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ABSTRACT

In 1889 Arthur Cayley stated his well-known and widely used theorem that there are

n” "% trees on n labeled vertices [6, p. 70). Since he originally stated it, the theorem
has received much attention: people have proved it in many different ways. In this
paper we consider three of these proofs. The first is an algebraic result using
Kirchhoff’s Matrix Tree theorem. The second proof shows a one-to-one
correspondence between trees on labeled vertices and sequences known as Priifer
codes. The final proof involves degree sequences and multinomial coefficients. In
addition, we extend each of these three proofs to find a result for the number of
spanning trees on the complete bipartite graph, and extend the first two results to count
the number of spanning trees on the complete tripartite graph. We conclude with a

brief generalization to the number of spanning trees on the complete k-partite graph.
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INTRODUCTION

An obvious graph theoretic question arises when one thinks about trees on n labeled
vertices. Just how many such trees are there? The answer, n” ~2, was first published
by Arthur Cayley in 1889 [6, p. 70]. Since then, Cayley’s theorem has been the
subject of many beautiful proofs, using both algebra and combinatorics. There are
nine different proofs in Harary [6, pp. 70 — 78] alone, as well as more proofs in Aigner

and Ziegler [1, pp. 141 — 146]. Here we look at three of these proofs.

In the first proof we begin with a complete graph, G, on n labeled vertices

{1, 2, ..., n} and then find the adjacency matrix, A, of G. We obtain the matrix M by
subtracting A from the n x n matrix that has entries d; = degree of vertex i down the
diagonal, for all i € {1, 2, ..., n} and zeros everywhere else. We then obtain the
number of spanning trees of G by using Kirchhoff’s Matrix Tree theorem, which states
that all cofactors of the matrix M are equal and that this common value is the number

of spanning trees of G.

For the second proof, we show that there is a one-to-one correspondence between the
number of trees on n labeled vertices, {1, 2, ..., n}, and the set of n — 1 tuples of
integers (ay, a2, ..., a,-1) With 1 <a;<nfor1 <i<n-2anda,_.;=n. Given a tree,
T, on n vertices, such a tuple, which is known as the Priifer code of T, is easily found
using the following procedure. Remove the endpoint of smallest label and the edge

incident to it, and record the label of the adjacent vertex. Continue this process with



the remaining tree. The process terminates when only one vertex remains. Given
such a sequence there also is a procedure for reconstructing the tree. Let

u; = min ([n]\{ aj, a, ..., a,-1}) and connect u; to a;. Now let

u; = min ([n]\{u;} U {ay, ..., a,}), and connect u, to a;. Then in general let

u; = min ([n]\{uy, ..., ui - 1} U {a;, ..., ay}), and connect u; to a;. The process

terminates after n — 1 iterations.

The remaining proof uses a lemma which states that the number of trees on

{1, 2, ..., n} with degree sequence (di, da, ..., do) — i.e., vertex i has degree d; — is

-2 . N
i . Given this lemma, we can then count the number of trees on
7 S [ (IS T (N |

n

{1, 2, ...,n} by summing over all possible degree sequences.

With these three proofs of Cayley’s theorem under our belt, we then extend each of
them to find the number of spanning trees on the complete bipartite graph. We then
take the first two results and extend them to find the number of spanning trees on the
complete tripartite graph. Finally we conclude with an extension to the number of

spanning trees on the complete k-partite graph.



CHAPTER ONE
DEFINITIONS AND PRELIMINARY RESULTS

1.1 Definitions
The following common definitions were compiled primarily using Johnsonbaugh [7],
Krishnamurthy [8], Wagner [12], and Wilson [14].

For the purposes of our work here let P = {1, 2, ...}, the set of positive integers, and

let N = {0, 1,2, ...}, the set of nonnegative integers. For n € N, define

[n]={1,2,...,n} with [0] = O@.

A graph G = (V, E) consists of a set V of elements called vertices, and a set E of
edges, which consists of unordered pairs of elements from V. If {u, v} € E, then
vertices u and v are adjacent and edge {u, v} is incident with both of them. The
degree of a vertex is the number of edges incident with it. A vertex of degree one is
an endpoint. A sequence of positive integers (di, da, ..., da) is a degree sequence on

the graph G = ([n], E) if vertex i has degree d;.

A path from v to v, is an alternating sequence of adjacent vertices and their shared
edges beginning with vertex vp and ending with vertex vy,
(vo, €1, V1, €2, ..., Vo1, €n, Vn), With no repeated edges (some sources refer to this as a

simple path). Not allowing two edges to be associated with the same vertex set



{vi, vj,}, we may remove the edges from the sequence denoting the path as
(Vo, V1, --.» Vo). A graph G is connected if there exists a path joining each vertex to
every other. A cycle is a path that joins a vertex to itself. A graph with no cycles is

called acyclic. A tree is an acyclic, connected graph.

A loop is a cycle in which an edge is incident with only one vertex. In other words,
{u, v} is a loop if u = v. A graph that has no loops is a simple graph. From this point

forward, we consider only simple graphs.

The complete graph on n vertices, denoted K,, is a graph in which every pair of
“distinct vertices is adjacent. The complete bipartite graph on n and m vertices,
denoted K, n, is a graph whose set of vertices is partitioned into two sets, U, which has
n vertices, and V, which has m vertices, such that vertices u and v are adjacent if and
only ifu € Uand v € V. For the purpose of this paper, we let U = [n] and

V={n+1,...,n+m}. The complete tripartite graph on p, q and r vertices, denoted
Koqr is a simple graph whose set of vertices is partitioned into three sets, U, which
has p vertices, V, which has q vertices, and W, which has r vertices, such that u and v
are adjacent if and only if they are not in the same set. For the purposes of this paper,
weletU=[p],V={p+1,...,p+ql,andW={p+q+1,...,p+q+r}. Similarly
the complete k-partite graph on ny, ..., ng vertices, denoted Ko ngy,ngs is a graph
whose set of vertices is partitioned into k sets, Vi, Vo, ..., Vi, such that vertex set Vi
has n; vertices and such that u is adjacent to v if and only if they are not in the same

vertex set.

A subgraph of a graph G = (V, E), is a graph with vertex set V’ and edge set E’, such
that V' C V and E' CE. A spanning tree of a graph G is a tree that is a subgraph of G

containing all vertices of G.



The adjacency matrix of a graph on n labeled vertices is an n x n matrix A = (a;;) such
that a;; = O if vertices i and j are not adjacent, and a;; = 1 if vertices i and j are

adjacent.

As is- well known, the following are equivalent definitions of the multinomial

coefficient (

,where n,ny, ...,ny€ Pandn; +... + ny =n.
Dy, Ny,eey Ny

@ n _(n)({n-n, n-n;-Ny-..-0y ;| n!
n,,N,,.., 0 n, n, n, n,!n,!.n,.!

(ii) ( = ) = |{f:[n] > [K] such that |[f  (§)| = n;,j = 1, ..., k}|, where
0y, By, lly

f<@) = {ie M| @ =j}.

1.2 Preliminary Results
Our first lemma is a well known result of introductory graph theory and can be found
in Johnsonbaugh [7, p. 323].

Lemma 1.2.1
Let G = ([n], E) be a graph with [E| = m, and degree sequence (d, da, ..., dy). Then

idi =2m.
i=1

Proof.

Summing over the degrees of all vertices we count each edge twice. n

Lemma 1.2.2
For n 2 2, every tree on n vertices has at least two vertices of degree 1 —i.e., every tree

has at least two endpoints.



Proof.

Suppose we have atree on n labeled vertices. Start at a vertex, say vi, and move along
one of the edges from v; to, say, vo. If the degree of v; is one then we are done. If
not, there is an edge from v, different from {vi, v»}, say to vs. If the degree if v3 is
one, we are done. If not, then there is an edge from vs, different than {v,, v3}. Note
that this edge also does not connect v3 to vy, since a tree has no cycles. Continue this
process. At each point we either encounter a vertex of degree one or we continue
along to a new vertex. Since our tree is on n points, the process must terminate.

Therefore there is a vertex of degree one.

Now suppose that we have a tree on n labeled vertices. From above, we know the tree
has one endpoint. Start at that endpoint and follow the same procedure as above. We

will similarly find another vertex of degree one. Hence the tree has two vertices of

degree one [12]. [ ]

The following theorem is essential to our work and can be seen in Johnsonbaugh
[7, pp. 387 - 389].

Theorem 1.2.1

Let T be a graph with n vertices. Then the following are equivalent.

