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Abstract

In this paper we consider the problem of existence of hypersurfaces with prescribed
curvature in hyperbolic space. We use the upper half-space model of hyperbolic
space. The hypersurfaces we consider are given as graphs of positive functions on

some domain €2 € R" satisfying equations of form

fA) = fB1, o k) =,

where A is the second fundamental form of a hypersurface, f(A) is a smooth sym-
metric function of the eigenvalues of A and 1 is a function of position. If we impose
certain conditions on f and 1, the above equation can be treated as an elliptic, fully

non-linear partial differential equation
G(D?u, Du,u) = (z,u).

We then derive an existence result for the corresponding Dirichlet problem.

1l



Contents
1 Introduction

2 A priori estimates

2.1 Preliminary results . . . . . . ... ...
2.2 Gradient estimates . . . . . . . .

2.3 Second derivative estimates . . . . . . . ...

3 Parametrized curvature equation
4 The main result
Bibliography

Vita

v

32

41

43

46



List of Symbols and Abbreviations

e R": Euclidean space with points (z1,...,x,), ; € R. In this paper n > 2. If
v R Ja = (@ + -+

o Ifx=(xy,...,2,) € R" and y = (y1,...,yn) € R", denote

Y1 Y2 ... TiYn

TalY1 T2Y2 ... T2Yn
rRYy =

Tyl TplYz .. TpUp

Note that = ® x is positive semi-definite for all z € R™.
e 0S: boundary of set S. S: closure of S.
e (): an open, connected and bounded subset of R".
e S, €Sy S; C Sy and S; compact.

e If u:Q CR"— Ris a smooth function, then u; = Dju = dju = 2% Uij =

3_%,7
2 . .
Djju = Ojju = #(;;j, etc. Du = (uq,...,u,) is the gradient of u. |Du| =
(a4 )

We then denote

. D*u = [uy;] is the Hessian matrix of second derivatives of .

|D*u| = || D?ullz = max{|M],..., [Aal},

where {1, ..., \,} is the set of eigenvalues of D?u. The above relation holds

because D?u is symmetric.

o If 3= (01,...,0,), Bi €N, define |5] => 7", f; and

Derivative of u of order k is any derivative D°u with |3] = k.



e (%(Q): the set of continuous functions on . C*(Q): the set of functions having
all derivatives of order < k continuous in . C*(Q): the set of functions from

C*(Q) all of whose derivatives of order < k have continuous extension to ().

e Definefor0<a <1

flon@ = sup HD =W
) AT

If [flce(q) is finite, we say that f is uniformly Holder continuous with exponent
a in €. If f is uniformly Holder continuous in every compact subset of 2, we

say that f is locally Holder continuous in §2.

C*(€): the space of functions in C*(Q) whose k-th order partial derivatives

are uniformly Holder continuous with exponent « in €.

Ck2(Q): the space of functions in C*(Q) whose k-th order partial derivatives

are locally Holder continuous with exponent « in 2.

CHO(Q) = CF(Q) and C*O(Q) = CH(Q).

e Set

[u]cro(q) = sup | D*u| = sup sup | D"l
Q Bl=k Q

[u] o) = sup [Du]ce o)
|Bl=k

n

|ulor@) = Z[U]Cm(n)

=0
U] craqy = |ulor@) + [U]cko )
The spaces (C*(Q), |- |or@) and (C**(),] - [cra(qy) are Banach spaces.

e The Laplacian of u € C?*(Q) is defined by
i=1

vi



o We will often omit the limits of summation. In particular,

n n n
E means 5 , E means E g , etc.
i i=1 i,

i=1 j=1
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1 Introduction

The question of existence of hypersurfaces of prescribed curvature is an important
problem in differential geometry. It is often stated as a problem of finding a hyper-

surface M satisfying the equation

(1.1) f(RIM]) =4,

where f is a smooth symmetric function, x[M] is a vector of principal curvatures
of M and 9 is a function of position (or of position and normal vector). Usually

there are also some boundary conditions imposed on M. Hypersurfaces of prescribed

mean curvature satisfy (1.1) with f(ky,...,k,) = K1 + -+ + Ky, while hypersurfaces
of prescribed Gauss-Kronecker curvature satisfy (1.1) with f(kq,...,kn) = K1+ Kn,
where kK[M] = (k1,...,k,) and 1) is suitably chosen.

The problem (1.1) has been studied in many different settings. Recent develop-
ments in the theory of Monge-Ampere equations (see Caffarelli, Nirenberg, Spruck [1],
Guan and Spruck [7], Guan [6]) allowed to study the problem of existence of hyper-
surfaces of constant Gauss-Kronecker curvature (so called K-hypersurfaces). Guan
and Spruck [7] and Guan [5] considered the problem of existence of K-hypersurfaces
(with K > 0) which span a given closed codimension 2 embedded submanifold. The
hypersurfaces can be represented as radial graphs over a domain €2 C S™, where S™ is
the unit sphere. In [9] Guan and Spruck proved that if T is a boundary of a suitable
locally convex hypersurface which is C? and locally strictly convex along its bound-
ary, then I' is also a boundary of a locally convex K-hypersurface for any K > 0.
Trudinger and Wang also obtained a similar existence result for X > 0 in [19].

In [3], Caffarelli, Nirenberg, and Spruck obtained an existence result for a broad
class of functions f by studying surfaces that are graphs on a strictly convex domain 2.
Guan and Spruck [10] studied a similar problem without the assumption of convexity
of 2 but with more restrictions on f.

In this paper we will consider (1.1) for k = (ky, ..., k,) being a vector of principal

curvatures in hyperbolic space. We will use the upper half-space model, i.e., let

H" = {(z,y) e R" xR : y >0}



be equipped with the metric
dz® + dy?
a5t = L
Y
Also denote

Do " = {(2,0): € R"}.

In this setting the problem of finding K-hypersurfaces was considered by Rosen-
berg and Spruck [15] who showed the existence of complete smoothly embedded K-
hypersurfaces (—1 < K < 0) with the boundary I' C 9,,H"*!, where T is a smooth
(n — 1)-dimensional submanifold.

Nelli and Spruck [14] studied constant mean curvature surfaces with the asymp-
totic boundary I' C 0, H"™! and proved that if I' is mean convex, then I' is an
asymptotic boundary of a complete hypersurface in H**! of constant mean curvature
H with 0 < H < 1, which can be represented as a graph of a C*“ function u(z)
over a domain . Guan and Spruck [8] extended this result to H € (—1,1) and star
shaped domains €2. In their case the surface can be represented as a radial graph over
the upper hemisphere.

We will attempt to prove an existence result that is similar to [3] and [10], but
is applied to hyperbolic space H""!. The hypersurfaces we will consider are given as
graphs of positive functions u on some domain Q C 9, H"*! with smooth boundary
and u = € on Jf2, where ¢ is a positive constant. Then (1.1) will be treated as an
elliptic fully non-linear Dirichlet problem that can be investigated using the standard
elliptic theory.

Specifically, let
Ir={A=(\,..., ) €ER": \;>0forall 1 <i<n}

n

and let f € C=(I';})NCO(T}) be a symmetric function satisfying the following struc-

ture conditions

(1.2) £V = gf’(x) S 0T 1<i<n,
(1.3) f is concave,
(1.4) f>0inT.



