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SUMMARY 

By the use of photographic techniques, the absorption 

rates of single co2 bubbles suspended in downward flowing 

aqueous monoethanolamine (MEA) solutions were determined for 

various MEA and C02 liquid concentrationso It was found that 

a linear correlation of the experimental data could be ob-

tained by plotting the mass of the bubble to the one=third 

power versus absorption timeo Such a correlation indicates 

that the absorption rate per unit area is constanto The ab

sorption rates were found to increase with MEA concentration 

and to decrease with total absorbed co2 concentration (that 

physically absorbed and chemically combined}o However� be-

cause of excessive scatter in the experimental data, no 

satisfactory correlation of the absorption rates with liquid 

concentrations could be foundo 

Theoretical analyses of various absorption models were 

made. Analogue and digital computers were used when the dif

ferential equations could not be solved analyticallyo For 

two normal MEA it was found that the b est explanation of the 

experimental ratep 4xl0-6 gm-mole/cm2-secp was given by the 

model of steady-state diffusion with simultaneous irreversible 

second order chemical reaction in a stagnant film of thick

ness 5x.l0-3 em. The differential equations involved with 

this proposed model can best be solved by analogue computero 
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In the course of the investigation several absorption 

models were solved analyticallyo Although the results indi

cate that the models did not applya details of the analyses 

are given in Appendix A for academic interesto Appendices 

B and C contain the details of the theoretical analyses by 

digital and analogue computerso 
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CHAP TER I 

I N TR OilJC TI O N 

During the past two de cades mass transfer resear ch 

has taken pla ce at su ch a pa ce that the state of the art is 

now on a par with that of heat transfer. Indeedj some of 

the theoreti cal results obtained in heat transfer are di� 

re ctly appli cable to mass transfer. Quite often important 

developments in mass transfer are not b asi cally new but 

rather appli cations of already developed heat transfer 

principleso In spite of this now rather high degree of 

sophisti cation in mass transfer knowledge there are as yet 

some unanswered questions. The present dissertation de

s cribes and reports on the results of an experimental in� 

vestigation designed to look into and answer some of these 

questionso 

One of the often studied types of mass transfer is the 

absorption of a gas by a liquid. This is no a c cident sin ce 

su ch a system lends itself well to experiment ation, and 

furthe� there are many well known industrial appli cations of 

gas absorption. Some examples are distillation, gas s crub

bing, a nd humidifi cation. Industry is interested in the 

e conomi cal design of equipment and this requires a knowledge 

of the process. It is the quest for t� knowledge that has 

spurred on resear ch in the gas absorption field for ths last 
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decade o r  soo Even i f  the re were no pre s sure from industry 

the r e  would s t i ll be incent ive to carry on re s e ar ch in thi s 

field� that incent ive being s imply trying to find out what i s  

goi ng o n  when a gas i s  ab sorbed by a li qui d o  Thi s i s  the 

vi e wpo int taken by the so-c all e d  pure s c i enti s t  and i s  ac tu

ally the one adopte d by the autho r  in thi s i nve s ti gation., 

al though t he author does not c lai m t o  be a s cient i s t  or e ven 

a re asonable fac s imi l e o 

Two po s sibiliti e s  e xi s t  initially fo r a g as once i t  

i s  abs orb e d  by a liquido One i s  th at nothing happens and the 

othe r  i s  that the gas may r e act chemi cal ly wi t h  some compon

ent in the l iqui d  phaseo The fir s t  case i s  known as phy s i c al 

abs o rpti on, an e xample of which would b e  th e dis soluti on o f  

oxygen i n  wat ero The se con d  cas e i s  d enote d some time s as 

gas ab s orpti on a c compani ed by c he mi cal reac t i on or more 

briefly as c hemi s orpti on o 

I n  appl i c ation�  equipment uti l i z ing chemi s orpti on i s  

one o f  t wo b as i c  types, packed t owers where the liquid flo w s  

downward over some type o f  di spersing me dium suc h a s  Beryl 

Saddles or rashig rings ,  and bubble plat e t owers where the 

gas pas ses up through cups on the pl at e s o ver which liqui d 

is flowi ngo In both oases the usual pro c edure i s  t o  have the 

liquid enter the top o f  the tower and flow counter�currently 

to the gas entering at the bott om o  I n  the laboratory, proto= 

type s o f  these t owers are built for e xperiment ation� but 
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little fundamental information is obtained from su ch investi

gations. Results are usually presented in the form of corre

lation of dimensionless groups of the system parameters. 

