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DIRECT AND SEMIDlRECT PRODUCTS OF SEMIGROUPS 

o. Introduction 

The purpose of this thesis is to exhibit the direct products and 

the semidirect products of semigroups of orders two, three, and four. 

Section I consists of the definitions necessary for the proofs and com­

putations which appear in the first five sections. In Section 2 theorems 

on direct products of semigroups of any order are proved. A method of 

writing by inspection the multiplication table of the direct product of 

two finite semigroups is presented in Section 3. Section 4 consists of 

tables listing the direct products of semigroups of order two with semi­

groups of orders two, three, and four and a table listing the direct 

products of semigroups of order three with semigroups of order three. In 

Section 5 is considered the problem of describing the multiplication table 

of the direct product of two semigroups S and T b.Y adjoining rows and 

columns to the multiplication table of the direct product of subsemigroups 

contained in S and T respectively. The direct products of those third 

and fourth order semigroups which are not so described are listed in 

Section 5. In Section 6) semidirect products of semigroups are defined, 

same theorems concerning them are proved, and examples are cited to show 

that some of the theorems on direct products are not necessarily true for 

semidirect productso A method of writing by inspection the multiplication 

table of the semidirect product of a finite semigroup and the semigroup 

of its endomorphisms is exhibited in Section 7" The endomorphisms of the 

semigroups of orders two and three, the automorphisms of the semigroups 

of order four, and the semidirect products of orders two, three, and four 
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are listed in Section 8 .  

As an appendjjtwe"ilicltide a listing, compiled jointly by the author 

and Messrs. K. S. Carman and Eo Eo Posey, of the semigroups of orders two, 

three, and four. From time to time we cite examples by number from this 

list; the digit to the left of the decimal point of each such number is 

the order of the semigroup, and the number following the decimal point 

gives the lineal position of the semigroup among all those of that orderQ 

1. Definitions 

Definition 101. A semigroup is a system consisting of a non-empty set 

S of elements and a single-valued binary operation such that (1) to every 

ordered pair (a, b) of elements of S the operation associates an 

unique element c of S , usually called the product of a and b 

(we write a 0 b = c or ab = c) , and (2) for any elements a, b, c of S , 

a(bc) = (ab)c A semigroup is commutative if, for all elements 

a, b of S , ab: ba The number of elements in a finite semigroup is 

the order of the semigroup. 

Definition !.�o A subsemigroup of a semigroup S is a subset of S which 

is itself a semigroup. Thus S itself is a subsemigroup; all other sub­

semigroups of S are called proper subsemigroups. 

Definition ,!olo An element e of a semigroup S is a left identitl 

element of S if, for every element a of S , ea = a An element 

h of S is a right identity element of S if, for every element a of S , 

ah= a An element of S which is both a left identity element and a 

right identity element is called a two-sided identity element, or simply 

an identity element, of S A semigroup may have more than one left 



identity element or right identity element, but if it has at least one 

left identity element e and at least one right identity element h , 

then h = eh = e , whence the semigroup has exactly one two-sided iden­

tity element and no other left or right identity element. 

Definition !.1±. An element c of a semigroup S is a left constant 

element of 5 if there is an element d � S such that ca:: d for all 

a E S An element k of S is a right constant element of S if 

there is an element g E S such that ak:: g for all a E S An 

element of S which is both a left constant element and a right con­

stant element is called a two-sided constant element. A semigroup may 

have more than one left constant or right constant element, but if it 

has at least one left constant element c such that ca = d for all 

a €. S and at least one right constant element k such that ak:: g 

for all a E S , then g:: ck "; d 
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Definition ! . .2. A left constant element c of a semigroup S is a left 

zero element of S if ca:: c for all a, S A right constant ele-

ment k of S is a right � element of 5 if ak:: k for all a E S 

An element of S which is both a left zero element and a right zero ele­

ment is called a two-sided � element. A semigroup may have more than 

one left zero element or right zero element, but if it has at least one 

left zero element and one right zero element then by Definition 1.4 it has 

one and only one two-sided zero element and no other left or right zero 

element. 

Lemma 1.1. If S is a semigroup containing a left (right) constant ele­

ment c such that ca = c' (ac :: cr) , then ct is a left (right) zero 

element for S • 



Proof 4 Let b E S Then c tb :: (ca)b = c(ab):: c 8 

lemma 1.2. If S is a semigroup containing a left (right) zero element 
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z , then for any a' S , the product of a and z in either order is 

a left (right) zero element for S 

Proof. Let b E S Then (az)b:: a(zb) ;r az , whence az is 

a left zero element of S ; and by hypothesis za = z , a  'left zero 

element of S 

Definition 1.6. If a semigroup S contains a two-sided zero element z 

an element a is a left zero divisor if there exists an element b e S 

distinct from z , such that ab = z F and an element a is said to 

, 

be a right � divisor if there exists an element b E S ,distinct from 

z , such that ba = z 

Definition !-14 A semigroup S is a � semigroup if there is an ele-

ment z � S such that ab = z for all a, b Eo S The element z is 

a two-sided zero element of S • 

Definition !.�. A non-empty set A of elements contained in a semigroup 

S is a left ideal of S if SA:: A • A non-empty subset B of S 

is a right ideal of S if BS S. B If a set of elements A is both 

a left ideal and a right ideal, it is a two-sided ideal. 

, 

Definition 1.2.. An element a of a semigroup is idempotent if aa = a 0 

Definition 1 . 10 .  Two semigroups S and T are isomorphic if there exists 

a one-to-one correspondence s.-.t between their elements which pre-

serves semigroup multiplication, !.�., which is such that if s ++ t and 

SI .......... t' ,then sst � tt' 

Definition 1.11. A semigroup S is a group if ( 1) there exists at least 

one left identity element e £ S , and (2) for every element a � S 
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there exists at least one element a-I (called a left inverse of a ) 

such that a-Ia = e It is well knownl that under these assumptions e 

is a two-sided identity element (and is therefore unique) and that 

a-1a � aa-l and a-I is unique. 

Definition lo 12 0 The direct product of a semigroup S and a semigroup 

T (we write S x T) is the system consisting of all ordered pairs (s, t) , 

where s I'l S and t € T J and the operation (s, t)(s�, tt) :: (ss�, ttr) a 

The ordered pairs (s, t) and ( SW, tq) are equal if and only if s = s� 

and t::: tR The order of S x T , if Sand T are of finite order, 

is obviously the product of the orders of Sand T 

2 ¢ Theorems on direct products of semigroups of any order 

Theorem 2 010 The system S x T is a semigroup 0 

S x T 

Proof. Let (a, b) 3 (0, d) .:I (h, f) be arbitrary elements of 

Then Ca, b)(o, d) ::: (ae, bd) 0 Since ae e. S and bd Ii T , 

(acJ bd) t S x T J hence multiplication is well defined in S x T 

Furthermore:; 

[(a, b)(c, d)] (h, f) :: (ac, bel) (h, r) 
= [a( ch), b( df)] --
= (a, b) [(c, d)(h, r� , 

[(ac)h, (bd)f] 

(a, b)(ch, df) 

whence the multiplication defined in S x T is associative. 

Theorem 2020 An element (a, b) e S x T is idempotent if and only if a 

is an idempotent element of Sand b is an idempotent element of T & 

Proof 0 (1) Let (a, b)(a� b) = (a, b) 0 Then 

lHo Zassenhaus, Lehrbuoh der Gruppentheorie (Leipzig and Berlin: 
Bo G� Teubner, 1937), p. 2. -
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(a, b) ': (a, b)(a, b) = (aa, bb) , 

whence a = aa and b = bb (2) Let a = aa and b = bb 0 Then 

(a, b) = (aa , bb) = (a, b)(a, b) 

Theorem �&l. An element (a, b) � S x T is a left (right) identity ele­

ment of S x T if and only if a is a left (right) identity element of 

S and b is a left (right) identity element of T 

Proof 0 ( 1 )  Let (x, y) be an arbitrary element of S x T j and 

let (a, b)(x, y) = (x, y) 0 Then (x, y) = (a, b)(x, y) :: (ax, by) , 

whence x = ax and y = by • (2) Let x and y be arbitrary elements 

of S and T ,respectively, and let ax = x and by = y 0 Then 

(a, b)(x, y) ': (ax, by) :: (x, y) 

Theorem �o�o An element (a, b) , S x T is a left (right) constant ele� 

ment of S x T if and only if a is a left (right) constant element of 

S and b is a left (right) constant element of T 

Proof. ( 1) Suppose (a, b)(x, y) = (c, d) for same fixed elerr�nt 

(c, d) and all elements (x, y) of S x T 0 Then 

(ax, by) :: (a, b)(x, y) :: (c, d) , 

whence ax = c and by = d (2) Suppose that ax = c for same fixed 

element c E S and all elements XES ,and that by = d for some 

fixed element d E T and all elements yeT • Then 

(a, b)(x, y )  :: (ax, by) ': (c, d) • 

Corol�. An element (a, b) f S x T is a left (right) zero element of 

S x T if and only if a is a left (right) zero element of S and b is 

a left (right) zero element of T 

If Sl is a subset of a semigroup S and Tl is a subset of a 

semigroup T ,we shall denote by (Sl' Tl) the subset of S x T 



consisting of all elements (x, y) such that x � 51 , Y E T1 • The 

product ( written M . N or MN) of two subsets M and N of a semi-

group is defined to be the set of all products mn ,where m € M and 

n €. N • Hence the product of two subsets ( 51' T1) and (52' T2) of 

5 x T is the set of all products (sl' tl)(s2' t2) ,where 

( sl' t1) € (51' T1) and ( s2' t2) e ( 52' T2) ; but 

( sl' tl) (s2' t2) = ( sls2' t1t2) , 

whence the product ( 51' T1)(52, T2) is just the set (5152, TIT2) of 

all elements ( x, y) of 5 x T such that x = sls2 ' Y = tlt2 ,where 

sl E. 51 ' 82 Eo. 52 ' t1 E. Tl and t2 � T2 .. We note that in this 

notation the set of all elements of 5 x T is written ( 5, T) 
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Theorem �.2. A subset (51' Tl) of 5 x T is a left ( right) ideal if 

and only if 51 is a left ( right) ideal of 5 and Tl is a left ( right) 

ideal of T • 

Proof. ( 1) 5uppose ( 5, T)(51' Tl) S. ( 51' Tl) • Then 

( S51, TTl) = ( 5, T) (51' Tl) S (�, Tl) , whence 551 S 51 and 

(2) Suppose S51::' 51 and TTl S. T • Then 

( 5, T)( Sl' Tl) = ( 551, TTl) :: (51' Tl) 

Theorem 2�6. A subset (51' Tl) of 5 x T is a subsemigroup of 5 x T 

if and only if 51 is a subsemigroup of 5 and T1 is a subsemigroup 

of T 

Proof. (1) Let ( 51' Tl) be a subsemigroup of 5 x T • Then 

( S151' TITl) = (51' T1)( 51, T1) � ( 51' T1) , whence 5151 S 51 and 

TITI S Tl (2) Let 51 be a subsemigroup of 5 and T1 be a sub-

semigroup of T • Then ( 51' Tl)(51, Tl) 
= 

( 5151, TITl) � (51' T1) 



Theorem �.lo Two elements (a, b )  and (c, d) of S x T commute if 

and only if a and c commute and b and d commute 4 

Proof 0 (1) Suppose Ca, b)(c, d) = (e, d)(a, b) Then 

(ac, bd) = (a, b )(c, d) = (c, d ) (a, b) = (ca, db) , 

whence ac = ca and bd = db (2) Suppose ae = ca and bd = db 

Then (a, b)(c, d) = (ac, bd) = (ca, db) = (c, d)(a, b). 

Corollary. The semigroup S x T is commutative if and only if S is 

commutative and T is commutative. 

Theorem 2 .. 80  The semigroup S x T is a group if and only if the semi­

groups S and T are both groups. 

Proof. (1) Let S and T be groups. Let e be the identity 

element of S , and let h be the identity element of T ; then, by 

Theorem 2.3, (e, h )  is an identity element of S x T " Let (x, y)  

be an arb! trary element of S x T , let x-I be the inverse of x in 

S , and let y-l be the inverse of y in T • Then 

Therefore, by Definition 1.11, S x T is a group. (2) Let S x T be 

a group, let (e, h)  be its identity element, and let (x, y) be an 

Then (ex, hy) = (e, h)(x, y )  = (x, y) 
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• 

, arbitrar,y element of S x T 

whence ex = x and hy = Y Let (w, z) be the inverse of the arbitrary 

element (x, y)  .. Then (-.x, zy) = (w, z)(x, y) = (e, h) ,whence 

wx = e and zy = h � Hence, by Definition 1.11, S and T are groups. 

Our next two theorems establish the commutativity and associativity 

of direct multiplication. 

Theorem �. 2.. The semigroup S x T is isomorphic to the semigroup T x S • 
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Proof 0 Let an arbitrary element (x, y) of S x T correspond to 

the element (y, x) of T x S ; this correspondence is obviously biunique, 

and we shall express such correspondences now and in the sequel by writing 

(x, y) __ (y, x) Let (a, b) and (c, d) be arbitrary elements of 

S x T Then (a, b)(c, d) = (ae, bd) -- (bd, ac) = (b, a)(d:; c) , so 

that the correspondence is an isomorphism� 

Theorem 20100 The semigroup (S x T) x U is isomorphic to the semigroup 

S x (T x U) 
Proof. Let [(x, y), u] � .. [x, (y, u)] '" let [(a, b), , 

and [Cd, f), g ] be arbitrary elements of (S x T) xU Then 

[(a, b), eJ . [Cd, f), g] 
- [(a, b)(d, f), eg] 
:: [(ad, bf), egJ � [ ad, (bf, cg)] . 

::. [ad, ( b, c )( f, g) J 
: [ a, (b, e)J · [d, (f, g)] 0 

3" Computation of direct products of finite semigroups 

oJ 

Definition 1010 For positive integers 1 ,  j ,t ,where j � 1, 2, co o:; t , 

the ordered pair (i, j) will denote the positive integer j + (1 - l)t 

The ordered pairs (i, j) 
if 1:i' and j=j' 

( • r � , j!) are equal if and only 

ProoL (1) Let (i, j) = (ii, jt) ,!o�o, 
j + (i - l)t = j9 t (i' - l)t 

If j ;j:. j I ,without loss of generality we may assume j "> j'i 

Then j - ji : (i� - 1)t Since j - j v '> 0 and t "> 0 , i v - i "> 0 

Then t � j > j - j i = (1 i - 1)t '2: t This is a contradiction, hence 
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j =- j' • But then (i - l)t -= (i' - l)t , whence i::. i' (2) Let 

i ;;: i' and j = j 1 • Then 

Let 
(i, j)= j + (i - l)t =.jl + (i' - l)t::. (i', jl) 

S be a semigroup whose elements are xi (i = 1, 2, (I 0 .; , s) 3 

and let T be a semigroup whose elements are y. (j = 1, 2, � .. , t) • J 
The elements of S x T are then (xi' Yj) (i = 1, 2, 0 0 0, s ; j ::. 1, 2, • . •  � t) 8 

Let (XrJ Yj) = U(i,j) =. uj + (i-l)t • By Lemma ,,��l, 
uj+(i_l)t': ujl-t-(i'-l)t if and only if i = il and j '::: jl 3 and, 
by Definition 1.12, (x., y.) :; (x.,, y. I) if and only if i =. if and 

� J � J 
j s: j' ; hence the symbols uj + (i-l)t correspond biuniquely to the 

elements (�, Yj) of S x T 0 Consider an arbitrary block of the mul­

tiplication table of S x T when the elements are ordered as: 

(�, Yl) 

(xp, Y2) 

(Xp' Y) 
" 

o 

- I - - - - - - - - - - - - - I -
I(�xr' Y1Yl) (Xpxr' Y1Y2) • 0" (xpXr' Y1Yt)1 
1(�Xr' Y2Yl) (�xrJ Y2Y2) 000 (XpXr' Y2Yt)1 

�(Xpxr' Y3Yl) (�xr' Y3Y2) 0 0 0 
(��, Y3Yt); 

I(xpxr' YtYl) 
- / - - - -

I 

" 

Figure 3.1 
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The product xx can be read from the multiplication table of S 0 The 
p r 

subscript on y in the i-row and j-column in this arbitrary block is 

identical with the subscript on 1 in the i-row and j-column of the mul-

tiplication table of T . This block, and hence the whole multiplication 

table, can be written in the u-notation b1 inspection. 

Example �.1. 

xl 

xl xl 
S= 

� xl 

x3 x3 

Y1 

11 11 
T= 

12 11 

13 11 

Example �.£o 

xl 

� 
x1-
� 

x3 

12 

11 

12 

12 

� 
Xl

� S: 
� � xl 

11 12 

11 11 11 

T= 12 12 12 

13 13 13 

14 11 11 

%3 ul 

�' ul ul 

x3 � ul 

xl u3 ul 

u4 ul 

SxT - US u1 

13 u6 ul 

11 � � 
12 Us � 
12 u 9 u., 

u1 

� 
u3 

13 14 u4 
S x T -

11 11 US 
12 12 u6 

13 13 u1 
11 11 Us 

� u3 u4 uS � u1 u8 � 
ul ul ul ul ul u1 u1 u1 

� u2 ul u2 � � u8 u8 

� u2 ul � � � u8 u8 

ul ul u4 u4 u4 u7 u1 � 

� � u4 Us US � u8 u8 

� � u4 uS US � Us u8 

� � � � � ul ul u1 

ua ua u1 ua Us ul u2 � 
Us Us u., ua u8 u1 u2 � 

ul u2 u3 u4 Us � � u8 

u1 ul u1 ul US Us US US 

� � u2 � u6 u6 � � 
u3 u3 u3 u3 � � � ,., 
u1 u1 u1 ul Us US Us US 
Us US US US ul ul ul ul 

u6 u6 � u6 � � u2 � 

u., u1 u1 � u3 u3 u3 u3 

Us Us Us Us u1 ul ul ul 



Although the symbol uk (k = j + (i - l)t) represents an unique 

element (x., y.) in the direct product of two given semigroups, the � J 
same uk may of course represent a different ordered pair in some other 
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direct product. For example, in Example 3.1 the symbol � was used for 

the ordered pair (x3' Yl) , while in Example 3 . 2  � was used for the 

ordered pair (�, Y3) Henceforth we shall omit the letters x ,  y , 

and u and use only the subscripts, keeping in mind that the resulting 

multiplication tables do not represent multiplication of numbers in the 

ordinary sense. 

4. Direct products: 2 x 2 I 2 x 3 , 2 x 4, and 3 x 3 

The ten distinct direct products of the four semigroups of order 

two with themselves are semigroups of order four. Since the semigroups 

of orders two, three, and four are listed in the appendix, it is not 

nec�ssary to exhibit the multiplication tables of these ten semigroups 

here. These ten direct products are: 

2.1 x 2.1 is 

2.1 x 2.2 is isomorphic to 

2 . 1  x 2.3 is anti-isomorphic 

2.1 x 2 . 4 is isomorphic to 

2.2 x 2.2 is 

2.2 x 2.3 is 

2.2 x 2.4 is isomorphic to 

2 .3 x 2 . 3 is 

2.3 x 204 is isomorphic to 

2.4 x 2 . 4 is 

4.11 

4.15 

to 4.65 

4 . 31 

4.49 

4 . 66 

4. 9 

4.101 

4.78 

4.55 
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The seventy-two distinct direct products of the four semigroups of 

order two with the eighteen semigroups of order three are listed in Table I; 

the 484 distinct direct products of the four semigroups of order two ovith 

the 121 semigroups of order four are listed in Table II. The 171 distinct 

direct products of the eighteen semigroups of order three with the eighteen 

semigroups of order three are listed in Table III. 
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TABLE I 

DIRECT PRODGCTS: 2 x 3 

2.1 x 3.1 2.1 x 3.2 2.1 x 3.3 2.1 x 3.4 2.1 x 3.5 

1 2 245 5 111444 123456 1 1 3 446 1 1 3 446 
211544 1 1 1 444 231564 113446 123456 
211544 112 445 312645 3 3 1 6 6 4 3 316 6 4 
455122 444111 456123 446113 446113 
544 2 1 1 444 1 1 1 564231 44611 3 456123 
544 2 1 1 445112 645312 6 6 4 3 3 1 664331 

2.1 x 3.6 2.1 x 3.7 2.1 x 3. 8 2.1 x 3.9 2.1 x 3.10 

1 1 144 4 1 1 1 444 1 114 4 4 111444 113446 
1 1 1 4 4 4 121454 112445 2 2 255 5 113446 
1 1 3 4 4 6 131464 1 2 3456 1 1 1 444 3 3 3 666 
4 4 4 III 4 4 4 1 1 1 444 1 1 1 444111 4 4 611 3 
444 1 1 1 454121 445112 55522 2 446 1 1 3 
446113 464131 456123 444111 6 6 6 3 3 3 

2.1 x 3.11 2.1 x 3.12 2 .. 1 x 3.13 2.1 x 3.14 2.1 x 3.15 

123456 1 1 144 4 1 1 1 444 1 1 1 4 4 4 113446 
213 5 4 6 2 2 2 555 2 2 2 555 2 2 2 555 2 2 355 6 
3 3 366 6 1 1 3 4 4 6 1 2 345 6 3 3 3 6 6 6 3 3 3 666 
456123 44411 1 444111 44411 1 446113 
546213 555 2 2 2 55522 2 .5 5 5 2 2 2 556223 
66633 3 446113 456123 6 6 6 3 3 3 6 663 3 3 

2.1 x 3.16 2�1 x 3.17 2.1 x 3018 2.2 x 3.1 2.2 x 3.2 

11144 4 1 1 1 4 4 4 111444 122122 1 1 1 1 1 1 
1 2 245 5 121454 1 1 1 444 211211 11111 1 
123456 11344 6 1 1 1 4 4 4 2 112 1 1 112112 
444 1 1 1 4 4 4 1 1 1 4 4 4 1 1 1 122455 111444 
4 5 5 122 454121 444111 211544 1 1 1 4 4 4 
4 5 6 123 4 4 6 1 1 3 4 441 1 1 211544 112445 

2.2 x 3.3 2.2 x 3.4 2.2 x 3.5 2.2 x 3.6 2.2 x 3.7 

1 2 312 3 113 113 11311 3 111 III 1 1 1 111 
23123 1 113 113 1 2 312 3 1 1 III 1 1 2 112 1 
312 312 3 313 3 1 3 3 1 3 3 1 1 1 311 3 1 3 1 131 
123456 11344 6 113446 111444 1 1 1 444 
2 315 6 4 1 1 3 446 123456 111444 121454 
312 645 331664 331664 1 1 344 6 1 3 1 4 6 4 
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TABLE I 

DIRECT PRODUCTS: 2 x 3 (continued) 

2.2 x 3.8 2.2 x 3.9 2.2 x 3.10 2.2 x 3.11 2.2 x 3.12 

1 1 1 1 1 1 1 111 1 1 1 1 3 1 1 3 1 2 312 3 11111 1 
112 112 2 2 222 2 113113 2 132 1 3 2 2 2 222 
1 2 312 3 1 1 1 111 3 333 3 3 3 3 3 3 3 3 11311 3 
111444 111444 113446 123456 111444 
112445 2 2 2 5 5 5 113446 213546 2 2 255 5 
123456 111444 333 666 3 3 3 666 1 1 3 4 4 6 

2.2 x 3.13 2.2 x 3.14 2.2 x 3.15 2.2 x 3.16 2.2 x 3.17 

1 111 1 1 1 1 1 1 1 1 1 1 3 113 111111 111 111 
2 222 2 2 2 2 2 222 2 2 322 3 122122 1 2 112 1 
1 2 312 3 3 3 3 3 3 3 333 3 3 3 1 2 312 3 113 1 1 3 
111444 111444 11344 6 111444 111444 
2 2 2 5 5 5 2 2 2 5 5 5 223556 122455 121454 
123456 333 666 333 666 123456 1 1 3 446 

2.2 x 3.18 2.3 x 3.1 2.3 x 3.2 2.3 x 3.3 2.3 x 3.4 

1 1 1 1 1 1 1 2 2 122 1 1 1 1 1 1 1 2 312 3 113 1 1 3 
111111 2 112 1 1 1 1 1 1 1 1 231231 1 1 3 113 
1 1 1 1 1 1 211 2 1 1 112 112 3 1 2 3 1 2 3 3 1 3 3 1 
111444 455455 444444 456456 446446 
111444 544544 444444 564564 446446 
1 1 1 4 4 4 544544 445445 645645 664664 

2.3 x 3.5 2.3 x 3.6 2.3 x 3.7 2.3 x 3. 8 2.3 x 3.9 

11311 3 1 1 111 1 1 111 1 1 11111 1 1 1 1 111 
1 2 312 3 1 1 1 1 1 1 1 2 112 1 11211 2 2 2 2 222 
3 3 133 1 113 1 1 3 1 3 1 1 3 1 1 2 312 3 1 1 111 1 
446446 444444 444444 444444 444444 
456456 444444 454454 445445 5 5 5 5 5 5 
664664 446446 464464 456456 444444 

2.3 x 3.10 2.3 x 3.11 2.3 x 3.12 2.3 x 3.13 2.3 x 3.14 

113 113 1 2 312 3 1 1 1 1 1 1 1 1 1 1 1 1 111111 
113 113 213 2 1 3 2 2 2 222 22222 2 2 2 2 2 2 2 
3 3 3 3 3 3 3 3 3 3 3 3 113 113 1 2 312 3 3 3 3 3 3 3 
446446 456456 444444 444444 444444 
446446 546546 55555 5 5 555 5 5 5 5 555 5 
6 6 6 6 6 6 6 6 666 6 446446 456456 666666 
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TABLE I 

DIRECT PRODUCTS: 2 x 3 (continued) 

2.3 x 3.15 2.3 x 3.16 2.3 x 3.17 2.3 x 3.18 2.4 x 3.1 

11311 3 111111 1 1 111 1 111 111 1 2 212 2 
2 2 3 2 2 3 1 2 212 2 121121 1 1 1 1 1 1 2 112 1 1 
3 3 3 3 3 3 12312 3 1 1 3 113 111111 211 2 1 1 
4 4 6 4 4 6 444444 444444 444444 1 2 2 122 
5 5 655 6 455455 454454 444444 2 112 1 1 
666 666 456456 446446 444444 2 112 1 1 

2.4 x 3.2 2.4 x 3.3 2.4 x 3.4 2.4 x 3.5 2.4 x 3.6 

1 1 1 1 1 1 1 2 3 123 1 1 3 1 1 3 11311 3 1 1 111 1 
111 1 1 1 2 312 3 1 1 1 3 113 123123 1 1 1 1 1 1 
11211 2 31231 2 .3 3 133 1 33133 1 1 1 311 3 
1 1 1 1 1 1 1 2 312 3 1 1 3 113 113 113 111111 
111111 2 3 1 2 3 1 11311 3 1 2 312 3 11111 1 
112112 31231 2 3 3 1 3 3 1 3 .3 1 3 3 1 1 1 3 113 

2.4 x 3.7 2.4 x 3.8 2.4 x 3.9 2.4 x 3.10 2.4 x 3.11 

111111 111111 1 1 1 1 1 1 11311 3 1 2 312 3 
1 2 112 1 112112 2 2 2 222 11311 3 213213 
1 3 113 1 1 2 312 3 111111 3 3 3 3 3 3 3 3 3 3 3 3 
111111 111111 11111 1 1 1 3 113 1 2 312 3 
1 2 112 1 112 112 22222 2 113 113 2 1 3 2 1 3 
1 3 113 1 1 2 312 3 1 1 1 1 1 1 3 3 3 3 3 3 3 3 333 3 

2.4 x 3.12 2.4 x 3.13 2.4 x 3.14 2.4 x 3.1.5 2.4 x 3.16 

1 1 111 1 1 1 111 1 1 III 1 1 1 1 3 113 111111 
22222 2 222222 222 222 2 2 3 223 122122 
11311 3 1 2 3 1 2 3 3 333 3 3 3 3 3 3 3 3· 1 2 3 123 
111111 1 1 1 1 1 1 111111 113113 111111 
2 2 222 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3 2 2 3 1 2 212 2 
1 1 3 1 1 3 123123 3 3 3 3 3 3 3 3 3 333 1 2 312 3 

2.4 x 3.17 2.4 x 3.18 

1 1 1 111 11111 1 
1 2 112 1 1 1 1 1 1 1 
11311 3 1 1 1 1 1 1 
111 111 1 1 III 1 
121121 111111 
1 1 3 113 111111 
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TABLE II 

DL�CT PRODUCTS� 2 x 4 

2 . 1  x 4 . 1  2 . 1  x 4 . 2  2 . 1 x 4 . 3  2 0 1  x 4 . 4  

1 1 1 1 5 5 5 5 1 1 1 1 5 5 5  5 1 1 1 1 5  5 5 5 1 1 1 1 5 5  5 5 
1 2 2 2 5  6 6 6  1 2 1 1 5 6 5 5  1 1 1 1 5  5 5 5 1 2 1 4 5 6 5 8  
1 2 3 3 5 6 7 7  1 1 1 1 5  5 5 5 1 1 2  2 5 5  6 6 1 1 1 1 5 5 5 5 
1 2 3 3 5 6 7 7  1 1 1 1 5 5  5 5 1 1 2 2 5 5 6 6  1 4 1 1 5 8 5 5 
5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 5 5 5  5 1 1 1 1 5 5 5  5 1 1 1 1 
5 6 6 6 1 2 2 2 5 6 5 5 1 2 1 1  5 5 5  5 1 1 1 1 5 6 5 8 1 2 1 4  
5 6 7  7 1 2 3 3 5 5 5  5 1 1 1 1 5 5 6 6 1 1 2  2 5 5 5 5 1 1 1 1 
5 6 7 7 1 2 3 3 5 5 5 5 1 1 1 1 5 5 6 6 1 1 2 2 5 8 5  5 1 4 1 1 

2 . 1  x 4 .5 2 . 1  x 4 . 6  2 . 1 x 4 . 7  2 . 1  x 4 . 8  

1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5 1 1 1 1 5  5 5 5  
1 2 1 2 5 6 5 6  1 2 1 1 5 6 5 5  1 1 1 1 5 5 5 5  1 1 1 3 5 5 5  7 
1 1 1 1 5  5 5 5 1 1 1 1 5 5  5 5 1 1 1  2 5 5 5 6 1 1 1 1 5  5 5 5 
1 2 1 4 5 6 5 8  1 1 1 3 5 5 5  7 1 1 2 2 5  5 6 6 1 3 1 2 5 7 5 6  
5 5 5 5 1 1 1 1 5 5 5  5 I I I  1 5 5 5 5 1 1 1 1 5 5 5 5  1 1 1 1 
5 6 5 6 1 2 1 2 5 6 5 5 1 2 1 1 5 5 5  5 1 1 1 1 5 5 5  7 I I I  3 
5 5 5  5 1 1 1 1 5 5 5  5 I I I  1 5 5 5  6 1 1  1 2 5 5 5  5 1 I I I  
5 6 5  8 1 2 1 4 5 5 5  7 1 1 1 3 5 5 6 6 1 1 2 2  5 7 5 6 1 3 1 2 

2 .1 x 4 09 2 . 1 x 4 . 10 2 . 1  x 4 . 11 2 . 1  x 4 . 12 

1 1 1 1 5  5 5 5 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8  1 2 3 4 5 6 7 8  
1 2 1 2 5 6 5 6  2 1 4 3 6 5 8 7  2 1 4 3  6 5 8 7 2 3 1 4  6 7 5 8 
1 1 1 1 5 5 5 5 3 4 2 1 7  8 6 � 3 4 1 2 7 8 5 6  3 1 2 4 7 5 6 8  
1 2 1 2 5 6 5 6  4 3 1 2 8 7 5 6  4 3 2 1 8 7 6 5 4 4 4 4 8 8 8 8 
5 5 5 5 1 I I I  5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4  5 6 7 8 1 2 3 4 
5 6 5 6 1 2 1 2  6 5 8 7 2 1 4 3  6 5 8 7 2 1 4 3  6 7 5 8 2 3 1 4  
5 5 5 5 1 1 1  1 7 8 6 5 3 4 2 1  7 8 5 6 3 4 1 2  7 5 6 8 3 1 2  4 
5 6 5 6 1 2 1 2 8 7 5 6 4 3 1  2 8 7 6 5 4 3 2 1  8 8 8  8 4 4 4  4 

2 . 1 x 4 . 13 2 . 1  x 4 . 14 2 . 1  x 4 . 15 2 .1 x 4 . 16 

1 2 3 1 5 6 7 5  1 2 1 1 5  6 5 5  1 2 1 2 5 6 5 6  1 2 1 1 5  6 5 5  
2 3 1 2 6 7 5 6 2 1 2 2 6 5 6 6  2 1 2 1 6 5 6 5  2 1 2 2 6 5 6 6  
3 1 2 3 7  5 6 7 1 2 3 4 5  6 7 8 1 2 3 4 5  6 7 8  1 2 3 1 5 6 7 5  
1 2 3 4 5  6 7 8  1 2 4 3 5 6 8 7  2 1 4 3 6 5 8 7  1 2 1 4 5 6 5 8  
5 6 7 5 1 2 3 1  5 6 5 5 1 2 1 1 5 6 5 6 1 2 1 2  5 6 5 5 1 2 1 1  
6 7 5 6 2 3 1 2  6 5 6 6 2 1 2 2  6 5 6 5 2 1 2 1  6 5 6 6 2 1 2 2  
7 5 6 7 3 1 2  3 5 6 7  8 1 2  3 4 5 6 7 8 1 2  3 4 5 6 7 5 1 2 3 1  
5 6 7  8 1 2 3 4 5 6 8  7 1 2 4 3 6 5 8 7 2 1 4 3  5 6 5 8 1 2 1 4 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2.1 x 4.17 2.1 x 4.18 2.1 x 4.19 2.1 x 4.20 

1 2 1 1 5 655 12315675 12335677 1 2 345 678 
212 2 6 5 6 6 21326576 213 3 657 7 213 465 7 8 
1 2 345 678 3 3 337 7 7 7 3 3 337 777 3 3 3 4 7 778 
12445688 12345678 3 3 347 7 7 8 4 4 448 888 
56551211 56751231 56771233 56781234 
65662122 6 5 7 5 213 2 657 7 213 3 657 8 2 134 
56781234 777 7 3 333 7 777 3 3 3 3 777 833 3 4 
568 8 1 2 4 4 56781234 7 7 7 8 3 3 3 4 888 B 4 4 4 4 

2.1 x 4.21 2.1 x 4.22 2.1 x 4.23 2.1 x 4.24 

1 1 145 558 1 1 145 5 5 8 1 1 145 5 5 8 1 1 335 5 7 7 
12345678 1 2 145 658 12145658 1 2 345 678 
1 3 145 7 5 8 1 114 5 5 5 8 11 3455 78 3 3 117 755 
44418 8 8 5 4 441 a 8 8 5 4 444 8 8 8 8 34117B55 
555 8 1 1 1 4 55581 114 555 811 1 4 557 7 1 1 3 3 
56781234 565 812 1 4 56581214 56781234 
5 7 581 314 555 811 1 4 557 8 1 1 3 4 7 755 3 311 
8 8 8 5 4 441 88854441 8 8 8 844 4 4 7 855 3 4 1 1 

201 x 4.25 2.1 x 4.26 2.1 x 4.27 2.1 x 4.28 

1 2 145 658 12445688 11115555 1 1 115 5 5 5 
2 2 2 2 6 6 6 6 2 222 6 666 12145658 12345678 
1 2 145 658 42118655 1 1 1 1 5 5 5 5 1 3 1 3 5 757 
4 2 418 6 8 5 42118655 1 4 1 2 5 856 1432587 6 
56581 2 1 4 56881244 5 5 5 5 1 1 1 1 555 5 1 1 1 1 
6 6 662 2 2 2 6666222 2 56581214 567 812 3 4 
56581214 86554211 5 555 1 1 1 1 5 7 5 7 1 3 1 3 
86854241 86554211 58561 412 58761 4 3 2 

2.1 x 4.29 2.1 x 4.30 2.1 x 4.31 2.1 x 4.32 

1 1 315 5 7 5 12115655 12125656 12225666 
1 2 325 676 21226566 21216565 2 III 655 5 
3 3 137 757 12115655 12125656 211 165 5 5 
1 2 3 2 5 676 12115655 21216565 21116555 
.55751131 56551211 56561212 56661222 
56761232 6 5 662 122 65652121 65552 III 
7 7 5 7 3 3 1 3 56551211 56561212 6 5 5 5 211 1 

56761232 56551211 6 5 652 121 65552111 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2.1 x 4.33 2.1 x 4.34 2.1 x 4.35 2.1 x 4.36 

11315 5 7 5 1133557 7 1 2 335 677 1 1 1 1 5 5 5 5 
1 1 315 5 7 5 1 1 3 355 7 7 2 3 1 167 5 5 1 2 335 677 
3 3 137 757 3 3 117 755 312 2 7 5 6 6 1 3 115 755 
1 1 3 2 5 5 7 6 3 312 7 7 5 6 31227566 1 3 1 1 5 7 5 5 
5 5 7 5 113 1 557 7 1 1 3 3 567 7 1 2 3 3 555 5 I I I  1 
55751131 557 7 113 3 6 7 552 311 567 7 123 3 
775 7 3 313 7 755 3 311 7 5 663 122 5 755 1 311 
557 6 1 1 3 2 7 7 563 312 7 5 6 6 3 1 2 2 57551311 

2.1 x 4.37 2.1 x 4.38 2.1 x 4.39 2.1 x 4.40 

1 1 1 1 5 5 5 5 I I I  155 5 5 I I I  155 5 5 1 1 115 555 
12345678 12325676 12345678 1 2 225 666 
1 3 115 7 5 5 13135 7 5 7 13115 755 1 2 2 2 5 666 
14115 8 5 5 12325676 14135 857 1 2 2 2 5 666 
55551 1 1 1 55551111 5 5 5 5 1 1 1 1 555 5 I I I  1 
56781234 567 6 1 232 567 812 3 4 56661222 
5 7 5 5 1 3 1 1 5 7 5 7 1 3 1 3 57551311 56661222 
58551411 56761232 5 85 7 1 4 1 3 5 6 661 2 2 2 

2.1 x 4.41 2.1 x 4.42 2.1 x 4.43 2.1 x 4.44 

1111555 5 1 1 1 1 5 555 1 1 1 155 5 5 1 1 115 555 
122 2 5 666 1222566 6 1 2 215 6 6 5 12215665 
12225666 12335677 12315675 12345678 
1223566 7 12345678 1 1 145 5 5 8 11415505 
5 555 I I I  1 555 5 1 1 1 1 555 5 1 1 1 1 555 5 I I I  1 
5 6 661 2 2 2 5 6 661 2 2 2 56651221 56651221 
5 6 661 2 2 2 567 7 1 2 3 3 56751231 56781234 
56671223 56781234 555 8 1 1 1 4 5 5 8 5 1 1 4 1 

2.1 x 4.45 2.1 x 4.46 2.1 x 4.47 2.1 x 4.48 

1 1 115 5 5 5 11115 5 5 5 I I I  155 5 5 1 1 1 1 5 555 
12245668 12225666 122 2 5 666 12115655 
12345678 12325676 12345678 1131557 5 
1 4 415 8 8 5 1 2 2 2 5 666 12425686 I I I  L 555 8 
5 5 5 5 1 I I I  5 555 1 I I I  555 5 1 1 1 1 55551111 
56681224 5 6 6 6 1 2 2 2 5 6 661 2 2 2 56551211 
567 8 1 2 3 4 56761232 56781234 557 511 3 1 
5 8 8 5 144 1 56661222 56861 2 4 2 555 811 1 4 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2 .1 x 4 .4 9  2 .1 x 4.50 2 .1 x 4 .51 2 .1 x 4 .52 

11115555 1 1 1 155 5 5 1 1 1 155 5 5 11115 5 5 5 
1 2 1 2 5656 1 2 115655 1 2 115 6 5 5 1 2 1 2 5656 
11 3 3 5577 11 3 1557 5 1 1 3 4 5 5 7 8 1 1 3 155 7 5 
1 2 3 4 5678 11115555 114 155 8 5 1 2 1 2 5656 
55551111 5 5 551 III 5 5 5 5 1 1 1 1 555 5 III 1 
56561 2 12 565 51 2 1 1 56551 2 11 565612 12 
5 5 7 7 1 1 3 3 557 5 1 1 3 1 557 8 1 1 3 4 557 5 1 1 3 1 
5678 1 2 3 4  5 5 5 5 III 1 5 5 8 5 11 4 1 56561 2 12 

2 .1 x 4 .53 2 .1 x 4 .54 2 .1 x 4.55 2 .1 x 4 .56 

11115555 1 1 1 1 5 5 5 5 11115 5 5 5 1 1 1 4 5 558 
1111555 5 11115555 1 1 115 5 5 5 1114 5558 
III 2 5 5 5 6 1 1 1 1 5 5 5 5 11115555 11 2 4 5568 
11 2 15565 1 1 1 2 5 556 11115555 1 1 1 4 5 5 5 8 
555 5 1 1 1 1 55551111 5 5 5 5 III 1 555 8 11 1 4 
5 5 5 5 1 1 1 1 5 5 5 5 III 1 5 5 5 5 1 III 555 8 1 1 1 4 
5556111 2 55551111 5 5 5 5 1 1 1 1 5568 11 2 4 
556511 2 1  555 6 III 2 5 5 5 5 1 1 1 1 555 8 11 1 4 

2 .1 x 4.57 2 .1 x 4.58 2 .1 x 4 .59 2 .1 x 4.60 

111 4 5558 1 1 3 4 5 5 7 8 1 1 115 5 5 5 1 2 3 45678 
1 2 3 4 5678 11 3 4 557 8 2 2 2 2 6 6 6 6 2 1 3 4 6578 
1 3 2 4 5768 3 3 3 4 7778 111 2 5556 3 3 3 4 7  7 7 8 
1 1 14 5  558 3 3 3 4 7 7 7 8 4 4 4 4 8 8 8 8 44 3 4 8 8 7  8 
555 8 1 114 557 8 11 3 4 5 5 5 5 1 1 1 1 5678 1 2 3 4  
5678 12 3 4 557 8 1 1 3 4 6 6 6 6 2 2 2 2 6578 2 1 3 4 
5768 1 3 2 4 777 8 3 3 3 4 55561 11 2 777 8 3 3 3 4 
555 8 1 1 1 4 7 7 7 8 3 3 3 4 8 8 8  8 4 4 4 4 8 8 7  8 4 4 3 4 

2 .1 x 4 .61 2 .1 x 4 .62 2 .1 x 4 .63 2 .1 x 4 .64 

113 4557 8 1 1 115 5 5 5 11115555 1 1 3 3 5 5 7 7 
11 3 4 5578 2 2 2 2 6 666 2 2 2 2 6 666 2 2 4 4 6 6 8 8 
3 3 3 4 7 7 7 8 3 3 3 3 7 7 7 7 1 2 3 4 5678 1 1 3 3 5 5 7 7 
4 4 3 4 8  8 7 8 1 2 2 4 5668 2 1 4 3 658 7 2 2 4 4 6 68 8 
557 8 11 3 4 5 5 5 5 1 III 5 5 5 5 1 1 1 1 5 5 7 7 11 3 3 
557 8 11 3 4 6 6 66 2 2 2 2 6 6 6 6 2 2 2 2 6 6 8 8 2 244 
777 8 3 3 3 4 7777 3 3 3 3  5678 1 2 3 4 5 5 7 7 1 1 3 3 
8 8 7  8 4 4 3 4 5668 1 2 2 4  658 7 2 1 4 3 668 8 2 2 4 4 



21 
TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2 . 1  x 4 . 65 2 . 1  x 4 . 66 2 . 1  x 4 . 67 2 . 1  x 4 . 68 

1 2 3 4 5  6 7 8 1 1 1 1 5  5 5 5  1 1 3 3 5 5 7 7 1 1 3 3 5 5 7 7 
2 1 4 3  6 5 8 7 2 2 2  2 6 6 6 6 2 2 3 3 6 6 77 2 2 3 3 6 6 77 
1 2 3 4 5 6 7 8  1 1 3 3 5 5 7 7 3 3 3 3 7 7 7 7 3 3 3 3 7 7 7 7 
2 1 4 3  6 5 8 7 2 2 4 4 6  6 8 8 4 4 4 4 8 8 8 8 4 4 3  3 8 8 7  7 
5 6 7 8 1 2  3 4 5 5 5 5 1 1 1 1 5 5 7 7 1 1 3  3 5 5 7 7 1 1 3  3 
6 S 8 7 2 1 4 3 6 6 6 6 2  2 2 2 6 6 77 2 2 3 3  6 6 7 7 2 2 3  3 
5 6 7 8 1 2 3 4  5 5 7 7 1 1 3 3 7 7 7 7 3 3 3 3 7 7 7 7 3 3 3  3 
6 5 8 7 2 1 4 3  6 6 8  8 2 2 4 4  8 8 8 8 4 4 4  4 8 8 7 7 4 4 3  3 

2 . 1  x 4 Q 6 9  2 . 1 x 4 .70 2 . 1  x 4 .71 2 . 1  x 4 .72 

1 1 1 1 5  5 5 5 1 1 1 1 5  5 5 5 1 1 1 1 5 5 5 5  1 1 3 4 5 5 7 8 
1 1 2 2 5 5 6 6 2 2 2  2 6 6 6 6 2 2 2 2 6 6 6 6  2 2 3 4 6 6 7 8  
1 2 3 4 5 6 7 8  3 3 3 3 7 7 7 7 1 1 1 1 5 5 5 5  3 3 3 4 77 7 8 
1 2 3 4 5 6 7 8  3 3 3 4 7 77 8 4 4 4 4 8 8 8 8 3 3 3 4 7 7 7 8 
5 5 5  5 1 III 5 5 5  5 1 1 1 1 5 5 5 5  1 1 1 1 5 5 7 8 1 1 3 4  
5 5 6 6 1 1 2 2 6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2 6 6 7 8 2 2 3 4 
5 6 7 8 1 2  3 4 7 7 7 7 3 3 3  3 5 5 5 5 1 1 1 1 7 7 7 8 3 3 3 4  
5 6 7 8 1 2 3 4 777 8 3 3 3 4 8 8 8 8  4 4 4 4 7 7 7 8 3 3 3 4  

2 . 1  x 4 .73 2 . 1 x 4 .74 2 . 1  x 4 .75 2 . 1  x 4 .76 

1 1 3 3 5 5 7  7 1 1 3 4 5 5  7 8 1 1 3 3 5 5  7 7 1 1 1 1 5 5 5 5 
2 2 3 3 6 6 77 2 2 3 4 6 6 7 8 2 2 3 3 6 6 77 1 1 1 3 5 5 5 7 
3 3 3 3 7 777 3 3 3 3 7 7 7 7 3 3 3 3 7 7 7 7 1 1 1 3 5 5 5 7 
3 3 3 4 777 8 3 3 3 3 7 7 7 7 3 3 3 3 7 777 1 2 3 4 5 6 7 8  
5 5 7 7 1 1 3 3 5 5 7 8 1 1 3 4 5 5 7 7 1 1 3 3  5 5 5 5 1 1 1 1 
6 6 7 7 2 2 3 3 6 6 7 8 2 2 3 4 6 6 7 7 2 2 3 3  5 5 5  7 1 1 1  3 

7 7 7 7 3 3 3 3 7 7 7 7 3 3 3 3 7 7 7 7 3 3 3  3 5 5 5  7 1 1 1 3 
7 7 7 8 3 3 3 4 777 7 3 3 3  3 7 7 7 7 3 3 3 3 5 6 7 8 1 2 3 4  

2 . 1  x 4 .77 2 . 1 x 4 .78 2 . 1  x 4 .79 2 . 1  x 4 . 8 0  

1 1 1 1 5  5 5 5 1 1 1 1 5 5  5 5 1 1 1 1 5 5 5 5  1 1 1 1 5  5 5 5 
2 2 2  2 6 6 6  6 2 2 2 2  6 6 6 6  2 2 2 2 6 6 6 6 2 2 2  2 6 6 6 6 
1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 5  5 5 5 1 1 1 1 5 5 5  5 
1 1 1 1 5  5 5 5  2 2 2 2 6 6 6 6 1 1 1 4 5  5 5 8 2 2 2 4 6 6 6 8  
5 5 5 5 1 1 1  1 5 5 5 5 1 1 1  1 5 5 5  5 1 1 1 1 5 5 5 5  1 1 1 1  
6 6 6 6 2 2 2 2 6 6 6 6  2 2 2 2 6 6 6 6 2 2 2  2 6 6 6 6 2 2 2 2  
5 5 5 5 1 1 1  1 5 5 5  5 1 1 1  1 5 5 5 5 1 1 1  1 5 5 5 5 1 1 1 1  
5 5 5  5 1 1 1  1 6 6 6 6 2  2 2 2 5 5 5 8 1 1 1 4  6 6 6 8 2 2 2 4 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued)  

2.1 x 4.81 2.1 x 4.82 2.1 x 4.83 2.1 x 4.84 

1 1 1 155 5 5 11115555 11115 5 5 5 1 1 1 455 5 8 
2 2 2 2 6 6 6 6 22226666 2 2 2 2 666 6 12145658 
1 1 1 355 5 7 1231567 5 1 1 1 3 555 7 1 3 145 7 5 8 
2 2 2 4 6 6 6 8 1 1 1 1 5 5 5 5 12145658 1114555 8 
5 5 5 5 1 1 1 1 5 5 5 5 III 1 555 5 III 1 555 8 III 4 
66662 2 2 2 6 6 6 6 2 222 6 6 662 222 56581214 
555 7 1 1 1 3 567 51231 555 7 1 113 5 7 5 8 1 3 1 4 
66682 2 2 4 5 5 5 5 1 III 56581214 555 8 1 114 

2.1 x 4.85 2.1 x 4.86 2.1 x 4.87 2.1 x 4.88 

1111555 5 11145558 11115555 11115 5 5 5 
2 2 2 2 666 6 2 2 2 4 6 6 6 8 2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6 
1 1 1 3 5 557 1 1 1 4 5 5 5 8 1 1 115 555 III 3 5 5 5 7 
1 1 345 5 7 8 4 4 4 4 8 888 1234567 8 1 2 345 678 
555 5 1 III 555 8 III 4 555 5 1 1 1 1 5 5 5 5 1 III 
6 6 6 6 2 222 666 8 2 2 2 4 6 6 662 2 2 2 6 6 662 2 2 2 
555 7 III 3 55581114 5 555 1 1 1 1 555 7 III 3 
557 8 1 1 3 4 8 8 8 8 4 444 567 81234 567 81234 

2.1 x 4089 2.1 x 4.90 2.1 x 4.91 2.1 x 4�92 

1 1 1 1 5 555 1 1 1 455 5 8 11115555 11115555 
2 2 2 2 6 666 2 2 246 668 2 222 6 666 222 266 6 6 
1 1 1 3 5 557 1 1 345 5 7 8 1 1 3 1 5 5 7 5 11315 5 7 5 
1 1 1 4 5 558 4 4 4 4 8 8 8 8 1 1 1 4 5 558 22246668 
555 5 1 III 5 5 5 8 1 114 555 5 1 1 1 1 55551111 
6 6 662 2 2 2 66682224 66662 2 2 2 6 6 662 222 
55571113 557 811 3 4 557 511 3 1 557 5 1 1 3 1 
555 8 1 1 1 4 8 8 8 8 444 4 5 5 5 8 1 1 1 4 6 6 682 224 

2.1 x 4.93 2.1 x 4.94 2.1 x 4.9, 2.1 x 4.96 

11115 555 11115555 1 1 1 1 5 5 5 5 11115555 
2 2 2 2 6 6 6 6 222 2 666 6 2 2 2 266 6 6 2 2 226 6 6 6 
1 2 315 67 5 1 1 335 57 7 1 1 3 355 7 7 3 3 337 7 7 7 
1 1 145 5 5 8 1 1 3 4 5 5 7 8 1 2 3 4 567 8 1234567 8 
5 5 5 5 1 III 5 5 5 5 III 1 555 5 1 1 1 1 5 5 5 5 1 1 1 1 
6 6 662 222 6 6 662 222 66662 2 2 2 6 6 6 622 2 2 
567 51231 557 7 1133 557 711 3 3 777 7 333 3 
555 8 1 114 557 8 113 4 567 81234 567 81234 
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TABIE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2.1 x 4. 97 2.1 x 4. 98 2.1 x 4. 99 2.1 x 4.10 0 

11115555 1 1 345 5 7 8 1 1 145 5 5 8 1 1 345 5 7 8 
222 2 6 666 22346678 22246 668 22346678 
1 2 335 677 3 3 3 4 7 7 7 8 1 2 345 6 7 8 3 3 337 7 7 7 
12345678 4434887 8 4 4 448 8 8 8 4444888 8 
555 5 III 1 557 8 113 4 555 8 1 114 557 8 113 4 
66662 2 2 2 66782 2 3 4 6 6 6 8 2 224 667 822 3 4 
567 7 1 2 3 3 7 7 7 8 3 334 56781234 7 7 7 7 333 3 
567 812 3 4 887 844 3 4 8 8 8 8 4 444 888 8 444 4 

2.1 x 4.101 2.1 x 4.102 2.1 x 4.103 2.1 x 4.104 

1 1 115 5 5 5 1 1 145 5 5 8 1 1 345 5 7 8 1 1 3 455 7 8 
2 2 2 2 6 666 22246668 2234{)678 2 2 346 678 
3 3 3 3 7 777 33347778 3 3 347 7 7 8 33347778 
4 4 448 8 8 8 44448 8 8 8 4 4 4 3 8 8 8 7 4 4 4 4 8 8 8 8 
555 5 1 1 1 1 55581114 557 811 3 4 557 811 3 4 
66662 2 2 2 66682224 667 8 2 2 3 4 667 8 2 234 
777 7 3 333 777 8 333 4 77783334 777 8 3 3 3 4 
8 888 4 444 888 8 4 4 4 4 88874443 88884444 

2.1 x 4.105 2.1 x 4.106 2.1 x 4.107 2.1 x 4.108 

1134557 8 1 2 345 678 1 1 145 5 5 8 1 1 1 155 5 5 
1134557 8 21346578 12145658 12115655 
3 3 337 777 3333777 7 1 3 145 7 5 8 1 3 115 7 5 5 
333 3 7 7 7 7 33337 7 7 7 4 4 4 1 8 8 8 5 1 3 115 7 5 5 
557 8 1 1 3 4 567 812 3 4 555 8 1 1 1 4 55551111 
55781134 6578213 4 56581214 56551211 
7 777 3 333 777 7 3 3 3 3 575 813 1 4 5 7 5 5 1 311 
7 7 7 7 3 333 777 7 3 3 3 3 888 5 4 4 4 1 5 755 1 3 1 1 

2.1 x 4.109 2.1 x 4.110 2.1 x 4.111 2.1 x 4.112 

1 1 1 1 5 5 5 5 11115 5 5 5 11115555 11115 5 5 5 
12115655 11115555 12145658 11125556 
1 3 115 7 5 5 1 1 1 155 5 5 1 3 1 1 5 7 5 5 1 1 115 5 5 5 
11115 5 5 5 12345678 1 1 115 5 5 5 12345678 
55551111 55551111 5 5 5 5 1 III 55551111 
56551211 55551111 56581214 55561112 
57551311 55551111 5 7 5 5 1 3 1 1 55551111 
5555111 1 56781234 55551111 56781234 



2.1 x 4.113 

1111555 5 
12115655 
1 3 115 155 
1 3 3 451 1 8 
5 5 5 5 111 1 
56551211 
51551311 
511 8 133 4 

2.1 x 4.117 

11115 5 5 5 
12115655 
13115155 
11145558 
55551111 
56551211 
5 7 55 1 3 1 1 
555 8 1 114 

2.1 x 4.121 

1 1 1 1 5 5 5 5 
11115 5 5 5 
11125556 
11115555 
555 5 1 1 1 1 
555 511 1 1 
5 5 561 112 
5 5 5 5 1 1 1 1 

2.2 x 4.4 

1 1 1 1 1 1 1 1 
1 2 141 2 1 4 
1 1 1 1 1 1 1 1 
1 4 1 1 1 4 1 1 
1 1 1 155 5 5 
12145658 
1 1 115 5 5 5 
1 4 1 1 5 8 5 5 

TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2.1 x 40114 

1 1 1 1 5 555 
12115655 
1 3 1 1 5 1 5 5 
1 1 3 455 1 8 
55551111 
56551211 
5 1 5 5 1 3 1 1 
557 8 1 1 3 4 

2.1 x 118 

111 1 5 5 5 5 
12125656 
1 3 1 3 5 1 5 1 
12345618 
55551111 
56561212 
515 7 1 3 1 3 
567 81234 

2.2 x 4.1 

1 111 1 1 1 1 
1 2 2 2 1 2 2 2 
1 2 3 3 1 2 3 3 
1 2 3 3 1 2 3 3 
1 111 5 555 
12225666 
12335611 
12335617 

2.2 x 4.5 

1 111 1 111 
1 2 1 2 1 2 1 2 
1 1 1 1 1 1 1 1 
1 2 141 2 1 4 
11115555 
12125656 
11115 5 5 5 
12145658 

2.1 x 4 .. 115 

11115555 
12125656 
1 3 135 1 5 1 
1 2 145 658 
55551111 
56561212 
5 151 1 3 1 3 
56581214 

2.1 x 119 

1 1 115 5 5 5 
1 1 1 2 5 5 5 6 
1133551 7 
1 1 3 455 7 8 
55551111 
55561112 
557 7 113 3 
557 8 113 4 

2.2 x 402 

1 1 1 1 1 1 1 1 
12111211 
11111111. 
1 1 1 1 1 1 1 1 
1 1 115 5 5 5 
12115655 
11115555 
11115555 

2.2 x 4.6 

1 111 1 1 1 1 
12111211 
11111111 
111 3 111 3 
1 1 1 1 5 5 5 5 
12115655 
1 1 115 5 5 5 
11135 5 5 7 
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201 x 4.116 

1 1 145 5 5 8 
1 2 145 658 
13145158 
44448 8 8 8 
555 8 1 1 1 4 
56581214 
5 1 5 8 1 3 1 4 
8 8 8 844 4 4 

2.1 x 4.120 

12215 6 6 5 
21126556 
21126556 
12345618 
5 665 1 2 2 1 
65562 112 
65562 112 
567 81234 

2.2 x 4.3 

1 1 1 1 1 111 
11111111 
112 2 112 2 
11221122 
11115555 
1 1 115 555 
11225566 
112 255 6 6 

2.2 x 401 

11 1 1 1 1 1 1 
11111111 
1 1 1 2 1 1 1 2 
112 2 1 122 
1 1 1 155 5 5 
1111555 5 
1 1 1 2 555 6 
1 1 2 

J
2 5 5 6 6 
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TABIE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

202 x 4.8 2.2 x.4.9 2.2 x 4010 2.2 x 4.11 

111 111 1 1 1 1 1 1 111 1 12341234 12341234 
111 3 1 1 1 3 1 2 1 2 1 2 1 2 21432143 2 143 2 143 
1 111 1 111 111 1 1 1 1 1 342 1 3 421 341 2 341 2 
1 3 1 2 1 3 1 2 1 2 1 2 1 2 1 2 4 3 1 2 4 312 4 3 2 1 4 3 2 1 
1 1 1 1 5 5 5 5 1 1 1 155 5 5 1 2 345 678 1 2 345 678 
1 1 1 3 5 5 5 7 12125656 21436587 214 3 6 5 8 7 
1 1 115 555 1 1 115 555 34217865 3 4 1 2 7 856 
1 3 1 2 5 7 5 6 12125656 43128756 432 1 8 7 6 5 

2.2 x 4.12 202 x 4.13 2.2 x 4.14 2.2 x 4.15 

1 2 341 2 3 4 1 2 3 112 3 1 1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2 
23142314 2 312 2 312 212 2 2 122 2121212 1 
3124312 4 312 3 312 3 12341234 1 2 341 2 3 4 
44444444 12341234 1 2 431 2 4 3 2 143 2 143 
12345678 12315675 12115655 1 2 1 2 5 656 
23146758 23126756 21226566 21216565 
31247 568 31237 567 12345678 12345678 
4 4 448 8 8 8 12345678 1 2 435 687 2 143 6 5 8 7 

2.2 x 4.16 2.2 x 4.17 2.2 x 4.18 2.2 :x 4.19 

1 2 1 1 1 2 1 1 1 2 1 1 1 2 1 1 1 2 3 112 3 1 12331233 
212 2 2 122 212 221 2 2 2 132 213 2 213 3 2 133 
1 2 311 2 3 1 1 2 341 234 3 3 333 3 3 3 3 3 3 3 3 333 
1 2 141 2 1 4 12441244 1 2 3 4 1 2 3 4 3 3 343 334 
12115655 12115655 12315675 12335677 
21226566 212 2 6 5 6 6 21326576 2 1 3 3 6 5 7.7 
1 2 315 675 12345678 33337 7 7 7 33337 7 7 7 
1 2 145 658 12445688 12345678 3 3 3 4'7 7 7 8 

2.2 x 4.20 2.2 x 4.21 2.2 x 4.22 2 .. 2 x 4.23 

1 2 341 2 3 4 1 1 1 4 1 114 11141114 1 1 141 114 
2 134 2 134 1 2 341 2 3 4 12141214 12141214 
33343334 1 3 141 3 1 4 1 1 1 4 1 1 1 4 1 1 :3 4 1 1 :3 4 
44444444 44414441 444 1 444 1 44444444 
12345678 11145558 1 1 145 5 5 8 1114555 8 
2 1 3 4 657 8 12345678 12145658 121456.�8 
3 3 347 778 1 3 1 4 5 7 5 8 1 1 145 5 5 8 1 1 :3 4 5 5 7 8 
4444888 8 44418 885 4 441 8 885 4 4 4 4 8 8 8 8 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2.2 x 4.24 2.2 x 4.25 2.2 x 4.26 2.2 x 4.27 

113 3 1 1 3 3 1 2 141 2 1 4 1 2 441 2 4 4 II I 1 1 1 1 1 
1 2 3 412 3 4 222 2 2 222 2 2 2 2 222 2 1 2 1 4 1 2 1 4 
3 3 113 311 1 214 1 2 1 4 42114211 11111 1 1 1 
341 1 3 4 1 1 42414241 42114211 1 4 1 2 141 2 
1 1 3 3 5 5 7 7 12145658 12445688 1 1 115 555 
1 2 3 4 5 6 'I 8 222 2 6 6 6 6 2 222 6 6 6 6 12145658 
3 3 1 1 7 755 1 2 145 658 42118655 1 1 1 1 5 5 5 5 
34117855 42418685 42118655 14125856 

2.2 x 4.28 2.2 x 4.29 2.2 x 4.30 2.2 x 4 .. 31 

III III 1 1 1 1 3 1 1 131 1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2 
12341234 1 2 3 2 1 2 3 2 212 2 2 1 2 2 2121212 1 
1 3 1 3 1 313 3 3 1 3 3 313 1 2 II I 2 1 1 1 2 1 2 1 2 1 2 
14321432 1 2 3 2 1 2 3 2 1 2 1 1 1 2 1 1 212 1 2 1 2 1 
1 1 115 5 5 5 1 1 315 575 12115655 1 2 125 656 
12345678 1 2 3 2 5 676 21226566 21216565 
1 3 135 7 5 7 3 3 1 3 7 7 5 7 1 2 1 1 5 655 12125656 
14325 8 7 6 12325675 12115655 21216565 

2.2 x 4.32 2.2 x 4.33 2.2 x 4.34 2.2 x 4,,35 

122 212 2 2 113 1 1 1 3 1 113 311 3 3 1 2 331 2 3 3 
21112 1 1 1 11311 1 3 1 1133113 3 23112311 
2 1 112 II I 3 3 1 3 3 3 1 3 3311331 1 312 2 312 2 
2 1 112 III 1 1 3 2 113 2 3 3 1 2 331 2 312 2 312 2 
1 2 2 2 5 666 1131557 5 1 1 3 3 5 577 1 2 3 3 5 677 
2 1 1 1 655 5 11315575 1133557 7 23116755 
211 165 5 5 3 313 7 7 5 7 3 3 1 1 7 7 5 5 31227 566 
211 1 655 5 1 1 3 2 5 5 7 6 3 312 7 756 312 2 7 5 6 6 

2.2 x 4.36 2.2 x 4.37 2.2 x 4.38 2.2 x 4.39 

1 1 III 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 III 1 1 1 1 1 1 III 
1 2 3 3 1 2 3 3 12341234 1 2 3 2 1 2 3 2 1 2 3 4 1 2 3 4 
1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 3 1 3 1 3 1 3 III 311 
1 3 1 1 1 3 1 1 14111411 12321232 141 3 141 3 
1 1 1 1 5 5 5 5 1 1 1 155 5 5 1 1 115 5 5 5 11115 5 5 5 
12335677 12345678 12325676 12345678 
1 3 115 7 5 5 1 3 115 7 5 5 1 3 1 357 5 7 1 3 1 157 5 5 
1 3 1 157 5 5 14115 855 1 2 325 676 141 3 5 857 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2 .2 x 4 .40 2 .2 x 4 .41 2 .2 x 4.42 2 . 2 x 4 .43 

1 1 1 1 1 1  1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1  
1 2 2 2 1 2 2  2 1 2 2 2 1 2  2 2 1 2 2 2 1 2 2 2  1 2 2 1 1 2 2 1 
1 2 2 2 1 2 2 2 1 2 2 2 1 2 2  2 1 2 3 3 1 2 3 3  1 2 3 1 1 2  3 1 
1 2 2 2 1 2 2 2 1 2 2  3 1 2  2 3 1 2 3 4 1 2  3 4 1 1 1 4 1 1 1 4  
1 1 1 1 5 5 5 5  1 1 1 1 5 5  5 5 1 1 1  1 5 5  5 5 1 1 1 1 5 5 5 5 
1 2 2 2 5 6 6 6 1 2 2 2 5 6 6 6  1 2 2 2 5 6 6 6  1 2 2 1 5 6 6 5 
1 2 2 2 5 6 6 6  1 2 2 2 5 6 6  6 1 2 3 3 5 6 7 7  1 2 3 1 5 6 7 5 
1 2 2 2 5 6 6 6  1 2 2 3 5 6 6 7  1 2 3 4 5 6 7 8 1 1 1 4 5  5 5 8 

2 . 2  x 4.44 2 .2 x 4 .45 2 . 2 x 4 .46 2 . 2  x 4 .47 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 
1 2 2 1 1 2  2 1 1 2 2 4 1 2  2 4 1 2 2  2 1 2 2  2 1 2 2 2 1 2 2  2 
1 2 3 4 1  2 3 4 1 2 3 4 1 2 3 4  1 2 3 2 1 2 3 2 1 2 3 4 1 2 3 4 
1 1 4 1  1 1 4 1  1 4 4  1 1 4 4  1 1 2 2 2 1 2 2 2 1 2 4 2 1 2 4 2 
1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  1 1 1 1 5 5  5 5 
1 2 2 1 5 6 6 5  1 2 2 4 5 6 6 8  1 2 2 2 5  6 6 6  1 2 2 2 5 6 6 6  
1 2 3 4 5 6 7 8  1 2 3 4 5 6 7 8 1 2 3 2 5 6 7  6 1 2 3 4 5 6 7 8  
1 1 4 1 55 8 5  1 4 4 1 5 8 8 5 1 2 2 2 5 6 6  6 1 2 4 2 5 6 8 6  

2 .2 x 4 .48 2 . 2  x 4 .49 2 .2 x 4 .50 2 .2 x 4 .51 

1 1 1 1 1  1 1 1  1 1 1 1 1 1 1  1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 
1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2 1 2 1 1 1 2 1 1 1 2 1 1 1 2 1 1  
1 1 3 1 1 1 3 1 1 1 3  3 1 1 3  3 1 1 3 1 1 1 3 1  1 1 3 4 1 1 3 4 
1 1 1 4 1 1  1 4 1 2 3 4 1  2 3 4 1 1 1 1 1 1 1 1 1 1 4 1 1 1 4 1 
1 1 1  1 5 5 5  5 1 1 1 1 5 5 5 5  1 1 1 1 5  5 5 5  1 1 1 1 5 5 5 5  
1 2 1 1 5 6 5 5  1 2 1 2 5 6 5 6 1 2 1 1 5 6 5 5  1 2 1 1 5 6 5 5  
1 1 3 1 5 5  7 5 1 1 3  3 5 5 7 7 1 1 3 1 5 5 7  5 1 1 3 4 5 5 7 8  
1 1 1 4 5 5  5 8 1 2 3 4 5 6 7 8  1 1 1 1 5 5 5 5  1 1 4 1 5 5 8 5 

2 . 2 x 4 .52 2 . 2  x 4.53 2 .2 x 4 .54 2 . 2 x 4.55 

1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  1 1 1 1 1  1 1 1 1 1 
1 2 1 2 1 2 1 2 1 1 11 1 1 1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 
1 1 3 1 1 1 3  1 1 1 1 2 1 .L1 2  1 1 1 1 1  1 1 1  1 1 1  1 1 1 1  1 
1 2 1 2 1 2 1  2 1 1 2 1 1 1 2  1 1 1 1 2 1 1 1 2  1 1 1 1 1 1 1 1  
1 1 1 1 5  5 5 5 1 1 1  1 5 5  5 5 1 1 1  1 5 5 5 5 1 1 1 1 5 5 5 5 
1 2 1 2 5 6 5 6  1 1 1 1 5 5  5 5 1 1 1 1 5 5  5 5 1 1 1 1 5 5 5 5  
1 1 3 1 5 5  7 5 1 1 1 2 5 5 5 6 1 1 1 1 5  5 5 5 1 1 1 1 5 5 5 5  
1 2 1 2 5 6 5 6 1 1 2 1 5 5 6 5 1 1 1  2 5 5  5 6 1 1 1 1 5 5 5 5 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued ) 

2 . 2  x 4 • .56 2 . 2  x 4 • .57 2 . 2  x 4 • .58 2 . 2  x 4 • .59 

1 1 1 4 1 1 1 4 1 1 1 4 1  1 1 4  1 1 3 4 1 1 3  4 1 1 1 1 1  1 1 1 
1 1 1 4 1  1 1 4  1 2 3 4 1 2 3 4 1 1 3 4 1 1 3  4 2 2 2 2 2 2 2 2  
1 1 2 4 1 1 2  4 1 3 2 4 1 3 2  4 3 3 3 4 3  3 3 4  1 1 1 2 1 1 1 2 
1 1 1 4 1 1 1 4 1 1 1 4 1 1 1 4  3 3 3 4 3  3 3 4  4 4 4 4 4 4 4 4  
1 1 1 4 .5  .5 .5 8 1 1 1 4 .5 .5 .5 8 1 1 3 4 .5 .5 7 8 1 1 1 1 .5 .5 .5 .5 
1 1 1 4 .5 .5 .5 8 1 2 3 4 .5  6 7 [3  1 1 3 4 .5 .5 7 8  2 2 2  2 6 6  6 6 
1 1 2 4 .5 .5 6 8 1 3 2 4 .5 7 6 8 3 3 3 4 7 7 7 8  1 1 1 2 .5 .5 .5 6 
1 1 1 4 .5  .5 .5 8 1 1 1 4 .5  .5 .5 8 3 3 3 4 7  7 7 8 4 4 4 4 8  8 8 8 

