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Abstract

We define a uniformity on a glued space under uniformly continuous attachment
maps. If the component spaces are uniform coverable then the resulting glued space
is uniform coverable. We consider examples including the glued uniformity on a
finite dimensional CW complex which is shown to be uniformly coverable. For one
dimensional CW complexes, the resulting deck group is equivalent to the fundamental
group. Other properties of the deck group are explored.
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1 Introduction

The fundamental group is a powerful tool for determining when two topological spaces
are not homeomorphic. It works well for topological spaces which are locally nice
in the sense that they are locally path connected and semi-locally simply connected.
For more complicated spaces, variations of the fundamental group have been found
and used to explore topological properties. In 2001, Sormani and Wei [12] defined a
"revised" fundamental group on the Gromov-Hausdorff limit of sequences of compact
manifolds with a uniform lower Ricci curvature bound and a uniform upper diameter
bound. In 2000, Cannon and Conner [5] defined a "Big" fundamental group for use in
studying spaces similar to the Hawaiian Earring (which is not a semi-locally simply
connected space).

More recently, Berestovski and Plaut [2] have defined a "deck" group in the cat-
egory of uniform spaces, which allows for a type of covering space theory in this
category. In essence, paths are replaced with inverse limits of sequences allowing
one to suspend path connected requirements. The deck group is equivalent to the
fundamental group in many instances, although there are examples in which they
differ. Many questions arise concerning the extent to which traditional theory corre-
sponds to the uniform covering space theory. The present paper attempts to address
some of these questions. In particular we will show that some of the lifting properties
associated with a traditional cover extend to uniform covers (see theorem 38). We
will prove an analog of the Van Kampen Theorem for deck groups (theorem 61). We
also define a uniformity on a space formed by attaching uniform spaces via uniformly
continuous maps (definition 42). If the spaces involved are uniform coverable then so
is the glued uniform space (56). In particular we will show that this uniformity on a
one-dimensional CW complex has a deck group which is equivalent to the fundamental
group 66).



2 Background

The following is a brief introduction to uniform spaces. We will follow the construction
in [11]. [8] and [3] are also helpful resources for uniform spaces. If the reader is already
familiar with uniform spaces, it is important to note that, following [11], our use of
the term "entourage" will mean a symmetric entourage.

Intuitively, a uniform space is a topological space with enough structure to be able
to define a notion of a uniformly continuous function. In metric spaces a function
f X — Y is uniformly continuous if the inverse image of an e-ball centered at any
point f(x) in the image of f contains a d-ball centered at x. ¢ and ¢ are fixed in
this definition, but the criterion is independent of the points x in X. In essence, the
metric provides, for each € > 0, a way of specifying a collection of neighborhoods, one
for each point in the space. Informally speaking, the inverse image of each ¢ collection
must contain a ¢ collection. Uniform Spaces are generalizations of metric spaces in
which collections of neighborhoods are specified. Just as a metric is defined between
each pair of points, a uniform structure is defined on the product space X x X.

Definition 1 A filter on a set X is defined to be a collection F of subsets of X which
satisfy the following properties:

10¢F.

2. If A,B € F then AN B € F (intersections of elements of F are also elements
of F).

3. If A€ F and A C B then B € F (supersets of elements of F are also elements
of F).

Let X be a set and let A = {(a,a) € X x X | a € X} (the diagonal). A subset £
of X x X is said to be symmetric if (a,b) € E = (b,a) € E. We define a "product”
on the collection of subsets of E in the following way.

Definition 2 If E, F' are any two subsets of X x X then E o F := {(a,c) | there
exists b € X such that (a,b) € E and (b,c) € F}.

Thus a pair (a,c) is in the product of £ and F' if there exists a sequence with
three elements a, b, ¢ such that the first pair is an element of £ while the second pair
is an element of F. In particular, if one forms E™ (the nth product of E with itself)
then (a,b) € E™ implies the existence of a sequence a, 21, x9, ..., 1, b such that each
sequential pair is an element of F.

Definition 3 Let Q) be a collection of subsets of X x X which satisfy the following
properties:

1. For all E € Q, A C E. (Every subset in the collection contains the diagonal).
2. For all E € Q, E is symmetric.
3. If E, F € () then there exists D € §2 such that D C ENF.



4. For every E € Q there exists an F € Q such that F? C E

Then the collection F := {K C X x X | there exists E € Q such that E C K}
forms a filter on X x X. F is called a uniformity on X while §2 is called a basis
for the uniformity F. Notice that if ) is a basis for a uniformity then the collection
QU{X x X} is also a basis for the same uniformity. Hence we may add the set
X X X to any basis, and will do so automatically. A set X together with a uniformity
will be called a uniform space. If Q also satisfies: 5) NgE = A (The intersection of
all E in Q is the diagonal) then the uniform space will be called Hausdorff (see 8).

Definition 4 An entourage is defined to be any symmetric element of a uniformity.

Proposition 5 If X is a uniform space with basis ), and uniformity F then the set
Y. of all entourages (symmetric elements of F) forms a basis for the uniformity. If
satisfies condition 5 then so does the set of all entourages.

Proof. 1) For any G € F we have, by definition, that G is a superset for some F' € Q.
Thus A C F C G.

2) This statement is true by definition.

3) Let G, G2 be entourages, and Fi, F, € Q such that F} C Gy and F» C Go. We
let K € € such that K C F; N F, C G; N Gy. Then, since K is an entourage, K
satisfies property 3 for Gy, Gs.

4) Let G be an entourage and F' €  such that ' C G. Let K € Q be such that
K? C F C G. Then, since K is an entourage, K satisfies property 4 for G.

5) We assume that NgFE = A. Since the collection of entourages is larger than
we have NpesF' C NpeagF = A. However, since A C E for all entouages A C Npeyx
and property 5 holds. m

Definition 6 The basis for a uniformity consisting of all entourages will be called a
full basis.

We note that in most references conditions 2 is not required for a basis of a unifor-
mity, or for the definition of an entourage. However, given a uniformity, it is always
possible to form a basis consisting of symmetric subsets of X x X (see [2], or [3]).
Since we will be working exclusively with symmetric elements of a uniformity, it will
be convenient to assume this condition from the start. It is also important to note
that a given set X can have more than one distinct uniformity, just as a given set
can have multiple topologies defined on it. Every entourage F in a uniform space
determines a collection of subsets of X, one for each point z € X, by considering
the projections of E onto X. Following the notation for metric spaces, we have the
following definition.

Definition 7 Let E be an entourage of a uniform space X. The E-ball centered at
re X isB(x,E) ={ye X | (z,y) € E}.



Proposition 8 Declare a set U C X to be open if for all x € U there exists E € )
such that B(z, E) C U. Then the collection of all open subsets of X forms a topology
on X called the topology induced by 2. For each x € X and E € Q) we can find
an open set U such that U C B(z, E). Further, condition 5 in the definition of a
uniformity is equivalent to the topology being Hausdorff (see propostions 1 and 3 of

I1.1.2 of [3].

Proof. Clearly () is open since it is vacuous and X is open since the condition is
satisfied for every E in €). Suppose U and V' are open. Then for each z in U NV there
exists E,, F, € Q such that B(z, E,) C U and B(x, F,) C V. By property 3 we may
find D, € Q such that D, C E,NF,. By definition B(x, D,) C B(x, E,)NB(z, F,) C
U NV and hence U NV is open. Finally, if x € U,U, where each U, is open, then
x € Ug for some (. Hence there exists an £ € Q such that B(z, E) C Ug C U,U, and
UaU, is open. We conclude that the collection of open subsets forms a topology. To
prove the second statement, let U = {y € X | for some F' € €, B(y, F) C B(z, E)}.
Then, for each y € U we have that y € B(y, F') C B(z, E) and hence U C B(x, F).
Further, x € U since, in particular B(z, E) C B(z, E'). We must show that U is open.
Let y € U and F € Q2 such that B(y, F) C B(z, F). We must find a K such that
B(y, K) C U. We choose K to be any entourage such that K? C F. The problem is
now to show that if a € B(y, K) then a € U. In fact, if a« € B(y, K) and b € B(a, K)
then (y,a), (a,b) € K so that (y,b) € K* C F. But then, since B(y, F') C B(z, FE)
we must have that b € B(xz, E'). Thus we have shown that B(a, K) C B(z, E) so that
acU. m

To see that this topology is Hausdorff under condition 5, let x, y be distinct points
of X. We may find an entourage E such that (z,y) ¢ E. Further, we find an
entourage F such that F?> C E. We claim that B(x, F)NB(y, F) is empty. Then, since
B(z, F) and B(y, F') contain open sets containing = and y respectively, the Hausdorff
condition would be satisfied. Now, for the purpose of contradiction, suppose that
a € B(x,F) N B(y, F). Then, since F' is symmetric we have that (z,a) € F and
(a,y) € F. But then (x,y) € F which is a contradiction. Thus condition 5 implies
Hausdorff. To see that Hausdorff implies condition 5 (assuming conditions 1-4) let
(x,y) € A°. Then we may find open sets U and V such that x € U , y € V and
U NV is empty. Further we may find entourages E, F' such that B(z, F) C U and
B(y,F) Cc V. Choosing D C EN F we have that B(z,D) C U , B(y,D) C V and
B(z,D) N B(y, D) is empty. Then, in particular y ¢ B(z, D) and (z,y) ¢ D. Thus
(using condition 1) we have that Ng = A.

Definition 9 The topology on X determined by 8 is called the topology induced by
the uniformity base 2.

Uniform spaces generalize both metric spaces and topological groups as the fol-
lowing examples show. For background and relevant definitions for these examples,
one may consult [3].

Example 10 (Metric Spaces) Let M be a metric space (see [4]). For each § > 0 we
define E(0) = {(z,y) | d(x,y) < §}. We then define a uniformity base on M x M



as the collection Q = {E(5) | 6 > 0}. Then the properties of metric spaces translate
into properties of uniformity bases in the following way.

1) Since d(x,z) = 0 for all x we have that (x,z) < 6 and hence (z,z) € E(6) for
allz € X and 0 > 0. Thus A C E(9) for all E(5) € Q.

2) Since d(z,y) = d(y,x) we have that (x,y) € E(0) = (y,x) € E(J). Hence
E(9) is symmetric.

3) (x,y) € E(61)NE(02) = d(z,y) < 01 and 02 and hence (x,y) € E(min(dq,d2)).
Thus, in fact E(61) N E(d3) = E(min(dq,02)).

4) If (z,y) € E(6/2)? then by definition there exists z € M such that (z, z), (z,y) €
E(6/2). But then, by the triangle inequality, d(z,y) < d(x, z)+d(z,y) < §/2+6/2 =0
so that (z,y) € E(5). This shows that for each 6 >0, E(6/2)? C E(9).

Thus ) forms a uniformity base on the metric space M. Notice that:

B(x, E(9)) = {yl(z,y) € E(0)} = {yld(z,y) < 6} = B(x,0)

Hence the topology induced by the uniformity base is equivalent to the metric
topology.

Example 11 (Topological Groups) Let G be a topological group (see chapter I1I of [3])
and U a symmetric open subset of the identity (i.e. e € U and g e U = gt € U).
Then we define E(U) = {(g,h) | gh=' € U}. The collection Q = {E(U) | U is a
symmetric subset of the identity} forms a uniformity base.

1) Since gg7' = e € U we have that (g,9) € E(U) for all g € G and hence
A CEU) forallU.

2) (g,h) € U = gh™' € U = (gh™")"! = hg™! € U (since U is symmetric)
= (h,g) € U. Hence E(U) is symmetric.

3) By the properties of the topology we have that if U,V are open subsets of the
identity then so is UNV. In fact, UNV is also symmetric sinceqg € UNV = g1 € U
and g7 € V (since U and V are symmetric) and hence g=* € UNV. We show that
in fact E(UNV) = EU)NE(V). Let (g,h) € E(UNV). Then gh=t €e UNV and
hence gh™' € U and gh™* € V.. Thus (g,h) € E(U) and E(V).

4) In a topological group WV = {g1g2 | 1 € W,go € V'}. By the properties of
a topological group, it is possible to find, for each U (a symmetric open subset of
the identity) a V (a symmetric open subset of the identity) such that V? C U. We
show that E(V)? C E(U). Let (g1,92) € E(V)% Then there exists an h € G such
that (g1,h) € E(V) and (h,g2) € E(V). Thus g1h~*, hg;' € V. But then 9195 =
(gih 1) (hgy ') € V2 C U and we have the result.

Let X and Y be uniform spaces, and f : X — Y. We wish to consider the
properties of entourages (subsets of X x X and Y x Y') under the mapping f x f.
Following [11], we adopt the following convention.

Remark 12 Let X and Y be uniform spaces, f : X — Y , E an entourage of X x X
and F an entourage of Y x Y. We define f(E) = {(f(z), f(y)) | (z,y) € E}. Thus
f(E) really means (fx f)(E). Similarly f~(F) = {(x,y) € XxX | (f(2), f(y)) € F}
or in other words f~Y(F) = (fx f)"Y(F). Further, we will state that E is an entourage
of X rather that of X x X.



Definition 13 A function f : X — Y 1is defined to be uniformly continuous if for
each entourage F of Y, f~1(F) is an entourage. If f is surjective and, in addition,
there exists for each entourage E of X an entourage F' of Y such that F C f(E)
then f will be called bi-uniformly continuous. Finally, if a bi-uniformly continuous
function is also one-to-one, then it is termed a uniform homeomorphism.

Proposition 14 A uniformly continuous function is a continuous function between
the topological spaces induced on X and Y by the uniformities (see proposition 1 of
section I1.2.1 in [3]).

Proof. Let U be open in Y, and z € f~'(U). By definition, we may find an
entourage F' in Y such that B(f(z),F) C U. Let E C f~*(F) and consider B(z, E).
If a € B(z, F) then (z,a) € E so that, by the choice of E we have (f(z), f(a)) € F.
But then f(a) € B(f(z),F) C U. Hence B(z,E) C f~'(U) which implies that
f7Y(U) is open. m

We note that it is possible for a bi-uniformly continuous function between uniform
spaces to fail to be a uniform homeomorphism. For example, let R be given the
standard metric, and let S be the unit circle under the length metric (the distance
between points is the length of the shortest curve between them). If R and S! are
given the metric uniformities outlined in 10 and f : R — S is the covering map given
by f(z) = €?™* then f is bi-uniformly continuous, but not one-to-one. To see that
f is bi-uniformly continuous, let F(§) be the entourage in S! determined by § and
E(6) the entourage in R determined by . Then, for § < 3, E(§) C f~*(F(0)) while
F(E©)) = F(0).

There is, then, a category whose objects are uniform spaces and whose morphisms
are uniformly continuous functions. In [2] a covering space theory is developed for
this category, which allows one to define a "deck group" which will be labeled §;(X).
In many cases, the deck group is the traditional fundamental group. In cases where
it is not, however, this theory has the advantage of extending many algebraic topo-
logical results to spaces for which the traditional fundamental group is less useful
(see example). It is worth emphasizing that the deck group is a functor from the
uniform space category, and not the more general topological space category. Thus
it is possible for homeomorphic spaces to have different uniform fundamental groups.

We will outline Plaut, Berestovski theory below. Let X be a uniform space. We
begin by constructing, for each entourage F in X, a uniform space Xg, which is a
traditional covering space of X. Let E be a fixed entourage of X which means, in
particular that F is symmetric (See 4 above.) We consider the following collection
of sequences Sg = { zg,x1,..x, | (xi—1,2;) € E for 1 <i < n}. If X is a metric
space and £ = E(§) then Sgs) would consist of those sequences such that two
consecutive elements in the sequence are no farther apart than 6. An element of Sg
is called an E-chain. In order to avoid confusion, we will denote an E-chain using the
notation v = {xg, z1, ...z, }. If v = {xg,x1,...x,},and n = {yo, y1, ...ym } are two E-
chains such that x, = yo then the E-chain yn = {zo, ...z, y1...Ym }, and the F-chain
v ' ={xn, p_1,.. 70} (which is an E-chain since E is symmetric).



Definition 15 Let v = {xg,x1,...x,} € Sg and suppose that for some 1 < i < n,
there exists z € X such that (x;_1,2) € E and (z,x;) € E. Then the E-chain n =
{zo, 21, .. 71, 2, Ti, ...T, } 1S said to be an expansion of v whereas 7y is a contraction
of n. A finite sequence of E-chains 1y, 1y, ...n,, € Sg such that n, is an expansion or
contraction of n,_y for 1 < i < m is called an E-homotopy from n, ton,,. Notice that
i an E-homotopy, the beginning and ending points in the sequences are all the same.
An E-homotopy is essentially a "fixed-endpoint” homotopy. Two E-chains v,~' € Sg
are E—equivalent if there exists an E-homotopy between them. To form Xg we fix
a basepoint x € X, and let S}, be the set of E-chains such that vy = *, i.e. the set
of E-chains which begin at x. It is easy to see that E-equivalence is an equivalence
relation on S},. We define Xg to be S}, modulo E-equivalence. Elements of Xp will
be denoted [y|g. The common initial point and end point of the E-chains in [y]|g will
be called the initial point and end point of [v]g.

An FE-chain in the uniform structure of X is analogous to a path in the topological
structure of X. We now define a uniform structure on Xz in a manner which, for
length spaces, is roughly parallel to the § cover in [12].

Definition 16 For each D C E we define an entourage D* of Xg to be the set
of all pairs (g, [x) such that g = [{x = 30,21, ~2n,allp , Inlp = [{+ =
X0, T1, .- Tn, b} g and (a,b) € D. Thus D* is the collection of all pairs in Xg whose
endpoints form a pair in D and which are E-homotopic to E-chains which differ only
in their endpoints. The uniformity properties of D* follow easily from the uniformity
properties of D, as we now show.

Proposition 17 The collection {D* C Xgx Xg | D C E} is a basis for a uniformity
on Xg (see proposition 16 of [2]). If X is Hausdorff, then so is Xg.

Proof. 1) Let v = {* = x,21,...x,} be any F-chain beginning at *. Then
([¥]E, [Y]Eg) € D* since (x,,x,) € D and v = 7.

2) Let [v|g = [{* = xo, 71, ... 00, a}|g , Nl = [{* = xo, 21, ...x,, b}| g be such that
(e, M) € D*. Then (a,b) € D and the symmetry of D implies that (b,a) € D.
Hence ([n]e, [7]e) € D"

3) Let Dy, Dy C E. Choose an entourage K C Dy N Dy. Then, if [v]p = [{*x =
X0, T1, - Tn, 0t E , N = [{* = ©o, 21, ...xn, b}| g are such that (a,b) € K then (a,b) €
Dy N Dsy. Hence K* C D N Dj.