Measurements are made only of the end co nditions of the tower, 

that is� of the entran ce and exit streams, and thus the 

effe cts observed are really gross effe cts w.ith no insight 

as to what is a ctually happening inside the tower. Conse

quently, in order to gain a more fundamental knowledge of how 

the molecules move from the gas phase a cross the gas-liquid 

boundary and into the liquid phase, the experimenter must 

resort to other types of absorption apparati. They may in 

fa ct be come quite exoti c in appearan ce and would have little 

industrial application. 

One of the most common of these laboratory gas ab

sorbers is the falling film column. The liquid enters the 

top of a vertical hollow cylinder not unlike a weir and flows 

down along the inside surfa ce in a thin film. The gas may 

pass in either direction through the center of the cylindero 

Because of the known geometry, the area of the liquid ex

posed to the gas is known, an obvious advantage over pa cked 

or bubble plate contactors. Another appa ratus that has come 

into vogue of late is the laminar jet. Here a cylindrical 

stream of liquid passes verti cally down through an atmosphere 

of gas from a nozzle into a receiver. Again the geometry is 

known so that the area of the gas-liquid interfa ce may be 



determine d.  Such apparati h ave one limitation ho wever; 

bec ause of th eir rather idealized conditions , result s ob

tained fran them c annot be applie d  directly to indus trial 

equipmen t .  

4 

With this in mind th e author de cided to construct an 

apparatus with which fundamental knowledge could be obtained 

and yet re sul t s  of which could be applie d to industrial 

equipment . One pos sibility is an apparatus c ont aining a sub

merged orifice such as a c apillary tube where by the gas is 

emitted from th e tube and rises upward through the liquid. 

Some investigators have use d this type of equipmento Usually 

the scheme has been to take liquid samples at various times  

while the gas  is bubbling at a cons tant frequency through the 

uncirculating liquid.  The liqui d samples  were analyzed for 

gas conce ntration.  It was then easy to calculate the average 

absorption rate  for the bubble s generated during the time 

interval b etween sample s .  It wa s de cided th at the method 

could b e  improved by measuring the absorption rate of a 

aingle bubble o 

The aoheme waa aimply to generate a single bubble in 

a down-flowing a tream of liquid auoh that the bubble would 

remain eaaentially stationary in elevation . Moving pictures 

were taken of the bubble and th e !11m was analyzed to deter

mine the abs orp tion rate . <In orde r  to make the condi tiona 

analogous t o  a bubble ris ing in a still b ody of liquid the 
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flow channel was constructed in a spe c ial mannero Figure 1 

shows a schemati c diagram of the flow channelo The channel 

has a re ctangular cro s s  section . Ac cordi ng to hydrodynamic  

theory (33) the velocity profile for lam inar flow of a New

toni an flui d between two very wide parallel plates wi ll be a 

parabolao But as the flui d pa s s e s  into a sharply converging 

section, as shown in the figure, the profile becomes  rela

tively flat over most of  the channel. Thus  for a bubble 

trapped in the converging section the fluid  veloc ity wi ll be 

e s sentially the same about the bubbleo Ther efore as far a s  

the bubble i s  c onc erned the fluid seems to  b e  infinite in 

extent and approaching the bubble from infinityo Or looking 

at it another way, the s ituation i s  the same as if the bubble 

were rising in a still  body of liqui d, negle cting the effe cts  

of the container walls o  

It i s  impos sible to trap a bubble in the converging 

secti on for if  the li qui d veloc ity i s  just a little too low 

the bubble will tend to ri s e ,  and in s o  doing it will c ome 

into a region of even less velocity and will ri s e  even more 

rapidly until it e s capes  on up the c6lumno Exactly the op

posite  effe ct  will oc cur if  the liquid  velocity i s  too higho 

The converging seotial is thus seen to be an instable zone; in 

contrast, the diverging se ction below the throat is a stable 

zone . Her� if the bubble i s  trapped and the velocity i s  too 

low, the bubble will tend to ri s e  into a region of  higher 
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veloc ity which in turn will force the bubble back down and 

vice versa. It i s  in the diverging se cti on that the bubble 

i s  trapped. The purpose of the converging s e ction i s  to 

provide the de s ire d veloc ity profile and in the re gion just 

below the throat thi s profile should p ersi st. The bubble 

should be trapped just below the throato 

7 

The above experimental proce dure was ca rrie d  out in 

the pre sent inve stigation and thi s  the s i s  i s  a report on the 

re sults . Chapter II  contains a short review of  the pertinent 

literature . In Chapter I I I  on theory the author di scus se s  

some of the pe rtinent unanswered que stion s  on gas absorption 

referred to at the beginning of the pre sent chapter. 

