 2D snake robots with SEAs for simulating 

the pedal wave locomotion on surfaces with irregularities 

This thesis also introduces the equations of motion of modular 2D snake robots with SEAs 

in the vertical plane for the first time. In particular, the kinematics of pedal wave motion 

(undulation in vertical plane) of the modular snake robots is presented in matrix form, which 

makes the simulation more computationally efficient and enables to use the same modelling 

framework to simulate any 2D snake motion.  

Generally speaking, utilizing a high stiffness flexible element in the design of the 

robot actuator, it is possible to neglect the effect of the spring and model the robot with stiff 

joints [25]. However, the use of very stiff elements for SEA, requires high resolution 

encoders for measurement of the small deflections of the flexible element, increasing the 

final cost of the prototype. Hence, using the Euler-Lagrange method, the equations of 

motion of the snake robot with SEAs are constructed, which is the first snake robot model, 
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which takes into account the joint flexibility. Moreover, using the well-known spring-

damper (Kelvin-Voigt) contact model, external contact forces are taken into account and 

pedal wave locomotion on smooth and uneven surfaces is modelled and simulated, which 

allows investigation of the effect of joint flexibility, ground friction and other environmental 

conditions on the snake pedal wave locomotion. 

1.3.3 Development of control strategies based on active stiffness control 

and position feedback for achieving pedal wave locomotion on 

surfaces with irregularities 

As a major part of this thesis, a distributed control system is designed, which completed 

with the help of an admittance controller, enables active control of the joint stiffness to 

achieve effective snake robot pedal wave locomotion. Thus, the controller enables the robot 

to adaptively climb over obstacles, which unlike existing methods, such as [13] does not 

require prior information about the location of the obstacle. The effectiveness of the 

proposed controller in comparison to an open-loop control strategy has been shown by 

several experiments, which showed the capability of the robot to successfully climb over 

obstacles with the height of more than 55% of the diameter of the snake robot modules, 

which was not possible with open-loop gait based controllers due to the instability of the 

robot motion. Moreover, to improve the effectiveness of the snake robot pedal wave motion, 

an extended stiffness control strategy is also proposed, where the position feedback signal 

propagates along the snake body, allowing the robot to climb over multiple obstacles 

without rolling over to one side. 

1.4 Thesis Outline 

This thesis is organized into eight chapters. The next chapters will be presented as follows: 
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Chapter 2. Literature Review introduces the overview of the recent research carried 

out in snake-like locomotion. In particular, this chapter is focused on reviewing the available 

literature on such robotic system form design, modelling and control perspective with 

emphasis on locomotion in unstructured environments. 

Chapter 3. Design and Development of a Modular Snake Robot with SEAs for 

Locomotion on Surfaces with Irregularities introduces the design and manufacture process 

of a cost effective snake robot with SEAs capable of locomotion on surfaces with 

irregularities. The design and manufacture process of a Polyurethane based elastic element 

will be presented, the snake robot modules design will be given and the details of the 

electronics control system architecture will be presented. 

Chapter 4. Dynamical Modelling of the Pedal wave Locomotion of Modular Snake 

Robots with SEA presents the first of its kind dynamical model for modular snake robots 

with joint flexibility. The kinematics relations are obtained in matrix form and Euler-

Lagrange equations are used to construct the equations of motion. Moreover, the spring 

damper contact model is employed allowing to simulate the pedal wave motion of the snake 

robot on surfaces with irregularities. 

Chapter 5. Pedal Wave Locomotion on Smooth Surfaces: Experimental and 

Simulation Results presents the experimental and simulation results obtained by 

experimentation on the physical and the simulated snake robot on smooth surfaces. The 

effectiveness of the snake robot design is examined, the validity of the simulation model is 

investigated and the contributing factors in such motion is discussed. 

Chapter 6. Local Stiffness Control Strategy for Pedal Wave Locomotion on Surfaces 

with Irregularities is discussed. The idea of compliant pedal wave locomotion is given and 
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the effectiveness of the controller is investigated through several experimentation with the 

physical robot. 

Chapter 7. Tail-Leading Stiffness Control Strategy for Pedal Wave Locomotion on 

Surfaces with Irregularities, extends the idea of stiffness control strategy and introduces a 

controller for pedal wave locomotion using the measured torque signal and position 

feedback propagated along the snake body. Experimentation and simulation results are 

included and an extensive discussion on the results is provided. 

Chapter 8. Conclusion and Future research direction presents an overview of the 

presented work and the key results. Moreover, in this chapter the future research directions 

are discussed and the some recommendations are given. 

 



 

 

 

 

 

 

 

 

 

2                                                                       
LITERATURE REVIEW 

 

 

 

 

 

 

 

2.1 Introduction 

Mother Nature has always been a source of inspiration for human beings. There are 

many life forms each using an incredible and unique locomotion mechanism adapted to the 

challenging environmental conditions over millions of years. These locomotion patterns, 

such as slithering of snakes [26], human walking [27], grasshopper jumping [28] or Leech 

swimming [29] are very effective in real world environments makes them ideal as the main 

means of locomotion for robotic systems for real world applications.  
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Among various bio-inspired motions, the locomotion of snakes has always been an 

interesting phenomenon for scientific study. The elegant locomotion of snakes on smooth 

and uneven surfaces [8], under the water [30] and through narrow channels [31] shows the 

success and efficacy of their locomotion pattern. Moreover, snake’s locomotion is a 

relatively efficient type of locomotion, which consumes less energy compared to other 

biological forms with similar sizes, weights, and speeds [32]. Considering these desirable 

characteristics, snake-like robots effectively mimicking biological snakes locomotion 

patterns, have the potential to overcome the challenges of the locomotion in the real world 

environments to meet the emerging needs for effective exploration and operation in such 

environments. 

 In this chapter, the most important aspects of snake locomotion, with special focus 

on snake-like locomotion in unstructured environments will be discussed. The major studies 

conducted on biological snakes will be introduced and the basic characteristics of such 

motion will be presented. Finally, the major advancements in the field of snake robots 

design, modelling and control with focus on adaptive locomotion will be introduced. 

 

2.2 Biological Snake Locomotion 

The first published discussion about snake movement goes back to ancient times, when 

Aristotle studied the snake locomotion as a part of a book about animal locomotion 

capabilities [14]. However, since those early studies, scientists’ knowledge on different 

aspects of biological snake, such as their body structures, locomotion mechanism and 

sensory system have increased considerably. 
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For centuries, the general belief even among zoologists was that snakes use their 

scales or tips of their ribs in a similar manner that other animals use their legs as means of 

locomotion [14]. In 1879, Hutchinson challenged this theory by observing a snake 

ascending to the top of a glass jar and argued that there should be some other justifications 

for the snake-like movement [33]. To explain this peculiar behavior, obviously 

contradicting the existing theory, Fokker [34] came up with an alternative explanation, 

which can be considered as the first accurate description of the snake movement mechanism. 

In this work, originally published in Dutch, the snake is modelled as a thin elastic body 

confined in a groove curved into a board, and it is argued that snakes move in such a way 

that the total potential energy of their body decreases. Mosauer, in [35], without mentioning 

Fokker’s results, categorized snake locomotion into three different groups, however did not 

discuss mechanical modelling or the mathematical foundation of each type of movement. 

Later on, Jones motivated by the simplified  model of Fokker, modelled the snake body as 

serially connected spools and showed that Mosauer results can indeed be supported 

theoretically [36].  

In the 1940s, motivated by Fokker and Mosauer’s work, Gray conducted a 

comprehensive study on the snake locomotion by observing a common grass snake 

(Tropidonotus natrix) [37]. He searched for the answer to the basic question that “How can 

axial muscular activity generate propulsive force?” To address this question, he considered 

the snake as a serially connected rigid rods hinged together, where axial muscles are 

regarded as elastic elements operating laterally to the hinges. Using this model, he 

empirically explained the mechanism of each type of the snake locomotion. One of the most 

important consequence of Gray’s experiments was that each part of the body of the snake 

should be in contact with the external obstacles preventing from moving in the direction 
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normal to that segment of the snake body to enable the snake move forward. Finally, Gans 

in [38] further discussed limbless locomotion patterns and described the dynamics of four 

major locomotion patterns qualitatively, which complemented by the Gray’s studies gave a 

comprehensive description of the snake movement. 

2.2.1 Biological snake locomotion patterns 

As a result of the leading studies of Gray [37] and Gans [38], it was found that skeleton 

structure of the snake plays a major role in snake locomotion. As shown in Figure 2.1, the 

skeleton consists of flexible vertebrae connected to each other with a ball and socket 

mechanism to form the backbone of the snake [39]. Each vertebra is also connected to two 

ribs on its sides, similar to fish, which also use a very similar locomotion pattern for 

swimming. Vertebrae and ribs are connected together with the help of three types of muscle 

(semispinalis-spinalis, longissimus dorsi and iliocostalis) [40], which their contraction and 

relaxation play the critical role in the snake motion generation. The relative movement of 

the vertebrae caused by the muscular contraction is limited. However, the number of 

vertebrae is large enough, to result in large overall motion.  

 

Figure 2.1. The skeleton structure of a snake, showing the vertebra and the ribs, where (a), (b) and 

(c) show the approximate position and shape of longissimus dorsi, iliocostalis and semispinalis, 

respectively and tendons shown in white (see [40] for more details).  
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Although different species of snakes have a very similar body structure, they use 

different locomotion patterns, depending on their size, habitat and instincts. Among these 

locomotion patterns some are more common than others. Not all snakes can perform every 

possible locomotion pattern. However, four locomotion patterns, namely lateral undulation, 

concertina, sidewinding, and rectilinear motion are the most common motion patterns. 

 Generally speaking, there are two methods to mathematically describe these 

locomotion patterns: considering a highly articulated body consisting of discrete, rigid 

elements connected by joints or a continuous curve capturing the macroscopic shape of the 

snake body. In early works, such as [36] and [37] the segmented mechanical model of snakes 

is considered to explain the fundamentals of their locomotion patterns. Others, such as [41], 

considered the snake as an elastic rod confined in a hard wall without friction and explained 

the movement of the snake based on the elastic energy of the snake body. This model has 

recently been extended in [42] to encompass the case when just part of the snake body is in 

contact with the wall. Other similar methods, such as [43] have also been proposed recently, 

which instead of considering a wall around the snake body, the snake is modelled as a planar 

curve. 

Although both segmented and curve-based models have been adopted in the 

literature to describe snake movement, the hyper redundancy of the biological snake 

skeleton makes the curve-based approach more advantageous for qualitative description of 

the snake locomotion. Hence, to describe the motion of the snake in the next section, the 

body of the snake is considered as a continuous curve and the basics of the snake locomotion 

is explained based on the macroscopic shape of the snake body, similar to the curve-based 

approach in [43]. 
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2.2.1.1 Lateral undulation (serpentine locomotion) 

Lateral undulation or serpentine locomotion is the most common type of locomotion among 

snakes, which has been studied extensively. In the early studies, such as [37], the serpentine 

mode of locomotion is studied considering the existence of a number of pegs, against which 

the snake can push and move forward. The snake produces a periodic wave traveling 

backwards from its head to its tail and pushes against the pegs (irregularities of the terrain) 

to generate a propulsive forward force enabling the snake to move. Figure 2.2 shows this 

type of locomotion. 

 

Figure 2.2. Summary of Lateral undulation, showing the external forces and the obstacles the 

snake pushes against to move forward in XY plane and the tangential and normal friction 

coefficients. 

Recently, it has been found that the most important requirement of lateral undulation 

in biological snakes is the existence of anisotropic ground friction force, which enables the 

snake to move forward even on relatively smooth surfaces [43]. In [43], as a result of an 

experimentation with a real snake (Pueblan milk, Lampropeltis triangulum campbelli) on 

an inclined plane, the existence of anisotropic friction property is proved and it is shown 

that the incredible ability of the snakes to generate propulsive forward forces from a lateral 

motion is because of the special structure of the ventral scales of the snake leading to the 

anisotropic friction property between snake belly and the surface beneath the snake. This 
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means that the snake belly scales has directional friction property. Hence, friction 

coefficient in the direction tangential to body (𝜇𝑡) is smaller than the friction coefficient in 

the normal direction (𝜇𝑛). This is very similar to a wheel, which can rotate easily, but it is 

difficult be moved sideways. Another important result of [43] is that the weight distribution 

of the snake body is not uniform in this type of locomotion. Hence this type of locomotion 

is in fact a 3D motion performed in both dorsal and lateral plane [43]. 

2.2.1.2 Concertina locomotion 

Concertina locomotion, which is demonstrated in Figure 2.3 is among the first type of snake 

locomotion that has been studied because of its simple mechanism, compared to other types 

of locomotion. In this type of locomotion, usually observed among snakes travelling through 

narrow channels, some parts of the body are in static contact with the wall of the channel, 

acting as an anchor, to push against the wall in order to translate the rest of the body forward 

[44].  

 

Figure 2.3. Summary of Concertina locomotion, showing the snake between two parallel walls, 

parts of the body in contact with the walls are shown inside the circles. 

2.2.1.3 Sidewinding locomotion 

Sidewinding locomotion, first studied in [33], is another type of snake locomotion, which 

can usually be observed among the snakes moving on soft and slippery surfaces, such as 
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sandy deserts. In this type of locomotion, the snake uses two separate parts of the body as 

static contact points to lift and bend the remaining parts [45]. As shown in Figure 2.4, the 

best way to imagine sidewinding in snakes is to consider the sidewise rolling of a spring 

coil [45], which leaves a series of disconnected tracks like the tracks left by a snake on a 

sandy surface.  

 

Figure 2.4. Summary of sidewinding locomotion, where the parts of the body in contact with the 

ground are shown inside the circles. 

2.2.1.4 Rectilinear (pedal wave) locomotion 

This type of locomotion, which is also named caterpillar locomotion in [35] is mostly 

exhibited in heavy snakes. Former studies on this type of locomotion suggested that, in 

rectilinear locomotion snake ribs act as legs, similar to walking, however snake does not 

“travel on its ribs”, [46] or in the other word the snake ribs are not the main means of 

locomotion. Figure 2.5 shows the rectilinear motion. 

 

Figure 2.5. Summary of Rectilinear (pedal wave) locomotion, showing the lifted body sections in 

ZX plane. 
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In rectilinear motion, similar to earthworms the snake travels on a straight line and 

unlike the other type of locomotion, sideways interaction with the environment is not 

essential [47]. Instead, the contraction and relaxation wave pass over the ventral muscles 

along with the lifting body parts is the main means of locomotion [48]. Figure 2.5 displays 

the side view of the body shape of the snake performing rectilinear locomotion. 

2.2.2 Contributing factors in biological snake locomotion 

In addition to the research on mechanical modelling of snakes, there are other 

important aspects of snake locomotion, which have received considerable attention. Closely 

related to their interesting locomotion capability is the tribological behavior of the snake 

skin. In [49], it is shown that the friction properties of the snake skin in tangential and normal 

direction are not similar, which is also mathematically justified in [43]. It is mentioned in 

[44] that snakes can actively control the friction between its ventral scales and the ground. 

In [50], it is argued that the microstructure of snake skin is not the only contributing factor 

in anisotropic friction and indeed the underlying structure of snake skin is also a critical 

factor and in [51] a snake-like surface is developed by modifying the surface of metallic 

pins made of Titanium alloy. 

Other researches have been conducted to find out the true mechanism of gait 

selection in snakes. Although, it is still not clear that how and when they change their 

locomotion pattern [52], it is argued that studies on the energetic cost of snake locomotion 

can help to solve this mystery [53]. In [53], by measuring the oxygen consumption of a real 

snake during the locomotion, it is concluded that energetic cost of lateral undulation in 

limbless species is equal to that of running in limbed animals, with the same weight. Hence, 

there might be other explanations for evolution of limbless species than efficiency of 
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motion. In [54], the energy cost of different locomotion patterns is compared and it is argued 

that the energy efficiency of different motion patterns are different even among same 

species, which can explain why the snake chooses different gait pattern in different 

environments. 

2.2.3 Biological snake locomotion in unstructured environments 

In addition to the studies on the snake locomotion in structured environments, some 

researchers have targeted snake locomotion in unstructured environments, where adaptation 

is necessary. However, compared to the existing literature on the snake locomotion in 

structured environment, the number of works in this field is limited. 

 In [55], it is demonstrated that in lateral undulation, the space between the pegs 

directly affects the speed of the snake, which showed the critical role that environmental 

features plays in this kind of motion. In [56], focusing on sidewinding and lateral undulation 

locomotion, the kinematics of the snake locomotion on variety of substrates are further 

analysed using cinematographic films and the relationship between the maximum speed, the 

substrate and locomotion mode is discussed. In [57], the muscle activity of the snake during 

lateral undulation is studied and it is suggested that the bending of the snake body around 

the pegs generate the translation force, which can modelled as a type of a cam-follower. In 

2012, Marvi recognized that the aforementioned experiments have been done in an artificial 

environment and conducted series of studies in [44] by observing the snake’s behaviour in 

a simulated real world conditions, such as studies on concertina locomotion, when the snake 

moves in a channel with a varying inclination and width. Sidewinding of snakes is also 

further studied in sandy slopes in  [58], which revealed the behaviour of snake in varying 

slippery environmental conditions. 
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More recently in [8], recognizing that the aforementioned works on real snakes in 

unstructured environments, still cannot explain the adaptation mechanism of snake 

locomotion, series of experiments have been conducted on biological snakes traversing over 

3D objects. As a result of these experiments, it is found that in such environments the snake 

actually partitions its body based on the external forces sensed by its skin. Hence, each 

section of the body is performing a different kind of motion, which cannot be described by 

a single motion pattern. 

 

2.3 Snake-inspired Robots Design 

Although the studies on biological snakes continued, the critical findings of Gray 

and his predecessors enabled Hirose to further analyze biological snakes movement and 

fabricate the world’s first snake robot, mimicking the movements of biological snakes [14] 

(see Figure 2.6). Hirose modelled the snake body assuming that the whole body is comprised 

of serially connected joints with infinitesimal length and then approximated the acting 

forces in tangential and normal direction to the ground, resulted from snake muscle activity. 

Based on these equations and considering continuity of muscle activity, he proposed the 

“Serpenoid Curve” for describing the body shape of the snake performing lateral undulation 

and used the same concept to control a wheeled snake robot to perform lateral undulation.  

Development of Active Cord Mechanism (ACM) by Hirose was the beginning of a 

new era in snake-inspired locomotion studies, which inspired engineers to study snake 

locomotion with a close collaboration with biologists, and develop more capable snake-like 

robots. In the rest of this thesis, the main focus will be on the results closely related to 

modular snake-inspired locomotors, similar to biological snakes. Hence, the related works, 
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such as [59] and [60], which contain results on soft robots and snake inspired soft 

manipulators, respectively will not be discussed. 

 

Figure 2.6. Active Cord Mechanism (ACM), equipped with passive wheels [14], performing 

lateral undulation on a smooth surface. 

 

2.3.1 Mechanical design of the modules 

To mimic snake locomotion, Hirose in [14], considered sideslip constraints, which is 

implemented by installing passive wheels on the sideways of the robot. Although this design 

is not in harmony with the body structure and anisotropic friction property of biological 

snakes, many recent studies, such as [41-43] have considered snake robots with sideslip 

constraint to generate similar anisotropic friction force exist in biological snakes (See 

Figure 2.7). These robots can perform lateral undulation similar to biological snakes. 

However, they are still equipped with wheels, thus suffer from the basic limitations of 

wheeled robots [44]. 
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Figure 2.7. A snake robot with passive wheels climbing over a stair, knowing the position and 

height of the stair [64]. 

Other works, such as [65] and [66] have used active wheels or tread with each link 

having its own means of propulsion. Although these robots, shown in Figure 2.8 and 

Figure 2.9 have shown impressive capabilities to operate in real world environments, their 

locomotion mechanism is fundamentally different from biological snakes, hence they can 

hardly be categorizes as snake-like robots. 

Snake-like mechanisms without sideways wheels, such as [67] or the one in [68], 

shown in Figure 2.10 are not equipped with active means of propulsion other than the motors 

at each joint. Although these wheel-less snake robots, cannot perform lateral undulation due 

to the lack of anisotropic friction property, they have a similar structure to biological snakes 

and can perform rectilinear (pedal wave) [69] or its 3D generalization sidewinding [70] 

locomotion, which are highly adaptive and effective locomotion patterns. Moreover, it has 

been shown that these robotic mechanisms can also perform gait patterns, such as rolling 

and corkscrewing [50,51] not seen to be performed by biological snakes. Such abilities 

could be very beneficial in real word environments, where it has been shown that not a 

single structured gait pattern can be used to mimic snake motion [8]. 
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Figure 2.8. ACM-R4 with active wheels [65]. 

 

Figure 2.9. Omni Tread snake-like robot with active tread climbing over a stair [66]. 

 

Figure 2.10. Uncle Sam [68], a wheel-less snake-like robot. 
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2.3.2 Sensory system 

Sensing is the key to adaptation in any robotic mechanism because a smart controller needs 

to gather information from the environment and employ it to adaptively control the behavior 

of the system. However, designing such sensing mechanism in snake robots is a challenging 

task. Unlike humanoid robots, where head cameras and Light Detection and Ranging 

devices (LiDAR) [72] have been used extensively to perceive the environments, in snake 

robots placing an on-board camera is challenging due to constant movements of all the robot 

modules [16]. Hence, most of the existing snake robots designed for locomotion in 

unstructured environments are equipped with some kind of torque, force or pressure sensors 

to gather information about the environment by sensing the interactions with the 

surroundings.  

To achieve this goal, some works such as [73] have installed sideways contact 

switches to detect sideways contact with the environments. Others, such as [74] have used 

pressure sensors attached beneath the robot modules. More recent works have considered a 

design with Force Sensor Resistors (FSRs) [67], strain gauges [23], and a complex, custom 

made torque sensing system based on a cam mechanism [22] to equip the snake robots with 

sensitive torque/force mechanisms. A Snake robot equipped with Series Elastic Actuators 

(SEA), capable of torque measurement is presented in [68] and [75]. Although the 

manufacture process requires compression mouldings and a relatively complicated process 

for bonding the rubber to a metallic material, the overall performance of the sensing system 

seems to be satisfactory [76].  

Overall, despite the recent progress, development of a wheel-less snake robot 

equipped with a torque/force sensing mechanism for investigation of adaptive control 

strategies remains to be challenging. The main reason is that in modular snake robots, the 
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available space in each joint is limited. Thus, commercially available torque sensors cannot 

be used. Moreover, a force sensing mechanism attached to the surface of the links is 

vulnerable to contact with the environment. Hence, development of a cost-effective modular 

snake robot with a specially designed torque sensor allowing to investigate adaptive control 

strategies based on force/torque feedback is one of the main parts of this thesis. 

