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ENDOMORPHISMS AND TRANSLATIONS OF SEMIGROUFS

0. Introduction

This thesis is a study of some of the properties of mappings of
semigroups into semigroups. In Section 1, definitions and basic concepts
are given, with brief mention of some well known properties of semigroups and
of mappings. Section 2 is devoted to a few theorems which are useful in
the process of finding the semigroup of all endomorphisms of a given semi-
group. When theorems on endomorphisms are valid in the more general
situation in which a semigroup is mapped homomorphically on another semi-
group; we state and prove the theorems in the more general setting. Section
3 consists of some theorems and a short discussion of right and of left
translations of semigroups. The rest of the paper is devoted to listing,
in section L; 1) the semigroups of all endomorphisms of semigroups of orders
two, three and four, and 2) the semigroups of all right translations and of
all left translations on semigroups of orders two; three and four.

We have occasion frequently to prove theorems about "one-sided® sub-
systems, such as right (or left) ideals; zero elements; and identity elements.
In such cases it is always clear that; by interchanging "left® and "rightt
in the theorem and its proof; the result is a "left-right dual" of the original
and is equally valid. It will also be clear that if the hypotheses of a
theorem are assumed to remain true when "left" and "right™ are interchanged,
then a "two-sided" theorem results. We shall avoid unnecessary repctition by
omitting explicit mention of this duality except where the "two-sided¥
theorem is of especial interest.

As an appendix, we include a listing; compiled jointly by the author

and Messrs. Ko S, Carman and J. C. Harden, of the semigroups of orders two,



three, and four. From time to time we cite examples by numter from this
list; the digit to the left of the decimal point of each such number is
the order of the semigroup, and the number following the decimal point gives

the lineal position of the semigroup among all those of that order.

l. Definitions and basic concepts

Definition 1l.1. A semigroup is a system consisting of a non-empty set of
elements a, b; ¢; .00 and a rule of combination having the following two
propertiess

(1) The rule of combination associates with each ordered pair of
elements a, b an unique element ¢ ; we usually speak of the rule of com=
bination as "multiplication;" call c¢ the "product” of a and b (in that
order), and express the association symbolically by writing a<b =c or
ab= c ;, but on occasion we may use the terms %addition® and %¥sum" and write
a4+ b=cs

(2) The rule of combination is associative, i.e., if a, b, and ¢
are elements then a(bc) = (ab)c.

It is easy to showt by mathematical induction that the product of any
ordered finite set of elements in a semigroup is definable uniquely.

Definition 1.2. A semigroup S 1is said to be of finite order, or to be

of infinite order, {or simply to be finite or to be infinite) according as

S contains a finite or an infinite number of elements. The number of
elements in a finite semigroup is called the order of the semigroup.

Definition 1.3, A subset H of a semigroup2 S 1is called a subsemigroup

lSee,for example, H. Zassenhaus, Lehrbuch der Gruppentheorie,
(Leipzig and Berlin: Teubner, 1937}, p. 1l

2No confusion will arise from the use of the same letter to derote
both a semigroup and the set of elements of that semigroup.
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of S if it is closed under the multiplication defined in S , i.g., if
the elements of H and the rule of combination in S constitute a semi=
group. GClearlyy; S itself is a subsemigroup of S . A subsemigroup of
S which contains more than one element, but is not S itself; is called a
proper subsemigroup. A subsemigroup may consist of a single element a
i.e.y; we may have a?= a 3 if this be the case; a is said to be an
idempotent element.
Definition l.4o The product AB (or A°B) of two subsets A and B of a
semigroup S 1is a;fined to be the set of all products ab ;, where a € A
and b€ B, It is easy to see that from the associativity of multiplication
of elements of S follows the associativity of multiplication of subsets:
A(BC) = (AB)C , the equality here meaning that the set A(BC} and the set
(AB)C consist of exactly the same elements of S .
Definition 1.5 If S 1is a semigroup, e€ S ; and se=s foralls €8,

then e is called a right identity element (or simply a right identity) of

S . left identity elements are defined similarly. An element which is both

a right identity and a left identity is called a two-sided identity, or; when

no confusion will result, simply an identity. If e is a right identity in
a semigroup S ; and f 1is a left identity; then e = fe =f ; hence S has
an unique two-sided identity element and no other right or left identity.
Clearly, any (right; left, or two-sided) identity element is idempotent.
Definition ioéo If S 1is a semigroup, k€ S ;, and sk =k for all

S€ S ;, then k is called a right zero element (or simply a right zero) of

S o Left zero elements are similarly defined; and an element which is both

a right zero and a left zero is called a two-sided zero element {or simply a

zero) of S . If k is a right zero and c¢ a left zero of S , then

c = ck =k ; hence if a semigroup has both a right zero and a left zero



it has an unique two-sided zero element and no other right or left zero.
Clearly, a (right, left; or two-sided) zero element is idempotent.
Definition l.7. A non-empty subset R of a semigroup S is called a right
ideal of S if RS € R. (We use € for inclusion and ¢ for proper

inclusion.) Similarly, a non-empty subset 1L is a left ideal if SL & L .

If a subset M 1is both a right ideal and a left ideal, it is called a

two-sided ideal, or simply an ideal, of S ; in this case we have

SMS = S(MS) < SM & M . Right, left; and two-sided ideals of S are,

of course; subsemigroups of S ; for if; for example; RS & R; then

a fortiori RR & R . If A is any subset of S and R is a right ideal
of S, then AR is a right ideal of S ; for (4R)S = A(RS) & AR .
Similarly, if A 1is any subset and L a left ideal of S , then 14 1is

a left ideal of S 3 and if M 1is a two-sided ideal of S ; then, for any
subset A, AM is a right ideal; MA a left ideal, and MAM a two-sided
ideal of S . Since S itself is a two-sided ideal of S , it follows
that, for every subset A ; AS is a right ideal; SA a left ideal, and
SAS a two-sided ideal of S . In particular; if the subset A consists of

a single element a ; the right ideal aS 1is called the principal right

ideal generated by a ; similarly; the sets Sa and SaS are known

respectively as the principal left ideal and the principal two-sided

ideal (or principsl ideal) generated by a .

Definition ;‘aéo Since; as we have observed, a right, left, or two-sided
ideal K of a semigroup S 1is itself a semigroup, it follows from
Definition 1.7 that a subset R of K such that RK & R is a rignt
ideal of K y and similarly for left ideals and two-sided ideals of K .

A right (left; two-sided) ideal of K need not be a right (left, two-sidsd)

ideal of 8 ;, for RE & R does not in general imply RS € R ;5 for



example, if we take S to be the semigroup 4.59, K to be the set of
elements (1, 2, 3) and R to be the set of elements (1, 3}, we have

KS = (1,2) (whence K is a right ideal of S ) and RK =1 (whence

R is a right ideal of K ), but RS = (1, 2) é R, whence R 1is not a
right ideal of S . On the other hand, if R 1is a subset of K and R
is a right (left, two-sided) ideal of S , then R is a right (left, two-
sided) ideal of K 3 for if RS € R then § fortiori RK &€ R . It is
convenient to have a name for the relation between R and K ; if R 1is
a right (left, two-sided) ideal of a semigroup S , we define R to be

a right (left, two-sided) subideal of any ideal of S containing R .
Definition l.9. A set A is said to be mapped into a set B by a mapping
¢ if ¢ is a rule which associates with each element of A one and only
element of B ; mappings are often referred to by the more cumbersome term

single~valued transformation, aml are expressed symbolically by writing

A(P € B . In general, there may be elements of B to which no element ot
A 1is made to correspond by the mapping ¢ ; if this is not the case; i.e.;
if to each element of B the mapping ¢ makes at least one element of

A correspond; then A 1is said to be mapped onto B ; and we write

A¢ =2 B . In any case, the unique element of B to which an element

a € A corresponds under the mapping 4) is called the image of a under

¢ o If A] € A and B is the set of images of the elements of A;
under a mapping of A into B , then B; is called the image of A,
under this mapping; in particular, if A 1is mapped onto B, then B is
the image of A . If A¢ 1is a single element of B, ¢ is called a con-
stant mapping. The set of all elements of A that are mapped onto a given

element b & B 1is called the complete inverse image (or, when no con=

fusion will arise, simply the inverse image) of b ; and the union (class sum)



&

of the compiete inverse images of all elements of a subset By of 2 is

called the complete inverse image (or simply inverse image) of bl o
Definition l.lu. Ine product ¢Y of two mappings ¢ and Y ot a set A
into itself is defined to be the mapping which accomplishes the sam: rosulrh
as that obtained by performing first3 the mapping ¢ and then the mapping
Y ; i.e.; if ae A and a¢ = a' and a'yY = a" , then a(\db‘-}’) is
defined to be a" . More concisely, A(¢$ ¥ ) is defined to be (.&43')‘}‘ o
Two mappings; 4) and ‘]U s of a set A into a set B are said to be
equal if they have the same effect on every element of A , i.g., if
ag =ay for all ae A ; if this is the case, we write (P =y . It
is easy to .sshcmvil that, with these definitions of product and equality; the
multiplication of mappings of a set into itself is associative; i.g.,
¢(WX} = ((13 ‘P)Xo A mapping of A into 8 1is said to be une-to-one
(abbreviated l-1) or biunique if' the image of each element of 4 1is the
image of only one element of A ; symbolically, ¢ is a 1-1 mapping of A
into B if a€ 4, a'€ A, a$ = a'¢ imply a =a' . It is now clear
that the set of all mappings of a set A into itself forms a semigroup
® under the multiplication defined above, and that, since the product of
two mappings of A& onto A is a mapping of A onto A , the set of all
mappings of A onto A 1is a subsemigroup of @ » Furthermore, since the
product of two Ll-1L mappings of A into A 1is clearly 1-1;, the 1-1 mappings

#

also form a subsemigroup of @ o We note in passing that, if 4 1is an

3Many authors use fMJ to denote the result of performing first ¥,

then¢ ; if this is done, it is convenient to write @A € ki 3astead of
AP s A

L‘See, for example; Birkhoff and MacLane, A Survey of Modern
Algebra (New York: WMackillan, 1941), p. 125.
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infinite set; a mapping of A onto A need not be 1-1; for example, let
A be the set of positive integers, let 1¢ = 1, and let n¢ = n-1 for
n > 1; then 1 =1¢ = 2¢ , 2=3¢ , and in general n = (n+l)¢ s
s0 that A 1is mapped onto A by<? s but 4) is not 1-1. Conversely, a 1-1
mapping of an infinite set A into itself need not map A onto A ; for
example, let A be the set of positive integers again, and let x@¢ = 2x
for any x€ A ; then ¢ is 1-1 but the image of A under ¢ is the proper
subset of A consisting of the positive even integers. On the other
hand, if A 1is a finite set then all 1-1 mappings of A into itself are
onto, and all mappings of A onto itself are 1-1l. If the number of
elements in a finite set A is k , the semigroup of all mappings of A

into A we shall call the transformation semigroup of degree K.

For any set A , finite or infinite, the class of all 1-1 mappings of A
onto A forms not only a semigroup but a groupS; in general, this group is
a subgroup of the semigroup of all mappings of A onto A , and also a
subgroup of the semigroup of all 1-1 mappings of A into A ; and if A 1is
finite the three coincide. For a finite set A of k elements; the

group of 1-1 mappings of A onto A 1is called the symmetric group of
degree k ; it is a subgroup of the transformation semigroup of degree k.
Definition 1,1le If A and B are semigroups and ¢ is a mapping of

A into B, @ is called a homomorphism if, for any elements

a5 ap; of A, (ajap)¢ = aypeay,dp o It follows immediately that if
A€ A and Ay & A then (MA))P = Apra,d o If AP S A and ¢

is a homomorphismy 4) is called an endomorphism of A . The image of a

semigroup A under a homomorphism ¢> is a semigroup, i.e., if

5Birkhoff and Maclane, op. cit., p. 152
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AqD: C& B then C is a semigroup; for if Cp sCy € C and if ay and
a, are any elements of the inverse images of ¢y and Co 5 respectively,
then (ajaz)¢p = ajpearp = cic, ; whence cqc, is the image of an element
ajas € A under the homomorphism ¢ s and therefore CiCs € C. The image

set C 1is said to be a homomorphic image, or homomorph, of A . If a

homomorphism d) is a 1-1 mapping, 4} is called an isomorphism, and the
domain and range of ¢ ( A and A(P ; respectively) are said to be

isomorphic images, or isomorphs of each other. If ¢ is an isomorphism

and A(P = A (not merely A(P S A), d) is called an automorphism of

A . The product of two endomorphisms ¢p mnd Y of a semigroup A 1is an

endamorphism of A , for if a, 5 a, € A then

(a,3,)(d¥) = [(aa)P]Y = (a9°a,d )Y = (ay $)We(a, §)V
=a(QW¥)a(PY)en

* It is an immediate consequence of this fact and the remarks in Definition

1.10 that the product of antomorphismg of a semigroup A 1s an automorphism
of A . Hence the set of all endomerphisms of a semigroup A 1is itself

a semigroup, containing as a subsemigroup the set of all automorphisms of

A 3 in fact; as is easily shown, the automorphisms form a grou é having

. for its identity element the identity wmapping defined by x¢ = x for all

X € A , and having for the inverse of a group element (automorphism)

the inverse mapping 45" defined, for all Xx € A ; by the relation

x¢'= y if and only if yp = x .

6Birkhoff and MaclLane, op. cit., p. 152. Birkhoft and Maclane
prove the theorem for automorphisms of a group, but the proof holds
mutatis mutandis for automorphisms of semigroups.




2. Endomorphisms of semigroups

Our first theorem characterizes semigroups S having the highly
special property that every mapping of S into itself is an endomorphism.
It will be clear from the characterization that there is (to within
isomorphism) only one such semigroup of a given order; if such a semigroup
S 1is of finite order k , the semigroup of all its endomorphisms is just
the transformation semigroup of degree K .

lemma 2,1. If every mapping of a semigroup S into itself is an

endomorphism, then every element of S is idempotent.

Proof. let a € S. By hypothesis, the constant mapping Sd) = a
is an endomorphism, whence a 1is a subsemigroup of S . Therefore
a2z a.

Theorem 2.1. A necessary and sufficient condition that every mapping

of a semigroup S 1into itself be an endomorphism is that either every

element of S 1is a right zero element or every element of S 1is a left

zero element.

Proof of necessity. We shalli show that if the elements of S are

not all left zero elements then S contains at least one right zero element,

and thence show that all elements of S must be right zero elements.

Let a be a non-left-zero element of S . Then there is at least one

element x € S8 such that ax $ a ; let x be any such element. Let

s € S and let ¢ be any mapping of S into itself such that

(ax)47 = ax and a¢ = s . By hypothesis, ¢ is an endomorphism, whence
seax = a¢-(ax)¢ = (acax)¢p = (agx)¢ .

But, by Lemma 2,1, a2= a. Hence (ax)¢ = (ax)<p = ax . Now we have

seax = ax where s 1is an arbitrary element of S . Therefore ax is a

right zero element of S « Now let y € S and consider any mapping
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WV of S into itself such that (ax)y/ =s and yy =y . By hypothesis,
¥ is an endomorphism, whence s = (ax)¥ = (y-ax) Y =y ¥ -(ax)P=y-s .
Hence, y being an arbitrary element of S , the arbitrary element s

is a right zero element of S .

Proof of sufficiency. Suppose every element of S 1is a right
zero. Let a and b be any elements of S , let ¢ be any mapping of
S into itself, and let a¢ = a' , b =b' . By hypothesis, ab=b ,
whence (ab)¢ = b¢ = b? . Also, by hypothesis, a'b'= b!' , whence
acP ebcﬁ = a'bi=b! . Therefore (ab)cp = a¢ »bqb , whence the arbi-
trary mapping <f> is an endomorphism. We argue similarly from the suppo-
sition that every element of S is a left zero.

Theorem 2.2, Under a homomorphism ¢ of a semigroup S onto a semigroup

T , the complete inverse image of a subset T, of T is a subsemigroup

of S if and only if T, is a subsemigroup of T .

Proof. The necessity has been demonstrated in Definition 1l.1l.
To prove the sufficiency, let Sl be the complete inverse image of a
subsemigroup T1 of T ,andlet a , b €Sl . Then
()P =apedd €1 ,
1 and S, 1is therefore a subsemigroup of S .

1

A constant mapping of a semigroup S onto an element ¢ of a

whence abé€ 3

semigroup T is obviously a homomorphism if and only if c¢ is idem~
potent. Conversely, we have

Theorem 2.3. Under a homomorphic mapping of a semigroup S onto a semi-

roup T , the complete inverse image of any idempotent element of T

is a subsemigroup of S .

Proof. Let ¢ be a homomorphism of S onto T , let ¢ be an
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idempotent element of T , let R be the complete inverse image of ¢
under ¢J ;and let a , b €R . Then (ab)p =a¢d ‘WP =cec=c ,
whence ab€ R . Hence R 1is closed under multiplication in S and
is therefore a subsemigroup of S

Since any homomorphic image of a semigroup is a semigroup, it is
plain that if a semigroup is mapped homomorphically onto a single element
¢ then c¢ is idempotent. Hence we have Theorem 2.3 in the stronger
form of the

Corollary. Under a homomorphic mapping of a semigroup S onto a semi-

group T , the complete inverse image of an element c¢ of T is a

subsemigroup of S if and only if ¢ 1is idempotent.

We proceed now to some theorems on the images and inverse images
of ideals under homomorphisms.

Lemma 2.2. If M is a subset of a semigroup S , qS is a homomorphism

of S onto a semigroup T , and R is a subset of M such that

=

SR ,then RP:-UP = RO
Proof. R¢p » MP = (RM)p = RP .

Corollary 1. If M is a subsemigroup of a semigroup S and R is a

right ideal of M , then the image of R under a homomorphism defined

on S is a right ideal of the image of M .

Taking M =S in Corollary 1, we have

Corollary 2. Under a homomorphism defined on a semigroup S , the image

of a right ideal of S is a right ideal of the image of S .

Theorem 2.4, Under a homomorphism ¢ of a semigroup S onto a semigroup

T , the complete inverse image of a right ideal of T is a right ideal

of S .
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Proof. Let N be a right ideal of T and let R be the complete
inverse image of N under ¢ . Then (RS)Cf) = R¢ * 5 CP =ZN.TE N ,
whence RS € R and R is a right ideal of S
From this theorem and Corollary 2 to the preceding theorem we
conclude

Corollary 1. Under a homomorphism of a semigroup S onto a semigroup T ,

the complete inverse image of a subset N of T is a right ideal of S

if and only if N is a right ideal of T.

To say that an element ¢ of a semigroup T is a right ideal
of T is equivalent to saying that ¢ is a left zero element of T .
Hence, as a special case of Corollary 1, we have

Corollary 2. Under a homomorphism of a semigroup S onto a semigroup T ,

the complete inverse image of an element ¢ of T is a right ideal of

S if and only if c¢ is a left zero element of T .

The importance of two~-sided ideals and zero elements leads us to
state separately the still more special

Corollary 3. Under a homomorphism of a semigroup S onto a semigroup

T , the complete inverse image of an element ¢ of T is a two-sided

ideal of S if and only if c¢ is a two-sided zero element of T .

Theorem 2.5. A homomorphism ¢ of a semigroup S onto a semigroup T

maps the principal right ideal generated by an arbitrary element of S

onto the principal right ideal generated by the image of that element.

Proof. let a €S and let a¢ = b . Then
(aS)d) = a (f) ’ S¢ = BT , the principal right ideal generated by b .
Since the principal right ideal generated by a left identity ele-

ment of a semigroup is the semigroup itself, and the principal right
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ideal generated by a left zero element is that left zero element itself,
wa have the

Corollary. If a homomorphism ¢ of a semigroup S onto a semigroup T

maps a left identity element of S onto a left zerc element of T ,

then fP is a constant mapping.

From the associativity of multiplication in a semigroup and the
definition of homomorphism, we see that; for any element a , any posi-
tive integer k , and any homomorphism Lf?, (ak)fpb = {a ‘fj)k + This
elementary fact yields immediately the following analogue of Theorem 2.5:

Theorem 2.6. A homomorphism of a semigroup S onto a semigroup T maps

the cyclic subsemigroup of S generated by an arbitrary element onto the

cyclic subsemigroup of T generated by the image of that element.

An immediate corollary (already obvious, since any homomorph of
a semigroup is a semigroup, and an idempotent element is itself a semi-
group) is that any homomorphic image of an idempotent element is idem-
potent. A second immediate consequence, which may also be inferred
directly from the corollary to Theorem 2.3, is the

Corollary. Under a homomorphism of a semigroup S onto a semigroup T

the cyclic subsemigroup of S generated by any element of the inverse

image of any idempotent element ¢ of T is mapped onto c .

Theorem 2.7. Let T be a subsemigroup of a semigroup S ; let f be

any element of S , and let H be the set of all elements of T for

which f is a right identity. Then H either is vacuous or is a left

ideal of T .
Proof. By definition of H ;, a € H if and only if a €T and
af =a . Nowif a é€H and t €T we have (ta)f =t(af) =ta . But

ta €T , for t € T and a€e€H< T and T is a subsemigroup of S .
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Therefore ta¢ H , whence H , if non-vacuous, is a left ideal of T
Letting T =S , this theorem yields the

Corollary 1. In a semigroup S the set of all elements for which a

given element is a right identity either is vacuous or is a left ideal

of S5 .
If f 1is the given element in Corollary 1, then 2 =¢ implies
f e H ; hence we have

Corollary 2. 1In a semigroup S the set of all elements for which a

given idempotent element is a right identity forms a left ideal of S5 .

We note that the set H of Theorem 2.7, even if non-vacuous,
need not be a left ideal of S if T 1is a proper subsemigroup of S .
However, if T be assumed to be a left ideal instead of merely a sub-
semigroup of S , we have
Theorem 2.8. Let L be a left ideal of a semigroup S , let f be

any element of S , and let H be the set of all elements of L for

which f is a right identity. Then H either is vacuous or is a left

subideal of L

Proof. We recall that for H to be a left subideal of L means
that H& L and H is a left ideal of S . Let a€ H and 1let
y€S5 . Then (ya)f =y(af)=ya . But ya €L since L is a left
ideal of S . Therefore yae H , whence H , if non-vacuous, is a
left ideal of S .

Letting L =S in Theorem 2.8 we have Corollary 1 to Theorem 2.7,
and then letting f be idempotent we have Corollary 2.

By left-right duality, Theorems 2.7 and 2.8 yield the result that

with any element f of a semigroup S , and any subsemigroup T (right

jdeal R ) of S containing at least one element for which f is a left

°
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identity, there is associated the right ideal K of T (right subideal
K of R ) consisting of all elements of T (of R ) for which f is a
left identity. Now the set of all elements of T (of R ) for which f
is a two-sided identity is just the intersection HM K . But the inter-
section of a left and a right ideal need be neither a left nor a right
jdeal. See; for example, No. L.64 in the Appendix, in which the elements
1, 3 form the right ideal of all elements of S for which the idem-
potent element 1 is a left identity; and the elements 1, 2 form the left
ideal of all elements for which 1 is a right identity, but in which their
intersection, consisting of the element 1, is not even a one-sided ideal.
However, any right, left, or two-sided ideal of a semigroup is a subsemi~
group, and the intersection of two subsemigroups is either vacuous or a
subsemigroup, whence we have

Theorem 2.9. Let T be a subsemigroup of a semigroup S , let f be

any element of S , and let ¥ be the set of all elements of T for

which f is a two-sided identity. Then M either is vacuous or is a sub-

semigroup of T .
Letting T= S we have

Corollary 1. The set of all those elements of a semigroup S for which

a given element of S 1is a two-sided identity either is vacuous or is a

subsemigroup of S .

With T =S and the given element idempotent we obtain

Corollary 2. The set of all those elements of a semigroup S for which

a given idempotent element of S 1is a two-sided identity forms a sub-

gsemigroup of S .
That the set of all elements for which a given idempotent element
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is a two-sided identity need be neither a right nor a left ideal is shown
(and Corollary 2 to Theorem 2.7, its dual, and Corollary 2 to Theorem 2.9
are illustrated) by No. L.8L. In this semigroup, the set H of all ele-
ments for which the idempotent element 2 is a right identity consists of
the elements 1, 2, 3; and H 1is a left ideal. The set K of all ele-
ments for which 2 is a left identity consists of the elements 1, 2, L;
and K is a right ideal. The set of all elements for which 2 is a two-
sided identity consists of 1 and 2; and this set HNn K is a subsemi-
group but neither a right nor a left ideal.

Analogous to the three preceding theorems on right identity ele-
ments are the following results on right zero elements.

Theorem 2.10. Let T be a subsemigroup of a semigroup S ; let w be

any element of S , and let Y be the set of all elements of T for

which w 1is a right zero. Then Y either is vacuous or is a subsemi-

group of T , but Y is not a proper left ideal of T .

Proof. By definition of Y, a e Y if and only if a € T and
aw=w. Nowif aeY and b €Y we have (ab)w =a(bw) =aw=w .
But ab€ T, for Y < T . Hence ab €Y, and Y , if non-vacuous,
is a subsemigroup of T . Now suppose Y is a left ideal of T . Then,
forany t€ T and any a € Y, we have w = (ta)w = t(aw) = tw . But
this means that w is a right zero for every element of T , i.e.,

Y=T . Therefore Y cannot be a proper left ideal of T .

Letting T =S we have

Corollary 1. In a semigroup S the set Y of all elements for which

a given element is a right zero either is vacuous or is a subsemigroup
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of S , and is not a proper left ideal of S .

If w 1is the given element in Corollary 1, then 1r2: w implies
w €Y ; hence we obtain

Corollary 2. In a semigroup S the set of all elements for which a given

idempotent element is a right zero forms a subsemigroup of S , but is not

a proper left ideal of S .

From the fact that the intersection of two subsemigroups is a sub-
semigroup, and the argument used in the proof of Theorem 2.10, we have

Theorem 2.11. Let T be a subsemigroup of a semigroup S , let w be

any element of S , and let Z be the set of all elements of T for

which w is a two-sided zero element. Then Z either is vacuous or is

a subsemigroup of T , but Z is not a proper right or left ideal of T .

Corollary 1. In a semigroup S the set of all elements for which a given

element is a two-sided zero either is vacuous or is a subsemigroup of S ,

but is not a proper right or left ideal of S .

Corollary 2. In a semigroup S the set of all elements for which a

given idempotent element is a two-sided zero forms a subsemigroup of S,

but is neither a proper right ideal nor a proper left ideal of S .

An analogue of the corollary to Theorem 2.5 follows from

Theorem 2.12. Under a homomorphism of a semigroup S onto a semigroup

T containing a left identity element e , if aCP = e then every ele-

ment of S for which a is a left zero is mapped onto e .

Proof. et beS, ab=a . Then
bd=ebP)=a¢d b =(ab)p =agd=e.
Corollary. If a homomorphism ¢ of a semigroup S onto a semigroup T

maps a left zero element of S onto a left identity element of T , then
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¢ is a constant mapping.

Corollary 2 to Theorem 2.7 states that the set of all elements of
S for which a given idempotent element a is a right identity forms a
left ideal L of . S o We now sharpen this result by pointing out

Theorem 2.13. In a semigroup S the left ideal L of all elements of

S for which an idempotent element a is a right identity is just the

principal left ideal generated by a .

Proof. L consists of all elements x € S such that xa = x .
Now let s € S 3 then (sa)a =s(aa) =sa , whence sa € L and therefore
Sa 2 L. But if x €L then x =xa & Sa , whence L & Sa . Hence
L=5a .

This leads to

Theorem 2.1. Under a homomorphism of a semigroup S onto a semigroup

T , if an idempotent element a of S 1is mapped onto a right identity

element of T then the set of all elements of S for which a is a

right identity is mapped onto T .

