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Abstract

Phase field models are usually constructed to model certain interfacial dynamics.
Numerical simulations of phase-field models require long time accuracy, stability and
therefore it is necessary to develop efficient and highly accurate numerical methods. In
particular, the unconditionally energy stable , unconditionally solvable, and accurate
schemes and fast solvers are desirable.

In this thesis, We describe and analyze preconditioned steepest descent (PSD)
solvers for fourth and sixth-order nonlinear elliptic equations that include p-
Laplacian terms on periodic domains in 2 and 3 dimensions. Such nonlinear elliptic
equations often arise from time discretization of parabolic equations that model
various biological and physical phenomena, in particular, liquid crystals, thin film
epitaxial growth and phase transformations. The analyses of the schemes involve the
characterization of the strictly convex energies associated with the equations. We
first give a general framework for PSD in Hilbert spaces. Based on certain reasonable
assumptions of the linear pre-conditioner, a geometric convergence rate is shown for
the nonlinear PSD iteration. We then apply the general theory to the fourth and
sixth-order problems of interest, making use of Sobolev embedding and regularity
results to confirm the appropriateness of our pre-conditioners for the regularized
p-Lapacian problems. The results include a sharper theoretical convergence result
for p-Laplacian systems compared to what may be found in existing works. We
demonstrate rigorously how to apply the theory in the finite dimensional setting

using finite difference discretization methods.

viil



Based on the PSD framework, we also proposed two efficient and practical
Preconditioned Nonlinear Conjugate Gradient (PNCG) solvers. The main idea of
the preconditioned solvers is to use a linearized version of the nonlinear operator as a
metric for choosing the initial search direction. And the hybrid conjugate directions
as the following search direction. In order to make the proposed solvers and scheme
much more practical, we also investigate an adaptive time stepping strategy for time
dependent problems.

Numerical simulations for some important physical application problems -
including thin film epitaxy with slope selection, the square phase field crystal model
and functionalized Cahn-Hilliard equation — are carried out to verify the efficiency of

the schemes and solvers.
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Chapter 1

Introduction

Let Q C R d = 2,3, be a rectangular domain. In this work we are interested in
efficient solution techniques for fourth and sixth-order nonlinear elliptic equations
that have p-Laplacian terms. The fourth-order problem reads as follows: given f

-periodthesis ic, find u Q2-periodic such that
u— sV - (|VulP2Vu) + se?A’u = f, (1.1)

where 0 < ¢ < 1 and s is a positive parameter. The sixth-order problem is as follows:

given f, g Q-periodic, find u,w Q-periodic such that

u—Aw =g, (1.2a)

shu— sV - (|Vul[P*Vu) + se’ A*u —w = f, (1.2b)

where 0 < ¢ < 1, s > 0, and A > 0 are parameters. The highest order positive
diffusion term, parameterized by e, is often referred to as the surface diffusion,
following the thin film applications described below.

We will refer to problems (1.1) and (1.2a) — (1.2b) as regularized p-Laplacian
problems. However, this is primarily for ease of reference. The highest order surface

diffusion term, though parameterized by the “small" coefficient € > 0, must be present



for the related physical models to make sense and is not an artificial regularization.
In other words, we will not consider and are not concerned with the singular limit
e\ 0.

These model equations arise most commonly from the time discretization for
certain time-dependent physical models. For example, consider the thin epitaxial

film model with slope selection
O =V - (|[Vu> Vu) — Au — e2A%,

in [59, 71, 77, 83|, where w is the spatially periodic height of the film. The 4-Laplacian
term in combination with the negative Laplacian term gives energetic preference
to facets with unit slope, a continuum-level model of the Ehrlich-Schwoebel kinetic
barrier. The highest order term models a small amount of surface diffusion, which
smooths the corners where the facets merge. In the square Swift-Hohenberg (SSH)

equation
Ou= (B —Du+nu*—u’ +a (|Vu|2 Vu) —2Au+ A%, a>0, B,n€eR,
studied in |22, 49, 47, 63], and the square phase field crystal (SPFC) equation
Ou = A (70u + i Au+ 2 A%u — V- (|Vu|2 Vu)) , Y ER, 41 >0,

studied in [29, 43, 47, 63|, the 4-Laplacian term gives preference to square-symmetry
arrays of “dots" in the density field u. In general, such localized structures play
important roles in biological, chemical, and physical processes [50].

For these time-dependent problems, convex decomposition schemes have been
proposed and analyzed in [71, 77] to obtain unconditional unique solvability and

unconditional energy stability. The convex decomposition scheme for the thin film



model is [77]
u™ — sV - (|Vu™PVu™) + se’APu™ = u™ T — sAu™ T

where s > 0 is the time step size, and the superscripts indicate the time discretizations.
The convex decomposition scheme for the SPFC model — which can be inferred from

the general principles in |77, 82] — is precisely

u™ — Aw™ = "™

syou™ — sV - (|Vu"PVu™) + se?A%u™ —w™ = — sy Au™,

assuming g, 71 > 0. These schemes are nonlinear and require one to deal with the
p-Laplacian term at the implicit time level. We remark that there are also second-
order-in-time convex decomposition schemes for such nonlinear parabolic equations,
as described in [71], which have similar nonlinear structures. In any case, solving
nonlinear elliptic equations with the p-Laplacian term is challenging, because of its
highly nonlinear nature. In [71, 77|, the authors used a nonlinear conjugate gradient
algorithm to solve the nonlinear system at each implicit time step. Such naive gradient
methods are guaranteed to converge due to the global convexity of the equations, but
are not necessarily efficient.

Several works develop and analyze numerical schemes for nonlinear elliptic
equations involving the p-Laplacian operator. The works [6, 8, 53, 62, 74, 87, 88|
are based on finite element approximations in space. Recently, the vanishing moment
method for the p-Laplacian was proposed in [39]. In that method, the highest order
term is purely artificial, whereas, for the models above, the surface diffusion term
is small, but non-vanishing. A hybridizable discontinuous Galerkin method for the
p-Laplacian was proposed in [21]. Of these works, [53, 87, 88| are primarily focused
on efficient solvers for the elliptic equations with p-Laplacian terms, rather than, say,

error estimates.



The main goal of this thesis is to design a general framework of preconditioned
steepest descent (PSD) methods for certain nonlinear elliptic equations with p-
Laplacian terms. The main idea is to use a linearized version of the nonlinear operator
as a pre-conditioner, or in other words, as a metric for choosing the search direction.
We propose and analyze the preconditioned steepest descent methods for both the
fourth- and sixth-order p-Laplacian problems mentioned above. Herein we present
numerical simulations for the 6-Laplacian thin film epitaxy and the H~! gradient
flow SPFC model by using the proposed method. While we restrict our focus to
the p-Laplacian problems herein, the search direction framework is general and can
be applied to other nonlinear equations, such as the Cahn-Hilliard (CH) equation
[11, 18, 64, 73], functionalized Cahn-Hilliard (FCH) equation |19, 26, 31|, for example.

The convergence analyses of the nonlinear iteration algorithms we propose for the
p-Laplacian equations are quite challenging, due to the highly nonlinear nature of the
problems. However, we are able to recast the equations as equivalent minimization
problems involving strictly convex functionals in Hilbert spaces. Once this is done,
we are able to characterize the properties of general pre-conditioners that will result
in geometric convergence rates. This general approach is applicable to both the 4th
and 6th order equations at the space-continuous level, as well as the approximation of
these problems in finite dimensions using finite differences. Though we do not explore
it here, we remark that the theory is extensible to the pseudo-spectral, spectral-
Galerkin, and mixed finite element settings as well, using the appropriate discrete
Gagliardo-Nirenberg inequalities. To our knowledge, the only related theoretical
results available in the existing literature are to be found in [53], in which finite
element PSD solvers were designed and analyzed. Specifically, it was proved in [53]
that their method converges with the rate O(k=#), where k is the iteration index
and [ = 1%2 > (0. In this thesis , we provide a theoretical analysis with a geometric
convergence rate O(a*), with 0 < a < 1, for the finite difference PSD solver applied

to the regularized p-Laplacian problems.



For such nonlinear analyses, the essential difficulty has always been associated with
the subtle fact that the numerical solution has to be bounded uniformly in certain
functional norms, so that a bound for the iteration error could be established. For the
p-Laplacian problems, typically a uniform W'? bound of the numerical solution is
available at each iteration stage, and such a bound may be used to derive an O(k~?)
convergence rate for the PSD iteration. However, for the regularized p-Laplacian
problems, one observes that a linear operator with higher-order diffusion may be
utilized so that a uniform H? bound of the numerical solution may be obtained.
Specifically, the existence of the surface diffusion term £?A%u enables us to derive
a geometric convergence rate O(a*) for the PSD iteration, which gives a sharper
theoretical result than the existing one in [53]. Our strategy comes at a cost that
we point out at the offset: a linear, positive, constant-coefficient operator of order 4
or 6 must be inverted to obtain the search direction. But, since we are interested in
applications involving coarsening processes over periodic domains, the FFT can be
utilized to make this process efficient.

By using the similar preconditioned idea, we also proposed two efficient and
practical Preconditioned Nonlinear Conjugate Gradient (PNCG) solvers. The main
idea of the preconditioned solvers is to use a linearized version of the nonlinear
operator as a metric for choosing the search direction for the initial step. And the
hybrid conjugate directions as the following search direction. In order to make the
proposed solvers and scheme much more practical, we also investigate the adaptive
time stepping strategy.

The remainder of the thesis is organized as follows. In Chapter 2, we present
some preliminary notations and definitions. In Chapter 3, we present a general
preconditioned steepest descent (PSD) method for nonlinear equations in generic
Hilbert spaces, and provide the convergence rate estimates for the PSD method. The
application of the general theory to the fourth-order and sixth-order regularized p-
Laplacian problem are presented in Chapter 4. Based on the framework of PSD

solver, we proposed Linearly Preconditioned Nonlinear Conjugate Gradient Solvers



in Chapter 5. The concluding remarks are offered in section 6. In the Appendix A,

we give the proof of a few discrete Sobolev inequalities.



Chapter 2

Preliminaries

2.1 Sobolev Spaces over Periodic Domains

2.1.1 Notation

For the remainder of thesis Q@ C R? with d = 2,3 is a rectangular domain. In what
follows, if d = 2 we assume p € [2,00); whereas if d = 3 we suppose p € [2,6]. Most
of the physically relevant cases correspond to p being an even integer, however, all of
our arguments hold for any value of p in the indicated ranges. The Sobolev spaces of

periodic functions are defined as follows: for ¢ € [1, 0], we set

wka(Q) .= {u e WHIRY | uis Q— periodic} :

per loc

where k € N is the differentiability index. Observe that W%¢(Q) =: L?_(Q) = L(Q).

per per

We denote the norm of W*4(Q) by || - |[yra, or just || - ||z« when & = 0. In the case

per

q = 2 and k = 0, we denote by (+,) and || - || the inner product and norm, respectively.

We set HY () = WE2(Q) and immediately remark that, given the range of p, we

per per

have H2, () < WLE(Q). For k € N+ 1, the continuous dual of H% () is denoted

per per per

by H X(Q).

per



If LZ(Q) denotes the set of functions in L?(Q) with zero mean, we define

H(Q) = H)\ (N LAQ), Hoh(Q):={ve H, Q) | (v.1) =0}.

per per

We define a linear operator T : H;1(Q) — ﬁ;er(Q) via the following variational

per
problem: given ¢ € Hp_elr(Q), T[(] € [fféer(Q) solves

(VTICLVY) = (¢ x). VY x€HL(Q).

From the Riesz representation theorem it immediately follows that T is well-defined.

We define the inner product

(¢ &) i = (VTICL VTIE) = (¢TI = (€, T, ¥ (€ € Ho(9).

The induced norm is denoted || - [|5-1. The following facts can be easily estab-
lished [24]:
Lemma 2.1.1. On HIE(Q) the norm || - |[g-1 equals the operator norm: for all

¢ € Hy . (Q),
(¢, x)

[Clzr = sup ==
Moo eint @ VXl

per

Vx|, for all x € H...(Q) and ¢ € Hrjelr(Q)

per

Consequently, we have [(C, x)| < ||C]| 5-1

per

Furthermore, for all ( € L3(Q), we have the Poincaré type inequality: ¢l g <
C<||, for some C > 0.

2.1.2 Interpolation Inequalities
Lemma 2.1.2. Suppose that p € [2,00) when d =2, and p € [2,6], if d = 3. For any

£ € H.(Q), we have

el - l1ag) s, if d=2, pe(2,00),

||v§||Lp < C9 3 _1 5_3 .
[Ellzr— 2 - [ AE][2 72, dif d=3, p€[2,6],

8



for some Cy = Cy(d, p) > 0.

Proof. This follows from the Gagliardo-Nirenberg interpolation inequality and elliptic
regularity. O

Lemma 2.1.3. For every £ € ]—ilgcr(Q) we have

lell < el lag)® (22)

and

IVEN < NEll . TAL] - (2.3)
Proof. Using integration by parts we get
IVEI? = —(& A8 < [&]l - |ag]l. (2.4)

The definition of the H-1(Q) norm implies that

per

IEI1° = (£,€) < [|€]l g1 IVE]. (2.5)

per

Therefore, a combination of (2.4) and (2.5) leads to
1 1 1 1 1
IVEl < 1€l - 1ALHE < (1€l IVENl - [1Ag]12,
so that
3 1 1
IVl < el Al
which yields the second inequality. The first may be proved in a similar way. O

Similar to before, the Gagliardo-Nirenberg inequality, together with elliptic

regularity, yield the following interpolation result.



Lemma 2.1.4. Suppose that p € [2,00) when d =2, and p € [2,6], if d = 3. For any
£ e ﬁger(Q), we have

2 _ 2
€07 1Ag] 5
ﬁe% 71
lelz2 1ag)é=

if d=2, pe€l2,00),
if d=3, p€[2,6],

V&L, < Cy (2.6)

for some Cy = Cy(d,p) > 0.

2.2 Finite Difference Spatial Discretization in 2D

2.2.1 Notation

In this subsection we define the discrete spatial difference operators, function spaces,
inner products and norms, following the notation used in [52, 71, 77, 78, 82]. Let
Q= (0,L,) x (0,L,), where, for simplicity, we assume L, = L, =: L > 0. We write
L = m - h, where m is a positive integer. The parameter h = % is called the mesh
or grid spacing. We define the following two uniform, infinite grids with grid spacing
h > 0:

E::{xH% |ieZ}, C:={x;|ielZ},

where @; = x(i) := (i — 3) - h. Consider the following 2D discrete periodic function

spaces:
Vper = {V ExFE—R Vi+%,j+% = Vi-l—%—i—aTTZ,j-i-%-Fﬁm’ Vi?j7a76 € Z} ’
Cper = {l/ Cx(C—=R | Vi i = Vitam,j+Bm> Vi,j,a,ﬁ € Z},
g = {v i EXCoR | vy = vt iamgism Visj B €L},
Epor = {V:C’XE—HR Vij4l = Vitam,j+L+pm> Vi,j,a,,@GZ}.

The functions of V., are called vertex centered functions; those of Cp,e are called cell

centered functions. The functions of E5Y are called east-west edge-centered functions,

10



and the functions of &3 are called north-south edge-centered functions. We also

define the mean zero space

|Q|Z”“‘ - }

3,j=1

Cc;pelr = {V € Cper

We now define the important difference and average operators on the spaces:

1 1

A:(:VH—%,D = ) (Vi+1,m + Vi,D)» D eViplo: h (Vz-i-l o— V@D%
1 1

Aoy = 5 i + o), Dyvpaey = 5 (Moan = v04),

with Az, Dyt Cper — Egny if U is an integer, and A, D, @ E55 — Vyor if O is a

per

half-integer, with Ay, D, : Cper — Ens. if O is an integer, and A,, D, : Eo. — Vper if

per per

(1 is a half-integer. Likewise,

Q0 =

DO = DN =

1

(Z/H%g + VF%’D) , dplip = 7 < 10— VZ;%’D) ,
1
h

(’/D,j+% + VDJ—%) , Ayt = (VDJ‘F* VD,j—%) )

with a,, d, Egzvr — Cper if [ is an integer, and a,, dy @ Vper — Egjr if [J is a half-

ayVDJ‘ =

integer; and with a,, d, : £55, — Cper if U is an integer, and a,, dy : Vyer — Eggy i U

per
is a half-integer.

Define the 2D center-to-vertex derivatives D,, ©, : Cper — Vper cOmponent-wise

as

DVl jpt = Ay(DQTV)i-‘r%,j-i-% = DCC(AZJV)H-%J-F%
1

= o7 Witrge1 — Viger + Vigy — Vig)
2h

nyi-f—%,j-i—% = Am(‘Dyy)i-‘r%,j-i—% - Dy(ACEV)i-‘r%,j"r%

1
= 3 (Vit1je1 = Virrg + Viger — Vi) -

11



The utility of these definitions is that the differences ®, and ®, are collocated
on the grid, unlike the case for D,, D,. Define the 2D vertex-to-center derivatives

0;, 0y ¢ Vper = Cper cOmponent-wise as

Wiy = ay(dev)ij = di(ayv)i
1
= o Vit T Vbl TVid-L T Vet )
Olij = ag(dyv)i; = dy(azv)i;

1
- ﬁ (Vi—i_%’j—i_% N Vi+%’j_% + Vi_%vj""% o Vi—%’j_%> ’

Now the discrete gradient operator, Vi: Cper —+ Vper X Vper, is defined as
\i/LVi+%,j+% = (Qz%%,j%@y’/i%,ﬂg)'
The standard 2D discrete Laplacian, Ay : Cper — Cper, is given by

1
AhVi,j = dx(DmI/)i’j + dy(DyV%J' = ﬁ (Vi+1,j + Vz’—l,j + Vi,j+1 + Vi,j—l — 41/1"3') .

The 2D vertex-to-vertex average, A : Vyer — Cper, is defined to be

.Al/i,j =

(Vi1 + Vierj + Vigar + Vij-1) -

S

The 2D skew Laplacian, A : Cper — Cper, is defined as

Wij = 02(Del)ij +0,(Dyv)i;

1
= o (Vigr41 + Vicrjyr + Vigrjo1 + vicij1 — 4vi) -

The 2D discrete p-Laplacian operator is defined as

V- (I Viw) = 0u(r Dav)iy + 0, (r Dyv)s s,

ij

12



with
p—2
2

e 2 2
Titgaths T [@x“)wé,ﬁ% * @y“)i%a%]

Clearly, for p =2, Ajv =V}, - (|Viv[" 2 Viv).

Now we are ready to define the following grid inner products:

(Va 5)2 = hQZZVi,jwi,ja v, 5 € Cpem

i=1 j=1
<V7 5) = (-’4(’/5)7 1)27 v, f S Vper?
[V7 g]ew = (AI(V€)7 1)27 v, f S gg:;a
&l = (Ay(€),1),, v € &R

Suppose that ( € Coper, then there is a unique solution T.[¢] € Coper such that
—ApTH[¢] = ¢. We often write, in this case, Tp[¢] = —A;'¢. The discrete analog of

the H\ inner product is defined as

(€61 = (¢, Tal€))y = (Thl¢) Oy ¢ € € Cper.

where summation-by-parts [71, 82| guarantees the symmetry and the second equality.
We now define the following norms for cell-centered functions. If v € éper, then
W2, = (v,v)_y. E v € Cper, then [|v]ly = (v,0); |l := (Iv], 1) (1 < p < 00), and

V|| = maxigi<m |v; j|. Similarly, we define the gradient norms: for v € Cper,

p
2

IV = ([VivP, 1), [Vl = [(Dar)® + (Dyr)?)2 = [Viv - ViV € Vi,
where 2 < p < 0o and

thl/Hg = [DIV? DIV]eW + [Dyl/, Dyy]n :

S

13



Consequently, the discrete || || mp and Il pz norms on periodic boundary domain

defined as

I8l = lol; + IVagll3, (2.7)
16152 = llgll7 + 1Anal3 . (2.8)

Lemma 2.2.1. For any ¢ € Cper with ¢ = 0, we have
Vo5 > IViell5. (2.9)

Proof. By the definition of ¢, we get

1
ngbi-&-%,j—i-% — 9 ((D$¢)i+%,j + (Dx¢)i+%,j+1> J (2.10)
which in turn implies that
m—1 m—1
19603 = 12 5" (0261420 < B2 3 (Dadiys )2 = ID:03, e, .6 < | Dadli2.11)
i,j=0 ,j=0

Using a similar argument, we also obtain ||D,¢[l2 < ||[Dy¢|l2. These two inequalities

lead to the desired estimate; the proof of Lemma. 2.2.1 is complete. O

2.2.2 Discrete Sobolev Inequalities

Lemma 2.2.2. Suppose that p € [2,00), d = 2, we have

1 p=1
HgHg ’ HAhSHQP ) v 56 Cpera
1—2

v, < o 18 3 G
||§”—p1 ’ ||Ah€”2 g ) v 5 € Cpera

for some Cy = Cy(p) > 0.

The proof for p = 4,d = 2 can be found in the appendix. Following the similar

arguments, the other cases can be proved.

14



Remark 2.2.3. Though we have focused on the case d = 2 in this section, we can
also define our operators and norms, in particular V3§ and ||V5E ||p, in three space

dimensions. Then for p € [2,6], we ezpect

3 _1 3
2

5_
1€l2" “AREll; ™5 V& € Cer,
1

w3l <o 103, 1R o
”5”51 HAh€||2 p’ v Secpem

for some Cy = Cy(d = 3,p) > 0.

The following preliminary estimates are cited from earlier works. For more details

we refer the reader to [52, 82].

Lemma 2.2.4. For any f,g € Cper, the following summation by parts formulas are

valid:

(f,Ang) = —(Vinf,Vaig),
(f.Ahg) = (Anf,Ang), (2.12)
(£,2h9) = —(ViAnf,Vidg).

Lemma 2.2.5. Suppose ¢ € Cper. Then

1 2a
18015 < =5 161 + S 1Tu( Aol (213)

1s valid for arbitrary o > 0.

Lemma 2.2.6. For ¢ € Cper, we have the estimate

LS

Fi(9) > Cl8lB. — = (2.14)

with C only dependent on ), and Fj,(¢) given by (2.18).

The following preliminary estimates are needed in the convergence analysis

presented in later sections; the detailed proof is left to Appendix A.4

15



Proposition 2.2.7. For any ¢ € Cper with ¢ =0, we have

18k1l5 = Cullg 72, (2.15)
16l < Clielluz, (2.16)
19llre = Iglls + 1Vi8lls < Cllgllz, (2.17)

with C' and Cy only dependent on €.

2.3 Finite Difference Spatial Discretization in 3D

Similarly, the notation and discrete functions can be easily generated to 3D. For

simplicity of presentation, we denote (-, -) as the standard L? inner product, and || - ||

as the standard L? norm, and || - ||g= as the standard H™ norm. We use the notation

and results for some discrete functions and operators from [27, 45, 80, 82].