In addition we assume that for any given constants 1y > 1 > 0 there exists gq > 0
with

(1.5) ZM" >opon {IANeT): < fN) <}

Suppose also that for every ¢ > 0 and every compact set £ C I, there exists R =
R(E,c) > 0 such that

(1.6) FO1, M, M+ R) > VAe FE
and
(1.7) f(RN) = ¢ VA e E.

We also assume that f is normalized so that

(1.8) f(,1,...,1) =1

It is possible to show (see [2]) that functions of form

(1.9) FO ke, .o k) = beSk(ke, ... ko) YE,

where Sy is the k-th elementary symmetric function given by

Si(Kiy .oy kp) = Z Riy -+ Ki,

1< << <n

and b, = Si(1,...,1)7/* satisfy all conditions (1.2)-(1.8). However in this paper we
will impose two additional conditions on f that are necessary to prove the a prior:

bounds in sections 2 and 3. Specifically, we assume that

(1.10) f=0 ondl},



and for any given constants 0 < 1)y < 97 there exists A > 0 such that
(1.11) Zfi<z4 on {Ael}: v < f(N) <t}

The conditions (1.10) and (1.11) limit the class of functions that our result applies
to. In particular functions f*) defined in (1.9) do not satisfy (1.10) and (1.11). The
condition (1.11) is used only in derivation of the global second derivative bounds and
may possibly be dropped if a better method of estimation is found. The condition
(1.10) is used in deriving the boundary estimates for second derivatives and is also
used for gradient estimates (however in the case of gradient estimates (1.10) can be
replaced with some milder condition that f*) satisfy). The question of whether it is
possible to avoid (1.10) and (1.11) will be therefore posed as an open problem.

The following lemma (partially taken from [2]) will be used in the statement of

our main result and so it is placed in this section.

Lemma 1.1. Suppose that f satisfies (1.3), (1.4), and (1.10). Then for any 1y > 0
there exists a 6 > 0 such that

Z/@i>5 in the set T ={k € T}« f(k) = o}
i=1

Moreover if 0 < Hy < 0/n, we have

77/10 > f(H(), .. 7H0).

Proof. 1t is easy to see that the set T is closed, convex and symmetric in x. Therefore
(by (1.10)) there is a unique point (b,...,b) € T that is the closest to the origin. Set
9 = nb. To show the second part of the lemma let us suppose that f(Hy, ..., Hy) = ¥p.
Then (Hy,...,Hy) € T and therefore (b,...,b) is not the closest point to the origin.
Contradiction. ]

Let then Hy be any fixed positive constant such that

(1.12) 0 < Hy < d/n,



where 0 is the constant from Lemma 1.1. The upper bound on H, depends only on
f and .

Let 2 C R™ be a bounded domain with C*° boundary. We will associate with (2
the quantity rq defined in the following way. For every x € 9 define r(x) to be the
least upper bound of radii of closed balls B such that BN Q = {z}. Then define
(1.13) ro = xle%fgr(a:)

Because € is compact and has C* boundary, it follows that rq > 0. If ) is convex,
ro = OQ.

Now let

A=AQ)={ueC®): u>0and
(m[u](z), ..., kolu)(z)) €T for allz € Q},

where (k1[u], ..., k,[u]) denotes the vector of principal hyperbolic curvatures of the
graph of u. The elements of A are called admissible functions.
The relationship between the hyperbolic curvatures k; and the Euclidean curva-

tures k% is given by:
_ E _ E .
(1.14) Ki = Tpy1K; + = Tpp1k; + V- epp1, 1<i<n,

where w = /1 + |Du|?, v is the unit upper normal to the graph of u and e, is the
(n 4+ 1)% coordinate vector (see [8]). Since the Euclidean principal curvatures of the

graph of u € A are the eigenvalues of the matrix [a;;], where

U U

1 o . . )
(1.15) i =0 27 Ukl Y k w(l +w)’

k=1

it follows that the hyperbolic principal curvatures are the eigenvalues of [h;;], where

1 — . ,
1.16 hij = — Koy, = + + 0.
( ) J w k;l Y URLY Vgl = Ul T UpUy Kl



If we set

1 1
(1.17) v= §u2(x) + §|IE — z)?
for some zy € , it is easy to see that
92
1.18 = .
( ) Ukl (l‘) 3xk8xlv x

If u € A, the matrix [h;;] is positive definite and therefore v is a convex function.
Now let 1y and 1, be two fixed constants satisfying 0 < 1y < 3 < 1 and let
Y e C® (Q x (0, oo)) be a smooth function such that ¥y < ¥ < 1b; in Q x (0,00). We

will consider the following Dirichlet problem:

f(slu)) = ¢(z,u)  in

(1.19)
u=c¢ on 0,

where € > 0 and u € A. Any solution of (1.19) is a function whose graph is a surface
with its hyperbolic curvature being prescribed by the relationship f(x) = ¢. Notice
that the quantities oy from (1.5), A from (1.11), ¢ from Lemma 1.1, and H, from
(1.12) are now fixed as they only depend on f and .

We will sometimes use a different representation of (1.19). Let &T be the set of

positive definite n x n symmetric matrices. We can define a function F' : & — R as
(1.20) F(H) = f(\(H)) forall He &",
where A\(H) is the vector of eigenvalues of H. The properties of f ensure that F' is

well defined. Denote

y oF y O*F
ij _ ig,kl —
(1.21) FUH) = Goo (), FIRGH) = S (),

where H = [h;;]. Then, from [10] and [17], we have

e F'is a concave function on &7;

of .
0

K

e [F(H)] is a positive definite matrix with eigenvalues f; =

6



e when H is diagonal, F¥ = f;0
o > FYU(H)hiy =32, furss;
o > FYY D hikhwg = 3, fik?,

assuming that (k1,...,K,) is the vector of eigenvalues of H. Then (1.19) can be

ijs

written as

G(D*u, Du,u) = F([hi]) = f(M[hij])) = ¥(z,u)  inQ,

(1.22)
u=e on 02,

where G(r, p, z) is a C* function induced by F' defined on a subset of R"*" x R™ x R.

G is a concave function of r and the operator
(1.23) G[u] = G(D*u, Du,u, ) = G(D*u, Du,u) — (x, u)

is elliptic with respect to u. We can therefore use the standard elliptic theory to
investigate the question of solvability of (1.19).

The most basic method of deriving existence results in non-linear elliptic theory is
the continuity method. From [4] we have the following theorem (with G = G(r, p, 2, )

being a non-linear elliptic operator like the one defined in (1.23))

Theorem 1.2. Let Q be a bounded domain in R™ with boundary 0 € C**, 0 < a <
1, & an open subset of the space C**(Q) and ¢ a function in 4. Set E = {u € U :
Glu] = 0G¢] for some o € [0,1], u= ¢ on N} and suppose that

1. G s strictly elliptic in Q) for each u € F;
2. G.(D*u, Du,u,x) <0 for each u € E;

3. E is bounded in C*%(Q);

4. E cC .

Then the Dirichlet problem, Glu] =0 in Q, u = ¢ on 0N is solvable in L.



Theorem 1.2 reduces the problem of existence to establishing the a priori C%
bounds for the solutions of the Dirichlet problem (i.e., one needs to show that the
condition 3 in the theorem holds). Such bounds will be derived in section 2. Un-
fortunately in our case we cannot apply Theorem 1.2 directly because the condition
2 is not satisfied. In order to overcome this difficulty we investigate in section 3 a
parametrized problem (3.2). We can then apply the continuity method to determine
the solvability of (3.2) and this result (together with C* estimates) can then be used
with Leray-Schauder degree method to deal with the original problem (see section 4).

