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Abstract

The work presents an analytic, approximate solution to an internal flowfield for a
solid rocket motor. The flowfield is modeled as a wall-normal injection or suction in a
symmetric porous channel with laterally expanding or contracting walls. From the
effective speeds that gases are gected into the combustion chamber of typical rocket
motors, the flowfield is modeled to be incompressible. Since the flame zone occursin a
very thin space above the propellant grain surface, it will be disregarded. Assuming
linearly varying axial velocity and uniform expansion (or contraction), the Navier-Stokes
equations will be reduced into a single nonlinear equation that can be solved
asymptotically. The Adomian Decomposition Method is used to solve this problem. Its
systematic approach to solving differential equations makes it idedly suited for the
present application. With this method one can recover an exact solution for problems
that allow an analytic treatment, it can also be used to arrive at approximate solutions for
problems that cannot be solved exactly. The governing equation that describes the bulk
fluid motion within the rocket chamber and the solution provided here will take into

account the viscosity, wall regression, and wall permeability.
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Nomenclature

a = wall regression/expansion speed

a = channel half-spacing, radius of a porous cylinder

A = injection coefficient, constant of proportionality

F = Berman's characteristic mean flow function

P = pressure

R = Reynolds number, crossflow Reynolds number, sidewall injection
Reynolds number

R, = blowing Reynolds number

Re, = wall injection Reynolds number

t = time

u = velocity component, x-direction

v = velocity component, y-direction

Vv, = normal injection speed, absolute speed of injection, crossflow
injection speed at the wall

V, = blowing speed relative to the moving wall

X = axia distance from the headwall

Greek

a = wall expansion ratio, secondary perturbation parameter

e = small parameter

) _ Y 1.
a 2

z = flow vorticity, V¥

y = streamfunction

m = dynamic viscosity

n = kinematic viscosity, ny'r



Superscripts

~
E &
o o
= =
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dimensional density

first derivative

second derivative

third-order derivative

fourth-order derivative



Chapter 1

I ntroduction

The analysis of wall-injected ducted flows remains a recurrent topic in the fluid
dynamics and propulsion communities, owing in large part to the wealth of applications
in which wall-normal injection is present. Depending on the application at hand, porous
walls can be used to simulate different types of surface mechanisms. These include
membrane separation, sweat cooling, boundary layer control, surface transpiration, phase
change (e.g., sublimation of solidified carbon dioxide), paper manufacturing, irrigation,
and, most notably in propulsive applications, grain regression and propellant burning.
Similar events occur in a number of interesting models of biologically inspired flows,
peristaltic motion, pulmonary respiration, biocirculation, flow filtration, chemical
dispensing, and reverse 0SmMosis.

The initiation of studies into porous channel flows is well attributed to work by
Berman [1]. In this pioneering article, Berman investigates the mechanisms associated

with the industrial separation of U, from U, through a process known as gas

diffusion. Consequently, recognizing that the wall-normal velocity in a porous duct must
remain independent of the axial distance from the headwall, Berman is able to reduce the
Navier-Stokes equations into a single, nonlinear, fourth-order ODE that is known as
Berman’s equation. His resulting ODE can be expressed both in Cartesian and
cylindrical coordinates, depending on whether the problem is planar (2D) or

axisymmetric (polar cylindrical, with no variations in the tangential direction). Berman’s



ordinary differential equation is subject to four fundamental boundary conditions and a
crossflow Reynolds number, R. In this work, the small injection case is investigated,
thus only small values of R will be considered. This Reynolds number is also referred to

as the wall injection Reynolds number, Re; , especially in the propulsion community [2].
It is based on the normal injection speed, V,,, and the channel half-spacing a. In the

axisymmetric geometry, a istaken to be the radius of the porous cylinder.

For small values of R, Berman obtains a regularly perturbed asymptotic
expansion to the problem in question. Several related investigations later follow, and
these are based on either analytical or computational techniques. Analytical approaches
that are used in this context are diverse. They rely on methods such as integral analysis,
method of averages, least-squares, power-series solutions, boundary layer theory,
matched-asymptotic expansions, and multiple scales theories. Examples abound, and the
interested reader may consult with the highly cited papers by Taylor [3], Yuan [4] and
Terrill [5] (for large sidewall injection), Sellars [6] and Terrill [7] (for large sidewall
suction), Proudman [8] and Shrestha and Terrill [9] (for large R and both symmetric and
asymmetric sidewall injection), Morduchow [10] and White, Barfield and Goglia [11]
(for arbitrary levels of sidewall injection). Investigations of asymmetric flow motion and
temporal instability have also been performed by Cox [12], King and Cox [13], Zaturska,
Drazin and Banks [14], Taylor, Banks, Zaturska and Drazin [15] and Watson, Banks,
Zaturska and Drazin [16,17]. In what concerns the large suction case, some of the most
elegant asymptotic treatment may be found in Cox and King [18], MacGillivray and Lu

[19], and Lu[20].



The spatia instability of Berman-related solutions constitutes a separate topic that
has opened up new lines of research inquiry. Investigations of this sort may be traced
back to work by Varapaev and Y agodkin [21], Raithby and Knudsen [22], Hocking [23],
Sviridenkov and Yagodkin [24], Brady [25], Durlofsky and Brady [26], and others. On
this particular subject, the characterization and identification of multiple solutions that
can arise over different ranges of the Reynolds number, R, are reported in articles by
Robinson [27], Skalak and Wang [28], Shih [29], Hastings, Lu and MacGillivray [30],
and Lu, MacGillivray and Hastings [31]. Under wall-injection conditions, only unique
and stable symmetrical solutions are shown to exist for the entire range of the injection
Reynolds number. This result is first reported by Skalak and Wang [28] and later
confirmed using mathematical proof by Shih [29] and Hastings, Lu and MacGillivray
[30]. For suction-induced motion in a porous channel, it is shown that one of the
symmetric solutions can turn unstable in the presence of asymmetric disturbances.
Subsequently, it can bifurcate into a pair of asymmetric solutions in the suction range
corresponding to —o < R<-6.0014.

For a comprehensive survey of all possible configurations that correspond to
suction-induced motions, the articles by Zaturska, Drazin and Banks [14], and Cox and
King [18] may be referenced. Other useful studies include those by Cox [12], King and
Cox [13], and Taylor, Banks, Zaturska and Drazin [15].