2.3.1 Notation

Let Q = (0, L,) x (0, Ly) x (0, L,), where for simplicity, we assume L, = L, = L, =:
L > 0. It is also assumed that h, = h, = h, = h and we denote L = m - h, where m
is a positive integer. The parameter h = % is called the mesh or grid spacing. We

define the following two uniform, infinite grids with grid spacing h > 0:

E::{xi+%|i€Z}, C:={x; |1 €7},

1

5) - h. Consider the following 3D discrete periodic function

where x; = x(i) := (i —

spaces:

Coer ={v:CxCxC—=R|Vijr=VitamjtBmhtym: Vi, J ko, B,v €L},

Eper = {1/ ExCxC—=R Vit ljk = Vit tam.jtBmktym: Vi, j,k,aB,v € Z}.

16



The spaces &, and &, are analogously defined. The functions of Cpe, are called cell
centered functions. The functions of &, &, and &, are called east-west face-
centered functions, north-south face-centered functions, and up-down face-centered

functions, respectively. We also define the mean zero space

m

. h?
Cper ' =V E Cpey |V := 9] Z Vijk =0

15

We now introduce the important difference and average operators on the spaces:

(Vz'+1,j,k: + Vz‘,j,k) ) DxViJr%,M : (Vi+1,j,lc - Vi,j,k) )

Witk +Vigr) s Dyl =7 (Vigir — Vijk)

(Vi,j,k—H - Vz‘,j,k) )

I
<
X
<
+
ES
|
S~ Y S e

(Vigk+1 T Vigk),  Davyj kel

with Az, Dy i Cper = Exors Ay, Dyt Cper = Eopy Azy Dt Cper — &L, Likewise,

1 1

AaVijk = 5 (m;w + Vi—%,j,k) , dalVijk = 7 <Vi+§,j,k - Vi—%@k:) ’
1 1

AyVijk = 5 <Vi,j+%,k + Vi,j—%,k) o dyVije = 7 (Vz',j+%,k - Vm’—%,k) ;
1 1

A=Vijk = 5 (Vi,j,k+% + Vi,j,k—%> o aligp = h <Vz',j7k+§ - Vm;k—%) ’

with a,, d, : 5;)‘er — Cper, Gy, dy : Eger — Cper, and a,, d, : 5§er — Cper- The standard

3D discrete Laplacian, Ay, : Cper — Cper, 1s given by
de(Dyv)iji + dy(Dyv)i g + do(Dsv)i i

1
= e (Vig1,k + Vie1jk + Vi1 + Vij—1k + Vijes1 + Vijh—1 — Vi jg) -

17



Now we are ready to define the following grid inner products:

(Vv 5)2 = h3 Z Vi,j,kgi,j,ka v, f € Cpera [U7 g]x = ((lw(Vg), 1>2a v, 6 € g;)(era
i k=1
v, §]y = (ay(¥€),1),, v, § €&, v, €&, = (a,(v€),1),, v, &€ Eler-

We now define the following norms for cell-centered functions. If v € Cpe, then
2
vl == () [Ivlly == (JvfP,1), (1 < p < o0), and [[v]|, = maxi<ijr<m [Vijnl-

Similarly, we define the gradient norms: for v € Cpe,
IVuv||3 == [Dyv, Doy, + [Dyv, Dyv] + [D.v, D.vl,.

Consequently,
2 2 2 2
[l = Iz + IVarlly + | Anvl; -

In addition, the discrete energy Fj,(¢) : Cper — R is defined as

1 1-— 1
Fu(@) = 716015+ —— 161 = [Vadl3 + 51 Al (2.18)

18



Chapter 3

Linearly Preconditioned Steepest

Descent Methods

The content in this chapter has been published in [34], for more details please refer

to [34].

3.1 Linearly Preconditioned Steepest Descent Meth-

ods

3.1.1 The Classical Setting: Linear Symmetric Positive Defi-

nite Systems in Finite Dimensions

Before we get to the general case, let us quickly review the convergence theory for
preconditioned steepest decent methods for solving the linear system Au = f, where
A € RL™ is positive definite. This is closely related to the preconditioned conjugate
gradient (PCG) method, though may be less familiar to the reader. Solving Au = f
is, of course, equivalent to minimizing the quadratic energy E[v] := Jv7Av — v'f.

Suppose that L € RE1™ is also positive definite. Here A is the stiffness matriz and L

is the pre-conditioner. The idea is that L & A, but the former is “easier to invert." The

19



preconditioned steepest decent algorithm for approximating the solution to Au = f

is given in Algorithm 1 |5, 56].

Algorithm 1 Preconditioned Steepest Descent
1: Input: ug, f € R™
2: Compute residual: rg := f — Aug
3: Set dy := L™ 'rg
4: Set d° < —Go, k<0
5. for k=0, -+« kpax — 1 do

6: Compute oy, := (diry)/(dAdy)

T Uiy = Ug + Oékdk

8: ey = f— AukH

9: if ||rgy1]| < tol or k = kpax — 1 then
10: U, = Ugp41

11: exit for loop

12: else

13: dk+1 = L_lrkH

14: end if

15: end for

Here d;, € R™ is called the search direction and r, € R™ is called the residual.

We observe that

dT
oy = argmin Efuy, 4+ ady] = argzerod] VE[uy, + ad;] = —~ L
a€R a€R d, Ad,
We have the classical convergence result: for some C' > 0,
k
k—1
a il =€ (257) Tl
where Kk := %, and )\, is the largest eigenvalue of L~!'A, and \; is the smallest

[5, 56, 70].
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3.1.2 Non-Quadratic Energy Functionals in Generic Hilbert

Spaces

Here we review the general theory for preconditioned steepest descent in a generic
Hilbert space [3, 20, 28, 56]. Suppose that H is a (real) Hilbert space with the
inner product (-, -), and induced norm |- |;. We consider an energy functional

E[-]: H — R with the following properties:

(E1) F is twice Fréchet differentiable for all points v € H. For each fixed v € H,
JEV](-) : H — R is the continuous (bounded) linear functional equal to the
first Fréchet derivative at v, and, for each fixedv € H, 6*E[v](-, -): HxH — R

is the continuous bilinear operator equal to the second Fréchet derivative at v.

(E2) For every v € H,
0 < §*E[V](£,€), VE€H, (3.1)

and

0<8EW(£€), Ve H\{0}. (3:2)
This implies a strict convexity of F.

(E3) F is coercive with respect to the norm on H, i.e., there exist constants C; > 0,
C5 > 0 such that
Cy vl < Ev] +Cy, VveH.

If F satisfies (E1) — (E3), it follows [20] that there is is a unique element v € H with

the property that
Elu] < E[v], VYveH, with Elu] < E[v], for v # u,
and this minimizer further satisfies

SE[](€) =0, VEeH.
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We wish to construct, via preconditioned steepest descent (PSD), a sequence that
converges to the unique minimizer. By H’ we denote the continuous dual of H. When
it is convenient, we use the symbol (-, - )y : H' x H — R to denote the dual pairing
between H' and H. Consider a linear operator £ : H — H’. This operator £, which

we call the pre-conditioner induces a bilinear form on H:

(v, &) = (L], &) = LY](E), Vv EeH.

We assume that £ satisfies the following properties:

(L1) (-, )z : H x H — R is symmetric, i.e.,
(V7§>£:(§7V)Ev VV,gEH;

(L2) (-, ) is continuous with respect to the standard topology of H, i.e., there is

some ('3 > 0 such that
(v, &)l < Cs vl €y, Vv, &€ H;

(L3) (-, )¢ is coercive with respect to H, i.e., there is some Cy > 0 such that

Cyllvll < (v,v)e, YveH.

It follows that (-, )z : H x H — R is an inner product on H, equivalent to the
primary inner product (-, -),. The induced norm, ||v||, := \/(v,v),, is equivalent
to the primary norm. By the Riesz Representation Theorem, if f € H’, then there

exists a unique uy € H such that

(up, €)= f(§) = (,€), VEeH,
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with

laglly = 1fllpor = sup 28,
ozee 1€l 2

where the second norm is the £-induced operator norm.

Suppose that u* € H is given. We define the following search direction problem:

find d* € H such that
(d",¢), = —0E [u*] (¢), Ve H. (3.3)

We call d* the k™ search direction. In operator form, we write £[d*] = —0E[u*] in H'.
The functional —6E [u*] is called the residual of u. By the Riesz Representation

Theorem, we discover that
=58 (] (@) = | = [ [w!] 3.4
We then define the next iterate u**1 as
T = 4 oy d, (3.5)
where ay € R is the unique solution to
oy, == argmin E[u* + ad®] = argzero SE[u* + ad®](d"). (3.6)

aeR a€ER

Therefore, we have the fundamental orthogonality relation
SE[u* + oy d¥)(d¥) = 6 E[u"](d*) = 0. (3.7)

It follows that the sequence {uk}iozo C H generated by the preconditioned steepest
descent algorithm converges to the unique minimizer u € H. We now wish to estimate

the convergence rate.
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3.1.3 Estimates of the Convergence Rate for the PSD Method

We summarize some standard results.

Proposition 3.1.1. Suppose that E satisfies (E1) — (E3). It follows that, for any
v,§ € H,
SE[](§ —v) < E[¢] — Elv] < 0E[E](§ —v), (3.8)

and, consequently,

0 < (0E[E] - 0EW]) (€ —v).

Proposition 3.1.2. Suppose that E satisfies (E1) — (E3). Let {uk}zozo C H be
computed via (3.5). Then, for every k > 0 we have Eu*™] < E[u*]. Furthermore,

ai >0, as long as uF # u.

Proof. Using the orthogonality relation (3.7) and the convexity inequality (3.8), we
find
B — Euf] < 0B (v — u*) = apd B[] (d*) = 0.

Now, suppose d* # 0. Then, by Taylor’s theorem, (3.4), and (3.2),

2
B[] = Blu'] - ay |[d |, + SE BI04 (@, d*) > Bluf] — || .

Equivalently, we get

> E[u*] — Bt >0,

a ||l >

which implies that a; > 0. ]

Proposition 3.1.3. Suppose that E satisfies (E1) — (E3) and u € H is the unique

minimizer of E. Then, for any £ € H,

0 < El¢] - Elu] < (0E[E] — 0E[u]) (§ — u) = 0E[E](E — u),
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and, consequently,
0 < E[u*] — E[u] < (§E[u*] — 6Eu]) (u* — u) = 0E[u*|(u* — u). (3.9)

Proof. This follows immediately from (3.8), because dE[u](§) =0, for all ¢ € H. O

Now, we make the following further assumptions about the pre-conditioner £ with

respect to the derivatives of the energy E:

(L4) There is a constant C5 > 0 such that
Cs € = vliz < (GElg] = 0EW]) (€ = v), (3.10)

for all v, & € H.

(L5) Suppose B :={v € H | E[v] < Ey} is non-empty. (This is the the case if, for
example, one chooses Fy = E[0].) There is a constant Cy = Cg(Ep) > 0 such
that, for all v € B, and any £ € H,

2E[(E,€)] < Csllell%. (3.11)

Remark 3.1.4. We note that, practically speaking, (L5) is harder of the last two
conditions to enforce. In some sense, if the norm induced by L is not “strong” enough,

then there does not exist Cg > 0 so that (L5) is satisfied.

Theorem 3.1.5. Suppose that assumptions (E1) — (E3) and (L1) — (L5) are valid.
Let {u’“}:;o C H be the sequence generated by (3.5). Then

0 < E[u*] = E[u] < (C)MEW’] - Elu)), (3.12)
where
O<C’7::1—%<1. (3.13)
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Proof. Consider the function g(a) := E[u* + ad’] — E[u*], a € R. Then g(0) = 0,
and g has a global minimum at «; > 0. By coercivity and continuity of F, there is a

B, ag < P, < 00, such that g(8) = 0, and, for all o € [0, B],
E[u* + ad"] < E[u*] < E[u°] =: E,.
By Taylor’s theorem, there is a v = v(u*, d*, a) € (0, 1), such that
E[u* 4+ ad"] — E[u*] = adE[u*](d") + %252E[ek](dk, d),
where 0% := u* + (1 — v)ad*. By convexity of E,
E[0*] < yE[u*] + (1 — ) E[u* + ad] < E[u*] < E[u’] = E.

Using estimate (3.11) — with the set B defined with respect to Ey = E[u’] — and norm

equality (3.4), we get, for all o € [0, Bk],

mw:Ew+mﬁ—mm§a&mmeﬁ1HWM

= (~a+5 o) BB = fla).  (314)

Now, the function f(«) is quadratic, f(0) =0, f(Bx) > g(Bk) = 0, and f'(0) < 0. See
Figure 3.1. Thus f has a minimum in (0, 8;). In fact, the minimum is achieved at

0<oy:= C%) < Br . Then we have
E[u* + apd®] — E[u*] < g(ox) = E[u* + 0,d"] — E[uf] < ——- H(SE ||z: = flog),

or, equivalently,

EN*] — Eu**] > ||5E |5 -
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Figure 3.1: The functions g(a) = E[u* + ad’] — Eu*] and f(a) = (- o +
%206) H(SE [uF] Hifl from (3.14). The function g, which is strictly convex, is dominated
by the function f, which is quadratic, on the interval [0, 5]

Now, using estimates (3.9) and (3.10) we obtain
k 1 k1|2
0 < E[u"] — Eu] < o |6E[u ]Hbl :

Combining the last two estimates, we get the result

0< Blut] - Blul < 522 (Blt) - Blut).
or, equivalently,
0 < Euf*] — Blu] < (%C;G - 1) (E[u*] — E[u*]).

Since E[u*™!] > E[u], as long as u**1 # u, and E[u*] > E[u**1], this last inequality
implies that

Cs
0<—= <1
2Cs
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A little more manipulation reveals the equivalent inequality

0 < B - Blu] < (1 - 2%‘?’6) (E[u*] - Elu]),

and the result follows. O

If the following property holds, we get a simple corollary of the last theorem.
(L6) There is a constant Cs > 0, such that, for every v,w € H,
Cs wlz < 18°Elv)(w, w)]. (3.15)

This implies the strict convexity of E and is, therefore, stronger that (E2).

Corollary 3.1.6. Suppose that assumptions (E1) — (E3) and (L1) — (L6) are valid.
Let {u"‘}zozo C H be the sequence generated by (3.5), and define e¥ := u — u*. Then

k||2 B[] — E[u]

"]l < (C7) o (3.16)

Proof. By Taylor’s theorem and estimate (3.15), we have

1
E[uf] = Blu] = SE[u](e") + 56*E[6")(c", ")
1

= 552E[0k](ek, ) > Cs HekHE, (3.17)
where 6% is in the line segment from u* to u. The result follows from (3.12). O
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3.2 Nonlinear Elliptic Equations on Periodic Do-

mains

3.2.1 A Fourth-Order Regularized p-Laplacian Problem

We consider the following weak formulation of (1.1): given f € L2..(), find u €
H?,(Q) such that

per

(u,€) + s (|VulP>Vu, VE) + se* (Au, AL) = (f,€), V&€ H.(Q), (3.18)

where 0 < ¢ < 1 and s > 0 are parameters. Equation (3.18) is mass conservative
in the following sense: (u— f,1) = 0. One can show that the solution of the weak

formulation is a minimizer of the following energy: for any v € ngr(Q),

1 s se?
B = gl = 71+ 219wl + 5 A, .19

It is not difficult to show that E satisfies (E1) — (E3). The first derivative of E at a

point v may be calculated as follows: for any & € ngr(ﬂ),
dEly +7¢]l,_y = 0E[|(§) = (v — £,€) + s (|VV["*Vr, VE) + se” (Av, A).

Thus, our original problem is equivalent to the following: find u € HZ (), such that,

per

for all £ € HZ,(Q), 0E[u](§) = 0, which is equivalent to (3.18). This problem has a

unique solution, which is, in turn, the unique minimizer of the energy (3.19):

w:= argmin E[v].
veH2..(Q)

per
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The following estimate is holds: for all v,& € HZ ,(€),
SEWIO] < v — fIl - lEll + s IV VI IVEl L + se [|Av]l - [|AE] -

The second variation is a continuous bilinear operator. Given a fixed v € ngr(Q),

the action of the second variation on the arbitrary pair (£,1) € H2,.(Q) x H2,,(Q) is

per per

given by

FPEW](En) = (&) + s ([Vv[P~2VE V)
+(p—2)s (|V1/|p_4Vu V¢ V- Vn) + 562 (A€, An),

and we have the bound

[2E[W](Em)] < 1€l - nll + s IVvI5 1VEl L V9]l
+ (0 = 2)s VUL IIVEl o V] o + se® [|AE] - An]l. - (3.20)

For this problem we define the pre-conditioner £ : H2(Q) — H_ 2(€2) via

(L[], &) == (1,&) + 5 (Vv,VE) + se” (Av, AE), V€ ngr(Q).

Clearly, this is a positive, symmetric operator, and it satisfies assumptions (L1) —
(L3), and one can see the similarities with the nonlinear operator in (3.18). We now
wish to find the positive constants Cs, Cg, Cs such that assumptions (L4) — (L6) are

satisfied in addition.

Remark 3.2.1. We could also consider the possibility of changing the metric in
the descent direction calculation by, for example, defining the linear operator Ly :

H2 () — H2(Q) via

per per

(Luli,€) 1= (.6) +5 (| VU2 Vi VE) 4582 (An, A, V€ € HE(Q).
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This is similar to the idea in [56]. The search direction is then found as follows: find

d* € H2 (Q) such that

per

(Lr[d"],€) = —0E [u"] (€), V&€ Hp().

p

Our theory does not cover this case, and we will not consider it further here. But we

plan to examine this in a future work.

Lemma 3.2.2. For any v,§ € H},.(Q),
Cs 1€ = vllz < (JE[E] = 6E[V]) (€ - v), (3.21)

where Cs = min (%,63’%) Let Eq be given, such that B := {v € H2(Q) | E[V] < Ep}

er

is non-empty. For any v € B and any & € HZ,.(Q),

0 E(£,6)] < Co €Iz, (3.22)
where
1+ }D (p— 1)% 572(271)5%036'{’52 for pe€2,00), d=2,
Co=9 1+(—1) (e—) 4 (m) Yoswem C3CN7 for pe2,6), d=3,
1+ (p—1)e2C2Ch? for p=6, d=3,
(3.23)

and Cyy = (pEO)%. We can take Cs = C5 to satisfy estimate (3.15) of assumption

(L6).

Proof. Clearly

(SE[E] = 0EW]) (€ —v) = [I€ — v + s | A =)
+5 (|VEP2VE = VU 2Ty, V(E— ).
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In addition, the following estimate is available:

(IVEP-2VE — Vo 2V0, V(€ — ) > —

> 53 V(& —=v)|[f, >0, forp>2. (3.24)

The simple interpolation inequality

IVEI* < [IEll - IALN, V& € Hpe (),

er

in conjunction with Young’s inequality yields
1 5  se? 9 1 1 2
S lle— vl + 2 A~ )P 2 ste e — vl A€ - vl > sbe [ V(e — )
As a consequence, we get

(SE[E] = 0B[]) (€ —v) = € —v|* + se* [|A(E — )|

Y]

1 1 1
5 €= V1P + 5 JAE = v)II* + s7¢ [V (€~ ),

1

and we conclude that estimate (3.21) is valid by choosing C5 = min(3,es™2).

Next we derive (3.22). Suppose v € B. From (3.20) we have
[ EW](& O] < NIE” + (0 — Vs [VuII7” [IVEIT + se® AL (3.25)

Now, since v € B,

IVVll 0 < (pEo)? =: Cao.

Suppose that d = 2. An application of the Sobolev inequality (2.1) in Lemma 2.1.2

indicates that

p—1 p—1

1 P P 20— (-1 1 2 P P 20-1) p-1 2(p—1)
p? (p—_l) e s T G ||VEIR, < pr Hf”’"'(pTl) ST | ag) T

< €l + s agl”,
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where Young’s inequality is applied in the second step. It follows that,

2p—1 —2(p—1)

_ 1 1 _
(p— Vs |VrI52 Ve[, < . (p—1)7 e v spCICH 7 (1€ + se” | AL)%) -
(3.26)

Substituting (3.26) in (3.25) yields

2p—1 —2(p—1)

PEW(E.6)] < (1+ L)t e 52030502) (el + 2 1 Ag]).

We conclude that estimate (3.22) is valid by choosing

1 2p-1  =2(p=1) 1 _
Co=1+-(p—1)7 ¢ » svC2CH2
p
Note that both Cy and C} are ¢ and s independent. Following the similar arguments,

for p € [2,6), d = 3, we get

p—6 6—5p

dp \T [ Ap \ # e e,

For the case p = 6, d = 3, the Sobolev inequality (2.1) degenerates to ||V¢||,, <
Cy [|AE]|, for any & € H,, (). Hence, we have

€l + s |AE]" > se? [ AEN > se2Cy? [ VE] Lo

and

|82 B[], €)] < (1+ (0 — 1) e72C3015°) (IEN” + € 1Ag]).

Therefore, estimate (3.22) is valid by choosing

That we can take Cg = C} is the result of a simple calculation that we omit for

the sake of brevity. The proof is complete. m
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3.2.2 A Sixth-Order Regularized p-Laplacian Problem

We now study problem (1.2a) — (1.2b). A weak formulation is given as follows: for
f,g€L?.(Q), find ue H2 () and w € H!_(Q) such that

per per per

(u,x) + (Vw,Vx) = (g.x), Vx€HL.(Q), (3.27a)
sA(u,€) + s (IVulP7>Vu, VE) + se? (Au, A¢) — (w,§) = (f,€), VEe HZ(Q), (3.27b)

where A > 0, and € € (0,1]. This problem is mass-conservative, in the sense that
(u—g,1) =0, and (w—sAg+ f,1) = 0, and it can be recast as a minimization problem
with an energy that involves the H=! norm. In particular, for any v € H? (Q) we

per per
define

1 _ _ s 9 s . se? 5
Bl = 30—+, Tl =g+ )4 3 I3l = 1) + 5 1901 + 55 180

1 ) )\8 12 S 362 2
= Slv =gt gl + 3 o ol — ) + IVl + 2 Al (329

per

Observe that v — g+ g € fofr;lr, which is required for this energy to make sense. It

is straightforward to show that E satisfies (E1) — (E3), with respect to the Hilbert
space H = H2_(Q). The first variation of F is given as follows: for any & € ﬁger(Q),

per

d:Elv +7¢]|,_g = 6EW|(&) = (Tlv =g+ g].&) + As (v + 7, x) — (f,€)
+ 5 ([Vv|P2V, VE) + s® (A, AE).

The unique minimizer of £ — let us call it u, € I—O_fger(Q) for the moment — satisfies
IE[u,(€) = 0, for all £ € ﬁ[ger(ﬂ). By the definition of the T operator, there is a

unique element w, € HX_ () such that

per

wy = —Tlu, — g+ gl.
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Therefore, we have, for all £ € I-Olger(Q),
A (s + 3,€) + 5 (|Vu 72V, VE) + se? (Au, AE) — (w,,€) = (f,€) -

Setting v := u, + g and w := w, + sAg — f and using the fact that ¢ is of zero mean,
we have

A (u, ) + s (|VuP~2Vu, VE) + s (Au, AE) — (w,€) = (f,€), V&€ H?

er"*

Using the definition of the T operator again, we conclude that w, € H! (Q2) satisfies

per

(V’LU*,VX) = —(U*_g+g;X)7

for all x € HX_(Q), which implies that

per
(Vw,Vx) = —(u—g,x).