(i) Tisatree. Thatis, T is connected and acyclic.

(ii) T is connected and has n — 1 edges.

(iii) T is acyclic and has n — 1 edges.

Proof.

(i) = (ii). Suppose that T is connected and acyclic. We need to show that T has n — 1
edges. This can be proved by induction on n. Letn =1, then T has one vertex and
therefore no edges, thus the theorem is true for n = 1. Suppose it is true for an acylic,

connected graph with n vertices. Let T be a connected, acyclic graph with n + 1



vertices. We know that T has an endpoint. Remove the endpoint and the incident
edge. The remaining is a tree on n vertices. Thus by induction it has n — 1 edges.

Hence T has n edges.

(i) = (iii). Suppose that T is connected with n — 1 edges. We need to show that T is
acyclic. Suppose not. Then T contains at least one cycle. Remove edges (but not
vertices) from the cycles of T until the resulting graph, T*, is acylic. Note that
removing an edge from a cycle does not disconnect a graph. Thus T* is also
connected. Hence T* has n — 1 edges. However, we removed edges from T. Thus T

has at least n edges, which is a contradiction. Hence T is acyclic.

(iii) = (i). Suppose that T is acylic with n — 1 edges. We need to show that T is a
tree. T does not contain any loops and T cannot contain distinct edges e; and e;
incident to the same set of vertices, as that would create a cycle. So T is a simple
graph. Suppose that T is not connected. Let Ty, Ty, ..., Tx be the components of T.
As T is not connected, k > 1. Suppose further that T; has n; vertices. Each T; is
connected and acyclic, so T; has n; — 1 edges. However, this is impossible, as we
would then have the following: The number of edges of T = n — 1 = The sum of the
edges of each

Ti=(m-D+m-D+...+mx-1) <(my+nm+...+n)-1(ask>1)=n-1.

Thus T is connected. Hence T is a tree. [ |

Corollary 1.2.1

Given a tree T = ([n], E) with degree sequence (dy, dy, ..., dp), then Zdi =2n-2.
i=1

Proof.

By Theorem 1.2.1, T has n — 1 edges. Then by Lemma 1.2.1, Zdi =2n-2. [ ]
i=1



Corollary 1.2.2

Given a spanning tree T of K, n With degree sequence

(d1, dz, ..., du; dos 1, d42, -, dpem), then )" d; =2(n +m-1)=2n+2m-2.

i=1
Proof.
By Theorem 1.2.1, as T is a tree, T has n + m — 1 edges. Then by Lemma 1.2.1,

Yd; =2(n+m-1)=2n+2m-2. o

i=1

Lemma 1.2.3

Given a spanning tree T of K, , with vertex sets U and V and degree sequence

(d11 d29 ""dﬂ;dn+1’dﬂ+27°--1 dn+m), then Zd' = Zd‘ =m+n_1-
i=1

i=n+1

Proof.

Every edge of T connects an element from U to an element of V. |

The last two results involving multinomial coefficients can be found in Krishnamurthy
[8, p. 69].

Lemma 1.2.4

By definition (ii) of the multinomial coefficient, ( ) counts the number of

nl,nz,...,nk

functions f:[n] — (k] such that |f < (j)| =n;, j =1, ..., k. Then summing over all

n; + ... + ng = n we get all functions f:[n] — [k]. Thus Z ( 5 ) =k". m
gosves g

n+..40; =0
n; oonnegative



Lemma 1.2.5 (Multinomial Recurrence)

Foralln,ke P,andny, ..., nx € N with ny + ... + ng =n, then

= + +...+ .
n,,..n, n, -1,..,n, n,;,n,-1,...,n, n,..,0, ;,n; -1

“Proof.
Count the number of functions f:[n] — [k] such that |f < (j)| = n;,j = 1, ..., k according

-1
to the values of f(n). For instance, if f(n) = 1, there are ( " ) ways to map the

Ill I 1, sesy n k
remaining n — 1 elements. Then summing over the other possible values of f(n), we

-1
get the formula. If any n; = 0, then ( ! ) = 0, as is appropriate since

ny,....0;-1,..,0

i

there are then no functions of the type being counted for which n is mapped toj. ®



CHAPTER TWO
TREES ON n LABELED VERTICES

In this chapter we will be proving Cayley’s Theorem using the three proofs outlined in

the introduction.

Theorem 2.1 — Cayley’s Theorem

Letn € P. There are n®~? trees on n labeled vertices.

Proof 1 of Theorem 2.1.
For our first proof of Cayley’s theorem we consider an approach used by Gustav
Kirchhoff. To proceed, we use without proof the following theorem attributed to

Kirchhoff, which is in many sources, one of which is Chartrand and Lesniak, [S].

Theorem 2.2 — Kirchoff’s Matrix Tree Theorem

Given the adjacency matrix, A, of a connected graph G on n labeled vertices, and

d 0 - 0

0 d - O
M=-A+|. > . |,

0O 0 - d

n

where d; = degree of vertex i, then all cofactors of M are equal, and their common

value is the number of spanning trees of G.

10



Now, as the set of all trees on n labeled vertices is the same as the set of spanning trees

of the complete graph K,, we may use Kirchhoff’s result to find the number of such

trees.
We have
0 1 1 -~ 1 1]
1 01 - 11
A= 1 1 0 l 1 and therefore
1 11 01
(1 11 1 0]
n-1 0 0 n-1 -1 -1
T 0 n.-l 0 _ -1 n.-l -.1
(.) 0 .n-l -1 -1 n-1

By Kirchhoff’s theorem, the number of trees on n labeled vertices is simply a cofactor

of M. Using the cofactor associated with the first row and column of M we get that

[n-1 -1 -1 =11 n 0 -n|
-1 n-1 -1 -1 0 n 0 -n
My=(¢1D'*ldet | ¢ : Pl ="det|: :
P | n-1 -1 0 0 n -n
| -1 -1 -1 n-1 -1 -1 -1 n-1}
n 0 -+ 0 -n]
O n - 0 -n
=Pdet|: ¢ ° P l=n""2
0 O n -n
(0 0 0 1]

Thus the number of trees on n labeled vertices is n® 2.

i Subtract the last row from each of the first n — 2 rows.

2 Add (1/n) times each of the first n — 2 rows to the last row.

11



This next proof of Cayley’s theorem uses the Priifer code of a tree, defined by Heinz
Priifer. Many versions of this proof have been published, one of which is Lovész

[9, pp. 34 and 348 — 249].

Proof 2 of Theorem 2.1.
It suffices to show there is a one-to-one correspondence between the set of trees on n
labeled vertices, say [n], and the set of ordered n — 1 tuples of integers (a;, ay, ..., an-1)

with 1<a<nforl<i<n-2anda,_;=n.

First, we need to show that associated with each tree is such an n -1 tuple. Let T be a
tree on the vertices [n]. Remove the endpoint of smallest label and the edge incident
to it and record the label of the adjacent vertex. Repeat this process with the
remaining tree. The process terminates when only one vertex remains. Since there are
always at least two endpoints, the final vertex remaining is n, so a, - 1 = n. This
procedure creates a sequence of n — 1 numbers associated with the tree we began with.
This sequence is known as the Priifer code of T. More formally, we are doing the

following.

Let T = ([n], E) be a tree. Let €(T) = {endpoints of T}. Define u; = min &T). Then
there is a unique a; such that {u;, a;} € E. Define V; = [n]\{u;}, E; = E\{{uy, a1}},
and let Ty = (Vy, E1). Clearly T, is also a tree. Now let u; = min €(T;). Then there
exists a unique a; such that {uy, a;} € E;. Define V, = [n]\{uy, uz},

E; = E\{{uy, a1 },{uy, a2}} = Ei\{{uy, a;}}, and T2 = (V2, E,). Again, T, is clearly a
tree. Continue repeating the procedure. In general, we have that

Vici=[nMuy, ...,ui1}, Bio1=E\{{u;, 3} | 1<j<i-1}. ThenTi_; = (Vi-1,Ei_1)
and u; = min &(Ti_). At the final step the tree T, -2 = (V4 -2, By -2) has two vertices

joined by an edge {u,_1, a,_1}, where u, _ is the smaller of the two vertices in V, _».