 

2.4 Dynamical Modelling of Modular Snake Robots 

Similar to biological snakes, there exists two general methods to model wheel-less modular 

snake-like mechanisms, namely the Continuum model to capture only the macroscopic 

shape of the snake [77] or the well-known segmented model used in many works, such as 

[78]. Although both of these models can capture essentials of the snake locomotion, they 

have some advantages and disadvantages depending on the application and the structure of 

the robotic mechanism, which will be discussed in more details. 

2.4.1 Continuum models 

A major contributing factor in snake locomotion is the macroscopic shape of the snake body 

and the changes in response to the environmental forces. For this reason, a flexible shape 

based modeling method like “Backbone Curve” approach proposed in [9] has been shown 

to be a beneficial tool for modelling snake-like mechanisms. 

Consider a curve as a differentiable map 𝛼: 𝐼 → ℝ3 of an open interval 𝐼 =  (𝑎, 𝑏) 

of the real line ℝ into ℝ3 as follows [79]: 

𝛼(𝑠) = (𝑥(𝑠), 𝑦(𝑠), 𝑧(𝑠)), (2.1) 



2.4 Dynamical Modelling of Modular Snake Robots 27 

 

 

where the functions 𝑥(𝑠), 𝑦(𝑠), 𝑧(𝑠) are differentiable functions and 𝑠 is the curve 

parameter, usually chosen to be the arc length of the curve. By definition, the arc length of 

the curve from an initial point 𝑠0to arbitrary point 𝑠 can be calculated as: 

𝐿(𝑠) = ∫|𝛼′(𝜎)|

𝑠

𝑠0

𝑑𝜎, (2.2) 

where |𝛼′(𝑠)| = √(
𝑑𝑥

𝑑𝑠
)
2

+ (
𝑑𝑦

𝑑𝑠
)
2

+ (
𝑑𝑧

𝑑𝑠
)
2

. Choosing the the curve parameter 𝑠 to be the arc 

length: 

𝐿(𝑠) = 𝑠 − 𝑠0, (2.3) 

which results that: 

|𝛼′(𝑠)| = 1. (2.4) 

This is an important results because it shows that, if we choose the curve parameter 

to be the curve arc length, the magnitude of 𝛼′(𝑠) is always equal to one. This allows to 

define Curvature and Torsion functions and assign the well-known Frenet-Serret frames to 

each point on the curve [77]. Using this parameterization method, the position of each point 

on a snake body relative to the origin of a frame attached to the tail of the snake specified 

in Cartesian coordinate can be obtained as follows:  

𝑥⃗(𝑠, 𝑡) = ∫ 𝑢⃗⃗(𝜎, 𝑡)

𝑠

𝑠0

𝑑𝜎, (2.5) 

where 𝑡 stands for time, 𝑢⃗⃗(𝜎, 𝑡) =
𝜕𝛼(𝜎,𝑡)

𝜕𝜎
 and 𝑠 ∈ 𝐼 = (0, 1), is the normalized length of the 

snake, which will not change with respect to time as the modular snakes are considered to 
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be inextensible. An intuitive way to understand relation (2.5) is to consider the integral over 

𝜎 of 𝑢⃗⃗(𝜎, 𝑡), as sum of all tangent vector from base to the specific point s, hence the resultant 

position vector would be 𝑥⃗(𝑠, 𝑡) as shown in Figure 2.11. 

 

Figure 2.11. Backbone curve and its set of reference frame. 

Although, this curve-based modelling framework is mainly proposed for modelling 

hyper-redundant and/or continuum robots, they can be adapted for modeling of modular 

snake robots as well. This can be done using discretization methods, such as anneal chain 

fitting [80], where an optimization algorithm is used to find the optimum values of joint 

angles, which best fit the desired body shape of the robot described by 𝑥⃗(𝑠, 𝑡). 

Continuum modelling together with the annealed chain fitting algorithm [80], are 

very useful for the modelling of soft robots and hyper redundant mechanisms [9]. However, 

for modular snake robots with a finite number of modules, such methods becomes 

computationally expensive and theoretically complicated, without any major benefit [81] . 

Hence, for modelling modular snake robots, which is the main focus of this thesis a 

segmented model is more advantageous. 
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2.4.2 Segmented models 

A segmented modelling approach can be used to precisely model the mechanical 

structure of a modular snake robot, the dynamics of the actuator and the environmental 

external forces [82]. The following figure demonstrates the segmented body shape of a 

snake robot with six links moving in the vertical plane: 

 

Figure 2.12. The simplified segmented model of the snake robot moving forward in the vertical 

plane XZ. 

where 𝑞𝑖;  𝑖 = 1,2, … ,𝑁 are joint angles controlled by the actuators attached between the 

links, 𝑃1 and 𝑃2 are the contact points between the robot and the ground and (𝑥𝑐, 𝑦𝑐, 𝑧𝑐) 

denotes the centre of mass of the robot. 

Considering this segmented model, in [83] based on the balance equation in vertical 

direction, the total external forces acting on the centre of mass of the robot is obtained 

without the need for using a continuum model. Using such model, it is possible to comment 

on the controller input. For example, it is argued in [83] that during rectilinear motion the 

motor torque closer to the centre of mass of the robot should generate more output torque, 

which is very advantageous, providing useful information facilitating the design process 

and the sensor selection procedure. Additionally, using such models one can investigate the 

effect of varying the robot design parameters, such as link lengths, mass and friction 
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properties, which is complicated using a continuum model. Other works, such as [84] have 

also considered the segmented models of the robot, because they offer a meaningful insight 

into the robot mechanism, enables effective modelling of the motion of the robot and can 

relate the actuators angular position and velocity to the kinematics of the robot.  

 

2.5 Snake Robot Control Strategies 

Unlike many processes and simple mechanical systems, in which the traditional model 

based control approaches have been used successfully, these approaches are not useful for 

real time control of snake robots. The reason is that snake robots, which are not equipped 

with passive wheels and do not have anisotropic friction property of belly scales of their 

natural counterpart belong to the under-actuated robotic systems family, for which 

conventional model based control methods are computationally expensive and difficult to 

implement. Consequently, most of the locomotion control strategies for wheel-less snake 

robots are based on generating biologically inspired periodic joint angle commands (gait 

patterns) to achieve a desired type of motion by tuning its parameters [85]. 

2.5.1 Control strategies in structured environments 

To control the snake robot in structured environments, the majority of the works, such as 

[86] and more recently [87] have proposed gait patterns with different properties, such as 

robustness. However, most of the proposed gait patterns have a very similar structure. For 

example, in flat surfaces, most of the designed controllers are based on a sinusoidal gait 

pattern generating the joint angles as follows [17]: 
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𝑞𝑖 = 𝐴 𝑠𝑖𝑛(𝜔𝑡 + 𝜙(𝑖 − 1))  (2.6) 

where 𝑞𝑖;  𝑖 = 1,2, … ,𝑁 are joint angles, 𝑁 is the number of links, 𝜔 is the temporal 

frequency, 𝜙 is the spatial frequency and 𝐴 is the amplitude of the sinusoidal wave. 

Instead of using nonlinear oscillators, such as (2.6) a bio-inspired oscillator, namely 

Central Pattern Generator (CPGs) is introduced in [88]. This system consists of a network 

of connected “Neurons” capable of producing rhythmic motor patterns without using any 

external input. Using such oscillators, the rhythmic reference for each joint will be generated 

by the CPG network. Hence, with the help of a series of successive rhythmic signals with 

certain phase difference, one can generate the joint angle references for producing the snake-

like locomotion. In some of the recent papers, such as [89] smooth switching between 

different snake locomotion is also included and in [90] the relation between CPG parameters 

(similar to 𝐴,𝜔 and 𝜙) and the snake body shape is investigated, which makes this approach 

very suitable for snake robot control in structured environments. 

2.5.2 Control strategies in environments with irregularities 

Snake robots should be able to effectively move in real world, unstructured environments. 

However, most of the existing works have only considered locomotion in structured lab 

environments, which does not align with the initial motivation for designing the snake 

robots. Sensing the environment and adaptation is not necessary in structured environments, 

since the predetermined gait patterns, such as (2.6) can be used in open-loop without 

incorporating any external feedback from the environment [15]. However, intelligent and 

effective snake robot locomotion in unknown and real-world environments requires the 

snake robot to sense the environment and adapt its body shape and movements accordingly.  
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In general, there are two types of irregularities that snake robots should deal with in 

real word environments. The first type is lateral irregularities, where obstacles/irregularities 

are to the side of the snake robot. The second type is vertical irregularities, occur when the 

robot is moving forward on non- smooth surfaces, i.e., the robots move forward on uneven 

terrain. Hence, it is worthwhile to categorize the available literature into two groups as 

follows. 

2.5.2.1 Locomotion in environments with lateral irregularities 

The first type of irregularities that a snake robot should deal with is the case when 

there exist some obstacles to the sides of the robot, which the snake robot can either avoid 

or use them as push points. To deal with this situation, some works, such as [91] and [82] 

have proposed obstacle assisted locomotion patterns, in which the robot uses the obstacles 

in the environment to push against and move forward instead of trying to avoid them. More 

specifically, in [91] using the information from tactile sensors mounted on the side of the 

joints, an algorithm for achieving obstacle assisted locomotion is proposed. In this paper, 

based on the observation of real snakes during progressive motions, each section of the 

snake body is enforced to faithfully follow the path taken by the head module. As a result, 

when the robot’s head module makes contact with a new push point, a curve fitting 

algorithm followed by a discretization method computes the reference angle for the rest of 

the joints for the future step times until a new obstacle comes in contact with the head 

module. 

To deal with the same scenario, in [15] a jam resolution scheme is proposed, that is 

activated, when the robot is jammed between the obstacles, which is a very common 

situation in real world environments. In this situation, the links in contact with the obstacles 

are rotated to increase the propulsive component of the contact force. This means that the 
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adaptive component of the proposed hybrid controller activates, only when the robot is 

jammed. A combination of such adaptive schemes with a non-adaptive gait pattern and a 

switching law, which selects the appropriate controller at appropriate time is shown to be 

effective in simulation studies and experimentation in [82] and [12], respectively. However, 

in this approach the robot still needs to use visual feedback from a camera above the robot 

not available in real world environments. 

Other proposed method for achieving adaptive snake locomotion in environments 

with lateral irregularities are shape-based control strategies, such as the ones in [11] and 

[92]. Under typical operation, trajectories should be generated for the snake robot’s joints 

based on the parametrized gait functions. However, in [11] it is argued that for some reasons, 

such as the actuator limitations or environmental constraints, the actual joint angles rarely 

match with these commands. Hence, one can approximately describe the robot’s actual 

shape using estimated gait parameters and use that information to achieve adaptive 

locomotion. Using this method in [11], adaptive control for the snake robot in a pipe with 

varying diameters is proposed, which showed satisfactory results in the experiments. 

Similar work has also been reported by Travers in [93], where the authors use the measured 

motor torque and employ it as a feedback signal from the environment to modulate the gait 

parameters for obstacle-aided locomotion in XY plane, similar to a CPG based controller 

with environmental feedback.   

2.5.2.2 Locomotion on surfaces with irregularities  

The next group of works are concerned with the locomotion on uneven terrain. Such 

irregularities on the surface beneath the robot could be very small compared to the size of 

the robot link, hence they can be modelled by varying the friction property of the surface. 

To design an adaptive locomotion pattern suitable for such environments, some works such 
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as [94] and [95] have used body friction and tilt angle feedback, respectively to adaptively 

change parameters of a gait pattern. Similar methods has also been employed with the use 

of CPGs, where the CPG parameters are tuned for achieving a desired locomotion pattern 

by changing the frequency, amplitude, phase lags, or waveforms of the GPC output [62].  

Unlike adaptive locomotion on surfaces with varying friction property, the number 

of works on adaptive locomotion of wheel-less snake robots in environments with large 

irregularities (compared to the dimension of the modules) are quite limited. In such 

environments the robot should climb over the obstacles to move forward, similar to walking 

on uneven terrain [8]. For the snake robot to deal with this situation, some works such as 

[64] have considered off-line path planning based on a segmented model and prior 

information about the obstacle size to generate a sequence of suitable body shape for the 

robot to climb over an obstacle. Other works, such as [13] have proposed a shape-based 

control scheme based on a curve-based approach, which also requires prior information 

about the environment. Others, such as [96], have targeted this issue by employing genetic 

programming to optimize the simulated snake motion, which is also an offline approach not 

suitable for online adaptive locomotion. 

Overall, effective locomotion on surfaces with irregularities are less studied. 

However, such scenario, in which the robot should lift its body to climb over obstacles is 

very common in real world environments and very important for the snake robot to deal 

with. Although, the aforementioned control methods partially address this problem, these 

approaches cannot be implemented on modular snake robots in real-time. This suggests that, 

more research is required to design an effective controller for the snake robot moving on 

surfaces with irregularities employing on board sensing devices. 
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2.6 Summary 

In this chapter, the most important aspects of snake-like, wheel-less locomotors were 

discussed and available literature were reviewed. A background on early works in the field 

of biological snake mechanism was presented and the major works concerning design, 

modelling and control of snake robots with focus on their locomotion capabilities were 

investigated. The provided comprehensive literature review revealed that, more research on 

design, modeling and control of snake robot is required to develop a snake robot capable of 

locomotion in environments with irregularities. In particular, the provided literature review 

showed that, design of a cost-effective snake robot with an effective force/torque sensing 

mechanism with a simple manufacture process requires more research. Moreover, this 

chapter showed that modelling of such robotic mechanism capable of efficient handling of 

contact forces should be investigated in more details. Additionally, the provided results also 

showed that to adaptively control a wheel-less snake robot on surfaces with irregularities 

more research should be conducted and new methods should be developed. 
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3                                                          
DESIGN AND DEVELOPMENT 

OF A MODULAR SNAKE ROBOT 

WITH SEAs FOR LOCOMOTION 

ON SURFACES WITH 

IRREGULARITIES 
 

 

 

 

 

3.1 Introduction 

In unstructured environments, there are different challenges, such as obstacles, uneven 

terrains and confined spaces, which are difficult to overcome by a robotic system. Snake 

robots have desirable characteristics, similar to their natural counterparts, which make them 

suitable for locomotion in such environments. However, development of effective snake-

like mechanisms requires sensing devices, mechanical parts and electronic systems to be 

carefully designed and work in harmony. This chapter introduces the design of a modular 
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snake robot for effective locomotion on surfaces with irregularities. The development 

process of this modular snake robot with a torque sensing system embedded inside of each 

joint is presented, the snake robot modules design is given and the electronics system 

architecture of the robot is introduced.  

 

3.2 Design Considerations 

Choosing a suitable sensing mechanism, designing the robot modules and devising a digital 

control system to ensure effectiveness of the robot design for locomotion on surfaces with 

irregularities with emphasis on the simplicity and cost-effectiveness of the manufacturing 

process are the most important considerations in designing the snake robot. 

3.2.1 Sensing mechanism 

To design an effective control scheme for snake-like robots for operation in real word 

environments, sensing is a necessary ingredient. Unlike in human walking, where a visual 

feedback signal from the eyes is available, biological snake gathers information from the 

environment by sensing the contact forces. As these contact forces between the robot and 

the environment are responsible for generating the motion, such sensing mechanism seems 

to be suitable for a snake-like robot as well. Such information can be gathered via force 

sensors on the surface of the robot links or a torque sensor at each joint. 

Considering the limited available space when dealing with snake robots, designing a 

custom built compact force/torque sensing mechanism is required. Hence, many researches 

have targeted design of snake robots with force/torque sensors in order to take advantage of 

torque/force feedback signal for more intelligent and agile snake locomotion. Prior works, 
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such as [17] with FSRs (force sensitive resistors), [23] with strain gauges and [22] with a 

complex custom made torque sensing system based on a cam mechanism, have tried to equip 

their snake robots with a sensitive torque/force sensing system. However, such systems are 

either complex or require the sensing device to be attached to the surface of the links, which 

put them at the risk of damage. Other works, such as [68], have proposed a snake robot 

equipped with Series Elastic Actuators (SEA), which are capable of measuring the small 

values of torque by measuring the displacement of the elastic element. However, 

manufacturing of such SEA requires compression moldings and a relatively complicated 

process for bonding the rubber to the metallic material at each joint. 

The use of Polyurethane-based compliant elements for turning conventional servos 

into a SEA has proven to be very effective for robotic arms in [97]. Employing this idea 

reduces the cost of the prototype considerably while still providing precise torque feedback, 

which can be used for effective snake locomotion on surfaces with irregularities. 

Consequently, designing a Polyurethane based elastic element attached between the robot 

links and the servo motor at each joint, i.e. embedded inside each joint, has been considered 

the first step toward designing the snake robot. This will be discussed in section 3.3. 

3.2.2 Snake robot module design  

The most important factor in the mechanical design of the snake robot modules is 

the locomotion pattern that the robot should be capable to perform. Hence, it is critical to 

choose a snake-like locomotion pattern suitable for dealing with surfaces with irregularities 

and then design the robot modules accordingly.  

Among the snake robot locomotion patterns, rectilinear (pedal wave) motion [13], 

which is similar to caterpillar motion [98], is an effective locomotion pattern very similar 
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to lateral undulation but performed in vertical plane. Unlike in biological snakes in which 

the amplitude of such vertical waves propagating along the snake body is very small [35], 

in a snake robot the maximum amplitude of such vertical waves can be larger. Hence, snake 

robots can potentially generate the rectilinear motion with higher amplitude, which makes 

it more suitable for climbing over obstacles compared to the rectilinear motion performed 

by biological snakes. In the rest of this thesis, inspired by early studies on this motion, such 

as [13], this locomotion pattern is just referred to as pedal wave motion when performed by 

the snake robot to emphasize on its difference with rectilinear motion of biological snakes. 

 Using pedal wave motion, the robot can lift its body to climb over the obstacles 

making it useful for locomotion on surfaces with irregularities, where lateral (horizontal) 

undulation might not be an applicable locomotion pattern. Using the pedal wave motion the 

robot can take advantage of the small cross section of its body to move in confined spaces. 

Moreover, because the robot pushes against the ground to move forward, existence of 

sideways push points no longer have an effect on the generation of such movement. Hence, 

a snake robot capable to perform such locomotion pattern has the potential to overcome the 

difficulties of moving in very challenging environments, where other robotic platforms have 

difficulties to operate in. 

Consequently, to design the robot modules allowing the snake robot to perform pedal 

wave motion, design of the modules with octagonal cross-section was considered to make 

sure the surface in contact with the ground is smooth and the space inside the robot module 

is enough to accommodate the servo motor and the sensory system. Such design also allows 

to use the designed snake robot to perform undulation in horizontal plane due to the 

symmetrical design of the modules. This will be discussed in section 3.4 giving more details 

about the proposed design. 
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3.2.3 Control system architecture 

The control system is a very important aspect of the snake robot design. As the snake robot 

will have many actuated joints, each with a torque sensor, the control system will be 

necessarily complex. The local controller at each joint depends not only on the feedback 

from its own torque sensor but from the torque and position sensor of neighboring joints 

and the input from a high level controller (operator). Such control system is shown in 

Figure 3.1. 

 

Figure 3.1. The snake robot control structure. 

As it can be seen in Figure 3.1, the first layer (Lower level controller), makes sure 

that the measured angles of each joint matches with the desired angles with the use of a 

proportional-integral-derivative (PID) controller. The second layer (Mid-level), is 

responsible for generating the desired joint angles that feed into the first control layer, 

similar to the gait pattern presented in (2.6). Finally, the High-Level controller can be 

considered similar to the brain of the animal or the operator of the robot. This layer 
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determines the overall trajectory of the snake robot as a whole (by controlling the parameters 

of the oscillator) and feed into the Mid-level controller. 

To design a control structure according to Figure 3.1, in addition to a central 

microcontroller, each joint should be equipped with local microcontrollers, responsible for 

communicating with the master controller, processing the sensory information and possibly 

sending messages to the neighbouring joints. Hence, to implement such control system a 

sophisticated communication system is also required to be designed, which will be 

discussed in section 3.5. 

 

3.3 Design of the SEA 

In snake-like robots, the size, joint design and the weight of the robot restrict our choices 

for the actuators. It is possible to use highly geared servo systems to achieve high output 

torque and reduce the size of the actuator. However, these highly geared servo systems, 

introduce several disadvantages, such as backlash, friction and gear break down [99], which 

makes torque estimation based on motor current very inaccurate. One way to solve this issue 

is to make the actuator "softer" and sacrifice the position control loop bandwidth to measure 

the motor output torque [100].  

With this idea, the motor torque can be measured directly on the shaft by measuring 

the deflection of an elastic element (with known stiffness) between the load and the motor 

output shaft. These Series Elastic Actuators (SEA) are proved to be effective devices [101], 

making it possible to measure the torque based on the deflection of the spring like material. 

Moreover, using these types of actuators any external, sudden, and large force on the output 
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shaft, which is the main reason for gear damage will be minimized makes the interaction 

between the robot and environment much safer. Energy storage is another advantage of 

these actuators, which makes some tasks, such as producing legged locomotion more 

efficient [102]. 

Design and manufacture of an elastic element to be attached between the motor and 

the link is problematic. Existing designs, such as [101] typically use steel based torsional 

springs, suitable for large motors. Other designs, such as [68] requires compression 

moldings with a complicated manufacture process. However, Polyurethane-based 

compliant elements for robotic arm [97] have a less complicated design and manufacturing 

process, which can also be used for snake robots. In the following section the steps toward 

designing such a compliant element will be discussed. 

 

3.3.1 Design and manufacture of a Polyurethane-based elastic element 

To design the Polyurethane-based elastic element to be placed between the servo motor and 

each robot link, it is necessary to determine the material, the size of the element depending 

on the servomotor and the desired stiffness. For the snake robot design, the main 

consideration is to make the joints of the robot as light as possible, maximize the deflection 

of the elastic element when applying 0.05 𝑁.𝑚 (less than 5% of the maximum torque of the 

selected servo motor) and make sure that small displacement of the elastic element (based 

on the range of the motion of each joint) is enough for spanning the whole range of the 

change of the motor torque (based on the estimated length of the links, weight of the selected 

servo motor and the range of the motion of each joint) using a 12-bit encoder. For the elastic 

material, Polyurethane sheet with a thickness of 6mm and Shore Hardness of 95A proved 
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to be suitable and accessible, hence it was chosen as the material of the design. To decide 

on the shape of the element, motivated by the work in [97] an initial design with “S” shape 

blades connecting two concentric rings as shown in Figure 3.2 were chosen to be modified 

based on Finite Element Analysis (FEA) and optimization process to achieve desired 

specifications. 

 

Figure 3.2.  The initial design of the elastic element, showing the inner ring, outer ring and the "S" 

shaped blades  

The simulation based tests conducted by applying 0.05 𝑁.𝑚 torque to the outer ring 

while holding the inner ring fixed, which revealed that the compliance predominantly 

depends on the shape and thickness of the "S" shape blades. Considering the design 

specifications, these two factors have been modified and as a result, the optimum width of 

the blades was found to be 2.5 𝑚𝑚 with the blades shape shown in Figure 3.3. The results 

of the FEA conducted on the final prototype is also shown in Figure 3.4, where the 

maximum displacement is shown in red. 