Proof. Let f be any right identity element of T , and let
a¢ =1f . By Theorem 2,13, the set of all elements of S fof which a
is a right identity element is just Sa ; and, by the dual of Theorem 2.5,
(5a)p =T(ap)=Tf=T,

The foregoing theorem is of some utility in constructing the
semigroups of endomorphisms of finite semigroups, and in this connection
the following consequence is worth mentioning:

Corollary. Let S be a finite semigroup, and let a be any idempotent

element of S . Define the positive integer d(a) to be the number of
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elements of S for which a is a right identity (i.e., let d(a) be

the order of the left ideal Sa ). Then if S can be mapped by a homo-

morphism 45 onto a semigroup T with right identity element f , the

order of T cannot be greater than the least integer d(a) such that

ap = £ .

Our next theorems, like the one preceding, are of interest pri-
marily in the problem of finding all the endomorphisms of a semigroup of
order n which has been constructed by adjoining an element to a semi-
group of order n~-1 . PFirst we note the obvious

Theorem 2.15. Under a homomorphism ¢ of a semigroup S onto a semi-

group T ;, if an element a of S is the product of some two elements
of S then the image of a is the product of some imo elements of T .
Proof. Let a=xy . Then a¢ = (xy)¢p = x¢ Té .

le observe that if the homomorphic mapping q') is many-one then
the converse of the theorem need not hold; for example, let 4) be a con-
stant mapping. Of course, if ¢ is an isomorphism the converse does hold,
and we can say that an element of S 1is the product of some two elements
of S if and only if its image is the product of some two elements of T ,

Theorem 2.16

]
t—

If a non-idempotent element a of a semigroup S 1is a

two-sided zero element for all other elements of S , then the complete

inverse image of a under any endomorphism d’ of 8 is a itself.

Proof. By hypothesis, al # a and as=sa=a forall s €S
except a . Let s €S, s ? a , and suppose sqs — a . Then
ap = (sa)p = s¢ -ad =a-ap . But this is self-contradictory; for

if a¢ = a we have a= a-a , and if a4>;‘: a we have a¢==a-a.4>:a.
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Many semigroups of order four may be constructed by adjoining an
element (usually an identity or zero element) to semigroups of order
three. This suggests that the determination of all endomorphisms of such
a semigroup of order four might be facilitated by a study of the relations
of such endomorphisms to those defined on a subsemigroup of order three.
Dropping the restriction to semigroups of order four {and, indeed, the
restriction to finite semigroups), we present in the concluding theorems
of this section a brief study of the special case in which the element

adjoined is a zero element of the resulting semigroup. Throughout the rest

of this section, if S is a semigroup then S* will denote the semigroup

formed by adjoining to S a two-sided zero element, the lafcter being de~
noted by O . We begin with some new definitions:
Definition 2.1. If 43 is a mapping of a set M into itself and if a is

an element of M such that a¢ = a , then a is called a fixed element

of M under ¢ .

Definition 2.2. If ¢ and ¥ are mappings defined on a set M and if
x¢p = xy¢ for every x € M , then ¢ and Y are said to agree on M . If
M is a subset of a set N , if 45 and ‘¢ are mappings defined on M and
N , respectively, and if ¢ and ¥ agree on M , then Y is said to be an

extension of d) , or, more fully, \P is said to extend ¢ from M to N.

If ¢> is a homomorphism defined on a subsemigroup M of a semigroup N,

and ¢ is an extension of 4> from M to N, then Y is said to be a

homomorphic extension of ¢ (or an endomorphic, isomorphic, or automorphic

extension of ¢ ) provided ¥ is a homomorphism (or endomorphism, iso-
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morphism, or automorphism); we note that an isomorphism may have a homo-
morphic extension that is not isomorphic.

Theorem 2.17. Let ¢ be a homomorphism of a semigroup S into a semigroup

T , and let  be an extension of ¢ from S5 to s* . Then W is a homo-

morphic extension of ‘P if and only if OY is an idempotent iwo-sided

zero for S¢ .

Proof. To prove the necessity, let Y be a homomorphic extension
of  to S, let be SP ,andlet b=ap =ay , where a is
any element in the inverse ¢a—image of b . Then

b0y =ap oY =(@0)¥=oyY=(0a)yY=0y cay=o0y.v,

whence OY 1is a two-sided zero for S¢ . And since 0 is an idem-
potent element of S* and \ is a homomorphism, O is idempotent.

To prove the sufficiency, we observe first that, since \Y agrees
with the homomorphism ¢ on S , we need only consider the effect of Y
on products c¢-0 , O-c y and 0+0 , where c¢ 1is an arbitrary element of
S . Let ce€ S ; then, by hypothesis, Oy 1is a two-sided zero for c¢ ,
i.8., cy o¥y=céd 0¥=oy=0Y cp=0¢ .c¥ . But
c+0 =0-c =0 , whence

(ccO)Y =0W=cy -0 and (Oc)Y=0P =0y ¢ y .
Therefore \J preserves products c¢:0 and O.c . Finally, Oy is idem-
potent by hypothesis, whence OW 0y =0y = (0-0)¥ . Hence Y is a
homomorphic extension of ¢ .

We note that, if ¢ is a homomorphic extension of ¢ s O¥ need
be merely a two-sided zero for S¢) » and need not be an element of S¢ .

For example, let S" be No. 3.16, in which S consists of the elements
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2 and 3, and O ic the element 1 , let(p map S onto 3, and

let 9’ map 1 onto 2 .
In particular, Theorem 2.17 holds for extensions of endomorphisms
of a semigroup, and we note the useful corollaries:

Corollary 1. If Y is an extension of an endomorphism from S to S¥

and if Oy =0, then Y is an endomorphic extension.

Corollary 2. If an endomorphism ¢ maps a semigroup S onto a subsemi-

group having a two-sided zero element c , and if an extension Y of ¢

fron S to S* maps O onto c , then Y is an endomorphic extension.

Any idempotent element of a semigroup constitutes a subsemigroup
of order unity, and is of course a zero element for that subsemigroup.
Aside from such trivial zero elements, however, it may happen that all the
subsemigroups lack zero elements, and for such semigroups we have

Theorem 2.18. If no subsemigroup of order greater than unity of a semi-

group S has a two-sided zero element, then O is a fixed element under

every non-constant endomorphism of s* .

Proof. Let Y be a non-constant endomorphism of s* ; then S*(P
is a semigroup, of order greater than unity, of which 0OY is a two-
sided zero element. Suppose, contrary to the conclusion we wish to
establish, that O Y :f- 0 ; i.e., suppose that Oy € S . Then either
S¥Y € S or there exists at least one element of S which is mapped
onto 0 by Y . In the former case, OY is a two-sided zero elemsnt
of the subsemigroup S*(P of S, and, since | was assumed to be non-
constant, the hypothesis of the theorem is contradicted. In the latter

case, let b be any element of S such that by =0 . Then
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(Ob)p=o0y € 5, while OY by =0¢ -0=04¢ S , which contradicts
the hypothesis that § is an endomorphism of s*

Theorem 2.19. If a semigroup S has no zero element and no proper two- '

sided ideals, and if O is a fixed element under an endomorphism ) of

s* , then either S*§¥ = 0 or (¢ is an extension of an endomorphism of S .

—— — —————————————— —  —

Proof. Since y is given to be an endomorphism of s* , it is a
homomorphism on 8§ , and we have to prove that if S*LP # O then
SY £ S . Suppose, on the contrary, that S ?_ S . Then there exists
in S at least one element b such that by =0 ; let b be any such
element. By Corollary 3 to Theorem 2.4, the complete inverse image of O
is a two-sided ideal B of S®¥ . Since bé B, B/ S is non-empty;
and if S*Y £ O then, since OY =0 , we have § Y ?5 0 , whence
B/ SCS ., Furthermore, S°< S , whence xy€ BNS and yxe& BNS
for all x€ S, ye BNnS . Therefore BN S 1is either a proper two-
sided ideal of S or a two-sided ideal consisting of a single element
(_:Leg_,, a two-sided zero element of S ), contrary to hypothesis.

We note that in this theorem it is not sufficient to assume merely
that S has no proper two-sided ideals, permitting S +to have a two-
sided zero element. For example, let s* e No. 3.16, as in the example
following Theorem 2.17, with O the element 1 , S consisting of the
elements 2 and 3 , and the element 2 a two-sided zero element of S ;
then 1y =24 =1, 3Y =3, defines a non-constant endomorphism of
S* which is not an endomorphism of S .

From Theorems 2.18 and 2.19 there follows immediately the
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Corollary. If a semigroup S has no proper two-sided ideals, and if no

subsemigroup of order greater than unity has a two-sided zero element,

D S— e —————— — S—

mogghism of § .

Since a constant mapping of S* onto an idempotent element of S
is clearly an extension of the mapping of S onto the same element, we
might re-word the conclusion of the Corollary as follows: the only endo-
morphisms of S* , aside from the constant mapping S*y = 0 , are exten-
sions of endomorphisms of S .

Theorem 2.20. If A is a two-sided ideal in a semigroup S and ¢ is

an endomorphism of S , and if ) is a mapping of S* into itself such

that AY = OY¥ =0 and such that L+/ agrees with ¢ elsewhere in s* R

then q) is an endomorphism of s* .

Proof. If x, y €8 and x, ¥ ¢A , the product xy 1is
preserved under Y because of the agreement of V¥ and 4’2 s and products
in which either element is O ; or both elements lie in A , are obviously
preserved. If x € S, x¢A s, YEA, then xyeg A , whence (xy)y¥ =0 ;
but x ¢ yY=xY -0=0, whence (y )P =xVy -y . Therefore Y is

an endomorphism of s* .

3. Translations of semigroups

The terminology and notation of this section follow the usage of
A. H. Clifford. We are indebted to a forthcoming paper of Clifford, on
extensions of semigroups, for several of the theorems of this section
(in particular 3.1, 3.8 and its corollaries, and 3.9 and its corollary),

and undoubtedly our other theorems (if true!) are also known to him. The
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theorems presented here were chosen for their utility in constructing the
semigroups of translations of semigroups of orders two, three, and four,
and we have not undertaken a general or systematic study of these inter-
esting transformations. At the end of the section we consider briefly a
question raised by Clifford concerning the permutability of left and right
translations of semigroups satisfying a certain cancellation condition.
Definition 3.1. If a mapping p of a semigroup S 1into itself satisfies
the condition (ab)@ = a(b @) for every a, b €5, then P is

called a right translation of S . If A is such that (ab)X = (a A\)b,

then X\ is called a left translation of S . It is often convenient to

write the symbol for a left translation on the left of the element to
which it is applied, thus: “W(ab) = ( A a)b .

Theorem 3.1. The set of all right translations of a semigroup S forms

a subsemigroup of the semigroup of all mappings of S into itself.

Proof. Let a , b €5 and let /6‘1 s /02 be right translations

of S . Then

(ab)( /,i ﬂz) — [(ab) pﬂ pz = I:a(b f’l)] /02 —a [(b /:'1) @]
—a [b( /‘1 ﬁz)] )

whence flm Pz is a right translation of S .

Theorem 3.2. If a semigroup S 1is commutative, then every right trans-

lation of S 1is also a left translation of S .

Proof. Let a , b €5 , and let 2 be a right translation of S .
Then (ab)p = (ba)p = b(a/O Y= (a /O)b , Whence P is a left trans-

lation of S .
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Theorem 3.3. Every left zero element of a semigroup S5 is fixed under

every right translation of S .

Proof. Let a be a left zero clement of S, let s €5 , and
let £ be any right translation of S . Then ap = (as)P = a(s p) =a.
Our next theorem is analogous to Corollary 2 to Lemma 2.2 on
homomorphisms, but is stronger in this respect: while the dual of the earlier
result merely guaranteed that a homomcrphic image of a left ideal of a
semigroup S would be a left ideal of the image of S , the present
theorem states that a right translation image of a left ideal of S 1is
a left ideal of S itself. This clearly limits the extent to which a
right translation can "shrink" a semigroup in which there are no small

left ideals.

Theorem 3.l. Under any right translation P of a semigroup S , left

ideals of S are mapped onto left ideals of S .

Proof. Let L be a left ideal of S , let N=L Q2 , let m&ll,
s €S, and let x be any element of L such that m=x£ . Then
sm=s(x 2 )=(sx)” . But sx €L since L is a left ideal of S ,
whence (sx)f3 € M . Therefore we have sm ¢ ki for arbitrary s € S ,
mé&M, whence M is a left ideal of S .

Corollary 1. The image of a semigroup S under a right translation is a

left ideal of 5 .
Since a single element of a semigroup constitutes a left ideal if
and only if it is a right zero element, we have

Corollary 2. The image of a right zero element of a semigroup S under a

[

right translation is a right zero element of 5 .
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Corollary 2 may also be expressed by the statement that the set of
all right zero elements of a semigroup is invariant under the class of all
right translations. We note that, unlike Theorem 3.3 (which concerns the
fate of left zero elements under right translations), this corollary does
not imply that each right zero element is fixed under every right trans-
lation.

Corollary 3. If a right translation of a semigroup S 1is a constant

mapping, then the image is a right zero element of S .

For the special case of principal left ideals, we have an easy
parallel to Theorem 3.L:

Theorem 30_5_5 The principal left ideal generated by an element of a semi-

— p——————— —p— ——

group S 1is mapped by any right translation P onto the principal left

ideal of S generated by the image of that element,

Proof. Let a € S . Then (Sa)p = S(aP) o

Corollary. If a right translation of a semigroup S maps an element a

onto a right zero element b of S, then the principal left ideal

generated by a 1is mapped onto b .

A partial converse to Theorem 3.4 is furnished by

Theorem 3.5. Under a right translation e of a semigroup S , the com-

plete inverse image of any right zero element of S that lies in the

image of 5 1is a left ideal of S .

Proof. Let a€SP , Sa=a, and let L be the complete
inverse image of a under P - Then (SL)IO = s(L f’) —=Sa=a,
whence SL & L and 1L is therefore a left ideal of S .

Theorem 3.7. Under a right translation P of a semigroup S , any idem-
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potent element a of S5 is a left identity for every element of the

image of the principal right ideal generated by a .

Proof. Let s &S . Then (as}p:(azs)‘p :[a(asJIO:: ao(as)/" .
Definition 3.2. The operation f% of post-multiplying the elements of
a semigroup S by a fixed element a of S maps S into itself, and
is a right translation. For if x , y €S5S then

(xy) 2, =(xy)a =x(ya) =xly L)
by the associative law. Such a mapping is called a special right trans-
lation. The image of S under the special right translation /g is
obviously the principal left ideal generated by a . Similarly, pre-
multiplication by a defines a special left translation :\a s

N, 09 =aly) =(ax)y = (N 0y .
The reader will recall the rfile played by these special translations in
the proof of Cayley's theorem on the representation of groups as groups

. . 7
of transformations.-

Theorem 3.8. The special right translations of a semigroup S form a

subsemigroup of the semigroup of all right translations of S .

Proof. Let x, a, b €5 : Then

x( /?a ﬁb) = (x /ﬂa) /Jb =(xa) ﬂb = (xa)b = x(ab) = x ﬁab .

From the foregoing proof we have at once

Corollary 1. The correspondence a —> /3 maps S homomorphically onto
the semigroup of special right translations of S .

In case S has a left identity element, we have further the Cayley

7See, for example, Birkhoff and iacLane, op. cit., p. 136.
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theorem:

Corollary 2. A semigroup S having a left identity element is isomorphic

with its semigroup of special right translations.

Proof. If, under the homomorphism a —> L elements a and b
B a
of S are mapped onto the same right translation (_1_,,3., if Pa = ﬁo )
then xa = x ﬂa‘—‘ x /-’b —xb for all x €S . Hence, if S contains a
left identity element e , a=-ea =eb =0b ; the homomorphism is then an
isomorphism.

Theorem 3.9. If a semigroup 8 has a right identity element, then every

right translation of S 1is a special right translation.

Proof. Let f ©be any right identity element of S , let P be any
right translation of S , and let s €S . Then sp = (sf)/O =s(f p),
whence © is the special right translation Pf(’u

This theorem, Corollary 2 to Theorem 3.8, and left-right duality
yield the

Corollary. If a semigroup S has a two-sided identity element, then the

semigroups of right iranslations, special right translations, left trans-

lations, and special left translations all coincide and are isomorphic

with S .

Theorem 3.10. 4 right translation p of a semigroup S carries a right

identity element of S5 into a right identity element of S if and only .

if p is the identity mapping.

Proof. The sufficiency is obvious. To prove the necessity, let
f Dbe a right identity element of S ; let e = i‘P , and let s €S .

By Theorem 3.9, /J — /Ofp - /;; s Wwhence sp =se =3,
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Theorem 3.11. If a right identity element f of a semigroup S lies in

the image of S5 under a right translation o, and if a 1is any element

of the inverse image of f under @, then P and /Oa are one-to-one

mappings of S onto itself and Pa L is the identity mapping.
Proof., Let s €S . Then
s( /C;ﬁ):(s fJaL)/D:(sal)/J :s(ap):sf:s,
whence /Oap is the identity mapping on S . Hence Pa and A must
be one-to-one mappings of S onto S .

Corollary. If an element a of a semigroup S is mapped onto a right

identity element of S by a right translation P » then the principal

left ideal generated by a is S itself.

Proof. In the proof of the theorem we found that (sa)/’ = s
for every s & S, whence (Sa)p = S . But o was shown to be a one-
to-one mapping of S onto itself, whence Sa =§ .

Theorem 3.12. In order that every mapping of a semigroup S 1into itself

be a right translation, it is necessary and sufficient that every element

of S5 be a right zero element.

Proof of sufficiency. Let x , y €S ; then by hypothesis x and

Yy are right zero elements of S . Let 49 be an arbitrary mapping of 8
into itself. Then (xy)¢ = qu = x(y 95) since y@ is a right zero
element, and therefore ¢ is a right translation of S .

Proof of necessity. Suppose there is an element y € S which is

not a right zero element of S . Then there is at least one element
x &€ S such that xy :,z‘: Yy 3 let x Dbe any such element. Let d) be the
constant mapping S¢ = y . By hypothesis, ¢ is a right translation,

whence y =(xy)¢ = x(y ¢) =Xy # y s which is a contradiction.
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Comparison of this theorem {and its dual) with Theorem 2.1 yields
the following

Corollary. In order that every mapping of a semigroup into itself be an

endeomorphism, it is necessary and sufficient that either every such mapping

be a right translation gg every such mapping be a left translation.

We now consider the question; referred to at the beginning of this
section; which Clifford has raised concerning the permtability of left and
right translations of semigroups. Clifford finds useful, in his theory of
extensions of semigroups, a very weak cancellation law which he calls
"Condition (A)": if ax =bx and xa = xb for all x in a semigroup,
then a = b . He asks whether; in the presence of this condition, every
left translation of the semigroup commutes with every right translation.
We are able to report only that the answer is affirmative for translations
of semigroups of orders two, three, and four. The semigroups of those
orders which satisfy condition (A) are:

2.1, 2.2, 2.3

3.3, 3.5, 3.75 3.8, 3.11; 3.12, 3.13, 3.1k 3.15, 3.16, 3.17
L.10, L.13, L.12, Lo13, L.y, L4.1S  Le16  Lo17,  L.18,
L.19, L.20, L.21, L.23, pozh, L.28, L.37, L.39, L.L2,
Lok3;  bobls,  LolSy Lok,  Lok8,  LoL9,  L.51, L.S57,  L.S59,
L.60, Lo62, Le63, L.bL, L.65, L.66, L.67, L.6B, L.69,
bo70,  L.72; LT3, LeThy, Le76, L.B1, L 83, L.84, L.85,
4,87, L4.88, L4.89, L.90, L.91, L.92, L.93, L.SL, L.9s,
b.96, L.97, L.98;  L.99, L.100, L.101, L.102, L.103, L.1OL,
4.106  L4.107, L.110, L.111, L.112, L.113, L.11k, L.115, L.116,
4,117, L.118, L.119, L.120
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Lo Semioroups of mappings of semigroups of orders two, three and four

In this section we list the semigroups of endomorphisms, of right
translations, and of left translations; of semigroups of orders two,
three, and four. Any semigroup of mappings of a semigroup of order k
into itself 1s of course a subsemigroup of the transformation semigroup
of degree k , and the multiplication table of the latter for k = L
is given a1n full in this section. From this table the reader can easily
construct the mulitiplication table of any semigroup of endomorphisms or
of transiatiens of a semigroup of order four, the elements of all such
semigroups being listed herein.

The notation in our lists of endomorphisms and translations has
been so chosen that the multiplication tables of semigroups of such
transfermations of semigroups of orders two and three can also be con=-
structed from the table of the transformation semigroup of degree four,
Any element, of the latter may be regarded as a mapping of the set
(1, 2, 3, 4) into itself, any mapping of degree three as a mapping of
the set (1. 2, 3) into itself, and any mapping of degree two as a map-
ping of the set (1, 2) into itself. But we may (and do) also regard
a mapping of degree three as a self-mapping of the set (1, 2, 3, L)
under which the element L is left fixed, and a mapping of degree two
as a self-mapping of the set (1, 2, 3, 4) under which the elements 3
and L ar= each left fixed.

In each of the columns on the following three pages we list
elements of the transformation semigroup of degree four, i.e.; mappings
of the set {1, 2, 3, L) into itself. The name of the mapping (e&.g., AlB)
is fcllowed by the elements (e.g., 3 Li 2 1) into which the mapping carries

the elements 1, 2, 3, L, in that order.
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thh211
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Blgll3
BSol‘-h31
leh1h3
B52h3h1
B531h13
B5h3h31
B5511h3
B5633h1
135713h1
3581h31
135931h3
B603h13
Bgy b13L
B62h31h
Bgy 4113
Béhh331
Béslth
Bgg 3L L1
136731b,1
Beg 4131
B6913h3
B7Oh313
Bpy LL3L
B723h1h

33



37331,111
By k311
Bipll33
%6h133
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Copbbbl
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THE TRANSFQRMATION SEMIGROUP OF DEGREE FOUR

Aol Ap2 Ag3 Ag) Ags Aps Ap7 Aps Agg A1p A1l A1z A13 Ay Arg A6

Ao1 Ap2 Ap3 Aol Aos Apg Ag7 Aos Agg Alo A1l A12 A1z Al Aig Aig
Ao2 Aol Agl Aoz Aos Aos Aos Aol A10 Aog A1z A11 Ay A3 Big Ais
Ao3 Aos Aoy Aos App Agy A1l Arg Ars Aop Aoz A2l A7 Ag3 Agg A22
Aol Aob Ao2 Ags Agl Ap3 A1z Ay A Azo Aog Ayg A1g Ag) A1 Ao
Aos Ap3 Aps Aol Ay Ao2 A1g A1l Az Als Ry Aoz Az Ai7 A2 Ao
Ao6 Aol Aos Apz Aoz Aoy A2y A1p Agp A16 Ag Aog Ay A18 A2o Alo
Ko7 Agg A11 A13 A1s Ar7 Aol Ao Aoz Ao Aoz Al Aoy A1z Aos Aig
Aog A1g A12 Ay) A16 A18 Ao2 Aoy Aol Ap7 Aoy A1z Ao3 A1l Aos Ar7
Aog Aoy A13 A1l A17 A1 A1 Aol Ao Aoz Al 403 A1z Aol A18 Ao
A1o Aog Ay A1 A18 A16 Aoy Aoz Aoy Aol A1z Aoy A1l Aoz A17 Aos
A11 A1s Ag7 A17 Agg A13 Aoz Ao Aog A1g Aol A2z Apg A1 Aoz Az
A1o A16 Aog A1g A1o A1) Aoy A2 Aog A21 Aoz A2l Aos A1g Aoy A23
A13 A17 Agg Ayg Agy A1l Aq) A3 Ag Ag) Alo Ao A6 A22 Ao Alg
A1), A1g A1 A16 AoB Al A13 Ag) A17 A2z Agg A2z Als Ao Aoy Aza
A1s A11 A17 Ag7 A13 Agg A20 Ap3 Alg Ags A23 Aoy A2l Ao A2l Ao2
A1g h12 A1 Agg Ayl A1g A2z Ay Al Ags Mgy Aoz A1y Ags A23 Aol
A17 A13 A1g Agg A1l Aoy Ap3 A1) Aoy A1g A2p A1o A22 A6 A19 AoB
A1g Ay), A16 A1o A1z Apg Ag) A13 A23 Ar7 A2z Agg Agp As A2l Ao7
A19 Axp Ap1 Ap3 Ao Ag) Agg Ars Aps A1l Aos A17 Aol Aot Aoy Al3
Apo A1g A3 Ax1 A Ax Aig Aog A1) Aoz A17 o6 Ao7 401 A1z Aoy
Ap1 A A1g Ag) Apg A23 Aog Alg Aoy A1z Ao A18 Ap2 Ao Ao3 Ay
A2p A2y Ap) A1 A2z Ao Ar6 Aog A1z Aol A18 Aos Aog Bo2 Al 403
A3 Ag) Ao Ago Arg Apy Ar7 A1g A13 Al Al Aig Aog Alo A1l A

Ap), A3 App Apg A1 Ayg A1 Ar7 Ay Ar3 A1g A5 Ao Aog A1z All



Aol
Ao2
Ao3
Aoy
A0S
Aos
Ao7
Ao
Ao9
A10
A1l
A12
Al13
A1),
Als
A16
A17
A18

Al9

A21
A22
A23
A2y
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

A17 A18 A19 Ao A21 App Ap3 Al Boy Boz Bos Boy Bos Bog Bo7 Bos

A17 A18 A19 Ao A21 Ag2 A3 Ap) Boy Byp2 Bp3 Bp) Bes Bos Boz Bos

A18 A17 A2y Ag2 Ajg Ago Ag) A23 Bo1 Bp2 Bp2 Bos Bos Boj Bo7 Bpg

A13 A2 A8 A10 A12 A16 A Al

Bog Bos Bo3 Boy Bo2

A1), A23 Ag7 Apg A1l Al1g A13 A17 Bo) Bog Bo2 Bog Bos

A2l A13 A12 A16 Apg Al0 Al7 ALy
A23 A1) A11 A15 A7 Agg A1g Al3
Ao6 A16 A2o Alg A23 Ao Agl Ao
Ao5 A15 A2z A1 Al A23 A1g Ao
A16 Ro6 A23 Aol A20 A1g A22 A2)
A15 Ags Al A23 A2 A21 A Alg
Aol A22 A10 Apg A1) A18 Al2 A16
Ao3 A20 Ap9 Ag7 A13 A17 A1l Alg
A12 A21 Ap1 Ao2 403 Aos Aoy Aos
A11 A19 Ap2 Aol Aol Ao Ao3 Aos
A22 Aol ALl A1 A10 Aos A6 Al2
A20 Ap3 A13 A17 Aoy Ao7 A15 A1l
A21 A12 Ao3 Aos Aol Ao2 Aoé Aoy
A19 A11 Aol Aos Ao2 Aol Aos 403
A02 Apg A16 A12 A18 A1) Aos Alo
Ao9 Ao2 A18 A1) A16 A12 A10 A0S
Aol A10 A15 A1l A17 A13 Ao7 Aog
Alp Ap1r Al7 A13 A15 A1 Aog Ag7
Ko7 AR08 Aos Ao3 Ao Aoy Aol Ao2
Aog Ao7 Ao6 Aol Aos Ao3 Ao2 Aol

Bog Bo3 Bos Bol Bo2
Boy Bo2 Bos Bo1 Bo3
B39 B2y B1g Byo B37
Big Bag B3 By By3
B39 B1g Bp7 B2g B37
Bug B23 B2g B3o Bi3
B29 B37 B19 Boo B27
B3o Bl3 B23 Ba) Bag
Byo B37 B2y Bpg Big
Bal, By3 B28 B3p B23
B2g B1g B37 B3g Bpy
B3o B23 B3 By Bes
B2o Bz7 B37 B3g Byy
Bal Beg BL3 Bjg Bzj
Ble B3s B33 B3y Byl
B,6 B33 B3g Byo By
Blo Byl B33 B3y B3g
B0 B33 By Bu6 B3s
B3l Byl B3g Blo B33
B3, B3g By Bus B33