12



We have produced a sequence, (uj, uy, ..., U, - 1) which we will call the minimum
endpoint sequence of T. We have also produced the sequence (a;, ay, ..., a; - 1) which
is the Priifer code of T. Note that T = ([n], {{u;, a;}|]1 <i <n-1}). By construction,
the u; are all distinct. Further, since every tree has at least two endpoints and each u; is
the smallest endpoint of a &ree, no u; = n. Thus the minimum endpoint sequence is a

permutation of [n— 1] and a,_; =n.

Now we need to show that the Priifer code is unique — i.e., given two trees on n
vertices with the same Priifer code, the trees are identical. Using the notation from
above, assume that S = ([n], E) with minimum endpoint sequence (si, s2, ..., Sp - 1),
that T = ([n], F) with minimum endpoint sequence (t;, t, ..., tn - 1), and that S and T

have the same Priifer code (ay, ..., a_1).

Lemma 2.1

The endpoints of S are the elements of [n] which do not appear in {ay, ..., a, - 2}.
Hence &(S) = [n]\{a1, -.-, an-2}.

Proof.

First we need to show that for all ¢ € {aj, ..., a; — 2}, ¢ is not an endpoint of S.

Suppose ¢ € {ay, ..., a, 2} with ¢ # n. Then we have that for some i, ¢ = a; and
therefore {u;, c} € E. Also, ¢ = u; for some j, so {c, a;} € E. Then at the ith iteration,
u; and {u;, c} are removed, in which case c is a part of the resulting tree. Therefore, c
could not have been removed prior to this iteration. Hence ¢ # u; for j <i. Thus c =y

for some j > i, so it must be that {u;, ¢} # {c, u;}, and c is not an endpoint.

Now we need to show that c € [n]\ {ay, ..., a,_>} is an endpoint of S. For some i, we
have that ¢ = u;. Thus {c, a;} € E. Now suppose that {c, x} € E for some x # a;.

Then {c, x} must have been removed during an earlier iteration as otherwise ¢ # u;.

13



Thus {c, x} = {uj, 3} for some j < i, which is a contradiction, since neither ¢ nor x can
be removed at an earlier iteration. Hence ¢ is an endpoint, and the proof of the lemma

is complete.

Therefore €(S) = [n]\{ay, ..., a - 2} = &T). Thus by definition of the minimum
endpoint sequence s; = min €(S) = min €&(T) = t;. Then S; = ([n]\{s1}, E\{{s1, a;}} and
Ty = ([n]\{t1}, A\{{t1, a1} }. From above we see that €(S;) = [n]\{s1, a2, ..., an-2} =

= [n]\{t1, a2, ..., a, _ 2} = €(T}), and therefore s, = min &(S;) = min &T;) = t,. In
general, S; -1 = ([n]\{s1, ..., si-1}, E{{sj, 3} | 1 <j<i-1}),and

Ti-1 = (n]Mts, ..., ti—1}, EM{Y, a} | 1 <j <i - 1}). Then as in Lemma 2.1, the
endpoints of S; are the elements of [n]\{s;, ..., si - 1} which do not appear in the
remainder of the Priifer code, {a;, ..., a5-2}, and again similarly for T. Thus

€Si-1) = [NIMS1, +ovs Sip Ais 15 -or Bn—2} = [NIMt1, ..o, Gy Bie1, oo 2n—2)} = €(Ti . 1) and
hence s; = min €(S;.1) = €(Tj.1))=t;forall 1 <i<n-2. Then (s, 82, -., Sn—1) =

= (t, t2, ..., ta—1), and therefore S = T. Note that in general

Ui = min ([n]\{UI, eoey Uicly @jy oeey an—l})- (1)

This constructively defines the tree from (ay, ..., a, _1), so if we know the Priifer code

we know T.

We have shown how to find the Priifer code of a tree and that trees with the same
Priifer code are equal. Now we need to show that given an n-1 tuple of integers

(aj, a2, ..., ap.)) With 1 < a;<nfor 1 <i<n-2and a,_;=n there is a tree (which is
unique from above) with this sequence as its Priifer code. Let (ay, ..., a,-1) be such a

sequence. Define u; recursively by

u; =min ([n]\{ ay, a3, ..., 8_1}), and y; = min ([n]\{uy, ..., Ui1, &, ..., 3@ _1})

fori=2,...,n-1

14



(note that [n]\{uy, ..., ui.y, @, ..., a1} is never empty as there are n elements in [n],
and at most n-1 elements in {uy, ..., Vi1, aj, ..., ay - 1}). Once again, this definition
compels (uy, ..., uj_1) to be a permutation of [n — 1]. Define a graph T = ([n],E) where
E = {{u;, 3}/l £i<n}. Also,for1<i<n,let Vi=[nl\{ uy, ..., ui_1},

E; = E\{{y;, aj}|l <j<i}andT; = (Vj, E). We claim that the resulting graph T is a
tree with Priifer code (a, az, ..., an-1). We need only to show that u; is an endpoint of
the graph T; and that no vertex with smaller label is an endpoint. Since u; is adjacent
to a; in T; and a; = u; for some j > i (that is, a; is an endpoint of a later T;), we can trace

a path from each u; to a, _; = n, showing connectedness of T and each T;.

Note that {u;, a;} is an edge of Ti. Therefore u; has a neighbor in T;, namely a;. Also,
uy; cannot be adjacent to any other vertex of Tj, since if it were, then for some j, {a;, u}
is also an edge of T; thatincludes u;. Then j > i as u; is a vertex of T;. Also, we have
that either u; = uj or u; = a;. However, u; # u; since u; € Tj, and u; # a; by definition of
u;. Thus y; is an endpoint of T;. Hence we have T and all T;’s are trees. Thus as T is a
tree, it has a Priifer code. Note that we have just defined each u; exactly as it was
defined in (1). Therefore u; is the vertex of smallest label in T;. So (uy, ..., uy;_1) is

the minimum endpoint sequence of T and (a, ..., a; 1) is the Priifer code of T.

We have now shown a one-to-one correspondence between the set of trees on n
labeled vertices, and the set of ordered n — 1 tuples (a;, ay, ..., ay-1) with 1 < a;<n for

1<i<n-2anda,_;=n. Asthe number of such sequences is n"~ 2, we have that the

number of trees on n labeled vertices is n® ~2. [ |

15



Interesting properties of the Priifer code.

Given a tree, T, with Priifer code (aj, a, ..., ay—1) wWith 1 <a;<nfor1<i<n-2and
a, -1 = n, the following properties are true. The number of times i € [n] occurs in the
Priifer code tells us the degree of i. Fori € [n — 1], the degree of i is one more than
the number of times it occurs in the Priifer code. The degree of n is the number of
times it occurs in (aj, ..., ap - 1). With that in mind, we can see thai the endpoints of T
are [n]\{ a;, ay, ..., a2} since each a; € { a, ay, ..., a; -2} has at least degree two.
The above proof also gives us a mechanical way to generate all trees on [n] using (1).

For the final proof of Cayley’s theorem, we first need the following lemma, which can
be found in Wilf [13, p. 163].

Lemma 2.2

For n > 2, given a sequence of positive integers (d, ..., dy) with Zdi =2n - 2, the
i=1

number of trees on [n] with degree sequence (d;, ..., dp), denoted T(dy, ..., dn), is

n-2
d, -1,d,-1,...,d_ -1}

Proof.
This can be shown by induction on n.

For n = 2, we need positive integers d; and d; with d; + d, =2. Thusd; =d; =1 and

0
therefore g = = 1. The theorem holds in this case since the only
dl = 1, d2 = 1 O’ 0

tree on [2] is ([2],{{1.2}}).

Suppose the theorem is true for n — 1. We need to show it is true for n =2 3. Note that
somed;=1. If {d, ..., da} = {e1, ..., en} as multisets then T(dy, ..., dn) = T(ey, ..., €a),
since the same number of trees would occur, one tree being just a relabeling of the

other tree. Thus we can say that without loss of generality d, = 1. Then

16



T(dy, ...,da_1, )=T(d; - 1,da, ..., da_1) + Td1, d2 = 1, ..., da_1) +
+...+T(di,d, ..., do_; = 1). §))

Equation (1) follows from categorizing the trees enumerated by T(d;, ..., do -1, 1)
according to the vertex adjacent to n (note that if some d; = 1, the term on the RHS of

(1) containing d; — 1 is zero, as is appropriate, since two vertices, each of degree 1,

cannot be adjacent in a tree with 3 or more vertices).