Chapters IV and V contain re spectively a di scus sion 

of the experimental apparatus and procedure and the re sults 

of th e investigation. Chapter VI summarizes the conc lusions 

and recommendations. 

The origi nal data, mathemati cal development� and 

details of theoretic al investigation s us in g digital and 

analogue computers are included in the appendi ces . 



CHAPTER II 

LITERATURE SURVEY 

It is not intended here to give a complete review of 

all literature on mass transfer.. Nor is it even intended to 

give a discussion on all literature germane to the present 

investigation in this chapter.. Comments on the work of other 

investigators will be given later in the text at places where 

they are pertinent to the discussion. For a general review 

of mass transfer the reader is referred to the text, "Absorp

tion and Extraction," by T .. K .. Sherwood and R .. L. Pigford 

(New York: McGraw-Hill Inc .. r; 1952).. This is a very excel

lent book as evidenced by the fact that in recent literature 

it is one of th e most quoted referen ces.. For a catalogue of 

mathematical developments in gas absorption see the doctoral 

dissertation by Peaceman (34) .. 
As far as could be ascertained little work has been 

don e on the study of stationary drops or bubbles in a moving 

fluid. Ledig and We aver (24) in 1924 studied the absorption 

of a stationary gas bubble by a liquid. Their system was 

closed except for a c apillary tube open to the atmosphere .. 

When a bubble was introduc ed into the system the liquid in 

the c apillary would ris e.. Thus they could determine the 

volume of the bubble as a function of time by recording the 

liquid level in the tube., Their bubble was held stationary 



in an inver t e d  funne l devi c e  by the downward flow of l i qui d .  

High spee d  phot ography was use d  t o  re cord the l i qu i d  level 

but no me asurement s  were made on the bubble i t s e l f. A 

three-s t age abs orpt ion cycle was dete c t e d  during the l i fe 

o f  a bub ble.  An ini t i al high rate was the r esult o f  the 

crea ti on of new s urface. The ne xt part of t he c ycle was a 

s t eady r ate, probab ly due t o  "e qui librium condi ti on s o " 

Finally there was a slow rate becaus e o f  the prese nc e  o f  

inert g as and b e c ause o f  de c re asing bubbl e s i ze .  

9 

Late r  Harmerton and Garner ( 18 )  s tudi e d  the ab sorp t i on 

o f  a g as bubble ris ing in a li qui d i n  a system open t o  t he 

atmo sphe re only by a cap i llary tubeo They de termined t he 

bubble s i ze by r e cording t he l i qui d l e v el in t he c apillary. 

Mot i on pi c ture s we re made o f  the bubbl e in o rder t o  determine 

i t s  r at e  of as c ent. The change in hydrostat i c  head was t aken 

i nto acc ount. Thei r  re sult s indic ate that the re is no dif 

ferenc e in t he me chani sm o f  abs orpti on and de s orpt ion. Gar 

ner ha s b een c oncerned in muc h  o f  hi s i nve s ti gati ve work wi th 

measuring and i nt erpreting the e ffe c t  o f  c irculat i on in gas 

bubbles o n  absorp ti on rate . In the above art i c l e  i t  was de 

duced that c irculation e xi st s  in the bubble a lthough i t  was 

not detect ed experimentally. However, the authors noted t hat 

circul ation should not influence the absorption rat e  s ince 

mos t  of the resistance l i es in the l i qui d fi lm. 

Garner and Lane ( 15) have re cently conducted a n  
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inve stigation on li qui d drops suspe nde d in a gas stream. A 

spe cially de s igned wind tunne l ,  which g ave a uni form vel ocity 

di stribution,  was us e d .  Mo tion p i cture s were u s e d  to  de ter

mine the bubble s i ze and al so  t o  de te ct internal circulat ion 

in the bubble. Here it was found that, i nde e� internal cir

culati on does incre ase the abs orption rate abo ve t hat due 

to mole cu lar diffus i on. 

I t  has b e en le arned by pr ivate c o mmuni c ati on that an 

inv e s t i gation similar to the pre sent one i s  now be ing c on

duc ted at the Carne gie Ins ti tut e of Te chno logy. No de t ai ls 

have been le arned, howev er . 