4) Let D C E and find an entourage K such that K? C D. Suppose that
(e, [nlg) € (K*)2.  Then there exists [Ag such that ([v]g,[AEg), [Nz, [7g) €
K*. Then there exists v € [y]g, A1, A2 € [Ag,and n € [n]g such that 7 = {x =
X0, L1y Ty 1,0}, A1 = {* = Xo, L1, ...Tn_1,¢}, Ao = {* = Yo,Y1,--Ym_1,C}, and n =
{* = Y0, Y1, ---Ym—_1,b}. In particular we have that (a,c) and (c,b) are elements of
K C FE and hence ) = {* = 4o, Y1, ---Ym—1, ¢, b} is an E-chain in the equivalence class
[Nl whereas ¥ = {* = x¢,21,...2,_1,¢,a} is an E-chain in the equivalence class of
[v]e. Using the equivalence \; ~ Ay we see that ¥ ~ {* = yo, Y1, .--Ym_1, ¢, a} which
differs from 7 only in the final element. Since (a,c) and (c,b) are elements of K and



K? C D we have (a,b) € D. Thus, by definition, ([y]g,[n]g) € D* and we obtain
that (K*)* C D*

We now assume that X satisfies condition 5) in the definition of a basis for a
uniform space. Suppose [y]g, and [n]g are distinct elements of Xz. We must find
some D* such that ([v|g,[n]g) ¢ D*. In general, we may not assume that the
endpoints of F-chains in [y]g,and [n]g are distinct even if [y]g,and [n]g are distinct.
Suppose for the sake of contradiction, however, that the endpoints are the same. Then
for any D*, if ([v|g, [n]lg) € D* then [y]g = [{* = xo, 21, ...7p,a}]r and [n]g = [{* =
X, T1, .--Tn, b} p. Since the endpoints are the same a = b and {* = xg, x1,...x,, b} =
{* = xg, 21, ...x,,a} which implies that [y]p = [n]g a contradiction. Hence we may
assume that the endpoints are distinct. Now, we may find an entourage K; in X such
that (a,b) ¢ K7, and then an entourage Ky C Ky N E. If ([7]g, [ng) € K5 however,
then (a,b) € Ky C K; which is a contradiction. m

Thus X is in fact a uniform space. Notice that if £ = X x X then (a,b) € E for
all a,b € X. Hence for all ¢ € X we have that {a,c,b} is an expansion of {a,b}.This
implies that [y]xxx is uniquely determined by its end point. Thus we have the
following proposition.

Proposition 18 If X is a uniform space then X is uniformly homeomorphic to
Xxxx (see notation 28 in [2]).

Proof. We simply define f : Xx.x — X as f([{x = xo, 21, ... }|xxx) = =, (the
end point map). The map is surjective since given a € X we have {x,a} is an X x X
chain and hence f([{*,a}]xxx) = a. It is also injective since [y]xxx is uniquely
determined by its end point. Let F be an entourage of X and E* the associated
entourage of Xxxx. If ([{*,a}]xxx,[{*, 0} xxx) € E* then (a,b) € E and hence
(F([{* a}]xxx), F([{*, 0} xxx)) = (a,0) € E. T (f([{*, atlxox), f([{x 0}]xxx)) €
E then by necessity (a,b) € E and hence ([{*,a}|xxx, [{* b}xxx) € E*. Thus
f(E*) = E and f is a uniform homeomorphism. =

For each entourage F of X there is an associated group in Xg. Define any E-
chain whose initial and end points are the same to be an E-loop. If we let dp(X) =
{7l | v is an E—loop} then §z(X) forms a group under the operation induced by
concatenation. More specifically, if [y]g, [n]g € 0g(X) then the product [v]g * [n]gp =

[v1]E-

Proposition 19 6z (X) under the operation x forms a group (see definition 36 of

[2])-

Proof. We first establish that the operation is well defined on the equivalence
classes of Xp. Let o/ € [3]p and 0 € [nlp. Let v = 771,77, = 7 and
17 =N, N1, Nas ---1; = 1’ be corresponding E-homotopies. Then

Y1 = VoMo Y1M0s Vallos - YsMos VsT1s Vslas Vsl = V' 1

is an E-homotopy from 7 to 7'n’. The operation is also associative since [y]g* (1] g *
AE) = [ynA\e = ([v]e * [n]g) * [\ g. The element [{*, x}|g is an identity element. To



see this, let [v]g € dg(X) where v = {*,x1,...2,,_1, *}. Then, in particular, by the def-
inition of an F-chain, (z,_1,*) € E. Hence [y|p*[{*, *}|p = [{®0, T1, ...Tn_1, %, *}|p =
[v]E since (z,-1,%) and (*,*) € E implies that {x = z¢, x1,...x,_1, %, %} is an expan-
sion of . A similar result holds for [{*, x}]g*[y]g. Finally, we show that [y~!] = [y]~*.
Notice that:

[V]E * [7_1]E - [’7’7_1]E - [{*7 L1y .- Lp—1, *7 Ln—1yLp—2,..-L1, *}]E

Now, since (z,_1,%n_1), (Tn_1,%) and (*,x,) € E we have that {z, 1,2, 1} is a
contraction of {z,_1,*,x,_1}. Further, since (z,_o,2,_1) and (z,_1,2,-1) € F we
have that {x,_2,z,-1} is a contraction of {x, o, 2,1, x,_1}. Similarly, {z,_2, x,_2}
is a contraction of {x,_2,Z, 1,7, 2}. Thus we have established that

[{*, L1y .-Tp—1, %, Tpn—1,Tp—2,---T1, *}]E = [{*, L1y ... Tp—-2, Tp—2;,-.-T1, *}]E

We may proceed inductively to show that in fact [y]g * [y~ g = [{*,*}]g. Since
(1)~ = v we have that [y g« [7]p = [y |z * [(v"!)']p = [{* *}|p and hence
=Dhl" -

Definition 20 The group 0(X) is called the E-deck group of the entourage E.

Proposition 21 If F' and E are entourages in X such that F' C E then any F'-chain
s automatically an E-chain. We may therefore define a function ¢pp : Xpr — Xg
by setting ¢pp([Vlr) = Ve ¢pp is uniformly continuous (see lemma 22 of [2]).
Further, ¢pplsp(x) : 0r(X) — dp(X) is a group homomorphism (theorem 39 in [2]).

Proof. To see that this function is well defined on the equivalence classes of Xp
suppose Y = 1,7y, -.-1s = 7' is an F-homotopy. Then each 7, is an F-chain and
hence 7' is E-equivalent to v, and [y]g = [y]g. We show further that each ¢p
is uniformly continuous. Let D* be an entourage in Xpg, so that D C E. If we
choose K C DN F then K C F so we can define K}, to be the entourage of Xp
defined by K . If ([7]r, [n]r) € K3 then [y]p = [{* = o, z1,...24,a}]F , and [n|p =
[{* = zo,x1,...x,,b}|F for some F-chain {x = g, x1,...z,} and (a,b) € K. Hence
Opr(lr) = [{* = 20,21, .20, a}|p and dpp([nlr) = [{* = o, 21, .20, b} where
(a,b) € K C D. Hence (¢pp(V]r), dpr(nlr)) = (W]e;[ne) € D*. This shows
that K3 C ¢pp(D*) and ¢pp is uniformly continuous. To see that ¢ppls.(x) is
a group homomorphism, we note first that the image of ¢gp|s.(x) lies in Jp(X)
since end points are preserved under this mapping. Further, ¢zpls.cx)([v]F * [n]r) =

burlsec)((ynlr) = [le = HexHe. =

Proposition 22 Let 2 be the full basis for X consisting of all entourages. If £, F' €
Q, then we set E < F if F C E. This is a partial ordering on the collection of all
entourages which is directed, since given E,F we may find D C E N F and hence
E <D and F < D. The collection {Xg}pecq together with the mappings ¢pp form
an inverse system in the category of uniform spaces. Further, the collection {dp(X)}
together with the homomorphisms ¢ppls.x) form an inverse system in the category
of groups (see the paragraph following lemma 26 in [2]).
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Proof. We must show that if £ < F' < D then ¢ppo¢py = ¢pp. This follows from
(05r 0 ¢rp)(7]D) = dpr(V]F) = Dl = ¢pp(Blp) =

By the preceding proposition, we may form, for each uniform space X, the inverse
limits X = lim Xz and 6;(X) = limdz(X). Notice that if (y) € X then for each

entourage E the projection mapping ¢, (y) = [y]r has the same initial and end points.
In general, we focus our attention on uniform spaces of the following type.

Definition 23 X is called the fundamental inverse system of X. 01(X) is called the
deck group. A uniform space is said to be uniform coverable if there exists a basis
Q for the uniformity (which includes the entourage X x X ) such that the projection
maps Vg : X — Xg are surjective. The basis ) is called a covering basis.

Let X be a uniform space. In [11] Plaut considers the group Hx of all uni-
form homeomorphisms of X with the product operation given by composition. The
topology on Hy is the topology of uniform convergence. If GG is a subgroup of Hx
then G is said to act discretely on X if there exists an entourage F of X such that
(9(x),r) € E = g = id.The term comes from the fact that if G acts discretely on X
then G is a discrete subgroup of Hx (in the subspace topology). Let { X, fas}aca be
an inverse system of sets over an index A, and {G,, hap}taca be an inverse system of
groups over the same index such that G, acts on X,. If the systems are compatible
in the sense that f,5(92) = hap(g) fap(z) then we have an inverse system of actions.
In this case the group hmG acts on lim X, via the relation (9a)(xa) = (gaa) and

such an action is termed a prodlscrete action. In particular, every discrete action is
prodiscrete. If, given a prodiscrete action, there exists a basis €2 for the uniformity
on X such that g(E) = F for all g € G and E € () then the projection 7 : X — X/G
is called a uniform cover. That X/G forms a uniform space is a non-trivial result in
[11]. In [2] it is proved that if a uniform space is uniform coverable then the projection
Vywx : X = Xxxx (= X by 18) is a uniform cover and 6, (X) is the deck group.

The set of uniform coverable uniform spaces is large and includes path connected,
locally compact topological groups [1], geodesic metric spaces, connected locally path
connected compact topological spaces, Peano continua [2] and finite dimensional CW
complexes (see 64 of this work).

Definition 24 For a uniform coverable space X, X will be called the uniform uni-
versal cover and §1(X) the uniform fundamental group.

Definition 25 A uniform space is called chain connected if, for each entourage E
and pair (a,b) € X x X there exists an E-chain from a to b. Thus, between every
two points in X there exist "finer and finer" E-chains between them.

Proposition 26 A uniform coverable uniform space is chain connected (see lemma

44 in [2]).
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Proof. Let (a,b) € X x X. Then, in particular {x,a} and {x,b} are X x X chains.
Since X x X is an entourage in the covering basis of X we have that vy, y is surjective.
Hence there exists (7,), (7,) € X such that 1y, x(7;) = [{*, a}xxx and ¥y, x (75) =
[{*,b}]xxx. Let E be any entourage of the covering basis of X and consider ¢ 5(v;) =

e = [{*x = xo,21,..70, = a}|g and VY (75) = [N g = [{* = vo, Y1, ---Ym = b}|e. Then
n~\ is an E-chain from a to b and the result follows. m

Proposition 27 Let X and Y be uniform spaces and f : X — Y a uniformly con-
tinuous function. Let ' be an entourage in'Y and E and entourage in X such that
f(E) C F. Ifyv = {x = xo,21,...x,} 1s an E-chain, we define f(vy) = {f(x) =
f(zo), f(x1),...f(zn)}. We let x be the basepoint in X and f(x) be the basepoint in'Y .

Define frr: Xg — Yr by fer([v]E) = [f(7)]r. Then frr is a well defined uniformly
continuous function (see theorem 30 of [2]). In particular, ¢pp = idpg.

Proof. Notice that f(v) is an F-chain by the assumption on E. Further, if v =
Nos T, --Ms = 7' is an E-homotopy then f(v) = f(no), f(n1),.--f(ns) = f(7') is an
F-homotopy and hence the function fgp is well defined. To see that the function is
uniformly continuous, let D C F and K C EN f~YD). If v = {* = x¢, 21, ...T, a}
and 7 = {* = x¢, x1, ...T,, b} are E-chains such that ([7]g, []g) € K* then (a,b) € K
and hence (f(a), f(b)) € D (since K C f~'(D)). Thus (f([Y]z), f([n]g)) € D* and
K* C fgp(D*). =
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3 Basic Results

In the work that follows, it will frequently be necessary to switch basepoints in the
consideration of E chains. We will need to see, for example, that if F is a covering
entourage from the vantage of one basepoint, then it is a covering entourage from
the vantage of any other basepoint. Independence of basepoint for path connected
spaces is an important feature of traditional covering space theory. The fact that, for
a chain connected uniform space X, the same is true, i.e. it is possible to substitute
any other point of X for the basepoint is established in [2]. Lemmas 28 and 29 along
with proposition 30 provide a more explicit justification.

For the following lemmas, let z € X where X is a uniform space. Denote by
X* the inverse limit of the fundamental system of X using z as basepoint and by
X%, ¢0%p, and ¥% the elements, bonding maps, and projection maps of this system.
The equivalence classes of X% will be denoted as [z]%.

Lemma 28 Suppose that ([vx]r) € X" is such that % [([vr]r)] = [ygl% where
vg = {b1 = xo,71,...,x, = ba}. In other words, the Eth representative of ([Yr|r)
is the equivalence class determined by the chain v from by to by. Then there exists
(v™Y) € X" such that Y2[(v")] = [v5']% where u™' := {by = Ty, p_1, ..., 70 = b1}
(the Eth representative of (y~!) is the equivalence class determined by u™" from by to
by ).

Proof. For each entourage I we define the F'th element of (y ') to be [y']% where
v is the Fth element of ([yz]|r). 75" exists since F is symmetric. Then, if F C K
we have that ¢%,([v]%) = [vx]% so there exists a K homotopy v, = g, Cy,-..C, =
Y- Since K is symmetric, vt = (1, ¢ .¢ " = 7% is a K homotopy from 75! to
vt Hence ¢%2,([v5']%) = [v4']% and hence (1) € X* is well defined. Further,
we havi that ¢¥2[(71)] = [v5'] e by definition, so that the Fth representative of (y~')
is [yz']E. =

Lemma 29 Let ([vz|r) € X" be such that the endpoint of each ~yp is by and let
([\rlr) € X" Define [u]# = [ypArli Then ([uplr) € X"

Proof. Let F C E. Since ¢%.([vp]%) = [yg]% there must be an E homotopy
YE = Yo Vis -V = Vg from yp to yp.  Similarly there exists an £ homotopy
Ar = Ao, A1y ..\, = Ap from A\p to Ag. Then we have that

YEAE = VA0 Y1A0; s Y120, VA0 VuALs -V Am = YEAE

is an E homotopy from pAr to ypAg. Hence, %o ([ypAr]2) = [ypAe]s and (u) is

well defined. =

Proposition 30 Let X be a chain connected uniform space and by, by € X. If E is a
covering entourage with respect to the basepoint by then it is a covering entourage with
respect to by. In particular a uniform coverable uniform space is uniform coverable
with respect to any element of X.
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Proof. Since X is chain connected, there exists an E chain v, from b; to by and
since F is a covering entourage with respect to by there exists ([y,]r) € X® such that
“(lvelr) = [ve)B, ie. ([7p]r) is an element in the fundamental inverse system of X
with respect to b; whose Eth representative is the equivalence class of the E-chain .
We must show that 1% : X" — X% is surjective. Let [Ag]%2 € X% be such that the
endpoint of A\g is b3. Notice that y;Ag is an F chain with initial point b; and hence
(YA E]I}E1 € Xgl. Since F is a covering entourage with respect to the basepoint b; there
exists ([np]p) € X" such that ¢4 ([np]r) = [VE)\E]%, i.e. the Eth representative of
nele = [ypAe]h. We wish to define an element of X2 such that for each F the F'th
representative is the equivalence class determined by the chain which travels along
v7! to by and then along 7, to the endpoint bs. This is possible since ([yz']r) € X
by 28 and then by 29 the element ([uz]r) € X" whose Fth element is [y5'n,]% is
well defined. Further, we have that % (1) = [vz'ngl% = g Ve el? = [v5]% and
the result follows. If X is a uniform coverable uniform space with respect to the
basepoint b; then by definition there exists a basis for the uniformity (including the
set X x X) which consists of covering entourages with respect to b;. In particular,
it is chain connected and thus, by the preceeding the same collection of entourages
forms a basis of covering with respect to any point of X. m
Since we have established that for any chain connected uniform space the notion
of coverability is independent of the choice of basepoint, we will simply denote the
basepoint by *. Then [*]g = [{*,*}]p will always be the choice of basepoint for
Xp. Further, (x) € X will designate the point whose Fth representative is [+]z and
will always be the choice of basepoint for X. If X is a uniform coverable uniform
space then by definition there exists a basis for the uniformity consisting of covering
entourages. We will show (see proposition 33) that in fact it is possible to find a basis
consisting of open entourages. The following lemmas are needed for this proposition.
These lemmas may be known, but the author has not found a direct reference for
them.

Lemma 31 If F',G are open entourages and E is any entourage then F'o E oG is an
open entourage.

Proof. Let (a,b) € F o E o G. Then there exists (z,y) € E such that (a,z) €
F,(z,y) € E,(y,b) € G. Since F,G are open entourages, B(z, F') and B(y,G) are
open subsets of X. Hence, we may find entourages K; and K5 such that B(a, K;) C
B(z,F) and B(b, K3) C B(y,G). Let (s,t) € B(a,K;) x B(b, Ks). Then, by the
choice of K; and K5y we have that s € B(x, F) and t € B(y,G) which implies that
(s,x) € F and (y,t) € G. Since (z,y) € E we have that (s,t) € F o FoG. Thus
B(a,K;) x B(b,K;) C FoEoG. By 8 there must exist an open set U of X x X
such that (a,b) € U C B(a, K;) x B(b, K3) C F'o EoG and hence F o E oG is open
in X xX. =m

Lemma 32 If E is an entourage then int(E) is an entourage and int(E)o Eoint(E)
is an open entourage.

Proof. The fact that int(FE) is an element of the uniformity is a result of Corollary 2
in section II.1.2 of [3]|. To see that int(F) is symmetric, let (a,b) € E, and U,V open
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subsets of X such that (a,b) € U x V C int(E). Since E is symmetric we have that
V x U C E and hence V x U C int(F) (since V' x U is an open subset of F). Since
(b,a) € V x U the result follows. The second claim then follows from lemma31 since
int(E) is open. m

Proposition 33 If X is a uniform coverable uniform space then there exists a basis
for the uniformity consisting of open covering entourages.