Bo1 Big Bog
Bo1 B12 Bog
Bol, Bio B11
Boe B12 B1
B9 Bgg Bss
B30 P75 Bgy
B2o Bgg Bgy
Bay, B7s Bsg
B39 Bgg Bgg
B),5 Beo Bs3
B39 Bgg Bsy
Byg Bsl Bsg
B2o Bsg Bgy
Bay Beo Br3
B2g9 Bgg Boy
B30 Bgl, Br3
Bjo Br6 B3
B3l Bre Bes
Bue Bro Be3
By, Bro By
B6 Bel, Bss
B0 Bey Bry



A16
Al7
A18
A19
A20
a21
K22
A23
A2
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Bog B1o Bi1 Bi2 B13 By Big Big B17 Big Big Boo

By

Bpo B3 By),

Boy B1o Bi1 Bi2 Bi13 Byl Bis Big Bi7 B1g Big Boo
Bpg B12 B11 Bio Big Big Bis Byl Bi7 Bi3 Bo3 By
B11 Bo7 Bog Bi2 Bi7 Bij Bi16 Bis B13 Big Big Bao
B11 Bo7 Bog Bie B1i7 B16 Biy Bis B18 Bi3 Bz3 By
Bog B12 Bog Bo7 B18 B1is Big Biy Bi3 Bi7 B33 B3y
Bog B1o Bog Bo7 Bi7 B1s Byl Bi6 B18 Bi7 B33 B3y
Bs7 Bsy Bey B Bgy Brg Bgy Bay Bog Bgo Bo3 Boy
Bsg Beo B3 Bsl, Boo Bg3 BOL Bss B0 Bgl Boz Bos
Bos Bse Bey Bgg Bgo Bgy By Byg Bog Bgg Bag B3o
Bs3 By, Br3 Béo Bgl Bgs BOl B83 B0 Boop B27 Bog
Be7 Béy Bs7 Bse Bgy Brg Bgy Bor Bgg Bgo Bo3 Boy
B73 B7g Bsg Bsy Boe Bg3 Bes Boy Boo Bal Boz Bos
B67 Bey Bsg Bsg Bog Bgy Brg By Bgo Bgy B2g B3o
B73 Brs Bs3 Bgo B6 Bss Bs3 Boy Bal Boo By Bag
Bgs Bsg Bg7 Bgg Bso Bg7 BBy Brg By Bog B3g Blo
Bs3 Bsl, Bsg Bys Bgl Bol B8 Bg3 Boo B06 Buk Bué
Bg7 Bgg Bss Beg Bg7 By7 Brg B87 Ego Bgg B3g Blo
Bsg Béo B3 Brs Boo EolL Bg3 Bgg Bay B0 Bl Bus
Bgg Bro Byl Bel, Bol B3 BOs Bog Boy Bol, Bos Bol
Bg3 Bel Byl Bo Bl Bog Bos By Boy BOL B3y Big
B7l, Br6 Be Bely E07 Bo3 Bog Bos Eol Bl Bos Bol
Be3 Bel, B&g B76 Bol, Bos Bog Bg3 Eo1 Bo7 B3 Bis
B7l, P76 B63 Bro Bo7 Bog Bo3 Bos Bol B0l B37 B3g

Bay
Bog
B2y
Bo 5
B35
B3g
B2
B26
B31
B32
B2
B6
B3l
B32
Bl
Bly7
By1
By7
B3
B2
B36
B8
Bly2

Ba2 Bp3 By
Bae B19 B2o
B2 B33 B3y
B26 B33 B3y
B3g B1g Bzo
B36 B23 B3l
B21 B2g B3o
Bag Bo7 B2g
B32 Bo3 Boy
B31 Bp2 Boé
B21 B3g Byo
Bas Byl Bls
B32 B38 Blo
B31 By Bye
By2 Bo3 Boy
B8 Bo2 Bob
B2 B2g B3o
B8 B2y Bpg
B35 B3y B3g
B,1 Bos Eol
B35 By3 Bis
By7 Bos Bol
Bjy1 By3 Bys

B&§ B7o B63 Bré Bol Bos Bg3 Bog Boy Bo7 By3 Blg Bug Bly B3z B3y
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Bog Bpg Bpp Bog Bpg B3g B3y B3yp B3y B3), B3g B3g B37 B3g Byg Ejp
Aol | Bas Bpg Bpp Bag Bpg B3o B3l B3 B33 B3) B3g B3g B3p B3g B39 Byg

Ao2 | Ba1 Bpp B2g Bp7 B3o Bpg B32 B31 B33 B3), B3g B3g B3 By, Bys Bus
Ao3 | B3s B3g B3y B3g B3yg Bjo B)1 By2 Bp3 Bp) Bag Bpg B2y B2g B2y B3o
Aoy | B3s B36 B3 Byl Bls Bls By7 Byg Big Bpo Bp1 Bz Bpg B27 B3o Bag
Aos | Ba1 Bz B3g B37 Bjo B39 Blz By B2z Ba) Bag Bog Bl Bj3 Bue Bys
Ao6 | B2s B2 Bl BL3 Bys Bys Byg By7 Big Bpo B2l Bza B3g B3z Byo B3y
Aot | B31 B3y2 Bo2 Bp3 Bog By Bog Bog B3g Byo Byl By2 Bos B3z Foi B3y
Aog | B32 B31 Bo3 Big Boy Boo Bal B2b Bl Bl By BLg Fog B33 Boi B3y
Aog | B2z B21 Bz3 Bo2 Baj, Bog Bpg Bpg Bag Blo By Byo B3 By Bis Ble
A10 | B26 B2s B19 Bo3 Bzo Bol B2z Bz1 Bl By6 Bl Bug B37 B3g B3y Blo
A11| Bl By2 Bog B33 Bol B3l B3s B3g Bog B3p B3l B32 Bp2 Bp3 Bog B2y
A12| By7 B8 Bog B33 Bol B3) B3g B3g B27 B2g B32 B3l Bo3 Big Bol Bzo
A13| By1 B2 By3 By Blg Bl By7 Byg Bo3 Boy B22 Ba1 B2z Bo2 Bzl Boé
A1), | Bi7 Bus B37 B3g B39 Bjo By1 By2 Bo2 Boé B2g B2s Big Bo3 Bzo Boy
A15| Bz2 B21 B33 Bog B3y Bol B3g B3z Bag B3o B31 B3z Bl B3 Bu6 Bis
h16} B26 B2s B33 Bos B3l Bol B36 B3z B2y Bzg B32 B3l B38 B37 Blo B3g
h17{ B31 B32 Byl B3 Bye Bus By By Bo3 Boy B22 B21 B33 Bos B3y Eol
A18| B32 B31 B3g B37 Bjo B3y Bj2 Bl Bo2 Bos B2g Bzg B33 Bos B3l Boy
A19| By2 By Bo3 Biy Bo) B2o Bz1 B22 B3 Bys B8 By7 Bo2 B23 Bog Bz
h20| B3g B35 B1g Bo3 B2 Bol B2z B21 B|3 Bys B)g By7 Bp7 B28 B29 B3o
A21| B8 Bl7 Bo2 B23 Bos B2y Bzg B2 B3z B3g Bl2 By1 Bo3z Big Bol Bzo
A22| B3e B35 B3 Boz Bp), Bog Bog B2g B37 B3yg Bj2 Bl1 Bag B2z B30 Bag
A23| Bu8 By7 B2y B2 B2g B3o B3l B32 Bog Bol B3 B3s Big Eoz Bzo Boy
A2),| Bl2 By1 Bag B27 B3o Bpg B32 B3l Bos Bol B36 B3s. B23 Bo2 B2l Bob




THE TRANSFCRMATION SEMIGRUWP UF DEGREE FOUR (continued}

B By2 By3 By, By By Byy Byg By Bgo Boy Bsp By Bg) Bgg B

By B2 By3 By Bys Byg By Bug Byo Bsp By Bsp Bo3 By Bgg Boe
By7 Bug B37 B3g B3g Byo By1 By By Bgp Byg Bgp Bgg Bog Boy Eo)
B31 B3z By, By3 By Bys B8 By7 Byy Boo Bes Bee Be3 Bgl Bsg Bse
B32 B31 B3g B37 Byo B3g By2 Bl Bl Bgp By Beg Bs3 Bgl Bs3 Bo)
B8 By7 B2y Bag Bag B3o B3l B3z Bgs Beg Byg Bo Bes Boe Be3 Byl
B2 By1 Bag B2y B3o Bag B3z B3y Bgg Beg By Bgo Bgy By Bg3 Bgy
B35 By B3 By, Bys Bie By Byg Bso Byg By Bep Bsg o Bog B2
B3 B3g B3y Byg Byg Bo By Byp Bso Bsy Bge Bgy Bgy Bgg Fog Bro
By7 By8 Bos B33 Fo1 B3y B3s B3¢ Bel Bgp Bso Byo Bog Br2 Bsg Béo
By1 By2 Bos B33 Bo1 B3y B3g B3¢ Bgp Bgy Bsp By Byg Bio Bg7 Boy
Bag Bag By, By3 Bug Bys Bys By7 Bso Byg Bri B2 Beg Bro Bog Bio
B21 Ba2 B3g B37 By Byg Byo Byy Bsp Bsy Byy Brg Byy Bre Bog Bro
Ba¢ Bag By3 Bos By, Boy B3g B3s Bey Bgo Bp1 Bya Beg Bpo Bsg Beo
B22 Ba1 B33 Bog B3y, Bo1 B3 Bys Bea Bey Br7 Brs Byy Bré Bsy Bsg
B8 By7 Bo2 B23 Bog Baly Bos Bog Byi Brz Bgo Byg Bog Bro Bes Bro
B2 B,1 Bo3 Big Bol Bpo Ba1 Bpo Br7 Brg Bs2 By Eog Bio By Bre
B3¢ B3g Bp3 Bo2 Bp) Bog B26 Bzs Byl Byo B6l B62 BsB Béo Beg Bro
B3¢ B3g Bi9 Bo3 Bzo Bol Bz2 B2l Bp7 B78 Bé2 B61 Bg7 Boy Byl Bre
Byg Bog Bp7 B2g Bpg B3p B3l B3p Bbg Bgs Bya Bpy Bey Bgg Bl Boy
B31 B3 Boz Bp3 Bog Bal, Bas Bpg By Byl Beg Bgs Bil Bo7 B7 Beg
By1 Bp2 Bpg Bo7 B3o Bpg B3p B3y Bgg Bgs Byg By Bys Bys By Eoy
B3p B3) Boz Byg Do Bpo By Bz Byg By Bgg Bgs Bi Bop B3 Brg
B2 B21 B3 Boz Bo) Bog B2 Bps Byz Bry Byg Bpp By3 Bys Bgy Beg

Bag Bzg B1g Bo3 Bxo Bol Boo B2y Bpg By By2 Bri Bgy Beg B3 Brg



THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

7 Bog Bog By By

Bey, Beg Bes By Beg Bgg Bog

B?l

Bsy Beo

Bge
Brg
Bg7 Bog

Bog

510

Beo

B1

B17
72

78

B

B

Bel, Pes
Bols Bes
Bg), B
Boe Bug
Bg), Po1

' Bog Buo

B,. B

70 771

Brg Byg

B B71

Bgg

Be6 Ber
Bse Br3
Bs7
Bsg
Bl
Bsy Bes
B Bll
Ba

B B73

Bes Bss
Bgs Bs3

Beg
B3

Beg Bro

Brs Brg
Bey By,
EBO P59

B2g Brg

Bb9

By,
oL

76

B?U

B

B69
Bio
12
B, Bro
Bsg Bio
576 P15
70 Beg
Bew Bu7
Béh BO?
P10 Bgy,
59 P6o
B1o Bog
Beo Bog
Bog B1o

Bio

54

B

By7

Boi

Feo
B?B

B

B65

B65
B2
B
BSl

B9

352
Bey
B.g

B72

72 B
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

B3 By Bys Brg Byg Bpg Byg Bgy By Byy Byy By By By

37 Bgg

Br3 By, Brs Bre By Brg Bro Bgo By Bgp gz By Bgs Bge
B Bgs Bag Bro Bao Pgy Eao

B30 Bg1 Bo

Bé? B

o

7 B3 Bre
58 Bg7 B

70
57 B

58 D59
58 57
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m
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Beo Bro
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0O 71
Bels Bos

Be), Bes
18

Bs
Beo Bro
Bo7 Bes
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Be), Bo1
Bog Byg

BlO 52
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BSz
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Beg
Bg7
Bog
Bos
B98
Bos
B15
Bis

B15

B3l
B

9l
Bo

Bls

B13

P50

Bgg
Bg
550
Bgg
B
B
P
q57

B2

B
99

B17

BBS
Bog

Bog

Beo

Bs6

Bo1
By
Bgo

Bgg

B9l

Boo

I
qu

]
Bys

P
B02

Bos

Bog
253

Bog

ki
Bou Bos Bog

B97 Bog B3

1o 2o 206 By

Bss
B96

B96

Be1

Bys

B2

Bos

v
BO2

Bog
g
B8
B2

(]
B8

B

B

93 Boy Bos Bog
93 2ol Bos Bog

Br9 Bgo By Bso

o

53 Bg),

88 Boo

537 B89

1, Bis
Blg B3
B98 Bél
Bs o7

Bog Bo1

o

o

o

Bos Boy
B, B
Bg7 P13
B88 B9O
B87 B89
B

B97 99

Bi5 By

Bon Boe
B15 B17
Bow Boe

B9? B99

By

B9l

By

82

86

y
%32

9
Bs

]
Bo

Bes

Bg

B

B

2

Bgg

B91

Bo2
Bo3
Bos
B9
B96
Bog

"
B03

Bs6

B92

B9l

B3y

By

y
%33

g
q09

g
BO3

I
BO9

Bgy
Bgg
Boa

B91

’
B02

Bos

B8
Bos
B8

B?
02

Bg7 Bag

B83

By7 Bog

By7 Bos
Bos By7
Bos Bl
Bl6 Bas

Blh 519
Bg3 Blg
B19 By
Bi5 Bos
Bis B3
B Bos
Bo7 Bog
P93 Bis
B3 Big
Bos Boy
Byg Bor
By, Brg

B79 By

Bl Bgs

Bg3 Big

87 Sas
B

B
Bgg Bgp
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THE TRANSFCRMATION SEMIGROUP OF DEGREE FOUR (continued}

B89
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Bos Brg Bgo Bs1 Bga Bgs By Boo Bag
Bo2 Bg3 Bay Bgs Bge Bos Boy Boz Boe
Bos B79 Bao Bg1 Bg2 Bog Bo7 Box Bog

B86 B98 Bél B52 B53 BlS B93 Bl? B9h
P82 Pos Po7 Pos o9 P15 Poz P17 Pou
B35 Bog Bov Po2 P03 Boy Bos Bos Bor
B81 B&S‘BS? B58 B59 B97 B98 B99 Bél
Bos Bag Boo Bo1 Boz Bug Bgz Byz Bay

Bog Bg7 Bgo Boa Bor By, B7g Big Bgo
Bog By Pig Baa Ba1 Bg3 Big Bgy Bas

Bs6 Bas Bro B1y Bgo Big
Bos Bgs Boo Bor Boz Bos Boy Bo7 Bos
Bos Bg7 B9 Poo Bo1 Bog By Bo1 Bog
Bos By, Big Bgo Bay B3 Big By, Biy
B32 Big B13 Bgg Bgs Bos Big Bg, Big
Bg2 Boy Boe Bos Bos Bis Bs3 Bi3 Bgy
Bs1 Bou 26 Boo Bos Bse Bss Bag Boo
Bs6 Bo7 Bog B3 Boo Buy Bro Pag Bgo
Bss Bor Bog P03 %02 Pas Pa7 Poo Py
Byo By By7 Bog Bog Byg By, Bgy By
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THE TRANSFCRMATION SEMIGROUF OF DEGREE FOUR (continued)
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Bs Bo9 Blo Bix Biz Bl3 B Bls Bi¢ Bly Bis B9 %o Bay
Boe Bo7 Bos Bog Blo Bi1 Bia Biz Bl Bis Bie B Big Bl By Bx
Bog Bor o2 Blg Blg Bao Bo1 Blo Ba Bip Bi3 By Bis
Bs7 Boe Bog Blo Bi3 B39 Byo B31 B3, By
Bor Byg P03 B1g Blg B9 B3o B31 P32 %3
Bg9 Boo Boa B30 Bna Bly Bp Bi3 By Bis
B0 Bgg Boo B3 B Bi7 Bis Big By By
Bo6 Bo7 Bos Bl3 Blp B3 By, Bas Bae By
Boo Bor Bo2 By g B2 Bas By, Byy B
B16 Boi, Bos Bog Bo Baz Bj), Bps Blo Bl3 Biz Bis Bl
517 By, Bos B35 B2y Ble Blg Blg B Bao
Bo7 Bos Bog B3 Blo B35 B3 B37 Big B39
Bo1 Bo1 Bos B9 Pig Bla Bl B3 By Bis
Bo), B17 Boe B2l Bs B35 B3 B37 Big By
Bol, P17 Bog B Bay Bl1 B2 Bi3 By, Bis
B3 By, Bgg - B3 B3y Blo Bi5 Bis Bls By
B8 Bgo Baa B2 B3 Ble Blg Big B3 By
Bgl, B13 Bge B36 B3y B3 Bal, Bas Bae By
Bgy B1a Bgo B2 B3 Bae B2s Bal B2y Bae
B89 B0 Boy B B1 B30 531 B3z By6 B39 B3g
B13 Bay Bgs B37 B¢ Bag B31 B3o B3z By
By Bgg Bgo B31 By Blo B3 B2 Big Bl
B1s Bgo By Blx Blo B3 Bl2 Bis Bl B2 Bag B3y By B33 B3y
Pa P13 Pee 5 P34 P37 P36 P39 B3g Bln Blo Piz Bie Bis By
Bo B1s Ba2 Bay By Blo Bls Buz Blis By B3s B3y Bip B3e B3y Big



THE TRANSFCRMATION SEMIGROUP OF DEGREE FOUR (continued)
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B)7 B¢ Blo Bl Bip B3
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B¢ By By Bin By B»
B37 Bae Bis By Bl e
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THE TRANSFCRMATION SEMIGROUP OF DEGREE FOUR (continued)

Bis B9 Ho B Blo Bis Bl Bls %1 %2 %3 %u %s %6 o7
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Co8

Bis B39 Blo B B Bls Bl Bis %1 %2 o3 %u o5 Ge %7
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Bis Bl B22 B33 B3, B3s Bae Ba7 Con %2 Co3 %6 ou s %7
Bo Bs B33 Blo Bis Bl Bly Bl %1 %2 Gz De %5 By %7
B2 B33 Blo B Blo Byz By Bis Cou i1 %8 %1 %s %s s
52 B3 By Bs B By Bg By G5 G2 Gy Y1 %y De Dy
Bl Bis Bs Blo Bo B33 Byn By3 Gy G Q8 G5 %1 Do %8
Bs 8o B8 By Bo B B B3 %5 G2 G9 %y b1 be Ds
B3 B B 8o Bis Bl Bis Bl %u 41 @8 %1 6 Cos %s
Bl Bis Bs Byl B7 Be Bo B Ge G2 Gy b1 De bu %o
B B2 B39 Bis B Bo B3 Bp Gy G G %5 %s %1 b8
Bls Bl B9 Bls B51 Bo B3 Bp G G G9 B Be D1 b
Bis Bl Ble Bl7 Blg Blg Blo By Gy G1 Qs %6 D1 Y5 %8
By Bis Blo By Blo Bl3 Bl Bs G5 Co Q9 De D Dy Do
Bj3 B2 Bl7 Bls By Bls B Bo %u G Qs Be b5 D D
53 Bio B Blo B3 Bp Bg Bl Gs G2 Gy B Gu D1 b
Bo B Bhp B3 Bl Bis Bl B Ge Q3 %o D1 Gy Bs Go
B¢ Bl7 Ble Bl7 Bls Blg Blo B G6 G3 %0 Gu %1 %5 Qo
Bf), Bs B3 Bly Blg Bj) Bi; Blg Ge G3 Go G1 s Gu Qo
Bl7 Bl Blo Bl1 Bl> Bl3 B, Bs Ge G3 %0 Gs b1 Gu Go
Bls Bj), By Blg Bly Blg Bh) By G6 Q3 %0 Gu %5 D1 Go
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THE TRANSFORMATION SEMIGROUF OF DEGREE FOUR (continued)

Cog9 C1pg C11 C17 C13

C3) C15 C16 C17 C18 C19 Cxo Co21

Coo

Co3 Coy

C1) C15 C16 C17 C18
C1) €16 C15 C17 C19
C1)y C15 C17 Ca6 Cis
C1) C16 C17 G135 C19
C1) C17 C15 Ca6 Co0
C1y; C17 C16 C15 Co0
C15 Cal Ca16 Ca7 Co3
C16 C1) C15 C17 Co3
C15 C16 C1y C17 C19
C16 C15 C1) C17 C18
C15 C14 C17 C16 Co3
C16 C1y C17 C15 Co3
C15 C16 C17 Cuy C19
C16 C15 C17 Cuy Ca8
C15 C17 C1y C16 C20
C16 C17 C1y C15 Co0
C15 C17 C16 C1l C2o
C16 C17 C15 Cuy C20
C17 C1i C15 C16 Co3
C17 C15 C1) €16 €18
C17 C1l C16 C15 Co3
C17 C16 C1) C15 Ci9
C17 C15 C16 Cy)y Ci8
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THE TRANSFQRMATION SEMIGROUP OF DEGREE FOUR (continued)

Cog Cye Cu7 Cog Co9

C3y

le 032

C33 Cyy C35 C34 Cyy

C38 C39 Cyo

Co5 Cog Ca7 Cag Co9

Cag C27 Ca¢ Cog Cog C37 Cy

Cog C2g C2g Co7 Cog C3g

Cag C27 C28 Cp6 C2g9 C31 C3p

Cog Cag Cog Co7 Cog
Ca5 C2g C27 Co6 C29
C26 Cog Cp7 Cog C3g
Ca7 Cg5 Ca6 C28 C31
C2¢ C27 Ca25 C28 C39
C27 C2¢ Ca5 Cpg C31
C2¢ C25 C28 C27 C30
C27 C2g Cpg Cog C31
C26 C27 C28 C25 C30
C27 C26 C28 C25 C31
C26 C28 C25 C27 C3o
Co7 C28 Co5 Cog C31
C26 C28 C27 C25 C30
C27 C28 C6 Co25 C31
C2g C25 C26 C27 C32
C28 C26 Ca25 C27 C32
C28 C25 C27 C26 C32
C2g C27 C2g5 C2¢ C32
C28 C26 C27 C25 C32

Cog C27 Cog Co2g C37

C32

031 032

C32 C31

C34 O35 C36 €37
C35 C3y C36 C37
C3), C36 C35 C37
C35 C36 C3) C37
C33 C36 C3) C35
C36 C35 C3y
C33 C35 C36
C35 C33 C3), C3¢ C39
G C35 C33 C3¢
C35 C3) C33 C3¢
C3), €33 C36 C35
€35 C33 C36 C3),
C3), C35 €36 C33
C35 C3y C36 C33
%31 C36 C33 G35 C38
C35 C36 C33 C3)
C3 C36 C35 C33
C35 C36 C3) C33
C36 C33 C3y C35
C36 C34 €33 C35
C36 C33 C35 C3)
C36 C35 C33 C3),
C36 C3) C35 C33
C36 C35 C3) C33
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THE TRANSFORMATION SEMIGROUP

Cuy Cus %6 Gy7 Cus Cug

OF DEGREE FOUR (continued)

L9

Cs, Cs5 Cog

Gy Cus Cu6 Gy7 Cus Cug
Cu s Cu7 Cue Cus %s1
%3 %5 Cue Cus Cu7 Cuo
%u2 Cus Cu7 s Cus Cs1
S5 Cus Cus Cus Cu7 oy
%2 Cus Cus Cu7 Cus o

o
S
O\l

%6
Cy7
%6

Cy7 Q48 Cus Cs3
%46 Cu8 Cus Cs3
48 Cus Cu7 Cs2
%48 %5 6 Cso
%48 Cu7 Cus Cs2
%8 Cu6 Cus Cso
%5 Q6 Cur %
%6 Cus Cu7 52
%s Cu7 Cus
%47 Cus Cus Cso
%6 Cu7 Cus Cs2
Cu7 46 Cus Cso

Cu9 Cs), Cs3
Cs1 G50 Oy
Cu9 C52 Co1

Co1,
Ceyy
CSl

. G
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Csg
Cov
Co5
Cq

C60
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Q

Cs7 Csg Cs9 Ceo Co1 Ce2 Ce3 Cel Cs5 Ces Cer Co8 Ce9 Cro Cr1 Cr2

Cg7 Co8 Cg9 Ceo Ce1 Ce2 Ce3 Csl Ces Ce Co7 C68 Cé9 Cro C7i Cp2
Cs5 Cg6 Cs9 Ceo Ce3 Coly Ce1 Co2 Ces Ces Co9 C70 Co7 Ce8 Cra Cr2
Ceo C59 Cs8 Cs7 Ce1 Ce2 Ces Ces Cely Ce3 Cer
C60 Cs9 Cs6 Csg Ce3 Coly Ces Ces Ce2 Co1 Co9
G55 Cs6 Csg Cs7 Cee Ces Cen Ce2 Coly Ce3 C72
Cg7 Cs8 Cg6 Css Ces Css Ce3 Cel Ce2 Ce1 C72
Cs9 C6o Cs7 Cs58 Ce1 Ce2 Ces Cs6 C63 Col Ce7 C68 C71 C72 C69 C70
Cs9 Ceo Cs5 Cs6 Co3 Cel Ces Ce6 Cs1 Cé2 Cé9
Css Cg6 Cg7 Cop Ceg Cep Co1 Co2 Co3 Col C71 C72 C67 C68 C69 C70
Cs7 Csg Csg Cgp Ceg Ces Ce3 Csl Ce1 Cs2 C71 C72 Ce9 C70 Cer Cé8
Cgg Cg7 Ceo Cog Ce1 Ce2 Cg)y Co3 Co6 Cos Co7 C68 C70 69 C72 Cr1
Cs6 Csg Ceo Cs9 Ce3 Caly Ce2 Co1 Ce6 Cos Cé9 Cro C68 Ce7 C72 €1
Cs8 Cs7 Cs6 Co5 Cos Cep Cel C63 C62 Cé1 Cr1 C72 C70 Cog Cé8 Cé7
Cg6 Css Csg Cs7 Ces Ces Co2 Ce1 Cely Co3 C71 C72 Cé8 C67 Cro Co9
Css Cs6 Ceo Csg Cel Ce3 Ce1 Ce2 Co6 Ceés C70 Co9 Cer C68 C72 C71
C57 Cog Ceo C59 Ce2 Cen Co3 Col Ce6 Ces Ce8 Co7 C69 C70 C72 71
Cgg Cgo Cs6 Css Cey Ce3 Cos Co6 Co2 Ce1 C70 Co9 C7a Cr2 Ce8 Co7
Cg9 Ceo Cs8 C57 Cez Ce1 Cos Cee Cely Ce3 C68 Cor €71 C72 C70 Co9
Csg C57 Cs5 Cse Cee Ceg Coly Ce3 Cé1 C62 C72 Cr1 Cro Co9 Co7 C68
Ceo Cs9 Csg Co6 Ce) Ce3 Co6 Ces Co1 Co2 C70 Co9 C72 C71 Cot CoB
Cs6 Cs5 Cs7 Cs8 Cee Ces Co2 Cé1 Co3 Cely C72 Cr1 C68 Cot C69 C70
Cgo Cs9 Cs7 C58 Co2 Ce1 Cee Ces Co3 Cély C68 C67 C72 71 Ce9 C70
Cge Css Csg Ceo Cely C63 Co2 C61 Ces Cos C70 Co9 C68 Cé7 Cr1 Cr2
Csg C57 Cg9 Ceo Coé2 Cén Cely Co3 Ces Cos C68 C67 C70 Cog C7a Cr2