Besides theoretical modeling, several numerical and experimental studies have
been carried out in an effort to better understand the character of the flow in porous

channels. Though the list may be too long to enumerate, one may begin with Taylor [3],
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whose work associated with flow through thin porous sheets led to the first anaytical
solution for the large wall-injection problem. His solutions later proved to be accurate
not only for the porous channel configuration, but also for the porous tube and wedge
geometries. Other studies include those by Varapaev and Yagodkin [21], Raithby and
Knudsen [22], Sviridenkov and Yagodkin [24], Casdlis, Avaon and Pineau [32], Saad
and Madaani [33], and Kurdyumov [34]. In short, al of these studies concur that in the
case of wall-normal injection, the analytical approximations obtained by Taylor [3], Yuan
[4], and Terill [5] will develop quite rapidly into a self-similar form inside a porous
channel. In the case of suction, however, more than one solution is reported, including
the ssimple approximation derived by Sellars [6] and later confirmed by Terrill [7]. The
analytical model for the large injection case has been frequently employed to model the
internal flowfield in a solid rocket motor.

Despite the high temperature within solid rocket motors, Chu, Yang and
Majdalani [35] and Vyas, Mgdalani and Yang [36] have demonstrated that the mgjority
of chemical reactions due to burning propellant remain confined to a thin layer above the
solid propellant grain. The thickness of this layer in most practical applications does not
exceed 5% of the chamber diameter. Calculating the blowing speed along the edge of
this layer enables us to treat the gaseous motion within the chamber as non-reactive. The
resulting bulk motion may be captured by the streamlines depicted in Fig. 1, where the

wall-normal injection along the simulated propellant grain is illustrated.
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Figure 1. Streamlines associated with the bulk gaseous motion in

solid rocket motors.

In actual motor firings, the internal volume of the combustion chamber expands
radialy outwardly as time passesin view of grain regression. In typical motors, gases are
gjected into the chamber at effective speeds that fall in the range of 2-7 m/s. The average
mean flow Mach number inside the chamber up to and excluding the nozzle entrance
region does not usually exceed avalue of 0.3. By virtue of the thin flame zone in which
chemical reactions are confined, the flame zone may be disregarded, and blowing or
injection may be taken to occur along the propellant surface itself.  The resulting
flowfield may be treated as an incompressible fluid in a porous channel with lateraly
expanding walls.

The purpose of this thesisisto extend previous investigations by presenting a new
anaytical solution for small injection in a porous channel with expanding or contracting

walls. To beredlistic, only symmetric configurations will be considered.
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A man objective of this work is to leverage the use of the Adomian
Decomposition to obtain new approximations for this problem. Another objective is to
overcome deficiencies in available solutions that do not account for viscosity, wall
regression, wall permeability, or some combination of these fundamental flow features.
In the present work, all of these ingredients will be incorporated.

In modeling the internal flowfield in solid rocket motors, most previous studies
have discounted the effects of viscous shear and grain burnback. The use of the inviscid
Taylor profile became common, athough studies by Apte and Yang [37], Lee and
Beddini [38,39], and Majdalani [40] have confirmed the importance of retaining viscous
dissipation terms due to their appreciable contributions to the attenuation or growth of
vortico-acoustic waves. Viscosity does not only ater the bulk flow motion, but it can
also influence the motor stability formulation in which the proper assessment of vortical
energy is paramount. Furthermore, the inclusion of viscous effects in the base flow
description leads to a consistently viscous vortico-acoustic solution in which fluid
resistance is equally retained in both mean and unsteady velocities. This enables us to
refine the vortico-acoustic solutions presented recently by Majdalani [40] or Madalani
and Roh [41].

Along similar lines, retention of wall regression stands to improve our accuracy in
modeling energetic and fast burning propellants devel oped for high-acceleration vehicles
[42,43]. It also increases our repertoire of engineering approximations for modeling the
ablating surfaces of re-entry vehicles that depend on transpiration cooling [44]. It may

also be used to mimic the sublimation process of dry ice (or solid CO2), a phase change
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mechanism that has been recurrently used to simulate the burnback of solid propellant
grains [45-47].

Finally, the repetitive sequence of expansions and contractions that are
undertaken by porous channel walls can be used to model the peristatic motion
associated with fluid absorption [48,49]. The analytical framework to be developed here
can therefore provide guidance to physiologists who are concerned with the modeling of
fluid seepage and filtration processes [50-52] that often take place between parallel flat
membranes. The framework will therefore consider ‘slit flows’ that arise in narrow
passages with compliant membranes as part of the forthcoming formulation.

To derive the governing equation, we blend the tools employed by Berman [1],
Yuan [4], Sellars [6], Terrill [7], and Goto and Uchida [49]. Assuming linearly varying
axial velocity (or streamfunction) and uniform expansion (or contraction), the Navier-
Stokes equations will be reduced into a single nonlinear equation that can be solved
asymptotically. Depending on whether injection or suction is present, different ana ytical
procedures will be implemented to arrive at closed-form approximations for Berman’s
characteristic mean flow function, F. If desired, based on F, the magnitude of the
velocity, pressure and shear stresses can be deduced and used to characterize the

corresponding flow motion.



Chapter 2

Geometry and Governing Equations

In this chapter, the geometry associated with the simulated porous channel will be
defined. Furthermore, the governing equations for the viscous and incompressible
motion will be reconstructed to illuminate the origin of the equation that will be used in
subsequent analysis.

A. Geometry
The geometry under consideration is shown in Figure 2. The flow to be studied

evolvesinside a 2D porous channel that is bounded by porouswallsat y = +a, where X

denotes the axial distance from the headwall. The porous walls of the channel undergo
uniform expansion or contraction in the transverse direction. Through the two opposing
walls of the chamber, a viscous fluid is uniformly injected or withdrawn at a spatially

uniform speed, V,,. It should be noted that athough the flow in cylindrical tubes with

circular cross-sections are more common than planar flows; the latter are of equal
academic importance. Not only are they more straightforward to describe, they aso
develop in porous channels and low aspect ratio enclosures that are often modeled as
‘slit’ flows, or flows between parallel plates. In this particular configuration, the flow
field isinduced by wall-normal suction or injection that is uniformly distributed along the
sidewall. The use of Cartesian coordinates to describe the motion in planar geometry
leads to a simplification in the desired solution that can yet capture the essential features

of the flow.
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Figure 2. Geometry and dimensional coordinate system associated with atwo-

dimensional porous channel with a) sidewall injection or b) suction.