CHAPTER III 

T�ORY 

The theoretical pr oblems invo lve d in mas s  transfer in 

bubble systems may be divided int o  two cl as seso  One is the 

dirfusional mechani sm involve d when a mol ecule moves from 

the interior of a gas bub ble acro ss a gas -l i quid interface 

an d then into  the c ont inuous liquid phase where it  may or 

may not  re act wi th some c omponent in the li qui d phase o 

Actually the theory i s  fairly well under stood. Differential 

equations c an be wri tten which are thought to  de s cribe  the 

pro c e s s  ac curately; but for only the very s imple c ase s c an 

the e qua ti ons be  so lved in closed  form. 

The se cond cl as s  of the oretical problems i s  related 

to the hydrodynami cs of the ab sorpti on proc e s s o First  of all 

i s  the ques tion of the bubble's shape whi ch de termine s th� 

are a avail able for mass transfer . As mas s transfer take s  

place the bubble wi ll  of course de crease in s i ze s o  tha t i t s  

shape may chang e from a mushroom configuration t o  an oblate 

spheroid and even to a sphere if the gas bubbl e  be come s quite  

small . Actually the problem i s  not to o difficul t o  I t  c an be  

shown that except for large bubbles little error i s  intro

duced by assuming th at the bubble is spheri cal even though 

it may be  an oblate or a prol ate sphero id. { See Appendix n� 

Section 3 . ) Thus it wi ll be as sumed from here on that the 



geometry i s  sphe ricalo 

The hydro dynamic fe ature s  of the l i qui d imme di ate ly 

next to  the in terface are rather diffi cult to de scribeo 

Indeed ,  here li e s ,  in the author's opinion, the crux of the 

prob lem fo r ma s s  transfer in bubble systemso Clas sically$ 
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one of two assumptions  i s  madeo The fir st  i s  that a thin 

film of l i quid surrounds the bubble such that transport of  

matter thr ough the fi lm i s  by  diffusi on onlyo Furthe r it i s  

as sumed that the re s i stance to di ffusion lie s wholly within 

the film. The alte rnate a s sumpti on that is often made i s  

that, on the contrary, no laminar film exi s ts  about the bubble 

at the int erfac e .  In fac t t he li quid ve locity i s  assume d to 

vary cont inuously away from the int erface into the liquid. 

For a bubble  ris ing in a qui e sc ent liquid the liqui d veloc ity 

is everywhere zero and the gas in effect pene trate s into an 

essentially in fin ite body of liquid and the concentration of 

the gas varies conti nuously away from the interface. In 

contrast, if a film exists about the bubble the gas c onc en

tration will vary co n tin uous ly thr ough the film until the 

film thickn ess is reached where there is a discontinuity as 

the conc entrati on as sumes t he bulk concentration • 

.. 

Whether a film exists or not is an important but dif-

ficult question to ans wer . Experiment ally it may never be 

proved that a film exists. It would be  very thin and hard to 

s ee even if its appe aranc e should happen to be different from 
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the bulk of the li qu id. It i s  not diffi cul t to visuali ze  th e 

exi s t ence  of a f ilm whe n  a liquid fl ows pas t  a so lid  surface o 

It i s  thought that the liquid veloc ity at th e s urface i s  zero 

so  that the re must be a smooth transit ion from zero to bulk 

stre am veloci ty. Thus there shoul d be a re gi on of  flui d in 

whi ch the flow i s  laminar no matt er whether th e bulk of the 

li qui d is turbulent or not . At a gas-liqui d int e rface it i s  

not cl ear whether the ve loc i ty i s  zero . Inde ed the a s sump

tion is prob ably invalid sinc e g as i s  far from being-a rigid 

surface . It  i s  then li kely tha t there i s  no laye r of liquid 

whi ch is  distinctly different from the bulk of the liquid .  

Pursuing the matter fur ther there are two cas e s  to conside r .  

One i s  th e  c a s e  of a bubble r is ing through a qui e s c ent liquid. 