Q

68 C72 C71 C70 Ce9

Q

70 C72 C71 Cs8 Ce7

Q

71 C67 Ce8 C70 Co9

Q

71 C69 C70 Ceg Co7

Q

70 C71 C72 Cg7 CgB

Q

Q
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THE TRANSFGRMATION SEMIGROUP OF DEGREE FOUR (continued)

C73 Cq) C75 C76 C77 C78 C79 Cgo Cg1 Ca2

Cg), Do1 Doz Doz Doy

C73 C7u C15
C75 C76 C13
C73 C7u C78
C75 C76 C78
C78 C77 C73
C78 C77 C15
C73 Cqu Co7
C75 C76 C77
C77 C78
C77 C78
C73 C7u C76
C75 C76
C77 Cr8
€77 C78
C76 C75 C73
C71 €73
C76 C75
C7u €73 Cr7
C78 C77
C7¢ C75 C78
C78 C77 Cou
C7u C73
C76 C75
C71, C73

C76

G
C7¢6

C7¢ C77 C78
G C77 Cr8
C77 G726 C15
C77 C7u 33
C7u €76 C73
C76 Gy C73
C78 C75 C76
€78 €73 Ol
C7u C75 C76
C76 C73 C)
G75 C78 C77
C73 C78 C77
C75 C7u C13
C73 C76 C13
C7u C78 C77
C7¢ C78 C77
C78 C71 73
C78 C76 C75
C75 C73 Cq
C77 C73 o
C73 C75 G176

C73 C77 C78
C75 C77 C78

C79
Cg1
Cas

Ca), Cs3

C78 C77 C75 C76 Cgo C79

Cgo Cg1

Cgo C79

Csy Do1
Cg Po1
Cg1 Do1
C79 Do1
Cg1 Do1
C79 Do1
Cg2 Do1
Cg0 Do1
Cg2 Doa
Cso Po1
Cg3 Do1
Cg3 Do1
C79 Pon
Cg1 Doa
Cg3 Po1
Cg3 Do1
C79 Do1
Cg1 Po1
Cgo Poa
Cgo Dox
Cg2 Dox
Cg2 Do1
Cgy, Do1

Cgj, Do1

Do3 Doy
Dow
Doy,
Doy,
Dy,
Doy,
D,

DOh

D03

D03

03
Do3
Do
Do3
D

D

03

: D03 DOh

D03 DOh
03
D03
Do3 DOh
D

D

03

Dog

D03

Do3

D03

03

DO3

D



THE TRANSFORWMATION SEMIGROUP OF DEGREE FOUR (continued)

foa

koo

52

A3 Aoy Aos Apg K7 Ang Koo Big A11 A1p A1z Ay, Aig Aag

BOl
BO 2
BO 3
BO L
BO 5

Be

B07

Bos

BO 9

Blo

By

23

By
09
Bos
B2
B
5o

BOl

B03

BO 2

06

BO L

B

B

16

B1g

By

513

- B

Bos B17 Bi1 Big Bio Bgs P32 Byg Big
Po6 P16 Bio P13 Ble Bs3 Biy B3 Big
Boi, By Bi2 Big Bio Bgs By Byg Blo
Bo3 B18 Bos Buy B2 Byg Bl Ba1 Blo
Po1 B1s Bo7 Bi7 Bog Bez Bag B33 Byg
Bo2 B13 Bog Bis Bis Bs1 Bio Bas Blg
B17 Pos Bis Bi1 Beg B3o B35 Bip Bog
P1 Boy B1s Pr2 Bog Pio Big Bly Byg
516 Pos B13 Bio Bsy Ble Boy Bl7 Bg3
513 Po2 B16 Bog Fs1 Big Bag B0 Bgs

B15 Bp1 B17 Bo7 Be Bg B3z Big Bos

Big

Blo

Bog

By

Bog

By7

B1o

B

19

Byo

Ba1

By

Bol Bsy, Bas

BO 3

BO 9

B,

By7

Blo

By

Byg

Bre

Bgo
Bg1
Bga
By

Bg),

B)), Bog Byg Bio Bx Bj) Bey
Bo6 Boz2 Bgs Bg3 Bge Bay Bsn
Bo3 Boy B9 Bgy Bgo Bgo Bgs
Bos Po1 Bg3 Bog Bol, Bog Bey
Bo2 Bos Bg3 Bgs Bg), Bgs Bss
Po1 Bos Bgs Bg3 Bgg B, Beg
Bow Bo3 B By9 B2 Bgo Fiy9
Bsg Bgo B11 Bog Blo Bo3 Bi3
Bgg Byg Bi3 Byp Big Boo Bl
Bso Bgp Bi), B1p Bis By Bis
B9 Bg1 Bis Bgg Bi3 By Bi),

Bs), Bay, Bly Bog Ble Bo2 Blg

Bes B33 Byg Boy
Bg3 Big By Bho
Br9 Bl3 By B,
Bg1 Bis Bap By
Bo3 B31 By B3o
Bgs By Bog Bi7
Bjg B36 B33 Bog
Bl2 By Bi3 Bao
Ble B2y Blo Bay
16 Bog B31 Bge
30 B3y B31 gy
1o B2z Big Bgo
B53 Bgp By, Byg
By9 Bse Bgo Brg
Bes Bely Bes B33
B51 B, Bga Ba3
P63 Bee Pely P3s
Bgs Boo Bge B
B1y Biz Boy Bls
Bga Bi), Bzy Blo
B1g B{o Bo3 Bi3
Bgo Bi1 B1g Bio
Bi¢ Big Bos Bl

Bog
Bg),
By

Bgo

Bol,
Bgg

Bl

Bj),
B
Bi?

Bgy Bgy Bjg Bgp Bhy Bpg Big Bgg Bho Bos Big Bgs
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IHE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Ag kg kg My Ay Ay Ky by By By B3 By B e By Bs

531 Bee Be3 B33 Boy By By B, By fo1 Yo1 Co2 Bos Fos Bz Coa
B21 F5), Boy Bpg Bgs Bge Bas Byo Byp Hyp Go1 Co2 Bos Bhs Ty o1
Bis 856 B9 By Bey Bgp Bpp Bso oz By3 Co1 %02 Boy Boy Hos G
Bi3 By Byg Big Byg Bgg By Bgg By, Boy Co1 Co2 Boz B3 Bz Cox
543 Bel Bes Byg Byg By Byg Bgg Hys fog Con Co2 Hor B1 B o
Blo Byp B3 Byy Bg3 By By, By Bog B o1 D2 B2 Bz Bio G
Beo Bi1 Bo3 B, Bgz B33 Bg By Hox Cou Bo1 Fos Bys G2 Bor By
Bse Bls Bgy Bgo Byg By By Bop By3 Con Boz Hoy Boy Qo2 Bog Hos
b5), Bhy Bag Bge oy Bog Bsp Bag Bop Coi Byz Bog Bog o2 Bog Boyg
Bso Blg B3 By, Bg3 Bp3 By By Byg Co1 Bre Bz B2 %2 Bio Bio
By, Bi3 Bgs Bog Bes B3s Beg Byg Hos Cor Bos Eoy Bon o2 Bu Bn
Bo Bi3 Bg By By Big Bg B By %1 By B3 B3 D2 B2 B
526 B2, Bls Bo Ble Bi7 B21 Blg Co2 B2 Boe oz o1 Bos o3 Bio
520 Bao Blo Bh B2 Bl B3 Bls S By B3 By o1 B3 %3 He
B3), P36 Pag Bag B30 232 B3y B33 G2 B Bos By o1 Bos %3 B
%1 Poe Bl Bl7 Bl Bao Blo Bi1 o2 Boe B2 Bos Co1 Bz Co3 Bog
S36 B3y, Bio B3o Big Biy B33 B3y Goo Bos Box Bos Y1 Bon Go3 Bz
%2 B Ho Bl Blo Bl1 Bls B3 G2 B3 By B3 % By %3 B2
Bl B2 Bso B2 Be2 Bey B Byg Big Big Gu G B B B Coy
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%49 Cs5 €50 C67 Cs6 Ces Blo By Bl B3 Bl Blis C28 C36 C32 Cuy
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Big By Bl,o Bj1 Bl Bl3 Bly, Blis €01 Co2 Co3 Cou Cos Cos o7 Cos

Ci9 Cpy7 Big Biy B1a Blg Bhy Bhy Cey C76 C82 Po1 Co1 Cos Ce3 Doy
C37 C5 B17 By Big Big B Bho Cey C16 C82 Po1 €05 Co1 €63 Pou
Ciy C7y Bhg Bhy By Bhg Bhy Bl Co), €11 Cag Do Cos Ce6 Cos Poy
Cgg Cqu By Bhe Bop Boy Bhy Bhs Crs €12 Cag Poy Coy Ce6 Cog Doy
Cj9 Ch? B°27 B%B B% Bf?3 Bizu B22 Cou €11 C18 Poa Cee Cos Cos Doh
C48 Cie Bhe Boy, Bh7 Bha Bhs Bag Co5 C12 Cag o1 Ces Coi Cog Loy
C39 Cy7 B2 B3 By Bos Boe Ba7 Ceg €78 Cay Po1 Cos Cos Ces Lol
C38 Cu6 B2y Bha Bog Bhy By Bog Cee Cs Cay Po1 Coi Cou Ces Yol
Ceo C72 B3 B3, Bhg B3 Bhg B3y Cog C13 Cop Pox Con1 Ces C10 Pl
C37 G5 B3z Byg B33 B28 851 B%9 Co6 C13 C20 Dox 65 Co1 C10 Doy

CB? ChS Bg29 Bi’?B Bq31 BEBO Bw33 Bv32 C65 C77 C83 01 C06 COl 066 DOh

D
D
C0 Cus B28 Bag B3o B31 B2 B33 Ces C77 Ca3 Poa Coa Cos Ces Pou
D
Ceg Coo By Byg BYs B3g BYy B36 Coy Ca1 C18 P01 Cos Ce3 Cos Pon
Cog Co Blg 338 B3y BYg B35 B37 Coe 13 C20 Pox Coi 63 C10 Dol
C)0 €8 Byg By BYg BYs Byg B, Coy €11 Ca8 Pox Ce3 Cos Cos Dol
C38 Cli6 B33 B36 Blg B3y BY7 B35 Cos %13 C20 Po1 C63 Cou €10 Pl
Clo Cus B3y B35 B3 B37 Big By Ce3 C75 Ca1 Pon Cou Cos el Dol
O3 Cle BYs Bl Bl B3e B3y B3g Ce3 C75 Co1 Po1 Cos Col Cel Dol
Cer, Cog Bii3 Blis By Bl Blo Bl2 o5 C12 19 Po1 Co6 61 Cog Yo
Cs6 Csa Bl Bl Blo Blis Bl Blis o6 €13 C20 Pox Cos €61 C10 Pouy
Clo S Blis Bl Bly Blia Blz Blo Cos C12 C19 Po1 €61 Co6 o9 Pou
C39 C)7 Bly, Bl Bl Blio Blis Bl Co6 C13 €20 Po1 Cé1 Cos C10 Dol
C),0 C1,8 Blo Bli1 Bli2 Bli3 Bl Blis Ce1 C73 €79 Pox Cos Co6 Ce2 Dol
D

C39 €),7 Bl1 Bl Bli3 Bl;2 Blis Bl C61 €73 C79 Po1 Co6 Cos Ce2 Doy
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C18 Co3 Doy O3 C22
C19 g3 Doy C22 Co3
18 %83 Doy C23 C22
83 %2 Doy €21 Cay
Co3 %2y Poy Cay 2
20 %1 Poy C21
03 Cay Doy C2 ‘a1
€22 Doy Ca
81 Cal Doy Co2 Ca2
C20 €22 Doy a2
18 C2 Doy %s2 Y22
20 €82 Do C22 2
18 C82 Doy Cay Co2
79 %23 Poy Cay 8o
79 G2l Pog C23 Ceo
20 €23 Doy Ceo Cay
C19 Cay Dol Cgo Co3
C20 Cgo Doy Co3 Cau
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052 01

Cos

Cy7 Cg1 Doy
C25 €51 Do
C5), €30 Doz
Cs), C31 Doz
C27 C30 Doz
C26 C31 Do2
C27 Cs3 Do2
C2¢ Cs3 Do
%53 C32 Do2
Ca5 C32 Do
C28 Cs), Do2
C2s Co)y Doz
Cs1 C30 Do
C51 C32 Do2
C28 C30 Doz
C26 C32 Doz
C28 C52 Do2
C2¢ C52 Do2
Cy9 C31 Dp2
Cu9 C32 Do2
Co8 C31 To2
C27 C32 Do
C28 C5o Doz
C27 G50 Doz

029

Cgg Doy
Csg Do1
%3y Doa
€35 Do1
C3) Do1
C35 Do1
Ceo Dox
Ceo Doz
C36 Doa
C3¢ Doy
C59 Do
Cg9 Do1
C3) Do1
C36 Do1
®3; Doa
C36 Do1
C57 Do1
C57 Do1
C35 Doy
C36 Do
C35 Doy
Cy Do1
Css Do1
C55 Do1

C33 C35 C57 Do3
®35 €33 C57 Doz
035 CéO 038 D03
C34 Ce0 C39 o3
Cev C35 €38 Do3
Ceo C31 C39 Do3
%31 C35 €59 Po3
C35 C3) C59 Dos
C33 C59 Cuo Do3
C59 C33 CLo Doz
C33 C36 060 D03
C36 C33 Ceo Do3
C36 C57 C38 Do3
€34 Cs57 Cluo Doz
C57 €36 C38 Do3
C57 C3y4 Cuo Po3
C3y €36 Cs8 Do3
C36 C3) Csg Doz
€36 Cs5 C39 Do3
C35 C55 Cuo Do3
G5 €36 €39 Dog
C55 C35 Cuo Do3
C35 C36 Cs56 Do3
C36 C35 C56 Doz
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Cs2 C53 Coy Csg Cse

Gy ¥z

Coy Doz
Coo Bon

CL3 Doz
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®u2 Ceg
CG, Chh
C69 Cu2
Cu2 Cuy
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%9 Y03 Cus Cu7 G52
%9 Doz Cu7 s s
%6 Doz Gy7 O Co6
®47 Po3 %6 Cra Co7
Cu6 Yoz €71 Cu7 Co6
®47 Do3 %71 Cue C27
C71 Po3 Ce Cy7 Oy,
Ca1 903 %7 Cu6 Csly
®u8 Do3 Cus C72 Cog
Cu8 Po3 C72 €5 Cog
®72 Doz Cus Cus Cs3
%72 Po3 €18 Cus Cs3
C6 Do3 €18 Cr0 Co26
€48 Po3 Cp6 C70 Cog
€6 Po3 C70 €8 C26
€48 Po3 €70 Cue Co8
€70 Do3 Cue Cus Cs1
€20 Po3 %18 €6 %51

3
Cs1
%30
C31
%30
031
Cs3
Cs3
C32

Cuu C67 Clu7 Doz Cue Ces C27 €31
Cpi Paz 3 Co7 Cus Po3 Cu7 Ces C28 €32 Coo

C31

C29

€32

29

C27 Co5 Co9 Cgg Cs7
Cog Co7 C31 Cog Co7
G5y, C27 C31 C3y C38
C5), C26 C30 C35 C39
C27 Coi 53 O3, Csg
%26 s Cs3 O35 C39
C27 C26 C30 C60 Cs9
C26 C27 C31 Ce0 5o
C53 Cag C29 C36 Qo
C25 C53 sy, €36 Cuo
C28 Co5 C29 Cs9 Ceo
025 028 032 059 060
Cs1 Cog C32 C3), C38
Cs1 C26 €30 €36 Clo
Cog Cs51 C52 O3 C38
C26 Cs1 Cs2 €36 Clyo
C28 C26 C30 Cs57 Cs8
C26 C28 C32 C57 Csg
Cug C28 ©32 C35 C39
Clo C27 €31 €36 Cuo

Sz Yoz Ce7 Cul Cu7 Pos Ces Cus C27 C31 %32 €28 Cug Cso O35 C39

Col Bo2 Ce67 Cu3 Cu8 Dos Ces Clu7 28 32 €31 Co7 €9 Co C36 C)0

Co7 Doz

Cg7 D02 Cly3 Cl), Ces Pos ©)7 C1us Clug C5o C32 C28 €27 €31 C55 Cos

Ci €13 Ce8 P03 €18 Clu7 Cu9 Cs0 €31 C27 €28 €32 C55 Cs6
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7 Coy Cgo Cgo Ce1 Cep Cs3 Cel S5 Ces Cs7 Ce8 Ce9 Cro

32

G35 C53 C37 Cey %63 %9 Cos %1 Co7 C70 Ce9 A7 Q3
33 35 C39 Cg) o3
Yo 35 C39 %oy Cos %5 Ce6 %os Cog Cuz Cus Cn1 Cr

G0 €3y C38 Cos Cog Ces Css Col Cos Cu3 Cy7 Cr1 G2

07 %1 Cos Cug C70 Ce9 G5 G

) C35 Ceo Cg9 Coi Cos Cog Cos Ce6 Ces Cu2 Cus Cy7 Cu3
3 Cay;, Ceg C59 Cos Cog Cog Co Ces Ces Cu3 Cu7 Cus Ciy2

C35 C3), C3y Cee Cos Cog Cos Col Coy C72 Cr1 Cu7 Cu3
3l S35 C39 Ces Cos Cos Coy Cos Cog C72 C71 Cle Cu2
Cgy C33 C37 Cog C10 Cse Ces Co1 Co7 Cuy Cus C72 Cra
C35 C59 %0 Cos C10 Co7 Co1 Ces Ces Cul Cus Cus Cla
37 C65 C66 C10 Co6 Co1 Co7 C71 C72 Cus Cuy

C71 C72
Cy1 C)s

€36 CL0 C65 Ce6 Co7 Co1 Co6 C1o C71 C72 Cus Cua Sy Cus

Cs7 C36 Cl0 Coi Co8 Cen Ce3 Co6 Cic Ci2 Cue C70 Co9 Ol Cus

57 C31, C38 Cog C10 Cel C63 Col Co8 Cul Cu8 C70 Ceg Cu2 Cus

C46 Co7 Cog Col Cos C10 Cos Co3 Cel Clu2 Cus Cus Cul Ce9 C10

©38 ©31 57 ©58 C06 10 C08 Cou ®63 Cels s Cus Cue Cu2 C69 C70
%o €36 C3u %38 Ce3 %6l C10 Cos Cou Cos Ce9 C70 €18 Cu Cu2 Cus
Caz C4y C36 Clo Co3 Col Cos Cou Cos C10 C69 C70 Cu6 Cl2 Cul Cus
Cse Csg C36 Clo Cos Cog Ce2 Co1 Co6 Cao Cuy3 Cu7 Ces Co7 Clyy Clus
Cs6 Csi5 C35 C39 Cos C10 Ce2 Ce1 Cos Cog Cul Cus Cos Cé7 Cuy3 Cu7
C1 C36 Cs55 Cs6 Cos Cog C10 Co6 Ce1 Co2 Cu3 Cly7 Cus Cul Cor Cos
€39 C35 Cg5 C56 Cos C10 Cog Cos Ce1 Co2 Cul Cus Clu7 Cu3 Cor Ce
€ C36 C35 C39 C1 Ce2 Cay Cog Cos Cog Ce7 Ce8 Cus Cly Cu3 Cuyr
€35 C35C36 Cuo C61 Ce2 Coy Cos Cos €10 Ce7 C68 Cuz Cu3 Cul Cus
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Cr3 Sy 75 Crg C77 C78 Cp9 Cgo Co1 Cs2 Cg3 Cay Do Dbz Dbz Ry

Gz G Cu6 G2 Cyo Cyy Cg2 Cg1 Co3 Gig %3 Cou Tha Dbz Dbz Doy
Cy2 Gr2 C16 Cg2 Cg1 Co1 Co3 C19 Co3 Doa Dbz Moz Dy
11 Ciyy C77 C7g Ci2 Cue C18 C22 Cg3 Cay C19 Co3 Dhy Dbz Doz Doy
Cy2 Cig Cy7 C7g C11 Gy Ci9 Co3 Cg3 Cgly €18 C22 Dol Doz Doz Ry
Cyy Cyy Cip C12 Cpg C77 Cug C22 €3 Crg Cgy Cg3 Do1 Do2 Doz Doy
16 €15 C13 C78 C77 C19 C23 Co2 C18 Cgy C83 Do1 Doz Doz Doy
78 C77 C1g C12 C11 C15 Gy Cg3 C23 Ci9 C18 C22 Do1 Doz Doz Dy
15 C11 €12 C16 Cgy Cg3 C22 C18 C19 C23 Do1 Doz Doz Doy
Cisy €317 Cgg C77 Cg2 Cay Coo Col €8y C83 Co3 C21 Doi Doz Doz Doy
Ci3 Cy7 Cyj Cga Cp7 C78 G2 Cal €21 Co3 Cg3 Cgly Do1 Doz Doz Doy
Cz7 C78 Cy7 C13 Coz C1y €83 €y C2ly C2o Co3 Co1 Dol Doz Do3 Doy
C77 Cys Gy Cp2 C13 Ca7 €83 Cgy C21 Co3 C20 C2l Do1 Doz Do3 Doy
Ci1 Ci5C76C75 C13 C17 €18 C22 Cg2 Cg1 Coo C2ly Do1 Doz Doz Doy
17 78 C75 C11 C15 Con Cp) Cg2 Cg1 C18 C22 Doi Doz Doz Doy
13 C75 C76 €18 C22 Cyy Cop Cg1 C82 Do1 Doz Doz Doy
Ci3Cy7 G5 Cyp Cog Cpg Cop Coy Co2 G158 Cg1 Ca2 Doi Doz Doz Doy
75 C76 €17 C13 Cua Ca5 Cgy Ca2 Coy Cpy C18 C22 Doa Doz Doz Doy

CyuCyyCygCgq Cq3 Cay Cgy Cg2 Cop Ca8 Cog Co) Do1 Dop D3 Doy

Q
Q
o

12 C16C7, C73C13C17C19Cp3 Cgy C79 Cop Cp) Do1 Do2 Dyy3 Doy
13C,7C7,C73C12C16Cp Co Cgp C79 C19 C23 D1 Do2 Doz Doy
C12C16C17C13 C73 C7 C19 C23 G2y C20 C79 Cgo Do1 Doz Doz Doy
C‘“*; C”;

v

C36C12C73C7,ConCp, C23C19C79CgyDo1Do2Dy3 Doy

wad

C74C7,C17C13C12C14C79C85 Cal Cop C1y C23Do1Do2 Doz Doy

C73C7,C16C12C13C17C79C80C 23 C19 C20 G2y Do1Do2Do3 Dok
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C37 Do3
Cs0 Doz
C37 Do3
Cy0 Doz
€40 Po3
C38 Do3
Cs8 Do3
®s8 Do3
C38 Do3

Cuo Do3
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& TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Cs3 Coyy

97

T D
i vni Yoo

G2 o2

¢ L1 Doo

C.

s U

02
Cu1 Doz
70 Doz
Cy1 Po2
Co Doz

Cu3 Doz

3 Gz Doo

, G725 Do

€72 Doz
Cu2 o2
%43 Yo2
Ci1 Po2
71 Do2
Cu1 Toz

1 Sy Doz

¢, Doz
“y2 Do2
Ce9 Doz
C69 Do2
Cu2 Lo2

Cuy Doz

Ch2 Ce7 Cus Doz Qs %30
i1 C67 Q6 Tz Qs C29

C43

Gl
%
Ce9
Ceg
CLl
Ch2
CLl
Ch2

C69 Cus Po3
%69 Cu7 Doz
%47 Cus Do3
Cy7 C69 Doz
®u6 Cus Do3
46 %67 Po3
%46 €47 Po3
®u7 Cue Po3
%46 C71 Doz
%47 C71 o3
71 16 o3
C71 %7 Po3
®48 Cus Doz
Cu8 C72 Do3
C72 Cys Doz
C72 S48 o3
®u6 Cu8 Doz
C48 Cue Do3
%46 C70 Po3
C48 C70 Po3
C70 Cu6 Po3

G20 €48 Do3

®u7 Cn
Cus Cg
Ce9 Cs1
Cus C29
C67 Cug
Cys Co9
G721 Cs3
C71 Cs3
Cu7 O3
%46 €30
Cu7 G5
%46 C30
G2 Cs),
Cus Cog
ChB 032
Cu5 C29
%70 C52
C7O 052
Ch8 032
%46 €30
Ch8 032
%46 C30

Cog

027
025

Co Q9
Cso Q9
052 C51

052 CSl

Cos Cog
26 S0
Ca5 Co9
Co7 C31
Coe Cog
Cgp Cey



Tik TraNSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

'357 (’“’58 (359 Céo Cél 062 063 céh

065

Ceg Co7 C68 Co9 Cr0 C71

98

56 “55 933 C37 Co8 Cou Ce2 Car
56 55 C3) C38 Co7 Co1 Ce2 Ce1
Us8 P57 C33 C37 Cog Cos Ce, Cé3
C58 C57 Cs7 C39 Co7 Co1 Cel Cé3
C35 C39 C33 C37 C63 Cel Cog Cog
C1g C39 €58 C57 Co7 Co1 Cos Cog
€3) €38 C33 C37 Ce1 Ce2 Col Cos
C3), €38 C56 Cs5 Co7 Co1 Col Cos
C3l U38 C35 €39 Ces5 Ce6 Coly CoB
C35 C39 C3) €38 C65 %66 Cos Coy
0311 6‘38 063 059 CO9 COS COh COB
C35 C39 %0 €59 Co8 ol Cos Cog
Ceo C59 C3) C38 Cog Cos Ces Ces
Ceo Cs9 €35 C39 Cos Coly Ce6 Ces
€36 Cue C33 C37 C66 Ces Co6 C10
Cag Gy C59 Ceo Co7 Co1 Cos C10
Csy Ceo C33 C37 C10 Cos 65 C66
Csy Ceo C36 Cuo Co7 Co1 Ces Ce6
C3,, C38 C36 Cuo Cely C63 Col Co8
C3¢ Cio €31 C38 Cel Co63 Cos C10
C3), €38 C57 C58 C10 Cos Col Cos
C36 C)o C57 €58 Cos Coly Co6 C10

€07 Cu6 Cu2 C68 %67 Cu1
Cos Cus Cu1 C68 %67 Ci2
Co7 Cu7 Cu3 C70 Ce9 G2
Cog Clys Cl1 €70 Ce9 Ci3
Co7 C69 C70 Cu3 Cu7 Ciu1
C63 Cys Cu1 Cy3 Cu7 Cr0
Co7 C67 Ce8 Clu2 Cue Cu1
C61 Clus Cu1 Cu2 Cue Ces
Cog €71 C72 Cy2 Clye Cu3
Cog C71 C72 Cy3 Cy7 Cl2
Ces Clu7 Cu3 Cu2 Cu6 Cr2
Ces Cl6 Clu2 Cu3 Cu7 Cr2
Cos Cy7 Cy3 C72 C71 Cyo
Cog Cue Cu2 C72 C71 Cu3
Co7 C72 C71 Cuy Cus Cl1
Ce6 Cus Cu1 Chy Cus Cna
Co7 Cu8 Cuy C71 C72 Ci1
C10 Cys Cu1 C71 C72 Cpy
C10 C70 C69 Cu2 Cu6 Cu
Cos C70 Cé9 Cuk Cus Ciy2
Col, Cli8 Chl Cl2 Cue Co9
Cel Cu6 Cu2 Cuu Cus Cey

Cg7 Cog C3 C38 C10 Cos €63 Cel Col Cos Cus Cul C69 C70 Cl2
Cg7 Cgg C36 Clo Co8 Col C63 Cel Cob Cio Cus Clu2 C69 Cro Cul Ci8
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Cai, Bo1 Yoo

99

%3 Bou

“7h
71,
. 076
C

b
13

76

75 S9¢ Cpp

e, C 012

b}‘ G Gll

c, € Cll

Cll

€1z

I
Cc.. ¢ Cll
G, . C ui?