It follows that solving (3.27a) — (3.27b) is equivalent to minimizing the coercive,
strictly convex energy (3.28), after the appropriate affine change of variables.

The second variation of E is a continuous bilinear operator. Given a fixed v €
f[ger(Q), the action of the second variation on the arbitrary pair (§,7) € ﬁ[ger(ﬂ) X

H2_(Q) becomes

per

FEW(En) = (&Th) + As (&) + s (|VvP2VE, Vi)
+(p—2)s (|Vy|p_4V1/ -V V- Vn) + se% (A, An) .

Similar to the estimate in the fourth-order case (3.20), we have the bound

2 EW)E )| < Il 10l gz + AsUEN - nll + s V2157 1VEN L V9] 5

per per

+ (0= 2)s VUL IVEl o V0] o + 52 [|AE]]- | Anl,
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which implies that
FERE )| < €l + M IEN + (0 — Ds IVVIT2 VENT + s 1287, (3.29)

for all v, & € ]j.lger(Q).
For the sixth order problem, we define the pre-conditioner L : ﬁ[ger(ﬂ) — H32(Q)

per

via
(L[V),8) = A (1, ) + (1, &) s +5 (Y1, VE) +58° (Av, AE), V€ € H2(9). (3.30)

This operator satisfies (L1) — (L3). To show that it satisfies (L3) — (L6), we need
some technical results.

We can now find the coefficients Cs, Cg, and Cg, which establish properties (L4)
— (L6) and therefore guarantee the geometric convergence of the PSD method for the

sixth-order case.

Lemma 3.2.3. For any v,§ € ﬁger(Q), we have
Cs [|€ = vl < (JE[E] = 6E[V]) (€ — v), (3.31)

where Cs = min (%,a‘%s_%). Let Ey be given such that B := {5 € H2,.() ‘ El¢] < EO}

1s non-empty. For any v € B and any & € I—O_fger(Q), the following estimate is valid:

| EVI(€,6)] < Cs €]z (3.32)
where
2-3p
L+ (p—1) (%)% (%)T e sWCRCN 2, for pe[2,00), d=2,
C6=19 1+(p-1) (%)w (7155—86)%)563;]03(3‘5;)0920{’62, for pe[2,6), d=3,
1+ (p—1)e2C2C% 7, for p=6, d=3,
(3.33)
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and Cyg = (pEo)%. We can take Cs = Cjs to satisfy estimate (3.15) of assumption

(L6).

Proof. The proof is similar to that of Lemma 3.2.2. Using (A.51) again, we have

(BE[E] = 0EW]) (= v) = sA|lE — v + 1€ - V||i}ge1. + 52 | A =)
+ 5 (|[VEP2VE— VP2V, V(€ —v)).

v

sAlE = vI” + 1€ = vl + se* 1AE = v)]°

V

2 1
SME = VI + S 116 = Vil + 552 1A (€ = v

+sies V(€ - )|,

where the last step is a consequence of the interpolation inequality (2.3):

ol

4
3

IV(E=v)I”.

1 2 2 4 2 2
Sl vt ase? IAE — P 2 stk e vl 1A - vl 2 st

We conclude that estimate (3.31) holds by choosing C5 = min(s, £3573).
Next we derive (3.32). Inequality (3.29) yields

|2 E[V](€,€)] < sAEN” + 1€l zn + (0 — s I VwIL" IVENL, + s 1 A¢)°.

per

Since v € B, ||Vv|;, < (E(uo))% =: Cp. Suppose that d = 2. An application of the

Sobolev inequality (2.6) from Lemma 2.1.4 indicates that, for every £ € ﬁ[ﬁer(Q),
P\ [ 3p \ 7
D 3p D 3p 6p—4 3p—2 _ 2
(2) (s2) ™ e

2 3p—2
3p 4 3 _ _ _
(%) el (3 ” 2) S A
per p—

2 2
€130 + s A2,

IN

IN
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where, in the last step, we applied Young’s inequality. It follows that,

(p— Vs ||V|52 V€],

2—3p

3p 3 3p % a6p 2 _
<(-1 (7) (3p_2) e ssp030f02(||g||§;;elr+sg? ||A§||2>.

As a result, estimate (3.32) is valid by choosing

2 2—3p
3p\ % [ 3p \ ¥ i
Co=1+(p—1) (77’) <3p f 2) e 5T 20T

Similarly, For p € [2,6), d = 3, we have

6—p Tp—6
6p 6p 6p 6p p=6 Tp=6 _ o )
[ 3p 6p C v
(6—p) (7p—6> &S o V€L
6—p Tp—6

6p “6p G*TF 6p 60 7p—6 7p—6 7p—6
(52) 7 e (7)) 7 5 hag

2 2
€120 + se A€,

IN

IN

As a result, estimate (3.32) is valid by choosing

6—Tp

p—6
6 2 6 6p —7p 6-—p _
c=1+0-0 (%) " (5%) " < Fao
p_

For the case p = 6, d = 3, the Sobolev inequality (2.6) degenerates, as before.

But it is straightforward to show that estimate (3.32) is valid upon choosing
Co =1+ (p—1)e*C5CT7

As before, we omit the simple argument that one may take Cs = Cj to satisfy (L6).
The proof is complete. O

Remark 3.2.4. We note that a mized formulation of the sixth-order regularized p-

Laplacian problem — expressed in strong form in (1.2a) — (1.2b) and in weak form
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in (3.27a) — (3.27b) — in order to preserve the proper variational structure of the
problem. Specifically, observe that the p-Laplacian term appearing in (1.2b) is the
gradient of a convex energy functional. However, if one applies —A to (1.2b), so that
the variable w 1s dropped, a composition of the p-Laplacian and reqular Laplacian
operators yields a nonlinear term that could not be represented as the gradient of a
convex energy. In short, the variational/convezity structure would be lost and the

theoretical convergence could not be justified.

3.2.3 Convergence for the Discretized Fourth-Order Problem

The discrete version of (1.1) can be expressed as follows: given f € Cper, find u € Cpey
such that
u— sV (IViul 2 Viu) + se?Apu = f. (3.34)

This represents a second-order (in space) approximation of the solution of (1.1). Asin

the space continuous case, we formulate an equivalent minimization problem. Using

the definitions from subsection 2.2.1, we have the following discrete energy: given
f € Cper, for any v € Cpe, define

1 se?

E = —|lv— f|? —

W) = 5l = fI3+ =

[Vivlly + =l Awvl3. (3.39)

|
p
This (discrete) energy satisfies (E1) — (E3). The discrete variational derivative at

V € Cper 18

SELV](E) == dr Ep(v + 78)|r=0
= (v = [,8)2+ s(IVir D01, D08) + s(IViv [T Dy1, D,8) + se”(Anv, M)z
= (v = fow)s + s(|Viv [ Vv, Vi€) + se®(Dnv, Ark):
= (V= f=sVi (Vi Viv) + seAjw,€)

27
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for all & € Cper, where we have used summation-by-parts |71, 82] to obtain the last
equality. Given a fixed v € Cpe, the action of the second variation on the arbitrary

pair (£,7) € Cper X Cper 1s given by

FELV)(,m) = (&n)y + s(IViv[P2VE, Vi)
+ (p - 2)3<’V\;Z]/’p_4v\;ly ' v\}/zgv V;’/Ll/ : v}/7,77> + 862 (Ah€7 Ahn)Q .

We have the bound:

|82 Bnlr)(€,m)| < NElly Inlly + s 15wl IV3El, IW5nl,
+ (0= 2)s IViwlly " IVl IV5mll, + s 1 ArEll, A, - (3.36)

For this problem, we define the pre-conditioner via

<V7 g)ﬁh, = ‘Ch[y](g) = (Vv 5)2 + s [Dﬂiyv Dwg]ew +s [DyV, Dyf]ns + 852(Ahyv Ahf)Q

= (v — sAv + se*ALv, £)a,

for all v,§ € Cper, where we have used summation-by-parts to establish the second

equality. In other words,
Lylv] = v — sApv + se?Alv.

One will notice the similarity of the pre-conditioner with the nonlinear operator

in (3.34). The induced norm is
2 2 2
Wiz, = )e, = [Wlly + s IVavlly + se* [|Anv ]l

defined for every v € Cpe,.
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Mimicking the proofs in the continuous case, using summation-by-parts in place
of integration-by-parts, and Lemma 2.2.2, we get the following result, whose proof is

omitted:

Lemma 3.2.5. For any v,§ € Cpe,
Cs 1€ = vllz, < (FE[E] = 6EW]) (€ —v), (3.37)

where Cs5 = min <1 53’%). Let Ey be given, such that B := {v € Cper | En[v] < Ep}

2

s non-empty. For any v € B and any £ € Cper, we have

|02En[v)(&, €)| < Cs [€]12, (3.38)

where

2p—1 —2(p—1)

1 .
Cs=1+=(p—1)7 e » s2C2C%7, (3.39)
p

3=

and 010 = (pEo) .
(L6).

We can take Cs = Cj to satisfy estimate (3.15) of assumption

3.2.4 Convergence for the Discretized Sixth-Order Problem

The (second-order accurate) discrete version of (1.2a) — (1.2b) can be expressed as

follows: given f, g € Cper, find u, w € Cper such that

U_Ahw:ga

sAu — sVy - (\V‘,’Lu|p_2 wu) + se’Apu—w = f.

As before, it is convenient to switch to the mean-zero version: find wu,, w, € Cper such

that

U, — Apwy, = g — 7,
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sA\uy, — sV - (|V‘,’lu*\p_2 hu) + se?Apuy —w. = f— f.

Similar to fourth-order regularized p-Laplacian problem, we define the following

discrete energy: for every v € éper
1 12 S ) S v 352 2
Bu0) 1= 5 =g+l + 5 I+ 915 = 0 0) + 2193005 + S Aw.
For the discrete sixth order problem, we define a linear operator Ly, : Co'per — Coper via

(¥, &), = Lalv)(€) = sA (v,§)y + (,€) 4
+ 5 [Dyv, D€, + s [Dyv, Dy€]  + se*(Apv, Ap)s

= (s/\y — sAuv + ssgAiV — Tp [V 75)2 5

where the second equality may be seen using summation-by-parts [71, 82]. This
operator satisfies (L1) — (L3), and the next result, which we give without proof for

the sake of brevity, shows that (L4) — (L6) are satisfied as well.

Lemma 3.2.6. For any u,v € Coper, the following inequality is valid
Cs [lu = vlz, < (0Bn[u] = SE[V]) (u =),

where Cs = min (%,aés’%) Let Ey be given such that B = {5 € Coper

Eul§) < Fo} is

non-empty. For any v € B, we have

|62EV)(&,€)] < Co €]z,

for all £ € Coper, where

2—3p

3p\ ¥ [ 3 " s
C%:1+@—n(éﬁ (@fz) e s 20T,
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and Cyy = (th,O)%- We can take Cg = Cf to satisfy estimate (3.15) of assumption

(L6).
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Chapter 4

Applications of the Linearly
Preconditioned Steepest Descent

Methods

In this chapter we perform some numerical experiments to support the theoretical
results. The finite difference search direction equations and Poisson equations are
solved efficiently using the Fast Fourier Transform (FFT). We would like to point out
that the Fourier pseudo-spectral method can be used to discretize space, and, once
again, one can utilize the FFT for the inversion of the linear systems. For descriptions

of the pseudo-spectral methods, see, for example, |9, 17, 48|.

4.1 Application to Epitaxial Thin Film Growth Model
with First-Order-In-Time Scheme

The content in this chapter has been published in [34], for more details please refer

to [34].
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4.1.1 Introduction

In this section we recall the convex splitting numerical scheme in [77] for the thin film
epitaxy model with slope selection. Suppose that 2 C R? is a rectangular domain.

The energy of an epitaxial thin film is given by

1 1 2 52 2
E[U] = /S; {]—) |Vu|p — 5 |VU| + E |AU| }dX, Vuée H}?er(Q)7

where, p > 4 is even, u : 2 — R is the height of the film, and ¢ is a constant. The L?

gradient flow is
Ou=—-w, w:=06=-V- (\Vu\piQ Vu) + Au + 2 A%y, (4.1)

and w is called the chemical potential. The model predicts the emergence of a faceted
thin film, whose facets have slopes of magnitude approximately one, that coarsens over
time. The fully-implicit convex splitting scheme in 2D [77| can be written in operator

format as N}, [u"*1] = f, where
MV i=v — sV - (Vi[> Viv) + e%sAky,  f=u" — sAju", (4.2)

Hence, the scheme can be reformulated as the fourth-order problem (3.34) with f =
u" — sAju™ and p > 4 and even.

In way of summary, to solve Nj[u] = f, suppose that iterate u* € Cpe is given.
(Note that k is the PSD solver iteration index, not the time step index, the latter of
which we usually denote by n.) We first compute the search direction d* € Cpe, via

(3.3):

L[d"] = d* — sApdF + se?AFdF = — 0B, [u”]
= — (W= = sVh - (Va7 Vi) + se2adt)

= f _Nh[uk]7
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where F}, is as defined in (3.35). This equation is efficiently solved using FFT. Once

d* is found, we perform a line-search according to (4.45): find o, € R such that

q(ax) = 0, where

q() := 6Ep[u”* + ad®](d¥)

- (uk‘ +ad — f— sV (\vz(uk +ad")|" 72 VY (uF + adk)) +522A2 (uF 1 ad), d’“)2

= (Mulu* + ad®] - f,d*),.

The approximation sequence is then updated via u**' = u* + apd*. When p = 4

(p = 6), a short calculation shows that ¢ is a cubic (quintic) polynomial whose

coefficients can be easily obtained. Moreover, the theory predicts that there is a

unique global root for q.

4.1.2 Convergence and complexity of the PSD solver

In this subsection we demonstrate the accuracy and efficiency of the PSD solver by

using the epitaxial thin film model with slope selection. We present the results of

some convergence tests and perform some sample computations to demonstrate the

convergence and near optimal complexity with respect to the grid size h.

Table 4.1: Errors, convergence rates, average iteration numbers and average CPU
time for each time step. Parameters are given in the text, and the initial data are
defined in (4.3). The refinement path is s = 0.1h%

p=4 p==6
hC hf ||6uH2 Rate #itar Tcpu(hf) H‘SUHQ Rate #iter Tcpu(hf)
3232 59192 x 1073 - 4 0.0007  9.3074 x 1073 - 5 0.0009
ﬁ ﬁ 1.2685 x 1072 2.29 2 0.0024 1.6392 x 1072  2.51 3 0.0032
% % 2.6046 x 10_‘rl 2.28 2 0.0114 2.9046 x 10~%  2.50 2 0.0141
@ @ 5.9639 x 1072 2.13 2 0.0475 6.5325 x 107°  2.15 2 0.0616
32 32 14526 x 1075 2.04 2 0.3560 1.5886 x 10~° 2.04 2 0.4636

256

[t
=
)

To simultaneously demonstrate the spatial accuracy and the efficiency of the

solver, we perform a typical time-space convergence test for the fully discrete scheme

(4.2) for the slope selection model.

As in |71, 77], we perform the Cauchy-type
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convergence test using the following periodic initial data [71]:

2 Ar(y — 1.4
u(x,y,0) = 0.1sin® (%"”).Sin (%)

—0.1cos (w) - sin (%Ty) , (4.3)

where Q = (0,3.2)%. In this test, we compute the Cauchy difference, 8, := up, (T') —
T/ (up (T)), where h. = 2h;, and Z/ is a bilinear interpolation operator that maps
the coarse grid approximation u;, onto the fine grid. We take a quadratic refinement
path, i.e., s = Ch?, to equalize the spatial and temporal error contributions. At the
final time, T' = 0.32, we expect the global error to be O(s) + O(h?*) = O(h?) in the (>
and /> norms, as h, s — 0. The other parameters are given by ¢ = 0.1 and s = 0.1h2.
The norms of Cauchy difference, the convergence rates, average iteration number and
average CPU time can be found in Table 4.1. Second-order convergence is observed.
At the same time, the average iteration count for the solver remains at around 2.
Since we are using a quadratic refinement path, increasing the grid size by a factor
of two (decreasing the grid spacing by 2) means increasing the number of time-space
degrees of freedom by a factor of 16. But the CPU time increases at a much slower
rate. The complexity can be offset, of course, by the fact the starting guesses for the
solver at each independent time level are better for smaller time step sizes.

To more directly investigate the complexity of the PSD solver we perform another
series of tests to determine the dependences of the convergence rates on ¢, h, s, and
p, in particular. Consider the following spatially periodic function parameterized by

w(z,y,s) = % sin (2mz) cos (27y) cos(s). (4.4)

First we calculate f := N, [Z, (a( -, -, s))] € Cper, where Zp, : C (Q) — Cper is the

per

canonical grid projection operator. Then we compute the sequence {uk};ozo via the
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Figure 4.1: Complexity tests showing the solver performance for changing values of
h, €, s and p. Parameters are given in the text.

PSD algorithm, with the itialization

uO

ij

i(pi, pj, 0) + % sin (47rp2-) sin (67rpj).

The right-hand-side f is manufactured so that u = Z,, (a( -, -, s)) is the exact algebraic

solution to Ny[u] = f, hence u* — T, (a(-, -,s)), as k — oo. Define v, = [Ju* —

T (a(-, +,8)) [leo- We stop the PSD algorithm when v, < 7:=1 x 1075,
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In Figure 4.12 we plot 74 versus k, on a semi-log scale, for various choices of h,
g, s and p. In Figure 4.12(a) p = 4, s = 0.01 and € = 0.03; in Figure 4.12(b) p = 4,
s = 0.01 and h = 1/512; in Figure 4.12(c) p =4, h = 1/512 and ¢ = 0.03; in Figure
4.12(d): h = 1/512, s = 0.01 and € = 0.03. As can be seen in Figure 4.12(a), the
convergence rate (as gleaned from the error reduction) is nearly uniform and nearly
independent of h. Figures 4.12 (b) and (c) indicate that more PSD iterations are
required for smaller values of £ and larger values of s, respectively. Figure 4.12(d)
shows that the number of PSD iterations increases with the value of p. These general

trends are expected form the theory.

4.1.3 Long-time coarsening behavior for the thin film model
with p =4,6

Coarsening processes in thin film systems can take place on very long time scales [57].
In this subsection, we perform (now standard) long time behavior tests for p = 4,6.
Such test, which have been performed in many places, will confirm the expected
coarsening rates and serve as benchmarks for our solver. See, for example, |71, 77].

The initial data for the simulations are taken as essentially random:
ug; = 0.05- (2r;; — 1), (4.5)

where the 7; ; are uniformly distributed random numbers in [0, 1|. Time snapshots
of the evolution for the epitaxial thin film growth model with p = 4 can be found in
Figure 4.2. The coarsening rates for the p = 4 case are given in Figure 4.3. These
simulation results are consistent with earlier work on this topic in |71, 77, 83|, showing
the surface roughness, W, grows like t5 and the energy, I, decays like t=3. We also
present the numerical simulations for the epitaxial thin film growth model with p = 6
in Figure 4.4. Notice in Figure 4.4 that the evolution process is significantly different

from the process depicted in Figure 4.2.
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t = 8000 t = 10000

Figure 4.2: Time snapshots of the evolution with PSD solver for the epitaxial thin
film growth model with p = 4 at ¢t = 10,1000, 3000, 6000, 8000 and 10000. Left:
contour plot of u, Right: contour plot of Au. The parameters are ¢ = 0.03,Q2 =
[12.8]%,s = 0.01. These simulation results are consistent with earlier work on this
topic in |71, 77, 83].
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(a) Roughness evolution (b) Energy evolution

Figure 4.3: Log-log plot of Roughness and energy evolution for the simulation depicted
in Figure 4.2.

SN S QuhEy

t = 3000 t = 6000

Figure 4.4: Time snapshots of the evolution with PSD solver for the epitaxial thin
film growth model with p = 6 at t = 10, 1000, 3000 and 6000. Left: contour plot of u,
Right: contour plot of Au. The parameters are e = 3.0 x 1072, Q = [12.8]%, s = 0.01.

o1



4.2 Application to Epitaxial Thin Film Growth Model
with Second-Order-In-Time Backward Differen-
tiation Formula Scheme

The content in this chapter has been published in [36], for more details please refer

to [36].

4.2.1 The fully discrete scheme

Let M € Z", and set s := T/M, where T is the final time. We define the canonical grid
projection operator Pj, : C°(Q) — Cper via [Prv];; = v(&,&;). Set ups == Pru(-, s).
Then Fy,(uns) + 3| Vi (uns — uno)ll3 = F(u(-,0)) as h — 0 and s — 0 for sufficiently
regular u. We denote ¢, as the exact solution to the SS equation (5.9) and take
®f ;= Pue(-,t¢). In the rest of paper, we shall drop the subscription 4, if no
confusion is caused.

With the machinery in last subsection, our second-order-in-time BDF type scheme
can be formulated as follows: for k > 1, given ¢*~1 ¢* € Cper, find ¢F*! € Cper such

that

3¢k+1 . 4¢k + (bk:—l
2s

= Vi (VT PVER) - AY (208 - ¢t )
—ASAR(GH — o) — AT, (46)

where ¢V := &%, ¢! := &' and A is the constant stability coefficient.

For the SS equation (5.9), we see that the PDE is equivalent if a fixed constant
is added or subtracted from the solution. Similar argument could also be applied to
the numerical scheme (4.6), since this scheme is mass conservative at a discrete level.
For simplicity of presentation, we assume that ¢° = ¢! = 0, so that ¢* = 0, for any

k> 2.
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We now introduce a discrete energy that is consistent with the continuous space

energy (5.7) as h — 0. In particular, the discrete energy Fj, : Cpey — R is defined as:
1 vona 1 vonz 1, 9
Fu(8) = 7 936114 = 5 V411 + 3¢ 1Ans. (4.7)
We also denote a modified numerical energy Fy,: Cper — R via

. 1 1
Fn(@.0) = Fu(0) + - 10 = ¥lls + 5 [Valo — )]l5. (438)

Although we can not guarantee that the energy Fj} is non-increasing in time, we are
able to prove the dissipation of auxiliary energy Fj,. The unique solvability and the

unconditional energy stability of scheme (4.6) is assured by the following theorem.