Now applying the induction hypothesis to the RHS of (1) and invoking the

multinomial recurrence yields

T(dy, ..., da_1, 1) ( 5 )+( py ]
1""’ —11 =
. d,-2,d,-1,...d, -1 d,-1,d,-2,...d, -1
n-3
+ ...+
(dl = L . N -2)
n=2 .
LR gt e S |

n-2
d,-1,d,-1,...,d,,-1,0

n-2
2 [ |
[dl -1,d,-1,..,d,,-1,d, -1)

Proof 3 of Theorem 2.1.

We can now count all trees on [n] by summing over all possible degree sequences:

)
3 T@ymdy)= Y ( ! J

dyrndy 21 dyyendy 21 d,-1,d,-1,...,d, -
dy+...4d, =2n-2 dy +..+d, =2n-2

= the sum of all n-nomial coefficients of order n — 2
= nn -2

(asdi+...+dp=2n-2,wehaved; -1 +...+dy-1=2n-2-n=n-2)[12]. =W
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CHAPTER THREE
TREES ON THE COMPLETE BIPARTITE GRAPH

Given the results from chapter two, we are now ready to take the three proofs of
Cayley’s theorem and extend them to results on the number of trees on the complete

bipartite graph.

Theorem 3.1
n-1_m-1

Let n, m € P. There are m" ™~ 'n spanning trees on the complete bipartite graph,

Kn'm .

Proof 1 of Theorem 3.1.
For our first proof of the number of spanning trees on the complete bipartite graph we

appeal to Theorem 2.2. Let A be the adjacency matrix of K, m. Then
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1

0011 1

00

1

0 011 1

0

-
m columns

v
n colummns

and therefore

0
0

0
0

0 0 0O
0 0 0O

0

m

0

0
0
0

0
0
0
0

m 0 0 O

0
0
0
0

0O m 0O

0
0
0

0 0 n O

0 0 0 n

0
n

n

0 0 00O
0 00 0

0
0

0
0

0

M=-A+

-
m columns

W
1 columns
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‘m O D 6 =1 =i =l 1]

0 m 0 0 -1 -1 af =y

0 0 m 0 -1 =1 = =0
|0 0 0 m -1 -1 -1 -1
~ =y -1 =1 n 0O O
o R | -1 =1"% 0 0
=1 =1 -1 -1 0 O n

-1 -1 ‘1 -1 B @ 0 |

= ncoermns ’ * mcoimms

Then by using the cofactor associated with the first row and column of M we get that

fm 0w B0 @ -1 21w -1 =1}
0 m = 0 O =k*=k s -1, =1
0O O m 0 -1 -1 —10 =i
- 1R O 0 ««« 00 m -1 -1 = -1 -1
Mi=(-1)""" det
-1 -1 -1 -1 n 0O O
-1 -1 -1 -1 0 0O 0
=1 =1 -1 -1 0 O n
=1 =1 -1 -1 0 O 0 |
n-lc(;lumns J ’ mcd‘-ms =
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[ m 0 0 -1 -1 -1 -1

0 m 0 -1 -1 -1 -1

0O O m 0 -1 -1 - -1 -1

0O O 0 -1 -1 -1 -
=! det i ; }

0 O 0O 0 n O 0 -n

0O O 0 0 O n 0 -n

0O O 0O 0 0 O n -n

-1 -1 - -1 -1 0 0 - 0 |

) n-lc;lumns ’ i mcofumns i

m 0 0 -1 -1 -1 -1]

0 m 0 0 -1 -1 -1 -1

0 O m 0 -1 -1 -1 -1
3110 @ 0 m -1 -1 ey ey
=“ det =m n .

0 O 0 0 n 0 -n

0 O 0O 0 O 0 -n

0 O 0O 0 0 o n -n

0 0 0 0 8.1

n-lct;umns s . mcol'unms

Thus the number of spanning trees of Ko is m®~' n™ !,

! Subtract the last row from each of the rows n throughn + m - 2.
< Add (1/m)(row 1 + ... + row (n — 1)) + ((n — 1)/(mn))(rown n + ... + row (n + m— 2)) to the last row.
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Proof 2 of Theorem 3.1.

The next proof of theorem 3.1 is an adaptation of proof 2 of Theorem 2.1 using a
bipartite Priifer code. Although it was extended using only Proof 2 of Theorem 2.1,
another statement of the process used in finding the bipartite Priifer code can be found

in Bodendiek and Henn [4, pp. 341 — 342].

It suffices to show there is a one-to-one correspondence between the set of spanning
trees of K, i and the set of ordered pairs of sequences of integers (a, b), with

a=(a, a, ..., ay) wherentl <ay<n+mforalll1<i<n-1and a,=n+m, and
b = (b;, bz, ..., bm_1) where 1 <b;<nforall 1 <j<m - 1, we call (a, b) the bipartite
Priifer code of the bipartite tree.

First we need to show that associated with each tree is such an ordered pair of
sequences of integers. Let K, , be the complete bipartite graph. Let T be a spanning
tree of K, . Find the bipartite Priifer code in the following way. Remove the endpoint
having the least label. If the removed endpoint is a left vertex, record to a the label of
the adjacent vertex. If the endpoint is a right vertex, record to b the label of the
adjacent vertex. Continue this process until a tree with only one vertex remains.
Clearly 1 <b;<nforallbje b. Alson+1<a<n+mforallaj€ aanda,=n+m
(since, prior to the last step, every tree has at least two endpoints, the smallest of
which will never be n + m). These two sequences associated with T are the bipartite
Priifer code of T. Notice that b has m-1 terms and a has n terms, and the last element

of a will always be n + m. In a more formal mathematical way, we are doing the

following.
Let T = (Uu V, E) be a spanning tree (note that U=[n] and V={n + 1, ..., n + m}).

Let €(T) = {endpoints of T}. Define u; = min &T). Then there exists a unique c; such

that {u;, c;} € E. Define U; = U\{u;}, Vi = V\{u1}, E; = E\{{uj, c1}}, and let
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T; = (U; U Vi, Ej). Clearly T, is also atree. Now let u; = min &(T;). Then there exits
aunique c; such that {uy, c;} € E;. Define U = U\{uy, uz}, V2 = V\{u;, u2},

Ez = E\{{uy, c1}, {uz, c2}} = Ei\{{uy, c2}}, and let T, = (U, U V,, E;). Again, T‘z'is
clearly a tree. Continue repeating the process. In general, we have

Uic1=U0\uy, ..., uim1}, Vici =VWuy, .., ui_1}, and E;_ = E\{{u;, 3} | 1<j<i-1}.
Then Ti_1 = (Ui-1 U Vi_1, Ei_1) and u; = min &(T;_{). At the final step, the tree
To+m-2=Un+m-2Y Viusem-2, En+m-2) has two vertices joined by an edge

{Ua+m—1, Ca+m-1} Where Uy, 1 is the smaller of the two vertices in

Un+m-2Y Vaym-2and ¢4 m—1 =n + mis the larger.

We have produced a sequence (uj, ..., Uy + m - 1) Which we will call the minimum
endpoint sequence of T. We have also produced the sequence (cy, ..., Cn+m-1), Which

is the Priifer code for T. Define the elements of a and b according to the following.

Let a; =c; ifu; € [n], and let b; =c¢; if u; >n. Let L(0) =R(0) = 1, and let

2 if u,€[n]
1 ifu;>n

1 if u, €[n]

; . Then in general we have
2 ifu;>n

L(l)={ andR(1) = {

RGi-1) if u,e€[n]

. [LG-1)+1 if u;€n] | |
L@) = ! o
; { R(G-1)+1 ifu,>n with a5 =Ci411

LG-1)  ifu; >n ’a“dR(l)={

Uj+1 € [n] andbR(.)=ci+1 ifui+1 >n.