C23
€73
G5
G5
C6

Cl6

ClS

ClS

Cl5

16

Cl5
C16

C7

Cr7

C17
C17
C78
C78
C15
€17
ClS

017

G2 S C22
h Gy Cx
Co2 G, Co3
C12 C6 €1
Co2 C1), S
%76 C15 Ca1
€02 1, 19
G C73 Ca1
C12 C16 Ca3

€11 €15 Cg3

%8 %77 C23
%17 C22
%15 C23
C16 C22
Cy, Cay
C78 Co1
Cyy Coy

78

78

Cll

€17 %21
C17 Cg2
€15 Cg2
C75 Cq6 Cay
C75 C76 C22

€18 Cgo
Co3 Cgo
Clo Cg2
Co3 g2
Cg2 C19
€03 C19
Cg0 C18
€03 C18
Ca) Cig
%) Ci9
C19 %18
%18 C19
C19 Cay
€18 Cay,
Cg3 C20
Co3 C20
C20 Cg3
%03 a3
Cg1 C13
€81 C20

Cx C18

Cr9 %3
C79 Ci8
Cg1 3

Cg1 G

Co3

023

Coo

C22

Ca2

023

022 C
€23

Co3

Co2

Co1 Do1 Doz
C2 1 T2
1 Bo1 Do
C23 D1 Do
C21 Bo1 Y2

Cg1
C

Do1 Doz
Do1 Doz
Do1 Doz

Do1 Do

o1 P02

D51 Do

2l

C79

023

022 D

Cg3
C

D

83 “01 "02
C

22 701 702

D
D.. D
€23 Doy Doy

D

23
Ca
Cg),
Co

Do1 Doz
Do1 Do2
Do1 Do2
C2) Po1 Doz
Cay Do1 Do2

Crr Dy D

22 701 J02

Cg2 Do1 Doz

D3 Doy
D3 Sy
To3 Doy
D3 Doy
D3 Doy
B3 oy
Do3 Doy,
Do3 Doy
Bo3 Doy
Do3 Do
Bo3 Doy,
Dy3 Doy,
D3 Do,
Po3 Poy
Doy,
Do,
Do,
Do3 Doy,
Do3 Doy,
Do3 Doy,

D03 DOh

C18 Cp0 Coy Cs1 C82 Do1 D2 Po3 Doy

€17 ©13 C75 C76 C17 C15 Co)y C20 Cg1 Cg2 C18 C22 Po1 Po2

€1z €y Cpg Cog C13 C17 oo C1g Cay g2

2

Ca), Po1 oz

Dy3 Doy,

D03 Doh



TRANSFORIATION SEMIGROUP OF DEGREE FOUR (continued)

120

1 8o Ag3 Aoy Aos Bog Aoy Agg Agg R1g A1y B1p A3 A A5 Ag

B?8 d?g

g | bgg B

“73 P13 Fol

By, Eos
Bys Boe
Bu6 Boy
u7 808

Bgg Bgo

B 5 bog B75 By, Blo
146 507 Brg Byz B

Rile

B3

By £

.
P07

Baj,

Br3

B,

B

Bg B3

B75 Bl B

B76 Biis
By, Bgo
Bgo By,
B18 Bgo
Bgy Big
516 Bae
Bge D16
Bl3 B8h
B13

Bgg Bgy

B33 By, Bis Bog
531 B33 Bog Big
B35 B3¢ Bi7 By Bi5 Bos
B3¢ B35 Bg)y Br7 Boz Bis

77 B2 B

By Bl
B3 B0

By7 Byg
Bos B17

Bys B2 Bue B3 Bo7 F |
BL Bl Bys Blo Bog Big
Bos Bo Bys Bls Bog Bla

5o B Biy
56 His B3
o7 Blw By
Bag Bgo Bro
Byo Bog Blg
By Bgg Bog
B6 1o Bgg
09 %52 Blo

%7 B B

B,
Blo

Bﬂl

Bhg Blo
§ 7
Bow B3
Bos Sij2

By, B

03 722

Byo Byg

By Boy, B

Boy
B65
By7

B63

Byy By,

b2 Bag
By Bpz
Bag By,
30 Bog

831

By7 Boo

50 Bag
o5 B36
536 Pos
f1 By

Bg), By Bgz By By Byy
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TIE TRANSFURMATION SEMIGRUUY OF DEGREE FOUR (continued)

A A AL A

17 %18 %19 400 401 400 493 A9 By By ¥o3 By, Bos Bog

101

526 Bis Bag Bo9 B77 By7 B8 Bus Bu3 Cos B3 Bus Bus Cio
Brs 2L Bog Bos B8 Pug Br7 Buz Fuu Cos Puu Bue Pus Ci3
B7g Bii3 35 By7 Byy By Bre Bue Bus Cos Bus Buz Byz Cio
Br7 542 Boy Bos Br3 By3 Brs Bys Bus Cos Bus Buu Buy Ca3
573 Bln Bo7 <65 B76 Bue Bru By Bur Cer By7 Bus Bus C73
7 B0 Boe Bou Brs Bus Br3 By Bus Cen Bys Buyr By Or3
11 210 B13 Big B2 By, €11 Bao Big Bog Coy Big
Ba1 2o B3 P1g Bia Bilo Biy Biz ©11 Big Bao Big Coi Bao
03 19 B1y, Bl Bls B3 Big Bl €7y, Bao Bo1 Boo Ce2 B
19 203 Bag P13 B1y, B12 511 Blo %7y P21 Bz Baa Ce2 Bao
B B__ B B! C

(=31 ] i 7 ?
06 "25 T17 716 Bl9 B2l B18 BZO 12 B2h B23 B2h COS B23

B, B ‘. B!_ B, Bt B B _ B :
25 Boé 19 21 17 716 20 18 C12 23 24 B23 Cos Bzh
.. B B Bi_ B

02 B23 Boo Big Bo1 Big Big 17 Cr6 Bog Bog Bog Cey Bog

C

§ ] 9 i § 9 F
30 P32 Bhp Bh3 By, Bog Bhs Bo7 Cu1 Bog By Bog Oy T

1 £
29 B3p Bhs Bhp Bhg Bhg By Bog Cpp Byg Bog By Cog Bog
By Byg By, Bog Bhp Bhz Bhy Bhg Cpy Byg Byg Byy Cp) Bog

31 Bog Bhg Bhy Bhz Bhy BogB'y) Cqp Bpg B3y Bpg Cpg By

B

Ceo

019
019
Cg2

15

019
C18

Cl9

B3
Bo)
le

53 Bao B Blo Baop Big B178"16 C76 Bog Bog Bag Cel, Bog Cso Boo

558
Bgg
Beo

07 Bog Bhg B, Bhy Bag Bhy Bhy Cqg Byp B3y B3y Cgg B3y Cg), By
Bog Bpy By Bog Bhg By Bag Bhy Cqg B3y Byp Bsy Cgg B3p Cg) Bep
Boz B35 Bag P28 P31 B33 Bio 832 €13 B3y, B33 B3y Cos B33 Co0 Be3
01 B31 B33 Pag Bag B30 B30 C13 B33 B3y, B33 Cos B3y Co0 Pel
05 33 B32 P30 P33 B31P 28 Pag O77 B36 B35 P36 Ceg B3g Ca3 Beg
| B3 Bog By By By By By Bhg Cyq Byg Byg Bg Ogg Byg Oy Beg
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Byg Byg

102

Yos C19

Co6 C2o

By1 Byp By3 By, Big Byg Biy Big Big Byp Bpy Bop Bp3 L
‘Bby, Bd6 Bl Bue By7 Dus C27 C31

B75 B7s C1g
B76 Br6 Coo
B73 Br3 Cy
B7u By G20
B7g B8 C79
B77 877 %79
%ou Bs6 P19
Coi Bss g
%62 Bso Bg1
C62 B9 Bgo
%5 Bsu g3
%05 P53 Bg,
%6l Bs2 Bgs
Cei, B51 Bge
Co B59 Bgy
Cos Beo Bgs
Co 57 B9
Cos 58 Boo
Beo Box
Bs1 Boo
Bo3
5ol
Bos

E%S B96

Boy Bh6 C12
Bos Bo7 C13
Boe Boy C12
Bo7
Bos

Byo

B79

Bgg

Bos C13
B9 C73
o8 €73
Cll B

Cll B

80
19
82
81

By, C,, B

81

B82 C

7l

Tl

012 B

012 B
C76

C76

B

Bg7 C11
Bgg C12 Byo
G
C12
C78 Boz
78
B3 C13 Bol
13
77
77 %5

Bos Bo7 By3 Bys Byg By Cog O3z

Bde B

B67
Bos

B69

C18

C18
8

80

C
C
€9
Cl9
82

C2
c

C

18

Cl9

C18

CB3

ol By Bhs B, Bl Co7

35 Bus By7 B3 Bys Cog O3

Bog B

Bos

Beo

B29

Bgo

Ba1

8ly
83

Bge

B

B

15 B3 Bue By Cuo

Bu6 By Bys B3 Cug ©

Bo3

B22

oL 22 21

B21

.\7

03

ﬂ19

Bog

825

B02

B23

330

B29

332

51

B27

B8

%32

B35

%35

553

03
3

20
uoh

Bo6

B02
B2h
o6

331

By,
Bog
B
Byo

B29

836

EbS

5

%31

I3

903
B

Bo6

B23

Eb2

B32

331

B30

B29

28
o7
535

%31

B
33

%35

B

"ol
-
19

25 B

322 B

B_B

B 553
%31 E%S




103

THE TRANSFORMATION SEMIGROUY OF DEGREE FOUR (continued)

a5 Boe By Bog Bag 230 B31 B35 B3y By) B35 Byg 837 By B39 B
}3;73 Clé 009 006 628 ClB 032 C17 ClO Bh? B).;B th Bhé Bhé Bh8 th Bh?
7 | 17 “10 %05 C27 %12 %1 €16 Co9 Bu8 Bur Bu3 Bus Bus Bz Buz Fus
575 | €16 %09 Ce1 Cu9 %73 Cs0 Cou Ce2 Buy Bue Buz Bus Bus Bue Bur Fu
76 | %17 %10 61 Cug €73 C50 S C62 Bu3 Bus By Bur By Bus Bus B3
¢ 31 €16 Co9 Bu6 B Bus B3 Bu3 Bui Bus Bus
Brg | Gl Ce2 %06 €28 C13 C32 %17 %10 Bus Bu3 Bus By By Bu3 Bue Bus
79| Boz Boy Boy Ba1 Boz Ba2 Big Bao C26 C30 C15 Cog Co1 Co5 Co2 Cog

71 %62 Cog Co7 C12

(@)

Bgo | Bz2 Ba1 Ba1 Boy Bop Boz Bao Big Cog C30 C15 Cog Cs2 Cso Cru Cuo
Bga | Bou Bos Boz Brg Boy Bao Bax B2z Cso Cy9 C73 Cen Co1 Co5 Coo o9
2| P20 B9 Brg Boz Bao Boy Bro By Coo Cu9 C73 Cen Coy C26 C11 C30
Bg3 | Bo2 Bos Bos Bog Boa Bag Boz Bay Co7 C31 C16 Cog Co1 Cos Co2 Cag
Bou | Ba6 Bas Bog Bog Bag Bop Ba) Bp3z C27 C31 C16 Cog Cel Cs2 C76 Co1
g | Yoe Bo2 Boz Bag Bog Bay Bog Bog Cop Co1 C75 Ce3 Cou Cos Co2 Cog
Bge| Bay Bp3 Bas Byp By Bog Bag Bag Cp Coy C7g Cg3 Cog Co7 C1p €1
Bg;| Bag By Byo Byp Bog Byy Bap B

28 730 730 732 31 27

Bgg| Bay Bog Bag B3y Byp B3y Bpg Byg Cog

89! B31 Byo B3y Byg B3y Byg Bog By Cog G35 C1g Cpg Ceg Co)y Crg o3

B0l B32 B3y B3y B9 Byp By Byg Bag Oo7 C31 Cug Cog Ce6 Csu C78 Css
Bo1 ) Bag Bag Bag Bag Bag Byg B3y B3y Cgy Co3 Cpp Ceg Coy Ca6 11 C30
 Bypi B Byp Bag By B B3y Cg Ccy Co7 Ceg Cog Co7 C1p C31
B93§ Bos Bo2 Boz B3g Bos B3g Bsz By Cog C35 Ca7 C10 Co1 Cog Co2 Cog
B9u§ B3¢ B3g Byg Bpy B3g Bog B3, B3z Cog C3p C17 C10 Ceg Cs3 C77 Cgy
Box Bos Bog B33 Pox B3y B3 B36 O53 O5u O78 Ces Co1 C25 o2 29

B
8961 P31 B33 B33 Bog B3y Box P36 B35 Cs3 Coiy C78 Ce6 Co6 C28 C13 C32

29 826 C30 C15 Cog Cos C27 C12 C31

31 ©16 %9 Coy Co6 C11

30 Bag B3p
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Bhl th

B3 By, Bus Bis Bu7 Bus Buo Boo Bs1 Bsp Bsy Bg), Bss Boge

NP

c

!

“Cy C

B3 Bys
B Pue
Bus Bus

P Py
'B

L7 218
B8 By7
1 Co7
73 Ca1

o7

Cy2 Cog

GEJ, CO?

16 o9

“G._C

15 “08
77 %63
77 %63
€08
16 C09
1, %o7
75 "

§°lh 07
€17 Cqp

“b9 Ce1 C50 %73 Ce2 Ca1, Br7 By Ca3 Cog O35 C39 Boy B
%9 %61 €50 €73 %62 ®71, P78 77 Cal P10 €36 Cuo Br3 Brs
®28 %06 32 €13 %10 %17 P71 Br6 C23 Cog C35 €39 B77 Brg
®27 %s %31 %12 Co9 %16 P73 P75 %2 €10 %36 Cuo P78 By
®28 Co6 €32 %13 10 C17 B76 B2 Cao C62 Cs5 Cs6 Brg Bes
®27 %05 €31 C12 Cog €16 Brs B73 G0 Ce2 Cs5 Cs6 Brs By
C62 C50 %71 Cu9 C73 C61 Bso Byg Bog B12 Bso By Bog Bip
Co1 C25 €02 Ca9 C1) Co7 Bog B12 Bso Blg Bog B12 Bso Bl
Cou €26 C11 €30 C15 Cog Bsg Bss Bro Bog Bsg Bss Byo Bog
Co1 €25 Co2 C29 €1y, Co7 B12 Bog Bse Bss Biz Byg Bog Bog
Ce) C52 C76 Co1 C75 Cp3 Bgp Boy Bgg Big Bsp By Bog Big
Co1 C25 Co2 €29 €1y, Co7 Bog Bio Bso Bo1 Bog Big Bgp Boy
®o5 €27 %12 ©31 €16 Co9 Bsy, Bsz Bio Bog Bs)y Bz Bio Bog
®o1 €25 C02 %29 C1y %07 B1o Bog Bsy Bs3 Bio Bog By Eos
Cee C51 C78 C53 Cr7 Ces Ber Bea Bss Beo Bey Be2 Bss Beo
%66 %s1 78 C53 77 Ces Pea Par P57 Bsg Pea Be1 Bsy Py
Co5 €27 12 C31 %16 Co9 Bss Beo Be1 Be2 Bss Beo Ber Beo
Coh C26 11 C30 ClS Cos BS? B59 B62 Be1 BS? B59 Beo B61
Co5 %27 C12 %31 Ca6 Coo Beo Bss Bsg Bsy Beo Bsg Bsg Bsy
Coh 026 Cll C3O Cl5 008 B59 BS? B60 B58 B59 B57 B60 B58
Ce5 €53 C77 Cxy C78 Ce6 Bes Bes Bra Bor Bes B65 B11 Boy
C‘l 25 \.12 29 LL O? 11 O? 66 65 ll 07 66 65
Cog C28 13 C32 €17 C10 Be), Bes Boy P11 Be), te3 Bop B

Co1 C25 Co2 Ca9 C), Co7 Bo7 B1y. Bey Be3 Bo7 B1a Bgy Bé}
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TRANSFCRMATION SEWIGROUP OF DEGRRE FOUI: (conbinued)

Beo

105

Be3 Bel, Bos Be6 Ber Bes Beg B0 B Boo

E B

i B

C‘ﬁ 036 020
%35 C19
1 Ps5 Crg
%55 C79
%35 C19

06 C36 c20

%8

B1o

B56

BO9
85
BlO
%y
Bgg
57
Be1
B2
Bg9
Beo

11
B66

Bo7

Béh

ChO
C39
56
56
39

Lo
5

C

C
C

Bos

B56
Bl2

B52

BO9

5o,
B

Be1

62
Fgg
57
Beo

B

B59 ¥62
Bee Bo3
511 Bay Fes
B Bes Bee

577 B78 By), B76 Brs Brg By
B8 B77 Br3 Byg Bog Bop Bo3
B, B76 P77 Bre
573 Brg Brg By
576 P71 Brs Brs
575 Br3 P16 Boy
C3) C38 %22 o8
®3 ©38 C22
%6 Os5 79
9 “s6 “s5 C79
L “35 %39 23
°35 €39 C23
C58 CS? Cg1
CSB CS? Ca1
%3 “38 C22

578 Bre P17
577 815 Brs
B73 By, Brs
Bau P73 Bre
Co1 33 Co3

Ce2 Cs6 Coo

5 B

o1 “33 ‘03
RS TRT:
01 %33 Y03
®¢), ®s8 Cg2
o1 %33 “03
%05 %35 %19
®o5 %35 %19
Cou %31 18
Ce6 Ceo Cal
“66 “60 Cal

10

%35 39 C23
®34 %38 C22
G35 C39 %3
Céo 059 083
060 059 CBB

C

%5 %ol %31 18
%s Cos 35 “19
“36 %40 a1 €10 C01 €33 Co03
“36 ‘1o 2l “10 “es %59 %83
C59 Ceo0 Cay o6 Co1 33 o3
Bo7 Bes Bes P59 Ceo Cay Ces Cos C36 Co0

527 B3 P15
B8 B, 876
Ba1 Brs Bry
523 816 By

Brg

Be7

Co7

Ce1

007

Cos

Co7

Cé3

Co7

CO9

CO9

08
65

65
“o8

009

Co7

66

C

G

G

Co7

Cuo Czh C1o
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B_B B _B _B_B_B B
73 74 75 76 77 78 79 80

DEGREE FOUR

B B B
81 82 83

106

{continued)

B. B B _B_B
8, 85 86 87 88

55 %61 C56 C?9 %62 a0 BSS Bé?
55 %61 056 C79 %62 C80 Béb Bos
36 %06 b0 €20 %10 %2y Bos Bog
C35 Cog C39 C19 Cog Co3 Bog Bog
C36 Cos Cuo %20 C10 2y Boe Bow
C35 Cos €39 C19 Cog Ca3 Bo7 Bog
%62 56 Ceo Cs5 Cr9 Ce1 Buy Pig

Co7 Bgo Bgy

Co1 C33 Co3 C37 Co1
ol %31 C18 ©38 C22 Cos Byg By
oz €33 %03 €37 Co1 Co7 Beo Brg

Cal, Cs8 C82 Cg7 Ce1 Ce3 Big Bis

L

o1 %33 €03 %37 C21 Co7 Bgs Bss
o5 %35 C19 %39 Ca3 Co9 B3 Big
o1 €23 03 %37 21 Co7 Bay Bes
66 Ceo 8l Cso Cs3 Ces Bag Boo
Ce6 Ceo Cay P59 C83 Ce5 Bar Beg
Co5 ©35 %19 %39 C23 Cog Boa Bgz
Cou Cai €18 38 C22 Cos Bgp Bgy

Coé

C35 C19 C39 Cp3 Cog Bgg Bgy
Cow. €31 18 C38 22 Cog Bop Bas
Cec Co9 Ca3 Cep Cg), Cog Bag Biy

Ca2 €33 %03 €37 21 Co7 Bog Bys

. Cog C36 C20 Cpo Coy %10 B17 Bisg
| ¢

C

o1 ©33 %3 %37 %21 Co7 Boy Bos

Bos P09 Cu3
Bog Bos il
Bos Boz “u3
B, Boe Cuu
Bé? Bés 067
Boe Bow Ce7
Bgo B Bgo
By), Bis By
Bgo B79 Bao
B18 By Bis
Bge Bos Bag
Big B13 Big
Bg), Bg3 Baw
B13 Big B13
B9l B92 B9l
Bo2 Bo1 Bgp
Bgg Bgo Bes
Bg7 Bgg Bg7
Boo Bgg Boo
B89 B87 B89
B96 Bog Bog
B1g B17 Big
%91 293 Byl
B17 Big By

®u7 C23 %16 %13
“u8 %21 %17 12 Cu3
®u7 %23 %16 %73 C67
C8 Cay €17 €73 Co7
Cg8 Cao C7 C12 Cu3
Ces Coo C71 Ca3 Cuy
Bg1 By), B1g Big Bay
B1g Bg2 Bg1 Bga Bis
B79 Big B1) B Brg
B11 Bso Brg P79 By,
Bgs B16 B13 B3 Bgs
B13 Bgg Bgs Bgs B3
B83 B13 B1¢ Big B83
B1¢ Bg), Ba3 Bes Bie
Boo Bgg Boo Bog Byo
Bg1 Bgy Bag Bgg Bon
B9O B9l B92 B92 B90
Bgo Boo By Bgy Bgg
Bgg Bgg Ba7 Bg7 Bes
Bg7 Boo Bgs Bes Bay
Bog Byg B17 B17 Bog
B17 Boe Bgg Bgg Bi7
B93 B17 B1g B15 Bos
P15 B Bgs Bo3 Bis
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THE TRANSFURMATION SEMIGROUP OF DEGREE FOUR (continued)

Boo Bo1 Bgp

By3 Bgy, Bog Bog Boy Bog Bog By By By By, Bic

—— &t ik — e

B,
15

y By, B

Cu8 Cop C17

%y %23 16

Ceg Cgo C71, B

%68 C80 C7y B
Ch? C23 Cl6
GhB C?h Cl?
Paz Prg Pgo ©
1 a0 P19
BBO BBl B82
518 P82 ;1
Bgs Bg3 Bay
6 BBh B83
85 Bge
513 Bge Bgs
P91 Bg7 Beg
592 Bag Boo
Bss Bgg Ba7
BBY B9O B88

B B B
90 91 92

B, B B
89 92 91

' L 1 B : Br_ BS
BOB BO9 BOS BO? BO? BO9 B05 BC8
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63 270 %06 P68 Box Bo1 %13 Bas Co0 Bos B2 Bla Big B39 B3y Byg

Baz Br1 G5 By Boa Bop COrs Bg3 a1 Bos Byg Byg B Byg Bl

B71 Bro Cg3 By1 Bhs Bos Cag Bop Cga Boo B Big Byg Byp Byg By
75 873 Cog Byg BYy, Bay, 1o Bie Cr9 Bos By 17 B8 By

Bae By Cos Bre Bos Pos €13 Bo7 Coo Bd7 Bu3 Bus Bus Bur Bus Bur

B73 Ba5 Cos B73 Bos Boe C12 By Cag Boy By Bus Buk Bus Buu Bie
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78 577 %61 P78 Bos Boe C73 Bog C79 Bag Bus Bu3 Bus By Bus By

B17 P18 %61 By7 Pog Bog C73 Pas C79 Pos Pus Bui Pus Bus Bus

ng 638 Csé G37 Ché Ghl 068 Chz c67 GL;S 601 C02 Ca? Clh Coh Q11
35 %37 %6 %38 %us %2 % Cu1 %e7 Cus Con ‘12 o8 C1s Co1 Co
s6 %5 %31 €37 Ce7 Cua Cu2 Ces Cue Cus Cor %02 %07 Cu Cee O

056 CSS 033 038 067 Ch2 Chl 068 Cu5 Ché COh Cll COB C15 C62 C?h
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35 %39 %58 %37 Cu7 Cuz %70 Cu3 %9 Cus Co1 %02 Co7 % Cos C12
33 €37 C58 C39 Ch,‘—? Ch3 €20 Cul Ce9 Ch? Cos 1o C09 €16 Co1 %oz

®58 C57 %35 €37 C69 Ca Cu3 €70 Cu7 Cus %01 %02 Co7 “u Cau C76

€28 C7 C33 C39 P9 €13 Cu1 ©70 Cus Cu7 Cos C12 Cog €16 Cel €76

€33 C37 C35 Cs7 Cpg Cop 3 Cpa Cu7 Ceg Cely €76 Co3 C75 Co1 Co2

€15 €39 G335 Coq Cp Cqa Cia O3 Cus Ceg Cel, €76 Ce3 €75 Cos Can
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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B Bg By Ho B ko %3 B B & B7 &g K9 Bo B B

Bro B7o Ben Br1 Ber Bag C3 C38 Co2 S8 Cos C36 Coo G0 G2y Qo
Bso Br1 Bgy Byp Beg Brg C3 Qo Coy G0 Coi G 18 C38 C22 G
Bro 870 B11 Bes Beo By C3) C38 C2 %08 %3 %7 Ce1 Css Ca2 Cay
B71 Bgo Bro Bgy Bro Beg C36 Cuo Cay Cro Ce3 Cs7 C1 CUss Ca2 G
Be7 Bes Bag Bro Br1 Bro Cs7 Cog Cg2 Caly Coi C3u s C38 Co2 Cos
Beg Be7 Bro Bsg Bra Bra Co7 Cog Cgo Cgy Cos C36 C20 Cuo Cau Cro
Brg Brg Bry, By By Brs Cag Cy9 Co3 Cog %6 ©36 C20 %o Cal Cro
575 By7 Br3 Brg By Brg C36 Cuo Cal C1o Cos C35 C19 C39 Co3 Cog
78 P16 P17 Pr P15 P13 G35 O39 Ga3 G9 %1 %5 Cr9 %6 Ceo G2
%18 P73 ®16 P11 ©36 Co C2y G0 %61 55 “79 P56 %0 “e2
73 P14 P15 e Br7 Prs Css Cse Cao %62 Cos C35 C19 O39 C23 Cog

By, B73 Bog Byg Bpg Bog Cog Cog Cgy Cgp Cog C36 Cao Cuo Col C10

%08 P55 P12 P56 Bug o Ce2 %0 Ce1 Cr9 Prz Bug Bos Bso Bss Bse
B

55 Bog Bse B12 Bo Blg Cs2 Cao Cs1 C79 Bse Bso Bsg Byg Bog By
B12 Blo Bos Bso Bss Bse Coy C18 Cos C22 Bos Bss B Bse By Boo
B0 Bgg By
L9 B12 Bso Bos Bsg Bss Coy C18 Cos C22 Bso Bse B9 Bss Bia Bog
Bog B9 Bos B1o Bog Co1 Co3 Co7 C21 Blg Bi2 Bso Bog Bse Bss
Bog Bs3 By Bg), Boy Bop Cg) Cgp Ce3 Cgy Big Bsy Bog Bsp Bgy By,
53 Bog Bsyy B10 Bs2 By Ce, Ca2 Ce3 Con Boy Bs2 Bs3 Bs1 Bog Big
10 B51 Bog Bs2 Bs3 Bg), Cos Ca9 Cog C23 Bog Bs3 Bio Bg) Bsy Bso
Bg), Bsa B3 Bsy Bog Big Co1 Co3 Co7 Ca1 Bs3 Bog Bs), Big Bs2 By
: Bs1 B1o Bgo Bog By, B3 Cog Cag Cog C23 Bsz By, Bsy Bz Big Bog