Theorem 4.2.1. Suppose that the exact solution ¢. is periodic and sufficiently
reqular, and ¢°,¢* € Cper is obtained via grid projection, as defined above. Given
any (¢*71, ¢%) € Cper, there is a unique solution ¢*™1 € Cper to the scheme (4.6).
And also, the scheme (4.6), with starting values ¢° and @', is unconditionally energy
stable, i.e., for any T > 0 and h > 0, and any positive integer 2 < k < M — 1, The

numerical scheme (4.6) has the following energy-decay property:

F(¢F T, ¢") < Fy(8%, ") < Fu(¢', ¢°) < Co, (4.9)

for all A > 1—16, where Cy > 1s a constant independent of s, h and T

Proof. The unique solvability follows from the convexity argument. Taking an inner

product with (4.6) by ¢**! — ¢* yields

. 3pFtt —dgk 4 of k
0 = ( %25 7¢+ _¢)

(7 (T ) 0 - ) (g2 - g 00— )
+As (Ai((karl _ ¢k)7¢k+1 _ (bk) + 82 <Ai¢k+1,¢k+l _ ¢k)
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= ]1+12+]3+I4+I5. (410)

We now establish the estimates for I, --- , I5. The temporal difference term could be

evaluated as follows

3¢k+1 _ 4¢k + ¢k—1 1/5 1 B
( o 7<bk+1 . ¢k) > ; (4_1 ||¢k+1 . ¢k||§ -3 ||¢k . ¢k 1||§> ‘(4‘11)

For the 4-Laplacian term, we have

(=Vi - (VR PV, ¢ = oF) = (Vg™ PV, Vi (65 — o))

1 \% A\
7 Vg™l = IVRetl) - (412)

v

For the concave diffusive term, the following estimate is valid

(Af(20% = 671), 041 = 6F) = — (V5 (20 — "), Vh(6" - 01)
= — (Vi Vi(@H = 64) — (Vh(6" — 6" 1), Vh(eH - o)

1 1 1
= —SIVEE B+ SIVEtIE + SIV@R — B = (Vh(6" — ), Vi(eH = )

v

1 1 _
=5 (V3 3 = 1956 (13) = SIVR(s" = 6" I3

1 v v 1 —
) (V™13 = IVie®113) — §|!Vh(¢k — "3,

v

where the last step applied the Lemma. 2.2.1.

For the surface diffusion term, we have

(AR oM = 6) = (Ang™ Ap(¢" = 6M)) = o (120" 15 — [ Ang"3) (4.14)

N | —

Similarly, the following identity is valid for the stabilizing term:

s (AR (@ = ¢b), "1 = 6") = sl|An(" = ¢")]5. (4.15)

o4
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Meanwhile, an application of Cauchy inequality indicates the following estimate:
1
§||<l5k+1 — O"|13 + As[|AR(¢"t = ¢M)I[5 > 242 VA (6" = ¢M)]3. (4.16)
Therefore, a combination of (4.11)-(4.13) and (4.16) yields

FA(64) = Faf6) + 1 (1647 = 641 — 6% — 61 )
5 (19406 = )3 — V(6" — 0 )I3)
(

1
< (22424 D)IIVa(e™ = I3 <0, (4.17)

+

provided that A > %6. Then the proof follows from the definition of the Fj, in

(4.8). O

4.2.2 L[5°(0,T; H?) Stability of the Numerical Scheme

The Li°(0,T; H?) bound of the numerical solution could be derived based on the
modified energy stability (4.9).

Theorem 4.2.2. Let ¢ € Cq, then the L°(0,T; H?) bound of the numerical solution

Co+ 1|92
0]l 2 < \/QOCTL’ 1= Oy, (4.18)

where Cy is independent of s, h and T.

15 as follows:

Proof. Since

Yt — —y? > —, (4.19)

then we have

R B 1
SIV50lE - SIVislE = 5o, (4:20)
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with the discrete H} norm introduced in (2.7). Then we arrive at the following bound,

for any ¢ € Cq:

1oy a4 g2 5 1
Fu(o) > §||Vh¢||4+§HAh¢||2—§!Q|

Liov 2 e 2

> L1viols+ 1Al - o
g2 )

> <l - o)
1

> Lok, - ol (@21

in which C is a constant associated with the discrete elliptic regularity: ||Ape[3 >

C1]|¢]%,2, as stated in (2.15) of Proposition 2.2.7. Consequently, its combination with
h

(4.8) finishes the proof. O

Remark 4.2.3. Note that the constant Cs is independent of s, h and T, but does

depends on €. In particular, Cy = O(e™1).

4.2.3 Convergence Analysis and Error Estimate
Error equations and consistency analysis

A detailed Taylor expansion implies the following truncation error:

3(I)k+1 _ 4(I)k + (I)kfl
2s

= VY (VEHT VIO - AY (208 — )

—AsAZ (DT — dF) — S2ATPFT 4 7F (4.22)
with HTkHQ < C(h? + s*) . Consequently, with an introduction of the error function
eF = — ¢ VE>0, (4.23)

we get the following evolutionary equation, by subtracting (4.6) from (4.22):

36kz+1 _ 4ek + ek—l
2s

— v\}/l . (’v\}/l(pk+l|2v\}/lq)k+l _ ’V\}/L(ﬁk+l‘2v\}/l¢k+1>
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—AY (267 — eFT) — AsAZ (T — €M)

R AL ALY (4.24)

In addition, from the PDE analysis for the SS equation in [60, 61| and the global in
time H} stability (4.18) for the numerical solution, we also get the L3°, W'¢ and H}

bounds for both the exact solution and numerical solution, uniform in time:

¥ s 12, 181z < Cro [6¥llr N6¥ s, N6¥ 2 < Coo W 20,
(4.25)
where the 3-D embeddings of H? into L° and into W' have been applied, as well
as the discrete Sobolev embedding inequalities (2.16), (2.17) in Proposition 2.2.7

Stability and convergence analysis

The convergence result is stated in the following theorem.
Theorem 4.2.4. Let ® € R be the projection of the exact periodic solution of the SS
equation (5.9) with the initial data ¢° := ®° € H? (), ¢' := &' € H2 (), and the

per per

reqularity class
R = H?*0,T;C°(Q)) N H*0,T;C*(2)) N H'(0,T; C*Q)) N L>(0, T; C®(£2)).(4.26)

Suppose ¢ is the fully-discrete solution of (4.6). Then the following convergence result

holds as s, h goes to zero:

k 1/2
3
el + (Easz uAheﬂP) < O+ 1), (427
=0

where the constant C' > 0 is independent of s and h.

Proof. Taking an inner product with the numerical error equation (4.24) by e*** gives

(3€k+1 o 46k + ek—l
0 =

o ,€k+1) + (’vxq)k+l|2v\}/lq)k+l _ |V\}/l¢k+1|2v\}/l¢k+l7 v\}/lek-l-l)
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— (V‘,;(Qek — e, V‘,;ekﬂ) + As (Ah(ek“ — M), Ahek+1)
12 (Ahek—i-l, AhekH) B (Tk’ ek—H)

= Jl —+ J2 + J3 -+ J4 -+ J5 —+ J6. (428)

For the time difference error term Ji,

36k+1 — 4€k + €k_1 ek+1 — 3H6k+1”2 o 1H€k|’2 + i”6k71”2
2s ’ 4s 2o 27 4s 2

1 k+1 k(12 1 k+1 k=112
- — - — — . (4.29
o ebt K — Ll — TR (429)
For the backwards diffusive error term J3, we have

— (V‘,’L(Qek — e, V‘,’lek“)
| v 1oy e
= _§||Vh€k+l”§ — [IVye®|l3 + §||vh6k i3

1
HIVEE = ez = SIVAET =I5 (4.30)
And for the stabilizing term Jy,

As (Ah(ek+1 - ek)’ AhekJrl)

As
= 5 (AR5 = [[ARe® |3 + [ AR (X! — M)]3) . (4.31)

For the surface diffusion error term J5 and the local truncation error term Jg, we have
e (A"t Apeftt) = || A3, (4.32)
and

1 1
= (75 ) <l - el < S IR + S llet 3 (4.33)

o8



For the nonlinear error term Jy, we adopt the same trick in [31], and get

Jo = (IVR@ PVt — [Vt P et Vet
— (V\;L<q)k+1 + ¢k+1) . V\}llek—i-lv\éq)k-l-l’ v\f/Lek—l-l) + (|v\}/L¢k—H|2V\]{Lek:—l-17 v\}/Lek—l-l)

= J271 + JQ’Q. (434)

For the first part Jo; of (4.34), we have

—h1 < Cu (VR g + (V565 o) - IV g - [V g - 175 s
< GV g - [VeE s
< CsC3|IVne"™ 6 - ([ Vre™ |2
< CollAner s - [l 11| Anet 12
< Crllet 3 - 1Anet I3
< G+ 22 e, (4.35)

in which the W% bound (4.25) for the exact and numerical solutions was recalled in
the second step, the Sobolev embedding from H? into W% and the estimate (4.25)

were used in the last step. The estimate for the second part Joo of (4.34) is trivial:
Jop > 0. (4.36)
Then we arrive at
T2 S GolltH B+ e At R (4.37)

Finally, a combination of (4.29), (4.30), (4.31), (4.32), (4.33) and (4.37) yields that

3 1 _ 1

e (X153 = llef]13) — e (15 = Nle*113) + gllek+1 allE
1 B As

—2—SH6’“ — 3+ - (I1AR"IE = [ ARe®|I3) + 2| Ane™ I3
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1 1 3
ST+ et B + CollekH 3 + e et 3 (4389)

—[[Vre" 3 = 21 Vhe™ |3 = [IVh (" — eI

IN

47213 + 28872k 13 + 2723
1
+16 (||Ah€k+1||2 + | AR ||2 + || Ane® 1|2 )

A summation in time implies that

3 1 1
2 ("3 = Tetll3) — o (llefls — 11e°12) + 2—S||€"‘+1 — |3

4s
L et = 2 2 (anet T — Ane?R) QZHA 1|2
2s 2 16
< —Z||Té||2_|_z < + Cy + 4e~ ) [eHL2 (4.39)
k 1 k
#7273 7 (A3 + 11 E) + 12t Do (1Anel|l3 + 1Ane3)
/=1 /=1

In turn, an application of discrete Gronwall inequality yields the desired convergence

result (4.2.4). This completes the proof of Theorem 4.27. O

4.2.4 Precondition Steepest Descent (PSD) Solver

In this section we describe a preconditioned steepest descent (PSD) algorithm
following the practical and theoretical framework in [34]. The fully discrete scheme
(4.6) can be recast as a minimization problem: For any ¢ € Cpe, the following energy

functional is introduced:

3
o) = 2 10l3+ 7 IV50ll + 5(4s + ) |Anl3. (4.40)

One observes that the fully discrete scheme (4.6) is the discrete variation of the strictly

convex energy (4.40) set equal to zero. The nonlinear scheme at a fixed time level
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may be expressed as

Nulo] = f, (4.41)

with
Nild] = 561 = sV (V3SR PTR0M) + (A 4 s ARG, (42

and
f = 56" — 05 — sAj (265 — 6) + AT (1.43)

The main idea of the PSD solver is to use a linearized version of the nonlinear operator
as a pre-conditioner, or in other words, as a metric for choosing the search direction.
A linearized version of the nonlinear operator N, denoted as L, : Cper — Cper, 18

defined as follows:
3
L[] := §¢ — sApY + (As® + se?)AFep.

Clearly, this is a positive, symmetric operator, and we use this as a pre-conditioner for
the method. Specifically, this “metric" is used to find an appropriate search direction
for the steepest descent solver [34]. Given the current iterate ¢™ € Cper, we define the

following search direction problem: find d" € éper such that
Lpld"] = f — Nap[¢"] == 1",

where r” is the nonlinear residual of the n'" iterate ¢™. This last equation can be
solved efficiently using the Fast Fourier Transform (FFT).

We then obtain the next iterate as

Q" =" +ad”, (4.44)
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where @ € R is the unique solution to the steepest descent line minimization problem

@ := argmax E},[¢" + ad"] = argzero §E),[¢" + ad”|(d"). (4.45)

a€R a€eR

The theoretical analysis in [34] suggests that the iteration sequence ¢" converges
geometrically to ¢**!, with ¢*! the exact numerical solution of scheme (4.6) at time
level k + 1, i.e., Ny[¢*"!] = f. And also, this analysis implies a convergence rate

independent of h.

Remark 4.2.5. The Crank-Nicolson version of the second order energy stable scheme

for the SS equation (5.9), proposed and analyzed in [71], takes the following (spatially-

continuous) form:
¢k+1 o ¢k 3 1 B 82
—:X(V¢k+l,v¢k)—A §¢k_§¢k 1 __AZ (¢k+l+¢k)’

2 (4.46)

XV, 96) =19 - (IV65 + [V )V + ).

In this numerical approach, every terms in the chemical potential are evaluated at
time instant t*+1/2,

Both the CN wversion (4.46) and the BDF one (4.6) require a nonlinear solver,
while the nonlinear term in (4.46) takes a more complicated form than (4.6), which
comes from different time instant approximations. As a result, a stronger convexity of
the nonlinear term in the BDF one (4.6) is expected to greatly improve the numerical
efficiency in the nonlinear iteration.

Such a numerical comparison has been undertaken for the Cahn-Hilliard (CH)
model in recent works: the CN and BDF versions of second order accurate, energy
stable numerical schemes for the CH equation, proposed in [}5], [84], respectively, were
tested using the same numerical set-up. The numerical experiments have indicated
that, since the nonlinear term in the BDF approach has a stronger convexity than the

one in the CN one, a 20 to 25 percent improvement of the computational efficiency

1s generally available for the CH model.
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For the numerical comparison between the BDF and CN approaches for the SS
equation (5.9), namely (4.6), (4.46), respectively. Such an efficiency improvement
is expected to be much greater. This expectation comes from a subtle fact that,
the modified CN approzimation to the 4-Laplacian term, x(V¢*T V¢F), does not
correspond to a convex energy functional, because of the vector gradient form (other
than a scalar form) in the 4-Laplacian expansion. As a consequence, the PSD
algorithm proposed in this section could hardly be efficiently applied to solve for (4.46),
while the PSD application to the BDF approach (4.6) has led to a great success. In
fact, an application of the Polak-Ribiére variant of NCG method [66] to solve for

(4.46), as reported in [71], has shown a fairly poor numerical performance.

4.2.5 Numerical Experiments
Convergence test and the complexity of the PSD solver

In this subsection we demonstrate the accuracy and complexity of the PSD solver.
We present the results of the convergence test and perform some sample computations
to investigate the effect of the time step s and stabilized parameter A for the energy
Fy(9).

To simultaneously demonstrate the spatial accuracy and the efficiency of the
solver, we perform a typical time-space convergence test for the fully discrete scheme
(4.6) for the slope selection model. As in [71, 77|, we perform the Cauchy-type

convergence test using the following periodic initial data [71]:

2 Ar(y — 1.4
u(z,y,0) = 0.1sin’ <%x).sm <%)

—0.1cos (Mx—;zo)) - sin (%Ty) , (4.47)

with © = [0,3.2)%, ¢ = 0.1, s = 0.01h, A = Y16 and T = 0.16. We use a linear
refinement path, i.e., s = Ch. At the final time T = 0.16, we expect the global
error to be O(s?) + O(h?) = O(h?), in either the ¢? or £*° norm, as h,s — 0. The
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Cauchy difference is defined as d4 := ¢y, —TZ7(én,), where T/ is a bilinear interpolation
operator (with the Nearest Neighbor Interpolation applied in Matlab, which is similar
to the 2D case in [31, 34] and the 3D case in [27]). This requires a relatively coarse
solution, parametrized by h., and a relatively fine solution, parametrized by hy, in
particular h. = 2hy, at the same final time. The ¢* norms of Cauchy difference and
the convergence rates can be found in Table 4.2. The results confirm our expectation

for the second-order convergence in both space and time.

Table 4.2: Errors, convergence rates, average iteration numbers and average CPU
time (in seconds) for each time step. Parameters are given in the text, and the initial
data is defined in (4.47). The refinement path is s = 0.01h.

hc hf | | 6¢ | | 2 Rate #iter Tcpu (hf)
% ?35—22 1.2392 x 1072 - 8  0.0011
2032 16355 x 107 292 6 0.0052
22 22 38124 x 107 210 5 0.0220
22 22 93854 x107° 2.02 4 0.0816
s2 32 233712x107° 201 4 05217

In the second part of this test, we demonstrate the complexity of the PSD solver
with initial data (4.3). In Figure 4.5, we plot the semi-log scale of the relative residuals
versus PSD iteration numbers for various values of h and ¢ at T" = 0.02, with time
step s = 1073, The other common parameters are set as A = /16, Q = [0,3.2]2%
Figure 4.5(a) indicates that the convergence rate (as gleaned from the error reduction)
is nearly uniform and nearly independent of h for a fixed . Figure 4.5(b) shows
that the number of PSD iterations increases with a decreasing value of e, which
confirms the theoretical results that the PSD solver is dependent on parameter e
in [34]. Figure 4.5 confirms the expected geometric convergence rate of the PSD
solver predicted by the theory in [34].

In the third part of this test, we investigate the effect of the parameters s and A
for the energy F},(¢) with initial data (4.3). The evolutions of the energy with various
time steps s and stabilized parameter A are given in Figure 4.6. As can be seen in

Figure 4.6(a), the larger time steps produce inaccurate or nonphysical solutions. In
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T T
h=1/32
«{)h=1/64
h=1/128
~% h=1/256 | |

—l-h=1/512

Scaled 2-norm of the Residual
Scaled 2-norm of the Residual

10-10 L L L L L L L L L L L L L
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 9

PSD lterations PSD lterations
(a) h-independence: & = 3 x 1072 (b) e-dependence: h = 1/512.

Figure 4.5: Complexity tests showing the solver performance for changing values of
h and e. Parameters are given in the text.

turn, Figure 4.6(a) indicates the proper time steps and provides the motivation of
using adaptive time stepping strategy. Figure 4.6(b) shows that the proposed scheme

and PSD solver is not that sensitive to the stabilized parameter A when A < 1.

s=0.01
$=0005 | 10
$=0.001
— — =0.0005 |
—— 5=0.0001 20 H

Energy

Time Time

(a) evolutions of energy w.r.t various s (b) evolutions of energy w.r.t various A

Figure 4.6: The effect of time steps s and stabilized parameter A for the energy F,(¢).
Left: the effect of time step s. The other parameters are Q = [0,3.2]% ¢ = 3.0 x 1072

and A = 1/16; Right: the effect of stabilized parameter A. The other parameters are
Q=100,3.2]? e=1.0"% and s = 0.001.
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Long-time coarsening process, energy dissipation and mass conservation

Coarsening processes in thin film system can take place on very long time scales [57].
In this subsection, we perform long time simulation for the SS equation. Such a
test, which has been performed in many existing literature, will confirm the expected
coarsening rates and serve as a benchmarks for the proposed solver; see, for example,

[34, 71, 77]. The initial data for the simulations are taken as essentially random:
ug; = 0.05- (2r;; — 1), (4.48)

where the 7; ; are uniformly distributed random numbers in [0, 1|. Time snapshots
of the evolution for the epitaxial thin film growth model can be found in Figure 4.7.

The coarsening rates are given in Figure 4.8. The interface width or roughness is

defined as

m n

Wit = | 5SS (on, — 62, (4.49)

i=1 j=1

where m and n are the number of the grid points in = and y direction and ¢ is the
average value of ¢ on the uniform grid. The log-log plots of roughness and energy
evolution and the corresponding linear regression are presented in Figure. 4.8. The
linear regression in Figure. 4.8 indicates that the surface roughness grows like ¢!/3,

/3 which verifies the one-third power law predicted

while the energy decays like ¢~
in [58]. More precisely, the linear fits have the form a.t* with a, = 3.09870,b, =
—0.33554 for energy evolution and a,,t’" with a, = —5.35913,b,, = 0.32555 for
roughness evolution. The linear regression is only taken up to ¢ = 3000, since the

saturation time would be of the order of £72

under the scaling that we have adopted
[71]. These simulation results are consistent with earlier works on this topic in [34,

71,77, 83]. Moreover, the PSD iteration at each time step demonstrates the efficiency
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of the PSD solver and the mass difference indicates that the mass is conservative, up

to a tolerance of 1071, for the simulation depicted in Figure 4.7.

t = 4000 t=

Figure 4.7: Time snapshots of the evolution with PSD solver for the epitaxial thin
film growth model at ¢t = 10, 100, 500, 2000, 4000 and 10000. Left: contour plot of
u, Right: contour plot of Au. The parameters are ¢ = 0.03,Q = [12.8]?,s = 0.001,
h =128/512 and A = 1/16. These simulation results are consistent with earlier work on
this topic in 34, 71, 77, 83].
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(a) Energy evolution (b) Roughness evolution

Figure 4.8: The log-log plots of energy and roughness evolution and the corresponding
linear regression for the simulation depicted in Figure 4.7.

x1071°

15

PSD iterations
Mass difference

4000 6000 8000 10000

0 2000 4000 6000 8000 10000 0 2000
Time

Time

(a) PSD iterations (b) Mass difference

Figure 4.9: PSD iterations and mass difference at each time steps for the simulation
depicted in Figure 4.7.
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4.3 Application to Square Phase Field Crystal Model
with First-Order-In-Time Scheme

The content in this chapter has been published in [34], for more details please refer

to [34].

4.3.1 Introduction

Suppose that Q C R?, d = 2,3 is a rectangular domain. The energy of square phase
field crystal (SPFC) model is given by [29, 43, 47, 63]:

el = [ {2 -2 19ul + S100P + J19ul' o

where u : 2 — R corresponds to the number density field of the atoms, and ¢ > 0,
Y0, 71 > 0 are parameters. The SPFC model is the H~! gradient flow of this energy

and is given by
o= Aw, w:=6E = you + 7 Au+ 2 A%y — V- (|Vu|2 Vu) .
We propose the following fully-implicit, nonlinear convex-splitting scheme

— A"t =g, syu"tTt = sV (‘V” "H‘ A4 ”+1> + 52 A2y — "t = f,
(4.50)

where g = u™ and f = —y Apu”. Using the techniques of |77, 82|, we can prove that
this scheme is unconditionally energy stable. The fully discrete scheme can also be

rewritten in operator format as A} [u"™'] = g, where

Mulv] i= syov + se2 A2y — sV - (Vi [* Viv) — Ty[—v + f].
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We can shift the scheme from the affine space of solutions — whose elements v satisfy
(v —7,1), = 0 — to the mean zero space, but this is not necessary for practical
implementation. Otherwise, this scheme is in the scope of our theory, and, according

to the prescription in Section 3.2.4, the pre-conditioner should be
Lylv] = syov — sApv + se* Ay — T[]

Given u* € Cper, with (uk -7, 1)2 = 0, we compute the search direction d* € éper
by solving the sixth order linear problem L[d*] = f — N, [u*] using FFT. Once d* is

found, we perform the line-search: find a € R such that ¢(ay) = 0, where

(o) = (NMu[u® + ad*] — f,d"), .

k41 — o + agd®. As before, ¢ is a cubic

After this, we update the approximation via u
polynomial (since p = 4) whose coefficients can be precomputed. But this time, two
of the coefficients involve the T, = —A;l operator. Specifically, for ¢(«) we need to

compute

(Tn [u* = f +ad*] d*), = (Tu[u* = f].,d"), +a (T, [d],d),
= (u* = £, T [d]), + o (d", T [d*]),

where we have use the linearity and symmetry properties of the T, operator. These
terms have only to be calculated once per line search, and can be efficiently computed
using FFT. In fact, observe that we only need to compute Ty, [dk], at the cost of a

single FFT, per line search!