In the propulsion community, although the majority of idealized rocket motors

comprise circular cross-sections, the Cartesian planar motion associated with a sab
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rocket motor has become no less popular in recent years. A large number of
experimental [32,45-47,53-56] and theoretical investigations [32,55-59] exist in which
the 2D assumption is employed. This may be partly attributed to advantages offered by
planar configurations such as the ease of computation or flow visualization when the
experimental setting requires the use of awindowed environment.
B. Planar Equations

The equations of motion associated with the flow of an incompressible fluid in a

channel may be written as

aL v 0, (mass conservation) (2.1)
oxX oy

2 2
—+U—+V—=———+n a—l:+a—l: , (X-momentum) (2.2
ox° oy

and

ov ov _ov_ 1dp oV 0%V
+V—= +
ot oX oy r oy

n| —+—|. (y-momentum 2.3
ax2+ay2j (v ) (23)

These are subject to the several key boundary conditions, namely,
y=at): u=0, v=-V,, (2.4)

w

where V,, is the absolute speed of injection. This term can be written as V,, =V, — 4,
with V, being the blowing speed relative to the moving wall. Intuitively, one may see

that a contracting wall (i.e., one with a negative wall regression speed a) will impart an
additional component to the incoming fluid. Conversely, an expanding wall will lead to a
reduction in the absolute velocity of the injectant. Other boundary conditions include

10



x=0: @:0, v=0, (2.5
oy
and
y=0: @=0, v=0, (2.6)
oy

As shown in Fig. 1, Cartesian coordinates (X, y) are used such that the x -axisis
taken aong the length of the channel and the vertical y-axisin the wall-normal direction.
Asusual, u and v are taken to represent the two-dimensional velocity components in the
x- and y-directions, whereas r , p, n, t, and V,, are set to denote the dimensional
density, pressure, kinematic viscosity, time, and the (crossflow) injection speed at the
wall. In view of the attendant symmetry about the midsection plane, Egs. (2.4)-(2.6) are
written in the upper half-domain (y >0) only.

At this juncture, one may introduce the streamfunction, y , using u=20y /oy and
v=-0y /ox. The conservation of mass relation isimmediately fulfilled, thus leaving us
with the vorticity transport equation which can be obtained from the curl of the

momentum equation. Using z to define the flow vorticity, one can put

ov odu
—————— y (27)
oxX oy
and so
2 2
6_z+u8_z+va_z:n a_zz+a_z2 ) (2.8)
ot OX oy ox~ oy

11



As shown by Dauenhauer and Mgdaani [60], one can define two variable
transformations, specifically

y =(hx/a)F(h,t), h=y/a (2.9

When Eq. (2.9) is substituted into the vorticity transportation equation, careful partia

differentiation leads to
[F.., + FF, +F (2a -F)+ahF, —(a®/n)F,], =0, (2.10)
The boundary conditions given by Egs. (2.4)-(2.6) become

h=0: F=0, F, =0
(2.11)

h=1: F=R F, =0

Equations (2.10)-(2.11) control the motion of an incompressible fluid in a porous
channel. It iswas first obtained by Dauenhauer and Majdalani [60] and presented in the
third edition by White [61] as one of the new exact Navier-Stokes solutions for channel
flows. Note that the wall expansion ratio, a =aa/n, appears naturaly in Eqg. (2.10).
Recalling that a and a refer to the half-height of the channel and its expansion speed, a
represents a Reynolds number based on the regression speed of the sidewalls. With n
being the kinematic viscosity, a connection may be written between the crossflow
Reynolds number and a , namely, R=V,a/n = Aa. The constant of proportionaity, A,
denotes the so-called injection coefficient. It is important to remark that our sign
convention associates a positive R with sidewall injection and a negative R with
sidewall suction. The interested reader may refer to Dauenhauer and Mgdalani [60],

where the intermediate steps leading to Eq. (2.10) are provided with more detail.

12



A specia case arises when the wall expansion ratio, a , is constant in time. The

function F becomes dependent on h and a instead of (h,t). Onecan put K, =0 and

write

a_a:(a_a) _ 3% _ (2.12)
n nJ), N

In the above, a, and &, are used to designate the initial channel height and

expansion rate, respectively. Integration of EqQ. (2.12) with respect to t leadsto

a(t) =a, [1+ Z%t (2.13)

Note that the crossflow Reynolds number is based on the absol ute speed, namely,

R:VWa:(Vb_a)azvba—a:Rb—a (2.14)
n n n

where R, is the blowing Reynolds number relative to the regressing grain. Given the
time-dependence of a(t), the crossflow Reynolds is generally a function of time. To

simplify the upcoming analysis, we limit ourselves to cases for which the absolute

crossflow Reynolds number is constant. Based on Eq. (2.14), thisimplies

Vwa — (Vwaj = VW(O)aO = constant (215)
n N Jio n
whence
_ V,(0)a
V. (t) = 0 (2.16)

Then using Eqg. (2.13), we can put

13



Vu(0)

V, (1) = —2—— (2.17)
J1+Mat/al
Finally, recalling that V,a/n = Aa , we have
Vo - a88 o Vu_p (2.18)
n a

By assuming a time-invariant injection coefficient, A, Egs. (2.17) and (2.18) may be
combined to give

V, () _ a 1

S — (2.19)
Vo) & (lraat/a@

As shown by Dauenhauer and Majdalani [60], a backward substitution of these
relations leads to an exact self-similarity equation for Berman’s characteristic mean flow
function, F . Onefinds

F"+ahF"+3F")+FF"-FF"=0; 0<h<1 (2.20)
with
F(0)=0, F"(0)=0, F()=R, F'()=0 (2.21)

where F = F(h). A further simplification may be realized by defining

f :% (2.22)

This expression transforms Egs. (2.20)-(2.21) into
f"+ahf"+3f")+R(ff"-f'f")=0;, 0<h<1 (2.23)
f(O=f1"0)=f'Y=0, f()=1 (2.24)

In what follows, this problem will be solved using the Adomian Decomposition Method.