Although in [97], it is claimed that the final part can be manufactured with a CNC 

router without using any refrigeration fluid, this method was found to be impractical, due to 

the flexibility of the material. Hence, once the design was optimised based on simulation 
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results, the final part was manufactured by waterjet cutting method as shown in Figure 3.5, 

which is a relatively simpler and more cost-effective manufacturing process, compared to 

compression molding used in [68].  

 

Figure 3.3. Computer Aided Design (CAD) model of the final elastic element design (dimensions 

are in millimetres). 

  

Figure 3.4.  Finite element analysis results, showing the maximum displacement in red, with 

curvature based mesh with maximum and minimum element size of 2 mm and 0.7 mm, 

respectively, where the mass density of the material is 1.22 𝑔𝑟. 𝑐𝑚−3 and the elastic, modulus is 

0.150 𝐺𝑝𝑎. 

It should be mentioned that the initial dimensions of the elastic element, was chosen 

to be as shown in Figure 3.2 because the inner ring of the elastic element should be attached 
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to a servo motor, which is chosen to be Herkulex smart servo (DSR-0101). This will be 

discussed in more details in the following sections. 

 

Figure 3.5. The final manufactured elastic element. 

To calibrate and test the final manufactured part, a 12bit digital magnetic encoder 

(Ams, AS5145), was acquired and a specific sensor holder was designed specifically to 

accommodate the sensor as shown in Figure 3.6. Figure 3.7 also shows how these elements 

should be assembled. 

 
 

(a) 3D printed sensor holder with 

Acrylonitrile Butadiene Styrene 

(ABS).  

(b) CAD model of the sensor holder. 

  

 

Figure 3.6. The sensor holder designed to accommodate the encoder, manufactured by a 3D 

printer with ABS. 
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As shown in Figure 3.7, the magnet will be attached to the inner ring of the elastic 

element and the sensor will be attached to the sensor holder, which is attached to the outer 

ring. Hence, only one encoder (the green plate (d) in Figure 3.7) is required to measure the 

relative displacement of the inner and outer ring. 

 

Figure 3.7. The final assembly of the sensing mechanism, where (a) is the servomotor (Herkulex, 

DSR-0101), (b) is the magnet for the sensor, (c) is the elastic element, (d) is the sensor board 

(Ams, AS5145) and (e) is the sensor holder. 

Table 3.1 shows the specifications of the servo motor (Herkulex, DSR-0101) which 

is shown in Figure 3.7(a). As it can be seen in Table 3.1, the gear ratio of this servo motor 

is relatively high. This means that the value of the torque at the motor side (before the gear 

ratio), which can be estimated using the motor current is very small. Hence, it is hard to 

measure and very sensitive to noise. On the other hand, in a snake robot, a servo system 

with such high gear ratio is required due to the space limitation inside each joint of the robot. 

This is the reason why SEAs are suitable choices for measuring the motor torque in the 

proposed snake robot design. 
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Table 3.1 Specifications of the servo motor 

Dimensions (mm) 45(W)×24(D)×31(H) 

Weight (g) 45 

Nominal input voltage (v) 7.4 

Stall torque (kg.cm) 12 

Maximum speed (rad/sec) 6.30 

Rotation angle range (rad) 5.58 

Gear ratio 1:256 

 

3.3.2 Modelling and Calibration  

To calibrate the elastic element a test rig was designed to use known weights to exert known 

forces to the outer ring while the inner ring is fixed and the relative angular displacement is 

being measured. The test rig manufactured by 3D printing using Acrylonitrile Butadiene 

Styrene (ABS). The test rig was designed to be as similar as possible to the final joint of the 

robot based on the initial desired specifications with the servo motor attached, even though 

it was not strictly necessary for the task. 

To calibrate the elastic element, the servo motor was fixed at a complete horizontal 

position and the elastic element modelled as a torsional spring. The static equation then was 

obtained to be as shown in (3.1), 

𝜏𝑗 + 𝜏𝑎𝑟𝑚 = 𝐾(𝜃 − 𝑞), (3.1) 

where 𝜏𝑗 (𝑁𝑚) is the external moment acting on the link due to the weights attached to it, 

𝜏𝑎𝑟𝑚 is the moment due to the weight of the link, 𝐾 (𝑁.𝑚. 𝑟𝑎𝑑−1) is stiffness coefficient 

of the spring to be obtained, 𝜃 is the motor angle and 𝑞 (𝑟𝑎𝑑) is the link angle. Considering 

that weights will be attached to the link with the elastic element is in normal shape (i.e., 𝜃 =
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0), the distance between the point of the action of the external force to the center of rotation 

is known and the motor is fixed at a certain angle, (3.1) can be simplified to: 

|𝜏𝑗| = 𝑚g𝑑𝑐𝑜𝑠(𝑞) = 𝐾|𝑞|, (3.2) 

where m is the mass of the attached weight and 𝑑 the distance between the point of the 

action of the external force and the centre of rotation (see Figure 3.8).  

 

 Figure 3.8. Diagram of the calibration test, showing the known weight 𝑚, and the link, 

which can rotate about the axis passing through O. 

Using equation (3.2) the elastic element characteristics obtained and the results are 

shown in Figure 3.9. The resolution of the sensor was obtained to be 0.01 𝑁.𝑚, exceeding 

the design requirements. Based on the calibration results and considering a zero order 

system, the SEA modelled as a torsional spring with no damping, and spring constant 𝐾 =

1.74 𝑁.𝑚. 𝑟𝑎𝑑−1. 

As can be seen in Figure 3.9, the elastic element showed a relatively linear behaviour. 

Although, any possible nonlinear behaviour due to the characteristics of the material or the 

shape of the blades could be taken into account, this behaviour of Polyurethane is highly 

desirable. No failure in the material was observed during testing with external torques up to 

0.7 𝑁.𝑚. The only limitation towards testing the material subject to higher torque values 

was the blades coming into contact with the outer ring due to extreme deformation, i.e. 

relative angular deformation higher than 21 degrees, which makes the sensor reading 
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inaccurate. The maximum measurable torque can be increased, by increasing the difference 

between the diameter of the inner and outer ring or adjusting the shape of the blades. 

 

 Figure 3.9. The calibration results for the elastic element, where the blue line shows the 

linear approximation. 

 

3.4 Design of the Snake Robot Modules 

In this section, design and manufacture of the snake robot modules, equipped with the SEA 

will be presented. Unlike other works, such as [24], the designed snake robot modules will 

not be equipped with wheels. Hence, this robot will be more suitable for locomotion in 

challenging environments, such as unstructured confined spaces and uneven terrains. 

As shown in Figure 3.10, each module of the proposed design of the robot consists 

of two main parts. The link housing as shown in Figure 3.10 (a), is designed to accommodate 

the actuator, the custom made control board and the elastic element without interfering with 

the joint motion. The link connector in Figure 3.10 (b), connects each module to the 

following module, where hollow spaces are included for easy wiring.  
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(a) Link housing with octagonal cross 

section. 

(b) Link connector. 

 

(c) Joint assembly. 

Figure 3.10. Important concepts of each module. 

Screw holes on the connector and the link housing are designed such that each joint 

can be connected to the previous joint with 0 or 90 degrees relative rotation about longitudal 

axis for possible 3D structure. This together with the symmetrical octagon shape of the links 

enable the same design to be used, without major changes for generating pedal wave motion, 
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lateral undulation in confined spaces, or 3D motion patterns. The final robot modules, were 

manufactured by cost-effective 3D printing using ABS with the elastic element embedded 

inside of each joint, which makes the torque measurement mechanisms more robust 

compared to existing designs with strain gauges, which are attached to the surface of the 

links [23]. 

The tail module of the snake robot is also a critical part of the robot because it 

connects the joints to the power supply and also to the master microcontroller. Thus, the tail 

module as shown in Figure 3.11, is designed to be similar to the rest of the body and as short 

as possible because the tail should be attached to the last link of the robot and a long tail can 

interfere with the locomotion of the snake robot. Moreover, as the robot is connected to an 

external power supply and the master microcontroller, a slip ring was also adapted to make 

sure the wires will not interfere with the robot motion, which is major concern especially if 

the robot is performing 3D gait patterns, such as rolling [85] or sidewinding [58] . 

 

3.5 Control System Architecture 

An electronic system is needed to be designed to equip each link of the robot with a custom 

made circuit board for power distribution, communication, data acquisition and control. 

Teensy microcontroller with 32 bit ARM Cortex-M4 72MHz CPU (Teensy 3.2, PJRC) was 

chosen as a microcontroller with embedded Controlled Area Network (CAN) bus module 

and an on-board 3.3 𝑉 voltage regulator ideal for powering the magnetic encoder. 

Additionally, a voltage regulator (STMicroelectronics, L7805CV) is used to power the 

micro-controller and a proper CAN bus transceiver (Texas Instruments, SN65HVD23X) is 

also employed for converting the digital data into suitable physical signal on the bus. 
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Figure 3.11. Tail module design. 

Implementation of serial communication for sending and receiving data to and from 

the servo systems and managing the extra wiring for gathering data from the digital encoder 

requires designing a custom made Printed Circuit Board (PCB). For this purpose a circuit 

board is designed using Altium Designer (Version 16.1.12) and manufactured, which could 

be embedded inside of each joint. The manufactured PCB is shown in Figure 3.12. 

 

Figure 3.12. The Printed Circuit Board (PCB) of the joint controller with dimensions 38mm× 

34mm, where (a) is the Teensy 3.2 microcontroller, (b) is the voltage regulator 

(STMicroelectronics, L7805CV), (c) is the CAN transceiver (Texas Instruments, SN65HVD23X) 

and (d) is the termination resistor. 
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By using this control board, which is also used as the main controller, each module 

can directly receive information as a command from the externally located main controller 

(implemented on the same PCB) using the communication system designed based on CAN 

bus. Moreover, each module can request data form other joints on the bus or the central 

controller, which makes the design versatile and allows implementation of closed-loop 

motion controllers, where feedback from neighbouring joints is necessary.  

The final cost of each module, including the magnetic encoder (12 USD), the 3D 

printed module (3 USD), the elastic element (4 USD) and the PCB (18 USD) obtained to be 

37 USD. This is an estimated final cost including the shipping and labour cost in 

Christchurch, New Zealand excluding the servo motor price (39.50 USD), which can be 

replaced by cheaper servo motors by modifying the joint dimensions. 

3.6 Final Snake Robot Prototype Overview 

Using the modular design concept with the details revealed in the previous sections, a snake 

robot with six links is manufactured and assembled as shown in Figure 3.13. 

 

Figure 3.13. The final manufactured snake robot. 
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As shown in Figure 3.13, identical robot modules are connected to each other to 

assemble the snake robot, with servos connecting each joint to the next one, with parallel 

axes of rotation. The specifications of the snake robot are presented in Table 3.2. 

Table 3.2 Overview of the developed snake robot  

Dimensions  
Total length: 445 mm 

Diameter: 68 mm 

Total weight  956 g 

Number of links 6 

Nominal input voltage  9.2 V 

Communication Can Bus (1 Mbit/sec) 

Maximum joint angular 

displacement 
±60° 

Sensing 

Joint angle (with the 

resolution of 0.32°)  
 

Output torque (with the 

resolution of 0.01 𝑁.𝑚) 

 

 

The modular design of the robot, as shown in Figure 3.13 has the flexibility to 

increase or decrease the length of the robot by connecting more joints (without the need to 

change the embedded electronics). This can be beneficial to achieve more degrees of 

freedom and fault tolerance. However, attaching more joints will increase the weight, the 

number of required servo motors and consequently the power consumption and cost of the 

robot. Hence, in this thesis, the robot with six links was assembled, which its effectiveness 

for achieving forward pedal wave motion will be discussed in the following chapters. 
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3.7 Summary 

This chapter presented the design of a cost-effective wheel-less snake robot with a torque 

sensing mechanism achieved using a polyurethane based elastic element between the links 

and the motors. Employing this idea, an elastic element with the desired shape and stiffness 

using easily accessible polyurethane sheet with the thickness of 6 𝑚𝑚 was designed and 

manufactured to be attached between the links and the motors. The sensor was calibrated 

and the resolution and stiffness of the sensor obtained to be 0.01 𝑁.𝑚 and 

1.74 𝑁.𝑚. 𝑟𝑎𝑑−1, respectively. This torque measurement mechanism is embedded inside 

of each joint. Hence, unlike existing ones, such as [23], in which the sensing device should 

be attached to the surface of the links is more robust. The robot modules were also 

manufactured with a cost effective 3D printer with ABS based on a symmetrical octagonal-

shaped design, which together with the digital control system with local microcontrollers 

embedded at each joint allowed development of a snake robot with six identical links 

potentially suitable for pedal wave locomotion on surfaces with irregularities. 

 



 

 

 

 

 

 

 

 

4                                                           
DYNAMICAL MODELLING OF 

PEDAL WAVE LOCOMOTION OF 

MODULAR SNAKE ROBOTS 

WITH SEAs 
 

 

 

 

 

 

4.1 Introduction 

Development of a dynamical model for the snake robot presented in chapter 3 is a critical 

step towards understanding the fundamentals of pedal wave motion and investigation of the 

effect of varying environmental conditions, such as friction, external forces and terrain 

features on the motion of the robot. However, several degrees of freedom, flexibility at the 

joints and the contact forces exerted on the robot from the environment make the dynamical 

modelling of the snake robot developed in the previous chapter very challenging.  
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In this chapter, the Euler-Lagrange equations of motion of modular 2D snake robots 

with SEAs (i.e. all joints have parallel axis of rotation) will be introduced. Considering a 

segmented model of the robot, kinematics of the robot in the vertical plane will be obtained 

in an efficient matrix form. Moreover, with the use of a spring-damper contact model 

(Kelvin–Voigt model), the environmental forces will be modelled and incorporated into the 

dynamical equations, which enables to simulate the robot pedal wave motion on surfaces 

with irregularities. Finally, to generate pedal wave motion with the use of the presented 

dynamical model, a position controller will be designed at the joint level allowing to track 

the desired gait pattern. 

 

 

4.2 Euler-Lagrange Equations of Motion 

Considering the number of degrees of freedom of the snake robot, Euler-Lagrange 

method is a straightforward approach, which can be employed to obtain the equations of 

motion of the snake robot [103]. Using this method, the external contact forces can be 

incorporated into the equations, the effect of the springs at each joint can be taken into 

account through the expression for the potential energy of the system and the gravitational 

forces can easily be handled. Thus, compared to Newton’s method, Euler-Lagrange method 

can be used to derive the dynamical equations of the snake robot pedal wave motion in the 

vertical plane with less effort. 

Choosing the generalized coordinates, i.e. the minimum number of variables 

required to fully describe the system, to be denoted by 𝒒, the Euler-Lagrange equations of 

motion can immediately be constructed as follows:  
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𝑑

𝑑𝑡
(
𝜕(𝑇1 + 𝑇2)

𝜕𝒒̇
) −

𝜕(𝑇1 + 𝑇2)

𝜕𝒒
+

𝜕(𝑉1 + 𝑉2 + 𝑉3)

𝜕𝒒
= 𝓑𝑼 + 𝑸𝑐 (4.1) 

where 𝑇1 and 𝑇2 are the kinetic energy of the links and the rotors respectively, 𝑉1 is the 

potential energy stored in the flexible elements (torsional spring) at the joints, 𝑉2 and 𝑉3 are 

the potential energy of the links and the rotors due to the gravitational force, 𝓑 is a matrix 

of size 2𝑁 + 1 × (𝑁 − 1), 𝑼 is the column vector of 𝑁 − 1 control inputs (motor torques), 

𝑁 is the number of robot links and 𝑸𝑐
  is the vector of non-conservative contact forces, such 

as contact or friction forces. 

To fully obtain the Euler-Lagrange equations of motion, clearly one should obtain 

the expression for the kinetic and potential energy of the system at the first place and then 

model the external forces acting on the robot. However, considering the number of degrees 

of freedom of the system, it is convenient to first obtain the kinematics of such motion in a 

matrix form and use the obtained relations to derive the expressions for both kinetic and 

potential energy of the system. 

 

4.3 Kinematics of 2D Snake Robots with Flexible Joints 

A modular snake robot with 𝑁 identical links (𝑙𝑖; 𝑖 = 1,2, … ,𝑁) and 𝑁 − 1 actuators (𝑟𝑗; 𝑗 =

1,2, … ,𝑁 − 1) with the same gear ratio of 𝓃 attached in series with a spring to the 

corresponding link, is illustrated in Figure 4.1. In this figure, 𝜃𝑖
𝑙 and 𝜃𝑗

𝑟 are the absolute link 

and rotor angles, respectively, which are measured from the positive x-axis. 𝛼𝑗 = 𝜃𝑗
𝑙  −

𝜃𝑗+1
𝑙  is the angle between the consecutive links 𝑗 and 𝑗 + 1, 𝛽𝑗 = 𝜃𝑗

𝑙 − 𝜃𝑗
𝑟 is the 𝑗𝑡ℎ rotor 

angle relative to its stator reflected through the link side (after the gear train), [𝑥𝑖
𝑙, 𝑧𝑖

𝑙]
T

and 
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[𝑥𝑗
𝑟 , 𝑧𝑗

𝑟]
T
are the position of the centre of mass of link 𝑙𝑖 and rotor 𝑟𝑗  in the global coordinate 

frame, respectively and [𝑝𝑥, 𝑝𝑧]
Tdenotes the centre of mass of the robot. 

 

Figure 4.1. 2D snake robot body shape. 

It should be noted that the rotor angles and the flexible elements at each joint are not 

shown in Figure 4.1. The reason is that, considering the relative link angles 𝛼𝑗, the body 

shape of the robot is independent of the rotor angles 𝛽𝑗 , hence they were neglected for more 

clear presentation. The Figure 4.2 better shows the angles defined for a single joint of a 

snake robot with SEAs, where the stator is directly attached to the link. 

 

Figure 4.2. The defined angles in each snake robot joints. 

To obtain the expression for the kinematics and dynamics of the snake robot in 

matrix form, it is convenient to define several matrices and vectors as follows: 
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ℋ𝑙 =

[
 
 
 
 
𝑙 0 0 … 0
2𝑙 𝑙 0 … 0
2𝑙 2𝑙 𝑙 … 0
⋮ ⋮ ⋮ ⋮ ⋮
2𝑙 2𝑙 2𝑙 … 𝑙 ]

 
 
 
 

𝑁×𝑁

, ℋ𝑟 =

[
 
 
 
 
2𝑙 0 0 … 0 0
2𝑙 2𝑙 0 … 0 0
2𝑙 2𝑙 2𝑙 … 0 0
⋮ ⋮ ⋮ ⋮ ⋮ 0
2𝑙 2𝑙 2𝑙 … 2𝑙 0]

 
 
 
 

𝑁−1×𝑁

, 

𝑪𝜽 =

[
 
 
 
 
𝑐𝑜𝑠(𝜃1

𝑙)

𝑐𝑜𝑠(𝜃2
𝑙)

⋮
𝑐𝑜𝑠(𝜃𝑁

𝑙 )]
 
 
 
 

, 𝑺𝜽 =

[
 
 
 
 
𝑠𝑖𝑛(𝜃1

𝑙)

𝑠𝑖𝑛(𝜃2
𝑙)

⋮
𝑠𝑖𝑛(𝜃𝑁

𝑙 )]
 
 
 
 

, ℱ =

[
 
 
 
 
1 1 1 … 1
0 1 1 … 1
0 0 1 … 1
⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 … 0]

 
 
 
 

𝑁×𝑁−1

, 

𝒮𝜃 = 𝑑𝑖𝑎𝑔(𝑺𝜽) = 𝑑𝑖𝑎𝑔 (𝑠𝑖𝑛(𝜃1
𝑙), 𝑠𝑖𝑛(𝜃2

𝑙), … , 𝑠𝑖𝑛(𝜃𝑁
𝑙 )), 

𝒞𝜃 = 𝑑𝑖𝑎𝑔(𝑪𝜽) = 𝑑𝑖𝑎𝑔 (𝑐𝑜𝑠(𝜃1
𝑙), 𝑐𝑜𝑠(𝜃2

𝑙), … , 𝑐𝑜𝑠(𝜃𝑁
𝑙 )), 

𝒪𝑙 = 𝒪𝑟 = 0𝑁×(𝑁−1). 

where 0𝑁×(𝑁−1) is an 𝑁 × (𝑁 − 1) zero matrix. Moreover, the denominator-layout notation 

is employed to calculate various derivatives with respect to vectors and scalars as defined 

in the following: 

𝜕𝑿𝑚

𝜕𝑦
= [

𝜕𝑥1

𝜕𝑦

𝜕𝑥2

𝜕𝑦
…

𝜕𝑥𝑚

𝜕𝑦
] 

𝜕𝒲𝑿𝑚

𝜕𝑿𝑚
= 𝒲T 

𝜕𝑿𝑚
T𝒲𝑿𝑚

𝜕𝑿𝑚
= (𝒲 + 𝒲T)𝑿𝑚 

where 𝑦 is a scalar, 𝑿𝑚 = [𝑥1 𝑥2 … 𝑥m]𝑇 and 𝒲𝑚×𝑚 is an 𝑚 × 𝑚 matrix. 

4.3.1 The links linear and angular velocity 

Considering the body shape of the robot in Figure 4.1 and assuming that 𝑙1 = 𝑙2 = ⋯ =

𝑙𝑁 = 2𝑙 for simplicity, the position of the centre mass of each link can be derived as the 

function of absolute joint angles as follows: 
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𝑥𝑖
𝑙 = 𝑥0 + 2𝑙 ∑ 𝑐𝑜𝑠(𝜃𝑘

𝑙 )

𝑖−1

𝑘=1

+ 𝑙 𝑐𝑜𝑠(𝜃𝑖
𝑙) (4.2) 

𝑧𝑖
𝑙 = 𝑧0 + 2𝑙 ∑ 𝑠𝑖𝑛(𝜃𝑘

𝑙 )

𝑖−1

𝑘=1

+ 𝑙 𝑠𝑖𝑛(𝜃𝑖
𝑙), (4.3) 

which with little effort can be written in matrix form as below: 

𝑿𝑙 = 𝑽𝑙𝑥0 + ℋ𝑙𝑪𝜽 (4.4) 

𝒁𝑙 = 𝑽𝑙𝑧0 + ℋ𝑙𝑺𝜽, (4.5) 

where 𝑿𝒍 = [𝑥1
𝑙 𝑥2

𝑙 … 𝑥𝑁
𝑙 ]T, 𝒁𝒍 = [𝑧1

𝑙 𝑧2
𝑙 … 𝑧𝑁

𝑙 ]Tand 𝑽𝑙 = [1 1 … 1]𝑇. 