4.3.2 Numerical Experiments

The 4-Laplacian term in (4.50) gives preference to rotationally invariant patterns

with square symmetry. We perform a simple test showing the emergence of these
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patterns in this subsection. The initial data for those simulations are similar to (4.5),
but we add nucleation sites at specific locations in the domain. The rest of the
parameters are given by € = 1.0; A = 79 = 0.5; 91 = 2.0; = (0,100)?; and s = 0.01.
The time snapshots of the evolution by using the given parameters are presented in
Figures 4.10 (one nucleation site) and 4.11 (four nucleation sites). These tests confirm
the emergence of the rotationally invariant square-symmetry patterns in the density

field u.

"esese

..
i

SRS GEIE AN TR e

.
A . .

. . O see
t = 500, 1000

Figure 4.10: Time snapshots of the evolution with PSD solver for squared phase
field crystal model at t = 1,10, 20, 40, 60, 80, 100, 200, 500, 1000, 5000 and 9000. The
parameters are ¢ = 1.0, A = 0.5,7; = 2.0,Q = [100]? and s = 0.01.

71



’,‘.
.

a
RS

Figure 4.11: Time snapshots of the evolution with PSD solver for squared phase
field crystal model at t = 1,10, 20, 40, 60, 80, 100, 200, 600, 800, 1000 and 3000. The
parameters are € = 1.0, A = 0.5,7; = 2.0,Q = [100]? and s = 0.01.

4.4 Application to Functionalized Cahn-Hilliard Model

with First-Order-In-Time Scheme

The content in this chapter has been published in [31], for more details please refer

to [31].

72



4.4.1 Introduction

The Functionalized Cahn-Hilliard (FCH) model was first derived to describe small-
angle X-ray scattering data of an amphiphilic mixture in [44|. Recently, the FCH
model has been proposed to model the interfacial energy in amphiphilic phase-
separated mixtures in |26, 42, 67] where the FCH equations were extended to describe
the network morphology of solvated functionalized polymer membranes, such as
bilayer in |23, 26|, pearling bifurcation in [68, 26|, pore-like and micelle network
structures in [41, 42, 68]. The FCH energy, which includes a negative multiple of the
Cahn-Hilliard energy balanced against the square of its own variational derivative,
is highly related to the standard Allen-Cahn (AC) and Cahn-Hilliard (CH) energy
[1, 10, 11], given by

Fen(9) = /

Q

1 1 g2 2
{1¢4 e+ vd }dx, (451)

with Q € R”, D = 2 or 3. The phase variable ¢ : Q2 — R is the concentration field,
and ¢ is the width of interface. We assume that 2 = (0, L) x (0, L,) x (0, L), ¢ and

A¢ are periodic on 2. In turn, the chemical potential becomes
fich = 0pFcn = ¢° — ¢ —e*Ag, (4.52)

where d4Fcn denotes the variational derivative with respect to ¢. Herein we consider

a dimensionless energy of a binary mixture:

F@) = 5 | ntwix = nFeu(o) (1.53)

where 7 is the switch parameter. When n > 0 and n < 0, (4.53) represents the
FCH energy [26, 51, 67] and the Cahn-Hilliard-Willmore (CHW) energy [75, 76, 81],
respectively. Furthermore, (4.53) represents the strong FCH energy when n = ¢!

and weak FCH energy when n = 1 [26]. By the definition of CH energy in (4.51) and
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chemical potential in (4.52), we have

pi=0pF = 320" — (42 +n) ¢’ + (e +n) o+ A% + (2+10e°) Ag

+6¢ Vo> — 6V - (¢*V¢).
The conserved H~! gradient flow [26, 55, 67| is given by
oup =V - (M(6) V). (4.54)

where M (¢) > 0 is a diffusion mobility, and where we assume that p is periodic on
Q.

The FCH equation (4.54) is a sixth-order, highly nonlinear parabolic equation.
Numerical approximation of (4.54) is very challenging because of the high derivative
order and highly nonlinear nature. One of the biggest challenges is to overcome the
numerical stiffness encountered with time-space discretization. Roughly speaking,
since the equation is sixth-order parabolic, an explicit numerical scheme is expected
to encounter a severe CFL condition: s < ChS, with s and h the time and space step
sizes. On the other hand, a fully implicit scheme, such as the backward Euler method,
may still be only conditionally stable, and, very likely, will only be conditionally
solvable. Ideally, one would like a scheme that preserves some of the time-invariant
quantities of the PDE, such as mass conservation and the energy dissipation rate.
The first invariant is easily maintained, while the second one is a major challenge.
Often, one attempts only to design a scheme that will dissipate the free energy at
the numerical level, without attempting to directly control the rate of dissipation. In
particular, one wants F(¢F1) < F(¢*), where ¢* is the approximated phase variable
at time step k, given some mild CFL condition, or no CFL condition whatever. The
energy dissipativity imparts some stability notion for the PDE and the numerical
method, as we will see. If F(¢*1) < F(¢"), for all & > 1, with no condition on

the time step size, we say that the scheme is unconditionally strongly energy stable.
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Finally, for large-scale calculations in practice, novel efficient numerical linear and
nonlinear solvers have to be carefully developed. We will address this issue in the
thesis as well.

There have been a few previous works on the numerical approximation of the
FCH equation. In [12], Chen et al. presented an efficient linear, first-order (in time)
spectral-Galerkin method for the FCH equation. Their scheme, which utilized linear
stabilization terms, are unconditionally solvable, but not necessary energy stable.
Jones studied a semi-implicit numerical scheme for the FCH equation in his Ph.D
thesis [55]; the energy stability was proved, while the unique solvability has not
been theoretically justified. In a more recent work [19], fully implicit schemes with
pseudo-spectral approximation in space for the FCH equation are proposed. While
they neither proved energy stability or solvability, they did carry out several tests
to show the accuracy and efficiency of their methods. In another work [46], Guo et
al. presented a Local Discontinuous Galerkin (LDG) method to overcome the difficulty
associated with the higher order spatial derivatives. Energy stability was established
for the semi-discrete (time-continuous) scheme. Their fully discrete scheme was based
on the time discretization in [12]. To our knowledge, there has been no rigorous
convergence analysis for the FCH model in the existing literature, because of its
highly nonlinear nature. In [79] the authors developed a Runge-Kutta exponential
time integration (EKR) method for the diffuse Willmore flow, an equation that is
closely related to the FCH and CHW models (4.54). This method works well when
M = 1, but may need to be significantly modified otherwise. It enables one to generate
high-order single-step methods, which have a significant advantage over multistep
methods when the time step changes adaptively.

In this thesis we propose and analyze an efficient computational scheme for solving
the FCH equation primarily, though the theory will be applicable to the CHW
equation as well. The convex splitting method, which treats the convex part implicitly
and concave part explicitly, has been a popular approach for gradient flows, since

it ensures the unique solvability and unconditional stability; see the related works
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[2, 7, 13, 15, 16, 24, 25, 45, 52, 78, 77, 82| for a wide class of phase field models.
For the FCH equation (4.54), one key difficulty in the energy stability could be
observed in the fact that, one nonlinear energy functional in the expansion turns out
to be non-convex, non-concave, so that the convex splitting approach is not directly
available. To overcome this difficulty, we introduce two auxiliary terms in the energy
functional, so that their combination with the original term become convex. In turn,
a convex-concave decomposition for the FCH energy is available, and the first order in
time convex-splitting scheme could be appropriately designed. Because of its convex
splitting nature, both the unique solvability and unconditional energy stability could
be theoretically justified.

As a result of the proposed numerical scheme, a 4-Laplacian term has to be solved
in an H~! gradient flow at each time step in the finite difference approximation,
which turns out to be very challenging. We apply the Preconditioned Steepest
Descent (PSD) solver, recently proposed and analyzed in [34], to solve the nonlinear
system. The main idea is to use a linearized version of the nonlinear operator as
a pre-conditioner, or in other words, as a metric for choosing the search direction.
Furthermore, the convexity of the nonlinear energy functional assures a geometric
convergence of such a PSD iteration. In practice, only a Poisson-like equation needs
to be solved at each iteration stage, and the geometric convergence of the nonlinear
iteration greatly improves the numerical efficiency.

On the theoretical side, we also present a global in time HZ . stability of the
numerical scheme. This uniform in time bound enables us to derive the full order
convergence analysis, with first order temporal accuracy and second order spatial
accuracy. In addition, such a convergence is unconditional, without any requirement
between the time step size s and the spatial mesh h. In the authors’ knowledge, this

is the first such theoretical result for the FCH/CHW model.
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4.4.2 The first order convex splitting scheme

The convex-concave energy decomposition with auxiliary terms
For any ¢ € H},.(Q), the FCH energy in (4.53) could be expanded as

2

2 — 2
Fi6) = Slolls— (7 + D) otk + (G + 1) 101"+ 5 ol

ne? 2 2
- <1+7) Vol +3 | Vol ax (4.55)

Unlike the energies for the AC in [37], CH in [2, 25, 30, 38, 45|, Phase Field Crystal
(PFC) and the modified version in |7, 52, 78, 82|, epitaxial thin film growth in [13,
16, 72, 77|, the convex splitting idea cannot be directly applied to the FCH energy
(4.53). The main difficulty is associated with the last term in (4.55):

G(o) := /Q 302 |Vl dx, (4.56)

which is neither convex nor concave. To overcome this difficulty, we perform a careful

analysis for the following energy functional:

H(o) = /Q (A" + [Vol") + 36° |Vo[?) dx. (4.57)

Lemma 4.4.1. H : WL(Q) — R is convex provided that A > 1.

per

Proof. We denote g(¢) = 3¢2|Vo|> and h(¢) = A(¢* + |Vo|*) + g(¢), so that
G(¢) = [,9(¢) dx and H(p) = [, h(¢) dx. Based on the following inequalities, which
come from the convexity of g2(z) = 22 and ro(x) = x - X):

o1+ P2 2<¢%+¢§ v o1+ P2
2 - 2 ’ 2

Vol 4 Vel
— 2 Y

vqblv ¢27
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we get

1+ L[ +d\ | b1+ b
o("57) =3 (") [ (27

2 2 2 2
);9(@) — 361V ;?’%W@‘ shows that

Tt tdl (Vo + |Vl
<37 T

A careful comparison with £ (é1

9(¢1) +g(d2) <¢1 + ¢2) - 3(¢1 — 93) (V| — [Voa?)
2 A = A

> 2 (6= 9 + (V6 = [V6l*)?) (459

Meanwhile, the convexity of g4(z) = z* and ry(x) = |x|* indicates the following

inequalities:

S0+l — 20k = (- ghh (459)

ﬁ;%_(@;@)42

and

4

A%

IVou|' + [Vge|* ‘V (Cbl + ¢2)

3
5 5 Vol +[Veul* = 21Verf* - [Vou[)

= (V6P - Vo, (4.60)

A combination of (4.58), (4.59) and (4.60) implies that

o) Lhio) ) (850
2 2

) > 07 v¢1; ¢27

provided that A > 1. As a result, an integration over {2 leads to the following fact:

H(o1) + H(p2) oy <¢1 + @2
2

! >za Vo, by, i A> 1.

The convexity of H is assured under the condition A > 1. Lemma 1 is proved. O
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Corollary 4.4.2. The energy F : H2_(2) — R possesses a convex splitting over

per

H2_(Q). In particular,

per

F(¢) = Fe(®) — Fel9), (4.61)

—92 -2 2
Fio) = [ {500+ (G + ) &+ S0P + A +1¥61") + 362 [V} i
(4.62)

Fio)= | {(e—2+2) ¢+ (1+ %) Vol + A6 + rV¢|4>}dx, (4.63)

where both F., F. : H,.(Q) — R are strictly convez.

per

We recall the following proposition from [82]:

Proposition 4.4.3. Suppose that ¢, € H! (Q) and that F admits a (not

per

necessarily unique) convex splitting into F = F. — F, then

F(9) = F(¥) < (06Fe(d) = dpFe(¥), ¢ — ) . (4.64)
If g, ¢ € H2,.() only, then (4.64) can be understood in the weak sense.

The first order convex splitting scheme

Based on the convex-concave decomposition in (4.62) and (4.63) for the physical
energy JF(¢), we consider the following semi-implicit, first-order-in-time, convex

splitting scheme:

¢ — ¢ =5V (M(6")VR) . (¢, ¢F) == 0 F (") = 05 Fe(9).  (4.65)
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where, precisely,

Ia (gbkﬂ, ¢k) _ 38_2(¢k+1)5 + 4A(¢k+1)3 + (8_2 + n)¢k+1 + 62A2¢k+1
1 6t ‘V¢k+1}2 6V ((¢k+1)2v¢k+1) L 4AVY . (’v¢k+1|2v¢k+1>
(4.66)

— (472 0)(¢")° + (2 + n?) Agh — 4A(¢%)’ + 4AV - (V[P ") .

The scheme may be expressed in a weak form as follows: find the pair (¢, pu) €

H2 () x H! (Q) such that

per per

(¢, v) + s(MVp, Vv) = (g,v), (4.67)
(3572¢" +4A¢° + (77 + 0o, ¥) + €2 (Ad, AY) + 6(¢ [ V|, 1) (4.68)
+6 (0°Vo, Vi) +4A (IV9I*Ve, V) = (1, 9) = (f,4),  (4.69)

where g = ¢F, M = M(¢*), and
f=0sFc(¢") = (472 +m)(¢")° — (2 + n®) A" + 4A(¢") — 4AV - ([V* [PV o") .

Observe that, if ¢ € H?

per

(Q) is given, we have g € L2 (Q) = L*().

per

Theorem 4.4.4. The convex splitting scheme (4.65) is uniquely solvable and
unconditionally energy stable: F(¢*) < F(¢F). In particular, if ¢ € HZ, (),
then ¢*1 € HZ ().

per

Proof. The existence and unique solvability follows from standard convexity analyses.

For the stability, let ¢ = ¢**! and ¢ = ¢* in (4.64) to find

FH) = F(@1) < (0aFl@) = 0,Ful@), 651 = o)
= (1Y (M(&VR)) = s (Vi M(6")Vji) <0,

where we have interpreted the right-hand-side of (4.64) in the weak sense. O
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Global-in-time 7, stability of the numerical scheme

For simplicity, we will take the mobility M = 1 in the remainder of the thesis.

Lemma 4.4.5. There are constants Co, Cy > 0 such that, for all ¢ € H? (€2,
e? 6 2 2
" 10l + Co? 10l < F(@) + O (4.70)

Proof. For the concave diffusion term in (4.55), an application of Cauchy’s inequality

shows that
2 g2 2 1+ﬂ;_2 2
Vel =/¢-A¢d><§ ol - 1AS|| < ———=— |Ad|I" + —5=[I¢]I", Vn>0.
0 A1+ %) =
(4.71)
Then we obtain
7752 2 g? 2 2
(1+ ) IVl < 5 1A0I* + G o, (.72

with Cy := (1 + g)%” = O(e7?). Applications of Holder’s inequality imply that
1 1
16ll s > Qe 1Pllzes ollze 2 ORE ol

Now, define C5 = Cy — (%4—%) + 1 > 0; we note that C3 = O(e72). As a

consequence of the last two inequalities, we get

1 6 1 6 ne 4

glolie = G llolie = 1+ ) 19l — Ca. (4.73)
1 1

glole = gplol’ = <Callol = Cs, (4.74)

for some constants Cy, C5 > 0, which are of order 1, where Young’s inequality was

repeated applied. Therefore, a combination of (4.55), (4.72), (4.73) and (4.74) yields

F(9)

v

g2 6 s &2 2
e o[z + l[olI" + T A" — C,
5_2 6 2 2
2 6 [¢llz6 + Coe H¢“H§er — Ch, (4.75)
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where C) := 72 (Cy + C5) = O(¢72) and the elliptic regularity estimate ||¢|%, <
Co(||o|I”> + |Ad||*) was applied in the second step. O

Corollary 4.4.6. Suppose that ¢y € ngr(Q). For any positive integer k, we have

F(o) +C

: oo (4.76)

Proof. The unconditional energy stability in Theorem 4.4.4 implies that, for any
positive integer £k,

(") < F(8°). (4.77)
A combination of (4.70) and (4.77) yields the result. O
Remark 4.4.7. Note that the constant Cg s independent of k and s, but does depends

on . In particular, Cg = O(e7%).

4.4.3 Convergence analysis
Main result

The convergence result is stated in the following theorem.

Theorem 4.4.8. Let ¢, be the exact solution of the FCH equation (4.54) with the
periodic boundary condition and let ¢ be the numerical solution of (4.65). Then the

following convergence result holds as s goes to zero:

160 = Bllim ozt + I6e = Bz, < Cs, (4.78)

per

where the constant C' depends only on the reqularity of the exact solution.
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Proof of the main result
Consistency analysis

We denote the exact solution ®(x,y, z,t) = ¢.(x,y, 2,t). A detailed Taylor expansion

implies the following truncation error:

q)k—i-l o (I)k:

— A<35_2((I)k+1)5 o (46_2 + n)(@k)?; + (5—2 + n)(bk:—l—l + €2A2(I)k+1
S

(2 + 7)) ADF 4 60F [VOEH* — 6V - (9812 phH)
HAA(PHT)? — 4AV - ([VOM PV O (4.79)
—4A(PF)? +4AV - (|V<I>k12v<bk)) +7F

with ||7'kH < (s . Consequently, with an introduction of the error function
eF =k —gF VE>o0, (4.80)

we get the following evolutionary equation, by subtracting (4.66) from (4.79):

k+1 k

€ — €

. — A(382 ((q)k+1)4 + ((I)k+1)3¢k+1 + (®k+1)2<¢k+1)2

+(I)k+1(¢k+1)3 + (¢k+1)4> 6Ichl

— (47 + 4+ 44) ((2°)" + @F* + (¢)7) "

+(e72 + n)eft + 2 A%

+(2 + ne?) Ak + 6c51 [V

+6F (V(DF 4 ¢ - Vet

6V - (((Dk-i-l + ¢k+1)ek+1vq)k+1 + (¢k+1)2vek+1>

+4A(((Cl>k+1)2 + q)k+1¢k+1 + (¢k+1)2) ekl

—4AV - ((V(OMF! 4 ¢F 1) . Ver Vi 4+ [V ghHPvettt)
+4AV - (V(@* + ¢*) - Ve VOr + \kaVek)) + 77 (4.81)
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In addition, from the PDE analysis for the FCH equation and the global in time
H?2_ stability (4.76) for the numerical solution, we also get the L, W'¢ and H?

per per

bounds for both the exact solution and numerical solution, uniform in time:

12", 19" lwrs, 9%z, < Cry (198, 19" e, 165 (lm, < Cr VR 20,
(4.82)
where the 3-D embeddings of H2,, into L* and into W% have been applied. Also

per

note that C7 and Cy are time independent constants, that depend on ¢ as O(s™1).

Stability and convergence analysis

First, we recall that the exact solution to the FCH equation (4.54) is mass

conservative:
/@(-,t)dxz/®(~,0)dx, vt > 0.
Q Q

On the other hand, the numerical solution (4.65) is also mass conservative. In turn,

we conclude that the numerical error function e* € ﬁger(Q):

ek :—/ekdx—/eo—(), since ¢’ =
Q Q

Consequently, we define % := (=A) ek € H1(Q) as

per
— AYF =¢€F,  with / PP dx = 0.
Q

Define I;,7 =1,--- ,10 by

[1: — _6825/<((Dk+1)4+((I)k+1>3¢k+1+(@k+1)2(¢k+1)2
Q
+(I)k+l<¢k:+1)3 X <¢k:+1)4) |€k+1‘2 dx
Iy: = —8As / ((@FH)2 4 GFFLGFFL 1 (¢F+1)2) [F L] dx,
Q
Iy = 2(2+ne?)s(Vek, Ve,
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Ii: = 2(4e?+n+ 4A)s/ ((@%)% + @F¢" + (¢*)?) eFeMHax,
Q

Iy: = —123/Q |VOF 2 (M) 2ax,

Ig: = —125/ P (V(@FF 4 ¢ - Wbt eF T,

I;: = —12s (élfb’““ + P MHIVOE 4 (pFH1)2T M Vet

Iy: = —8As((V(OM!+ ¢! VM) VOt 4 [V PVett! velt)
Iy: = 8As((V(®" + ¢") - VeF)VOF + |VoF|*Ver, Vert!)

Lo: = —2s(1F .

Therefore, taking an L? inner product with the numerical error equation (4.81) by
2" gives
[H2 = b2, + e+ — b2y

10
b2l 2 AP =S, (489)
=1

where integration-by-parts has been repeatedly applied.

The local truncation error term I3 can be bounded by the Cauchy inequality:
=2(7F, M) <2 7R - [l < TP - (e (4.84)
Meanwhile, an application of weighted Sobolev inequality shows that

2/3 1/3 2/3
leh 1) < CgHekHHf;;elr , ”ekHHF;E,H < CguekHHﬁ{g& AR 3, (4.85)

where a standard estimate of elliptic regularity was applied at the second step,
considering the fact that e*+1 = 0. Subsequently, an application of Young’s inequality

gives
2
5
Y2 < C'mg—l||ek+1||§jjp,elr + §||Aek+1“27
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and its combination with (4.84) yields
~2(r, €M) < [P+ Coe HH Gy + S A (4.86)
The first integral term [; turns out to be non-positive,
I <0, (4.87)
due to the fact that

((I)k+1)4 + (¢k+1)3¢k+1 + ((I)k+1)2(¢k+1)2 + ¢k+1<¢k+1)3 + <¢k+1)4 > 0

Since (®F1)2 + PFFIGFHL 4 (¢FF1)2 > 0, similar estimates can be derived for I,

and Is:

L, = —8As/ (((I)k+1)2+q>k+1¢k+l+(¢k+1)2) |€k+1‘2dxg0, (4.88)
Q

Is = —125/Q |VOF 2 (eF1)2dx < 0. (4.89)
For the term I3, we denote C}; = 2 + ne? and observe that
Iy = 20115(VeP, Vel ) < Ops(||Ver||? + || Ve 2. (4.90)
Meanwhile, a similar estimate as (4.85) could be carried out to bound ||Vef+?|:

|Vebtt|| < C’12H6k+1‘|g§elr . Hek+1l|i{§er < C’13||e/’c+1H%{;lr | Aek T[22, (4.91)

so that an application of Young’s inequality leads to

52

o | Ak T2, (4.92)

IV P < Crae™ e+ +
per
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The term || Ve*|| can be bounded in the same fashion:

2
FI? < Chse |k %o + ——IlAek]> 4.93
VeI < O ety + s 1A (4.93)
Substituting (4.92) and (4.93) into (4.90), we get
2
£
Iy < Cugs(lle" G + et l5.0) + s (A" + [[Aek]?). (4.94)

For the term I, we denote Cj; = 4672 + n + 4A. By the L™ bound in (4.82) for

both the exact and numerical solutions, we see that
1(@%)? + @"" + (¢")?||= < 3CF. (4.95)
This in turn implies that

Iy

IN

2C17s[(®%)* + @"F + ()2l - [le*] - [l

< 6CwCTs]lef|| - [le" | < 3CwCTs([lef]” + [l ). (4.96)

Meanwhile, the estimate (4.86) can be performed with alternate coefficients, so that

the following inequalities are available:

2

I < Cullell?y +

I3 .
——_||A€|?, for j = 1. 4.
r 240170,?” € ” Y or ] k7k+ ( 97)

Subsequently, its combination with (4.96) yields

2
£
I < Cuos (e + €180 + Ss(IAH 2+ AHP). (4.98)

For the term Ig, we start from an application of Hélder inequality:

]’6 — _125/ ¢k+l (V(®k+l 4 ¢k+1) . V€k+l) ek‘JrldX
Q

< Coosl "o - (IVE o + 1V I2o) - IV | oz - [l€" | o
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< OuCis - IV o - 1€ g, (4.99)

in which the L> and W1 stability bounds for the exact and numerical solutions were
recalled in the second step of (4.82). Moreover, the first term ||[Ve*™||;s2 can be

bounded in the following way:
VR ara < Conl|VEFHH | < Coglle™ |12, - [| M |72, (4.100)
per

with an earlier estimate (4.91) recalled. For the second term ||e®*1||6, a 3-D Sobolev

embedding could be applied so that
€54 o < Coal| VP || < Coglle 1172, - [|Aek 272, (4.101)
per

We also note that the zero-mean property for e**! was used in the first step.