At each step, the indices only increase by at most one so we are systematically
assigning each c; to either a or b as appropriate. Each c; is used only once, thus there
are n + m — 1 steps involved and n + m — 1 elements in (a, b). Thus we have produced
the two sequences a = (aj, ..., a;) and b = (by, ..., by - 1) which form the bipartite
Priifer code of T. Note that T= (U U V, {{u;, ¢} |1 £i<n+ m-1}. By
construction, the u; are all distinct. Further, since every tree has at least two endpoints
and each u; is the smallest endpoint of a tree, no u; = n + m. Thus the minimum

endpoint sequence is a permutation of [n + m - 1], and a, =n + m.
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Now we need to show that the bipartite Priifer code is unique — i.e., given two bipartite
spanning trees on U and V with the same bipartite Priifer code, the trees are identical.
Using the notation from above, assume that S = (U U V, E) with minimum endpoint
sequence (sg, ..., Sa+m-1), that T = (U U V, F) with minimum endpoint sequence

(t1, ..., ta+m-1), and that S and T have the same bipartite Priifer code (a, b) with
a=(aj,...,ag)and b=(by, ..., bm_1). Then as in Lemma 2.1,
eES)=(UuV)\({ay...,a-1}U{by ...,bn 1 })=(UUV)\{ ay, ..., 3} U

{ b1, ..., bn-1}) = &T). Thus by definition, s; = min &) = min &T) =t;. Then
S1=(U U V)\{s1}, E{{s1,c1}) and T; = (UL V\{t1}, F\{{t;, c1}}, where

2 ifs,=t;en

a, ifs;=t;>n
¢y = ) and
{ 1 ifs;=t;>n

. Then letti =R0)=1,1(1)=
B iErstEE Then letting L(0) =R(0) = 1, L(1) {

1 ifs,=t,€[n]

2 ifs, =t >n we have €(S;) = (UL V)\({s1} L { aLqy, ..., @aa-1} U

R(1)= {

{ bray, ..., bn-1}) and &(T1) = (U U VI\({t1} U { arq), ..., @ -1} U { brqy, -.., bn_1}),
so €(S;) = &(T}), and therefore s; = min €(S;) = min &(T;) = t;. In general we get

LG-1)+1 ifs, =t en
LG-1) ifs,,=t,,>n

R(i-1) ifs;, =t, ,€[n]

b

ui-1)={ ,R(i—1)={

with Si_1 = (UU V)\{sy, ..., si—1}, EM{sj, ¢j} [ 1<j<i-1}) and
Tio1=((UU VMt ..., i1}, EM{tj, c;} | 1 £j<i-1}), where

o= {aL(i_z) if Sl-l =ti-1 >n

. . Then again as in Lemma 2.1,
brg.y if Sy =t € n] g

€Si—1)=(UUV)\{sy, ..., sic1} U {aLg-1) --» @ -1} U {brg-1) ..., bm-1}) =
=((UU VM, ..., tic1} U{ag-1), --s @1} U {bri-1) ---» bm-1}) = &(Ti_1).
Therefore si=min &S;_-;1) =ming(Ti_;)=tiforall1<i<n+m-1. Then

(S1, .-+s Sn4m-1)=(ty, ..., tas m—1) and therefore S = T.

Note that s; = t; = min ((U UV\({s1 =ty ..., S8i-1= ti—1} Y
{aLG-1), .- s 3ns bRE-1), --+» Dm-1}))- 1)
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This constructively defines the tree from (a, b), so if we know the bipartite Priifer

code, we know T.

We have shown how to find the bipartite Priifer code of a tree and that trees with the
same bipartite Priifer code are equal. Now we need to show that given an ordered pair
of sequences of integers (a, b), with a = (aj, az, ..., a,) where n + 1 < a; < n + m for all
1<i<n-landa,=n+m,and b= (by, by, ..., bn_1) where 1 <b; <n for all

1 <j<m - 1, there is a bipartite tree (which is unique from above) with (a, b) as its
bipartite Priifer code. Let (a, b) be such an ordered pair. Define u; recursively by the

following.

Let u; = min ([n + m]\{ay, ..., ay, b1, ..., bm_1}). Define L(0) = R(0) = 1, and

2 ifu;€e[n]
1 ifu,>n

1 ifu,eln]

. . Then in general,
2 ifu;>n

L(1) :{ . Define R(1) = {

u; = min ([n + m]\({uy, ..., ui—1} U {ai-1y ..., @, brGi-1), -.-, bm-1})) for
i=2,...,n+m-1, with L) = |{uy, ..., i} N [n]| + 1 and

R@G) = [{uy, ..., wi} n{n+1, ...,n+ m}| + 1. We could equivalently define L(i) and
R(i) as follows:

Li-1)+1 if wie[n]
LG-1) ifui>n

RGi-1) ifue[n]

uo:{ RE=1)+1 MR

and R(i) = {

Note that L(i) + R(i) =i + 2 . This is clearly true fori =1. Then assuming
Li-1)+R@i-1)=@G-1)+2=i+ 1, wehave that

LG +R3@)=L3i-1)+R(i-1)+1=i+1+1=i+2. Then

[n + mM\{uy, ..., ui-1} U { aLi-1) -.-» an, bRG-1) ---» Dm—1}) iS never empty as there
are at most n + m — 1 elements in {uy, ..., ui-1} U { aLi-1) .-, an, BRGE=1)» --+» Dm -1}
(by counting indices, we have at most
i-D+n+(m-1)-[LG-1)-1]-[RG-1)-1]
=i-1)+n+m-1+2-(LE-1)+R@i-1))
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=(1-1)+n+m+1-(G-1)+2)

=i—-l+n+m-i

=n + m - 1 elements in the union)

and n + m elements in U U V = [n + m]. Once again, this definition compels

(u, ..., Un+ m-1) to be a permutation of [n + m — 1]. Define a graph T = (U U V, E)

. ) agg.y ifu;>[n]
- where E = {{uj,¢;} | 1<1<n+m} with¢;= . . Also, for
brgy ifu;€n

1<i<n+m,letU;=U\Yuy, ...,ui-1}, Vi=V\{uy, ..., ui_1},

E; = E\{{u;, ¢i} | 1 £j <i} and T; = (U; U V;, E;)). We claim that the resulting graphs T
and T; are trees. We need only to show that u; is an endpoint of the graph T; and that
no other vertex with smaller label is an endpoint. Since y; is adjacent to c; in T; and

ci = u; for some j > i (that is, ¢; is an endpoint of a later T;), we can trace a path from

each y; to a; = n + m, showing connectedness of T and each T;.

Note that {u;, c;} € E;. Therefore u; has a neighbor in Tj, namely c;. Also u; cannot be
adjacent to any other vertex of Tj, since if it were, then for some j, {c;j, u;} is also an
edge of T; that includes u;. Then j > i as u; is a vertex of Ti. Also, we have that either
u; = yj or u; = ¢. But y; # u; since u; ¢ Tj, and y; # ¢; since ¢; is equal to a later a1y
or bgg-1y and thus in {ayg -1y, -.., @, brei-1), --., bm-1}. Thus u; is an endpoint of T;
Hence we have that T and all T;’s are trees. Since T is a tree, it has a bipartite Priifer
code. Note that we have just defined each y; as it was defined in (1). Therefore u; is

the endpoint of smallest label in T;.

We have shown that there is a one-to-one correspondence between the set of spanning
trees on Ky m and the set of ordered sequences of integers a = (ay, ay, ..., a;) where
n+l<a<n+mforalll<i<n-landa,=n+m,andb = (by, by, ..., by_1) where
I<bj<nforall 1<j<m-1. Hence, as the total number of such sequences is

m®~'n™"!, we have that the total number of spanning trees of Ky mis m* ™ 'n®~'. m
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For the last proof of theorem 3.1, we need the following lemma, which can be found in
Pak [11].

Lemma 3.1

Given a sequence of positive integers (dj, dz, ..., dn; da+1, Ao+ 2, ..., dn+m) With

n+m

Zdi = Zdi =m + n — 1, the number of spanning trees of Ky such that vertex i has

i=1 i=n+1

degree d;, denoted T(d;, dy, ..., do; da+1, dn42s ---» Ao +m), 1S

m-1 n-1
d, -1.d,-1,....d, -1)\d,,, -1,d,,; -1,....d ,, -1)°

Proof.
This proof can be shown by induction on n + m.
For n + m = 2, we have that n = m = 1. So we need positive integers d; and d, such

that d; + d, =2. Thus d; =d, = 1 and therefore (1'1 ) ( 1'1) = (OJ (0) =1if
d, -1)\d,-1 0)lo

d; = d; = 1. The theorem holds in this case since there is only one spanning tree on
Ki,1.