2 . 2 x 4 . 60  2 . 2  x 4 . 61 2 . 2  x 4 . 62 2 . 2  x 4 . 63 

1 2 3 4 1 2 3 4 1 1 3 4  1 1 3 4 1 1 1 1 1 1 1 1 1 1 1 1 1  I I I  
2 1 3 4 2  1 3 4  1 1 3 4 1  1 3 4  2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2 
3 3 3 4 3 3 3 4 3 3 3 4 3  3 3 4 3 3 3 3 3 3 3 3  1 2 3 4 1 2 3 4  
4 4 3 4 � 4 3 4  4 4 3 4 � 4 3 4  1 2 2 4 1 2  2 4 2 1 4 3 2  1 4 3  
1 2 3 4 .5 6 7 8  1 1 3  4 .5 .!) 7 8 1 1 1 1 .5 .5 .5 .5 1 1 1 1 .5  .5 .5 .5 
2 1 3 4  6 .5 7 8 1 1 3 4 .5 .5 7 8 2 2 2 2 6 6 6 6 2 2 2 2 6 6 6  6 
3 3 3 4 7 7 7 8  3 3 3 4 7 7 7 8 3 3 3 3 7 7  7 7 1 2 3 4 .5  6 7 8  
4 4 3 4 8 8 7  8 4 4 3 4 8  8 7 8  1 2 2 4 .5 6 6 8  2 1 4 3 6 .5 8 7  

2 . 2  x 4 . 64 2 . 2  x 4 . 6.5 2 . 2  x 4 . 66  2 . 2  x 4 . 67 

1 1 3 3 1 1 3 3 1 2 3 4 1 2 3 4 1 1 1 1 1  I I I  1 1 3 3 1 1 3 3 
2 2 4 4 2  2 4 4  2 1 4 3  2 1 4 3  2 2 2 2 2 2 2 2  2 2 3 3 2  2 3 3  
1 1 3 3 1 1 3 3 1 2 3 4 1  2 3 4 1 1 3  3 1 1 3 3 3 3 3  3 3 3 3 3  
2 2 4 4 2  2 4 4 2 1 4 3 2 1 4 3  2 2 4 4 2  2 4 4 4 4 4 4 4 4 4 4  
1 1 3 3 .5 .5 7 7 1 2 3 4 .5 6 7 8 1 1 1 1 .5  .5 .5 .5 1 1 3 3 .5 .5 7 7 
2 2 4 4 6 6  8 8 2 1 4 3 6 .5 8 7 2 2 2  2 6 6 6 6  2 2 3 3 6 6 7 7 
1 1 3 3 .5  .5 7 7 1 2 3 4 .5 6 7 8 1 1 3  3 .5 .5 7 7 3 3 3 3 7  7 7 7 
2 2 4 4 6 6 8 8 2 1 4 3 6 .5 8 7 2 2 4 4 6 6 8 8  4 4 4 4 8  8 8 8  

2 . 2  x 4 . 68 2 . 2  x 4 .69 2 . 2  x 4 .70 2 .2 x 4.71 

1 1 3 3 1 1 3  3 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 I I I  
2 2 3  3 2 2  3 3 1 1 2 2 1 1 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
3 3 3 3 3 3 3 3 1 2 3 4 1 2 3 4 3 3 3 3 3 3 3 3 1 1 1 1 1 1 1 1 
4 4 3  3 4 4 3  3 1 2 3 4 1 2 3 4 3 3 3 4 3 3 3 4  4 4 4 4 4 4 4 4 
1 1 3 3 .5 .5 7 7 1 1 1 1 .5  .5 .5 .5 1 1 1 1 .5  .5 .5 .5 1 I I I  .5 .5 .5 .5 
2 2 3 3 6 6 7 7 1 1 2  2 .5 .5 6 6 2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6  
3 3 3 3 7 7  7 7 1 2 3 4 .5 6 7 8  3 3 3 3 7 7  7 7 1 1 1 1 .5 .5 .5 .5 
4 4 3 3 8 8 7 7  1 2 3 4 5 6 7 8 3 3 3 4 7 7 7 8  4 4 4 4 8  8 8 8 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2 . 2  x 4 072  2 92  x 4 . 73 2 92 x 4 . 74 2 . 2  x 4 . 75 

1 1 3 4 1 1 3 4 1 1 3  3 1 1  3 3 1 1 3 4 1 1 3  4 1 1 3 3 1 1 3 3 
2 2 3 4 2  2 3 4 2 2 3 3 2 2 3 3  2 2 3 4 2  2 3 4 2 2 3 3 2 2 3 3  
3 3 3 4 3 3 3 4  3 3 3  3 3 3 3 3 3 3 3 3 3 3 3 3  3 3 3 3 3  3 3 3  
3 3 3 4 3  3 3 4 3 3 3 4 3  3 3 4 3 3 3  3 3 3 3 3  3 3 3 3 3 3 3 3 
1 1 3 4 5 5 7 8  1 1 3 3 5 5 7  7 1 1 3 4 5 5 7 8 1 1 3 3 5 5 7 7  
2 2 3 4 6 6 7 8  2 2 3 3 6 6 7 7 2 2 3 4 6 6 7 8  2 2 3 3 6 6 7 7  
3 3 3 4 7 7 7 8 3 3 3 3 7  7 7 7 3 3 3 3 7 7 7 7  3 3 3 3 7 7 7 7 
3 3 3 4 7  7 7 8  3 3 3 4 7  7 7 8  3 3 3 3 7  7 7 7 3 3 3 3 7  7 7 7  

2 .2 x 4 . 76 2 . 2 x 4 . 77 2 . 2  x 4.78 2 . 2 x 4079 

1 1 1 1 1 I I I  1 I I I  1 1 1 1 1 1 I I I  I I I  1 I I I  I I I  1 
1 1 1 3 I I I  3 2 2 2 2 2 2 2 2 2 2 2 2 2  2 2 2  2 2 2 2 2 2 2 2 
1 1 1 3 I I I  3 1 1 1 1 I I I  1 1 1 1 1 1  I I I  I I I  1 1 1 1 1 
1 2 3 4 1 2 3 4  1 1 1 1 1 1 1  1 2 2 2 2 2 2 2 2 1 1 1 4 1 1 1 4 
I I I  1 5 5 5 5  1 1 1 1 5 5 5 5  1 1 1 1 5 5 5  5 1 1 1 1 5 5 5  5 
1 1 1 3 5  5 5 7 2 2 2 2  6 6 6 6 2 2 2 2 6 6 6 6 2 2 2  2 6 6 6 6 
1 1 1 3 5 5  5 7 1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5 
1 2 3 4 5  6 7 8  1 1 1 1 5 5  5 5 2 2 2 2 6 6 6 6 1 1 1 4 5  5 5 8  

2 . 2  x 4 . 80 2 . 2  x 4 . 81 2 . 2 x 4 . 82 2 . 2  x 4 . 83 

I I I  1 1 1 1 1 1 1 1 1 1 1 1 1  I I I  1 1 1 1 1 1 1 1 1 1  I I I  
2 2 2 2  2 2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2  2 
I I I  I I I  1 1 I I I  3 I I I  3 1 2 3 1 1 2 3 1  1 1 1 3 I I I  3 
2 2 2 4 2  2 2 4 2 2 2 4 2 2 2 4 1 1 1 1 1 1 1 1 1 2 1 4 1 2 1 4  
1 1 1 1 5  5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5  1 I I I  5 5 5 5 
2 2 2  2 6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6  2 2 2 2 6 6 6 6  
1 1 1 1 5  5 5 5 1 1 1 3 5  5 5 7  1 2 3 1 5 6 7 5  1 1 1 3 5 5 5 7  
2 2 2 4 6  6 6 8  2 2 2 4 6 6 6 8 1 1 1 1 5 5 5 5 1 2 1 4 5 6 5 8 

2 .2 x 4 0 84 2 . 2  x 4.85 2 . 2  x 4 . 86 2 02 x 4 . 87 

1 1 1 4 1 1  1 4 1 1 1 1 1 1 1 1  1 1 1 4 1 1 1 4 1 I I I  1 1 1 1 
1 2 1 4 1 2  1 4 2 2 2 2 2 2 2 2 2 2 2 4 2 2  2 4 2 2 2 2 2 2 2 2  
1 3 1 4 1 3 1 4 I I I  3 1 1 1 3 1 1 1 4 1 1 1 4 1 1 ]  1 1 1  1 1 
1 1 1 4 1  1 1 4  1 1 3 4 1  1 3 4 4 4 4 4 4 4 4 4  1 2 3 4 1 2 3 4  
1 1 1 4 5 5 5 8  1 1 1 1 5 5 5 5 1 1 1 4 5  5 5 8 1 1 1 1 5 5 5 5  
1 2 1 4 5  6 5 8  2 2 2  2 6 6 6 6 2 2 2 4 6 6 6 8  2 2 2 2 6 6 6 6 
1 3 1 4 5  7 5 8 I I I  3 5 5 5 7  1 1 1 4 5 5  5 8 1 1 1 1 5 5 5 5 
1 1 1 4 5  5 5 8 1 1 3 4 5 5 7 8 4 4 4 4 8  8 8 8  1 2 3 4 5 6 7 8  
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 . 2  x 4 . 88 2 . 2 x 4 . 89 2 . 2  x 4 � 90 2 . 2  x 4.91 

1 1 1 1 1 1 1 1 1 1 1 1 I I I  1 1 1 1 4 1  1 1 4 I I I  1 1 1 1 1  
2 2 2 2 2 2 2 2  2 2 2 2 2  2 2 2  2 2 2 4 2  2 2 4 2 2 2 2 2 2 2  2 
I I I  3 1 1 1 3  I I I  3 1 1 1 3  1 1 3 4 1 1 3 4 1 1 3 1 1 1 3 1 
1 2 3 h 1 2 3 4 1 1 1 4 1 1 1 4 4 4 4 1+ 4 4 4 4  1 1 1 4 1 1 1 4 
1 1 1 1 5  5 5 5 1 1 1 1 5 5 5 5  1 1 1 4 5  5 5 8 1 1 1 1 5  5 5 5  
2 2 2 2 6 6  6 6 2 2 2 2  6 6 6 6 2 2 2 4 6 6 6 8  2 2 2 2 6 6 6 6 
1 1 1 3 5 5  5 7 1 1 1 3 5  5 5 7 1 1 3 4 5 5  7 8 1 1 3 1 5 5 7  5 
1 2 3 4 5 6 7 8  1 1 1 4 5  5 5 8 4 4 4 4 8 8 8 8 1 1 1 4 5  5 5 8 

2 . 2 x 4 .92  2 .2 x 4 . 93 2 . 2  x 4 ,,94 2 . 2  x 4 . 95 

1 1 1 1 1 I I I  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I I I  1 1 
2 2 2 2 2 2 2  2 2 2 2 2 2 2 2 2  2 2 2 2 2  2 2 2  2 2 2  2 2 2  2 2 
1 1 3 1 1 1 3 1 1 2 3 1 1 2 3 1 1 1 3  3 1 1 3 3  1 1 3  3 1 1  3 3 
2 2 2 4 2  2 2 4 1 1 1 4  1 1 1 4  1 1 3  4 1 1  3 4 1 2 3 4 1 2 3 4  
1 1 1 1 5  5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 5  5 5 5  
2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2  6 6 6 6 2 2 2 2 6 6 6  6 
1 1 3 1 5 5 7 5  1 2 3 1 5 6 7 5 1 1 3 3 5 5 7  7 1 1 3 3 5 5 7 7 
2 2 2 4 6 6 6 8 1 1 1 4 5 5 5 8  1 1 3 4 5 5 7  8 1 2 3 4 5 6 7 G  

2 . 2  x 4 . 96 2 . 2 x 4 . 97 2 . 2  x 4 . 98 2 . 2  x 4 . 99 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 4  1 1 3 4 1 1 1 4  1 1 1 4 
2 2 2 2 2  2 2 2  2 2 2 2  2 2 2 2 2 2 3 4 2  2 3 4 2 2 2 4 2  2 2 4  
3 3 3  3 3 3  3 3 1 2 3 3 1 2  3 3 3 3 3 4 3  3 3 4 1 2 3 4 1 2 3 4 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  4 4 3 4 4 4 3 4 4 4 h 4 4 4 4 4  
1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5 1 1 3 4 5 5 7 8 1 1 1 4 5  5 5 8 
2 2 2 2 6 6 6  6 2 2 2 2 6 6 6 6 2 2 3 4 6 6 7 8 2 2 2 4 6 6 6 8 
3 3 3 3 7 7 7  7 1 2 3 3 5 6 7 7  3 3 3 4 7  7 7 8 1 2 3 4 5  6 7 8  
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 4 4 3 4 8 8 7 8 4 4 4 4 8  8 8 .s 

2 .2 x 4 . 100 2 . 2 x 4 . 101 2 . 2  x 4 . 102 2 . 2 x 4 . 103 

1 1 3 4 1 1 3 )-l 1 1 1 1 1  1 1 1 I I I 4 1 1  1 4 1 1 3 4 1 1 3 4 
2 2 3 4 2  2 3 4 2 2 2 2  2 2 2  2 2 2 2 4 2 2 2 4  2 2 3 4 2  2 3 4  
3 3 3  3 3 3 3 3 3 3 3  3 3 3 3 3 3 3 3 4 3 3 3 4  3 3 3 4 3 3 3 4 
4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4 4 4 4 4  3 4 4 4 3  
1 1 3 4 5 5 7 8  1 1 1 1 5 5 5  5 1 1 1 4 5  5 5 8 1 1 3 4 5 5 7 8  
2 2 3 4 6 6  7 8 2 2 2 2 6 6 6 6  2 2 2 4 6 6 6 8  2 2 3 4 6 6 7 8 
3 3 3 3 7  7 7 7 3 3 3 3 7 7 7 7  3 3 3 4 7  7 7 8 3 3 3 4 7  7 7 8 
4 4 2+ 4 8 8 8 8  4 4 4 4 8  8 8 8 4 4 4 4 8 8 8 8 4 4 4  3 8 8 8 7 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2 . 2  x 4 . 104 2 .2 x 4 . 105 2 . 2 x 4.106 2 .2 x 4 . 107 

1 1 3  4 1 1 3  4 1 1 3 4 1  1 3 4 1 2 3 4 1 2 3 4  1 1 1 4 1 1 1 4  
2 2 3 4 2  2 3 4 1 1 3  4 1 1  3 4 2 1 3 4 2 1 3 4  1 2 1 4 1 2 1 4  
3 3 3 4 3  3 3 4  3 3 3 3 3 3 3 3  3 3 3 3 3 3 3  3 1 3 1 4 1 3 1 4 
4 4 4 4 4 4 4 4  3 3 3 3 3  3 3 3 3 3 3  3 3 3 3 3 4 4 4 1 4 4 4 1 
1 1 3 4 5 5 7 8 1 1 3 4 5 5 7 8 1 2 3 4 5 6 7 8 1 1 1 4 5  5 5 8 
2 2 3 4 6 6 7 8 1 1 3 4 5  5 7 8 2 1 3 4 6  5 7 8 1 2 1 4 5 6 5 8 
3 3 3 4 7 7 7 8 3 3 3 3 7  7 7 7 3 3 3 3 7  7 7 7 1 3 1 4 5  7 5 8 
4 4 4 4 8 8 8 8  3 3 3 3 7 7 7  7 3 3 3 3 7  7 7 7 4 4 4 1 8 8 8 5 

2 . 2  x 4 . 108 2 . 2 x 4.109 2 .2 x 4 . 110 2 .2 x 4 . 111 

1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  
1 2 1 1 1 2 1 1 1 2 1 1 1 2 1 1  1 1 1 1 1  1 1 1 1 2 1 4 1  2 1 4 
1 3 1 1 1 3 1 1  1 3 1 1 1 3 1 1 1 1 1 1 1  1 1 1 1 3 1 1 1 3 1 1 
1 3 1 1 1  3 1 1  1 1 1 1 1 1 1  1 1 2 3 4 1  2 3 4 1 1 1 1 1 1 1  1 
1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  
1 2 1 1 5 6 5 5  1 2 1 1 5 6 5 5 1 1 1 1 5 5 5 5  1 2 1 4 5 6 5 8  
1 3 1 1 5 7 5  5 1 3 1 1 5 7 5 5 1 1 1 1 5 5 5 5  1 3 1 1 5  7 5 5  
1 3 1 1 5  7 5 5 1 1 1 1 5 5 5 5  1 2 3 4 5 6 7 8 1 1 1 1 5  5 5 5 

2 . 2  x 4 . 112 2 .2 x 4 . 113 2 . 2 x 4 . 114 2 . 2  x 4.115 

1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1  
1 1 1 2 1 1 1 2 1 2 1 1 1 2 1 1 1 2 1 1 1  2 1 1 1 2 1 2 1 2 1 2 
1 1 1 1 1 1 1 1 1 3 1 1  1 3 1 1 1 3 1 1 1  3 1 1  1 3 1 3  1 3 1 3 
1 2 3 4 1 2 3 4 1 3 3 4 1  3 3 4  1 1 3 4 1 1 3 4 1 2 1 4 1 2 1 4  
1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5  
1 1 1 2 5 5 5  6 1 2 1 1 5 6 5 5  1 2 1 1 5 6 5 5  1 2 1 2 5 6 5 6  
1 1 1 1 5  5 5 5 1 3 1 1 5  7 5 5  1 3 1 1 5 7 5 5 1 3 1 3 5  7 5 7 
1 2 3 4 5  6 7 8 1 3 3 4 5 7 7 8 1 1 3 4 5 5 7 8 1 2 1 4 5 6 5 8 

. 

2 .2 x 4 . 11 6 2 . 2  x 4 . 117 2 . 2 x 4 . 118 2 . 2 x 4 . 119 

1 1 1 4 1 1 1 4 1 1 1 1 1 1 1  1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1  
1 2 1 4 1 2 1 4 1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2 1 1 1 2 1 1 1 2  
1 3 1 4 1  3 1 4 1 3 1  1 1 3  1 1 1 3 1 3 1 3 1 3 1 1 3 3 1 1 3  3 
4 4 4 4 4 4 4 4 1 1 1 4 1 1 1 4  1 2 3 4 1 2 3 4 1 1 3 4 1 1 3 4 
1 1 1 4 5  5 5 8 1 1 1  1 5 5  5 5 1 1 1 1 5 5 5 5  1 1 1 1 5 5 5 5 
1 2 1 4 5 6 5 8 1 2 1 1 5 6 5 5  1 2 1 2 5 6 5 6  1 1 1 2 5 5 5 6  
1 3 1 4 5  7 5 8  1 3 1 1 5 7 5 5  1 3 1 3 5 7 5 7 1 1 3 3 5 5  7 7 
4 4 4 4 8  8 8 8 1 1 1 4 5 5  5 8 1 2 3 4 5 6 7 8 1 1 3 4 5 5 7 8 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 (continued) 

2 .2 x 4 .120 2 .. 2 x 4 . 121 2 .3 x 4 .1 2 .3 x 4 .2 

1 2 2  1 1 2  2 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1  
2 1 1 2 2 1 1 2  1 1 1  1 1 1  1 1 1 2 2  2 1 2 2 2 1 2 1 1 1  2 1 1 
2 1 1 2  2 1 1 2 1 1 1 2 1 1 1  2 1 2 3 3 1 2 3 3 1 1 1 1 1 1 1 1  
1 2 3 4 1 2  3 4 1 1 1 1 1 1 1  1 1 2 3 3 1 2 3  3 1 1 1 1  1 1 1 1  
1 2 2 1 5 6 6 5 1 1 1 1 5 5 5 5  5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 5 
2 1 1  2 6 5 5  6 1 1 1 1 5 5 5 5 5 6 6 6 5 6 6 6  5 6 5 5 5 6 5 5  
2 1 1 2  6 5 5 6 1 1 1  2 5 5 5  6 5 6 7 7 5 6 7 7  5 5 5 5 5 5 5 5 
1 2 3 4 5 6 7 8  1 1 1 1 5 5  5 5 5 6 7 7 5 6 7 7  5 5 5  5 5 5 5 5 

2 .3 x 4 . 3  2 .3 x 4 . 4  2 . 3  x 4 .5 2 . 3  x 4 .6 

1 1 1  1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 
1 1 1  1 1 1 1  1 1 2 1 4 1 2 1 4  1 2 1 2 1 2 1 2 1 2 1 1 1 2 1 1  
1 1 2  2 1 1 2  2 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
1 1 2  2 1 1 2  2 1 4 1 1 1 4 1  1 1 2 1 4 1 2 1 4  1 1 1 3 1 1 1 3  
5 5 5 5 5 5 5  5 5 5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
5 5 5  5 5 5 5  5 5 6 5 8 5 6 5 8 5 6 5 6 5 6 5 6 5 6 5 5 5 6 5 5  
5 5 6 6 5 5  6 6 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5 5 5  5 5 5 
5 5 6 6 5 5 6 6  5 8 5 5 5 8 5 5  5 6 5 8 5 6 5 8 5 5 5  7 5 5 5 7 

2 .3 x 4 .7 2 . 3 x 408  2 . 3 x 4.9 2 .3 x 4 . 10 

1 1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 2 3 4 1 2 3 4  
1 1 1  1 1 1 1 1 1 1 1 3  1 1 1  3 1 2 1 2 1 2 1 2 2 1 4 3  2 1 4 3  
1 1 1  2 1 1 1 2 1 1 1 1 1 1 1  1 1 1 1  1 1 1 1 1  3 4 2 1 3 4 2 1 
1 1 2  2 1 1  2 2 1 3 1 2 1 3 1 2 1 2 1 2 1 2 1 2 4 3 1 2 4 3 1 2  
5 5 5 5 5  5 5 5  5 5 5 5 5 5 5 5  5 5 5 5 5  5 5 5  5 6 7  8 5 6 7  8 
5 5 5 5 5 5 5 5  5 5 5  7 5 5 5 7 5 6 5 6 5 6 5 6 6 5 8 7 6 5 8 7 
5 5 5 6 5 5 5  6 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 7 8 6 5 7 8 6 5 
5 5 6 6 5 5 6 6  5 7 5 6 5 7 5 6  5 6 5 6 5 6 5 6 8 7 5 6 8 7 5 6  

2 .3 x 4 .. 11 2 .. 3 x 4 .12 2 .. 3 x 4 . 13 2 .3 x 4.14 

1 2 3 4 1 2  3 4 1 2 3 4 1 2 3 4  1 2 3 1 1  2 3 1 1 2 1 1 1  2 1 1 
2 1 4 3 2 1 4 3  2 3 1 4 2  3 1 4 2 3 1 2  2 3 1 2 2 1 2 2 2 1 2 2  
3 4 1  2 3 4 1 2  3 1 2 4 3 1 2 4  3 1 2 3 3 1 2 3  1 2 1 4 1 2 3 4  
4 3 2  1 4 3  2 1 4 4 4 4 4 4 4 4  1 2 3 4 1 2 3 4 1 2 4 3 1 2 4 3 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 5 5 6 7 5  5 6 5 5 5 6 5 5  
6 5 8 7 6 5 8 7  6 7 5  8 6 7 5  8 6 7 5 6 6 7 5 6  6 5 6 6 6 5 6 6  
7 8 5 6 7 8 5 6  7 5 6 8 7 5 6 8  7 5 6 7 7 5 6 7 5 6 7 8 5 6 7 8 
8 7 6 5 8 7 6 5 8 8 8 8 8 8 8 8 5 6 7 8 5 6 7 8 5 6 8 7 5 6 8 7  
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 ,, 3  x 4 . 15 2 0 3  x 4 . 16 2 . 3  x 4 . 17 2 � 3  x 4 . 18 

1 2 1 2 1 2 1 2 1 2 1 1 1 2 1 1 1 2 1 1 1  2 1 1 1 2 3 1 1 2 3 1 
2 1 2 1 2 1 2 1 2 1 2 2 2 1 2 2  2 1 2 2 2 1 2 2 2 1 3 2 2 1 3 2  
1 2 3 4 1  2 3 4 1 2 3 1 1 2  3 1 1 2 3 4 1  2 3 4 3 3 3 3 3 3 3 3 
2 1 4 3  2 1 4 3  1 2 1 L. 1 2 1 4 1 2 4 4 1 2 4 4  1 2 3 4 1  2 3 4 
5 6 5 6 5 6 5 6  5 6 5 5 5 6 5 5  5 6 5 5 5 6 5  5 5 6 7 5 5 6 7 5 
6 5 6 5 6 5 6 5 6 5 6 6 6 5 6 6  6 5 6 6 6 5 6 6  6 5 7 6 6 5 7 6  
5 6 7 8 5 6 7 8 5 6 7 5 5 6 7 5 5 6 7 8 5 6 7 8  7 7 7  7 7 7 7 7 
6 5 8 7 6 5 8 7  5 6 5 8 5 6 5 8 5 6 8 8 5  6 8 8 5 6 7 8 5 6 7 8 

2 � 3 x 4 . 19 2 0 3  x 4 . 20 2 . 3 x 4 .21 2 .3 x 4 . 22 

1 2 3 3 1 2 3 3  1 2 3 4 1 2 3 4  1 1 1 4 1 1 1 4 1 1 1 4  1 1 1  4 
2 1 3 3 2 1 3 3  2 1 3 4 2 1 3 4  1 2 3 4 1 2 3 4 1 2 1 4 1 2 1 4 
3 3 3  3 3 3 3 3 3 3 3 4 3  3 3 4 1 3 1 4 1 3 1 4 1 1 1 4 1 1 1 4 
3 3 3 4 3 3 3 4 4 4 4 4 4 4 4 4  4 4 4 1 4 4 4 1  4 4 4 1 4 4 4 1  
5 6 7 7 5 6 7 7 5 6 7 8 5 6 7 8  5 5 5 8 5 5 5  8 5 5 5 8 5 5 5  8 
6 5 7 7 6 5 7 7  6 5 7 8 6 5 7 8  5 6 7 8 5 6 7 8 5 6 5 8 5 6 5 8 
7 7 7 7 7 7 7 7 7 7 7 8 7 7  7 8 5 7 5 8 5 7 5 8 5 5 5 8 5 5 5 8  
7 7 7 8 7 7 7  8 8 8 8 8 8 8 8 8  8 8 8 5 8  8 8 5 8 8 8 5 8  8 8 5 

2 . 3  x 4.23  2 . 3  x 4.24 2 .3 x 4 . 25 2 . 3 x 4 . 26 

1 1 1 4 1 1 1 4 1 1 3  3 1 1 3  3 1 2 1 4 1 2 1 4  1 2 4 4 1 2 4 4  
1 2 1 4 1 2 1 4 1 2 3 4 1  2 3 4 2 2 2 2 2 2 2 2 2 2 2  2 2 2 2 2 
1 1 3 4  1 1 3 4 3 3 1 1 3 3 1 1 1 2 1 4 1 2 1 4 4 2 1 1 4 2 1 1 
4 4 4 4 4 4 4 4  3 4 1  1 3 4 1 1  4 2 4 1 4 2 4 1  4 2 1 1 4  2 1 1 
5 5 5 8 ;; 5 5 8  5 5 7  7 5 5 7  7 5 6 5 8 5 6 5 8 5 6 8 8 5 6 8 8 
5 6 5 8 5 6 5 8 5 6 7 8 5 6 7 8 6 6 6 6 6 6 6 6 6 6 6 6 6 6  6 6 
5 5 7 8 5 5 7 8 7 7 5 5 7 7 5 5 5 6 5 8 5 6 5 8  8 6 5 5  8 6 5 5  
8 8 8  8 8 8 8 8 7 8 5 5  7 8 5 5  8 6 8 5 8 6 8 5 8 6 5  5 8 6 5  5 

2 . 3  x 4 . 27 2 0 3 x 4 .28 2 . 3  x 4 .29  2 . 3 x 4 . 30 

1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 3 1  1 1 3 1 1 2 1 1 1 2 1 1 
1 2 1 4 1 2 1 4 1 2 3 4 1 2  3 4 1 2 3 2 1 2 3 2 2 1 2 2 2 1 2 2  
1 1 1 1 1 1 1 1 1 3 1 .3 1 3 1 3 3 .3 1 3 3 3 1 3  1 2 1 1 1 2 1 1  
1 4 1 2 1 4 1 2 1 4 .3  2 1 4 3  2 1 2 3 2 1 2 3 2 1 2 1  1 1 2  1 1 
5 5 5 5 5 5 5 5  5 5 5 5 5  5 5 5  5 5 7 5 5  5 7 5  5 6 5 5 5 6 5  5 
5 6 5 8 5 6 5  8 5 6 7 8 5 6 7 8 5 6 7 6 5 6 7 6  6 5 6 6 6 5 6 6  
5 5 5 5 5 5 5 5  5 7 5 7 5 7 5 7 7 7 5 7 7  7 5 7  5 6 5  5 5 6 5 5  
5 8 5 6 5 8 5  6 5 8 7 6 5 8 7 6 5 6 7 6 5 6 7 6  5 6 5 5 5 6 5 5 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 . 3  x 4 . 31 2 .3 x 4 . 32 2 . 3  x 4 . 33 2 . 3  x 4 . 34 

1 2 1 2 1 2 1 2  1 2 2 2 1 2 2 2  1 1 .� 1 1 1 3 1  1 1 3  3 1 1 3  3 
2 1 2 1 2 1 2 1  2 1 1 1 2  1 1 1  1 1 3  1 1 1 3 1 1 1 3  3 1 1 3 3 
1 2 1 2 1 2 1 2 2 1 1 1 2  1 1 1  3 3 1 3  3 3 1 3 3 3 1 1 3  3 1 1 
2 1 2 1 2 1 2 1  2 1 1 1 2 1 1 1  1 1 3 2 1 1 3  2 3 3 1 2 3 3 1 2 
5 6 5 6 5 6 5 6  5 6 6 6 5 6 6 6  5 5 7 5 5 5  7 5 5 5 7 7 5 5 7 7 
6 5 6 5 6 5 6 5 6 5 5 5 6 5 5 5  5 5 7 5 5 5 7 5 5 5 7 7 5 5 7 7 
5 6 5 6 5 6 5  6 6 5 5 5 6 5 5 5  7 7 5 7 7 7 5 7 7 7 5 5  7 7 5 5 
6 5 6 5 6 5 6 5 6 5 5 5 6 5 5  5 5 5 7 6 5 5 7 6 7 7 5 6 7 7 5 6 

2 . 3  x 4. 35 2 . 3  x 4 . 36 2 . 3 x 4 . 37 2 . 3  x 4 . 38 

1 2 3 3 1 2 3 3 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  1 1 1  1 1 1 1 1 
2 3 1 1 2  3 1 1  1 2 3 3 1 2 3 3 1 2 3 4 1 2 3 4 1 2 3 2 1 2 3 2  
3 1 2  2 3 1 2  2 1 3 1 1 1 3 1 1 1 3 1 1 1  3 1 1  1 3 1 3 1 3 1 3 
3 1 2  2 3 1 2  2 1 3 1 1 1 3 1 1 1 4 1  1 1 4 1 1 1 2 3 2 1 2 3 2  
5 6 7 7 '5 6 7 7 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 
6 7 5 5 6 7 5 5 5 6 7 7 5 6 7 7  5 6 7 8 5 6 7 8 5 6 7 6 5 6 7 6 
7 5 6 6 7 5 6 6  5 7 5 5 5  7 5 5 5 7 5 5 5  7 5 5 5 7 5 7 5 7 5 7 
7 5 6 6 7 5 6 6 5 7 5 5 5  7 5 5 5 8 5 5 5 8 5 5  5 6 7 6 5 6 7 6 

2 . 3 x 4. 39 2 . 3 x 4 .40 2 . 3  x 4 . 41 2 . 3  x 4 . 42 

1 1 1 1 1 1 1  1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
1 2 3 4 1 2 3 4 1 2 2  2 1 2 2 2 1 2 2  2 1 2 2  2 1 2. 2 2 1 2 2 2 
1 3 1 1 1 3 1 1 1 2 2 2 1 2 2 2 1 2 2 2 1 2 2  2 1 2 3 3 1 2 3 3  
1 4 1  3 1 4 1  3 1 2 2 2 1 2 2  2 1 2 2 3 1 2  2 3 1 2 3 4 1  2 3 4 
5 5 5  5 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5 5 5 5 5  5 
5 6 7 8 5 6 7 8 5 6 6 6 5  6 6 6  5 6 6 6 5 6 6 6  5 6 6 6 5 6 6 6 
5 7 5 5 5 7 5 5 5 6 6 6 5 6 6 6  5 6 6 6 5 6 6 6  5 6 7 7 5 6 7 7 
5 8 5 7 5 8 5 7  5 6 6 6 5 6 6 6  5 6 6 7 5 6 6 7 5 6 7 8 5 6 7 8 

2 . 3  x 4.43 2 .3 x 4.44 2 . 3  x 4.45 2 . 3  x 4 . 46 

1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
1 2 2 1 1 2  2 1 1 2 2 1 1 2  2 1 1 2 2 4 1 2 2 4  1 2 2  2 1 2  2 2 
1 2 3 1 1  2 3 1 1 2 3 4 1 2 3 4  1 2 3 4 1  2 3 4 1 2 3 2 1 2 3 2 
1 1 1 4 1  1 1 4  1 1 4 1  1 1 4 1 1 4 4 1 1 4 4 1  1 2 2 2 1 2 2 2  
5 5 5 5 5 5 5  5 5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5  5 
5 6 6 5 5 6 6 5 5 6 6 5 5 6 6 5  5 6 6 8 5 6 6 8  5 6 6 6  5 6 6 6 
5 6 7 5 5 6 7 5 5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 6 5 6 7 6 
5 5 5 8 5 5 5 8  5 5 8 5 5  5 8 5 5 8 8 5 5  8 8 5 5 6 6 6 5 6 6 6  
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 . 3 x 4.47 2 . 3  x 4 .48 2 .3 x 4.49 2.3 x 4 .50 

1 I I I  I I I  1 I I I  I I I  1 1 1 1 1 1 I I I  1 1 I I I  1 1 1 1 
1 2 2 2 1 2 2 2  1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2 1 2 1 1 1 2 1 1  
1 2 3 4 1  2 3 4 1 1 3 1 1 1 3  1 1 1 3 3  1 1 3 3  1 1 3  1 1 1 3  1 
1 2 4 2 1 2 4 2 1 1 1 4 1 1 1 4  1 2 3 4 1 2 3 4  1 1 1 1 1  1 1 1 
5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5  5 5 5 5 5 5 5 5  5 5 , 5 5 5 5 5  
5 6 6 6 5 6 6 6  5 6 5 5 5 6 5 5 , 6 , 6 5 6 5 6 5 6 5 5 5 6 5 5  
5 6 7 8 , 6 7 8  5 5 7  5 5 5  7 5 5 5 7 7 5 5 7  7 5 5 7 5 5 5 7 5 
5 6 8 6 5 6 8  6 5 5 5  8 5 5 5  8 5 6 7 8 5 6 7  8 5 5 5 5 5 5 5 5 

2 . 3 x 4.51 2 . 3  x 4 . 52 2 . 3  x 4 .53 2 . 3  x 4 .54 

1 1 I I I  I I I  1 1 1 1 1 I I I  1 1 1 1 1 1 1  1 I I I  I I I  1 1 
1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2  1 1 1 1 1 I I I  1 1 1 1 I I I  1 
1 1 3 4 1 1  3 4 1 1 3  I I I  3 1 1 1 1 2 1 1 1 2  I I I  1 1 1 1 1 
1 1 4 1 1 1 4 1  1 2 1 2 1 2 1 2  1 1 2  1 1 1 2 1 1 1 1 2 1 1 1 2  
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 5  5 5 5  
5 6 5 5 5 6 5 5  5 6 5 6 5 6 5 6 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 
5 5 7  8 5 5  7 8 5 5 7 5 5 5 7  5 5 5 5 6 5 5 5 6 5 5 5 5 5 5 5  5 
5 5 8 5 5  5 8 5 5 6 5 6 5 6 5 6  5 5 6 5 5 5 6 5 5 5 5 6 5 5 5  6 

2 .3 x 4 . 55 2 . 3  x 4.56 2 .3 x 4 .57 2.3  x 4.58 

I I I  1 1 1 1 1 1 1 1 4 1 1 1 4 1 1 1 4 1  1 1 4 1 1 3 4 1 1 3 4  
1 1 1 1 1 1 1 1 1 1 1 4  1 1 1 4  1 2 3 4 1  2 3 4 1 1 3 4 1 1 3  4 
1 1 1 1 1 I I I  1 1 2 4 1 1 2 4  1 3 2 4 1 3 2 4 3 3 3 4 3  3 3 4 
1 1 1 1 1 I I I  1 1 1 4 I I I  4 1 1 1 4 1  1 1 4 3 3 3 4 3  3 3 4 
5 5 5 5 5  5 5 5  5 5 5 8 5 5 5  8 5 5 5 8 5 5 5 8 5 5 7 8 5 5 7 8 
5 5 5 5 5 5 5  5 5 5 5 8 5 5 5 8 5 6 7 8 5 6 7 8 5 5 7 8 5 5  7 8 
5 5 5 5 5  5 5 5  5 5 6 8 5 5 6 8 5 7 6 8 5 7 6 8 7 7 7 8 7 7 7  8 
5 5 5 5 5 5 5 5 5 5 5  8 5 5 5  8 5 5 5  8 5 5  5 8 7 7 7 8 7 7 7  8 

2 . 3  x 4 .59 2 .. 3 x 4.60 2 . 3  x 4 . 61 2 . 3 x 4 .. 62 

1 1 1 1 1 1 1 1 1 2 3 4 1 2 3 4  1 1 3 4 1 1 3 4 1 1 1 1 1 1 1 1 
2 2 2  2 2 2 2 2 2 1 3 4 2 1 3  4 1 1 3  4 1 1  3 4 2 2 2 2 2 2 2 2 
1 1 1 2 1 1 1 2  3 3 3 4 3  3 3 4 3 3 3 4 3  3 3 4 3 3 3 3 3 3 3 3 
4 4 4 4 4 4 4 4  4 4 3 4 4 4  3 4 4 4 3  4 4 4 3 4 1 2 2 4 1 2 2 4  
5 5 5  5 5 5 5 5 5 6 7 8 5 6 7 8 5 5 7 8 5 5 7 8  5 5 5 5 5 5 5 5 
6 6 6  6 6 6 6 6 6 5 7 8 6 5 7 8 5 5 7 8 5 5 7 8 6 6 6  6 6 6 6 6 
5 5 5 6 5 5 5  6 7 7 7  8 7 7  7 8 7 7 7 8 7 7 7 8 7 7 7 7 7 7 7 7 
8 8 8 8 8 8 8  8 8 8 7  8 8 8 7 8 8 8 7  8 8 8 7  8 5 6 6 8 5 6 6 8  



TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 . 3 x 4 .63 2 . 3 x 4 .64 2 . 3  x 4.65 2 . 3  x 4.66 

1 1 1 1 1 I I I  1 1 3  3 1 1 3  3 1 2 3 4 1 2 3 4  1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2  2 2 4 4 2 2 4 4 2 1 4 3 2  1 4 3  2 2 2 2 2  2 2 2 
1 2 3 4 1  2 3 4 1 1 3  3 1 1 3 3 1 2 3 4 1 2 3 4  1 1 3 3 1  1 3 3  
2 1 4 3  2 1 4 3  2 2 4 4 2  2 4 4  2 1 4 3  2 1 4 3  2 2 4 4 2  2 4 4 
5 5 5 5 5 5 5 5 5 5 7  7 5 5 7 7 5 6 7  8 5 6 7  8 5 5 5 5 5 5 5 5 
6 6 6 6 6  6 6 6 6 6 8 8 6 6 8  8 6 5 8 7 6 5 8 7 6 6 6 6 6  6 6 6  
5 6 7 8 5 6 7 8  5 5 7  7 5 5  7 7 5 6 7 8 5 6 7 8 5 5 7 7 5 5 7  7 
6 5 8 7 6 5 8 7 6 6 8 8 6 6 8 8  6 5 8 7 6 5 8  7 6 6 8  8 6 6 8 8  

2 .3 x 4 . 67 2 . 3  x 4. 68 2 . 3 x 4.69 2 . 3  x 4.70 

1 1 3 3 1 1 3 3  1 1 3  3 1 1  3 3 1 1 1 1 1  I I I  1 1 1 1 1 1 1 1 
2 2 3 3 2  2 3 3 2 2 3 3  2 2 3 3  1 1 2  2 1 1 2  2 2 2 2 2 2 2 2  2 
3 3 3 3 3 3 3 3  3 3 3 3 3  3 3 3 1 2 3 4 1  2 3 4 3 3 3  3 3 3 3 3 
4 4 4 4 4 4 4 4  4 4 3 3 4 4  3 3 1 2 3 4 1  2 3 4 3 3 3 4 3 .3 3 4 
5 5 7 7 5 5 7 7  5 5 7  7 5 5 7  7 5 5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 
6 6 7 7 6 6 7 7  6 6 7 7 6 6 7 7  5 5 6 6 5 5 6 6 6 6 6 6 6  6 6 6  
7 7 7 7 7  7 7 7  7 7 7 7 7 7 7 7 5 6 7 8 5 6 7 8  7 7 7 7 7  7 7 7  
8 8 8 8 8 8 8 8  8 8 7  7 8 8 7  7 5 6 7 8 5 6 7  8 7 7 7 8 7 7 7  8 

2 . 3 x 4 .71 2 . 3 x 4.72 2 . 3 x 4 . 73 2 . 3  x 4 . 74 

1 I I I  1 1 1 1 1 1 3 4 1 1 3 4  1 1 3 3 1 1 3  3 1 1 3 4 1 1 3 h 
2 2 2 2 2 2 2 2 2 2 3 4 2 2 3 4  2 2 3 3 2 2 3 3  2 2 3 4 2 2 3 4 
1 1 1 1 1 1 1 1 3 3 3 4 3  3 3 4 3 3 3 3 3  3 3 3 3 3 3 3 3 3 3 3  
4 4 4 4 4 4 4 4 3 3 3 4 3  3 3 4 3 3 3 4 3 3 3 4 3 3 3 3  3 3 3 3 
5 5 5 5 5 5 5 5 5 5 7  8 5 5 7  8 5 5 7 7 5 5 7  7 5 5 7  8 5 5  7 8 
6 6 6 6 6  6 6 6 6 6 7  8 6 6 7  8 6 6 7 7 6 6 7 7 6 6 7 8 6 6 7 8 
5 5 5 5 5  5 5 5 7 7 7 8 7 7 7 8  7 7 7 7  7 7 7 7 7 7 7 7 7 7 7 7  
8 8 8 8 8 8 8 8  7 7 7 8 7 7 7  8 7 7 7  8 7 7  7 8 7 7 7 7 7 7 7 7  

2 .3 x 4 .75 2 . 3  x 4 . 76 2 . 3 x 4 . 77 2 . 3 x 4 . 78  

1 1 3 3 1 1 3  3 I I I  I I I  1 1 1 1 1 1 I I I  1 1 1 1 1 1 1 1 1 
2 2 3 3 2  2 3 3  1 1 1 3  1 1 1 3  2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2 
3 3 3 3 3 3  3 3 I I I  3 1 1 1 3 1 1 1 1 1 1 1 1 I I I 1 1 1 1 1 
3 3 3 3 3 3 3 3 1 2 3 4 1  2 3 4 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2  2 
5 5 7 7 5 5  7 7 5 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 7 7 6 6 7 7  5 5 5 7 5 5 5  7 6 6 6  6 6 6 6 6 6 6 6 6 6 6 6 6 
7 7 7 7 7 7 7 7  5 5 5  7 5 5 5 7  5 5 5 5 5  5 5 5  5 5 5 5 5 5 5  5 
7 7 7 7 7  7 7 7 5 6 7 8 5 6 7 8  5 5 5 5 5  5 5 5  6 6 6 6 6 6 6 6  



TABLE II 

DIRECT PRODUCTS : 2 x 3 ( continued) 

2 . 3 x 4.79 2 . 3  x 4 . 80 2 . 3  x 4 . 81 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1  1 1 1 
2 2 2 2 2 2 2  2 2 2 2 2 2  2 2 2 2 2 2  2 2 2  2 2 
1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 3 1 1 1 3  
1 1 1 4 1  1 1 4  2 2 2 4 2  2 2 4 2 2 2 4 2  2 2 4 
5 5 5 5 5 5  5 5 5 5 5 5  5 5 5  5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6  6 6 6 6 6 6 6 6  6 6 6 6 6 6 6 6 
5 5 5 5 5  5 5 5  5 5 5 5 5 5 5 5 5 5 5 7 5 5 5  7 
5 5 5 8 5 5 5 8 6 6 6 8 6 6 6  8 6 6 6 8 6 6 6 8  

2 . 3  x 4 . 83 2 . 3  x 4.84 2 . 3  x 4 . 85 

1 1 1 1 1 1 1 1 1 1 1 4 1 1 1 4 1 1 1 1 1 1 1 1  
2 2 2 2 2  2 2 2 1 2 1 4 1  2 1 4 2 2 2 2 2 2 2 2  
1 1 1  3 1 1 1 3  1 3 1 4 1 3 1 4 1 1 1  3 1 1 1 3 
1 2 1 4 1  2 1 4 1 1 1 4 1 1 1 4 1 1 3 4 1 1 3 4 
5 5 5  5 5 5 5 5 5 5 5 8 5 5 5 8 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6  6 5 6 5 8 5 6 5 8 6 6 6 6 6 6 6 6 
5 5 5 7 5 5 5 7 5 7 5 8 5 7 5 8 5 5 5 7 5 5 5 7 
5 6 5 8 5 6 5 8 5 5 5 8 5 5 5  8 5 5 7 8 5 5 7 8  

2 . 3  x 4 . 87 2 . 3 x 4088 2 . 3  x 4 . 89 

1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 
2 2 2  2 2 2 2 2  2 2 2 2 2 2 2  2 2 2 2 2 2 2 2 2  
1 1 1  1 1 1 1 1 1 1 1 3 1 1 ]  3 1 1 1 3 1 i 1 3 
1 2 3 4 1  2 3 4  1 2 3 4 1  2 3 4 1 1 1 4 1 1 1 4 
5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 5 5  
6 6 6 6 6 6 6 6  6 6 6 6 6 6  6 6 6 6 6 6 6 6 6 6  
5 5 5 5 5 5 5 5  5 5 5 7 5 5 5  7 5 5 5 7 5  5 5 7  
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8  5 5 5 8 5 5 5 8 

2 . 3 x 4.91 2 . 3  x 4.92 2 . 3 x 4 . 93 

1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  1 1 
2 2 2  2 2 2 2 2  2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2  
1 1 3 1 1 1 3 1 1 1 3  1 1 1  3 1 1 2 3 1 1 2 3 1 
1 1 1 4 1 1 1 4  2 2 2 4 2  2 2 4 1 1 1 4 1 1 1 4 
5 5 5 5 5  5 5 5  5 5 5 5 5 5  5 5 5 5 5 5 5 5 5 5  
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6  6 6 6 6 6 6 6 6  
5 5 7 5 5 5 7 5 5 5 7 5 5 5 7 5 5 6 7 5 5 6 7  5 
5 5 5  8 5 5 5  8 6 6 6 8 6 6 6 8  5 5 5 8 5 5 5 8 

2 . 3  x 4 . 82 

37 

1 1 1  1 1 1 1 1  
2 2 2  2 2 2 2  2 
1 2 3 1 1 2 3 1  
1 1 1 1 1 1 1 1  
5 5 5  5 5 5 5 5 
6 6 6 6 6 6 6 6  
5 6 7 5 5 6 7 5  
5 5 5  5 5 5 5 5 

2 . 3  x 4 . 86 

1 1 1 4 1  1 1 4 
2 2 2 4 2  2 2 4 
1 1 1 4  1 1 1 4 
4 4 4 4 4 4 4 4  
5 5 5  8 5 5 5 8  
6 6 6 8 6 6 6 8 
5 5 5 8 5 5 5 8 
8 8 8 8  8 8 8  8 

2 . 3  x 4.90 

1 1 1 4 1 1 1 4  
2 2 2 4 2 2 2 4 
1 1 3 4 1 1 3 4  
4 4 4 4 4 4 4 4  
5 5 5 8 5 5 5 8 
6 6 6 8 6 6 6 8  
5 5 7 8 5 5 7  8 
8 8 8 8 8 8 8 8  

2 .3 x 4094 

1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2  
1 1 3  3 1 1 3  3 
1 1 3  4 1 1 3 4  
5 5 5 5 5 5 5 5  
6 6 6 6 6  6 6 6  
5 5 7  7 5 5 7 7 
5 5 7  8 5 5 7  8 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued ) 

2 . 3 x 44 95 2 . 3  x 4. 96 2 . 3 x 4 . 97 2 .3 x 4 . 98 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 4 1 1 3 4  
2 2 2 2 2 2 2  2 2 2 2 2 2  2 2 2  2 2 2 2 2 2 2 2 2 2 '1 4 2  2 3 4 
1 1 3  3 1 1 3 3 3 3 3 3 3 3 3 3 1 2 3 3 1 2 3 3 3 3 3 4 3 3 3 4 
1 2 3 4 1  2 3 4 1 2 3  4 1 2  3 4 1 2 3 4 1 2 3 4 4 4 3 4 4 4 3 4 
5 5 5 5 5 5 5 5  5 5 5 5 5 5 5 5 4 4 4 4 4 4 4 4  5 5 7 8 5 5 7 8 
6 6 6 6 6 6 6 6  6 6 6 6 6 6 6  6 6 6 6 6 6 6 6 6  6 6 7 8 6 6 7 8  
5 5 7  7 5 5 7  7 7 7 7 7 7 7 7 7  5 6 7  7 5 6 7  7 7 7 7 8 7 7 7  8 
5 6 7  8 5 6 7 8  5 6 7 8 5 6 7 8  5 6 7  8 5 6 7 8  8 8 7 8 8  8 7 8 

2 . 3 x 4 . 99 2 . 3 x 4 . 100 2 . 3  x 4.101 2 . 3  x 4 . 102 

1 1 1 4 1 1 1 4 1 1 3  4 1 1 3  4 1 1 1 1 1 1 1 1 1 1 1 4 1 1 1 4  
2 2 2 4 2 2 2 4  2 2 3 4 2  2 3 4 2 2 2 2 2  2 2 2  2 2 2 4 2  2 2 4  
1 2 3 4 1 2 3 4  3 3 3  3 3 3 3  3 3 3 3 3 3 3 3 3 3 3 3 4 3 3 3 4  
4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4  
5 5 5  8 5 5  5 8 5 5 7 8 5 5 7 8  5 5 5 5 5  5 5 5  5 5 5  8 5 5  5 8 
6 6 6  8 6 6 6  8 6 6 7 8 6 6 7 8 6 6 6 6 6  6 6 6  6 6 6 8 6 6 6 8  
5 6 7  8 5 6 7 8 7 7 7 7 7 7 7 7 7 7 7 7 7 7  7 7 7 7 7 8 7 7 7 8 
8 8 8 8 8 8 8 8  8 8 8 8 8 8 8  8 8 8 8 8 8 8 8 8  8 8 8 8 8 8 8 8 

2 .3 x 4 . 103 2 . 3  x 4 . 104 2 . 3 x 4 . 105 2 ,, 3  x 4,, 106 

1 1 3 4 1 1 3 4 1 1 3  4 1 1 3 4 1 1 3 4  1 1 3 4 1 2 3 4 1 2  3 4 
2 2 3 4 2  2 3 4 2 2 3 4 2 2 3 4 1 1 3 4 1 1 3 4  2 1 3 4 2 1 3 4  
3 3 3 4 3  3 3 4  3 3 3 4  3 3 3 4 3 3 3 3 3 3 3  3 3 3 3 3 3 3 3 3 
4 4 4 3 4 4 4 3  4 4 4 4 4 4 4 4  3 3 3 3 3 3 3 3  3 3 3 3 3  3 3 3 
5 5 7  8 5 5  7 8 5 5 7 8 5 5 7 8  5 5 7  8 5 5  7 8 5 6 7 8 5 6 7 8  
6 6 7 8 6 6 7 8  6 6 7 8 6 6 7 8  5 5 7 8 5 5 7 8 6 5 7 8 6  5 7 8 
7 7 7 8 7 7 7 8  7 7 7 8 7 7  7 8 7 7 7 7 7  7 7 7  7 7 7 7 7 7 7 7  
8 8 8  7 8 8 8 7 8 8 8 8 8 8 8  8 7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7 

2 . 3 x 4 .107 2 ,, 3  x 4 . 108 2 � 3  x 4 . 109 2 . 3 x 4.110 

1 1 1 4  1 1 1 4 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 
1 2 1 4 1  2 1 4 1 2 1 1 1 2 1 1 1 2 1 1 1 2 1 1  1 1 1 1 1 1 1 1 
1 3 1 4 1 3 1 4 1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 1 1 1 1 1 1 1 1 1 
4 4 4 1 4 4 4 1  1 3 1 1 1 3 1  1 1 1 1 1 1 1 1 1  1 2 3 4 1 2 3 4  
5 5 5 8 5 5 5 8 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5 5  5 5 5  
5 6 5 8 5 6 5 8 5 6 5 5  5 6 5 5  5 6 5 5  5 6 5 5 5 5 5  5 5 5 5 5  
5 7 5 8 5 7 5  8 5 7 5 5 5 7 5 5  5 7 5 5 5 7 5 5 5 5 5 5 5 5 5 5  
8 8 8 5 8  8 8 5  5 7 5 5 5 7 5 5 5 5 5 5 5  5 5 5  5 6 7 8 5 6 7 8 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 . 3  x 4.111 2 . 3  x 4. 112 2 4 3 x 4 . 113 2 . 3  x 4.114 

1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1  1 1 1 1 1  
1 2 1 4 1 2 1 4 1 1 1 2 1 1 1 2  1 2 1 1 1 2 1 1 1 2 1 1 1 2  1 1 
1 3 1 1 1  3 1 1 1 1 1  1 1 1 1 1 1 3 1 1 1 3 1 1  1 3 1 1 1 3 1 1 
1 1 1 1 1 1 1 1 1 2 3 4 1  2 3 4 1 3 3 4  1 3 3 4  1 1 3 4 1 1 3 4 
5 5 5 5 5 5  5 5 5 5 5  5 5 5 5  5 5 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5  
5 6 5 8 5 6 5 8 5 5 5 6 5 5 5 6  5 6 5 5 5 6 5 5  5 6 5 5 5 6 5 5  
5 7 5 5 5 7 5 5 5 5 5 5 5 5 5 5 5 7 5 5 5  7 5 5 5 7 5 5 5 7 5 5 
5 5 5 5 5  5 5 5  5 6 7 8 5 6 7 8 5 7 7 8 5 7 7 8 5 5 7 8 5 5 7 8 

2 4 3  x 44115 2 . 3  x 4 . 116 2 . 3  x 4 . 117 2 0 3  x 4 .118 

1 1 1  1 1 1 1 1 1 1 1 4 1  1 1 4 1 1 ] 1 1 1  1 1 1 1 1 1 1  1 1 1  
1 2 1 2 1 2 1 2  1 2 1 4 1  2 1 4 1 2 ]  1 1 2  1 1 1 2 1 2 1 2 1 2 
1 3 1 3  1 3 1 3 1 3 1 4 1  3 1 4 1 3 1 1 1 3 1 1 1 3 1  3 1 3 1 3 
1 2 1 4 1 2 1 4 4 4 4 4 4 4 4 4  1 1 1 4 1 1 1 4 1 2 3 4 1 2  3 4 
5 5 5 5 5 5 5 5 5 5 5  8 5 5 5 8 5 5 5  5 5 5 5 5  5 5 5 5 5 5 5  5 
5 6 5 6 5 6 5 6 5 6 5 8 5 6  5 8 5 6 5 5 5 6 5 5  5 6 5 6 5 6 5 6 
5 7 5 7 5 7  5 7 5 7 5 8 5 7 5 8 5 7 5 5 5 7 5 5 5 7 5 7 5  7 5 7 
5 6 5 8 5 6 5 8 8 8 8 8 8 8 8 8 5 5 5 8 5 5 5 8 5 6 7  8 5 6 7 8 

2 . 3  x 4.119 2 . 3  x 4. 120 2 . 3  x 4 . 121 2 . 4 x 4 . 1  

1 1 1  1 1 1  1 1 1 2 2  1 1 2  2 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1  
1 1 1 2 1 1 1  2 2 1 1 2 2 1 1 2  1 1 1 1 1 1  1 1 1 2 2 2 1 2 2  2 
1 1 3  3 1 1  3 3 2 1 1 2 2 1 1 2 1 1 1 2 1 1 1 2  1 2 3 3 1 2 3 3 
1 1 3 4 1 1 3 4  1 2 3 4 1 2  3 4 1 1 1 1 1 1 1 1 1 2 3 3 1 2 3 3 
5 5 5 5 5 5 5 5 5 6 6 5 5 6 6 5  5 5 5 5 5 5 5 5  1 1 1  1 1 1 1 1 
5 5 5 6 5 5 5 6 6 5 5  6 6 5  5 6 5 5 5 5 5 5 5 5 1 2 2 2 1 2 2 2 
5 5 7  7 5 5 7  7 6 5 5 6 6 5 5 6  5 5 5 6 5 5 5 6 1 2 3 3 1 2 3 3 
5 5 7  8 5 5  7 8 5 6 7 8 5 6 7 8 5 5 5 5 5 5 5 5  1 2 3 3 1 2 3 3  

2 . 4 x 402 2 . 4 x 4 . 3  2 . 4  x 4 . 4  2 .4 x 4 .5 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1  
1 2 1 1 1 2 1 1  1 1 1 1 1  1 1 1 1 2 1 4 1 2 1 4 1 2 1 2 1 2 1 2 
1 1 1 1 1 1 1 1  1 1 2  2 1 1 2  2 1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1  
1 1 1 1 1 1 1 1  1 1 2  2 1 1 2  2 1 4 1  1 1 4 1 1  1 2 1 4 1 2 1 4 
1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1  1 1 1 1 1 1  1 1 1 1  
1 2 1 1 1 2 1 1  1 1 1  1 1 1  1 1 1 2 1 4 1 2 1 4  1 2 1 2 1 2 1 2 
1 1 1  1 1 1 1 1  1 1 2  2 1 1 2  2 1 1 1  1 1 1 1 1 1 1 1  1 1 1  1 1 
1 1 1 1 1  1 1 1  1 1 2  2 1 1 2  2 1 4 1  1 1 4 1 1  1 2 1 4 1 2 1 4 



40 

TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 Q4 x 4 . 6  2 . 4  x 4,,7 2 0 4  x 4 0 8  2 . 4  x 4 0 9 

1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 
1 2 1 1 1 2 1 1  1 1 1 1 1 1  1 1 1 1 1 3 1 1 1  3 1 2 1 2  1 2 1 2 
1 1 1 1 1 1 1 1 1 1 1  2 1 1 1 2 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 
1 1 1  3 1 1 1 3 1 1 2  2 1 1 2  2 1 3 1 2 1 3 1 2 1 2 1 2 1 2 1 2 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 
1 2 1 1 1 2 1 1 1 1 1  1 1 1  1 1 1 1 1  3 1 1 1 3 1 2 1 2 1 2 1 2 
1 1 1 1 1 1 1 1 1 1 1  2 1 1 1 2 1 1 1 1  1 1 1 1 1 1 1  1 1 1 1 1 
1 1 1 3 1 1 1 3 1 1 2  2 1 1 2  2 1 3 1 2 1 3 1 2 1 2 1 2 1 2 1 2 

2 0 4  x 4 0 10 2 . 4 x 4 . 11 2 .4 x 4 . 12 2 . 4  x 4 . 13 

1 2 3 4 1  2 3 4 1 2 3 4 1  2 3 4 1 2 3 4 1 2 3 4  1 2 3 1 1 2  3 1 
2 1 4 3 2  1 4 3  2 1 4 3 2 1 4 3  2 3 1 4 2 3 1 4  2 3 1 2 2 3 1 2 
3 4 2  1 3 4 2 1 3 4 1 2 3 4 1 2  3 1 2 4 3 1 2 4  3 1 2  3 3 1 2 3 
4 3 1 2 4 3 1 2 4 3 2 1 4 3  2 1 4 4 4 4 4 4 4 4  1 2 3 4 1 2 3 4  
1 2 3 4 1 2  3 4 1 2 3 4 1 2 3 4  1 2 3 4 1 2 3 4  1 2 3 1 1 2 3 1  
2 1 4 3 2 1 4  3 2 1 4 3  2 1 4 3  2 3 1 4 2  3 1 4 2 3 1 2 2 3 1 2 
3 4 2 1 3 4 2 1 3 4 1 2 3 4 1 2  3 1 2 4 3  1 2 4 3 1 2  3 3 1 2 3 
4 3 1 2 4 3 1 2 4 3 2 1 4 3 2 1  4 4 4 4 4 4 4 4  1 2 3 4 1  2 3 4 

2 ,, 4  x 4 . 14 2 ,, 4  x 4. 15 2 . 4 x 4 . 16 2 . 4  x 4 . 17 

1 2 1 1 1 2 1 1 1 2 1 2 1 2  1 2 1 2 1 1 1 2  1 1 1 2 1 1 1 2 1 1 
2 1 2 2 2 1 2 2 2 1 2 1 2 1 2  1 2 1 2 2 2 1 2 2 2 1 2 2 2 1 2 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  1 2 3 1 1 2  3 1 1 2 3 4 1 2 3 4  
1 2 4 3 1 2 4 3 2 1 4 3 2 1 4 3 1 2 1 4 1 2 1 4  1 2 4 4 1 2 4 4 
1 2 1 1 1 2 1 1  1 2 1 2 1 2 1 2  1 2 1 1 1 2 1 1  1 2 1 1 1  2 1 1 
2 1 2 2 2 1 2 2  2 1 2 1 2 1 2 1  2 1 2 2 2 1 2 2 2 1 2  2 2 1 2  2 
1 2 3 4 1 2 3 4  1 2 3 4 1 2 3 4  1 2 3 1 1 2  3 1 1 2 3 4 1 2 3 4 
1 2 4 3 1 2 4 3  2 1 4 3  2 1 4 3  1 2 1 4 1 2 1 4 1 2 4 4 1 2 4 4 

2 .4 x 4 . 18 2 . 4  x 4 ,, 19 2 .4 x 4.20 2 . 4  x 4 . 21 

1 2 3 1 1  2 3 1 1 2 3 3 1 2 3 3  1 2 3 4 1  2 3 4 1 1 1 4 1 1 1 4 
2 1 3 2 2 1 3 2  2 1 3 3 2 1 3  3 2 1 3 4 2 1 3  4 1 2 3 4 1 2  3 4 
3 3 3 3 3 3 3 3 3 3 3 3 3  3 3 3  3 3 3 4 3  3 3 4 1 3 1 l� 1 3 1 4 
1 2 3 4 1 2 3 4  3 3 3 4  3 3 3 4 4 4 4 4 4 4 4 4  4 4 4 1 4 4 4 1  
1 2 3 1 1 2  3 1 1 2 3 3 1 2 3 3 1 2 3 4 1 2 3 4  1 1 1 4 1  1 1 4 
2 1 3 2 2 1 3  2 2 1 3 3 2 1 3 3  2 1 3 4 2 1 3 4  1 2 3 4 1 2 3 4  
3 3 3 3 3 3 3  3 3 3 3 3 3 3 3 3  3 3 3 4 3 3 3 4 1 3 1 4 1 3 1 4 
1 2 3 4 1  2 3 4 3 3 3 4 3  3 3 4  4 4 4 4 4 4 4 4  4 4 4 1 4 4 4 1  
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 . 4 x 4.22  2 .4 x 4 . 23 2 . 4  x 4 . 24 2 . 4  x 4 . 25 

1 1 1 4  1 1 1 4  1 1 1 4 1  1 1 4  1 1 3  3 1 1 3 3 1 2 1 4 1 2 1 4 
1 2 1 4 1  2 1 4 1 2 1 4 1 2 1 4 1 2 3 4 1  2 3 4 2 2 2 2 2 2 2 2 
1 1 1 4 1 1 1 4  1 1 3 4 1 1 3 4  3 3 1 1  3 3 1 1 1 2 1 4 1 2 1 4 
4 4 4 1 4 4 4 1  4 4 4 4 4 4 4 4  3 4 1  1 3 4 1 1  4 2 4 1 4 2 4 1  
1 1 1 4 1  1 1 4  1 1 1 4 1 1 1 4 1 1 3  3 1 1 3 3 1 2 1 4 1 2 1 4  
1 2 1 4 1  2 1 4 1 2 1 4 1 2 1 4 1 2 3 4 1 2 3 4 2 2 2 2 2 2 2 2 
1 1 1 4  1 1 1 4 1 1 3 4 1 1 3 4 3 3 1 1  3 3 1 1 1 2 1 4 1 2 1 4 
4 4 4 1 4 4 4 1  4 4 4 4 4 4 4 4 3 4 1 1 3 4 1 1  4 2 4 1 4  2 4 1 

2 . 4  x 4 . 26 2 .4 x 4 . 27 2 .4 x 4 . 28 2 . 4  x 4 . 29 

1 2 4 4 1  2 4 4 1 1 1 1 1 1 1 1  1 1 1 1 1  1 1 1 1 1 3 1 1 1 3  1 
2 2 2  2 2 2  2 2 1 2 1 4 1 2 1 4  1 2 3 4 1  2 3 4 1 2 3 2 1 2 3 2 
4 2 1 1 4  2 1 1 1 1 1 1  1 1 1 1 1 3 1 3 1 3 1 3 3 3 1 3  3 3 1 3 
4 2 1 1 4  2 1 1 1 4 1 2 1 4 1 2  1 4 3 2 1 4 3  2 1 2 3 2 1 2 3 2 
1 2 4 4 1  2 4 4 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 3  1 1 1 3 1 
2 2 2 2  2 2 2 2  1 2 1 4 1  2 1 4 1 2 3 4 1  2 3 4 1 2 3 2 1 2 J 2 
4 2 1 1 4 2 1 1  1 1 1 1 1 1 1 1  1 3 1 3 1 3  1 3 3 3 1 3  3 3 1 3 
4 2 1 1 4 2 1 1 1 4 1 2 1 4 1 2 1 4 3 2 1 4 3 2 1 2 3 2 1 2 3 2  

2 . 4  x 4.30 2 .4 x 4 . 31 2 . 4  x 4 . 32 2 . 4  x 4 0 33 

1 2 1 1 1 2 1 1  1 2 1 2 1 2 1 2  1 2 2  2 1 2 2  2 1 1 3 1 1 1  3 1 
2 1 2 2 2 1 2 2  2 1 2 1 2 1 2 1  2 1 1 1  2 1 1 1  1 1 3  1 1 1 3 1 
1 2 1 1 1 2 1 1  1 2 1 2 1 2 1 2 2 1 1 1 2  1 1 1  3 3 1 3  3 3 1 3  
1 2 1 1 1 2 1 1  2 1 2 1 2 1 2 1  2 1 1 1 2 1 1 1  1 1 3  2 1 1 3  2 
1 2 1 1 1 2 1 1  1 2 1 2 1 2 1 2 1 2 2 2 1 2 2 2 1 1 3  1 1 1 3  1 
2 1 2 2 2 1 2 2  2 1 2 1 2 1 2 1  2 1 1 1 2  1 1 1  1 1 3 1 1  1 3 1 
1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2  2 1 1 1  2 1 1 1  3 3 1 3 3 3 1 3 
1 2 1 1 1 2 1 1 2 1 2 1 2 1 2  1 2 1 1 1 2  1 1 1  1 1 3  2 1 1 3 2 

2 . 4  x 4 . 34 2 . 4 x 4 . 35 2 . 4  x 4 0 36 2 . 4 x 4 . 37 

1 1 3  3 1 1 3  3 1 2 3 3 1 2 3 3  1 1 1 1 1 1 1  1 1 1 1 1  1 1 1 1 
1 1 3  3 1 1 3 3  2 3 1 1 2 3 1 1 1 2 3 3 1 2 3 3 1 2 3 4 1 2 3 4  
3 3 1 1 3 3 1 1 3 1 2  2 3 1 2  2 1 3 1 1 1 3  1 1 1 3 1 1 1 3 1 1 
3 3 1 2 3 3 1 2  3 1 2  2 3 1 2  2 1 3 1 1 1 3 1 1 1 4 1 1 1 4 1 1 
1 1 3  3 1 1 3 3 1 2 3 3 1 2 3 3  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
1 1 3  3 1 1 3  3 2 3 1 1 2  3 1 1 1 2 3 3 1 2 3 3 1 2 3 4 1 2 3 4 
3 3 1 1 3 3 1 1 3 1 2 2 3 1 2 2 1 3 1 1 1  3 1 1 1 3 1 1 1 3 1 1 
3 3 1 2 3 3 1 2  3 1 2  2 3 1 2  2 1 3 1 1 1 3 1 1 1 4 1 1 1 4 1 1  
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 .4 x 4 . 38 2 . 4  x 4 . 39 2 .4 x 4 . 40 2 .4 x 4.41 

1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1  1 1 1 1 1 1 1 1  
1 2 3 2 1 2 3 2 1 2 3 4 1 2 3 4 1 2 2  2 1 2 2  2 1 2 2 2 1 2 2 2 
1 3 1 3 1 3 1 3 1 3 1 1 1 3 1 1 1 2 2 2 1 2 2 2 1 2 2 2 1 2 2 2 
1 2 3 2 1 2 3 2 1 4 1 3 1 4 1 3  1 2 2  2 1 2 2 2 1 2 2 3 1 2  2 3 
1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1  1 1 
1 2 3 2 1 2 3 2 1 2 3 4 1 2 3 4 1 2 2  2 1 2 2 2 1 2 2 2 1 2 2 2 
1 3 1 3 1 3 1 3 1 3 1 1 1 3 1 1 1 2 2 2 1 2 2 2 1 2 2  2 1 2  2 2 
1 2 3 2 1 2 3  2 1 4 1 3 1 4 1  3 1 2 2 2 1 2 2 2 1 2 2 3 1 2  2 3 

2 .4 x 4 . 42 2 .4 x 4 . 43 2 .4 x 4.44 2 . 4  x 4 . 45 

1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
1 2 2  2 1 2  2 2 1 2 2 1 1 2 2 1  1 2 2 1 1 2  2 1 1 2 2 4 1 2  2 4 
1 2 3 3 1 2  3 3 1 2 3 1 1 2 3 1 1 2 3 4 1  2 3 4 1 2 3 4 1 2 3 4 
1 2 3 4 1  2 3 4 1 1 1 4 1 1 1 4  1 1 4 1 1 1 4  1 1 4 4 1 1 4 4  1 
1 1 1 1  1 1 1  1 1 1 1  1 1 1 1 1 1 1 1  1 1 1 1 1  1 1 1 1 1 1 1 1  
1 2 2 2 1 2  2 2 1 2 2 1 1 2  2 1 1 2 2 1 1 2  2 1 1 2 2 4 1  2 2 4 
1 2 3 3 1 2  3 3 1 2 3 1 1  2 3 1 1 2 3 4 1  2 3 4 1 2 3 4 1 2 3 4  
1 2 3 4 1  2 3 4  1 1 1 u l l 1 4  1 1 4 1 1 1 4 1 1 4 4 1 1 4 4  1 