14



C. Axisymmetric Equations
As shown by Majdalani et a. [62,63], this problem may be repeated in cylindrical
geometry (r,z) with the haf-height being replaced by the radius of the cylinder. In this
case, one can use h = 1r? to obtain afourth-order nonlinear ODE:
hf"+ahf"+2f")+iR(ff"-f'f")+2f"=0; 0<h<i. (2.25)
where, in similar fashion, R represents the sidewall injection Reynolds number, and

a <1 denotes the wall expansion ratio. This fourth-order ODE has an assortment of four

boundary conditions, specifically

f(0)=f'@d)=0, f(d)=1, Liﬂ(f" 2h)=o (2.26)

15



Chapter 3

Adomian Decomposition Solution

The cylindrical equation of motion below will be solved using the Adomian

Decomposition Method (ADM). The governing equation is as follows:

hF" +a (hF”’+2F”)+%R(FF”’—F'F”)+2F’”=O (3.1
0<h s% (3.2)
F(O)=O
F(3)-1
Boundary Conditions : =% ( %):O (3.3
i (Fya) =0
A. ADM Setup

First, rewrite the governing equation to isolate the highest derivative of F (h)

Fmr:_a FW+EF" —iR(FFm— F’F")—E Fm (34)
h 2 h
A differential equation iswritten as
Fu=g(t) (3.5)

where 7 is the function dependent on u and g(t) is the forcing function, zero, in this

case. Hence, ¢ can berewritten as

Fu=Lu+ N (3.6)

16



where Lu and ANu are the linear and non-linear components of the function,
respectively. The linear portion can be further divided into the highest m™ derivative,
£u and the remainder of the linear terms, Ku, as shown below,

LU=2Lu+RuU (3.7

The highest m™ order derivative in the governing equation is

x(F): (=l (38)
Theremainder is
R(F)=-a Fry2pr |- 2pn (3.9)
h h
The non-linear operator is
R " e—n
N(F):—I(FF —-FF") (3.10)

B. Adomian Polynomials

To derive the Adomian Polynomials, A,...A, , F, isfirst expanded asfollows:

F:Zl:I "F =F,+| F, (3.11)
N(F)=N(Fy+I F+..) (3.12)
N(F):E(F'F”—FF’") (8.13)

- .

N(F):E[(FO'H Fl')(FO"+I Fl")—(FO+I Fl)(FO'"+I Fl"')} . @314

Expanding the previous equation and collecting the | terms,

17



! " m R 14 ’ !’ 14 " m
N(F):E(FO F, —F,F, )+EI (Fl F, +FF, —F"F,—FF, )+o(| ?) (3.15)

The Adomian Polynomials are defined using the general form

1 d"W(F (1))
A= (3.16)
n! dl -
— 1 dON(F(I )) _ R ’ " m
n dl® I_l‘z(':o Fo —FoFo ) (3.17)
1 dW(E(l R "
=E% :E(Fl F, +FF —F FO—FlFOj (3.18)
| =1

C. Adomian Decomposition
Since the highest derivative is of the fourth order, we select an inverse linear

operator to be afour-fold integrator:

LF=F"=£¢F >F(h) (3.19)
1 1 " h ha| (s rh2 ",
£iF =M (F) =] jijo ( "F dhl)dhz}dh3 dh,  (3.20)

({0 om .
[ L[ (000 (0)-F(0)- (0] Jon fon,

, (3.21)

)P ()1 (0)+ (0T (0)+ S (0) o,
(1 h2 " h ” h3 " h n

=F(h)-F(0)-hF (5)—7F (o)+§F (O)—EF (o)+§p (0)

18



£ F(h)—hs(%F”’(O)j—hz(%F”(O)j

%,_J %/_/
L 1 (3.22)
0(F(3)-3F(0-3F"(0)|-(F(0)
—
Cq
!
Rewriting the equation and making use of the constants c;, C;, C3, and ca,
F(h)= £'F"” +h° +h%c, +hc;+c, (3.23)
2(F)=F""
L(F)=R(F)+N (F
(F)=#(F)+ N (F) @20

LR = R(F)+ LN (F)
F(h)=£'%(F)+£* N(F) +h’ +h%,+hc;+c, (3.25)
\_ﬂr_J

For F=F+F+F,+..

F,+F+F, :fl(fo+$1+ﬂz)+fl(ﬁb+ﬁl+A2)+h3Cl+hZCZ+hC3+C4 (3.26)
i. Zeroth Order Solution

The zeroth order solution is defined by the equation
F,=h’%, +h%, +hc,+c, (3.27)

Applying the boundary conditions

0=(0)c,+(0)c, +(0)c; +c, (3.28)
0
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lim(Fg\/2h ) =0:

h—0

0=6hc+/2h +2¢,4/ +0
[3

Above, b isset asaconstant. So far, the zeroth order equation is as follows:

F, =h3c, +h®b +hc,
Continuing with the remaining boundary conditions,
Fo(3)=1:

1 1 1
l==—c+=b+=
8Cl 4 203

F ()=0:
OzB(%jq+2(%)b+q
3
:—b —_——
=G 2%

Next, substitute c; into the previous boundary condition result,

G

b 1 3

1=, = _p_2
+ +( 4qj

O

8 4 2

1-6,b b 3
8 4 2 8

O

c,=-b-4
Now, substitute the result for constant ¢, back into the c; equation:

¢, =—b —g(—b _4)=-b +%+3

20

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



b
=——+3
“ 4

= Fy=h*(-b-4)+h®b +h (—%+3}

To evduate b, substitute the F, equation back into the governing equation:

hF" +a (h F"'+2F")+%R(FF"'— F'F")+ 2F"=0
' 2 b
Fo =&h*(-b—-4)+2hb +(_Z+3]

F =6h(-b-4)+2b
F, ' = 6(—b —-4)=-6b-24
F"=0

h (0)+a {h (-6b —24)+2[ 6h (~b —4)+2b |}
+% R{h *(-b-4)+h%b +h (—%+3ﬂ[—6b —24]

{qu(—b —4)+2hb +(—%+3ﬂ[aﬁ (=b —4)+ 2b]}

+2(—6b -24)=0
At the centerling, h =0 . Therefore, the equation becomes

a [2(2b)]+% R{O—(—%JFBJ(Zb )}+ 2(-6b-24)=0

2

adb + R[%—Sb}+(—12b -48)=0

21
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(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)



a4b +§b2—3Rb _12b-48=0 (3.47)

—48+(4a —3R-12)b +;b2 =0 (3.48)

Using the quadratic formulato solvefor b inthe above equation, we get

. 48+12R-16a —[768R+(~48-12R+16a )’
1 2R

(3.49)