Considering that 𝑝𝑥 = 1/𝑁(𝑽𝒍)T𝑋𝑙 and 𝑝𝑧 = 1/𝑁(𝑽𝒍)T𝑍𝑙 , 𝑥0 and 𝑧0 can be 

eliminated from (4.4) and (4.5). Hence, taking their derivative with respect to time, the 

velocity of the centre of mass of each link can immediately be obtained to be: 

𝑿̇𝑙 = 𝑽𝑙𝑝̇𝑥 +
1

𝑁
𝑽𝑙(𝑽𝑙)𝑇ℋ𝑙𝒮𝜃𝜽̇𝑙 − ℋ𝑙𝒮𝜃𝜽̇𝑙 (4.6) 

𝒁̇𝑙 = 𝑽𝑙𝑝̇𝑧 −
1

𝑁
𝑽𝑙(𝑽𝑙)𝑇ℋ𝑙𝒞𝜃𝜽̇𝑙 + ℋ𝑙𝒞𝜃𝜽̇𝑙, (4.7) 

where 𝜽̇𝑙 = [𝜃̇1
𝑙 𝜃̇2

𝑙 … 𝜃̇𝑁
𝑙 ]T is the vector of angular velocities of the links around the 

common Y axis, 𝑿̇𝑙 = [𝑥̇1
𝑙 𝑥̇2

𝑙 … 𝑥̇𝑁
𝑙 ]T, 𝒁̇𝑙 = [𝑧̇1

𝑙 𝑧̇2
𝑙 … 𝑧̇𝑁

𝑙 ]T and 𝑝̇𝑥 and 𝑝̇𝑧 are the 

linear velocities of the centre of mass of the robot in 𝑋 and 𝑍 direction, respectively. 

Noting that 𝜃𝑖
𝑙 = ∑ (𝛼𝑘) +𝑁−1

𝑘=𝑖 𝜃𝑁
𝑙  and defining the generalized coordinates to be 𝒒 =

[𝛼1, … , 𝛼𝑁−1, 𝜃𝑁
𝑙 , 𝑝𝑥, 𝑝𝑧 , 𝛽1, … , 𝛽𝑁−1]

T
, it is possible to represent equations (4.6) and (4.7) 

explicitly as a function of 𝒒 and 𝒒̇ as below: 
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𝑿̇𝒍 = [(ℬ1
𝑙 + 𝒜𝑙𝒮𝜃𝒞) 𝒪𝑙]𝒒̇ (4.8) 

𝒁̇𝒍 = [(ℬ2
𝑙 − 𝒜𝑙𝒞𝜃𝒞) 𝒪𝑙]𝒒̇ (4.9) 

𝜽̇𝒍 = [𝒞 𝒪𝑙]𝒒̇, (4.10) 

where ℬ1
𝑙 = [0𝑁×𝑁 𝑽𝑙 0𝑁×1], ℬ2

𝑙 = [0𝑁×(𝑁+1) 𝑽𝑙], 𝒜𝑙 = −ℋ𝑙 +
1

𝑁
𝑽𝑙(𝑽𝑙)Tℋ𝑙 and 

𝒞 = [ℱ 𝑽𝑙 0𝑁×2]  and 0𝑁×𝑁 is 𝑁 by 𝑁 with all zero elements. 

4.3.2 The robot rotor velocity 

In addition to linear velocity of the centre of mass and the angular velocity of each link, the 

angular velocity of the rotor and the linear velocity of the centre of mass of the rotors should 

also be obtained to calculate the kinetic energy of the system. Considering the body shape 

of the robot shown in Figure 4.1, the position of the centre of mass of rotor 𝑟𝑗 can be obtained 

to be: 

𝑥𝑗
𝑟 = 𝑥0 + 2𝑙 ∑ 𝑐𝑜𝑠(𝜃𝑘

𝑙 )

𝑗

𝑘=1

 (4.11) 

𝑧𝑗
𝑟 = 𝑧0 + 2𝑙 ∑ 𝑠𝑖𝑛(𝜃𝑘

𝑙 ),

𝑗

𝑘=1

 
(4.12) 

which, similar to the previous section, can be written as: 

𝑿𝑟 = 𝑽𝑟𝑥0 + ℋ𝑟𝑪𝜽 (4.13) 

𝒁𝑟 = 𝑽𝑟𝑧0 + ℋ𝑟𝑺𝜽, (4.14) 

where 𝑿𝒓 = [𝑥1
𝑟 𝑥2

𝑟 … 𝑥𝑁−1
𝑟 ]T, 𝒁𝒓 = [𝑧1

𝑟 𝑧2
𝑟 … 𝑧𝑁−1

𝑟 ]Tand 𝑽𝑟 = [1 1 … 1](𝑁−1)×1
T . 

Obtaining the derivate of the vector 𝑿𝑟 and 𝒁𝑟 with respect to time, the velocity of the centre 

of mass of each rotor can be obtained to be: 



64 Dynamical Modelling of Pedal Wave Motion of Modular Snake Robots with SEAs  

  

 

𝑿̇𝑟 = [(ℬ1
𝑟 + 𝒜𝑟𝒮𝜃𝒞) 𝒪𝑟]𝒒̇, (4.15) 

𝒁̇𝑟 = [(ℬ2
𝑟 − 𝒜𝑟𝒞𝜃𝒞) 𝒪𝑟]𝒒̇, (4.16) 

𝜽̇𝑟 = ℒ𝒒̇ (4.17) 

where ℬ1
𝑟 = [0(𝑁−1)×𝑁 𝑽𝑟 0(𝑁−1)×1], ℬ2

𝑟 = [0(𝑁−1)×(𝑁+1) 𝑽𝑟], 𝒜𝑟 = −ℋ𝑟 +

1

𝑁
𝑽𝑟(𝑽𝑙)Tℋ𝑙, 𝑽𝑟 = [1 1 … 1](𝑁−1)×1

T , ℒ = [𝒞1 −𝒫] , 𝒞1 is the first (𝑁 − 1) rows 

of 𝒞 (i.e. 𝒞 = [
𝒞1(𝑁−1)×(𝑁+2)

𝒞21×(𝑁+2)

] = [ℱ 𝑽𝑙 0𝑁×2] ) and 𝒫 is a (𝑁 − 1) by (𝑁 − 1) diagonal 

matrix of identical gear ratio (𝓃) of the motors. 

The presented procedure for obtaining the kinematic relations for the links and the 

rotors made it possible to obtain the position and velocity of the centre of mass of each 

link/rotor as a function of the joint angles 𝛼𝑖, the rotor angle 𝛽𝑗, the absolute angle of the 

head module and the position of the centre of mass of the robot in matrix form. Hence, to 

implement such equations, no symbolic computation is necessary, making the 

implementation of equations of motion to be presented in the next section very convenient. 

It should also be mentioned that, although the kinematic relations were obtained for the 

snake robot in vertical plane XZ, the same equations can describe the kinematics of lateral 

undulation in the horizontal plane, i.e., OXY, by only replacing Z axis with Y axis, without 

the need to consider the difference in the contact forces, which only affect the dynamics of 

the robot.  

4.4 Derivation of the Kinetic Energy of the System 

To fully derive the equations of motion of the robot in vertical plane, first, the expression 

for the kinetic energy of the system should be obtained. Considering the kinematic relations 
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obtained in the previous section, this can be done by obtaining the kinetic energy of the links 

and rotors to find the total kinetic energy of the system. 

4.4.1 The kinetic energy of the links  

Considering the generalized coordinates 𝒒, it can be seen that the expression for the kinetic 

energy of the links, necessary for constructing the Euler-Lagrange equation is independent 

of rotor angles 𝛽𝑖s, i.e. the body shape of the robot is independent of 𝛽𝑖s. Hence, 𝑇1 can be 

obtained to be only the sum of the kinetic energy of the links due to their own linear and 

angular velocity as follows: 

𝑇1 =
1

2
(𝑿̇𝑙)

𝑇
ℳ𝑙(𝑿̇𝒍) +

1

2
(𝒁̇𝑙)

𝑇
ℳ𝑙(𝒁̇𝑙) +

1

2
(𝜽̇𝑙)

𝑇
ℐ𝑙(𝜽̇𝑙) (4.18) 

where 𝑿̇𝑙 = [𝑥̇1
𝑙 𝑥̇2

𝑙 … 𝑥̇𝑁
𝑙 ]T, 𝒁̇𝑙 = [𝑧̇1

𝑙 𝑧̇2
𝑙 … 𝑧̇𝑁

𝑙 ]T, 𝜽̇𝑙 = [𝜃̇1
𝑙 𝜃̇2

𝑙 … 𝜃̇𝑁
𝑙 ]T and 

ℳ𝑙 and ℐ𝑙 are N by N diagonal matrices of mass and moment of inertia of the links, 

respectively. It is worthwhile to mention that, for a snake robot with stiff joints, the kinetic 

energy of the links as presented in (4.18) will be the only terms required to calculate the 

kinetic energy of the system and construct the equations of motion. The only consideration 

is that in this form the mass of each link should be the sum of the mass of the rotors and the 

links. 

4.4.2 The kinetic energy of the rotors 

To fully obtain the expression for the kinetic energy of the system, the kinetic energy of the 

rotors should also be taken into account. Similar to the method used in the previous section, 

the kinetic energy of the rotors can be obtained to be: 

𝑇2 =
1

2
(𝑿̇𝑟)

T
ℳ𝑟(𝑿̇𝑟) +

1

2
(𝒁̇𝑟)

T
ℳ𝑟(Z𝑟) +

1

2
( 𝜽̇𝒓)

T
ℐ𝑟(𝜽̇𝒓) (4.19) 
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where 𝑿̇𝑟 = [𝑥̇1
𝑟 𝑥̇2

𝑟 … 𝑥̇𝑁−1
𝑟 ]T, 𝒁̇𝑟 = [𝑧̇1

𝑟 𝑧̇2
𝑟 … 𝑧̇𝑁−1

𝑟 ]T are the linear velocities of 

the rotors at each joint, independent of the rotor angle 𝛽𝑗, 𝜽̇𝒓 = [𝜃̇1
𝑟 𝜃̇2

𝑟 … 𝜃̇𝑁−1
𝑟 ]T, and 

ℳ𝑟and ℐ𝑟 are (𝑁 − 1) by (𝑁 − 1) diagonal matrices of mass and moment of inertia of the 

rotors. 

4.5 Derivation of the Potential Energy of the System 

For lateral undulation in the horizontal plane performed by snake robots with stiff joints, 

the robot is not subject to any gravitational force [17]. However, in pedal wave motion the 

robot lifts its body part from the ground altering the gravitational potential energy. 

Moreover, due to the flexible elements attached between the robot links and the motors, 

additional terms also appear to capture the potential energy stored in the springs and this 

must be added to obtain the expression for the potential energy of the system. 

Generally speaking, utilizing a high stiffness flexible element in the design of the 

robot actuator, it is possible to neglect the effect of the spring and model the robot with stiff 

joints [25]. However, the use of very stiff elements for SEAs, requires high-resolution 

encoders for measurement of the small deflections of the flexible element, losing the 

desirable features of SEAs and increasing the final cost of the prototype. Moreover, the 

effect of joint flexibility on the snake locomotion, due to using a passive compliant element 

or a SEA is still not fully investigated. For example, recently, in [104], a passive compliant 

element was added in series between the robot joints, and in [105] a soft bodied snake robot 

with passive compliance has been developed. However, both studies are based on 

experimentation and no mathematical justification is presented. This suggests that 

considering the effect of joint flexibility and therefore modelling the snake robot with 

flexible joint presents an interesting research opportunity. 
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4.5.1 Potential energy of the system due to the flexible elements at the 

joints 

The first part of the potential energy of the snake robot as shown in Figure 4.1 is due to the 

springs attached between the actuators and links. Hence, the total potential energy of the 

system due to the torsional springs at the joints can be obtained as below: 

𝑉1 =
1

2
(𝜷 − 𝜶)T𝐾(𝜷 − 𝜶), (4.20) 

where 𝐾 is the 𝑁 − 1 by 𝑁 − 1 diagonal matrix containing stiffness of the flexible elements 

of the joints, 𝜶 = [𝛼1, … , 𝛼𝑁−1]
T and 𝜷 = [𝛽1, … , 𝛽𝑁−1]

T. This expression can also be 

represented as a function of generalized coordinates as follows: 

𝑉1 =
1

2
𝒒T𝐾𝐸𝒒 (4.21) 

with 𝐾𝐸  defined to be: 

𝐾𝐸 = [

𝐾(𝑁−1)×(𝑁−1) 0(𝑁−1)×3 −𝐾(𝑁−1)×(𝑁−1)

03×(𝑁−1) 03×(𝑁−1) 03×(𝑁−1)

−𝐾(𝑁−1)×(𝑁−1) 0(𝑁−1)×3 𝐾(𝑁−1)×(𝑁−1)

] (4.22) 

where 03×(𝑁−1) and 03×3 are null matrices with the specified dimensions. 

4.5.2 Potential energy due to the gravity 

Considering the body shape of the robot in the XZ plane, the robot lifts some parts of its 

body from the ground and push against the ground to move forward. Thus, the expression 

for the potential energy of the system due to the mass of the robot link and rotor should be 

obtained separately. Considering the body shape of the robot in Figure 4.1, the expression 

for the potential energy of the system due to the mass of the links (𝑉2) can be obtained as: 
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𝑔(𝑽𝒍)Tℳ𝑙𝒁𝒍 = g(𝑽𝒍)Tℳ𝑙𝑽𝒍𝑧0 + ℋ𝑙𝑺𝜽. (4.23) 

Noting that that 𝑝𝑧 = 1/𝑁 ∑ 𝑧𝑖
𝑙𝑁

𝑖=1  and substituting 𝑧0 from the expression of the centre of 

mass of the robot, (4.23) can be written as follows: 

𝑉2=g(𝑽𝒍)Tℳ𝑙𝒁𝒍 = g(𝑽𝒍)𝑻ℳ𝑙(ℬ2
𝑙 − 𝒜𝑙𝒞𝜃𝒞)𝒒.  (4.24) 

Moreover, the centre of mass of the rotors are located at [𝑥𝑗
𝑟 , 𝑧𝑗

𝑟] and not at the centre 

of mass of the links, thus similar procedure should be repeated to calculate the potential 

energy of the rotors due to its elevation, which will result in the following expression for 

the potential energy of the rotors: 

𝑉3=g(𝑽𝒓)Tℳ𝑟𝒁𝑟 = g(𝑽𝒓)Tℳ𝑟(ℬ2
𝑟 − 𝒜𝑟𝒞𝜃𝒞)𝒒. (4.25) 

4.6 Modelling the Contact Forces 

Modelling the contact between the robot links and the environment is an essential part of 

modeling the pedal wave motion of the snake robot in vertical plane. To address this issue, 

some recent works, such as [106] and [69] have proposed a simplified contact model for 

such motion. However, in both of these methods, it is assumed that the number of contact 

points remains constant during the motion, and the normal forces are obtained based on the 

force and moment balance. Hence, such models are not suitable for modelling a snake robot 

with multiple contact points on surfaces with irregularities, where the robot might be in 

contact with several contact points in different planes.  

To address this issue, one can use the well-known Kelvin–Voigt contact model [107]. 

Figure 4.3 shows the general case, where a single link of the robot is in contact with an 
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obstacle and 𝑓𝑘
𝑁 and 𝑓𝑘

𝑇 are the normal and tangential forces being exerted on the robot at 

the point of contact 𝑝𝑘 by the environment. 

 

Figure 4.3 Kelvin–Voigt (spring-damper) contact model, shown the contact between the joint and 

the environment. 

Assuming that 𝑝𝑘 is in contact with the obstacle, i.e. 𝑧𝑝𝑘 ≤ 0, and considering a spring-

damper contact model, 𝑓𝑘
𝑁can be calculated as follows: 

𝑓𝑘
𝑁 = 𝑀𝑎𝑥 (𝓀𝑧𝑝𝑘 − 𝒹𝑧̇𝑝𝑘 , 0) (4.26) 

where 𝑧𝑝𝑘 is the coordinate of the point of contact 𝑝𝑘 along 𝑍′(z axis of the attached 

coordinate to the obstacle), 𝓀 is the spring and 𝒹 is the damping constant of the 

environment. It should be noted that to calculate 𝑓𝑘
𝑁, it is assumed that the contact forces, 

will always push the robot away from the contact surface, i.e. the robot link cannot be pulled 

towards the object. After obtaining 𝑓𝑘
𝑁, it is straight forward to calculate 𝑓𝑘

𝑇 as follows: 

𝑓𝑘
𝑇 = −𝑓𝑘

𝑁𝜇𝐶𝑠𝑖𝑔𝑛(𝑥̇𝑝𝑘) (4.27) 
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where 𝑥̇𝑝𝑘 is the velocity of point 𝑝𝑘 along the direction tangent to the surface and 𝜇𝐶 is the 

friction coefficient between the robot link and the environment. 

Having derived 𝑓𝑘
𝑁 and 𝑓𝑘

𝑇 for each contact point 𝑝𝑘, these forces should be 

incorporated into the equations of motion to calculate 𝑸𝑐 as follows:  

𝑸𝑐 = 𝑸1
𝑐 + 𝑸2

𝑐  (4.28) 

where 𝑸1
𝑐 and 𝑸2

𝑐  are the vector of contact forces exerted at the center of the links and the 

joints (and the tip of the head and tail), respectively, which should be obtained separately as 

will be discussed, shortly. 

If the point of contact 𝑝𝑘 is located at the centre of mass of one of the links, it is 

enough to calculate the Jacobian matrix obtained in the previous section and calculate 𝑸1
𝑐  as 

follows: 

𝑸1
𝑐 = [

𝝏𝑿̇𝒍

𝝏𝒒̇
      |  

𝝏𝒁̇𝒍

𝝏𝒒̇
] [

𝑭𝟏
𝒙

𝑭𝟏
𝒛
], (4.29) 

where 
𝝏𝑿̇𝒍

𝝏𝒒̇
= [(ℬ1

𝑙 + 𝒜𝑙𝒮𝜃𝒞) 𝒪𝑙]
T
, 

𝝏𝒁̇𝒍

𝝏𝒒̇
= [(ℬ2

𝑙 − 𝒜𝑙𝒞𝜃𝒞) 𝒪𝑙]
T
 and 𝑭𝟏

𝒙 =

 [𝑓1
𝑥 𝑓2

𝑥 … 𝑓𝑁
𝑥]T, 𝑭𝟏

𝒛 = [𝑓1
𝑧 𝑓2

𝑧 … 𝑓𝑁
𝑧]T  are the vectors of all non-conservative 

forces along the global X and Z direction, respectively.  

On the other hand, to obtain a more realistic simulation model of the snake robot, 

one should also consider the effect of contact forces on the robot joints, tip of the head and 

the tail to calculate 𝑸2
𝑐 .  This means that for a snake robot with 𝑁 links and 𝑁 − 1 joints, 

2𝑁 + 1 points on the robot should be tested at each time-step to see if a contact has occurred 

or not. Once the set of contact points, i.e. 𝑝𝑘; 𝑘 = 1, … , 𝐾 have been obtained, the tangential 

and normal forces at these points can be calculated based on (4.26) and (4.27). If the contact 
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point is located on the centre of mass of the link, one can use (4.29), otherwise the expression 

(4.30) can be employed: 

𝑸2
𝑐 = [

𝜕𝑿̇0

𝜕𝒒̇
       |

𝜕𝒁̇0

𝜕𝒒̇
] [

𝑭2
𝑥

𝑭2
𝑧
], (4.30) 

where 𝑭2
𝑥 = [𝑓1

𝑥 𝑓2
𝑥 … 𝑓𝑁+1

𝑥 ]T, 𝑭2
𝑧 = [𝑓1

𝑧 𝑓2
𝑧 … 𝑓𝑁+1

𝑧 ]T,   𝑿̇0 and 𝒁̇0 are the 

velocity vectors of the possible point of contacts, which can be obtained as follows: 

𝑿̇0 = [(ℬ1
0 + 𝒜0𝒮𝜃𝒞) 𝒪(𝑁+1)×(𝑁−1)]𝒒̇, (4.31) 

𝒁̇0 = [(ℬ2
0 − 𝒜0𝒞𝜃𝒞) 𝒪(𝑁+1)×(𝑁−1)]𝒒̇, (4.32) 

where ℬ1
0 = [0(𝑁+1)×𝑁 𝑽0 0(𝑁+1)×1], ℬ2

0 = [0(𝑁+1)×(𝑁+1) 𝑽0], 𝒜0 = −ℋ0 +

1

𝑁
𝑽0(𝑽𝑙)

T
ℋ𝑙, 𝑽0 = [1 1 … 1](𝑁+1)×1

T ,  𝒞 = [ℱ 𝑽𝑙 0𝑁×2], 0𝑁×𝑁 is an 𝑁 by 𝑁 matrix 

with all zero elements and ℋ0 = [
𝟎1×(𝑁+1)

ℋ𝑟
]. 

In the general case shown in Figure 4.3, 𝑓𝑘
𝑁 and 𝑓𝑘

𝑇 are expressed in the stationary 

coordinate frame 𝑂𝑋′𝑍′, which is not necessarily aligned with the global coordinate frame. 

Thus, these forces should be expressed in the global coordinate frame to construct [
𝑭1

𝑥

𝑭1
𝑧
] and 

[
𝑭2

𝑥

𝑭2
𝑧
] , then equations (4.29) and (4.30) can be used to incorporate these forces into the 

dynamical model.  Moreover, it is worthwhile to emphasize that the components of vectors 

[
𝑭1

𝑥

𝑭1
𝑧
] and [

𝑭2
𝑥

𝑭2
𝑧
] will be calculated using the contact model in (4.26) and (4.27). Hence, if 

there is no contact between the centre of mass of link 𝑖 or the robot joints and the 
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environment, the corresponding component will become zero, without having any effect on 

the dynamical equations. 

Another advantage of this flexible contact model is that it allows to simulate the 

motion of the robot in environments with irregularities. A spring and a damper can be 

attached to any surfaces that the robot might contact with. After detecting the contact, the 

external forces normal and parallel to that surface can be calculated using the presented 

method. For example, to model a stair-type obstacle, it is enough to attach a spring-damper 

to the sides and top of the obstacle as shown in Figure 4.4. Hence, in addition to the contact 

forces from the ground, the contact forces due to collision with the obstacle can also be 

incorporated into the model.  

 

Figure 4.4 Kelvin–Voigt (Spring-damper) model, attached to the sides and top of an obstacle 

located on the ground for modelling the contact forces. 

4.7 Equations of Motion of the Snake Robot with SEAs in the 

Vertical Plane 

Obtaining the expression for the kinetic and potential energy of the system and the contact 

forces, the next step towards obtaining the final equations of motion of the robot is the 

calculation of the gradient of the kinetic energy of the system with respect to 𝒒 and 𝒒̇. 