2 .4 x 4 . 46 2 .u x 4 . 47 2 .4 x 4 . 48 2 04 x 4.49 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1  
1 2 2 2 1 2 2  2 1 2 2  2 1 2  2 2 1 2 1 1 1  2 1 1 1 2 1 2 1 2 1 2 
1 2 3 2 1 2 3 2 1 2 3 4 1  2 3 4 1 1 3 1 1  1 3 1 1 1 3 3 1 1 3  3 
1 2 2 2 1 2 2 2 1 2 4 2 1 2 4  2 1 1 1 4 1  1 1 4 1 2 3 4 1 2 3 4 
1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 
1 2 2 2 1 2 2 2 1 2 2 2 1 2 2 2 1 2 1 1 1  2 1 1 1 2 1 2 1 2 1 2 
1 2 3 2 1 2 3 2 1 2 3 4 1  2 3 4  1 1 3  1 1 1  3 1 1 1 3  3 1 1 3  3 
1 2 2  2 1 2 2 2 1 2 4 2 1 2 4 2  1 1 1 4 1 1 1 4  1 2 3 4 1 2  3 4 

2 .4 x 4 .50 2 .4 x 4.51 2 .4 x 4.52 2 .4 x 4.53 

1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 
1 2 1 1 1 2  1 1 1 2 1 1 1 2 1 1 1 2 1 2 1 2 1 2 1 1 1 1 1 1 1 1  
1 1 3  1 1 1 3  1 1 1 3 4 1 1 3 4  1 1 3  1 1 1  3 1 1 1 1 2 1 1 1 2  
1 1 1 1 1 1 1 1  1 1 4  1 1 1  4 1 1 2 1 2 1 2 1 2 1 1 2  1 1 1 2 1 
1 1 1 1 1  1 1 1  1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1  
1 2 1 1 1 2 1 1  1 2 1 1 1 2 1 1  1 2 1 2 1 2 1 2 1 1 1  1 1 1 1 1  
1 1 3  1 1 1 3  1 1 1 3 4  1 1 3  4 1 1 3  1 1 1  3 1 1 1 1 2  1 1 1 2 
1 1 1 1 1 1 1 1 1 1 4 1 1 1 4 1  1 2 1 2 1 2 1 2 1 1 2 1 1 1 2 1 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 .4 x 4 .54 2 .4 x h.55 2 .4 x 4 . 56 2 .4 x 4.57 

1 1 1 I I I  1 1 1 I I I  1 1 1 1 1 1 1 4 1 1 1 4 1 1 1 4 1  1 1 4  
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1  1 1 4 1 2 3 4 1 2 3 4  
I I I  1 1 I I I  1 1 1 1 1 I I I  1 1 2 4 1 1 2 4 1 3 2 4 1  3 2 4  
I I I 2 I I I  2 1 1 1 1 1  I I I  1 1 1 4 1 1 1 4  1 1 1 4 I I I  4 
1 1 I I I  1 1 1 1 1 I I I  I I I  1 1 1 4 1 1 1 4 1 1 1 4 1  1 1 4 
1 1 1 1 1  1 1 1 1 I I I  1 I I I  1 1 1 4 1 1 1 4 1 2 3 4 1  2 3 4 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 2 4 1 1 2  4 1 3 2  4 1 3  2 4 
1 1 1 2 1 1 1 2  1 1 1 1 I I I  1 1 1 1 4 1 1 1 4 1 1 1 4 1 1 1 4  

2 . 4 x 4.58 2 . 4 x 4 .59 2 .4  x 4 . 60  2 .4 x 4 . 61 

1 1 3 4 1  1 3 4  1 1 1 1 I I I  1 1 2 3 4 1 2 3 4  1 1 3 4 1 1 3 4 
1 1 3 4 1 1 3  4 2 2 2 2 2 2 2 2 2 1 3 4 2 1 3 4  1 1 3 4 1 1 3 4 
3 3 3 4 3 3 3 4  1 1 1 2 1 1 1 2  3 3 3 4 3 3 3 4 3 3 3 4 3 3  3 4 
3 3 3 4 3  3 3 4  4 4 4 4 4 4 4 4  4 4 3 4 4 4 3 4  4 4 3 4 4 4 3 4  
1 1 3 4 1  1 3 4 1 1 1 1 1 I I I  1 2 3 4 1 2  3 4 1 1 3 4 1 1 3 4 
1 1 3 4 1  1 3 4 2 2 2 2 2 2 2 2  2 1 3 4 2 1 3 4  1 1 3 4 1  1 3 4 
3 3 3 4 3 3 3 4  I I I  2 1 1 1 2  3 3 3 4 3  3 3 4  3 3 3 4 3  3 3 4  
3 3 3 4 3 3 3 4  4 4 4 4 4 4 4 4  4 4 3  4 4 4  3 4 4 4 3 4 4 4 3 4 

2 . 4  x 4 .62 2 . 4 x 4. 63 2 . 4 x 4.64 2 .4 x 4 . 65 

I I I  1 1 1 1 1 1 1 I I I  1 1 1 1 1 3 3 1 1 3  3 1 2 3 4 1 2  3 4 
2 2 2 2 2 2 2 2 2 2 2 2 2  2 2 2  2 2 4 4 2  2 4 4  2 1 4 3 2 1 4 3 
3 3 3 3 3 3 3 3  1 2 3 4 1 2 3 4  1 1 3  3 1 1 3  3 1 2 3 4 1 2 3  4 
1 2 2 4 1 2 2 4 2 1 4 3 2 1 4 3 2 2 4 4 2  2 4 4 2 1 4 3  2 1 4 3  
I I I  I I I 1 1 1 1 1 1 1 1 1 1 1 1 3 3 1 1 3 3 1 2 3 4 1 2 3 4 
2 2 2 2 2  2 2 2 2 2 2 2 2 2 2 2  2 2 4 4 2  2 4 4  2 1 4 3 2 1 4 3 
3 3 3  3 3 3 3 3  1 2 3 4 1  2 3 4 1 1 3  3 1 1 3  3 1 2 3 4 1 2 3 4  
1 2 2  4 1 2  2 4 2 1 4 3  2 1 h 3 2 2 4 4 2  2 4 4 2 1 4 3  2 1 4  3 

2 . 4  x 4 .. 66 2 .4 x 4 . 67 2 .4 x 4 . 68 2 . 4  x 4.69 

1 1 1 1 1 I I I  1 1 3 3 1 1 3 3 1 1 3  3 1 1 3 3 1 1 1 1 1 1 1 1 
2 2 2 2 2  2 2 2  2 2 3 3  2 2 3 3  2 2 3 3 2 2 3 3 1 1 2  2 1 1 2 2 
1 1 3  3 1 1  3 3 3 3 3 3 3  3 3 3 3 3 3 3 3 3 3 3 1 2 3 4 1 2 3 4 
2 2 4 4 2 2 4 4  4 4 4 4 4 4 4 4 4 4 3 3 4 4 3 3  1 2 3 4 1  2 3 4 
1 1 1 1 1  1 1 1 1 1 3 3 1  1 3 3 1 1 3 3 1 1 3 3  I I I  1 I I I  1 
2 2 2 2 2 2 2 2 2 2 3 3 2  2 3 3 2 2 3 3 2 2 3 3  1 1 2 2 1 1 2 2 
1 1 3 3 1 1 3 3 3 3 3 3 3  3 3 3  3 3 3 3 3 3 3 3 1 2 3 4 1 2 3 4  
2 2 4 4 2  2 4 4 4 4 4 4 4 4 4 4  4 4 3  3 4 4 3  3 1 2 3 4 1 2 3 4  



44 
TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 .4 x 4 .70 2 .4 x 4 . 71 2 . 4  x 4 .. 72 2 . 4  x 4073 

1 1 1 1 1 1 1  1 1 1 1  1 1 1 1 1 1 1 3  4 1 1  3 4 1 1 3 3 1 1 3 3 
2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2  2 2 3 4 2 2 3 4  2 2 3 3 2 2 3 3 
3 3 3 3 3 3 3 3  1 1 1 1 1 1 1 1  3 3 3 4 3  3 3 4 3 3 3 3 3 3 3 3 
3 3 3  4 3 3 3 4 4 4 4 4 4 4 4 4  3 3 3 4 3 3 3 4 3 3 3 4 3 3 3 4 
1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 3 4 1 1  3 4 1 1 3  3 1 1  3 3 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3 4 2 2 3 4 2 2 3 3 2 2 3 3 
3 3 3 3 3 3 3 3 1 1 1 1 1 1 1 1  3 3 3  4 3 3  3 4 3 3 3 3 3 3  3 3 
3 3 3 4 3 3 3 4 4 4 4 4 4 4 4 4  3 3 3 4 3 3 3 4  3 3 3 4 3 3 3 4 

2 . 4 x 4 . 74 2 . 4  x 4 .75 2 . 4  x 4076 2 . 4 x 4.77  

1 1 3  4 1 1 3 4 1 1 3 3 1 1 3 3  1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 
2 2 3 4 2 2 3 4 2 2 3 3 2 2 3 3 1 1 1  3 1 1 1 3 2 2 2 2 2 2 2 2  
3 3 3 3 3 3 3  3 3 3 3 3 3 3 3 3  1 1 1 3 1 1 1  3 1 1 1 1 1 1 1 1 
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 1 2 3 4 1 2 3 4 1 1 1 1 1 1 1 1 
1 1 3 4 1  1 3 4 1 1 3 3 1 1 3 3  1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1  
2 2 3 4 2 2 3 4 2 2 3 3 2 2 3  3 1 1 1 3 1 1 1 3 2 2 2 2 2 2 2 2 
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3  1 1 1 3 1 1 1 3 1 1 1  1 1 1  1 1 
3 3 3 3  3 3 3  3 3 3 3 3 3 3 3 3  1 2 3 4 1 2 3 4  1 1 1 1 1 1 1 1  

2 . 4  x 4 .. 78  2 .4 x 4 . 79 2 . 4  x 4080 2 04 x 4081 

1 1 1 1 1  1 1 1  1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
2 2 2 2 2  2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  2 2 2 2 2 2 2  2 
1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3  1 1 1 3 
2 2 2 2 2 2 2 2  1 1 1 4 1 1 1 4  2 2 2 4 2 2 2 4  2 2 2 4 2 2 2 4  
1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1  1 1 1 1 1 1 1 1  
2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2  2 2 2 2 2 2 2  2 2 2 2 2 2  2 2 2  
1 1 1 1 1 1 1  1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1  3 1 1 1 3 
2 2 2 2 2 2 2 2 1 1 1  4 1 1  1 4 2 2 2 4 2  2 2 4 2 2 2 4 2 2 2 4  

2 .4 x 4 . 82 2 . 4  x 4 . 83 2 . 4  x 4 . 84 2 0 4  x 4085 

1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 4 1  1 1 4 1 1 1 1 1 1 1 1  
2 2 2  2 2 2  2 2 2 2 2  2 2 2  2 2 1 2 1 4 1 2  1 4 2 2 2 2 2 2 2 2  
1 2 3 1 1 2  3 1 1 1 1 3 1 1 1 3 1 3 1 4 1  3 1 4 1 1 1 3 1 1 1 3 
1 1 1 1 1  1 1 1  1 2 1 4 1  2 1 4 1 1 1 4 1  1 1 4 1 1 3 4 1 1 3 4 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 4 1  1 1 4 1 1 1 1 1 1 1 1  
2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2  1 2 1 4 1 2 1 4 2 2 2 2  2 2 2 2 
1 2 3  1 1 2  3 1 1 1 1 3  1 1 1  3 1 3 1 4 1  3 1 4 1 1 1  3 1 1 1 3  
1 1 1 1  1 1 1 1 1 2 1 4 1  2 1 4 1 1 1 4 1 1 1 4  1 1 3 4 1  1 3 4  
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TABLE II 

DIRECT PRODUCTS : 2 x 4 ( continued ) 

2 . 4 x 4086 2 0 4  x 4 . 87 2 .4 x 4. 88 2 . 4 x 4.89 

I I I  4 1 1 1 4 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1  I I I  
2 2 2 4 2 2 2 4 2 2 2 2 2  2 2 2 2 2 2 2 2  2 2 2  2 2 2 2 2 2 2 2  
I I I 4 1 1 1 4 1 I I I  1 1 1 1 I I I  3 1 1 1 3 1 1 1 3 1 1 1 3 
4 4 4 4 4 4 4 4  1 2 3 4 1 2 3 4  1 2 3 4 1 2 3 4  1 1 1 4  1 1 1 4 
1 1 1 4 I I I  4 1 1 1 1 I I I  1 1 1 1 1 1 1 1 1 1 1 1 1 1 I I I  
2 2 2 4 2 2 2 4 2 2 2 2 2 2 2 2  2 2 2 2  2 2 2 2  2 2 2 2 2 2 2 2 
1 1 1 4 1 1 1 4 1 1 1 I I I  1 1 1 1 1 3  1 1 1 3 1 1 1 3 1 1 1 3  
4 4 4 4 4 4 4 4  1 2 3 4 1  2 3 4 1 2 3 4 1 2 3 4  1 1 1 4 1 1 1 4 

2 . 4 x 4 . 90 2 .4 x 4 0 91 2 .4 x 4 . 92 2 . 4  x 4 0 93 

1 1 1 4 1 1 1 4 1 1 1 1 1 1 1 1 1 1 1 1 I I I  1 1 1 1 1 1 1 1 1 
2 2 2 4 2 2 2 4 2 2 2 2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2  
1 1 3 4 1 1 3 4 1 1 3 1 1  1 3 1 1 1 3 I I I  3 1 1 2 3 1 1 2  3 1 
4 4 4 4 4 4 4 4  1 1 1 4 1 1  1 4 2 2 2 4 2  2 2 4 1 1 1 4 1 1  1 4 
1 1 1 4 1 1 1 4 1 1 I I I  I I I  1 1 1 1 1 1 1 1 1 1 I I I  1 1 1 
2 2 2 4 2 2 2 4 2 2 2 2 2 2 2 2 2 2 2  2 2 2  2 2 2 2 2 2  2 2 2  2 
1 1 3 4 1 1 3 4 1 1 3  I I I  3 1 1 1 3 1 1 1 3 1 1 2 3 1 1  2 3 1 
4 4 4 4 4 4 4 4 1 1 1 4 1 1 1 4 2 2 2 4 2  2 2 4 1 1 1 4 1  1 1 4 

2 . 4  x 4 . 94 2 . 4 x 4 . 95 2 .4 x 4 . 96 2 . 4 x 4 . 97 

1 1 1 1 1  I I I  1 1 1 1 1 1 1  1 I I I 1 1 1 1 1 1 1 1 1 I I I  1 
2 2 2 2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3  3 1 1 3  3 1 1 3 3 1 1 3  3 3 3 3 3 3 3 3 3  1 2 3 3 1 2 3 3 
1 1 3  4 1 1  3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  
1 1 1 1 1 1 1 1 1 1 I I I  I I I  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 
2 2 2 2 2  2 2 2  2 2 2 2 2  2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
1 1 3  3 1 1  3 3 1 1 3 3 1 1 3  3 3 3 3 3 3 3 3 3 1 2 3 3 1 2  3 3 
1 1 3 4 1 1  3 4 1 2 3 4 1 2 3 4  1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  

2 04 x 4098 2 . 4  x 4099 2 04 x 4 . 100 2 .4 x 4.101 

1 1 3 4 1 1  3 4 1 1 1 4 1 1 1 4 1 1 3 4 1 1 3 4  I I I  1 1 I I I  
2 2 3 4 2 2 3 4 2 2 2 4 2 2 2 4  2 2 3 4 2 2 3 4 2 2 2 2 2 2 2  2 
3 3 3 4 3  3 3 4 1 2 3 4 1 2 3 4  3 3 3 3 3 3  3 3 3 3 3  3 3 3 3 3 
4 4 3 4 4 4 3 4  4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4  
1 1 3 4 1 1 3 4 1 1 1 4 1 1 1 4 1 1 3 4 1  1 3 4 1 1 1 1 I I I 1 
2 2 3 4 2  2 3 4 2 2 2 4 2 2 2 4  2 2 3 4 2  2 3 4 2 2 2 2 2 2 2 2  
3 3 3 4 3 3 3 4  1 2 3 4 1 2 3 4  3 3 3 3 3 3 3 3  3 3 3 3 3 3 3 3  
4 4 3 4 4 4 3 4  4 4 4 4 4 4 4 4  4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
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TABLE II 

DIRECT PRODUCTS: 2 x L (continued) 

2 .4 x 4 . 102 2 . 4  x 4 . 103 2 .4 x 4 . 104 2 . 4  x 4 . 105 

1 1 1 4 1  1 1 4  1 1 3 4 1 1 3 4 1 1 3 4 1 1 3 4  1 1 3 4 1 1 3 4  
2 2 2 4 2 2 2 4 2 2 3 4 2 2  3 4 2 2 3 4 2 2 3 4  1 1 3 4 1 1 3 4  
3 3 3  4 3 3 3 4 3 3 3 4 3 3 3 4 3 3 3 4 3 3 3 4 3 3 3 3 3 3 3 3  
4 4 4 4 4 4 4 4 4 4 4 3 4 4 4 3  4 4 4 4 4 4 4 4 3 3 3 3 3 3 3 3  
1 1 1 4 1 1 1 4  1 1 3 4 1  1 3 4 1 1 3 4 1 1 3 4  1 1 3 4 1  1 3 4  
2 2 2 4 2 2 2 4  2 2 3 4 2 2 3 4 2 2 3 4 2 2 3 4 1 1 3 4 1 1 3 4  
3 3 3 4 3 3 3 4  3 3 3 4 3 3 3 4  3 3 3 4 3 3 3 4  3 3 3 3 3 3 3 3  
4 4 4 4 4 4 4 4  4 4 4 3 4 4 4 3  4 4 4 4 4 4 4 4  3 3 3 3 3 3 3 3  

2 . 4  x 4.106 2 . 4  x 4 .107 2 . 4 x 4.108 2 . 4  x 4 . 109 

1 2 3 4 1 2 3 4  1 1 1 4 1 1 1 4  1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1  
2 1 3 4  2 1 3 4  1 2 1 4 1 2 1 4  1 2 1 1 1 2 1 1 1 2 I I I  2 1 1 
3 3 3 3 3 3 3 3 1 3 1 J L  1 3 1 4 1 3 1 1 1 3 1 1 1 J 1 1 1 3 1 1 
3 3 3  3 3 3 3 3  4 4 4 1 4 4 4 1  1 3 1 1 1 3 1 1 1 1 1 1 1 1 1 1 
1 2 3 4 1 2 3 4 1 1 1 4 I I I  4 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 
2 1 3 4 2  1 3 4  1 2 1 4 1  2 1 4 1 2 1 1 1 2 1 1 1 2 1 1 1 2 1 1  
3 3 3  3 3 3 3  3 1 3 1 4 1 3 1 4 1 3 1 1 1 3 1 1 1 3 I I I  3 1 1 
3 3 3 3 3  3 3 3  4 4 4 1 4 4 4 1  1 3 I I I  3 1 1 1 1 1 1 1  I I I  

2 . 4  x 4. 110 2 . 4  x 4.111 2 . 4  x 4 .112 2 . 4  x 4 . 113 

1 I I I  I I I  1 1 1 1 1 1 1 1 1  I I I  1 1 I I I  1 1 1 1 1 1 1 1  
1 1 1 1 I I I  1 1 2 1 4 1 2 1 4  1 1 1 2 I I I  2 1 2 1 1 1 2 1 1  
1 1 I I I  I I I  1 3 1 1 1 3 1 1  1 1 1 1 1 1 1 1  1 3 1 1 1 3 1 1 
1 2 3 4 1 2 3 4  1 1 1 1 1 1 1 1  1 2 3 4 1 2 3 4 1 3 3 4 1 3 3 4 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
1 1 1 1 1  1 1 1 1 2 1 4 1 2 1 4 I I I  2 1 1 1 2 1 2 1 1 1 2 1 1  
1 1 1 1 1 1 1 1 1 3 1 1 1 3 1  1 I I I I I I  1 1 1 3 1 1 1 3 1 1 
1 2 3 4 1 2  3 4 I I I  1 1 1 1 1 1 2 3 4 1 2 3 4 1 3 3 4 1 3 3 4 

2 . 4  x 4.114 2 .4 x 4.115 2 . 4 x 4. 116 2 .4 x 4. 117 

1 1 I I I  1 1 1 1 1 1 1 I I I  1 1 1 1 4 1 1 1 4 1 1 1 1 1 I I I  
1 2 I I I  2 1 1 1 2 1 2 1 2 1 2 1 2 1 4 1 2 1 4  1 2 1 1 1 2 1 1 
1 3 1 1 1 3  1 1 1 3 1 3 1 3 1 3 1 3 1 4 1 3 1 4  1 3 1 1 1 3 1 1  
1 1 3 4 1 1 3 4 1 2 1 4 1  2 1 4 4 4 4 4 4 4 4 4 1 1 1 4 1 1 1 4  
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 4 1 1 1 4  I I I  1 1 I I I  
1 2 1 1 1 2 1 1  1 2 1 2 1 2 1 2 1 2 1 4 1 2 1 4 1 2 I I I  2 1 1 
1 3 1 1 1 3 1 1 1 3 1 3 1 3 1 3  1 3 1 4 1 3 1 4 1 3 1 1 1 3 1 1 
1 1 3 4 1 1 3 4  1 2 1 4 1  2 1 4  4 4 4 4 4 4 4 4  1 1 1 4 1 1  1 4 
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TABLE II 

DIRECT PRODUCTS: 2 x 4 ( continued) 

2 .4 x 4.118 2 .4 x 4.119 2 . 4  x 4.120 2 .4 x 4.121 

1 1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 2 2 1 1 2 2 1 1 1 1 1  1 1 1 1  
1 2 1 2 1  2 1 2 1 1 1 2 1 1 1 2 2 1 1 2 2  1 1 2  1 1 1 1 1 1 1 1  
1 3 1 3 1 3 1 3 1 1 3 3 1 1 3 3  2 1 1 2  2 1 1 2 1 1 1 2 1 1 1 2  
1 2 3 4 1 2 3 4 1 1 3 4 1 1 3 4 1 2 3 4 1 2 3 4  1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 1 1 2  2 1 1 1 1 1 1 1 1 1  
1 2 1 2 1 2 1 2  1 1 1 2 1 1 1 2  2 1 1 2 2 1 1 2  1 1 1 1 1 1 1 1 
1 3 1 3 1 3 1  3 1 1 3  3 1 1 3  3 2 1 1 2  2 1 1 2  1 1 1 2 1 1 1  2 
1 2 3 4 1 2 3 4 1 1 3 4 1 1 3 4 1 2 3 4 1 2 3 4  1 1 1 1 1  1 1 1 



3 .1 x 3 .1 

1 2 2 4 5 5 4 5 5  
2 1 1 5 4 4 5 4 4 
2 1 1 5 4 4 5 4 4  
h 5 5 1 2 2 1 2 2  
S 4 4 2 1 1 2 1 1 
5 4 4 2 1 1 2  1 1 
i f  ;; 5 1 2 2 1 2 2 
5 i� h 2 1 1 2 1 1 
5 4 4 2 1 1 2 1 1 

3 . 1  x 3 ,,4 

1 1 3 4 4 6 4 4 6  
1 1 3 4 4 6 4 4 6 
3 3 1 6  6 4 6 6 4 
4 4 6 1 1  3 1 1 3 
4 4 6  1 1 3 1 1  3 
6 4 3 3 1 3 3  1 
�� L 6 1 1 3 1 1 3 
L; h 6 1 1 3 1 1 3 
6 6 4 3  3 1 3 3  1 

3 .1 x 3 . 7  

1 1 1 4 4 4 4 4 4 
1 2 1 4 5 4 4 5 4 
1 3 1 4 6 4 4 6 4  
4 4 4 1 1 1 I I I 
4 5 4 1 2 1 1 2 1  
4 6 4 1 3 1 1  3 1 
4 � 4 1 1 1 1 1 1 
L 5 4 1 2 1 1  2 1 
L 6 4 1  3 1 1 3 1  

TABLE III 

DIRECT PRODUCTS: 3 x 3 

3 . 1  x 3 0 2  

1 1 1 4 4 4 4 4 4 
1 1 1 4 4 4 4 4 4  
1 1 2 4 4 5 4 4 5  
4 4 4  1 1 1 1 1 1 
4 4 4 1 1 1 1 1 1  
4 4 5 1 1  2 1 1 2 
4 h h 1 1 1 1 1 1 
4 4 4 1 1  I I I  1 
4 !.;. 5 1 1 2 1 1 2 

3 . 1 x 3 . 5  

1 1 3 4 4 6 4 4 6  
1 2 3 4 5 6 4 5 6 
3 3 1 6 6 4 6 6 4  
4 4 6 1 1 3 1 1 3  
4 5 6 1 2 3 1 2 3 
6 6 4 3 3 1 3 3 1 
4 4 6 1 1 3 1 1 3 
4 5 6 1 2 3 1 2 3 
6 6 4 1 1 3 1 1 3  

3 . 1  x 3 . 8  

1 1 1 4 4 4 4 4 4 
1 1 2  4 4 5  4 4 5  
1 2 3 4 5 6 4 5 6 
4 4 4 1 1  1 1 1  1 
4 4 5 1. 1 2 1 1 2 
4 5 6 1 2 3 1 2 3  
4 4 4 I I I  I I I  
4 4 5 1 1  2 1 1 2 
4 5 6 1 2 3 1 2 3  

3 .1 x 3 . 3  

1 2 3 4 5 6 4 5 6 
2 3 1 5 6 4 5  6 4 
3 1 2  6 4 5 6 4 5 
4 5 6 1 2  3 1 2 3 
5 6 4  2 3 1 2 3 1 
6 4 5  3 1 2 3 1 2  
4 5 6 1 2 3 1 2  3 
5 6 4 2  3 1 2  3 1 
6 4 5 3 1 2 3 1 2  

3 . 1  x 3.6  

1 1 1 4 4 4 4 4 4  
1 1 1 4 4 4 4 4 h 
1 1 3 4 4 6 4 4 6 
4 4 4 1 1  1 1 1 1 
4 4 4 1 1 1 1 1 1 
4 4 6  1 1 3 1 1 3  
4 4 4 1 1 1 1 1 1 
4 4 4 I I I  I I I  
4 4 6 1 1  3 1 1 3 

3 . 1 x 3 . 9 

1 1 1 4 4 4 4 4  4 
2 2 2 5 5 5 5 5 5 
1 1 1 4 4 4 4 4 4 
4 4 4 1 1 1 1 1 1  
5 5 5 2 2 2 2 2 2  
4 4 4 1 1 1 1 1 1  
4 4 4 1 1 1 1 1 1  
5 5 5 2 2 2 2 2 2 
4 4 4 1 1 1 1 1 1  
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3 0 1 x 3 . 10 

1 1 3  4 4 6  4 4 6  
1 1 3  4 4 6  4 4 6  
3 3 3 6 6 6 6 6 6 
4 4 6 1 1  3 1 1 3 
h 4 6 1 1 4 1 1 4  
6 6 6  3 3 3 3 3 3 
4 4 6 1 1 3 1 1 3  
4 4 6  1 1 3 1 1 3 
6 6 6  3 3 3 3 3 3 

3 0 1  x 3 .13 

1 1 1 4 4 4 4 4 4 
2 2 2 5 5  5 5 5 5  
1 2 3 4 5 6 4 5 6 
4 4 4 1 1  1 1 1 1 
5 5 5 2 2 2 2 2 2 
4 5 6 1 2  3 1 2  3 
4 4 4 1 1  1 1 1 1 
5 5 .5  2 2 2 2 2 2 
4 .5 6 1 2 3 1 2 3  

3 . 1  x 3 . 16 

1 1 1 4 4  4 4 4 4  
1 2 2 4 5  5 4 5 5  
1 2 3 4 5 6 4 5 6 
4 4 4 1 1 1 1 1 1  
4 5 5 1 2 2 1 2 2 
4 5 6 1 2 3 1 2 3 
4 4 4 1 1 1 1 1 1 
4 5 5  1 2 2 1 2 2  
4 5 6 1 2 3 1 2 3  

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3 . 1  x 3 . 11 

1 2 3 4 5 6 4 5 6 
2 1 3 5 4 6 5 4 6 
3 3 3 6 6  6 6 6 6 
4 5 6 1 2 3 1 2 3  
5 4 6  2 1 3 2  1 3 
6 6 6 3 3  3 3 3  3 
4 .5 6 1 2  3 1 2 3  
5 4 6 2 1  3 2 1 3  
6 6 6  3 3 3  3 3 3 

3 . 1  x 3 .. 14 

1 1 1 4 4 4 4 4 4 
2 2 2  5 5 5 5 5 5 
3 3 3 6 6 6 6 6 6 
4 4 4 1 1 1 1 1 1  
5 .5 .5 2 2 2 2 2 2  
6 6 6 3 3 3 3 3 3  
4 4 4 1 1 1 1 1 1  
5 5 5  2 2 2 2 2 2 
6 6 6 3 3  3 3 3 3  

3 0 1  x 3 . 17 

1 1 1 4 4 4 4 4 4  
1 2 1 4 5  4 4 5  4 
1 1 3 4 4 6 4 4 6  
4 4 4 1 1 1 I I I  
4 5 4 1 2 1 1 2 1 
4 4 6 1 1  3 1 1 3  
4 4 4  1 1 1 1 1 1 
4 .5 4 1 2  1 1 2 1  
4 4 6 1 1 3 1 1 3 

3 . 1  x 3 . 12 

1 1 1 4 4 4  4 4 4  
2 2 2 5 5 5 5 5 5  
1 1 3 4 4 6 4 4 6  
4 4 4 1 1 1 1  1 1 
5 5 5 2 2  2 2 2 2  
4 4 6 1 1  3 1 1 3  
4 4 4 1 1 1 1 1 1 
5 5 5 2 2  2 2 2 2 
4 4 6 1 1  3 1 1 3  

3 . 1 x 3 015 

1 1 3 4 4  4 6 4 6 
2 2 3 5  5 5 6 5 6 
3 3 3 6 6 6 6 6 6  
4 4 6 1 1  3 1 1 3  
5 5 6 2 2 3 2 2 3 
6 6 6 3 3  3 3 3 3  
4 4 6 ] 1 3 1 1 3 
5 5 6 2 2 3 2 2 3  
6 6 6 3 3 3 3 3 3  

3 . 1  x 3 . 18 

1 1 1 4 4 4 4 4 4  
1 1 1 4 4 4 4 4 4 
1 1 1 4 4 4 4 4 4  
4 4 4 1 1 1 1 1 1  
4 4 4  1 1 1 1 1 1  
4 4 4 1 1 1 1 1 1 
4 4 4 1 1 1 1 1 1  
4 4 4 1 1 1 1 1 1 
4 4 4 1 1 1 1 1 1  
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1 1 1 1 1  1 1 1 1 
1 I I I  1 1 I I I  
1 1 2 1 1 2 1 1 2  

"L :1 �. ' 1 1 1 1 
1 ' I J 1 1 1 1  
: c ,  �1 1" :2 ]. 1 2 

1 l !� h h  
1 1 � 1 _: 1 h �� ,I .: 
1 1 2 1 1 2 4 4 5 

1 1 3 1 1 3 1 1 3 
1 2 3 1 2 3 1 2 3  
3 3 1  3 3 1 3 3 1 
] � 3 1 1  3 1 1  3 

• � 1 2 3 1 2 3 
2 J 1 3 ) l 3 3 1  
J I J I J 3 4 4 6 
1 2 3 1  2 3 4 5 6 
3 3 1  3 1 6 6  4 

1 1 1 1  1 1 1  1 1 
1 ]. 2 ]. J 2 1 1  2 
1 2, 3 1 2 �) Fl. 2 3 
1 1 �w 1 �l 1 1 1- 1 
1 1 2 1 1 2 1 1 2 
, 2 3 1 2 3 1 2 3 
1 J I I I  1 4 4 4  
1 1 2 1 1 2 4 4 5  
1 2 :3 1 2 3 4 5 6  

3 . 2 x 3 . 3  

1 2 3 1 2 3 1 2 3 
2 3 1 2  3 1 2 3 1 
3 1 2 3 1 2  3 1 2  
1 2 3 1 2 3 J 2 3 
2 3 J 2 3 1 2  3 1 
3 ' 2 3 1  2 3 1 2  
1 t) �) -J 2 j� I ,  C 6 ,. .) .C Lj. ;;J 
2 3 1 2  J 1 5 6 4 
3 1 2 3 1  2 6 4 5 

3 . 2  x 3 , 6  

1 1 1 1 1 1 1 1 1 
1 1 1 1 1  1 I I I 
1 1 3 1 1 3 1 1 3 
1 1 1 1 1 1 1 1 1  
1 � 1 1 J 1 1 1 1  
1 1 3 1 1  3 1 1 3 
I I I 1 1 1 4 4 4  
I I I 1 1 1 4 4 4 
1 1 J 1 1 3 4 4 6  

1 1 1 1 1 1 1 1  1 
2 2 2 2 2 2 2 2 2  
1 1 1 1 1  1 1 1 1 
1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 
1 1 1 1 1 1 1 1 1 
1 1 1 J 1 1 4 4 4 
2 2 � 2 2 2 5 � 5 
1 1 1 :L l 1 4 t 4  

3 . 2  x 3 . 4 

1 1 3 1 1 3 1 1 3  
1 1 J 1 1 3  1 1 3  
3 3 1 3 3 1 3 J 1 
1 1 3 1 1  3 1 1 3  
1 1 3 1 1 3  1 1 3  
3 3 1 3 3 1 3 3 1  
1 1 3  1 1 3 4 4 6  
1 1 1 1 1 3 4 4 6  
3 3 1 3 3  1 6 6  4 

1 1 1 1 1 1 I I I  
1 2 1 1 2  1 1 2  1 
1 3 1 1 3 1  1 3 1  
1 1 1 1 1  1 1 1  1 
1 2 1  1 2 1 1 2 1 
1 3 1 1 3 1 1 3  1 
1 1 1 1 1 1 4 4 4 
1 2 1 1 2  1 4 5 4 
1 3 1 1 3 1 4 6 4  

3 . 2 x 3 . 10 

1 1 3 1 1 3 1 ]  3 
1 1 3 1 1 3 1 1 3  
3 3 3 3 3  3 3 3  3 
1 1 3 1 1  3 1 1 3  
1 1 3 1 1 3 1 1 3  
3 3 3 3 3  3 3 3 3 
1 1 3 1 1  3 4 4  6 
1 1 3 1 1 3 4 1+ 6 
3 3 3 3 3 3 6 6 6  
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TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

-=-==-================================== 

3 Q 2  x 3 . 11 

1 2 3 1 2  3 1 2  3 
2 1 3 2 1 3 2 1  3 
3 3 3 3 3 3 3 3 3  
J 2 3 1 2 3 1 2 3 
? : 3 2 1  3 2 1 3  
3 3 3 3 3 3 3 3 3 
1 2 3 1 2 3 4 5 6 
2 1 3 2  1 3 5  4 6 
3 3 3 3 j 3 6 6 6  

1 1 1 1 1 1 I I I  
2 2 2 2 2 2 2 2 2 
3 3 3 3  3 3 3  3 3 
1 1 1 1 J. 1 1 1 1 
2 2 2 2 2 2 2 2 2  
3 3 3 3 3  3 3 3 3 
1 1 1 1 1 1 4 4 4 
2 2 2 2  2 2 5 5 5 
3 3 3  3 3 3  6 6 6  

3 . 2  x 3 . 17 

1 1 1 1 1  1 1 1 1 
1 2 1 1 2 1 1  2 1 
1 1 3 1 1  3 1 1 3 
1 1 1 1 1 1 1 1 1 
1 2 1 1 2 1 1 2  1 
1 1 3 1 1  3 1 1 3 
1 1 I I I  1 4 4 4 
1 2 1 1 2 1 4 5  4 
1 1 3 1 1 3 4 4 6  

3 . 2  x 3 . 12 

1 1 1 1  1 1 1 1 1  
2 2 2 2 2 2 2 2 2 
1 1 3  1 1 3  1 1 3  
1 1 1 1 1 1 1 1 1  
2 2 2 2 2 2 2 2 2  
1 1 3 1 1  3 1 1 3 
1 1 1 1 1 1 4 4 4  
2 2 2 2 2 2 5 5 5 
1 1 3 1 1 3 4 4  6 

3 . 2  x 3 . 15 

1 1 3 1 1  3 1 1 3  
2 2 3 2 2 3 2 2 3 
3 3 3 3 3 3 3 3 3  
1 1 3 1 1 3 1 1 3 
2 2 3 2 2  3 2 2 3 
3 3 3 3 3 3 3 3 3  
1 1 3 1 1 3 4 4 6 
2 2 3 2 2 3 5 5 6  
3 3 3 3 3 3 6 6 6  

3 . 2  x 3 . 18 

1 1 1 1 1 1 1 1 1 
I 1 1 1 1 1 1 1 J. 
1 1 1 1 1  1 1 1 1  
1 1 1 1 1 1 1 1 1 
1 1 1 1  1 1 1 1 1  
1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 4 4 4  
1 1 1 1 1 1 4 4 4  
1 1 1  1 1 1  4 4 4 

3 . 2  x 3 . 13 

1 1 1  1 1 1  1 1 1 
2 2 2 2 2 2 2 2 2  
1 2 3 1 2 3  1 2 3 
1 1 1 1 1 1 1  1 1 
2 2 2 2 2 2 2 2  2 
1 2 3 1 2 3 1 2 3 
1 1 1 1 1 1 4 4 4  
2 2 2  2 2 2 5 5 5 
1 2 3 1 2  3 4 5  6 

3 . 2  x 3 . 16 

1 1 1 1 1 1 1 1  1 
1 2 2  1 2 2 1 2 2  
1 2 3 1 2 3 1  2 3 
1 1 1 1 1  1 1 1  1 
1 2 2 1 2 2 1 2 2  
1 2 3 1 2  3 1 2 3 
1 1 1 1 l 1 4 4 h  
1 2 2 1 2  2 4 5 5 
1 2 3 1 2 3 4 5 6  

3 . 3  x 3 . 3  

1 2 3 4 5 6 7 8 9 
2 3 1 5 6 4 8 9 7  
3 1 2 6 4 5 Q 7 8 
4 5 6 7 8 9 1 2  � 
5 6 4 8 9  7 2 3 1 
6 4 5 9 7  8 3 1 2  
7 8 9 1 2 3 4 5  6 
8 9 7  2 3 1 5 6 4 
9 7 8 3 1 2 6 4 5 
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TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3 . 3  x 3.4  3.3  x 3 .$ 3 . 3  :x 3 . 6  

1 1 3  4 4 6  7 7 9 1 1 3 4 4 6 7 7 9  1 1 1 4 4 4 7 7 7  
1 1 3 4 4 6 7 7 9 1 2 3 4 5 6 7 8 9 1 1 1 4 4  4 7 7 7 
3 3 1 6 6 4 9 9 7 3 3 1 6 6 4 9 9 7 1 1 3  4 4 6  7 7 9 
4 4 6 7 7 9 1 1 3 4 4 6 7 7 9 1 1 3  4 4 4 7 7  7 1 1 1  
4 4 6 7 7 9 1 1 3  4 5 6  7 8 9 1 2 3  4 4 4 7 7 7 1 1 1  
6 6 4 9  9 7 3 3 1 6 6 4 9 9  7 3 3 1  4 4 6 7 7 Q 1 J 3 
7 7 9 1 1  3 4 4 6  7 7 9 1 1 3 4 4 6 7 7 7 1 1 1 4 4 4  
7 7 9 1 1 3 4 4 6  7 8 9 1 2 3 4 5 6 7 7 7 1 1 1  4 4 4  
9 9 7 3 3 1 6  6 4 9 9 7 3 3 1 6 6 4 7 7 9 1 1 3 4 4 6 

3 . 3  x 3 . 7  3 . 3  x 3.8  3 . 3  x 3 . 9  

1 1 1 4 4 4 7 7 7 1 1 1 4 4 4 7 7 7  1 1 1 4 4 4 7 7 7 
1 2 1 4 5 4 7 8 7  1 1 2  4 4 5  7 7 8 2 2 2 5 5  5 8 8 8  
1 3 1 4 6  4 7 9 7 1 2 3 4 5  6 7 8 9 1 1 1 4 4 4 7 7 7  
4 4 4 7 7 7 1 1 1  4 4 4 7 7 7 1 1 1 4 4 4 7 7 7 1 1 1  
4 5 4 7 8 7 1 2 1  4 4 5  7 7 8 1 1 2  5 5 5 8 8  8 2 2 2  
4 6 4 7 9 7 1 3 1 4 5 6 7 8  9 1 2 3 4 4 4 7 7 7 1 1 1  
7 7 7 1 1 1 4 4 4  7 7 7 1 1 1 4 4 4  7 7 7 1 1 1  4 4 4  
7 8 7 1 2 1 4 5 4 7 7 8 1 1 2  4 4 5  8 8 8 2 2  2 5 5  5 
7 9 7 1 3 1 4 6 4 7 8 9 1  2 3 4 5  6 7 7 7 1 1 1 4 4 4  

3.3 x 3.10 3 . 3  x 3. 11 3 . 3  x 3 . 12 

1 1 3  4 4 6  7 7 9 1 2 3 4 5  6 7 8 9 1 1 1 4 4 4 7 7 7  
1 1 3 4 4  6 7 7 9 2 1 3 5 4 6 8 7 9  2 2 2 5 5 5 8 8 8 
3 3 3  6 6 6 9 9 9 3 3 3  6 6 6  9 9 9  1 1 3  4 4 6  7 7 9 
4 4 6 7 7  9 1 1 3 4 5 6 7 8 9 1 2 3  4 4 4 7 7 7 1 1 1  
4 4 6  7 7 9 1 1 3  5 4 6 8 7 9 2 1 3  5 5 5 8 8  8 2 2  2 
6 6 6 9 9 9 3 3 3  6 6 6 9 9 9 3 3 3  4 4 6 7 7  9 1 1 3 
7 7 9 1 1 3 4 4 6 7 8 9 1 2 3 4 5 6 7 7 7 1 1 1 4 4 4  
7 7 9 1 1 3 4 4 6 8 7 9 2 1 3 5 4 6  8 8 8 2 2 2 5 5 5  
9 9 9 3 3 3 6 6 6  9 9 9 3 3 3 6 6 6 7 7 9 1 1  3 4 4 6 



3. 3 x 3 . 13 

1 1 1  4 4 4 7 7 7 

2 2 2 5 5 5 8 8 8 

1 2 3 4 5 6 7 8 9  

4 4 4 7 7 7 1 1 1  

5 5 5 8 8  8 2 2 2 

4 5 6 7 8 9 1 2  3 

7 7 7 1 1 1 4 4 4  

8 8 8 2 2 2 5 5 5 

7 8 9 1 2  3 4 5  6 

3 . 3  x 3 . 16 

1 1 1 4 4 4 7 7 7 

1 2 2 4 5  5 7 8 8 

1 2 3 4 5 6 7 8  9 

4 4 4 7 7  7 1 1 1  

4 5 5  7 8 8 1 2 2 

4 5 6 7 8  9 1 2 3 

7 7 7 1 1 1 4 4 4 

7 8 8 1 2 2 4 5 5  

7 8 9 1 2  3 4 5 6 

3 .4 x 3 .4 

1 1 3 1 1 3 7 7 9 

1 1 3 1 1 3 7 7 9  

3 3 1 3 3 1 9 9 7 

1 1 3 1 1 3 7 7 9 

1 1 3  1 1 3  7 7 9  

3 3 1 3 3 1 9 9 7 

7 7 9 7 7 9 1 1 3 

7 7 9 7 7 9 1 1 3  

9 9 7 9 9 7 3 3 1  

TABLE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

3 . 3 x 3 . 14 

1 1 1 4 4 4 7 7 7 

2 2 2 5 5 5 8 8 8  

3 3 3 6 6 6 9 9 9 

4 4 4 7 7 7 1 1 1  

5 5 5 8 8  8 2 2  2 

6 6 6 9 9  9 3 3 3  

7 7 7 1 1 1 4 4  4 

8 8 8 2 2 2 5 5 5 

9 9 9 3 3 3 6 6 6  

3. 3 x 3 . 17 

1 1 1 U 4 4 7 7 7 

1 2 1 4 5 4 7 8 7 

1 1 3 4 4 6 7 7 9  

4 4 4 7 7 7 1 1 1  

4 5 4 7 8 7 1 2 1  

4 4 6 7 7  9 1 1 3  

7 7 7 1 1 1 4 4 4  

7 8 7 1 2 1 4 5  4 

7 7 9 1 1 3 4 4 6 

3 . 4 x 3 .5 

1 1 3 1 1 3 7 7 9  

1 2 3 1 2 3 7 8 9 

3 3 1 3 3 1 9 9 7  

1 1 3  1 1 3 7  7 9 

1 2 3 1 2  3 7 8  9 

3 3 1 3 3 1 9 9 7 

7 7 9 7 7 9 1 1  3 

7 8 9 7 8 9 1 2  3 

9 9 7 9 9 7 3 3 1 

3 . 3  x 3 . 15 

1 1 3 4 4 6 7 7 9 

2 2 3 5 5 6 8 8 9 

3 3 3 6 6  6 9 9 9 

4 4 6 7 7 9 1 1 3  

5 5 6 8 8 9 2 2 3  

6 6 6 9 9 9 3 3 3  

7 7 9 1 1 3 4 4 6 

8 8 9  2 2 3 5 5 6 

9 9 9 3 3  3 6 6  6 

3 . 3  x 3 .18 

1 1 1 4 4  4 7 7 7 

1 1 1 4 4 4 7 7  7 

1 1 1 4 4 4 7 7 7  

4 4 4 7 7 7 1 1 1  

4 4 4  7 7 7 1 1 1 

4 4 4  7 7 7 1 1 1  

7 7 7 1 1 1  4 4 4  

7 7 7 1 1 1 4 4  4 

7 7 7 1 1 1 4 4 4 

3 .4 x 3 . 6  

1 1 1  1 1 1 7  7 7 

1 1 1 1 1 1 7  7 7 

1 1 3 1 1  3 7 7 9 

1 1 1  1 1 1  7 7 7 

1 1 1 1 1 1 7 7 7  

1 1 3 1 1  3 7 7 9 

7 7 7  7 7 7 1 1 1 

7 7 7 7 7 7 1 1 1  

7 7 9 7 7 9  1 1 3  
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3 . 4  x 3 . 7 

1 1 I I I  1 7 7  7 
1 2 1 1 2  1 7 8 9 
1 3 1 1 3 1 7 9 7 
1 1 1 1 1 1 7 7 7 
1 2 1 1 2  1 7 8 9 
1 3 1 1 3 1 7 9 7 
7 7 7 7 7 7 I I I  
7 8 9 7  8 9 1 2 1 
7 9 7 7 9 7 1 3 1  

3 . 4  x 3 � 10 

1 1 3 1 1 3 7 7  9 
1 1 3 1 1 3 7 7 9 
3 3 3  3 3 3 9 9 9 
1 1 3 1 1 3  7 7 9 
1 1 3 1 1 3 7 7  9 
3 3 3 3 3  3 9 9  9 
7 7 9 7 7 9 1 1 3 
7 7 9 7 7 9 1 1 3  
9 9 9 9 9 9 3 3 3  

3 .4 x 3 . 13 

1 1 I I I  1 7 7 7 
2 2 2  2 2 2 8 8 8  
1 2 3 1 2 3 7 8 9 
1 I I I  1 1 7  7 7 
2 2 2 2 2 2 8 8 8  
1 2 3 1 2  3 7 8 9 
7 7 7 7 7 7 1 1 1  
8 8 8  8 S 8 2 2 2 
7 8 9 7 8 9 1 2 3 

TABLE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

3 . 4  x 3 � 8  

1 1 1 1 1 1 7 7 7  
1 1 2 1 1 2 7 7 8  
1 2 3 1 2  3 7 8 9 
1 1 1 1 1 1 7 7 7  
1 1 2 1 1  2 7 7 8 
1 2 3 1 2  3 7 8 9 
7 7 7 7 7 7 I I I  
7 7 8 7 7 8 1 1 2 
7 8 9 7 8  9 1 2 3 

3 .4 x 3 . 11 

1 2 3 1 2 3 7 8 9 
2 1 3  2 1 3 8 7 9 
3 3 3 3 3 3 9 9 9 
1 2 3 1 2  3 7 8 9 
2 1 3 2  1 3 8 7 9  
3 3 3 3 3  3 9 9  9 
7 8 9 7 8 9 1 2 3  
8 7 9 8 7 9 2 1 3 
9 9 9 9 9  9 3 3 3 

3 .4 x 3 . 14 

1 1 1 1 1 1 7 7 7  
2 2 2 2 2  2 8 8  8 
3 3 3  3 3 3 9 9 9  
1 1 1 1 1 1 7 7 7 
2 2 2 2 2 2  8 8 8  
3 3 3 3 3 3 9 9 9  
7 7 7 7 7 7 1 1 1 
8 8 8 8 8 8 2 2 2  
9 9 9 9 9 9 3 3 3 

1 1 1 1 1 1 7 7 7  
2 2 2 2 2 2 8 8 8 
1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 7 7 7 
2 2 2 2 2 2 8 8 8  
1 1 1 1 1 1 7 7 7 
7 7 7 7 7 7 I I I  
8 8 8 8 8 8 2 2 2  
7 7 7 7 7  7 I I I  

3 . 4  x 3 . 12 

1 1 1 1 1 1 7 7 7 
2 2 2 2 2 2 8 8 8 
1 1 3  1 1 3  7 7 9 
1 I I I  1 1 7 7 7 
2 2 2 2 2 2  8 8 8  
1 1 3 1 1 3 7 7 9 
7 7 7 7 7  7 I I I  
8 8 8  8 8 8 2 2  2 
7 7 9 7 7  9 1 1 3  

3.4  x 3 . 15 

1 1 3  1 1 3  7 7 9 
2 2 3 2 2 3 8 8 9  
3 3 3 3 3 3 9 9 9  
1 1 3 1 1  3 7 7 9 
2 2 3 2 2 3 8 8 9 
3 3 3 3 3 3 9 9 9 
7 7 9 7 7 9 1 1 3  
8 8 9 8 8 9 2 2 3 
9 9 9 9 9 9 3 3 3  



3.4  x 3 . 16 

1 1 1 1 1 1 7 7 7 
1 2 2 1 2  2 7 8 8 
1 2 3 1 2 3 7 8 9 

III 1 1 1 7 7 7 
1 2 2 1 2 2 7 8 9 
1 2 3 1 2  3 7 8 9 

77777 7 1 1 1 
7 8 8 7 8 8 1 2 2 
7 8 9 7 8 9 1 2 3 

3 .. 5 x 3 .5 

1 1 3 1 1 3 7 7 9 
1 2 3 1 2  3 7 8 9 
3 3 1  3 3 1 9 9 7 
1 1 3 4 4 6 77 9 
1 2 3 4 5 6 7 8 9 
3 3 1 6 6 4 9 9  7 

7 7 9 77 9 1 1 3 
7 8 9 7  8 9 1 2  3 
9 9 7 9 9 7 3 3 1  

3 .5 x 3. 8 

III III 7 7 7 
1 1 2  1 1 2  7 7 8 
1 2 3 1 2  3 7 8  9 
1 1 1 4 4 4 7 7 7 
1 1 2  4 4 6  7 7 8 
1 2 3 4 5  6 7 8 9 

777777 1 1 1  
7 7 8 7 7 8 1 1 2  
7 8 9  7 8 9 1 2 3  

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3.4 x 3 . 17 

III 1 1 1 7 7 7 
1 2 1 1 2  1 7 8 7 
1 1 3 1 1 3 7 7 9 
1 1 1 1 1 1 7 7 7 
1 2 1 1 2  1 7 8 7 
1 1 3 1 1 3 77 9 

777777 1 1 1  
7 8 77 8 7 1 2 1 
7 7 9 77 9 1 1 3  

3 .5 x 3 .6 

1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 7 7 7 
1 1 3 1 1 3 7 7 9 

III 4 4 4 777 
III 4 4 4  777 
1 1 3 4 4 6 77 9 

7 7 7 7 7 7 III 
777777 1 1 1  
7 7 9 7 7 9 1 1 3  

3 . 5  x 3 . 9 

1 1 1 1 1 1 777 
2 2 2 2 2 2 8 8 8 

III 1 1 1 7 7 7 
1 1 1 4 4 4 7 I 7 
2 2 2 5 5 5  8 8 8 
1 1 1 4 4 4 777 

777777 1 1 1  
8 8 8 8 8 8 2 2 2 
7 777 77 1 1 1 

3 .4 x 3 . 18 

III III 7 7 7 
III 1 1 1 7 7 7 
1 III 1 1 7 7 7 
1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 777 

7 7 777 7 1 1 1 
777 777 III 
777777 1 1 1  

3 .5  x 3 .7 

1 1 1 1 1 1 777 
1 2 1 1 2  1 7 8  7 

1 3 1 1  3 1 7 9 7 
1 1 1 4 4 4 777 
1 2 1 4 5 4 7 8 7 
1 3 1 4 6  4 7 9 7 

777 777 1 1 1  
7 8 77 8 7 1 2 1 
7 9 7 7 9 7 1 3 1  

3 .. 5 x 3 . 1 0 

1 1 3  1 1 3 77 9 
1 1 3 1 1  3 7 7 9 
3 3 3 3 3 3 9 9 9 
1 1 3 4 L 6 7 7 9 
1 1 3 4 4  6 7 7 9 
3 3 3 6 6 6  9 9 9 

7 7 9 77 9 1 1 3  
7 7 9 7 7 9 1 1  3 
9 9 9 9 9  9 3 3 3  
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3 .5 x 3 . 11 

1 2 3 1 2 3 7 8 9 
2 1 3 2 1 3 8 7 9  
3 3 3 3 3 3 9 9 9 
1 2 3 4 5  6 7 8 9 
2 1 3 5  4 6 8  7 9 
3 3 3 6 6 6  9 9 9 
7 8 9 7 8  9 1 2  3 
8 7 9 8 7 9 2 1 3 
9 9 9 9 9 9 3 3 3  

3 .5 x 3 . 14 

1 1 1 1 1 1 7 7  7 
2 2 2 2 2 2  8 8 8 
3 3 3 3 3 3 9 9 9  
1 1 1 4 4  4 7 7 7 
2 2 2 5 5 5 8 8 8  
3 3 3 6 6 6 9 9  9 
7 7 7 7 7  7 1 1 1 
8 8 8 8 8 8 2 2 2 
9 9 9  9 9 9  3 3 3  

3 .5  x 3 . 17 

1 1 1 1 1 1 7 7 7  
1 2 1 1 2  1 7 8 7 
1 1 3 1 1 3 7 7 9  
I I I 4 4 4  7 7 7 
1 2 1 4 5 4 7 8  7 
1 1 3  4 4 6 7 7 9 
7 7 7 7 7 7 I I I  
7 8 7  7 8 7 1 2 1  
7 7 9 7 7  9 1 1 3  

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3.5 x 3 . 12 

I I I  1 1 1 7  7 7 
2 2 2 2 2  2 8 8 8 
1 1 3 1 1 3 7 7 9  
1 1 1 4 4 4 7 7 7 
2 2 2 5 5  5 8 8 8  
1 1 3 4 4 6 7 7 9 
7 7 7 7 7 7 1 1 1 
8 8 8 8 8 8 2 2 2  
7 7 9 7 7 9 1 1 3  

3 . 5  x 3 . 15 

1 1 3  1 1 3 7 7 9  
2 2 3 2 2  3 8 8  9 
3 3 3 3 3  3 9 9 9  
1 1 3 4 4 6 7 7  9 
2 2 3 5 5 6 8 8 9  
3 3 3 6 6 6 9 9 9 
7 7 9 7 7  9 1 1 3  
8 8 9 8 8 9 2 2 3  
9 9 9 9 9 9 3 3 3  

3 .5 x 3 . 18 

1 1 1 1 1 1 7 7  7 
1 1 1 1 1 1 7 7  7 
1 1 1 1 1 1 7 7 7 
1 1 1 4 4 4 7 7 7  
1 1 1 4 4 4 7 7 7  
1 1 1 4 4 4 7 7 7  
7 7 7 7 7 7 1 1 1  
7 7 7 7 7 7 I I I 
7 7 7 7 7 7 I I I 

3 .5 x 3 . 13 

1 1 I I I  1 7 7 7 
2 2 2 2 2 2 8  8 8 
1 2 3 1 2 3 7 8 9 
1 1 1 4 4 4 7 7 7 
2 2 2 5 5 5  8 8 8 
1 2 3 4 5 6 7 8 9 
7 7 7 7 7 7 1 1 1  
8 8 8 8 8 8 2 2 2  
7 8 9 7 8 9 1 2 3  

3 .5 x 3 . 16 

1 1 1 1 1 1 7 7 7 
1 2 2 1 2 2 7 8 8 
1 2 3 1 2 3 7 8 9 
I I I  4 4 4  7 7 7 
1 2 2 4 5  5 7 8 8 
1 2 3 4 5 6 7 8 9 
7 7 7 7 7 7 1 1 1  
7 8 8 7  8 8 1 2 2  
7 8 9 7 8 9 1 2 3  

3 .6 x 3 .6 

1 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1  
1 1 3 1 1  3 1 1  3 
1 1 1 1 1 1 1 1 1 
1 1 I I I  I I I  1 
1 1 3 1 1 3 1 1 3 
1 I I I  1 1 7  7 7 
1 1 1 1 1 1 7 7 7 
1 1 3 1 1 3  7 7 9 
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3 . 6  x 3 . 7  

1 1 1 1 1 1 1 1 1 
1 2 1 1 2 1 1 2 1 
1 3 1 1 3 1 1  3 1 
1 1 1 1 1 1 1 1 1  
1 2 1 1 2  1 1 2  1 
1 3 1 1 3  1 1 3  1 
1 1 1 1  1 1 7 7 7 
1 2 1 1 2 1 7  8 7 
1 3 1 1 3 1 7 9 7 

3 . 6  x 3 . 10 

1 1 3 1 1  3 1 1 3 
1 1 3 1 1 3  1 1 3  
3 3 3 3 3  3 3 3 3 
1 1 3 1 1  3 1 1 3  
1 1 3  1 1 3  1 1 3  
3 3 3 3 3 3  3 3 3  
1 1 3 1 1 3 7 7 9  
1 1 3 1 1  3 7 7  9 
3 3 3 3 3 3 9 9  9 

3 . 6  x 3 . 13 

1 1 1 1 1  1 1 1 1 
2 2 2 2 2 2 2  2 2 
1 2 3 1 2  3 1 2  3 
1 1 1 1 1 1 1 1 1 
2 2 2 2 2  2 2 2 2 
1 2 3 1 2  3 1 2  3 
1 I I I  1 1 7 7  7 
2 2 2  2 2 2 8 8 8  
1 2 3 1 2  3 7 8 9 

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3 .6 x 3 .8 

1 1 1 1 1 1 1 1  1 
1 1 2 1 1 2 1 1 2  
1 2 3 1 2 3 1 2 3 
1 1 1  1 1 1 1 1 1 
1 1 2 1 1 2 1 1 2  
1 2 3 1  2 3 1 2 3 
1 1 1  1 1 1 7 7 7 
1 1 2 1 1 2 7 7 8 
1 2 3 1 2 3 7 8 9 

3 . 6  x 3 .11 

1 2 3 1 2  3 1 2 3 
2 1 3  2 1 3  2 1 3 
3 3 3 3 3  3 3 3 3  
1 2 3 1 2 3 1 2 3  
2 1 3  2 1 3 2 1 3  
3 3 3 3 3 3 3 3 3 
1 2 3 1 2 3 7  8 9 
2 1 3 2 1 3 8  7 9 
3 3 3 3  3 3 9 9 9 

3 .6  x 3 . 14 

1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 
3 3 3 3 3  3 3 3 3 
1 1 1 1 1 1 1 1 1  
2 2 2 2 2 2 2 2 2  
3 3 3  3 3 3 3 3 3  
1 1 1 1 1 1 7 7 7 
2 2 2  2 2 2 8 8 8 
3 3 3 3 3 3 9 9 9  

3 .6 x 3 . 9  

1 1 1  1 1 1 1 1 1 
2 2 2 2 2  2 2 2  2 
1 1 1 1  1 1 1  1 1 
1 1 1 1 1 1 1 1 1  
2 2 2 2 2  2 2 2 2  
1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 7 7 7 
2 2 2 2 2 2 8 8 8 
1 1 1 1 1 1  7 7 7 

3 .6 x 3 . 12 

1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2  
1 1 3 1 1 3 1 1 3 
1 1 1 1 1 1 1 1 1 
2 2 2 2  2 2 2  2 2 
1 1 3 1 1 3 1 1 3 
1 1 1 1 1 1 7 7 7  
2 2 2 2 2 2 8 8 8  
1 1 3 1 1 3 7 7 9 

3 . 6  x 3 . 15 

1 1 3 1 1 3 1 1 3 
2 2 3 2  2 3 2 2  3 
3 3 3 3  3 3 3 3 3  
1 1 3 1 1 3  1 1 3  
2 2 3 2 2 3 2 2 3 
3 3 3 3 3 3 3 3 3  
1 1 3 1 1 3  7 7 9 
2 2 3 2 2 3 8 8 9  
3 3 3 3 3  3 9 9  9 
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3 0 6 x 3 0 16 

1 1 1 1 1 1 1 1 1  
1 2 2 1 2 2 1 2  2 
1 2 3 1 2  3 1 2  3 
1 1 1 1 1 1 1 1 1 
1 2 2 1 2 2 1 2 2  
1 2 3 1 2 3 1 2  3 
1 1 1 1 1 1 7 7 7 
1 2 2 1 2  2 7 8 8 
1 2 3 1 2  3 7 8 9 

1 1 1 1 1 1 1 1 1  
1 2 1 1 2 1 1 2  1 
1 3 1 1 3  1 1 3  1 
1 1 1 4 4 4 1 1 1 
1 2 1 4 5 4 1 2 1  
1 3 1 4 6 4 1 3 1  
1 1 1 7 7  7 1 1 1 
1 2 1 7 8 7 1 2 1  
1 3 1 7 9 7 1 3 1  

3 0 7  x 3 a l0 

1 1 3 1 1 3 1 1 3  
1 1 3 1 1 3 1 1 3 
3 3 3 3  3 3 3 3 3 
1 1 3 4 4  6 1 1 3  
1 1 3 4 4 6 1 1 3  
3 3 3  6 6 6  3 3 3 
1 1 3  7 7 9 1 1 3  
1 1 3 7 7 9 1 1 3 
3 3 3 9 9 9 3 3 3 

TABLE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

3 .6 x 3 017 

1 1 1 1 1 1 1 1 1 
1 2 1 1 2  1 1 2  1 
1 1 3  1 1 3  1 1 3 
1 1 1 1 1 1 1 1 1  
1 2 1 1 2 1 1 2 1 
1 1 3  1 1 3  1 1 3 
1 1 1 1 1 1 7 7 7 
1 2 1 1 2  1 7 8 7 
1 1 3  1 1 3  7 7 9 

3 ,, 7  x 3 . 8 

1 1 1 1 1  1 1 1 1 
1 1 2  1 1 2  1 1 2  
1 2 3 1 2  3 1 2 3  
1 1 1 4 4  4 1 1 1 
1 1 2  4 4 5  1 1 2 
1 2 3 4 5 6 1 2 3 
1 1 1 7 7  7 1 1 1  
1 1 2 7 7 8 1  1 2 
1 2 3 7 8 9 1 2 3  

3 . 7  x 3 . 11 

1 2 3 1 2  3 1 2  3 
2 1 3 2 1 3 2  1 3 
3 3 3  3 3 3 3 3 3  
1 2 3 4 5 6 1 2  3 
2 1 3 5 4 6 2 1 3  
3 3 3 6 6 6 3 3 3 
1 2 3 7 8 9 1 2 3  
2 1 3 8 7  9 2 1 3  
3 3 3 9 9  9 3 3 3 

3 06 x 3 0 18 

1 1 1 1 1  1 1 1  1 
1 1 1 1 1  1 1 1 1 
1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1  
1 1 1 1 1  1 1 1 1  
1 1 1 1 1  1 1 1 1  
1 1 1 1 1 1 7 7 7  
1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 7 7 7  

3 0 7  x 3 . 9 

1 1 1  1 1 1 1 1  1 
2 2 2 2 2 2 2 2 2 
1 1 1 1  1 1 1 1 1 
1 1 1 4 4 4 1 1 1  
2 2 2 5 5 5 2 2 2 
1 1 1 4 4 4 1 1 1  
1 1 1 7 7  7 1 1  1 
2 2 2 8 8 8  2 2 2  
1 1 1 7 7 7 1 1 1  

3 0 7  x 3 .12 

1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2  2 
1 1 3 1 1 3 1 1 3  
1 1 1 4 4  4 1 1 1 
2 2 2 5 5 5 2 2 2 
1 1 3 4 4 6 1 1 3 
1 1 1 7 7 7 1 1 1 
2 2 2 8 8 8 2  2 2 
1 1 3 7  7 9 1 1  3 
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TABLE III 

DIRECT PRODUCTS : 3 x 3 ( continued )  

=======================================�-==== 

3 .7  x 3 . 13 

1 1 1 1 1  1 I I I  
2 2 2 2 2 2 2 2 2  
1 2 3 1 2 3 1 2 3  
1 1 1 4 4 4 1 1 1  
2 2 2 5 5  5 2 2 2  
1 2 3 4 5 6 1 2 3 
1 1 1 7 7 7 1 1 1  
2 2 2 8 8  3 2 2 2  
1 2 3 7 3 9 1 2 3  

1 1 I I I  1 1 1 1 
1 2 2 1 2 2 1 2 2  
1 2 3 1 2 3 1 2 3  
1 1 1 4 4 4 1 1 1 
1 2 2 4 5 5  1 2 2  
1 2 3 4 5 6 1 2 3 
1 1 1 7 7 7 1 1 1 
1 2 2 7 8 8 1  2 2 
1 2 3 7 3 9 1  2 3 

3 . 8  x 3 . 8  

1 1 1 1 1 I I I  1 
1 1 2 1 1  2 1 1  2 
1 2 3 1 2  3 1 2 3 
1 1 1 1 1 1 4 4 4  
1 1 2 1 1  2 4 4 5  
1 2 3 1  2 3 4 5 6 
1 1 1 4 4 4 7 7 7 
1 1 2 4 4 5 7 7 8 
1 2 3 4 5 6 7 B 9 

1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 
3 3 3 3 3 3 3 3 3 
1 1 1 4 4 4 1 1 1 
2 2 2 5 5 5 2 2 2  
3 3 3 6 6 6 3 3 3 
1 1 1 7 7 7 1 1 1 
2 2 2 8 8 8 2 2 2  
3 3 3 9 9 9 3 3 3  

3 .7 x 3 0 17 

1 1 1 1 1 1 1 1 1 
1 2 1 1 2  1 1 2 1 
1 1 3 1 1 3 1 1 3 
1 1 1 4 4 4 1 1 1  
1 2 1 4 5 4 1 2 1 
1 1 3 4 4 6 1 1 3  
1 1 1 7 7 7 I I I 
1 2 1 7 8 7 1 2  1 
1 1 3 7 7 9 1 1 3  

3 . 8  x 3 . 9  

1 1 1 1 1 I I I  1 
2 2 2 2 2 2 2  2 2 
1 1 1 1 1 1 1 1 1 
I I I  1 1 1 4 4 4 
2 2 2  2 2 2 5 5 5 
1 1 1 1 1 1 4 4 4 
1 1 1 4 4 4 7 7 7  
2 2 2 5 5 5 8 8 8 
1 1 1 4 4 4 7 7  7 

3 0 7 x 3 . 15 

1 1 3 1 1  3 1 1  3 
2 2 3 2 2 3 2  2 3 
3 3 3 3 3 3 3 3 3  
1 1 3 4 4 6 1 1 3  
2 2 3 5 5  6 2 2 3 
3 3 3  6 6 6  3 3 3  
1 1 3  7 7 9 1 1 3 
2 2 3 8 8 9 2 2 3  
3 3 3 9 9 9 3 3 3 

3 0 7  x 3 . 18 

1 1 1 1 1 1 1 1 1 
1 1 I I I  1 1 1 1 
1 1 1 I I I  I I I  
1 1 1 4 4 4 1 1 1 
1 1 1 4 4 4 1  1 1 
1 1 1 4 4  4 1 1 1 
1 1 1 7 7 7 1 1 1  
1 1 1 7 7 7 1 1 1 
1 1 1 7 7  7 1 1 1 

3 0 8  x 3 0 10 

1 1 3 1 1 3 1 1  3 
1 1 3 1 1 3 1 1 3 
3 3 3  3 3 3  3 3 3  
1 1 3 1 1  3 4 4 6 
1 1 3 1 1 3 4 4 6 
3 3 3 3 3 3 6 6 6 
1 1 3 4 4 6 7 7 9 
1 1 3 4 4 6 7 7 9 
3 3 3 6 6 6 9 9 9 



TABLE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

==�= -� . 

3.8  x 3 0 11 

1 2 3 1 2 3 1 2 3  
2 1 3 2 1 3 2 1 3 
3 3 3 3 3 3 3 3  3 
1 2 3 1 2  3 4 5  6 
2 1 3 2 1 3 5 4 6 
3 3 3 3 3 3 6 6 6  
1 2 3 4 5  6 7 8 9 
2 1 3 5 4 6 8 7 9 
3 3 3 6 6 6 9 9 9 

1 1 1 1 1  1 1 1 1 
2 2 2  2 2 2  2 2 2  
3 3 3 3 3 3 3  3 3 
1 1 1 1  1 1 4 4 4 
2 2 2 2  2 2 5 5 5  
3 3 3 3 3 3 6 6 6 
1 1 1 4 4  4 7 7 7 
2 2 2 5 5 5 8 8 8  
3 3 3 6 6 6 9 9  9 

1 1 1 1 1  1 1 1 1 
1 2 1 1 2  1 1 2 1 
1 1 3 1 1 3 1  1 3 
1 1 1 1 1  1 4 4 4 
1 � 1 1 2 1 4 5  4 
1 1 3 1 1  3 4 4 6 
1 1 1 4 4 4 7 7  7 
1 2 1 4 5  4 7 8 7 
1 1 3 4 4 6 7 7 9  

3 0 8  x 3 . 12 

1 1 1 1  1 1 1 1 1  
2 2 2 2 2  2 2 2 2 
1 1 3 1 1 3 1 1 3 
1 1 1 1 1 1 4 4 4 
2 2 2 2 2 2 5 5 5  
1 1 3 1 1 3 4 4 6 
1 1 1 4 4 4 7 7 7  
2 2 2 5 5 5 8 8 8 
1 1 3 4 4 6  7 7 9 

3 . 8  x 3 . 15 

1 1 3 1 1  3 1 1 3 
2 2 3 2 2  3 2 2 3  
3 3 3 3 3 3 3 3 3  
1 1 3 1  1 3 4 4 6  
2 2 3 2 2 3 5 5 6  
3 3 3 3 3 3 6  6 6 
1 1 3 4 4 6  7 7 9 
2 2 3 5 5 6 8 8 9 
3 3 3 6 6 6 9 9 9  

1 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 4 4 4  
1 1 1 1  1 1 4 4 4  
1 1 1 1 1  1 4 4 4  
1 1 1  4 4 4  7 7 7 
1 1 1 4 4 4 7 7  7 
1 1 1 4 4 4  7 7 7 

1 1 1 1 1  1 1 1  1 
2 2 2 2 2 2 2 2 2 
1 2 3 1 2  3 1 2  3 
1 1 1 1 1 1 4 4 4 
2 2 2 2 2 2 5 5 5 
1 2 3 1 2 3 4 5 6 
1 1 1 4 4 4 7 7 7 
2 2 2 5 5 5 8 8 8 
1 2 3 4 5 6 7 8 9 

1 1 1 1 1 1 1 1 1 
1 2 2 1 2 2 1 2 2 
1 2 3 1 2 3 1 2 3  
1 1 1 1 1 1 4 4  4 
1 2 2 1 2 2 4 5 5  
1 2 3 1 2 3 4 5 6  
1 1 1 4 4 4  7 7 7 
1 2 2 4 5  5 7 8 8 
1 2 3 4 5 6 7 8 9 

1 1 1 1 1 1 1 1 1  
2 2 2 2 2 2 2 2 2  
1 1 1 1 1 1 1 1 1 
4 4 4 4 4 4 4 4 4  
5 5 5 5 5 5 5 5 5  
4 4 4 4 4 4 4 4 4  
1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2  
1 1 1 1 1 1 1  1 1 
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3 � 9  x 3 . 10 

1 1 3  1 1 3  1 1 3  
1 1 3 1 1 3 1 1 3  
3 3 3 3 3 3 3  3 3 
" ! ,  ? 1 .  1 .  0< 4 ) ,  0'" J. t-.  L,. V 4 L.;. ...... 