Now if a film exi sts  i t  really means that th e bubble i s  drag

ging some li qui d along wi th it. On the o the r hand, the 

liqui d may :flow down past th e bubb le in such a f ashi on that 

the bubble remains e s sential ly stationary. Under this c ir= 

cums tance the liquid velo city may or may not remain uniform 

up to the int erface. If th e flui d were in laminar flow then 

no laminar film would exi st  as suchg and i f  there is no flow 

perpendicular to the interf ace, then the situati on woul d be 

the same as fo r the bubble rising in quiescent liquid with 

no surrounding film. Actual ly the case of a stati onary bub

ble is only of ac ademi c intere st  since in practic al applica

tions the bubble ris e s  through the liquid . But it will be 
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shown later that for certain flow condi ti ons the ri sing bub 

ble and the  s t ati onary bubble are really one and the same o 

In the following dis cus si on i t  wi ll be as sumed that the bub

ble is ri s ing in a s t ati onary liquido  A further s implifi ca 

tion will be made by c onsider in g s lab geometry ,  that i s ,  

uni di recti onal mass  transfer o The re sult s s o  obtaine d c an 

be appli ed ,  however, to  spheri c al ge ome try o  

Cons i d e r  a gas cont aining some component whi ch i s  

ab sorbed b y  the liquid and th en undergoe s a re action wi th 

some component in the liquid phase o Thus in the li qui d 

A + B � Product s  

whe re A wi ll deno te b o th the ab sorbed  gas c omponent and its  

conc e ntration in  the liquid and B deno te s the absorbent com

ponent , as wel l  as its  concentrati on, in the liqui d o  The 

cas e of irreversible react ion wi ll be of primary intere s t  

here and att enti on wi ll be gi v en t o  zero � fir st 9  and se cond 

order react ions o 

Penetrati on Theoryo The term " Penetrati on Theory" 

ha s b e en generally appli e d  to the unste ady-state ab sorpt ion 

of a gas by an inf inite b ody of quies cent liqui d o  The situ

ati on i s  shown in  Figure 2,  where th e c onc entrati on gradi ent s 

of A� B� and the re ac tion produ c t s  are plotted as  a func ti on 

o:f the di s tance :from the i nterf ace into the liquid o 
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The po int x = 0 repr e s ent s  the gas -liquid interfac eo 

The product curve i s  dotte d sinc e  it i s  not c l e ar at thi s 

poi nt how it appears .  A mat e ri al balanc e  about a small 

e l ement of li qui d, dx unit s  thick  and with unit are a parallel 

to the int erface giv e s  

� = h - k'AB dt DA 2 ox 
(3o2} 

dB_ DB � - k'AB dt -
ax2 (3.3) 

where 

t = time 

x = di s tance 



Di = di ffusivi ty of  c omponent i 

k 1  = reaction rate cons t ant for the re action 
A + B-+ Produc t s  

The b oundary and initial conditions are 

and 

A ( oSJ t) = Ai' 

A(x, o) = A0, B(x, o) = B0 

As x--.oo and for t= 0, A and B will be the so luti ons of  

the di fferenti al equation s  

where, for t = 0 
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In e quati on 3.4 the A1 is  a s sumed to be  a constant 

equilibri um v alue whi le dB/dx = 0 implie s tha t the li quid B 

i s  non-volati leo The initial co nditions in e quati on 3o5  

s t ate  that at the  s t art  of the ab s orpt ion pr oce s s  the liquid 

is h omogeneous although the c o nc entra ti ons ar e not neces-

sari ly thos e o f  chemic al e qui libr iumo Equati ons 3o2 and 3 o 3  

were deri ved wit h the tac i t  as sumpti on tha t  Fick's Fir s t  Law 

holds, namely, that the di ffusi on rate i s  pro porti onal to a 



con cent rati on gradient 1 symbolically,  

whe re 

NA = rate of diffu s ion of Ai mas s/t i me�are a 

Solut ions of equ ations  3 o2 and 3 o 3  are known for only very 

spe c ial case s� pure phys i c al absorption ,  i o e o 9  kfl = 0 and 
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equation 3 o 3  drops out; fir s t  or der chemic al re acti on9 again 

equati on 3o3 doe s not appe ar and k'B = new co ns tant = ko 

A rather  c omple te discu s s i on of e qua tions 3 o 2  an d 3 o 3  may be 

found in Peac eman1s Pho Do  di s sertati on ( 34 ) o 

It i s  felt by the a uthor for reasons to b e  discus se d  

later that the pene tra ti on th eory as outl ined abov e doe s not 

apply to the pre sent inve stig ati on" Lat er i t  will be shown 

tha t a modi fie d  penetra tion theory might better de scribe the 

proce s s  of g as absorpti ono 

Film theory. It was de duced at the b egi nni ng of thi s 

chapt er that if the pe ne tr at ion the ory is  not applicable.P 

then s ome type  of laminar fi lm exi sts  near the int erface o 

This parti cular problem has b e en inve s tiga te d  for some t ime o 

In 1924 Lewi s and Whitman ( 25 ) propose d such a mode l for ab� 

sorpti on pr oce s s e s  and9 in fact,  the theory has come to be 

known as the Lewis-Whi tman film t heory o Figure 3 giv es  a 
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sketch of how t he concentration gradients might look in a 