The main result of the paper is the following theorem.

Theorem 1.3. Suppose that the conditions (1.2)—(1.8) together with (1.10) and (1.11)
are satisfied. Then the problem (1.19) has a solution u € C*®(2) for any ¢ > 0
provided that e < rqHy, where Hy and rq are defined in (1.12) and (1.13) respectively.

Note that if rq = oo, the problem (1.19) has a solution for all € > 0.

The conditions (1.10) and (1.11) imposed on f limit the class of problems that
Theorem 1.3 can be applied. We can sometimes modify (1.9) using some cutoff

functions. For example, let
f()‘la s 7)‘n) =B [(/\1 + 4 )‘n) . C()\l) .. C()\n)]l/(nJrl) 7

where B > 0 is a scaling constant and ((¢) is suitably chosen cutoff function (e.g.,
C(t) =1—e€7"). Then (1.19) has a solution for the above f.

Another problem is the dependence of the bounds on € as ¢ — 0. Without this
dependence we could consider a family of solutions {u® € A : & > 0}, where u®
is a solution of (1.19) for a given ¢ > 0. We would then be able to extract some
uniformly convergent sequence u*", where ¢, — 0, and this way deduce the existence
of complete hypersurfaces with prescribed asymptotic behavior at infinity.

The advantage of the methods presented in this paper is that they do not make
any assumptions about the domain ) (other than being smooth and bounded). The
condition (1.11) could possibly be dropped with a more careful estimation of | D?ul|
and with no changes made to the rest of the paper. This would permit functions
like f(. The dependence on ¢ is however much harder to avoid and may require

developing new methods to attack this difficulty.



2 A priori estimates

2.1 Preliminary results

In this subsection we will derive the most basic results that will only require conditions
(1.2)—(1.4) and (1.8) to hold.

Lemma 2.1. Suppose that u € A satisfies (1.19). Then u does not have a local

minimum in 2. In particular, u > € in Q.

Proof. Suppose that u has a local minimum at zo € Q. Then kZ[u](z) > 0 for all
1<i<nand

Kilul(xg) = 1 for all 1 <7< n.

But this means f(k[u]) > f(1,...,1) =1 > ¥(xo,u) = f(k[u]) — contradiction. [
Lemma 2.2. Let u € A be a solution of (1.19). Then

<u < \/e? 4+ (diam Q)2 in Q.
Proof. Let v be the function defined in (1.17). Therefore by convexity of v

u? < 2v < 2supw < 2 + (diam Q)%
o0

Lemma 2.3 below is a type of maximum principle.

Lemma 2.3. Let Q' C Q be an open domain and let u,v € A(Q). Suppose also that
u<vond and f(k[v]) < f(k[u]) in Q. If v —u has a local minimum at xo € ',
then v(xg) # u(xg).

Proof. Since f is a symmetric function, we can assume that the curvatures of u and

v are ordered at xg, i.e.,

f@f[u] <0 K mf[u] and /if[v] <o K HE[U].

9



At zo we have:

ki’ [v](z0) = w7 [u] (z0)
1

1 1
VDFTL) [“”“““* VT

Suppose that u(zg) = v(xo). Then (because Du(zg) = Dv(xy))

% Ki[v](zo) —

rilv](xo) = Ki[u](zo) for all i,

so f(k[v](zo)) = f(k[u](xo)) — contradiction. O

2.2 Gradient estimates

Now we will derive an a priori global gradient estimate for the solutions of (1.19).
The condition (1.11) is not used in this subsection.
Let u € A be a solution of (1.19). Denote

(2.1) Y=A(r1,. . xn,u(ry, . xn) s (21,0, 1,) € Q}F
and
(2.2) Q. ={(z1,...,zp,8) : (21,...,2,) € Q}.

Lemma 2.4. Let 0 < Hy < 1 be such that 1y < f(Hy,...,Hy) < f(1,...,1) and let
zo € Q. Then

8H1+\/€2+d1St(l‘0,aQ)2(l—H12) . 1—H1
> > dist(xg, 092)4/ .
u(zo) T i ist(xg, 00) T

Proof. Consider a ball B of radius R centered at (xg, —H;R), where R > 0. Then
Bn{r : z,y1 > 0} can be represented as a graph whose principal hyperbolic
curvatures (with respect to the outer normal) are all equal to H;. Suppose that
initially R is small enough so that the ball B is under the graph of u and also
Bn{zx: x,11 = ¢} C Q.. Then we can start increasing R and by Lemma 2.3, B

10



cannot touch the graph of u inside 2. Therefore if we take R satisfying
(2.3) (H\R + ¢)* + dist(zo, 0Q)? = R?,
we get the following estimate:

u(xg) = (1 — Hy)R.

Solving (2.3) for R we get the desired result. O

Lemma 2.5. Let B be a ball in R"™ of radius R centered at a = (a', HyR) where
a' ¢ Q and dist(a’,00) > ¢/Hy. If BNQ, = @, then BNY = &.

Proof. BN{x: 0 < x,41 < HyR} can be represented as a graph whose principal
hyperbolic curvatures are all equal to Hy. Suppose that BN (). = @ and BN # @.
Let us decrease R so that BNY = @. We can then reverse this process and continue
increasing R until B touches ¥ at some point (zg,u(xp)). Then B can be locally
represented as a graph of some function v € C? in a neighborhood Q,, C Q of .
We also have u(zg) = v(xg), v = uw on 0y, f(k[v]) < f(k[u]) in ©Q,,. But this
contradicts Lemma 2.3 (we apply Lemma 2.3 with ' = ). O

Let rq be defined by (1.13). Suppose first that rq < co and let R > 0 be such
that R? = rd + (HoR — ¢)%

Lemma 2.6. If ¢ < rqHy, then

w < % on Of).
Proof. Let x¢ € 0N and denote by v(xg) the inner unit normal vector to 0f) at zg.
Consider a ball B(a, R) of radius R centered at a = (zo—rqv, HyR), where R satisfies
the equation R? = r3 + (HyR —€)?. Then by Lemma 2.5 the graph of u cannot touch
the ball B(a, R). Near xy, B can be represented as a graph of a function v such that
u(zo) = v(xo) and u(zg +tv(zg)) < v(xo+tr(xg)) for all sufficiently small £ > 0. The
result follows from the comparison of the angles that the outer normal vector to ¥

and the inner normal to 0B form at zy with the hyperplane {x,; =¢}. ]

11



If rq = 0o, we can apply the above Lemma to any rq > ¢/Hy and let rq — oc.

In that case R — oo and we have the inequality:

< 1
wL —.
Hy

Lemma 2.7. For any 1 <i < n and x € 2 we have
u|u;(x)| < esup |u;| + 2 diam €.
o0
In particular

1+ H; 2diam2
2.4 i) < i i '
(2.4) lu;(z)] sup || + \/:dlst(x,ag)

Proof. Let xg € Q and define v as in (1.17). Then by convexity

|v;(z)| < suplv;] in Q.
G)

The part (2.4) follows directly from Lemma 2.4. O

Note that the bound obtained in (2.4) depends on H;, which can cause problems
if H; — 1. This situation occurs in section 4. However the estimate (2.4) is not used
to derive the main result, so the dependence on H; can be ignored.