4 4 6 4 4  6 4 4 6 
6 6 6 6 6 6 6 6 6 
1 1 3 1 1  3 1 1 3  
1 1 3 1 1 3 1 1 3  
3 3 3 3 3 3 3 3 3  

3 . 9  x 3 . 13 

1 1 1 1 1 1 1 1 1 
2 2 2 2 2  2 2 2 2 
1 2 3 1 2 3 1 2  3 
4 h 4 4 4 4 4 4 4  
5 555 5 5 555 
4 5 6 4 5 6 4 5 6  
1 I I I  I I I  1 1 
2 2 2 2 2  2 2 2 2 
1 2 3 1 2 3 1 2 3 

3 . 9  x 3 . 16 

I I I  I I I  I I I  
1 2 2 1 2 2 1 2 2  
1 2 3 1 2 3 1 2 3  
4 4 4 4 4 4 4 4 4  
4 5 5 4 5 5 4 55 
4 5 6 4 5 6 4 5 6 
] 1 1 I I I  1 1 1  
1 2 2 1 2  2 1 2  2 
1 2 3 1 2  3 1 2  3 

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3 . 9  x 3 . 11 

1 2 3 1 2 3 1 2  3 
2 1 3  2 1 3 2 1  3 
3 3 3 3 3 3 3 3 3  
4 5 6 4 5 6 4 5 6 

5 4 6 5 4 6 5 4 6 
6 6 6 6 6 6 6 6 6  
1 2 3 1 2 3 1 2 3 
2 1 3 2  1 3 2 1 3 
3 3 3  3 3 3 3 3 3  

3 . 9  x 3 . 14 

1 1 1 1 1  I I I  1 
2 2 2 2 2 2 2 2 2  
3 3 3 3 3 3 3 3 3  
4 4 4 4 4 4 4 4 4 

555 5 5 5 5 5 5 
6 6 6  6 6 6 6  6 6 
1 1 1 1 1  I I I  1 
2 2 2 2 2 2 2 2 2 
3 3 3  3 3 3 3 3 3 

3 .9 x 3 . 17 

1 1 I I I  I I I 1 
1 2 1 1 2 1 1 2 1 
1 1 3 1 1 3 1 1 3  
4 4 4  4 4 4 4 4 4 
4 5 4 4 5 4 4 5 4 
4 4 6 4 4 6 4 4 6  
1 1 1 1 1 1 1 1 1  
1 2 1 1 2  1 1 2  1 
1 1 3 1 1 3 1 1 3  

3.9  x 3 . 12 

1 I I I  1 1 I I I  
2 2 2  2 2 � 2 2 2  
1 1 3 1 1 3 1 1 3 
4 4 4 4 4 4 4 4 4  

5 5 5 5 5 5 5 5 5 
4 4 6 4 4 6 4 4 6 
1 1 I I I  I I I  1 

2 2 2 2 2 2 2 2 2  
1 1 3  1 1 3  1 1 3  

3 . 9  x 3 . 15 

1 I I I  1 1 I I I  
2 2 2 2 2 2 2  2 2 
3 3 3 3 3 3 3 3 3 
4 4 4 4 4 4 4 4 I ,  

5555 55 555 
6 6 6 6 6 6 6 6 6  
I I I  1 1 1 I I I  
2 2 2 2 2  2 2 2 2 
3 3 3 3 3  3 3 3 3 

3 . 9  x 3 . 18 

1 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 I I I  
I I I I I I  I I I 
4 4 4 4 4 4 4 4 4  
4 4 4 4 4 4 4 4 4  
4 4 4 4 4 4 4 4 4  
1 1 1 I I I  1 1 1 
1 1 I I I  1 I I I  
1 1 1 1 1 I I I  1 
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3 0 10 x 3 ,, 10 

1 1 3  1 1 3  7 7 9 
1 1 3 1 1 3 7 7 9 
3 3 3 3 3 3 9 9  9 
1 1 3 1 1 3 7 7 9  
1 1 3 1 1 3 7 7 9  
3 3 3  3 3 3  9 9 9 
7 7 9 7 7 9 7 7 9 
7 7 9 7 7  9 7 7  9 
9 9 9 9 9 9 9 9 9  

3 . 10 x 3 . 13 

I I I  1 1 1 7  7 7 
2 2 2 2 2 2 8 8  8 
1 2 3 1 2 3 7 8  9 
I I I 1 1 1 7  7 7 
2 2 2 2 2  2 8 8 8  
1 2 3 1  2 3 7 8 9 
7 7 7 7 7 7 7 7 7 
8 8 8 8 8  8 8 8  8 
7 8 9 7 8 9 7 8 9  

3 0 10 x 3 . 16 

1 1 1 1 1 1 7 7 7  
1 2 2 1 2  2 7 8 8 
1 2 3 1 2 3 7 8 9 
1 1 1 1 1 1 7 7 7 
1 2 2 1 2 2 7 8 8 
1 2 3 1 2 3 7 8 9  
7 7 7 7 7  7 7 7  7 
7 8 8 7  8 8 7  8 8 
7 8 9 7 8 9 7 8 9 

TABLE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

3 . 10 x 3 . n  

1 2 3 1 2 3 7 8 9 
2 1 3 2 1 3 8 7 9  
3 3 3  3 3 3  9 9 9 
1 2 3 1 2  3 7 8 9 
2 1 3  2 1 3  8 7 9 
3 3 3 3  3 3 9 9 9 
7 8 9 7  8 9 7  8 9 
8 7 9 8 7 9 8 7 9 
9 9 9 9 9 9 9 9 9 

3 . 10 x 3 .. 14 
1 1 1 1 1 1 7  7 7 
2 2 2 2 2 2 8 8 8  
3 3 3 3 3 3 9 9 9  
1 I I I  1 1 7 7 7 
2 2 2 2 2 2 8 8 8 
3 3 3 3 3 3  9 9 9 
7 7 7 7 7 7 7 7 7  
8 8 8 8 8 8 8 8 8 
9 9 9 9 9  9 9 9 9 

3 0 10 x 3 . 17 

1 I I I  1 1 7 7 7 
1 2 1 1 2  1 7 8 9 
1 1 3  1 1 3  7 7 9 
1 I I I  1 1 7 7  7 
1 2 1 1 2  1 7 8 9 
1 1 3 1 1 3 7 7 9 
7 7 7 7 7  7 7 7 7 
7 8 9 7 8 9 7  8 9 
7 7 9 7 7 9 7 7 9 

3 . 10 x 3 . 12 

1 1 1 1 1 1 7 7 7  
2 2 2  2 2 2 8 8 8 
1 1 3  1 1 3  7 7 9 
1 1 1 1 1 1 7 7 7 
2 2 2 2 2 2 8 8 8  
1 1 3 1 1 3 7 7 9  
7 7 7 7 7 7 7 7  7 
8 8 8 8 8 8 8 8 8 
7 7 9 7 7 9 7 7 9 

3 . 10 x 3 . 1, 

1 1 3  1 1 3  7 7 9 
2 2 3 2 2 3 7  7 9 
3 3 3  3 3 3 9 9  9 
1 1 3 1 1 3 7 7 9 
2 2 3 2 2  3 7 7  9 
3 3 3 3 3  3 9 9 9 
7 7 9 7 7  9 7 7 9 
7 7 9 7 7 9 7 7 9 
9 9 9 9 9 9 9 9 9  

3 . 10 x 3 0 18 

I I I  I I I  7 7 7 
1 1 1 1 1 1 7  7 7 
1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 7 7 7 

1 l 1 1 1 1 7 7  7 
1 1 I I I  1 7 7 7 
7 7 7 7 7 7 7 7 7 
7 7 7  7 7 7 7  7 7 
7 7 7 7 7  7 7 7 7 
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3 . 11 x 3 . 11 

1 2 3 4 5 6 7 8 9 
2 1 3 5 4 6 8  7 9 
3 3 3 6 6  6 9 9 9 
4 5 6 1 2  3 7 8 9 
5 4 6  2 1 3 8 7 9 
6 6 6 3 3  3 9 9 9 
7 8 9 7 8 9  7 8 9  
8 7 9 8 7  9 8 7 9 
9 9 9 9 9 9 9 9 9  

3 0 11 x 3 . 14 

1 1 1 4 4 4 7 7 7 
2 2 2 5 5 5 8 8 8  
3 3 3 6 6 6 9 9 9  
4 4 4 1 1 1 7 7 7  
5 5 5 2 2 2 8 8 8 
6 6 6 3 3  3 9 9 9 
7 7 7 7 7  7 7 7 7 
8 8 8 8 8 8 8  8 8 
9 9 9 9 9 9 9 9 9 

3 0 11 x 3 . 17 

1 1 1 4 4 4 7 7 7 
1 2 1 4 5 4 7 8 7 
1 1 3 4 4 6 7 7 9  
4 4 4  1 1 1  7 7 7  
4 5 4 1 2 1 7 8 7 
4 4 6 1 1 3 7 7 9 
7 7 7 7 7 7 7 7 7 
7 8 7 7 8 7 7 8 7 
7 7 9 7 7 9 7 7 9 

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3 . 11 x 3 012 

1 1 1 4 4 4 7 7 7  
2 2 2 5 5  5 8 8  8 
1 1 3 4 4 6  7 7 9 
4 4 4 1 1 1 7 7 7 
5 5 5  2 2 2 8 8 8  
4 4 6 1 1  3 7 7  9 
7 7 7  7 7 7 7 7 7 
8 8 8 8 8  8 8 8 8  
7 7 9 7 7 9 7 7 9 

3 . 11 x 3.15 

1 1 3 4 4 6 7 7  9 
2 2 3 5 5  6 8 8  9 
3 3 3 6 6 6  9 9 9 
4 4 6  1 1 3 7 7 9 
5 5 6 2 2  3 8 8 9 
6 6 6 3 3 3 9 9 9  
7 7 9 7  7 9 7 7 9 
8 8 9 8 8 9  8 8 9 
9 9 9 9 9 9 9 9 9  

3 . 11 x 3 . 18 

1 1 1 4 4 4 7 7 7 
1 1 1 4 4 4  7 7 7  
1 1 1 4 4  4 7 7  7 
4 4 4 1 1 1 7  7 7 
4 4 4 1 1 1 7 7 7  
4 4 4 1 1 1 7 7 7 
7 7 7  7 7 7 7 7 7 
7 7 7 7 7 7 7 7 7  
7 7 7 7 7 7 7 7 7  

3 . 11 x 3 . 13 

1 1 1 4 4  4 7 7 7 
2 2 2 5 5 5 8 8 8  
1 2 3 4 5 6 7 8 9 
4 4 4 1 1 1 7 7 7 
5 5 5 2 2  2 8 8 8 
4 5 6 1 2 3 7 8 9  
7 7 7 7 7 7 7 7  7 
8 8 8 8 8 8 8 8 8  
7 8 9 7  8 9 7  8 9 

3 . 11 x 3 . 16 

1 1 1 4 4 4 7 7 7 
1 2 2 4 5 5 7 8 8 
1 2 3 4 5  6 7 8 9 
4 4 4 1 1 1 7 7 7  
4 5 5 1 2 2 7 8 8  
4 5 6 1 2 3 7 8 9 
7 7 7 7 7 7 7 7 7  
7 8 8  7 8 8 7 8 8 
7 8 9 7 8 9 7  8 9 

3 . 12 x 3 . 12 

1 1 1 1 1 ] 1 1 1  
2 2 2 2 2  2 2 2 2 
1 1 3 1 1  j 1 1 3  
4 4 4 4 4 4 4 4 4  
5 5 5 5 5 5 5 5 � 
4 4 6 4 4 6 4 4 6  
1 1 1 1 1 1 7 7 7  
2 2 2 2 2 2 8 8 8  
1 1 3 1 1 3 7 7 9 
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3 0 12 x 3 . 13 

I I I  1 1 1 1 1 1 
2 2 2 2 2 2 2  2 2 
1 2 3 1 2  3 1 2  3 
4 4 4 4 4 4 4 4 4  
5 5 5  5 5 5 5 5 5 
4 5 6 4 5 6 4 5 6  
1 1 1 1 1 1 7 7 7 
2 2 2 2 2 2 8 8 8 
1 2 3 1 2  3 7 8 9 

3 0 12 x 3 . 16 

1 1 1 I I I  1 1 1 
1 2 2 1 2  2 1 2  2 
1 2 3 1 2  3 1 2 3 
4 4 4 4 4 4 4 4 4  
4 5 5 4 5 5 4 5 5 
4 5 6 4 5 6 4 5 6 
1 1 1 1 1 1 7  7 7 
1 2 2  1 2 2  7 8 8 
1 2 3 1 2  3 7 8 9 

1 I I I  1 1 1 1 1 
2 2 2 2 2 2 2 2 2 
1 2 3 1  2 3 1 2 3  
4 4 4 4 4 4 4 4 4  
5 5 5 5 5 5 5 5 5 
4 5 6 4 5 6 4 5  6 
1 1 1 4 4 4  7 7 7 
2 2 2 5 5 5 8 8 8  
1 2 3 4 5  6 7 8 9 

TABLE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

1 1 1 1 I I I  1 1 
2 2 2 2 2 2  2 2 2 
3 3 3  3 3 3  3 3 3  
4 4 4 4 4 4 4 4 4  
5 5 5 5 5  5 5 5 5 
6 6 6 6 6 6 6 6 6  
1 1 1 1 1 1 7 7 7  
2 2 2 2 2 2 8 8 8  
3 3 3  3 3 3  9 9 9  

3 . 12 x 3 . 17 

1 1 1 1 I I I  1 1 
1 2 1 1 2  1 1 2 1 
1 1 3 1 1  3 1 1  3 
4 4 4 4 4 4 4 4 4  
4 5 4 4 5  4 4 5  4 
4 4 6 4 4 6 4  4 6 
1 1 1 1 1 1 7 7  7 
1 2 1 1 2  1 7 8 7 
1 1 3 1 1 3 7 7  9 

3 . 13 x 3 014 

1 I I I  I I I  1 1 
2 2 2 2 2 2  2 2 2  
3 3 3 3 3 3 3 3 3 
4 4 4 4 4 4 4 4 4 
5 5 5 5 5 5 5 5 5  
6 6 6 6 6 6 6 6 6 
1 1 1 4 4 4 7 7 7 
2 2 2 5 5 5 8 8  8 
3 3 3 6 6 6  9 9 9 

3 012 x 3 . 15 

1 1 3 1 1 3 1 1 3 
2 2 3 2 2 3 2 2 3  
3 3 3 3 3  3 3 3 3  
4 4 6 4 4 6 4 4 6  
5 5 6 5 5 6 5 5 6  
6 6 6 6 6 6 6 6  6 
1 1 3 1 1 3 7 7 9  
2 2 3  2 2 3  8 8 9  
3 3 3  3 3 3 9 9  9 

3 .12 x 3 ,, 18 

1 1 1 1 1 1 1 1 1  
I I I  1 1 I I I 1 
1 1 1 1 1 1 1 1 1  
4 4 4 4 4 4 4 4 4  
4 4 4 4 4 4 4 4 4  
4 4 4 4 4 4 4 4 4 
1 1 1 1 1 1 7 7 7  
I I I  I I I  7 7 7 
1 1 1 1 1 1 7 7 7 

3 0 13 x 3 .15 

1 1 3  1 1 3  1 1 3  
2 2 3 2 2 3 2 2 3 
3 3 3 3 3 3 3 3 3 
4 4 6 4 4 6 4 4 6  
5 5 6 5 5 6 5 5 6 
6 6 6  6 6 6  6 6 6 
1 1 3 4 4  6 7 7  9 
2 2 3 5 5 6 8 8 9 
3 3 3 6 6 6 9 9 9 
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3 . 13 x 3 .16 

1 1 1 1 1 1 1 1 1  
1 2 2 1 2 2 1 2 2 
1 2 3 1 2  3 1 2  3 
4 4 4 4 4 4 4 4 4  
4 5 5 4 5 5 4 5 5  
4 5 6 4 5  6 4 5  6 
1 1 1 4 4 4 7 7 7 
1 2 2 4 5 5 7 8 8  
1 2 3 4 5 6 7 8 9  

3 . 14 x 3 . 14 

1 1 1 1 1 1 1  1 1 
2 2 2 2 2  2 2 2 2 
3 3 3 3 3 3  3 3 3 
4 4 4 4 4 4 4 4 4  
5 5 5 5 5 5 5 5 5  
6 6 6 6 6 6 6 6 6 
7 7 7 7 '1 7 7 7 7 
8 8 8 8 8 8 8 8  8 
9 9 9 9 9 9 9  9 9 

3 . 14 :x: 3 .. 17 

1 1 1 1 1  1 1 1 1 
1 2 1 1 2  1 1 2 1 
1 1 3 1 1 3 1 1 3  
4 4 4 4 4 4 4 4 4  
4 5 4 4 5 4 4 5 4 
4 4 6 4 4 6 4 4 6  
7 7 7 7 7 7 7  7 7 
7 8 7 7 8 7 7  8 7 
7 7 9 7 7 9 7 7 9 

TABIE III 

DIRECT PRODUCTS: 3 x 3 ( continued) 

3 0 13 x 3 0 17 

1 1 1  1 1 1  1 1 1 
1 2 1 1 2 1 1  2 1 
1 1 3 1 1 3 1 1 3 
4 4 4 4 4 4 4 4 4  
4 5 4 4 5 4 4 5  4 
4 4 6 4 4 6 4 4 6 
1 1 1 4 4 4 7 7 7 
1 2 1 4 5 4 7 8 7 
1 1 3 4 4 6 7 7 9 

3 . 14 x 3 . 15 

1 1 3  1 1 3 1 1 3  
2 2 3 2 2 3 2 2 3  
3 3 3 3 3 3 3 3 3  
4 4 6 4 4 6  4 4 6  
5 5 6 5 5 6 5 5 6 
6 6 6 6 6 6 6 6 6  
7 7 9 7 7 9 7 7 9 
8 8 9  8 8 9 8 8 9 
9 9 9 9 9 9 9 9 9  

3 .. 14 x 3 . 18 

1 1 1 1  1 1 1 1 1  
1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1  
4 4 4 4 4  4 4 4 4  
4 4 4 4  4 4 4 4 4 
4 4 4  4 4 4  4 4 4  
7 7 7 7 7 7 7 7  7 
7 7 7 7 7 7 7 7 7 
7 7 7  7 7 7 7 7  7 

3 0 13 x 3 0 18 

1 1 1 1  1 1 1 1 1 
1 1 1  1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1 
4 4 4 4 4  4 4 4 4  
4 4 4 4 4 4 4 4 4  
4 4 4 4 4 4 4 4 4  
1 1 1 4 4 4 7 7 7 
1 1 1 4 4 4 7 7 7  
1 1 1 4 4 4 7 7 7 

3 . 14 x 3 . 16 

1 1 1 1 1 1 1 1 1 
1 2 2 1 2  2 1 2 2  
1 2 3 1 2  3 1 2 3 
4 4 4 4 4 4 4 4 4  
4 5 5 4 5  5 4 5 5 
4 5 6 4 5  6 4 5 6 
7 7 7 7 7 7 7 7 7 
7 8 8 7  8 8 7 8 8 
7 8 9 7  8 9 7  8 9 

3 .. 15 x 3 . 15 

1 1 3  1 1 3  7 7 9 
2 2 3 2 2 3 8 B 9 
3 3 3 3 3  3 9 9 9 
4 4 6 4 4 6 7 7  9 
5 5 6 5 5  6 8 8  9 
6 6 6 6 6 6 9 9 9 
7 7 9 7 7 9 7 7  9 
8 8 9 8 8 9 G 8 9 
9 9 9  9 9 9 9 9 9 
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3 . 15 x 3 . 16 

1 1 I I I  1 7 7  7 
1 2 2  1 2 2 7 8 8  
1 2 3 1 2 3 7 8 9 
4 4 4  4 4 4  7 7 7 
4 5 5 4 5 5 7 8 8  
4 5 6 L 5 6 7  8 9 
7 7 7  7 7 7 7 7 7 
7 8 G 7 0 3 7 8 8 
7 8 9 7 8 9 7 8  9 

3 .16 x 3 . 16 

I I I  1 1 1 I I I  
1 2 2  1 2 2 1 2  2 
1 2 3 1 2 3 1 2 3 
1 1 1 4 4 4  4 4 4 
1 2 2 4 5 5 4 5 5 
1 2 3 4 5  6 4 5  6 
1 1 1 4 4 4 7 7 7 
1 2 2 4 5 5 7 8 8 
1 2 3 4 5 6 7 8 9 

3 .17 x 3 . 17 

I I I  1 I I I 1 1 
1 2 1 1 2  1 1 2  1 
1 1 3 1 1 3 1 1 3  
1 1 1 4 4  4 I I I  
1 2 1 4 5 4 1 2 1  
1 1 3 4 4  6 1 1 3  
1 1 1 1 1 1 7 7 7 
1 2 1 1 2  1 7 8  7 
1 1 3 1 1  3 7 7  9 

TABLE III 

DIRECT PRODUCTS: 3 x 3 (continued) 

3 . 15 x 3 .17 

1 1 1 I I I  7 7 7 
1 2 1 1 2 1 7 8 7 
1 1 3 1 1 3 7 7 9 
4 4 4 4 4 4 7 7 7 
4 5 4 4 5 4 7 8 7 
4 4 6 4 4 6 7 7 9  
7 7 7 7 7 7 7 7 7  
7 8 7 7 8 7 7 8 7  
7 7 9 7 7  9 7 7 9 

3 016 x 3 . 17 

I I I  I I I  I I I 
1 2 1 1 2 1 1 2 1  
1 1 3 1 1 3 1 1 3 
1 1 1 4 4 h 4 4 4 
1 2 1 4 5 4 4 5 4 
1 1 3 4 4 6  4 4 6 
1 1 1 4 4 4 7 7 7  
1 2 1 4 5 4 7 8 7 
1 1 3 4 4 6 7 7 9 

3 .. 17 x 3 . 18 

1 1 1 1 1 1 1 1 1 
1 1 1 1 1 I I I  1 
1 1 1 1 1 1 I I I  
1 1 1 4 4 4 1 1 �  
1 1 1 4 4 4 1 1 1 
1 1 1 4 4 4 1 1 1  
1 1 1 1 1 1 7  7 7 
1 1 I I I  1 7 7 7 
1 1 I I I  1 7 7 7 

3 . 15 x 3 . 18 

1 1 1 1 1 1 7 7 7  
1 1 1 1 1 1 7 7 7 
1 1 1 1 1 1 7 7 7  
4 4 4  4 4 4 7  7 7 
4 4 4 4  4 4 7  7 7 
4 4 4 4 4 4 7 7 7  
7 7 7 7 7 7 7 7 7 
7 7 7 7 7 7 7 7 7  
7 7 7 7 7 7 7  7 7 

I I I  1 1 1 1 1 1 
1 1 1 1 1  I I I  1 
I I I  I I I  1 1 1 
1 1 1 4 4  4 4 4  4 
1 1 1 4 4 4 4 4 4  
1 1 1 4 4 4 4 4 4  
1 1 1 4 4 4 7 7 7  
1 1 1 4 4 4  7 7 7 
1 1 1 4 4 4  7 7 7 

1 1 1 1 1  1 I I I  
1 1 I I I  I I I  1 
1 1 1 1 1 1 I I I  
I I I  1 1 1 I I I  
1 1 1 1 1 1 I I I  
I I I  I I I  1 1 1 
1 1 1 1 1 1 1 1 1 
1 1 I I I 1 1 1 1 
I I I  1 1 1 1 1 1 
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5 c Direct products : 3 x 4 and 4 x 4 

Since there are 2 , 178 possible distinct direct products of the 

semigroups of order three with the semigroups of order four and 7381 

possible distinct direct products of the semigroups of order four with 

the semigroups of order four, it is desirable to find same method of 

describing the multiplication tables of these semigroups rather than 

listing them c Consider semigroups S and T whose element,s are 

Xi ( i  = 1, 2 ,  . •  0 ,  s )  and Yj ( j ;: 1, 2, . 0 0 , t )  , respectively, 
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The elements of S X T are (Xi' Yj ) ( i  = 1, 2 ,  0 . 0 , S ; j = 1, 2 ,  0 0 0 , t )  0 

Consider a semigroup S* whose elements are xi ( i  = 0 ,  1, 2 ,  0 0 ,  s)  
and in which the xi for i :  1, 2 ,  • • •  � s are identical with the 

� €  S for i = 1, 2, Q 41 4 , s 

( i  = 0 ,  1, 2 ,  o t:.! (J , S 0 , j = 1, 

( Xi' Y
j

) for i ::: 1, 2, ., c • , 

The 

2,  <0 (j " , 

s and 

elements of ("1* T .:;) X are (Xi' 
t)  0 Clearly, the elements 

j = 1, 2 ,  o 0 ." t are common to 

y" ) 
.J 

* both S x T and S x T Since S x T is a semigroup, S x T is a 

subsemigroup of S* x T  If we can provide a sufficiently simple way 

to describe the products (xo ' Yj ) (xi' Yj ) and ( Xi ' Yj ) C x ) :  y) 
for i :=  1, 2 ,  0 0 0 ,  s and j = 1, 2 ,  0 . 0 , t , then we sha.11 be able to 

write the multiplication table of S* x T fram the multiplication table 

of S x T Before we can attempt this , however, we must be able to 

form a semigroup S* from S by adding an element Xo to S The 

following are same of the ways in which semigroups can be formed by the 

addition of an element to a semigroup: 
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1 0  Let S b e  a semigroup containing a two-sided zero element 

'2i Adjoin to S an element x ,� and define ax = xa ::: x for all 

a. E S Clearly, the multiplication so defined is associative; we wish 

so to define x2 as to preserve associativity, and hence must have 

(xx)a ::: x(xa) ::;: xx = (ax)x = a(xx) for all a e: S If x2 ( S  , then 

x2 = z , for a semigroup can have only one two-sided zero element, and 

if xf. ,  S , then x2 = x In the latter case , a new semigroup has 

been formed by the adjunction to S of a zero element x In the 

former case,  the resulting system has no zero element, and is a semigroup 

as we may show by verifying the associativity of multiplication for 

products involving x2 : 

x -= xz = x(xx) ':: (xx)x ::' zx = X 

Z = xx :: x(xa)  :: (xx)a ::  za :: z for all a t 

z :: az :::: a (xx) ::: (ax)x ::: xx = z for all a e 

xx = x(ax) :: (:xa)x = xx for all a E 

11 0 Let S be a semigroup containing a two sided identity 

element e Adj oin to S an element x , and define ax .:  xa :. a 

S 

S 

S 

for all a "  S Clearly, the multiplication so defined is associative; 

we wish s o  to define x2 as to preserve associativity, and hence must 

have ( xx)a ::; x(xa) :: :xa ::  a ::: ax ': (ax)x = a(xx) for all a € S " If 

i2 E S , then x2 :: e , for a semigroup can have only one two-sided 

identity element, and if x2 i s , then x2 :: x In the latter case, 

a new semigroup has been formed by the adjunction to S of an identity 

element x In the former case, the resulting system has no identity 

element, and is a semigroup as we may show by verifying the associativity 

of multiplication for products involving x2 : 



e :: ex = (xx)x = x(xx) :. xe :: e 

a :: ea :. (xx)a :. x(xa) = xa = a 

a = ax = ( ax)x = a(xx) :: ae = a 

for all a ,  S 

for all a � S 

III . Let S be a semigroup containing a two-sided zero element 

z 0 Adj oin to S an element x , and define ax = xa ::  z for all 

a I S Clearly, the multiplication so defined is associative; we wish 

so to define x2 as to preserve associativity, and hence must have 

(xx)a :: x(xa) = xz = z = zx = (ax)x = a (xx) for all a '  S 

then x2 = z or x2 
= p where pa = ap :::: z for all a '  S ; and if 

x2 � S , then x2 = x If x2 
= z , a  new semigroup has been formed 

by the adjunction to S of a two-sided constant element where the product 

of a� element and the constant element is an element which is a two-sided 

zero in S If x2 :: x , the resulting system is a semigroup as we may 

show by verifying the associativity of multiplication for products involving 

. . 

xx = x(xx) = (xx)x = xx 

z = xz :: x(xa) :: (xx)a = xa ::  Z 

Z :: ax = a(xx) = ( ax)x = zx = z 

for all a '  S 

for all a € S 

If x2 :: p where pa = ap = z for all a '  S and where p .  S , the 

resulting system is a semigroup as we may show by verifying the associa-

tivity of multiplication for products involving x2 

z = :x:p = x(xx) :: ( xx)x :: px = z 

z = ap = a(xx) :: ( ax)x = zx = z 

z = xz :: x(xa) = (xx)a :: pa e Z 

. 

. 

for all a e S 

for all a E S 

The fourth order semigroups to which this latter case applies 

may all be described in same other manner . 
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IV .  Let S be a semigroup containing a two-sided zero element z 

Adjoin to S an elament x , and define ax = x for all a & S, xx : x , 

and xa = z for all a c S The resulting system is a semigroup as 

we may shovf by verifying the associativity of multiplication for products 

involving x 

x = (qr)x = q(rx) = qx :. x for all q, r in the 

(xx) a :. x(xa) :: 
system 

z :. xa :. xz :: z for all a I S 

z = zb = (xa)b = x(ab) = z for all a, b E S 

z = xb = (ax)b :' a(xb) = az = z for all a, b " S 

V .  Let S be a semisroup containing a two-sided zero element z 

and in which there are no zero divisors except z 0 Adjoin to S an 

element x , and define ax :: x for all a '  S , , xz = z , 

and xb :. x for all b which are not zero divisors . The resulting 

system is a semigroup as we may show by verifying the associativity of 

multiplication for products involving x : 

x :: (qr)x = q(rx) :. qx :: x 

xz :: (xx) z :. x (xz) = xz 

x =  xb = (xx)b = x(xb) = xx :.  x 

z = za :. (xz)a = x(za) = xz = z 

z = xz = (xb ) z  = x (bz) = xz = z 

x = xb ' :.  (xb)b ' :  x (bb f )  = X 

Z := xz = (ax) z = a (xz) = az = z 

x = xb = (ax)b = a (xb) = ax = x 

for all q, r in the 
system 

for all b which are 
not zero divisors 
for all a E S 

for all b which are 
not zero divisors 
for all b ,  b l  which 
are not zero divisors 
for all a '  S 

for all a e S , for 
all b which are not 
zero divisors 
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VI . Let S be a semigroup containing a two-sided zero element z 

and in which there are no zero divisors except z Adjoin to S an 

element x , and define ax = z for all a " S , xx = z , xz = z 

and xb : x for all b which are not zero divisors . The resulting 

system is a semigroup as we may show by verifying the associativity of 

multiplication for products involving x 

, 

z = ( qr ) x  = q (rx) = qz ': Z 

Z : zb = (xx)b = x(xb )  = xx -= z 
not zero divisors and which are contained in S 

for all q, r in the 
system 
ror all b which are 

x = xb i :  (xb)b u :  x(bb v )  = x for all b, b '  which 
are not zero divisors and which are contained in S 

z = zb i = (bx)b i  = b(xb ' ) = bx = z for all b, b '  which 
are not zero divisors and which are contained in S 

VIL Let S be a semigroup containing a left zero element z 

be such that bz = z for all elements b which are not left zero elements , 

and be such that da -; z �e for all a '  S where d is any element which 

is neither a left zero element nor a left identity element and where z t  

is any left zero element distinct from z Adjoin to S an element x , 

and define xa = x for all a '  S xx = x , wx = w for all left zero 

elenents w , ex = x for all left identity elements e f. S , and dx = z 

for all elements d which are neither left zero elements nor left identity 

elements 0 The resulting system is a semigroup as we may show by verifying 

the associativity of multiplication for products involving x 

x = x( qr) = (xq)r = xr = x 

w = w( qr) = (wq)r = wr = 'W 
elements w and for all q, r in the system 

qr = e { qr)  = ( eq)r = qr 
elements e and for all q, r in the system 

for all q, r in the 
system 
for all left zero 

for all left identity 



Z :. dx = d(xq) -= ( dx)q  = zq = z for all d which 
are neither left zero elements nor left identity elements and for all q 
in the system 

By Lermna 1 . 2  ch'f :' d(wq) = (dw)q for all d which 
are neither left zero elements nor left identity elements, for all left 
zero elements w , and for all q contained in the system 

Z :. dx = d( ex) = ( de )x = z for all d which 
are neither left zero elements nor left identity elements 

z = dz = d(dtx) = (ddt ) x  ': z for all d which 
are neither left zero elements nor left identity elements 
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VIII . Let S be a semigroup containing a left zero element z and 

in which every element is either a left zero element or a left constant 

element . Adjoin to S an element x , and define xa = z for all a f. S 

z ' x  = Z I for all left zero elements Z I , cx -= c ' for all left constant 

elements c (where ca :, c '  for all a e S ) ,  and ( i) xx = x or 

( ii )  xx :.  z The resulting systems are semigroups as we may show by 

verifying the associativity of multiplication for products involving x 

( i) xx :. x(xx) = (xx)x -= xx 

z :.  xz = x(xa) = (xx)a = xa =  z 

z = x(ax)  = ( xa)x  = zx = z 

for all a '  S 

for all a e S 

ax = a(xx) = ( ax)x for all a '  S , 
for if a is a left zero element a :,  ax = a(xx) = ( ax)x = ax ': a , and 
if a is not a left zero element it is a left constant element, hence, by 
Lemma l. l, ax = ( ax)x 

z -= x(ad) = ( xa)d = zb ,= z 

z t  = a(xd) -= ( ax)d � z td = z t  

for all a , d e s 

By Lemma 1. 1, 

By Lemma 1. 1, z t  = a( dx) =- ( ad)x ,= z 'x :. z '  

( ii) z '= x(qr) = ( xq)r = zr :. z 

By Lemma 1. 1 z '  = q(xr) = ( qx)r = z 'r = z '  
for all q ,  r in the system 

for some zero 
for all a , 

for some zero 
for all a , 

for all q , r 
the system 

for some zero 

Z I and 
d & S 

z '  and 
d 6 S 

in 

Z i  and 



By lemma 1 . 1, z , = q(rx) = ( qr)x = z IX ": Z I 
and tor all q ,  r in the system 
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for same zero Z l 

!X O  Let S b e  a semigroup in which each element i s  either a left 

zero element or a left constant elemento Adjoin to S an element x , 

and define ax :. a for all a I S , xx = x , and xa ::: zl for all 

a ' S  where zl is a fixed left zero element� The resulting system is 

a semigroup as we may show by verifying the associativity of multiplication 

for products involving x : 

qr ::. ( qr ) x  = q(rx) = 

zl :. xa = (xx)a = x(xa) = 

zl :. zld = (xa)d :. x(ad) :. 

ad = (ax)d :. a(xd)  = 

qr 

xZl = 

zl 

aZl 

zl 

for all q ,  r in 
the system 
for all a '  S 

for all a ,  d E S  

for all a ,  d ' S  

Xo Let S be a null sernigroup. Adjoin an element x to S , and 

define px = m , p fixed, p , m '  S and m � p '+ Z where z is the 

two-sided zero in S , bx = b for all b ,* p , xx = x , and ( i )  xa = a 

for all a C S or ( ii) xp = m and xb -= b for all b ;  P The 

resulting systems form a semigroup as we may show by verifying the associa-

tivity of multiplication for products involving x : 

( ii )  

1 

2 

xx = x(xx) = (xx)x :. xx 

m ::: px : p(xx) '= (px)x = mx = m 

bx = b(xx) :. (bx)x = bx 

m ": :xm = x(xp) = (xx)p = xp :. m 

b :.  xb = x(xb) = (xx)b = xb :. b 

m :. :xm = x(px) -:: (xp)x = mx :. m 

b = xb ': x(bx) = (xb)x 11 bx = b 

z = xz :. x(ab) :. (xa)b = z, -

for all b :#: P 

for all b '¢ P 

for all b + p 

tor- all a [I b &. S  
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3 i'or ·all a , b Ii S 

4 for all a :l  b E: S 

( i ) 1,  2 , 3 ,  4 of ( ii)  

XL Let S be a semigroup containing left zero elements zl and 

z2 and in which every other element is either a left zero element or a 

left constant element c such that ca = zl for all a '  S " Adj oin 

to S an element x , and define ax = a for all a I S , xx = x , 

xc = zl for all left constant elements c , xZl :' zl , and xw = z2 
for all left zero elements w ;' z2 The resulting system is a semigroup 

as we may show by verifying the associativity of multiplication for products 

involving x : 

qr = ( qr)x  = q(rx )  = qr 

Zl :' xc :. ( xx) c :. x(xc )  = xZl = zl 
zl = xzl = (xx) zl =; x(xzl) = xzl = zl 

z2 : xw :=. (xx)w = x(xw) :. xz2 = z2 
zl = zla = (xc ) a : x( ca )  = xZl = zl 

Zl = zla = (xzl )a = x( zla )  :' xZl = zl 
z2 = z2a =- (xw)a = x (wa ) :: xw ::  z2 

ab : (ax}b :: a(x'lH 

for all q ,  r in 
the system 
for all left constant 
elements c 

for all left zero 
elements w ':/: z 
for all a e S and 
for all left constant 
elements c 
for all a e s 

for all a '  S and 
for all zero elements 
w :F  zl 
for all a ,  b , S 

XII . Let S be a semigroup containing a right identity element e 

and such that ab = Z for all b f e and for all a '  S Adj oin to S 

an element x , and define ex = x , bx = xb :. z for all b * e where 

b & S , and ( i) xe = z and xx :.  Z or ( ii )  xe = x and xx = x 

The resulting systems are semigroups as we may show by verifying the associa-

tivity of multiplication for products involving x . 
$ 



z :, x(qr )  = (xq)r = zr = z 

z .: ez -: e (xq) = ( ex )q  = xq= z 

z ::: bz = b(xq) = (bx )q  = zq = z 
the system and for all q in the system 

( ii) 

ex :::. e(ex) = (ee )x :: ex 

z ': ez :. e (bx) = ( eb )x  = zx = z 

Z ::: ax ::  a ( ex) ::: ( ae )  x 1: ax = z 

z = bz :: b(b i z )  :. (bb v ) z  = b" z = X 

xx = x(xx) ': (xx)x :: xx 

x = xx = x(xe )  = (xx)e • xe = x 

z :: xz = x(xb)  = (xx)b = xb 'It. z 

x ::: ex =- e (xx) :" ( ex) x = xx = x 

z = bx = b(xx) = (bx)x = zx = z 

x = xe ::: x(ee)  = (xe)e  = xe '::I x 

z :. xz :: x(eb)  = (xe)b ::: xb :l z 

z .:  xb = x(be)  = (xb )e  = ze = z 

Z :. xz = x(ab )  = (xa)b = zb .. z 

x :: ex = e(xe )  = ( ex)e  :I xe • x 

z = ez :: e(xb)  =' ( ex)b = xb = z 

z : bx :: b(xe )  :. (bx)e '::I ze :: Z 

Z = bz ':: b(xa) ::: (bx)a :. za :: z 

ex = e (ex) = ( ee ) x : ex 

z :. ez = e ( bx) = ( eb )x  = zx = z 

z ::, bx = b(  ex) = (be)x  = bx = z 

z = az := a(bx) =' (ab)x = zx = z 
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for all q ,  r in 
the system 
for all q in the 
system 
for all b .  e in 

for all b :\:  e , 
b t S 
for all a • S 

for all b , b l :/: e 
b , b '  E S 

for all b "  e , 
b a s 

for all b ,  e , 
b e. S 

for all b .  e , 
b e s 

for all a ,  b .  e , 
a , b t S 

for all b + e , 
b e S 
for all b � e , 
b e S 
for all a ,  b + e 
a , b e S 

for all b "  e , 
b S S 
for all b * e , 
b • S 
for all a ,  b f e 
b 6 S 
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XIII . Let S be a semigroup containing a two-sided zero element z 

and in which every element is either a left identity element or a left 

constant element . Adjoin to S an element x , and define xa = z for 

all a IS S px = m for some fixed element p " m z 

where rna = z for all a a s , and bx � z for all b � P The resulting 

system is a semigroup as we may show by verifying the associativity of multi-

plication for products involving x : 

z = x( qr) :: (xq)r = zr = z 

z :. pz = p(xx) = (px)x = mx :. z 

z : bz = b (xx)  = (bx)x s zx = z 

z :. pz ::. p (xa)  = (px)a :: rna :: z 

z = bz = b(xa) = ( bx)a :. za :: z 

px = e ( px)  = ( ep)x = px 

Z II: am :: a(px) = ( ap)x = zx .. z 

bx :: e (bx) :: ( eb ) x :: bx 

Z 11 az :: a(bx)  :: (ab ) x  = zx :: Z 

for all q , r 
the system 

for all b "f  p 

for all a e S 

for all b * p 
for all a e. S 

for all a :#  e , 

for all b " P 

for all a f e ,  
for all b * P 

XIV . Let S be a null semigroup . Adjoin to S an element x ,  

and define px = xp ': m for some fixed p + z where m + p , x , 

bx :. xb :: z for all b + P � X J and ( i )  xx = z or ( ii )  xx ::  p or 

( iii)  xx ::  m The resulting systems are semigroups as we may shaw by 

verifying the associativity of multiplication for products involving x 

( i )  z :: zx = ( xx)x . x(xx) :: xz ::. z 

z = zp ': ( xx)p :. x(xp) :: :xm ::.  z 

z ':: zb .. ( xx)b =- x(xb )  = xz = z 

z :: m...'{ = (xp)x = x(px )  .. :xm = z 

z = zx :. (xb ) x ,= x(bx) :: xz = z 

for all b tF P 

for all b .  P 

in 

and 



Z .:: mx = (px)x == p(xx) ::; pz ::: Z 

Z ::; ZX ::: (bx)x == b(xx) :::: bz ::: z 

z = ma ::: (xp)a = x(pa) ::: xz = Z 

Z ::: za :: ( xb)a = x(ba )  =- xz -= z 

Z -::. (ax)d ::: a(xd) ::: z 

z = zx = (ad)x = a(dx) = z 

( ii )  m :.  px = (xx)x == x(xx) = xp :=.  m 

z :=. pp ::: (xx)p = x(xp) = :xm :::: z 

z = pb ::: (xx)b = x(xb)  -= xz ::; z 

Z ::: mx = (xp)x :::: x(px) :::: :xm = z 

z = zx :::: (xb)x  :::: x(bx) ::; xz ::: Z 

Z == mx == (px)x == p(xx) :=. pp = Z 

Z == zx := (bx)x = b(xx) = bp = z 

z :: (xa)d ::: x( ad)  = xz ::: Z 

z :: (ax)d ::: a(xd)  = z 

z = zx = (ab)x :::. a(bx) = z 

( iii) z = mx ::  (xx)x = x(xx) = xm = z 

z -= mp -= (xx)p ::: x(xp) = xm .= Z 

Z = mb :. (xx)b ': x(xb)  :. xz = z 

z == mx ::: (xp)x = x(px) :. :xm -= z 

z == zx = (xb)x :. x(bx) ::: xz :. Z 

Z = mx == (px)x ::: p (xx) :: pm ::. Z 

Z == zx = (bx)x = b(xx) == b:n :.  z 

z = (xa)d = x(ad)  == xz :. Z 

Z ': (ax)d = a(xd)  = z 

Z :: zx = (ad)x ::: a(dx) ::: z 
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for all b :/= p 

for all a i- S 

for all b :f p , 
for all a € S 
for all a , d f S 

for all a , d e S 

for all b :/: p , 
b €. S 

for all b =F p , 
b € S 

for all b =/:  p , 
b E S 
for all a , d EO S 

for all a , d ' S  

for all b =F p , 
b € S 

for all b -=l=  p , 
b € S 

for all b =/; p ,  
b e S 
for all a , d � S 
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xv . Let S be a semigroup containing a two-sided identity element 

e and in which every other element is a left zero element . Adjoin to S 

an element x , and define xa = z for all a 6 S where z is a fixed 

left zero element, ex = z , ' z a x = z !  for all left zero elements Z l  , 

and ( i) xx = z or ( ii) xx ': X The resulting systems are semigroups 

as we may show by verifying the associativity of multiplication for products 

involving x : 

( i) z = x( qr) = (xq)r = zr = z 

z = ez = e (xq) = ( ex) q = zq = z 

ax = e (ax) =. ( ea)x :. ax 

z ,  = z V ( qr) = ( z ' q)r : z lr = z '  

( ii) xx = x(xx) '& (xx) x  :. xx 

z = :x:z = x(xa) = (xx)a = xa :  z 

B ::  x(ax) = (xa)x = zx = z 

z ::: ex = e(xx) = ( ex)x = zx = Z 

'Z = ex :: e (xa) = ( ex)a = za = 'Z 

ax -= e (ax) = ( ea)x :. ax 

z r ': z 1 (qr) -= ( z ' q)r ': z t r = z ,  

for all q ,  r in 
the system 
for all q in the 
system 
for all a E S 

for all q ,  r in 
the system 

for all a t S 

for all a e S 

for all a '  S 

for all a "  S 

for all q ,  r in 
the system 

XVI . Let S be an:y semigroup containing a right identity element 

e and in which ab = z for all b .  e and for all a e S " Adjoin to 

S an element x , and define ax = z for all a E: S , xx = x , xp = p 

for all p "  e and ( i) xe = z or ( ii) xe .:l PI for sOIIle fixed PI 0 

The resulting systems are semigroups, as we may show by verifying the 

associativity of multiplication for products involving x : 

xx :. (xx)x = x(xx) = :xx 

'Z = xe = (xx) e  :. x(xe) = xz = z 



z = xz = (xx)z  :: x(xz ) = xz • z 

p : xp = (xx)z  :: x(xp) = xp :. p 

z = zx = ( ax)x . a (xx) :' ax '= x 

Z :: (xa)x :: x(ax) =- xz = z 

Z :: ( ab)x :: a(bx) .. az ... z 

z ::, ze ... (ax )e  .. a(xe )  =- az • z 

z =- zz  ::.. (ax) z :. a (xz ) = az :# z 

z ::: zp ::. (ax)p = a (xp )  :. ap :: Z 

Z = ze :: ( xe ) e :: x(ee)  ,. xe '::. z 

Z :I z z  :. ( xe ) z  :. x(ez ) :: xz ::. z 

z = zp ::. ( xe )p :: x( ep)  0::. xz :: z 

z = za -= ( xz )a : x( za )  = xz ': Z 

P :: pe :: (xp)e  • x(pe ) :: xp = p 

z == pz :: ( xp ) z :: x(pz ) ::. XZ 'II. Z 

Z :. pp = (xp)p - x(pp) = xz ::. z 

(li) xx :: (xx)x -= x(xx) -= xx 

Z :: zx :. (ax)x :: a( xx) = ax = z 

Z :: (xa)x :: x(ax) = xz = z 

Pl :: xe :: (xx)e = x(xe )  =- XP
l 

= P
l 

p :: xp :: (xx)p :: x(xp)  = xp ::  p 

z ::.  (ab ) z  :: a(bz ) :: az -= z 

Z :: ( ab)x -= a(bx) :, az :: z 

Z :: ze  = (ax)e :: a ( ex) :: aPl ': z 

Z = zp = (ax)p = a(xp)  -= ap :: z 

Pl = Ple ::. (xe ) e  = x(ee ) :' xe :: Pl 
z :: PlP 0::. ( xe )p = x(ep) :: xz = z 
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for all p de-
fined above 
for all a f: S 

for all a t S 

for all a :I b i S 

for all a '  S 

for all a E- S 

for all a f S 

for all a '  S 

for all a � S 

for all a a S 

for all a ,  b in 
the system 
for all a ,  b E S 

for all a E. S 



p = pe = (xp)e = x(pe) = xp = p 

z = pp = (xp)p :: x (pp) = xz = z 
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XVII . Let S be a semigroup containing a two-sided identity element 

e and in which ab == z ,  e for all a , b :f: e 0 Adjoin an element x 

to S and define ex ": x , ax == xa = a for all a ;:  e , and (i) xe ;: x 
and xx = e or ( ii) xe # e and xx ::  x The resulting systems are 
semigroups as we may show by verifying the associativity of multiplication 

for products involving x : 

( i )  x ::  xe :: x(xx) = (xx)x ': ex :: x 

e = xx \: x(xe) = (xx)e = ee :: e 
a :: xa :: x (xa) .. (xx)a = ea ,:: a 

e 1: ee :: e(xx) = (ex)x = xx ::  e 

a ::  ae '= a (xx) = (ax) x = ax = a 
xa :: x(ea) = (xe)a = xa 

b :: xb = x (be) :: (xb)e :: be = b 

z == xz ;; x (ab) = (xa)b = ab = z 

x = ex ::: e (xe) :: ( ex) e ::: xe ': x 
a :: ax ': a(xe) = (ax)e :: ae ::It a 
a :. ea :; e (xa) -= (ex)a tit xa -::. a 

ab ::: a(xb) = (ax)b = ab 
ax :: a( ex) :. (ae)x :: ax 

b :: eb ;: e (bx) :: ( eb)x ;: bx :: b 
z :: ab = a(bx) ': (ab)x ':: zx :: z 

(ii) xx = x(xx) ::: (xx)x ;: xx 

x :: ex ::: e(xx) = (ex)x ;: xx :. x 

ax :: a. (xx) ::: (ax)x :: ax 

for all a '  e , 
a e S 

for all a + e , 
a f S 
for all a .  S 

for all b "  e , 
b E S 
for all b f e , 
a :; e , a , b l  

for all a .  e , 
a E S 
for all a '"  e , 
a & S 

S 

f or all a ,  b :J:. e , 
a J b e S 
for all a Eo S 

for all b + e J 
b f S 
for all a ,  b t e , 
a , b I; S 

for all a .  e , 
a , S 



xa :: x(xa) = (xx)a :::: xa 

ab :::: x(ab) :::: (xa)b :: ab 

a :::: ea ": e(xa) :::: ( ex)a = xa :::: a 

for all 

for all 

for all 

for all 
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a f S 

a , b f 3 

a E: S 

b -:f. e , ba =  b(xa) = (bx)a :::: ba 

ax = a ( ex) = ( ae )x : ax 
b 6- S , for a " 

b = eb :: e (bx) = ( eb)x :::: bx :::: b 

z ': ab = a(bx) = (ab)x :::: zx = z 

for all 

for all 
b G S 
for all 

Let S be any semigroup whose elements are � ( i ::. 1,  2 ,  

let T be any semigroup whose elements are Yj ( j  = 1,  2 ,  • • •  , t)  
Order the elements o f  S x T as : 

a '': S 

b :/: e � 

a , 

o E) 0 , 

b 1: e 

S )  0 " , 

(Xl' Yl) ' (xl, Y2 ) ' · · · ' (�' Yt
) , (x2, Yl) ' (�' Y2) , · · · , ( x2, yt) , o u o , (xs ' Yt

) . 

Let S* be a semigroup obtained fran S by adjoining an element :xc, to 

S ; let T* be a semigroup obtained from T by adj oining an element YO 

to T * "* 
• Order the elements of S x T as: 

( xo' Yo ) , (xo ' Yl) p · · , (xO' Yt) , (xl' Yl) ' (xl' Y2) , · · · , (xl' Yt) , O O Q , (xs' Yt) � 

Define the ( f, g )  block of the multiplication table of S* x T* to be 

the set of products (Xf' Yj ) (Xg, Yi) (f, g fixed; i, j = 0, 1, 0 0 0 , t) 0 

C' �,' 



(XO' yo) 

(xO' "1) 
a 

(Xa, Yt) 

<> 

(Xi ' YO ) 

(X!' Y1) 
<> 

(:r:t' Y t) 

(XOi YO)  (Xo' 11) O H  (x03 Yt ) . . • 
- ""II �"' .. 

(xQXO> y ri'O) (xOxO' YOY1 )  • c .  (XOXOl Y d' t )  

(xQXO' Y110 )(xoXO' Y1Yl) " 0  (xoXO' Y1Yt) 
" " 

0 • 

" 0 

(xOXo' YtYo) (xdca' Y tY1 ) • • 0 (xQXO' Y tYt.) 
• 
• 
0 

(xro' Yr70) (xro' YaYl ) . " .  (xro' YaYt. ) 
(xfXo' Y1Yo ) (xfXo' Y1Y1 ) • • •  (xfKo' Y1Yt ) 

0 " 

. 0 
<> . 

(XrO' YtYO ) (x[XO' YtY11 • H (xfXo' Y tYt ) 
, 

I 

Figure 5 < L  

(x , YO ) g (Xg'> Y1) c c .  (xg, Yt) 

(XOXg� YoYO ) (xOxg, YOY1) 0 0 0  (xOXg' YaYt )  

(xoXg' Y1YO ) (xOXg' Y1Yl ) 0 • •  (xoXg' Y1Yt ) 
0 . 

0 c 

• 0 

(xoXg' YtYO)(xoXg' YtY1)  v e .  (xOXgj YtYt ) 
. 

. 

" 

j(XfXgi YoYO)(xrg, YaY1 ) c c  0 (Xrg, YOYt ) 

(xrXg' Y1Yo )(xfKg' Y111 ) 0 0 0  (xfKg3 Y1Yt ) 
· 0 
· 0 
• <> 

(xfXg' YtYo )(xfXg' YtY1) 0 0 0  (xfXg' YtYt ) 

• • 

co 
ro 



The multiplication table of S* x T'i!' 

( i ) has for its elerr�nt in the j-row and k-column of the ( 0,  0) 
block (xoxa, YjYk ) ; has its ( 0 ,  f )  block the same as the 

(0 ,  0 )  block except that xaxo is replaced by XQxf has its 

( f, 0)  block the same a s  the (0,  0 )  block except that 

replaced by x� . , 

( ii ) has for its (f, g ) block ( f " ° and g > 0 )  the ( f, g )  

block of S x T plus an additional row, the O-row, and an add-

itional column, the O-column . The element in the O-row and 

j-column ( j  � 0 ,  1, • • •  , t )  is ( xrXg ' YQYj ) , and the element 

in the j-row and O-column is (XrXg' YjYo ) 

In particular, if 

I. For semigroups S and T ,  

A .  x .  E S � and 

10  xoxo � z where z is a two s ided zero element of S or 

2 .  

B .  YOYj = YjYO ':. YO for all Yj € T and 

1 .  YOYO ::::' w where w is a two -sided zero element o f  T or 

2 . YQYo = YO ' 

the description of the multiplication table of S* x T* is � 

( a )  under A-I and B-1 : 

( i )  The element in the j-row and k-column of the (0 ,  0 ) block 

is ( z ,  YjYk ) • For f > O , the ( f, 0 )  block and the 

(0,  f )  blocl( are the same as the (0 ,  0 )  block except tlk1t 

z is replaced by Xo . 
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( ii)  The element in the O-row and O-column of the ( f, g )  block 

For j > 0 , the element in the O-rm'r and 

j-column and in the j-row and O-column of the (f,  g)  block 

is (xfCg ' 7
0

) 

(b )  under A-2 and B-2 : 

( i )  The element in the j-row and k-column of the (0, 0 )  block� 

The (f, 0) block and the 

(0,  f) block are identical with the (0, 0)  block . 

( ii )  The elements in the O-row and in the O-column of the (f,  g )  

block are ( x
f

x ,  7 ) 
g 0 

Clearly, if we wish the multiplication table of S* x T , then we 

omit the O-row and O-column of each block of S* x 1* 
The semigroups of order four which may be obtained from the semi-

groups of order three by the adjunction of a fourth element are :  

( I t ) by A-l or B-1 , 4 .14, 4 016, 4 . 17 ,  4 �2l,  4 . 22 ,  4 . 29, 4 . 30, 4 033, 

4 . 103, and 4.107 . 

( 2 1 ) by A-2 or B-2 , 4vl, 4 .12,  4 . 18, 4.20 , 4 . 23, 4 .25, 4 .26, 4 .40, 

4. 41, 4 . 42,  4 .46, 4 .47 ,  4 . 86, 4.90, 4 .99, 4. 102 , 4 .104, and 4. 116 . 

Thus, from (a)  and Table III we may obtain the multiplication table of the 

direct product of aD7 two semigroups listed under ( I t ) .  Similarly, from 

(b)  and Table III we may obtain the multiplication table of the direct 

product of any two semigroups listed under ( 2 1 ) .  We may obtain the multi­

plication table of the direct product of any semigroup listed under ( 1 1 )  

with any semigroup listed under ( 2 ' )  by first taking as the description of 

this multiplication table a-i and b-ii and then, with the use of 



Table III, proceeding in the same manner as in the two previous cases o 

Henceforth, we shall list as (li ) ,  (2 ' ), and ( 3 ' ) those fourth order 

semigroups which may be obtained from the semigroups of order three by 

the adjunction of a fourth element by A-l or B-1 , A-2 or B-2 , 

and A-3 or B-3 , respectively . 

II . For semigroups S and T 

XOX. '::: X, XO = x .  for all x .  E. S and � � � � 
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L xOxO = e where e is a two-sided identity element of S or 

2 . xOXo = Xo ' 
Bo  YoYj -= YjYO '::: Yj for all Yj E T and 

l o y QY 0 ': h where h is a two-sided identity element of T or 

2 0 YaYO -= YO ' 

the description of the multiplication table of S
* 

x T
* 

is! 

(a) under A-I and B-1 : 

(i) The element in the j-row and k-column of the (0,  0 )  block 

For f > 0 ,the (f, 0 )  block and the 

( 0, f) block are the same as the (0, 0 )  block except that 

e is replaced by x
f 

(ii) The element in the O-row and O-column of the (f, g) block 

is (xrg
' h) � For j > 0 ,the element in the O-row 

and j-column and in the j-row and O-column of the (f, g) 

block is (XfX
g

' Yj) � 

(b) under A-2 and B-2 : 

(i) The element in the j-row and k-column of the (0,  0 )  block, 

a subsemi&roup, is (xO' YjYk) 0 The (f, 0 )  block and the 
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(0, f )  block are the same as the (0, 0) block except that 

Xc is replaced by xf 0 

(ii )  The element in the O-row and j-column and in the j-row 

and O-column of the (f ,  g) block is (XrX
g

' Yj
) 0 

(I V ) 4025, 4 . 38 .  

( 2 1 ) 4 013, 4 017 ,  4 0 18 ,  4 0 21, 4 024, 40 37 ,  4039 , 4 . 42 , 4 .44, 4 .45 , 

4 0 47 , 4049, 4 0 88,  4 0 95, 4 . 97, 4 0 99, 4 0 118 0  

III . For semigroups S and T containing two-sided zero elements z and 

w respectively, 

A o  x..,.x .  = x . xO = z for all x .  e S and --u 1. 1. 1. 

L xOxO ': z or 

2 0  xOxO = :xo  ' 
Bo YoYj = YjYO = w for all Yj E: T and 

L YoYO ': w or 

2 . YoYO = 
Yo ' 

the description of the multiplication table of S
* 

x T
* 

is: 

( a )  under A-I and B-1 : 

( i ) The element in the j-row and k-column of the (0, 0 )  block 

is ( z, YjYk) 0 The (f, 0) block and the (0, f )  block 

are identical with the (0, 0) block . 

( ii )  The elements in the O-row and the elements in the O-column 

of the (f, g )  block are (XrXg ' w) 

(b) under A-2 and B-2 : 
( i )  The element in the j-row and k-column of the (0, 0) block, 

a subsemigroup, is (Xc' YjYk ) 0 For f > 0 , the (f, 0) 



block and the (0,  f) block are the same as the (0, 0 )  

block except that Xo is replaced by z 

( ii )  The element in the O-row and O-column of the (f,  g )  

block i s  (x�g ' YO ) q For j > 0 , the element in the 

O-row and j-column and in the j-row and O-column of the 

(f,  g )  block is (xfxg' w) 

(I t )  4 .2 ,  4Q4, 4.5, 409, 4027,  4 050, 4&54, 4.55, 4 075 ,  4 0109 .  

( 2 1 ) 4 0 2 ,  4Q6, 4�19,  4�43, 4.48 ,  4 .50 , 4 .51, 4 .52, 4 . 73,  4 .117 . 

IV . For semigroups S and T containing two-sided zero elements z 

and w respectivelY, 

A .  xix
O 

= X
o 

for all x
i 

e S , �xO :: Xo ' and xOxi :: Z 

f or all x .  E S , J. 

B .  YjY
O ::: YO for all Yj � S , YOYO = YO , and YoYj = W 

for all y .  € T , J 
the description of the multiplication table of S

* 
x T

* 
is� 

(i )  The element in the j-row and k-column of the"" ,0,.. 0) 

block, a subsemigroup, is (xO' YjYk
) 0 For f > 0 , 

the (0,  f)  block is the same as the (0,  0 )  block 

except that Xo is replaced by z 0 The (f, 0 )  block 

is identical with the (0,  0 )  block. 

( ii) The elements in the O-column of the (f,  g )  block are 

(xr g' yO
) • For j ";> 0 , the element in the O-row and 

j-column is (X
f
Xg' W) 

(I f ) 4.56, 4 .57,  4.58, 4 .67 ,  4.72, 4 077 ,  4 .84, 4 . 85 ,  4.91, 4 .94 .  
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V .  For semigroup s  S and T containing two-sided zero elements z 
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and w respectively, and in which there are no zero divisors except 

z and w respectively, 

A .  

B .  

XiXO = Xo 
Xox o = x <  ]. ]. 

YjYO = Yo 

for all 

for all 

for all 

x <  t: J. 
x .  J. 

Yj E 

S , xd�t:o :: Xo , xOz :::: Z 

which are not zero divisors, 

T , YoYO = YO :J Yow :: w 

YoYj = Yj for all Yj which are not zero divisors, 

, and 

, and 

the description of the multiplication table of S* x T* is: 

( i ) The element in the j-row and k-column of the ( 0, 0 )  block, 

The ( f, 0)  block is 

identical with the (0, 0 )  block. If xf * z , the (0 ,  f) 

block is identical with the (0, 0 )  block. If xf = Z , 

the ( 0, f )  block is the same as the (0, 0) block except 

that Xo is replaced by xf = Z 

( ii )  The elements in the O-column of the ( f, g )  block are 

( Xrg' yo) 

j-column of the 

If y ,  i= w , the element in the O-raw and 
J 

( f ,  g )  block is (x�g:J Yj ) If 

y j -: w , the element in the O-row and j-column of the 

( f, g )  block is (XrXg' w) 

( l v ) 4060, 4061, 4G97 , 4.98, 4 .100 . 

VI . For semigroups S and T containing two-sided zero elements a 

and w respectively and in which there are no zero divisor s  except 

z and w respectively, 

A .  xixO = z for all xi E. S , xOxO = Z , xOz :  z and 

XQxi = XO for all xi which are not zero divisors, 



Bo y .yO ::' w for all y ,  � T :J YOYO = w .� y w = w and 
J J 0 

YOYj ::' YO for all Yj which are not zero divisors, 

the description of the multiplication table of S* x T* i s �  
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( The element in the j -row and k-column of the (0,  0 )  block 

is ( z , YiYk ) The (f ,  0 )  block is identical with the 

( 0 ,  0) block . For f > 0 , the ( O J f) block is identical 

with the (0 ,  0) block if xf = z and the same as the 

(0 ,  0 )  block except that z is replaced by Xo if xf + Z 0 

( ii ) The elements in the O -column of the ( f ,  g )  block are 

j-column is 

if Yj f W 

}i'or j > 0 , the element in the O-row and 

if Y , :'  w and is 
J 

(l � )  4. 68, 4 .74, 4u l05, 4 .106, 4 . 115 0 

VII . For a semigroup containing a left zero element z , such that bz = z 

for all e lements b which are not left zero element s ,  such that 

da � z ! ,  e for all a '  S where d is any element which i s  

neither a left zero element nor a left identity element e and 

where Z l  i s  any left zero element distinct from z , for a 

semigroup T containing a left zero element w , such that gw ::.  y 

for all elements g which are not left zero e lements , such that 

hf :. W i  , e a for all f €. T where h i s  any element which i s  

neither a left identity element e 1 nor a left zero element and 

where w �  i s  any left zero element distinct from w; 

A o  xOxi = Xo for all xi ' S , xOxO :' xo ' xfxO = xf if xf 
is a left zero element, aXe ': � for all left identity e le­

ments e , x�O :' z for all elements xf which are neither 



left zero elements nor left identity elements, 

is a left zero element, e i yO = Yo for all left identity 

elements e f  , YjYO = w for all elements Yj which are 

neither left zero elements nor left identity elements , 

the description of the multiplication table of S* x T* is� 
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( i ) The element in the j-raw and k-column of the (0,  0 )  block, 

a subsemigroup, is (xO ' YjYk) The (0 ,  f)  block is 

identical with the (0, 0 )  blo ck .  The ( f, 0 )  block is 

identical with the (0, 0) block if xf = e , is the same 

as the (0, 0) block except that Xo is replaced by xf 
if xf is a left zero element; is the same as the (0, 0) 

block except that Xo is replaced by z if xf is neither 

a left zero element nor a left identity e lement. 

( ii )  The elements in the O-row of the ( f ,  g )  block are 

The element in the j-raw and O-co1umn is 

, and is if y ,  J is neither a 

left zero element nor a left identity element . 

( l B )  4.56, 4058, 4 .67 ,  4. 71, 4.77 ,  40 79 ,  4087 , 4088, 4 089 ,  4091, 4.62,  

4.95, 4096,  4 098 ,  4 . 101, 4 . 102 . 

VIII . For semigroups S and T containing left zero e lements z and 11' 

respectively, and in which every element is either a left zero e1e-

ment or a left constant element, 

A .  xOxi -= z for all xi € S , xrO x£ if Xf is a left zero ele­

ment of S ,  XfxO : xi if xf is a left constant element 
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of S (where xri = xf for all xi €. S )  , and 

L 

2 � xoxo = z , 

B . YOYj = W for all Yj � T , YjYO ': Yj if Y
j 

is a left zero 

element of T J YJ' YO ': Y! if Y .  is a left constant element 
J J 

of T where YjYk 
L YOYO � YO or 

2 0 YOYO = VI' , 

Y ! for all y € T )  j and 
J k 

the description of the multiplication table of S�!- x Til- is : 

(a) under A-I and B-1 : 

( i ) The element in the j-row and k-column of the (0,  0 )  block, 

a subsemigroup , is (XO ' YjYk ) For f > 0 the ( 0 ,  f )  

block is the same as the (0,  0 )  block except that Xo is 

replaced by z • The (f, 0) block is the same a s  the 

( 0 ,  0 )  block except that Xo is replaced by xf if x
f 

is a left zero element and by xi if xf is a left constant 

element . 

( 11)  The e lement in the O-row and O-column of the (f,  g ) 

block is (x� Y )  
� g' 0 For j > 0 , the element in the 

O-row and j-column of the ( f, g )  block is (XfXg, w) 

The element in the j-row and O�column of the ( f ,  g )  block 

is (X�g' Yj ) if Yj is a left zero element and is 

(X�g' Yj ) if Yj is a left constant element . 

( b )  under A-2 and B-2 : 

( i )  The e lement in the j-row and k-column of the ( 0 ,  0 )  block 

is The ( 0 ,  f )  block is identical with the 
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(0, 0) block . The ( f, 0) block is the same as the (0, 0) 

block except that z is replaced by xf if xf is a left 

zero element and by xf � if xf is a left constant element . 

( ii )  The elements in the O�raw of the ( f, g ) block are 

(XfXg' w) • The element in the j-row and O�column of the 

(f ,  g )  block is (x� , Y � )  if y .  is a left zero element 1" g J J 
and is (xrg ' Yj ) if Yj is a left constant element . 

( i) 40 2 ,  4 0 70, 4 . 79, 4 .80 .  

( ii) 4 .55 ,  4 .71, 4 . 77 ,  4 . 78 .  

IX .  For semigroups S and T in which every element is either a left 

zero or a left constant element, 

A .  

B .  

x . xO = x .  J. J. 
where x* 

YjYO = Yj 
where y* 

for all x .  E s* and xOxi = J. 
is a fixed left zero element, 

for all y . �  T* and YOYj = J 
is a fixed left zero element, 

* x 

Y* 

for all Xi '- S 

for all y .  e. T 
J 

the description of the multiplication table of S* 
x T* is: 

( i) The element in the j-row and k-column of the (0, 0 )  block, 

a subsemigroup, is (x
o

' YjYk) • For f > 0 , the (0, f)  

block is the same as the (0,  0 )  block except that Xo is 

replaced by x* 0 The (f ,  0)  block is the same as  the 

(0 ,  0 )  block except that Xo is replaced by xf • 

( ii) The element in the j-row and O-column of the (f,  g )  block 

is (xrg' Yj ) g For j > 0 , the element in the O-row 

( Y*) and j-column is xfxg ' 

( 1 ' ) 4.70, 4. 81, 4.89,  40 110 . 
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x .  For semigroups S and T in which every element is a zero divisor, 

A.  PXo = m for a fixed p. , m f: p -=f z where z is the two­

sided zero element of S , xiXo = xi for all xi t p ,  xi E S , 

xOXo = :xc ' and 

1 .  xox , = x .  or ]. ]. 
2 .  xOP = m and xOxi -= xi for all xi :t p !J 

B. tyO :: n for a fixed t , n ::f:  t t w where w is the two-

sided zero element of T , YjYO = Yj for all Yj F t , Yj E T • 

YoY'O :: YO ' and 

1 . YOYj ': Yj or 

2 .  Yot ::  n and yoY . = y .  f or all y . :J: t , J J J 
the description of the multiplication table of S* x T* is: 

( a )  under A-I and B-1 : 

( i )  The element in the j·-row and k-column of the (0,  0 )  block, 

a subsemigroup, is (XC, YjYk) • The (0 ,  f) block is 

the same as the (0 ,  0) block except that Xo is replaced 

by xf • The (f, 0 )  block is the same as the (0, 0)  

block except that Xo is replaced by m if xf = p and 

by xf if Xf :f P • 

( ii) The element in the O-row and j-column of the ( f, g)  block, 

is ( xfx ,  y )  • The element in the j-row and O-column is g j 
(X�g ' n) if Yj = t and is (xrXg' Yj ) if Yj # t • 

(b) under A-2 and B-2 : 

( i )  The element in the j-raw and k-column of the (0,  0) block, 

a subsemigroup, is (XO' YjYk) • The (0, f )  block and the 

(f, 0)  block are the same a s  the (0, 0)  block except that 
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Xo is replaced by m if xf = p and by xf if xf + p • 

( ii )  The element in the O-row and O-column of the (f,  g )  bloek 

The element in the O,-row and j-column and 

in the j-row and O-column is (xrg' n)  if Y j :. t and 

is  (xfXg' Yj ) if Yj i t 

( 1 9 ) 4 0 36, 4a76, 4 Q l12, 4 0 110 0 

XI . For a semigroup containing left zero elements zl and z2 and 

in which every other element is either a left zero element or a 

left constant element c such that ca = zl for all a € S ; 

for a semigroup T containing left zero elements wI and w2 
and in which every other element is either a left zero element or 

a left constant e lement k such that ka = wI for all a E T ;  

A . xiXo == xi for all xi E S , XoXO -:: Xo ' xoxi ;: Z l if 

� is a left constant element, xOzl = zl , and Xoz t  = z2 
for all left zero elements Z 9 f z , 

B.. YjYO = Yj for all Yj € T , YOYO ;; YO ' YoYj = wI if 

Yj is a left constant element, YOwl ':: wI , and YOw' ':: w2 
for all left zero elements wr t wI ' 

the description of the multiplication table of S* x T* is: 

( i )  The element in the j-row and k-column of the (0, 0) 

block, a subsemigroup, is ( xO ' YjYk) The ( f ,  0) 

block is the same as the (0,  0 )  block except that Xo 
is replaced by xf The (0, f )  block is the same as  

the ( 0, 0 )  block except that Xo is replaced by zl if 

xf is  either zl or a left c onstant element and is 
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replaced by z2 if otherwise .  