film thickness Xro Note that a discontinuity occurs at xf 

where the concentrations assume the bulk stream va lues A0 a nd 

0 X 

Figure 3 o  Conce ntration gradients� 
film theory o 

B0o The usua l assumptions app lied to the fi lm areg 

lo The f luid within the fi lm is in laminar f low para lle l  

t o  the interfaee o Thus transport of matter throu gh 

the fi lm is by mo lecu lar diffusion onlyo 

2o Steady=state conditions exist in the filmo 

A materia l ba lance about a s lice dx gives 

d2A -w 0 DA -
= 

d.x2 

d2B - kn 0 DB -:-2 
= 

d.x 

(Jo 9 )  

( 3 o l0 ) 
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The bou ndary co nditions are� 

A(o ) = Aij) - - 0  dB] -
dx x=o 

(Joll ) 

and 

(Jol 2 )  

Actually� A0 and B0 may not remain consta nt since they should 

react according to equatio ns 3o6 and 3o7� but the time ror 

the absorptio n process is so short that little error is in� 

troduced by equation 3ol 2o Further justirication of this 

point will be given later whe n  the results are applied to 

the C02-MEA systemo 

O nly for the cases or zero� and rirst order chemical 

reactio n and for no c bemical reactio n can solutio ns be obc= 

tained for equ ations 3 o9 a nd 3ol0o Peacema n (34) has 

discussed these solutions in detailo 

Just as the penetration theory might be an idealized 

situatio n9 so might the film theoryo That a film exists is 

o ne thing9 but whether steady=·state exists in the film is 

quite another a Su ch a condition would depend first of all 

on how fast steady-state is obtained� and then o n  the life 

of the lamina r  filmo The film will exist of course no lo nger 

than the bubb le existso As the film is first formed equations 

3o2 a nd 3o39 with equatio ns 3o4, 3a59 and 3ol2 as the bound= 

ary conditional) would applyo Such a model could be ca lled a 
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fi lm-penetration model after Toor and Mar che llo (43 ) who used 

this con cept in treating the c ase of pure physi ca l absorptiono 

The life of the fi lm may not be anywhere near the life 

of the bubb leo It has been proposed by Higbie (19) and 

Dan ckwerts ( 6) ( 7 ) ( 8 )  that the f ilm may be periodi ca l ly re

plenished in who le or in parto Su ch an idea has been termed 

surfa ce renewa l modelo In essen ce it is thought that the 

fo llowing happensg A smal l element of fluid comes to the gas 

liquid interfa ce where it resides for so me period of time 

during whi ch it absorbs gas o It is then rep la ced by another 

element of f luid from th e bu lk of the liquido The pro cess 

is o c curring simultaneous ly all over the interfa ce and the 

residen ce times of a l l  of the e lements may be the same (Hig

bie distribution)!� or they may vary in some statisti ca l or 

random fashion (Dan ckwerts distribution) o The surfa ce re= 

newa l mode l has parti cu lar app li cation to pa cked towers where 

the li quid f lows down from one pie ce of pa cking to the nexto 

During the period when the f luid is between pie ces the sur� 

fa ce is replenishedo 

Extension of the idea to bubb le geometry is not too 

far-fet chedo As the bubble rises it is c ontinua lly coming 

int o contact with fresh li quid if no stab le fi lm existso In 

fa ct, several investigators (22)( 26)(30 ) have proposed that 

the residen ce time is of the order of the time that it takes 

the bubb le to rise a height e qua l to its �ametero The 
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notion here i s  that the liquid element wi ll start at the top 