. _48+12R-16a +\768R+(-48-12R+16a )’
2 =
2R

(3.50)

After plotting, the only physical value for b is b, . Now substituting b into the F,

equation, the resulting zeroth order solution equation is shown below:

. _po| | 48+12R-16a - [768R+(-48-12R+16a )’ .
_h3|- _
2R

48+12R~16a — | 768R+ (—48-12R+16a )’

2 351
R (3.51)
1 48+12R-16a - [768R +(-48-12R+16a )" | _
-= +
4 2R
li.  First Order Solution
The first order solution is defined by the following equation:
F=¢R)+L 7 (A) - (352)

The zeroth order equation is simplified by substituting in for the constants:
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F, = xh +xh?+xh®

6 3 2a 768R+(-48-12R+16a )’
X = ——

R 2 R 2R
24 . & \/768R+(—48—12R+16a)2 (353)
X, =— -
2R R IR
768R+(-48—12R+16a )’
:_%_104_%_\/ ( = )

Recalling the equation for the zeroth order Adomian polynomial, the derivatives of the

F, equation are required and thus calcul ated,

A, = %( Fo Ry~ FoFy” (354)
F, = xh +xh?+xh?® (3.55)
F, =% +2xh +3xh? (3.56)

Fy =0+ 2x, +6xh (3.57)
F," =0+0+6x, (3.58)

A :g[(xl+2x2h +3x§12)(2x2+6x;1)

(3.59)
~(xh +xh?+x0?)(6%) ]
R 2 3
- Z[lex2 + 43 +12x,xh* +12xh° | (3.60)
A = R[%+ 2x2 + 6x,xh +6xh 2} (3.61)

Next, recall the equation for the remainder of the linear portion of F :
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#(F)=-a (Fo’”+hg Fo"j —hE F" (3.62)

=-a [Eix3 +h2(2x2+6x3h )}—%(6@) (3.63)
{6x3+ 4x2+12><3}—gx3 (3.64)
R, = ~18xa +_4X2ah¢ (3.65)
Going back to the F, equation,
F=LHR)+L (A)=L (R+A) (3.66)
- 1(—18x3a +——4x2ah—12x3
(3.67)

+X;]—X2 R+ 2X5R+6x,xh R+ 6x ZRJ

=" (%(—4x2a —12%, + X %,R)
(3.68)

+(2x22R—18x3a )+ 6x,xh R+ 6x5h 2R)
Once again, using a four-fold integration as the inverse linear operator, F,, is calculated:

1

F
1712

(RS- 9x3a)h4+— Rx,xh® + he
+h{——Rx1XZ+1—1 +1§1x2a+ (Rx1x2 12X, — 4x2a)ln(h)} (3.69)

+dh®+dh?+dh+d,

Next, find the derivatives of F , and apply the boundary conditions:
24



F = 112( ~9xa Jh* + R><2x;15+iFex§h6

(Rx1x2 12x, — 4x2a)h In(h)+ (——inx2 1—1x3+1§1x2ajh (3.70)
+dh®+dh?+dh +d,
Fl':%(Rx1x2—12x3—4x2a)h2+%(Rx22—9x3a)h3+%Rx2xJ14
+in§hS+1(Rx1x2—12x3—4x2a)h2|n(h) (3.70)

+ (——Rxl . 1—1><3+—1x2ajh2+3dh2+2d2h +d,

:g(RXlXZ —12%, —4x,a )h +(I'-\’x22 —9xa )h2 +Roxh
+1 Rh* +(RxX, —12%, — 4x%,a )h In(h) (3.72)

+6(——Rxl ) 1—1x3+—1x2ajh +6dh +2d,

limF, =0:
h—0 (3.73)
=d,=0
Ilm(F" 2h)=0:
h—>0 (3.74)
=d,=0
F(3)=1
1, 5 1) 1 1)y 1 _,(1
1=—(RE-9xa )| = |+ —=Rx,x%,| — |+ —RZ| —
12( 2 X3a)(16)+20 2X3(32j+60RX3(64j
(3.75)

+%(R'x1x2 ~12x, - 4% )(é}("”(z))

11 11, 11 1
+(—% R'xlx2+§x3 +§x2aj[8]+d (8J+d (2)
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9 1 1
1=—RX - +—RX,X,+——RX?
192 22 102 Y a0 2% 3810 R

(R, ~12% - 4xa)(-In(2)) (376)

1, 1) 1 1) 1_,(1

0=3(Ré-9xa) g+ gros )+ 1575

1 (3.77)
(Rx1x2—12x3—4x2a)(Zj(—SIn(2)+1)

11 11 11 1 3
+3(—£ RX]_XZ +§X3 +§X2a J(Zj'i‘(z)dl'i‘ d3

Solving the system of equations above, the solutions for d; and ds result:

1

d, = M(-11520+1520Rx1x2 ~180RxX + 2880x,

~T2Rx, X, —15Rx? — 6080x.a +1620x.a (3.78)
+480Rx, X, In(2) - 5760x,In(2) -1920x,a In(2))
1
d, = ———(11520+ 80Rx,X, + 20Rx? — 960
3”38 40( R, X, 2 X3
+12R%,X, + 3R —320x,a ~180xa )

(3.79)

Finally, the First Order Solution, F,, is obtained:

_lin 4, 1 s, 1 a6
Fl—lz(sz 9xa |h +20Rx2x3h +60Rx32h -
+%(Rx1x2—12x3—4x2a)h3ln(h)+d1h3+d§1

To set up the second order solution, the constants are rewritten as shown next:
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F =[iF€x§)h6+(i RX2X3Jh5+{%(Rx22—9x3a )}h“

60 20 | |
A %2 %3 (3.81)
+E(Rx1x2 —12x, - 4x,a )}h3ln(h )+dh®+dh
‘ :
F=yh®+yh°+yh*+yh’Inth)+dh®+dh (3.82)
iii.  Second Order Solution
The second order solution is defined by the following equation:

F=£(R)+L(A). (3.83)

The zeroth and first order equations are rewritten below, along with the definition of the

Adomian polynomial, A :

Fo =xh +xh?+xh? (3.84)

F=yh®+yh°+yh*+yh’Inth)+dh®+dh (3.85)
R "er [ m m

A= E(Fl F, +FF —F"F, - FlFO) (3.86)

Next, the first, second, and third derivatives are found for the zeroth and first order

eguations:
Fy = X +2xh +3xh? (3.87)
F,' =2x,+6xh (3.88)
F, =6X, (3.89)