Therefore, a combination of (4.99)-(4.101) results in

52

[6 S 0260728||6k+1||2/3 . ||Aek+1||4/3 S 6127S||6k—‘r1||?:L;elr —+ gS

r—1
Hper

|Aef|2, (4.102)

with the Young’s inequality applied in the last step.

For the term I7, we decompose it into two parts: Iy = Iy + I7 2, with

[771 = —12s ((ckarl 4 ¢k+1)ek+1vq)k+l’ VekJrl) ’ (4103)

Iy = —12s((¢"")2Vert!, vt . (4.104)
It is clear that the second part is always non-positive:

I;9 = —12s /Q (PFT1)? Ve Pdx < 0. (4.105)
For the first part, an application of Hélder inequality shows that

Iy < Coss(| O [z + 165 o) - IV |z - [V [ s - (€54 2o

)
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S 0290728||V€k+1”L3/2 . ||€k+1|lL6. (4106)

Again, the L>® and W0 bounds (4.25) for the exact and numerical solutions were
recalled in the second step. Furthermore, by repeating the same analyses as (4.100)-

(4.101), we are able to arrive at the following estimate, similar to (4.102):

2
15
Iy < GGl - F 12 ISP < sl + Ssl|Ak 2. (4.107)

Consequently, a combination of (4.104)), (4.105) and (4.107) leads to
2
I < Caslle™ 20 + gsHAekHHQ. (4.108)
Similarly, the term Iy is also decomposed into two parts: Iy = Ig; + Ig 2, with

Iy = —8As ((V(®*! + M) . Ve Vohtt vettt) |
Iyo = —8As (|V¢k+1]2vek+1,V6k+l) _ —8As/ IVek+tdx < 0.
Q

For the first part Ig;, the following estimate is available, in a similar way as (4.106)-

(4.107):

Iy < Cus(IVE uo + [V ) - [VOE o - [ Vb o - [ Vb1
< CagC2s[|Ver s - [l
< CaaCFsl A - [l 2, - Ak
2
g
< C«%C«?SHAek—H“E)/S ) Hek—HHg;elr < C36$H6k+1”2°ge}r + §SHAek-i-1”27

in which the W% bound (4.25) for the exact and numerical solutions was recalled in
the second step, the 3-D Sobolev embedding from H2_ . into W6 and the estimate

per

(4.91) were used in the third step, and the Young inequality was applied at the last
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step. Then we arrive at
£2
]8 = I8,1 + ]8,2 S IS,l S 0365||ek+1||H ! + = SHAGIH_IH2 (4109)

The term Iy can be handled in the same way as Ig. We begin with a decomposition

Ig = 1971 + [9’2, with

Iy = 8As((V(®" + ¢F) - VeF)VOF, veltt)
Ly, = 8As(|[V¢F|PVer, veft!).

The following estimates can be carried out:

Ioi < Cyrs(|VO* 1o + [IV6F||s) - [VOF| 1o - [Veb | zo - [Ver|
< CysC2s||Veb|s - [l
< ConCFsl|ACH] - [lFH 2, - [[Aek
< Cuslle™ g + s+ | ACH]D),
Iy, < cusuwknm-kum-uw’musc@c?snw’fru«ue'f“u
< CusCFsl Ak - [l 12, - Ak
< Cuslle g + s+ [ACH]D).

Consequently, we get
2
Ig=1Iy; + Iy < C4ssuek+1u2bp_elr + gs(HAekHHZ + [|Aek|?). (4.110)

Finally, a combination of (4.83), (4.86), (4.87), (4.88), (4.89), (4.94), (4.98),
(4.102), (4.108), (4.109) and (4.110) yields that

9
_528|’Aek+1”2

€™M 1% — eI +2(e7 +m)slle™ 1 +
8
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3
< Cugs(lle" ™ G + et lG,0) + 57l Aek | + sl 71" (4.111)

Subsequently, an application of discrete Gronwall inequality leads to an £>°(0, T’; H- DN

per

¢*(0,T; H},,) convergence of the numerical scheme (4.65):

k
3
¥ 1% + 5% D IAe|* < O, (4.112)
=0

for any 1 < k < K. Note that the constant C' depends on the exact solution, the
physical parameter ¢, and final time 7', independent on s. The proof of Theorem
4.4.8 is finished.

Fully discrete finite difference scheme

With the machinery in last subsection, the discrete energy of FCH can be rewritten

s
Fn(®) = Fen(d) — Fen(d) (4.113)
where
Fa@) = S0+ (S + 1) 1618+ 5 ol + 7u(6) (4.114)
Fa@) = (2 D)ol + (14 25) 158 + Alloll+ AIT3l1 (2119
and

Hiulo) = Aloly+ AlViglly +3 (% A(Vio)),- (4.116)

Proposition 4.4.9. Suppose ¢ € Cper. The first variational derivative of Hp(¢) is

Hn(¢) = 4A¢° —4A (0, ([(D:0)° + (Dy0)°]D:0) + 0, ([(D20) + (D4¢)*1Dy0))
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+ 6¢A[(D0)° + (Dy0)?] — 6 (0, (a (¢*) Du) + 0, (a (¢°) Dyo)) .

Lemma 4.4.10. Suppose that ¢ € Cper and A > 1 then Hp(9), Fen(o) and Fep(o)

are strictly convex.

Proof. The convexity proof of Hy(¢) is similar to Lemma 4.4.1. The convexities of

Fen(9) and F. p(¢) follow from the convexity of Hp(¢). O

According to Proposition 4.4.9 and some other standard calculations [72], the

fully discretized finite difference convex splitting scheme can be rewritten as: given

[, 9 € Cper, find ¢*1 aF+1 € Cp, such that

P — A M = g, (4.117)
where
A = 8 Fen () = 8 Fen(0F)
= 3 (") H AT+ (7 )t
+ 6(¢k+1)2m(|v\};¢k+1|2) + €2Ai¢k+1
. GV‘,’L ) (a((¢k+1)2)v\é¢k+1>
—4AV} - (V3" VR ) — f, (4.118)
with
gi=0¢" f: = =4 +n)(¢")° + 2+ 1) AL ¢" — 4A(¢")?
+4AVY - (Vi [P VreF). (4.119)

This scheme is mass-conservative in the sense that ¢ — g € Coper.

Theorem 4.4.11. The fully discrete scheme (4.117) — (4.119) is unconditionally
discrete energy stable: Fp,(oF+1) < Fp (o).
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Proof. The proof follows from Lemma 4.4.10 and the discrete version of (4.4.3) found
in [82]. O

Following similar ideas as in the analyses for the semi-discrete case, we are able to
derive the unique solvability, unconditional energy stability and the £>(0,T; H~1) N
(%(0,T; H*) convergence for the fully discrete scheme (4.117) — (4.119). The detailed

proofs are skipped for the sake of brevity and are left to interested readers.

Theorem 4.4.12. The fully discrete scheme (4.117) — (4.119) is uniquely solvable.
Let ¢, be the exact solution of the FCH equation (4.54) with the periodic boundary
condition and let ¢ be the numerical solution of (4.117) — (4.119). Then the following

convergence result holds as s, h goes to zero:

k 1/2
lpe(t") — ¢*ll 1 + (6282 1AL (e () — ¢l)ll2> <CO(s+h?),  (4.120)

=0

where the constant C' depends only on the regularity of the exact solution.

4.4.4 Preconditioned steepest descent (PSD) solver

In this section we describe a preconditioned steepest descent (PSD) algorithm for
advancing the convex splitting scheme in time, following the practical and theoretical
framework in [34]. The fully discrete scheme (4.117) — (4.119) can be recast as a

minimization problem with an energy that involves the ||-||>; norm: For any ¢ € Cper,

1 —2 -2
Bilg) = §lo—al?y+ ol + L5 o

+As [|o]ly + As | Viully + 3 (6%, A (|V56]%)),

se? 9
+ [1Andll + 5 (g, 9)s (4.121)

which is strictly convex provided that A > 1. One will observe that the fully discrete
scheme (4.117) — (4.119) is the discrete variation of the strictly convex energy (4.121)
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set equal to zero. The nonlinear scheme at a fixed time level may be expressed as
Naulo] =, (4.122)

where

Nilo] = =D, b — g) +3se7%¢° + 4sA¢® + s(c7% + )¢ + 65¢°A(|V},0*)
—6sVy - (a (¢%) Vi¢) — 4sAV) - (|V) 0> V) o) + se A} ¢. (4.123)

The main idea of the PSD solver is to use a linearized version of the nonlinear
operator as a pre-conditioner, or in other words, as a metric for choosing the search

direction. A linearized version of the nonlinear operator A is defined as follows:

Eh : éper — Copera
Lp[] == =AM+ s(de™ + 0+ 4A + 6)1 — 5(6 + 4A) ARy + se2 Al

Clearly, this is a positive, symmetric operator, and we use this as a pre-conditioner
for the method. Specifically, this “metric" is used to find an appropriate search
directtion for our steepest descent solver. Given the current iterate ¢" € Cper, We

define the following search direction problem: find d" € Coper such that
Lpld"] = f— Nylo"] := 1",

where r” is the nonlinear residual of the n'" iterate ¢™. This last equation can be
solved efficiently using the Fast Fourier Transform (FFT).
We then define the next iterate as

" = " +@d”, (4.124)
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where @ € R is the unique solution to the steepest descent line minimization problem

@ := argmax Ey[¢" + ad"] = argzero 6 Ey[¢" + ad”|(d"). (4.125)

a€R a€eR

We have the convergence ¢ — ¢**1 as n — oo, where N}, [¢*TY] = f, i.e., ¢ is

the solution of the scheme (4.117) — (4.119) at time level k + 1.

4.4.5 Numerical results

We perform some numerical experiments with PSD solver to support the theoretical
results in this section. The finite difference search direction equations and Poisson
equations are solved efficiently using the Fast Fourier Transform (FFT). Though we do
not present it here, we also implement the scheme by using pseudo-spectral method;

see the related descriptions in [9, 17, 34, 48|.

Convergence test

In this numerical experiment, we apply the benchmark problem in [19, 55] to show
that our scheme is first order accurate in time. The convergence test is performed

with the initial data given by

) —sin(F4)-2

in(2r2) 4sin(27Y)— —sin
$(x,y,0) = 2™ BTN g 9o — 1 (4.126)

We use a quadratic refinement path, i.e., s = Ch?. At the final time 7" = 0.32,
we expect the global error to be O(s) + O(h?) = O(h?) under either the ¢* or (>
norm, as h,s — 0. Since an exact solution is not available, instead of calculating
the error at the final time, we compute the Cauchy difference, which is defined as
0p = ¢n, — I (¢n.), where I7 is a bilinear interpolation operator. This requires
having a relatively coarse solution, parametrized by h., and a relatively fine solution,
parametrized by hy, where h. = 2hy, at the same final time. The Cauchy difference
is also expected to be O(s) + O(h?) = O(h?), as h,s — 0. The other parameters are
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given by L, = L, = 3.2, =0.18, A= 1.0, n = 1.0, s = 0.1h%. The norms of Cauchy
difference, the convergence rates, average iteration number and average CPU time
(in seconds) can be found in Table 4.3. The results confirm our expectation for the
convergence order and also demonstrate the efficiency of our algorithm. Moreover,
the semi-log scale of the residual ||r"||_ with respect to the PSD iterations can be
found in Fig. 4.12, which confirms the expected geometric convergence rate of the
PSD solver predicted by the theory in [34].

Table 4.3: Errors, convergence rates, average iteration numbers and average CPU

time (in seconds) for each time step. Parameters are given in the text, and the initial
data is defined in (4.126). The refinement path is s = 0.1h2%.

he  hy 196l Rate  #iter Tepulhy)
3232 18131 x 1072 - 97  0.0136
52 % 492725 x 1073 2.09 25  0.0493
22 32 772111071 247 19 0.1534
223217075 x 1074 218 11 0.4809
32 32 40134x107° 209 05 21579

Long time simulation of benchmark problem

Time snapshots of the benchmark problem in [19, 55] for the long time test can be
found in Fig. 4.13. The initial data is defined in (4.126) and the other parameters are
given by L, = L, = 6.4, =0.18, A=1.0,7=1.0,s =1 x 107* and h = 6.4/256.
The numerical results in Fig. 4.13 are consistent with earlier work on this topic in

[19, 55].

Spinodal decomposition, energy dissipation and mass conservation

In the second test, we simulate the spinodal decomposition, energy-dissipation and

mass-conservation. We start with the following random initial condition:

d(x,,0) = 0.5+ 0.05(2r — 1), (4.127)

96



_
o

—@®- h=6.4/64
» =) h=6.4/128
107 F X h=6.4/256 | 1
N\ =% h=6.4/512
1078 £ 5
8
=
— 104 E 5
<
g
R
= 105E E
<]
s
H
106 £ 5
107 & 5
10-8 L L L L L L
0 2 4 6 8 10 12 14

PSD lterations

Figure 4.12: Solver convergence (complexity) test for the problem defined in
Section 5.2.1. The only difference is that for this test, we use a fixed time step
size, s = 1.0 x 107° for all runs. We plot on a Semi-log scale of the residual ||r"]_
with respect to the PSD iteration count n at the 20th time step, i.e., t = 2.0 x 1074,
The initial data is defined in (4.126), L, = L, = 6.4, ¢ = 0.18, A= 1.0, n = 1.0, and
the grid sizes are as specified in the legend. We observe that the residual is decreasing
by a nearly constant factor for each iteration.

where 7 are the real random numbers in (0,1). The rest of parameters are given
by L, = L, = 128, ¢ = 01, A = 1.0, n = 1.0, s = 1 x 107* and h =
12.8/256. The snapshots of spinodal decomposition with initial data in (4.127) can
be found in Fig. 4.14. This experiment also simulates the amphiphilic di-block co-
polymer mixtures of polyethylene. The numerical results are consistent with chemical
experiments on this topic in [54]. Fig. 4.15 indicates that the simulation has captured
all the structural elements with hyperbolic (saddle) surfaces identified in this work,
such as short cylinders with one and two beads, cylinder undulation, Y-junction and

bilayer-cylinder junction can be found in zoom boxes.
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t = 20,50 t = 100, 200

Figure 4.13: Time snapshots of the benchmark problem with initial data in (4.126)
at t = 0,0.2,1,10,20,50,100 and 200. The parameters are ¢ = 0.18, Q = (0,6.4)2,
A=1.0,7=1.0,5s=1x10"%and h = 6.4/256. The numerical results are consistent
with earlier work on this topic in [19, 55].
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The evolutions of discrete energy and mass for the simulation depicted in Fig. 4.14
are presented in Fig. 4.16. The evolution of discrete energy in Fig. 4.16 demonstrates
the energy dissipation property, and the evolution of discrete mass clearly indicates

the mass conservation property.

Figure 4.14: Snapshots of spinodal decomposition with initial data in (4.127) at
t =0.01,0.05,0.1,0.5,1,2,5 and 10. The parameters are e = 0.1, = [12.8]%, A = 1.0,
n=10,s=1x10"* and h = 12.8/256.
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Figure 4.15: Left: Snapshots of spinodal decomposition at ¢ = 0.05. Right: Zoom
boxes. Yellow box: Short cylinders with an undulation; Red box: Short cylinders
with two undulations; Blue box: Bilayer- Cylinder junction; Orange box: Y-junction.
Those numerical results are consistent with chemical experiments on this topic in [54].
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Figure 4.16: The evolutions of discrete energy and mass for the simulation depicted
in Fig. 4.14. Left: Energy Dissipation; Right: Mass Conservation.
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Chapter 5

Linearly Preconditioned Nonlinear

Conjugate Gradient Solvers

The content in this chapter has been published in [35], for more details please refer

to [35].

5.1 Linearly Preconditioned Nonlinear Conjugate
Gradient Methods

Based on the PSD algorithm, we define g, = £; '(r¥). Then our PNCG algorithms

are given by the following equations:

Pt = ¢F +adt (5.1)

A" = =g+ B d” d = =7, (5.2)

And more details can be found in Algorithm 2.
However, there several different ways to choose the scaling parameter ;. And

two of the best known formulas for 3, +1 are named after their deveiops:
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Algorithm 2 Linearly Preconditioned Nonlinear Conjugate Gradient (PNCG)
Method
Compute residual: 7° := f — N, (¢°)
Set gy = L;,(r°)
Set d° < =gy, k + 0
while g, # 0 do
Compute ay, > secant search
O — oF + dF > steepest descent algorithm
i1 Ly (M) = L1 (f = Nau(6"1))
Compute 3,4
" = Gy + B d”
E+—Fk+1
: end while

— =
—_= O

Fletcher-Reeves [40]:

T —
—FR Jr+19k+1
Brp1 = ——p—— (5.3)
fH gggk
Polak-Ribiére [65]:
_T — =
Bkal _ 9k+1(£ikT+_1 Jr) (5.4)

919k

Based on those two best known formulas, we proposed the following two PNCG

solvers:

PNCG1:

— —PR

5k+1 = max {0>5k+1} (5-5)
PNCG2 :

Brot = max {0, min{By 11, Bris}} (5.6)
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Remark 5.1.1. The PNCG?2 is also called hybrid conjugate gradient algorithm in

/88].

5.2 Application to Epitaxial Thin Film Growth Model
with First-Order-In-Time Scheme

In this section we provide a brief introduction about SS model and recall the first-
order-in-time unconditional energy stable numerical schemes in [34, 71].

This epitaxial thin film model was first proposed by P. Aviles and Y. Giga to
study the dynamics of smectic liquid crystals in [4]. The energy of the SS model is

as follows:
F(¢) = /Q G (IVe]> —1)* + %(AQS)Q) dx (5.7)

where 2 = (0, L;) x (0,L,), ¢ : @ = R is a scaled height function of thin film and ¢
is a constant which represents the width of the rounded corner. The corresponding

chemical potential is defined to be the variational derivative of the energy (5.7), i.e.,
p=0sF = =V - (|[V9|*V¢) + Ap + e*A%¢. (5.8)
And the SS equation becomes the L? gradient flow associated with the energy (5.7):
O =—p=V-([Vo[’Vg) — A¢ — e*A%p. (5.9)

Periodic boundary conditions are assumed for ¢ and p in both spatial directions for
simplicity.

With the machinery in Section 2.2, the first-order-in-time unconditional energy
stable scheme in [34, 71| can be formulated as follows: for n > 0, given ¢" € Cper,

find ¢"*! € Cper such that

¢”+1—svh-(|vh¢"+1|2v"+1¢)+362Ai¢"+1 — ¢" —sApe". (5.10)
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We now define a fully discrete energy that is consistent with the continuous space

energy (5.7) as h — 0. In particular, the discrete energy Fj, : Cpey — R is defined as:

1 1 1
Fa(@) = 7 1V30lls — 5 [IVadll; + 5 [ Andl; (5.11)

Theorem 5.2.1. The numerical scheme (5.10) is unconditionally energy stable, i.e.

the discrete energy Fy, satisfies the following energy dissipation law:
n n n 2
Fu(¢™h) = Fu(6") < =s ™ (5.12)
Proof. The numerical scheme (5.10) can be rewritten as a nonlinear system:

¢n+1_¢n — _Sun+1 (513>

u”“ — _vh X (|vh¢n+l‘2vh¢n+l) + Ah¢n 4 52Ai¢n+l- (5'14)
By taking the L? inner product of (5.13) with "™, we obtain
n 2 n T T
s = e o) 19

By taking the L? inner product of (5.14) with ¢! — ¢" yields

(6™ = 6" = = (Vi (Vag™ PV ), 6" = 67)
(Dng", @ = 0) + € (A2 6 — g7)
=. ]1+Ig+]3. (516)

For the term I; which involves with 4-Laplacian term, we have

_ (Vh . (|Vh¢n+1|2vh¢n+l)7 ¢n+1 . ¢n) _ (|vh¢n+1|2vh¢n+l7 Vh(gan B ¢n))
1
1 (V™ G = 1Vag™ll3) . (5.17)

v
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For the explicit linear term I, we have

(Ane™, @™ = ¢") = —(Vad", Va(¢"™ —¢"))

1 1 1
= - [Vhg™ |5 + 3 Vo™ 5 + 5 [Va(e™ - ¢z (5.18)

For the highest-order diffusion term I3, we have

S (AT = gn) = (Ao A0 — 6)
1 1
_ 562 HAhﬁbn—HH; . 552 HAthn”g

1

+562 [An(g™ = ¢™)]|2. (5.19)
A combination of (5.15), (5.17)-(5.19) yields
1 1

Fh(¢n+1) — Fi(o™) + 5 th@nﬂ . ¢n)”§ + 552 HAh((bTH-l . ¢n)H§ < —s Hﬂnﬂllz- (5.20)

The desired result (5.12) follows from dropping some positive difference terms from

(5.20). 0

5.2.1 Numerical Experiments

In this section we demonstrate the accuracy, complexity and efficiency of the PNCG
solvers. We present the results of the convergence tests and perform some sample
computations to demonstrate the complexity and the efficiency of PNCG solvers.
Moreover, We also provide some comparison results between the proposed PNCG
solvers and the PSD solver in [34]. The stop tolerances for all of the following

simulations are 1.0 x 10719,

Convergence tests and the complexity of the PNCG solvers

To simultaneously demonstrate the spatial accuracy and the efficiency of the solver,
we perform a typical time-space convergence test for the fully discrete scheme (5.10)

for the SS model. As in [34, 71, 77|, we perform the Cauchy-type convergence test
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using the following periodic initial data [71]:

2 dr(y — 1.4
u(,y,0) = 0.1sin’ (%> <%>

—0.1cos (w) - sin (%Ty) , (5.21)

with Q = [0,3.2)2, e = 1 x 107}, s = 0.1h? and T = 0.32. We use a quadratic
refinement path, i.e., s = Ch?. At the final time 7" = 0.32, we expect the global
error to be O(s) + O(h?) = O(h?) under either the ¢* or ¢ norm, as h,s — 0. The
Cauchy difference is defined as dy := ¢y, —TZ/(én,), where T/ is a bilinear interpolation
operator (We applied Nearest Neighbor Interpolation in Matlab, which is similar to
the 2D case in [31, 34] the 3D case in [27]). This requires having a relatively coarse
solution, parametrized by h., and a relatively fine solution, parametrized by hy, in
particular h, = 2h;, at the same final time 7. The ¢ norms of Cauchy difference and
the convergence rates can be found in Table 5.1 which confirms our expectation for
the first order in time and second order in space convergence.