From Lemmas 2.6 and 2.7 we get a global bound
|Du| < C'in Q,

where C' depends on €.

2.3 Second derivative estimates

Let u € A be a solution of (1.19). In this subsection we will derive a bound for
|D?u| in Q. We will accomplish it by first reducing the problem of finding a second
derivative bound in Q to the problem of finding a bound for |D?u| on 9. Then we

will use certain properties of the Fréchet derivative of an elliptic operator Gy[u] =

12



G(D?u, Du,u) to derive the boundary estimates. The derivation of the bounds for
| D?u| will be the only place in section 2 in which we make use of the condition (1.11)
(and all other conditions imposed on f: (1.2)—(1.8), (1.10)).

In order to find a bound for | D?u| inside €2, we will estimate the maximum of prin-
cipal hyperbolic curvatures in €. If v is defined in (1.17) and assuming the gradient
bound derived in the previous section, it will then follow that |D?v| is bounded (be-
cause v is positive definite). A bound on |D?u| derived in this way will unfortunately
depend on 1/u. By Lemma 2.4 we can then get either an interior estimate (although
not a purely interior estimate), or a global estimate that depends on €. The method

used here is similar to [3, Section 2|. Let

1

2.5 =1 — ZminT.
(2.5) T=1/w, ¢=gmin7
Then
1 1
< — =2maxw
T—a a Q

We will estimate 5

M :=sup (u=¢) Kilu](z)

Qi T—Qa

for some fixed 3 > 0. M is achieved at some point 2° = (29,...,2°) € Q. If 3 > 0, 2°

is an interior point, i.e., 2° € Q. If 3 = 0, we can assume that 2° € Q, for otherwise
the estimation of M will be reduced to the boundary estimates that are covered later

in this subsection. Set
W = w(2?), U = u(z?).

Then both W and 1/U are bounded from above by C/ dist(z°, 9Q) for some Cy > 0
(see Lemmas 2.4 and 2.7). Alternatively we can treat W and 1/U as bounded from
above by Cy/e. Now let us choose a new coordinate system with the origin at (z°,U)

and coordinate (orthonormal) vectors 1, ..., &,41 such that:
e the hyperplane spanned by ¢, ..., ¢, is tangent to the graph of u at 2°;

e ¢ is the direction of the maximal principal hyperbolic curvature of u at z°.

Then there is a neighborhood of 2° in which the graph of u can be represented as a

graph of a function y — a(y) in the new coordinate system. Let a; = €; - €11 (€11

13



is the n + 1 vector of the old coordinate system). It is easy to see that

(26) Qp41 > 0
n+1
(27) Ent1 = Z a;g;
=0
(2.8) Z zrey + u(r)entr = Z Yrer + U(Y)enta + Z xier + Uepyy
k=1 k=1 k=1
(2.9) u(z) = Z arYr + an1a(y) + U.
k=1

The hyperbolic principal curvatures of @ are the eigenvalues of [h;;] where

LS qiks =1
hij = EZV Oy

k.l
with
(2.10) w = +/|Dal? + 1
(2.11) At = b — ﬁ
Vgp = (Zn: aryr + app1t + U) Ut + (an+1 - Zn: akﬂk> (Ost + TUsliy) .
k=1 k=1

At the origin h;; = ¥;; and therefore £, is an eigenvector of [v;;]. This gives 0;; = 0

for j > 1. By rotating the 5, ..., ¢e,, we diagonalize [;;] at 0.

Let y = (y1,--.,¥s) be a point in the domain of @ and let { = ({3,...,(u11) be a

unit vector that is tangent to the graph of @ at y. Then we can express the Euclidean

normal curvature of the graph of @ in the direction ¢ as (see [18])

1 - .
ke = = Z ;5 GiCj-

4,j=1

14



For (! =

1 U1
g1 — € we get
Vit L e M &
Ui

E
Kol = ————————.
¢ A+ad)w

The quantity /{fl is the Euclidean normal curvature in the y; direction. Now using
(1.14) we can easily derive the formula for the hyperbolic normal curvature in the
direction: .
S T,
+ a3)w
Then the function

(Dt QkYk + pr + U — e’ oy
T—a T+ @)

(2.12) fly) =

has its maximum at y = 0 and f(0) = M. log f also assumes the maximum at the
origin, and so its gradient vanishes:
a; T; 7711,z'

(2.13) 16} - +——=0foralll <i<n.
U—-—¢ 7—a 111

Also the Hessian matrix is negative definite, therefore (for all 1 < i < n):

5an+1ﬂn‘ 56L2 T; ~2 ~2 V11,4 ﬁ%u
2.14 — L — — Ui — 2uy; — — =~ < 0.
( ) U—c¢ (U — 6)2 T—a/, Yii i + ’1711 6%1
At the origin we also have
1
(2.15) T= g7 = Ot
0
(216) T, = 8;— = — Zajﬂij == —azﬂm
! j
0t u, N - S
(217) Tii = 8y2 = _ZI’jV ki _ Z QUi = —an+1u?i - Zajuiij
% j j=1
Oh;
( ) sJ 8yj 5]

15



82 h”
oy3

~2 ~ ~9 ~
= Uji1 — U105 — 2041071011

(220) hii,ll =
Now it remains to find the derivatives of v;;:

03(0) = Uti(0) + 0jan41
77ij,k(0) = akﬁij + Ufbwk — 5ijak&kk
f&ij,kl(o) = an—&—laklazj + akaijl + Clﬂ]ijk -+ Uﬂijkl

—0;j g Aslsky + Angr (Uinljy + Uiljk) -

S

Therefore
(2-21) ?711,1'1'(0) - ?7ii,11(0) = 2a;U11; — 201U — Z Al + Z Al
Using the above equalities we have:
Z filiin = Z fi (772'@',11 — a%f&ii) — 2100113,
= Z fi (D11 — @ 05) — 2fi0n i3, — 2 Z a; fitin;
+ 2a; Z Jitiin + Z as fillsii — Z Asts fi-

Define (at the origin)

Then B is bounded from below by a positive constant oy (see Condition (1.5)), and
D < 1. We then have

o
- Ul1, Ti ~
E filiinn < 01 E fil ==+ - +

(2

Bai _ Bangyity ﬂ_%p)

_'_(U - 6)2 U—c¢ 1711 Vi

16



+ 2a, Z fittiin — 2 Z a; fiti11; + Z as fitliis — A Z Aslg11
i P is s
— 5 Zf’ Ti 2_|_ Ti _ 24 a; Ti + 2
- - ' T—a T—a/, U—-eT—a K

" B(B+1)a? B Bani1ty U3 ~“>

U—e?  U—e o'

+ 2aq Z fitliin — 2 Z a; fiti11; + Z s fitlizs — A Z A5l

~2 ~ ~
— 1Ty — Y Gyl a;  a;iy
5 J i i Wig ~92
= U1 E fz( +20 + uy;
7

T—a U—-—ec7—a

U—2F  U-¢ on'

+ 2aq Z fittin — 2 Z a; fitin1; + Z s filliis — A Z Aglls1y

N BB+ 1ai  Bappity Uiy ~“>

Now denote (for 1 < j < n)

It is easy to see that ]1;](0)] < (] and ]@211(0)| < C1(1 + 0yq) for some C dependent

on 1/U. We will now differentiate the equation

F([hi;]) = ¢ (2, u(z))

with respect to yy:

Z Fhgjp = .
1,J

By concavity of I’ we have

P11 < Z Fijhij,ll-
,J

17



Then (at the origin)

(2.23) Z fiviig = n
(2.24) Zfz'hm;,n > 1.
and

; Jitiy; = %

~ . lﬁs Aasﬁss - asB
;fzuus - U +

[]2
Za G = _1711 Y5 AsUss aDvyy _ BD1 D, A3
— T 0 (r—a)  UPr—a) UU-¢) Uz
We have
~9
Uy o - 26(B — Ar) B(B+1)A
D < ——ALB
; fzhu,ll @%1 U1 T U |iU(U _ 8)(7’ . CL) + (U _ 5)2
_Br(B—Ar) Y,a¥; DB PAD | 24d}
UU —¢) Ur—a) U(t—a) UU-e¢) U?
N 2B N AB N A
U2(r—a) UU-=-¢g) U?

a1, 202B a;\;
i a n aj +Z] Al

U U? U

Assume first that
(2.25) - 2 -

Then

U? (TR
B Z fihiian < —% +0n

18



UYa%  UD | PADU | 24¢} | 2
B(r—a) 71—a B(U-—¢) B T—a

+AU +A
U—-e B
2U a1 Uy, a1
+ Bl 1—2a§+—é] 3

Now by (2.24) we get the following quadratic inequality:

62

(2.26) % + Mivy; < My,

where the constants M; and M, depend on inf B and dist(2°, 9Q) and in addition M,

depends on sup A. Therefore we have
(2.27) 11 < C (sup 4, dist(2°,09)) .

If (2.25) is false, (2.27) still holds, because then

The above reasoning leads to the following two lemmas

Lemma 2.8. Suppose that u € A is a solution of (1.19). Then for any Q' € Q,
|D*u| < C in (Y,

where C' depends on inf,cq dist(x, 0Q) and does not depend on & as € — 0.
If we set 3 = 0 in the formula for M, we will get

Lemma 2.9. Suppose that u € A is a solution of (1.19). If M achieves its mazimum
inside ) then

|D?u| < C,

19



for some C' depending on €.

Before we proceed with the estimation of | D?u| on the boundary we need to state

the following two lemmas.

Lemma 2.10. Consider the n x n symmetric matrizc

d1 0 0 e 0 ai
0 do 0 ... 0 as
(2.28) M =
dn,Q 0 Ap—2
0 ce 0 dn—l Ap—1
a ... oo Qp—2 QAp—1 a

with dy, . ..,d,_1 fized, |a| tending to infinity and
la;| < C,| 1<i<n—1.
Then the eigenvalues Ay, ..., A\, behave like

Ao = do +0(1), I<a<s<n-1

where the o(1) and O(1/a) are uniform — depending only on dy,...,d,—1 and C.
Proof. The proof is given in [2, Lemma 1.2]. O

Lemma 2.11.
Aim G(r+ Rg@q,p,2) =00, VYgeR", q#0, Y(r,p,z) € domain(G), 2 > 0.
Proof. If v’ € &7 is a positive definite symmetric matrix in R™*" define

G(r',p) = F([ay)),

20



where
_ 1 ik ./ j
A5 = _ZW Tkﬂ )
w
k1
i DPiDk
= VIR =g - R

w(l+w)

Then it is easy to see that G(r,p,z) = G(zr + I +p®p,p) and G(r+ Rq® ¢, p, z) =
@(r’ + R'q®q,p), where v’ = zr + [ + p®p and R’ = zR. By [10, Lemma 2.2],

lim G(r'+ Rq®q,p) =

R'—o0
which gives us the desired conclusion. O]

Now we are ready to estimate |D?u| on the boundary 92. The method used here

is very similar to [10]. Let zo € 02 be an arbitrary boundary point and let

U U
1+w

(2.29) Gij = 0ij Fuu; iy = 0y +
Then [v;] = [v7]7! and g;; = >, vixYk;- Also for 6 > 0 denote

Bs = Bs(z9) ={z € R": |z —x0| < 0}.
Since [g;;] is positive definite, there is a constant § > 0 such that
(2.30) 9ij] = 4Bul  in Q,

where [ is the identity matrix. For example we can take

1
4 \/ £2 + (diam 2)?

This is due to the fact that all eigenvalues of [g;;] are bigger than or equal to 1 and

due to Lemma 2.2.
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Let Cy > 0 be an arbitrary constant. As in (1.22) denote

where h;; is defined by (1.16) and A([h;;]) denotes the vector of eigenvalues of [h;;].
Let a;; be defined in (1.15). Then the Euclidean curvatures xF[u] are the eigenvalues
of [a;].

By concavity of f and the fact that f(0,...,0) =0 we have

(2.32) Zfi’ii < f(klu]) <.

Let F'Y be defined by (1.21). We have

G5t — au _ ZFU is tj
st
Z Fijhij = Z fiki
i i
(2.33) > GHluy =" fik — % P
ol i i

Therefore
(2.34) SN Ry G SN R
w? i i W
Now
’lUU,k’)/sj +uj,yks
s vy — T FZ]h
@' = o= i b o S P (M)

+ ﬁ ZFijuifij
7‘7.]
s w? — 1 2 2
(235) Z G Ug = — w2 Z filii — E ZF]hikukuj + E Z F juiuj.
,L?J

s i ik
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So (by (1.11))
chus <O

Denote L' = , G*0y + >, G*0s and let d(z) = dist(x,0f2). Now for any N > 0

choose d; > 0 small enough so that

2N§ D*d > —BI  in Bs, N Q.
Then we have (in B, N Q)
(2.36) D?*(Nd*) — 28I = 2NDd ® Dd — 331.

Therefore (by (2.30)) the expression G(D?*(Nd?) — 231, Du, u) is well defined and the

eigenvalues of

[9i] — 3Bul

lie in a compact subset of I';. Using (2.36) together with Lemma 2.11 we obtain the

following result.

Lemma 2.12. For any C' > 0 there is an N > 0 big enough and 65 > 0 small enough
so that
G(D*(Nd?) — 281, Du,u) > C  in Bs, N

The value of N depends on € as ¢ — 0.

By the concavity of G(r,-,-),
L'(u—e—Nd)+28) G"
= Zé;”(u — Nd*);; + 252 G" + Z G'(u— Nd*),
i i i
< G(D*u, Du,u) — G(D*(Nd?) — 281, Du,u) + Y Gy,

—2Nd Z Gid;
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in By, (29)N where 0 < d9 < d; small enough (but dependent on N). By Lemma 2.12

we can choose N big enough (and 0, small enough) so
G(D*(Nd?) — 281, Du,u) > G(D*u, Du,u) + Cy + Cp + 2.

Then
L'(u—e—Nd®) < —Co—28) G"+(2Nd> |G| -2).

Now take 0 < d3 < &y small enough so that 2Nd3 Y, |G| < 1 in Bs,(z9) N2 and
choose ¢ > 0 such that ¢ ), |G*| < 1 and ¢|D?d| < 8 in Bs, N Q. Then

L'(u—c+td— Nd®) < —Co— B _G".