F =6yh°+5yh*+4yh®+yh?+3yh®In(h)+3dh?+d,  (3.90)
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F =30yh*+20yh°+12yh®+5yh +6yhin(h)+6dh (3.92)
F" =120yh°+60yh*+24yh +6y,In(h)+11y, + 6d,. (3.92)

Substituting the appropriate equations into the A equation,

1
A= > R(-48%,Y, + 24%,y,)h*

=

+=R(-90% Yy, —10%,Y, + 30%,Y; )h ®

=N

+=R(24d,x, — 40X, Y, +8%,Y, +10%;Y, + 24%,y,In(h ))h? (3.93)

=N

+=R(12d,x, —12% Y, + X, ¥, +12%,Y, In(h ) )h

N

d;Rx,
h

—3Rle4 +

Once again, recall the equation for the remainder of the linear portion of F, and

substitute in the relevant equations for the derivatives of the first order solution,

m 2 n 2 "
@(F):—a(FlTFlj—h—Fl (3.94)

% =-180y,ah® +(-240y, —100y,a )h?
+(—-120y, - 48y,a )h —18y,a In(h) (3.95)

+h1(—12d1—22y4 ~12y,In(h))-48y,-18da - 21y,a

Before applying the inverse linear operator, add £ and A :

28



R+ A =(-24Rx,Y; +12Rx;Y, )h *

+(—45Rxy; —5RX, Y, +15Rx,y, —180y;a )h°®

+(12d,Rx; — 240y, — 20Rx,Y,

+4RX, Y, +5Rxy, —100y,a +12Rxy, In(h ) )h? (3.96)

+(6leX2 ~120y, — 6Rx, Y, +%( R, Y, )—48ya +6Rx, Y, In(h )jh
+(—12d, + d;Rx, — 22y, —12y, In(h ))h3—18y4a In(h)
-48y, -3Rxy, —18da - 21y,a

To simplify the previous equation, replace the constants as follows:

g, =-12d, + d;Rx, — 22y,
g, =-48y,-3Rx Yy, -18da —2ly,a

1
O; = 6d1RX2 _1ZOY2 - 6Rx1y3 + E( RX2y4) - 48Y3a

(3.97)
9, =12d,Rx; — 240y, — 20Rx,Y, + 4R%,Y; + 5Rx;y, —100y,a
0s = —45Rx Y, —5RX, Y, +15Rx;y, —180y,a
0s = —24RX, Y, +12Rx, Y,
= &+ A =gh*+gh’+h?(g, +12Rxy,In(h))
1
+ (g, +6RY,Y, In(h))+ gz+h—(gl—12y4ln(h)) : (3.98)

-18y,aIn(h)

Now apply the inverse linear operator to the previous sum in order to find F,:
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F2::171(5%4'/\)

_ 0 h8+ih7+(&_%+i In(h jhﬁ
360 600 30 RGyaIn(h)

1680 840
9 77R%y, 1 5
| =20~ Rey,In(h) |h
120 251200 3 20 (3.99)
g, y,a 4
+| =2+—2 _—yaln(h)|n
24" 16 27" ( )J
11g, 85y, 1 11 2] 3
——=_ g lInh)+=vy,In(h)-vy,In(h)" |h
+ 36 18+691 ()+3y4 ()y4 ()
+g+eh +eh”+eh’®

To solve for the constants of integration, € — €,, the boundary conditions are once again
employed. Before that takes place, the first and second derivatives of the current form of

F, are calculated,

F =95 ph7, s o
2210 120

. R><3y4+6( 9 1RV, L g viin(h )Dhs

_l_ _
30 360 600 30

" R>(2y4+5 g3 _77R>(2y4+iRX2y4|n(h) h4
20 120 1200 20

s _By_4a+4(&+%_§y4am(h)j h?
4 24 16 4

(3.100)

+ 3e4+%+11%—2y4ln(h)

11g, 85y, . 1 11
+3(—3—§1—1—g“+gglln(h)+§y4ln(h)— y,In(h )ZDh2+ez
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F, =epe . Jps
30 20

11Rx,y, 0, 1ORxy, 1 4
8 3ol 24283 L © Ryy.In(h) | |h
T30 T (360 600 30 % ()

o[ IR, +20( 9 TTRGY, 1 LY, In(h )Dh3

20 120 1200 20
o1 - 3 (3.101)
o[- 2R 2 B2 3y ann) | o
4 24 16 4
+ 6e4+5—§1+49y4 —10y,In(h)
11g, 85y, 1 11 2
+6| ——2-—24+ =g, In(h)+=y,In(h)-y,In(h h
(258 2ginh)+ Lyn)- vino’ |
Below, the boundary conditions are once again applied:
limF, =0:
h—0 (3.102)
=¢e=0
Iim(Fz" 2h)=o:
h—0 (3.103)
=6=0

The remaining boundary conditions, Fz(%) =1 and F, (%) =0, produce equations that

must be solved simultaneously. Solving the system of equations results in the solutions

to the constants of integration e, and g,:

1

= 5150400
12809, +80g, + 250, + 985600y, — 5264Rx, Y, (3.104)

—~2072Rx,y, +109200y,a + 537600y, In(2)
~6720Rx,Y, In(2) —3360Rx,Y, In(2) +100800y,a In(2))

(6451200+ 44800g, + 5600, +1120g,
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1

e =
“ " 1612800
~6720g, —1400g, — 3609, —105g, + 4659200y,

+41664Rx,y, +12600Rx,y, —1587600y ,a
+268800g, In(2) + 4300800y, In(2)
+40320Rx, Y, In(2) +16800Rx,y, In(2)

~907200y,a In(2) +1612800y, In(2)’)

(—6451200 + 3584009, —504009,

This completes the Second Order solution:

9% p8, G547

271680 840

9, 19Rxy, 1 | :
o ZTV8Ya  — n(h) |
360 600 30 Ray,In(h)

9  17TR%Y, + 1
120 1200 20

+ &+25£—§y4a In(h)jh4

+

Ly, In(h )jhE’

24 16 4

o116 8%, 1
3% 18 6

glln(h)+1—31y4ln(h)—y4ln(h)2]h3

Adomian Decomposition Solution

(3.105)

(3.106)

Taking the zeroth, first, and second order solutionsto F , we can combine them to

form the compl ete solution,

where

F=R+FR+F,
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o | 48+12R-16a ~ [ 768R+(-48-12R+16a )’ .
0~ - -
2R