Table 5.1: Errors, convergence rates, average iteration numbers and average CPU
time (in seconds) for each time step. Parameters are given in the text, and the initial
data is defined in (5.21). The refinement path is s = 0.01h.

PNCG1 PNCG2
Fe hy [0, Rate e Topulh) (0o,  Rate Fuer Topulhy)
3232 50944 x 1073 - 4 0.0007 5.0944 x 10~3 - 4 0.0007
ﬁ ﬁ 1.1500 x 10~2  2.38 2 0.0026 1.1500 x 10~2  2.38 2 0.0025
% % 2.4689 x 10_il 2.22 2 0.0220 2.4688 x 10~*  2.22 2 0.0129
@ @ 5.8656 x 107>  2.07 2 0.0674 5.8656 x 1075 2.07 2 0.0653
32 32 14463 x 1075 2.02 2 0.4542 1.4463 x 10~°  2.02 2 0.4533

256

[t
.
o

In the second part of this test, we demonstrate the complexity of the PNCG
solvers with initial data (5.21). In Figure 5.1 (a) and (c), we plot the semi-log scale
of the relative residuals versus PNCG1 and PNCG2 iteration numbers for various
values of h, respectively. The other common parameters for the h-independence are
0 =10,32]%e=1x10"1 s=0.001, T = 1 x 1072 with time steps s = 1 x 1072 and
the initial data (5.21). And the semi-log scale of the relative residuals versus PNCG1
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and PNCG2 iteration numbers for various values of ¢ can be found in Figure 5.1
(b) and (d), respectively. The other common parameters for the e-dependence are
0 =10,3.2]2, h =32/512, s = 0.001, T = 1 x 1072 with time steps s = 1 x 1073 and
the initial data (5.21). Figure 5.1(a) and (c) indicate that the convergence rates of
PNCG solvers (as gleaned from the error reduction) are nearly uniform and nearly
independent of h for a fixed e. Figure 5.1(b) and (d) show that the number of
PNCG iterations increases with the decreasing of €. Moreover, Figure 5.1(b) and
(d) indicate that the PNCG2 is more efficient and robust than PNCG1. Figure 5.1
provides the similar geometric convergence rate of the PNCG solvers predicted by the

theory in [34].

h=1/32 =0.05
:&n:wals *e=0.03
h=1/128 0% =0.02 | 1
1074 ~% h=1/256 | =0.01
_ —-h=1/512 _
E 10 §
2 g 7
k<] ks)
8
% 108 § 10
€ e
o o
3 g 10°
8 10'10 S
(%] 1]
10710 *
10712 101
0 2 4 6 8 10 12 2 4 6 8 10 12
PSD lterations PSD lterations
(a) h-independence for PNCGI. (b) e-dependence for PNCG2.
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h=1/32 @ 005
:&n:wsls &y e=0.08
h=1/128 =0.02 | 3
10 % h=1/256 | =% =0.01
_ —-h=1/512 _
3 z
he] b}
8 8
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5 w0° :
c\‘n &
3 8 *
8 wr N ™ S S
@ 10 @ *
<
%
10712 - ' ' ' ; -
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(¢) h-independence for PNCG1. (d) e-dependence for PNCG2.

Figure 5.1: Complexity tests showing the solver performance for changing values of
h and e. Parameters are given in the text, and the initial data is defined in (5.21).
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In the third part of this test, we perform some comparisons between the proposed
PNCG solvers and the PSD solver. The parameters for the comparison simulations are
0 =10,12.8%, e = 3x1072 h = 128/512, s = 0.01, and T' = 0.32. The average iteration
numbers, total CPU time (in seconds) and speedups for the preconditioned methods
can be found in Table 5.2. The Table 5.2 indicates that the PNCG1 solver and PNCG2
solver have provided a 1.34x and 1.39x speedup over PSD solver, respectively. The
error reductions at 7' = 1 (100th iteration) in Figure 5.2 (a) indicates the PNCG
solvers have less iteration numbers and faster error reduction at each time iteration.
And energy evolutions in Figure 5.2 (a) show that the preconditioned solvers have

the same energy evolutions.

Table 5.2: The average iteration numbers and total CPU time (in seconds) for
the preconditioned methods with fixed time steps s = 0.01 and initial data (5.21).
Parameters are given in the text.

Scaled 2-norm of the Residual

Methods PSD PNCG1 | PNCG2
#iter 17 13 12
Tepu(s) | 232.2665 | 173.2407 | 167.6591
Speedup - 1.34 1.39
2ol | |

5

10
Iterations

15

20

(a) The error reduction at 7' =1 .

30

25

Energy

20

0.2

0.4
Time

0.6

08 Kl

(b) Energy evolutions.

Figure 5.2: The error reductions at T' = 1 and energy evolutions for the preconditioned
solvers. Parameters are given in the text, and the initial data is defined in (5.21).
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Long-time coarsening process, energy dissipation and mass conservation

Coarsening processes in thin film systems can take place on very long time scales [57].
In this subsection, we perform long time behavior tests for SS model. Such test, which
have been performed in many places, will confirm the expected coarsening rates and
serve as benchmarks for our solver. See, for example, |71, 77]. The initial data for

the simulations are taken as essentially random:
ug; = 0.05- (2r;; — 1), (5.22)

where the r; ; are uniformly distributed random numbers in [0, 1]. Since all of the
solvers give similar results, we only present the results from PNCG2 in the fellowing
content of this subsection. Time snapshots of the evolution for the epitaxial thin
film growth model can be found in Figure 5.3. The coarsening rates are given in

Figure 5.4. The interface width or roughness is defined as

Wit = | 1SS0, - o2 (5.23)

i=1 j=1

where m and n are the number of the grid points in = and y direction and ¢ is the
average value of ¢ on the uniform grid. The log-log plots of roughness and energy
evolution and the corresponding linear regression are presented in Figure. 5.4. The
linear regressions in Figure. 5.4 indicate that the surface roughness grows like ¢'/3
and the energy decays like ¢'/3. In particular, the linear fits have the form a.t% with
a. = 11.2,b, = —0.3315 for energy evolution and a,t with a, = 0.0025, b, = 0.3255
for roughness evolution. Those decay properties confirm the one-third power law in
[58]. Moreover, these simulation results are consistent with earlier work on this topic
in [34, 71, 77, 83].

The PNCG2 iterations and mass difference at each time steps for the simulation

depicted in Figure 5.3 are presented in 5.5. The PNCG2 iterations indicate that the
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average iteration number of PNCG2 solver is only 3. And the mass difference at each

time steps clearly shows the mass Conservative property.

t = 6000 t = 10000

Figure 5.3: Time snapshots of the evolution with PSD solver for the epitaxial thin film
growth model at ¢ = 10, 100, 500, 1000, 6000 and 10000. Left: contour plot of u, Right:
contour plot of Au. The parameters are ¢ = 0.03,Q = [12.8)> and s = 0.01. These
simulation results are consistent with earlier work on this topic in [34, 36, 71, 77, 83].
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Figure 5.4: The log-log plots of energy and roughness evolution and the corresponding
linear regression for the simulation depicted in Figure 5.3.

5 o x10™"
20 1
g5 1 8
s g
2 9
3 F
51 1
00 2060 4060 6060 8060 100‘00 12000 730 20(‘)0 4060 6060 8060 10600 12000
Time Time
(a) PNCG2 iterations (b) Mass difference

Figure 5.5: PNCG2 iterations and mass difference at each time steps for the simulation
depicted in Figure 5.3.
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5.3 Adaptive time-stepping method for the First-
Order-In-Time Scheme

As we have proven in section 5.2, the proposed scheme is unconditionally energy
stable which allows us to adopt large time steps to the simulations. However, for the
sake of accuracy, large time steps are not proper for a rapidly phase transformation.
In order to make the proposed scheme much more practical, we apply the adaptive
time stepping strategy in [69, 85, 86] based on the change ratio of the free energy.

The adaptive time steps is defined as follows:

Smax
= ma mins , 5.24
’ “(8 ¢1+a|csch<¢>|2) (524)

where « is a constant, d; is the derivative w.r.t. time and s.;, and sy, are pre-set
lower and upper bound of the time steps, respectively. By introducing the pre-set
time steps, the sy, can force the adaptive time steps bounded from below to avoid
too small time steps and the s,,., gives the upper bound of the time steps to guarantee
the accuracy. Consequently,

Smin S S S Smax-

5.3.1 Numerical Experiments

In order to make the proposed scheme much more practical, we investigate the
adaptive time stepping strategy in this subsection. The Figure 5.24 (a) and (c)
indicate that the energy decays and adaptive time steps are the same, which
demonstrate the robustness of the proposed preconditioned methods. Moreover,

according to the t=1/3

reference line in Figure 5.24 (a), we can conclude that the
energy FEj, decays like t~'/3. From the Figure 5.24 (b), we can observe that the
masses are conservative in sense of 107!'. The adaptive time steps and the number

of iterations at each time steps are presented in Figure 5.24 (c¢) and (d), respective.
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From Figure 5.24 (d), we can clearly see that the PNCG solvers have less iteration
numbers than the PSD solver. Moreover, the total CPU time in Table 5.3 shows
that the adaptive time stepping approach can greatly save CPU time without losing

accuracy.
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Figure 5.6: Adaptive time-stepping methods with adaptive time steps (5.24). The
rest of the parameters are 2 = [0,12.8]%, ¢ = 3.0 x 1072, h = 128/512, smin = 1.07%,

smax = 1.0.
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Table 5.3: The total CPU time (in seconds) and speedups for the preconditioned
methods with adaptive time steps for the simulation depicted in Figure 5.6.
Parameters are given in the text.

Methods PSD PNCG1 PNCG2
Tepu(s) | 106968.8356 | 75029.2439 | 70657.7581
Speedup - 1.43 1.51

5.4 Application to Epitaxial Thin Film Growth Model
with Second-Order-In-Time Backward Differen-
tiation Formula Scheme

The content in this chapter has been published in [36], for more details please refer

to [36].

5.4.1 Convergence test and the complexity of the Precondi-

tioned solvers

In this subsection we demonstrate the accuracy and complexity of the preconditioned
solvers. We present the results of the convergence test and perform some sample
computations to investigate the effect of the time step s and stabilized parameter A
for the energy F,(¢).

To simultaneously demonstrate the spatial accuracy and the efficiency of the
solver, we perform a typical time-space convergence test for the fully discrete scheme
(4.6) for the slope selection model. As in [14, 71, 77|, we perform the Cauchy-type

convergence test using the following periodic initial data [71]:

u(z,y,0) = 0.1sin? (%U) sin (M)
0.1 cos (M) - sin (%Ty) | (5.25)
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with Q = [0,3.2]%, ¢ = 0.1, s = 0.01h, A = /16 and T = 0.32. We use a linear
refinement path, i.e., s = Ch. At the final time T" = 0.32, we expect the global
error to be O(s?) + O(h?) = O(h?), in either the ¢? or {* norm, as h,s — 0. The
Cauchy difference is defined as 6y := ¢y, —Z/ (¢p.), where Z/ is a bilinear interpolation
operator (with the Nearest Neighbor Interpolation applied in Matlab, which is similar
to the 2D case in [31, 34] and the 3D case in [27]). This requires a relatively coarse
solution, parametrized by h., and a relatively fine solution, parametrized by hy, in
particular h. = 2hy, at the same final time. The ¢* norms of Cauchy difference and
the convergence rates can be found in Table 5.4. The results confirm our expectation
for the second-order convergence in both space and time.

Table 5.4: Errors, convergence rates, average iteration numbers and average CPU

time (in seconds) for each time step. Parameters are given in the text, and the initial
data is defined in (5.25). The refinement path is s = 0.01h.

PSD PNCG1 PNCG2
hc hf ||5¢ || 2 Rate #iter Tcpu (hf) #iter Tcpu (hf) #iter Tcpu (hf)
z% % 1.3938 x 1072 - 11 0.0019 9 0.0016 9 0.0015
% % 1.7192 x 1073 3.02 10 0.0103 9 0.0093 8 0.0085
% % 3.8734 x 107 215 08 0.0529 8 0.0486 7 0.0454
% % 9.4766 x 1075 2.03 07 0.2512 7 0.2038 6 0.2046
% E?Tzz 2.3564 x 107° 2.01 07 1.6650 7 1.6268 6 1.5207

In the second part of this test, we demonstrate the complexity of the precondi-
tioned solvers with initial data (5.25). In Figure 5.7, we plot the semi-log scale of the
relative residuals versus preconditioned solvers’ iteration numbers for various values
of h and € at T = 0.02, with time step s = 1073. The other common parameters
are set as A = 1/16, Q = [0,3.2]2. The figures in the top row of Figure 5.7 indicate
that the convergence rate (as gleaned from the error reduction) is nearly uniform and
nearly independent of h for a fixed €. And the plots in the bottom row of Figure 5.7
show that the number of preconditioned solvers’ iterations increases with a decreasing
value of €, which confirms the theoretical results that the PSD solver is dependent on

parameter ¢ in [34]. Figure 5.7 confirms the expected geometric convergence rate of
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the PSD solver predicted by the theory in [34]. Moreover, the number of the interation
steps in Figure 5.7 also indicate that PNCG2 is the most efficient one and PNCG1 is

better than PSD, especially when ¢ is small.

Scaled 2-norm of the Residual
Scaled 2-norm of the Residual

Scaled 2-norm of the Residual

Scaled 2-norm of the Residual
Scaled 2-norm of the Residual

Scaled 2-norm of the Residual

5 10 15 20 25 0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
PSD lterations PNGGH lterations PNCG2 Iterations

Figure 5.7: Complexity tests showing the solvers’ performance for changing values of
h and . Top row: h-independence with € = 0.1; Bottom row: e-dependence with
h = 32/512. The rest of the parameters are given in the text.

In the third part of this test, we perform CPU time comparison between the
proposed preconditioned solvers and the PSD solver with random initial data. The

initial data for the simulations are taken as essentially random:
ug; = 0.05- (2r;; — 1), (5.26)

where the 7; ; are uniformly distributed random numbers in [0, 1|. The parameters for
the comparison simulations are Q = [0,12.8]%, e = 3x 1072, h = 128/512, s = 0.001 and
T = 1. The average iteration numbers, total CPU time (in seconds) and speedups
for the preconditioned methods can be found in Table 5.5. The Table 5.5 indicates
that the PNCG1 solver and PNCG2 solver have provided a 1.37x and 1.45x speedup

over PSD solver, respectively.
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Table 5.5: The average iteration numbers and total CPU time (in seconds) for the
preconditioned methods with fixed time steps s = 0.001. Parameters are given in the

text.
Methods PSD PNCG1 PNCG2
Fiter 20 14 13
Tepu(s) | 4406.1764 | 3212.2898 | 3035.4369
Speedup - 1.37 1.45

In the fourth part of this test, we investigate the effect of the parameters s and
A for the energy Fj(¢) with initial data (5.25). Since the proposed solvers give the
same results, we only present the results from PSD solver in the rest of the thesis.
The evolutions of the energy with various time steps s and stabilized parameter A are
given in Figure 5.8. As can be seen in Figure 5.8(a), the larger time steps produce
inaccurate or nonphysical solutions. In turn, Figure 5.8(a) indicates the proper
time steps and provides the motivation of using adaptive time stepping strategy.

Figure 5.8(b) shows that the proposed scheme and PSD solver is not that sensitive
to the stabilized parameter A when A < 1.
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$=0.005 A=1
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(a) evolutions of energy w.r.t various s (b) evolutions of energy w.r.t various A

Figure 5.8: The effect of time steps s and stabilized parameter A for the energy F,(¢).
Left: the effect of time step s. The other parameters are Q = [0,3.2]%, ¢ = 3.0 x 1072
and A = 1/16; Right: the effect of stabilized parameter A. The other parameters are
Q=10,3.2]2, e=1.072 and s = 0.001.
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5.4.2 Long-time coarsening process, energy dissipation and

mass conservation

Coarsening processes in thin film system can take place on very long time scales [57].
In this subsection, we perform long time simulation for the SS equation. Such a
test, which has been performed in many existing literature, will confirm the expected
coarsening rates and serve as a benchmarks for the proposed solver; see, for example,
[34, 71, 77].

The initial data for this simulations are taken as (5.26). Time snapshots of the
evolution for the epitaxial thin film growth model can be found in Figure 5.9. The
coarsening rates are given in Figure 5.10. The interface width or roughness is defined

as

h2 -
m

ORI CAER (5.27)

where m and n are the number of the grid points in = and y direction and ¢ is the
average value of ¢ on the uniform grid. The log-log plots of roughness and energy
evolution and the corresponding linear regression are presented in Figure. 5.10. The
linear regression in Figure. 5.10 indicates that the surface roughness grows like ¢t!/3,

/3 which verifies the one-third power law predicted

while the energy decays like ¢~
in [58]. More precisely, the linear fits have the form a.t* with a. = 3.09870,b, =
—0.33554 for energy evolution and a,,t’" with a, = —5.35913,b,, = 0.32555 for
roughness evolution. The linear regression is only taken up to ¢ = 3000, since the
saturation time would be of the order of €2 under the scaling that we have adopted

[71]. These simulation results are consistent with earlier works on this topic in [34,

71, 77, 83).
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t = 4000 t = 10000

Figure 5.9: Time snapshots of the evolution with preconditioned solvers for the
epitaxial thin film growth model at ¢ = 10,100, 500, 2000,4000 and 10000. Left:
contour plot of u, Right: contour plot of Au. The parameters are ¢ = 0.03,Q2 =
[12.8]%,s = 0.001, h = 128/512 and A = 1/16. These simulation results are consistent
with earlier work on this topic in [34, 71, 77, 83].
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Figure 5.10: The log-log plots of energy and roughness evolution and the
corresponding linear regression for the simulation depicted in Figure 4.7.
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Chapter 6

Conclusions

A preconditioned steepest descent (PSD) solver is proposed and analyzed for fourth
and sixth-order regularized p-Laplacian equations. Solution of the highly nonlinear
finite difference equations are equivalent to the minimizations of associated strictly
convex energies. The energy dissipation property of the PSD solver leads to a bound
for the numerical solution at each iteration stage. This fact, coupled with an upper-
bound for the second derivative of the energy with respect to the metric induced by
the pre-conditioner, leads to a geometric convergence rate for our (PSD) solver, which
is proved rigorously for both the continuous and discrete space cases. In the present
setting the pre-conditioner is a linear, constant-coefficient, positive, and symmetric
finite difference operator. The key to the efficiency of our method is that this pre-
conditioner can be efficiently inverted using the FFT. Various numerical results are
presented in this thesis, including a convergence test and a complexity analysis for
the PSD solver, as well as long-time simulation results for the thin film epitaxy model
with slope selection (both p =4 and p = 6) and the square phase field crystal model.

Since we have shown rigorously that our equations result as the gradients of strictly
convex functionals, it also possible to use Newton’s method (or a quasi Newton’s
method) to solve the nonlinear equations. One will still obtain global convergence,

and in fact, we expect the convergence rate to be faster than geometric. On the
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other hand, in the case of (3.34), say, Newton’s method requires one to invert a
complicated, non-constant coefficient, fourth-order linear finite difference equation.
One could not use FFT for the inversion of this operator but would have to design an
efficient solver for this purpose. This is a non-trivial task. So, in summary, although
the (quasi) Newton’s method would give a faster convergence rate than the PSD solver
— in particular, super-linear convergence ||| < C|e*||?, 8 > 1, versus a geometric
convergence rate — the PSD solver is, at least currently, much more efficient.

Based on the PSD solvers’ framework, we also proposed two efficient and practical
Preconditioned Nonlinear Conjugate Gradient (PNCG) solvers. In order to make the
proposed solvers and scheme much more practical, we also investigate the adaptive
time stepping strategy.

Numerical simulations for some important physical application problems -
including thin film epitaxy with slope selection, the square phase field crystal model
and functionalized Cahn-Hilliard equation — are carried out to verify the efficiency of

the schemes and solvers.
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Appendix A

Proof of discrete Sobolev inequality

A.1 Proof of Lemma 2.2.2

Herein we only present the proof of (2.2.2) in Lemma 2.2.2 with d = 2 and p = 4. The
other cases can be handled in the same way. Without loss of generality, we assume
thatm:N:2K+1isoddande:Ly:L,sothath:%:ﬁ. We use N,
rather than m, for the mesh size, as it is more standard.

For simplicity of presentation, we are focused on the estimate of ||D,ul|4, and we

aim to establish the following estimate:
ORI i 5
[Doully < Co lullz - [[Apully , Vu € Crer (A1)

where Cél) > (0 depends upon L, but is independent of h and u. Due to the periodic
boundary conditions for v and its cell-centered representation, it has a corresponding

discrete Fourier transformation:

u; = Z aé\’fme%ri(&m—s—myj)/L7 (AQ)
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where 2; = (i — 3)h, y; = (j — $)h, and @, are discrete Fourier coefficients. Then

we make its extension to a continuous function:

K
uF(az,y): Z aé\fmGZM(éx-i-my)/L‘ (AB)
lm=—K
Similarly, we denote the grid function f := D,u € &57. The periodic

boundary conditions for f and its (east-west-edge-centered) mesh location indicates

the following discrete Fourier transformation:

K
fi+1/2,j = Z fé’vmeQTF’L(gJJi+1/2+myj)/L7 (A4)
Im=—K

with f¥  the discrete Fourier coefficients. Its extension to a continuous function is

given by
K

fe(zy) =Y [t (A.5)

bm=—K

Meanwhile, we observe that ﬁé\fo = 0 and f(% = 0. The first identity comes from

the fact that @ = 0, while the second one is due to the fact that f = Dyu = 0, for
any periodic grid function wu.
The following preliminary estimates will play a very important role in the later

analysis.

Lemma A.1.1. We have

Julz = sl (A.6)
olBurl < vl < [ Auel] (A7)
Jocell < [|o2uel]. 10, 7ell < 10:0,ue] (A8)
el s < el (A.9)

per
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Proof. Parseval’s identity (at both the discrete and continuous levels) implies that

N-1 K
d luiglP = N> Al
i,j=0 tm=—K
K
lugl* = L* Y fag,)*
bm=—K

Based on the fact that AN = L, this in turn results in
K
2 2 N
lully = luel® = L2 > lag/,

Lm=—K

so that (A.6) is proven.