Considering the introduced matrix notation, this is a straight forward procedure. For 
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example, considering the expression for the kinetic energy of the links (𝑇1) in (4.18), one 

can calculate 
𝑑

𝑑𝑡
(
𝜕𝑇1

𝜕𝒒̇
) as follows: 

𝑑

𝑑𝑡
(
𝜕𝑇1

𝜕𝒒̇
) =

𝑑

𝑑𝑡
(
1

2

𝜕(𝑿̇𝑙)
T
ℳ𝑙(𝑿̇𝒍)

𝜕𝒒̇
+

1

2

𝜕(𝒁̇𝑙)
T
ℳ𝑙(𝒁̇𝑙)

𝜕𝒒̇
+

1

2

𝜕(𝜽̇𝑙)
T
ℐ𝑙(𝜽̇𝑙)

𝜕𝒒̇
). (4.33) 

Replacing 𝑿̇𝑙, 𝒁̇𝑙 and 𝜽̇𝑙 from (4.15)-(4.17), equation (4.33) can be written as a function of 

𝒒 and 𝒒̇. Thus, knowing that the kinetic energy of each link is independent of the relative 

rotor angles 𝒒2 = [𝛽1, … , 𝛽𝑁−1]
T, (4.33) can be calculated to be as follows: 

𝑑

𝑑𝑡
(
𝜕𝑇1

𝜕𝒒̇1
) = [(ℬ1

𝑙 + 𝒜𝑙𝒮𝜃𝒞)
T
ℳ𝑙(ℬ1

𝑙 + 𝒜𝑙𝒮𝜃𝒞)

+ (ℬ2
𝑙 − 𝒜𝑙𝒞𝜃𝒞)

T
ℳ𝑙(ℬ2

𝑙 − 𝒜𝑙𝒞𝜃𝒞) + 𝒞Tℐ𝑙𝒞] 𝒒̈𝟏

+ [ℬ1
𝑙 T

ℳ𝑙𝒜𝑙𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞 + 𝒞T𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙Tℳ𝑙ℬ1
𝑙

+ 𝒞T𝒮𝜃𝒜𝑙Tℳ𝑙𝒜𝑙𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞 + 𝒞T𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙Tℳ𝑙𝒜𝑙𝒮𝜃𝒞

+ ℬ2
𝑙 T

ℳ𝑙𝒜𝑙𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞 + 𝒞T𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙Tℳ𝑙ℬ2
𝑙

− 𝒞T𝒞𝜃𝒜𝑙Tℳ𝑙𝒜𝑙𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞

− 𝒞T𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙Tℳ𝑙𝒜𝑙𝒞𝜃𝒞] 𝒒̇𝟏 

(4.34) 

where 𝒒𝟏 is the first 𝑁 + 2 elements of the state vector 𝒒, i.e. 𝒒1 =

[𝛼1, … , 𝛼𝑁−1, 𝜃𝑁
𝑙 , 𝑝𝑥, 𝑝𝑧]

T
. 

Considering the Lagrange-Euler equations of motion in (4.1), and the kinetic and 

potential energy of the system introduced in a matrix notation, other terms of the dynamical 

equations of the system can be obtained. Thus, the equations of motion of a flexible joint 

modular snake robot with N links (𝑁 − 1 joints) can be obtained as follows: 
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[
𝕄(𝒒𝟏) + 𝕊1 𝕊2

𝕊2
T 𝕊3

] 𝒒̈ + [
ℂ(𝒒𝟏, 𝒒̇𝟏)

𝟎
] + 𝓖 + 𝐾𝐸𝒒 − 𝑸𝑐 = 𝔹 (4.35) 

where 𝕄(𝒒𝟏)(𝑁+2)×(𝑁+2) is a positive definite inertia matrix, ℂ(𝒒𝟏, 𝒒̇𝟏) (𝑁+2) is the vector 

of Coriolis and centrifugal terms, 𝓖 is a column vector of gravitational forces,  𝔹 =

[𝟎1×(𝑁+2) | 𝑼T    ]
T
 , 𝑼 is the column vector of 𝑁 − 1 control inputs (motor torques), 

𝑸𝑐
  is the vector of non-conservative contact forces and 

[
𝕊1 𝕊2

𝕊2
T 𝕊3

] = ℒ𝑇ℐ𝑟ℒ 

where ℒ is defined in (4.17), 𝕊1 and 𝕊2 are appeared due to the angular velocity of the rotors 

depending on 𝜽̇𝑙, and 𝕊3 depends on the inertia and gear ratio of the rotors. (See Appendix 

A giving the structure of the matrices in (4.35)). 

Equations of motions of the snake robot as presented in (4.35) can be seen as two 

sets of equations. The first 𝑁 + 2 equations are under-actuated dynamics of the system 

containing relative joint angles, position of the centre of mass and the orientation of the 

robots head module, in which the friction forces and other environmental forces will appear 

and the last 𝑁 − 1 equations are fully actuated motor-side equations. Generally speaking, 

in serial robots with large gear ratio one can assume that the angular velocity of the rotor is 

only due to its own angular velocity before the gear box [108]. Hence, to better analyse the 

equations of motion of the robot, it is worthwhile to replace 𝜽̇𝒓 with 𝜷̇ in (4.19) and rewrite 

the equations of motion of the snake robot in the vertical plane as two coupled equations as 

follows: 

𝕄(𝒒𝟏)𝒒̈𝟏 + ℂ(𝒒𝟏, 𝒒̇𝟏) + 𝓖′ − 𝑸𝑐′ = [
𝜏𝐽

03×1
] 

𝕊3𝜷̈ + 𝜏𝐽 = 𝑼 

(4.36) 



4.7 Equations of Motion of the Snake Robot with SEAs in the Vertical Plane 75 

 

 

where 𝓖′and 𝑸𝑐′
 are the first 𝑁 + 2 components of 𝓖 and 𝑸𝑐, respectively and 𝜏𝐽 =

𝐾(𝜶 − 𝜷).  

As it can be seen from the separated equations in (4.36), the first 𝑁 + 2  equations 

are coupled with the last 𝑁 − 1 ones only through the spring torque 𝜏𝐽. Moreover, one can 

see that, if the stiffness matrix 𝐾 has large elements (a snake robot with stiff joints), 𝜶 → 𝜷  

and eventually 𝜏𝐽 → 𝑼. This shows that, one can use the measured spring deflection to get 

an estimate of the output torque of a position controlled servo motor. Additionally, 

considering the snake robot with stiff joints the equations of motion of the snake robot in 

vertical plane can easily be obtained from (4.36) by ignoring the last 𝑁 − 1 equations as 

follows: 

(𝕄(𝒒𝟏) + 𝕊3)𝒒̈𝟏 + ℂ(𝒒𝟏, 𝒒̇𝟏) + 𝓖′ − 𝑸𝑐′ = 𝑼, (4.37) 

which can be used to model any snake-like motion in vertical plane. 

This dynamical model provides the opportunities to: 

 Understand the fundamentals of biological snake locomotion patterns and 

identify the key contributing factors in such motions. 

 Investigate the effect of varying environmental conditions, such as friction 

on the robot motion. 

 Examine the effect of physical robot design parameters, such as weight of the 

modules and length of the links on the robot motion. 

 Employ model-based motion optimization methods to achieve more agile 

locomotion patterns while minimizing the energy consumption. 



76 Dynamical Modelling of Pedal Wave Motion of Modular Snake Robots with SEAs  

  

 

4.8 Position Control Design for Snake Robots with SEAs  

To achieve simulated pedal wave motion, the dynamical model (4.35) should be 

accompanied by a position controller at each joint. Considering the control structure in 

Figure 3.1, the first step towards generating such motion is to design the Mid-level 

controller. For this purpose, one can generate joint position references using the following 

gait pattern [14]:  

𝛼𝑗
𝑑 = 𝐴 𝑠𝑖𝑛(𝜔𝑡 + 𝜙(𝑗 − 1))  (4.38) 

where α𝑗
𝑑; 𝑗 = 1,2, … ,𝑁 − 1 are the desired joint angles, 𝜔 is the temporal frequency, 𝜙 is 

the spatial frequency (phase shift) and 𝐴 is the amplitude of the sinusoidal wave. By 

controlling the parameters of such gait equation, which unlike the parameters of CPG based 

oscillators like [88], have more physical meaning, one can change the body shape of the 

robot to achieve the desired motion. For example, one can intuitively increase the spatial 

frequency 𝜙 to increase the number of waves along the body of the snake. 

To design the Lower-level controller for the snake robot, as the second step towards 

generating the pedal wave motion, a control scheme should be devised such that the error 

between the desired joint angle (α𝑗
𝑑) and the measured relative joint angles (𝛼𝑗) becomes as 

small as possible during the motion by only using the servo motor angular position ( 𝛽𝑗 ) 

and velocity (𝛽̇𝑗) feedback, which are easily available for measurement. Generally speaking, 

due to the flexibility of the robot joint, designing such a tracking controller for flexible joint 

manipulators requires using back stepping control techniques [25]. However, in a snake-

like motion, 𝛼̈𝑗
𝑑 and 𝛼𝑗

𝑑 (joint acceleration and jerk) are sufficiently small due to the upper 

limits on 𝐴, 𝜔 imposed by the mechanical limitation of the designs. Hence, motivated by the 

controller proposed in [109] for trajectory tracking of manipulators with flexible joints, we 
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propose the following Proportional-Derivative (PD) controller (𝐶𝑝) to track the desired joint 

angles generated by (4.38): 

𝑼 = −𝐾𝑝(𝛽𝑗 − 𝛼𝑗
𝑑) − 𝐾𝐷(𝛽̇𝑗 − 𝛼̇𝑗

𝑑),  (4.39) 

where 𝐾𝑝 and 𝐾𝐷 are positive gains to be chosen and 𝑼 is the control input to the motors as 

appeared in dynamical model (4.35). Figure 4.5 better shows the block diagram of the 

proposed controller designed for each robot joint.  

 

Figure 4.5. The block diagram of the joint level position controller. 

Controller (4.39) with carefully tuned control gains guarantees that 𝛽𝑗 will converge 

to 𝛼𝑗
𝑑 due to the stability of the system, and other variables 𝜃𝑁

𝑙 , 𝑝𝑥, 𝑝𝑧 remain to be only 

constrained by dynamics (4.35). In other words, (4.39) is used to only control the relative 

joint angles and other under-actuated degrees of freedom of the system, i.e., 𝜃𝑁
𝑙 , 𝑝𝑥, 𝑝𝑧 

remain to be uncontrolled. Moreover, it should be noted that considering the potential 

energy of the system due to the gravity as presented in (4.40), 

𝑉2 + 𝑉3 = 𝑚𝑙𝑔 ∑𝑧𝑖
𝑙

𝑁

𝑖

+ 𝑚𝑟𝑔∑ 𝑧𝑖
𝑟

𝑁

𝑖

,  (4.40) 

one can argue that 𝑚𝑟 is relatively small compared to 𝑚𝑙. Hence, the total potential energy 

of the system due to gravity can be approximated to be: 
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𝑉2 = 𝑚𝑙𝑔 ∑𝑧𝑖
𝑙

𝑁

𝑖=1

=𝑁𝑚𝑙𝑔𝑝𝑧 , (4.41) 

which is only a function of 𝑝𝑧. This means that the gravity terms only appear in the 

(𝑁 + 2)𝑡ℎrow of the equations of motion and other components of 𝓖 are zero. Because of 

this the effect of gravity only appears in the equations of motion of the uncontrolled degree 

of freedom 𝑝𝑧 and not the joint angles, hence no gravity compensation term has been added 

to the controller (4.39). This is an important result because unlike manipulators with fixed 

base, in snake robots, 𝑧𝑖
𝑙s and 𝜃𝑁

𝑙  cannot be uniquely determined by the joint angles. Hence, 

without a need for additional sensory feedback, like Inertial Measurement Units (IMUs), 

controller (4.39) makes it possible to easily generate pedal wave motion by only using easily 

accessible motor side measurements.  

4.9  Summary  

In this chapter, a novel generalized modelling framework for modelling locomotion of 

modular snake robots with SEAs in the vertical plane was presented. The potential and 

kinetic energy of the system were calculated using a novel matrix notation and equations of 

motion of the robot using Euler-Lagrange method obtained. Utilizing a spring-damper 

(Kelvin–Voigt) contact model the contact forces between the robot and the environment 

were modelled and incorporated into the equations of motion to obtain dynamical model of 

the snake robot locomotion in the vertical plane allowing to simulate the snake motion with 

SEA on surfaces with irregularities for the first time. The final structure of the model was 

presented and a position control for the robot joints was also designed to help tracking the 

desired joint trajectory generated by a parametrized gait pattern. 



 

 

 

 

 

 

 

 

 

 

5                                                               
PEDAL WAVE LOCOMOTION 

ON SMOOTH SURFACES: 

EXPERIMENTAL AND 

SIMULATION RESULTS 
 

 

 

 

 

 

5.1 Introduction 

The design process and modeling framework presented in the previous chapters facilitate 

achieving the ultimate goal of this thesis, which is effective snake-like pedal wave motion 

on surfaces with irregularities. However, it is still critical to analyze such motion on smooth 

surfaces by conducting experimentation on the physical and simulated snake robot. This 

will help us to examine the effectiveness of the proposed snake robot design, investigate the 

reliability of the simulation model, and identify key characteristics of pedal wave motion. 
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To achieve these goals, the position controller in (4.39) is implemented on the 

physical snake robot to show the effectiveness of the robot design and further investigate 

the fundamentals of the pedal wave motion. Additionally, the equations of motions in (4.35) 

is used to simulate pedal wave motion on smooth surfaces and the validity of the model is 

examined by comparing the torque signal measured by the elastic element with the one 

obtained from the simulation. Moreover, the effect of varying gait parameters on the robot 

motion is examined and the effect of friction on the forward speed of the robot is 

investigated to identify contributing factors in pedal wave locomotion on smooth surfaces 

performed by the designed and simulated snake robot with SEAs.  

  

5.2 Pedal Wave Motion on Smooth Surfaces Performed by the 

Snake Robot 

Employing the proposed controller shown in Figure 4.5, the body shape of the snake 

robot designed in Chapter 3 can be controlled and consequently pedal wave motion with the 

physical snake robot can be achieved using gait pattern (4.38). To experimentally support 

this claim, the gait parameters of (4.38) were chosen to be 𝐴 =
π

6
 𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 

𝜙 =
−2𝜋

5
 𝑟𝑎𝑑 and the master controller programmed to send these parameters, i.e. 𝐴,𝜔 and 

𝜙 to the local microcontrollers at each joint using the CAN bus communication system. 

Figure 5.1 shows the snake robot performing pedal wave motion on a smooth surface. In 

this experiment 𝜙 was chosen to be equal to 
−2𝜋

 𝑁−1
 to make sure the snake body shape covers 

one full wave at each step-time and two contact points are established while the robot is in 

motion. Moreover, the input voltage was chosen to be 9.4 𝑉, which is higher than the 
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nominal voltage of the servo motor to compensate for the possible voltage drop due to 

transmission. 

The experiment, as demonstrated in Figure 5.1, showed that although a flexible 

element is attached between the motor and the joints, the robot could generate pedal wave 

motion on smooth surfaces and move forward with the use of controller (4.39) with the 

forward speed of 2.8 𝑐𝑚. 𝑠−1. Moreover, this experiment showed the potential of pedal 

wave locomotion mechanism for moving on surfaces with irregularities because as shown 

in Figure 5.1, during the motion, the robot lifts its body part and pushes against the ground 

to move forward, which is a desirable behaviour and can potentially be used for locomotion 

on surfaces with irregularities (See Appendix C, Supplementary Material C.1). 

  
(a) 𝑡 = 0 (b) 𝑡 = 2s 

  
(c) 𝑡 = 4s (d) 𝑡 = 6s 

  
(e) 𝑡 = 8s (f) 𝑡 = 10s 

Figure 5.1. Snake robot progression with pedal wave motion with 𝐴 =
𝜋

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 

𝜙 =
−2𝜋

5
 𝑟𝑎𝑑 and average speed of 2.8 𝑐𝑚. 𝑠−1. 

To better investigate the performance of the robot while performing pedal wave 

motion, Figure 5.2 is given, shows the error between the relative link angles, i.e. 𝛼𝑗s, and 

the commanded relative link angles generated by gait pattern (4.38). As it can be seen in 
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Figure 5.2, controller (4.39) has been used to track the commanded relative links angles, 

when the maximum error was 18%, due to the flexible element at the joint and the employed 

position controller. When there is a contact between the links and the ground, due to the 

physical obstacle, the robot joint cannot reach to its commanded position. Hence, although 

the error signals seem to follow similar patterns, this error cannot be compensated. This 

means that the error between the commanded and measured joint angle increases during the 

contact and as the third joint is closer to the centre of mass of the robot the position error of 

the middle joint is the highest. This might not be a desired behaviour, when accurate position 

control is required, (such as a manipulation task with a robotic arm equipped with SEA, see 

[110] for more details). However, the most important factor in snake-like locomotion is the 

interaction between the robot and the environment. Hence, it is worthwhile to still use the 

position control with motor side measurements and estimate the external contact force by 

measuring the deflection of the elastic element. In the next chapter, we will show that such 

torque feedback signal obtained by measuring the deflection of the elastic element can be 

used for effective pedal wave motion generation on surfaces with irregularities.  

 

Figure 5.2. Performance of the position controller (4.39) while performing pedal wave motion with 

𝐴 =
𝜋

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =

−2𝜋

5
 𝑟𝑎𝑑. 

To estimate the torque feedback signal, an elastic element with higher stiffness and 

a magnetic encoder with higher resolution could be used. However, using an elastic element 

with lower stiffness can better protect the servo-motors from excessive external forces due 
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to the repetitive contact with the environment. Moreover, although such compliance can 

affect the performance of the controller, it provides intrinsic adaptability due to the joint 

capability to flex, which can be advantageous in unstructured environments. 

5.3 Simulated Snake Robot Pedal Wave Motion on Smooth 

Surfaces  

To show the accuracy of the equations of motion presented in (4.35) and examine 

the reliability of such model to capture the fundamentals of pedal wave motion, the 

equations of motion (4.35) were implemented in MATLAB (2017, The Mathworks). 

Controller (4.39) then employed as the joint controller to track gait equation (4.38), where 

the gait parameters were selected to be the same as the experiment shown in Figure 5.1, 

i.e., 𝐴 =
𝜋

6
 𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =

−2𝜋

5
 𝑟𝑎𝑑. Figure 5.3 shows the pedal wave 

motion, with the simulation parameters given in Table 5.1. (See Appendix C, 

Supplementary Material C.1). 

As it can be seen in Figure 5.3 the model has been successfully used to simulate the 

pedal wave motion of the modular snake robot with SEAs moving on a smooth surface with 

the same physical parameters of the real snake robot, which unlike existing works, such as 

[69] is the only model that takes into account the joint flexibility. An important 

consideration is that, the simulation step time is chosen to be sufficiently small to make sure 

the fast dynamics of the system, i.e., last 𝑁 − 1 rows of (4.35) are being captured. Moreover, 

one should note that using a spring damper contact model, the link should penetrate the 

object to calculate the contact forces. Hence, to make sure that during the simulation of the 

pedal wave motion on the ground, the potential energy will not become negative, it is 

assumed that the links will come into contact with the ground when 𝑧𝑝𝑘 ≤ 0.01𝑚. 
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 -0.5 0 0.5 0.75  

X (m) 

 
(a) 𝑡 = 0 

 
(b) 𝑡 = 2s 

 
(c) 𝑡 = 4𝑠 

 
(d) 𝑡 = 6𝑠 

 
(e) 𝑡 = 8𝑠 

 
(f) 𝑡 = 10s 

Figure 5.3. The simulated snake robot pedal wave motion with 𝐴 =
𝜋

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 

𝜙 =
−2𝜋

5
𝑟𝑎𝑑, where the large blue circles denote the joints, tip of the head and the tail module and 

the small red circles denote the centre of mass of the links. 

Table 5.1 Simulation parameters  

Sampling time 0.0001𝑠 

PD tracking controller gains 
𝐾𝑝 = 60 𝑁.𝑚. 𝑟𝑎𝑑−1 

𝐾𝐷 = 25 𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1 

Spring-damper contact model parameters 

𝜇𝐶 = 0.6 

𝓀 = 550 𝑁.𝑚−1 

𝒹 = 10 𝑁. 𝑠.𝑚−1 

Parameters of the robot 

𝑚𝑟 = 0.02 𝑘𝑔 

𝑚𝑙 = 0.15 𝑘𝑔 

𝐽𝑙 = 1.52 𝑒−5 𝑘𝑔.𝑚2 

𝐽𝑟 = 2.45𝑒−7 𝑘𝑔.𝑚2 
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Considering the simulation results, one can comment on the validity of the obtained 

equations of motion, by comparing the measured torque signal by the one obtained from the 

simulation model as this captures the dynamic interaction between the robot and the 

environment that results in motion. For this purpose, the torque signal obtained by 

measuring the deflection of the elastic element of joint 2, joint 3 and joint 5 of the robot 

recorded and as shown in Figure 5.4 have been compared with the torque signal obtained 

from the simulation. 

 

(a) Head module (joint 5), measured and simulated torque signal. 

 

(b) Middle body module (joint 3), measured and simulated torque signal. 

 
(c) Joint 2, measured and simulated torque signal. 

Figure 5.4. Comparison of the torque signal measured by the elastic element from the simulation 

and experimentation with the physical robot with 𝐴 =
𝜋

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =

−2𝜋

5
 𝑟𝑎𝑑. 
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As can be seen in Figure 5.4, the experimental data closely resembles the simulation 

data with some expected error. To better quantify the error between the simulation and 

experimentation results, Figure 5.5 is provided showing the torque signal of all joints 

obtained from the simulation and experiment plotted together, where the best linear fit is 

shown and the correlation coefficient R (see Appendix B) indicating the similarity between 

the signals is calculated to be 0.8336. As it can be seen in Figure 5.5, there is some error 

due to the complexity of the modelling and the required assumptions. The differences 

between the model and the actual robot primarily stem from the difficulty in accurate 

modelling of the contact forces. Other reasons potentially responsible for the inaccuracy of 

the simulation model are the uneven distribution of the mass within the links, varying 

characteristics of the elastic element due to change in the room temperature and the assumed 

uniform friction property of the surface. 

 

Figure 5.5. The regression result, showing the measured torque data of every robot joint during 

one period obtained from the simulation and experimentation. 

Although there exist some expected discrepancy between the model and the robot, it 

can be seen from Figure 5.4, that in both the simulation and experimentation with the 
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physical robot, joint 3, which is closer to the centre of mass of the robot should generate 

more output torque relative to joint 5 and joint 2, which are far from the centre of mass of 

the robot. This result, which is also mentioned in [83], shows that despite some expected 

differences, the simulation model has successfully predicted the behaviour of the robot 

performing pedal wave motion.  

Another important result is that the motor output toque can be approximated by the 

torque signal measured by the elastic element as discussed in Section 4.7.  Figure 5.6, shows 

these two quantities plotted together for every joint of the simulated snake robot performing 

pedal wave motion, where correlation coefficient R is calculated to be 0.9972. 