48+12R-16a — || 768R+ (~48-12R+16a )’
2R

(3.108)

|1 48+12R-16a — || 768R+(~48-12R+16a )’
4 2R

+3

Flzi(Rx§—9x3a)h4+in2x415+in§h6
12 20 60 (3.100)

+%(Rxlx2—12x3—4x2a)h3ln(h)+d1h3+d;1

_ O o, Gs 7
1680 840

g, LORxy, 1 6
4| 24 TV - In(h) |h
360 600 30RX3y4 ()
93 77RX2y4 1 5
2 _1TVa L~ Rey,In(h) |h
120 1200 @20 eYs ()

g, 25ya 3 4
P2, 2904 P yaln(h)h
24" 16 27" (h)

(3.110)

11g, 85y, 1 11
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Chapter 4

Asymptotic Solution

The flow motion in a uniformly porous cylinder with expanding or contracting
sidewalls can be used to smulate the motion in a solid rocket motor. Here, the
cylindrical case for a small injection or suction is addressed. It can be described by a
fourth-order, nonlinear ordinary differential equation (ODE) developed by Madalani et

a.[1,2]:

hF"+a(h F”’+2F”)+%R(FF’”— FF")+2F"=0 (4.1)

N

where R represents the sidewall injection Reynolds number, and a <1 denotes the wall
expansion ratio (a small Reynolds number based on the expansion speed of the sidewall).

The fourth-order ODE has an assortment of four boundary conditions, specifically

Boundary Conditions: (4.2

A. Double Perturbation M ethod

For small injection or suction, we can let e = R and assume that a is a secondary

perturbation parameter. Thiswill enable usto find
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F:Fo+eFl+O(e2) by interlacing a double perturbation expansion of the form

F,=F,+a F01+O(a2) and F, =F,+a F11+O(a2). Begin by rewriting the governing

equation below:
hF®+a(hF® +2F”)+%e(FF(3) ~FF")+2F® =0

Substitute the following for F :

F=F+eF+..
h(F +eF)(4)+a (h(F +eF )(3)+2(F +eF, )")+
0 1 0 1 0 1

14

(4.3)

(4.4)

%e (F,+eF,)(F,+eF)? —(F, +eFR,) (F,+eF,) )+2(Fo+eFl)(3) =0. (45)

Expand the equation, and collect the e terms:

hF® +ehFY +ahF? +eahF® +a 2F,) +ea 2F, +%eF0FO(3) +%e2|:1|:(§3) +%e2F0F1(3) +

1

1 ’ " l
EegFlFf’) ~SeRF =5

SRR L

hF® +ahF® +a2F, +2F +
Leading Order

e(h F?+ahF"® +a2F/ +% F,F? —% F) Ry + 2F1(3)j+ 0(e’)=0

First Order

35

> e’F, F —%e3F1' F'+2F%Y +2eF® =0

4.7)

(4.6)



B. Leading Order Solution

To solve for the leading order equation, substitute for F, using the following

eguation with the secondary perturbation parameter of a . Expand the equation and

collect the a terms,

hF¥ +ahF® +a2r +2F® =0 (4.8)
Leading Order
Fo=Fpt+aFy+.. (4.9)

hFY) +hafFY) +ahFY rahFY +a2Fy +a22F; +2FY +a2FY =0  (4.10)

hFy +2Fg +a(hF) +hFG +2Fy + 2R )+0(a®)=0  (411)

Leading Ord
1ng Lraer L eading Order
Zero Term First Term

I. Leading Order Zero Equation
Solve the linear ordinary differential equation (leading order zero equation), and

apply the boundary conditions:

hFW + 2R =0 (4.12)

Leading Order

Zero Equation
Fp =G +hc,+h%c+c,(h-hin(h)) (4.13)
Fy(0)=0-¢ =0 Fy =hc,+h’c,+c,(h—-hin(h)) (4.14)

Lim(':o'c')\/z):\/z[—iwLZCg\/ﬁ}:O—) ¢, =0 F,, =hc,+hc,
—0

N

Fo(3)=c+6=0-c,=-¢,
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=l->c¢=-4&c,=4

1
H
J
N [
+
IR

Foo =4 -4 (4.15)

ii. Leading Order First Equation

Substitute equation (4.15) into the leading order first equation,
hEY +2FY = -hFY - 2F; (4.16)
hF? +2FY =16 (4.17)
Repeat the steps used to solve for F, in theleading order zero equation (4.12) to develop

the solution to the leading order first equation from (4.11),

FOl:gh3+cl+hc2+h2c3+c4(h ~hin(h)) (4.18)

F(0)=0—>¢, =0 FOl:gh3+hc2+h2c:3+c4(h ~hIn(h))

Iim(FO'; 2h)=ﬁ[2g—%+8‘1)20—>c4 =0—> Fm:g'h3+hc2-|-h2<:3
h—0

1 4 1
F01(%):1—>6+%+%:1—>g:—§&czzé
1 4, 4
F,==h-—=h24+2p? 4.19
w=3h-shes @.19)

Substituting equations (4.15) and (4.19) into equation (4.9), the leading order solution is

found:
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L eading Order Solution: |F, = (4 -4h°)+a (%h —ghz +gh3j (4.20)

C. First Order Solution
To solvefor F, inthefirst order equation, repeat the steps used to find the leading

order solution. The leading order equation is taken from (4.7):

hF“+ahF® +a 2F' +% F, R —% F, Fy +2F? =0 (4.21)

First Order

Separate the terms and use (4.21) to substitute in for the F, terms:

hF® +ahF® +a2r" +2F® = —% F, R +% R R, (4.22)

F=F,+aF,+.. (4.23)

hES) +ahFY +ahFY +ahFY +a 2F) +a 22F + 2FY +a 2F?
1 1, 4., 4

:_E{(m —4h2)+a (gh —§h2 +§h3ﬂ8a (4.24)

+%{(4—81)+a (%—gh +4h2ﬂ {—8+a (—§+81 ﬂ

(RS +2r8))+a (hFE +h RS + 2Ry + 2R

11

First Order First Order
Zero Equation First Equation
(4.25)
_ _16+32h +a|-32n2+%H_ 2
S 3 3
First Order _
Zero Equation First Order.
First Equation
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i. First Order Zero Equation