Proof. Let E be a covering entourage, and set E' = int(F) o E o int(E). Then
E’ is an open entourage by 31. We must show that it is a covering entourage. Let
(a,b) € FE', so that there exists (z,y) € E such that (a,z),(y,b) € int(E) C E.
Then, {a,z},{z,y},and {y,b} are all E-chains and since E is a covering entourage
with respect to any basepoint by 30, we may find (v,) € X%, (v,) € X%, (v5) € X¥
such that ¢'(7,) = {a, 2}, V5 (72) = [z, y}E.and Y5 (73) = [{y, b}E. By 29 there
exists (7) € X* such that ¥%(v) = [{a,z,y,b}|%. Since E C E’ we have: 9% (vy) =
one({a, r,y,b4%) = [{a,7,y,b}%.  Notice that (z,x) € int(E) implies that
(x,b) € E' and thus {a,x,y,b} is E'-homotopic to {a,b}. In other words, % (y) =
[{a,b}]%,. Now, let n = {* = x,x1,...7,,} be any E’ chain. By the preceeding, we
may find for 1 < i < n, (v;) € X% such that ¢ (v;) = [{zi 1, 2:}]5 " Again, by
29 we can find a chain () € X* such that 1, () = [7]% and hence E’ is a covering
entourage. To see that the collection of all such entourages forms a basis for the
uniformity, let F be an arbitrary entourage and choose F' such that F® C E. Then
E' Cc F? C E. Finally, X x X is an open entourage and is a covering entourage by
definition, since X is assumed to be uniform coverable. m

For the remainder of this section we will consider X,Y to be uniform coverable
uniform spaces with associated uniform universal covers X,Y and projection maps
¥ X > Xand¢Y :Y - Y. If f: X — Y is a uniformly continuous function
such that f(x) = x then from [2] we know that f induces a uniformly continuous
function f:X > Y. Infact f is the unique uniformly continuous function such
that f(x) = * and fo¢™ =" o f. We wish to prove some lifting properties of
covers, but to do so it will be necessary to characterize the mapping f. Consider the
mapping frr : Xg — Yr defined in 27 which sends the Eth equivalence class of an
E-chain 7 to the F'th equivalence class of f(). In other words frr([v|g) = [f(7)]F-
Then by Theorem 30 in [2] this is a unique uniformly continuous function such that
fer([#l) = [*]r and ¢y p o fer = f o ¢y (dxp = dxxx)p and Oy p = Oy yy)r by
definition). Given an element ([y;]z) € X we associate an element ([17,]r) € Y in the
following way. We may use the fact that f is uniformly continuous to find an element
E of the covering basis of X such that f(E£) C F. Then we set nplr = [f(vg)]F-
The following proposition shows that ([175]r) is a well defined element of ¥ and that
the above association is equivalent to the function f.

Proposition 34 The above association defines a function y : X — Y and x = f.

Proof. This mapping does not depend on the choice of covering entourage. To see
this we first let K be a covering entourage in X such that K C E. We then have
f(K) C f(E) C F so that K can be used to define [ny|r. Since ([yglr) € X we
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have that [yg]r = ¢p([Vk]x)). Thus, in particular, v, is an E-chain in [yz]r and
fer([vele) = fer([Vkle) = [f(vk)]r- However, we also have, by definition that
Ixr([vklx) = [f(ve)lr = fer([Ygle). Thus any covering entouage contained in E
can be used to define the mapping. Now, let M be any covering entourage such that
f(M) C F and choose a covering entourage K C M N E. Then, by what we have just
shown, fur([valu) = frr([Vilx) = fer([vele). We conclude that the mapping
is independent of the choice of covering entourage £ in X with f(F) C F. To see
that ([p]r) is a well defined element in Y, suppose H is an entourage in Y such
that H C F. Let K be a covering entourage in X such that f(K) C H and choose a
covering entourage M C K N E. Then, in fact f(K) C FF'N H. Hence we may use
v to define the F'th and Hth equivalence classes in ([ng|r) i.e. the Fth and Hth
equivalence classes are defined to be [f(vx)]r and [f (k)] respectively. Since f(vx)
is both an F' and an H-chain, we have ¢py([f(7x)r) = [f(7x)]n and hence () is
well defined.

X(%) = * since frp([*]g) = [f(*)]r = [*¥]F for all E such that f(E) C F. We now
show that y is uniformly continuous. Let D* be a basis entourage in Yr (D C F') and
consider (¢%)"1(D*). This is the set of all pairs ((1,), (7,)) € Y x Y such that the
F'th equivalence classes, ¥5(1,),1=(n,) contain elements 7, = {* = Yo, Y1, ...Yn, a}
and 7y = {* = Yo,Y1,...Yn, b} respectively with (a,b) € D. Let E be a covering
entourage in X such that f(£) C F. Let K be a covering entourage in X such that
K C E and f(K) C D. In particular, K* is a basis element in Xg. Let ((7,), (73)) €
(%)Y (K*). Then, by definition, the Eth equivalence classes {5 (v,), ¥y (V) con-
tain elements v,, = {* = xo, 21, ..Tm, c} and vy = {* = zo,x1,...Ty, d} respec-
tively with (c¢,d) € K. But then, by the choice of K we have that (f(c), f(d)) €
D. Consider fer(¥y (1), ¢ (v2)) = (f(vip)lr: [f (v2p)]r). Since f(yi5) = {x =

f(xo), f(1), oo f(wm), ()} and f(vap) = {* = f(20), f(21), ...f(xm), f(d)} we have
that x((7,), (7)) is an element of D* and hence x((¢5) ' (K*)) C (¢%)~*(D*). Thus

X is uniformly continuous. By the definition of x it is clear that if a is the endpoint
of ([yg]g) then the endpoint of x([yz]g) is f(a). Hence ¥ o x = f o™ and by
uniqueness in theorem 54 of [2] we have y = f. m

The map f induces a homomorphism f, : §;(X) — 0,(Y) given by f. = flr(x)
[2]. We have the following corollary.

Corollary 35 Let X,Y and Z be uniform coverable spaces f : X — Y wuniformly
continuous and g : Z — 'Y bi-uniformly continuous such that f.(01(X)) C ¢«(61(2))
(see diagram 1).  Then for each covering entourage I in Z there is a covering
entourage E in X such that frpyry(0p(X)) C grewr)(0r(Z)) where frpyry : Xp —
Yyr) and gpgr) : Zp — Yyr) are the induced maps (diagram 2).

A Zp
lyg L 9rgr)
D X = Y 2) Xp - Yo(r)
f fEg(F)

Proof. ¢(F) is an entourage of Y since ¢ is bi-uniformly continuous. We choose
E to be any covering entourage in X such that f(E) C g(F). Let lg be an E-loop
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so that [lg]p € dp(X). Since E is a covering entourage we know that [Ig|g is the
Eth element of some ([lx]x) € 01(X). Using the characterization of f above and the
fact that f. = f |s,(x) we have that the g(F)th element in f.([lx]x) is [f(Ig)]y)-
Now, using the property f.(61(X)) C ¢.(01(Z)) we know that there is an element
([my]s) € 61(Z) such that §([m,];) = f([ix]x). We have that mp is an F-loop in
the F'th equivalence class of ([my];) i.e. [mp|lp € 6p(Z). Again using the above
characterization, and the fact that F' is a covering entourage whose image under g is
contained in (in fact is equal to) the entourage g(F'), we must have that [g(mp)]gr) is
the g(F) equivalence class in §([m,];) = f([lx]x) and combining this with above we
have [g(m)lycr) = [F()]ycr)- Hence Sy ([L6]) = groey (mile). Since [lg] was
an arbitrary element of d05(X), we have demonstrated that for each [lg]p € dp(X)
there exists an [mp|r € 0p(Z) such that feym([lele) = grewr)([mr|r) and the result
now follows. m

The next lemma establishes a "unique chain lifting property" for discrete covers
(defined in the paragraph following 23). It is a result (theorem 39 in [2]) that if X is
chain connected then the mapping ¢y : Xg — X is a discrete cover.

Lemma 36 Suppose f : Y — X is a discrete cover under the action of a group G,
be X andp € f~1(b). Then there is a sufficiently small entourage E such that if
F = f(F) then every F-chain with initial point at b has a unique lift to an E-chain
with initial point at p. In other words, for every F-chain {b = x¢,x1,...x,} there
is a unique E-chain {p = yo,y1...yn} such that f(y;) = x;. If {b = xo,21,...7,, =
c} = Y0,71, Yk = {b = to,t1, ..ty = ¢} is an f(E) homotopy from 7, to v, then
Yos Yis Ve 15 an E-homotopy where each v, is the unique lift of vy, which starts at p.

Proof. The proof of Proposition 55 in [2] essentially proves this lemma. In the
interest of completeness, the following more direct proof is offered. Let D be an
entourage of Y such that (a,g(a)) € D = g = e, and let E be an invariant entourage
such that E* C D. Since f is bi-uniformly continuous (see [11]), F = f(F) is an
entourage. We have f(p) = b by assumption. For the purpose of induction suppose
that {p = y1, yo, ...4; } is a unique lift of {b = ¢, x1...2;}. We have that (x;,2;11) € F.
There is then, since F' = f(F), an (a,b) € F such that f(a) = z; and f(b) = x;41.
Since a € f~1(x;), and f is the quotient defined by the action of G, there must be a
g € G such that g(a) = y;. Let y;.1 = g(b). Then (y;,yir1) = (g(a), g(b)) € E since
E is G invariant and {p = yi1, Y2, ...4i, ¥ir1} is a lift of {b = xg, zy...2;}. To prove
uniqueness, suppose there exists another y such that (y;,y) € E and f(y) = xi1.
Then y € f~(z;41) and there must be an h € G such that h(y) = y;41. But then
(y,y:) € E by symmetry and (y;, h(y)) = (v, yix1) € E which implies that (y, h(y)) €
E? ¢ D. By the assumption on D, h = e and y = ;1.

For the second statement let +; be the unique lift of v, which starts at p. We need
only verify that v{,~},...7; is an E-homotopy. Notice that each 7} is an E-chain.
Suppose 7; is obtained from v;_; by the insertion of an element a between z;_; and
x;. Denote v,_; by {p = yo, 1, ...yn} and v} by {p = 20, 21, ...2j_1, A, 2}, ...2, }, S0 that
flyr) = o, = f(z) forall 0 < k < n and f(A) = a. By the uniqueness of chain lifting
applied to the first j — 1 elements we must have that y, = 2, for 0 < k < j—1. Now,
(yj-1,y;) € E implies that (y;, zj_1) € E by symmetry and the fact that y;_1 = z;_1.
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We also know that (z;_1, A), (4, 2;) € E hence (y;,2;) € E* C D. Since f(y;) = f(z;)
we must have that z; = g(y,) for some g € G so that (y;,2;) € D = (y,,9(y;)) € D
and by the choice of D we have that g = e. Hence y; = z;. Then, the uniqueness
of chain lifting implies that y, = 2, for j < k < n. Hence 7, is an expansion of
vi_y. If 7, is obtained from ~, ; by the removal of an element then the argument
above implies that 7,_; is an expansion of 7/, i.e. 7, is a contraction of +,_;. Thus
Yos V15 -5 18 @ well defined E-homotopy. In particular we have that each +; ends at
the same point in f~!(c). =

Lemma 37 Suppose X,Y, 7 are uniform coverable spaces f : X — Y is uniformly
continuous and g : Z — Y is a discrete cover with covering group G and assume that
f(x) =% = g(x) (see diagram). Then the following are equivalent:

1. For every entourage F' in Z there exists an entourage E C f~!(g(F)) in X such
that [ (0p) C grgwr)(0F)-

2. There exists a unique uniformly continuous lift Ly : X — Z such that L(x) =

and go Ly = f.
Z
/" Ly Ly
X - Y=2\G
f

Proof. (1=-2). We define Ly : X — Z in the following way. Choose an entourage
F in Z small enough to satisfy the conditions of 36. Since g is a discrete cover it
is bi-uniformly continuous [11] and hence g(F') is an entourage in X. We use 1,
to choose an entourage E in X such that fpyr)(dg) C greym(0r). Let 2 € X.
Since X is uniform coverable it is chain connected, so choose an E-chain ¢ from *
to . Then f(c) is a g(F) chain in Y. By 36 there is a unique lift {* = 2, 21,...2,}
of f(c) beginning at *. We set L;(z) = z,. To see that this is well defined, let
¢ be a second E-chain in X from x to x with lift {* = ko, kq1,...k,,} in Z. Then
c(d)7t is an E-loop in X. Hence f(c(¢)7!) is a g(F)-loop in Y. By 36 there is a
unique lift of f(c(c’)™!) to an F chain in Z. By uniqueness of lifts beginning at x,
the first n elements in the lift of f(c(¢/)™!) must be zg, 21, ...2,. Denote the lift of
fle(d)™) by {x = 20, 21, ---Zn, Sm—1, Sm—2, ---S0}. Since [¢(¢) g € dp(X) and since
fEgr)(05(X)) C grgr)(6r(Z)) there must be an F-loop [ in Z whose image ¢(l) is
in the same equivalence class as f(c(c/)~!). However, by the second part of 36 above,
the g(F') homotopy between f(c(c/)™!) and g(I) must lift to an F-homotopy between
the lift of f(c(c)™!) and I. In particular, this implies that the lift of f(c(c/)™!) is a
loop with base point *, i.e. sg = *}. Then, by the uniqueness of the lift of ¢’ beginning
at * we then have that the lift of f(c(¢/)™') is {* = 20, 21, s 20 = Kk, k1, -..ko = *}
and hence z, = k,,. Thus L; is well defined. By construction we have go Ly = f.
To see that Ly is uniformly continuous, let M be an entourage of Z and choose
D C M N F so that D satisfies the conditions of 36. Let N C EN f~!(g(D) be such
that fngp)(0n) C gpg(p)(6p). If (z1,22) € N then, applying the above process, we
find N-chains c,,, ¢;, from * to x1, x5 respectively. Let ¢, (c,,) ' denote the N-chain
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which travels along c,, from * to x;, jumps to x2 and travels along c;zl back to x.
This is an N-loop, and we may apply the preceeding to see that f(c,, (cs,) ™) lifts to
a unique D-loop in Z. This then implies that the unique lift of the chains f(c,,) and
f(cs,) end in elements z7, 2o € Z such that (z1,22) € D C M. Since N C E, ¢,,, ¢y,
are also E-chains and hence by above we must have z; = L¢(21), 22 = L(x2). Hence
L;(N) C M and Ly is uniformly continuous.

To prove uniqueness of Ly, suppose L : X — Z is another uniformly continuous
functions such that L(x) = x and goL = f. Let z € X. Since Ly and L are uniformly
continuous we may choose K C L™ (F)N LJII(F )N E. Then K is an entourage such
that L(K) C F and Ly(K) C F. Choose a K chain (which is also an E chain by the
choice of K) ¢ = {* = ¢, 21, ...k, = x} in X from * to x, and let {* = 2¢, 21, ...2, } be
the unique lift of f(c) to an F' chain. By the choice of K we have that L(c) and L(c)
are F' chains in Z. Since g(L(c)) = g(Ls(c)) = f(c) by assumption, we must have, by
uniqueness, that L(c) = L¢(c) = {* = 29,21, ...2,}. In particular L(z) = Ls(x) and
the result follows.

(2=1). Let F' be an entourage in Z and choose an entourage K in X such that
Li(K) C F. Let [l]x € 0k. Then f(I) = go L¢(l). Since L¢(l) is an F-loop (by the
choice of K) we have that [L¢(l)]r € 0p(Z). Hence fxyr)([llx) € grgr)(0F). ™

Theorem 38 Suppose X,Y.,Z are uniform coverable, f : X — Y 1is a uniformly
continuous function, g : Z — Y s a uniform cover. Then f lifts to a function
Ly: X — Z such that go Ly = f if and only if f.(01(X)) C g.(61(2)).

Proof. Since g is a uniform cover, we have by theorem 48 in [11] that Z = lim{Z,, ¢4}

such that Y = Z; for some minimal element in the index, g = v, and each ¢4 : Z5 —
Y is a discrete cover. We thus have the following diagram:
Z = hm{Zom ¢a,3}
lg=1v,
X — Y =2,
f

Suppose fi(61(X)) C g«(61(Z)). We wish to show that for each index  we may
apply the previous lemma to obtain a lift L? : X — Zz and that L? satisfy the
universal property of inverse limits, defining a function Ly : X — Z. Note that
a basis for the uniformity on Z is given by the sets wgl(Dg) where [ is arbitrary
and Dy is a basis element of Zg. Let Dy be an entourage in Zz and let F' be a
covering entourage contained in zﬁgl(Dg). By 35, there is an entourage F in X such
that fgy, (7 (0(X)) C (V1) py,7)(0p(Z)). Thus the image under f of any E-loop is
1, (F')-homotopic to the projection 1, of some F-loop in Z. However, to be able to
apply the previous lemma, we need to know that the image of any E-loop is ¢,4(Dg)-
homotopic to the image under ¢,5 of some Dg-loop. We use the fact that ¢,5 form
an inverse system and hence 1, = ¢, 5015. Let vy be an E-loop in X, and let I be
an F-loop in Z such that f(v) is ¢, (F')-homotopic to ¢, (). Then ¢4(l) is a Dg-loop
in Zg and ¥, (I) = ¢, 5(¢5(1)). Since 9, (F) C ¢, 5(Dgs) the ¢, (F)-homotopy from
Yy (1) to f(v) is also a ¢, 5(Dg)-homotopy. Hence we may apply 37 to obtain a unique
lift L'} : X — Zg such that ¢, 0 L] = f. Notice that ¢y, 0 (¢,50L]) = ¢y0 L} = f
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and hence by uniqueness, ¢,5 o L? = L. By the universal property of inverse limits
we have a function Ly : X — Z and go Ly =, 0Ly = f.

For the reverse, suppose we have such a lift L; such that go Ly = f. If (I) €
01(X). Then for each entourage K in Y, we choose an entourage D in Y so that
the Kth element of g.(m) is determined by gpx([mp|p) for any loop (m) in 61(Z).
Then we choose an E in X so that both the Dth element in (Ly).(l) and the Kth
element in f,(l) are determined by (Ly)ep([lg]r) and fek([lg]E) respectively. Then
the Kth element in f,(I) is [f(Ig)|x = [9(Ls(lg))]x. The Dth element of (Ly).(l)
is [L¢(lg)]p. Since K was arbitrary, we have that f.(l) = ¢.((Ls).(l)) and hence

fe(01(X)) C g4(6:(2)). =

Proposition 39 Let X be a uniform coverable uniform space. Let D be a dense
subspace of X with x € D. Then D is uniform coverable in the subspace uniformity.
If i : D — X 1s the inclusion mapping and v : D — X the induced map from 34 then 1
is injective, and i(D) is dense in X. Further, i, : 61(D) — 61(X) is an isomorphism.

Proof. By 33 we may choose ) to be a basis for X consisting of open covering
entourages. For each E in 2 we set Ep = E N (D x D) and the collection Qp of
all such elements forms a basis for the subspace uniformity on D. It suffices to show
that each Fp is a covering entourage. Let v = {x = do, dy, ...,d,} be an Ep chain in
D. Then 7 is also an E-chain in X and hence [y]g € Xg.Then, since E is a covering
entourage for X, there exists ([ug]g) € X such that ¢([us]s) = [ugle = [y]gz. For
each entourage I’ C F, up is an F' chain in X which is F-equivalent to v. We find
an F'p chain in [up]r by slightly moving the element of ur onto elements of D. We
must find an entourage K which is small enough so that our choice of elements in D
actually form a Fp chain. We will then show below that these chains in D form a
well defined element of D.