Bs2 Bsy, P51 P53 P10 Pog Cor Co3 Co7 Ca1 P51 Pao B2 Pog Ps), B

08 B12 €01 Co3 €07 €21 Bsg Bog Bsg By Bgp By
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B3 By, Bg Brg Byp Big Brg Byg Byy By, Byy By Bge Byg By Bug
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%3 %7 %1 %s Cs2 Ceu Bor Bye M3 Mo B3 B2 By By By B
6 %6 Coo Qo Co G0 B2 B3 Bog B Bos B1 B B3 B3 B
Con 1 %Ge C38 C22 Cos B3 B2 Bor Byo Bo7 By B3 B B By
G %6 0 %o Cay G0 By Bor B1 Bos B Bos Bog Byy Bor s
o Gl %8 %38 %22 Gos B1 Bys By Bor Bog Boy By Bog Bog Bor
Cs1 Cs5 C79 Cse Ceo Cop Hs B Hs g Bdg By Bz 7 By B
Ce1 Csg Cr9 Cog Ceo Co2 Bl Hde Bog Bos By Bos By Bde Be Hds
Cos C36 C20 Qo Cou Cr0 Bde BSy B, By B Biy Bls Blo Bjo Hy
05 C35 Ci9 C39 Co3 Coo Bdg Ble By Bde BYy Bde B9 Bls Be B
€06 C36 C20 Cuo Ca C10 Bos Eoy Bo7 Bs B7 Bds He Bdu By s
05 C35 C19 C39 Ca3 Cog By Bis Boe B 266 Bou Bor Bos Bos By
56 S50 12 %2 €03 Gy C21 11 C18 Ci5 C22 By, By
C._ ¢

12 Bu9 B08 Bso BSS Bsé C11 C18 C15 c22 02 03 Clh C21 B79 Blh

20 Bsg Buo Bos B1o Bog €02 Co3 C1u 21 C7i Ceo C73 C79 Big Bay
Ly 12 Bso Bos 55 C11 C18 C15 Co C7) Cgo C73 Cq9 Bgo Bap
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18 C15 Cpp Bgy By
19 C16 C23 B1g Bgs
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g, Bs2 Bz Boy Bog Big Coz Co3 Cuu Ca1 Ca2
16 Bs1 Bog B Bo3 By, €15 Cag C14 Co3 Co2 Co3 Caiy Ca1 Bez Bis
Bsp Bs), By Bs3 By Bog Coz Co3 Ca) €21 Crg C82 C75 Cey Bys Bgs
Bsy Bio Bgp Byg Bs), Bsz C1p C19 Ca6 €23 C76 Cg2 C7s Ca1 By Bae
Bo9 B53 P10 Bsl Bsa Bsz O76 Cs2 C75 C61 Coz Co3 Cul Ca1 Bes Ba3

By Byg Bg), Byg Bgy Boy Cqg Cgp C75 Cg1 €12 Cig9 C1g Co3 Bgg By,
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Bgg Bgg Boy Bop Bgy Bg) Bgg Bog Bgy Bog Bgg By Bhp Bhs By, Bps

Bog Bho Bg7 Bgg Clyp Cp6 S2p C15 Cy3 C) S0 Cug Co) C17 C75 Ceg

97 Bd3 Bgg By €y, Cug Cop C17

Bh2 Bog Bog Bgg C)y2 Cpyg Con Cas
Bo3 Bg7 Béa Bog Cy €8 Coy C17
Bgg By Bho B3 Cgg Coo

Bd1 Byg Bos Bho
Bos Bhg Bbl, Bde
5ol Bog Bos Bo7
08 Bog Bre oL
Bag Boy Eo7 Bos
Boe Bo7 Bos Bog
Bi7 Bde Bog Bhs
By8 Bgo Bg1 Bgo
Bgo Bag Bgo Bga
By), Bgo Byg Bgo
By9 Bgy By, Big
Bga By Bgo Brg
Bg3 B79 Brg By
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Bg), P13 Bge Bgs
Bys Bge Bg3 By,
Bg3 Bgg Bie B3
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Bgs Bg3 Biz Big

Ce9
Cu3
Cul
%3
Cul
C67
06?
C7

G2
Co2
Cip

Co2

C?O
Cly7
Ch8
Cy7
Ch8
Ces
Ce8
C8o

(@]

11 G2
C75 Ceg
%75 Ceg
11 0
C13
C13 Cuy
C12 O3
C73 Co7
C73 Co7
€12 O3
C13 Cu
B1g Bgy
Bgo Bgo
By B9
B79 By
Bgo Bgo
B3 ™18
B3 Bgg
Bg), Bgs
B¢ Bgs
Bgy Big
Bge Bgy,
Bgs B13

C18 Cl6 C22 C15 C75 Cgg
Cg1 C70 C82 €76 C13 Oy
Cg1 €70 C82 C76 C11 )2
C18 C6 C22 C15 C13 Oy,
C20 O €2y C17 €11 Cu2
C20 Cug Cg) C17 C73 Gy
C19 Cy7 C23 C16 %73 %67
79 €68 %80 C71 C13 Gl
C79 C68 Cgo C71, C12 Cu3
19 7 C23 %16 €13
C20 C)8 Cay C17 C12 O3
B1), Bgo By Bgo Bgo Bga
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{continued)

B33 By Pio
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7 P19 B35 Big Bl

i6 Big B3
o Bi7 Bag
®36 B3
B35 Ble
Bj) Bi,

-
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Blg Bhy

21 By Fao

Bis Bl
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Bls
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7 Big

B39
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1
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C3), C26 Cp2
C3¢ Cog

C3y
C36
Cs7
Co7
C35
036

16 Cag C33 g

C

38 C36 C28
Cho C31 C26
C38 C57 Co1
Cyo 57 Cn1
Csg C3), C26
Csg C36 Co
C39 C36 C28
%40 C35 C27
39 %55 Cug
®h0 Cs5 Cug
Cs6 C35 Co7
Cog C36 Cog
Ce7 Bio Bl
Cg7 Biz Big

Cy6 Blo Bla

37 GbS Bil BiO

Ch6 Bis Bij

G5 By), Bio

, C69 Eig Béo

7 Lgg Big B

Cy7 Big Biy
“us Pig B
Cy7 By Bl

7 G5 B3o Big

Biy Big
B{; Bj),
B{, Bi3
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Bis Bio
Bié B;l
bi7 Bag
Big Big
Big Big
B Bi7
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

B3g

By Bl

B3 Bl

Bz Co1 Co2 Co3

(@]

Col Cos Coé

ol b ek £ At £

Y e — T3 WA o

Bio B
B3, B!
Big B3
Big Bl
By Big
Bby BY
Big Bi7
Bi7 Big

Big
Big

52 70
52 C?O

C3 Oy

Bl Bio ¢

Bi;

> M3 B

Bi, BY

7 B30 Big

B} Biq
Bi; Big
Big Big
Big B

B{g Bl

Csg Coy C11 C18
Cs5 Co6 €13 C20
Cho Coy €11 i3
C4a Cos C13 P20

0 €s3 Cyg gy

B11 Doy
Bjc Dy, Dyp D
Bi), Do1 DPo2
Big Doz Doz Po3
Big Doz Doz Doz
Bi6 Do1 Loz Do3
Bi» Doy Dop Do3

Bby Dy1 Doz Dos

1 Bio Do1 Dop Do

Co6 Ce3 Po1 Co8 C10
Coi C63 Po1 C10 Cos
C¢3 %06 Do1 Cos Cel
C¢3 “ou o1 C10 Ol
Con Co6 Do Cel, Co
“06 ol Doz Cel C1o
Co6 C61 Po1 Cog Cio
Ca5 €61 Do1 C10 Cog
Ce1 Co6 Por Coy C62
61 Co5 Pon
Cos -06 Po1 Ce2 Cog
Co6 Cos Do1 Ce2 Cio
Co1 Coy Co2 Boy Co7
Cou Co1 €62 Doy, Cos
Co1 €62 Cou Dol Coz
Col Ce2 Co1 Do, Cog
Ce2 Co1 Cou Doy Cer
C62 Col Co1 Doy C61
Co1 Cos Cel Doy Co7
Cos Cor Cel Doy Cog
Co1 %L, Cos Doy Co7
Cos Gl Co1 Doy Cog
Gl Co1 Cos Poiy Ce3

%6y Cos oz Dol Ce3
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Cy9 C10 C11 €12 C13 ) 15

C1¢ C17 15 C19 Cop G271 Cp»
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Csy Doy C13 C75 Dop G5 C17

Cel Doy, C75 Doz C17 C13
C15 C76

Cl? C?é

C1o Doy C13 Doz

Cog Doy, C75 C11 Doo
C15 Dyo C7¢ C15
C76 C17

C16 C17

C10 Doy

Cos Doy C11 Dp»

Ceo Doy C73 Do2

Cgz Dy C73 Dp2 C17 C16

CE.O D

€59 Doy

C13 Doz C16 Coy

73 C12 Doy

Ol
C17 Coy
€7, C16

C10 Doy €12 C13 Dp2

C12 Dpp Co C17
C11 Cq), Doy Cayy
G19 Cos Cqj, Doy, C15

Coz €71 €11 Doy Cay

Cea C61 Coo

C11 C7), Co2 Doy C1g
7) Co2 C11 Doy C73
C7) C11 Co2 Doy C73
Coz C12 C76 Doy Cuy

C12 Co2 C7¢ Doy C16

C12 C76 Co2 Doy C16

C6 C12 Co2 Doy, C7s

C16 Doy C79 C19 Do3

Cyy C15 Cgo

Co2 C76 C12 Dy, €1, C75 C16 Cos

Cr6 Co2 C12 Doy, C75 Cq), C1¢ Cg2

Cop Cy),

Coy Coo

C2¢ Doy, Cop C51 Do3

C76 Doy, €18 C81 Po3
Coo Cgo

Co) Cg2

€17 Doy, €81 C20 Do3

C15 Doy, Cg1 C18 o3
C17 Doy, Ca8
Cag Doy C20

C7), Doy, €20

Coo Doz Cg2 Co2
Cga Coy
Co3 Cy),

Coy C23

C18 Do3
£79 Doz
C71 Dol €19 C79 Doz
C17 Doy, €79 €20 Doz C23 Cro
Cal Cao
Cgo C23
Cgo Cay
C18 Cgo Doy C21
Cgo Doy Co22

C18 Doy Co1

C17 Doy €19 C20 Dos

€16 Doy, C20 C19 Doz
®15 ©73 o3
C11, ©73 C18 Co3
C73 C15 Co3
C73 Cyy C18 Co3 Doy, C22
C18 Doy C79
Co3 Doy C79
Cg2 Doy C21

Cg2 Do)y Co3

C15 C1y Cgo
€16 C75 Co3
C1y C75 C19
2 G19 Doy C21
Co3 Doy C23
C19 Doy Ca1

C75 C1), C19

C16 C1), 82 Cq9 Coz Doy Caa
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Cos C51

26 Coz
1 C28
C26
C28
» C26
9
27 Cu9
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Do1 C30
Do1 C32
Do
Doa Cs2
Doz G5
Do

Dox

Doz Cgy
Doz

Doz

1 Cs8
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Gcr Din
. ﬂJSg} DlJu

, C3), D

%57 Doy C3s
L) Cu‘_-)
C36 Doy C3g

058

C3, Dox

C3¢ Doj.

Cs5 Doy
G55 Doy
C36 Doy
€35 Doz
C36 Doy
: Doy Cgg
%3l Cs6 Doz
¢33 C56 Do3
Cs6 €34 Dos
Cs6 £33 Doz
€31, Do3
€33 Doz
€35 C58 Do3

n

Gq

\

C58 Do
€35 Do3
€33 Dp3
€35 Dp3
€35 €33 Do3

C33

C37

C57 C37
Cg7 C39
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Ghl

€2 Cy3 O

Cs

CL6 Cu7 Cy8

€9 Co0 Cs1

Co), €55 Cop

Chz

Cuy Ce9 Doz

L Cu2 %69 Doz

%69 Cuu Po2
€69 Cu2 Do2
%2 €y Po2
Cusy Cu2 Po2
%Ly, €67 Doz
€3 C67 Doz
C67 CuL Po2
Ce7 Cu3 Doz
Cuy Doz
%3 Doz
Cu2 Ce
Cu1 Ces
Ce8 Cy2
Chl
Ch2
Chl
€70
€70
%3
Chl

Cl3

Ché
Ché

DO3

D03

Do3

DO3

D03

D03

D03

DO3

Do3

Cj1 Do3

%48 €70 Do3
%6 €70 Po3
®70 Cu8 Po3
€20 6 Po3
®u6 %8 Do3
%48 Cué Po3
€48 %68 Po3
%7 Ce8 o3
Ce8 Cu8 Do3
C¢8 Cu7 Do3
Cy7 Cy8 Po3
€48 Cu7 Po3
%5 Cus Co7
%46 Cus 67
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TRANSFCRMATION SEMIGROUP OF DEGREE FOUR (continued)
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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TRANSFORMATION SEMIGRQUP OF DEGREE FOUR

(continued)
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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HE THANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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DEGREE FOUR (continued)
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Yol Tou Co7 C29 €1l Cos
o2 Co1 o1 Do1 Doz Doy
“cl “11 “30 Co8 C26 C15
Co5 12 C31 Co9 C27 C16
Fo6 %13 €32 C10 Co8 C17
o7 ®w C25 Cox Cag Co2

Cag C15 C26 Col C30 C11

' Cag9 ©16 Co7 Cog C3q 12

- “10 “17 “28 “06 C32 C13
D

oic Doy, %08 30 %15 Co6

21 Dot Po), Coe €31 €16 C27

4 ¢
Doy, Dol “10 €32 €17 C28
O
Doi Pon, Co1 o5 Co2 Cog
Dyl Doy Coy C26 C11 C30

®55, Doy o5 €27 €12 C33

De1, Dol Co6 C28 C13 C32
02

Do2 Do2

€13 “06 Po1 Doz, Po2 Doz

01 “01 02 02

. C15 Co8 Po1 Doz Poz Doz
- ©36 Co9 Po1 Po1 Doz Do

+ €17 %10 Po1 Po1 Po2 Po2 Doy Poy Cuo €36 €20 Co6 Clo

D
D
D
C’ngCO?D D, D,, D
D
D
D

Co1 C02 21 So7 ‘a1

Co2 Co1 C21 Co7 C33 C

Dol Doy C33 C37 €21
Co €11 22 Cos C22
Cos C12 C23 Cpg Co3
Co6 C13 Cai C10 €2y
Co7 C1h o3 Co1 o3
Co8 C15 C18 Co) Ca8
Cog €16 C19 Cos C19
€10 €17 %20 06 C20
11 Coy C22 Cos ©3y
€12 Cos C23 Co9 C35
%13 %06 2l %10 36
%14 €07 03 Co1 €37
C15 Cos €18 Col 38
C16 Co9 €19 Cos 39
€17 C10 €20 €06 Cuo
Doy, Doy C3y 38 C22
Pow Dol €35 C39 Ca3
Doy, Doy €36 Clo Cal
Dol Dol €37 C33 Co3
Doy, Doy, €38 C3 Ca8
Do Do, €39 C35 C19

09 %35
10 %36
C37
Col C38
Cos C39
C06 Clo
€18 Co2
C39 C23
“uo 2l
®33 Co3
C3), C18
C35 C19
C36 Coo
Cos C3)
Cog C35
10 C36
Cor C37
Cou €38

Cos C39

C37 C33 %37
Co7 €33 CO37
C37 Ca1 Co7
C38 C3) C38
C39 C35 €39
®Lo €36 Cuo
C33 C37 €33
C31 C38 €31
€35 C39 C35
C36 Cuo “36
®o8 €31 38
Co9 C35 U39
€10 %36 1o
Co1 €37 Ca3
Col ©38 C3y
®o5 C39 C35
Co6 Clo €36
C38 C22 Co8
C39 23 Cog
Cho Cay C10
C33 C03 %01
€3, €18 Col
C35 C19 Cos
€36 C20 Cos



TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

58 Bso Bgo Be1 Bgo B3 Be) Bes Bge Be7 Bes Bgg Bro Bru Bro

€37 Sg7 €33 Cx Coz Co3 C33 C37

o1 DO} D03 D CO? 033 037 637 C07 033 C

&0
Co1 Coz C37 Co1 Co7 Do1 Por Doz o3 Doy

07 €37 C21 €33 Co3 o1

oy Doy C21 21

Cis C C,, C

37 C21 C33 €

33 “03 o1 %33 C37
Poz Doz Doz Py Poy G2 Cos €3 C3g 38 Cos C3y G2z Cou Cig
Do3 Po3 Doy Doy C23 Cog C35 €39 C39 Cog C35 C23 Coz C19
Doz, D3 D3 Doy Dol Gy Cao €36 G0 Cuo C10 C36 Cal Cos C20
1 Doz Do
D

2l

03 Dol Dok Co3 Co1 €37 €33 C33 o1 C37 Co3 Co7 C21
03 Po3 Doy Doy Ca8 Cou C38 C3u C3u Cou C38 C18 Cos Co2

1 Po1 Po3 Poz Poy Poy C19 Cos C39 O35 C35 Cos C39 C19 Cog O3

o1 Doz Paz Posz Poy, Poy o0 Cos Cuo €36 C36 Co6 Cuo C20 C10 ol

C,s C

25 08 Y31 %22 Coi %28 €31 ©38 C22 Cos Doz Po1 Po3 Doz Poi Loy

23 Co5 C19 C35 C39 Cp3 Cuo Do Loy Doy Doy Doy Dy
10 €36 Cap Co6 C20 36 Cuo Ca “o Po1 Poi Po3 Pos Poy Doy

C Cy7 Cg3 Coy €
18 C08 €22 C38 €3 C18 %1 Poz Do Doz Dos Doy Do
D

07 %21 01 Po3 Poz Doy Foy

39 €19 Cog €23 €39 C35 C1g o1 203 o3 Doy, Doy
06 “uo %20 €20 Cay CLo 36 C20 Co6 Po1 Po1 Po3 Loz Lou Poy

Caa o2 C3) C18 Col O3 C38 Coo Cog Cos C38 Co2 C3y Cas Coi

05 C39 Y23 C35 Cig Cpg C35 C39 Co3 Chg Cpg C39 Cp3 €35 Ci9 Cog

10 Cau €36 C20 Co6 €36 Cuo Cay C10 C10 Cluo C2u C36 C2o Cos
33 Co3 C37 C21 Co7 C37 C33 Co3 Co1 Co1 C33 Co3 C37 Ca1 “o7
i Cal %18 €38 C20 Cog €38 O3y C18 Coi Cou C3u Ca8 C38 C22 CosB
35 “19 “39 €23 Cog %39 C35 C19 Cog oz O35 Cag €39 23 Cog
. €36 20 Cuo 2y €10 Cuo ®36 C20 Cos o6 ©36 C20 Cuo Cai G0
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THE THANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

By By Boe Bog By Bog Bog Bgy Bgy Bgp Bgy Bg), Bgs Bgg Bgy Bgg

Co7 C33 Co1 Co1 %03 %1 Gs C21 Cuy %1 G5 Ca1 Cuy loz Do
07 €37 C21 €33 Co3 Co1 €)1 Cus C21 Cuy C21 Culy Cy1 Cus Cys Col
Do1 Po1 Po3 Poz Poy Doy C21 C1i Cua Cus G Cys C21 Cuy Gl Cus
18 %8 %34 €22 Coi 18 %2 Cu6 C22 C15 Cu2 Cue Co2 C15 Doz Doz
39 %09 %35 €23 Co5 19 Cu3 %47 C23 P16 %3 Cu7 C23 C16 Doz Doz
%40 %10 %36 €21 06 20 %u Cus 2l C17 Cuy Cus Coi €17 Po Poz
%13 %1 €37 €03 %7 €21 %5 %1 Co3 Co2 Cus Cu1 Co3 Co2 Doz Doz
31, Coi, €38 €18 S8 S22 Cu6 Sz C18 11 Cu6 Oz 18 11 Doz Doz
“35 Cos C39 %19 Co9 C23 %u7 Cu3 C19 C12 Cu7 Cu3 C19 €12 Poz Doz
€16 %06 Cuo €20 €10 C2; Cus Oy C20 €13 Cus Cul C20 €13 Doz Do
Cog €38 C22 %3 C18 Coy €2 Cus C22 C15 C22 Ca5 G2 Gl Clye C1s
®09 %39 %23 €35 C19 Co5 Cu3 Cy7 C23 €16 %23 C16 Cu3 Cu7 Cu7 C16
€10 Cuo €2y C36 C20 Co6 Cuy €8 Cay €17 C2y C17 Cu Cus Cus C17
%01 €33 Co3 C37 €21 Co7 Cus Cua Co3 Coz Co3 Co2 Cus Cu1 Gl Coz
Col €34 ©18 €38 C22 Cos Cl6 C)2 €18 C11 C18 C11 €6 Cl2 Cp2 C1a
%05 C35 C19 C39 C23 Cog Cp7 Cly3 Cag €12 Cag C12 Ciy7 C3 €13 C12
€06 ©36 C20 )0 C2l C10 s Cul C20 €13 C20 €13 Cus Cuy Cly C13

P01 Po1 Po3 Po3 Doy, Doy €22 C15 Cu2 Cue Cuz Cus C22 €15 C1s Clus
P01 Po1 Po3 Po3 Doy Po C23 €16 €13 Cu7 Cu3 Cu7 €23 C16 16 Cu7
01201203 P03 Pol Poi €21 €17 € C1us CuL €18 €2 €17 €17 Cuis
D01 P01 Po3 o3 Poy Poy €03 Co2 %45 Cua Cus Cu1 Co3 Co2 Coz Cu1
51201203 Po3 2oy Doy C18 €11 Clu6 €2 e Cl2 €18 11 C11 Oy
01201 P03 %03 20l Do) €19 €12 Cl7 €3 Cu7 €13 €19 €12 €12 043
D.D._D._ D

01 20120320320y Loy C20 €13 8 Gl Cus Cuy €20 C13 C13C
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

B91

Bos Bo3 By

Bos Bog Boy Bog

Bog BS1 B32 Bds Bl Bis

o
wad

'
Sk

(9]
) o) =) =) = (=) (=}
| o e )
Nn?

[
o
Q
)

[AY]
M

1% GL‘;é
19 C7

. C

DOl;,

COQ

03
DOl;,

Doy,

. Doy,

DOh

DOh

» Doi

Do,
‘1
12
Cy;
1,
15

€16

C

C

C23

DO!; C?l Clh
€03 1 S5
%02 %1 Cus

oy S22 Cig

D

Doy, Co3 C16

Doy Cay €17

Doy, o3 Co2

Doy, C18 C12
C.. C

Doy €19 12

Dy, Cp0 ©
C18 Cu2 L6
®19 Cu3 Oy
®20 Cuy 8
¢ %5 G
C22 Cue ®2

C23 Ch? Ch3

7 Gy, €8 Cuy

C11 Cp2 Ce
C13 Gy, Cus
1 Cus %
€15 €6 Clo
€16 Cu7 Cu3

y Cug Cau C17 O O

%1 s Cus Cu,
€21 C1)y Doz Do
%1 Gy Cuy Cus
Cy2 Cu6 Cus C15
Cu3 Cu7 Cy7 C16
G Cug Cug C17
%5 1 Cua Coo
Che G2 G2 C1a
%47 Cu3 Cu3 G
%48 % Gy 13
22 15 Doz Do
23 €16 Doz Po2

Caly €17 Doz oo

Co3 o2 Doz

D
18 C:ll DO2 D02

C19 C12 DO2 D02

D

02

20 €13 Po2
22 %15 C15 6
C23 C16 C16 Cy7
Coy, C17 Ca7 Cug

Co3 Coo ©

02

02 C1
C18 €11 C11 O

C19 C15 C15 )3
C20 €13 €13 Oy

G a1 %2 Co1 G5 Gy

Po3 Po3 Poiy Poiy Cui Cus
Co1 %1 Co1 %2 Doz Doz
Ch2 C22 C11 €18 COu6 C15
C,3 C23 C12 C19 COy7 C15
Gy Cay Gi3 Ca0 Gy C17
Cus Co3 Gy Co1 1 Coo
46 €18 C15 C22 Q2 Ca
%7 C19 €16 Co3 O3 C12
%8 C20 €17 G2y Cuy C13
Dos Po3 Doy Doy “15 L6

Do3 Doy Doy C16 Cu7

Do3 Doy, Poy €17 Cus
03 Po3 Doy Doy Co2 C1
03 P03 Poy oy %11 G2
03 Poi, Poi %12 %3
03 Do3 Poy Poy, ®13
€22 C2 C1g €11 Doz Do
€23 Cu3 C19 C12 Dpp D
Cal Cu C20 €13 Doz Do2

02

Co3 Cus C21 1y, Doz Doo
€18 €16 C22 C15 Do2 Doo
C19 )7 Co3 C16 Doo Do,
D

C20 €u8 €2y €17 Po2 Do2



THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

06 o7

BS

Bs By Eo

?
By

Blo

B3

Bl Bls

Ble Bl7 Bls By
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Bt

%0 Bh

{,
)

3 Ibh Ibh

%) %1 %

Co1 €02 ©

on Poy, G

C. 018 3,
c,, C 035

19
C 036
C

33
D

c

20

2L

37
2o C3

39

ChO

C‘ C, 035

C.. C C36

%7

C‘ C C38

%39

ChO

D
D Chz

%3
Poi Pon, G
Poi, Poi, Cus
Doy Dol Ce
Doy Poiy Cu7

Don Loy, Cu8

C,, C

23

C25

25
s
C2
€7
28

C

C

Co9

€30

31
32

Cog

Co7

Cog

€29

C30

C31

032

Cbé

%7
ChB
Chl
O
%3
Sl

C

C

Chl

€29

Co9

C37

C30

le

C32

o
Cog
Co7

Cog

30

031
032
C25

€6

Co7

Cog

038

C39

Qho

%3
34
%5
036

C

Cus %7

%5 C37
Ca5 Co9
CLL6 C

38
Cb? c

39
ChO
L1 ©33
%3y
%3 S35

031

C3p Cog

%33

Chl

C33

34
¢35

36
%37
38
C39
ChO

%2

%3

%
L5

Ché

Oy

Ch8
%

%35

C36

C

C

C

C

C37

938

C39

%0

C25 O
®us 33
025 Chl
%2 %2

C2? Ch3

028 C

C9

C3o Oue

C31 47
C32
16

Ch7 C

Ch8 C

Chl C

Ch2 C

Ch3 C

%

cC,C
26

C., C
27

28
C29 Cys5
C30 Cue

031

032

C

C

C29

C37
€29

030

C31

032
025

Cog
Co7

Cog

C38
%39

ChO

C33

%L

%5
C36

C30

031

sy
C2s
C
Ca7

Cog

%5 Oy
Co5 Cog

=
A28
Q

37
038
39
Lo

G35
036
30
31
32
25
26
27
32 28
38
39
18 o
33



157

THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

[ 9 ? ? ]
53 B3 By, Bps Bjg

B7 Big

]
B9

BéO B§1

P
B32

B33

=), s By By

D01 Doz Poz Doz Do3

29 %37 Ca5 €5 C33
17 C29 G5 Co5 O

Dy1 Doz Dgp D

36 €32 €y, Cio
Cag 30 Cu6 C26 C2
31 7 C27 Cu3
‘Lo C32 Cu8 C2g Cu,
33 %25 Cu1 %29 Cus
®31 %26 Cu2 %30 Cue

Ch1 C33
C33 C33

03 Cu2

(w]