of the bubble and trave l around the circumference to the 

bottom where it leave s the bubbleo The import ant point i s  

that except for the case o f  a s tati onary laminar film in 

which s teady�state exi s tss e quat ions 3 o 2$ 3 o 3� 3 o 4� 3 o5s and 

3 o 12 apply, no matter what the hydrodynamic c ondi ti ons are 

at the int erface o For example 9 in the surface  re newal models 

one s till has to talk abou t  a smal l element of flui d  of 

fini te area parallel to the int erface an d of finite depth 

into  the li qui do And While the e lement i s  at the surfac e  it  

will ab sorb gas  according to  the above m enti oned e quationso 

All that is ne eded  to be don e is to solve  th e e quations 9 

whi ch i s  a problem in diffus ion and kinet i c s,�) and then de te r

mine th e s iz e  and th e residual time of e ach flui d elementg 

whi ch i s  large ly a hydrodynamic problem o The re ader will 

real i ze th at the last s ente nce is  a slight understaternento 

The probl em i s  rather complex even i f  i t  i s  prop erly statedo  

( It w ill be  pointed out later that the re are othe r compli c a= 

tiona to con si der o ) Howeverg in t be  following page s some 

solut i ons to  the diffus ional pha s e s  of the prob lem wi ll b e  

pre s ent edo  

As was menti oned previ ously� Pe aceman (34 )  as we ll as 

others (41 )(38)(37 )  have pre sented solutions for the penetra

tion the ory in a s emi=infini te liquid an d  f or the steady-state 

abs orpti on in a laminar filmo  Equati ons 3 o 2  and 3 o3 as they 
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stand have not been solved analytically., Their non=linearity 

make s the solution somewhat intractableo Perry and Pigford 

(36) have obtained numerical soluti ons using a digital com

puter., Ac tually they started with a more c omplicated system 

of equations in that they took into ac count the reversibility 

of the re acti ons which introduc ed a third simultaneous par

ti al differential equation., But they did consider the 

special case of  non�reversible reaction as well as other 

spe cial c ases such as infinitely fast re actions., Their 

solutions were for a semi=infinite liquido The au thor has 

found lit tle work in the literature for the penetration 

model for a finite liquid depth., As a c onsequence� equations 

�2, 3o49 3o5j and 3o7 for x = xf were solved for a finite 

liquid depth on the Oracle digital computer located at the 

Oak Ridge National Laboratories9 Oak Ridge, Tennessee� and 

on a Donner 3100 Analogue Computer at the University of Ten

nes see Nuclear Engineering Dep artment., Although few detail s 

were given in their article, Perry and Pigford's (36) solu

tions were prob ably very accurate., They probably used either 

s ome type of relaxat ion metho d or solved matrix equations., 

It  was mentioned that the machine computing time was about 

150 hours o The computer was the Ordrac at the Aberdeen 

Proving Grounds, Maryland9 and this i s  a relatively slow 

machine . 
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Digital solutions or the diffusion equations. It was 

desire d to ob tain solutions of equations 3 .. 2 and 3o3 in the 

form of conc entration gradients at various time s.. The slope s 

of the A versus x curve s  at x=o would give  the absorption 

rate by Fick�s First  Law.. Unfortunately� the last step was 

not programme d  into the computer$ and the slope s had to b e  

determine d by hand calculations.. The ov erall ob je ctive was 

to determine what set of par ame ters such as DA, DB9 Xf9 etc  .. , 

for a given MEA conc entration would give an absorption rate 

comparable to that obse rved in the laboratory o Since in 

general the rate varies  with time , it is ne c e s sary to t alk 

about an average rate whi ch  means that the cont act time must  

be knownG The contact  time can  be  determine d for stagnant 

film models but not for surfac e  renewal models  .. 

In order to s olve the equations the re gion of inter-

e st� namely, x=o to x=xf9 must be  di vided int o e qual incre

ments, say N in number.. Thus the width of each increment 

will be X f/N.. Then equations 3 .. 2 end 3 . 3  mus t be written in 

fini te diffe renc e formo Be fore performing the ope ration it 

i s  c onvenient to  make a substitution of variable s ..  Thus let 

Then equati ons 3o2 and 3 o3  be come 
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(.3 .. 15) 

where 

(3 .. 16) 

The boundary conditions now are 

o( (X9 o ) - Ao j (X9  o) = 1 -x; i 
{3o17) 

o( (Og f) = 1 t!<19_r> = 1 
o< {1/)J) - Ao {�) = 0 - -

Ai d X X=o . 
(3o19) 

In difference form equations 3o14 and 3o15 c an be 

written as 

� m,n+l - r..J m,n K ..J m+l.��n - V m2n +J m-l,n 
�::;. r = 2 ell x> 2 -

(3o20) 