Let up = {* = zo,21,..x;, = d,}. Since F is open and (x;,x;.1) € F for
i =0,1,...m —1, there is a basis entourage K; such that B(z;, K;) X B(x;;1, K;) C F.
This implies that if d; € B(z;, K;) and d;1 € B(x;41, K) then in fact (d;,d;y1) € F.
Let K € Q be such that K C N*;'F;NF so that, for all i, B(x;, K) x B(x;41, K) C F
and K C F. Using the density of D, and the fact that K and hence the balls of K
are open, we can find a y; € B(x;, K)ND. If x; € D then we will specifically choose
Yy; = x;, so that, in particular, yo = % and y,, = x,, = d,,. By the choice of K we
have that (y;,yi+1) € F for all i which implies that vp = {* = yo,y1,Y2...Ym = dn}
is an F' chain. To see that it is F' equivalent to ur notice that, again by the choice
of K, for each * < ¢ < m — 2, we have that (z;,y;11) € B(z;, K) X B(x;11,K) C F
and y; 11 € B(x;41, K) implies (y;41,xi11) € K C F. Thus y;41 may be inserted into
x;xir1. We form an equivalence between the chains by inserting the y elements and
then removing the = elements. Specifically, we have the following equivalences:

KT T 10n ~ *Y1C1Y2T2 Ym—1Tm—1An ~ *Y1...Ym—1dn

We wish to show that ([vz]p, ) is a well defined element of D, i.e. that if M C F the
bonding map ¢y, takes [vas|as, to [vF]r,. In particular, ¢ ([vr]r,) = [vE]|E,and,
vp = 7y since each element of v, is an element of D and hence by convention the
elements of vy are simply taken to be the elements of v5. Hence it suffices to show
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that if Mp C Fp C Ep then vy is Fp-equivalent to vp. Since vy € [up]y and
vr € [uplrp and ¢py[un]y = [ur|r, we know that vy, is F-equivalent to vp i.e.
there exists an F-homotopy vy = 7g,7;---7x = vr. The 7, however may contain
elements of X which are not in D. We need to show that it is possible to move any
such elements slightly and still maintain the conditions of an F-homotopy. We will
first find an entourage N small enough that if the elements of chains 7, are replaced
with elements of D no more than a distance N away then the resulting chains will
form an Fp-homotopy. Toward this end, we note that if ~, is obtained from -, ;
by the deletion of an element x; then (x;_1,,+1) € F and, since F' is open, we can
find an entourage N; of X such that B(z;_1,N;) x B(xj41,N;) C F. Similarly, if ~,
is obtained from 7;_; by the insertion of an element a between z; and x;;; then
both (z;,a) and (a,z;41) € F and we can find an entourage NN; of X, such that
B(z;,N;) x B(a,N;) C F and B(a, N;) X B(z;+1,N;) C F. Thus if e is the number
of expansions and r the number of deletions, we have chosen 2e+r such N’. We index
them as Ny, Ny, ...No.y,.. We then choose N to be an element of ) contained in the
(finite) intersection N21"N; N F.

We will use induction to build an Fp homotopy 7, = v, V1.7 = np. We begin
by assigning vj = 7,. It is then trivial to verify the following for i = 0.

1. 74} has the same length as ~;
2. If d; is the jth element of v, and x; is the jth element of v, then (z;,d;) € N.
3. If z; € D then z; = d,.

We assume that 7;_; has been chosen and satisfies the three properties above.
To choose v/, first assume that v, is obtained from v, _; by the deletion of an el-
ement x;. Then, by property 2, we know that (x;_1,d;_1), (zj11,dj+1) € N =
dj_1 € B(xj_1,N) and dj11 € B(xj41,N). Also, N was chosen so that B(x;_1, N) x
B(zj+1, N) C F which then implies that (d;_1,d;4+1) € F and d; can be removed from
~vi_, obtaining an Fp-chain which we set equal to 7}. ~, and ~. obey properties 1-3
since y,_; and 7;_; do. On the other hand, if -, is obtained from =, ; by the insertion
of an element a between z; and x;;; then we can use the density of D to find an ele-
ment d € B(a, N). Using property 2 we have that d; € B(z;, N),d;j+1 € B(zj+1,N).
Then, again by the choice of N we have that (d;,d), (d,d;+1) € N which implies that
(dj,d),(d,dj41) € F. We then set 7, to be the Fp-chain obtained from v/_; by the
insertion of the element d. If a € D then we take d = a so that property 3 is satisfied.
The first two properties are satisfied as well. Proceeding inductively, we define +} for
all i. By property 3 we must have that v, = v, = np and thus 1,, = v,, Y17 = Np
is an Fp homotopy from 7,, to n and (n) is well defined.

We now consider the mapping 7 . To see injectivity, suppose i(([vs,]s,)) =
1(([wsplsp)). Then v, is S homotopic to wg, for each entourage S. By what we
have just shown, vg, must then be Sp homotopic to wg,, for each entourage Sp and
thus ([vs,]s,) = ([ws,ls,). To see that #(D) is dense in X, let F C E be open
covering entourages in X, F* the corresponding entourage in Xz and L = ¢ (F*)
a basis entourage in X. If ([us]g) € X then we need to find a ([vs,]s,) € l:? such
that i([vs,]s,) € B(([us]s), L). B((Jus]s), L) is the set of all (Jwg]s) € X such
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that wg is E-homotopic to an E-chain of the form {*x = ¢, x1,..2,_1,a} and ug
is F-homotopic to an FE-chain of the form {x = z¢,x1,...2,,_1,b} where (a,b) € F.
Since B(b, F') is open in X we can find d € D such that (b,d) € F. Consider the
chain vg = {* = x9,21,...2,_1,b,d}. By what we have shown, there is an element
([vspls,) € D whose Epth element is E-homotopic to vg. By 34 and the fact that
i(Ep) C E we know that i(([vsp]s,)) = ([vs,]s) which is an element in X whose
Eth element is E-homotopic to vg. Since {* = x¢,x1,...x,_1,b,b} is an expansion of
{* = xp,21,..7_1,b}, ug is E-homotopic to a chain which differs from vg only in
the endpoint b. Since (b,d) € F, ([ug]g, [ve]lg) € F* and we see that 7(([vs,]sy)) €
B(([us]s), L). Hence i(D) is dense in X. We have already shown that 7 is injective.
Thus to show that the induced homomorphism 7, is an isomorphism we only need
show that it is surjective. However, if ([ug]s) is in §;(X) then by assumption the
endpoint of each ug is * which lies in D. Hence, by what we have shown above,
there is a loop ([us,]s,) € 01(D) such that each ug, is S homotopic to ug. Thus
i(([usplsy)) = ([us]s) and i, is surjective. m
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4 A Uniformity for Glued Uniform Spaces

Our goal is to show that connected finite dimensional CW complexes have a uni-
formity, compatible with thier topology, which is coverable. We present the basic
definitions here (in the context of uniform spaces). The reader is referred to section
1.2.4 of [3] for the basics of the quotient topology and to [6] and [13] for more details
on gluing and CW complexes. Let X be a uniform space. Let {Y, }oca be a collection
of uniform spaces and for each a let Z, be a subspace of Y, and f, : Z, — X be
uniformly continuous. We wish to define an equivalence relation on the disjoint union
XI{Y,} . First, we set y1 ~ y2 if fo(y1) = fs(y2) for any two indices a, f € A. Then,
assign x ~ y if f(y) = x. This clearly partitions Z II {Im(f,)}. The remainder of
points are given their own class. We denote by X "{Y,} the collection of equivalence
classes. We note that [a] contains more that one element if and only if it contains for
some a € A one element of Im(f,), together with all of its pre-images under any fj.
This implies that for any equivalence class [a] in X ~ {Y,} we must have that either
X N[a] is empty or it contains a unique element. X " {Y,} has a quotient topology
in which a set is open if and only if the inverse image of the set under the inclusion
maps iy, : Y, — X " {Y,} and ix : X — X "~ {V,} are open. We will define a
uniformity on X ~ {Y,} compatible with this topology in such a way that if all the
spaces involved are uniform coverable, then X ~ {Y,} is uniform coverable.

CW complexes are obtained by gluing special uniform spaces called n-cells. An
n-cell is the subspace of R™ consisting of the unit ball B™ together with its boundary
S™=1. We choose * € S"! as the basepoint of B". Let f : S" ! — X be a continuous
function. It can be shown (see Theorems 1 and 2 of section II.4.1 in [3]) that every
Compact Hausdorff space has a unique uniform structure compatible with its topology
and every continuous function f defined on it is uniformly continuous. This implies
that f is uniformly continuous for the metric uniformity on S!, which is a uniform
subspace of B™ under the metric uniformity. A CW complex is formed inductively
by dimension. We begin with Xj, a discrete set of points (the 0-skeleton). The
discrete topology is induced by a uniform structure whose uniformity base consists
of the single set A (see example 2 in I1.1.1 of [3]). A collection of 1-cells {B}} are
glued to X, by continuous (hence uniformly continuous) f, from {S%}. The resulting
quotient space is denoted by X; (the 1-skeleton). Then, a collection of 2-cells {Bg}
are attached to X via continuous maps fs from {S3} to form the 2-skeleton X.
This process either ends at some dimension n in which case the complex is said to be
n-dimensional, or it can continue inductively, with the resulting infinite dimensional
complex given the weak topology. All B™ and S"~! for n > 2 are uniform coverable
by [2].

We turn now to the task of defining an appropriate uniform structure on a glued
space, X {Y,}. Let X and {Y,}sca be Hausdorff uniform spaces and for each « let
Z« be a subspace of Y,, under the subspace uniformity and f, : Z, — X a uniformly
continuous function. Let E be any entourage in X , F,, an entourage in Y,,, for each
a and ([a], [b]) € X {Y,} x X {Y,}.

Definition 40 We will abuse terminology slightly and say that ([a], [b]) is "in E" if
there exists x1 € X N [a],zo € X N [b] such that (x1,25) € E. Similarly, ([a],[b]) is
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"in F, " if there exists y1 € Y, Na],y2 € Y, N [b] such that (y1,y2) € F,. Now, let
F, be an entourage in'Y , such that F,, N Z, X Z, C fa_l(E). We will call any pair
(E, F,) acceptable if it meets this condition.

Lemma 41 For each o and entourage E of X, there is an entourage F,, of Y, such
that (E, F,) is acceptable. If (E, F,) is acceptable then (E, F, N K) is acceptable for
all entourages K in'Y,. If (E,F,) is acceptable and (y1,y2) € Fo N Zy X Z, then

([1], [ya]) is in E.

Proof. If F is any entourage of X then f,'(F) is an entourage of Z, in the subspace
uniformity by the uniform continuity of f,. Therefore, there must be an entourage in
Y,, whose intersection with Z, x Z, is f;,}(E). For any entourage K in Y, (K NFE,)N
ZoyX Zoy CE,NZyX Z, C f7YE). For the last statement, (y1,vs) € FaNZy X Z,, C
fY(E) implies that (fo(y1), fa(y2)) € E. Since f(y1) € X N[y1] and f(y2) € X N[ya)
we have that ([y1], [ye]) isin E. =

Note: If the pairs ([a], [b]), ([0], [c]) are in an entourage E of X then ([a], [c]) is
in E?. If fact, if we let 1,79, 23 be the unique elements in X N [a], X N [b], X N
[c] respectively then by definition we have (x1, ), (9, 23) € E which implies that
(71, 23) € E? and hence ([a],[c]) is in E%. Notice however that if f, is not injective
then the same may not apply if the pairs are in an entourage of some Y,. In this
case, two distant elements ¥, y20f Y, could get mapped to the same x by f, which
implies that [y1] = [y2]. If y3 is close to y; and y, is close to y, then it could happen

that ([ys], [tn]) = ([us], [9a]) and ([g], [ya]) are both in K, and yet ([ys], [ya]) not an
element of F?2.

For the following definition, choose for each o € A an entourage F, of Y, such
that (F, F,) is acceptable. Let E’ be an entourage in X such that (E')* C E and
then choose for each «, F!, such that (F’)* C F, and (E’, F!) is acceptable. It is
possible to do this by first choosing an entourage E’ such that (E’)* C E. We can
then find entourages H,, K, in Y, such that (E’, H,) is acceptable and K? C F,.
Letting F C H, N K, we can use the above lemma to see that F, has both of these
properties.

Definition 42 Let E, E’ be as in the preceeding paragraph and F, and F! be cho-
sen for each « as in the preceeding paragraph. We define (E,E', F,, F.) (a glued
entourage) to be the set of all ([a], [b]) such that either:

1. ([al],[b]) is in E or F, for some o € A.

2. There exists (v1,x2) € E' such that ([a], [x1]), ([x2], [d]) are in E" or F! for some
ac A

Condition 2 provides a way of measuring the closeness of two points which origi-
nate from distinct spaces prior to gluing and are not in Z, or Im(f,) for some a. In
effect, two points in X ~ {Y,} are close as measured by (F, E', F,, F), if they are
sufficiently close (as measured by E’, F!) to points which are (or whose images are)
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sufficiently close together in X. We have abused notation slightly since F,,, F} rep-
resents collections of entourages. To illustrate this somewhat complicated definition
we present an example.

Example 43 Let X be the subset of R? consisting of the union of the unit circle
centered at the origin and the line segment between the points (0,1) and (0,2). Let Y
be the closed unit ball in R?. Both X andY are given the metric uniformity induced
by the metric in R?. We glue the boundary of Y to the unit circle in X by the mapping
which loops around the circle twice, i.e. f(e*) = e*™. Thus each point on the unit
circle in X has precisely two pre-images on diametrically opposite sides of Y. The
boundary of Y must be "stretched" to twice its size to accomplish this gluing. We let
E(1.1) = {(z1,22) € X|d(z1,22) < 1.1} and note that E(1/4)* C E(1.1). We let
81,02 be small enough that f(F(5;)NST x SY) C E(1.1), f(F(52)NSt x St) C E(1/4)
and F(d3)* C F(0,).

We consider two (E(1.1), E(1/4), F(d1), F(62)) balls in XY . Let x = (0,2) and
consider B(|z|,(E(1.1), E(1/4), F(01), F(d2))). In this case = is the unique element
in [z] and ([z], [a]) cannot be in F(61) or F(d2). Thus ([x],[a]) can be in this ball by
condition 1 only if there exists ' € X N |a] such that d(z,2’) < 1.1. Thus the set
of points in XY which meet condition 1 is the set of points within a distance of 1.1
from the point (0,2). This consists of the equivalence classes of all the points which
lie on the line segment in X, together with a small arc of the unit circle. We claim
that condition 2 adds no additional points. If there is an ' € X N [b] which meets
the criteria then there would be x1,x5 € X such that no two consecutive elements
in the sequence x,xy,x2,2" are more than a distance 1/4 apart which means that
(x,2") € E(1.1) and [b] already meets condition 1. On the other hand, if there was
ay €Y N|[b which meets the criteria then there would be x1,z2 € X such that
([x], [x1]) is in E(1/4) (it can’t be in F(d2)), ([z1], [x2]) is in E(1/4) and ([zs], [y])
is in F(63). This implies that xo lies on the boundary. But then x1 would have to
be within 1/4 of both (0,2) and a point on the boundary which is not possible. We
note that B([z], (E(1.1), E(1/4), F(01), F(52))) is not an open set in XY under the
quotient topology.

Now let x = (0,5/4). [2'] € B([z],(E(1.1), E(1/4), F(01), F(d2))) by condition
1 for those x' which lie on the line segment, as well as a (somewhat larger) arc of
the circle which we will label A;. This time, however, there are additional points
of Y which do not lie on the boundary, but which meet condition 2. If we let A,
be the (smaller) arc of the circle in X whose points are within a distance of 1/2
from x, then for all 1 € Ay we can find an xo on the line segment such that the
distance between x1 and x4 is less than 1/4 while the distance between xs and x is
also less than 1/4. The pre-image of this arc, f~'(Ay) will consist of two arcs on the
boundary of Y. Then any y which lies in the 05 neighborhood of f~1(As) will satisfy
) € B(la], (E(11), E(1/4), F(61), F(5:))).

We wish to show that the collection of all (E, E', F,, F!) forms a basis of a uniform
space on X " {Y,}. To do this we will need to investigate the properties of certain
sequences of elements in X ~ {Y,}. We fix, for the moment, (F, E' F,, F!) and
consider a glued entourage (H, H', K,, K!) such that for each o we have (H)* C £’

24



and (K,)* C F!. The following lemmas will be useful.

Lemma 44 Let [a], [x1], [z2], [b], [x3], [x4], [c] be a sequence of elements of X = {Y4,}
such that x1, w9, x3, x4 are elements of X and we have that:

1. (lal, [z1]), ([z4], [c]) are in either F! for some o or E'.

2. ([x1], [22]), ([z3], [x4]) are in H.

3. ([z2], [0]), ([b], [x3]) are in either K! for some a or H'
Then ([a],[c]) € (E, E', Fy, F)).

Proof. We will show that ([z2], [x3]) is in H. Then condition 2 would imply that
([z1], [z4]) is in (H)? C E’. This, together with condition 1 would imply that ([a], [c])
meets condition 2 of the definition of (E, E', F,,, F.).

We now assume ([z3], [0]), ([b], [x3]) are in either K, for some o or H" and show that
([x2], [z3]) is in H. First assume that X N[b] is empty. Then we would have b € Y, for
some « and b the unique element of [b]. Then neither of ([z2], [b]) or ([b], [x3]) can be
in (H)" Since both of these pairs must satisfy condition 3 they must then be in (F)’
where « is the index such that b € Y,. Thus we have a ys,y3 € Y, N [x3], Yo N [z3]
such that (yz,b), (b,y3) € K. Thus (ys,y3) € (K.)? C K,. Since ys € [12],y3 € [x3]
we also have that f,(y2) = x2 and f,(y3) = z3. Thus (ys,y3) € K, N Z, X Z, and by
41 above ([y2], [ys]) is in H. But ([ys], [y3]) = ([x2], [x3]) and we are done in this case.

For the second case let x € X N [b]. We show in this case that ([z2],[b]) and
([b], [x3]) are both necessarily in H' If ([xq],[b]) were in K for some «, then let
Y2 € Yo N [xa],y € Y, N [b] such that (ya,y) € K. Since fo(y2) = x9, fu(y) = = we
have (yq,y) € K/,NZ, X Z, and we can again use 41 to show that ([z2], [z]) = ([z2], [b])
is in H'. Similarly ([b], [x3]) is in H'. This then implies that (22, z), (z,23) € H' so
that (z2,73) € (H')?> C H and the result follows. m

Lemma 45 Let [al, [b], [x3], [x4], [c] be a sequence of elements of X "{Y,} such that
r3, x4 € X and :

1. ([a], [B]), ([z4], []) are in either K, for some o or H.
2. ([b], [x3)) is in either K", for some a or H'
3. ([wa], [wa]) is in H

Then ([a],[c]) € (E, E', F,, F.).

Proof. First assume that X N[b] is empty. Then we would have b € Y, for some o and
b the unique element of [b]. We must then have that ([a], [b]) is in K, and ([b], [z3]) in
K! where « is the index such that b € Y,,. Thus thereisay € Y,N[a] and y; € Y,N[z3]
such that (y,b) € K, and (b,y;) € K, C K,. Then (y,y1) € (K,)* C F/, which in
turn implies that ([a], [3]) is in F), since [a| = [y] and [y1] = [y3]. Then conditions 2
and 3 imply that ([a], [c]) meets condition 2 of the definition of (E, E', F,,, F!).

Now, assume that x € XN[b]. Then [a], [x], [], [b], [x1], [x2], [c] meets the conditions
of lemma 2 (note that H C E' and K, C F)) and the result follows. m
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Proposition 46 The collection Q = {(E, E', F,, F!)} is a basis for a uniformity on
X " {Y,}.

Proof. 1. Ax -y,y C(E,E', F,, F))

Notice that if [a] contains an = € X then ([a], [a]) € (E, E’, F,, F.) by condition
1 of the definition since (x,x) € E. If [a] does not contain an element of X then by
necessity, a € Y, for some « and a is the unique element in [a]. Since (a,a) € F, in
this case, we have ([a], [a]) € (E, E', F,, F!) by condition 1 of the definition.