03 Cu3
03 %L
03 L5
03 L6

v b Y
Q

C3y C3)
C35 C35
C36 036
®37 %37
®38 %38

G5
025
C25

C35 %57 Cl3 C31 Cy7 C39 C39 €3
C36 C28 Cuy C32 €8 Cuo Cuo %32

C33 Cy7

Ch1 Cog
% C29
%31 C38
%35 C39
%36 Clo
%37 %3

%8 )

%9 %35
%o %36
Cy2 €30
%43 Cn
%y C32
%s Cos
Cu6 C26
Cu7 Cor
Cu8 Co8
%2 C30
%43 €3
%y %32
®us Cos
%6 Co6

Cy7 C27 Cu3 C35 C35 Ca7 O3

025
Cys
Chs

Co6

C27

Co8

Co9

5

C31

Chl

Ch2

029
C37
%37
Cyo
C31
C32
C25

Co6

c

27
Co8
038
39
%0
®33
%3y
%35
C36
C

C

38
39
ChO
®33

%3

C

Co9 C37 Co5 Cy5

Do1 Do1 Doz Doo

C37 Ca9 Cys Cos
C30 C38 Co6 Cue

C31 C39 Cp7 Cy7

C35 Cl0 Co8 Cyjp
Cos C33 Cp9 Cpp1

®26 %31 %30 G2

%27 %35 C31 O3
C28 C36 C32 Cyy

Do1 Doz Dop B

Do1 Do1 Doo Do
Do1 o1 Po2 oo

Do1 Po1 Doz o2

D1 Do1 Doy D

Dp1 Doy Pop D

Do1 Do1 P2 D
C38 C30 Cly6 C26
C39 €31 Cy7 C7
Cyo C32 Cug Co8
®33 C25 Cp1 Cog

C3y C26 Cu2 O30

Cu8 C28 Cu), %36 €36 C28 Cyy C32
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TRANSFCRMATION SEMIGROUP OF DEGREE FOUR (continued)

-= Bi9 Bio By Blo B3 By, Bis Co1 %02 3 Coi Cos Co6 Co7 Cos

11 %29 €37 Co5 C5 C33 Oy Co1 o2 Co3 Do1 Doi Co7 Co7 Dou

Zas Do O37 Co9 Cug Cog G C33 Co1 %2 Co3 Por Co7 Do1 Co7 Bou

43 Poi Por Doz Pop Po3 P ¢ D

i

03 %7 Po1 Po1 Co7 Co1
16 €31 Cu2 i %13 %18 Do1 Po1 Cos Cos Doy
7 C35 €3 Cog C15 G Po1 Pop Co9 oo Doy

€5 €l a2 Cuo Cos Cus %36 Ol Cos C13 C20 Po1 Po1 %o Cio Dou

w2 Y34 ~ol
.. C

4= %37 Doz

.;‘{;}

3,2 Cpg €33 Cog Oy €39 G5 Co7 Gy G2y Pox Pop ©

42 Oy Cag C3p, Ca0 Cy2 C38 O Cos Cas C22 Do1 Do1 Cou Col Poy
27 C35 €31 €3 C39 €7 Co9 C16 Co3 Do1 Do1 Cos Cos Doy

10 %17 C21 Po1 Por o6 €06 Dol

C

01 ~01 Doh

34 Cou ®12 €18 Po1 %08 Po1 o8 Doh
a3 ©39 €31 Cu7 C27 Cu3 %35 Cos P12 %19 Poz Cog o1 Co9 Pou
Doz G0 €32 Cus C28 Cuy 36 C06 €13 %20 Po1 €10 Po1 G0 Dou
33 C25 €1 C29 Cus €37 Co7 €1l Ca1 Po1 Co1 Dor o1 Do
C3l C26 Cu2 €30 Cus C38 Cos C1s C22 o1 oy Po1 Cou Dol
03 €35 €27 Cy3 €31 €7 C39 Co9 C16 €23 Pox Cos Poi Cos Doy

03 %36 €28 Cul C32 Cus Cuo %10 C17 2l Po1 Cos Po1 Cos Doy

H

03 %ol €11 18 C08 Po1 Po1 Cos Coi

b

35 DOl DOl 02 02 "03 "03 12 Cl9 CO9 DOl DOl C09 COS

D
. %36 Pox Pox Po2 Loz Po3 Pos Cos %13 20 C10 Po1 Pox Cio Cos

D1 Doz Co1 Cor

(=)
(=]

(=)
=]
(@]

Lis 321 c:Ol

O
g
k

01 702

v O
O o
(@)

€y D

D
38 P01 Po1 Po2 Po2 Po3 Po3 Cos Cas C22 Coi Pox oz Cou Cos
D

(=)
(=)
(=)
(=)

Cye Dy Do1 Po2 Doo Do3 Do Co9 Cag Ca3 Cos Poi Por Cos Cog

e Doz Po1 Poo Do 10 €17 Ca, %6 Do1 Pox Cos S0

o
L)

03
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

%10 11 G2 G5

G, &g C16 G7 Cig o9

Coo

Co1 Cop Co3 Cg

DOZJL

C..
O

Cas

Co?
o8
Co
€0

DOLa

. “ol Po2 Do2

, 06 Doz Poz

, P07

¢.D,D

01 “02 02 Clh

oL DO‘Z Clh D02

Doy, €11, Doz

D

Do2
Gy

Cos Do2 Dp2 C16

Do2 Doz Cp2

Co8 Do2 Doz €11

L, “09 Po2 Doy €12

D

€10 Doz Doz

Doy, Doz C1g

¢ Do), Doz €16 Doz

Doii Doz C17 Do2
Doj, Do2 Co2 Doz
Doy, Po2 €11 Do2

D

Doy, Doz €12 Doz

D

Dok Po2 €13 Do

Dyy, €15 Do2 Do

De), Do)y €16 Do2 D2

Doy Doy, €17 Doz Do2

DOLL

Doi; Co2 Po2 Do2

Do), €11 Do2 Doz

€11 Doy Doy Co2 Doz Do3
Cys Poyy 02 Poy Boz %z
€1, Co2 Doy, Doy C21
C15 Doy, Poy €11 Dos
€16 Pou Dol €12 Doz
C17 Doy, Do)y 13 Pog
Co2 Doy Doy C1yy Po3 Dos
€11 Doy, Doy Cas Doz Doz
C12 Doy, Doy C16 Doz Pos
€13 Doy Doy €17 Doz Doz
C15 Doy 11 Doy Doz C22
C16 Doy, €12 Doy, Doz
C17 Doy C13 Doy Doz
Co2 Doy, €11 Doy Doz
€11 Doy C15 Doy DPo3

C12 Doy, €16 Doy, DPo3

003

C13 Do), €17 Doy Do3
C15 C11 Doy Doy Co2

Cx1

DO 3

Co3Dp3
Ca) Do3

D03

C21 Doy Doy, Con
C21 Poy Co1 Doy
C21 Co1 Doy Doy
C22 Doy, Doy C18
C23 Doy Doy C19
C), Doy, Doy, Cop
Co3 Doy, Doy Co1
€18 Doy, Poy C22
C19 Doy Doy C23
C20 Doy Doy Co
C22 Do)y, C18 Doy
C23 Do)y C19 Doy
Ca) Doy, C20 Doy

Co3 Do)y Co1 Doy

C18 Do3 C18 Doy Co2 Doy
C19 Dp3 C19 D)y C23 Do)y
Coo D3 C2p Doy Co) Doy

Dp3 Dp3 Co2 C1g Dol Do)

C16 C12 Do), Do), C23 Dp3 Do3 C23 C19 Do)y Do)y
C17 Ca13 Doy, Do), Co), Dp3 Do3 Co) C2p Do) Doy
Co2 €y, Doy Doy Co3 Do3 Dp3 Cp3 C21 Doy Doy

C11 C15 Do) Do)y €18 Do3 Dp3 €18 C22 Do)y Do)y

Doy Doy, €12 B2 Dp2 €12 €16 Doy Dol C19 Do3 Do3 C19 €23 Do) Doy,

Doy, Do), €13 D2 Dp2 €13 €17 Doy Doy, €20 Do3 Do3 C20 Col Doy Doy
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7% TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

Co7 Cog

o Go &1 Gy

3 G G5 G

&7 &g G Qo

Ca Doy
c

CJ e C

[
“z D1 Ty Co9

D

C5g Dyy Gyg Dy

29 Th1 Doy
Doz o1 G0

1 Dy G

27 Do1 C31 Doy
Do1 €32 Dop
: Ca5 D1
€26 Do1
€27 Doz
i

C

28 Do1

Do1 Do

[4Y

2

o

30
31 Doz Doz
€28 C32 Doz Doy
€29 Cz5 Do Doz
€30 €26 Do1 Doy

G379 Cp7 Do1 Doy

Co9 Do Do Cog

Cos Do

DO 2

Cog

C29 Doz
C29 €25 o2
C30 D2
1 Do
C32 Doz
Co5 Doz
C26 Too
C27 B2
C28 Doz

C30 Do2

Do
o G2
b2¢ Doz
C31 Doz C27 D2
C32 Do Cag Doo
Ca5 Doz C29 Do
C2¢ Do2 €30 Do
C27 Doz €31 Do
Co8 T2 G2 Dyy
€30 €26 Do2 Doz
C31 C27 Do2 Do2
C32 C28 Doz Do2
C25 C29 D2 D2
C26 C30 Do2 Dp2

Co7 C31 Doo Do2

C33 By D1 Gy

C33 b1 C37 Do1

Do1

C33 37 Don
%31 D1 Pox
C35 Toz Doy
C36 Do1 Ty
&7 Do1Dor
C38 Do1 Tha
C39 Doy Doa
G0 Do1
C3), Do1 C38 Do
C35 Do1 C39 Pop
€36 Po1 Cyo Poa
C37 Do1 33 Po1
€38 Do1 C3) Do
®39 Do1 C35 Poa
CLo o1 %6 Do1
C3) C38 i D03

G37 T3 T3 3
C37 T3 &3 B3
%7 S3 T3 T3
%8 To3 o3 G
C39 T3 Doz G
G0 To3 Do3 C36
€33 Do3 o3 C37
CG3) Do3 To3 G38
C35 Do3 Doz C39
C36 Do3 By ¢
C38 Do3 C3y Lo3
€39 Doz C35 Do3
%40 Doz €36 o3
€33 Do3 C37 Doz
C3 Doz C38 o3
€35 Po3 €39 Do3
C36 T3 Qo Dos

C38 ¢34 Do3 Do3

C35 €39 Do1 Doy €39 €35 Do3 Do3

C36 C)0 Do1 Do1

C37 C33 Do1 Doz

CL0 €36 Do3 Do3

C33 C37 Do3 Do3

C38 C3), Do1 Do1 C3) €38 Do3 Do3

C39 G35 Dea Do1 C35 €39 Do3 Do3

C»» g Doy Do1 C28 C32 Doz Do2 Co €36 Dox Doy C36 €0 Do3 Pos
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"RANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

S

G5 Qe Cu7

L9

Cso Con

Csp Cg3 Cg

G5

»»»»»

i €8

Cpl Doz Cy) Po3

Loz €6 Clo Do3 Do3 Do2 Doz € C30 C30

Dp;

Do2

Do

: Ch8 D03

DO 3

Cua
Do3

Q5 Doz
Cu5 Ihs
s G

., 6 Tos Doz

7 Cy7 Dos

%3
¢,8 Doz Do3
Cu1 o3
€42 Do3
Ch} D03
Cu, Po3
%46 Do3
47%03
Ol
€1 Do3
CL2 Po3

Cu3 Doz Cy7

€43 Do3

Dy 3

C)s Do3
CL6 Do3

Dy 3

C),8 Do3

Cos

C25

Dho

Ca9

7 C31 Do2

C35 Do2

Coc Doo

C26 Doz Do1 Cp6
Co7 Doy Do1 Co7

C28 Do2 Do1 C28

Do2

C25

C29 Do1
Do1 Co9
C29 C29 Cog
C3n Thy Dho
431 Doy Doz
C32 Dol Do2
C2s To1 Th2
C26 Do1 Do»
C27 To1 Io2
Co8 To1 Doo
Do1 C30 C26
Do1 C31 Co7
Do1 C32 C28

Do1 Co5 Cog

032
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TRANSFORVATION SEMIGROUP OF DEGREE FOUR (continued)
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THE T lSFORATICH SENIGROUP OF DEGRER FOUR (continued)
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THE TRANSFORIZATION SEMIGROUP OF DEGREE FOUR (continued)
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TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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THE TRANSFORLATION SEMIGROUP OF DEGREE FOUR (continued)
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DEGREE FOUR {(continued)
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TRAISFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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%50 P03 Po3 Lo Doi Ces C 68 %9 %7 Co

D

56 %5 %50 Q9 g
81| P03 D03 Pou Pou %9 %70 %7 %8 %1 %2 %7 %1 %9 oo Opp Cog
82 | %3 Do3 Do Pou %70 %9 %8 %57 %o Co1 g Cop Crp Coy Ceo Coy

™
83| D3 203 Poyy Doy %1 %72 Cs9 Ceo Cs3 Gy CGgg Coy Cpy Cg) Cpn Coo
8l | Y2 D03 Poy Pob C72 €71 %o %59 Csy Cs3 Ceo Oy O7p Cs3 Opp Cog
D D D D D
D

(w)
OU
(w)

Do1{ Po2 Pob Po2 Po3 Pox Pox Doz Poz Dos 2 Doz Po3 D3

D
Doz | Doy, Poz Pos Po2 Por Por Doz D1 Doz
02 D03 Po3

(=]
O o

D
D D..D D
03 Do3 Do3 Doh oL Doz 03 "01

ol Do3 D03 Doh Dou Do3 Doz Do3 01 Doz D01 03 “02 “03 "01 Doz D01

D
D 01 01 “02
D

o
o
O o




205

THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

B!
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

B3 B39 Blio Bly Blip Bl,3 Bl Blis €01 €02 €03 Col Cos €06 07 C 08

Dy3D03C56C50Cs8Cl9Ce7C55C61C73C79D01 Co2 D01 Coo Doy

P03P03%55Cu9Ce7Cs0Ce8C56C62Cn C0P0n Ce1PorCerlon
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Dp3D03C57C51C69C52C70C58C6) C76C82P01 Ce3 Do o3P0l
D3D03C40C5), Cr2C53C71C59C65C77C83001 Co6Pon Ces Lol
D3D03C50C53C71 C5), C72C60C66C 78 Cel Do Ces Pon €65 Doy
Co7Cs5 D01 D01 P02 P02 D03 P03 Ce1 €73 C79 €62 P01 P01 Cep C61
C68C56P01P01 P02 P02 P03 P03C62C71 80 €61 P01 Po1 Ce1 Cén
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)

C C,, C

o5 10 %11 %12 C13 Caly C15 €16 Ca7 C1s Cug Co0 Ca1 G20 Co3 Cal

C 1+ Doy Pop O71, Doz 71 Dol C73 Dok Po3 ®8o Po3 ®go Doy C79 Doy
C62 Doy Poz €73 Doz €73 Dol €71, Poyy P 3 C79 Po3 C79 Dol €80 Poiy
€65 Doy, Doz €76 Doz C76 Doy C75 Py Pos %82 Po3 Ca2 Doy Ce1 Doy
C4i, Do), Doz 75 Doz C75 Doy C76 Doy Pos Ce1 Po3 €81 Doy C82 Dol
C65 Doy, Doz C78 Doo C78 Pay C77 Doy Po3 Csl Po3 Cal Doy Ca3 Doy
C66 Dol Doz ©77 Doz €77 Dol C78 Doy, Po3 ©83 Po3 C83 Doy, Cal Doy
Dow Doy €71 Poz Poz €71, ©73 Dol Poi 80 Po3 Po3 C80 ®79 Lol Doy
Doy, Doy, €73 Doz Doz C73 €71, Doy, Doy €79 Po3 Po3 C79 80 Doy P
Do Poi €76 Doz Doz €76 C75 Doy, Poy, €82 Po3 Po3 €82 C81 Poiy Pol,
D1, Do), €75 Doz Pop G5 C76 Doy Doy, ©81 Po3 Poz Ce1 Cs2 Doy Poy
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DEGREE FOUR (continued)
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THE TRANSFORMATION SEMIGROUP OF DEGREE FOUR (continued)
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Cr1 G2

v Dy
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THE TRANSTORLATION SEIGROUP OF DEGREE FOUR (continued)

Cs5 C7), C75 Cg6 C77 C78 Cq9 Cgo Caa1 Cgo Ca3 Cal Po1 Po2 Pos Dol
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73 C71, Doy Poz O71 C73 C79 Ca0 Pou Po3 %80 C79 Pon Loz Po3 Dou

€21 €73 Doy Doz C73 €71 €60 €79 Dol Po3 €79 C8o Por Poz Doz Pou
C5 C76 Dol Po2 C76 C75 C81 82 Doy o3 C82 C81 Poa Doz Doz Doy
C26 C75 Doy, Doz C75 C76 C82 C81 Doy Po3 €81 €82 Po1 Po2 Doz Doy
C.» 2 Doy Poa 78 C77 C83 Col, Dol Po3 el €83 Por Poz o3 Dol
Cg €77 Doy Po2 €77 €78 Cay €83 Dol Po3 €83 Ca)y Pox Po2Po3Poy
Dok P2 C73 €7y C7u 73 Poy o3 C79 €80 Ca0 C79 Po1 Poz Doz Poy
Doy P02 €71 €73 %73 €71 Dou Po3 80 %79 C79 €80 Po1 Poz Po3 Doy
Dol o2 €75 C76 €76 C75 Dol Po3 C81 Cs2 Cg2 Ca1 Pox 22 Po3 Doy
Doy Po2 C76 C75 C75 C76 Doy, Po3 Cg2 Cea C81 C82 Po1 Po2 Po3 Doy
Dois Doz C77 C78 C78 C77 Doy Po3 C3 Ca), Cay C83 Po1 Po2 Po3 Poy
Dry, Doz €78 C77 C77 C78 Doy Po3 Ca) C83C83 Cay Po1 Po2 Pos Poy
Dnz Doy, Doz Doy, Doz Doy, Po3 Poi Po3 Pol Po3 Poy Poa Poz Pos oy
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We now 1list the semigroups of endomorphisms, of right translations,
and of left translations of semigroups of orders two, three, and four.
Fer semigroups of order four the endomorphisms are given only for the
commutative semigroups. We recall that for commutative semigroups any
right translation is a left translation. The following abbreviations
are used: Endo., R. Trans., L. Trans., for endomorphisms, right trans-

lations, and left translations respectively.

Semigroup 2.1 Semigroup 2.2
Ende.: AGl’ B08 Endo.: AOl’ BOB’ Blh
Trans.: Agys AO3 Trans.: Ayy, Byg
Semigroup 2.3 S~migroup 2.4
Ende.: Ay, AOB’ Bygs E&h Endo.: Ay, Byg

R, Trans.: A Trans.: AOl’ BOB

0ol
L. Trans.: A019 A033 B08’ Blh

Semigroup 3.1 Semigroup 3.2
Endo. ¢ AO]_" C01 Endo.: AOl’ BO3’ COl
Trans.: S BOl’ BOS Transs.: Aol3 B03, COl
Semigroup 3.3 Semigroup 3,k
Endc.: AOl’ Aoz, 001 Endo.: AOl’ C01
Trans.: AOl’ th, AOS Trans.: Aol’ BOB
Semigroup 3.5 Semigroup 3.6
Endo.s Apys Bops Cops Cop Endo.s Ay, Byps Bygs Cpps Cos
TI‘&I’IS:;S Aolg BOB’ B12 TranSag Aol, Boz, BOB, Col

Semigroup 3.7

Endo.s 445 Bgps Cops Cop

te Aranses AOl’ COl
. Transe: C
L. Tran Aorr oot Borr Poos Boss Bypr Boge Bgr G
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Semigroup 3.5
Bndoes  Aogs BOB’ COl’ 003
Trans.: AOl’ BO39 COl
Semigroup 3.9
Endo.: Agis Bops Bogr Bogs Cors Co2

Rn Trul‘lSo; A015 Boly BO2

L. Trans.: AOl’ BO‘2’ Boés 08? Coli‘ C02

Semigroup 3,10 Semigroup 3.11
Endo.: Agys Boge Cors Cos3 Endo.: Agps Bpgs Cops Co3
Trans.: Agys Bygs Co3 Trans.: Agp, 4435 Cps3

Semigroup 3.12
Endce:  Aays Bops Bogs Bogs Cops Cozs Co3
R, Trons.: Apy, Bo1
L. Trans.: Agys Bgps Bogs Bpgs Cous Coo
Semigroup 3.13
Endo.: Agys Ag3s Bogs Byl Cors Coz» Co3
R. Trans.: AOl’ Byy» Boo
L. Trans.: Agps Cops Co2
Semigroup 3.1h
Endo.: The transformation semigroup of degree three.
R. Transe: Ay
L. Trans.: The transformation semigroup of degree three.
Sermigroup 3.15
Endo.: Agys Ag3s Bogs Byl Cors Cozs Co3

R, Trans,; Agyys C03

L. Trans.: Ags A3 Bo7s Bogs Bios Brys Byys Byps Cos
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Semigroup 3.16
Endo. s AO:L»’ BO]_’ E 139 B079 BOB’ Blh’ B173 COl’ 0029 003
Trans.. Ay, Bops Cgp
Semigroup 3.17
Endo.:s AOlg A029 BOZ’ 3033 Bogs Bo99 C01’ COZ’ C03
Tr’anSoZI Aolg B02, Col
Semigroup 3.18
Endo.: Agis Agps Bgps Bgos Bgzs By7s Bogs Bggs Cop
Trans.: Ag1s 4025 Bols Bo2s Boszs Bozs Boss Bogs Co1
Semigroup 4.1

Endo.: A1y Bogs Boys Balhs Bizs Blus Cozs C32 Cuos Ougs Cligr Css-
Ca7. Dois Dogs Doz
Trans.: Agyy Bf)» C325 Doy
Semigroup 4.2
Endo.: Agy, Agzs Bops Bogs Bogs Bups Bsgs Bles Bhas B3, Cons Cops
C275 C33s Cals Cs5s Cé1s Doys Do
Trans.: Agj, Aoz, Bo2s Bogs Baps Bups Bigs Bhos Bhys Co1s Cols Co7s
®33 C3us G555 C61s Doy
Semigroup 4.3
Endo.s Agyy Ag7s Byps BR) » Co5s Cogs Cl9s Do
Trans.: Ay, Agps B)7s Bf)s Cogs Cogs Clgs Doy
Semigroup L.k
Endo.: A1y Bops Bho » Cols C275 C3ls Dors Doz

Trans.: Agys Boos Bggs Cogs Csls Doy



215

Semigroup 4.5

Endoss Agy, Bops Bogs Bp1s Bil» B3gs Cops Cops Cags C3ls Cs1s Coss
C75s Do1s Doz Doy
Trans.: finys Bgos Bgé, C3h’ C519 D1
Semigroup L.5
Endo.: Agys Bogs Bles Cos C335 Do1s Dpo
Trans. : AOlS Bogs Bié’ 025, C27, 033, CSl’ Doy
Semigroup 4.7
Ends.: Agqs Bigs Biys Cpss Cp6s C335 C3)5 Clgs Csgs Doy
Trans.: Apys Bﬁh’ 025j Cogs C)9s Do
Serizroup Lo
Endeer Apps 025, C33, Doy
Trans.. A4gys Bi7 s 033, Do
Semigroup 4.9
Endo.: Ag1s Bogs BYs Cops Ci1s C335 C3)5 C51s Csgs G735 Dons Doz
Trans.: 2Ag515 Bgos Bﬁé’ 033, C3h3 CSl’ 055’ D01
Semigroup L.10
Endcs:  Apys AO79 Ch9’ CSl’ Doy
Trans.: Agys B19s Aygs Agp
Semigroup L.1l
Endo.< Agys Agps Aozs A08s Aogs A10s Clgs Co1s Cg3s Cggs Cgqs Cegs
Cg1s Co35 C65s Don
Transe.: Apys A1ys A6 A2h
Semigroup L.12
Endo.: Ap1s 4025 Co1s Dois DOh

Trans.: AOl’ AOhS Aog’ Do).1
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Semigroup L.13
TI‘B.YLSSo“ A()l_«) B%)S Bazgs B826
Semigroup L.1k
EndC‘of Aol, B089 BL"].LL‘j 019’ 027’ CSS’ DOl’ D03
TY’anSof Aols AO?’ 0275 031
Semigroup b.15
Endo.: AOlg 051’ 0553 081, D01s D03
Trans. ¢ Ag}g All’ Cgls 052
Semigroup L.16
Trans.: Agq, Bgas Bhos C2.-.zp C31
Semigroup 4.17
EndOaf A013 B08‘9 B275 Bh-?g B922£, B)lu, 022’ 0273 03h3 061’ 0803 DOl’
Do3s Dol

Trans.: Agps Bh?’ 027, 031

Semigroup L.18
End{)ug ;LQ“E'@ BO83 Béz, COl’ 0033 0083 022, 03,43 03?9 Dolﬁ Do3, Doh
Trans.: Apys Bios Bhyy Dy
Semigroup .19
Endo.: Ag1s Bpgs BSO’ Bﬂua 0039 03?9 0553 Do1s DO3’ DOh
TI"anSug» A«o‘lp AOBQ Bflh 3 Bf‘S, COB, D03
Semigroup L.20
Endoer Aoli, BOB:" B-’-!»?’ Bﬂh, Col, 0039 0339 CSS:; Cél’ C?99 DO]." DO3’ DO).L

TI‘aDSn‘i AOl’ AOB, 0033 Doh
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Bndce. s
Trans.s:

Semigroup

Endc, s

L.21

Bogs Bhas Coype

Aoy
Aq15> Bogs Co1s Co7
1022

B

A515 Bozs Bogr Bhos
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Ca7s Dops Do

C C D

01* Co7+ G40 Doys Do

TI‘anSa: AOl’ Bozg BO?’ B08, BO9} COl) CO‘?S Doh

Semigroup

Endc.:

k.23

I\ §
Lo1s Bops Boge Bhpo

Doos Do,

Trans.:
Semigroup
Endc.:

Trans.:
Semigroup
Endc.:
Trans.:
Semigroup
Endo.:
Trans,:
Semigroup
Endc.s
Trans.:
Serdgroup
Endo.:

Trans.:

B

8515 Boos Bogs Copo

L.2k

A B?

fwe Co7r Cso
.25

01°*

B B

Ag1s Bgps Bhpr Coos

B

A01’ 02’ B26’ D02

.26
4012 Bygs Cops Doy

}'gol’ Bhi" Bh?’ DO2

Le27

N

. T
410 Boos B36’ CBh’

Ayys A0 Bops Boyo
L,28

A

9
o1* Bozr Bigr Coro

A

A01 4405 Cgys Dy

C

Co1s Coge Cog? G160 Cop» Cags Cg)0 Dips

Doh

D

Do1r o2

D

Ca)> Dors Poo

D02

D

Ceys Do1s Poo

CBh’ Doy

D

DOl’ 02
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Semigroup L.29

Endo.: AO]’ Boz, Béég CO2} CBLLS CSl) %1_9 %2

Trans.: 4475 Bﬂé; C3h; 038: Ib3
Semigroup li.30

Endo.: A019 AO?"’ BO2’ B083, 327, Bh’?, BSSQ Bié; Béz’ %, 001, COlu

G275 C335 C3ls Cgs Ceys Doy

Trans.: Aqgp, Ag7s Bgos Bpys Byys Bigs Bias Bf)s Co7s C31
Semigroup L.31

Endo. : Aolj B025 Béés C33, C3hn C519 CSS’ DOl

TranSag Aolg All’ BO23 B37, BJ'-B,} B%é’ CSl’ 052
Semigroup L.32

Endo.t Agys Agps Boys Bgs Bugs Blor B3 Bl G320 Pou

Trans.: &gy Bo7s Bops Bygr Byys Byos Bigs Bies Bl Cogs C3p
Semigroup L.33

Endo.,:

Agys Bpps Bigs Cpgs C3pps Doy

B

Trans.: 103 BSBS B713 BiZ’ BI22’ Béé’ 03,4’ 038

fo10 210
Semigroup L.3lL
EndO.: AOl’ C25} CSS’) Dol
Trans.% Aol’ dq-lé’ BOS) B?B.’ Bh&’ Bm‘-s CSS, 056
Semigroup L4.35
Endo.: Agps 3fos B)s Doy
Trans.: Agys Bgs Bigs B3 B
Semigroup l.36
Endo.: Ao]_) Bm, 0013 C27’ C33’ DOl’ DO2

Trans.: 4475 Bf)s Cogs C3gs Dy
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ovemigroup L.37

Endo.: Agys Ag7s Bops Bops Bugs Blgs Bdos Biys Co75 Dons Doz
Semigroup L.38
Endo.: Apys Bpps Bigs Coos C335 Co1s Dops Dpp
Trans f AOI’ B§6» 0579 D01
Semigroup L.39
Endo.: A019 Biég 0279 Dol, D02
TI‘Eanué Aol’ BSB, 0359 D01
Semigroup L.4O
Endo.: Agys Agys Boys By B3gs Byps Brgs Blos Bles By Cops C11s
€305 Cu1s Cpps Cg7s €735 Doys D
Trans.s Aqgys Aggs Bops B3gs B)7s Blps B%é: Bf),» C325 Doy

Semigroup L.L1

02

EndOog AOlg Blbg B§Oj 032’ Chlﬂ Dol’ D02
Tran553 Aoly B%Og 032’ Dol

Semigroup LoL?2

EndOaf A015 B013 B03, BO?’ B08, Blhg B173 Bh?’ B779 B68, Bio’ B}O,
Bfyo Co1s Cozs Co30 G100 Ca7s Cals Cass C325 €33 Cuor Cuge Csr Cers
C735 C79s Dois Dops Po3s Doy
Trans.: Agys Bﬁh, 032, Do

Semigroup L.L3
Endo.: AOlg BOl’ BOB, BO?’ BOB, B19, 3353 BSS’ Bés, Béz, COl, Coh,
Cass Co6s C33s Ca)» Cp1s Cpps C535 Cogs Cegs Cq1s Doys Dops DPo3s Doy
Trans.s AOls B013 Béz; Co]_s 0539 D01
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Semigroup L.lLL

D

9 .
Bope Bos’ B22’ Coe CBh’ C'hzﬂ C53’ C59’ C?l’ o1’ D

Endo.: 02° D03

g D
Trans.s AOl’ Coh’ 053,

Semigroup L.UL5S

By

B

B

Endo.: 077 Bba» Cpos Cpps Dogs

Agys 02> Do3

Trans, s

Anys Bops Cegr Doy

Semigroup L.L6

Endo.: AOls 01, 1)49 56, Cozg C26, C32, 03’4, C’JO, ChZ’ C}JB, Dol,

Do2» Do3

° 0
Trans.: AO:Lj B01, B36’ 032, D

Semigroup L.47

Endo.: D

Bore Blhs Béé’ Cogo C32’ C3h9 Cho’ Chz’ Ch8’ Do1> Dop» D03

Trans.: AOl’ B39, 032, DOl

Semigroup L.u48

Endo.: B

Anrs Boos Ao70 Boae Bogr 2100 Bopr Boos Bpye Bogs Bogs Bpgo

Bigo Bayr By Bogs By Bags B Buge Pips Bgp Bogr Bops Bops Bes
Begs Byys Byss Bops Bl Blys Bl Bips Bapr Bayr Bor By Bigr Blg
Bf »» Bj)» Dops D

Trans.:

02? DO3’ DOh

B C

hors
Semigroup L.L9

029 Bogs Bhs Cops Cogs Cq)5 Dy

Endo,: B C

02’ Cou’ 025’ C33’ Ch9’
Dpas Do3’ Dou

A017 Bo22 Bopr Boy Bogr Bog2 Cor

Csys Cozs Cs7o Cys Ceas Cqzs Crgs Cqgs Cgys Doy

Trans.s AOl’ 051, 055’
Semigroup L.50

Endo.: B C C

A
01’ A02’
D

B ,B',Bt,C c
02’ Bo3’ Bog? 09> "22° T23° To01* 26 o7 3N
C35p D019 02’ D03

Trans.: A _, B ., B ., Bl , C_, C
rans 01’ 027 Bos® Baor Co12 Ca70 Cq0 Doy
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Semigroup L.51

Endoo: Ag); Bogs Bhos Bh3s Cogs Cops C3us 350 Do1s Dops Doy
Trans.: Aqgys Bogs Baps Cols Co7s Doy

Semigroup L4.52
Encoe: Agys Bops Bigs Blgs Coge C3)s Coys Cos Dgys Dgps Doy
Trans.: Aops Bogs By6r Cahs Css Csgs Doy

Semigroup L4.53
Ende.: Agys Ag7s Bozs Bygs Bigs Biys Co1s Cops Cogs Cogr C330 Capo
®u9» G550 Cers Por
Trans.: AOl’ C253 C269 Ch9’ D01

Semigroup L.S5L
Endo.: Agps Bays Bops Bios Bi1s Cogv C6s C33» C3)s Clgs Cogr Doy
Trans.: Ag1s.Boys Bops Bigs Biys Cogs Cogs C330 C3)s Clygs Cogr Doy

Semigroup L.55
Endo.: Agys Aops Agps Aogs Aogs 4100 Bo1s Boar Bozs Bops Boss Boge
B19s Bay Baps Bags Byge Bigs Buis Bige Byps Boys Boge Bogs Bogs B
Begs B71s Brgs Bop Blos Blas Bles Bis Bhos Bh3s Byos Blos Bl Bl
Blios Blyp Cows Colr Cosr Cao0 Coss Cagr Cops 32 €330 €3y C3g €y
Cug> U510 Cg3p Cog Cops Coge Caps C3s Cogr Doy

Trans.: Same as endomorphisms

Semigroup L.56
t., Trans.: AOl’ B03, Bé2’ COl’ CO?’ 026’ D01, DOh
L. Trans.: Aops B03, 001, 061

Semigroup L4.57

R, Trans.: B

Aowr Bpor B33 Doy Doy
L. Trans.: AOl’ A02, COl
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Semigroup L.S8

R. Trans.s ;11013 Bosg Bﬂh, 0035 0219 CSS; DO33 DO}-J.

L. Trans.t  agy, Bggs 003, Cg1

R¢ TranSog 3019 Bol) 302

Lo Transet &gy Bboy Bhe, Coys Chns Cgzs Cqps Cogs Cogs Dys Dos D),
Semigroup L.00 Semigroup L.61

o, Trans.: ﬂ013 AO}’ D033 DOh R Trans.: AOl’ BO8’ D03, DOh

L. Tranc.: Agys AOBS COB’ 022 L. Trans.: AOl’ BOB’ 003, C22
Semigroup L.o62

Eo TT&HSG: Aols B%ej Béé

r

L. Transer 815 Boys Bgps Cpgs G5 Cys Cags Olps Ogs Dops Doos Dpg

Seudgroup L4.63 Semigroup L.6kL
R. Trans.: AOIQ AO?3 051s 053 R, Trans.s Aqys Aqg9 051: C81
*!“fa\sa . ey o C
Lo frans.s A1y Ay10 Dops Dop Lo Trans.: Agys A1y Cgg Cp3

Semigroup L.65

Ro Trans.: AO]? AOB’ AO?’ A11, A16’ AlB’ A22, AZh’ 051, 052, 053,
C5s Caps Cga» Cg3» Cgy

L. Trans.: AOl’ All

Semigroup 4.66

R. Trans.: A013 CSl

L. Trans.: hoys b11s Bgpr Byps Blgs Byes Cops Cr1s 3 Cups Cops
Coge Cz3s Doys Doy

Semisroup L.67
1o Trans.s: C
LK., Tran AOl, 03

(¥ . { q
Lo Transet Aqp, Aoz Boos Bugr Byos Brgs Byys Bros Bl B, Coo
€ziv Cans g Cpps Cpgs o0 Ceys Dogs Doy
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Semigroup L4.68
E. Trans.: Agys D03
L. Transe: Agys 803 A10s A7) Ao0s 23 Bops Bogs Bios B13s Bup
B17> Bgos Bg)s Bogs Beys Belys Begs Bris Byss Brgs Bgas Bgls Bees Boy
Bolyo Bogs Bhy. Bhsr Bz Biy B, Bbg, By, Bio, Bhys Bly, Bhs, B,
B Bls ohse Coz» C19s C200 Co2s C3us C375 C395 Cpos Cpos Cige Cyps
Clg» Csss Csgs Cs9s Ceps C700 G715 Cos Cg1s Col Po3
Semigroup 4,69
R. Trans.: Agy, LO?’ Bh?’ Bﬁh’ ng, C26’ Ch9’ Doy
L, Trans.: Agys Cu9, Doy
Semigroup L4.70
Ro Trans.: Agp, Bﬂh
L. Trans.: Agys Agss Bgps Bogs Bios B13s Bils Bips Blos Bh1s Bl
Bli3s Bl Bliss Co3s Cops Cogs C310 C325 C355 C3¢0 C395 Cpyor 3o Cppps
Cu7s 18> Cugs Cs00 Coss Cer C672 Ce8s Pors Doz
Semigroup 4,71
R. Trans.: AQgy, Bg1s Boos Bh?
Lo Transe: Agys Ay Ao A23, Byos Bpgs Bogs B2h’ B32, BSO’ B58’
B61s Bggs Br1s Bgr Bors Bogs Bl1s Bhos Bhes Co1s Cops Cogr Caos Copo
Cass Ca7s Cpgs C315 C3ips €515 G525 Cg35 G55 Doys Do
Semigroup 4.72
R. Trans.: Agys Bj), Co3o Cxys Dos3s Doy

L. Trans.s AOl’ AOB’ 307, B08’ Blo’ B13’ Blh’ Bl?’ C03
Semigroup L.73

Ro. Trans.: AOl’ B&h’ 003, D03
L. Trans.: Anp, AOB’ BO?’ BOB’ Blos B13’ Blh’ Bﬂh’ BLS, COB’ 039,

Ciyos Cu7¢ Cs55 Ce7s Dos



Semigroup L.7L
R, Trans.: AOl’ Bﬂh’ 003, 0229

By

L, Trans.: AOl’ AOB’ BOS’

Semigroup L.75
R, Trans.: Aqp, Bﬁh’ 003: D03

L. Trans.: AOl’ AOB’ BO?’ B08’

Cgos

Do3

B0

C39s Cpos Cyps Cugs Coss Cgps Dos

Semigroup L4,76

R. Trans.:

A915 Bops Bogs Bles
L. Trans.: Ay, 033, D01
Semigroup L.77

R, Trans.: AOl’ AO?’ BOl’ BO2’
]

Bjj)» Ca7s C320 Cgys Co3

L, Trans.: AOl’ Bozg B08’ 327,

D

Cx15 C335 C3)s Cg1s Doys Do

Semigroup L4.78
R, Trans.: AOl’ AO?’ BOl’ BO23
Bl Cor0 C320 Cs10 53
L. Trans.: AOl’ All’ BOZ’ 337,
052, CSSS 073, DOl’ D02
Semigroup U4.79

R. Trans.: AOl’ Bols 3029 Béz,

Bi7»

27’

Bly7s

27’

Big»

Co7s

22

03

Byqs By B

13’ 17> Bl Blis» Co3s

Cpss 330 C33 G510 Cs72 Po1

399 Big» Bhos Bloo

Bogs Bigs Bhos Co1» Coys Copo

Bygs B)7s Bigs Bbps Blys

Bigs Co2s G115 Co1s

Cs3

L. Trans. A013 Bozg BOB, B'22, Col, 027, 031, 03)4’ DOl’ D02

Semigroup L4.80

R. Trans.: Ay, Byys Bo2» Bﬁé: 032, Cgl

L, Transe.: AOl’ Boz, B§6’ Coz’ 03)_" CSl, 052’ DOl, D02



Semigroup L4.81

R. Trans.:

tllols Csl

L. Trans.: AOlg All’ BOZ’

D

¢ 02

s+ Cg5r Cr30 Pops
Semigroup L.82

R. Trans.: AOl’

L. Trans.s AOl’

Semigroup L.83

R, Trans.: A01, C

L. Trans.: A013

Semigroup L.8L

L, Trans.s A A B

01’

Semigroup L.85

ans.s L ]
R, Trans.: 1013 Blé’

L. Trans.: A B

01’ By

08° "16°

B B

02’

06*

01’

T, Trans.: A BOZ’ B

Semigroup l.87

B. Tranz.: B

4515 Bops Bor

C3p5 G515 Cog

D D02

Bj)s Coqs

Lo Trans.:

AOl’ 01’

Semigroup L.88
] M §
R. Transos Agps Bigy Cons

L, Trans.: AO].'Q C339 D013

37°

]
Bjos

01’

3W?

o7?*

02°¢

27°

Doh

08’

02’

Big>

Co5s

01’

BOB’

3

71°

27’

225

C

Bigs Co2s G110 C335 Cg)s Coys

53

01’ 02
Dol

Bo7s Bogs Bog? Cop

D

€430 Dops Dop

C C

01’

B3gs Bygs Blgs Bygs Bhos Bigs

02> Cog G160 Cs32 Cogs D



Semigroup 4,89

R, Trans.: ADl’

Co7

226

L. Trans.. Aole AD?s Bogs Bogs E%?a %7: BSSS Bigs Blos %’ Co1>

C mn

k- Cz7 G310 C33s Cgys Csgs Cgys Doys Dpp

Semigroup h.90

Ho Transa.: AOl’

L. Trans. s Agys

Semigroup L.92

L, Trans.: AOls

L, Trans.: AOl’
Semigroup L4.93

R. Trans.: AOl’

L., Trans.: AO]?
Semigroup L.S9L

R. Trans.: Agts

Lo Trans.: Agy,
Semigroup L.95

R o Tranc o o A015

L. Trams.: Agps

Semigroup L.97
R. Trans.: Apgys

L. Trans.:? AOIS

Boos

02’%

Bogs

02°

Boys

Bbos

B&h’

Bogs

Dou,

Bog

B§6’
B§6,

Byps

Cons

Do1s

027,

Do1s

089

5715 Co1s Coos Cogs

Co1s> C27» C31s Caps

C3)s Cs15 Cgos Dops

Co7s Cg3

Do2

C315 C3)5 Cgg5s Doys
Semigroup L.96

C16: %35 C755 Thi,

Do1s Dog

Doz

R. TranSa: Aol, Béz’ B56, Bﬁb

L. Trans.:

Ap1s Do1s Dops Dos
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Semigroup 4.98

Ra Trans.: Aol, DOB, Doh

L. Trans.: AOl’ AOB’ BO?’ BOB’ BlO’ 313, Blh’ B17, B61’ B7l’ B9l’

B32s Co3s C225 Cg1> Cay
Semigroup L4.99

R. Trans.: AOl? Byys BO2’ DOh

L. Trans.: AOl’ COl’ 002, DOh
Semigroup 4.100

R. Trans.: Aqyps COB’ Coo

L. Trans.: AOl’ Aoj, AO?’ Allj B08, Blh, B)-l7, Bth BSS’ B79, B)lh,

“li57 %559 C61s Cé72 735 Po3s Dol
Semigroup 4.101
R. Trans.: AOl
L. Trans.: The transformation semigroup of degree four.

Semigroup 4,102

R. Trans.: AOl’ DOh

L, Trans.: AOl’ AOZ’ AOB’ th, AOS’ A06’ BOlj B02’ BOB’ BOh’ BOS’
Bo6» Bops Bogs Bogs Bios Byys Brps By3s Byys Bigs Bygs Bygs Bigs By,
B32s Blys B)os Bygs Bgs Beys Bgos Boys Bros Bogs Brgs Bgys Bogs By,
By3s Bhgs Blhgs Co1s Co2s Cp3s Cog» Cogs Cios Ciss Cigs Ci7s Cpps Coss

Cols Ce1s Co3s Cegs C73s Cogs Cogs Cpgs Cgys Cgyys Dy
Semigroup 4.103

R. Trans.: AOl’ 003’ 021

1. Trans.: AOl’ AOB’ 5079 BOB’ BlO’ B133 Blh’ Bl7s 0033 021
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Semigroup L.1l0L
R. Trans.: AOl’ COB’ DOL

L. Trans.: Apq5 AO3’ 807, Bygs Byos 3139 Blh’ 317: Co3, Doh
Semigroup L4.105

Ro TI‘anSoS Aolg BOB’ BSO, Béz’g Bllhj 003, 022, CBM’ C37, CSS, CBO’ D03
Lo Trans o AOl’ BOBS 0193 Do3
Semigroup L.106

R, Trans.: Agys Ag3s Bi)ys Bjigs 0039 Coos Cgps D03
L. Trans.: Agys

Aoy
Semigroup 4.107
R. Trans.: Apys 0019 007
Lo Trans.: Ag, Agps Bops Bogs Bo3s Bops Boss Bogs Cons Cor
Semigroup L4.108
R, Trans.: Agy, Bho, Bﬁl‘ Cops 033, Dy
L. Trans.s Apps BO?’ Bygs B&zs B&h’ 0279 032, 035, ChO’ Ch9’ 055’ DOl
Semigroup L4.109
R. Trans.: Anyys B%zg Bgé, Bﬂh’ COlﬂ 0259 C33, D01
L. Trans.: Agy, Boos Bogs Biys Bigs Bhos B§6’ Bﬂh’ Coys 025, 027,
C33 €3 G515 C55 Doy
Semigroup 4.110
R. Trans.: Aol’ Apos AO?’ Apgs A09, A109s Boy» B02’ BOB’ BO?’ Bogs
Bogs Bigs Ba3s Bars Bogs B35s Bags Burs Buss Bups Ps3yo B Bops Bops
Begs Bsg B1s Brss Bpqs Blos Blus Bles Blps By Bz Blo Bl Bl
Bigs Bfps Bfys Cors Cols Coss G100 Cags Cae» Copo C320 C330 Cals O350

Clos Clgs Cs1s Cs3s Cggs COs7s Cogs Ce1» Ce3s Cezs Por
L. Trans.: Agpjs D01



Semigroup L4.111

R. Trans.: AOl’

L. Trans.: AOl’

Semigroup L4.112

R. Trans.: AOl’

L. Transe.s AOl’

Semigroup L4.113
R. Trans.: AOl’

L., Trans.: A

Semigroup L.11l4

oL

R. Trans.: AOl’

L. Trans.: AOly

Semigroup L4.115

R. Trans.: AOl’

L, Trans.: AOl’

Semigroup L.116

R. Trans.: AOl’

L. Trans.: AOl’

Semigroup 4,117

R, Trans.s AOl’

L. Trans.: AOl’

22°

02’

01°

025,

o1’

3L

05°?
35°

Bios

01°

27’

B,» Co12

27

B%é’

Doh
Bopr Bozs
Cors Po1

Bops Bpos

229

Ce3s Do1

C59’ Do1

Biys Cosv Cogr C33 C3u2 Cugr Cs5v Pou

ol

0l

33° "0l

B%B

A

Cag» C325 C35 Cpo Co10 Co7s Doy

Byzs Bo7s Bogr Bogr Cor» Dol

By3» Bops Bogr Pogr B2 Bhyr Con

Cogs Cp7s C3s C350 C3s Cogs Doy

Semigroup L.118

R. Trans.s AOl’ B%és 0333 D01

L. Transe.:s Aol, CSl’ 0579 D01



Semigroup L.119

R, Trans.: AOl’

L. Trans.: AOl’

Semigroup L.120

R. Trans.: A01,

L. Trans.: AOl’

Semigroup L.121

R. Trans.: A 01°

DOl

L., Trans,: AOl’

DOl

55°
08’

11°
53’

01’

03’

230

250 Ca75 Ceps Coos Dy

B3p» Bgs Cgqs Cg

02> Bio» Bi1s Cogs Cpgs C330 Cg)0 Cpgo Cooo

BS

222 B:

360 C

19° 01’ Coh’ CzS’ c26’ Ch9’ C61’
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APPENDIX

In this appendix, compiled jointly by Messrs. K. S. Carman; J. C.
Harden, and E. E. Posey, are listed what the authors believe to be all
distinct semigroups of orders two, three, and four; and their proper sub-
semigroups. Two semigroups are regarded as distinct if no isomorphism
(or antimisombrphism) can be set up between them.

Comnutative semigroups of these orders (under the name of "finite
ova") were listed by A. R. Poole in his dissertation,l but were omitted
froﬁ the published version.2 We have constructed independently all
semigroups of orders two and three (non-commhtative as well as commuta-
tive), and our list of commmtative semigroups of those orders agrees
perfectly with Poole's.

In addition té constructing the non-éommﬁﬁétive semigroups of
order four, we have examined Poole’s list of commutative semigroups of
that order; and have found what apﬁear to be a few errors. It should be
pointed out that the copy of roole's thesis available to us was a carbon
copy borrowed from the library of the Califorﬁiéiiﬁstitute of Technology,
with the subscripts in the semigroup multiplieaiién.tables filied in by
hand, so that it is entirely'possible that’theVerrqrs noted do not occur
in the original dissertation; indeed, some of fhese errors are obviously

merely mistakes in copying. We did not construct the commmtative

1A, R, Poole, "Finite Ova," (Doctoral Dissertation, California
Institute of Technologys 1935). . .. . i

2A. R. Pocle, "Finite Ova," The American Jomrnal of Mathematics,
59=23"‘32, 193?0 - . . L .
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semigroups of order four independently, and cannot claim that our exami-

nation of Pocle's list was sufficiently exhaustive to preclude the

possibility that it c¢ontains errors other than those noted below,

Poole!s R Lpy appears as:
uy
ul
uj

ul

u
w
u3
up

w
u3
ul

ul

uy
u2
u3
up

which is non-commutative since uju3 % usy) o An examination of asso-

ciativity shows that if wuy =

regardless of what the product ujuj, may be. Changing ujus from wy
to u3 ; we have a comrmtative semigroup, distinct from all others in
Poole'’s list, which is given in our list as No. L.38.

The multirlication table of roole's R l3g is identical with that

1] then the system is not a semigroup

of his R lj7; this semigroup appears in our list as No. L.9. Changing a

single subscript yields a new commutative semigroup, No. L.5 in our list:

L.5

R L7, R h3g
i Y W M
Uy ux up g
My ooup "y Up

up vz WM

Pooleis T 4p and T 43 are identical, and appear in our lList as

No. L.22. Two changes produce a new commutative semigroup, our

No. Lk.23:

!
U
Ul

Ul

ul
u2
uy

u2

w
i
ur

uy

i
u2
uL
UL
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3a

T Lo, Thy k.23
woouy vy oW 1 W W oy
woup owp o wy y uz w u,
wmoouy oup o ow up w u3z u

uy o W om Wyoupou)y uh

wmuntiolication tabie 7 - dn oqoclets List fails to satisfy the
PR R TR an P a4 %3 o e, p 33 3 hi R s .
gagociabivitey seraidion, Lot can s 50 modified as bto becoms 2 commutas

2 2

tive semicsroun antavently distinct from 21l others in that List: we

. .

include it as Yo, .3

¥y

A T A v ouy W W
U 1.12 111 111 ul ul “l ul
u,l ’U.z ul ‘112 ul "J.l 2 112

U by *ag ] U.l ‘l u2 u

4 i and Ly seem to be isemorphie; this

i tist as No, .3, rFecle's tables and an iso~

In Table T ave Tishsd he foor semigroups of order two, of whiz
onlxr No, 2.7 ir non-comutative, Table 1Ta contains the siy nonecoimize

tative semisrcups of o Zer three {Nos, 3;?, 3.9, 3,12, 3.13, 3.14, 3.15°



La
and the twelve commutative semigroups of order three, the latter being
identical (to within isomorphism) with Poole!s ova of order three. In
Table IIIa we list the 55 commutative semigréups of order four (Nos. l.l=-
4.55) and the 66 non-commutative semigroups of order four (Nos. 4.56 «
4.121).

In Table IVa, the columns are headed by the reference numbers of
the semigroups of order two, and the rows are labeled with the reference
numbers of the semigroups of order three. If No. 3.2 (2 =1, ..., 18)
contains k subsemigroups isomorphic to No. 2.y (y = i, eeos L), the
letter k 1is placed at the intersection of the réw 3.2 and the column
2.y. Table Va exhibits similarly the subsemigroups of orders two and
three of the semigroups of order four. OSubsemigroups of order one are
simply the idempotent elements of a semigroup, and are not listed
separately since they are visible immediately upon inspection of the
muiltiplication table of the semigroup.

It would be futile to expect tables of this sort to be entirely
free from errors. The authors have checked their work repeatedly, and
have rectified several mistakes, but others have doubtless escaped their
notice. They will appreciate receiving corrections from users of the

tables.
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TABLE Ta

SEMIGROUPS OF ORDER TWO

2.k

2.3

2.2

2.1

—~N -
—~—

~N
N

N
—~ A

N~
NN

TABLE Ila

SEMIGROUFS OF ORDER THEEE

3.6

3.5

3.4

3.3

3.2

3.1

AN
—~
-

oo+
AN ™M
M

ooy
—A M
—HrM

NN
aNNNH
—AAN™Mm

NN
~N
—N A

A
NHA
NN

3.8 3.9 3.10 3.11 3.12

3.7

- N M
AN A
N A

aXaaXoa)
NHM
—~ Ao

[aa¥saNaal
~ M
M

NN~
—AN A
N A

AN M
L lam S\
A

N
—HamMm

N

3.1L 3.15 3.16 3,17 3.18

3.13

N~
A
N~

M
o
N

~aom
- NN
—~N e~

MM
- M
AN M

[ KSVA
— oM
[ KSVA

—A AN M
—AANN
AN A
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LE IIIa

T

SENIGRUUYS OF URDER FOWR

L.7

.6

L.5

Lol

L.3

.2

L.l

NN
AN
A
A~ A

AAAM
A A
AN AHA
A

AN A3
AAAA
AN AHN
AAAA

A 344
A A
AN A
AAAA

AN
NN
AAA~
A

AAAA
A A
AN AHA
A

~HAaN MM
AN MO
HANNN
A

L1 .12 L.13 L1k

L.10

L.9

L.8

AN M
NN
NN
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PROYER SUBSEMIGROUrS UF SEMIGROUYS UF ORDER TMREE

TABLE IV¥a

2.1 | 2.2 } 2.3 | 2.4
3.1 1
3.2 1
3.3
3.4 1 1
3.5 1 1
3.6 1 1
3.7 1 1
3.8 1 1
3.9 1 1
3.10 1 1
3.11 1 1
3.12 1 1
3.13 2 1
3.14 3
3.15 2 1
3.16 3
3:.17 2
3,18 2
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PROFER SUBSEMIGROUPS OF SEMIGROUPS OF ORDER FOUR

10a

16

17

18

=] nof 1

O ca | O\ &1\l no -

R 1O] R | 1 rof ) o i

Q|

=

(-
(>

-
A¥s

A

=

[
Y

5

'—J
-.‘,3

= PO N b

-
(o2

L
NO

o
QO

o} b

NN
-

Ay
Ay

-
4

M
L

=

N
\

(o)

o e U BRI T IS IS [ P (W P Y

Ny
-~

N
<

‘_l
o e L

N\
O

] o ] e o] o L A 1)

o)
&

Wi
~

L
LA

L
L

L
=1

= -

-
W W I P P

S
Ty

L
ey

M
-~y

[ve

A - 4

W)
O

Q

H

= = e

Fadedrnadrony (el s (] e




TABLE Va

PROPER SUBSEMIGROUPS OF SEMIGROUPS OF ORDER FOUR
(Continued) ,
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(Continued)
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