(A.10)

(A.11)

(A.12)

For the comparison between f = D,u and 0,up, we look at the following Fourier

expansions:
Wit1,j — Uiy
fi+1/2,j = (Dxu)iJrl/Q,j = h
K
— § weagme2ﬂl(fzi+1/2+myj)/L7
bm=—K
K
_ ~N 2mwi(lz+my)/L
fF<x7y) - E wguf,me ( ) )
bm=—K
K
o ~N  2mi(bx+my)/L
azuF(xa y) - § Vpthp m© ( v/ )
lm=—K
with
27 sin “Th 2071
Wy = ————, Up=———7"

h L

A comparison of Fourier eigenvalues between |w,| and |v,| shows that

2
—|ve| < |we| < ||, for —K</l<K.
T
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(A.14)

(A.15)

(A.16)

(A.17)



For the estimate (A.7), we look at similar Fourier expansions:

K
(Apu);; = Z (Wi +wy,) G, e et/ (A.18)
m=—K
K
Aup(z,y) = Z (v +v2) ﬁgmeQWi(é‘”+my)/L. (A.19)
m=—K

In turn, an application of Parseval’s identity yields

K
2.
Awully =L > Jwi +wl|” g, (A.20)
Lm=—K
K
2.
[Aup|* =L> > |7+ v2| g, (A.21)
lm=—K

The eigenvalue comparison estimate (A.17) implies the following inequality:
4
= v+ 02| < |wp +wl| < v+ v2], for —K<{m<K. (A.22)

As a result, inequality (A.7) comes from a combination of A.20, (A.21) and (A.22).

For the estimate (A.8), we observe the following Fourier expansions:

K

afo<-T,y) = Z Véw[aé\fmeQﬂi(fr+my)/L’ <A23>
Im=—K
K
Qup(z,y) = v tig, e et/ (A.24)
bm=—K

which in turn leads to (with an application of Parseval’s identity)

K
10.fell* = L2 D rew [ag),, [, (A.25)
Lm=—K
K
|02ue|” =22 > |wllad, . (A.26)
Lm=—K
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Similarly, the following inequality could be derived, based on the eigenvalue

comparison estimate (A.17):
lvew)® < |vl*, for —K<¢m<K. (A.27)

Consequently, a combination of (A.25), (A.26) and (A.27) leads to the first inequality
in (A.8). The second inequality, ||0,fr| < ||0,0,ur||, could be derived in the same
manner.

For the last estimate (A.9), we observe that

1 N
el =22 > g [P (A.28)

per

Meanwhile, the derivation of the following inequality is straight forward:

1

i + v

2 2
- wel* = [oe] < i <1, V(m)=#D0, (A.29)

AT el T

in which the eigenvalue estimate (A.17) was used again in the second step. In
comparison with (A.11), we arrive at (A.9). The proof of Lemma A.l1.1 is
complete. O

The following lemma gives a bound of the discrete #* norm of the grid function f,

in terms of the continuous L* norm of its continuous version fg.

Lemma A.1.2. We have

1flla < V2] fol s (A.30)

Proof. We denote the following grid function

2
Gi+1/2,j = (fi+1/2,j) . (A.31)

139



A direct calculation shows that

1711, = (lgll,)? - (A.32)

Note that both norms are discrete in the above identity. Moreover, we assume the

grid function ¢ has a discrete Fourier expansion as

K
Ji+1/25 = Z (G2 e me T iyt (A.33)

lm=—K

and denote its continuous version as

K
Glzy)= Y (GN)eme™ ™) € Py (A.34)

Lm=—K

With an application of the Parseval equality at both the discrete and continuous

levels, we have

K
. 2

lalls = 1GI* = > [@)em|”- (A.35)

m=—K

On the other hand, we also denote

2K

H,y) = (fe(w, ) = S (W)™ ) ¢ Py (A.36)
m=—2K

The reason for H € Py is because fr € Px. We note that H # G, since H € Poy,
while G € Pk, although H and G have the same interpolation values on at the
numerical grid points (x;,y;41/2). In other words, g is the interpolation of H onto
the numerical grid point and G is the continuous version of ¢ in Pg. As a result,

collocation coefficients g for G are not equal to AN for H , due to the aliasing error.
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In more detail, for —K < ¢, m < K, we have the following representations:

.

(BN Yo + (W) ey nm + (BN ) omin + (W) ey Nman, €< 0,m <0,
(WY + (W) psnm, £ < 0,m =0,

Yo + (W) esnm + (BN o v + (W) e nm—n, €< 0,m > 0,
(WY oam + (BN Yo v + (B ) e + (BN, £ > 0,m > 0,

G )em =8 (W) g + (V) onmy €> 0,m =0, (A.37)

(HN)E,m + (W) oonm + (RN o man + (iLN)g_N,erN, ¢>0,m <0,
(WYY om + (W) gy €= 0,m < 0,

(W) gm, €= 0,m =0,

(WY + (W) g, € =0,m > 0.

\

With an application of Cauchy inequality, it is clear that

K 2

D

Lm=—K

2K

Z (BN)E,m

Im=—2K

(gév)&mf S 4

(A.38)

Meanwhile, an application of Parseval’s identity to the Fourier expansion (A.36)

gives
2K 2
IHIP=] > (0Y)em (A.39)
Lm=—2K
Its comparison with (A.35) indicates that
lgllz = IGI* < 4157, e llgll, <2 H], (A.40)

with the estimate (A.38) applied. Meanwhile, since H(z,y) = (fr(z,y))*, we have

I felle = (1H])? . (A.41)
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Therefore, a combination of (A.32), (A.40) and (A.41) results in
1 1
1£1ly = Clglls)* < 2NH1)? < V211 fell - (A.42)

This finishes the proof of (A.30). O
Now we proceed into the proof of Proposition 2.2.2.

Proof. We begin with an application of (A.30) in Lemma A.1.2:
IDzulls = |1 flla < V2| frlla- (A.43)
Meanwhile, using the fact that fg = 0, we apply the 2-D Sobolev inequality and get

1 3
Ifellee < Cllfelly < Cllfelliy - 195l (A.44)

Moreover, the estimates (A.6) — (A.9) (in Lemma A.1.1) indicate that

1/l < llupll = [Jull2, (A.45)
2 7T2M0
10x fell < ||02ur|| < Mo [|Aup|| < 1 1Anule, (A.46)
2 M,
10, fe | < 10:0urll < Mo [|Aup| < — S Al (A.47)
so that
V21 M,
|V fell < TO||AhU||27 (A.48)

where the following elliptic regularity estimate is applied:

|0z u|

10:0yupl| < Mo || Aupl|.
Therefore, a substitution of (A.102), (A.105) and (A.101) into (A.100) results in

1 3 3
IDoulls < C§Vulld - | Apulld,  with C§ = 27580 7%/2,
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The estimate for || D,ul|4 could be derived in the same fashion. The result is stated

below; its proof is skipped for the sake of brevity.
OITE: i
[1Dyulls < Co - flully - [[Anull3 -
Moreover, by the definition of ®,u and D,u we get
1Daulls = |Ay(Dow)lls < | Dpulls;  1Dyulls = | A(Dyu)lls < [[Dyuls.

As a consequence, the first case of (2.2.2) (with d = 2, p = 4) is valid, by setting
Co = \/50(()1). The other cases could be analyzed in the same way. This finishes the
proof of Proposition 2.2.2. O

A.2 Proof of Lemma 4.4.10

We will need the following discrete inequality:

Lemma A.2.1. For any vertez-centered grid function f € Vyer, we have

(f. )y =(1 1% > (L (2Af)?),. (A.49)

Proof. Based on the definition of the average operator 2, we have the following

expansion and estimate:

1 2
(Qlf)zzj = (Z(fi—l/Q,j—lﬂ + fiv12,5-172 + ficry25412 + fi+1/2,j+1/2))

1
< 1 ( 1'2—1/2,]'—1/2 + fz%rl/2,j—1/2 + fi2—1/2,j+1/2 + fz%rl/Q,j+1/2) . (A.50)
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Therefore, by summing over the grid index, in combination with the index counting,

we arrive at
DA S D Fgiae (A51)
Y] Y]
In turn, estimate (3.21) is a direct consequence of this inequality. This finishes the
proof of this lemma. O

Using the last lemma, we are ready to prove Lemma 4.4.10:

Proof. We denote g(¢) := 3¢*A|VU¢|*, at each cell center grid point (i,7).
Consequently, we obtain Gi(¢) = (1, 9(6)), and H(6) = Gu(®) + A(l¢ll; + [Violl).

The following inequalities are evaluated at a point-wise level, for any ¢;, ¢s:

2
(¢1+¢2) §¢%+gb§7 at (7,7),
2 2
2 v v
'vz(‘m;@) S\vhd)ﬂ?;\vmz!{ at (i+1/2,5+1/2),

which come from the convexity of ¢(x) = 2% and () = x - Y. Moreover, taking an

average operator 2 to the second inequality leads to the following estimate:

2 v v
Q‘(‘Vﬁ <¢1 +¢2) ) < 2D FAEIED ),
2 2
These inequalities in turn imply that
o1+ 02\ o1+ b2\ o (10|
o(%37) - (057) 2w (*52)])

3¢§ + @3 _ A(| Vi) + A(|Vyoa]?)
2 2 ’

IN
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Vralea) _ 393|Vhon| +303|Vhoa|”
2 o 2

at a point-wise level. A careful comparison with 91

shows that
9(¢1) + g(¢2) (¢1 + ¢2)
A
o 3(e1 = ¢) (AU Vaen|*) — A(Vidal*)
- 4
3
2 -3 (61 — 03)* + (A Vi [ = [Viesl*)?) - (A.52)
Similarly, the convexity of g4(z) = 2* and r4(x) = |x|* indicates the following
inequalities:

4 4 4
bt _ (¢1 * ¢2) > (662000 = (B - P b (1A 53)

2 2
and
Vioi|* + |Viga|* ¢+ 0o\ |
— VY| ——=—= A.54
; Vi 75 (A.54)
3
> S(Visil' + [Vidal' = 2 Vil - [V5eal)
3 . .
> S(Vien = Viaal*)’, at (i4+1/2,5+1/2). (A.55)

Meanwhile, the following estimate is available, with an application of inequality (A.49)

in Lem. A.2.1, by taking f = [Vi¢|* — |Vige|*:
(L, (IVien* = [Viga*)?) > (LANVEo [ — [Vieal*)?), . (A.56)

As a result, a combination of (A.52), (A.53), (A.55) and (A.56) yields

Hi(d1) + Hi(p2) 9, <¢1 + P2

! ! )zo, Vo, by, i A> 1.

The convexity of H(¢) is assured under the condition A > 1. O
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A.3 Proof of Proposition 4.4.9
We will need the following average-shift identity:

Lemma A.3.1. (¢,A¢), = (ag, ) for any ¢ € Cper, ¥ € Vper-

Now, we are ready to prove Proposition. 4.4.9.

Proof. From the definitions of the discrete norms, we have

Halo] = Allolly+AViolly+3 (6% A(V}e%)),
= A(|¢[",1), + A(Vigl", 1) + 3 (6%, A(IViel),
= A(lg" 1), + A{[(D:0)* + (D,0)*1°, 1) + 3 (6°, A[(D20)* + (Dy0)?]),,

So the perturbation of the discrete energy is

Hilop+ 5] = A(lo+sv[',1), + A([(Dalo + s1))* + (Dy (¢ + s¢))*%, 1)
+3 (¢ + sv)%, A[(Da(¢ + 51))* + (Dy (6 + 51))%]),, -

and the first variational derivative is

Mato 4 s0] = 4A((0+s0)"9),
+ AA([(Dr0 + 5D,0)° + (Dyo + sD,0)7]
X[(Datp + D)D) + (Dy¢p + 5Dy 1) Dy, 1)
+ 6((0+ )0, A(Dadh + D01)* + (Dyo + 59,1)%),
+ 6 ((0+59)%, A(Dad + 5D:0) D) + (D + 5Dy 1) Dy 1)), -

setting s = 0 yields

5
%W + s¢]|5:0 = 44 (¢3’ ¢)2
+ AA[(D:0)* + (D,0) ][00, + Dy¢D,1], 1)
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+ 6(00, A(D20)" + (949)7]), + 6 (¢*, AD20Du1) + Dy ¢Dy0)),

= 4A(¢%¥),

+ AA(D:0)” + (D40) ][00, Dath) + 4A([(Da0)” + (Dy0)*1Dy 0, D))
+ 6 (oA[(D20)% + (D,40)°],9),

+ 6 (0°A(D0D,1) 1), + 6 (¢°A(Dy¢Dy1) , 1),

Applying Lem.A.3.1 yields

OHp,

?[¢] = 4A (¢37 ¢)2

+ AA([(D20)° + (Dy0)*]D2¢, Da10) + 4A([(D:20) + (Dy9)*| Dy, Dy¥0)
+ 6 (0A(De0)” + (Dy9)?], 1), + 6 (a (6°) Dap, Do) + 6 (a (¢%) Dyop, Dyt)) .

By using the summation-by-parts formula, we have

o7

Sl = 44 (8, 0),

— 4A (0, ([(D20)° + (Dy0)%]9:20) . ¥), — 4A (0, ([(D20)? + (Dy9)*1Dy0) , 1),
+ 6 (oA[(D.0)” + (Dy9)?],¥), — 6 (2, (a (¢°) D) , ), — 6 (0, (a (¢*) Dyo) . ¥),.

The proof of Proposition. 4.4.9 is complete. Hence the discrete variational derivative

of Hh is

SHulp] = 4A¢° —4A (0, ([(D:0)? + (D40)*]Da0) + 0y ([(Dat)® + (Dy0)?]Dy0) )
+ 66A[(D.0)” + (D,0)%] — 6 (0 (a (¢) Dutp) + 0, (a (¢%) Dyo)) -
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A.4 Proof of Proposition 2.2.7

For simplicity of presentation, in the analysis of ||V,¢l|lg, we are focused on the
estimate of D,¢||s. Due to the periodic boundary conditions for ¢ and its cell-centered

representation, it has a corresponding discrete Fourier transformation:

K
¢i,j _ Z ¢gme2wi(éxi+myj)/L7 <A57)

lm=—K

where @; = (i — $)h, y; = (j — 3)h, and ggévm are discrete Fourier coefficients. Then

we make its extension to a continuous function:

K

dp(e,y)= ) Opem L, (A.58)
bm=—K

Similarly, we denote a grid function fi+%7j+% = ngqbi-i-%,j—i—% = Ay(ngb)H%,jJr%.

The periodic boundary conditions for f and its mesh location indicates the following

discrete Fourier transformation:

K
B AN 27ri(€xi+l+my-+l)/[’
fi+%,j+% - Z feme 2T (A.59)
m=—K

with f  the discrete Fourier coefficients. And also, its extension to a continuous

function is given by

K
fe(r,y)= > fhemtrmlt (A.60)
K

Cm——
Meanwhile, we also observe that g%\fo = 0 and fé\fo = (0. The first identity comes
from the fact that ¢ = 0, while the second one is due to the fact that f = D,¢ = 0,
for any periodic grid function ¢.
The following preliminary estimates will play a very important role in the later

analysis.
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Lemma A.4.1. We have

16ll2 = llorll, (A.61)
2 4

—IVorll < [Vadll, < [Vorll,  —llAGe[l < [[An0]l, < [[A¢rll, (A.62)
10 fell < ||02ee|l, 10y fell < 110:0,0%] - (A.63)

Proof. Parseval’s identity (at both the discrete and continuous levels) implies that

K K

N—1
S el =N > Adpaalt leelP =L > e (A.64)

i,j=0 tm=—K tm=—K
Based on the fact that AN = L, this in turn results in

K

18115 = lloel® = L* D 1okl (A.65)
bm=—K
so that (A.61) is proven.
For the comparison between f = ®,¢ and 0,¢r, we look at the following Fourier

expansions:

Git1j — Pij + Gi141 — Pijr1 AN 2wl tmy. )/
fopary = = 2h+ - = Z e @™ TR 6G)

lm=—K
fela,y) = Z Hem 2 /L (A.67)
Lm=—K
K
Outp(z.y) = Y vigpe® L, (A.68)
Lm=—K
with
2 {rh Wi
Hem = %cos(mﬂh), vy = — 2”. (A.69)
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A comparison of Fourier eigenvalues between |pi,,,| and |v;| shows that
2
—vg] < pem| < fvef, for =K <£m <K, (A.70)
T
which in turn leads to
2
—[10:¢pl < [D:0ll; < [[0:0pll- (A.71)
A similar estimate could also be derived:
2
110,08 [l < 9491, < [10,0%]l. (A.72)

A combination of (A.71) and (A.72) yields the first inequality of (A.62).

For the second estimate of (A.62), we look at similar Fourier expansions:

K
(Ah(b)’t,] = Z lué + lum ¢€m Zﬂl(ezZery])/L <A73)
lm=—K
K
Agp(z,y) = Z (v +v )@m 2mi(tetmy)/L (A.74)
lm=—K

24 sin {2k 24 sin I

with pp = ———-", iy, = ——;

. It is also clear that 2|vg| < || < |v], for any

—K </ < K. In turn, an application of Parseval’s identity yields

K
2 ~
ARl = L7 D g + w2 | |60, (A.75)
Im=—K
K
2 ~
1Agpl* =L> > |7+ i 1dr.l (A.76)
bm=—K

The eigenvalue comparison estimate (A.70) implies the following inequality:

% i + 02| < g +pl| < |vi+vi], for —K</m<K (A.77)
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As a result, inequality (A.62) comes from a combination of (A.75), (A.76) and (A.77).

For the estimate (A.63), we observe the following Fourier expansions:

K
Oufr(,y) = D Vepom®ppe ™ Hm/E, (A.78)
Lm=—K
K
Dop(z,y) = Y Vidp,e il (A.79)
lm=—K

which in turn leads to (with an application of Parseval’s identity)

K
10:fell® = L7 Y [vipteal |67 1%, (A.80)
bm=—K
2 K ~
10268 |” =L* > |wl'of > (A.81)
{m=—K

Similarly, the following inequality could be derived, based on the eigenvalue

comparison estimate (A.70):
]yg,ug’m]Q < ]yg\4, for — K</ m<K. (A.82)

Consequently, a combination of (A.80), (A.81) and (A.82) leads to the first inequality
in (A.63). The second inequality, |0, fr|| < ||0:0,¢r||, could be derived in the same

manner. The proof of Lemma A.4.1 is complete. O

With the estimates in Lemma A.4.1, we are able to make the following derivations:

19172 = o1z + IVaollz + 1 2ndll2 < llgpl® + [ Vorl® + [ Ade|* < [[or(H:83)

HqﬁFH?{% < By||A¢rl®, (elliptic regularity, since [, ¢p dx = 0), (A.84)
2 4 2 4 2 4 2
so that [l > 5 NAdel” > el > -l (4.85)

so that (2.15) (in Proposition 2.2.7) is proved with C} = W%BO.
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Inequality (2.16) could be proved in a similar way. The following fact is observed:

[0llsc < I¢FllLee < Clidpllmz < Cllol 2, (A.86)

in which the first step is based on the fact that, ¢ is the grid interpolation of the
continuous function ¢y, the second step comes from the Sobolev embedding, while
the last step comes from the the estimates in Lemma A .4.1.

For the proof of (2.17), the last inequality in Proposition 2.2.7, the following
lemma is needed, which gives a bound of the discrete ¢ (with p = 4,6) norm of the

grid functions ¢ and f, in terms of the continuous LP norm of its continuous version

[

Lemma A.4.2. For ¢ € Cper, f € Vper, we have

p p .
ol <\ [Blelir. 15l <\ [Blselrs withp=1.6. (a8

Proof. For simplicity of presentation, we only present the analysis for [ f]|, <
\/g || fr||»; the analysis for ¢ could be carried out in the same fashion. And also, we
are focused on the case of p = 4. The case with p = 6 could be handled in a similar,
yet more tedious way.

We denote the following grid function
2
Gi+dj+i = <fi+%,j+%) : (A.88)
A direct calculation shows that

171l = (lgll,)? - (A.89)
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Note that both norms are discrete in the above identity. Moreover, we assume the

grid function g has a discrete Fourier expansion as

K
. AN 27ri(€a;i+1/2+my.+l)
Jitlj+i = z : (Je )f,me e

2
{m=—K

and denote its continuous version as

K
Glz,y)= D (GN)eme™™ ™) ¢ Py,

Lm=—K

(A.90)

(A.91)

With an application of the Parseval equality at both the discrete and continuous

levels, we have

K
2 2 . 2
lalls = 1GI* = > [@6)em|”-
Lm=—K
On the other hand, we also denote
2K
H(z,y) = (fe(z,9)" = > (W")eme®™ @™ € Py,
bm=—2K

(A.92)

(A.93)

The reason for H € Py is because fr € Px. We note that H # G, since H € Poy,

while G € Pk, although H and G have the same interpolation values on at the

numerical grid points (z, 110U +%). In other words, ¢ is the interpolation of H onto

the numerical grid point and G is the continuous version of ¢ in Pg. As a result,

collocation coefficients g for G are not equal to AN for H , due to the aliasing error.
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In more detail, for —K < ¢, m < K, we have the following representations:

.

(BN Yo + (W) ey nm + (BN ) omin + (W) ey Nman, €< 0,m <0,
(WY + (W) psnm, £ < 0,m =0,

Yo + (W) esnm + (BN o v + (W) e nm—n, €< 0,m > 0,
(Yo + (W) o- v + (BN o + (W) - Nmny € > 0,m > 0,

G )em =8 (W) g + (V) onmy €> 0,m =0, (A.94)

(HN)E,m + (W) oonm + (RN o man + (iLN)g_N,erN, ¢>0,m <0,
(WY g 4 (W) €= 0,m < 0,

(W), € =0,m =0,

(WY + (W) g, € =0,m > 0.

\

With an application of Cauchy inequality, it is clear that

K 2

D

Lm=—K

2K

Z (BN)E,m

Im=—2K

(gév)&mf S 4

(A.95)

Meanwhile, an application of Parseval’s identity to the Fourier expansion (A.93)

gives
2K 2
IHIP=] > (0Y)em (A.96)
lm=—2K
Its comparison with (A.92) indicates that
lgllz = IGI* < 4157, e llgll, <2 H], (A.97)

with the estimate (A.95) applied. Meanwhile, since H(z,y) = (fg(z,y))*, we have

I felle = (1H]2)? - (A.98)
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Therefore, a combination of (A.89), (A.97) and (A.98) results in

£l = (lglln)? < @IH]| )2 < V2| fel e -

(A.99)

This finishes the proof of (A.87) with p = 4, the inequality with p = 6 could be proved

in the same fashion.
Now we proceed into the proof of (2.17) in Proposition 2.2.7.

Proof. We begin with an application of (A.87) in Lemma A.4.2:

19,06 = [l flle < V3| fellzs.

]

(A.100)

Meanwhile, using the fact that fg = 0, we apply the 2-D Sobolev inequality and get

I felle < BN fell < (I fell + 1V fel]).

Moreover, the estimates (A.61)-(A.63) (in Lemma A.4.1) indicate that

™
Ifell < l10:0pll < SIVol2,

2 7T2M0

10: fell < [[026w]| < Mo | Adwll < — = And]l2,
72 M,

10, fell < 10:0,08 [l < Mo [ Ade|l < —=11An0]l2,

4

\/§7T2M0
4

so that || fr|| + |V fr| < (IVroll2 + | Arell2),

in which the following elliptic regularity estimate is applied:

H@%FH 1020y 0r|| < Mo ||Agr]| .
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Therefore, a substitution of (A.103), (A.105) and (A.101) into (A.100) results in

V62 MyBY
[D.0]ls < —°H¢>HH2

The estimate for ||D,¢|/¢ could be derived in the same fashion:

2]\4
1,0l < YOMB

As a consequence, (2.17) is valid, by setting C' = \/§Bél). The

Proposition 2.2.7 is complete.
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proof of
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