2. (E,F' F,, F!) is symmetric.

Clearly if ([a], [b]) is in any entourage K then the symmetry of K implies ([b], [a])
is also in K. Thus ([b], [a]) meets conditions 1 or 2 of the definition of (E, E', F,,, F)
if ([a], [b]) does.

3. Let (K, E',F,,F!),(H,H K,, K) € Q. Then there exists

(L,L',M,, M) C (E,E',F., F') N (H,H', K,, K)

We first show that it is possible to choose L C ENH, L' € E'NH’ and for each «,
M, C F,NK,, M. C F! N K!,. We first note that within a given uniform space, the
properties of being acceptable with an entourage of X, of having power contained in
another entourage, and of being contained in an intersection are all preserved under
intersections with other entourages. We first use the uniformity of X to find an L
such that L € EN H and then by intersecting entourages we can find an L’ such that
(L')* € L and L' C E'N H'. Then, again by intersecting entourages, we can find for
each «, an M, entourage in Y, so that (L, M,) is acceptable and M, C F, N K,.
Finally, we can choose for each o an M! such that (L', M!) is acceptable, (M!)* C M,
and M C F] N K.

Now, suppose ([a],[b]) is in L. Then, since L C E N H we have that ([a], [b]) is
both in £ and in H and hence ([al,[b]) € (E,E', F,, F.)N(H,H', K,, K|). A similar
argument works if ([a], [b]) is in M, for some «. Thus, if ([a], [b]) meets condition 1
in the definition of (L, L', M,, M!) then it meets condition 1 in the definition of both
(E,FE' F,,F!)and (H,H'  K,, K!). Now, suppose there is a ([c], [d]) in L' such that
([a], [c ]) ([d], [b]) are in either L' or M! for some «. Then, as above, ([c],[d]) is in
E’'n H' while ([a], [c]), ([¢], [b]) are each in either E' N H' or F! N K, for some « and
again ([a], [b]) € (E,E',F,,F.)N(H,H', K,, K)

4. For each (E,E’,Fa,Fé) € Q there is an (H, H', K,,, K!)) such that

(H,H' K,,K\))* C(E,E',F,,F)

We choose H, K, as in the paragraph preceding 44, so that H* C E' and KX C F!,
for each .. Suppose that ([a], [c]) € ((H, H', K., K!))?. Then there exists a [b] € X ~
{Y,} such that ([al,[b]), ([b],[c]) € (H,H', K4, K.)). Each of these pairs must satisfy
one of the two conditions in the definition of (H, H', K,,, K!). Thus there are 4 cases
to consider.

Case 1: Both ([a], [b]) and ([b], [¢]) satisfy condition 1 of definition 42.

Suppose that X N [b] is empty. Then b € Y, for some « and b is the unique
element of [b]. Hence there must exist a y; € Y, N [a] and a yo € Y, N [c] such
that (y1,b),(b,y2) € K,. Then (y1,y2) € (K,)?> C F, C F, and we have that
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([a],[c]) € (E, E', F,, F!). On the other hand, let x € XN[b]. Then clearly (z,x) € E’
so that ([b],[b]) is in £ and hence ([a], [¢]) satisfies condition 2 of the definition of
(E,E',F,, F').

Case 2: ([a], [b]) satisfies condition 1 of the definition of (H, H', K,, K!)) while
([b], [c]) satisfies condition 2.

We have in this case that ([a], [b]) is in either H or K, for some a and a pair
([xs], [r4]) in H' such that ([b],[z3]), ([z4],[c]) are in either H' or K!. Then the
sequence [a], [b], [x3], [x4], [c] satisfies the conditions of 45 above and we have that
([a], [c]) € (E, E', Fy, 7).

Case 3: ([a], [b]) satisfies condition 2 of the definition of (H, H', K, K!,) while
([b], [c]) satisfies condition 1.

We have by the symmetry of the conditions that the pairs ([c], [b]), ([b], [a]) fall into
the category of case 2. Hence ([c],[a]) € (E, E', F,, F!) and hence by the symmetry
of (E,E', Fy, F'), (la],[d]) € (E, E', F,, F').

Case 4: Both ([a], [b]) and ([b], [c]) satisfy condition 2 of the definition.

We have the existence of pairs ([z1], [z2]) and ([x3], [x4]) in H' such that

([a], [z1]), ([2], [0]), ([0], [5]), ([4], [€])

are all in either H' or K/, for some a. Then the sequence [a], [x1], [z2], [b], [x3], [x4], [¢]
satisfies the conditions of 44 and hence ([a], [c]) € (E, E', F,,F). m

We will call the uniform structure on the space X ~ {Y,} as the glued uniformity.
We have not verified condition 5 (the Hausdorff condition) for the space X = {Y,}.
If the component spaces are Hausdorf, it is unknow to the author whether X * {Y,}
is Hausdorff. However, in the special case that the subspaces Z, are closed, we can
show that X "{Y,} meets condition 5.

Proposition 47 Let X and {Y,} be as in the previous proposition, and suppose fur-
ther that Z, is a closed subspace of Y, for each a. Then X "~ {Y,} is Hausdorff.

Proof. We will show that for fixed ([a], [b]) € AY C X " {V,}x X " {Y,}, there exists
an entourage (K, E', F,, F!) such that ([al,[b]) ¢ (E,F', F,,F!). We will consider
the following cases.

Case 1: At least one of X N [a] and X N [b] is empty.

Since each (E, E'| F,, F!) is symmetric, we may assume without loss of general-
ity, that X N [a] is empty. Then there exists an index [ such that a € Yj is the
unique element of [a]. We will choose an entourage Fj in Yj in such a way that if
(E,E' F,, F!) is formed using Fj then B([a], (E, E', F,,, F!)) contains only equiva-
lence classes of iy, (Y3). Then we may use the Hausdorff condition in Yj to imply the
condition in X " {Y,}. Since Zs is closed, we can then find an entourage Fj such
that B(a, F3) C Z§ (the complement of Zs in Yj). Letting E be an entourage in X
we may assume (by intersecting Fj with an acceptable entourage if necessary) that
(E, Fj) is acceptable. We then form a glued entourage (E, E', F,,, F). By the choice
of Fj the pair ([a], [b]) cannot satisfy condition 2 in the definition of (E, E', F,,, F),
and can satisfy condition 1 only if b € Yj such that (a,b) € Fp. If it should happen
that b € Yj such that (a,b) € Fj then we may then use the Hausdorff condition on
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Y3 to choose a smaller entourage Hps so that B(a, Hz) N B(b, Hg) is empty. Since
(E, Hp) is acceptable by 41 we may form an entoruage of the form (E, E', H,, H]).
Then ([a], [b]) cannot meet either condition 1 or 2 in the definition of (E, E', H,, H])
and hence ([al, [b]) ¢ (E, E', H,, H.,)

Case 2: There exists z € X N[a] and 2’ € X N [b].

We use the Hausdorff condition on X to choose an entourage F such that B(z, E)N
B(2', E) is empty. Consider any (F, E', F,,F.). By the choice of £ we cannot
have ([al,[b]) (= ([z],[2])) in E. Suppose there exists an index § and y € Yz N
la],y" € Yz N [b] such that (y,y') € Fs. Then by 41 we would have ([al, [b]) in E
which is a contradiction. Finally, assume there exists ([z1],[z2]) in £’ such that
([x], [21]), ([z2], [z]) are in E" or F! for some «. Then, again applying [acceptable
properties|, we have that ([z], [z1]), ([x2],[2']) are by necessity in E’ which implies
that (z,2') € (E')® C E a contradiction. m

Our ultimate goal is to show that the glued uniform space of any finite dimensional
CW complex is uniform coverable. The uniform structure on X "{Y,} certainly allows
us to form lim (X " {Ya})g,p Fo,rry and we will show that if the original spaces

are uniform coverable so is X {Y,}. One difficulty, however, is that the uniform
structure provides a topology on the glued space which may be distinctly smaller
than the quotient topology (see 52 below). Since the topology of a CW complex is
the quotient topology, we must show that the uniform topology on it is equivalent
to the quotient topology. In fact, we will show that if each of the subspaces Z, is
compact then equivalence of the topologies follows (see 51). Since the boundary of
each n-cell is a compact subspace of the cell, the result would apply to CW complexes.
To accomplish this we will use the following facts. 48 is proved as corollary 8.15 in
[8] whereas 49 follows from corollary 2 of proposition 2 of section II1.1.2 of [3].

Remark 48 Let U be an open subset of a uniform space Y and let K be a compact
subset of Y which is contained in U. Then there exists an entourage F' such that the
F neighborhood of K, F(K) C U, or in other words, k € K, a € Y and (k,a) € F
implies that a € U.

Remark 49 Let U be an open set of a uniform space Y and x € U. Then there exists
an entourage F such that cl(B(x, F)) C U.

Proposition 50 The functions ix : X — X ~ {Y,} is a uniform homeomorphism
onto its image, and iy, : Y, — X " {Y,} is uniformly continuous.

Proof. Let (E, E' F,, F!) be a basis entourage of X ~ {Y,}. If (z1,22) € F then
ix(x1,22) = ([11], [22]) € (E, E', F,, F.). On the other hand, if (y1,y2) € Fj for some
B, then iy, (y1,y2) = ([w],[y2]) € (E,E',F,,F,). Hence E C iy ((E,E',F,, F.))
and Fj C i;;((E ,E', F,, F!)) which implies that ix and iy are uniformly continuous.
ix is injective since the elements in X N [a] are unique (if they exist). Further, let
x1,x9 € X such that ([z1], [z2)) € (E, E', Fy, F)). Then, if ([z,], [z2]) meets condition
1 in the definition of (E, ', F,,, F) then (z1,x9) € E. If ([21], [x2]) meets condition
2 in the definition of (E, E'| F,,, F!) then there exists 3, x4 € X such that ([z3], [24])
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is in £’ whereas ([x1], [x3]) and ([z4], [v2]) are in either F; for some 3 or E'. However,
since (F', F!) is acceptable for all o by 41 we know that, ([z1], [x3]), ([z4], [z2]) must
be in E’. Then (z1,z3), (r3,74), (x4, 72) € E’ implies that (z1,72) € (E')® C E.
This shows that ([z1],[z2]) € (E,FE', F,, F.) implies that (x1,22) € E and hence
ix(E)=(E,E' F,,F)Nix(X) xix(X). This implies that the image of ' under iy
is an entourage in the subspace uniformity and thus iy is uniformly homeomorphic
to its image. m

Proposition 51 The uniform topology on X ~ {Y,} is a subset of the quotient topol-
oqy. If Z, is a compact subspace of Y, for each a then the topologies are equivalent.

Proof. The quotient topology is induced by the maps ix and {iy, }nca. By proposi-
tion 2, these maps are uniformly continuous (hence continuous) maps to the space X
" {Y,} endowed with the uniform topology. Therefore, if a set U is open in X ~ {Y,}
under the uniform topology, its inverse image must be open in each of the spaces X
and Y,,. Hence U is open in the quotient topology by definition and the first statement
is a consequence of 50. Now, suppose that 7, is a compact subspace of Y, and let U
be a subset of X * {Y,,} which is open in the quotient topology. We will show that if
la] € U then there exists an (E, E', F,,, F!) such that B([a], (E, E', F,, F.)) C U. We
will consider the following 2 cases.

Case 1: There exists x € X N [a].

Since U is open in the quotient topology, i%'(U) is open in X and hence there
exists by 49, an entourage F such that cl(B(z, E)) C iy (U). By the continuity of
each f, we have that f;'(cl(B(z, E)) is a closed subset of Z, and hence is compact.
Further, if y € f,'(cl(B(x, E)) then f,(y) = ' for some 2’ in c¢l(B(z, E)) which
implies that [y] = [+'] € U. Hence f;'(cl(B(z, E)) C i, (U) which is open in Y. We
can now apply 48 to find an entourage H, in Y, such that the H, neighborhood of
fo ' (cl(B(x, E)) is a subset of 7, (U). For each a, we then choose an entourage F,
in Y, such that (E, F,) is acceptable and, by intersecting F,, with H, we may assume
that the Fi, neighborhood of f7'(cl(B(z, E)) is contained in 4, ' (U).

We now show that B([a], (E,E', F,,F.)) C U. Suppose [b] is an element in
B([a],(E, E', F,, F.)). If ([a],[b]) is in E then (x,2’) € E for 2/ € X N [b]. Then, by
the choice of £, we have that 2’ is in 73! (U) which implies that [b] is in U. If ([a], [6])
is in F, for some « then (y,y') € F, for some y € Y, N[a] and ' € Y, N [b]. Further,
since f,(y) = , we must have that y € f,*(cl(B(x, F)). Since the F, neighborhood
of fi1(cl(B(z, E)) C iy (U) we have that y' € iy (U).Hence [b] € U.

On the other hand, assume that there exists a pair ([z1],[z2]) in E’ such that
([a], [z1]), ([x2], [b]) are in either F! for some «, or E'. If y € Y, N[a] and ¢/ €
Y, N [z1] are such that (y,y') € F, then since f,(y) = = and f,(y') = x; we have
that (y,y') € Fo N Zy X Z,. By 41 from the beginning of this section, ([a], [z1])
is then in E’ by necessity. Thus (z,2;) € E' and (z1,22) € E’ which implies that
(z,29) € (E')?. We first suppose that ([x5], [b]) is also in E’. Then there exists x3
in X N[b] and (wq,23) € E'. Hence (z,x3) € (E')> C E. Then, using the fact that
cl(B(x, E)) C ix'(U) by the choice of E, we have x3 € iy'(U) and hence [b] € U.
On the other hand, if ([z2], [b]) is in Fj then (y,y’) € Fj for some y € Y3 N [z5] and
y' € Y3 N [b]. In particular, we know that f5(y) = z2. Since (z,z5) € (E')? C E we
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must have y € fﬁ_l(cl( (x,E)). Then y' is in the Fj neighborhood of fﬁ (cl(B(z, F))
and must therefore be in 4y, Y(U). Since [y] = [b] we have that [b] € U.

Case 2: X N[a] is empty.

Notice that y € Z,N[a] for any a then f,(y) € [a] which contradicts the assumption
in this case. Hence a € Z§ C Yj is the unique element of [a]. Since Zg is a compact
subset of a Hausdorff space it is closed and hence we can find an entourage G in Yj such
that B(a,G) C Z§. We can also find an entourage H such that B(a, H) C i;ﬁl(U).
Let F3 C GNH. Given any entourage F in X we may assume (by intersecting with an
acceptable entourage) that Fj; is acceptable with £. For each index o # 3 we choose
an acceptable entourage F,. Suppose that [b] € B([a], (E, E', F,, F)). We will show
that, by necessity, ([a], [b]) is in Fz. We cannot have ([a], [b]) in any entourage of X
or F, for a # (3 since [a] contains no elements of X or Y,. Suppose there exists a pair
([71], [72]) in E" such that ([a], [#1]) is in Fj5 and ([z2], [b]) is in either £ or F}, for some
a. Then ([a], [71]) in Fj implies that (a,y) € Fj C Fp for some y € Y3 N [21]. Hence,
by the choice of Fjg we must have y € ZBC and y the unique element of [z;]. This is a
contradiction since x; € X N[z1]. Hence ([a], [b]) can be an element of (E, E',| F,,, F!)
only if ([a], [b]) is in Fj. Then, again by the choice of Fj3 we have that b € @'{,ﬁl(U ) and
hence [b] € U. This proves the proposition. m

Example 52 The above proposition fails in general, i.e. there exists X =~ {Y,} and
U C X " {Y,} such that U is open in the quotient topology but not in the uniform

topology.

Proof. Let Y be the square in R? with corners at (1,1),(1,—1),(=1,1) and (=1, —1)
(include the interior of the square). Let Z be the set {(z,y)|y < z%}. Let X be the
interval [—1,1] and define the function f : Z — X by the projection f((x,y)) = «
To see that this function is uniformly continuous, notice that if (z1,y1), (z2,y2) are
less than a distance € apart, then |zo — 21| < €. Suppose F(e) is the entourage
in Y defined by the distance ¢ and E(¢) is the entourage in X defined by the dis-
tance €. Then ((x1,11), (22,y2)) € F(e) implies |z — x1| < & which implies that
(f(z1,y1), f(wa,92)) = (z1,79) € E(e). Thus F(e) C f~Y(F(¢)) and f is uniformly
continuous.

Consider the subset U of X "Y equal to {[z]|x € X}. U is the image of X under ix :
X — X " Y and hence iy (U) is open in X. Similarly iy, (U) = Z which is an open
subset of Y. Thus U is an open subset of X "Y in the quotient topology. Consider the
point ix(0) = [0]. Let (E(¢), E(¢'), F(9), F(¢')) be an arbitrary entourage of X Y.
Let y < §. Then the point (0,y) € Y isnot in Z and hence (0, y) is the unique element
in the equivalence class [(0,y)]. In particular [(0,y)] ¢ U. On the other hand, since
f(0,0) = 0 we have that (0, 0) € [0] € U. However, the distance between (0,0) and
(0,y) is y < 6. Hence ([(0,0)],[(0,y)]) = ([0],[(0,y)]) is in F(4). But then [(0,y)]
B([0], (E(e), E(£), F(8), F(¢'))) but [(0,y)] & U. Since (E(e), E(e'), F(0), F(0")) was
arbitrary, U cannot be open in the uniform topology on X Y. This proves the result.
u

We will now consider the question of uniform coverability of X ~ {Y,}. We will
show (see proposition 5 below) that if the original uniform spaces are uniform cover-
able then X ~ {Y,} is uniform coverable as well. A natural candidate for a covering
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basis on X "~ {Y,} would be the set of entourages (F, E’ F,, F!) where E and F,
are elements of the covering basis of X and Y, respectively. Before we proceed with
the proof that such entourages of X * {Y,} are indeed covering entourages, we must
establish first of all that such entourages exist, and that they form a basis. Toward
that end we consider the following more general lemma.

Proposition 53 Let ¥ be a basis for the uniformity on X and ®, be a basis for the
uniformity onY,. Then the set of all entourages (H, H', K, K!) such that H,H' € ¥.
and K,, K!, € ®, forms a basis for the uniformity on X ~ {Y,}.

/
Proof. Let (E, E', F,, F!) be a basis entourage in X "~ {Y, }. Choose H € ¥ such that
H C E. For each o we choose an (arbitrary) entourage D, in Y, such that (H, D,)
is acceptable and then we find a basis entourage K, € ®, such that K, C D,. By
41 (H, K,,) is acceptable. We then choose any H’ and K/, which meet the conditions
in the definition of (H, H', K,,, K],). By choosing basis elements H”, F!! contained in
H'NE" and K/, N F! we may assume that the following hold:

1)HCE,H"CFE K, CF,, and K] C F,

Notice that if ([a], [b]) meets either condition 1 or 2 in definition 42 for the entourage
(H,H",K,, K!) then by 1) it must also satisfy the same condition in the definition
of (E,E' F,,F.). Thus (H,H" K,,K!) C (E,E', F,, F!) and the result follows. m

Lemma 54 Let (E, FE' F,, F!) be an entourage of X ~ {Y,}. If

v = {ag, a1, ...an}, & == {bo,b1,...b0,} are E-chains of X, then the chains 5 =
{[ao], [a1]...]an]} and & := {[bo], [b1]...[bm]} are (E, E', F,, F') chains. Further, if there
exists an E homotopy from «y to £ then there exists a (E, E', F,, F!) homotopy from
5 to &. A similar result holds for F,-chains.