( ii)  The element in the j�row and O-column of the ( f) g)  block 

The element in the O-row and j-column of 

the (f, g)  block is (xfXg' WI ) if Yj is either WI or 

a left constant element and is (xfXg' w2 ) 

left zero element distinct from WI 
( 1 ' )  4 .62, 4 . 83 .  

if y .  i s  a 
J 

XII . For a semigroup containing a right identity element e and in 

which ab = z for all b =F e and for all a � S ; for a semi­

group T containing a right identity element h and in which 

ab -= w for all b f h and for all a e T • , 

A .  exo :: Xo ' xixo = xOxi = z for all Xi :t e and Xi e S , and 

1 .  xOe = z and xOxO :: z or 

2 . XOe = Xo and xoxo -= Xo ' 

B . hy = Yo ' Y yO =: yay . :::: w for all y .  * h and y .  t T , and  
o j J J J 

1 .  Y oh = w and y oy 
0 

::: w or 

2 . yah ::: Yo and yoyo = Yo ' 
the description of the multiplication table of s* x T* is : 

( a )  under A-I and B-1 : 

( i )  The element in the j-raw and k-column of the (0 ,  0)  block 

The (0,  f )  block is identical with the 

( 0 ,  0 )  block . If xf :f: e , the (f,  0) block is iden­

tical with the (0,  0 )  block; if xf = e , the ( f, 0)  

block is the same as the ( 0 , 0 )  block except that z is 

replaced by Xo 



( ii)  The elements in the O-raN of the ( f ,  g )  block are 

(x x , vr) 
f g 

The element in the j-row and O-column of the 

( f, g )  block i s  

if .J. h Yj T 

(x ,..x v 1 
I g' " O J  

if Y � = h and is 
J 

( x ..x , w) 1" g 

( b )  under A-2 and B-2 

( i )  The element in the j-row and k-column of the ( 0 ,  0)  block, 

For f > 0 , the (0, f) 

block and the ( f, 0 )  block is identical with the (0, 0 )  

block if Xf :: e and is the same as the ( 0 ,  0 )  block except 

Xo is replaced by z if xf t e 

( ii)  The element in the O-row and O-collUnn of t.he ( f ,  g )  block 

For j '> 0 , the element in the j-row 

and O-column and in the O-row and j-co1umn is (xrg' YO ) 

if y . = h  and is 
J 

( 1 '  ) 4 0111 . 

( 2 ' ) 4. 119 . 

XIII . For semigroups S and T containing two-sided zero z and w 

respectively, and in which every other element is either a left 

identity or a left constant element, 

A. x 'v' - z for all X o E S , xOxO -:;. z , pxO :: m for some 
O ..... i - :I. 

fixed p � m , z where IDX . ::: Z for all x. e. S and xixO
= z 

:I. :I. 

for all Xi '# p , 

B .  Y y . :::. W for all y . E T , YOYO :::: w , ty ;;; n for sane o 1- J 0 
fixed t j n , w where ny . -:;. w for a.ll Yj � T and 

.I. 

Y ",.,YO = w for all �r 7: t " " . 
oJ J 
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the description of the multiplication table of Sol<- x T* is : 

( i )  The element in the j-row and k-column of the (0,  0 )  block 

is ( z ,  YjYk) • The ( 0, f )  block is identical with the 

(0, 0 )  block . The ( f ,  0 )  block is identical with the 

(0 ,  0 )  block if xf '* p and is the same as the (0, 0 )  

block except that z is replaced by m i f  xf = p 

( ii )  The e lements in the O-row of the ( f ,  g )  block are 

( xrg' w) The e lement in the j-row and O-column of the 

( f, g )  block is (x�g ' n)  if Yj = t and i s  (xfXg' w) 

if Yj ::: t 

( 1 1 ) 4 .108, 40121, 4 0 110 .  

XIV . For semigroups S and T in which every element is a zero divisor, 

A .  PXo = XoP = m for a fixed p = z where z is the two-sided 

zero element of S and where m * p , Xo J xixO = xOxi ': Z 

for all xi '* p where xi £ S , and 

1 .  x x = Z 
0 0  

or 

2 .  xoxo = p 

3 u  xoxo = m , 

B .  tyO ': Yot ::: n for a fixed t + w where w is the two-sided 

zero element of T and where n =f t , YO ' YjYO ': YOYj = w 

for all y .  :/: t l"rllere y .  ( T  , and 
J J 

1 . YOYO ::  w or 

2 . YOYO = t 

3 .  yoYo = n , 

the description of the multiplication table of S
* x T* is: 



( a )  under A-1 and B-1 : 

( i )  The element in the j-row and k-co1umn of the (0 ,  0 )  

block is ( z, Y
j

Y
k) .. The ( f, 0 )  block is i.dentica1 

with the (0,  0)  block if xf =F p and is the same as 

the ( 0, 0) block except that z is rep1nced by m if 

Xf = P 
( ii )  The element in the O-raw and O-co1umn of the (f, g )  

block i s  (X;rXg' w )  • The element in the O-raw and 

j-co1umn and in the j-row and 0-co1umn is (Xtxg' w) if 

Yj * t and is (X;rXg ' n)  if Yj : t 0 

(b) under A-2 and B-2 : 
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( i ) The same as a-i except that in the ( 0, 0) block z is 

replaced by P 
( ii )  The same as a-ii except that element in the O-row and 

0-co1umn of the (f, g ) block is (x�g
' t )  

( c )  under A-3 and B-3 : 

( i) The same as a-i except that in the (0,  0 )  block z is 

replaced by m .  

( ii )  The same a s  a-ii except thG.t the element in the O-row and 

0-co1umn of the (f, g)  block is (X£Xg ' n) 

( I f ) 4e53, 4055, ( 2 ' )  4 .8 ,  4.54, ( 3 1 ) 4 .7 . 

xv. For semigroups S and T containing two-sided identity elements e 

and h respectivelY, and in which every other element is a left 

zero element, 

A .  Xoxi -= z where z is a fixed left zero element, exO = z 



x X :: X 
f 0 f if xf is a left zero element , and 

L x x = z o 0 

2 .  xoxo = Xo ' 
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B. YOYj = w where w is a fixed left zero element, hyO = w , 

Y ,YO = y .  if y .  is a left zero element, and 
J J J 

L YOYO = w 

2 . YOYO = YO ' 

the description of the multiplication table of S* x T* is : 

(a )  under A-I and B-1 : 

( i ) The element in the j-row and k-column of the (0 ,  0 )  

block is • The ( 0 ,  f) block is identical 

with the ( 0, 0 )  block . For f ') 0 , the (f ,  0)  block 

is identical with the (0 ,  0) block if Xf :  e and is the 

same as the (0 ,  0 )  block except that z is replaced by 
Xf if xf =/: e 

( ii )  The elements in the O-row of the ( f, g) block are 

(Xrg ' w) • For j ') 0 , the element in the j-row and 
O-column of the (f,  g )  block is 

and is (Xrg' Yj ) if Yj * h 

(b )  under A-2 and B-2 : 

if Yj : h 

( i )  The element in the j-row and k-column of the (0 ,  0)  block, 

a subsemigroup, is (xO' YjYk ) • For f > 0 , the (O, f )  

block is the same as the ( 0 ,  0)  block except that Xo is 

replaced by z • The (f,  0)  block is the same as the 

(0 ,  0 )  block except that Xo is replaced by xf if 
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Xf * e and is identical with the (a ,  a)  block if xf = e • 

( ii )  The element in the O-rov{ and a-column of the (f ,  g ) 

block is ( XiX , Y ) g a 
For j > a , the element in the 

a-row and j-column is (xfxg' w) The element in the 

j-row and a-column of the ( f, g)  block is (Xrg' Yj ) 

( 1 ' ) 4. 82 . 

( 2 Y )  4 . 93 . 

XVI . For a semigroup S containing a right identity element e and in 

which ab :: z for all b ';f e and for all a £ S .; for a semi-

group T containing a right identity element h and in which 

ab == w for all b :/:  h and for all a E T . 
) 

A .  xixa = Z for all x .  e S , xaxa :: Xo , :xoxi = 
X . 

l. l. 

Xi -; e , and 

1 0  x e :: a Z or 

2 .  x e - x! where x �  is fixed and X l :; e a - l. l. i 
E o  YjYa :: w for all Yj €. S , YaYa ;. Ya ' YaYj ': Yj 

Y . #  h , and 
J 

10  Y h ::  w or 
a 

2 .  y h == , where y �  is fixed and Y! � h a j J J 
the description of the multiplication table of S* X T* 

( a )  under A-I and B-1 : 

for all 

for all 

is: 

(i) The element in the j-row and k-column of the ( a, a )  block, 

The (a ,  f )  block is the 

same as the ( a, a )  block except that xa is replaced by xf 
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x = e f The (f,  0 )  block if xf ' e and by z if 

( f  > 0 )  is the same as the (0,  0)  block except that xf 
is replaced by z 

( ii)  The element in the O-row and O-column of the (f, g)  

block is (X�g' yo) The element in the j-TOlV ( j  > 0 )  

and O-column of the (f, g )  block is (XfX , w)  The g 
element in the O-row and j-column is ( Xrg ' w) if Yj = h 

and is (X�g ' Yj ) if Yj * h • 

(b) under A-2 and B-2 : 

( i) The element in the j-raw and k-column of the (0,  0)  block, 

a subsemigroup, is 

same as the (0,  0 )  

( x  , Y .Yk ) o J 
The (0,  f) block is the 

block except that x is replaced by 
o 

x f if xf = e and by xf if xf + e 'fhe (f,  0)  

block (f  > 0 )  i s  the same as the (0,  0 )  block except 

that Xo is replaced by z 

( ii)  The e lement in the O-row and O-column of the ( f, g )  

block is ( XfX ,  Y ) g 0 
The element in the j-row ( j  > 0 )  

and O-column of the (f, g )  block is ( X�g } w) The 

element in the O-row and j-column of the (f,  g )  block is 

(Xrg , Yj t ) 

( l i )  4 0 113 0 

( 2 1 ) 4 .114 0 

if y . ;: h and is 
J 

(XfXg' Y J . J 

XVII � For a semigroup S containing a two-sided identity element e and 

in which ab =- z " e for all a, b :f e ; for a semigrou:::, T con­

taining a two-sided identity element h and in which ab ;:. z + e 



for all a :J  b t h , 

A ,. exO ':. Xo ' xixO ': xOxi :: xi for all xi '* e , and 

1 0  xOe '= Xo and xoxa :: e or 

2 . xOe ::  e and XCxO :: Xo ' 
B o  hyO = YO ' YjYO ':. YOYj :: Yj for all Yj 4 h , and 

1 0  Y Oh ': YO and y OY 0 = h or 

2 .  YOh = h and YoyO :' YO ' 

the description of the multiplication table of 

( a )  under A-I and B-2 : 

is: 

102 

( i ) The element in the j-row and k-column of the (0 ,  0 )  block 

is ( e , YjYk ) • The ( 0 ,  f) block and the (f,  0) block 

( f  > 0 )  is the same as the ( 0, 0 )  block except that e is 

replaced by xf if xf =I: e and by Xo if xf ::' e 

( ii)  The element in the O-row and O-column of the (f ,  g )  block 

is ( Xrg , h )  • The element in the j-row and O-column and 

in the O-row and j-column is 

if y ,  =- h 
J 

( b )  under A-2 and B-2 : 

(X..x , y . )  if y .  t h and � g J J 

( i) The element in the j-row and k-column of the ( 0, 0 ) block, 

a subsemigroup, is ( xO ' YjYk) 0 The (f,  0 )  block is the 

same as the ( 0, 0 ) block except that Xo is replaced by 

xf if xf * e and is identical with the ( 0, 0 )  block if 

xf = e • The (0,  f )  block is the same as the (0,  0)  

block except that XC is replaced by xf 
( ii) The element in the O-row and O-column of the ( f, g)  block 



103 

The element in the O-row and j -c oltnnn of 

the (f,  g) block is ( x.fx , y . )  g J 
j-row and O-column of the ( f ,  g )  

The element in the 

block is <X
f

X ,  y . )  if 
g J 

We may obtain the description multiplication table of the direct 

product of any semigroup listed under III-I ' with any semigroup listed 

under VIII-2 1 by taking as the description III-a-i and VIIl-b-ii . In a 

similar manner, we may obtain the multiplication tables of 2133 of the 

2178 possible distinct direct products of the semigroups of order three 

with the semigroups of order four and 7261 of the 7381 possible distinct 

direct products of the semigroups of order four with the semigroups of 

order four . 

The multiplication tables of the direct products of the remaining 

semigroups are listed in Table IV and Table V .  



TABLE IV 

DIRECT PRODUCTS: 3 x 4 

3 . 1  x 4 . 3  

1 1 1 1 5  5 5 5 5 5 5 5  
1 1 1 1 5 5  5 5 5 5 5 5  
1 1 2  2 5 5 6 6 5 5  6 6 
1 1 2  2 5 5 6 6 5 5  6 6 
5 5 5  5 1 1 1 1 1 1  1 1 
5 5 5 5  1 1 1 1  1 1 1  1 
5 5 6 6 1 1 2 2 1 1 2 2  
5 5 6 6 1  1 2 2 1 1 2  2 
5 5 5  5 1 1 1 1 1 1 1 1 
5 5 5  5 1 1  1 1 1  1 1 1  
5 5 6 6 1 1 2 2  1 1 2  2 
5 5 6  6 1 1  2 2 1 1 2 2 

3 . 1 x 4 .. 11 

1 2 3 4 5 6 7 8 5 6 7 8  
2 1 4 3  6 5 8 7 6 5 8  7 
3 4 1 2 7  8 5 6 7 8 5 6  
4 3 2 1 8 7 6 5  8 7 6 5 
5 6 7 8 1 2 3 4 1 2 3 4  
6 5 8 7 2 1 4 3 2 1 4 3  
7 8 5 6 3 4 1  2 3 4 1 2  
8 7 6 5 4 3 2 1 4 3 2 1  
5 6 7  8 1 2 3 4 1 2  3 4 
6 5 8 7 2  1 4 3 2 1 4 3 
7 8 5 6 3 4 1 2 3 4 1 2 
8 7 6 5 4 3 2  1 4 3 2 1 

3 . 1  x 4.31 

1 2 1 2 5 6 5 6 5 6 5 6 
2 1 2 1 6 5 6 5 6 5 6 5 
1 2 1 2 5 6 5 6 5 6 5 6  
2 1 2 1 6 5 6 5 6 5 6 5  
5 6 5 6 1 2 1 2 1 2 1 2 
6 5 6 5 2 1 2 1 2 1 2 1  
5 6 5 6 1 2  1 2 1 2 1 2 
6 t) 6 S 2 1 2 1 2 1 2 1  
5 6 5 6 1 2 1 2 1 2 1 2  
6 5 6 5 2 1 2 1 2 1 2 1 
5 6 5 6 1  2 1 2 1 2 1 2 
6 5 6 5 2 1 2 1 2 1 2 1  

3 . 1  x 4 . 10 

1 2 3 4 5 6 7 8 5 6 7 8  
2 1 4 3  6 5 8 7 6 5 8 7 
3 4 2 1 7  8 6 5 7  8 6 5 
4 3 1 2 8 7 5 6 8  7 5 6 
5 6 7  8 1 2 3 4 1  2 3 4 
6 5 8 7 2 1 4 3  2 1 4 3 
7 8 6 5  3 4 2  1 3 4 2 1 
7 8 5 6 4 3  1 2 4 3 1 2 
5 6 7  8 1 2 3 4 1  2 3 4 
6 5 8 7 2 1 4 3 2 1 4 3  
7 8 6 5 3 4 2 1 3 4 2 1  
7 8 5 6 4 3 1 2 4 3 1 2 

3 .1 x 4 . 15 

1 2 1 2 5 6 5 6 5 6 5 6 
2 1 2  1 6 5  6 5 6 5 6 5 
1 2 3 4 5 6 7 8  5 6 7 8 
2 1 4 3  6 5 8 7 6 5  8 7 
5 6 5 6 1 2 1 2 1  2 1 2 
6 5 6 5 2 1 2  1 2 1 2 1  
5 6 7  8 1 2  3 4 1 2 3 4 
6 5 8 7 2 1 4 3  2 1 4 3  
5 6 5 6 1  2 1 2 1 2 1 2 
6 5 6 5 2 1 2 1 2 1 2 1  
5 6 7 8 1 2 3 4 1 2 3 4  
6 5 8 7 2 1 4 3 2 1 4 3 . , 

3 . 1  x 4.32 

1 2 2 2 5 6 6 6 5  6 6 6 
2 1 1 1 6 5  5 5 6 5 5 5 
2 1 1 1 6 5 5 5 6 5 5 5 
2 1 1 1 6 5 5 5 6 5 5 5  
5 6 6 6  1 2 2  2 1 2 2 2 
6 5 5 5 2 1 1 1 2 1 1 1 
6 5 5 5 2 1 1 1 2 1 1 1  
6 5 5 5 2 1 1 1 2 1 1 1 
5 6 6 6 1  2 2 2 1 2  2 2 
6 5 S 5 2 1 1 1 2  1 1 1  
6 5 5 5 2 1 1 1 2 1 1 1  
6 5 5 5 2 1 1 1 2  1 1 1  
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 ( continued) 

3 .. 1 x 4�34 

1 1 3  3 .5 5 7 7 5 5  7 7 
1 1 3  3 5 5  7 7 5 5 7 7 
3 3 1 1 7 7 5 .5 7 7 .5 .5 
3 3 1 2 7 7 .5 6 7 7  5 6 
5 5 7  7 1 1 3 3 1 1 3  3 
5 5 7 7  1 1 3  3 1 1 3  3 
7 7 5 5 3 3 1 1 3 3 1 1 
7 7 5 6 3 3 1 2 3 3 1 2  
5 5 7 7 1 1 3 3 1 1 3 3 
5 5 7 7 1 1 3 3  1 1 3 3 
7 7 .5 .5 3 3 1 1 3 3 1 1 
7 7 .5  6 3 3 1 2 3 3 1 2 

3 . 1 x 40.59 

1 1 1 1 5 5 .5 5 .5 .5 .5 5 
2 2 2  2 6 6 6 6 6 6 6 6 
1 1 1  2 5 5 5 6 5 5  .5 6 
4 4 4 4 8 8 8 8 8 8 8 8  
5 5 5 5 1 1 1  1 1 1 1  1 
6 6 6 6 2  2 2 2 2 2  2 2 
.5 .5 5 6 1 1 1 2 1 1 1 2 
8 8 8  8 4 4 4 4 4  4 4 4  
.5 5 5 5 1 1 1 1 1  1 1 1  
6 6 6 6  2 2 2 2 2 2 2 2 
5 5 5 6 1 1 1  2 1 1 1  2 
8 8 8 3 4 4 4 4 4 4 4 4  

3 . 1 x 4064 

1 1 3 3 5 5 7  7 5 5 7  7 
2 2 4 4 6 6 8 8 6 6 8 8  
1 1 3  3 5 5 7 7 5 5 7  7 
2 2 4 4 6  6 8 8 6 6 8 8 
5 5 7 7 1 1 3  3 1 1 3 3  
6 6 8 8 2 2 4 4 2 2 4 4  
5 5 7 7 1 1 3 3 1  1 3 3 
6 6 8  8 2 2 4 4 2  2 4 4 
5 5 7 7 1 1 3  3 1 1 3 3 
6 6 8  8 2 2 4 4 2  2 4 4  
5 .5 7 7 1 1 3  3 1 1  3 3 
6 6 8 8 2 2 4 4 2  2 4 4 

3 0 1  x 4.35 

1 2 3 3 5  6 7 7 .5 6 7 7 
2 3 1 1 6 7  5 5 6 7 5 5 
3 1 2 2 7 5 6 6 7 5 6 6 
3 1 2  2 7 5 6 6  7 5 6 6 
5 6 7 7 1 2 3 3 1 2 3 3  
6 7  5 5 2 3 1 1 2 3 1 1 
7 5 6 6  3 1 2 2 3 1 2  2 
7 5 6 6 3 1 2 2  3 1 2  2 
5 6 7 7 1 2 3 3 1 2 3 3  
6 7 5 5 2 3 1 1 2 3 1 1  
7 5 6 6 3  1 2 2 3 1 2  2 
7 5 6 6 3  1 2 2  3 1 2  2 

3 . 1  x 4 .63 

1 1 1 1 5 .5 5 5 5 5 5 5  
2 2 2 2 6 6 6 6 6 6 6 6 
1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3  6 5 8 7 6 5 8  7 
5 5 5 5 1 1 1  1 1 1 1 1 
6 6 6  6 2 2 2 2 2 2 2 2 
5 6 7 8 1 2 3 4 1 2 3 4 
6 5 8 7 2 1 4 3 2 1 4 3 
5 5 5 5 1 1 1 1 : 1 1 1  
6 6 6 6 2  2 2 2 2 2 2 2  
5 6 7 8 1 2 3 4 1 2 3 4  
6 5 8 6 2 1 4 3  2 1 4 3 

3 .1 x 4.65 

1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3  6 5 8  7 6 5 8 7 
1 2 3 4 5 6 7 8 5 6 7 8  
2 1 4 3  6 5  8 7 6 5 8  7 
5 6 7 8 1 2 3  4 1 2 3 4 
6 5 . 8 7 2 1 4 3 2 1 4 3 
5 6 7 8 1 '2 3 4 1 2 3 4 
6 5 8 7 2 1 4 3  2 1 4 3  
5 6 7 8 1 2 3 4 1 2 3 4 
6 5 8 7 2 1 4 3 ,2 1 4> 3  
5 6 7 8 1  2 3 t 1 2 3 4 
6 -5-.8. -1- 2 1 4 3 ·2 1 4 3 
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 (continued) 

3 . 1  x 4.66 

1 1 1 1 5 5 5 5 5 5 5 5  
2 2 2 2 6 6 6 6 6 6 6 6  
1 1 3 3 5 5  7 7 5 5 7 7 
2 2 4 4 6  6 8 8 6 6 8 8 
5 5 5  5 III 1 1 1 1 1 
6 6 6 6 2 2 2 2 2 2 2 2 
5 5 7 7 1 1 3 3 1 1 3 3 
6 6 8 8 2 2 4 4 2 2 4 4 
5 5 5 5 1 1 III 1 1 1 
6 6 6 6 2 2 2  2 2 2 2 2 
5 5 7  7 1 1 3 3  1 1 3 3 
6 6 8 8 2 2 4 4 2  2 4 4  

3 . 1  x 4 . 120 

1 2 2 1 5 6 6 5  5 6 6 5 
2 1 1 2 6 5 5  6 6 5 5 6 
2 1 1 2 6 5 5 6 6 5 5 6  
1 2 3 4 5  6 7 8 5 6 7 8  
5 6 6 5 1 2 2 1 1 2 2 1  
6 5 5 6 2 1 1 2  2 1 1 2 
6 5 5 6 2 1 1 2 2 1 1  2 
5 6 7 8 1  2 3 4 1 2 3 4 
5 6 6 5  1 2 2 1 1 2  2 1 
6 5 5 6 2  1 1 2  2 1 1 2  
6 5 5 6 2 1 1 2 2 1 1 2 
5 6 7 8 1 2 3 4 1 2  3 4 

3 . 2  x 4 .10 

1 2 3 4 1 2 3 4 1 2  3 4 
2 1 4 3 2 1 4 3 2 1 4 3  
3 4 2  1 3 4 2  1 3 4 2 1 
4 3 1 2 4 3 1 2 4 3 1 2 
1 2 3 4 1  2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3  
3 4 2 1 3 4 2 1 3 4 2 1  
4 3 1 2 4  3 1 2  4 3 1  2 
1 2 3 4 1 2 3 4 5 6 7 8 
2 1 4 3 2  1 4 3  6 5 8 7 
3 4 2 1 3 4  2 1 7 8 6 5 
4 3 1 2 4 3 1 2 8 7 5 6 

3 .1  x 4 . 92 

1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2  2 2 2  2 2 2  2 2 2  
1 1 3  III 3 1 1 1 3 1 
2 2 2 4 2  2 2 4 2 2 2 4 
1 1 III III 1 1 1 1 
2 2 2 2 2 2 2  2 2 2 2 2 
1 1 3 III 3 1 1 1 3  1 
2 2 2 4 2 2 2 4 2 2 2 4 
1 1 1 1 1 1 1 1 1 III 
2 2 2 2 2 2 2  2 2 2 2 2 
1 1 3  III 3 III 3 1 
2 2 2 4 2 2 2 4 2 2 2 4 

3 .. 2 x 4 . 3  

1 1 1 1 1 1 1 1 1  1 1 1 
1 1 1 1 1 1 1 1 III 1 
1 1 2  2 1 1 2  2 1 1 2  2 
1 1 2  2 1 1 2  2 1 1 2  2 
1 1 III 1 1 1 1 III 
1 1 III 1 1 1 1 III 
1 1 2 2 1 1 2  2 1 1 2  2 
1 1 2  2 1 1 2  2 1 1  2 2 
1 1 1 1 1 1 1 1 5  5 5 5 
1 1 1 1 1 1 1 1 5 5 5 5 
1 1 2  2 1 1 2  2 5 5  6 6 
1 1 2 2 1 1 2  2 5 5  6 6 

3 . 2  x 4 . 11 

1 2 3 4 1  2 3 4 1 2 3 4 
2 1 4 3 2  1 4 3  2 1 4 3  
3 4 1 2  3 4 1 2  3 4 1 2  
4 3 2 1 4 3  2 1 4 3  2 1 
1 2 � 4 1 2 3 4 1  2 3 4 
2 1 4 3 2 1 4 3  2 1 4 3  
3 4 1 2  3 4 1 2 3 4 1 2  
4 3 2  1 4 3  2 1 4 3  2 1 
1 2 3 4 1 2 3 4 5 6 7 8 
2 1 4 3  2 1 4 3  6 5 8 7 
3 4 1 2  3 4 1  2 7 8 5 6 
4 3 2 1 4 3 2 1 8  7 6 5 
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 ( continued) 

3 .2 x 4 . 15 

1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 2 1 2  1 
1 2 3 4 1 2  3 4 1  2 3 4 
2 1 4 3 2 1 4 3  2 1 4 3  
1 2 1 2 1 2 1 2 1 2 1 2  
2 1 2 1 2 1 2 1 2 1 2 1  
1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3  2 1 4 3  
1 2 1 2 1 2 1 2 5 6 5 6 
2 1 2 1 2  1 2 1 6 5 6 5 
1 2 3 4 1 2 3 4 5 6 7 8 
2 1 4 3 2 1 4 3  6 5 8 7 

3 . 2  x 4 . 32 

1 2 2  2 1 2  2 2 1 2 2 2 
2 1 1 1 2  I I I  2 I I I 
2 1 1 1 2 I I I  2 I I I  
2 I I I  2 I I I  2 I I I 
1 2 2  2 1 2  2 2 1 2  2 2 
2 1 1 1 2 I I I  2 I I I  
2 1 1 1 2 1 1 1 2 1 1 1  
2 1 1 1 2 1 1 1 2 1 1  1 
1 2 2  2 1 2 2 2 5 6 6  6 
2 I I I  2 1 1 1 6 5 5 5 
2 1 1 1 2  1 1 1 6 5 5 5 
2 1 1 1 2 1 1 1 6 5 5 5 

3 . 2  x 4 . 35 

1 2 3 3 1 2 3 3 1 2  3 3 
2 3 1 1 2  3 1 1 2  3 1 1  
3 1 2 2 3 1 2 2 3 1 2 2 
3 1 2  2 3 1 2 2 3 1 2 2 
1 2 3 3 1 2 3 3 1 2 3 3 
2 3 1 1 2 3 1 1 2 3 1 1  
3 1 2 2 3  1 2 2 3 1 2  2 
3 1 2  2 3 1 2  2 3 1 2  2 
1 2 3 3 1 2 3 3 5 6 7 7  
2 3 1 1 2 3 1 1 6 7 5 5 
3 1 2 2 3 1 2 2 7 5 6 6  
3 1 2 2 3 1 2 2 7 5 6 6  

3 . 2  x 4 . 31 

1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 2 1 2 1  
1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2  1 2 1 2 1 2 1 
1 2 1 2 1 2 1 2 1 2 1 2  
2 1 2 1 2 1 2 1 2 1 2 1  
1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2  1 2 1 2 1 
1 2 1 2 1 2 1 2  5 6 5 6  
2 1 2 1 2 1 2 1 6 5 6 5 
1 2 1 2 1 2 1 2 5 6 5 6 
2 1 2 1 2 1 2 1 6 5 6 5 

3 0 2  x 4 . 34 

1 1 3  3 1 1 3 3 1 1 3  3 
1 1 3  3 1 1 3  3 1 1 3 3 
3 3 1 1 3 3 1 1 3 3 1 1  
3 3 1  2 3 3 1 2 3 3 1 2 
1 1 3  3 1 1 3 3 1 1 3 3 
1 1 3  3 1 1 3 3 1 1 3 3 
3 3 1 1 3 3 1 1 3  3 1 1 
3 3 1 2 3 3 1 2 3 3  1 2 
1 1 3 3 1 1 3  3 5 5 7  7 
1 1 3 3 1  1 3 3 5 5  7 7 
3 3 1 1 3  3 1 1 7 7 5 5 
3 3 1 2 3 3 1 2  7 7 5 6  

3 . 2  x 4.59 

1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2  2 2 2 2 2 2 2  
I I I  2 1 1 1 2 1 1 1 2 
4 4 4 4 4 4 4 4 4 4 4 4  
1 1 I I I  I I I  1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2  2 
I I I  2 I I I  2 I I I  2 
4 4 4 4 4 4 4 4 4 4 4 4 
1 1 1 1 1 1 1 1 5 5 5 5 
2 2 2  2 2 2 2 2 6 6 6 6 
I I I  2 I I I  2 5 5 5  6 
4 4 4 4 4 4 4 4 8 8 8 8 
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 (continued) 

3 . 2  x 4 .63 

1 1 1 1 1 I I I  1 1 1 1 
2 2 2 2 2 2 2 2 2  2 2 2 
1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3  2 1 4  3 2 1 4 3  
I I I  I I I  I I I  I I I  
2 2 2 2 2 2 2 2 2 2 2 2 
1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3  
1 1 1 1 1 1 1 1 5 5  5 5 
2 2 2 2 2 2 2 2 6 6 6  6 
1 2 3 4 1 2  3 4 5 6 7 8 
2 1 4 3  2 1 4 3 6 5 8 7 

3 . 2  x 4 .65 

1 2 3 4 1 2 3 4 1 2  3 4 
2 1 4 3 2 1 4 3  2 1 4 3 
1 2 3 4 1 2 3 4 1 2 3 4  \ 

2 1 4 3  2 1 4 3 2 1 4 3 
1 2 3 4 1 2 3 4 1 2 3 4  
2 1 4 3 2 1 4 3 2 1 4 3  
1 2 3 4 1 2  3 4 1  2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3  
1 2 3 4 1  2 3 4 5 6 7 8  
2 1 4 3  2 1 4 3  6 5 8 7 
1 2 3 4 1  2 3 4 5  6 7 8 
2 1 4 3 2 1 4  3 6 5 8  7 

3 . 2  x 4 . 92 

1 1 1 1 1 1 1 1 1 I I I  
2 2 2 2 2 2  2 2 2 2 2 2 
1 1 3 1 1 1 3  1 1 1 3 1 
2 2 2 4 2  2 2 4 2 2 2 4 
I I I  1 1 I I I  1 1 1 1 
2 2 2 2 2 2 2 2 2  2 2 2  
1 1 3 1 1 1 3 1 1 1 3 1 
2 2 2 4 2  2 2 4 2 2 2 4  
1 1 1 1 I I I  1 5 5 5 5 
2 2 2 2 2 2 2 2 6 6 6 6  
1 1 3 1 1 1 3 1 5 5 7 5 
2 2 2 4 2 2 2 4 6 6  6 8 

3 . 2  x 4 . 64 

1 1 3 3 1 1 3  3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2  4 4 
1 1 3  3 1 1 3  3 1 1 3  3 
2 2 4 4 2 2 4 4 2 2 4 4 
1 1 3  3 1 1 3 3 1 1 3 3 
2 2 4 4 2  2 4 4 2 2 4 4  
1 1 3  3 1 1 3  3 1 1 3  3 
2 2 4 4 2 2 4 4 2 2 4 4  
1 1 3  3 1 1  3 3 5 5 7 7 
2 2 4 4 2 2 4 4 6 6 8 8 
1 1 3 3 1 1 3 3 5 5  7 7 
2 2 4 4 2  2 4 4  6 6 8 8 

3 . 2  x 4.66 

1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2  
1 1 3 3 1 1 3 3 1 1 3  3 
2 2 4 4 2 2 4 4 2 2 4 4  
1 1 1 1 1 1 1 1 1 I I I  
2 2 2 2 2  2 2 2 2  2 2 2 
1 1 3  3 1 1  3 3 1  1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4  
1 1 1 1 1 1 1 1 5 5 5 5  
2 2 2 2 2 2 2  2 6 6 6 6 
1 1 3 3 1 1 3 3 5 5  7 7 
2 2 4 4 2 2 4 4 6 6 8 8 

. . 

3 . 2  x 4 . 120 

1 2 2 1 1 2 2 1 1 2 2 1 
2 1 1 2  2 1 1 2  2 1 1 2 
2 1 1 2  2 1 1 2 2 1 1 2  
1 2 3 4 1 2 3 4 1 2 3 4  
1 2 2 1 1 2 2 1 1 2 2 1 
2 1 1 2  2 1 1 2 2 1 1 2  
2 1 1  2 2 1 1  2 2 1 1  2 
1 2 3 4 1  2 3 4 1 2  3 4 
1 2 2 1 1  2 2 1 5 6  6 5 
2 1 1 2 2 1 1  2 6 5 5  6 
2 1 1 2  2 1 1 2 6 5 5  6 
1 2 3 4 1 2 3 4 5  6 7 8  
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 (continued) 

3 . 3  x 4 03 3 .3 x 4 .10 

1 1 1 1 5 5 5 5 9 9 9 9 1 2 3 4 5 6 7 8 9 10 11 12 
1 1 1 1 5 5 5 5 9 9 9 9 2 1 4 3 6 5 8 7 10 9 12 11 
1 1 2 2 5 5 6 6 9 9 10 10 3 4 2 1 7 8 6 5 11 12 10 9 
1 1 2 2 5 5 6 6 9 9 10 10 4 3 1 2 8 7 5 6 12 11 9 10 
5 5 5 5 9 9 9 9 1 1 1 1 5 6 7 8 9 10 11 12 1 2 3 4 
5 5 5 5 9 9 9 9 1 1 1 1 6 5 8 7 10 9 12 11 2 1 4 3 
5 5 6 6 9 9 10 10 1 1 2 2 7 8 6 5 11 12 10 9 3 4 2 1 
5 5 6 6 9 9 10 10 1 1 2 2 8 7 5 6 12 11 9 10 4 3 1 2 
9 9 9 9 1 1 1 1 5 5 5 5 9 10 11 12 1 2 3 4 5 6 7 8 
9 9 9 9 1 1 1 1 5 5 5 5 10 9 12 11 2 1 4 3 6 5 8 7 
9 9 10 10 1 1 2 2 5 5 6 6 11 12 10 9 3 4 2 1 7 8 6 5 
9 9 10 10 1 1 2 2 5 5 6 6 12 11 9 10 4 3 1 2 8 7 5 6 

3 . 3  x 4 . 11 3 . 3  x 4 . 15 

1 2 3 4 5 6 7 8 9 10 11 12 1 2 1 2 5 6 5 6 9 10 9 10 
2 1 4 3 6 5 8 7 10 9 12 11 2 1 2 1 6 5 6 5 10 9 10 9 
3 4 1 2 7 8 5 6 11 12 9 10 1 2 3 4 5 6 7 8 9 10 11 12 
4 3 2 1 8 7 6 5 12 11 10 9 2 1 4 3 6 5 8 7 10 9 12 11 
5 6 7 8 9 10 11 12 1 2 3 4 5 6 5 6 9 10 9 10 1 2 1 2 
6 5 8 7 10 9 12 11 2 1 4 3 6 5 6 5 10 9 10 9 2 1 2 1 
7 8 5 6 11 12 9 10 3 4 1 2 5 6 7 8 9 10 11 12 1 2 3 4 
8 7 6 5 12 11 10 9 4 3 2 1 6 5 8 7 10 9 12 11 2 1 4 3 
9 10 11 12 1 2 3 4 5 6 7 8 9 10 9 10 1 2 1 2 5 6 5 6 
10 9 12 11 2 1 4 3 6 5 8 7 10 9 10 9 2 1 2 1 6 5 6 5 
11 12 9 10 3 4 1 2 7 8 5 6 9 10 11 12 1 2 3 4 5 6 7 8 
12 11 10 9 4 3 2 1 8 7 6 5 10 9 12 11 2 1 4 3 6 5 8 7 

3 . 3  x 4.31 3 . 3  x 4 . 32 

1 2 1 2 5 6 5 6 9 10 9 10 1 2 2 2 5 6 6 6 9 10 10 10 
2 1 2 1 6 5 6 5 10 9 10 9 2 1 1 1 6 5 5 5 10 9 9 9 
1 2 1 2 5 6 5 6 9 10 9 10 2 1 1 1 6 5 5 5 10 9 9 9 
2 1 2 1 6 5 6 5 10 9 10 9 2 1 1 1 6 5 5 5 10 9 9 9 
5 6 5 6 9 10 9 10 1 2 1 2 5 6 6 6 9 10 10 10 1 2 2 2 
6 5 6 5 10 9 10 9 2 1 2 1 6 5 5 5 10 9 9 9 2 1 1 1 
5 6 5 6 9 10 9 10 1 2 1 2 6 5 5 5 10 9 9 9 2 1 1 1 
6 5 6 c:; 10 9 10 9 2 1 2 1 6 5 5 5  10 9 9 9 2 1 1 1 
9 10 9 10 1 2 1 2 5 6 5 6 9 10 10 10 1 2 2 2 5 6 6 6 
10 9 10 9 2 1 2 1 6 5 6 5 10 9 9 9 2 1 1 1 6 5 5 5 
9 10 9 10 1 2 1 2 5 6 5 6 10 9 9 9 2 1 1 1  6 5 5 5 
10 9 10 9 2 1 2 1 6 5 6 5 10 9 9 9 2 1 1 1 6  5 5 5 
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 ( continued) 

3 . 3  x 4034 

1 1 3 3 5 5 7 7 9 9 11 11 
1 1 3 3 5 5 7 7 9 9 11 11 
3 3 1 1 7 7 5 5 11 11 9 9 
3 3 1 2 7 7 5 6 11 11 9 10 
5 5 7 7 9 9 11 11 1 1 3 3 
5 5 7 7 9 9 11 11 1 1 3 3 
7 7 5 5 11 11 9 9 3 3 1 1 
7 7 5 6 11 11 9 10 3 3 1 2 
9 9 11 11 1 1 3 3 5 5 7 7 
9 9 11 11 1 1 3 3 5 5 7 7 
11 11 9 9 3 3 1 1 7 7 5 5 
11 11 9 10 3 3 1 2 7 7 5 6 

3 0 3  x 4 .59 

1 1 1 1 5 5 5 5 9 9 9 9 
2 2 2 2 6 6 6 6 10 10 10 10 
1 1 1 2 5 5 5 6 9 9 9 10 
4 4 4 4 8 8 8 8 12 12 12 12 
5 5 5 5 9 9 9 9 1 1 1 1 
6 6 6 6 10 10 10 10 2 2 2 2 
5 5 5 6 9 9 9 10 1 1 1 2 
8 8 8 8 12 12 12 12 4 4 4 4  
9 9 9 9 1 1 1 1 5 5 5 5 
10 10 10 10 2 2 2 2 6 6 6 6 
9 9 9 10 1 1 1 2 5 5 5 6 
12 12 12 12 4 4 h 4 8 8 8 8 

3 . 3  x 4 . 6h 

1 1 3 3 5 5 7 7 9 9 11 11 
2 2 4 4 6 6 8 8 10 10 12 12 
1 1 3 3 5 5 7 7 9 9 11 11 
2 2 4 4 6 6 8 8 10 10 12 12 
5 5 7 7 9 9 11 11 1 
6 6 8 8 10 10 12 12 2 
5 5 7 7 9 9 11 11 1 
6 6 8 8 10 10 12 12 2 
9 9 11 11 1 
10 10 12 12 2 
9 9 11 11 1 
10 10 12 12 2 

1 3 3 5 
2 4 4 6 
1 3 3 5 
2 4 4 6 

1 3 3 
2 h 4 
1 3 3 
2 4 4 
5 7 7 
6 8 8 
5 7 7 
6 8 8 

3 0 3  x 4 . 35 

1 2 3 3 5 6 7 7 9 10 11 11 
2 3 1 1 6 7 5 5 10 11 9 9 
3 1 2 2 7 5 6 6 11 9 10 10 
3 1 2 2 7 5 6 6 11 9 10 10 
5 6 7 7 9 10 11 11 1 2 3 3 
6 7 5 5 10 11 9 9 2 3 1 1 
7 5 6 6 11 9 10 10 3 1 2 2 
7 5 6 6 11 9 10 10 3 1 2 2 
9 10 11 11 1 2 3 3 5 6 7 7 
10 11 9 9 2 3 1 1 6 7 5 5 
11 9 10 10 3 1 2 2 7 5 6 6 
11 9 10 10 3 1 2 2 7 5 6 6 

3 . 3  x 4,,63 

1 1 1 1 5 5 5 5 9 9 9 9 
2 2 2 2 6 6 6 6 10 10 10 10 
1 2 3 4 5 6 7 8 · 9 10 11 12 
2 1 4 3 6 5 8 7 10 9 12 11 
5 5 5 5 9 9 9 9 1 1 1 1 
6 6 6 6 10 10 10 10 2 2 2 2 
5 6 7 8 9 10 11 12 1 2 3 4 
6 5 8 7 10 9 12 11 2 1 4 3 
9 9 9 9 1 1 1 1 5 5 5 5  
10 10 10 10 2 2 2 2 6 6 6 6 
9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 

3 . 3  x 4 . 65 

1 2 3 4 5 6 7 8 9 10 11 12 
2 1 4 3 6 5 8 7 10 9 12 11 
1 2 3 4 5 6 7 8 9 10 11 12 
2 1 4 3 6 5 8 7 10 9 12 11 
5 6 7 8 9 10 11 12 1 2 3 4 
6 5 8 7 10 9 12 11 2 1 4 3 
5 6 7 8 9 10 11 12 1 2 3 4 
6 5 8 7 10 9 12 11 2 1 \ 3 4 
9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 
9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 
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TABLE IV 

DIRECT PRODUCTS: 3 x 4 (continued) 

3 . 3  x 4Q66 3 . 3  x 4.92 

1 1 1 1 5 5 5 5 9 9 9 9 1 1 1 1 5 5 5 5 9 9 9 9 
2 2 2 2 6 6 6 6 10 10 10 10 2 2 2 2 6 6 6 6 10 10 10 10 
1 1 3 3 5 5 7 7 9 9 11 11 1 1 3 1 5 5 7 5 9 9 11 9 
2 2 4 4 6 6 8 8 10 10 12 12 2 2 2 4 6 6 6 8 10 10 10 12 
5 5 5 5 9 9 9 9 1 1 1 1 5 5 5 5 9 <  9 9 9 1 1 1 1  
6 6 6 6 10 10 10 10 2 2 2 2 6 6 6 6 10 10 10 10 2 2 2 2 
5 5 7 7 9 9 11 11 1 1 3 3 5 5 7 5 9 9 11 9 1 1 3 1  
6 6 8 8 10 10 12 12 2 2 4 4  6 6 6 8 10 10 10 12 2 2 2 4 
9 9 9 9 1 1 1 1 5  5 5 5  9 9 9  9 '  1 1 1 1 5 5 5 5 
10 10 10 10 2 2 2 2 6 6 6 6  10 10 10 10 2 2 2 2 6 6 6 6  
9 9 11 11 1 1 3 3 5 5 7 7 9 9 11 9 1 1 3 1 5 5 7 5 
10 10 12 12 2 2 4 4 6  6 8 8 10 10 10 12 2 2 2 4 6  6 6 8  

3 . 3  x 4.120 

1 2 2 1 5 6 6 5 9 10 10 9 
2 1 1 2 6 5 5 6 10 9 9 10 
2 1 1 2 6 5 5 6 10 9 9 10 
1 2 3 4 5 6 7 8 9 10 11 12 
5 6 6 5 9 10 10 9 1 2 2 1 
6 5 5 6 10 9 9 10 2 1 1 2 
6 5 5 6 10 9 9 10 2 1 1 2 
5 6 7 8 9 10 11 12 1 2 3 4 
9 10 10 9 1 2 2 1 5 6 6 5 
10 9 9 10 2 1 1 2 6 5 5 6 
10 9 9 10 2 1 1 2 6  5 5 6 
9 10 11 12 1 2 3 4 5 6 7 8 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 

I I I 1 1 1 1 I I I  1 1 1 I I I  
1 1 1 1 1 1 1 1 1 1 1 1 1 I I I  
1 1 2 2 1 1 2 2 1 1 2  2 1 1 2  2 
1 1 2  2 1 1 2  2 1 1 2 2 1 1 2  2 
1 1 I I I  I I I  I I I  I I I  1 1 
I I I  1 1 1 1 I I I  1 1 1 I I I  
1 1 2  2 1 1 2 2 1 1 2 2 1 1 2  2 
1 1 2  2 1 1 2 2 1 1 2 2 1 1 2 2 
1 1 1 1 1 1 1 1 5 5 5 5 5 5  5 5 
1 1 I I I  1 1 1 5 5 5 5 5 5  5 5 
1 1 2 2 1 1 2  2 , 5 6 6 5 5  6 6 
1 1 2 2 1 1 2  2 5 5  6 6 5 5 6 6  
1 1 1 1 1 1 1 1 5 5 5 5  5 5 5 5 
1 1 I I I  1 1 1 5 5  5 5 5 5 5  5 
1 1 2 2 1 1 2  2 5 5 6 6 5 5  6 6 
1 1 2 2 1 1 2 2 5 5 6 6 5 5  6 6 

4 . 3  x 4 . 11 

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  
2 1 4 3  2 1 4 3 2 1 4 3  2 1 4 3  
3 4 1 2 3 4 1 2 3 4 1 2 3 4 1  2 
4 3 2  1 4 3 2 1 4 3 2 1 4 3  2 1 
1 2 3 4 1 2 3 4 1  2 3 4 1 2  3 4 
2 1 4 3  2 1 4 3 2  1 4 3 2 1 4 3  
3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2  
4 3 2 1 4 3 2 1 4 3 2 1 4 3 2 1 
1 2 3 4 1  2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3  2 1 4 3 6 5 8 7 6 5 8 7 
3 4 1  2 3 4 1 2  7 8 5 6 7  8 5 6 
4 3 2 1 4 3 2 1 8 7 6 5 8 7 6 5 
1 2 3  4 1 2  3 4 5 6 7 8 5 6 7 8  
2 1 4 3  2 1 4 3 6 5 8 7 6 5 8 7 
3 4 1 2 3 4 1  2 7 8 5 6 7 8 5 6 
4 3 2  1 4 3  2 1 8 7  6 5 8 7 6 5 

4 . 3  x 4 . 10 

1 2 3 4 1  2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3  2 1 4 3  2 1 4 3  2 1 4 3  
3 4 2 1 3 4 2  1 3 4 2  1 3 4 2  1 
4 3 1 2 4 3 1 2 4 3 1 2 4 3 1 2 
1 2 3 4 1  2 3 4 1  2 3 4 1 2  3 4 
2 1 4 3 2 1 4 3 2  1 4 3 2 1 4 3  
3 4 2  1 3 4 2 1 3 4 2 1 3 4 2  1 
4 3 1 2 4 3 1 2 4 3 1 2 4 3 1 2 
1 2 3 4 1 2  3 4 5 6 7 8 5 6  7 8 
2 1 4 3 2  1 4 3  6 5 8 7 6 5 8 7 
3 4 2  1 3 4  2 1 7 8 6 5 7 8 6 5 
4 3 1  2 4 3 1 2 8 7 5 6 8  7 5 6 
1 2 3 4 1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3  2 1 4 3 6 5 8 7 6 5 8 7 
3 4 2 1 3 4 2 1 7 8 6 5 7 8 6 5 
4 3 1 2 4 3 1  2 8 7 5  6 8 7 5 6 

1 2 1 2 1 2 1 2 1 2 1  2 1 2 1 2 
2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 
1 2 3 4 1 2  3 4 1  2 3 4 1 2 3 4 
2 1 4 3 2  1 4 3  2 1 4 3  2 1 4 3  
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 2  1 2 1 2  1 2 1 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3  2 1 4 3 2 1 4 3  2 1 4 3 
1 2 1 2 1 2 1 2 5 6 5 6 5 6 5 6 
2 1 2 1  2 1 2 1 6 5 6 5 6 5 6 5 
1 2 3 4 1 2  3 4 5 6 7 8 5 6  7 8 
2 1 4 3 2 1 4 3 6 5 8 7 6 5 8 7  
1 2 1 2 1 2  1 2 5 6 5 6 5 6 5 6 
2 1 2 1 2 1 2 1 6 5 6 5 6 5 6 5 
1 2 3 4 1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3 2  1 4 3  6 5 8 7 6 5 8 7 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1  
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2  1 2 1 2 1 2 1 2 1 2 1 2 1 
1 2 1 2 1 2 1 2 1 2 1 2 1  2 1 2 
2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 2 1 2 1 2 1 2  1 
1 2 1 2 1 2 1  2 5 6 5 6 5 6 5 6  
2 1 2 1 2 1 2 1 6 5  6 5 6 5 6 5 
1 2 1 2 1 2 1 2 5 6 5 6 5 6 5 6  
2 1 2 1 2 1 2 1 6 5 6 5 6 5  6 5 
1 2 1 2 1 2 1 2 5 6 5 6 5  6 5 6 
2 1 2 1 2 1 2 1 6 5  6 5 6 5 6 5 
1 2 1 2 1 2 1 2 5 6 5 6 5 6 5 6  
2 1 2 1 2 1 2 1 6 5  6 5 6 5 6 5 

1 1 3  3 1 1 3 3 1 1  3 3 1 1 3 3 
1 1 3  3 1 1 3  3 1 1 3 3 1 1 3 3 
3 3 1  1 3 3  1 1 3 3 1 1 3 3 1 1 
3 3 1 2 3 3 1 2 3 3 1 2  3 3 1 2  
1 1 3  3 1 1 3 3 1 1 3 3 1 1 3  3 
1 1 3  3 1 1 3 3 1 1  3 3 1  1 3 3  
3 3 1 1 3 3 1 1 3 3 1 1 3 3 1 1  
3 3 1 2 3 3 1  2 3 3 1 2 3 3 1 2  
1 1 3 3 1 1 3 3 5 5 7  7 5 5  7 7 
1 1 3  3 1 1  3 3 5 5 7  7 5 5  7 7 
3 3 1 1  3 3 1 1 7 7 5 5  7 7 5 5  
3 3 1  2 3 3 1  2 7 7 5 6 7  7 5 6  
1 1 3 3 1 1 3 3 5 5 7 7  5 5 7 7  
1 1 3 3 1 1  3 3 5  5 7 7 5 5 7 7  
3 3 1 1 3 3 1 1 7 7 5 5  7 7 5 5 
3 3 1  2 3 3 1 2 7  7 5 6 7  7 5 6  

4.3 x 4 . 32 

1 2 2  2 1 2 2 2 1 2 2  2 1 2  2 2 
2 1 1 1  2 1 1 1  2 1 1 1  2 1 1 1 
2 1 1 1  2 1 1 1  2 1 1 1 2 1 1 1 
2 1 1 1 2  1 1 1  2 1 1  1 2 1  1 1 
1 2 2 2 1 2 2  2 1 2  2 2 1 2 2 2 
2 1 1 1 2 1 1 1  2 1 1 1  2 1 1 1  
2 1 1 1 2 1 1 1 2 1 1 1  2 1 1  1 
2 1 1 1  2 1 1 1 2  1 I I ?  1 1 1  
1 2 2 2 1 2 2 2 5 6 6 6 5 6 6 6  
2 1 1 1 2 1 1 1 6 5 5 5 6 5 5 5  
2 1 1 1 2 1 1 1 6 5 5 5 6 5 5 � 
2 1 1 1 2 1 1 1 6 5 5  � 6 5 5 5  
1 2 2  2 1 2 2  2 5 6 6 6 5 6 6 0  
2 1 1 1 2 1 1 1 6 5 5  5 6 5  � � 
2 1 1 1  2 1 1  1 6 5  5 5 6 5 5  5 
2 1 1 1 2 1 1 1  6 5 5 5 6 5 5 5 

403 x 4.35 

1 2 3 3 1 2 3 3 1 2 3 3 1 2 3 3 
2 3 1 1  2 3 1 1  2 3 1 1 2 3 1 1 
3 1 2 2 3 1 2 2 3 1 2 2 3 1 2 2  
3 1 2 2 3 1 2 2 3 1 2 2 3 1 2 2  
1 2 3 3 1 2 3 3 1 2 3 3 1 2 3 3 
2 3 1 1 2  3 1 1  2 3 1 1  2 3 1 1 
3 1 2  2 3 1 2 2 3 1 2 2 3 1  2 2 
3 1 2 2 3  1 2 2 3 1 2  2 3 1  2 2 
1 2 3 3 1  2 3 3 5 6 7 7 5 6 7  7 
2 3 1 1  2 3 1 1 6 7  5 5 6 7 5 5 
3 1 2  2 3 1 2  2 7 5 6 6  7 5 6 6 
3 1 2  2 3 1  2 2 7 5 6 6 7 5 6 6 
1 2 3 3 1 2 3 3 5 6 7 7 5 6 � 7 
2 3 1 1 2 3 1 1 6 7 5 5 6 7 5 5  
3 1 2  2 3 1 2  2 7 5 6 6 7 5 6 6 
3 1 2  2 3 1 2  2 7 5 6 6 7 5 6 6 



114 
TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 
2 2 2 2 2 2 2 2  2 2 2 2 2 2 2 2  
1 1 1 2 1 1 1 2 1 1 1 2  1 1 1 2 
4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
1 1 1 1 1  1 1 1  1 1 1 1 1  1 1 1  
2 2 2 2 2 2 2 2  2 2 2  2 2 2 2 2 
1 1 1  2 1 1 1  2 1 1 1  2 1 1 1  2 
4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
1 1 1 1 1 1 1 1 5 5 5  5 5 5 5 5 
2 2 2 2 2 2  2 2 6  6 6 6 6 6 6 6  
1 1 1  2 1 1 1 2 5 5  5 6 5 5 5 6  
4 4 4 4 4 4 4 4 8 8 8 8 8 8 8 8 
1 1 1 1 1 1 1 1 5  5 5 5 5 5  5 5 
2 2 2 2 2 2  2 2 6 6 6  6 6 6 6 6 
1 1 1  2 1 1 1 2 5 5 5 6 5 5 5 6 
4 4 4 4 4 4 4  4 8 8 8 8 8 8 8 8 

4 03  x 4 . 64 

1 1 3 3 1 1 3 3 1 1 3  3 1 1  3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4  
1 1 3 3 1 1 3 3 1 1 3 3 1 1 . 3 3 
2 2 4 4  2 2 4 4  2 2 4 4 2 2 4 4 
1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4  2 2 4 4  2 2 4 4  2 2 4 4 
1 1 3 3 1  1 3 3 1 1 3 3 1 1 3 3  
2 2 4 4 2  2 4 4 2  2 4 4 2 2 4 4 
1 1 3 3 1  1 3 3 5 5  7 7 5 5 7 7 
2 2 4 4 2  2 4 4 6  6 8 8  6 6 8 8 
1 1 3  3 1 1  3 3 5 5  7 7 5 5 7  7 
2 2 4 4  2 2 4 4 6  6 8 8  6 6 8  8 
1 1 3 3 1 1 3 3 5 5  7 7 5 5 7  7 
2 2 4 4  2 2 4 4  6 6 8  8 6 6 8  8 
1 1 3 3 1 1 3  3 5 5 7  7 5 5 7 7  
2 2 4 4 2 2 4 4 6 6 8 8  6 6 8  8 

4.3 x 4 . 63 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2  2 2 2 2 2 2 2  2 2 2 2  2 
1 2 3 4 1  2 3 4 1  2 3 4 1 2 3 4 
2 1 4 3  2 1 4 3 2 1 4 3 2 1 4 3 
1 1 1 1  1 1 1  1 1 1 1 1 1 1 1 1 
2 2 2  2 2 2  2 2 2 2 2 2  2 2 2 2 
1 2 3 4 1  2 3 4 1  2 3 4 1  2 3 4 
2 1 4 3 2  1 4 3 2 1 4 3  2 1 4 3 
1 1 1 1 1 1 1 1 5  5 5 5 5 5  5 5 
2 2 2  2 2 2 2 2 6 6 6 6 6 6 6 6  
1 2 3 4 1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3  2 1 4 3 6 5  8 7 6 5 8 7 
1 1 1 1 1 1 1 1 5  5 5 5  5 5 5 5  
2 2 2 2  2 2 2 2 6 6 6 6  6 6 6 6 
1 2 3 4 1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3 2 1 4 3 6 5 8  7 6 5 8 7 

4 . 3  x 4 . 65 

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  
2 1 4 3  2 1 4 3 2 1 4 3 2 1 4 3  
1 2 3 4 1  2 3 4 1 2  3 4 1 2 3 4  
2 1 4  3 2 1 4  3 2 1 4 3 2 1 4 3 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4  
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3  
1 2 3 4 1  2 3 4 1  2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2  1 4 3  2 1 4 3  
1 2 3 4 1  2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3 2 1 4  3 6 5 8 7 6 5 8  7 
1 2 3 4 1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3 2  1 h 3 6 5 8 7 6 5 8  7 
1 2 3 4 1  2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3 2 1 4 3 6 5 8 7 6 5 8 7 
1 2 3 4 1 2 3 4 5 6 7 8 5 6 7 8 
2 1 4 3  2 1 4 3 6 5 8 7 6 5 8 7 
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TABLE V 

DIP�T PRODUCTS : 4 x 4 ( continued) 

1 1 1  1 1 1 1 1 1 1 1  1 1 1 1 1 
2 2 2 2 2 2 2  2 2 2 2  2 2 2  2 2 
1 1 3  3 1 1 3  3 1 1 3 3 1 1 3  3 
2 2 4 L 2 2 h h 2 2 h L� 2 2 4 4 
1 1 1 1 1  1 1 1  1 1 1  1 1 1  1 1 
2 2 2 2 2 2 2 2 2 2 2 2  2 2 2 2 
1 1 3 3 1 1 3  3 1 1 3 3 1 1 3 3  
2 2 4 4 2 2 4 4  2 2 4 4 2  2 4 4  
1 1 1 1 1 1 1 1 5 5 5 5 5 5 5 5  
2 2 2 2 2 2 2 2  6 6 6 6 6 6 6 6  
1 1 3  3 1 1  3 3 5 5  7 7 5 5  7 7 
2 2 4 4 2 2 4 4 6 6 8 8 6 6 8 8  
1 1 1 1  1 1 1 1 5 5 5 5 5 5 5 5 
2 2 2 2 2 2 2 2  6 6 6  6 6 6  6 6 
1 1 3  3 1 1 3  3 5 5  7 7 5 5 7 7 
2 2 4 4 2  2 4 4 6  6 8 8 6 6 8 8 

4 . 3  x 40120 

1 2 2 1 1 2  2 1 1  2 2 1 1 2  2 1 
2 1 1  2 2 1 1  2 2 1 1 2 2 1 1  2 
2 1 1  2 2 1 1 2 2 1 1 2 2 1  1 2 
1 2 3 4 1  2 3 4 1 2  3 4 1  2 3 4 
1 2 2 1 1 2 2 1 1 2 2 1 1 2  2 1 
2 1 1 2  2 1 1 2  2 1 1 2 2 1 1 2  
2 1 1  2 2 1 1  2 2 1 1 2 2 1 1 2 
1 2 3 4 1 2  3 4 1 2 3 4 1 2 3 4  
1 2 2 1 1 2  2 1 5 6 6 5 5 6 6 5 
2 1 1 2 2 1 1 2 6 5 5 6 6 5 5 6 
2 1 1 2 2 1 1 2 6 5 5 6 6 5 5 6 
1 2 3 4 1 2 3 4 5  6 7 8 5 6 7 8 
1 2 2 1 1 2  2 1 5 6 6 5 5 6 6 5 
2 1 1 2 2  1 1 2 6 5 5  6 6 5 5 6 
2 1 1 2 2 1 1  2 6 5 5 6 6 5 5  6 
1 2 3 4 1 2  3 4 5  6 7 8 5 6 7 8 

1 1 1  1 1 1 1 1 1 1 1 1 1  1 1 1 
2 2 2 2 2  2 2 2 2 2 2 2  2 2 2 2 
1 1 3 1 1 1 3 I I I  3 1 1 1 3  1 
2 2 2 4 2 2 2 4 2  2 2 4 2 2 2 4 
1 1 1 1 I I I  1 1 1 1 1 1 1 1 1  
2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 1 1 1 3 1 1 1 3  1 1 1 3  1 
2 2 2 4 2  2 2 4 2 2 2 4 2 2 2 4 
1 1 1 1 1 1 1 1 5 5 5 5 5 5  5 5 
2 2 2 2 2 2 2 2  6 6 6 6 6 6 6 6 
1 1 3  1 1 1  3 1 5 5  7 5 5  5 7 5 
2 2 2 4 2  2 2 4 6 6 6 8  6 6 6 8 
1 I I I  1 1 1 1 5 5 5 5 5  5 5 5 
2 2 2  2 2 2 2 2 6 6 6 6 6 6 6 6 
1 1 3  1 1 1  3 1 5 5 7 5 5 5  7 5 
2 2 2 4 2 2 2 4 6  6 6 8 6 6  6 8 



TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

4 � 10 x 4010 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
3 4 2 1 7 8 6 5 11 12 10 9 15 16 14 13 
4 3 1 2 8 7 5 6 12 11 9 10 16 15 13 14 
5 6 7 8 1 2 3 4 1'3 lit 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 II 
7 8 6 5 3 4 2 1 15 16 14 13 11 12 10 9 
8 7 5 6 4 3 1 2 16 15 13 14 12 11 9 10 
9 10 II 12 13 14 15 16 5 6 7 8 1 2 3 4 
10 9 12 11 14 13 16 15 6 5 8 7 2 1 4 3 
11 12 10 9 15 16 14 13 7 8 6 5 3 4 2 1 
12 11 9 10 16 15 13 14 8 7 5 6 4 3 1 2 
13 14 15 16 9 10 11 12 1 2 3 4 5 6 7 8 
14 13 16 15 10 9 12 11 2 1 4 3 6 5 8 7 
15 16 14 13 11 12 10 9 3 4 2 1 7 8 6 5 
16 15 13 14 12 11 9 10 4 3 1 2 8 7 5 6 

4 . 10 x 4011 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
3 4 1 2 7 8 5 6 11 12 9 10 15 16 13 14 
4 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
7 8 5 6 3 4 1 2 15 16 13 14 11 12 9 10 
8 7 6 5 4 3 2 1 16 15 14 13 12 11 10 9 
9 10 11 12 13 14 15 16 5 6 7 8 1 2 3 4 
10 9 12 11 14 13 16 15 6 5 8 7 2 1 4 3 
11 12 9 10 15 16 13 14 7 8 5 6 3 4 1 2 
12 11 10 9 16 15 14 13 8 7 6 5 4 3 2 1 
13 14 15 16 9 10 11 12 1 2 3 4 5 6 7 8 
14 13 16 15 10 9 12 11 2 1 4 3 6 5 8 7 
15 16 13 14 12 9 10 3 4 1 2 7 8 5 6 
16 15 14 13 12 11 10 9 4 3 2 1 8 7 6 5 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4010 x 4 .. 15 

1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 13 14 13 10 9 10 9 
5 6 7 8 1 2 3 4 13 14 15 16 9 '  10 11 12 
6 5 8 7 2 1 4 3  14 13 16 15 10 9 12 11 
9 10 9 10 13 14 13 14 5 6 5 6 1 2 1 2 
10 9 10 9 14 13 14 13 6 5 6 5 2 1 2 1 
9 10 11 12 13 14 15 16 5 6 7 8 1 2 3 4 
10 9 12 11 14 13 16 15 6 5 8 7 2 1 4 3 
13 14 13 14 9 10 9 10 1 2 1 2 5 6 5 6 
14 13 14 13 10 9 10 9 2 1 2 1 6 5 6 5 
13 14 15 16 9 10 11 12 1 2 3 4 5 6 7 8 
14 13 16 15 10 9 12 11 2 1 4 3 6 5 8 7 

4 010 x 4,, 31 

1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 13 14 13 10 9 10 9 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 13 14 13 10 9 10 9 
9 10 9 10 13 14 13 14 5 6 5 6 1 2 1 2 
10 9 10 9 14 13 14 13 6 5 6 5 2 1 2 1 
9 10 9 10 13 14 13 14 5 6 5 6 ·  1 2 1 2 
10 9 10 9 14 13 14 13 6 5 6 5 2 1 2 1 
13 14 13 14 9 10 9 10 1 2 1 2 5 6 5 6 
14 13 14 13 10 9 10 9 2 1 2 1 6 5 6 5 
13 14 13 14 9 10 9 10 1 2 1 2 5 6 5 6 
14 13 14 13 10 9 10 9 2 1 2 1 6 5 6 5 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 . 10 x 4032 

1 2 2 2 5 6 6 6 9 10 10 10 13 14 14 14 
2 1 1 1 6 5 5 5 10 9 9 9 14 13 13 13 
2 1 1 1 6 5 5 5 10 9 9 9 14 13 13 13 
2 1 1 1 6 5 5 5 10 9 9 9 14 13 13 13 
5 6 6 6 1 2 2 2 13 14 14 14 9 10 10 10 
6 5 5 5 2 1 1 1 14 13 13 13 10 9 9 9 
6 5 5 5 2 1 1 1 14 13 13 13 10 9 
6 5 5 5  2 1 1 1 14 13 13  13 10 9 
9 10 10 10 13 14 14 14 5 
10 9 9 9 14 13 13 13 6 
10 9 9 9 14 13 13 13 6 
10 9 9 9 14 13 13 13 6 
13 14 14 14 9 10 10 10 1 
14 13 13 13 10 9 9 9 2 
14 13 13 13 10 9 9 9 2 
14 13 13 13 10 9 9 9 2 

4 . 10 x 4 . 34 

6 
5 
5 
5 
2 
1 
1 
1 

6 6 1 2 
5 5 2 1 
5 5 2 1 
5 5 2 1 
2 2 5 6 
1 1 6 5 
1 1 6 5 
1 1 6 5 

9 9 
9 9 
2 2 
1 1 
1 1 
1 1 
6 6 
5 5 
5 5 
5 5 

1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
3 3 1 1 7 7 5 5 11 11 9 9 15 15 13 13 
3 3 1 2 7 7 5 6 11 11 9 10 15 15 13 14 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
7 7 5 5 3 3 1 1 15 15 13 13 11 11 9 9 
7 7 5 6 3 3 1 2 15 15 13 14 11  11 9 10 
9 9 11 11 13 13 15 15 5 5 7 7 1 1 3 3 
9 9 11 11 13 13 15 15 5 5 7 7 1 1 3 3 
11 11 9 9 15 15 13 13 7 7 5 5 3 3 1 1 
11 11 9 10 15 15 13 14 7 7 5 6 3 3 1 2 
13 13 15 15 9 9 11 11 1 1 3 3 5 5 7 7 
13 13 15 15 9 9 11 11 1 1 3 3 5 5 7 7 
15 15 13 13 1 1 9 9 3 3 1 1 7 7 5 5 
15 15 13 14 11 11 9 10 3 3 1 2 7 7 5 6 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 . 10 x 4.35 

1 2 3 3 5 6 7 7 9 10 11 11 13 14 15 15 
2 3 1 1 6 7 5 5 10 11 9 9 14 15 13 13 
3 1 2 2 7 5 6 6 11 9 10 10 15 13 14 14 
3 1 2 2 7 5 6 6 11 9 10 10 15 13 14 14 
5 6 7 7 1 2 3 3 13 14 15 15 9 10 11 11 
6 7 5 5 2 3 1 1 14 15 13 13 10 11 9 9 
7 5 6 6 3 1 2 2 15 13 14 14 11 9 10 10 
7 5 6 6 3 1 2 2 15 13 14 14 11 9 10 10 
9 10 11 11 13 14 15 15 5 6 7 7 1 2 3 3 
10 11 9 9 14 15 13 13 6 7 5 5 2 3 1 1 
11 9 10 10 15 13 14 14 7 5 6 6 3 1 2 2 
11 9 10 10 15 13 14 14 7 5 6 6 3 1 2 2 
13 14 15 15 9 10 11 11 1 2 3 3 5 6 7 7 
14 15 13 13 10 11 9 9 2 3 1 1 6 7 5 5 
15 13 14 14 11 9 10 10 3 1 2 2 7 5 6 6 
15 13 14 14 11 9 10 10 3 1 2 2 7 5 6 6 

4 . 10 x 4e59 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 1 2 5 5 5 6 9 9 9 10 13 13 13 14 
4 4 4 4 8 8 8 8 12 12 12 12 16 16 16 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 5 6 1 1 1 2 13 13 13 14 9 . 9 9 10 
8 8 8 8 4 4 4  4 16 16 16 16 12 12 12 12 
9 9 9 9 13 13 13 13 5 5 5 5 1 1 1 1 
10 10 10 10 14 14 14 14 6 6 6 6 2 2 2 2 
9 9 9 10 13 13 13 14 5 5 5 6 1 1 1 2 
12 12 12 12 16 16 16 16 8 8 8 8 4 4 4 4 
13 13 13 13 9 9 9 9 1 1 1 1 5 5 5 5 
14 14 14 14 10 10 10 10 2 2 2 2 6 6 6 6 
13 13 13 14 9 9 9 10 1 1 1 2 5 5 5 6 
16 16 16 16 12 12 12 12 4 h 4 h 8 8 13 () 0 



TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 . 10 x 4.63 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
9 9 9 9 13 13 13 13 5 
10 10 10 10 14 14 14 14 6 
9 10 11 12 13 14 15 16 5 
10 9 12 11 14 13 16 15 6 
13 13 13 13 9 9 9 9 1 
14 14 14 14 10 10 10 10 2 
13 14 15 16 9 10 11 12 1 
14 13 16 15 10 9 12 11 2 

4 .. 10 x 4 . 64 

1 1 3 3 5 5 7 7 9 

5 
6 
6 
5 
1 
2 
2 
1 

9 

5 5 1 1 1 1 
6 6 2 2 2 2 
7 8 1 2 3 4 
8 7 2 1 4 3 
1 1 5 5 5 5 
2 2 6 6 6 6 
3 4 5 6 7 8 
4 3 6 5 8 7 

11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
9 9 11 11 13 13 15 15 5 5 7 7 1 1 3 3 
10 10 12 12 14 14 16 16 6 6 8 8 2 2 4 4 
9 9 1 1 13 13 15 15 5 5 7 7 1 1 3 3 
10 10 12 12 14 14 16 16 6 6 8 8 2 2 4 4 
13 13 15 15 9 9 11 11 1 1 3 3 5 5 7 7 
14 14 16 16 10 10 12 12 2 2 4 4 6 6 8 8 
13 13 15 15 9 9 11 11 1 1 3 3 5 5 7 7 
14 14 16 16 10 10 12 12 2 2 4 4 6 6 8 8 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 . 10 x 4065 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
9 10 11 12 13 14 15 16 5 6 7 8 1 2 3 4 
10 9 12 11 14 13 16 15 6 5 8 7 2 1 4 3 
9 10 11 12 13 14 15 16 5 6 7 8 1 2 3 4 
10 9 12 11 14 13 16 15 6 5 8 7 2 1 4 3 
13 14 15 16 9 10 11 12 1 2 3 4 5 6 7 8 
14 13 16 15 10 9 12 11 2 1 4 3 6 5 8 7 
13 14 15 16 9 . 10 11 12 1 2 3 4 5 6 7 8 
14 13 16 15 10 9 12 11 2 1 4 3 6 5 8 7 

4.10 x 4 0 66 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
9 9 9 9 13 13 13 13 5 5 5 5 1 1 1 1 
10 10 10 10 14 14 14 14 6 6 6 6 2 2 2 2 
9 9 11 11 13 13 15 15 5 5 7 7 1 1 3 3 
10 10 12 12 14 14 16 16 6 6 8 8 2 2 4 4 
13 13 13 13 9 9 9 9 1 1 1 1 5 5 5 5 
14 14 14 14 10 10 10 10 2 2 2 2 6 6 6 6 
13 13 15 15 9 9 11 11 1 1 3 3 5 5 7 7 
14 14 16 16 10 10 12 12 2 2 4 4 6 6 8 8 



TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 .. 10 x 4092 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 3 1 5 5 7 5 9 9 11 9 13 13 15 13 
2 2 2 4 6 6 6 8 10 10 10 12 14 14 14 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 7 5 1 1 3 1 13 13 15 13 9 9 ' 11 9 
6 6 6 8 2 2 2 2 14 14 14 16 10 10 10 12 
9 9 9 9 13 13 13 13 5 5 5 5 1 1 1 1 
10 10 10 10 14 14 14 14 6 6 6 6 2 2 2 2 
9 9 11 9 13 13 15 13 5 5 7 5 1 1 3 1 
10 10 10 12 14 14 14 16 6 6 6 8 2 2 2 2 
13 13 13 13 9 9 9 9 1 1 1 1 5 5 5 5 
14 14 14 14 10 10 10 10 2 2 2 2 6 6 6 6 
13 13 15 13 . 9  9 11 9 1 1 3 1 5 5 7 5 
14 14 14 16 10 10 10 12 2 2 2 2 6 6 6 8 

4 .. 10 x 4 . 120 

1 2 2 1 5 6 6 5 9 10 10 9' 13 14 14 13 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
5 6 6 5 1 1 2 1 13 14 14 13 9 10 10 9 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
5 ' 6  7 8 1 2 3 4 13 14 15 16 9 10 11 12 
9 10 10 9 13 14 14 13 5 6 6 5 1 1 2 1 
10 9 9 10 14 13 13 14 6 5 5 6 2 1 1 2 
10 9 9 10 14 13 13 14 6 5 5 6 2 1 1 2 
9 10 11 12 13 14 15 16 5 6 7 8 1 2 3 4 
13 14 14 13 9 10 10 9 1 1 2 1 5 6 6 5 
14 13 13 14 10 9 9 10 2 1 1 2 6 5 5 6 
14 13 13 14 10 9 9 10 2 1 1 2 6 5 5 6 
13 14 15 16 9 10 11 12 1 2 3 4 5 6 7 8 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 ,, 11 x 4011 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
3 4 1 2 7 8 5 6 11 12 9 10 15 16 13 14 
4 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
7 8 5 6 3 4 1 2 15 16 13 14 11 12 9 10 
8 7 6 5 4 3 2 1 16 15 14 13 12 11 10 9 
9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 
10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7 
11 12 9 10 15 16 13 14 3 4 1 2 7 8 5 6 
12 11 10 9 16 15 14 13 4 3 2 1 8 7 6 5 
13 14 15 16 9 10 11 12 5 6 7 8 1 2 3 4 
14 13 16 15 10 9 12 11 6 5 8 7 2 1 4 3 
15 16 13 14 11 12 9 10 7 8 5 6 3 4 1 2 
16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 

4 0 11 x 4 . 15 

1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 13 14 13 10 9 10 9 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
9 10 9 10 13 14 13 14 1 2 1 2 5 - 6 5 6 
10 9 10 9 14 13 14 13 2 1 2 1 6 5 6 5 
9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 
10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7 
13 14 13 14 9 10 9 10 5 6 5 6 1 2 1 2 
14 13 14 13 10 9 10 9 6 5 6 5 2 1 2 1 
13 14 15 16 9 10 11 12 5 6 7 8 1 2 3 4 
14 13 16 15 10 9 12 11 6 5 8 7 2 1 4 3 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 . 11 x 4 0 31 

1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 13 14 13 10 9 10 9 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 13 41 13 10 9 10 9 
9 10 9 10 13 14 13 14 1 2 1 2 5 6 5 6 
10 9 10 9 14 13 14 13 2 1 2 1 6 5 6 5 
9 10 9 10 13 14 13 14 1 2 1 2 5 6 5 6 
10 9 10 9 14 13 14 13 2 1 2 1 6 5 6 5 
13 14 13 14 9 10 9 10 5 6 5 6 1 2 1 2 
14 13 14 13 10 9 10 9 6 5 6 5 2 1 2 1 
13 14 13 14 9 10 9 10 5 6 5 6 1 2 1 2 
14 13 14 13 10 9 10 9 6 5 6 5 2 1 2 1 

4.11 x 4 0 32 

1 2 2 2 5 6 6 6 9 10 10 10 13 14 14 14 
2 1 1 1 6 5 5 5 10 9 9 9 14 13 13 13 
2 1 1 1 6 5 5 5 10 9 9 9 14 13 13 13 
2 1 1 1 6 5 5 5 10 9 9 9 14 13 13 13 
5 6 6 6 1 2 2 2 13 14 14 14 9 10 10 10 
6 5 5 5 2 1 1 1 14 13 13 13 10 9 9 9 
6 5 5 5 2 1 1 1 14 13 13 13 10 9 9 9 
6 5 5 5 2 1 1 1 14 13 13 13 10 9 9 9 
9 10 10 10 13 14 14 14 1 2 2 2 5 6 6 6 
10 9 9 9 14 13 13 13 2 1 1 1 6 5 5 5 
10 9 9 9 14 13 13 13 2 1 1 1 6 5 5 5 
10 9 9 9 14 13 13 13 2 1 1 1 6 5 5 5 
13 14 14 14 9 10 10 10 5 6 6 6 1 2 2 2 
14 13 13 13 10 9 9 9 6 5 5 5 2 1 1 1 
14 13 13 13 10 9 9 9 6 5 5 5 2 1 1 1 
14 13 13 13 10 9 9 9 6 5 5 5 2 1 1 1 

124 



TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 0 11 x 4. 34 

1 1 3 3 5 5 7 7 9 9 11 II 13 13 15 15 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
3 3 1 1 7 7 5 5 11 11 9 9 15 15 13 13 
3 3 1 2 7 7 5 6 11 11 9 10 15 15 13 14 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
7 7 5 5 3 3 1 1 15 15 13 13 11 11 9 9 
7 7 5 6 3 3 1 2 15 15 13 14 11 11 9 10 
9 9 11 11 13 13 15 15 1 1 3 3 5 5 7 7 
9 9 11 11 13 13 15 15 1 1 3 3 5 5 7 7 
11 11 9 9 15 15 13 13 3 3 1 1 7 7 5 5 
11 11 9 10 15 15 13 14 3 3 1 2 7 7 5 6 
13 13 15 15 9 9 11 11 5 5 7 7 1 1 3 3 
13 13 15 15 9 9 11 11 5 5 7 7 1 1 3 3 
15 15 13 1 3  11 11 9 9 7 7 5 5 3 3 1 1 
15 15 13 14 11 11 9 10 7 7 5 6 3 3 1 2 

4,,11 x 4 . 35 

1 2 3 3 5 6 7 7 9 10 11 11 13 14 15 15 
2 3 1 1 6 7 5 5 10 11 9 9 14 15 13 13 
3 1 2 2 7 5 6 6 11 9 10 10 15 13 14 14 
3 1 2 2 7 5 6 6 11 9 10 10 15 13 14 14 
5 6 7 7 1 2 3 3 13 14 15 15 9 10 11 11 
6 7 5 5 2 3 1 1 14 15 13 13 10 11 9 9 
7 5 6 6 3 1 2 2 15 13 14 14 11 9 10 10 
7 5 6 6 3 1 2 2 15 13 14 14 11 9 10 10 
9 10 11 11 13 14 15 15 1 2 3 3 5 6 7 7 
10 11 9 9 14 15 13 13 2 3 1 1 6 7 5 5 
11 9 10 10 15 13 14 14 3 1 2 2 7 5 6 6 
11 9 10 10 15 13 14 14 3 1 2 2 7 5 6 6 
13 14 15 15 9 10 11 11 5 6 7 7 1 2 3 3 
14 15 13 13 10 11 9 9 6 7 5 5 2 3 1 1 
15 13 14 14 11 9 10 10 7 5 6 6 3 1 2 2 
15 13 14 14 11 9 10 10 7 5 6 6 3 1 2 2 
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TABLE :v 

DIRECT PIWDUCTS: 4 x 4 (continued) 

4 0 11 x 4059 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 1 2 5 5 5 6 9 9 9 10 13 13 13 14 
4 4 4 4 8 8 8 8 12 12 12 12 16 16 16 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 5 6 1 1 1 2 13 13 13 14 9 9 9 10 
8 8 8 8 4 4 4 4 16 16 16 16 12 12 12 12 
9 9 9 9 13 13 13 13 1 1 1 1 5 5 5 5 
10 10 10 10 14 14 14 14 2 2 2 2 6 6 6 6 
9 9 9 10 13 13 13 14 1 1 1 2 5 5 5 6 
12 12 12 12 16 16 16 16 4 4 4 4 8 8 8 8 
13 13 13 13 9 9 9 9 5 5 5 5 1 1 1 1 
14 14 14 14 10 10 10 10 6 6 6 6 2 2 2 2 
13 13 13 14 9 9 9 10 5 5 5 6 1 1 1 2 
16 16 16 16 12 12 12 12 8 8 8 8 4 4 4 4 

4 ,,11 x h . 63 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 6 7 8 1 2 .3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
9 9 9 9 13 13 13 13 1 1 1 1 5 5 5 5 
10 10 10 10 14 14 14 14 2 2 2 2 6 6 6 6 
9 10 11 12 13 14 15 16 1 2 3 4 .5 6 7 8 
10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7 
13 13 13 13 9 9 9 9 5 5 5 5 1 1 1 1 
14 14 14 14 10 10 10 10 6 6 6 6 2 2 2 2 
13 14 15 16 9 10 11 12 5 6 7 8 1 2 3 4 
14 13 16 15 10 9 12 11 6 5 8 7 2 1 4 3 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4011 x 4 .. 64 

1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
9 9 11 11 13 13 15 15 1 1 3 3 5 5 7 7 
10 10 12 12 14 14 16 16 2 2 4 4 6 6 8 8 
9 9 11 11 13 13 15 15 1 1 3 3 5 5 7 7 
10 10 12 12 14 14 16 16 2 2 4 4 6 6 8 8 
13 13 15 15 9 9 11 11 5 5 7 7 1 1 3 3 
14 14 16 16 10 10 12 12 6 6 8 8 2 2 4 4 
13 13 15 15 9 9 11 11 5 5 1 7 1 1 3 3 
14 14 16 16 10 10 12 12 6 6 8 8 2 2 4 4 

4 .. 11 x 4065 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 
10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7 
9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 
10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7 
13 14 15 16 9 10 11 12 5 6 7 8 1 2 3 4 
14 13 16 15 10 9 12 11 6 5 8 7 2 1 4 3 
13 14 15 16 9 10 11 12 5 6 7 8 1 2 3 4 
14 13 16 15 10 9 12 11 6 5 8 7 2 1 4 3 

127 



TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

4 0 11 x 4 066 

1 1 1 1 5 
2 2 2 2 6 
1 1 3 3 5 
2 2 4 4 6 
5 5 5 5 1 
6 6 6 6 2 
5 5 7 7 1 
6 6 8 8 2 

5 5 5 
6 6 6 
5 7 7 
6 8 8 
1 1 1 
2 2 2 
1 3 3 
2 4 4 

9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 9 11 11 13 13 15 15 
10 10 12 12 14 14 16 16 
13 13 13 13 9 9 '  9 9 
14 14 14 14 10 10 10 10 
13 13 15 15 9 '  9 11 11 
14 14 16 16 10 10 12 12 

9 9 9 9 13 13 13 13 1 1 1 1 5 5 5 5 
10 10 10 10 14 14 14 14 2 2 2 2 6 6 6 6 
9 9 11 11 13 13 15 15 1 1 3 3 5 5 7 7 
10 10 12 12 14 14 16 16 2 2 4 4 6 6 8 8 
13 13 13 13 9 9 9 9 5 5 5 5 1 1 1 1 
14 14 14 14 10 10 10 10 6 6 6 6 2 2 2 2 
13 13 15 15 9 9 11 11 5 5 7 7 1 1 3 3 
14 14 16 16 10 10 12 12 6 6 8 8 2 2 4 4 

4 .11 x 4 . 92 

1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 3 1 5 5 7 5 9. 9 11 9 13 13 15 13 
2 2 2 4 6 6 6 10 10 10 10 12 14 14 14 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2  14 14 14 14 ro ro ro ro 
5 5 7 5 1 1 3 1 13 13 15 13 9 9 11 9 
6 6 6 10 2 2 2 4 14 14 14 16 10 10 10 12 
9 9 9 9 13 13 13 13 1 1 1 1 5 5 5 5 
10 10 10 10 14 14 14 14 2 2 2 2 6 6 6 6 
9 9 II 9 13 13 15 13 1 1 3 1 5 5 7 5 
10 10 10 12 14 14 14 16 2 2 2 4 6 6 6 8 
13 13 13 13 9 9 9 9 5 5 5 5 1 1 1 1 
14 14 14 14 10 10 10 10 6 6 6 6 2 2 2 2 
13 13 15 13 9 9 11 9 5 5 7 5 ' 1 1 3 1 
14 14 14 16 10 10 10 12 6 6 6 8 2 2 2 4 
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TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

4 0 11 x 40 120 

1 2 2 1 5 6 6 5 9 10 10 9 13 14 14 13 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
5 6 6 5 1 2 2 1 13 14 14 13 9 10 10 9 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
9 10 10 9 13 14 14 13 1 2 2 1 5 6 6 5 
10 9 9 10 14 13 13 14 2 1 1 2 6 5 5 6 
10 9 9 10 14 13 13 14 2 1 1 2 6 5 5 6 
9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 
13 14 14 13 9 10 10 9 5 6 6 5 1 2 2 1 
14 13 13 14 10 9 9 10 6 5 5 6 2 1 1 2 
14 13 13 14 10 9 9 10 6 5 5 6 2 1 1 2 
13 14 15 16 9 10 11 12  5 6 7 8 1 2 3 4 

4015 x 4� 15 

1 2 1 2 5 6 5 6 1 2 1 2 5 6 5 6 
2 1 2 1 6 5 6 5 2 1 2 1 6 5 6 5 
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 
2 1 4 3 6 5 8 7 2 1 4 3 6 5 8 7 
5 6 5 6 1 2 1 2 5 6 5 6 1 2 1 2 
6 5 6 5 2 1 2 1 6 5 6 5 2 1 2 1 
5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 3 6 5 8 7 2 1 4 3  
1 2 1 2 5 6 5 6 9 10 9 10 13 14 13 14 
2 1 2 1 6 5 6 5 10 9 10 9 14 13 14 13 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 6 5 6 1 2 1 2 13 14 13 14 9 10 9 10 
6 5 6 5 2 1 2 1 14 .13 14 13 10 9 10 9 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
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TABLE V 

DIRECT PRODUCTS : 4 x 4 ( c ontinued )  

4,,15 x 4,, 31 
1 2 1 2 5 6 5 
2 1 2 1 6 5 6 
1 2 1 2 5 6 5 
2 1 2 1 6 5 6 
5 6 5 6 1 2 1 
6 5 6 5 2 1 2 
5 6 5 6 1 2 1 
6 5 6 5 2 1 2 
1 2 1 2 5 6 5 
2 1 2 1 6 5 6 
1 2 1 2 5 6 5 
2 1 2 1 6 5 6 
5 6 5 6 1 2 1 
6 5 6 5 2 1 2 
5 6 5 6 1 2 1 
6 5 6 5 2 1 2 

4 0 15 x 4 0 32 
1 2 2 2 5 6 6 
2 1 1 1 6 5 5 
2 1 1 1 6 5 5 
2 1 1 1 6 5 5 
5 6 6 6 1 2 2 
6 5 5 5 2 1 1 
6 5 5 5 2 1 1 
6 5 5 5 2 1 1 
1 2 2 2 5 6 6 
2 1 1 1 6 5 5 
2 1 1 1 6 5 5 
2 1 1 1 6 5 5 
5 6 6 6 1 2 2 
6 5 5 5 2 1 1 
6 5 5 5 2 1 1 
6 5 5 5 2 1 1 

6 
5 
6 
5 
2 
1 
2 
1 
6 
5 
6 
5 
2 
1 
2 
1 

1 2 1 2 :5 6 5 6 
2 1 2 1 6 5 6 5 
1 2 1 2 5 6 5 6 
2 1 2 1 6 5 6 5 
5 6 5 6 1 2 1 2 
6 5 6 5 2 1 2 1 
5 6 5 6 1 2 1 2 
6 5 6 5 2 1 2 1 
9 10 9 10 13 14 13 14 
10 9 10 9 " 14 13 14 13 
9 10 9 10 13 14 13 14 
10 9 10 9 14 13 14 13 
13 14 13 14 9 10 9 10 
14 13 14 13 10 9 10 9 
13 14 13 14 9 10 9 10 
14 13 14 13 10 9 10 9 

6 1 2 2 2 5 6 6 6 
5 2 1 1 1 6 5 5 5 
5 2 1 1 1 6 5 5 5 
5 � 2 1 1 1 6 5 5 5 
2 5 6 6 6 1 2 2 2 
1 6 5 5 5 2 1 1 1 
1 6 5 5 5 2 1 1 1 
1 6 5 5 5  2 1 1 1  
6 9 10 10 10 13 14 14 14 
5 10 9 9 9 14 13 13 13 
5 10 9 9 9 14 13 13 13 
5 10 9 9 9 14 13 13 13 
2 13 14 14 14 9 10 10 10 
1 14 13 13 13 10 9 9 9 
1 14 13 13 13 10 9 9 9 
1 14 13 13 13 10 9 9 9 
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TADLZ V 

DIRECT PHCDUCTS: 4 x 4 (continued) 

4 Q15 x 4 0 34 

1 1 3 .3 5 5 7 7 1 1 3 3 5 5 7 7 
1 1 .3 3 5 5 7 7 1 1 3 3 5 5 7 7 
.3 3 1 1 7 7 5 5 3 .3 1 1 7 7 5 5 
.3 .3 1 2 7 7 5 6 3 3 1 2 7 7 5 6 
5 5 7 7 1 1 3 .3 5 5 7 7 1 1 3 .3 
5 5 7 7 1 1 .3 .3 5 5 7 7 1 1 .3 .3 
7 7 5 5 .3 .3 1 1 7 7 5 5 3 3 1 1 
7 7 5 6 3 3 1 2 7 7 5 6 3 3 1 2 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
3 .3 1 1 7 7 5 5 11 11 9 9 15 15 13 13 
.3 3 1 2 7 7 5 6 11 11 9 10 15 15 13 14 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
� 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 � 

7 7 5 5 3 3 1 1 15 15 13 13 11 11 9 9 
7 7 5 6 3 3 1 2 IS IS 13 14 11 11 9 10 

4015 x 4 035 

1 2 3 3 5 6 7 7 1 2 .3 3 5 6 7 7 
2 .3 1 1 6 '( 5 ') 2 3 1 1 6 7 5 5 
3 1 2 2 7 5 6 6 3 1 2 2 7 5 6 6 
3 1 2 2 7 5 6 6 3 1 2 2 7 5 6 6 
5 6 7 7 1 2 3 3 5 6 7 7 1 2 3 3 
6 7 5 5 2 .3 1 1 6 7 5 5 2 3 1 1 
7 5 6 6 .3 1 2 2 7 5 6 6 3 1 2 2 
7 5 6 6 .3 1 2 2 7 5 6 6 3 1 2 2 
1 2 3 3 5 6 7 7 9 10 11 11 13 14 15 IS 
2 .3 1 1 6 7 5 5 10 11 9 9 14 15 13 13 
3 1 2 2 7 5 6 6 11 9 10 10 15 13 14 14 
.3 1 2 2 7 5 6 6 11 9 10 10 IS 13 14 14 
5 6 ? 7 1 2 3 3 13 14 IS 15 9 10 11 11 
6 7 5 5 2 3 1 1 14 15 13 13 10 11 9 9 
7 5 6 6 3 1 2 2 IS 13 14 14 11 9 10 10 
7 5 6 6 .3 1 2 2 15 13 14 14 11 9 10 10 



TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

---�- - ;  

4 0 15 x 4 059 

1 1 1 1 
2 2 2 2 
1 1 1 2 
4 4 4 4 
5 5 5 5 
6 6 6 6 
5 5 5 6 
8 8 8 8 
1 1 1 1 
2, 2 2 2 
1 1 1 2 
4 4 4 4 
5 5 5 5 
6 6 6 6 
5 5 5 6 
8 8 8 8 

4 0 15 x 40 63 

1 1 1 1 
2 2 2 2 
1 2 3 4 
2 1 4 3 
5 5 5 5 
6 6 6 6 
5 6 7 8 
6 5 8 7 
1 1 1 1 
2 2 2 2 
1 2 3 4 
2 1 4 :3 
5 5 5 5 
6 6 6 6 
5 6 7 8 
6 5 8 7 

5 5 5 5 
6 6 6 6 
5 5 5 6 
8 8 8 8 
1 1 1 1 
2 2 2 2 
1 1 1 2 
4 4 4 4 
5 5 5 5 
6 6 6 6 
5 5 5 6 
8 8 8 8 
1 1 1 1 
2 2 2 2 
1 1 1 2 
4 4 4 4 

5 5 5 5 
6 6 6 6 
5 6 7 8 
6 5 8 7 
1 1 1 1 
2 2 2 2 
1 2 3 4 
2 1 4 3 
5 5 5 5 
6 6 6 6 
5 6 7 8 
6 5 8 7 
1 1 1 1 
2 2 2 2 
1 2 3 4 
2 1 4 3 

1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 
1 1 1 2 5 5 5 6 
4 4 4 4 8 8 8 8 
5 5 5 5 1 1 1 1 
6 6 6 6 2 2 2 2 
5 5 5 6 1 1 1 2 
8 8 8 8 4 4 4 4  
9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 9 9 10 13 13 13 14 
12 12 12 12 16 16 16 16 
13 13 13 13 9 9 9 9 
14 14 14 14 10 10 10 10 
13 13 13 14 9 9 9 10 
16 16 16 16 12 12 12 12 

1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 
1 2 3 4 5 6 7 8 
2 1 4 3 6 5 8 7 
5 5 5 5 1 1 1 1 
6 6 6 6 2 2 2 2 
5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 3 
9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 10 11 12 13 14 15 16 
10 9 12 11 14 13 16 15 
13 13 13 13 9 9 9 9 
14 14 14 1h 10 10 10 10 
13 Ih 15 16 9 10 11 12 
14 13 16 15 10 9 12 11 

132 
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TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

L x 4 064 

1 1 3 3 5 5 7 7 1 1 3 3 5 5 7 7 
2 2 4 4 6 6 8 8 2 2 4 4 6 6 8 8 
1 1 3 .3 5 5 7 7 1 1 3 3 5 5 7 7 
2 2 4 4 6 6 8 8 2 2 4 4 6 6 8 8 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3 3 
6 6 8 8 2 2 4 4 6 6 8 8 2 2 4 4 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3 3 
6 6 8 8 2 2 4 4 6 6 8 8 2 2 4 4 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
1 1 .3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 

4 . 15 x 4 Q 65 

1 2 .3 4 5 6 7 8 1 2 3 4 5 6 7 8 
2 1 4 .3 6 5 8 7 2 1 4 3 6 5 8 7 
1 2 .3 4 5 6 7 8 1 2 .3 4 5 6 7 8 
2 1 4 3 6 5 8 7 2 1 4 3 6 5 8 7 
5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 .3 6 5 8 7 2 1 4 3 
5 6 7 8 1 2 .3 4 5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 3 6 5 8 7 2 1 4  3 
"1 2 .3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 h 3 6 5 8 7 10 9 12 11 14 13 16 15 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 .3 14 13 16 15 10 9 12 11 



TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4015 x 4066 

1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6 
1 1 3 3 � 5 7 7 1 1 3 3 5 5 7 7 
2 2 4 4 6 6 8 8 2 2 4 4 6 6 8 8 
5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 
6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3 3 
6 6 8 8 2 2 4 4 6 6 8 8 2 2 4 4 
1 1 1 1 5 5 5 5 9 9 '  9 9 13 13 13 13 
2 2 2 2 6 6 6 6 ]0  10 10 10 14 14 14 14 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 

4015 x 4092 

1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6 
1 1 3 1 5 5 7 5 1 1 3 1 5 5 7 5 
2 2 2 4 6 6 6 8 2 2 2 4 6 6 6 8 
5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 
6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2 
5 5 7 5 1 1 3 1 5 5 7 5 1 1 3 1 
6 6 6 8 2 2 2 4 6 6 6 8 2 2 2 4 
1 1 1 1 5 5 5 5 9 9 '  9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 11+ 14 
1 1 3 1 5 5 7 5 9 9 11 9 13 13 15 13 
2 2 2 4 6 6 6 8 10 10 10 12 14 14 14 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 7 5 1 1 3 1 13 13 15 13 9 <  9 11 9 
6 6 6 8 2 2 2 4 14 14 14 16 10 10 10 12 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

4015 x 40120 

1 2 2 1 5 6 6 
2 1 1 2 6 5 5 
2 1 1 2 6 5 5 
1 2 3 4 5 6 7 
5 6 6 5 1 2 2 
6 5 5 6 2 1 1 
6 5 5 6 2 1 1 
5 6 7 8 1 2 3 
1 2 2 1 5 6 6 
2 1 1 2 6 5 5 
2 1 1 2 6 5 5 
1 2 3 4 5 6 7 
5 6 6 5 1 2 2 
6 5 5 6 2 1 1 
6 5 5 6 2 1 1 
5 6 7 8 1 2 3 

4 0 31 x 4 0 31 

1 2 1 2 5  6 5 6 1 2  1 2 5 6 5 6  
2 1 2 1 6 5  6 5 2 1 2  1 6 5  6 5 
1 2 1 2 5  6 5 6 1 2  1 2 5  6 5 6  
2 1 2 1 6 5 6 5 2 1 2 1 6 5  6 5 
5 6 5 6 1  2 1 2 5  6 5 6 1 2  1 2 
6 5 6 5 2 1 2  1 6 5 6 5 2  1 2 1  
5 6 5 6 1 2 1 2 5  6 5 6 1 2 1 2 
6 5 6 5 2  1 2 1  6 5 6 5 2  1 2 1  
1 2 1 2 5  6 5 6  1 2 1 2 5 6 5 6  
2 1 2 1 6 5  6 5 2 1 2 1 6 5 6 5 
1 2 1 2 5 6 5 6 1 2 1 2 5 6 5 6 
2 1 2 1 6  5 6 5  2 1 2 1 6 5 6 5 
5 6 5 6 1  2 1 2 5  6 5 6 1 2  1 2 
6 5 6 5 2 1 2  1 6 5  6 5 2 1 2 1 
5 6 5 6 1 2 1 2  � 6 5 6 1 2  1 2 
6 5 6 5 2 1 2  1 6 5 6 5 2 1 2 1 

5 
6 
6 
8 
1 
2 
2 
4 
5 
6 
6 
8 
1 
2 
2 
4 

1 2 2 1 5 6 6 5 
2 1 1 2 6 5 5 6 
2 1 1 2 6 5 5 6 
1 2 3 4 5 6 7 8 
5 6 6 5 1 2 2 1 
6 5 5 6 2 1 1 2 
6 5 5 6 2 1 1 2 
5 6 7 8 1 2 3 4 
9 10 10 9 13 14 14 13 
10 9 9 10 14 13 13 14 
10 9 9 10 14 13 13 14 
9 10 11 12 13 14 15 16 
13 14 14 13 9 10 10 9 
14 13 13 14 10 9 9 10 
14 13 13 14 10 9 9 10 
13 14 15 16 9 10 11 12 

4Q31 x 4.,32 

1 2 2 2 5 6 6 6 1 2  2 2 5 6 6 6  
2 1 1 1 6  5 5 5  2 1 1 1 6 5 5 5 
2 1 1  1 6 5  5 5 2 1 1 1 6 5 5 5 
2 1 1 1 6  5 5 5 2 1 1 1 6 5  5 5 
5 6 6 6 1 2 2 2 5 6 6 6 1  2 2 2 
6 5 5 5 2  1 1 1 6 5  5 5 2 1 1  1 
6 5 5 5 2 1 1 1 6 5 5 5 2 1 1  1 
6 5 5 5 2 1 1  1 6 5 5 5 2  1 1 1  
1 2 2 2 5 6 6 6 1 2 2 2 5 6 6 6  
2 1 1 1 6 5  5 5 2 1 1 1 6 5 5 5 
2 1 1  1 6 5  5 5 2 1 1 1 6 5  5 5 
2 1 1 1 6 � � � 2 1 J J 6 5 5  � 
5 6 6 6  1 2 2 2 5 6 6 6 1 2 2 2 
6 5 5 5 2 1 1 1 6  5 5 5 2 1 1 1  
6 5 5 5 2 1 1 1 6 5 5 5 2 1 1 1  
6 5 5 5 2 1 1 1 6 5 5 5 2 1 1 1  
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TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

4 0 31 x 4 0 34 

1 1 3 3 5 5 7  7 1 1 3  3 5 5  7 7 
1 1 3  3 5 5 7 7 1 1 3 3 5 5  7 7 
3 3 1 1 7  7 5 5  3 3 1 1 7 7 5 5  
3 3 1 2 7  7 5 6 3 3 1 2 7  7 5 6 
5 5 7 7 1 1 3  3 5 5 7 7 1 1 3  3 
5 5 7  7 1 1 3 3 5 5  7 7 1 1 3  3 
7 7 5 5  3 3 1 1 7  7 5 5  3 3 1 1 
7 7 5 6 3 3 1 2 7  7 5 6 3 3 1 2 
1 1 3 3 5 5 7 7 1 1 3 3 5 5 7 7 
1 1 3 3 5 5  7 7 1 1 3 3 5 5 7 7 
3 3 1 1 7 7 5 5  3 3 1 1 7 7 5 5 
3 3 1 2 7 7 5 6 3 3 1 2 7 7 5 6 
5 5 7 7 1 1 3  3 5 5 7 7  1 1 3  3 
5 5 7  7 1 1 3  3 5 5 7 7 1 1 3  3 
7 7 5 5  3 :3 1 1 7 7 5 5 3 3 1 1 
7 7 5 6 3 3 1 2 7  7 5 6 3 3 1 2 

4 0 31 x 4 0 59 

1 1 1 1 5 5 5  5 1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 2 2 2  2 6 6 6 6 
1 1 1 2 5 5 5 6 I I I  2 5 5 5  6 
4 4 4 4 8 8 8 8 4 4 4 4 8 8 8 8 
5 5 5 5 J. 1 1 1 5 5 5 5 1 1 1 1 
6 6 6 6 2 2 2  2 6 6 6 6 2 2 2 2 
5 5 5 6 1 1  1 2 5 5  5 6 1 1 1 2 
8 8 8  8 4 4  4 4 8 8 8 8 4 4  4 4 
1 1 1  1 5 5  5 5 1 1 1 1 5 5 5 5  
2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6  
1 1 1  2 5 5  5 6 1 1 1 2 5 5 5 6 
4 4 4 4 8 8 8 8 4 4 4 4 8 8 8 8 
5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1 
6 6 6  6 2 2 2 2 6 6 6 6  2 2 2 2 
5 5 5 6 1 1 1  2 5 5 5 6 1 1 1 2 
8 8 8  8 4 4 4 4  8 8 8 8  4 4 4 4 

4 0 31 x 4 0 35 

1 2 3 3 5 6 7 7 1 2 3 3 5 6 7 7  
2 3 1 1 6 7 5 5 2 3 1 1 6 7  5 5 
3 1 2  2 7 5 6 6 3 1 2 2 7 5 6  6 
3 1 2  2 7 5 6 6 3  1 2 2  7 5 6 6 
5 6 7  7 1 2 3 3 5 6 7 7  1 2 3 3 
6 7 5 5 2 3 1 1  6 7 5 5 2 3 1 1 
7 5 6 6 3 1 2 2 7 5 6 6 3  1 2 2  
7 5 6 6 3 1 2  2 7 5 6 6 3  1 2 2  
1 2 3 3 5 6 7 7 1 2 3 3 5 6 7 7 
2 3 1 1 6 7 5 5 2  3 1 1  6 7 5 5 
3 1 2  2 7 5 6 6 3  1 2 2 7 5 6 6 
3 1 2  2 7 5 6 6 3 1 2 2  7 5 6 6 
5 6 7 7 1 2 3 3 5 6 7 7 1 2 3 3  
6 7 5 5 2 3 1 1 6  7 5 5 2 3 1 1  
7 5 6 6 3  1 2 2 7 5 6 6  3 1 2 2 
7 5 6 6 3 1 2  2 7 5 6 6  3 1 2 2  

4 0 31 x 4 . 63 

1 1 1  1 5 5  5 5 1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 2 2 2 2 6 6 6 6  
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 
2 1 4 3  6 5 8 7 2 1 4 3 6 5 8 7 
5 5 5 5 1 1 1 1 5 5 5 5 1 1 1 1  
6 6 6 6 2 2 2 2 6 6  6 6 2 2 2 2  
5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4  
6 5 8 7 2 1 4  3 6 5 8 7 2 1 4 3  
1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5  
2 2 2  2 6 6 6  6 2 2 2 2 6 6 6  6 
1 2 3 4 5 6 7  8 1 2 3 4 5  6 7 8 
2 1 4 3 6 5 8 7 2 1 4 3  6 5 8 7 
5 5 5 5  1 1 1 1 5  5 5 5 1 1 1 1  
6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2  
5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 3  6 5 8 7 2 1 4 :3 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

1 1 3  3 5 5  7 7 1 1 3 3 5 5 7 7 
2 2 4 4 6 6 8 8 2 2 4 4 6  6 8 8 
1 1 3 3 5 5 7 7 1 1 3  3 5 5 7 7  
2 2 4 4 6  6 8 8 2 2 4 4 6  6 8 8 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3  3 
6 6 8 8 2 2 4 4 6  6 8 8 2 2 4 4 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3 3 
6 6 8  8 2 2 4 4 6 6 8 8 2 2 4 4 
1 1 3 3 5 5 7 7  1 1 3  3 5 5  7 7 
2 2 4 4  6 6 8 8 2 2 4 4 6 6 8 8 
1 1 3 3 5 5 7 7 1 1 3  3 5 5 7 7 
2 2 4 4 6 6  8 8 2  2 4 4 6  6 8 8 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3  3 
6 6 8 8 2  2 4 4  6 6 8 8  2 2 4 4 
5 5 7 7 1 1 3 3 5 5 7 7 1 1 3  3 
6 6 0  S 2 2 4 4 6 6 8 8 2 2 4 4 

4 0 31 x 4 066 

1 1 1 1 5 5 5 5 1 1  1 1 5 5 5 5 
2 2 2 2 6  6 6 6  2 2 2 2 6 6 6  6 
1 1 3 3 5 5 7  7 1 1 3 3 5 5 7 7  
2 2 4 4 6 6 8 8 2 2 4 4 6 6 8 8 
5 5 5  5 I I I  1 5 5 5 5  1 1 1 1 
6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2 
5 5 7 7 1 1 3 3 5 5 7 7  1 1 3  3 
6 6 8 8 2 2 4 4 6 6 8 8 2 2  4 4 
1 1 1 1 5 5 5 5 1 1 1 1 5 5 5 5 
2 2 2 2 6 6 6 6 2 2  2 2 6  6 6 6 
1 1 3 3 5 5  7 7 1 1 3 3 5 5 7 7 
2 2 4 4 6 6 8 8 2 2 4 4 6 6 8  8 
5 5 5 5 1 1 1 1 5 5 5 5 I I I  1 
6 6 6 6 2  2 2 2 6 6 6 6  2 2 2 2 
5 5 7 7 1 1 3  3 5 5  7 7 1 1 3 3  
6 6 8  8 2 2 4 4 6  6 8 8 2 2 4 4 

1 2 3 4 5 6 7 8  1 2 3 4 5 6 7 8 
2 1 4 3  6 5 8 7 2 1 4 3 6 5 8 7 
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8  
2 1 4 3 6 5 8 7 2 1 4  3 6 5 8 7 
5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 3  6 5 8 7 2 1 4 3  
5 6 7 8 1 2  3 4 5 6 7 8 1 2  3 4 
6 5 8 7 2 1 4 3 6 5 8 7 2 1 4 3  
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8  
2 1 4 3  6 5 8 7 2 1 4 3  6 5 8 7 
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8  
2 1 4 3 6 5 8 7 2 1 4 3  6 5 8 7 
5 6 7  8 1 2 3 4 5 6 7 8 1 2 3  4 
6 5 8 7 2 1 4 3 6 5 8 7 2 1 4 3  
5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4  3 6 5 8 7 2 1 4 3  

4 0 31 x 4092 

1 1 1 1 5 5 5 5 1 1 1 1 5  5 5 5 
2 2 2 2 6 6 6 6 2 2 2  2 6 6 6  6 
1 1 3 1 5 5 7 5 1 1 3 1 5 5 7 5 
2 2 2 4 6 6 6 8 2 2 2 h 6 6 6 8  
5 5 5  5 1 I I I  5 5 5 5 1 I I I 
6 6 6 6 2  2 2 2 6 6 6 0 2 2  2 2 
5 5 7  5 1 1 3  1 5 5  7 5 1 1 3 1  
6 6 6 8 2 2 2 4 6 6 6 8 2 2 2 4  
1 1 1 1 5 5 5 5  1 1 1 1 5 5  5 5 
2 2 2  2 6 6 6 6 2 2  2 2 6 6  6 6 
1 1 3 1 5 5 7 5 1 1 3  1 5 5  7 5 
2 2 2 4 6 6 6 8 2 2 2 4 6 6 6  8 
5 5 5  5 1 1 1 1 5 5 5 5  1 1 1 1 
6 6 6 6 2  2 2 2 6 6 6 6  2 2 2 2  
5 5 7 5 1 1 3 1 5 5  7 5 1 1 3 1 
6 6 6  8 2 2 2 4 6 6 6 8  2 2 2 4 
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TABIE V 

DIRECT PRODUCTS: 4 x: 4 ( continued) 

1 2 2 1 5 6 6 5  1 2 2 1 5 6 6 5 
2 1 1 2 6 5 5 6 2  1 1 2  6 5 5 6 
2 1 1  2 6 5 5  6 2 1 1 2 6 5 5 6 
1 2 3 h 5 6 7 8 1 2 3 4 5  6 7 8  
S 6 6 5  1 2 2 1 5 6 6 5  1 2 2  1 
6 5 5 6 2 1 1  2 6 5 5  6 2 1 1 2  
6 5 5 6 2 1 1 2 6 5 5 6 2 1 1 2 
S 6 7 8 1 2 3 4 5  6 7 8 1 2 3 4 
1 2 2 1 5  6 6 5 1 2 2 1 5 6 6 5 
2 1 1 2 6 5 5 6 2 1 1 2 6 5 5  6 
2 1 1 2 6 5 5 6 2 1 1 2 6 5 5 6 

? 3 h 5 6 7 8 1 2 3 4 5 6 7 8 
6 S 1 2 2  1 5 6 6 5 2 1 1 2  

5 5 6 2  1 1 2 6 5 5 6 2 1 1 2 
G 5 5 6 � 1 1 2  6 5 5  6 2 1 1 2  
5 C 7 8 1 2  3 4 5 6 7 8 1 2 3 4 

1 1 3 3 5 5 7  7 5 5 7  7 5 5 7  7 
1 1 3  3 5 5  7 7 5 5 7 7 5 5 7 7 
3 3 1 1 7 7 5 5 7 7 5 5 7  7 5 5  
3 3 1  2 7 7 5 6 7 7 5 6 7 7  5 6 
5 5 7 7 1 1 3  3 1 1 3 3 1 1  3 3 
5 5 7  7 1 1 3 3 1 1 3  3 1 1 3  3 
7 7 5 5  3 3 1 1 3  3 1 1 3  3 1 1 
7 7 5 6 3 3 1 2  3 3 1 2  3 3 1 2 
5 5 7  7 1 1 3  3 1 1 3  3 1 1 3 3 
5 5 7 7 1 1 3  3 1 1  3 3 1 1 3 3 
7 7 5 5 3 3 1 1 3 3 1 1 3  3 1 1 
7 7 5 6  3 3 1 2  3 3 1 2 3 3 1  2 
5 5 7 7 1 1 3  3 1 1 3 3 1 1 3 3 
5 5 7  7 1 1 3 3 1 1 3 3 1 1 3 3 
7 7 5 5 3 3 1 1  3 3 1 1 3 3 1 1  
7 7 5 6 3  3 1 2 3 3 1 2  3 3 1 2 

4. 32 x: 4",32 

1 2 2 2 5 6 6 6  5 6 6 6 5 6 6 6 
2 1 1 1 6 5 5  5 6 5 5 5 6 5 5  5 
2 1 1 1 6 5 5 5 6 5 5 5 6 5 5 5  
2 1 1  1 6 5 5 5 6 5 5 5 6 5 5  5 
5 6 6 6 1 2 2 2 1 2 2  2 1 2  2 2 
6 5 5 5 2 I I I  2 I I I  2 I I I  
6 5 5 5 2 I I I  2 I I I  2 I I I 
6 5 5 5 2 I I I  2 1 1 1 2 I I I  
5 6  6 6 1 2 2 2 1 2 2 2 1 2 2 2 
6 5 5 5 2 1 1 1 2 1 1 1 2 1 1 1  
6 5 5 5 2 1 1 1 2 1 1 1 2 1 1 1 
6 5 5  5 2 1 1 1 2 1 1 1 2 1 1 1 
5 6 6 6 1 2 2 2 1  2 2 2 1 2 2 2 
6 5 5  5 2 1 1 1 2 1 1 1 2 I I I  
6 5 5 5 2 I I I 2 1 1 1 2 1 1 1 
6 5 5 5 2 I I I 2 I I I  2 I I I  

4 0 32 x: 4 0 35 

1 2 3 3 5  6 7 7 5 6 7 7 5 6 7 7 
2 3 1 1 6 7 5 5 6 7 5 5 6 7 5 5 
3 1 2 2 7 5 6 6 7 5 6 6 7 5 6 6 
3 1 2  2 7 5 6 6 7 5 6 6 7 5 6 6  
5 6 7  7 1 2 3 3 1 2  3 3 1 2 3 3 
6 7 5 5 2  3 1 1 2  3 1 1 2 3 1 1  
7 5 6 6  3 1 2 2 3 1 2  2 3 1 2  2 
7 5 6 6 3 1 2 2 3 1 2 2 3 1 2  2 
5 6 7 7 1 2 3  3 1 2  3 3 1 2  3 3 
6 7 5 5 2  3 1 1 2 3 1 1  2 3 1 1 
7 5 6 6 3 1 2 2 3 1 2 2 3 1 2 2 
7 5 6 6 3 1 2  2 3 1 2  2 3 1 2  2 
5 6 7 7 1 2 3 3 1 2 3 3 1 2 3 3 
6 7 5 5 2 3 1 1 2  3 1 1  2 3 1 1  
7 5 6 6 3 1 2 2 3 1 2  2 3 1 2  2 
7 5 6 6  3 1 2  2 3 1 2  2 3 1 2  2 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4032 x 4059 

1 1 1 1 5 5 ;: 5 5 5 5 5 5 5 5 5 
2 2 2 2 6 6  6 6 6  6 6 6 6 6 6  6 
1 1 1 2 5  5 5 6 5 5  5 6 5 5 5 6  
� L L 4 6 8 8 8 8 8 8 8 8 8 8 8 
5 5 5 5 1 1 1 1 1 1 1 1 1 1 1 1  
6 6 6  6 2 2  2 2 2 2 2 2 2 2  2 2 
5 5 ;: 6 I I I  2 1 1 1 2 1 1 1 2  
8 8 8 8 ) ,  4 4 11 h 4 4 4 4 4 4 4 
5 5 5 5 1 1 1 1 1  1 I I I  I I I  
6 6 6 6 2  2 2 2 2 2 2 2 2 2 2 2  
5 S 5 6 1 1 1 2 1  1 1 2 1 1  1 2 
8 a 3 8 L 4 4 4  4 4 4 4 4 4 4 4 
5 5 5  5 1 1  1 1 I I I 1 1 1 1 1 
6 6 6 6 2 2 2 2 2 2 2 2 2 2 2 2 
5 ;: ;: 6 1 1 1 2 1 1 1 2 1 1 1 2 
8 8 8 8 4 4 4 4 4 4 4 4 4 4 4 4 

4 ,, 32 x 4 0 64 

1 1 3 3 ;: ;: 7 7 5 5  7 7 5 5 7 7 
2 2 4 4 6 6 8 8 6 6 8  8 6 6 8 8 
1 1 3 3 ;: ;: 7 7 5 5 7 7 5 5  7 7 
2 2 4 4 6 6 8 8 6 6 8 8 6 6 8  8 
;: ;: 7 7 1 1 3  3 1 1 3 3 1 1  3 3 
6 6 8  8 2 2 4 4 2 2 4 4 2  2 4 4  
5 5 7  7 1 1 3  3 1 1 3 3 1 1  3 3 
6 6 8  8 2 2 4 4 2 2 4 4 2  2 4 4 
5 ;: 7 7 1 1 3 3 1  1 3 3 1 1 3 3  
6 6 8  8 2 2 4 4  2 2 4 4 2 2 4 4 
5 5 7  7 1 1 ) 3 1 1  3 3 1 1  3 3 
6 6 8 8 2  2 4 4 2  2 4 4 2 2 4 4 
s 5 7 7 1 1 3  3 1 1 3 3 1 1  3 3 
6 6 8  8 2 2 4 4 2 2 � 4 2 2  4 4 
;: 5 7 7 1 1 3 3 1 1  3 3 1 1  3 3 
6 6 8  8 2 2 h 4 2 2 4 4 2  2 4 4 

4032 x 4063 

1 1 1 1 5 5 5 5 5 5 5  5 5 5 5 5  
2 2 2 2 6 6 6 6 6  6 6 6  6 6 6 6 
1 2 3 4 5 6 7 8 5 6 7 8 5 6 7 8 
2 1 4 3 6 5 8 7 6 5 8 7 6 5 8 7 
5 5 5 5 1 I I I  I I I  1 1 1 1 1 
6 6 6 6 2  2 2 2 2 2  2 2 2 2 2 2  
5 6 7  8 1 2 3 4 1 2 3 4 1  2 3 4  
6 5 8 7 2 1 4 3 2 1 4 3  2 1 4 3  
5 5 ;: 5 I I I  I I I  I I I  1 1 1 
6 6 6 6 2 2 2 2 2  2 2 2 2 2 2 2 
5 6 7 8 1  2 3 4 1  2 3 4 1 2  3 4 
6 5 8 7 2 1 4 3  2 1 4 3  2 1 4 3  
5 5 ;: 5 1 I I I  I I I 1 1 I I I  
6 6 6 6 2 2 2 2 2 2 2 2 2 2 2 2 
5 6 7 8 1 2 3 4 1 2 3 4 1  2 3 4 
6 5 8  7 2 1 4 3 2  1 4 3 2 1 4 3  

4 .. 32 x 4065 

1 2 3 4 5 6 7 8 5 6 7 8 5 6 7 8 
2 1 4 3 6 5 8 7 6 5 8 7 6 5 8 7 
1 2 3 4 5 6 7 8 5 6 7 8 5 6 7 8 
2 1 4 3 6 5 8  7 6 5 8 7 6 5 8 7 
5 6 7  8 1 2  3 4 1 2 3 4 1  2 3 4 
6 5 8 7 2 1 4 3  2 1 4 3 2  1 4 3  
5 6 7 8 1 2  3 4 1  2 3 4 1  2 3 4 
6 5 8 7 2 1 4 3  2 1 4 3 2 1 4 3  
5 6 7 8 1 2 3 4 1 2 3 4 1 2  3 4 
6 5 8  7 2 1 4 3  2 1 4 3 2 1 4 3 
5 6 7 8 1  2 3 4 1  2 3 4 1 2 3 4 
6 5 8 7 2 1 4  3 2 1 4 3  2 1 4 3  
5 6 7 8 1 2  3 4 1 2 3 4 1 2 3 4 
6 5 8 7 2 1 4 3 2 1 4 3 2 1 4 3  
5 6 7 8 1 2 3 4 1 2 3 4 1 2 3 4  
6 5 8  7 2 1 4 3 2 1 4 3 2  1 4 3 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 "  .x 4 " 66 

1 1 1 1 5 S S 5 S 5 S S S S S S 
2 2 2  2 6 6 6 6 6 6 6 6 6 6 6 6 
1 1 3 3 5  5 7 7 S S 7 7 S S 7 7 
2 2 4 4  f 6 8 8 6 6  8 8 6 6 8  8 
5 5 5 5 1  1 1 1 1 1 1 1 1 1 1 1 
6 6 6 6 ;  2 2 2  2 2 2 2 2 2 2 2 
5 5 7  7 1 1 J 3 1 1 3 3 1 1  3 3 
6 6 a 8 2 2 4 4 2 2 4 4  2 2 4 4 
5 5 5 5 1 1 1 1 1 1 1 1 I I I  1 
6 6 6 6  2 2 2 2 2 2 2 2 2 2 2 2  
5 5 7 7 1  1 3 3 1 1  3 3 1 1  3 3 
6 � 8 8 2 2 4 4  2 2 4 4 2 2 4 4 
5 5 S 5 1 1 1 1 1 1 1 I I I  1 1 
6 6 6 6  2 2 2 2 2 2 2 2 2 2  2 2 
5 5 7 7 1 1 3  3 1 1 3 3 1 1 3 3 
6 6 b B 2 2 4 4  2 2 4 4 2  2 4 4 

4 ,, 32 x 4,,120 

1 2 2 1 5 6 6 S S 6 6 S S 6 6 S 
2 1 1 2 6 S S 6 6 S S 6 6 S S 6 
2 1 1 2 6 5 5  6 6 5  S 6 6 S S 6 
1 2 3 4 S 6 7 8 5 6 7 8 S 6 7 8 
5 6 6 S 1 2 2 1 1 2 2 1 1 2 2 1 
6 5 5 6 2 1 1 2 2 1 1 2 2 1 1 2  
6 5 5 6 2 1 1 2 2 1 1  2 2 1  1 2 
5 6 7 8 1 2  3 4 1 2 3 4 1 2 3 4 
5 6 6 5 1 2 2 1 1 2 2 1 1 2 2 1 
6 5 5 6 2  1 1 2 2  1 1 2  2 1 1  2 
6 5 S 6 2 1 1 2 2 1  1 2 2 1 1 2  
5 6 7 8 1 2  3 4 1  2 3 4 1 2  3 4 
5 6 6 5  1 2 2 1 1 2 2 1 1  2 2 1 
6 5 5  6 2 1  1 2 2 1 1 2 2 1 1 2  
6 S 5 6 2 1 1 2  2 1 1  2 2 1 1 2 
5 6 7  8 1 2 3 4 1 2 3 4 1  2 3 4 

4032 x 4,,92 

1 1 l I S S S S S S S S S S S S 
2 2 2 2 6 6 6 6 6 6 6  6 6 6 6 6  
1 1 3 1 S S 7 S S S 7 S S S 7 S 
2 2 2 4 6  6 6 8 6 6 6  8 6 6 6 8 
S S S S 1 1 1 1 1 1 1 1 1 I I I  
6 6 6 6  2 2 2 2  2 2 2 2 2 2 2 2 
S S 7 S 1 1 3 1 1 1 3 1 1 1 3 1 
6 6 6 8 2 2 2 4 2  2 2 4 2  2 2 4 
S S S S 1 1 1 1 1 1 1 1 1 1 1 1 
6 6 6 6 2  2 2 2 2 2 2  2 2 2 2 2  
S S 7 S 1 1 3 1 1 1 3 1 1 1 3 1 
6 6 6 8 2 2 2 4 2 2 2 4 2 2 2 4 S S S S 1 1 1 I I I  I I I  I I I 
6 6 6 6 2 2 2  2 2 2 2 2 2 2 2 2 
S S 7 S 1 1 3 1 1  1 3 1 1  1 3 1 
6 6 6 8 2  2 2 4 2  2 2 4 2 2 ·2 4 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 Q 34 x 4. 34 

1 1 3 :3 1 1 3 3 9 9 II 11 9 9 11 11 
1 1 :3 3 1 1 3 3 9 9 11 11 9 9 11 11 
:3 3 1 1 .3 3 1 1 11 11 9 9 11 11 9 9 
3 3 1 2 3 3 1 2 11 11 9 10 11 11 9 10 
1 1 3 3 1 1 3 3 9 9 11 11 9 9 11 11 
1 1 J 3 1 1 3 3 9 9 11 11 9 9 11 11 
3 3 1 1 3 3 1 1 11 11 9 9 11 11 9 9 
:3 3 1 2 3 3 1 2 11 11 9 10 11 11 9 10 
9 9 11 11 9 9 11 11 1 1 3 3 1 1 :3 3 
9 9 11 11 9 9 11 11 1 1 3 3 1 1 3 3 
11 11 9 9 11 11 9 9 3 3 1 1 3 3 1 1 
11 11 9 10 11 11 9 10 3 3 1 2 :3 3 1 2 
9 9 11 11 9 9 11 11 1 1 3 :3 5 5 7 7 
9 9 11 11 9 9 11 11 1  1 3 3 5 5 7 7 
11 11 9 9 11 11 9 9 3 3 1 1 7 7 5 5 
11 11 9 10 11 11 9 10 3 3 1 2 7 7 5 6 

4 0 34 x 4,, 35 

1 2 3 3 1 2 3 3 9 9 11 11 9 9 11 11 
2 3 1 1 2 3 1 1 9 9 11 11 9 9 11 11 
3 1 2 2 3 1 2 2 11 11 9 9 11 11 9 9 
3 1 2 2 3 1 2 2 11 11 9 10 11 11 9 10 
1 2 3 3 1 2 3 3 9 9 11 11 9 9 11 11 
2 :3 1 1 2 :3 1 I ') ') 11 11 ') ') . 11 11 
.3 1 2 2 :3 1 2 2 11 11 9 9 11 11 9 9 
3 1 2 2 3 1 2 2 11 11 ') 10 11 II 9 10 
') 9 II 11 9 9 11 11 1 2 3 3 1 2 3 3 
9 9 11 11 9 ') II 11 2 3 1 1 2  3 1 1 
11 11 9 9 11 11 9 9 3 1 2 2 3  1 2 2 
11 11 ') 10 11 11 9 10 .3 1 2 2 3 1 2 2 
9 9 11 11 9 9 11 11 1 2 3 3 S 6 7 7 
9 9 11 11 9 9 11 11 2 3 1 1 6 7 S S 
11 11 9 9 11 11 9 9 3 1 2 2 7 S 6 6 
11 11 9 10 11 11 9 10 .3 1 2 2 7 S 6 6 



TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued)  

-

4 0 34 x h o �9 

1 1 1 1 1 

"-"-""« --...- �< 

1 1 1 9 9 9 9 9 9 9 9 
? 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
, 1 1 2 1 1 1 2 9 9 9 10 9 9 9 10 .L 

4 4 4 4 4 4 4 4 12 12 12 12 12 12 12 12 
1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 1 2 1 1 1 2 9 9 9 10 9 9 9 10 
4 4 4 4 4 4 4 4 12 12 12 12 12 12 12 12 
0 9 9 9 9 9 9 9 1 1 1 1 1 1 1 1 / 

10 10 10 10 10 10 10 10 2 2 2 2 2: 2 2 2 
9 9 9 10 9 9 9 10 1 1 1 2 1 1 1 2 
12 12 12 12 12 12 12 12 4 4 4 4 4 4 4 4 
9 9 9 9 9 9 9 9 1 1 1 1 5 � 5 5 
10 10 10 10 10 10 10 10 2 2 2 2 6 6 6 6 
9 9 9 10 9 9 9 10 1 1 1 2 5 5 5 6 
12 12  12 12 12 12 12 12 4 4 4 4 9 9 9 9 

4 ., 34 x 4063 
1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 2 3 4 1 2 3 4 9 10 11 9 10 1 1  12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
9 9 9 9 9 9 9 9 1 1 1 1 1 1 1 1 
10 10 10 10 10 10 10 10 2 2 2 2 2 2 2 2 
9 10 11 12 9 10 11 12 1 2 3 4 1 2 3 4 
10 9 12 11 10 9 11 12 2 1 4 3 2 1 4 3 
9 9 9 9 9 9 9 9 1 1 1 1 5 5 5 5 
10 10 10 10 10 10 10 10 2 2 2 2 6 6 6 6 
9 10 11 12 9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 10 9 12 11 2 1 4 3 6 5 8 7 



TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

- -----,-, �,.�- """""'--,,"- -
"", ... "-- ��-,-,..,,--�-... �� 

4 0 34 x 4 0 64 

1 1 3 3 1 1 3 3 9 9 11 11 9 9 11 11 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
1 1 3 3 1 1 3 3 9 9 11 11 9 · 9 11 11 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
1 1 3 3 1 1 3 3 9 9 11 11 9 9 11 11 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
1 1 3 3 1 1 3 3 9 9 11 11 9 9 11 11 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
9 9 11 11 9 9 11 11 1 1 3 3 1 1 3 3 
10 10 12 12 10 10 12 12 2 2 4 4 2 2 4 4 
9 9 11 11 9 9 11 11 1 1 3 3 1 1 3 3 
10 10 12 12 10 10 12 12 2 2 4 4 2 2 4 4 
9 9 11 11 9 9 11 11 1  1 3 3 5 5 7 7 
10 10 12 12 10 10 12 12 2 2 4 4 6 6 8 8 
9 9 11 11 9 9 11 11 1 1 3 3 5 5 7 7 
10 10 12 12 10 10 12 12 2 2 4 4 6 6 8 8 

4 0 34 x 4 . 65 

1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 l2 11 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
9 10 11 12 9 10 11 12 1 2 3 4 1 2 3 4 
10 9 12 11 10 9 12 11 2 1 4 3 2 1 4 3 
9 10 11 12 9 10 11 12 1 2 3 4 1 2 3 4 
10 9 12 11 10 9 12 11 2 1 4 3 2 1 4 3 
9 10 11 12 9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 11 10 9 12 11 2 1 4 3 6 5 8 7 
9 10 11 12 9 10 11 12 1 2 3 4 5 6 7 8 
10 9 12 11 10 9 12 11 2 1 4 3 6 5 8 7 



TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 0 34 x 4 0 66 

1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 3 3 1 1 3 3 9 9 10 10 9 9 10 10 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 3 3 1 1 3 3 9 9 10 10 9 9 10 10 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
9 9 9 9 9 9 9 9 1 1 1 1 1 1 1 1 
10 10 10 10 10 10 10 10 2 2 2 2 2 2 2 2 
9 9 10 10 9 9 10 10 1 1 3 3 1 1 3 3 
10 10 12 12 10 10 12 12 2 2 4 4 2 2 4 4 
9 9 9 9 9 9 9 9 1 1 1 1 5 5 5 5 
10 10 10 10 10 10 10 10 2 2 2 2 6 6 6 6 
9 9 10 10 9 9 10 10 1 1 3 3 5 5 7 7 
10 10 12 12 10 10 12 12 2 2 4 4 6 6 8 8 

4 . 34 x 4 0 92 

1 1 1 1 1 1 1  1 9 9 9 9 9 9 9 9  
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 3 1 1 1 3 1 9 9 11 9 9 9 11 9 
2 2 2 4 2 2 2 4 10 10 10 12 10 10 10 12 
1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 3 1 1 1 3 1 9 9 11 9 9 9 11 9 
2 2 2 4 2 2 2 4 10 10 10 12 10 10 10 12 
9 9 9 9 9  9 9 9 1 1 1 1 1 1  1 1 
10 10 10 10 10 10 10 10 2 2 2 2 2 2 2 2 
9 9 11 9 9 9 11 9 1 1 3 1 1 1 3 1 
10 10 10 1 2  10 10 10 12 2 2 2 4 2 2 2 4 
9 9 9  9 9 9 9 9 1 1 1 1 5 5 5 5  
10 10 10 10 10 10 10 10 2 2 2 2 6 6 6 6 
9 9 11 9 9 9 11 9 1 1 3 1 5 5 7 5 
10 10 10 12 10 10 10 12 2 2 2 4 6 6 6 8 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

��-=��-=-���=�.�=-==.--===-==========�============= 

1 2 2 1 1 2 2 1 9 10 10 9 9 10 10 9 
2 1 1 2 2 1 1 2 10 9 9 10 10 9 9 10 
2 1 1 2 2 1 1 2 10 9 9 10 10 9 9 10 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
1 2 2 1 1 2 2 1 9 10 10 9 9 10 10 9 
2 1 1 2 2 1 1 2 10 9 9 10 10 9 9 10 
2 1 1 2 2 1 1 2 10 9 9 10 10 9 9 10 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
9 10 10 9 9 10 10 9 1 2 2 1 1 2 2 1 
10 9 9 10 10 9 9 10 2 1 1 2 2 1 1 2 
10 9 9 10 10 9 9 10 2 1 1 2 2 1 1 2 
9 10 11 12 9 10 11 12 1 2 3 4 1 2 3 4 
9 10 10 9 9 10 10 9 1 2 2 1 5 6 6 5 
10 9 9 10 10 9 9 10 2 1 1 2 6 5 5 6 
10 9 9 10 10 9 9 10 2 1 1 2 6 5 5 6 
9 10 11 12 9 10 11 12 1 2 3 4 5 6 7 8 

40 35 x 40 35 
1 2 3 3 5 6 7 7 9 10 11 11 9 10 11 11 
2 3 1 1 6 7 5 5 10 11 9 9 10 11 9 9 
3 1 2 2 7 5 6 6 11 9 10 10 11 9 10 10 
3 1 2 2 7 5 6 6 11 9 10 10 II 9 10 10 
5 6 7 7 9 10 11 11 1 2 3 3 1 2 3 3 
6 7 5 .5 10 11 9 9 2 3 1 1 2 3 1 1 
7 5 6 6 9 10 10 3 1 2 2 3 1 2 2 
7 5 6 6 11 9  10 10 3 1 2 2 3 1 2 2 
9 10 11 1 2 3 3 5 6 7 7 5 6 7 7 
10 11 9 9 2 3 1 1 6 7 5 5 6 7 5 . 5  
11 9 10 10 :3 1 2 2 7 5 6 6 7 5 6 6 
11 9 10 10 3 1 2 2 7 5 6 6 7 5 6 6 
9 10 11 11 1 2 3 3 5 6 7 7 5 6 7 7 
10 11 9 q 2 3 1 1 6 7 5 5 6 7 5 5 � 

11 9 10 10 3 1 2 2 7 5 6 6 7 5 6 6 
11 9 10 10 3 1 2 2 7 5 6 6 7 5 6 6 



TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 0 35 x 4,, 59 

I I I  1 5 5  5 5 9 9 9 9 9 9  9 9 
2 2 2 2 6 6 6 6 10 10 10 10 10 10 10 10 
1 1 1 2 5 5 5 6 9 9 9 10 9 9 9 10 
4 4 4 4 8 8 8 8 12 12 12 12 12 12 12 12 
5 5 5 5 9 9 9  9 1 1 1 I I I  1 1 
6 6 6 6 10 10 10 10 2 2 2 2 2 2 2 2 
5 5 5 6 9 9 9 10 1 1 1 2 1 1 1 2 
8 8 8 8 12 12 12 12 4 4 4 4 4 4 4 4 
9 9 9  9 1 1 1 1 5  5 5 5 5 5 5  5 
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 9 9 10 1 1 1 2 5 5 5 6 5 5 5 6 
12 12 12 12 4 4 4 4 8 8 8 8 8 8 8 8 
9 9 9 9  1 1 1 1 5  5 5 5 5 5  5 5 
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 9 9 10 1 1 1 2 5 5 5 6 5 5 5 6 
12 12 12 12 4 4 4 4 8 8 8 8 8 8 8 8 

4 0 35 x 4 0 63 

I I I  1 5 5 5 5 9 9 9  9 9 9 9 9 
2 2 2 2 6 6 6 6 10 10 10 10 10 10 10 10 
1 2 3 4 5 6 7 8 9 10 11 12 9 10 11  12 
2 1 4 3 6 5 8 7 10 9 12 11 10 9 12 11 
5 5 5 5 9 9 9 9 1 1 1 1 I I I  1 
6 6 6 6 10 10 10 10 2 2 2  2 2 2 2 2 
5 6 7 8 9 10 11 12 1 2 3 4 1 2 3 4 
6 5 8 7 10 9 12 11 2 1 4 .3 2 1 4 .3 
9 9 9 9 1 1 1 1 5  5 5 5 5  5 5 5  
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 10 11 12 1 2 .3 4 5 6 7 8 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 6 5 8 7 
9 9 9  9 I I I  1 5 5 5 5 5 5 5 5  
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 10 11 12 1 2 3 4 5 6 7 8 5 6 7 8 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

'""""""' ____________ ..... "'1$ 
- . -.. . _-

4<>35 x 4 0 64 

1 1 3 3 5 5 7 7 9 9 11 11 9 9 11 11 
2 2 4 4 6 6 8 8 10 10 12 12 10 10 12 12 
1 1 3 3 5 5 7 7 9 9 '  11 11 9 '  9 11 11 
2 2 4 4 6 6 8 8 10 10 12 12 10 10 12 12 
5 5 7 7 9 9 11 11 1  1 3 3 1 1 3 3 
6 6 8 8 10 10 12 12 2 2 4 4 2 2 4 4 
5 5 7 7 9 9 11 11 1 1 3 3 1 1 3 3 
6 6 8 8 10 10 12 12 2 2 4 4 2 2 4 4 
1 1 3 3 9 9 11 11 5 5 7 7 5 5 7 7 
2 2 4 4 10 10 12 12 6 6 8 8 6 6 8 8 
1 1 3 3 9 9 11 11 5 5 7 7 5 5 7 7 
2 2 4 4 10 10 12 12 6 6 8 8 6 6 8 8 
1 1 3 3 9 9 11 11 5 5 7 7 5 5 7 7 
2 2 4 4 10 10 12 12 6 6 8 8 6 6 8 8 

4 0 35 x 4065 

1 2 3 4 5 6 7 8 9 10 11 12 9 10 11 12 
2 1 4 3 6 5 8 7 10 9 12 11 10 9 12 11 
1 2 3 4 5 6 7 8 9 10 11 12 9 10 11 12 
2 1 4 3 6 5 8 7 10 9 12 11 10 9 12 11 
5 6 7 8 9 10 11 12 1 2 3 4 1 2 3 4 
6 5 8 7 10 9 12 11 2 1 4 3 2 1 4 3 
5 6 7 8 9 10 11 12 1 2 3 4 1 2 3 4 
6 5 8 7 10 9 12 11 2 1 4 3 2 1 4 3 
9 10 11 12 1 2 3 4 5 6 7 R 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 6 5 8 7 
9 10 11 12 1 2 3 4 5 6 7 8 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 6 5 8 7 
9 10 11 12 1 2 3 4 5 6 7 8 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 6 5 8 7 
9 10 11 12 1 2 3 4 5 6 7 8 5 6 7 8 
10 9 12 11 2 1 4 3 6 5 8 7 6 5 8 7 
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TABLE V 

DmECT PRODUCTS: 4 x 4 ( continued) 

4.35 x 4. 66 

1 1 1 1 5 5 5 5 9 9  9 9 9 9 9 9  
2 2 2 2 6 6 6 6 10 10 10 10 10 10 10 10 
1 1 3 3 5 5 7 7 9 9 11 11 9 9 11 11 
2 2 4 4 6 6 8 8 10 10 12 12 10 10 12 12 
5 5 5 5 9 9 9  9 I I I  I I I  1 1 
6 6 6 6 10 10 10 10 2 2 2 2 2 2 2 2 
5 5 7 7 9 9 11 11 1 1 3 3 1 1 3 3 
6 6 8 8 10 10 12 12 2 2 4 4 2 2 4 4 
9 9 9 9 1 1 1 1 5 5 5 5 5  5 5 5  
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 9 11 11 1 1 3 3 5 5 7 7 5 5 7 7 
10 10 12 12 2 2 4 4 6 6 8 8 6 6 8 6 
9 9 9 9 1 1 1 1 5 5 5 5  5 5 5 5  
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 9 11 11 1 1 3 3 5 5 7 1 5 5 7 7 
10 10 12 12 2 2 4 4 6 6 8 8 6 6 8 8 

4 . 35 :x 4. 92 

1 1 1 1 5 5 5 5 9 9 '  9 '  9 9 '  9 '  9 9 
2 2 2 2 6 6 6 6 10 10 10 10 10 10 10 10 
1 1 3 1 5 5 7 5 9 9 11 9 9 9 11 9 
2 2 2 4 6 6 6 8 10 10 10 12 10 10 10 12 
5 5 5 5  9 9 9 9 1 1 1 1 1  1 1 1  
6 6 6 6 10 10 10 10 2 2 2 2 2 2 2 2 
5 5 1 5 9 9 11 9 1 1 3 1 1 1 3 1 
6 6 6 8 10 10 10 12 2 2 2 4 2 2 2 4 
9 9 9  9 1 1 1 1 5 5 5 5 5 5 5 5 
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 9 11 9 1 1 3 1 5 5 7 5 5 5 7 5 
10 10 10 12 2 2 2 4 6 6 6 8 6 6 6 8 
9 9 9  9 1 1  1 1 5 5 5 5 5 5 5 5  
10 10 10 10 2 2 2 2 6 6 6 6 6 6 6 6 
9 9 11 9 1 1 3  1 5 5  7 5 5 5 7 5 
10 10 10 12 2 2 2 4 6 6 6 8 6 6 6 8 

148 



149 

TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

- " "  

4. 35 x 40120 

1 2 2 1 5 6 6 5 9 10 10 9 9 10 10 9 
2 1 1 2 6 5 5 6 10 9 9 10 10 9 9 10 
2 1 1 2 6 5 5 6 10 9 9 10 10 9 9 10 
1 2 3 4 5 6 7 8 9 10 11 12 9 10 11 12 
5 6 6 5 9 10 10 9 1 2 2 1 1 2 2 1 
6 5 5 6 10 9 9 10 2 1 1 2 2 1 1 2 
6 5 5 6 10 9 9 10 2 1 1 2 2 1 1 2 
5 6 7 8 9 10 11 12 1 2 3 4 1 2 3 4 
9 10 10 9 1 2 2 1 5 6 6 5 5 6 6 5 
10 9 9 10 2 1 1 2 6 5 5 6 6 5 5 6 
10 9 9 10 2 1 1 2 6 5 5 6 6 5 5 6 
9 10 11 12 1 2 3 4 5 6 7 8 5 6 7 8 
9 10 10 9 1 2 2 1 5 6 6 5 5 6 6 5 
10 9 9 10 2 1 1 2  6 5 5 6 6 5 5 6 
10 9 9 10 2 1 1 2 6 5 5 6 6 5 5  6 
9 10 11 12 1 2 3 4 5 6 7 8 5 6 7 8 

4 .59 x 4,,59 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 1 2 1 1 1 2 1 1 1 2 1 1 1 2 
4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 5 6 5 5 5 6 5 5 5 6 5 5 5 6 
8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 
1 1 1 1 1 1 1 1 1 1 1 1 5 5 5 5 
2 2 2 2 2 2 2 2 2 2 2 2 6 6 6 6 
1 1 1 2 1 1 1 2 1 1 1 2 5 5 5 6 
4 4 4 4 4 4 4  4 4 4  4 4 8  8 8 8 
13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 
14 14 14 14 14 14 14 14 14 '14 14 14 14 14 14 14 
13 13 13 14 13 13 13 14 13 13 13 14 13 13 13 14 
16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 
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TABIE V 

DIRECT PRODUCTS t 4 x 4 ( continued) 

__ "�"""-__ � __ �i 

4 0 59 x 4 063 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 
1 1 1 1 1 1 1 1 1 1 1 1 5 5 5 5 
2 2 2 2 2 2 2 2 2 2 2 2 6 6 6 6 
1 2 3 4 1 2 3 4 1 2 3 4 5 6 7 8 
2 1 4 3 2 1 4 3 2 1 4 3 6 5 8 7 
13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 
14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 
13 14 15 16 13 14 15 16 13 14 15 16 13 14 15 16 
14 13 16 15 14 13 16 15 14 13 16 15 14 13 16 15 

4 059 x 4 0 64 

1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
5 .5 7 7 5 5 7 7 5 5 7 7 5 5 7 7 
6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
5 5 7 7 5 5 7 7 5 5 7 7 5 5 7 7 
6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
1 1 3 3 1 1 3 3 1 1 3 3 5 5 7 7 
2 2 4 4 2 2 4 4 2 2 4 4 6 6 8 8 
1 1 3 3 1 1 3 3 1 1 3 3 5 5 7 7 
2 2 4 4 2  2 4 4 2  2 4 4 6 6 8 8 
13 13 15 15 13 13 15 15 13 13 15 15 13 13 15 15 
14 14 16 16 14 14 16 16 14 14 16 16 14 14 16 16 
13 13 15 15 13 13 15 15 13 13 15 15 13 13 15 15 
14 14 16 16 14 14 16 16 14 14 16 16 14 14 16 16 
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TABLE V 

DmFCT PRODUCTS : 4 x 4 ( continued) 

4 .. 59 x 4 .. 65 

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 
1 2 3 4 1 2 3 4 1 2 3 4 5 6 7 8 
2 1 4 3 2 1 4 3 2 1 4 3 6 5 8 7 
1 2 3 4 1 2 3 4 1 2 3 4 5 6 7 8 
2 1 4 3  2 1 4 3 2 1 4  3 6 5 8 7 
13 14 15 16 13 14 15 16 13 14 15 16 13 14 15 16 
14 13 16 15 14 13 16 15 14 13 16 15 14 13 16 15 
13 14 15 16 13 Ih 15 16 13 14 15 16 13 14 15 16 
14 13 16 15 14 13 16 15 14 13 16 15 14 13 16 15 

4 059 x 4.66 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 7 5 5 7 7 5 5 7 7 5 5 7 7 
6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
1 1 1 1 1 1 1 1 1 1 1 1 5 5 5 5 
2 2 2 2 2 2 2 2 2 2 2 2 6 6 6 6 
1 1 3 3 1 1 3 3 1 1 3 3 5 5 7 7 
2 2 4 4 2  2 4 4 2  2 4 4 6  6 8 8  
13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 
14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 
13 13 15 15 13 13 15 15 13 13 15 15 13 13 15 15 
14 14 16 16 14 14 16 16 14 14 16 16 14 14 16 16 



TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

4 . 59 x 4 . 92 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 
2 2 2 4 2 2 2 4 2 2 2 4 2 2 2 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 ;; 5 5 7 5 5 5 7 5 5 5 7 5 
6 6 6 8 6 6 6 8 6 6 6 8 6 6 6 8 
1 1 1 1 1 1 1 1 1 1 1 1 5 5 5 5 
2 2 2 2 2 2 2 2 2 2 2 2 6 6 6 6 
1 1 3 1 1 1 3 1 1 1 3 1 5 5 7 5 
2 2 2 4 2 2 2 4 2 2 2 4 6 6  6 8 
13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 
14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 
13 13 15 13 13 13 15 I; 13 13 15 13 13 13 15 13 
14 14 14 16 14 14 14 16 14 14 14 16 14 14 14 16 

40 59 x 4.120 

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
5 6 6 5 5 6 6 5 5 6 6 5 5 6 6 5 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
1 2 2 1 1 2 2 1 1 2 2 1 5 6 6 5 
2 1 1 2 2 1 1 2 2 1 1 2 6 5 5 6 
2 1 1 2 2 1 1 2 2 1 1 2 6 5 5 6 
1 2 3 4 1  2 3 4 1 2 3 4 5 6  7 8 
13 14 14 13 13 14 14 13 13 14 14 13 13 14 14 13 
14 13 13 14 14 13 13 14 14 13 13 14 14 13 13 14 
14 13 13 14 14 13 13 14 14 13 13 14 14 13 13 14 
13 14 15 16 13 14 15 16 13 14 15 16 13 14 15 16 
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TABLE V 

DIRECT PRODUC'I S:  4 x 4 ( continued) 

4.63 x 4,63 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 
1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 j 6 5 8 7 10 9 12 11 14 13 16 15 .) 