Now take 0 < § < min{ds, e} such that u —e+td — Nd*> > 0 on 9(Bs(zo) N2). Then

we have the following

Lemma 2.13. Let ¢y € 02. For any constant Cy > 0 there exist positive constants t,
§ sufficiently small and N sufficiently large such that the function ¢ = u—e-+td— Nd>
satisfies

L/

6 < —Co— B3, G in QN By,
¢ =0

on 0(Q2 N By),

where N depends on € as € — 0.
We now have

Lemma 2.14. Let h € C*(Q N Bs) where B; is centered at the origin which is on
Q. Suppose h satisfies h < Cylx|? on (OQ) N Bs for some Cy > 0, h(0) =0 and

—Lh < C (1 +) G) in QN By,

where L = ZM Gy + Y., G0+ Gy, Gy = %. Then h,(0) < C for some C > 0

dependent on € as € — 0.
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Proof. Let us first notice that

oG iy 1 i
(237) Gu = % = ZF](LU, SO Guu = Zfz/iz — E ZF < 02.
(2% 7 7
Therefore ) o
D IR e
Uu - u

(2

We can assume that § is sufficiently small so that
[h(z)| < &*

holds in 2 N Bs. Then we have

G.h < Cy (1 +) G)
and
~L'h < Cy (1 +) G)
in Bs N Q. By Lemma 2.13, Av+ Blz|* —h > Olon d(Q N Bs) and
L'(Av+ Blz]* —h) <0  in QN B;

when A >> B are both large. Thus Av + Blz|*> —h > 0 in QN Bs by the maximum

principle. Consequently,
Av,(0) — h,(0) = D,,(Av + Blz|* — h)(0) = 0

since Av + B|z|*> — h = 0 at the origin. O
Note that Lemma 2.14 remains true if L is replaced by L'.

Lemma 2.15. Let 1 <i<j<n. Then
L(ziu; — xju;) = x0; — xj90; + Ynpr (Tiu; — ;).
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Proof. For any 6 € R, let us introduce a new coordinate system: y; = xq, ...,
Yie1 = Ti—1, Yi = xicosO—x;8In0, yip1 = Tigq, ..., Yj—1 = Tj_1, Yy; = T;sin0+x; cos 0,
Yj+1 = Tj+1, - - -5 Yn = Tn. Then, since the hyperbolic curvatures of the graph of u do

not change under the above transformation, we have

G(D*u(y), Du(y),u(y)) = ¥(y, u(y))

for all # and all y € 2. We therefore have:

0 9 B ou
%G(D u, Du,u) = L <%)

= L(u;(—z;sinf — z;j cos0) + u;(x; cos§ — z;sin b))
0

—(y) = Yi(—x;8in6 — x; cos ) + ;(x; cosd — x; sin 6
90 j j j

+ a1 (wi(—z;sin 0 — x; cos 0) + uj(z; cos§ — z;sin ).
Setting § = 0 we get
L(wuy — wjui) = xithy — 20 + Yo (Tivg — ;).

]

Consider now any fixed point of 9€2. We may assume it to be the origin of R” and
choose the coordinates so that the positive x,, axis is the interior normal to 02 at 0.

Near the origin, 0f) can be represented as a graph

1
z, = p(z') = ) Z Bastars + O(|2')?), = (x1,..., 00 1).

a,f<n

Since u is constant on 0f2, it follows that

luas(0)] < C, a, 3 < n.
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Next, for fixed o < n consider the operator

T = 8a + Z Baﬁ(mﬁan - xn@g)

B<n

Then L(Tw) = T4 (z,u) by Lemma 2.15. It follows that
|L(Tu)] < C.
Moreover, since u — & = 0 on 02, near the origin we have
IT(u — )| < Clz* on 00

(this is because 0;T'(u — €) = 0 for s < n at the origin). Applying Lemma 2.14 to
h =4+T(u — ¢), it follows that
|uan (0)] < C.

Now it remains to show that
|ty < C on 02

where v is the unit interior normal vector to Of2.
We first prove that

2.38 M = mi . y s
(2.38) gg%ggz(gg;}ﬂzlizjvxx)s@ o

for some ¢y > 0, where T,(0€2) denotes the tangent space of 02 at x € 992 and v is
defined by (1.17). Let o be a smooth defining function of €, i.e.

Q={zeR": o(x) <0}, 02 ={z €R": o(x) =0}, and |Do| =1 on 9N.
Let v = %82 + %\x — xg|* with zg being the same as in the definition of v. Since

v—v =0o0n 02 and v —v > 0 in , we see that v — v = no for some function
17 < 0. Note that Do = —v on 02 where v is the interior unit normal to 0€2. We
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have n = —(v — v),, on 9N and

D v = Z_w&ﬁg Z 0ij&i&; on O

4,3
for any tangent vector field & = (&1, ...,&,) to 092. We may choose coordinates in R™
such that M is achieved at the origin with £ = (1,0,...,0) and e, = v(0) (i.e. the

n-th coordinate vector is v(0)). Thus
M = v11(0) = 21,(0) = (v = ), (0)o11(0) = 1 = (v = ), (0).

We may assume
1 1
(v —2),(0)o11(0) > 2@11(0) 3
for otherwise we have M > % and we are done. Let ( = ((y,...,(,) be defined as

(=0, (0_1 +o ) 1/2

Cj:0, 2<]<7’L—1

Cn = 01 (01—|—0) 1/2

By the continuity of >, ;0;¢;(; and the fact that 0 < (v —v), < C on 0, there
exists ¢; > 0 and ¢ > 0 such that in Q N Bs(0) we have

1 0‘11(0) 1
izjaz‘j@(j(x) Z 5 izjgijCiCj(()) z—5 > (o= 0),(0) 2 1.
Thus the function
Ziyj Qz‘jgiCj - M
Zi,j O'ijCiCj
is smooth and bounded in Q N Bs(0). We also have

ZQMQCJ' + (D(v—uv) - Do) Z@j@(j = Z%‘j@@j = M,

1]

b —

therefore
®+ D(v—2v)-Do >0 on (00) N Bs(0).
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By (2.34), (2.33), (2.35), and (2.37), L®, —L(Duv - Do) are bounded by

C (Z G + 1)

for some C that depends on €. In addition, since Lu < C' (by (2.33), (2.35), and
(2.37)), we have L(Dv) < C' (Y, G" 4+ 1). Therefore also:

L(Dv-Dog) < C (Z G + 1) :

i

Let h = —(® + D(v —v) - Do). Applying Lemma 2.14 to h we get:

which shows that |D?v| is bounded at the origin. By (1.16) the principal hyperbolic
curvatures of u are bounded at the origin. Since f(k[u]) > 1o > 0in Q and f = 0
on OI'" the principal curvatures at the origin admit a uniform positive lower bound.
This in turn yields a positive lower bound for the eigenvalues of D?v(0) which implies
(2.38).

Now let g € 02 be an arbitrary point on the boundary. If d; < --- < d,,_; are
the eigenvalues of [v,5(20)] (1 < @ <n, 1 < [ < n), we see that

(2.39) c<d; <C.

Suppose that v,, (o) can be arbitrarily large. In order to apply Lemma 2.10 we need
to rotate coordinates (xy,...,z,_1) keeping the direction x,, fixed so that the matrix
[vij(z0)] has the form (2.28). According to the lemma the eigenvalues ky,..., K,

behave like

1
Ko = —dq + 0(1), a<mn,
w

- %vnn(xo) (1 +0 (vnnt%)))
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as Uy (r9) — 00. It follows then that k, is arbitrary large while (K1, ..., kp_1,1) lie in
a compact subset £ of I';". This contradicts (1.6) and the fact that f(k1,. .., k,) < 1.