Proof. Since iy, iy, are uniformly continuous by 50 and ix (E), iy, (F.,) C (E, E', Fy, F)
we have from Definition 19 and Theorem 27 in [2] that 7, are (E, E', F,,, F!,)-chains
and that there exists uniformly continuous functions (ix) e,z F.,r2), (iva ) (BB, Fa,F2)
defined by (ix)ew e e (VE) = lix(Niee rry = BlEe r.,ey. The well de-
finedness of these maps gives the second statement. m

Let 2 € X and (X {Y,})~" be the fundamental inverse system of X "{Y,} with
[z] as basepoint. By the previous lemma it is natural to consider the map which
takes each element ([ug]z) in X* to the element of (X "{Y,})~"l which has as its
(E,E', F,, F!)th representative, the barred version of the Eth representative of (7),

ie. [ug] (E,E"Fo,F)- We must show that such an element is well defined.

Lemma 55 There are mappings % : X* — (X {Y, 1)~ and %, YV — (X {Y, )~
defined by:
ix([uele) = ([uelep rory), 5, (urr) = ([Ur) e F.F)

Proof. Consider [tg|(g g F. - Suppose (H,H',K,,K]) C (E,E',F,,F},). We
must show that there is an (E, F'| F,,, F, (;>—h~ornotopy between uy and ug. We choose
an entourage M C HNE. Since ([ug]g) € X* we have that uy, is H-homotopic to uy
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and F-homotopic to ug. By what we have just shown, @, is then (H, H', K, K.))-
homotopic to ty. Then, since (H,H', K., K!) C (E, E', F,, F!) we know that every
(H,H', K,, K!)-homotopy is, in particular, an (E, E', F,, F!)-homotopy. Thus, in
fact uy is (E, E', F,, F!)-homotopic to uy. The E-homotopy between wuy, and ug
implies an (E, E’, F,,, F!)-homotopy between @y, and tg. Thus uy is (E, E', F,, F.)-
homotopic to uy; which is in turn (E, E’, F,,, F!)-homotopic to @g. Thus there is an
(E,E', F,, F.)-homotopy between @y and tg and ([ug|(g e r, ry) is well defined.
The same proof works for each 7y,. m

Theorem 56 If X and Y, are uniform coverable uniform spaces for each o then X
" {YL,} is uniform coverable.

Proof. Let x be a basepoint of X and choose [*] as the basepoint of X " {Y,}. Let
(H,H'| K,, K!) be a glued entourage such that H, H' are covering entourages of X
and K,, K are covering entourages of Y,. We will show that such an entourage is
a covering entourage in X ~ {Y,}. By 53 we know that such entourages form a basis
for the uniformity on X "{Y,} and thus X "{Y,} will be uniform coverable. We let
v = {[*] = [ao], [a1], ...[ak]} be an (H, H', K,,, K!,) chain and we must then show that
there exists
([V(E,E’,FQ,F(Q](E,E',FmF&)) € (XA{Ya})NM

such that the (H, H', K, K,)th element is [Y]y u' k. k)

Our strategy is as follows. First, we show that it is possible to assume that each of
the pairs ([a;], [a;41]) satisfies condition 1 in the definition of (H, H', K, K!). This
means that we may assume that (a;, a;11) € H or K,. Then we use the fact that H, K,
are covering entourages to find elements of X% or Y‘” whose Hth or K,th element
is [{a;, a;11}]. We then use the mappings iy,7y to find an element in (X "{Y,})~le!
whose (H, H', K,,, K],)th element is ([a;], [@i11]). Then by 29 we can combine these to
form an element of (X "{Y,})~F whose (H, H', K, K!)th element is [7]<H’H/,KQ,K&>

To begin, we show that it is possible to assume that each of the pairs ([a;], [a;11])
satisfies condition 1 in the definition of (H, H', K,, K!). Suppose that in v, the
pair ([a;], [ai+1]) satisfies condition 2 in the definition of (H, H', K, K/). Then there
exists a pair ([z1],[z2]) in H' (and hence in H) such that ([a,], [z1]), ([2], [ai41]) are
in H' or K! (and hence are in H or K,,) for some a. We will show that ([a;], [@;+1]) is
(H,H', K,, K!) homotopic to ([a;], [x1], [x2], [a;+1]). First, we claim that [z;] may be
inserted into [a;], [a;+1]. This is because first of all the pair ([a;], [z1]) is in H' or K,
(and hence is in H or K,) and satisfies condition 1 of the definition of (H, H', K, K.).
Further, ([x1], [a;4+1]) satisfies condition 2 in the definition of (H, H', K,, K!) since
([xa], [x2]) is in H' while ([x1], [x2]) and ([xs], [a;+1]) are in either H' or K. Also,
note that [xs] can be inserted into [x1], [a;11] since both ([z1], [z2]) and ([xs], [a;11])
are in H' or K (and hence is in H or K,) and satisfy condition 1 of the definition
of (H,H', K,, K!). Applying these homotopies to each of the pairs ([a;], [a;11]) in 7,
it follows that v is (H, H', K,, K,) related to an (H, H', K,,, K!) chain in which each
of the pairs ([a;], [a;11]) are in H or K, for some «.

Let 8 be fixed and suppose that ([a;],[a;+1]) is in Kz. Then there exists y; €
Ys N [a;),yir1 € Yz N [aiq1] such that (i, vi11) € K. Since Kz is a covering en-
tourage with respect to the basepoint of Y3, we have by 30 that it is a covering
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entourage with respect to ;. Hence it is possible to find ([u;i41]r,) € f/ﬁy such
that the Kjgth representative [u;; 1]k, is the equivalence class [{;, ¥it1}]x,. Then
i%([ui,iﬂ]pﬁ) = ([@ii+1]E-(F,y) is a well defined element of (X {Y,})~*! such that
the (H, H', K,, K],)th element is the equivalence class [([a;], [@i+1])](mm7 Ko k7). A
similar argument works if ([a;], [a;4+1]) is in X. We note that in particular, there
is an element ([to1)(p.p rry € (X {Ya})™ whose (H, H', K,, K/,)th element is
[{[*], [al]}](H,HﬁKa,Kg)' We then use 29 to obtain an element ([U(E,ECFQ,FC’X)](E,ECFa,FC’X)) €
(X {Yo, )~ whose (H, H', K,, K! )th element is

], [aa], '-'[an]}kH,H',KQ,K@ =[] (HH' Ko,KL)

To finish the proof we note that in particular, X x X and Y, x Y, are covering
entourages in their respective uniform spaces (by the definition of a covering basis).
We note that X x X and Y, x Y, are covering entourages such that (X x X)* C X x X
and (Y, X Ya)4 C Y, x Y, and hence the above process works for the particular
entourage (X x X, X x X, Y, xVY,,Y, xY,) where (X x X)" and (Y, xY,)" are taken
to be X x X and Y, x Y, respectively. Thus if (X " {Y,}) x (X" {Y,}) = (X x X, X x
X, Y, xY,,Y, xY,), we have that (X {Y,}) x (X {Y,}) is a covering entourage
and X "{Y,} would then be uniform coverable. To see that (X {Y,}) x (X {Y,}) =
(XXX, XxX,Y,xY,, Y, xY,), wefirst let ([a], [b]) € (X {Ya})x(X"{Ya}) such that
a€Y,andbe Yz Welet 21 € Z, and 25 € Zg. Then ([z1], [22]) = ([fa(21)], [f5(22)])
isin X x X, ([a], [z1]) is in Y, x Y, and ([22], [b]) is in Y3 x Y3 hence ([a], [b]) satisfies
condition 2 in the definition of (X x X, X x X,Y, xY,,Y, x Y,). A similar line of
reasoning works if a or b (or both) are elements of X. Hence (X "{Y,}) x (X" {Y,}) C
(X x X, X x XY, xY,,Y, xY,). The other containment follows by definition so
that (X {Yo}) x (X {YL}) = (X x X, X x X\ Y, xY,, Y, xY,). m

Proposition 57 Let X,{Y,} be uniform spaces and for each o, Z, a compact subset
of Y. Suppose the balls of the entourages E, E', F,, F! are path connected in their
respective spaces. Then the glued entourage (E, E' F,, F!) has path connected balls.

Proof. By 51 we may assume that the topology is the quotient topology. We consider
the following cases.

Case 1) X N [a] is non-empty.

In this case, let + € X N[a] and suppose ([al, [b]) € (E, E', F,, F.). From the proof
of 50 we know that iy (B([a], (E, E', F,, F!)) = B(z, E). This is a path connected
subset of X by assumption. Thus, if X N [b] is non-empty we let 2/ € X N [b]. If
p is a path from x to 2’ which lies in B(z, E) then ix o p is a path from [a] to [b]
which lies in B([al, (E, E', F,, F.)). On the other hand, suppose X N [b] is empty.
Then b € Y, is the unique element in [b]. Consequently, ([a],[b]) € (E, E', Fy, F.)
implies that ([al, [b]) satisfies condition 2 in the definition of (E, E', F,,, F). It follows
that b € B(z, F) for some z € Z, and we note that for any y, € B(z, F.) we have
lva] € B(la], (E,E',F,,F.)). Since f,(z) € B(x,E) we have, by what we have
already proved, a path ix o p; from [a] to [z] which lies in B([a], (E, E', F,, F.)).
Since B(z, F!) is path connected we find a path p, in Y, from z to b which lies in

33



B(z,F!) and then iy, o py is a path from [z] to [b]. Since im(p;) C B(z, F.) we
know that im(iy, o ps) C B([a],(E, E', F,, F})) and thus B(la],(E, E' F,, F.)) is
path connected in this case.

Case 2) X N [a] is empty.

In this case we may assume that a € Y, is the unique element in [a]. We first
suppose that ([a], [b]) meet condition 1 in the definition of (F, E', F,, F!). This can
only happen if there exists a y € Y, N [b] such that (a,y) € F,. Since B(a, F},) is
path connected by assumption, we choose a path p from a to y which lies in B(a, F},)
and then iy, o p is a path from [a] to [b] which lies in B([a],(E, E’, F,, F'). Now
suppose ([a], [b]) meet condition 1 in the definition of (E, E’, F,,, F!). Then there
exists z3 € Zz and z, € Z, such that ([a], [fa(za)]) is in F2, ([fa(za)]; [fs(25)]) is in
E" and ([fg],[b]) is in Fj. Then, since B(ygs, F;) is path connected we find a path p,
lying in B(z,, F!,)) between a and z,. Any point lying in the image of p; is within
F! of a and hence iy, o p; is a path between [a] and [z,] = [fa(24)] Which lies in
B([a],(E, E', F,, F!)). We then note that B(f.(z,), E’) is path connected and find a
path ps between f,(z,) and fs(z3). Any point which lies on ps is within £’ of f,(2,)
and hence points on iy o py are in B([a], (E, E', F,, F!)) by condition 2. ix ops is a
path in X "{Y,} connecting [f,(z4)] to [fs(z5)]. Finally we choose a path p; between
zp and b which lies in B(zg, F}3). Points on p3 are within F; of 23 and hence points on
iy, o p3 lie in B([a], (E, E', F,,, F,)) by condition 2. Since ix o p, is a path connecting
(23] = [f3(%3)] to [b] we connect iy, o py,ix o ps and ix o ps to obtain a path between
l[a] and [b] which lies in B([a],(E, E', F,, F.)). Thus B([a], (E, E', F,, F.)) is path
connected in this case as well. =
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5 The Van Kampen Theorem for Deck Groups

The Van Kampen Theorem is a highly useful tool for calculating the fundamental
group of topological spaces. If a larger topological space is composed of simpler
"pieces" whose fundamental groups are known, and whose intersections obey some
basic path connected requirements, then the Van Kampen Theorem provides a pre-
sentation for the fundamental group of the larger space. The fundamental groups of
the component spaces are first combined into a larger group (the free product). Since
the generators of these groups are eqivalence classes of loops, any loop which lies
in more than one component space will appear more than once in the free product.
Thus, to complete the construction, generators that lie in more than one component
space are identified.

A "Van Kampen" theorem for uniform fundamental groups would be an important
tool for calculating such groups on more complicated uniform spaces. The proposi-
tions below provide such a tool, but it is important to note that the theorem works
on two levels. First, 59, we have a "Van Kampen" theorem for spaces at the deck
group level (in which a given entourage is fixed). Then we consider inverse limits of
such deck groups in proposition 2. To use the traditional Van Kampen Theorem, one
considers a topological space as a union of open sets whose fundamental groups are
known. The requirement that the sets be open cannot be dropped, as the example
of the Hawaiian Earring shows (see [9]). One main feature of 61 is that it does not
require the openness of subsets. Further, the lack of a requirement of openness allows
61 to be applicable to more complicated spaces like those considered in [9]. This is
because individual deck groups will "miss" small holes and are unencumbered with
the complications that arise in considering an infinite number of smaller and smaller
generators. These generators are picked up in the inverse limit. We note, however,
that §; may not equal the fundamental group in these cases (see [Example]).

To begin, we will provide some definitions and notation for free products. See [7],
p. 68 for more details. Let {G,}aca be a collection of groups, indexed by A. We
may consider the set S = {(21)a, (2)ag--(Tn)a, |Ti € Ga,}. This is the collection
of all finite sequences of elements from U,G,. We wish to define an equivalence
relation on S. First, we declare all of the identity elements to be equivalent to each
other. Suppose (zk)a, = (¥)a,(2)a, or in other words, z; equals the product yz
in G,,. Then, the sequence (21)a, (T2)ag---(Tk-1)ay_; (Tk)ay -+ (Tn)a, Will be called a
contraction of (21)a, (%2)as---(Tk-1)ay_; V) as (2)ag -+ (Tn)a, while the second sequence
will be called an expansion of the first. Then any two sequences ai,as € S are
equivalent (a; ~ a9) if there exists sequences a; = s, s, ...8;, = a2 such that each sy
is an expansion or contraction of s;_;. We then form the quotient set S/ ~.

We define a group operation on the set S/ ~ by concatenating. In other words:

(1) a1 (22) s (Tn)an] * (Y1), (Y2) 8, (Um) 3, ]
= [(#1)ar (@2)as - (Tn)an (U1)5, (42)8, - (Ym) s, ]

The well definedness of the operation *, as well as the fact that it is associative follows
as in the proof of the similar assertions for dz(X) in 19. It is easy to see that the
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equivalence class containing all the identity elements is the identity for this group,
and that an inverse to [ (1)a, (Z2)as---(Zn)an] 18 [(Zn) o (n-1)3" ,...(21), 1] This group

Qp1""

is called the free product of the groups G, and will be denoted *G,,.

Lemma 58 Let E be an entourage in a uniform space and suppose vy = y,x7yy 1S
an E chain,where v, = {ag, a1, ...a;_1} and v = {a;11,ait2,...,an}. Let 7 = {x =
X0, T1, ... Ty} be an E chain from x to some point x,,. Then vy ~ V7T .

Proof. We begin by noting that (x,z) and (z, ;1) are both elements of E since
is an E chain. Hence x may be inserted into x,a;.; to obtain x,x,a;,;. Then the
following equivalences follow from the fact that 7 is an F chain:

T, r ~ T,01,r~IT,T1,T1,T~T,T1,T2,T1,L ~XT,T1,T2,T2,T1,T

-1
~ YT,y Ly —1s Ly Ty—14 -+ L1, X =TT

These equivalences imply that v = y,27, ~ 7,77 17, =

Proposition 59 (Van Kampen Theorem for op(X)): Let {X,} be a collection
of subsets of a uniform space X whose union is X. Let x be a base point in X
and suppose x € X, for all a. Let E be an entourage. Suppose that for each triple
Xo, X3, X, we have that E(X,)NE(Xg)NE(X,) is E chain connected. If X is an E-
loop in E(X,)NE(Xp) let [Ma, [\ be the E-equivalence classes of X in the subspaces
E(X,) and E(Xp) respectively. Let x0g(E,) be the free product of all 65(X,), and
let N be the normal subgroup generated by elements of the form [”y]a[’y]gl. Then
dp(X)=x0p(E(X,))/N.

Proof. We begin by showing that if v := {x = z¢, 21, ...z, = %} is an E—loop in X,
then there exists F-loops g1, g2, -.-gn, €ach of which is contained in some E(X,), such
that [Y]g = [9192---9nlE = [01]E * [92]E * ... * [gn]r In dp(X). To see this, we choose
for 1 < s <n—1, an element X, € {X,} such that x, € X,. For convenience we
set X,, = X,,_1. Notice that since (xs,25,1) € E and x4, € X,11 we have by the
symmetry of E that x5 € F(X,) N E(Xs1). Using the fact that E(X) N E(Xg41)
is F-chain connected and contains * we may find, for each 1 < s <n — 1 an E-chain
Ts C E(X,) N E(Xsy1) from x4 to x.  For convenience we set 7¢ = 7, = . Then,
using 58 we have that v ~ »7,7; 'rory b i = 751717'1_17'27'2_1...7',;}17'71. Defining
gs = 7.1, 7 for 1 < s < n, we have that each g, is an E-loop contained in F(X,) and
the result follows. Notice that the factorization [Y|g = [g1]p*[ge] g *...*|gn] £ resulting
from 58 depends on the choice of X, € {X,} and on the choice of the chains 7. Any
such factorization corresponds to an element of the group *dg(F(X,), namely the
equivalence class of the sequence [g1]1 * [ga]2 * ... * [gn]n Where [gs]s € dp(X5).