 

Figure 5.6. Comparison between the measured torque signal by the elastic element of each module 

with the commanded motor output torque for simulated pedal wave motion with 𝐴 =
𝜋

6
 𝑟𝑎𝑑, 𝜔 =

𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =
−2𝜋

5
 𝑟𝑎𝑑. 

As can be seen in Figure 5.6, the motor torque and the torque signal measured with 

the elastic element have a great degree of similarity as expected from model (4.35). This is 
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very important and will be used in the next chapter for designing the pedal wave motion 

controller based on motor torque feedback. 

 

5.4 The Effect of Gait Parameters on the Average Speed of 

Pedal Wave Motion 

To further examine the validity of the simulation model, it is critical to compare the 

average speed of the robot obtained from the simulation and experimentation with the 

physical robot as a result of varying the gait parameters. The result of this experiment is 

shown in Table 5.2, where the average speed of the robot is calculated by measuring the 

distance the robot has travelled in 10 seconds. It should be noted that in the experiment, 𝜔 

was selected to be constant and equal to 𝜋 𝑟𝑎𝑑. 𝑠−1. The reason for constant 𝜔 is that the 

body shape of the robot can be determined by knowing the amplitude and the spatial 

frequency of the gait pattern and increasing the frequency of the wave clearly makes the 

robot move faster, without changing the body shape of the robot. 

From Table 5.2, one can see that the speed of the robot predicted by the simulation 

model is close to the experimentation results with some expected error, where the highest 

error (38.7%) is for the case with 𝐴 =
𝜋

6
, 𝜙 =

−2𝜋+0.4

5
 , the lowest error (4%) obtained when 

𝐴 =
𝜋

3
, 𝜙 =

−2𝜋−0.4

5
 and the average error obtained to be 22.2%.  

Four major factors are mainly responsible for such error. The most important reason 

for the discrepancy between the average speed obtained from the simulation and 

experimental result is that due to the computation limitation, only certain points on the robot 

(i.e. the joints, the tip of the head and tail module) can be checked at each step time for the 
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possible contact with the ground. The second factor is the effect of the mass of the cable 

connecting the snake to the power supply, which even in some cases observed to have an 

effect on the direction of the motion. The third factor is slipping between the robot links and 

the ground, which has considerable effect on the forward speed of the robot, which can be 

minimized by decreasing the speed or increasing the frictional characteristics of the robot. 

The final reason is that the average velocity is obtained when the robot moving forward for 

ten seconds. This means the error between the simulation and the physical robot will be 

accumulated, which results in a relatively poor prediction of average robot speed compared 

to the motor torque measurement comparison results. 

Table 5.2 The average speed of the robot (𝑐𝑚. 𝑠−1) 

obtained from the simulation (S) and experimentation (E) 

by varying gait parameters 𝐴 and 𝜙. 

 

Amplitude 

𝐴 =
𝜋

6
 𝐴 =

𝜋

4
 𝐴 =

𝜋

3
 

Phase shift S E S E S E 

𝜙 =
−2𝜋 − 0.4

5
 1.9 3.1 2.9 4.1 5.9 6.2 

𝜙 =
−2𝜋

5
 1.8 2.8 3.3 4.7 4.9 5.8 

𝜙 =
−2𝜋 + 0.4

5
 1.7 2.7 3.1 4.5 4.6 6.0 

 

Additionally, as a result of experimentation and simulation, it can be concluded that 

increasing the amplitude of the wave, the speed of the robot increases. Moreover, from the 

experimentation and simulated motion of the robot it was possible to see that the point of 

contact moves along the body of the snake periodically, which resembles the parodic contact 

between a rotating wheel and the ground. Hence, one can intuitively model pedal wave 
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motion performed by the snake robot as the motion of a wheeled mobile robot along a 

straight line, where the number of wheels, i.e. number of contact points at each time, 

depends on 𝜙, the radius of wheels depends on 𝐴 and the rotational velocity of wheels 

depends on 𝜔 (see Figure 5.7). This makes it easy to intuitively understand the effect of gait 

parameters on the forward speed of the robot. For example, to increase the speed of the 

snake robot one can increase the amplitude of the sinusoidal gate, which is limited by the 

mechanical design of the robot (i.e.𝐴𝑚𝑎𝑥 =
𝜋

3
) or the temporal frequency 𝜔 as long as 

satisfactory tracking can be guaranteed. 

 

Figure 5.7. The simplified pedal wave motion model. 

5.5 The Effect of Friction on the Snake Robot Pedal Wave 

Motion  

Another important experimentation is to investigate the effect of varying the friction 

property of the surface to obtain more insight into pedal wave motion of the simulated and 

physical robot. As it can be seen in Figure 5.8, an experiment was designed, where the robot 

is first moving on the top of a high friction surface (black plate) with 𝜇𝐶 = 0.82 and then 

on a low friction surface with 𝜇𝐶 = 0.40, where the friction coefficients are obtained 

experimentally using a force sensor measuring the required force to drag an object with a 

known weight on each surface. 
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 From the experiment, it could be seen that the forward velocity of the robot on the 

surface with higher friction was approximately 20.3% higher than the velocity on the lower 

friction surface. Considering (4.35), one may expect that the velocity of the robot on high 

friction to be almost two times higher than the velocity on the lower friction surface as the 

external force in X direction linearly depends on 𝜇𝐶. However, both the simulation results 

(13.7 percent increase) and experimental results suggested that, increasing the friction 

between the robot will cause the forward velocity to increase, but they are not linearly 

proportional. This suggests that in the future development of the robot, using materials with 

to cover the surface of the modules to increase the friction between the robot links and the 

environment is advised. 

  

(a) 𝑡 = 0 (b) 𝑡 = 3s 

  
(c) 𝑡 = 6s (d) 𝑡 = 9s 

  
(e) 𝑡 = 12s (f) 𝑡 = 15s 

Figure 5.8. Snake robot progression with pedal wave motion with 𝐴 =
𝜋

4
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 

and 𝜙 =
−2.2𝜋

5
 𝑟𝑎𝑑 first on high friction (black) and then on low friction surface. 
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As can be seen in Figure 5.9, after 7.5s, when the head module is touching the surface 

with low friction, the magnitude of the negative peaks of the torque signal have decreased 

slightly by about 2%. This phenomena was also observed in the experimental data, where 

the peak decreased by at least 4%, when moving from the high friction to low friction, which 

could be due the servo motor pushing harder against the ground and consequently exerting 

more torque on the surface with high friction. This result shows that such model is reliable 

enough for development, investigation and understanding of the pedal wave motion and can 

capture the fundamentals of such complex motion with reasonable accuracy. These results 

also support the idea that environmental contact forces and inadequate accuracy to model 

the friction are the main reasons why the simulation model cannot accurately model the 

physical snake robot.  

 

 Figure 5.9. Comparison between the torque signals experimentally measured by the elastic 

element of the head joint (joint 1) and the same quantity obtained from the simulation. 

The experimental results presented in this chapter, showed that the snake robot 

developed with SEA is an effective robotic mechanism, which can generate pedal wave 

motion. The simulation results also showed that such complicated motion can be described 
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by the developed equations of motion in (4.35) with expected discrepancies and the model 

can capture the fundamentals of pedal wave motion. Thus, it provides us with a powerful 

tool to investigate pedal wave motion in more details. 

5.6 Summary 

In this chapter, the position control (4.39) was implemented on both the physical robot and 

the simulated model to generate pedal wave motion on smooth surfaces. It was shown that 

such controller can be used successfully to generate pedal wave motion by both the 

simulated and experimental model on smooth surfaces. Moreover, simulation and 

experimental results were compared, which demonstrated an acceptable level of model 

accuracy, where correlation coefficient R indicating the similarity between the signals was 

calculated to be 0.8336. The effect of gait parameters on the pedal wave motion of the robot 

were examined, which showed that the average speed of the robot predicted from the 

simulation was 22.2% lower than the speed obtained from the experimentation mainly due 

to the inaccuracy of contact modelling. The effect of friction on the motion of the robot was 

investigated, which showed that the robot average speed is positively correlated with the 

friction coefficient of the surface supported by both the simulation and experimentation 

results. 
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6                                                               
LOCAL STIFFNESS CONTROL 

STRATEGY FOR PEDAL WAVE 

LOCOMOTION ON SURFACES 

WITH IRREGULARITIES  
 

 

 

 

 

 

6.1 Introduction 

Although pedal wave locomotion on smooth surfaces can be generated using a pre-defined 

gait pattern with a fixed set of parameters (see Figure 5.1), such a strategy without being 

accompanied by environmental sensory data is not very effective on uneven terrain. Taking 

advantage of the snake robot with SEAs, it is possible to use the torque signal measured 

with the elastic element as an environmental feedback signal and incorporate it into the 

snake robot controller to achieve effective pedal wave motion on surfaces with irregularities. 
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However, designing a control concept enabling effective incorporation of this feedback 

signal into the snake robot controller is challenging. 

In this chapter, a straight-forward method based on admittance control concept is 

introduced to incorporate the motor torque signal into the snake robot controller for 

producing pedal wave motion on surfaces with irregularities. Employing this distributed 

admittance controller, it will be shown that the robot joint stiffness can be controlled using 

motor torque feedback signals measured by the elastic elements enabling active control of 

the dynamics of the interaction between the robot and the environment. Finally, we 

experimentally investigate the effectiveness of such control scheme and evaluate its efficacy 

for achieving adaptive pedal wave motion to climb over a step-like obstacle. 

 

6.2 Local Stiffness Control Strategy: Motivation 

In contrast to lateral undulation, in which the robot body is always in contact with the 

ground, in pedal wave motion and sidewinding [111] (3D generalization of pedal wave 

motion), the robot lifts its body sections periodically off the ground and pushes against the 

ground using the rest of its body to move forward. The fact that the robot lifts its body makes 

pedal wave motion an ideal locomotion pattern for climbing over an obstacle located on the 

robot path as a very common scenario in real word environments. 

Figure 6.1 illustrates the body shape of a 2D snake robot with five joints, performing 

pedal wave motion at a particular instance in time, where X, Z are the global coordinate 

frames, 𝛼𝑖s are the relative joint angles, 𝑙𝑖 is the 𝑖𝑡ℎ body link, 𝑙2,6 are assumed to be in 

contact with the ground at points 𝑝1and 𝑝2, (𝑥𝑐, 𝑧𝑐) locates the centre of mass of the robot 
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and there is a stair-like obstacle on the robot path, which the robot should climb over to 

move forward. 

 

Figure 6.1. Body shape of a six link snake robot during pedal wave motion. 

This locomotion mechanism has some similarities with legged locomotion, in which 

the foot comes into contact with the ground and normal reaction and friction forces are the 

main propulsive forces, moving the robot forward. However, unlike locomotion on smooth 

surfaces, achieving such motion patterns on uneven surfaces is challenging. Because the 

robot might be stuck, when the environmental forces in X direction partially cancel each 

other or might roll-over to one side when the projection of the centre of mass along the 

direction of gravity leaves the convex hull of the contact points. 

 Recently, it has been shown that human runners, can control their leg stiffness in 

response to varying terrain conditions for disturbance rejection [27] passive stability [112] 

and higher efficiency [113]. The analogy between the human walking and pedal wave 

motion of snake robots, suggests that stiffness control strategy can also be useful for 

achieving pedal wave locomotion on surfaces with irregularities using the designed snake 

robot with SEAs presented in this thesis. Employing such a strategy, it is possible to actively 
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control the interaction between the robot links and the environment using motor torque 

feedback signal and achieve compliant motion on uneven surfaces. This makes such strategy 

a straightforward method to incorporate the torque signal measured with the elastic element 

into the snake robot controller to modulate the joint angle position references and achieve 

pedal wave motion on surfaces with irregularities. 

 

6.3 Local Stiffness Control Design for Modular Snake Robots 

with SEAs 

Considering the output torque feedback signal, measured by the SEA, it is possible to 

control the dynamical relation between the joint positions and the applied external forces to 

the environment [114]. This can be achieved employing a cascade controller, where the 

outer control loop modulates the reference for the inner control loop using motor torque 

feedback signal. If the inner control loop is a position/force controller and the outer control 

loop is chosen to be a force/position controller, the resulting control structure is called 

admittance/impedance control [115]. This means that, instead of pure position or force 

control, such structure controls the relationship between these two quantities to impose a 

certain behavior, such as a spring with desired stiffness. This can be extremely useful in a 

snake robot pedal wave locomotion to achieve effective motion by actively controlling the 

dynamical interaction between the robot and the environment. 

To design a stiffness controller for the snake robot to achieve pedal wave motion on 

surfaces with irregularities, we propose a local stiffness control strategy, i.e. the position 

control loop is closed at motor angle level, with the block diagram shown in Figure 6.2, 

where 𝐾𝑑 is the desired stiffness of the joints, 𝐶𝑝 is the PD position controller (4.39), K is 
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the stiffness of the elastic element, 𝜷 = [𝛽1, 𝛽2, … , 𝛽𝑁−1]
T is the vector of relative rotor 

angles, 𝜶𝑑is the is the vector of desired relative link angles generated by gait equation 

(4.38),  𝜶𝑠 = 
K−𝐾𝑑

𝐾𝑑
 𝝉𝐽 representing the desired admittance, 𝜶 is the is the vector of relative 

joint angles and 𝝉𝐽 is the vector of servo motors measured output torque signal. 

 

Figure 6.2. Snake robot local stiffness control block diagram. 

As it can be seen in Figure 6.2, gait pattern (4.38) is still used to generate the desired 

joint angles. The reason is that although predefined gait patterns are not useful on uneven 

surfaces, considering the complexity of the motion and hyper redundancy of the snake robot, 

such gait pattern can be used to efficiently generate the desired joint angles. However, unlike 

controller (4.39), which was a pure position controller, the controller in Figure 6.2 uses the 

measured motor torque 𝝉𝐽 in the outer force control loop to modulate the reference position 

of the inner position control loop depending on the value of control gain 𝐾𝑑, i.e. the desired 

stiffness. 

Another important consideration about the controller in Figure 6.2, is the bound on 

𝐾𝑑 , which should be imposed to guarantee the stability of the closed loop system. To obtain 

such a bound, it is enough to check the passivity of the impedance relation, 𝑍(𝑠) =
−𝝉𝑱

𝜶̇
 , 
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making sure the output energy of the system will not become greater than its input energy 

[114]. For the snake robot with identical joints, we can obtain such condition for one joint 

and consider the whole system as the connection of passive elements. Hence, it is possible 

to use the well-known stability condition of admittance controllers stating that the desired 

stiffness must be higher than the stiffness of the attached elastic element (i.e. 𝐾𝑑 <K). 

Otherwise, it behaves as a spring with negative spring constant, which is not physically 

possible. 

6.4 Experimental results for local stiffness control strategy  

To better show how the proposed controller works in practice, the controller structure shown 

in Figure 6.2, was implemented on the snake robot. 𝐶𝑝 was chosen to be the controller in 

(4.38) and 𝜶𝑑 was generated as follows: 

𝜶𝑑 = 𝑨𝑠𝑖𝑛(𝜔𝑡)  (6.1) 

where 𝑨 = [0,0, … ,0,
𝜋

4
]
𝑁

𝑇

, 𝑁 = 5, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1. Hence, only the head module oscillates 

and other joints will remain stationary enabling investigation of the effect of stiffness control 

(varying 𝐾𝑑) on a single joint of the robot. (See Appendix C, Supplementary Material C.2 

showing the experiments for a single joint with 𝑨 = [0,0, … ,0,0]𝑁
𝑇 ). 

As shown in Figure 6.3.b the joint will be at rest on the ground when 𝛼5 = 0, is free 

to move when 𝛼5 > 0 and will push against the ground (i.e. reaction force 𝝉𝑱 will be exerted 

on the link) when 𝛼5 < 0. During the test, the values of 𝐾𝑑 was changed, after five complete 

cycles while the joint was in motion to collect enough samples to investigate the effect of 

varying joint stiffness on the joint angle. The measured motor angle then recorded while 

sampled at 1KHz as shown in Figure 6.3.b. 
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(a) Experiment setup 

 

(b) Effect of 𝑲𝒅 on joint angle 𝛽5. 

Figure 6.3. The effect of varying joint stiffness on motion of the head module.  

As can be seen from Figure 6.3.b, the servo motor starts to oscillate with 𝐾𝑑 = K =

1.75 while successfully tracking the commanded motor angle. This means that at the 

beginning of the experiment, where 𝐾𝑑 = K, the robot pushes against the ground and no 

matter how much is the reaction force, the servo motor is only in position control mode and 

𝜶𝑑 ≅ 𝜶 = 𝜷. On the other hand, when the value of  𝐾𝑑 changes to 0.5K, the joint still tracks 

the commanded trajectory when there is no environmental torque, however when 𝛼5 < 0, 
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the joint pushes against the ground and because 𝝉𝑱 ≠ 0  the admittance control comes into 

effect and depending on the value of  𝐾𝑑 the actual joint angle deviates from the commanded 

trajectory, thus 𝜶𝑑 ≠ 𝜶 ≠ 𝜷. Consequently, this experiment shows that by changing the 

joint stiffness, the joint angle can adaptively change during the motion of the robot based 

on the contact forces from the environment even when 𝜶𝑑 (i.e. gait parameters) remain 

constant. 

To examine the effect of stiffness control strategy shown in Figure 6.2, on the pedal 

wave motion of the robot, another experiment is designed. In this experiment, 𝐶𝑝 is chosen 

to be the controller in (4.38) and 𝜶𝑑 is generated based on the pedal wave motion pattern 

(4.38) with 𝐴 =
𝜋

4
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =

−2𝜋

5
𝑟𝑎𝑑 to enable the robot to move over an 

obstacle with height 36mm and width 107mm located on the robot path as shown in 

Figure 6.4. The experiment was conducted on the robot starting from a same initial position 

relative to the obstacle and repeated five times with 𝐾𝑑 = K,
K

2
 ,

K

3
 ,

K

4
 , … ,

K

10
, (K is the 

stiffness of the elastic element) to investigate the effect of varying joint stiffness. 

As a result of the test, the control strategy with 𝐾𝑑 =K (without stiffness control) 

proved to be totally ineffective in every trial, due to the robot getting stuck or the whole 

robot “rolling-over” to one side. On the other hand, the stiffness control strategy with 𝐾𝑑 =

K

6
  proved to be effective and enabled the robot to traverse over the obstacle in every five 

trials, where by average it took 24.6s for the whole robot to move over the obstacle (See 

Appendix C, Supplementary Material C.3). 

Figure 6.4 shows this experiment, where the robot successfully moves over a stair-

type obstacle with the height of 55% of the diameter of snake robot modules, where the blue 

plate attached to the top of the obstacle is only for higher friction and to avoid slipping and 
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was consistent for every experiments. As can be seen in Figure 6.4, the robot is actually 

touching the obstacle and moving over it, instead of trying to avoid collision. Moreover, the 

robot was not provided with any information about the position or dimension of the obstacle 

or any other type of feedback signal other than the motor output torque. Hence, the side 

stability is achieved only because of the compliance of the joints. However, it should be 

mentioned that, in case the amplitude of the wave, i.e. 𝐴, is small compared to the height of 

the obstacle, visual feedback from the head module camera should be combined with the 

presented method to increase the amplitude of the wave if necessary. 

  

(a) 𝑡 = 0 (b) 𝑡 = 3s 

 

 

(c) 𝑡 = 6s (d) 𝑡 = 9s 

  

(e) 𝑡 = 12s (f) 𝑡 = 15s 

  

(g) 𝑡 = 18s (h) 𝑡 = 21s 

 

 

(i) 𝑡 = 22s (j) 𝑡 = 24s 

Figure 6.4. The robot climbing over an obstacle  
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The compliance of the joints in this experiment plays the most important role to 

achieve adaptability. In this test, once the robot touches the obstacle, the motor torque 

signal, measured by the elastic element will be treated as a feedback signal, as shown in 

Figure 6.2 to alter the commanded joint angles, this is also evident in the experiment shown 

in Figure 6.3.b where changing the joint stiffness resulted in adaptation of the joint 

trajectory. Hence, as the result of using this control strategy the robot joints behave like a 

virtual spring (in response to external forces), for which stiffness can be varied actively. 

An important result of this experiment was that side stability is the most critical issue 

limiting the capabilities of the snake robot pedal wave motion on surfaces with irregularities. 

This experiment showed that on uneven surfaces the robot can easily roll over to one side 

when moving over the obstacle because of the lack of side stability due to narrow width of 

the robot links and uneven distribution of the mass within each link. This was not an issue 

with the pedal wave motion on a smooth surface, because the robot traverses on a straight 

line and the centre of mass of the robot will be located inside the convex hull of the contact 

points. However, on surfaces with irregularities, this is a major concern, which the proposed 

stiffness control strategy partially address by decreasing the amplitude of the oscillation of 

the joints as shown in Figure 6.3. Hence, the centre of mass of the robot (located 

approximately in the middle of the robot) remains closer to the ground compared to the 

open-loop control strategy, which increases the side stability in return.  

Although local stiffness control strategy partially solved side instability issue, further 

experimentation proved that side stability in more challenging environments needs to be 

addressed more effectively. In these environments, the robot could be in contact with several 

surfaces, i.e., the ground, sides of the obstacles and top of the obstacles at the same time. 

Hence, even using the local stiffness control strategy, the snake robot can easily roll over to 
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one side (See Appendix C, Supplementary Material C.4). This suggests that, further research 

leading to the design of an effective controller enabling the robot to deal with single and 

multiple obstacles is still required. These developments will be discussed in more details in 

the next chapter. 

 

6.5 Summary 

As a straightforward method to incorporate the measured motor torque signal and 

inspired by human walking, we proposed the local stiffness control method for effective 

pedal wave motion on surfaces with irregularities. To investigate the effectiveness of such 

active stiffness control strategy, an admittance controller was designed and implemented, 

and its effect studied in a single joint of the robot, which showed that by changing joint 

stiffness, the trajectory of the joint can be changed in response to external forces. Such a 

controller was implemented on the snake robot, which enabled the robot to successfully 

climb over an obstacle with the height of 55% of the diameter of snake robot modules, which 

was not possible with open loop controller. This showed that compliance is indeed an 

effective strategy for generating effective pedal wave motion for climbing over a single 

obstacle. Experimentations were also conducted to examine the effect of such control 

strategy in environments with multiple obstacles, which suggested that the proposed 

controller needs to be modified to make sure it can be employed in more challenging 

environments. 
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7                                                               
TAIL-LEADING STIFFNESS 

CONTROL STRATEGY FOR 

PEDAL WAVE LOCOMOTION 

ON SURFACES WITH 

IRREGULARITIES  
 

 

 

 

 

 

7.1 Introduction 

The local stiffness control discussed in the previous chapter was designed with the use of 

local torque feedback signals and an admittance control scheme, which enabled the robot to 

climb over a single obstacle. However, experimentation showed that using this strategy the 

snake robot cannot effectively deal with multiple obstacles due to the robot rolling over to 

one side. This suggested that more effective control strategies enabling the robot to perform 

pedal wave motion in environments with multiple obstacles are required to be designed. 
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In the local stiffness control discussed in Chapter 6, the motion of each joint was 

generated independent of the motion of other modules. Hence, the motor output torque 

measured by the elastic element at each joint could only modulate the corresponding joint 

reference position. However, it is possible to use the vector of joints measured position and 

propagate it along the snake robot body (with the use of CAN bus system) to potentially 

generate more effective pedal wave motion in environments with multiple obstacles. Thus, 

in this chapter, we propose an extended stiffness control scheme by establishing a feedback 

connection between the consecutive joints and present simulation and experimental results 

to analyse and examine this strategy. 