Let n + m 2 3. Suppose the theorem holds for all sequences of positive integers

ptq

(d1,dz, ..., dp; dps1,dp 42, ..., dp 4 g) With idi = Zdi =p+q-1forp<nand

i=1 i=p+1

q < m, with at least one of the inequalities strict. Suppose we have a sequence of

positive integers (dy, dz, ..., do; o+ 1, dn 42, -+ o e m) With D d; =2(n + m - 1).

i=1
Using the same argument that appears in the proof of Lemma 2.1, we may assume that

d]Z ...Zdn= 1. Then
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T(dh d27 coey l;dn-!-], dn+2, ey dn+m) = (1)
=T(d], dz’ ceey l; dn+l - l’ dn+23 (XX dn+m)+T(dl, d27 ceey l;dn+l’ dn+2— 1, ceey dn+m)
+... +T(d1’ d2a LEXT) 1; dn+1, dn+2’ seoy dn+m‘ 1)1

by categorizing the trees enumerated by T(di, d2, ..., 15 da+ 1, da + 2, ---, do + m)

according to the vertex adjacent to n.
Applying the induction hypothesis to the RHS of (1) and invoking the multinomial

recurrence gives us

T(dy,d, ..., 1; dus1,dn+2, - dpam) =

5 m-1 n-2 N
d,-1,d,-1,. d dn+1'2’dn+2'1""’dn+m -1
( ]( ) Y
d -1, d o+~ n+2 n+m -1
(d =1y d nl 1) [dnﬂ 1, dn+2 2dye dn+m '2)
d1 U nl k=1 dn+l n+k By ’dn+m ol |
_ ( m-1 zm: n-2
4, -1,00dp, -1,0) &\, e dy gy -2l -l
P (TR
\d -1,. 1 d,, -1. dn+k -2,00dy -1

N m-1 X n-1 ) =
\d;-1,d,-1,...d, -1\d,,,-1,d,,, -1,..,d,, o -1

d e d
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Proof 3 of theorem 3.1.

We can now count. all spanning trees of K; m, by summing over all possible degree
sequences. Note that in the complete bipartite graph, as all edges begin on one side
and end on the other, the sum of the degrees of the vertices on the left side equals the

sum of the degrees of the vertices on the right side.

Y Ty, dyidasgsendasm)
all possible
degree sequences

aipog \dy-Lond, -1 \dgy-1ind,, -1

degree sequences

e d ewid 0] \d,, -1,..4,,, -1

d;+..+d, =m+n-1
dpyy+..4d  ,n=m+n-1

A d;-1,..d, 1) 4 O S TR |

*“n+m
d; +..+d, =m+n-1 dgg +..+dy,, =m+n-1

= (the sum of all n-nomial coefficients of order m — 1) ¢ (the sum of all m-nomial

coefficients of ordern — 1)
‘=nm-1mn-1
(asd;+...+dy=m+n-1,wehavethatd;-1+...+dy—-1=m+n-1-n=m-1

andasdp4+1+ ... +dpym=m+n -1, we have that

dos1-1+...+dpyp-1=m+n-1-m=n-1). .
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CHAPTER FOUR
TREES ON THE COMPLETE TRIPARTITE GRAPH

Now that we have the results for the number of trees on [n] and the number of
spanning trees on the complete bipartite graph, we are ready to take the first two
proofs and extend them to a result on the number of spanning trees on the complete

tipartite graph.

Theorem 4.1
Letp,q,r,€ P,andletn=p + q +r. There are n(n - p)"'l(n - q)q"(n - r)'”l

spanning trees on the complete tripartite graph, Kp g

Proof 1 of Theorem 4.1.
For our first proof, which was aided by Pak [11], of the number of spanning trees on
complete tripartite graph, we once again appeal to Theorem 2.2. Let A be the

adjacency matrix of K; qr. Then
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[0 0 011 R R | 1]
00 011 111 1
00 011 111 1
1 1 100 - 01 1 1
11 1 00«90 1 1 1
A= -
1 1 1 00 5470 1 1 1
11 111 1 00 0
11 119 4 1 00 0
[ 1 111 100 0

b Jd3 b w -’ \ w
p columns qcolumns 1 columms

and therefore

[q+#r 0 -« 0 0 0 - 0 0 0 - 0]
0 q+r 0 0 0 0 0 0 0
0 0 q+r 0 0 0 0 0 0
0 0 0 p+r O 0 0 0 0
0 0 0 0 p+ 0 0 0 0

M=-A+ P
0 0 « 0 0 0 = p+r O 0 - 0
0 0 « 0 0 0 - 0 p+q O 0
0 0 =« 0 0 0 - 0 0 p+q 0

0 0 -~ 0 0 0 = 0 0 0 - p+q]
b pcorrmms ’ * qCOhTIIIEIS i : rco);mns ’
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[q+r 0 0 -1 -1 -1 -1 -1 -1 7

0 q+r 0 - A& i -1 -1 -1 -1

0o .0 q+r -1 -1 -1 -1 -1 -1

-1 -1 -1 p+r 0 0 -1 -1 -1
S -1 0 p+r 0 -1 -1 -1
sl 21 s -1 0 0 e pir -1 -1 ey =]

-1 -1 =« -1 -1 -1 =« -1 p+q O - O

-1 -1 - -1 -1 -1 =« -1 0 p+q -~ O
[ -1 -1 -1 -1 -1 -1 0 0 p+q]

pcoI:urm ’ ) qcolrmm ’ . rcoh'mms

Then by using the cofactor associated with the last row and last column of M we get

that
Mupa = (-1)® » det

[q+r 0 = 0 -1 -1 e -1 -1 -1 e -1 ]
0 q+r - O -1 S N | -1 -1 e -1
0 0 q+r -1 -1 -1 -1 -1 -1
-1 -1+« -1 p+r 0 - O -1 -1 - -1
-1 -1 e -1 0 p+r === O -1 -1 e -1
-1 -1 -1 0 0 p+r -1 -1 -1
-1 -1 -1 -1 -1 -1 p+q O 0
-1 -1 -1 -1 -1 -1 0 p+q 0

| -1 -1 -1 -1 -1 -1 0 0 p+q]

pcohrums qoohvamns . ) rlcovim 2
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1 1 1 1 1 1 0 0 0 |
0 q+r 0 -1 -1 -1 -1 -1 -1
0 0O - q+r -1 -1 -1 -1 -1 e -1
-1 -1 -~ -1 p+4r 0 - O -1 ) S |
-1 -1 -1 0 + 0 -1 -1 -1
=1 det p.r
-1 -1 - -1 0 0O - p+r -1 -1 -1
-1 -1 - -1 -1 -1 -~ -1 p+q O - O
-1 -1 e -1 -1 -1 - -1 0 p+q - O
-1 -1 -1 -1 -1 -1 0 0 p+q]
pcol:nms ) qconmns ) r-1columns
=2 det
1 1 1 1 1 1 0 0 0 |
0 q+r 0 -1 -1 -1 -1 -1 -1
0 0 - q+r -1 -1 -1 -1 S B |
0 O 0 p+r+l 1 1 -1 -1 e -1
o o0 - 0 1 ptr+l -- 1 -1 S e |
0 O 0 1 1 p+r+l -1 -1 -1
0O O 0 0 0 0 p+q O 0
0 O 0 0 0 0 0 p+q 0
0 0 0 0 0 0 0 0 p+q]
: pcommns ’ ) qcolﬁmns ’ o r-1cohmmm

! Replace row 1 in the previous matrix by itself plus rows 2 throughp +q+r1-1.
< Replace each of the rows p + 1 through p + q + r — 1 in the previous matrix by itself plus row 1.
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1 1 1 1 1 1 0 0 0
0 q+r 0 -1 -1 -1 -1 -1 -1
0O 0 - q+r -1 -1 -1 -1 -1 - -1
o 0 - O p+r+q p+r+q -+ p+r+q -q9 -9 - -q
o o0 - 0 1 +r+l .- 1 -1 -1 e -1
det| . e s { ; - r . ! : I o7 -
o o0 - 0 1 1 wo ptr+l -1 -1 e -1
0 O 0 0 0 0 ptq O - O
00l s 0 0 0 0 0 p+q === O
0 0 0 0 0 0 0 0 p+q]
' pcoltunns ’ ) qcohvums ¢ ) r-1columas ’
=2 det
[1 1 e, 1 1 1 1 0 0o - 0]
0 q+r == O -1 -1 -1 -1 S O |
0 0 - q+r -1 -1 -1 -1 -1 e -1
0O 0 « O p+r+q p+r+q -+ p+r+q -q -q = =q
o 0 - 0 0 p+r 0 c c - c
0O 0 -« O 0 0 ess PpHT c cC = C
0 O 0 0 0 0 p+tq O - O
O 0 =« 0 0 0 0 0 p+q -+ O
|_0 O o E=sic 0 0 0 0 0 0 - p+q]
p columns ; q columas ] g r-1columns .