Therefore we have the following result.

Lemma 2.16. Suppose u € A is a solution of (1.19). If the conditions (1.2)—(1.8),
(1.10), and (1.11) are satisfied, we have a global bound

|D*u| < C

where C' depends on € and sup |Dul, sup |ul.

Now we can combine Lemmas 2.1, 2.7, and 2.16 to get
Lemma 2.17. Suppose that uw € A is a solution of (1.19).If the conditions (1.2)-
(1.8), (1.10), and (1.11) are satisfied, we have a global bound

|u|c2.0(0) < C,

where C' depends on € and 0 < o < 1.

Proof. This result follows from [12] or from [4, Theorem 17.26]. Indeed from (1.7) we
get
lim f(¢,...,t) = oc.

t—o0

By concavity of f and by (1.5) we have (for any A € T'}" and ¢ > 0)
Flt ) SFO) + Y FNE= M) S FO) +1) ] Fi(V).
By fixing t large enough we get the following inequality:

(2.40) D i) zoron {NeTT: o < f(N) <},

where o7 is a positive constant that depends on 1y and v (and therefore is fixed
for fixed v). The operator Glu] from (1.23) is not uniformly elliptic. However
by (2.40), (1.11), and by Lemma 2.16, we can treat Glu] as an operator that is

uniformly elliptic with respect to u (i.e., it is uniformly elliptic on a compact set
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{(D*u(z), Du(z),u(z)): « € Q}). Then we can use Theorem 17.26 from [4] di-
rectly. O]

Now if u € A is a solution of (1.19), its derivative ugs = 88_;1 satisfies

Lus - 77bs + wn—&—lusa

where L is defined in Lemma 2.14. We can treat L as a linear elliptic operator that is
uniformly elliptic with respect to u. Also its coefficients are in C%*(€2). By Schauder
theory (see for example [4]) it follows that |us|c2.a(q) is bounded for all 1 < s < n.
Therefore |u|cs.a ) is also bounded. Repeating this argument & — 2 times we get a

priori bounds for higher order derivatives:

|U’0k,a(Q) < O, k> 2.
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3 Parametrized curvature equation

In this section we will investigate a parametrized version of problem (1.19). That is
in place of operator G(D?u, Du,u, ) (defined in (1.23)) we will consider operators of
form G(D?u, Du,n,z) for some fixed functions 7. Such operators can be used with
the continuity method (Theorem 1.2) to derive an existence result.

Let Hy be defined by (1.12) and let r = rq (where rq is defined by (1.13)). If

rq = 00, take r to be any positive number such that Hyr > . Now let

—€H0 + \/82 +T2(1 — Hg)
-1

R= (so that R* =7 + (HoR — ¢)?)

and define

o(t) = HyR—/R?— (t+7r)2for 0 <t <

For a positive constant § denote
Qs ={z € Q: 0<dist(z,00) < d}.

Now let

C= {CEC’5 (Q): (>—-¢/2inQ, (=0 on 09,
and ((z) < @(dist(z, 02)) — e in Qp_,.}.

Then C is an open convex set in a Banach space C3(2) = {¢ € C°(Q) : ( =0 on 0Q}.
Note that any solution of (1.19) must be of form u = ( + € for some ¢ € C. This
fact follows from section 2 (especially Lemmas 2.1, 2.5, and the regularity result from
Schauder theory).

For a fixed constant K > 0 define

Cx ={CeC: [Clos < K.
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For ¢ € Cx we will consider the following Dirichlet problem:

G(D?*u, Du,n) = ¥ (x, in €2,
(3.1) ( n) = ¥(x,n)
u=c on 0f),

where G is defined in (2.31) and n = { +¢. The problem (3.1) can be written as

f(/{[uvn]) = ¢($7n) in (),

(3.2)
u=c on 0,
where k[u,n] = (k1[u,n], ..., kn[u,n]) is given by
) 1
33) ol ] = ¥l +

Ki[u,n] are eigenvalues of the matrix [h;;], where

1 . .
(3.4) hij = w ; ”Ylkvkz’)’l], Ul = MUy + Uy + Oy

Let

A=A n) ={ueC®Q): u>0and k[u,n] €T} for all z € Q}.

We will now derive a priori bounds for the solutions of (3.2). Fortunately many

arguments from section 2 can be repeated here with slight modifications. Only the

proofs of Lemmas 3.3 and 3.5 differ significantly from their analogues in section 2.

Lemma 3.1. Suppose that u € A satisfies (3.2). Then u does not have a local

mintmum in 2. In particular u > € in 2.
Proof. The proof is similar to the proof of Lemma 2.1.

The following lemma is a type of maximum principle.

Lemma 3.2. Let Q' C Q be an open domain and let u,v € A(2). Suppose also that

u<vond and f(k[v,n]) < f(k[u,n]) in Q. Then u < v in .
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Proof. Suppose that u > v at some point in . Then v — u assumes a non-positive

local minimum at a point 2y € . Since f is symmetric we can assume that

mf[u] <0 K ﬁf[u] and f@f[v] <0 K ﬁf[v].

At xy we have
Ky [v)(20) = w7 [ul (o)

Then (because Du(xg) = Dv(zg))

1

Ki[v](w0) — \/W

I | =

Kilv](zo) = Kilu)(xg) for all i,

so f(k[v](zo)) = f(k[u](xo)) — contradiction. O

Lemma 3.3. Let u € A be a solution of (3.2). Then

e <u(x) <Cin

where C' does not depend on € as € — 0.

Proof. Consider the hyperplane g(x) = HLO > zi+Cy, where Cy > 0 is chosen so that
g(x) = e on I9. Since k;[g,n] < Hy for 1 < i < n, we have

f(slg,nl) < f(Klu,n]).

By the maximum principle (Lemma 3.2), we get u(z) < g(z) in €. O
Using the notation introduced in (2.1) and (2.2) we have

Lemma 3.4. Let xy € 002 and let v(xg) be the inner unit normal vector to OS).
Consider a ball B of radius R centered at (vo — rv(xy), HyR). Then BNY = @.

Proof. By the definition of r and R, BN Q. = &. Suppose BNY # &. Let us

decrease R so that B NYX = &. We can then reverse this process and continue
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increasing R until B touches ¥ at some point (z1,u(z1)). Then B can be locally
represented as a graph of some function v € C? in a neighborhood Q,, of ;. We also
have u(zy) = v(z1), v = won 0, f(k[v,n]) < f(k[u,n]) in Q. The last inequality
is the consequence of the fact that n(z) < p(dist(z,09Q)) < v(x) on Qg_,.. But this

contradicts Lemma 3.2. O

Using the above lemma it is easy to see that the Lemma 2.6 holds true for the

equation (3.2).

Lemma 3.5. Let u € A be a solution of (3.2) and suppose that rHy > €. Then
|Du| < C in

for some C' depending on €.

Proof. We will obtain a bound for
z = |Du(x)|e*@)/ for = € Q.

If z achieves its maximum on 02, we are done by Lemma 2.6. Suppose therefore that
z achieves its maximum at a point xy € Q. By rotating the coordinates (z1,...,z,)

we may assume that at xy we have
|Du| = uy > 0, U = 0 for a > 1.