 

7.2 Tail-Leading Stiffness Control (TSC) Strategy 

In the local stiffness controller proposed in the previous chapter, the measured motor torque 

signal was only used in the controller of the same joint. Moreover, in this controller, the 

reference joint angles were generated by a gait pattern without any feedback connection. 

Thus, there was no coordination between the oscillations of each joint. However, 

coordination between the joints motion while traversing the obstacles can potentially 

improve the performance of the robot on surfaces with irregularities as the joints receive 

information about the environment through the position feedback connection between the 

joints. 

To overcome the aforementioned issues, we propose an extended stiffness controller, 

named Tail-Leading Stiffness Control (TSC). In this strategy, the joint reference angle for 

the servo motor at the tail module is generated based on the following sinusoidal wave:  
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𝛼1
𝑑 = 𝐴 𝑠𝑖𝑛(𝜔𝑡)  (7.1) 

where 𝐴 is the amplitude and 𝜔 is the frequency of the wave, which similar to (4.38), doesn’t 

require any environmental feedback signal. 

However, in TSC strategy the position reference for 𝑗th joint is designed to be 

generated based on the following differential equation: 

𝑀𝑑𝛼̈𝑗
𝑑 + 𝐷𝑑𝛼̇𝑗

𝑑 + 𝐾𝑑(𝛼𝑗
𝑑 − 𝛼𝑗−1) = −𝐾𝜏𝜏𝑗 (7.2) 

where 𝑗 = 2, 3, … , 𝑁 − 1, 𝛼𝑗
𝑑is the reference angle for 𝑗th joint, 𝛼𝑗−1 is the measured joint 

angle of the previous joint, 𝑀𝑑, 𝐷𝑑 and 𝐾𝑑 are the desired inertia, damping and stiffness, 

respectively, and 𝐾𝜏 is the controller gain to be chosen. 

From (7.1), it can be seen that, the first joint reference angle (tail module), is being 

generated based on a sinusoidal wave, without any feedback from the neighbouring joints 

or the environment. However, the reference joint angle of other joints (𝛼𝑗
𝑑) is being 

generated based on (7.2) with a feedback from measured joint angle of their preceding joint 

(𝛼𝑗−1). This means that for 𝑗 = 2, 3, … , 𝑁 − 1, (7.2) generates 𝛼𝑗
𝑑 (the desired joint angle), 

by tracking 𝛼𝑗−1. However, this is a special tracking controller, which also uses the motor 

torque signal 𝜏𝑗  to modulate the reference joint angle. This view of (7.2) suggests 

that 𝑀𝑑 , 𝐷𝑑 and 𝐾𝑑 should be tuned to avoid undesirable behaviours, such as overshoot, 

steady state error and large settling time to make sure each joint can track the joint angles 

of the previous joint to generate desired net motion. 

Equation (7.2) can also be seen as an admittance controller [116]. Hence, 𝑀𝑑 , 𝐷𝑑 and 

𝐾𝑑 are desirable inertia, damping and stiffness. This view, which is more in harmony with 
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the local stiffness control method presented in the previous chapter, suggests that by 

changing 𝑀𝑑, 𝐷𝑑 and 𝐾𝑑, it is possible to control the dynamics of interaction between the 

joints and the environment. For example by increasing 𝐾𝜏, while keeping 𝐾𝑑 constant the 

joint will become more compliant, because the measured feedback 𝜏𝑗 , causes the generated 

joint position to deviate more from its reference position. The block diagram of this 

controller is shown in Figure 7.1. 

 

(a) The designed controller for the tail module (first module). 

 

(b) The designed controller for 𝑗th joint, where 𝑗 = 2, 3, … , 𝑁 − 1. 

 

  

Figure 7.1. The block diagram of Tail-Leading Stiffness Control (TSC) strategy. 

As can be seen in Figure 7.1, the measured motor torque signal is fed into (7.2) to 

modulate the reference for the inner position control loop, similar to a conventional 

admittance control scheme. Moreover, as shown in Figure 7.1 the reference joint angle (𝛼𝑗
𝑑) 

is generated using the feedback from the previous-joint position (𝛼𝑗−1), employing a same 

type of controller. Hence, TSC strategy allows the joint angles modulated by the torque 

feedback signal to be propagated from the tail to head using a position feedback from 
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consecutive joints. Appendix C, Supplementary Material C.5, shows the external force 

exerted on a single joint of the robot modulates the position of that joint, which also 

propagates along the snake robot body. 

7.3 TSC Strategy: Simulation-based Analysis 

The presented dynamical model in (4.35) is an effective tool allowing to investigate 

the fundamentals of TSC strategy on surfaces with irregularities (See Figure 4.4, showing 

how the proposed contact model can be employed to model these environments). To achieve 

this goal, TSC strategy is implemented on the robot in the simulation environment with an 

obstacle with the height of 36mm and width 107mm located 150mm away from the tip of 

the head module with the simulation parameters presented in Table 5.1. To better examine 

the fundamentals of the TSC strategy with combined stiffness control and position feedback, 

the open-loop controller based on gait pattern (4.38) is also implemented on the simulated 

snake robot. The parameters of these controllers are shown in Table 7.1 and the resulted 

motions are shown in Figure 7.2. 

Table 7.1 The parameters of the tested controllers. (All 

units are in SI, unless specified) 

Controller Parameters 

Open-loop controller 

based on gait pattern (4.38) 

𝐴 =
π

6
 

𝜔 = 𝜋 

𝜙 =
−2𝜋

5
 

TSC strategy 

 

𝐴 =
π

6
 

𝜔 = 𝜋 

𝑀𝑑 = 1 

𝐷𝑑 = 4 

𝐾𝑑 = 12 

𝐾𝜏 = 5 
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   −0.5𝑚  0  0.5𝑚  1𝑚   

     x      

 
(a) 𝑡 = 0 

 
(b) 𝑡 = 6s 

 
(b) 𝑡 = 12s 

 
(d) 𝑡 = 18s 

 
 (d) 𝑡 = 24s 

   
 (e) 𝑡 = 30s 

 
(f) 𝑡 = 36s 

 
(g) 𝑡 = 42s 

 
(h) 𝑡 = 48s 

 
(h) 𝑡 = 54s 

 
(h) 𝑡 = 60s 

 
(h) 𝑡 = 66s 

Figure 7.2. Comparison between pedal wave motions generated by TSC strategy (blue) and Open-

loop controller based on gait pattern (4.38) (red). 
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Figure 7.2 shows the pedal-wave motion of the snake robot climbing over the 

obstacle with TSC strategy (blue) and the open-loop controller based on gait pattern (4.38) 

(red) with the parameters shown in Table 7.1 As it can be seen from the results, the simulated 

robot has successfully climbed over the obstacle with the use of both control strategies, 

where the amplitude and the time frequency of the generated waves were the same. 

However, TSC strategy with the specified control gains, enabled the robot to climb over the 

obstacle with 25.6% higher average speed compared to open-loop controller based on gait 

pattern (4.38). 

Figure 7.3 is provided, which shows the joint angles of three joints of the robot (for 

𝑡 between 0 to 25𝑠𝑒𝑐) compared to the open-loop controller. As it can be seen in Figure 7.3 

using both TSC strategy and the open loop controller the motor angle of the first joint (Tail 

module) remains unchanged as it generates the oscillatory motion to be propagated along 

the body.  However, the motor angle of the third and the head module generated based on 

TSC strategy differ from the ones generated by the open loop controller in terms of the 

amplitude and phase shift of the waves, which shows that in TSC strategy both the amplitude 

and the phase shift of waves are modulated. 

As it can be seen in Figure 7.2, it is possible to divide the total locomotion time into 

three intervals,𝑇1, 𝑇2 and 𝑇3 to compare the effect of TSC strategy on the snake robot before 

touching the obstacle, while in the contact with the obstacle and when it has completely 

climbed over the obstacle. As it can be seen in Figure 7.4, during 𝑇1 and  𝑇3, when the robot 

is moving on a smooth surface, each cycle of the periodic motor torque signal is identical 

to other cycles within that interval. However, during 𝑇2, which at least one link is in contact 

with the obstacle, it can be seen that the measured motor torque signal is no longer similar 

to the measured motor signal during 𝑇1 and  𝑇3. 
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(a) Measured motor angle of first joint (Tail module). 

 

(b) Measured motor angle of third joint. 

 

(c) Measured motor angle of fifth joint (Head module). 

Figure 7.3. Comparison between the joint motion generated by TSC strategy and open-loop 

controller based on gait pattern (4.38). 

This means that the reference joint angles generated based on (7.2), will be similar 

during 𝑇1 and  𝑇3 (on a smooth surface) and will adaptively change during 𝑇2, when the 
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robot is in contact with the obstacle. This is also shown in Figure 7.5, where the motor joint 

angle of the joint 5 (head module) is presented and intervals 𝑇1, 𝑇2 and 𝑇3 are specified. 

 

Figure 7.4. The motor torque signal measured by the elastic element at the head module for the 

generated pedal wave motion shown in Figure 7.2. 

 

Figure 7.5. The variation of the maximum measured joint 5 motor angle for the generated pedal 

wave motion shown in Figure 7.2. 

As it can be seen from the results, when the robot is moving on a smooth surface, the 

motor signal will be the same in each cycle because the environmental conditions are not 
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changing and therefore controller (7.2) generates the same reference angles (in steady-state). 

However, once the robot encounters an obstacle, there will be irregularities in the measured 

torque signal of each joint, which modulates the reference angles of every joints of the robot.  

 

7.4 TSC Strategy: Experimentation Results 

Although the simulation-based analysis described the fundamentals of the TSC 

strategy, experiments enable to investigate the effectiveness of the proposed TSC strategy 

implemented on the physical robot. One of the main motivations for experimentation is that 

the presented modelling framework only describes the motion in XZ plane and lateral forces 

in Y direction cannot be taken into account. This was not an issue, when simulating the 

pedal wave motion on smooth surfaces. However, on uneven terrain, uneven distribution of 

the mass of the robot within the links and other un-modelled external forces, might cause 

the robot to roll over, which cannot be modelled using the simulation framework. 

 The designed experiment required the snake robot to climb over a single obstacle, 

to be repeated five times as shown in Figure 7.6. The results showed that the robot can 

successfully climb over a single obstacle with the height of 36mm and width 107mm located 

100mm away from joint 5 (head module) with the use of the TSC strategy (with 𝐴 =
π

6
𝑟𝑎𝑑, 

𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝑀𝑑 = 1𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5𝑁.𝑚. 𝑟𝑎𝑑−1 

and 𝐾𝜏 = 6)  in every five trials, where one of these successful attempts is shown in 

Figure 7.6. Experimental results also showed that, local stiffness controller (with 𝐴 =
π

6
𝑟𝑎𝑑, 

𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =
−2𝜋

5
𝑟𝑎𝑑, 

K−𝐾𝑑

𝐾𝑑
= 6) enables the robot to climb over the obstacle. 

However, the open-loop controller based on gait pattern (4.38) (with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 =
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𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =
−2𝜋

5
𝑟𝑎𝑑 ) is totally ineffective because as expected, the robot rolled over 

to one side in every five trials due to side instability (See Appendix C, Supplementary 

Material C.6). 

  
(a) t=0 (e) t=24s 

  

(b) t=6s (f) t=30s 

  
(c) t=12s (g) t=36s 

  
(d) t=18s (h) t=42s 

Figure 7.6. Snake robot climbing over a single obstacle with the use of TSC strategy with 𝐴 =
π

6
 𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝑀𝑑 = 1 𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5 𝑁.𝑚. 𝑟𝑎𝑑−1 

and 𝐾𝜏 = 6. 

To better show the effect of TSC strategy on the snake robot measured motor torque, 

Figure 7.7 is provided, which shows the motor torque signal measured by the elastic element 

at the third and fifth joint of the robot with 𝐾𝜏 = 6. As can be seen in Figure 7.7, during the 

first stage of the motion, the robot is moving on a smooth surface and each cycle of the 
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motor torque signal remains similar to other cycles. However, as the robot touches the 

obstacle (at 𝑡 = 4𝑠), the motor torque values at each cycle no longer have any similarity. 

Hence, the adaptive strategy comes into effect when the robot is in contact with the obstacle 

and on smooth surfaces, where the torque signals at each cycle are the same the parameters 

of the oscillatory motion of the joints generated from (7.2) remain almost constant.  

 

Figure 7.7. Motor torque signal measured by the elastic element for TSC strategy with 𝐾𝜏 = 6. 

As shown in Figure 7.7, similar to the local stiffness controller (also enabled the 

robot to climb over the single obstacle), in TSC strategy the motor torque of the joint closer 

to the middle of the robot (the centre of mass) is higher. Consequently, due to the stability 

of the admittance controller the amplitude of the motion of the middle joints becomes 

smaller compared to the joints far from the centre of mass, which positively affect the 

stability of the robot because the center of mass of the robot remain close to the ground. 

7.4.1 The effect of position feedback in TSC strategy 

To investigate the effect of position feedback in TSC strategy, another experiment is 

carried out in the same environment as shown in Figure 7.6 with 𝐾𝜏 = 0 (other control 

parameters remained unchanged). This allows to investigate the effect of position feedback 
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on the robot motion as torque feedback will not have any effect on the motion, however the 

joints still receive the position feedback signal form the neighbouring joints.  

The results showed that TSC strategy even with 𝐾𝜏 = 0, enables the robot to 

completely climb over the obstacle with the average time of 40.1s (4.6% faster compared to 

the case with 𝐾𝜏 = 6). This showed that the position feedback between the joints even 

without a torque feedback provides some degree of adaptability because unlike the open-

loop gait based controller the snake did not roll over to one side. This experimentation 

showed that, the position feedback between the joints is also a critical factor enabling the 

snake robot to climb over the obstacle without rolling over to one side. When the snake 

robot climb over the obstacle, it will be in contact with different surfaces constraining the 

motion of the robot modules. Hence, the joint motion rarely matches with the commanded 

motion. In TSC strategy each joint follows the joint angle of the previous module. Hence, 

any unexpected changes in the joints motion due to environmental constraints (the obstacle) 

propagates along the body affecting the phase shift between the joints, which has improved 

the side stability of the robot in this experiment. 

To better show the effect of position feedback in TSC strategy, Figure 7.8 shows the 

measured motor angle of the third and fifth joint of the robot using TSC strategy with 𝐾𝜏 =

0 (without torque feedback) and 𝐾𝜏 = 6 (both enabled the robot to successfully climb over 

the obstacle). As can be seen in Figure 7.8, varying 𝐾𝜏 changes the maximum amplitude 

and the phase difference between the generated oscillatory motions of the joints. 

Additionally, each cycle of the oscillatory joint motion is almost similar to the other cycles 

when the robot is moving on a smooth surface during the first (𝑡 = 0 − 4𝑠) and the last 

stage of the motion (𝑡 = 36 − 45𝑠). However, the parameters of the joint motion are 
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modulated based on the torque signal when the robot is in contact with the obstacle (𝑡 =

4 − 36𝑠).   

 

(a) Measured motor angle of the third joint. 

 

(b) Measured motor angle of the fifth joint. 

Figure 7.8. Measured motor angle of the third and fifth joint of the snake robot while climbing 

over the obstacle shown in Figure 7.6. 

Experimental results in Figure 7.8 showed that even for the case with 𝐾𝜏 = 0, there 

is a difference between the motion of the joints at each cycle because of the position 

feedback between the joints. This suggests that TSC strategy even with 𝐾𝜏 = 0 (without 

torque feedback) shows some degree of adaptability because of the position feedback 

connection between the joints. 
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7.4.2 TSC Strategy in environments with multiple obstacles 

Experimentation in the previous section showed that TSC strategy with 𝐾𝜏 = 0 

(without torque feedback) and 𝐾𝜏 = 6 enables the robot to climb over a single obstacle with 

the given dimensions. Moreover, as expected the local stiffness control also enabled the 

robot to climb over the obstacle. Hence, to investigate the importance of torque feedback 

and the possible superiority of the TSC strategy compared to local stiffness control, 

experiments in more challenging environments should be conducted.  

For this purpose, the TSC strategy with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝑀𝑑 =

1𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5𝑁.𝑚. 𝑟𝑎𝑑−1, 𝐾𝜏 = 0 (no torque 

feedback) and local stiffness control with (𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =

−2𝜋

5
𝑟𝑎𝑑, 

K−𝐾𝑑

𝐾𝑑
= 6) were implemented on the robot, where the snake robot was in contact with 

multiple obstacles. The results showed that the local stiffness control and the TSC strategy 

without torque feedback cannot enable the robot to climb over two obstacles and the robot 

rolls over to one side in very five trials (See Appendix C, Supplementary Material C.7). 

However, the TSC strategy with 𝐾𝜏 = 6 (other control parameters remained unchanged), 

enabled the robot to climb over the obstacles within the average time of 27.4s. Figure 7.9, 

shows the snake robot climbing over two obstacles with the specified dimension using the 

TSC strategy with 𝐾𝜏 = 6.  

The results of this experiment showed that the promising performance of the TSC 

strategy is not only due to the position feedback between the joints. And the torque feedback 

is also a critical ingredient of TSC strategy. This is a very important result, because in less 

challenging environments (single obstacles) the experiments showed that TSC strategy 

without torque feedback also enables the robot to climb over the obstacle. However, the 
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results in environments with multiple obstacles confirmed that TSC strategy without torque 

feedback is no longer suitable and torque feedback should also be incorporated.  

  
(a) t=0 (f) t=15s 

  
(b) t=3s (g) t=18s 

  
(c) t=6s (h) t=21s 

  
(d) t=9s (i) t=23s 

  
(e) t=12s (j) t=26s 

Figure 7.9. Snake robot climbing over multiple obstacle with the use of TSC strategy with 𝐾𝜏 = 6. 

(Obstacle 1: 𝔟1 =36mm, 𝔞1 =107mm; Obstacle 2:𝔟2 = 53𝑚𝑚, 𝔞2 = 75𝑚𝑚)  
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The results also showed unlike TSC strategy, the local stiffness control cannot enable 

the robot to deal with multiple obstacles, where the robot can easily roll over to one side. 

This showed that in addition to the stiffness control concept, which both methods take 

advantage of, position feedback between the joints is also a critical ingredient of an effective 

pedal wave motion on surfaces with irregularities. 

Finally, Supplementary Material C.8 is provided showing the snake robot 

successfully climbing over two obstacles, where the dimensions and locations of the 

obstacles were the same as of the experiment shown in Figure 7.9. In this experiment, the 

snake robot begins the motion 100mm away from the first obstacle and successfully climbs 

over them without changing the control parameters. Similar to the previous experiments the 

amplitude of the oscillation of the first joint should be high enough to enable climbing over 

the obstacles. However, this is more critical in this experiment as low amplitude might cause 

the robot head module to get stuck in the gap between the obstacles. This suggests that for 

fully autonomous control of the robot in such challenging environments visual feedback 

from the camera should be incorporated in the controller. 

Overall, the results in this chapter showed that the TSC strategy, which is based on 

a closed-loop control concept is an effective strategy for achieving pedal wave motion in 

environments with irregularities. This strategy with the use of the position and torque 

feedback between the joints enabled the robot to climb over single (Figure 7.6) and multiple 

obstacles (Figure 7.9) with the same control parameters, which was not possible with open-

loop gait based controllers or the local stiffness control strategy. Unlike the open-loop gait 

based controller, the TSC strategy used the feedback from the measured torque signal to 

locally modulate the joints motion. This allowed propagation of position feedback signal, 

which as shown in Figure 7.6, enabled the robot to climb over single obstacle by increasing 
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the side stability of the robot. Moreover, unlike local stiffness control, where the phase 

difference between the oscillatory motions of the joint can only be changed manually, the 

results in Figure 7.8 showed that the TSC strategy can modulate both the phase shift and the 

amplitude of the oscillatory motion of the joints with the use position and torque feedback 

signals. Hence, unlike local stiffness control strategy, which was only effective for climbing 

over single obstacle, TSC strategy proved to the most effective strategy proposed in this 

thesis enables the robot to achieve effective pedal wave motion in challenging 

environments, without using a pressure sensor [74] or prior information about the 

environment [13]. 

TSC strategy with the discussed characteristics enabled the snake robot to use pedal 

wave motion for locomotion on surfaces with irregularities. The robot lifted its body part to 

climb over obstacles with the height of more than 55% of the modules by using on-board 

sensing devices and successfully traversed over multiple obstacles. These showed the great 

capabilities of such wheel-less modular snake robot mechanisms for applications, where 

high adaptability, agility and manoeuvrability is required. 

7.5 Summary 

In this chapter the extended stiffness controller, named Tail-leading Stiffness Control 

(TSC) strategy, was presented and tested. The block diagram of this strategy was presented 

showing that unlike local stiffness strategy, in the TSC strategy there is a position feedback 

between the consecutive joints, which allows the measured position signals to be propagated 

along the body. A simulation based analysis of the TSC strategy was also conducted and a 

detailed description of the fundamentals of this method was provided.  Experimentation on 

the snake robot was also conducted, which showed that unlike open-loop controller based 
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on gait pattern (4.38), the TSC strategy enables the robot to climb over an obstacle with the 

height of more than 55% of the diameters of the robot joints. Experimentation in an 

environment with multiple obstacles were also conducted, which showed that the snake 

robot with local stiffness control cannot climb over two obstacles. However, TSC strategy 

with the same parameters but with torque and position feedback enables the robot to 

effectively move forward in this environment. Overall, the TSC strategy was shown to be 

an effective method enabling the snake robot with SEAs to climb over single and multiple 

obstacles. 
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8                                                               
CONCLUSIONS AND 

RECOMMENDED FUTURE 

RESEARCH WORKs 
 

 

 

 

 

 

 

8.1  Introduction 

In this thesis, design, modelling and control of a modular, wheel-less snake-like robot with 

SEAs for effective pedal wave locomotion on surfaces with irregularities were studied. The 

presented materials in this work can be categorized into three major topics as follows: 

 The design and development of a cost-effective modular snake robot with 

torque measurement mechanism (SEA) for reliable and robust environmental 

sensing. 
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 Dynamical modelling of modular 2D snake robots with SEAs in the vertical 

plane for the simulation of pedal wave motion on surfaces with irregularities. 