=(p+q+r1)(q+r1)P~ 1(p + r)q‘l(p +q)” ! where c = -p-D/(p+q+r1).
=n(n-pf ‘-9 ‘-1’

Thus the number of spanning trees on K; g, is n(n—p)P~ nsg a-n)L |

! Replace row p + 1 in the previous matrix by itself plus each of the rows p + 2 through p + q.
Replace each of rows p + 2 through p + q in the previous matrix by itself plus (-1)/(p +r + q) times row p + 1.
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Proof 2 of Theorem 4.1.
The next proof of Theorem 4.1 is an adaptation of proof 2 of Theorem 2.1 using a

tripartite Priifer code.

It suffices to show there is a one-to-one correspondence between the set of trees on the
complete tripartite graph K qr, and the set of quadruples of sequences of integers

(a1, a, a3, a), with a; = (a1y, a2, ..., a1p-1y) Where p + 1 < a;; < n for all

1<i<p-1, ay=(az1, a2, ..., ayq-1) Where 1 <a<por(p+q+1)<b;<n forall
1<j<q-1,a3= (a3, a3, ..., a3¢- 1)) where 1 <azy <p+qforall 1 <k<r-1, and
a = (aj, a2) where 1 < a; < n and a; = n. We call (a;, a,, a3, a) the tripartite Priifer

code.

First we need to show that associated with each spanning tree there is such a quadruple
of ordered sequences of integers. Let K 4, be the complete tripartite graph. Let T be
a spanning tree of Kpq,. Find the wipartite Priifer code in the following way. Remove
the endpoint having the least label. If the endpoint is the sole remaining vertex in its
vertex set, record to a the label of the adjacent vertex. Otherwise, if the removed
endpoint is a left vertex, record to a; the label of the adjacent vertex. If the endpoint is
a middle vertex, record to a; the label of the adjacent vertex. If the endpoint is a right
vertex, record to az the label of the adjacent vertex. Continue this process until a tree
with only one vertex remains. Clearly p+1<aj;;<nforallaje a;, 1 <ay;j<por

(p+q+ 1) <ay;<nforallaje a,1 <azj<p+qforallazye a3, 1<a;j<nanda;=n
as by the procedure n will be the last vertex remaining, since after each removal we

still have a tree which has at least two endpoints, the smaller of which will never be n.

These four sequences associated with T define the tripartite Priifer code. More

formally, we are doing the following.
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Let T =(V; U V2 U V3, E) be a spanning tree, where V; = [p], Vo= {p+1,...,p+q},
and V3= {p+q+1, ..., n}). Let &T) = {endpoints of T}. Define u; = min &(T).
Then there exists a unique k; such that {u;, k;} € E. Define Vi; = Vi\{u;}, V2, =
Vaui}, Vii = Va\{uy), E; = E\{{uy, ki}}, and let T; = (V1,1 U V2,1 U V3, E)).
Clearly T, is also a tree. Now let uz = min €(T;). Then there exits a unique k; such
that {uz, k2} € E;. Define Vi2= Vi\{uy, uz2}, V2.2 = Vo\{uy, w2}, Va2 = Va\{uy, uz},

E; = E{{u1, k1}, {u2, ko}} = Ei\{{u, k2}}, and let T, = (V12 U Va3 U V3,5, By).
Again, T, is clearly a tree. Continue repeating the process. In general,

Vii-1=ViMuy, ..., ui_1}forj € [3],and Ei_; = E\{{u;, kj} | 1<j<i-1}. Then
Ti-1=(V1i-1V V2i_1U V34, Ei_1), and u; = min &(T;_,). At the final step, the tree
To-2=(Via-2U V20-2U V3,_5, Ex_7) has two vertices joined by an edge

{un-2, kn—2} where u, _; is the smaller of the two vertices in V52U Vap_2U V3g_»,

and k, -2 = n is the larger.

We have produced a sequence (uy, ..., U, —1) which we will call the minimum endpoint
sequence of T. We have also produced the sequence (k, ..., ky - 1), which is the

Priifer code. Define the elements of a;, a3, a3, and a according to the following.

First, u; € Vy, for some h, then a; = k; if Vi\{u1} = & and ay,; = k; otherwise. Then for

2 ifj=h 1 ifV,\ z O
Al © and fy(1) = gL {ul}_ . Next, u; € Vyfor
1 otherwise 2 otherwise

je 3], let fi(1) = {

some h, then as, (1) = k, if Vi\{u;, w2} = G and anf, (1) = k2 otherwise. Then for j € [3],

f(1) +1 ifj=h

1 ifV,\\{u,u,} # O
f,(1)  otherwise’ )

2 otherwise

let £i(2) ={ and f4(2) ={
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fG-2)+1 ifj=h

for j & (3], and
£G-2) otherwise o) < [k a0

Then in general for u; € Vy, letfji—1) = {

1 if V. \{u,,...,u # O x
f,0- D= { n\ i1} . Define ar, g1y = ki if VaM{uy, ..., ui} = @,

otherwise

and anf, (i-1)= k; otherwise.

Note that at each step, the indices only increase by at most one so we are assigning
each k; to ay, aj, a3, or a as required. Therefore as each k; is used only once, there are
n — 1 steps involved and n — 1 elements in (a3, a,, a3, a). Thus we have produced the

four sequences a; = (a1, a1z, ---» A1p-1))» A2 = (221, a2, ---» A2q-1))
a3 = (as1, a3, ..., a3¢- 1)), and a = (a;, a) which form tripartite Priifer code of T. Note

that T = (V; U V2, U V3, {{u;, ki} | 1 <i <n-1}. By construction, the u; are all
distinct. Further, since every tree has at least two endpoints and each u; is the smallest
of a tree, no u; = n. Thus the minimum endpoint sequence is a permutation of [n — 1],
and a; = n. Notice that V3\{uy, ..., u;} is never empty since u; # n for all i. Therefore a

needs only two terms.

Now we need to show that the bipartite Priifer code is unique —i.e., given two trees on
V1, V2, and V3 with the same bipartite Priifer code, the trees are identical. Using the
notation from above, assume that S = (V; U V2 U V3, E) with minimum endpoint
sequence (si, ..., Sn—1), that T = (V; U V2 U V3, F) with minimum endpoint sequence
(t1, ..., ta —1), and that S and T have the same tripartite Priifer code

a1 = (a1, 212, ..., A1p-1)), a2 =1(a21, 222, ..., A2q-1)), a3 = (a31, a32, ..., A3¢r- 1)), and

a = (aj, az). Then by using the same reasoning as in Lemma 2.1,

&8) = (Viu V2 U Vi)\({ay, a1z, ..., a1p-1y, 21, 222, --., B2g—1), A31, 332, ...,

a3¢- 1), a1}) = €(T). Thus by definition, s; = min &(S) = min €(T) =t;. Then
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S1=((Viu VU V3)\{s1}, E\{{s1, k1 }} and T1 = (V1 U V2 U Va\{t1}, B\{{ts, ki }}, for

a, ifV,\\{u} =@

s;1 =t; € Vi, where k; = { . Then for j € [3], letting

By otherwise
2 ifj=h 1 if V,\ z J
VR T Gl s e PSS i o Ui
1 otherwise 2 otherwise

&S1) = (V1 U V2 U Va)\({s1} U {aif, ), @125 -5 1p-1)» 821, (1), 3225 ---5 A2(q- 1)
a3ty (1) 232, ---, 3¢ - 1), a1}) = &T1). Thus &(S1) = &T)), and therefore t; = s,.

fi-2)+1 ifj=h

for j € [3], and
fG-2) otherwise orj€ [3] an

Continuing we get fj(i— 1) = {

1 if V,\Mu,.,u_} # I
2 otherwise

f,G-1)= { . Then

Si-1=((V1V V2U V3), E\{{s;, kj} [ 1 £j<i-1}) and

Ti-1= (ViU V2L Vi), E\{{t;, kj} | 1<j <i-1}). Therefore &Si_1) = (ViU VU
Va)\({s1, ..., si-1} U {a1f, -1y, 212, .-+, B1p—1)» B2, G~ 1) @22, - B2Ag-1)

a3f,(i—1)» @32, -+, 83 - 1), a1}) = €&(Ti-1) and hence s; = min &S;_1) =min &(Ti_1) =t

forall1<i<n-1. Then(sy, ..., Sa—1) = (1, ..., ta —1) and therefore S =T. Note that

si=ti=min (ViU V2 U Va)\({s1 =ty, ..., sic1=ti_1} U { aif,G-1) 212, +--» A1p = 1)

a6, (i~1)> 22, +--» A2(q - 1) A3f5 (Ti-1)> 832, -++» A3~ 1)s A1, 32})). ¢))

This constructively defines the tree from (a;, a2, as, a), so if we know the tripartite

Priifer code, we know T.