Then loguy + gu also takes its maximum at xg. Therefore

U1, 4
Sy =0,
U1 £
SO U] = —guf and 11, = 0 for @ > 1. Now since u € A,

77u11+U%+1>0

4 2
I——mn)ui+1>0.
£
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Since n > /2, we have 1 — én < —1 and thus
2 4 2
—uy+12= 1—gn uj +1>0.
The above inequality gives u; < 1 and the bound for z is:
4
z < exp [4u(zo)/e] < exp [— sup u} :
€

We have then the following bound for |Dul:

4
|Du| < exp {— (supu—u)} :
€\ Q

Now we will need to estimate the second derivatives of u. The following lemma is

[]

an analogue of Lemma 2.16

Lemma 3.6. Suppose u € A is a solution of (3.2). If the condition (1.11) is satisfied,
we have a global bound
|D*u| < C

where C' depends on €, sup |Dul|, sup |u|, and K.

Proof. The proof is similar to the proof of Lemma 2.16. Let 7 and a be defined by
(2.5). We will estimate

M o= sup —— . n](a).
Qi T—a
Suppose first that M is achieved at some point z° = (z9,...,2%) € Q and set

Now as in subsection 2.3 let us choose a new coordinate system with the origin at

(% U) and coordinate (orthonormal) vectors €1, ..., &,,1 such that:

e the hyperplane spanned by €1, ...,¢, is tangent to the graph of u at 2°;
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e ¢, is the direction of the maximal principal curvature x[u, 7] at z°.

Then there is a neighborhood of 2° in which the graph of u can be represented as a
graph of a function y — u(y) in the new coordinate system. It is also easy to see that
(2.6)—(2.7) still hold. x;[u,n] are eigenvalues of [h;;| defined by

LS qiks =1
hij = EEW Uy

where 1 and 4% are given by (2.10) and (2.11) while @ is given by

n

(3.5) Use(y) = n(x) s (y) + (an+1 — Z akﬂk> (0t + Usty).

k=1
By rotating the e, ..., &, we diagonalize [0;;] at y = 0. The curvature of @ in the ;
direction is ~
V11
(14aj)w
Therefore the function ~
1 V11

fly) =

T—a(l+a})w
has its maximum at y = 0 and f(0) = M. log f also assumes the maximum at the
origin, so we get (2.13) and (2.14) with 8 = 0. Also it is easy to see that (2.15)-(2.20)

hold. Now it remains to calculate the derivatives of v;;:
35(0) = U(xo)aij + 0ijnt1
Vi e (0) = Mellsj + Nlije — Ogjanlpk
Vi pt(0) = Tty + Telije + Milije + Nk — O Z AUk
S
+ g1 (Uin gy + Uit ),

where 9 92
(y) = z—n(z), i(y) = aykayln(ﬂf)-
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Therefore
011,45(0) — 033,11 (0) = MigUa1 — Tl + 275U11; — 21 Ui + Z Aslg11 — Z g

Now using the same method as in subsection 2.3 we arrive at an inequality

~2

(% .
% + Myv1 < Mo,

where M; and M, depend on K, ¢, and sup A.

Now suppose that M is achieved at a point 2" € 9. Then we can estimate M by
establishing bounds for D?u on the boundary. We use the same method here as in
subsection 2.3. Let L = Y, G*'9y+), G°0,. Then Lemma 2.13 holds with =
while Lemma 2.14 holds with L replaced by L. Note that (2.34) now becomes

(3.6) %ZF <D Es gZF

We also have the following analogue of Lemma 2.15:

Lemma 3.7. Let 1 <1< j <n. Then

Lz — zju;) = 230y — 2590 + (Yngr — Gu)(@im; — x5m:).

Then the proof proceeds as in subsection 2.3 except that in place of L we have L'/
and the equality L'(T'u) = T (z,u) does not hold. However we still have

|L'(Tu)| < C (1 +) G) :
where C' depends on €. This happens because
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and from (3.6)
w’ i
Ei fi < Py El G".

In order to show that |u,,| < C' we use the same method as in subsection 2.3 taking

L = L' and v as defined by (1.17). We can do this because on 92 we have

Nk + Uty + O = Uk + Ukt + Op-

As in section 2 we get

Lemma 3.8. Suppose that u € A is a solution of (3.2). If the conditions (1.2)—(1.8),
(1.10), and (1.11) are satisfied, we have a global bound

|ulc2aiqy < C,

where C' depends on €, K, and « is a constant such that 0 < a < 1.

By Schauder theory we get the following global estimate:
‘U/|Ck’,a < Ck, k 2 2

Now we will apply the continuity method to the following problem

f(&lu,n)) = ' (x,n)  inQ,

3.7
(3.1 u=c¢ on 0f),

where 0 < ¢t < 1 and ¢' = #) + 1 — . Note that for the above family of problems,
4| c2(q is uniformly bounded for all 0 < ¢ < 1 and ¢ can be chosen so that it
does not depend on t. On the other hand, v»; — 1 as t — 0. Due to the fact that
the conditions (1.5) and (1.11) are satisfied with ¢; = 1, we can conclude that all
solutions of (3.7) are uniformly bounded for ¢ > 0. Note also that for t = 0 and any
¢ € Ck, (3.7) has a unique solution (this solution is u = ¢).

The continuity method will then give us the unique solution for t = 1. Therefore
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Lemma 3.9. The problem (3.2) has a unique solution for any ¢ € Cx and for any
e > 0 provided that € < rqHy. Moreover

UCk',aQ SC, k>27
()

where C' depends on K, k, and €, but is independent of the choice of C.
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4 The main result
Proof of Theorem 1.3. For 0 <t < 1, consider the following Dirichlet problem

G(D*u, Du,u) = tip(w,u) +1 —t in
(4.1)
u=c¢ on Of).

As shown in section 2, any solution of (4.1) satisfies the a priori bound
(4.2) ules@y < C

independent of ¢ (see also the discussion following the problem (3.7)). Moreover we
claim that u — e ¢ JC. Indeed if u — e € OC then either

1. u(xg) = /2 for some x € €,
2. u(xg) = @(dist(zg, 9)) for some xy € Qp_,.

The first case is impossible by Lemma 2.1. The second case is impossible by Lemma 2.5.
By (4.2) we can choose K > 0 sufficiently large so that (4.1) has no solution u such
that u — e € 9Cx. Now for 0 <t < 1, ¢ € Ck, and 1 = ( + € consider the following
Dirichlet problem

G(D*u, Du,n) = t(x,n) +1—-t  inQ
(4.3)
u=c on 0.

Then by Lemma 3.9 there exists a unique solution u* € A(£,n) of (4.3) for each
t € (0,1]. For t = 0 this solution is u® = € (regardless of (). From the elliptic theory
the map T" : Cx — C defined by

T'C=u'—¢
is completely continuous. On the other hand, there are no solutions of

(4.4) T =¢
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on the boundary of Cx. Therefore the degree
deg(I —T" Ck,0) = v
is well defined and independent of ¢. For ¢ = 0,
T° =0 forall ¢ € Ck.
Since 0 is the only singular point of I = I — T° we have (see [11])
vy =ind(0,1 —T°) = 1.

Consequently deg(I —T* Ck,0) = 1 and (4.4) has a solution ¢* € Cx for all 0 < ¢ < 1.
The function u' = ¢! + ¢ is then a solution of (1.19). O
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