We define a map x : *dg(E(X,)) — dg(X) by mapping [go]o * [g1]1 * ... * [gi]; to
[90g1---g1]£- To see that the mapping y defined above is well defined on g (F(X,)),
notice that if [gx]r, = [h]r*[h]x = [A ]k in dp(F (X)) then there exists an E-homotopy
from gy to hh' in the subspace F(Xj). This implies that there is an E-homotopy in
X from g to hh' and hence [gog1..-9k---GilE = [gog1...hI ...q)|p. Thus any expansion
or contraction of [golo * [g1]1 * ... * [g;]; has the same image under x and since all the
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elements in the equivalence class of [go]o*[g1]1*...%[g:]; can be obtained through a finite
number of expansions or contractions, x is well defined. Clearly y is a homomorphism
since the operation in both *dg(FE(X,)) and 0 g(X) is concatenation. Further, we have
shown that any [y]r has a factorization, and hence y is surjective. For any generator
[V]a * [ﬂgl of N we have x([7]a * [7]51) = [y*vy~|g = [¥]p so that N is a subgroup of
ker(y). Thus there is a well defined surjective function x : *0g(E(X,)/N — d0g(X)
defined by x(g/N) = x(g) (see [7]). The remainder of the proof will establish that x
is injective. This is accomplished by showing that any two factorizations of [y]g are
in the same equivalence class of *dg(E(X,)/N

We first establish that any choice of the chains 7, results in factorizations whose
representatives in xdg(F(X,))/N are equal. For each 1 < s <n — 1, let v be an E-
chain in F(X,)NE(Xs41) from z;, to %, and set vy = v, = *. Let [y]|g = [h]p*|ho]p*
...x[h,] z be the resulting factorization (i.e. hy = v, v,), then [g1]1%[ga]o*...%[gn], is in
the same equivalence class as [hq]q *[ho]o*...%[hy], in %0 (F(X,)/N. For some fixed s
it suffices to consider the case that v, = 7 for all K # s. Then applying this case n—1
times would obtain the result. We note that hy(= v;',v;) is equal to gi(= 7.1, 7%)
for all £ # s or s + 1 while hy, = Ts__lle and hyqy = v, 7. We form the loop
v;17, and note that it is an E-loop which lies in both dg(E(X,)) and 6g(F(X.1)).
Hence by the definition of N we have that [v; 7], = [V 7]s11 in x0p(E(X,)/N.
By the definition of g, we have that g, = 7, !, 7, ~ 7,1, 2,7, (since 7', ends at x,_;
while 7, begins at =, and z; can be inserted between z,_; and z,). Further, 58
then gives 7, ', x,7, ~ 7,1, v,/ T, as E-chains. These equivalences take place in the

subspace F(Xj) so, if we consider [g;]s as an element of dz(X;) then we can write
l9s)s = [rti7s] = [Thwavitrs) = [T wslox [V 7] = [hsls * [V 7]s. Now, as an
element of x5 (F(X,)/N we have that [g]s*[gsi1]ss1 = [hs]s* [V Ts]s%[gsr1]s21 (since
[9s]s = [hs)s* V5 1Ts)s In 0 (X)) = [hs]s*[Vs 1 Ts]se1%[gss1] 501 (Dy the definition of N)=
[hs]s * [V;17393+1}s+1 = [hs]s * [VL:lTsT;lTs—i-l]s—i-l- Since V;17575175+1 ~ V;1x575+1 ~
Vs_lTerl as above> we have that [gs]s * [gerl]erl = [hs]s * [Vs_lTsTs_lTs+1]s+1 = [hs]s *
[hst1]s+1 and the result follows.

Now we show that the representative in *6g(F(X,)/N of the factorization of [y]g
does not depend on the choice of subspace X, containing x,. Suppose that for each
1 < s <n—1 we have that =5, € X,, for some X,, € {X,}. Let vy be an E-chain
in B(X,,) N E(X,,,,) and set vy = v, = *. Let [ylg = [h]g * [ho]p * ... * [hy]E
be the resulting factorization (i.e. h, = v ',v,), then [g1]1 * [ga]2 * ... * [gn]n is in
the same equivalence class as [hi]a, * [R2]ay * - * [An]a, In *0p(E(X,)/N. We will
use the previous paragraph, and the definition of N repeatedly to replace the chains
vs with 7,. To begin, notice that since v; can be replaced with any FE-chain in
E(X,,)NE(X,,), we may assume that vq lies in E(X,,) N E(X,,) N E(X;) (which is
E-chain connected by the requirements of the proposition). Then, in particular, the
E-chain v lies in both E(X,,) and E(X;) so by the definition of N, [h1], = [h1]1
and we have that [hi]a, * [R2]ay * - % [An]a, = [R1]1 * [P2lay * - % [An]a,.  This is
a factorization based on the assumption that x; € X; instead of X,,. Then, v,
can be replaced with any other E-chain in F(X;) N E(X,,). This time, using the
assumption that E(X;) N E(X,,) N E(X2) is E-chain connected we may replace v4
with some FE-chain v/ which lies in E(X;) N E(X,,) N E(X3). This gives us an
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B} = *v} and h% = (V/})"'v, and by the results of the previous paragraph, we have
that [h1]1 * [Fo]ay * - * [Mn)a, = [P)]1 % [A)as * - * [Anla, - Then, since bl = (V) vy
lies in both F(X5) and E(X,,) we have, from the definition of N that this is equal to
(R4 ]1 % [ ]o % [hs]as * - % [hn]a, - Proceeding inductively we obtain [h]]q * [hb]a*...x [h] ],
Finally, since each v/, lies in F(X;) N E(X,;1) we may replace each v/, with 74 so that
h.= (V) W = 7,175 = gs and obtain [R]1# [hb]ax...x[h) ], = [g1]1%[g2]2% ... % [gn]n-

We have now demonstrated that the equivalence class of [g1]1 * [g2]2 * ... * [gn]n
in *0p(E(X,)/N is independent of how the E-loop [Y]r = [¢1]E * [g2]E * ... * [gn]E
is factored as above. We will show further that if ¢ is any loop E-equivalent to
v (i.e. ( is any other element in the equivalence class [y]z) then any factorization
of ¢ is in the same equivalence class as [g1]1 * [ga]2 * ... * [gn]n In *0g(E(X,)/N.
Toward this end, suppose that a € X, can be inserted into 7, i.e. that ( = {x =
X0, T1, .- Lg, @y Tgi1, T, = x} 18 an expansion of v = {x = xg,z1,..2,}. If [(Jp =
[ha] g * [ho] g % ... % [hs] g * [ha] £ * [hsa1] g * ... % [hn] g s a factorization of ¢ then we wish
to show that [h]1%[he]a*... % [hs]s*[ha)a*[Psi1]s+1%...%[hn]n 1S in the same equivalence
class as [g1]1%[ga]o*...%[gn]n In %05 (E(X,)/N. Since (x5, a) and (a,zs41) € E we have
that a € E(X;)NE(Xs11) and 5, 2541 € E(X,). Using what we have already shown,
we may assume that v, = 7, for all s with the added assumption that 7, is an E-chain
in B(X,)NE(X,) NE(Xs;1) and 7441 is an E-chain in F(Xs1) N E(X,) N E(Xsy2).
This then implies that h;, = g; for all ¢ # a or s + 1. We may also choose v, to
lie in F(X,) N E(X,) N E(X.1). Then we have that the chain g,,; = 7,7, lies
in both of the subspaces E(X,;1) and F(X,), so that by the definition of N we
have [gsi1]s41 = [gst1]a in #05(E(X,)/N. Further, g1 = 7. 7541 ~ 75 taTsy (by
assumption on a)~ 7;'7,7. 7,1 (by [chain inset lemmal). Since T, 7., 7411 all lie
in £(X,) we have [gs:1]la = [T 177 Tst1]a = 75 Tala * [T Tsi1]a = [Pa)a * [Psi1]a
in §5(F(X,)). Since 7, 74,1 also lies in F(X,,;) we have by the definition of N that
[hS-H]a = [h$+1]$+1 in *6E(E(X0t)/N All of this gives that [gs—l-l]s—l-l - [ha]a * [hs+1]8+1
in %05 (E(X,)/N. Thus, if ¢ is obtained from v by an expansion or contraction, then
any factorization of either is equivalent in %0 g(E(X,)/N.

To show that any factorization of ¢ has a representative in *dg(F(X,)/N equiv-
alent to that of v we will need one other fact. Suppose [y], € *0g(E(X,)) and
(1] * [g2]E * ... * [gn]p is a factorization of .  Then [g1]1 * [g2]2 * ... * [gn)n 1S
in the same equivalence class as [y], in *0g(E(X,)/N. 7, in E(X,) implies that
zs € E(X,) for all 0 < s < n. We then form a factorization as above, with the
additional assumption that each 7 lies in F(X,) N E(X;) N E(Xs:1). Then we have
that [V]o = [9192---9nla = [91]a * [92]a * - * [gn]a In 0p(E(X,)) and hence [v], and
[g1]a * [92]a * - * [gn]o are in the same equivalence class in *dp(F(X,))/N. Also, by
the definition of N, [gs]a = [gs]s in *0p(E(X,))/N and the result follows.

Now, suppose that [g1]1%[ga]o*... % [gn]n and [hq]1 *[ha]a*...%[hy,]m are two elements
of x0g(E(X,)) such that x([g1]1 * [ga]2 * ... * [gn]n) = X([R1]1 * [h2]2 * ... * [Ap]m) 1€
[g192---gnlE = [h1ho...hy]E in 0g(X). Then there exists F chains 7,7, ..., such
that v, is an expansion or contraction of 7, ; and g¢1g2...g, = 7, Whereas v, =
hihs...h,. Let f; be a factorization of v, and let F; be the corresponding element in
*0p(F(X,). Then Fj is equivalent to [g1]1 * [ga]2 * ... * [gn]n (by what we have just
shown), F; is equivalent to F;_; since 7, is obtained from ~; ; by an expansion or
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contraction and Fj, is equivalent to [h]; * [ha]s * ... * [hp]m again, by what we have
just shown. Hence Y is injective and the proposition is proved. m

We now consider the inverse limit. If Np represents the normal subgroup de-
fined by the previous proposition then for each F there is an isomorphism xp :
%05(E(X,))/Ng — 05(X) we may define for F C E homomorphisms frpr = x5 ©
Gpr o Xp- I [g1]1 % [g2]2 * ... * [gn]n € *0p(F(X,)) then

dpr © Xr(lgil * [g2]2 * - * [9n]n) = dprp([9192--9n]F) = [9192---9n]E

However, each g; is a loop in dp(F(X;)) and since F' C E each g; is a loop in
dp(E(X;)). Thus [g1]g * [g2]E * ... * [gn] £ 18 a factorization of ¢pp([9192..-9n)F) and
hence Xz (0pr([9192---9n) 7)) = [g1]1 * [g2]2 * ... * [gn]n. In short, frp is the mapping
obtained by the inclusion of each term [g;]; in dp(F(X;)) into 0g(E(X;)). fer are
thus bonding maps for the groups *dg(FE(X,))/Ng. We let pg be the projection map
of this inverse system onto *0g(E(X,))/Ng.

Corollary 60 Let {X,} be a collection of subsets of a uniform space X whose union
1s X. Let % be a base point in X and suppose x € X,, for all a. Suppose there exists a
basis 2 for the uniformity on X such that for each entourage E € 2 and each triple
X, X, X, we have that E(X,) N E(Xz) N E(X,) is E chain connected. Then for
each E we define Ng to be the normal subgroup defined in proposition 2 for E. Then
51<X) = @*5E(E(Xa)/NE

Proof. Since () forms a basis for the uniformity on X the collection of entourages
forms a co-final subset of the index on ¢;. We may then define

Iy : l(iin*éE(E(Xa))/NE — d(X)byxg o pE-

So that
X5 ©¢ppolp =Xz 0dgpoXpopr = feropr=Dpg

Using the fact that y is an isomorphism we obtain that ¢pp o Ip = xpopr = Ig
and by the fundamental property of inverse limits we have a well defined homomor-
phism [ : lim*0g(E(X,))/Ng — 61(X). Similarly we define Jg : §1(X) —

%05(E(X,))/Ng by Jg = ¢ ox5 and by a proof similar to the one above we obtain
a well defined homomorphism J : §;(X) — lim*dp(E(X,))/Ng. If (x) € 61(X)

then the Eth element in (I o J)(z) is (x5 © X5')(*r) = g. Thus [ o J = id and
similarly J o I = id so that [ is an isomorphism. m

We wish to remove the F-neighborhoods from the previous statement, i.e. we
want 01(X) = liin*éE(Xa)/HE, where Hp is now the normal subgroup of *0z(X,)

generated by elements of the form [y]%([7]%)~" for every E-chain ~ which lies in the

intersection X, N X3. The bonding maps for this inverse limit will be denoted ggr
and are induced by the maps ¢5r. This statement may not be true on an individual
E level, since the consideration of neighborhoods of X, was necessary to insure that
each loop of X had a factorization. In the event, however, that E(X,) N E(Xj3) =
E(X, N Xp) for every E in a basis for the uniformity on X the inverse limits are
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isomorphic. This will follow from the fact that for a suitably chosen entourage I, the
F-equivalence classes of F'(X,) are E-equivalent to some E-equivalence class in X,.

Theorem 61 (Van Kampen Theorem for deck groups). Let X,{X,} be as in the
previous Corollary. If E(X,) N E(Xg) = E(X, N Xg) for all a, 8 and E € Q) then
51<X) = hm*(SE(Xa)/HE

Proof. We will define maps
I :lim *5E<Xa)/HE — lim *5E(E(Xa))/NE

J:lim *5E<E<Xa))/NE — lim *5E(Xa)/HE

such that IJ = JI = id. Since X, C FE(X,) we have a (uniformly continuous)
inclusion map from X, C F(X,) which induces a homomorphism %, from 0g(X,) —
Ip(E(X,)) — *#0p(E(X,)). Hence (see [7] page 68) there exists a homomorphism

iE : *5E(Xa) — *5E<E<Xa))

If [Y]%([7]%)~" € Hg then v lies in X, N X3 C E(X,) N E(X3) = E(X, N X3)
and hence ig(Hg) C Ng. Thus ig induces a homomorphism from *0g(X,)/Hg to
*0p(F(X,)/Ng which we deonte by ig. If FF C E then frpp oip = ip o ggr since
fEF, ger are simply the maps obtained by renaming each F' equivalence class as an E-
equivalence class. If ¢ represents the Kth projection mapping of lgn x0p(Xy)/Hg

we may then define Ik : lim*dp(X,)/Hrp — 0x(K(X)) by Ix(vy) = ix o hg(y). If
F C K then

Ixk(7) = (V(V) = ik (9xr(Wr(7)) = fr(e($p(7)) = fxr(Ir(y))

and the 7 satisfy the universal property of inverse limits defining the homomorphism
I.
We must then define J : lim*dp(F(X,)/Ng — lim*0g(X,)/Hg such that [J =

JI = id. To define J we let E be an entourage of X and choose F so that F? C E.
Then the elements in an F' chain in the F' neighborhood of X, are each within F' of
some point of X. By the choice of F' these points form an F-chain. More specifically,
Let [y]r be an F-loop equivalence class in F/(X,) where v = {* = ag, ay, ...a, = x}.
Then for each 1 < i < n — 1 there exists an x; € X such that a; € B(x;, F).
Then, by the choice of ' we have that n = {x = ag,z1,...2,_1,a, = %} is an E-
chain. We then define j&5 : dp(F(X,)) — dr(X,) by sending [v]r to [n]g. To see
that this mapping is independent of the choice of x;, suppose that a; € B(y;, F)
for 1 < i < n — 1. Then each y; is within F? of both z;,_; and ; and so 7 is
E-equivalent to the chain {* = ag,y1, %1, Y2, T2, ...Yn—1,Tn_1,a, = *} which is E-
equivalent to {* = ag,y1,Y2,...Yn—1,an = *}. This demonstrates that the mapping
does not depend on the choice of x;. Further, if (a;,a), (a,a;+1) € F so that {* =
ag, @1, ...a5,a, G4, ...a, = %} is an F' expansion of v then, finding an = such that
a € B(xz,F) we can show that x is within F?* of both z; and z;4; and thus {* =
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A0, L1y -y Tjy Ty Tjy1, .. Tp1, G = *} is an F expansion of 7. j&p is then well defined.
We must show that this mapping is independent of the choice of F'. We first let F”
be an entourage contained in F' (so that in particular (F”)> C E). We note that if
(Y] is aloop in § (F'(X)) then, since frp Y| = [y]r we know that every F’-chain
in [y]F is an F-chain in [y]p. Further, choosing x to be within F’ of a implies that
x is within F' of a. Since we have already shown that the mapping is independent of
the choice of = or the representative of [y]r we have that j% o(¢V (7)) = j&e (W (7).
We now consider any entourage K such that K3 C E. We find D ¢ KNF. By above
Jxe((Mx) = i5e((Vlp) = iFe(V]F).

The j% 5 define a map from *dz(F(X,)) — *0(X,). Further, if v lies in F/(X,)N
F(Xp) = F(X, N Xp) then n may be taken to lie in X, N Xj. This implies that the
image of N is contained in Hg. We let jpg represent the corresponding map from
#0p(F(X,)) — #6p(X,)/Hg. We now wish to define jr : lim*6p(E(X,)/Ng —

*x0x (Xo)/Hg by sending (v) € lim*dp(E(X,))/Ng to jrx(¢¥p(y)) for any F such

that F° C E. We show that the collection {jz} satisfies the universal property of
inverse limits. Suppose R C K and D is an entourage such that D3 C RNK. We
must show that gxr o jr = ji or, gxr © jpr(Vp(Y)) = jox(Wp(y)). vy = {x =
ag, ay, ...a, = %} € ¥p(y) and n = {*x = ag, x1,...x,_1,a, = *} is the corresponding
chain in X then by the choice of D, 7 is both an R chain and an K chain. Hence the
result follows since gxr simply relabels each R equivalence class as a K equivalence
class.

It remains to show that IJ = JI = id. We first note that in the mapping
Jre([7]r) = [nlg that v = {x = ap,a1,...a, = *} is E equivalent to n = {x =
ag, 1, --Tp_1,a, = *} in F(X,). Hence we obtain igjre([Y|r) = Ve = fer([Y]F)-
Hence IJ = id. Further, if v is a loop in F'(X) consisting of elements already in X
then we can set 7 = 7. This gives us that jrgig([Y|r) = [Y|g = ¢gr([7]r) and hence
JI=1id. m

We conclude this section by noting that the bonding maps ggr form an inverse
system on the groups *0g(X,) and Hp separately. In fact liinH g 1s a normal

subgroup of lim %0 (X,). Following the last paragraph of section II1.7.1 of [3] we

obtain the following corollary.

Corollary 62 If X {X,} satisfy the requirements of the previous theorem, then
there exists a homomorphism ¢ : lim*d0g(X,)/lim Hg — lim*xdg(X,)/Hg.

The homomorphism ¢ is not surjective in general.

41



6 Applications

We will show that the uniform space defined by the gluing uniformity on a finite
connected CW complex is uniform coverable. As in the discussion preceding section
3, we let B™ be the unit ball in R® and S™! the boundary of B®. X,, is the n-
skeleton of X. B"™ is compact and thus has a unique uniformity with basis consisting
of metric entourages by Theorem 1 in section I1.4.1 of [3]. If f, : S"' — X,,_; is a
continuous map then it is uniformly continuous by Theorem 2 of the same section.
Since S"~! is compact in B" we know that the glued uniformity on each n-skeleton
is compatible with the quotient topology. The proof will be by induction using 56.
Since the 0O-skeleton X, of a connected CW complex is discrete however, it is not
uniform coverable under the discrete uniformity and 56 does not apply. Thus we
must prove that the 1-skeleton is uniform coverable separately.

We will show that there exists a basis of entourages whose balls are open and path
connected, and the result will then follow by corollary 65 in [2]. We first consider the
basis for each 1-cell B! formed by the entourages F,,(1/n) forn € N, n > 2. Since Xj
is discrete we may take A as a basis (see example 2 in I1.1.1 of [3]). We may then form
a basis for the uniformity on X; consisting of entourages (A, A, Fi,(1/n4), Fo(1/m4))
where for each a, F,(1/m,)* C F,(1/n,). (A, F(1/n,)) is acceptable since f;1(A) =
{(04,04), (1, 14)} and, since n > 2, F,(1/n,) N f;1(A) = f,71(A). The balls of this
basis are path connected by 57, but they are not open. We must find a second, more
suitable basis.

Lemma 63 Let X, be a discrete space and {Bl} a collection of 1-cells with attach-
ment maps fo : S° — Xy. For each o we choose K,(1/ng) such that n, > 2. Let
(Ko(1/n4)) be the set of all pairs ([al, [b]) such that either

1. [a] = [b]
2. ([a], [b]) is in K,(1/ny) for some a.