5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 

4 . 63 x 4064 

1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
5 5 7 7 5 5 7 7 5 5 7 7 5 I) 7 7 
6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
5 I) 7 7 5 5 7 7 5 5 7 7 5 5 7 7 
6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
1 1 3 3 5 5 7 7 Q 9 11 11 13 13 15 15 .-

2 2 4 4 6 � 8 8 10 10 12 12 14 14 16 16 b 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 11 6 6 8 8 10 10 12 12 14 14 16 16 
5 '5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 0 63 x 40 65 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
2 1 4 3 6 � 8 7 10 9 12 11 14 13 16 15 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11 

4 0 63 x 4 0 66 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 7 � 5 7 7 5 5 7 7 5 5 7 7 ..-

6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 
5 .5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 7 7 1 1 3 3 13 13 15 15 9 9 11 11 
6 6 8 8 2 2 4 4 14 14 16 16 10 10 12 12 
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TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

� '" ----- - �,-

4 0 63 x 4 . 92 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 
2 2 2 4 2 2 2 4 2 2 2 4 2 2 2 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 5 5 5 7 5 5 5 7 5 5 5 7 5 
6 6 6 8 6 6 6 8 6 6 6 8 6 6 6 8 
1 1 1 1 5 5 5 5 9 9 9 9 13 13 13 13 
2 2 2 2 6 6 6 6 10 10 10 10 14 14 14 14 
1 1 3 1 5 5 7 5 9 9 11 9 13 13 15 13 
2 2 2 4 6 6 6 8 10 10 10 12 14 14 14 16 
5 5 5 5 1 1 1 1 13 13 13 13 9 9 9 9 
6 6 6 6 2 2 2 2 14 14 14 14 10 10 10 10 
5 5 7 5 1 1 3 1 13 13 15 13 9 9 11 9 
6 6 6 8 2 2 2 4 14 14 14 16 10 10 10 12 

4 0 63 x 4.,120 

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
5 6 6 5 5 6 6 5 5 6 6 5 5 6 6 5 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
5 6 7 8 5 6 7 B 5 6 7 8 5 6 7 8 
1 2 2 1 5 6 6 5 9 10 10 9 13 14 14 13 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1 6  
5 6 6 5 1 2 2 1 13 14 14 13 9 10 10 9 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
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T.i.BL:.: V 

DIi:LSCT LlCDUCT:S: L� x 4 ( continued) 

""� ........... """� .... . __ ..c,..�� ._""_�...- ,,. __ . _ . _  �. ��.�. ,,_ ....... � _ .  n" ",, __ R _' _ �'''' _''''''� ____ .,.,. ,""' _-"'-•• _.',,'c,..', _ _  �"4 __ 'k_""" .- --�� ... --- ---�----,"" �� .. ""�.-�� -"- � - "" --�--....... - � -... '- -------

4 . 64 x h ,, 6h 

1 1 3 3 1 1 3 3 9 9 11 11 9 9 11 11 
2 2 , I 2 2 4 2+ 10 10 12 12 10 10 12 12 4 4 
1 1. 3 J 1 1 .3 .3 n 0 11 9 9 11 11 / --
? '2 l.L \ 2 2 h )� 10 10 1 2  12 10 10 12 12 
.5 .5 7 7 r;: 5 7 7 13 13 15 15 13 13 15 15 '" 
6 6 '"' 8 6 6 8 8' 14 14 16 16 14 14 16 16 0 
5 5 7 7 5 5 7 7 13 13 15 15 13 13 15 15 
I' 6 d 8 6 6 8 8 14 14 16 16 11... 111 16 16 :) 
1 1 .3 j 1 1 :3 - ( . >" " � " ., 0 n 11 11 :> / ,L ... L .1 _L " ,/ 
2 2 U 4 2 2 4 4 10 10 12 12  10 10 12 12 
1 1 .3 3 1 1 3 3 9 9 11 11 9 9 11  11 
2 2 4 4 2 2 h 4 10  10 12 12 10 10 12 12 
.� .5 7 7 5 c: 7 7 13 13 15 15 13 1 3  15 Ie' -:: . ;)  
6 6 8 II u u 5 8 14 14 16 16 14 14 16 16 
5 5 7 7 .5 .5 7 7 13 13 15 15 1 3  13 15 15 
6 6 D " ;- / r, 8 14 14 16 16 lu 14 16 16 0 0 0 0 

4 0 64 X 14 . 65 

1 2 3 4 .L 2 .) Li ;J 1.U 1.1 12 9 10 11 12 
2 1 U .3 2 1 4 3 10 9 12 11 10 9 12 11 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 h .3 2 1 4 3 10 9 12 11 10 9 12 11 
.-' ;- 7 8 5 6 7 8 14 15 16 13 14  15 16 :;; h '.I 
( r '  " 7 I... 5 8 7 1 1 1 13 16 15 14 1J 16 15 L) .,) 0 v 
.5 6 '( [l .5 / 

7 S 13 lu 15 16 13 14 15 16 0 
6 -

8 7 6 5 8 7 14 13 16 15 lu 1 3  16 15 ) 
1 2 3 4 1 2 -, 4 9 10 11 12 9 10 11 12 :,J 
2 1 1.J. 3 2 1 4 .3 10 9 12 13 10 9 12 
1 r. 3 \ .  1 2 J 4 9 10 11 12 9 10 11 12 ;::: <..;. 
2 1 1 3 � ., h 3 10 9 12 11 10 9 12 11 4 t:.. .L 
5 6 7 8 5 6 7 8 13 14 15 16 13 14 15 16 
6 5 8 7 6 r-' 8 7 14 13 16 15 14 13 16 15 ;> , 
5 6 '7 8 .5 6 7 8 13 14 15 16 13 14 15 1 6  ! 
6 .5 8 7 6 5 8 7 14 16  15 14 13 16 15 



TABLE V 

DIRECT PRODUCTS : 4 x 4 ( continued) 

4 . 64 x 4 . 66 

1 1 1 1 1 
2 2 2 2 2 
1 1 3 3 1 
2 2 4 4 2 
.5 .5 .5 .5 .5 
6 6 6 6 6 
.5 .5 7 7 .5 
6 6 10 10 6 
1 1 1 1 1 
2 2 2 2 2 
1 1 3 3 1 
2 2 4 4 2  
.5 .5 .5 5 5 
6 6 6 6 6  
.5 .5 7 7 .5 
6 6 10 10 6 

4 .. 64 x 4. 92 

1 1 1 1 1 
2 2 2 2 2 
1 1 3 1 1 
2 2 2 4 2 
.5 .5 .5 .5 .5 
6 6 6 6 6 
.5 5 7 .5 .5 
6 6 6 8 6 
1 1 1 1 1 
2 2 2 2 2 
1 1 3 1 1 
2 2 2 4 2 
.5 .5 .5 .5 5 
6 6 6 6 6 
.5 .5 7 5 .5 
6 6 6 8 6 

1 
2 
1 
2 
5 
6 
.5 
6 
1 
2 
1 
2 
.5 
6 
.5 
6 

1 
2 
1 
2 
.5 
6 
.5 
6 
1 
2 
1 
2 
.5 
6 
.5 
6 

1 1 9 9 9 9 9 9 9 9 
2 2 10 10 10 10 10 10 10 10 
3 3 9 9 11 11 9 9 11 11 
4 4 10 10 12 12 10 10 12 12 
.5 .5 13 13 13 13 13 13 13 13 
6 6 14 14 14 14 14 14 14 14 
7 7 13 13 15 15 13 13 1.5 1.5 
10 10 14 14 16 16 14 14 16 16 
1 1 9 9 9 9 9 9 9 9 
2 2 10 10 10 10 10 10 10 10 
3 3 9 9 11 11 9 9 11 11 
4 4 10 10 12  12  10 10 12 12 
.5 .5 13 13 13 13 13 13 13 13 
6 6 14 14 14 14 14 14 14 14 
7 7 13 13 1.5 1.5 13 13 1.5 1.5 
10 10 14 14 16 16 14 14 16 16 

1 1 9 9 9 9 9 9 9 9 
2 2 10 10 10 10 10 10 10 10 
3 1 9 9 11 9 9 9 11 9 
2 4 10 10 10 12 10 10 10 12 
.5 .5 13 13 13 13 13 13 13 13 
6 6 14 14 14 14 14 14 14 14 
7 .5 13 13 1.5 13 13 13 1.5 13 
6 8 14 14 14 16 14 14 14 16 
1 1 9 9 9 9 9 9 9 9 
2 2 10 10 10 10 10 10 10 10 
3 1 9 9 11 9 9 9 11 9 
2 4 10 10 10 12 10 10 10 12 
.5 .5 13 13 13 13 13 13 13 13 
6 6 14 14 14 14 14 14 14 14 
7 .5 13 13 1.5 13 13 13 1.5 13 
6 8 14 14 14 16 14 14 14 16 

1.57 



TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

4 964 x 4. 120 

1 2 2 1 1 2 
2 1 1 2 2 1 
2 1 1 2 2 1 
1 2 3 4 1 2 
5 6 6 5 5 6 
6 5 5 6 6 5 
6 5 5 6 6 5 
5 6 7 8 5 6 
1 2 2 1 1 2 
2 1 1 2 2 1 
2 1 1 2 2 1 
1 2 3 4 1 2 
5 6 6 5 5 6 
6 5 5 6 6 5 
6 5 5 6 6 5 
5 6 7 8 5 6 

4.65 x 4.65 

1 2 3 4 5 6 
2 1 4 3 6 5 
1 2 3 4 5 6 
2 1 4 3 6 5 
5 6 7 8 1 2 
6 5 8 7 2 1 
5 6 7 8 1 2 
6 5 8 7 2 1 
1 2 3 4 5 6 
2 1 4 3 6 5 
1 2 3 4 5 6 
2 1 4 3 6 5 
5 6 7 8 1 2 
6 5 8 7 2 1 
5 6 7 8 1 2 
6 5 8 7 2 1 

2 1 
1 2 
1 2 
3 4 
6 5 
5 6 
5 6 
7 8 
2 1 
1 2 
1 2 
3 4 
6 5 
5 6 
5 6 
7 8 

7 8 
8 7 
7 8 
8 7 
3 4 
4 3 
3 4 
4 3 
7 8 
8 7 
7 8 
8 7 
3 4 
4 3 
3 4 
4 3 

. - -�-�--

9 10 10 9 9 10 10 9 
10 9 9 10 10 9 9 10 
10 9 9 10 10 9 9 10 
9 10 11 12 9 10 11 12 
13 14 14 13 13 14 14 13 
14 13 13 14 14 13 13 14 
14 13 13 14 14 13 13 14 
13 14 15 16 13 14 15 16 
9 10 10 9 9 10 10 9 
10 9 9 10 10 9 9 10 
10 9 9 10 10 9 9 10 
9 10 11 12 9 10 11 12 
13 14 14 13 13 14 14 13 
14 13 13 14 14 13 13 14 
14 13 13 14 14 13 13 14 
13 14 15 16 13 14 15 16 

9 10 11 12 13 14 15 16 
10 9 12 11 14 13 16 15 
9 10 11 12 13 14 15 16 
10 9 12 11 14 13 16 15 
13 14 15 16 9 10 11 12 
14 13 16 15 10 9 12 11 
13 14 15 16 9 10 11 12 
14 13 16 15 10 9 12 11 
9 10 11 12 13 14 15 16 
10 9 12 11 14 13 16 15 
9 10 11 12 13 14 15 16 
10 9 12 11 14 13 16 15 
13 14 15 16 9 10 11 12 
14 13 16 15 10 9 12 11 
13 14 15 16 9 10 11 12 
14 13 16 15 10 9 12 11 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4.65 x 4.66 

1 1 1 1 5 5 
2 2 2 2 6 6 
1 1 3 3 5 5 
2 2 4 4 6 6 
5 5 5 5 1 1 
6 6 6 6 2 2 
5 5 7 7 1 1 
6 6 8 8 2 2 
1 1 1 1 5 5 
2 2 2 2 6 6 
1 1 3 3 5 5 
2 2 4 4 6 6 
5 5 5 5 1 1 
6 6 6 6 2 2 
5 5 7 7 1 1 
6 6 8 8 2 2 

4 . 65 x 4092 

1 1 1 1 5 5 
2 2 2 2 6 6 
1 1 3 1 5 5 
2 2 2 4 6 6 
5 5 5 5 1 1 
6 6 6 6 2 2 
5 5 7 5 1 1 
6 6 6 8 2 2 
1 1 1 1 5 5 
2 2 2 2 6 6 
1 1 3 1 5 5 
2 2 2 4 6 6 
5 5 5 5 1 1 
6 6 6 6 2 2 
5 5 7 5 1 1 
6 6 6 8 2 2 

5 5 
6 6 
7 7 
8 8 
1 1 
2 2 
3 3 
4 ll. 
5 5 
6 6 
7 7 
8 8 
1 1 
2 2 
3 3 
4 4 

5 5 
6 6 
7 5 
6 8 
1 1 
2 2 
3 1 
2 4 
5 5 
6 6 
7 5 
6 8 
1 1 
2 2 
3 1 
2 4 

9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 9 11 11 13 13 15 15 
10 10 12 12 14 14 16 16 
13 13 13 13 9 9 9 9 
14 14 14 14 10 10 10 10 
13 13 15 15 9 9 11 11 
14 14 16 16 10 10 12 12 
9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 9 11 11 13 13 15 15 
10 10 12 12 14 14 16 16 
13 13 13 13 9 9 9 9 
14 14 14 14 10 10 10 10 
13 13 15 15 9 9 11 11 
14 14 16 16 10 10 12 12 

9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 9 11 9 13 13 15 13 
10 10 10 12 14 lll. 14 16 
13 13 13 13 9 9 9 9 
14 14 14 14 10 10 10 10 
13 13 15 13 9 9 11 9 
14 14 14 16 10 10 10 12 
9 9 9 9 13 13 13 13 
10 10 10 10 14 14 14 14 
9 9 11 9 13 13 15 13 
10 10 10 12 14 14 14 16 
13 13 13 13 9 9 9 9 
14 Ill. 14 14 10 10 10 10 
13 13 15 13 9 9 11 9 
14 14 14 16 10 10 10 12 

159 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4065 x 4 0 120 

1 2 2 1 5 6 6 5 9 10 10 9 13 14 14 13 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
5 6 6 5 1 2 2 1 13 14 14 13 9 10 10 9 
6 5 5 6 2 1 1 2 14 J 3  13 14 10 9 9 10 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12 
1 2 2 1 5 6 6 5 9 10 10 9 13 14 14 13 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
2 1 1 2 6 5 5 6 10 9 9 10 14 13 13 14 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
5 6 6 5 1 2 2 1 13 14 14 13 9 10 10 9 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
6 5 5 6 2 1 1 2 14 13 13 14 10 9 9 10 
5 6 7 8 1 2 3 4 13 14 15 15 9 10 11 12 

4 . 66 x 4 ,, 66 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 3 1 1 3 3 1 1 3 3 1 1 3 3 
2 2 4 4 2 2 4 4 2 2 4 4 2 2 4 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 7 5 5 7 7 5 5 7 7 5 5 7 7 
6 6 8 8 6 6 8 8 6 6 8 8 6 6 8 8 
1 1 1 1 1 1 1 1 9 9 9 9 9 9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 3 3 1 1 3 3 9 9 11 11 9 9 11 11 
2 2 4 4 2 2 4 4 10 10 12 12 10 10 12 12 
5 5 5 5 5 5 5 5 13 13 13 13 13 13 13 13 
6 6 6 6 6 6 6 6 14 14 14 14 14 14 14 14 
5 :5 7 7 5 5 7 7 13 13 15 15 13 13 15 15 
6 6 8 8 6 6 8 8 14 14 16 16 14 14 16 16 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 0 66  x 4,,92 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 
2 2 2 4 2 2 2 4 2 2 2 4 2 2 2 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 5 5 5 7 5 5 5 7 5 5 5 7 5 
6 6 6 8 6 6 6 8 6 6 6 8 6 6 6 8 
1 1 1 1 1 1 1 1 9 9 9 9 9  9 9 9 
2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 
1 1 3 1 1 1 3 1 9 9 II 9 9 9 11 9 
2 2 2 4 2 2 2 4 10 10 10 12 10 10 10 12 
5 5 5 5 5 5 5 5 13 13 13 13 13 13 13 13 
6 6 6 6 6 6 6 6 14 14 14 14 14 14 14 14 
5 5 7 5 5 5 7 5 13 13 15 13 13 13 15 13 
6 6 6 8 6 6 6 8 14 14 14 16 14 14 14 16 

4.66 x 40 120 

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
5 6 6 5 5 6 6 5 5 6 6 5 5 6 6 5 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
1 2 2 1 1 2 2 1 9 10 10 9 9 10 10 9 
2 1 1 2 2 1 1 2 10 9 9 10 10 9 9 10 
2 1 1 2 2 1 1 2 10 9 9 10 10 9 9 10 
1 2 3 h 1 2 3 4 9 10 11 12 9 10 11 12 
5 6 6 5 5 6 6 5 13 Ih 14 13 13 14 14 13 
6 5 5 6 6 5 5 6 14 13 13 14 14 13 13 14 
6 5 5 6 6 5 5 6 14 13 13 14 14 13 13 14 
5 6 7 8 5 6 7 8 13 14 15 16 13 14 15 16 
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TABLE V 

DIRECT PRODUCTS: 4 x 4 ( continued) 

4 . 92 x 4 . 92 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
1 1 3 1 1 1 3 1 1 1 3 1 1 1 3 1 
2 2 2 4 2 2 2 4 2 2 2 4 2 2 2 4 
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 
6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 
5 5 7 5 5 5 7 5 5 5 7 5 5 5 7 5 
6 6 6 8 6 6 6 8 6 6 6 8 6 6 6 8 
1 1 1 1 1 1 1 1 9 9 9 9 1 1 1 1 
2 2 2 2 2 2 2 2 10 10 10 10 2 2 2 2 
1 1 3 1 1 1 3 1 9 9 11 9 1 1 3 1 
2 2 2 4 2 2 2 - 4 10 10 10 12 2 2 2 4 
5 5 5 5 5 5 5 5 5 5 5 5 13 13 13 13 
6 6 6 6 6 6 6 6 6 6 6 6 14 14 14 14 
5 5 7 5 5 5 7 5 5 5 7 5 13 13 15 13 
6 6 6 8 6 6 6 8 6 6 6  8 14 14 14 16 

4092 x 4. 120 

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 
5 6 6 5 5 6 6 5 5 6 6 5 5 6 6 5 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
6 5 5 6 6 5 5 6 6 5 5 6 6 5 5 6 
5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8 
1 2 2 1 1 2 2 1 9 10 10 9 1 2 2 1 
2 1 1 2 2 1 1 2 10 9 9 10 2 1 1 2 
2 1 1 2 2 1 1 2 10 9 9 10 2 1 1 2 
1 2 3 4 1 2 3 4 9 10 11 12 1 2 3 4 
5 6 6 5 5 6 6 5 5 6 6  5 13 14 14 13 
6 5 5 6 6 5 5 6 6 5 5  6 14 13 13 14 
6 5 5 6 6 5 5 6 6 5 5  6 14 13 13 14 
5 6 7 8 5 6 7 8 5 6 7  8 13 14 15 16 



TABLE V 

DIRECT PRODUCTS: 4 x 4 (continued) 

40120 x 40120 

1 2 2 1 5 
2 1 1 2 6 
2 1 1 2 6 
1 2 3 4 5 
5 6 6 5 1 
6 5 5 6 2 
6 5 5 6 2 
5 6 7 8 1 
5 6 6 5 1 
6 5 5 6 2 
6 5 5 6 2 
5 6 7 8 1 
1 2 2 1 5 
2 1 1 2 6 
2 1 1 2 6 
1 2 3 4 5 

,---

-, ._ - _ ...... 

6 6 5 
5 5 6 
5 5 6 
6 7 8 
2 2 1 
1 1 2 
1 1 2 
2 3 4 
2 2 1 
] 1 2 
1 1 2 
2 3 4 
6 6 5 
5 5 (: 
5 5 6 
6 7 8 

5 6 6 5 1 2 2 1 
6 5 5 6 2 1 1 2 
6 5 5 6 2 1 1 2 
5 6 7 8 1 2 3 4 
1 2 2 1 5 6 6 5 
2 1 1 2 6 5 5 6 
2 1 1 2 6 5 5 6 
1 2 3 4 5 6 7 8 
1 2 2 1 5 6 6 5 
2 1 1 2 6 5 5 6 
2 1 1 2 6 5 5 6 
1 2 3 4 5 6 7 8 
9 10 10 9 13 14 14 13 
10 9 9 10 14 13 13 14 
10 9 9 10 14 13 13 14 
9 10 11 12 13 14 15 16 
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6 0  Semidirect products 

Definition 6 0 10 An endomorphism � of a semigroup S is a mapping 

( =. single-valued transfonnation) of S into S such that multipli­

cation is preserved, .!.!o , such that (ab )  � :. a ¢ .. b ¢ for any 
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elements a and b of S o An endomorphism is called an automorphism 

if it is biunique ( one-to--one ) and onto, !o!o , if every element of S 

is the image of one and only one element of S under the endomorphism. 

The Eroduct � 1 ¢ 2 of two mappings of a set into itself is defined 

to be the mapping which has the same effect as <p 1 followed by ¢ 2 ; 

.!o!o , if x is any element of the set and x � 1 = Y and y � 2 := z 

then x( ¢ 1 ¢ 2 ) :. Z 0 If the set is a semigroup S and ¢ 1 and 

¢ 2 are endomorphisms of S , then <P 1 � 2 is an endomorphism of 

S ; for, if a and b are any elements of S 

( ab)  (41 �2 ) 

[ (ab )¢ l] ¢ 2 

(a ¢ t b cp 2 ) � -= (a �1) � 2 

:; a (¢ l ¢2 ) " 

Whenever we refer to a semigroup of endomorphisms, we shall always under-

stand that the multiplication in the semigroup is that defined aboveo 

Definition 6 0 2 0 The semidirect Eroduct of a semigroup K (whose oper­

ation is symbolized by + ) and a semigroup U (whose operation is 

symbolized by ) of distinct endomorphisms of K is the system 

consisting of all ordered pairs ( x, y)  , where x e K and y e U , 
and the operation (x, y)  * (x  I J yn ) -= ex + yx l :#  Y • yf ) , where 

is the image of X i  under the endomorphism y .. By virtue of 

Definition 6 . 1$ (y 0 yt ) x = Y (y� x) 6 For the semidirect product of 
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K and U we write K ® U " 
Theorem £,,� . The system K 0 U , where K is a semigroup and U is 

a semigroup of endomorphisms of K , is a semigroup Q 

Proof . Let (a, b )  , (e ,  d) , and (h ,  f) be arbitrary elements 

of K ® U Q Then (a, b ) * (c �  d) = (a + be, b o d) " Since b 

is an endomorphism of K , be is an element of K ; hence a + be is 

an element of K • Both b and d are elements of U � hence 

b o d  E. U 0 Therefore (a + be, b <> d) � K x U 0 Furthermore ,  

[(a, b ) *(e , d)] * (h, f ) 

::. (a + be, b o d) * (h, f) 

= [(a + bo ) + (b . d)h, (b . d) " fJ 
:: {a + [be + b ( dh � , b • ( d 0 f � = [a + b ( 0 + dh) , b 0 (d " f) J 

:: (a� b) * ( 0  -t dh, d • f) 

':: (a , b) * [(0, d) * (h, fD 
Theorem 6 Q 2 0 If K is a semigroup and U is a semigroup of endomor-

phisms of K , an element (a, b ) Eo K ® U is a left identity ele­

ment of K ® U if and only if a is a left identity element of K 

and b is the identity automorphism. 

Proof" ( 1) Let a be a left identity element of K and let b 

be the identity automorphism. Let (c , d) be an,arbitrary element of 

K €> U <> Then (a, b ) * (0, d) :: (a + bo, b o d) (a + 0,  d) = ( 0, d ) • 

( 2 ) Let (a, b ) be a left identity element of K ® U and let 

( 0,  d ) be an arbitrary element of K ® U " Then 

(a + bo , b " d) = (a, b )  * ( 0, d) :. ( 0,  d) 

Since this implies that b o d :: d , b must be the identity automor-

phism, whenoe 0 :: a + bo :: a + 0 , and a is therefore a le.ft identity 



element of K • 

This theorem is not necessarily true for right identity elements 

of K . 

Example §..,! ,  
xl x2 x3 xl x2 x3 Yl Y2 Y3 

x, xl xl xl Yl xl x2 x3 Yl Yl Y2 Y) 
K � � xl xl x2 Y2 xl xl x3 U :; Y2 Y2 Y2 Y) 

x) xl xl x3 Y3 xl xl xl Y3 Y3 Y3 Y3 

(x2' Y3) * (x3' Yl) = (� T Y3x3 � Y3 0 Yl) (� + xl' Y3 ) ::. (�, Y3 ) 

Theorem §' oJo If K is a semigroup, � is a right ideal of K , U 
is a semigroup of endomorph isms of K , and Ul is a right ideal of 
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U � then the set of elements (Kl' Ul) is a right ideal of K ® U .  
Proof 0 We are given that �+ K So Kl and Ul 0 U :: Ul " 

(K1' Ul) ® (K, U) 

= (Kl + UlK, Ul 0 �) c (K1 + K, Ul 0 U) 
S (K1' Ul) 

This theorem is not necessarily true if "left" is substituted for "right ." 

In fact, it need not then be true even if U is a group of autamorphisms 

of K 0 

Example §'o'£o 

� x2 x3 � �  x3 Yl Y2 

� � � � Yl � x2 x3 h� U :  
K = � � x2 x3 Y2 � x3 � 72 Y2 Yl 

x3 XJ. � x3 



Kl =: [xl' �J . -Ul :: [Yl' Y 2J 
(� ,  12 ) '* (X2 ' Y2 )  ::: (x2 + Y2� ' Y2 " Y2 ) :: (� + Xy Yl) :: (x3' Yl) 

Theorem § o�, If k is a left constant element of K and c is a left 

constant element of U , then the element (kj  c )  is a left constant 

element of K U 

Proof . Since k is a left constant element of K , there is 

an element d ( K  such that, for all x € K � k + x = d , since c 

is a left constant element of U , there is an element b ( U  such 

that, for all y € U , c o y :: b Q Then 

(k, c ) '* (x, y) (k + CX, c o y) :: (d, b) 

for all ( x, y )  e K ® u " 

CorollarY" If k is a left zero element of K and c is a left zero 

element of U , then the element ( k, c ) is a left zero element of 

K ® U 

Example ,£".:2 0 
. 

xl 

xl � 
� xl 

K =  x3 x '  3 

x4 x4 

� + xi = �  

� + xi = � 

� x3 x4 

xl xl xl 

xl xl xl 

x.3 x3 x3 

x4 x4 x4 

11 

Y2 

xl x2 ':3 
x4 Y1 72 

Y1 xl � xl � Yl � U :  

12 xl X2 xl xl Y2 Y2 12 

" 1j ::: 12 (x2, 11 ) '* (Xi' Yj ) :: (x19 12 ) 

o 1j ::. 12 
(Xi' Y2 ) '* (Xi' Yj ) = (�, 12) 
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Theorem 6.4 is not necessarily true if tlright" is substituted for 

"left 0" 

'Example £ 0 1± 0 

xl x2 x) xl x2 x) Yl 72 y) 74 
xl xl xl xl 71 xl � x3 Yl Y1 Y2 Y) Y4 

K = � xl xl x2 Y2 xl xl x) Y2 Y2 Y2 Y) Y4 U =  x3 xl xl x) Y) xl xl xl Y3 '"4 Y4 Y) '"4 
Y4 x3 x3 x) Y4 Y4 Y4 Y3 74 

xi + x2 = XJ. Yj74 -::: Y4 

Given a commutative group K and a commutative group U , where 

U is a group of automorphisms of K , K ® U is not necessarily 

commutative . 

� x2 x) x4 � x2 x) x4 Y1 '"2 
XJ. � x2 x) x4 71 � x2 x) x4 U ::  71 Yl 72 

K ;:  
x2 x2 XJ. x4 x) 72 XJ. x2 x4 x) Y2 72 Yl 
x) x3 x4 � x2 
x4 x4 x) x2 � 

(xl' 72 ) * (x) ' Yl) :. (xl + Y2x)' Y2 o 71) = (1). + x4, Y2 0 71) -= (x4' 1'2 ) 

(x), Y1) * (�, 72) :. (x) + 71�' Yl 0 72 ) -= (x) + �, Y1 0 Y2 ) 
-= (x)' 72 ) 



--�-���- ----

169 
let x be an idempotent element of K and let y be an idem-

potent element of U , the (x, y) is not necessarily an idempotent 

element of K ® U 

Example §.o§.o 

x
l 

x2 x) x
l 

x2 x3 Yl Y2 Y) 

� x
l 

x2 x3 Yl � x2 x) Y1 Yl Y2 Y) 

K : x2 x
l 

x2 x) Y2 � x) x2 u ;  Y2 Y2 Yl Y3 
x3 � x2 x) Y) x

l 
x

l � Y3 Y3 y) Y) 

(�, Y) x (�j Y) (x2 y)x2 ' Y) o Y ) ) (x2 �, Y) (�, Y) 

If K
l 

is a subsemigroup of a semigroup K and U
1 

is a sub-

semigroup of a semigroup U of endomorphisms of K , (K
l, U

l
) is not 

necessarily a subsemigroup of (K,  U) 0 In factj (K
l, 

U
l

) need not be 

a subsemigroup even if K is a group, K
l 

a subgroup, U a group of 

automorphisms of K , and U
l 

Example 6 0 7 . 

xl x2 x) x 
xl xl x2 x) x4 

� x2 xl x4 x) 
K :: x) x) x4 � x 2 

x4 x4 x) x2 xl 

a subgroup of U a 

xl 
Yl xl 

Y2 xl 

Y) xl 

Y4 xl 

Ys xl 

Y6 xl 

x2 
x2 
X2 
x4 

� 
x) 
x4 

xL xk 
x) x4 
x4 x) 
x) J{2 
x 2 x4 
x4 � 
x2 x) 



Kl 

.. �-' 

[� , 
-"" -

Yl 72 Y
3 74 

YS
-.!2-Yl Yl Y2 Y3 Y4 Y5 Y

6 

1'2 Y2 Yl 76 
Y5 Y4 Y.3 

Y3 Y.3 Y5 '11 Y6 Y2 Y4 
u =  -

Y4 Y
4 Y6 Y5 Y

1 
Y3 1'2 

Y5 Y5 Y3 Y4 Y2 Y6 
Y

1 

Y6 Y6 Y4 Y2 73 Y1 Y5 

-I x21 ...I 
U =. 

1 
U or U

l [Yl � Y4] 
(Xi, Y4) * (�, Yl) 

-' (xl + �4
' Y

4 
0 Yl) :: (Xl x.3' Y

4 
0 Yl) 

=. (x), Y
4

) 

$ (Kl, 
Ul) 

Of course,  if the subsemigroup U is a semigroup of endomorphisms of 
1 

Kl , then (Kl' Ul) = � � Ul , a  subsemigroup of K ® U 0 
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The operation of semidirect multiplication of semigroups, unlike 

that of direct multiplication ( see Theorem 2 0 9) , need not be commutative . 

Given a semigroup K and a semigroup U such that each is isomorphic 

to a semigroup of endomorph isms of the other, K (!) U is not 

necessarily isomorphic to U (i) K 0 

Example §,o§,o 

Xl x2 x) � X2 x3 

Xl Xl x2 x
3 Yl Xl � x3 

K =  � Xl x2 x) Y2 Xl x
3 � 

x3 Xl x2 x) 73 :Xl Xl Xl 

Y4 x2 � � 

'15 
xJ x3 

x) 
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Yl Y2 Y3 Y4 Y, -2-_� _:;L!4 Y5. 
• 

Yl Yl Y2 Y3 Y4 Y, Yl Y3 Y3 Y3 Y3 Y3 

Y2 Y2 Yl Y3 Y4 Y, Y2 Y4 Y4 Y4 Y4 Y4 

u := y .3 Y3 Y3 Y3 Y4 Y, Y3 Y, Y5 Y5 y, Y, 

Y4 Y4 Y, Y3 Y4 Y5 

Y, Y5 Y4 Y3 Y4 Y, 

The element (xl' Yl) of K @ U is a left identity element : 

(xl' Yl) * (x . , Y) :: (Xl+ Ylx. ,  Yl " Y . ) :: (Xl -\- x . , yJ � (x . ,  y J J. J. J J. J J. J 
But there is no left identity element in U 0 K 

(Yj , �) :* (Yl' xp) = (Yj +- �Yl' � • xp ) ::::. (Yj Y3' xp) = (Y3, xp ) , 

(Yj , x2 ) * (Y1' xp) :: (Yj -t �l' X2 0 xp) = 
(Yj Y4' xp ) = (Y4' �) , 

Commutativity of semidirect multiplication need not obtain even 

0 

if each semigroup is a group and is isomorphic to a group of automorphisms 

of the other o For example, let 

Xl � x3 x4 Xl X2 x3 x4 
_� 'f '"  

Xl Xl � x) X4 Yl Xl x2 x3 x4 

X2 x2 Xl x4 x3 Y2 Xl x2 x4 x3 
K - x) x3 x4 Xl � Y) Xl x4 x3 x2 

xh x4 x3 � Xl Y4 Xl x3 � x4 

Y5 Xl x3 x4 x2 

Y6 Xl x4 x2 x3 



172 

Y
1 

Y2 Y3 Y
4 

Y5 
76 71 

72 Y� 
"., 

74 Y5 
76 

"-

Y
1 

71 72 Y3 Y
4 

Y
5 7ti :lCJ. Yl Y

2 Y
3 

Y 4 75 
Y

6 

Y2 72 Y1 76 75 74 
Y3 � 71 73 

72 '"4 75 76 

'"3 73 7
5 

71 76 '"2 74 
x3 71 72 Y

3 74 
Y5 Y

6 

u 
Y

4 
Y

4 
Y

6 
Y

5 
Yl Y

3 
Y 2 x

4 
Yl Y3 Y2 74 

Y
6 

Y
5 

Y
5 

Y5 Y3 Y
4 

Y2 Y
6 

Yl 

76 
Y

6 
Y

4 
Y2 Y3 Y1 75 

As the reader may verifY, U ® K contains elements 

a :. (y , X ) 
5 

1 
, b ::: (Y

6' 
Xl

) , c = (Y3, x2 ) , such that a2 = 
b , 

b
2

: a , and 02 :; a ; but K ® u contains no such set of three 

elements . 

7 . Computation of semidirect Eroducts of finite semiiEouEs 

Let K be a semigroup whose elements are x. ( i  ::; 1, 2, 0 0 0 ,  1. 

and let U be a semigroup of endomorphisms of K whose elements are 

Yj ( j = 1, 2 , o O O J u) 0 As in the case of direct products, let 

k) 

( xi' yj ) ::.  Zj + ( i-l)u • When the elements of K (29 U are ordered as 

(xl' 
71

) ' (�' Y2 ) � ' . •  J (�, Yu
) , (x

2
, Yl

) ' (� ' y
2

) , 0 • •  , (�, Tu
) , 

consider an arbitrary row of an arbitrary block of the multiplication 

table of K (!) U l' 

Let 

X ::. r 

x ::. Y . x. (which we may find in the list of endomorphisms) .  Let p J k . . 

x. + x (which we may find in the multiplication table of K ) " 
1. p . 
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Then the arbitrary row becomes: 

(x o jj y J l. J 

(�, 1'1) (�, 1'2 ) (�, 1'3 ) 

r{;� Yj 0 �)(xr� Yj 0 Y2 ) (Xk' Yj 0 1') ) 

(�, Yu) 
("kJ Yj 0 1') 

The l' components of this row are exactly the j-row in multiplication 

table of K G Therefore we may write this row ( and consequently the 

whole table ) by inspectiono 

Example £620 
Xl x2 x) xl x2 x) Y1 1'2 1') 

xl xl xl xl 1'1 xl )1'2 x) 1'1 1'1 1'2 Y) 
K :::: � xl xl x2 1'2 xl xl x) u =  1'2 Y2 1'2 Y) 

x) xl xl x) Y) xl xl xl Y) 1') Y) Y) 
1'4 x) x) x) Y4 Y4 1'4 1') 

zl 212 z) z4 z5 z6 z1 z8 z9 zlO zll z12 

Z,l zl z2 z) z4 zl z2 Z) z4 zl z2 2:) z4 

212 32 z2 Z) z4 z2 32 z) z4 32 32 Z3 Z4 

3) Z3 z) Z) Z4 z) z) z) Z4 Z) Z) Z3 Z4 

z4 204 z4 Z) z4 z4 z4 z) z4 z4 214 z) z4 

z5 Zl Z2 z) z4 211 z2 Z) z4 z, z6 z7 z8 
K GJ u 

z6 z2 z,2 Z) z4 z2 z2 Z) z4 z6 z6 7..7 z8 

z7 z) z) z) z4 z) z) z) z4 z) Z) z) z4 

z8 z8 z8 z7 z8 z8 z8 z7 z8 z8 z8 z7 2:8 

z9 31 Z2 Z) z4 Zl Z2 Z3 Z4 Z9 ZIO Z11 z12 

zlO 2:2 z2 z) z4 z2 z2 z) z4 zlO zlO Z,11 z12 

2111 z)  z) z3 1.4 z) z) Z) z4 213 Z) 21) z4 

z12 z12 z12 zll z12 2112 z12 z11 z12 z12 z12 zll 2112 

Y4 
1'4 

1'4 

1'4 

74 
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It, wel,l knovm2 that every mapping of a semigroup K onto itself 

is an endomorphism if and only if every element of K is a left (right) 

zero element, In this case the multiplication table of the semidirect 

product is easily described. let K be a semigroup in which every ele-

ment is a left zero element. let Y. e. U ( i :: 1, 2, 0 > 0 ,  t) be endo­
� 

morphisms of K 0 Consider an arbitrary block of the multiplication 

table of K G9 U • 

(Xq, Y1
) (Xq, Y2

) () .,  <> (Xq" Yt
) 

(Xj, Yl) (Xj 
T Y1

Xq, Y1 � Y1) (Xj + Y1Xq' Y1 <> Y 2
) 0 0 0 (x , ... 

J Y1xq, 

ex, .  , - ,J y ) 
2 

(xj T Y2
xq, Y2 e Yl) (Xj t Y2Xq' Y2 

o 
Y2

) • •  o (Xj 1- Y2Xq' 

o • 

Y1 

Y2 

<> Yt) 
<> Yt

) 

( :X
j

, Y
t

) I (Xj T YtXq' Yt <> Yl ) (X
j 

-t YtXq' Yt • Y2
) o o o (Xj + YtXq, Yt <> Yt 

Since X
j 

is a left zero element this arbitrary block becomes�  

(Xq, Y1
) 

(Xj , Y1
) (Xj , Y1 • Y1

) (Xj , Y1 
<> 

Y ) 
2 

. .  " (Xj , Y1 ? Yt) 

(x
j , y,.) (x

j
' Y2 

o 
Y1

) (X
j

' Y2 () Y
2

) " 4- 0 (x 0 ' Y2 ., Yt
) 

<> J . 
<> 
<> <> 0 

(xj ' Yt ) (x . , Yt ,J 
<> Y1) (xj ,  Yt . Y

2
) • • •  (xj ' Yt " y ) 

t 

The y subscripts in this block are identical with the y sub­

scripts in the multiplication table of U • Hence this block (and thus 

t.he whole table ) can be written by' inspectiono 

2E . E o  Posey, "Endomorphisms and Translations of Semigroups,tl 
(Master ' s  Thesis, University of Tennessee, 1949 ) . 
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The endomorphisms of the second and third order semigroups are 

listEd in Table VI and Table VII respectivelyo The automorphisms of the 

fourth order semigroups are listed in Table VIll e 

Since the semidirect product of two semigroups has meaning only 

when one of the sf;m igroups is isomorphic t o  a semigroup of endomorphisms 

of the other� we employ the notation y 0 z ® IT with the under­

standing that U refers to a semigroup of endomorphisms of the s emigroup 

of order y in lineal position z a s  listed in the appendix 0 The semi­

direct products of the semigroups of orders two and three with their semi­

groups of endomorphisms are listed in Table IX and Table X respectivelyo 

The semidirect product of the semigroups of order four with their semi­

groups of automorphisms are listed in Table XL 



TABLE VI 

ENDOMORPH ISMS OF SECOND ORDER SEMIGROUPS 

1 2 
1 1'2  
2 1. 1 

2 . 3  

1 2 
1 1 2 
2 2 1 
3 1 1 
4 2 2 

u = � ... � 

1 2 3 4 
2 1 3 4 

U = 3 4 3 4 
4 3 3 4 

TABLE VII 

2 . 2 

1 2  
1 Y2 
2 1 1 
3 2 2  

2 . 4  

1 2 
1 1 2 
2 1 1  

ENDClMORPHISMS OF THIRD ORDER SEMIGROUPS 

3 . 1  

1 2 3 
1 1 2 3 U - 1 2 
2 1 1  1 - 2 2 

1. 2 3 
1 1 2 3 
2 1 3 2 
3 1 1 1  

1 2 1 
U = 2 1 1 

1 1 1  

1 2 3 
1 1 2 3 
2 1 1  2 
3 1 1 1  

1 2 3  
1 1 2 3 
2 1 1 1  

1 2 3  
U = 2 2 3 

3 2 2 

U = 1 2 
2 2 

1 2 3  
U = 2 3 3  

3 3 3  

U _ 1 2  
- 2 2 
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TABLE VII 

ENDOMORPH ISMS OF THIRD ORDER SEMIGROUPS 

3 .. 5 3 . 6  

1 2 3  1 2 3 
1 1 2 3  1 2 3 4 1 1 2 3 1 2 :3 4 5 
2 1 2 1  

U
_ 2 2 3 4  2 1 2 1 2 2 4 4 5  

3 1 1 1  - 3 3 3 4  3 1 1 3  U = 3 4 3 4 5 
4 2 2 2  L 4 4 4 4 1 1 1  4 4 4 4 5  

5 3 3 3  5 4 5 4 5 

3 . 7  3 . 8  

1 2 3 1 2 3 
1 1 2 3 1 2 3 4 1 1 2 3 1 2 3 4  
2 1 2 1 _ 2 2 3 4 2 1 1 3  _ 2 2 3 4 
3 1 1 1  U - 3 3 3 4 3 1 1 1  U - 3 3 3 4 
4 2 2 2  li- 4 3 4 4 3 3 3  4 4 3  4 

3.9 3 � 10 

1 2 3  1 2 3 
1 1 2 3 1 2 3 4 5 6  1 1 2 3  1 2 3 4  
2 1 2 1 2 2 3 5 5 6  2 1 1  3 U _ 2 2 3 4 
3 2 1 2 _ 3 3 2 5 ,5 6 3 1 1 1  - 3 3 3 4  
4 1 1 3 U - 4 5 6 4 5 6 4 3 3 3  4 4 3 4  
5 1 1 1  5 5 6 5 5 6  
6 2 2 2 6 6 5 5 5 6  

3 . 11 3 . 12 

1 2 3 1 2 3 
1 1 2 3 1 2 3 4 1 1 2 3 1 2 3 4 5 6 7  
2 1 1 3  2 2 3 4 2 1 2 1  2 2 3 5 5 6 7 
3 1 1 1  U :: 3 

3 3 4 3 2 1 2 3 3 2 5 5 6 7  
4 3 3 3 4 4 3  4 4 1 1  3 u = 4 5 6 4 5 6 7  

5 1 1 1  5 5 6 5 5  6 7 
6 2 2 2  6 6 5 5 5 6 7 
7 3 3 3  7 5 6 7 5 6 7  
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TABLE VII 

ENDOMORPHISl:U OF THL"tD ORDER SEM.IGROUPS ( continued) 

3 . 13 3 . 15 

1 2 3  1 2 3  
1 1 2 3  1 2 3 4 5 6 7 1 1 2 3 1 2 3 4 5 6 7  
2 2 1 3 2 1 3 b S 6 7  2 2 1 3 2 1 3 4 5 6 7  
3 1 1 3 3 h .3 4 5  6 7 3 1 1 3  3 4 3 4 5 6 7  
4 2 2 3  U = 4 .3 .3 4 5 6 7 4 2 2 3  U = 4 3 3 4 5 6 7 
5 1 1 1  5 6 5 6 5 6 7  5 1 1 1  5 6 5 6 5 6 7  
6 2 2 2  6 5 5 6 5 6 7 6 2 2 2  6 5 5 6 5 6 7  
7 3 3 3  7 7 7 7 .5  6 7 7 3 3 3  7 7 7 7 5 6 7  

3 .. 16 

1 2 3 
1 J:23 1 2 3 4 5 6 7 8 9 10 
2 1 2 2  2 2 8 4 8 9 7 8 9 10 
.3 1 1 2  3 3 8 5 8 9 6 8 9 10 
4 1 3 .3 4 2 2 4 4 7 7 8 9 10 
5 1 1 3 " 3 3 5 5 6 6 8 9 10 
6 2 2 .3 u =  6 9 3 10 5 6 10 8 9 10 
7 2 .3 .3 7 9 2 10 4 7 10 8 9 10 
8 1 1 1  t3 8 8 8 8 9 9 8 9 10 
9 2 2 2 9 9 8 10 8 9 10 8 9 10 

10 .3 3 3 10 10 9 10 10 10 10 8 9 10 

3 . 17 3 . 18 

1 2 3 1 2 3 
1 1 2 3  1 2 .3 4 5 6 7 8 9 1 I2j 1 2 3 4 5  6 7 8 9 
2 1 3 2 2 1 4 3 6 .5 7 8 9 2 1 3 2  2 1 3 5  4 6 8  7 9 
3 1 2 1  3 6 3  7 7 6 7  8 9 3 1 2 2  3 6 3 3 9 6 9 6 9  
4 1 1 2  4 5 4 7 7 5 7  8 9 4 1 2 1 4 8 4 4 9 8 9 8 9 
5 1 1 3  U = 5 4 7 4 5 7 7 8 9 5 1 1 2  U = 5 7 5 5 9 7 9 7 9  
6 1 3 1  6 .3 7 .3 6 7 7 8 9 6 1 .3 3 6 3 3 9 3 6  6 9 9  
7 1 1 1  7 7 7  7 7 7 7 8 9 7 1 1 .3  7 5 5 9 5 7 7 9 9  
8 2 2 2  8 8 8 7 7 9 7  8 9 8 1 3 1  8 4 4 9  4 8 8 9 9  
9 3 3 3  9 9 7  8 9 7 7 8 9 9 1 1 1  9 9 9 9 9 9 9 9 9 
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TABLE VIII 

AUTOMORPHISMS OF FOURTH ORDER SEMIGROUPS 

4.2  

1 2 .3 4 
1 1 2 3 4 U _ 1 2  
2 1 2 4 3 - 2 1 

4 .10 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 2 4 3 U :. 2 1 

4 012 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 .3 2 4 u = 2 1 

4 . 16 

1 2 3 4 
1 1 2 .3 4 1 2 
2 1 2 4 .3 u = 2 1 

4 . 30 

1 2 3 4 
1 1 2 .3 4 1 2 
2 1 2 4 .3 U :  2 1 

1 2 .3 4 
1 1 2 3 4 U = 1 2 
2 1 2 4 3 2 1  

4. 11 

1 2 .3 4 
1 1 2 3 4 1 2 3 4 5 6 
2 1 2 4 3 2 1 5 6 .3 4  
3 1 3 2  4 _ 3 4 1 2 6 5 
4 1 4 2  3 U - 4 3 6 .5 1 2 
.5 1 3 4 2 5 6 2 1 4 .3 
6 1 4 3 2 6 5 4 .3 2 1 

4 . 13 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 3 2 4 U :: 2 1  

4.23 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 3 2 4 U : 2 1 

4 0 32 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 2 4 .3  U = 2 1 



TABLE VIII 

AUTOMORPHISMS OF FOUHTH ORDER SEMIGROUPS ( continued) 

4 . 37 

1 2 3 4 
1 1 2 3 4 

u
- 1 2 

2 1 2 4 3 
-

2 1  

4 . 48 

1 2 3 4 
1 1 2 34 1 2 3 4 5 6  
2 1 2 4  3 2 1 5 6 3 4 
3 1 3 2 4 _ 3 4 1 2 6 5 
4 1 4 2  3 U - 4 3 6 5 1 2 
5 1 3 4 2  5 6 2 1 4 3  
6 1 4 3 2 6 5 4 3 2  1 

4.50 

1 2 3 4 
1 1 2 3 4 1 2  
2 1 3 2  4 U = 2 1 

4. 55 

1 2 3 4 
1 1 2 3 4 1 2 3 4 5  6 
2 1 2 4 3 2 1 5 6 3 4  
3 1 3 2 4 3 4 1 2 6 5 
4 1 4 2 3 u = 4 3 6 .5 1 2  
5 1 3 4 2 5 6 2  1 4 3  
6 1 4 3  2 6 .5 4 3 2 1 

4 . 40 

1 2 3 4 
1 1 2 3 4 U - 1 2 
2 1 2 4 3 - 2 1  

4 . 49 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 3 2 4 u :: 2 1 

4.53 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 2 4 3 U = 2 1  

4060 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 2 4 3 U = 2 1 
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TABLE VIII 

AUTOMORPHISMS OF FOURTH ORDER SEJUGROUPS ( continued) 

4 . 61 

1 2 3 4 
1 1 2 3 Ii U = 1 2 
2 1 2 4 3 2 1 

4064 

1 2 3 4 
1 1 2 3 Ii 1 2 3 4 
2 2 1 4 3 U - 2 1 4 3  
3 .3 4 1 2  - 3 4 1  2 
4 4 3 2  1 4 3 2 1 

4 0 66 

1 2 3 4 
1 1 2 3 4 U _ 1 2 
2 2 1 4 3 - 2 1 

4068 

1 2 3 4 
1 1 2 3 Ii 1 2 
2 2 1 3 4  U = 2 1 

4. 70 

1 2 3 4 
1 1 2 3 4 1 2 3 4 5 6  
2 1 3 2  4 2 1 6 5  4 3 
3 3 2 1 4 3 5 1 6 2 4 
4 2 1 3 4  U = 4 6 5 1 3 2  
5 2 3 1 4 5 3 4 2 6 1 
6 3 1 2 4 6 4 2 3 1 5 

4063 

1 2 3 4  
1 1 2 3 Ii U = 1 2 
2 2 1 3 4 2 1 

4 . 65 

1 2 3 4 
1 1 2 3 Ii 1 2 
2 3 4 1 2  U = 2 1 

4067 

1 2 3 4 
1 1 2 3 4  U = 1 2 
2 2 1 3 4 2 1 

4 .. 69 

1 2 3 4 
1 1 2 3 4 1 2 
2 1 2 4 3 U = 2 1 

4.71 

1 2 3 4 
1 1 2 3 4 1 2 .3 4 5 6 
2 1 4 3  2 2 1 6 5 4 .3 
3 4 2 3 1 3 5 1 6 2 4  
4 2 1 3 4 U = 4 6 5 1 .3 2  
5 2 4 3 1  5 3 4  2 6 1 
6 4 1 3  2 6 4 2 3 1 5 



TABLE VIII 

AUTOMORPHISMS OF FOURTH ORDER SEMIGROUPS ( continued) 

4072 

1 2 3 4 
1 1 2 3 4 1 2 3 4 
2 1 2 4 3 U - 2 1 4 3  
3 2 1 3 4  - 3 4 1 2 
4 2 1 4 3 4 3 2 1 

4074 

1 2 3 4 
1 1 2 3 4 

u _ 1 2 
2 2 1 3 4 � 2 1 

4 017 

1 2 3 4 
1 1 2 3 4 U : 1 2 
2 1 2 4 3  2 1 

4091 

1 2 3 4 
1 1 2 3 4 

u _ 2 2 
2 1 2 4 3 - 2 1 

4096 

1 2 3 4 
1 1 2 3 4 2 2 3 4 5 6  
2 1 3 2 4 2 1 6 5 4  3 
3 3 2 1 4 u _ 3 5 1 6 2 4  
4 2 1 3 4  - 4 6 5 1 3 2  
5 2 3 1 4 5 3 4 2 6 1 
6 3 1 2 4  6 4 2 3 1 5 

4 . 73 

1 2 3 4 
1 1 2 3 4 u - 1 2 
2 2 1 3 4 - 2 1 

4075 

1 2 3 4 
1 1 2 3 4 u _ 1 2 
2 2 1 3 4  - 2 1 

4078 

1 2 3 4 
1 1 2 3 4 U = 1 2 
2 2 1 4 3  2 1 

4 .92 

1 2 3 4 
1 1 2 3 4 1 2 
2 2 1 4 3  U = 2 1  

4.97 

1 2 3 4 
2 1 2 3 4 U - 1 2 
2 2 1 3 4 - 2 1 
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TABLE VIII 

AU'.C'OMORPHISMS OF FOURTH ORDER SEMIGROUPS (continued)  

4,,98 

1 2 3 4 
1 1 2 :3 4 1 2 3 4 
2 1 2 4 3 2 1 4 3  
3 2 1 3 4  U = 3 4 1  2 
4 2 1 4 3  4 3 2  1 

4.102 

1 2 3 4 
1 1 2 :3 Ii 1 2 3 4 5 6  
2 1 3 2  4 2 1 6 5 4 3  
3 3 2 1 4 3 5 1 6 2 4 
4 2 1 3 4  U = 4 6 5 1 3 2  
5 2 3 1 4 5 3 4 2 6 1  
6 3 1 2  4 6 4 2 3 1 5  

40104 

1 2 3 4 
1 1 2 3 4 1 2 
2 2 1 3 4  u = 2 1 

40100 

1 2 3 4 
1 1 2 :3 Ii 1 2 3 4 
2 1 2 4 3 2 1 4 3  
3 2 1 3 4 U = 3 4 1 2  
4 2 1 4 3 4 3 2 1 

4. 103 

1 2 3 4  
1 1 2 3 Ii 1 2 
2 2 1 3 4  U = 2 1 

40110 

1 2 3 4 
1 1 2 3 4 1 2  
1 1 3 2 4 u = 2 1 
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2 01 ® U 

1 2 3 4 
2 2 2  2 
3 4 1 2 
4 4 4 4  

3 . 1 ® U 

1 2 3 4 3 4  
2 2 2 2 2 2  
3 4 1  2 1 2 
4 4 4 4 h 4  
3 4 1 2 1 2  
4 4 4 4 4 4  

TABLE IX 

SEMIDlRECT PRODUCTSg ORDER TWO 

2 02 ® U 2 ., 3  @ u 

1 2 3 1 2  3 1 2 3 4 1 2 3 4  
2 2 3 2 2  3 2 1 3 4 2 1 3 4 
3 2 3 3 2  3 3 4 3 4 3 4 3 4 
1 2 3 4 5 6  4 3 3 4 4 3  3 h 
2 2 3 2 2 3 5 6 7 8 5 6 7 8 
6 5 6 6 5  6 7 8 7 8 7 8 7  8 

8 7 7  8 8 7  7 8 

TABLE X 

SEMIDIRECT PRODUCTS: ORDER TIm.EE 

3 ., 2  ® U 

1 2 3 1 2  3 1 2  3 
2 3 3 2 3  3 2 3 3 
3 3 3 3  3 3 3 3 3  
1 2 3 1 2  3 1 2  3 
2 3 3 2 3 3 2 3 3 
3 3 3 3 3  3 3 3 3 
1 2 3 1 2  3 4 5 6 
2 3 3 2  3 3 2  3 3 
3 3 3 3 3  3 3 3 3 

3 0 5  ® u 

3 . 3  (!) u 

1 2 1 4 5 4 7 8 7  
2 1 1 8 7  7 5 4 4 
1 1 1 I I I  I I I  
4 5 4  7 8 7 1 2 1  
5 4 4 2  1 1 8  7 7 
4 4 4 4 4 4 4 4 4  
7 8 7 1 2  1 4 5  4 
8 7 7 5  4 4 2  1 1 
7 7 7 7 7 7 7 7 7  

1 2 3 4 1 2 3 4 9 10 11 12 
2 2 3 4 2 2 3 4 2 2  3 4 
3 3 3 4 3  3 3 4 3  3 3 4  
4 4 4 4 4 4 4 4 4  4 4 4  
1 2 3 4 5 6 7 8 9 10 11 12 
2 2 3 4 6  6 7 8 2 2 3 4 
3 3 3 4 3 3  3 4 3 3  3 4 
8 8 8 8 8 8 8 8 8 8 8 8 
9 10 11 12 9 10 11 12 1 2 3 4 
10 10 11 12 10 10 11 12 10 10 11 12 
11 11 11 12 11 11 11 12 11 11 11 12 
12 12 12 12 12 12 12 12 12 12 12 12 
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2 04 @ 
1 2 1 2 
2 2 2  2 
1 2 1 2 
2 2 2 2 

3 04 @ u 
1 2 1 2 5 6  
2 2 2 2 2 2 
1 2 1 2 5  6 
2 2 2 2 2 2 
5 6 5 6 1  2 
6 6 6 6  6 6 

u 
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TABLE X 

Sl!lfIDIRE::T PRODUCTS: ORDER THREE 

3 ,,6  ® u 

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 
2 2 4 4 5 2 2 4 4 5 2 2 4 4 5 
3 4 3 4 5 3 4 3 4 5 3 4 3 4 5 
4 4 4 4 5 4 4 4 4 5 4 4 4 4 5 
5 4 5 4 5 5 4 5 4 5 5 4 5 4 5 
1 2 3 4 5 1 2 3 4 5 1 2 3 4 ;; 
2 2 4 4 5 2 2 4 4 5 2 2 4 4 5 
3 4 'l 4 5 3 4 3 4 5 3 4 3 4 5 '" 

4 4 4 4 5 4 4 4 4 5 4 4 4 4 5 
5 4 5 4 5 5 4 5 4 5 5 4 5 4 5 
1 2 3 4 5 1 2 3 4 5 11 12 13 14 15 
2 2 4 4 5 2 2 4 4 5 2 2 4 4 5 
3 4 3 4 5 3 4 3 4 5 13 14 13 14 15 
4 4 4 4 5 4 4  4 4 5 4 4 4 4 5 
15 14 15 14 15 15 14 15 14 15 15 14 15 14 15 

3 07 ® u 

1 2 3 4 1 2 3 4 1 2 3 4 
2 2 3 4 2 2 3 4 2 2 3 4 
3 3 3 4 3 3 3 4 3 3 3 4 
4 4 3 4 4 4 3 4 4 4 3 4 
1 2 3 4 5 6 1 8 1 2 3 4 
2 2 3 4 6 6 1 8 2 2 3 4 
3 3 3 4 3 3 3 4 3 3 3 4 
8 8 1 8 8 8 1 8 8 8 7 8 
1 2 3 4 9 10 11 12 1 2 3 4 
2 2 3 4 10 10 11 12 2 2 3 4 
3 3 3 4 3  3 3 4 3  3 3 4  
12 12 11 12 12 12 11 12 12 12 11 12 
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TABLE X 

SEMIDIRECT PRODUCTS: ORDER THREE 

3 0 8  @ U 

1 2 3 4 1 2 3 4 1 2 3 4 
2 2 3 4 2 2 3 1+ 2 2 3 4 
3 3 3 4 3 3 3 4 3 3 3 4 
1+ 4 3 4 4 4 3 4 4 4 3 4 
1 2 3 4 1 2 3 4 ;) 6 7 8 
2 2 3 4 2 2 3 4 6 6 7 8 
3 3 3 4 3 3 3 4 3 3 3 4 
8 8 7 8 8 8 7 8 8 8 7 8 
1 2 3 4 ;) 6 7 8 9 10 11 12 
1 2 3 4 1 2 3 4 10 10 11 12 
3 3 3 4 3 3 3 4 3 3 3 1+ 
12 12 11 12 12 12 11 12 12 12 11 12 

3 .. 9 ® u 

1 2 3 4 ;) 6 1 2 3 4 ;) 6 1 2 3 4 ;) 6 
2 2 3 ;) ;) 6 2 2 3 ;) ;) 6 2 2 3 ;) ;) 6 
3 3 2 ;) ;) 6 3 3 2 ;) ;) 6 3 3 2 ;) .5 6 
4 ;) 6 4 ;) 6 4 ;) 6 4 ;) 6 4 ;) 6 4 5 6 
5 ;) 6 ;) ;) 6 ;) ;) 6 ;) ;) 6 ;) ;) 6 ;) ;) 6 
6 6 ;) 5 5 6  6 6 5 5 ;) 6 6 6 ;) ;) 5 6 
7 8 9 10 11 12 7 8 9 10 11 12 7 8 9 10 11 12 
8 8 9 11 11 12 8 8 9 11 11 12 8 8 9 11 11 12 
9 9 8 11 11 12 9 9 8 11 II 12 9 9 8 II 11 12 
W ll � W ll � W ll � W ll � W ll � W ll �  
11 11 12 11 11 12 11 11 12 11 11 12 11 11 12 11 11 12 
12 12 11 11 II 12 12 12 11 11 11 12 12 12 11 11 11 12 
1 2 3 4 ;) 6 1 2  3 4 5  6 1 2 3 4 5  6 
2 2 3 5 ;) 6 2 2 3 ;) 5 6 2 2 3 ;) 5 6 
3 3 2 ;) ;) 6 3 3 2 5 ;) 6 3 3 2 ;) ;) 6 
4 ;) 6 4 5 6 4 ;) 6 4 5  6 4 ;) 6 4 ;) 6 
5 5 6 ;) ;) 6 ;) 5 6 ;) ;) 6 5 5  6 5 5  6 
6 6 ;) 5 5 6 6 6 ;) ;) 5 6 6 6 ;) 5 5 6 



TABLE X 

SEMIDlRECT PRODUCTS: ORDER THREE 

3 �10 Ii) U 

1 2 3 4 1 2 3 4 9 10 11 12 
2 2 3 4 2 2 3 4 10 10 11 12 
3 3 3 4 3  3 3 4 3  3 3 4 
12 12 11 12 12 12 11 12 12 12 11 12 
1 2  3 4  1 2 3 4 9 W ll U 
2 2 3 4 2 2 3 4 10 10 11 12 
3 3 3 4 3 3 3 4 3  3 3 4 
12 12 11 12 12 12 11 12 12 12 II 12 
9 10 11 12 9 10 11 12 9 10 11 12 
10 10 11 U 10 10 11 12 10 10 11 12 
11 11 11 12 11 11 11 12 11 11 II 12 
12 12 11 12 12 12 11 12 12 12 11 12 

3 .11 @ U 

1 2 3 4 5 6 7 8 9 10 11 12 
2 2 3 4 2 2 3 4 10 10 11 12 
3 3 3 4 3  3 3 4 3  3 3 4 
12 12 II 12 12 12 11 12 12 12 11 12 
5 6 7 8 1 2 3 4 9 10 11 12 
6 6 7 8 6 6 7 8 10 10 11 12 
7 7 7 8 7 7 7 8 7 7  7 8 
12 12 11 12 12 12 II 12 12 12 11 12 
9 10 11 12 9 10 11 12 9 10 11 12 
10 10 11 12 10 10 11 12 10 10 11 12 
II 11 11 12 11 11 11 12 11 11 11 12 
12 12 11 12 12 12 11 12 12 12 11 12 

lR7 



TABLE X 

SEMIDIRECT PRODUCTS: ORDER THREE 

3 0 12 ® U 

1 2 3 4 5  6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7 
2 2 3 5 5 6 7 2 2 3 5 5 6 7 2 2 3 5 5 6 7 
3 3 2 5 5 6 7 3 3  2 5 5  6 7 3 3 2  5 5 6 7 
4 5 6 4 5 6 7 4 5 6 4 5  6 7 4 5 6 4 5  6 7 
5 5 6 5 5 6 7 5 5 6 5 5  6 7 5 5 6 5 5 6 7  
6 6 5 5 5 6 7  6 6 5  5 5 6 7 6 6 5 5 5 6 7 
7 5 6 7  5 6 7 7 5 6 7 5 6 7 7 5 6 7 5 6 7 
8 9 10 11 12 13 14 8 9 10 11 12 13 14 8 9 10 11 12 13 14 
9 9 10 12 12 13 14 9 9 10 12 12 13 14 9 9 10 12 12 13 14 
10 10 9 12 12 13 14 10 10 9 12 12 13 14 10 10 9 12 12 13 14 
11 12 13 11 12 13 14 11 12 13 11 12 13 14 11 12 13 11 12 13 14 
12 12 13 12 12 13 14 12 12 13 12 12 13 14 12 12 13 12 12 13 14 
13 13 12 12 12 13 14 13 13 12 12 12 13 14 13 13 12 12 12 13 14 
14 12 13 14 12 13 14 14 12 13 14 12 13 14 14 12 13 14 12 13 14 
1 2 3 4 5 6 7 1 2 3 4 5 6 7 15 16 17 18 19 20 21 
2 2 3 5 5 6 7 2  2 3 5 5  6 7 2 2 3 5 5 6 7 
3 3 2 5 5  6 7 3 3 2  5 5 6 7 3 3 2 5 5 6 7 
4 5 6 4 5 6 7 4 5 6 4 5 6 7 18 19 20 18 19 20 21 
5 5 6 5 5 6 7 5 5 6 5 5 6 7 5 5 6 5 5  6 7 
6 6 5 5 5 6 7 6 6 5 5 5 6 7 6 6 5 5 5 6 7 
21 19 20 21 19 20 21 21 19 20 21 19 20 21 21 19 20 21 19 20 21 