Solve the linear ordinary differential equation (first order zero equation), and
apply the boundary conditions givenin (4.2):

h FY +2FY =-16+32h (4.26)

Flo:—%h3+4§h4+cl+h cz+h2g+c4(h—h In(h)) (4.27)

Fy(0)=0-¢ =0 Floz—%h3+4§h4+h ¢, +h?c,+¢,(h-hIn(h))
|.m(|:" 2h):

[2@}? f ~&h Jh+ 16h ﬁ} 0-¢,=0

F, :—%h3+gh4+h ¢, +h?¢,
11\ — 7 _
F10(§)“§+C2+C3_0

2
Flo(%):]-_)_% 022 23_1_“:3 1Lc=

“Ape_Bysipe_ 2y, (4.28)
3 9

ii.  First Order First Equation

Next, the components for the first order first equation from (4.25) are taken and
set equal to each other. Then it isreordered to separatethe F,; and F, terms:

hE +2FY =—h FY —2Fr —3h? —h —2—3? (4.29)
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Before substituting the F,, terms into (4.29), the derivative forms of (4.28) are

determined:
16 2
Fo=—h®-h?’+h-= 4.30
1075 9 (4.30)
Fr :1—??h2 —&h+2 (4.31)
Fy = 3—32h _8 (4.32)

hFY +2FY = -h (3—32h —8]—2(%h2 —eh + 2)—32h 2 +6—;h —% (4.33)

160, , 136 32
hE +2RY = ——=h2+=—=h == 4.34
11 11 3 3 3 ( )
Fo=—2h°+20n¢-Shiigih g +h? e g, (h-hIn(h)) (4.35)
9 27 9
Fu(0)=0-¢ =0
Fy :—§h5+%h4—gh3+h c,+h?c+¢, (h—hin(h)) (4.36)

c, 16h 6&h* 4’
. nJ2h ) =lim| 2 | 2¢,— = - - =0->¢,=0
im(Fiv2n) 'm{ [% h 3 9 o H ik

2 17 8
F,=—=h°+=—h*-=h®+h c,+h? 4.37
"9 27 9 &G (437
, 91 91
Fll(%):—ﬁ—kcz-i—cgzo—)%:E—Cz
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17 ¢, 1( 9
E.(1)= = 424 == _ =
u(3) 216 2 4[216 CZJ
el - B
736527 26
Fll——£h5+£h4—8—h3+£h2—§ (4.38)
9 27 9 36 216

Substituting equations (4.28) and (4.38) into equation (4.23), the first order first equation
solution becomes

FIZ(ﬂh4—ﬂh3+h2—gh]+a (—gh5+
9 3 9 9

e
27

8hay
9

19
36

hz_ﬁh].
216

(4.39)

D. Complete Solution

Substituting the results from the previous calculations, equations (4.20) and
(4.39), into equation (4.4), the solution for F is obtained.

F(h)=( —4h2)+a(%h —gh2+gh3]+
4

e (ﬂh‘l_
9 3

Zh

nl i )

Finaly, by calculating the derivatives of F(h), the final substitutions can be

h3+h?- 7y,
27

(4.40)

4_8_h3+
9

19
36

23

h2-22
216

made into the governing equation, (4.1). The governing equation is restated below one
final time:

hF™+a (hF"+2F ")+%R(FF "-F'F")+2F"=0.
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Chapter 5

Results

The results of the Adomian Decomposition Method are plotted in the following
pages. In Figure 3 below, it is apparent that the plots agree with the boundary conditions

wherethevalueof F =0 forh =0 and F =1for h =1. For thisplot, the sample values

of R=5 and a =1 are used. The Adomian Decomposition approximations are plotted

along with the perturbation and numerical results [64] for comparison.

Approximations of

Figure 3. F vs. n for R=5, a=1.
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By taking the approximation of F and applying it to the streamfunction (2.9),y ,
a h=025 and using the sample values of n, R=1, and a =0.5, the velocity

components in the x- and y-directions, u and v, can be calculated. The corresponding

velocity field plot is shown in Figure 4.

Velocity Field Plot

Figure 4. Veocity field plot.

To consider the effects of R, the resulting equation for F versus is plotted over a
range of values in Figure 5, with a =0.25. The plot shows that as R exceeds 50, the

equation begins to pull much farther away from the plots at smaller R values. As R
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increases, the value of F decreases between the boundary points. Recalling the
calculations made in the Adomian Decomposition, R appears at many levels within the
zeroth, first, and second order solutions, most often in the denominator. It is, therefore,
fitting that changes in R would have significant effects on the resulting solution, as

evidenced in Figure 5.

Approxmations of T - +17+17

Figure5. R plots.

To consider the effects of a , the result is plotted in Figure 6 over a range of
values, while R=10. The figure demonstrates that as a increases (closer the value of

R), the value of F increases between the boundary points. In the calculation steps which

44



solve for F, a is commonly found in the numerator, providing for a direct relationship

with F.
Approainations of F=Fy+F+F
&
10l
osk
gl
A
P2
o b
P
Vs
/r:/
/_/;
4
&
#
1 o3 os 2

Figure 6. o Plots.
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Chapter 6

Conclusion and Future Work

In this study, the Adomian Decomposition Method is used to solve the given
flowfield equation. The equation, which can be traced back to research pioneered by
Berman [1] in the 1950's, is extended to take into account viscosity, wall regression, and
wall permeability. Simplifications to the equation, as a result of disregarding the flame
zone and treating the flow as compressible and non-reactive, are included to allow us to
derive solutions that are largely in accord with observations.

A. Conclusion

The Adomian Decomposition Method was successfully applied to the governing
flowfield equation, which resulted in the approximate solution. The equation was
separated into nonlinear, highest-order linear, and the remaining linear terms. The
Adomian polynomias were determined, and then the Adomian Decomposition was
invoked. Using a four-fold integration as an inverse linear operator, the Adomian
polynomials, and the given boundary conditions, the method was applied to obtain the
zeroth, first, and second order solutions. These solutions were then added to obtain the
final Adomian Decomposition approximate solution, accurate to second order.

B. FutureWork

In future work, the Homotopy Analysis Method (HAM) should be applied to the

governing equation to provide a solution using another method. Along with the Adomian

Decomposition Method and the asymptotic solution, al three methods can aso be
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applied to a different problem, or a different form of the presented problem, to provide
researchers with additional insight in their respective theoretical, experimental, and

computational research.
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