We have shown how to find the tripartite Priifer code of a tree and that trees with the
same tripartite Priifer code are equal. Now we to show that given a quadruple of
sequences of integers (aj, a2, a3, a), with with a; = (a1, a12, ..., ajp-1)) where

p+l1<a;<nforalll1<i<p-1, ay=(az, az, ..., ayq-1)) Where 1 <a;<p or
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(p+q+1)<bj<nforalll<j<q-1,a3= (a3, a3z, ..., a3,- 1)) Where 1 <az<p+q
forall 1 <k <r-1, and a = (a;, a;) where 1 < a; < n and a; = n, there is a tree (which

is unique from above) with (a;, a,, a3, a) as its tripartite Priifer code. Let

(a3, a3, a3, a), be such a quadruple.

Define u; recursively by the following.

Let u; = min ([n]Mai1, a12, ..., a1p -1y @21, a22, ..., A2q-1)» 31, 832, ..., A3z~ 1), A1, A2}).
ifj=h

2
Then u; € Vy, for some h. For j € [3], define f;(0) = 1, fi(1) = . ,and
1 otherwise

1 ifV,\ % D
f4(1) = { if Vi \u,) . Then in general, define

2 otherwise
u; = min ([n]\({uy, ..., ui-1} U {aif, -1y @12, .., A1p-1)» B2f, - 1)» 822, ---» A2(q- 1),

f,i-2)+1 ifj=h

36, (i-1)» 832, --+> A3~ 1), 8, G-1)» 22})), With f(i — 1) = { £G-2) otherwise
-

1 ifV,\{u,.,u_,} #* O

ie [3],andf,(i-1)=
j & [ERSm i ) {2 otherwise

Note that f;(i) + f2(1) + f3(1) + f4(i) = i + 4. From above we see this is true for i = 1.
Then assuming fi(i — 1)+ f(i- 1)+ f35G- 1)+ f4(i-1)=@G - 1)+ 4 =i + 3, we have
that f;(i) + f,G) + f3G0) + f4(@) =H1G- 1)+ HLG- D) +f3G- D +f4G@-D+1=i+3+1=
i+4. Then [n]\({uy, ..., ui—1} U {alfl(i_l), 12, «.v5 Al(p 1)y A2, (i~ 1)5 22, -5 A2q - 1)s
asf, (- 1), 832, ---> A3~ 1), A, a}) is never empty as there are at most n — 1 elements in

{ug, ..., uim1} U {ais, -1y @125 ---5 Bip -1, 32, - 1)» 822, -+ B2(q—1)» Af 5 G- 1)»

asy, ..., a3¢- 1), a1, a2} (by counting indices, we have at most

(-D+@-D+@-D+c-D-[fil-D- 1-[fG-D-1]-[fHG-1)-1]-
((G-D-1]-[fi-1)-1]+2

=(i-D)+@p-D+@-D+G-D+4 -[fii-D)+HE-1)+f31-1)+fs(i-1)]-2
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=i-1+p+q+r-3+4-(+4)-2

=n-6

<n -1 elements in the union)

and n elements in V; U VU V3 =[n]. Once again, this definition compels

(uy, ..., up—1) to be a permutation of [n — 1]. Define T = (V; U V2 U V3, E) where
8.y fViMu,..,u}=0

E={{u,k}|1<i<n+m} wherek;= . , where
Ayt -1y otherwise

u; € Vy. Also, for 1 <i<n,let Vl,i= V1\{ll1, e Uiz}, sz =V \{uy, ..., u_1},
Vii=Vi\{uy, ..., ui_1}, and E; = E\{{u;, k;} I 1<j<i}and Ti=(V1; U V2;U V3;, E).
We claim that the resulting graph T is a tree with tripartite Priifer code

a; = (an, a2, ..., a1p-1))> a2 =(az1, a2, ..., A2q-1)> a3 = (as, a3, ..., a3¢- 1)), and

a = (aj, a2). We need only to show that v; is an endpoint if the graph T; and that no
other vertex with smaller label is an endpoint. Since u; is adjacent to k; in T; and k; =
u; for some j > i (that is, k; is an endpoint of a later Tj), we can trace a path each u; to

a,, showing connectedness of T and each T;.

Note that {u;, k;} € E;. Therefore u; has a neighbor in Tj, namely k;. Also u; cannot be
adjacent to any other vertex of T;, since if it were, then for some j, {k;j, u;} is also an
edge of T; that includes u;. Then j > i as u; is a vertex of T;. Also, we have that either

u; = uy; or y; = k;. But u; # u; as u; € Tj, and u; # k;j since k; will equal some later ay.
Thus v; is an endpoint of T;. Hence we have that T and all T;’s are trees. Thus as T is
a tree, it has a tripartite Priifer code. Note that we have just defined each v; as it was

defined in (1). Therefore u; is the vertex of smallest label in T;.

We have shown that there is a one-to-one correspondence between the set of spanning
trees on Kp 4, and the set of quadruples of ordered sequences of integers (ay, az, as, a),
with a; = (a1, a12, ..., a1p-1y) wherep+1<a;<nforall1<i<p-1,

a; = (az1, a2, ..., a3q-1)) Where 1 <ay<por(p+q+ I)<bj<nforall1<j<q-1,
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a3 = (as1, a3, ..., a3¢- 1)) where 1l <ax <p+qforalll <k<r-1,and a = (ay, ay)

where 1 < a; <n and a; =n. Hence, as the total number of such sequences is

n(n - p)’ ~'(n - q)?~ '(n - 1)’ 7', we have that the total number of spanning trees of

Kpgrisn(n—p) (- 'a-n'". n
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CONCLUSION

We have now proved Cayley’s theorem using three different proofs. We first proved
it using a little bit of algebra and Kirchhoff’s matrix tree theorem. We then showed
there is a one-to-one correspondence between trees on [n] and Priifer codes. Finally
we counted the number of trees by using degree sequences and properties of

multinomial coefficients.

Once we showed all of those results we turned to the number of spanning trees on the
complete bipartite graph, and extended each of the three proofs. Finally we extended
the first two results to count the number of spanning trees on the complete tripartite
graph. The reader will note that we did not extend the degree sequence argument for
the tripartite case. The problem that arises is knowing what acceptable degree

sequences look like to ensure that we obtain a tripartite tree.

One might hope for an extension to the number of spanning trees on the complete

k — partite graph on n = n; + nz + ... + nk vertices, Ko n,, ... n, , and it turns out that
such an extension exists [4, p. 338]. It is obvious how one might prove this results
algebraically using Kirchhoff’s Theorem, but the mechanics involved appear
formidable. A combinatorial proof using a k — partite Priifer code looks practicable.

The k - partite Priifer code will take the form of a k + 1 tuple of sequences of integers
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(a1, az2,... , ax,a) in which a; = (an, a2, ..., a1, - 1)) With aj; € [n]\V,,
a=(az1, a2, ..., @@, -1) With a3 € [n]\Vy, ..., ax = (a1, a2, ..., ak@, -1)) With

ay € [n\Vy, anda =(a;, a2, ..., ax_1) witha; € [n]for1<i<k-2and ax_;=n.

Given a k — partite tree, one can form the code in the usual way: Find the endpoint of
smallest label and call it u;. If u; € Vj, record to a; the label of its adjacent vertex.
Then remove u; and its incident edge from the tree. Then repeat the process.
Whenever u; is the sole remaining vertex of V;, for u; € Vj, record to a the label of its
adjacent vertex. This process will result in the k — partite Priifer code

(a, az2,... , ag a).

Using similar tactics to the ones already used, one can rigorously prove that this is
indeed a one-to-one correspondence. Therefore as there are n — n; possible elements

that aj; can take on, there are (n —ny)"! ~ L ways to complete a;. Similarly, there are
(n—ny)"2 '.1 possibilities for a;. In general, for a; there are n — n; possible values, and
therefore (n — n;)"i ! ways to complete a;. Completing a can be done in n*~?2 ways as

there are k — 2 elements which can take on any value in [n], with the last element
predetermined. Hence, putting it all together, we have that there are
n**(n-np)™ '(n-n)2 "' ... (n—n)"* "' suchk + 1 tuples. Therefore, there are

n*"*(n-n)™ (n-np)*2 "' ... (n-ny)"* "' spanning trees on Kajng.onny -
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