3. There exists v € X such that ([al, [z]) is in Ko(1/n,) for some a and ([x], [b])
is in Kg(1/ng) for some 5.

Then the collection of all (K,(1/ny)) forms a basis for the uniformity on X; =
Xo {BL} whose balls are open and path connected.

Proof. Note that each (K, (1/n,)) is symmetric. To show that the collection of all
(Ko(1/n4)) forms a basis for the uniformity on X; it is sufficient to show that for each
(AA,F(1/n4), Fo(1/mg)) in the basis for X there exists (K, (1/n4)), (K. (1/n4))
such that

(Ka(1/14)) C(A A, Fo(1/n4), Fa(1/ma)) C (K, (1/n4))

The second inclusion implies that each (K,(1/n,)) is in the uniformity of X; and
symmetry implies that it is an entourage. Then the first inclusion implies that the
collection forms a basis for the uniformity. In fact, we will show that

(Fa(1/ma)) C(AA, Fo(1/n4), Fo(1/ma)) C (Fa(1/n4))
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First, we show that (F,(1/m4)) C (A, A, F,(1/n.), Fa(1/my)). If a pair ([al, [0])
meets condition 1 or 2 in the definition of (F,(1/m,)) then, since F,(1/m,) C
F,(1/n,) for each « and A C A we have that the pair meets condition 1 in the
definition of (A, A, F,(1/n4), Fo(1/my)). Further, if ([a], [b]) meets condition 3 of
the definition of (F,(1/m,)) then, since ([z], [z]) is in A we have that ([a], [b]) meets
condition 2 of the definition of (A, A, F,,(1/n,), Fo(1/my,)).  Thus (F,(1/m,)) C
(AAFL(1/n4), Fo(1/mg)).

Now, we claim that (A, A, F,(1/n4), Fo(1/my)) C (Fo(1/ny)). If ([a], [b]) meets
condition 1 in the definition of (A, A, F,,(1/n,), Fo(1/m,)) then either ([a], [b]) is in A
orin F,(1/n,) for some a. If zy € XN[a] and 25 € X N[b] such that (x;,x2) € A then
x1 = x5 and hence [a] = [b]. On the other hand if ([a], [0]) is in F,,(1/n,) for some «
then by definition ([a], [b]) satisfies condition 2 of the definition of (F,(1/n,)). Now,
suppose ([a], [b]) meets condition 2 in the definition of (A, A, F,(1/n,), Fa(1/my)).
Then there exists x1,x2 € X such that ([a], [z1]), ([z2], [0]) is in F,(1/m,) for some
a or A and (z1,73) € A. Notice that (z1,22) € A implies that 1 = x3. Thus if
([a], [x1]), ([x2], [b]) are both in F,,(1/m,,) for some « then since F,(1/m,) C Fo(1/n4),
([a], [b]) would satisfy condition 3 of the definition of (F,(1/n,)). If ([a],[x1]) is
in A while ([z5],[b]) is in F,(1/m,) for some « then [a] = [z1] = [22] and hence
([a], [b]) satisfies condition 2 in the definition of (F,(1/n,)). A similar argument
applies if ([x2], [b]) is in A while ([a], [z1]) is in F,,(1/m,) for some a. Finally, if both
([a], [z1]), ([x2], [b]) are in A then [a] = [x;] = [x2] = [b] and ([a], [b]) satisfies condition
1 in the definition of (F,(1/n,)). Thus the collection of all (K,(1/n,)) forms a basis
for the uniformity on Xj.

B(la], (K4(1/n4))) is open in the quotient topology. First, iy'(B([a], (K.(1/n4)))
is open automatically since Xy is discrete. Now, suppose that there exists y € B}
such that ([a], [y]) € (K.(1/n4)). We will show that there exists a metric ball B(y, €)
such that

iB.(B(y,€)) C B([al, (Ka(1/n4)))

We must consider several cases.

Case 1) ([a], [y]) € (Ka(1/n4)) by condition 1.

In this case [a] = [y] and then ip1 (B(y,1/n.)) C B([a], (K.(1/ny))) by virtue of
condition 2 in the definition.

Case 2) ([a],[y]) € (Ku4(1/n4)) by condition 2.Then for some 3, there exists
t1 € ByNla] and t; € BN [y] such that d(ty,t2) < 1/ng. If B = «, and y is
not Og or 1g then y is the unique element in [y] and we must have ¢, = y. We then
choose an ¢ ball around ¢s so that B(y,e) C B(t1,1/ng). Then ip, (B(y,e)) C
B([a], (K4(1/n4))) by virtue of condition 2. If § = «, and y is 0s or 1g then
igt(B(y,1/n.)) C B(la], (K.(1/n,)))by virtue of condition 2 in the definition. If
B # athen fz(ts) = fa(y). Thenify’ € B(y,1/n,) we have ([a], [fs(t1)]) in Kz(1/ng)
and ([fa(v)], [v']) in K4(1/n,), and hence [y'] € B([a], (K.(1/n4))) by virtue of con-
dition 3.

Case 3) ([a], [y]) € (K4(1/n,)) by condition 3. Let = € X, such that ([a], [z]) is in
K3(1/ng) for some (3 and ([z], [y]) is in K,(1/n,) for some 7. We know by assumption
that y € BL(1/n,). If y # 0, or 1, then y is the unique element of [y] and hence
7 = «. Further we have f,(e) = x and d(e,y) < 1/n, for one of the endpoints
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e =0, or 1,. We choose an ¢ small enough that B(y,e) C B(e,1/n,) and then
ig1(B(y,e)) C B([a], (K4(1/n,))) by condition 3 in the definition of (K, (1/n,)). On
the other hand, if y = 0,, or 1, then ([z],[y]) in K,(1/n,) implies that for some
Uy € Bl we have fo(y) = faly) = x. Hence igy (B(y,1/n)) C B(la], (Ka(1/ma)})
by virtue of condition 3 in the definition of (K,(1/n,)). We have thus exhausted the
possibilities, and hence B([a], (K(1/n4))) is open in the quotient topology.

We finish the proof by showing that B([al], (K,(1/n4))) is path connected. Notice
that if ([a], [b]) meets condition 1 then there is nothing to show. Suppose ([a], [b])
meets condition 2. Let y; € BL N [a] and yo € B, N [b] such that d(y1,ys) < 1/n,.
We let p = ty; + (1 —t)ys be the straight line path in B,. Then d(y1,p(t)) < 1/n, for
all t € I and hence ig o p is a path between [a] and [b] lying in B([a], (K. (1/n4))).
Finally, suppose ([al,[b]) meets condition 3. Let x € X, such that ([a],[z]) is in
Ko(1/n,) while ([z], [b]) is in Kg(1/ng). Let y, € BL N [a],e, € BL N [z] such that
d(Ya,€a) < 1/nq and ys € By N [b],eg € B N [z] such that d(ys,eg) < 1/ng. Letting
p1 be the straight line path from y, to e, and py the straight line path from ez to yg
we have that d(y,,pi1(t)) < 1/n, for all t € I and d(eg,p2(t)) < 1/ng for all t € 1.
Hence ip1 o p; is a path from [a] to [x] which lies in B([a], (K. (1/n4))) by condition
2, while iy o p, is a path from [z] to [b] which lies in B([a], (K,(1/n4))) by condition
3. m

Proposition 64 If X is a connected finite dimensional CW complex then the gluing
uniformity on X defines a uniform space which is uniform coverable.

Proof. If n = 0 then X = Xy which must be a single point since the space is
assumed connected. If n > 1 then attaching n + 1 cells cannot reduce the number of
components. This is because each S™ is connected hence its image is connected hence
its image is contained in some connected component of X,. Thus the assumption
that X is connected implies that X, is connected. Further, the gluing uniformity on
every connected 1-dimensional CW complex is uniform coverable by 63. The result
then follows inductively by 51 (since S"~! is a compact subset of B") and 56. =
We now turn to the task of showing that for finite connected CW complexes, the
fundamental group is equivalent to the deck group. We will prove the 1-dimensional
case separately using Theorem 88 of [2] which states that for a connected uniformly
locally path connected, uniformly semi-locally simply connected uniform space X,
m1(X) = §1(X). Let X; be a path connected 1-dimensional CW complex. We have
already shown that such a space is uniformly locally path connected. Thus, to obtain
the result it is sufficient to show that X; is uniformly semi-locally simply connected.

Lemma 65 FEvery 1-dimensional CW complex X is uniformly locally simply con-
nected (hence uniformly semi-locally simply connected).

Proof. We choose the basis element (K,(1/n,)), which is the entourage formed
by choosing the metric entourage K(1/n,) in each of the cells BL.  Let [a] €
X;. We will show that any loop L : I — B([al], (K,(1/ns))) is null-homotopic in
B([a], (Ka(1/n4))). Since we already know that B([a], (K,(1/n4))) is path connected,
it is sufficient to assume that the loop is based at [a]. We consider 2 cases.
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Case 1) X N [a] is non-empty. We let xy € X N [a]. Notice from the definition
of (K,(1/n,)) that [xo] is the only element of ix,(Xo) in B([a], (K4(1/n,))). For
each o we consider the set U, = ip1((04,1o)). Each equivalence class of U, consists
of a single element from (0,,1,). Thus igg(Ua) =0if 8 # o, and (04, 1,) if

B = a. Also, z}l(Ua) = (). Thus U, is open in X; for each a. Hence L1 (U,U,)
is open in I. L7'(U,U,) then consists of a (countable) collection of disjoint open
intervals {J,}5o_;. In fact, we may assume that for each m we have L(J,,) C Uym)
for some a(m). Otherwise a standard argument will show that L™!(U,(m)) and
L™ (Upza@mUp) are both open and closed in .J,, which contradicts connectedness.
Further, if m; < my are the endpoints of J,, we know that L(m,), L(mz) & Uam)
by the definition of J,,. We also know that L(mi), L(mz) = [a]. This is because
L(my) € Uz (L(mg) € Ug) for some [ implies that there exists an open interval
(my —e,my+¢) C L™YUp), ((my —e,mg+¢) C L™(Ug)). The previous argument
shows that § = «(m) but this then provides a contradiction. Finally, we note that if
t € I such that t ¢ L~1(U,U,) then L(t) € XoN B([a], (Ko(1/n4))) = [z0] = [a]. All

of this together implies that if J,, is the closure of J,, we have that i (L(J,)) is
a(m)

a loop in Bé(m) based at either Oy(mm) or 1o(m). Using the contractability of Bé(m)we
can find a homotopy H,, : Jm x I — Bi(m) which takes igi(m)L(jm) to the trivial
loop at either Oy () or 1oum). Specifically, for the trivial loop at Oq(n) we can define
Hp(s,t) = Oagmy for my < s < my + (mg — mq)t and H,,(s,t) = L(s) — tL(s) for
m1 + (mg —my)t < s < my. We note that H,, is decreasing in ¢ in this case and
thus it’s image lies in the metric ball B(On(m), 1/Na@m)). Thus, if we denote by H),
the homotopy i Bl © H,, then H! is a homotopy which takes L(.J,,) to the constant
function at [a] and the image of H lies in B([a], (K,(1/n,))). We can obtain similar
results for the trivial loop at 1,(,,) in which case the homotopy H,, is increasing in t.

B
We define the homotopy H to be H! on J,, x I and constant on

LY (UaU)9) x I = L7 Y([a]) x I

We have that H is continuous at any point (s,t) € J,, x I by the continuity of
H!.. Now, suppose (s,t) € L™*([a]) x I. We will prove that H is continuous at
(s,t) directly. Let V be an open set of X; containing [a] and find an entourage
(Ka(1/ks)) such that 1/k, < 1/n, for each o and B([a], (K4(1/k,))) C V. Since
this ball is open, by 63 L~(B([a], (K4(1/ks))) is open in I and we may find an
e such that I, = (s —¢,s +¢) C L(B(la],(K.(1/n,))). Now, we claim that
H(I, x I) C B(la],(K.(1/ks))). It s € I, N L7 *([a]) then H is defined to be
constant on {s'} x I hence H({s'} x I) = {[a]}. On the other hand if s’ € J,, for
some m then H({s'} xI) = H],({s'} xI) C B(la], (K4(1/ky))) since H,, is decreasing
in t if 0,, is the endpoint or increasing in ¢ if 1,, is the endpoint (H,, is defined by a
contraction on Bi(m) to one endpoint). Thus I, x I is an open set in [ X I containing
(s,t) and such that H(I; x I) C B([a], (K.(1/k,))) C V and H is then a homotopy.
Since H (I x {1}) = [a] we have shown that L is null homotopic in B([a], (K4(1/n4)))
and thus B([a], (K4(1/n4))) is simply connected.
Case 2)X N [a] is empty.
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In this case a € B} for some /3 is the unique element in [a]. If
min{d(a, 05),d(a, 1)} > 1/ng

then B([a], (K4(1/n4))) = @'Bé(B(a,l/ng)) and we can use the contractability of

B(a,1/ng) onto a to find a homotopy which takes L to [a]. Suppose d(a,0z) <
1/nz. We note that in this case B([al], (K.(1/n,))) is equal to B([zo], (Ka(1/n4))) U
/L.Bé([()ﬁ,a + 1/ng]) where xy = f3(05). Thus if there exists a first s; such that
L(s1) = [xo] and a last s, such that L(sy) = [xo] then L|, 4, is a loop based at [x(]
and we can apply the previous case to obtain a homotopy which takes L], s, to the
constant loop at [zg]. Thus it is possible to assume that L is a loop which lies in
ipy (Bj) and we can use the contractability of [0, a+1/ns] onto a to find a homotopy

which takes L to [a]. A similar result applies if d(a, 15) < 1/ng. =
Corollary 66 If X is a connected one dimensional CW complez then w1 (X) = 61(X).

Proof. Since every connected one dimensional CW complex is connected, uniformly
locally path connected by 63 and uniformly semi-locally simply connected by 65, the
result then follows by theorem 88 in [2].

We conclude by considering two examples. Let S consist of a countable number
of circles {C,}2 ,all joined at a point. We will consider two distinct uniformites
on this set. If we consider S to be formed by gluing the endpoints of a countable
number of unit intervals to a single point * then we can put the glued uniformity
on S which induces the quotient topology. Then S becomes a 1-dimensional CW
complex under the induced topology, which is the wedge of a countable number of
circles. We will denote this space by {*}"{B!}. On the other hand, if we allow the
perimeter of the circles to shrink to 0 by making the nth circle a circle with perimeter
% then we can create a distinct uniformity on S by assigning it the length metric
uniformity. The distance between points under the length metric is the length of the
shortest curve connecting them. The space S under the induced topology is called the
Hawaiian Earring, which we will denote by H. The metric uniformity which creates
the Hawaiian Earring is distinct from the glued uniformity on the countable wedge
of circles. To see this we note that in the Hawaiian Earring, B(x,¢) will contain an
infinite number of circles under the length metric uniformity, whereas 63 demonstrates
that in the countable wedge of circles, B(x, (F,(1/n,))) contains only those points
on each circle within a distance of 1/n, from the endpoints. In both cases, we show
that it is possible to apply the Van Kampen Theorem for deck groups. In each case
we will consider the subsets X,, to be the circles C,,. We note that U ,C,, = S.

Example 67 (The Hawaiian Earring). If E(e) is a basis entourage for the Hawaiian
Earring, then the E(g)-neighborhood of any circle C,, consists of C,, together with
points z on any circle such that the length of the shortest arc from z to x is less than
e.  This neighborhood is then path connected and hence E(e)-chain connected. The
E(e)-neighborhood of any two distinct circles consists only of those points z on any
circle such that the length of the shortest arc from z to x is less than €. This is, in
particular, the E(e)-neithborhood of x and hence E(e)(C,) N E(e)(Cp) = E(e)(*) =
E()(C,NCy). The intersection of the E(e) neighborhood of any three such circles
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Chyy Cry, Chy is either E(e)(Cy) if ng = ng = ng = n or E(e)(x) if any two are
distinct. In either case, these neighborhoods are path connected and hence E(g)-chain
connected. Thus theorem 61 applies. The author has shown [10] that in the unit
circle S*, if e < 2 then 0p)(S') = Z and if ¢ > 2 then 0p(S') = (e) (the
trivial group). A modification of that proof would establish that for any circle C,with
perimeter 3= if ¢ < 122 then dp)(Cn) = Z whereas dp)(S') = (e) if ¢ > 33=.
We let €, satisfy the inequality %2311 < e, < 3%, Then for each n we have that
0E(e,)(Ck) = Z for k <n and (e) for k > n. By the Van Kampen Theorem for Deck
Groups, 01(H) = %igl*éE(an)(Cn)/NE(gn) = @*{Z}R/NE(ER) where x{Z},, represents
the free product of n copies of Z. Ng,) ts the normal subgroup generated by terms
Ve, v ey, for all E(e,)-loops which lie in Cy, N Cy, = {*}. Since the only E(e,)-
loop in any such intersection is the trivial loop, we have that *{Z}, /Ng,) = *{Z},.
Further, for m < n, the bonding map ¢p, \pen(H{Ztn) — *{Z}n which sends
every F(e,)-loop to its E(e,)-equivalence class will trivialize every loop which lies
on the circles Cyyi1,Cpso,...Cp. Thus, 01(H) = lgn*{Z}n is exactly the inverse

limit described in [9]. We note that 61(H) is thus not equivalent to the fundamental
group of H. In [9] the fundamental group of the Hawaiian FEarring is identified as a
subgroup of this inverse limit.

Example 68 We have already proved that §;({x}"{C,}) = m1({x}"{C,}). We now
calculate this group. For m = 4,5, ... we consider the entourage (F,(1/m)) where,
for each m, we choose the entourage F,(1/m) in Bl. If C} (= iBi(B,i)) is one of
the circles in {x}"{Bl} then the (F,(1/m))-neighborhood of Cy would be the union
of Cy, with the inclusions of all points of B for n # k which lie in the intervals
[0,,1/m) or (1/m,1,]. This neighborhood is path connected by [path ent] and hence
(F,(1/m))-chain connected. The intersection of the (F,(1/m))-neighborhoods of any
two distinct circles would consist of the equivalence classes of all intervals [0,,1/m) or
(1/m,1,]. This neighborhood is similarly (F,(1/m))-chain connected. In particular
we have

(Fn(1/m))(Cn) O (F(1/m))(Crn) = (Fn(1/m)) (%) = (F,(1/m))(Cr N Cr)

Further, the intersection of the (F,(1/m)) neighborhood of any three such circles
Chyy Cry, Chy is either (F,(1/m))(Cy) if ng = ng = ng = n or (F,(1/m))(x) if any two
are distinct. In either case, these neighborhoods are path connected and hence E(g)-
chain connected. Hence we may apply the Van Kampen Theorem for Deck groups.
Since the intersection of any two circles is *, we have that N g, (1/m)) ts trivial and ob-
tain that 6 ({x} " {Bl}) = 1131 %0 (7, (1/m)) (Cn ). However, for any m, 6(p,1/m)(Crn) = Z

and %0, (1/m)) (Cn) s the free product of a countable number of copies of ZZ. Further,
the bonding maps are one-to-one and thus the deck group is equivalent to the countable
free product of integers.
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