3 0 13 (i) U 

1 2 3 4 5  6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7 
2 1 3 4 5 6 7 2 1 3  4 5 6 7 2 1 3  4 5 6 7 
3 4 3 4 5 6 7 3 4 3 4 5 6 7 3 4 3  4 5 6 7 
4 3 3 4 5  6 7 4 3 3 4 5 6 7 4 3 3  4 5 6 7 
5 6 5 6 5 6 7 5 6 5 6 5 6 7 5 6 5  6 5 6 7 
6 5 5 6 5  6 7 6 5 5 6 5 6 7 6 5 5  6 5 6 7 
7 7 7 7  5 6 7  7 7 7 7 5 6 7 7 7 7 7 5  6 7 
8 9 10 11 12 13 14 8 9 10 11 12 13 14 8 9 10 11 12 13 14 
9 8 10 11 12 13 14 9 8 10 11 12 13 14 9 8 10 11 12 13 14 
10 11 10 11 12 13 14 10 11 10 11 12 13 14 10 11 10 11 12 13 14 
ll W W ll 12 D 14 11 W W ll 12 D 14 11 W W ll 12 D 14 
12 13 12 13 12 13 14 12 13 12 13 12 13 14 12 13 12 13 12 13 14 
13 12 12 13 12 13 14 13 12 12 13 12 13 14 13 12 12 13 12 13 14 
14 14 14 14 12 D 14 14 14 14 14 12 D 14 14 14 14 14 12 D �  
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
9 8 10 11 12  13 14 2 1 3 4 5 6 7 16 15 17 18 19  20 21 
3 4 3 4 5 6 7 3 4 3 4 5 6 7 17 18 17 18 19 20 21 
11 10 10 11 12 13 14 11 10 10 11 12 13 14 18 17 17 18 19 20 21 
5 6 5 6 5 6 7 5 6 5 6 5 6 7 5 6 5 6 5 6 7 
13 12 12 13 12 13 14 13 12 12 13 12 13 14 13 12 12 13 12 13 14 
21 21 21 2 1  19 20 21 21 21 21 21 19 20 21 21 21 21 21 19 20 21 
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TABLE X 

SElJfIDmECT PRODUCTS: ORDER THREE 

3 . 15 Q;) u 

1 2 3 4 5 6 7 1 2 3 4 5 6 7 15 16 17 18 19 20 21 
2 1 3 4 5 6 7 2 1 3 4 5 6 7 16 15 17 18 19 20 21 
3 4 3 4 5 6 7 3 4 3 4 5 6 7 17 18 17 18 19 20 21 
4 3 3 4 5 6 7 4 3 3 4 5 6 7 18 17 17 18 19 20 21 
5 6 5 6 5 6  7 5 6 5 6 5 6 7 5  6 5 6 5 6 7 
6 5 5 6 5 6 7  6 5 5  6 5 6 7 6 5 5  6 5 6 7 
21 21 21 21 19 20 21 21 21 21 21 19 20 21 21 21 21 21 19 20 21 
8 9 10 11 12 13 14 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
9 8 10 11 12 13 14 9 8 10 11 12 13 14 16 15 17 18 19 20 21 
10 11 10 11 12 13 14 10 11 10 11 12 13 14 17 18 17 18 19 20 21 
11 10 10 11 12 13 14 11 10 10 11 12 13 14 18 17 17 18 19 20 21 
12 13 12 13 12 13 14 12 13 12 13 12 13 14 12 13 12 13 12  13 14 
13 12 12 13 12 13 14 13 12 12 13 12 13 14 13 12 12 13 12 13 14 
21 21 21 21 19 20 21 21 21 21 21 19 20 21 21 21 21 21 19 20 21 
15 16 17 18 19 20 21 15 16 17 18 19 20 21 15 16 17 18 19 20 21 
16 15 17 18 19 20 21 16 15 17 18 19 20 21 16 15 17 18 19 20 21 
17 18 17 18 19 20 21 17 18 17 18 19 20 21 17 18 17 18 19 20 21 
18 17 17 18 19 20 21 18 17 17 18 19 20 21 18 17 17 18 19 20 21 
19 20 19 20 19 20 21 19 20 19 20 19 20 21 19 20 19 20 19 20 21 
20 19 19 20 19 20 21 20 19 19 20 19 20 21 20 19 19 20 19 20 21 
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TABLE IX 

SEMIDIRECT PRODUCTS: ORDER THREE 

3 0 16 @ U 

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 
2 2 8 4 8 9 7 8 9 10 2 2 8 4 8 9 7 8 9 10 2 2 8 4 8 9 7 8 9 10 
3 3 8 5 8 9 6 8 9 10 3 3 8 5 8 9 6 8 9 10 3 3 8 5 8 9 6 8 9 10 
4 2 2 4 4 7 7 8 9 10 4 2 2 4 4 7 7 8 9 10 4 2 2 4 4 7 7 8 9 10 
5 3 3 5 5 6 6 8 9 10 5 3 3 5 5 6 6 8 9 10 5 3 3 5 5 6 6 8 9 10 
6 9 3 10 5 6 10 8 9 10 6 9 3 10 5 6 10 8 9 10 6 9 3 10 5 6 10 8 9 10 
7 9 · 2  10 4 7 10 8 9 10 7 9 2 10 4 7 10 8 9 10 7 9 2 10 U 7 10 8 9 10 
8 8 8 8 8 9 9 8 9 10 8 8 8 8 8 9 9 8 9 10 8 8 8 8 8 9 9 8 9 10 
9 9 8 10 8 9 10 8 9 10 9 9 8 10 8 9 10 8 9 10 9 9 8 10 8 9 10 8 9 10 
10 10 9 10 10 10 10 8 9 10 10 10 9 10 10 10 10 8 9 10 10 10 9 10 10 10 10 8 9 10 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 11 12 13 14 15 16 17 18 19 20 
2 2 8 4 8 9 7 8 9 10 12 12 18 14 18 19 17 18 19 20 12 12 18 14 18 19 17 18 19 20 
3 3 8 5 8 9 6 8 9 Ie 3 3 8 5 8 9 6 8 9 10 13 13 18 15 18 19 16 18 19 20 
4 2 2 4 4 7 7 8 9 10 14 12 12 14 14 17 17 18 19 20 14 12 12 14 14 17 17 18 19 20 
5 3 3 5 5 6 6 8 9 10 5 3 3 5 5 6 6 8 9 10 15 13 13 15 15 16 16 18 19 20 
16 19 13 20 15 16 20 18 19 20 16 19 13 20 15 16 20 18 19 20 16 19 13 20 15 16 20 18 19 20 
17 19 12 20 lu 17 20 18 19 20 17 19 12 20 14 17 20 18 19 20 17 19 12 20 lu 17 20 18 19 20 
8 8 8 8 8 9 9 8 9 10 8 8 8 8 8 9 9 8 9 10 13 8 8 8 8 9 9 8 9 10 
19 19 18 20 18 19 20 18 19 20 19 19 18 20 18 19 20 18 19 20 19 19 18 20 18 19 20 18 19 20 
20 20 19 20 20 20 20 18 19 20 20 20 19 20 20 20 20 18 19 20 20 20 19 20 20 20 20 18 19 20 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28  29 30 
2 2 8 4 8 9 7 8 9 W U U W 14 W � u W � w u u W 14 W � U W � W  
3 3 8 5 8 9 6 8 9 10 3 3 8 5 8 9 6 8 9 10 13 13 18 15 18 19 16 18 19 20 
4 2 2 4 4 7 7 8 9 10 24 22 22 24 24 27 27 2 8  28  30 24 22 22 24 24 27 27 28 29 30 

5 3 3 5 5 6 6 8 9 10 5 3 3 5 5 6 6 8 9 10 25 23  23 25 25 26 26 28 29 30 
16 19 13 20 15 16 20 18 19 20 16 19 13 20 25 16 20 18 19 20 26 29 23 30 25 26 30 28 29 30 

19 12 20 14 17 20 18 19 20 27 29 22 30 24 27 30 28 29 30 27 29 22 30 24 27 30 28 29 30 
8 8 8 8 8 9 9 8 9 10 8 8 8 8 8 9 9 8 9 10 8 8 8 8 8 9 9 8 9 10 

19 19 18 20 18 19 20 18 19 20 19 19 18 20 18 19 20 18 19 20 19 19 18 20 18 19 20 18 19 20 

30 30 29 30 30 30 30 28 29 30 30 30 29 30 30 30 30 28  29 30 30 30 29 30 30 30 30 28 29 30 
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TABLE IX 

SEMIDIRECT PRODUCTS : ORDER THREE 

3 0 17 @ u 

1 2 3 4 5 6 7 8 9 1 2  3 4 5 6 7 8 9 1 2 3 4 5  6 7 8 9 
2 1 4 3 6 5  7 8 9 2 1 4 3 6 5  7 8 9 2 1 4 3 6 5 7 8 9 
3 6 3  7 7 6 7 8 9 3 6 3 7 7 6 7 8 9 3 6 3  7 7 6 7 8 9 
4 5 4 7 7 5 7  8 9 4 5 4 7 7 5 7  8 9 4 5 4 7 7 5 7  8 9 
� 4 7 4 5 7  7 8 9 5 4 7  4 5 7  7 8 9 5 4 7 4 5 7 7 8 9 
6 3 7  3 6 7  7 8 9 6 3 7 3 6 7  7 8 9 6 3 7 3 6 7  7 8 9 
7 7 7 7 7 7 7 8 9 7 7 7 7 7 7 7 8 9 7 7 7 7 7  7 7 8 9 
B 8 8 7 7 9 7 8 9 8 8 8 7 7 9 7 8 9 8 8 8 7 7  9 7 8 9 
9 9 7 8 9 7 7 8 9 9 9 7  8 9 7  7 8 9 9 9 7 8 9 7 7  8 9 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2 3 4 5 6 7 8 9 
2 1 4 3 6 5 7 8 9 2 1 4 3 6 5 7 8 9 11 10 13 12 15 14 16 17 18 
3 6 3 7 7 6 7 8 9 12 15 12 16 16 15 16 17 18 3 6 3 7 7 6 7 8 9 
4 5 4 7 7 5 7 8 9 4 5 4 7 7 5 7 8 9 13 14 13 16 16 14 16 17 18 
5 4 7 4 5 7 7  8 9 5  4 7 4 5 7 7 8 9 5 4 7  4 5 7 7 8 9 
6 3 7  3 6 7 7 8 9 6 3 7  3 6 7  7 8 9 6 3 7 3 6 7  7 8 9 
7 7 7 7 7 7 7 8 9 7 7 7 7 7 7 7 8 9 7 7 7 7 7 7 7  8 9 
17 17 17 16 16 18 16 17 18 17 17 17 16 16 18 16 17 18 17 17 17 16 16 18 16 17 18 
9 9 7  8 9 7  7 8 9 9 9 7 8 9 7  7 8 9 9 9 7  8 9 7 7 8 9 
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9 19 20 21 22 23 24 25 26 27 
2 1 4 3 6 5 7 8 9 20 19 22 21 24 23 25 26 27 2 1 4 3 6 5 7 8 9 
3 6 3 7 7 6 7 8 9 3 6 3 7 7 6 7 8 9 3 6 3 7 7 6 7 8 9 
4 5 4 7 7 5 7 8 9 4 5 4 7 7 5 7 8 9 4 5 4 7 7 5 7 8 9 
5 4 7 4 5 7 7 8 9 5 4 7 4 5 7 7 8 9 23 22 25 22 23 25 25 26 27 
6 3 7 3 6 7 7 8 9 24 21 25 21 24 25 25 26 27 6 3 7 3 6 7 7 8 9 
7 7 7 7 7 7 7 8 9 7  7 7 7  7 7 7 8 9 7 7 7 7  7 7 7 8 9 
8 8 8 7 7  9 7 8 9 8 8 8 7 7 9 7  8 9 8 8 8 7 7 9 7  8 9 
27 27 25 26 27 25 25 26 27 27 27 25 26 27 25 25 26 27 27 27 25 26 27 25 25 26 27 



TABIE IX 

SEMIDIRECT PRODUCTS; ORDER THREE 

.3 .18 <i> u 

1 2 .3 4 5 6 7 8 9 1 2 .3 4 5 6  7 8 9 1 2  .3 4 5 6  7 8 9 
2 1 .3 5 4 6 8  7 9 2 1 .3 5 4 6 8 7 9 2 1 .3 5 4 6 8 7 9 
.3 6 .3 .3 9 6 9 6 9 .3 6 .3 .3 9 6 9 6 9 .3 6 .3 .3 9 6 9 6 9 
4 8 4 4 9  8 9 8 9 4 8 4 4 9  8 9 8 9 4 8 4 4 9 8 9 B 9 
5 7 5 5 9  7 9 7 9 5 7 5 5 9  7 9 7 9 5 7 5 5 9  7 9 7 9 
6 .3 .3 9 .3 6 6 9 9 6 .3 .3 9 .3 6 6 9  9 6 .3 .3 9 .3 6 6 9 9 
7 5 5 9 5 7 7  9 9 7 5 5 9 5 7 7 9 9  7 5 5  9 5 7 7 9 9  
8 4 4 9  4 8 8 9 9 8 4 4 9  4 8 8 9 9 8 4 4 9  4 8 8 9 9 
9 9 9 9 9 9 9 9  9 9 9 9 9 9  9 9 9 9 9 9 9 9 9 9 9 9 9 
1 2 .3 4 5 6  7 8 9 1 2 .3 4 5 6 7 8 9 1 2 .3 4 5 6 7 8 9 
2 1 .3 5 4 6 8  7 9 2 1 .3 5 4 6 B 7 9 2 1 .3 5 4 6 8  7 9 
.3 6 .3 .3 9 6 9 6 9 .3 6 .3 .3 9 6 9 6 9 .3 6 .3 .3 9 6 9 6 9 
4 8 4 4 9  B 9 8 9 4 8 4 4 9 8 9 8 9 4 8 4 4 9  8 9 8 9 
5 7 5 5 9  7 9 7 9 5 7 5 5 9  7 9 7 9 5 7  5 5 9 7 9 7 9  
6 .3 .3 9 .3 6 6 9 9 6 3 1 9 .3 6 6 9 9 6 1  3 9 .3 6 6 9  9 
7 5 5 9 5 7 7 9 9 7 5 5 9 5 7 7 9 9 7 5 5 9  5 7 7 9 9  
8 4 4 9 4 8 8 9 9 8 4 4 9  4 8 8 9 9 8 4 4 9  4 8 8 9 9 
9 9 9 9 9 9 9 9 9  9 9 9 9 9 9  9 9 9 9 9  9 9 9  9 9 9 9 
1 2 .3 4 5 6 7 8 9 1 2 .3 4 5 6 7 8 9 1 2 .3 4 5 6 7 B 9 
2 1 .3  5 4 6 8 7 9 2 1 .3 5 4 6 8  7 9 2 1 .3 5 4 6 8  7 9 
.3 6 .3 .3 9 6 9 6 9 .3 6 .3 .3 9 6 9 6 9 .3 6 .3 .3 9 6 9 6 9 
4 8 4 4 9  8 9 B 9 4 8 4 4 9  8 9 8 9 4 8 4 4 9  8 9 8 9 
5 7 5 5  9 7 9 7 9 5 7  5 5 9 7 9 7 9 5 7  5 5 9 7 9 7 9  
6 .3 .3 6 .3 6 6 9 9 6 .3 .3 6 .3 6 6 9 9 6 .3 .3 6 .3 6 6 9 9 
7 5 5 9 5  7 7 9 9 7 5 5 9 5 7  7 9 9 7 5 5 9 5 7 7 9 9 
8 4 4 9  4 B B 9 9 8 4 4 9 4 8 B 9 9 8 4 4 9  4 8 B 9 9 
9 9 9 9 9 9 9 9 9 9 9 9  9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  
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4 . 2  ® U 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1  
1 2 3 4 1  2 1 2 
2 1 4 3 2 1 2 1  
1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 
1 2 1 2  1 2 1 2 
2 1 2 1 2 1 2 1  

4 0 11 (!) U 

TABLE XI 

SEMIDIRECT PRODUCTS: ORDER FOUR 

4 . 3  @ u 

1 2 1 2 1 2 1 2  
2 1 2 1 2 1 2 1 
1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 
1 2 1 2 3 4 3 4 
2 1 2 1 4 3  4 3 
1 2 1 2 3 4 3  4 
2 1 2 1 4  3 4 3 

4010 @ U 

1 2 3 4 5 6 1 8  
2 1 4 3 8 7 6 , 
3 4 1 2 7 8 5 6  
4 3 2  1 6 5  8 7 
5 6 7  8 3 4 1  2 
6 5 8 1 2 1 4 3  
7 8 5 6 1  2 3 L-
8 7 6 5 4 3 2 1 

193 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 
2 1 5 6 3 4 8 7 11 12 9 10 20 19 23 24 21 22 14 13 17 18 15 16 
3 4 1 2 6 5 15 16 13 14 18 17 9 10 7 8 12 11 21 22 19 20 24 23 
4 3 6 5 1 2 2 2  21 24 23 19 20 10 9 12 11 7 8 16 15 18 17 13 ] 5  
5 6 2 1 4 3 17 18 14 13 16 15 23  24 20 19 22 21 11 12 8 7 10 9 
6 5 4 3 2 1 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 
7 8 9 10 11 12 1 2 3 4 5 6 19 20 21 22 23 24 13 14 15 16 17 18 
8 7 11 12 9 10 2 1 5 6 3 4 14 13 17 18 15 16 20 19 23 24 21 22 
9 10 7 8 12 11 21 22  19 20 24 23 3 4 1 2 6 5 15 16 13 14 18 17 
10 9 12 11 7 8 16 15 18 17 13 15 4 3 6 5 1 2 22 21 24 23 19 20 
11 12 8 7 10 9 23 24 20 19 22 21 17 18 14 13 16 15 5 6 2 1 4 3 
12 11 10 9 8 7 18 17 16 15 14 13 24 23  22  21 20 19 6 5 4 3 2 1 
13 14 15 16 17 18 19 20 21 22 23 24 1 2 3 4 5 6 7 8 9 10 11 12 
14 13 17 18 15 16 20 19 23 24 21 22 8 7 11 12 9 10 2 1 5 6 3 4 
15 16 13 14 18 17 3 4 1 2 6 5 21 22  19 20 24 23  9 10 7 8 12 11 
16 15 18 17 13 15 10 9 12 11 7 8 22 21 24 23 19 20 4 3 6 5 1 2 
17 18 14 13 16 15 5 6 2 1 4 3 11 12 8 7 10 9 23 24 20 19 22  21 
18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 24 23 22 21 20 19 
19 20 21 22 23 24 13 14 15 16 17 18 7 8 9 10 11 12 1 2 3 4 5 6 
20 19 23 24 21 22 14 13 17 18 15 16 2 1 5 6 3 4 8 7 11 12 9 10 
21 2 2  19 20 2h 23  9 10 7 8 12 11 15 16 13 14 18 17 3 4 1 2 6 5 
22 21 24 23 19 20 4 3 6 5 1 2 16 15 18 17 13 15 10 9 12 11 7 8 
23 24 20 19 22 21 11 12 8 7 10 9 5 6 2 1 4 3 17 18 14 16 15 
24 23  22 21 20 19 6 5 4 3 2 1 12 11 10 9 8 7 18 17 16 15 14 13 



4012 ® U 

1 2 3 4 5 6 7 8  
2 1 6 5 4 3 8  7 
3 4 5 6 1 2 7 8 
4 3 2 1 6 5 8 7 
5 6 1 2 3 4 7 8 
6 5 4 3 2 1 8 7  
7 8 7 8 7 8 7 8  
8 7 8 7 8 7 8 7 

4 � 23 ® U 

1 2 1  2 1 2  7 8 
2 1 2 1 2  1 8 7  
1 2 3 4 1  2 7 8 
2 1 2 1 4 3  8 7 
1 2 1 2 5 6 7 8 
2 1 6 5 2 1 8  7 
7 8 7 8 7 8 7  8 
8 7 8 7 8 7 8 7 

4.37 ® U 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2  1 
1 2 3 4 5 6 7 8 
2 1 4 3  8 7 6 5 
1 2 5 6 1 2 1 2 
2 1 6 5 2 1 2  1 
1 2 7 8 1 2  1 2 
2 1 8  7 2 1 2 1  

TABLE XI 

SEMIDIRECT PRODUCTS : ORDER FOUR 

4013 ® U 

1 2 3 4 5 6 1 2  
2 1 6 5 4 3 2 1 
3 4 5 6 1 2 3 4  
4 3 2 1 6 5 4 3  
5 6 1  2 3 4 5 6 
6 5 4 3 2 1 6 5  
1 2 3 4 5 6 7 8 
2 1 6 5 4 3 8  7 

4 .30 ® U 

1 2 3 4 1 2  1 2 
2 1 4 3 2 1 2 1 
3 4 1  2 3 4 3 4 
4 3 2 1 4  3 4 3 
1 2 3 4 1  2 1 2 
2 1 4 3 2 1 2  1 
1 2 3 4 1 2 1 2 
2 1 4 3 2 1 2 1 

1 2 1 2 1 2  1 2 
2 1 2 1 2  1 2 1  
1 2 3 4 3 4 3 4  
2 1 4 3 4 3 4 3  
1 2 3 4 3 4 3  4 
2 1 4 3 4 3 4 3 
1 2 3 4 3 4 3 4 
2 1 4  3 4 3 4 3  

4 0 16 ® U 

1 2 3 4 1  2 1 2 
2 1 4 3 2 1 2  1 
3 4 1  2 3 4 3  4 
4 3 2 1 4 3 4 3 
1 2 3 4 5 6 1 2  
2 1 4 3 2  1 6 5  
1 2 3 4 1 2 7 8  
2 1 4 3  8 7 2 1 

4 032 � U 

1 2 3 4 3 4 3  4 
2 1 4 3 4 :3 4 3 
3 4 1 2 1 2 1 2  
4 3 2 1 2 1 2  1 
3 4 1  2 1 2 1 2 
4 3 2  1 2 1 2 1 
3 4 1 2 1 2 1 2  
4 3 2 1 2 1 2  1 
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4048 ® u 

1 2 3 4 5 6 
2 1 5 6 3 4 
3 4 1 2 6 5 
4 3 6 .5 1 2 
5 6 2 1 4 3 
6 5 4 3 2 1 
1 2 3 4 5 6 
2 1 5 6 3 4 
3 4 1 2 6 5 
4 3 6 5 1 2 
5 6 2 1 4 3 
6 5 4 3 2 1 
1 2 3 4 5 6 
2 1 5 6 3 4 
3 4 1 2 6 5 
4 3 6 5 1 2 
5 6 2 1 4 3 
6 5 4 3 2 1 
1 2 3 4 5 6 
2 1 5 6 3 4 
3 4 1 2 6 5 
4 3 6 5 1 2 
5 6 2 1 4 3 
6 5 4 3 2 1 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2  1 
1 2 3 4 1  2 3 4 
2 1 2 1 4 3  4 3 
1 2 1 2 5 6 5 6  
2 1 6 5  2 1 6 5  
1 2 3 4 5 6 7 8  
2 1 6 5  4 3 8 7 

TABLE XI 

SEMIDIRECT PRODUCTS : ORDER FOUR 

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 
2 1 5 6 3 4 2 1 5 6 3 4 2 1 5 6 3 4 
3 4 1 2 6 5 3 4 1 2 6 5 3 4 1 2 6 5 
4 3 6 5 1 2 4 3 6 5 1 2 4 3 6 5 1 2 
5 6 2 1 4 3 5 6 2 1 4 3 5 6 2 1 4 3 
6 5 4 3 2 1 6 5 4 3 2 1 6 5 4 3 2 1 
7 8 9 10 11 12 1 2 3 4 5 6 1 2 3 4 5 6 
8 7 11 12 9 10 2 1 5 6 3 4 2 1 5 6 3 4 
3 4 1 2 6 5 9 10 7 8 12 11 3 4 1 2 6 5 
4 3 6 5 1  2 10 9 12 11 7 8 4 3  6 5 1 2 
5 6 2 1 4 3  5 6 2 1 4 3  11 12 8 7 10 9 
6 5 4 3 2 1 6 5 4 3 2  1 12 11 10 9 8 7 
1 2 3 4 5 6 13 14 15 16 17 18 1 2 3 4 5 6 
2 1 5 6 3 4 2 1 5 6 3 4 14 13 17 18 15 16 
15 16 13 14 18 17 3 4 1 2  6 5 3 4 1 2 6 .5 
4 3 6 5 1 2 4 3 6 5 1  2 16 15 18 17 13 14 
17 18 14 13 16 15 5 6 2 1 4 3 5 6 2 1 4 3  
6 5 4 3 2 1 18 17 16 15 14 13 6 5 4 3 2 1 
1 2 3 4 5 6 1 2 3 4 5 6 19 20 21 22 23 24 
2 1 5 6 3 4 20 19 23 24 21 22 2 1 5 6 3 4 
3 4 1 2 6 5 3 4 1 2 6 5 21 22 19 20 24 23 
22 21 24 23 19 20 4 3 6 5 1  2 4 3 6 5 1 2 
5 6 2 1 4  3 23 24 20 19 22 21 5 6 2 1 4 3  
24 23 22 21 20 19 6 5 4 3 

1 2 1 2 1 2 1 2 
2 1 2 1 2  1 2 1  
1 2 3 4 1  2 1 2 
2 1 2 1 4 3 2  1 
1 2 1 2 5 6  1 2 
2 1 6 5 2  1 2 1  
1 2 1  2 1 2 1 2 
2 1 2 1 2 1 2 1 

2 1 6 5  4 3 2 1 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 
1 2 1 2 1 2 1  2 
2 1 2 1 2 1 2 1 
1 2 1 2 1 2 3 4  
2 1 2  1 4 3  2 1 
1 2 1 2 3 4 1 2 
2 1 2 1 2 1 4 3  
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4 ,,55 � U 

1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 5 
4 :3 6 5 1 2 
5 6 2 1 4 :3 
6 5 4 :3 2 1 
1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 5 
4 :3 6 5 1 2 
5 6 2 1 4 :3 
6 5 4 :3 2 1 
1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 5 
4 :3 6 5 1 2 
5 6 2 1 4 :3 
6 5 4 :3 2 1 
1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 5 
4 :3 6 5 1 2 
5 6 2 1 4 :3 
6 ;; 4 :3 2 1 

4060 ® U 

1 2 :3 4 5 6 7 8  
2 1 4 :3 8 7 6 5 
:3 4 1 2 5 6 7 8 
4 :3 2 1 8 7  6 5 
5 6 .5  6 5 6 7 8 
6 5 6 5 8 7 6 5 
7 8 7 8 5 6 7  8 
8 7 8 7 8 7 6 5 

1 
2 
:3 
4 
5 
6 
1 
2 
:3 
4 
5 
6 
1 
2 
:3 
4 
5 
6 
1 
2 
:3 
4 
5 
6 

TABLE XI 

SEMIDIRECT PRODUCTS: ORDER FOUR 

2 :3 
1 5 
4 1 
:3 6 
6 2 
5 4 
2 :3 
1 5 
h 1 
:3 6 
6 2 
5 4 
2 :3 
1 5 
4 1 
:3 6 
6 2 
5 4 
2 :3 
1 5 
4 1 
:3 6 
6 2 
5 4 

4 5 6 1 2 :3 
6 :3 4 2 1 5 
2 6 5 :3 4 1 
5 1 2 4 :3 6 
1 4 :3 5 6 2 
:3 2 1 6 5 4 
4 5 6 1 2 :3 
6 :3 4 2 1 5 
2 6 � 3 4 1 
5 1 2 4 :3 6 
1 4 :3 5 6 2 
:3 2 1 6 5 4 
4 5 6 1 2 :3 
6 :3 4 2 1 5 
2 6 5 :3 4 1 
5 1 2 4 :3 6 
1 4 :3 5 6 2 
:3 2 1 6 5 4 
4 5 6 1 2 :3 
6 :3 4 2 1 5 
2 6 5 :3 4 1 
5 1 2 4 :3 6 
1 4 :3 5 6 2 
:3 2 1 6 5 4 

4 061 ® U 

1 2 1  2 5 6  7 8 
2 1 2 1 8 7  6 5 
1 2 1 2 5  6 7 8 
2 1 2 1 8  7 6 5 
5 6 5 6 5 6 7 8  
6 5 6 5 8 7 6 5 
7 8 7 8 .5 6 7 8 
8 7 8 7 8 7 6 5 

4 5 6 
6 :3 4 
2 6 5 
5 1 2 
1 4 :3 
:3 2 1 
4 5 6 
6 :3 4 
2 6 5 
5 1 2 
1 4 :3 
:3 2 1 
4 5 6 
6 :3 4 
2 6 5 
5 1 2 
1 4 :3 
:3 2 1 
4 5 6 
6 :3 4 
2 6 5 
5 1 2 
1 4 :3 
:3 2 1 

1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 :; 
4 :3 6 5 1 2 
5 6 2 1 4 :3 
6 5 4 3 2 1 
1 2 :3 1+ .5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 5 
4 :3 6 5 1 2 
5 6 2 1 4 3 
6 5 4 :3 2 1 
1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 .5 
4 :3 6 5 1 2 
5 6 2 1 4 3 
6 5 4 :3 2 1 
1 2 :3 4 5 6 
2 1 5 6 :3 4 
:3 4 1 2 6 ;; 
4 :3 6 5 1 2 
5 6 2 1 4 3 
6 5 4 :3 2 1 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1  
:3 4 :3 4 :3 4 :3 4 
4 :3 4 :3 4 :3 4 3 
1 2 :3 4 5 6 7 8 
4 :3 2 1 6  5 8 7 
:3 4 1 2 7 8 5 6  
2 1 4 :3 8 7 6 5 
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TABLE XI 

SEMIDmECT PRODUCTS: ORDER FOUR 

4.64 ® U 

1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
11 12 9 10 11 12 9 10 3 4 1 2 3 4 1 2 
12 11 10 9 12 11 10 9 4 3 2 1 4 3 2 1 
5 6 7 8 5 6 7 8 13 14 15 16 13 14 15 16 
6 5 8 7 6 5 8 7 14 13 16 15 14 13 16 15 
15 16 13 14 15 16 13 14 7 8 5 6 7 8 5 6 
16 15 14 13 16 15 14 13 8 7 6 5 8 7 6 5 
1 2 3 4 1 2 3 4 9 10 11 12 9 10 11 12 
2 1 4 3 2 1 4 3 10 9 12 11 10 9 12 11 
11 12 9 10 11 12 9 10 3 4 1 2 3 4 1 2 
12 11 10 9 12 11 10 9 4 3 2 1 4 3 2 1 
5 6 7 8 5 6 7 8 13 14 15 16 13 14 15 16 
6 5 8 7 6 5 8 7 14 13 16 15 14 13 16 15 
15 16 13 14 15 16 13 14 7 8 5 6 7 8 5 6 
16 15 14 13 16 15 14 13 8 7 6 5 8 7 6 5 

4 . 65 @ U 

1 2 3 4 5 6 7 8  
6 5 8 7 2 1 4 3 
3 4 1 2 7 8 5 6 
8 7 6 5 4 3 2 1 
1 2 3 4 5 6 7 8 
6 5 8 7 2 1 4 3  
3 4 1 2 7 8 5 6 
8 7 6 5 4 3 2 1 

4 .. 68 (i) U 

1 2 1 2 5  6 5 6  
2 1 2 1  6 5 6 5 
3 4 3 4 5 6 5 6  
4 3 4 3 6 5 6 5 
5 6 5 6 5 6 5 6  
6 5 6 5 6 5 6 5 
7 8 7 8 5 6 5 6  
8 7 8 7 6 5 6 5 

4 066 @) U 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1  
3 4 3 4 3 4 3 4  
4 3 4 3 4 3  4 3 
1 2 1 2 5 6 5 6  
2 1 2 1 6 5 6 5 
3 4 3 4 7 8 7  8 
4 3 4 3 8 7 8 7 

1 2 1 2 1 2 1 2 
2 1 2 1 2  1 2 1  
1 2 1 2 3 4 3  4 
2 1 2 1 4 3 4 3  
1 2 3 4 5 6 7 8 
2 1 4 3 8 7 6 5 
1 2 3 4 5 6 7 8 
2 1 4 3 8 7 6 5 

4 067 a9 U 

1 2 1 2 5 6 5 6  
2 1 2 1 6 5 6 5 
3 4 3 4 5 6 5 6 
4 3 4 3 6 5 6 5 
5 6 5 6 5 6 5 6  
6 5 6 5 6 5 6 5 
7 8 7 8 7 8 7  8 
8 7 8 7 8 7 8  7 
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TABLE XI 

SEMIDmECT PRODUCTS: ORDER FOUR 

4 0 70 � U 

1 2 3 4 5  6 1 2  3 4 5  6 1 2  3 4 5 6 1 2 3 4 5 6 
2 1 6 5  4 3 2 1 6 5  4 3 2 1 6 5 4 3 2 1 6 5  4 3 
3 5 1 6 2 4 3 5  1 6 2  4 3 5  1 6 2  4 3 5  1 6 2  4 
4 6 5 1 3 2 4 6 5 1 3 2 4 6 5  1 3 2 4 6 5  1 3 2 
5 3 4 2 6 1 5 3 4 2 6 1 5 3 4 2  6 1 5  3 4 2  6 1 
6 4 2 3 1 5  6 4 2 3 1 5 6 4 2  3 1 5 6 4 2 3 1 5 
7 8 9 10 11 12 7 8 9 10 11 12 7 8 9 10 11 12 7 8 9 10 11 12 
8 7 12 11 10 9 8 7 12 11 10 9 8 7 12 11 10 9 8 7 12 11 10 9 
9 11 7 12 8 10 9 11 7 12 8 10 9 11 7 12 8 10 9 11 7 12 8 10 
10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 
11 9 10 8 12 7 11 9 10 8 12 7 11 9 10 8 12 7 11 9 10 8 12 7 
12 10 8 9 7 11 12 10 8 9 7 11 12 10 8 9 7 11 12 10 8 9 7 .  
13 14 15 16 17 18 13 14 15 16 17 18 13 14 15 16 17 18 13 14 15 16 17 18 
14 D W U M � 14 D W U M � 14 D W U M � 14 D W U M �  
15 17 13 18 14 16 15 17 13 18 14 16 15 17 13 18 14 16 15 17 13 18 14 16 
16 18 17 13 15 14 16 18 17 13 15 14 16 18 17 13 15 14 16 18 17 13 15 14 
17 15 16 14 18 13 17 15 16 14 18 13 17 15 16 14 18 13 17 15 16 14 18 13 
18 16 14 15 13 17 18 16 14 15 13 17 18 16 14 15 13 17 18 16 14 15 13 17 
13 14 15 16 17 18 13 14 IS 16 17 18 13 14 15 16 17 18 19 20 21 22 23 2h 
14 13 18 17 16 15 14 13 18 17 16 15 14 13 18 17 16 IS 20 19 24 23 22 21 
15 17 13 18 14 16 15 17 13 18 14 16 15 17 13 18 14 16 21 23 19 24 20 22 
16 18 17 13 IS 14 16 18 17 13 15 14 16 18 17 13 15 14 22 24 23 19 
17 15 16 14 18 13 17 IS 16 14 18 13 17 IS 16 14 18 13 23 21 22 20 24 
18 16 14 IS 13 17 18 16 14 15 13 17 18 16 14 15 13 17 24 22 20 21 19 2 3  
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TABLE X 

SEMIDIRECT PRODUCTS: ORDER FOUR 

40 71 @ U 

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 
2 1 6 5 4 3 2 1 6 5 4 3 2  1 6 5 4 3 2  1 6 5  4 3 
3 5 1 6 2  4 3 5  1 6 2 4 3 5  1 6 2  4 3 5 1 6 2 4 
4 6 5 1 3  2 4 6 5 1 3 2  4 6 5 1 3 2 4 6 5 1 3 2 
5 3 4 2  6 1 5 3 4 2 6 1 5 3 4 2 6 1 5 3 4 2 6 1  
6 4 2  3 1 5 6 4 2  3 1 5 6 4 2 3 1 5 6 4 2  3 1 5 
7 8 9 10 11 12 7 8 9 10 11 12 7 8 9 10 11 12 7 8 9 10 11 12 
8 7 12 11 10 9 8 7 12 11 10 9 8 7 12 11 10 9 8 7 12 11 10 9 
9 11 7 12 8 10 9 11 7 12 8 10 9 11 7 12 8 ]0 9 11 7 12 8 10 
10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 
11 9 10 8 12 7 11 9 10 8 12 7 11 9 10 8 12 7 11 9 10 8 12 7 
12 10 8 9 7 11 12 10 8 9 7 11 12 10 8 9 7 11 12 10 8 9 7 11 
1 2 3 4 5 6 1 2  3 4 5 6 1 2 3 4 5 6 1 2  3 4 5 6 
2 1 6 5 4 3 2 1 6 5 4 3 2 1 6 5 4 3 2 1 6 5 4 3 
3 5 1 6 2 4 3 5 1 6 2 4 3  5 1 6 2  4 3 5 1 6 2 4 
4 6 5 1 3  2 4 6  � 1 3 2 4 6 5  1 3 2 4 6 5 1 3 2 
5 3 4 2  6 1 5 3 4 2  6 1 5 3 4 2 . 6 1 5 3 4 2 6 1 
6 4 2 3 1 5 6 4 2  3 1 5 6 4 2 3 1 5  6 4 2  3 1 5 
19 20 21 22 23 24 19 20 21 22 23 24 19 20 21 22  23 24 19 20 21 22 23 24 
20 19 24 23 22 21 20 29 24 23 22 21 20 29 24 23 22 21  20 19 24 23 22  21 
21 23 19 24 20 22 21  23 19 24 20 22 21 23 19 24 20 22 21 23 19 24 20 22 
22 24 23 19 21 20 22  24 23 19 21 20 22 24 23 19 21 20 22 24 23 19 21 20 
23 21 22 20 24 19 23 21 22 20 24 19 23 21 22 20 24 19 23 21 22 20 24 19 
24 22 20 21 19 23 24 2 2  20 21 19 23 24 22 20 21 19 23 24 22 20 21 19 23 

4.72  ® U 

1 2 3 4 1 2 3 4 9 10 11 12 13 14 15 16 
2 1 4 3 2 1 4 3 14 13 16 15 10 9 12 11 
3 4 1 2 3 4 1 2 11 12 9 10 15 16 13 14 
4 3 2 1 4 3 2 1 16 15 14 13 12 11 10 9 
5 6 7 8 5 6 7 8 9 10 11 12 13 14 15 16 
6 5 8 7 6 5 8 7 14 13 16 15 10 9 12 11 
7 8 5 6 7 8 5 6 11 12 9 10 15 16 13 14 
8 7 6 5 8 7 6 5 16 15 14 13 12 11 10 9 
9 10 11 12 9 1 0  11 12 9 10 11 12 13 14 15 16 
10 9 12 11 10 9 12 11 14 13 16 15 10 9 12 11 
11 12 9 10 11 12 9 10 11 12 9 10 15 16 13 14 
12 11 10 9 12 11 10 9 16 15 14 13 12 11 10 9 
9 10 11 12 9 10 11 12 9 10 11 12 13 14 1� 16 
10 9 12 11 10 9 12 11 14 13 16 15 10 9 12 11 
11 12 9 10 11 12 9 10 11 12 9 10 15 16 13 14 
12 11 10 9 12 11 10 9 16 15 14 13 12 11 10 9 



4 . 7 3  ® u 

1 2 1 2 .5 6 .5 6 
2 1 2 1 6 .5 6 .5 
3 4 3 4 .5 6 .5 6  
1+ 3 4 3 6 ,5 6 .5  
'; 6 5 6 5 6 .5 6  
6 5 6 5 6 5 6 .5  
5 6 5 6 .5 6 7 8 
6 5 6 5 6 .5  8 7 

4 .77 � U 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1  
3 4 3 4 3  4 3 4 
4 3 4 3 4 3 4 3 
1 2 1 2 1 2 1  2 
2 1 2 1 2 1  2 1 
1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2  1 

4 .92 ® U 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 
3 4 3 4 3 4 3 4  
4 3 4 3 4 3 4 3 
1 2 1 2 .5  6 1 2  
2 1 2 1 2 1 6 .5  
3 4 3  4 3 4 7 8  
4 3 4 3 8  7 4 3 

TABLE X 

SEMIDIRECT PRODUCTS : ORDER FOUR 

4. 74 ® u 

1 2 1 2 .5 6 7 8  
2 1 2 1 6 .5 8 7 
3 4 3 4 .5 6 7 8  
4 3 4 3 6 .5 8 7 
.5 6 5 6 .5 6 .5 6 
6 .5 6 .5 6 .5 6 .5 
.5 6 5 6 5 6 .5 6 
6 .5 6 .5 6 .5 6 .5 

1 2 1  2 1 2 1 2 
2 1 2 1 2 1 2  1 
3 4 3 4 3 4 3 4 
4 3 4 3 4 3 4 3  
1 2 1 2 1 2 1 2  
2 1 2 1 2 1 2 1  
3 4 3 4 3 4 3 4 
4 3 4 3 4 3 4 3  

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1  
3 4 3 4 3 4 3 4  
4 3 4 3 4 3 4 3 
1 2 3 4 .5 6 .5 6  
4 3 2 1 6 .5 6 .5 
1 2 3 4 .5 6 7 8 
4 3 2 1 6 .5 8 7 
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407.5 � U 

1 2 1 2 .5  6 .5 6 
2 1 2 1 6 .5 6 .5 
3 4 3 4 .5 6 .5 6  
4 3 4 3 6 .5 6 .5  
.5 6 .5 6 .5 6 .5 6  
6 .5 6 .5 6 .5 6 .5  
.5 6 .5 6 .5 6 .5 6  
6 .5 6 .5 6 .5 6 .5  

4 091 � U 

1 2 1 2 1 2 1 2 
2 1 2 1 2 1 2 1 
3 4 3 4 3 4  3 4 
4 3 4 3 4 3 4 3  
1 2 1  2 .5 6 1 2 
2 1 2  1 2 1 6 .5 
1 2 1 2 1 2 7 8 
2 1 2 1 S 7 2 1 
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TABLE X 

SEMIDIRECT PRODUCTS: ORDER FOUR 

4096 ® U 

1 2 3 4 5 6 1 2  3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 
2 1 6 5  4 3 2 1 6 5 4 3 2 1 6 5 4  3 2 1 6 5  4 3 
3 5 1 6 2  4 3 5 1 6 2 4 3 5  1 6 2 4 3 5  1 6 2 4 
4 6 5 1 3  2 4 6 5  1 3 2 4 6 5 1 3 2  4 6 5  1 3 2  
5 3 4 2 6 1 5 3 4 2  6 • 5 3 4 2  6 1 5  3 4 2  6 1 
6 4 2 3 5 1 6 4 2 3  5 1 6 4 2 3 5 1 6 4 2 3 5 1 
1 8 9 10 11 12 1 8 9 10 11 12 1 8 9 10 11 12 1 8 9 10 11 12 
8 1 12 11 10 9 8 1 12 11 10 9 8 1 12 11 10 9 8 7 12 11 10 9 
9 11 1 12 8 10 9 11 1 12 8 10 9 11 7 12 8 10 9 11 7 12 8 10 
10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 
11 9 10 8 12 7 11 9 10 8 12 7 11 9 10 8 12 1 11 9 10 8 12 1 
12 10 A 9 7 11 12 10 8 9 7 11 12 10 8 9 7 11 12 10 8 9 7 11 
13 14 15 16 11 18 13 14 15 16 17 18 13 14 15 16 11 18 13 14 15 16 17 18 
14 13 18 17 16 15 14 13 18 17 16 15 14 13 18 17 16 15 14 13 18 17 16 15 
15 17 13 18 14 16 15 17 13 18 14 16 15 17 13 18 14 16 15 17 13 18 14 16 
16 18 17 13 15 14 16 18 17 13 1� 14 16 18 17 13 15 14 16 18 17 13 15 14 
17 15 ' 16 14 18 13 17 15 16 14 18 13 17 15 16 14 18 13 17 1� 16 14 18 13 
18 16 14 15 13 17 18 16 14 15 13 17 18 16 14 15 13 17 18 16 14 15 13 17 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22  23 24 
2 1 6 5 4 3 14 13 18 17 16 15 8 7 12 11 10 9 20 19 24 23 22 21 
15 17 13 18 14 16 9 11 7 l2 8 10 3 5 1 6 2 4 21 23 19 24 20 22 
10 12 11 7 9 8 4 6 5 1 3 2 16 18 17 13 15 14 16 18 17 13 15 14 
11 9 10 8 12 7 17 15 16 14 18 13 5 3 4 2 6 1 23 21 22 20 24 19 
18 16 14 15 13 17 6 4 2 3 1 5 12 10 8 9 7 11 24 22 20 21 19 23 



TABLE X 

SEl,UDIRECT PRODUCTS: O:RDER FOUR 

h.,98 ® u 

1 2 3 4 1  2 3 4 9 W ll U  D � � �  
2 1 4 3 2 1 4 3 14 13 16 15 10 9 12 11 
3 h 1 2 3 4 1 2 11 12 9 10 15 16 13 14 
4 3 2 1 4 3 2 1 16 15 14 13 12 11 10 9 
5 6 7 8 5 6 7 8 9 10 11 12 13 14 15 16 
6 5 8 7 6 5 8 7 14 13 16 15 10 9 12 11 
7 8 5 6 7 8 5 6 11 12 9 10 15 16 13 14 
8 7 6 5 8 7 6 5 16 15 14 13 12 11 10 9 
9 10 11 12 9 10 11 12 9 10 11 12 13 � 15 16 
10 9 12 11 10 9 12 11 � 13 16 15 10 9 12 11 
11 12 9 10 II 12 9 10 11 12 9 10 15 16 13 1h 
12 11 10 9 12 11 10 9 16 15 14 13 12 11 10 9 
13 � 15 16 13 � 15 16 9 10 11 12 13 14 15 16 
14 13 16 15 � 13 16 15 14 13 16 15 10 9 12 11 
15 16 13 14 15 16 13 14 11 12 9 10 ] 5 16 13 14 
16 15 14 13 16 15 14 13 16 15 14 13 12 11 10 9 

4 0 100 ® U 

1 2 3 4 1 2 3 4 9 10 11 12 13 14 15 16 
2 1 4 3 2 1 4 3 14 13 16 15 10 9 12 11 
3 4 1 2 3 4 1 2 11 12 9 10 15 16 13 14 
4 3 2 1 4 3 2 1 16 15 � 13 12 11 10 9 
5 6 7 8 5 6 7 8 9 10 11 12 13 14 15 16 
6 5 8 7 6 5 8 7 � 13 16 15 10 9 12 11 
7 8 5 6 7 8 5 6 11 12 9 10 15 16 13 � 
8 7 6 5 8 7 6 5 16 15 � 13 12 11 10 9 
9 10 11 12 9 10 11 12 9 10 II 12 9 10 11 12 
10 9 12 11 10 9 12 11 10 9 12 11 10 9 12 11 
11 12 9 10 11 12 9 10 11 12 9 10 11 12 9 10 
12 11 10 9 12 11 10 9 12 11 10 9 12 11 10 9 
13 � 15 16 13 14 15 16 13 14 15 16 13 Ih 15 16 
14 13 16 15 ] 4  13 16 15 14 13 16 15 14 13 16 15 
15 16 13 14 15 16 13 14 15 16 13 � 15 16 13 14 
16 15 14 13 16 15 14 13 16 15 14 13 16 15 14 13 
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TABLE X 

SEMIDIRECT PRODUCTS: ORDER FOUR 

4,,102 ® u 

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 19 20 21 22 23  24 
2 1 6 5 4 3 2 1 6 5 4 3 2 1 6 5 4 3 20 19 24 23 22 21 
3 5 1 6 2 4 3 5 1 6 2 4 3 5 1 6 2 4 21 23 19 24 20 22 
4 6 5 1 3 2 4 6 5 1 3 2 4 6 5 1 3 2 22 24 23 19 21 20 
5 3 4 2 6 1 5 .3 4 2 6 1 5 3 4 2 6 1 23 22 20 24 19 
6 4 2 3 1 5 6 4 2 3 1 5 6 4 2 3 1 5 24 22 20 21 19 23  
7 8 9 10 11 12  7 8 9 10 11 12  7 8 9 10 II 12 19 20 21 22 23 24 
8 7 12 11 10 9 8 7 12 11 10 9 8 7 12  11 10 9 20 19 24 23 22 21 
9 11 7 12 8 10 9 11 7 12 8 10 9 11 7 12 8 10 21 23 19 24 20 22 
10 12 11 7 9 8 10 12 11 7 9 8 10 12 11 7 9 8 22 24 23  19 21 20 
11 9 10 8 12 7 11 9 10 8 12 7 11 9 10 8 12 7 23 21 22 20 24 19 
12 10 8 9 7 11 12 10 8 9 7 11 12 10 8 9 7 11 24 22 20 21 19 23  
13 14 15 16 17 18 13 14 15 16 17 18 13 14 15 16 17 18 19 20 

'
21 22 2 3  24 

14 13 18 17 16 15 14 13 18 17 16 15 14 13 18 17 16 15 20 19 24 23  22 21 
15 17 13 18 14 16 15 17 13 18 16 14 15 17 13 18 14 16 21 23 19 24 20 22 
16 18 17 13 15 14 16 18 17 13 15 14 16 18 17 13 15 14 22 24 23 19 21 20 
17 15 16 14 18 13 17 15 16 14 18 13 17 15 16 14 18 13 23 21 22 20 24 19 
18 16 14 15 13 17 18 16 14 15 13 17 18 16 14 15 13 17 24 22 20 21 19 23 
19 20 21 22 23 24 19 20 21 22 23 24 19 20 21 22 23  24 19 20 21 22 23 24 
20 19 24 23  22 21 20 19 24 23 22 21 20 19 24 23 22 21 20 19 24 23 22  21 
21 23 19 24 20 22 21 23 19 24 20 22 21 23 19 24 20 22 21 23 19 24 20 22 
22 24 23 19 21 20 22 24 23 19 21 20 22 24 23 19 21 20 22 24 23 19 21 20 
23 21 22 20 24 19 23 21 22 20 24 19 23 21 22 20 24 19 23 21 22 20 24 19 
24 22 20 21 19 23 24 22 20 21 19 23 24 22 20 21 19 2 3  24 22  20 2l 19 23 



4 0 103 ® u 

1 2 1 2 5 6 7 8 
2 1 2 1 6 5 8 7 
3 4 3 4 5 6 7 8 
4 :3 4 3 6 5  8 7 
.5 6 5 6 5 6 7 8  
6 5 6 5 6 5 8 7  
7 8 7 8 7 8 5 6  
8 7 8 7 8 7 6 5 

TABLE X 

SEMIDIRECT PRODUCTS: ORDER FOUR 

4 0 104 ® U 

1 2 1 2 5 6 7 8  
2 1 2 1 6 5  8 7 
3 4 3 4 5 6 7 8  
4 3 4 :3 6 5 8 7 
5 6 5 6 5 6 7 8 
6 '5 6 5 6 '5 8 7 
7 [3 7 8 ? 8 7 8  
8 7 8 7 8 7 8 7  

1 2 1 2 1 2 1 2 
2 1 2  1 2 1  2 1 
1 2 1 :2 1 2 1 2  
:2 1 2 1 2 1 2 1 
1 2 1 2 1 2 1 2  
2 1 2 1 2 1 2 1  
1 2 3 4 5 6 7 8  
2 1 6 5 4 :3 8 7 
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APPENDIX 

In this appendix, compiled jointly by Messrs . K. S o  Carman� JQ Co  

Harden, and E o  E o  Posey, are listed what the authors believe to be all 

distinct semigroups of orders two, three,  and four, and their proper sub-

semigroups c Two semigroups are regarded as distinct if no isomorphism 

( or anti-isomorphism) can be set up between themo 

Commutative semigroups of these orders (under the name of "finite 

ovan ) were listed by A .  Ro Poole in his dissertation,l but were omitted 

fro� the published vers ion . 2  We have constructed independently all 

semigroups of orders two and three (non-commutative as well as commuta­

tive) , and our list of commutative semigroups of those orders agrees 

perfectly with Poole ' s .  

In addition to constructing the non-c�tative s�groups of 

order four, we have examined Poo�e!B list o.f cOImlIlltative seJnigroups of 

that order, and have found what appear to be a few errors " It should be 

pointed out that the copy of �oole 1 s  thesis available to us was a carbon 

cow borrowed from. the library of the California .. Institute of Technology-, 

with the subscripts in the semigroup multiplication tables fUled in by 

hand, so that it is entirely possible that tbe �ors noted do not occur 

in the original dissertation; indeed, some of these errors are obviously 

merely mistakes in copying. We did not construct the commutative 

lAo Ro Poole, "Finite Ova,"  (Doctoral Dissertation� California 
Ins titute of TechnologJ, 1935) 0 

-

2Ao Ro Poole, "Finite Ova,· � American Janmal of Mathematics , 
,9 :23-32 , 1937 " 



2a 

serrdgroups of order four independently, and cannot claim that our exami-

nation of foole is list was sufficiently exhaustive to preclude the 

possibility that it contains errors other than those noted below. 

Poole R s  R 421 appears as g 

ul ul ul ul 

ul U2 u3 U2 

Ul u3 ul u.3 

ul u2 ul u2 

which is non=commutative since u4u3 � u3u4 0 An examination of asso­

c iativity shows that it u4u3 = ul then the system is not a semigroup 

regardless of what, the product u3u4 may be a Changing u4u3 from ul 

to u3 � we have a commutative semigroup, distinct from all others in 

Poole ' s  list, which is given in our list as No . 4 038 . 

The multiplication table of foole � s  R 430 is identical with that 

of his R 417 ' this semigroup appears in our list as No o 409 . Changing a 

s ingle subscript yields a new commutative semigroup, No . 405 in our list: 

R 417 ' R 430 4,,5 

Ul Ul Ul UI Ul ul UI Ul 

Ul U2 Ul U2 UI U2 ul U2 

Ul Ul Ul Ul Ul Ul Ul ul 

Ul U2 Ul U2 Ul U2 UI u4 

Poole v g  T 42 and T 43 are identical, and appear in our list as 

Noo 4. 22 0 Two changes produce a new commutative s emigroup, our 



T 42, T43 
Ul Ul Ul u4 
HI U2 ul U4 
Ul ul Ul U4 
U�+ UI. 

, . •  
llh Ul 

tab�.€ 

L . 3 :  . il'lclud.e it 313 

R 415 
� t:' '- �--, til �t·, , 

ul 11") 
"-

ttl ul 
ul ul ul u2 

ul ul u2 ul 

.e. and. 

It }'�2 
Ul UJ. u, UJ. ul 0( .... 

ul u2 ul U, 112 ( 

ul ill u3 'U3 uJ � 

ul 1Y, u3 u4 '���J 0( 
.J,. 

" 

Ul 
ul 

ul 
U1t 

;� 'vole t s  

UJ. 
ul 
u1 

' . s e E':l!t1 " '{) 

,... ul 
) uL. 

,. u2 

.... Ul 

4 0 23 

Ul UJ. Uh 
U2 Ul UL 
ul U3 uh 
U4 U4 Uu 

list � " 
.l. aJ..l.$ to sattsfJr 

4 03 
1ll 11, 'tt, 

ul ul UJ. 
ul u2 u2 

III u2 u2 

to be isomo!'Dhic ; thi::; 

., i..ta ,.,.1. 

ul ut llJ. ul 

1lJ.. U2 u2 til 

u ... q:..� 
J .. , 

1:,', U:L :.1"'" - " " ""1 • 

3a 

the 

semigroups of order two,. (\:f' whi ch 
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and the twelve commutative semigroups of order three, the latter being 

identical (to within isomorphism) with Poole ' s  ova of order three . In 

Table IlIa we list the 55 commutative semigroups of order four (Nos � 4�1-

4.55) and the 66 non-commutative semigroups of order four (Nos . 4056 -

40121) . 

In Table IVa, the columns are headed by the reference numbers of 

the s emigroups of order two, and the rows are labeled with the reference 

numbers of the semigroups of order three .  If No . 3 . z  ( z  • 1,  0 0 0 ,  18) 

contains k subsemigroups isomorphic to No o 2 .y (y = 1, 0 • •  , 4) , the 

letter k is placed at the intersection of the row 3 . z  and the c olumn 

2 0Yo Table Va exhibits similarly the subseroigroups of orders two and 

three of the semigroups of order four. Subsemigroups of order one are 

s imply the idempotent elements of a s emigroup, and are not listed 

s eparately since they are visible immediately upon inspection of the 

multiplication table of the s emigroup o 

It would be futile to expect tabLes of this sort to be entirely 

free from errors . The authors have checked their work repeatedly, and 

have rectified several mistakes, but others have. doubtless escaped their 

notice..  They will appreciate receiving corr�t1ons , from users of the 

tables • 



3 .. 1 

1 2 2  
2 1 1  
2 1 1  

3 .7 

1 1 1  
1 2 1  
1 3 1 

3 . 13 

1 1 1  
2 2 2  
1 2 3  

2 .1 

1 2 
2 1 

3 02 

1 1 1  
1 1 1  
1 1 2  

3 . 8 

1 1 1  
1 1 2  
1 2 3  

3 .14 

1 1 1  
2 2 2  
3 3 3  

TABLE Ia 

SEMI GROUPS OF ORDER TWO 

2 .2 

1 1 
1 2 

2 .3 

1 1 
2 2 

TABLE IIa 

SEMIGROUPS OF oRDER THREE 

3 .3 3 .4 

1 2 3 1 1 3  
2 3 1 1 1 3  
3 1 2  3 3 1 

3 . 9  3 .10 

1 1 1  1 1 3  
2 2 2  1 1 3  
1 1 1  3 3 3  

3 015 3 .16 

1 1 3  1 1 1  
2 2 3  1 2 2  
3 3 3  1 2 3  

3 ,,5 

1 1 3  
1 2 3  
3 3 1  

3 .11 

1 2 3  
1 1 3  
3 3 3  

3 017 

1 1 1  
1 2 1  
1 1 3  

1 1 
1 1 

3 0 6 

1 1 1  
1 1 1  
1 1 3  

3 012 

1 1 1  
2 2 2  
1 1 3  

3 .18 

1 1 1  
1 1  1 
1 I I  

5a 



4 . 1  4 0 2  

1 1 1  1 1 1 1 1  
1 2 2 2 1 2 1 1 
1 2 3 .3 1 1 1 1 
1 2 .3 3 III 1 

4 0 8  4 0 9  

1 1 1 1 I I I 1 
1 1 1  3 1 2 1  2 
1 1 1 1  1 1 1 1  
1 3 1 2  1 2 1  2 

4 ,,15 4 ,,16 

1 2 1 2  1 2 1 1  
2 1 2 1 2 1 2  2 
1 2 3 4 1 2 3 1 
2 1 4 3 1 2 1 h 

4 ., 22 4 0 23 

1 1 1 4 1 1 1 4 
1 2 1 4  1 2 1 4 
1 1 1 4  1 1 3 4 
4 4 4 1 4 l.� h 4 

4 0 29 4 0 30 

1 1 3 1 1 2 1 1 
1 2 3 2 2 1 2 2 
.3 .3 1 3 1 2 1 1 
1 2 3 2 1 2 1 1 

4 .. 36 4 .37 

1 1 1 1 1 I I I 
1 2 3 .3 1 2 3 4 
1 3 1 1  1 .3 1 1. 
1 3 1 1  1 4 1 1  

TABLE !IIa. 

S:::.rIGRUUl'S uF uIUJER FOUR 

4 0 3  

1 1 1 1 
I II 1 
1 ]. 2 2 
1 1 2 2 

4 010 

1 2 3 4 
2 1 4 3 
3 1+ 2  1 
h 3 1 2 

4 0 17 

1 2 1 1 
2 1 2  2 
1 2 3 It 
1 2 It it 

4 ,, 24 

1 1 3 3 
1 2 3 4 
3 3 1 1 
3 h 1 1 

4 .,31 

1 2 1 2  
2 1 " 1 
1 2 1  2 
2 1 2' 1 

4 038 

1 1 1 1  
1 2 .3 2 
1 3 1 .3  
1 2 3 2 

ho4 

III 1 
1 2 1 4  
1 1 1 1 
1 l� 1 1 

4 n l1 

1 2 3 4 
2 1 !l 3 
3 4 1  2 
4 3 2 1 

4 0 18 

1 2 3 1 
2 1 .3 2 
3 .3 3 3 
1 2 3 It 

4 0 25 

1 2 1 4 
2 2 2 2  
1 2 1 h 
)� 2 h ). 

4 ,, 32 

1 2 2 2 
2 1 1 1  
2 1 1 1 
2 1 1  1 

4 0 39 

1 I I I  
1 2 3 4 
1 3 1 1 
1 4 1  3 

4 0 5  

III 1 
1 2 1 2 
1 1 1 1 
1 2 1 4  

4 012 

1 2 3 4 
2 3 1 h. 
3 1 2 4 
4. 4 4 4 

4 019 

1 2 3  3 
2 1 3  3 
3 3 3 3 
3 3 3 4  

4 0 26 

1 2 4 4 
2 2 2 2 
4 2 1 1 
4 2 1 1  

4 0 33 

1 1 3 1 
1 1 3 1 
.3 3 1 .3  
1 1 3 2 

4 040 

1 1 1 1  
1 2 2 2 
1 2 2  2 
1 2 2  2 

6a 

4 ,,6 4 �7 

1 1 1 1 1 1 1 1  
1 2 1 1 1 1 1 1 
1 1 1 1 III 2 

III .3 1 1 2  2 

4 0 13 4 0 14 

1 2 3 1 1 2 1 1 
2 3 1 2 2 1 2 2 -
3 1 2  3 1 2 3 4 
1 2 3 4 1 2 4 3  

4 ,,20 4 0 21 

1 2 3 4 1 1 1 4 
2 1 3 4 1 2 3 4 
3 3 3 4  1 3 1 4  
4 4 4 4 4 4 4 1 

4 . 27 4 .. 2 8  

III 1 1 III 
1 2 1 4 1 2 3 4 
1 1 1 1  1 3 1 3 
1 4 1  2 1 4 3 2 

4 0 34 4 0 35 

1 1 3 3 1 2 3 3 
1 1 3 .3 2 3 1 1  
3 3 1 1  3 1 2  2 
.3 3 1 2  3 1 2  2 

4 .41 4 042 

1 1 1 1  1 1 1  1 
1 2 2  2 1 2 2  2 
1 2 2  2 1 2 .3  3 
1 2 2  3 1 2 3 4  
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TABLE IIIa 

S.C;ilIGl�OU,--'S U:l!' uRDER FOUR (Continued) 

4.43 4 �44 4 . h5 4 ,, 46 4 .. 47 4.48 4 .49 

1 1 1 1 1 III 1 1 1 1 1 1 1  1 1 1 1 1  1 1 1 1  1 1 1 1  
1 2 2 1 1 2 2 1 1 2 2 4 1 2 2 2 1 2 2 2 1 2 1 1  1 2 1  2 
1 2 3 1 1 2 3 4 1 2 3 4 1 2 3 2 1 2 3 1.+ 1 1 3 1 1 1 3  3 
1 1 1  4 1 1 4 1  1 4 4 1 1 2 2 2 1 2 4 2 1 1 1 4  1 2 3 4 

4.50 l� Sl 4 .52 4 ,,53 4 .'4 4 . 55 4 .56 

1 1 1  1 1 1 1 1  1 1 1 1 1 1 1 1  III 1 1 1 1  1 1 1 1  h 
1 2 1 1  1 2 1 1 1 2 1 2 1 1 1  1 1 1 1 1  III 1 1 1 1 4 
1 1 3  1 1 1 3 I� 1 1 3 1 .1 1 1  2 I II 1 1 1  1 1  1 1 2 ll. 
1 II I 1 1 4 1 1 2 1  2 1 1 2 1 III 2 1 1 1 1 I I I 4 

4 .57 4 058 4 .59 4 .. 60 4 .. 61 4 0 62 4 . 63 

III 4 1 1 3 4 1 1 1 1  1 2 3 4 1 1 3 4 1 1 1 1  1 1 1  1 
1 2 3 4 1 1 3 4 2 2 2 2 2 1 3 4  1 1 3 4 2 2 2 2 2 2 2  2 
1 3 2 4 3 3 3 4  III 2 3 3 3 4  3 3 3 4  3 3 3 3 1 2 3 4 
1 1 1 4 3 3 3 4 4 4 4 4 4 4 3 4 4 4 3 4 1 2 2 4 2 1 4 3  

4.64 4 065 4,,66 4 .. 67 4 ,,68 4 .69 4 0 70 

1 1 3  3 1 2 3 4 1 1 1 1 1 1 3  3 1 1 3  3 1 1 1  1 1 1 1 1 
2 2 4 4  2 1 4 3 2 2 2 2 2 2 3 3 2 2 3 3  1 1 2 2 2 2 2 2  
1 1 3  3 1 2 3 4 1 1 3 3 3 3 3 3 3 3 3 3 1 2 3 4 3 3 3 3  
2 2 4 4 2 1 h 3 2 2 4 4  4 4 4  4 4 4 3  3 1 2 3 4 3 3 3 4 

4 .. 71 4 .72 4 .. 73 4.74 4 .75 4 .. 76 4 077 

1 1 1 1 1 1 3 h 1 1 3  3 1 1 3 4  1 1 3  3 1 III 1 1 1 1  
2 2 2 2  2 2 3 4 2 2 3  3 2 2 3 4  2 2 3 3  1 1 1  3 2 2 2 2 

1 1 1 1  3 3 3 4  3 3 3 3 3 3 3 3 3 3 3 3 1 1 1 3 1 1 1  1 

h 4 4 4  3 3 3 4 3 3 3 4 3 3 3 3  3 3 3 3 1 2 3 4  III 1 

4 .. 78 4079 4 .. 80 4 ,, 81 4 0 82 4483 4 0 8h 

1 1 1 1 1 1 1 1  1 1  1 1  I I I  1 III 1 1 1 1 1  1 1 1 4  
2 2 2  2 2 2 2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 1 2 1 4 
1 1 1  1 1 III 1 1 1  1 II I 3 1 2 3 1 I I I  3 1 3 1  4 
2 2 2 2  1 1 1 4  2 2 2 4 2 2 2 4 1 1 1 1 1 2 1  4 1 1 1 h 
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TABLE IlIa 

S�qGROUPS OF ORDER FOUR (Continued) 

4.85 4086 4 .. 87 4.88 4089 4 .. 9.0 4 . 91 

1 1 1 1  1 1 1 4  1 1 1 1  1 1 1 1  1 1 1 1  1 1 1  4 1 1 1 1  
2 2 2  2 2 2 2 4  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 4 2 2 2 2 
1 1 1 3 1 1 1  4 1 1 1 1  1 1 1  3 1 1 1  3 1 1 3 4  1 1 3 1  
1 1 3 4 4 4 4 4  1 2 3 4 1 2 3 4 1 1 1  4 4 4 4 4 1 1 1 4  

4.92 4 0 93 4.94 4095 4 �96 4097 4 .. 98 

1 1 1 1  1 1 1 1  1 1 1 1  1 1 1 1  1 1 1 1  1 1 1 1  1 1 3 4  
2 2 2 2  2 2 2 2 2 2 2 2  2 2 2  2 2 2 2 2 2 2 2  2 2 2 3 4 
1 1 3 1  1 2 3 1 1 1 3  3 1 1 3 3  3 3 3  3 1 2 3 3 3 3 3 4 
2 2 2 4 1 1 1  4 1 1 3 4 1 2 3 4 1 2 3 4 1 2 3 4 4 4 3 4 

4 .. 99 4 0100 4 .. 101 4 .. 102 4.103 4 .. 104 4,,105 

1 1 1  4 1 1 3 4 1 1 1 1  1 � 1- 4  1 1 3 4  1 1 3 4 1 1 3 4  
2 2 2 4 2 2 3 4 2 2 2 2 2 2 2 4 2 2 3 4 2 2 3 4  1 1 3 4  
1 2 3 4 3 3 3 3 3 3 3  3 3 3 3  4 3 3 3 4 3 3 3 4  3 3 3  3 
4 4 4 4  4 4 4 4  4 4 4 4  4 4 4 4  4 4 4  3 4 4 4 4 3 3 3 3 

4.106 4 .. 107 4 ,,108 4 .. 109 40110 4 .. 111 4 .. 112 

1 2 3 4 1 1 1 4 1 1 1 1 1 1 1 1  1 1 1 1  1 1 1 1  1 1 1 1  
2 1 3  4 1 2 1 4 1 2 1 1  1 2 1 1 1 1 1 1  1 2 1 4 1 1 1  2 
3 3 3 3 1 3 1 4  1 3 1 1  1 3 1 1 1 1 1 1  1 3 1 1  1 1 1 1 
3 3 3 3 4 4 4  1 1 3 1 1 1 1 1 1 1 2 3 4 1 1 1 1  1 2 3 4 

4.113 4.114 4.115 40116 40117 4 .. 118 40119 

1 1 1 1  1 1 1 1  1 1 1 1  1 1 1 4 1 1 1 1  1 1 1  1 1 1 1 1  
1 2 1 1 1 2 1 1  1 2 1 2  1 2 1 4 1 2 1 1 1 2 1 2 1 1 1  2 
1 3 1 1  1 3 1 1  1 3 1 3 1 3 1 4  1 3 1 1  1 3 1  3 1 1 3 3 
1 3 3 4 1 1 3 4  1 2 1 4 4 4 4 4 1 1 1  4 1 2 3 4 1 1 3 4  

4.120 40121 

1 2 2 1 1 1 1 1  
2 1 1  2 1 1 1 1 
2 1 1 2 1 1 1 2 
1 2 3 4 1 1 1 1  
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TABLE IVa 

t'RO;:<ER SUBSEMIGRUU1'S uF SEl'iUGRtJU.t'S uF ORDER THREE 

----- ' � 

2 01 2 0 2 2 . 3 2 .. 4 
I 

3 0 1 1 
', -'-. 

3 . 2 1 

3 . 3 . - ---",..-- --

304  1 1 

3 5' 1 1 �-� -

3 06 1 1 

3 . 7 1 1 

3 . 8 1 1 

3 . 9  1 1 

3 010 1. 1 

3 ,11 
.. 1 J. 

3 .12 1 1 
-_----.' 
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