 Control design based on torque and position feedback for achieving effective 

pedal wave locomotion on surfaces with irregularities. 

 

8.2 Conclusions 

As the result of the research conducted on design, modelling and control of the 

modular snake robots with SEAs, the following conclusions can be drawn: 

(i) A Polyurethane-based elastic element was designed and attached between the 

servo motor and the load to turn the servo motor into a SEA. Calibration 

results showed that the proposed design manufactured with a water-jet cutter 

allows measurement of a maximum applied torque of 0.8 𝑁.𝑚 with the 

resolution of 0.01 𝑁.𝑚, where the stiffness of the element obtained to be 

1.74 𝑁.𝑚. 𝑟𝑎𝑑−1.  

(ii) Using a cost-effective 3D printer with ABS as the raw material is an effective 

methodology for manufacturing a modular snake robot with SEAs, enabling 

the manufacture of a six-link robot with the overall weight of 956 g and a 

single module cost of 37 USD. 

(iii) The designed snake robot with 3D printed modules and the Polyurethane 

based elastic element attached between the joints and the servo motors can 

generate snake-like pedal wave motion (rectilinear motion) on smooth 
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surfaces with 𝐴 =
π

6
 𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =

−2𝜋

5
 𝑟𝑎𝑑 based on the 

gait pattern (4.38). This showed that the robot can successfully lift its body 

and push against the ground to move forward with the average velocity 

of 2.8 𝑐𝑚. 𝑠−1, which demonstrated the effectiveness of the design. 

(iv)  The Euler-Lagrange method was used to obtain the equations of motion of 

the designed snake robot with SEAs. Simulation results showed that the 

proposed methodology, with Kelvin-Voigt contact model, is an effective 

approach enable successful simulation of the pedal wave motion of the snake 

robot. The results showed that the correlation coefficient, R, between the 

torque signals obtained from the simulation and experimentation is 0.8336, 

verifying the reliability of the developed dynamical model. 

(v) The effect of changing friction on the pedal wave motion of the snake robot 

was investigated, which supported by the experimentation results, showed 

that the forward velocity of the pedal wave motion of the snake robot on a 

surface with 𝜇𝐶 = 0.82 is at least 13.7% higher than the surface with  𝜇𝐶 =

0.40. This result showed that the robot average speed is positively correlated 

with the friction coefficient of the surface, where the maximum possible 

speed will be limited due to other factors, such as the length of the links and 

the maximum motor output torque. 

(vi)  The effect of the parameters of (4.38) on the forward speed of the robot was 

investigated. The comparison between the simulation and experimental 

results showed that the average velocity of the robot predicted by the 

simulation model is close to the experimentation results with some expected 
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error, as the maximum error obtained to be 38.7% and the average error 

calculated to be 22.2%. From the results, it could be seen that increasing the 

amplitude of the wave, the speed of the robot increases. The results suggested 

that the pedal wave motion can be viewed as the motion of a wheeled mobile 

robot along a straight line, where the number of wheels depends on 𝜙, the 

radius of wheels depends on 𝐴 and the rotational velocity of the wheels 

depends on 𝜔.  

(vii) Local stiffness control strategy, with the use of an admittance controller was 

designed and implemented, and its effect was studied in a single joint of the 

robot, which showed that by changing the stiffness, the trajectory of the joint 

can be changed in response to external forces. The proposed controller enabled 

the robot to successfully climb over an obstacle with the height of 55% of the 

diameter of snake robot modules, which was not possible with the open loop 

controller due to rolling over to one side. This showed that joint stiffness 

control is indeed an effective strategy for generating pedal wave motion on 

surfaces with irregularities. 

(viii) Tail-Leading Stiffness Control strategy (TSC), was proposed and 

implemented on the simulated snake robot. The proposed controller enabled 

the position feedback signal measured at each joint to be propagated along the 

snake robot body. Simulation results showed that TSC strategy with given 

parameters as Table 7.1, enables the robot to generate 25.6% faster pedal wave 

motion compared to the open-loop controller based on gait pattern (4.38), 

showing the effectiveness of the proposed controller. 
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(ix)  The TSC strategy with given parameters in Table 7.1, was implemented on 

the physical snake robot, which showed that the robot can successfully climb 

over a single obstacle with the given dimensions located 100 mm away from 

the joint 5 (head module) with the use of the TSC strategy, which was not 

possible with the use of the open-loop gait based controller due to the robot 

rolling to one side. Moreover, experimental results showed that the 

adaptability of the TSC strategy stems from the position feedback between 

the consecutive joints combined with the stiffness control strategy as the TSC 

strategy with  𝐾𝜏 = 0 also enabled the robot to climb over a single obstacle 

but failed on a surface with multiple obstacles similar to the local stiffness 

strategy. 

(x) From the experimentation and simulation results presented in Chapter 7, it 

could be concluded that TSC strategy with position and torque feedback is 

an effective strategy for achieving pedal wave motion in environments with 

irregularities. The results showed that, this strategy with the use of position 

feedback between neighbouring joints and the stiffness control strategy 

increases the side stability of the robot, therefore enables the robot to climb 

over multiple obstacles, which was not possible with open-loop gait based 

controllers and local stiffness strategy presented in Chapter 6. 

(xi)  Overall, the presented thesis expanded the body of research on modular 

snake robots for locomotion on surfaces with irregularities (Appendix D 

gives the list of publications). The presented cost-effective snake robot 

design enabled to examine adaptive control strategies on uneven terrain. The 
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novel dynamical model allowed modelling the snake robot on uneven 

surfaces provided valuable insight about pedal wave motion on surfaces with 

irregularities. The closed-loop motion generation strategy based on position 

and torque feedback provided valuable information regarding adaptive snake 

locomotion. Consequently, these proved the great capabilities of wheel-less 

modular snake robot mechanisms for applications, in which high 

adaptability, agility and manoeuvrability is required. 

 

8.3 Future Work Suggestions 

(i) The time required to assemble each module of the snake robot developed 

with the 3D printer was high, which made maintenance of the robot very time 

consuming. Design and development of a robust, easy to maintain modular 

snake robot can be considered as a valuable contribution to the field. 

Moreover, design of a modular snake robot allowing to easy change of the 

configuration of the robot to generate various 2D and 3D motions is another 

interesting future research path. 

(ii) The proposed dynamical model (4.35) allowed simulation of the pedal wave 

motion of the snake robot with the use of Kelvin-Voigt contact model. Such 

a modelling framework can easily be used to model snake-like locomotion 

inside a pipe, where the reaction force from the environment is the main 

propulsive force. Moreover, the proposed dynamical model can be extended 

to model 3D snake-like locomotion patterns, such as sidewinding, which has 

a same locomotion mechanism as pedal wave motion [78]. These models can 
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also be used for the design, motion optimization and investigation of 

environmental factors, such as friction on the robot motion. 

(iii) In the simulation environment, only 2𝑁 + 1 points (the centre of mass of the 

links, robot joints, tip of the head and the tail) on the robot body were checked 

at each time step to determine the contact points and calculate the external 

forces. In environments with sharp edged obstacles, there is a high possibility 

that the links touch the obstacle at the points other than these 2𝑁 + 1 points. 

This problem can be addressed by considering more candidate contact points 

to be checked at each time step, which increases the computation burden of 

the simulation model in return. Further research can be conducted to develop 

more efficient collision detection methods (See [117] for more details about 

the collision detection problem in simulation environments). 

(iv)  Although the joint compliance proved to be an effective strategy for 

climbing over the stair type obstacle, in real world applications, one can 

consider varying the joint stiffness to increase the stiffness of the joint on 

smooth terrain for higher forward speed and decrease the stiffness to achieve 

higher adaptability based on visual feedback or other environmental 

information. Development of a new method to actively control the stiffness 

control the stiffness of the joint while the robot is in motion could be a 

promising research direction to follow. 

(v) The proposed controllers (TSC strategy and the local stiffness control) in this 

thesis were designed based on the torque feedback measured by the elastic 

element and the joint angle encoders. More research on the effect of 
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incorporation of additional sensory information into the proposed controller 

can be conducted. Such sensory systems, such as IMUs [68], tactile sensors 

[118] and cameras [16] can gather more information from the environment 

to achieve more agile pedal wave motion. For example, in case the amplitude 

of the wave in the local stiffness control is not high enough to enable the 

robot to climb over the obstacle, visual feedback from the head module 

camera should be combined with the presented method to increase the 

amplitude of the wave if necessary. 

(vi)  The results in chapter 7 showed that the robot shows some level of 

adaptability even without a torque feedback (i.e. 𝐾𝑡 = 0). Further research to 

investigate adaptive locomotion strategies with only position feedback could 

be an interesting research path leading to design and development of less 

complicated but still effective control strategies. 

(vii)  The provided results in this thesis were obtained when considering the 

obstacles with its surface parallel to the ground. More research can be 

conducted while considering more complex environments, where the 

obstacles are placed with some kind of inclination: both on the direction of 

the movement (climbing or descending) and in the perpendicular direction 

(falling to the right or to the left) to further investigate the effectiveness of 

the proposed controller in such environments. 

 

 

 



  

  

APPENDIX A 
 

A modular snake robot with 𝑁 identical links and 𝑁 − 1 actuators with the same gear 

ratio of 𝓃 attached in series with a spring to the corresponding link, can be illustrated as 

shown in Figure 4.1. Considering that 𝜃𝑖
𝑙 and 𝜃𝑗

𝑟 are the absolute link and rotor angles, 

respectively, 𝛼𝑗 = 𝜃𝑗
𝑙  − 𝜃𝑗+1

𝑙  is the angle between the consecutive links 𝑗 and 𝑗 + 1, 𝛽𝑗 =

𝜃𝑗
𝑙 − 𝜃𝑗

𝑟 is the 𝑗𝑡ℎ rotor angle relative to its stator reflected through the link side, [𝑥𝑖
𝑙 , 𝑧𝑖

𝑙]
T
and 

[𝑥𝑗
𝑟 , 𝑧𝑗

𝑟]
T
are the position of the centre of mass of link 𝑙𝑖 and rotor 𝑟𝑗  in the global coordinate 

frame, respectively and [𝑝𝑥, 𝑝𝑧]
Tdenotes the centre of mass of the robot, the equations of 

motion of the robot in vertical plane can be obtained as follows: 

[
𝕄(𝒒𝟏) + 𝕊1 𝕊2

𝕊2
T 𝕊3

] 𝒒̈ + [
ℂ(𝒒𝟏, 𝒒̇𝟏)

𝟎
] + 𝓖 + 𝐾𝐸𝒒 − 𝑸𝑐 = 𝔹 (A.1) 

where 𝕄(𝒒𝟏)(𝑁+2)×(𝑁+2) is a positive definite inertia matrix, ℂ(𝒒𝟏, 𝒒̇𝟏) (𝑁+2) is the vector 

of Coriolis and centrifugal terms, 𝓖 is a column vector of gravitational forces,  𝔹 =

[𝟎1×(𝑁+2) | 𝑼T    ]
T
 , 𝑼 is the column vector of 𝑁 − 1 control inputs (motor torques), 

𝑸𝑐
  is the vector of non-conservative contact forces, 𝒒1 = [𝛼1, … , 𝛼𝑁−1, 𝜃𝑁

𝑙 , 𝑝𝑥, 𝑝𝑧]
T
 and 

𝕄(𝒒𝟏) = 𝑀𝐿(𝒒𝟏) + 𝑀𝑅(𝒒𝟏) (A.2) 

where 

𝑀𝐿(𝒒𝟏) = (ℬ1
𝑙 + 𝒜𝑙𝒮𝜃𝒞)

𝑇
ℳ𝑙(ℬ1

𝑙 + 𝒜𝑙𝒮𝜃𝒞)

+ (ℬ2
𝑙 − 𝒜𝑙𝒞𝜃𝒞)

𝑇
ℳ𝑙(ℬ2

𝑙 − 𝒜𝑙𝒞𝜃𝒞) + 𝒞𝑇ℐ𝑙𝒞 

 

𝑀𝑅(𝒒) = (ℬ1
𝑟 + 𝒜𝑟𝒮𝜃𝒞)𝑇ℳ𝑟(ℬ1

𝑟 + 𝒜𝑟𝒮𝜃𝒞)

+ (ℬ2
𝑟 − 𝒜𝑟𝒞𝜃𝒞)𝑇ℳ𝑟(ℬ2

𝑟 − 𝒜𝑟𝒞𝜃𝒞) 
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Moreover, the matrix of centripetal forces ℂ(𝒒𝟏, 𝒒̇𝟏) can be found as below : 

ℂ(𝒒𝟏, 𝒒̇𝟏) = 𝑪𝑅(𝒒𝟏, 𝒒̇𝟏) + 𝑪𝐿(𝒒𝟏, 𝒒̇𝟏) (A.3) 

where 

𝑪𝐿(𝒒, 𝒒̇) =  𝑪𝑪(ℬ1
𝑙 , ℬ2

𝑙 , 𝒜𝑙 ,ℳ𝑙, 𝒒𝟏, 𝒒̇𝟏) 

𝑪𝑅(𝒒, 𝒒̇) = 𝑪𝑪(ℬ1
𝑟 , ℬ2

𝑟 , 𝒜𝑟 ,ℳ𝑟 , 𝒒𝟏, 𝒒̇𝟏) 

 

and 

𝑪𝑪(ℬ1
𝑙 , ℬ2

𝑙 , 𝒜𝑙 , 𝒒𝟏, 𝒒̇𝟏) = 

{ℬ1
𝑙 𝑇

ℳ𝑙𝒜𝑙𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞 + 𝒞𝑇𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙𝑇ℳ𝑙ℬ1
𝑙

+ 𝒞𝑇𝒮𝜃𝒜𝑙𝑇ℳ𝑙𝒜𝑙𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞

+ 𝒞𝑇𝒞𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙𝑇ℳ𝑙𝒜𝑙𝒮𝜃𝒞 + ℬ2
𝑙 𝑇

ℳ𝑙𝒜𝑙𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞

+ 𝒞𝑇𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙𝑇ℳ𝑙ℬ2
𝑙 − 𝒞𝑇𝒞𝜃𝒜𝑙𝑇ℳ𝑙𝒜𝑙𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒞

− 𝒞𝑇𝒮𝜃𝑑𝑖𝑎𝑔(𝜽̇𝑙)𝒜𝑙𝑇ℳ𝑙𝒜𝑙𝒞𝜃𝒞} 𝒒̇𝟏 

+

[
 
 
 
 𝒒̇𝟏

𝑻𝑩𝟏
𝑻𝓜𝒍𝓐𝒍𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟏)𝜽̇

𝒍

𝒒̇𝟏
𝑻𝑩𝟏

𝑻𝓜𝒍𝓐𝒍𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐)𝜽̇
𝒍

⋮
𝒒̇𝟏

𝑻𝑩𝟏
𝑻𝓜𝒍𝓐𝒍𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐𝑵+𝟏)𝜽̇

𝒍]
 
 
 
 

+

[
 
 
 
 𝜽̇𝒍𝑻𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟏)𝓐

𝒍𝑻𝓜𝒍𝓑𝟏
𝒍 𝒒̇𝟏

𝜽̇𝒍𝑻𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐)𝓐
𝒍𝑻𝓜𝒍𝓑𝟏

𝒍 𝒒̇𝟏

⋮

𝜽̇𝒍𝑻𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐𝑵+𝟏)𝓐
𝒍𝑻𝓜𝒍𝓑𝟏

𝒍 𝒒̇𝟏]
 
 
 
 

 

+

[
 
 
 
 
 𝜽̇𝒍𝑻 (𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟏)𝓐

𝒍𝑻𝓜𝒍𝓐𝒍𝓢𝜽 + 𝓢𝜽𝓐
𝒍𝑻𝓜𝒍𝓐𝒍𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟏)) 𝜽̇𝒍

𝜽̇𝒍𝑻 (𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐)𝓐
𝒍𝑻𝓜𝒍𝓐𝒍𝓢𝜽 + 𝓢𝜽𝓐

𝒍𝑻𝓜𝒍𝓐𝒍𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐)) 𝜽̇𝒍

⋮

𝜽̇𝒍𝑻 (𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐𝑵+𝟏)𝓐
𝒍𝑻𝓜𝒍𝓐𝒍𝓢𝜽 + 𝓢𝜽𝓐

𝒍𝑻𝓜𝒍𝓐𝒍𝓒𝜽𝒅𝒊𝒂𝒈(𝑪𝟐𝑵+𝟏)) 𝜽̇𝒍
]
 
 
 
 
 

 

 

 



  

  

APPENDIX B 
 

The correlation coefficient, R, indicates the similarity between two signals. For two 

signals 𝑋 and 𝑌 having the same number of samples 𝑛, the correlation coefficient, R can be 

calculated as follows [119]: 

𝑅 =
𝑛(∑𝑋𝑌) − (∑𝑋)(∑𝑌)

√[𝑛 ∑𝑋2 − (∑𝑋)2][𝑛 ∑𝑌2 − (∑𝑌)2]
, 

(B.1) 

which is always bounded between -1 to +1.  

The correlation coefficient of +1 means that 𝑋 and 𝑌 have a very strong positive 

relationship (i.e., X=Y) and correlation coefficient of -1 means that 𝑋 and 𝑌 have a very 

strong negative relationship (i.e., X=-Y). Hence, if the value of R is calculated to be close 

to +1, this can be interpreted as an indication of similarity between the tested signals. 

 

 



  

  

APPENDIX C 
 

The supplementary materials for this thesis are listed as follows: 

 

Supplementary Material C.1: Shows the simulated and physical snake robot progression 

with pedal wave motion with 𝐴 =
𝜋

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1 and 𝜙 =

−2𝜋

5
 𝑟𝑎𝑑. This video can 

be found in this address: https://youtu.be/9e4waEODcQY 

Supplementary Material C.2: The effect of stiffness control strategy on a single joint of 

the robot, with 𝐾𝑑 = 𝐾/5. This video can be found in this address: 

https://youtu.be/Z420uPWq0dA 

Supplementary Material C.3: The snake robot climbing over a single obstacle (also shown 

in Figure 6.4) employing open-loop gait based control and the local stiffness control strategy 

with 𝐴 =
𝜋

4
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =

−2𝜋

5
𝑟𝑎𝑑 and 𝐾𝑑 =

K

6
.  This video can be found in this 

address: https://youtu.be/F9I4eDMvhfA 

Supplementary Material C.4: Showing the snake robot rolls over to one side when 

climbing over two obstacles with the use of local stiffness control strategy with 𝐴 =
𝜋

6
𝑟𝑎𝑑, 

𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =
−2𝜋

5
 and 𝐾𝑑 =

K

6
. This video can be found in this address: 

https://youtu.be/GgbktXboJEY 

Supplementary Material C.5: Showing the effect of the manually applied external force 

which propagates along the snake body when TSC strategy with 𝐴 = 0 𝑟𝑎𝑑, 𝑀𝑑 =

1 𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10 𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5 𝑁.𝑚. 𝑟𝑎𝑑−1 and 𝐾𝜏 = 6 is 

https://youtu.be/9e4waEODcQY
https://youtu.be/Z420uPWq0dA
https://youtu.be/F9I4eDMvhfA
https://youtu.be/GgbktXboJEY
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implemented on the snake robot. This video can be found in this address: 

https://youtu.be/XVfNx64xEIc 

Supplementary Material C.6: Showing the snake robot climbing over a single obstacle 

with the height of 36mm and width 107mm located 100mm away from the joint 5 (head 

module) with the use of TSC strategy with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝑀𝑑 =

1 𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10 𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5 𝑁.𝑚. 𝑟𝑎𝑑−1 and 𝐾𝜏 = 6, the open-

loop gait based control (4.38) with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =

−2𝜋

5
𝑟𝑎𝑑 and the local 

stiffness control strategy with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =

−2𝜋

5
𝑟𝑎𝑑, 

K−𝐾𝑑

𝐾𝑑
= 6. This 

video can be found in this address: https://youtu.be/CZZDmO6MFhc 

Supplementary Material C.7: Showing the snake robot climbing over multiple obstacles 

with the use of TSC strategy with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝑀𝑑 =

1𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5𝑁.𝑚. 𝑟𝑎𝑑−1 and 𝐾𝜏 = 0 and 𝐾𝜏 = 6  

and the local stiffness control strategy with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 = 𝜋 𝑟𝑎𝑑. 𝑠−1, 𝜙 =

−2𝜋

5
𝑟𝑎𝑑, 

K−𝐾𝑑

𝐾𝑑
= 6. This video can be found in this address: https://youtu.be/7t-13E1tvw8 

Supplementary Material C.8: Showing the snake robot climbing over two obstacles 

staring 100mm before the first obstacle with the use of TSC strategy with 𝐴 =
π

6
𝑟𝑎𝑑, 𝜔 =

𝜋 𝑟𝑎𝑑. 𝑠−1, 𝑀𝑑 = 1𝑁.𝑚. 𝑠2. 𝑟𝑎𝑑−1, 𝐷𝑑 = 10𝑁.𝑚. 𝑠. 𝑟𝑎𝑑−1, 𝐾𝑑 = 17.5𝑁.𝑚. 𝑟𝑎𝑑−1, 𝐾𝜏 =

6  video can be found in this address: https://youtu.be/DWzO-DS5Jp0

https://youtu.be/XVfNx64xEIc
https://youtu.be/CZZDmO6MFhc
https://youtu.be/7t-13E1tvw8
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The following articles are published as the result of the research work presented in this 

thesis: 

Journal Articles: 

Koopaee, M. J., Classens, K., Pretty, C., & Chen, X. (2019). Dynamical Modelling and Control of 

Modular Snake Robots with Series Elastic Actuators for Pedal Wave Locomotion on Uneven 

Terrain. Journal of Mechanical Design, (Accepted). 

 

Koopaee, M. J., Bal, S., Pretty, C., & Chen, X. (2019). Design and Development of a Wheel-less 

Snake Robot with Active Stiffness Control for Adaptive Pedal Wave Locomotion. Journal of Bionic 

Engineering, 16(4), 593-607. 

 

 

Book Chapter: 

Koopaee, M. J., Gilani, C., Scott, C., & Chen, X. (2018). Bio-Inspired Snake Robots: Design, 

Modelling, and Control. In Handbook of Research on Biomimetics and Biomedical Robotics (pp. 

246-275). IGI Global. 

 

 

Conference Papers: 

Koopaee, M. J., Classens, K., Pretty, C., & Chen, X. (2019). Dynamical Modelling and Control of 

Snake-like Motion in Vertical Plane for Locomotion in Unstructured Environments. The ASME 2019 

International Design Engineering Technical Conferences & Computers and Information in 

Engineering Conference (IDETC/CIE 2019), Anaheim, California, USA, (Accepted). 

 

Koopaee, M. J., Van Huijgevoort, B., Pretty, C., & Chen, X. (2018). Parameters tuning of snake 

robots sidewinding gait using Bayesian optimization. The IEEE 2018 International Conference on 

Control, Automation and Robotics (ICCAR 2019), Auckland, New Zealand, pp. 43-49. 
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