{3.21) 
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where the subscript s m and n re fer to tbe lat ti ce point 

along the X and t axe s re spe ctivelyo Two s uch equati o ns 

will be writ ten for e ach l attic e point in the / - X ne tworko 

The pro c e dure i s  s imply to  start wi th the value s of� andcfl 
at / =0 and c alcu late new o( n s and j' a for a new time at 

e ach X value by equations  ) o 20 an� )o2l o Then the procedure 

is re pe ate d  over and over unti l  it i s  de c i de d  to stopo The 

deci s i on to stop i s  arbitrary, but the criterion that  was 

us ed he re i s  when the o( and rJ v alue s di d not change sig

nific ant ly from one time  to the next o Of  cour se  the error 

invol.ve d in the so lution depends  on the s i z e s  of � / an d  

l::,X o  The smaller A/ and /J. X are9 t he more accurate  i s  the 

soluti on �  but at the same t ime more computing time is 

requi re do 

Equa ti on s  3ol4 and 3 o l5 wer e  s olve d fo r t he part i cular 

c as e  of ab s orpti on of c arb on di oxide by aque ous monoe thanol-

amine s oluti ons9 MEA .  At low degre e s  of c arbonation the 

reac ti on b etwe en co2 and MEA can be consi de re d i rreversibl e o 

FUrthe r9 s ince the re acti on ra te  is  rather fast and s ince 

the re ac tion  i s  i rreve rsible at low degre e s  of carbonation9 

the i nitial C02 concentration may be as sumed z ero as well as 

the C02 concentrati on in the bulk of the liquid ( x>xf ) o In 

e quati on s ) o 2  and ) o) A denot e s  co2 and i t s  conce ntrati on, 

B denote s MEA and i t s  ooncentration o 

A total o f  eight oases  was run on the computero Table 



I summarizes the various conditions usedo Further details 

concerning the mechanics of the numerical integration are 

given in Appendix B.  

TABLE I 

CONDITI ONS RUN ON THE DIGITAL COMPUTER 

DA x 105 
Case (cm2Lsec} 

I 2 

I V  2 

v 1 

VI 2 

VII 1 

VIII[: outputs 1 

outputs 1 

DB x 105 
�cm2Lsec) 

0.586 

. 586  

.586 

. 25 

. 25 

. 58 6  

o25 

Xf 
�cml 

3.16xlo=4 

10�2 

10�3 

1o=3 

10=3 

lo-3 

lo -3 
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The reaction rate constant� k� is 3 . 3x106 cm3/gm-mole-

seco The interfacial concentration of co2� Ai» was taken to 

be the solubility in pure water at 25°C and one atmosphere 

and is equal to 3.7 xlo-5 gm-mole/cm3 ( 9 ) . All the cases 

are for B0=2.xlo-3 gm-mole/cm3. The mesh size was b.x=z.-7 
and b. r = z-lb. 

To check on the machine's accuracy the problem was 
I solved for k=o for which caseg pure diffusion, an analytical 
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solution can be obt ained o The result  of this computation,. 

denoted as Case II9 is giv en in Figure 4.  Ano ther accuracy 

check was made by running Case I again but with�f one=half 

the original value. Thi s run was labeled Case III and the 

result is shown in Figure 5 along with the Case I result s. 

Figures 4 and 5 indic ate that the machine1s results  are 

accurate .. 

The diffusivities are for the respective components  

in water . The MEA diffusivity was found by the correlation 

propo sed by Wilke {45 ) .. The co2 diffu sivitTwas given by 

Emmert {9 ) .  It is not clear what is meant by the diffusivity 

in the present problem� especially so for MEA which ionizes o 

A more real istic viewpoint might be to consider co2 diffusing 

through a solution of MEA and water . Thus for 2. N MEA whose 

visco sity is 2 cpo,  DA should be about lxlo=5 em2/sec o 

Similarly, MEA can be thought of  as diffusing through a MEA

water so lution and thus DB = Oo25xlo-5 cm2/sec o Cases V, 

VI, VII� and VIII  were run in an attempt to take the visco s

ity effect into ac count. Case VIII is different from the 

other three in that two values for De were employedo Here 

it is po stulated that the product s  of the chemical reaction 

increase the vis cosity, producing in turn a proportional de

crease in MEA diffusivity . Thus DB is decreased by approxi

mately one-half after five outputs .  By output is meant the 

readout from the machine after each 256 iterations o  At each 
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output the m achine printed  out re sult s fo r of:, and ..} for 

X=n/16P n=011 9 29 3���15 o Al so for each  output the re sult s 
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were plotted on an o s c i llo scope 9 known as  a «curv e plotter," 

for e very X increment u se d  in the c omputationo  The 

plotted points we re photographe d o  Appendix B give s det ai l s  

o n  the c omputation for � at e ach output o 

In no case was steady�state, as de fine d previ ous ly9 

ever reache d» although it  appears that fo r Case I (Figure 5) 

the o< curv es se em to be ne ar a ste ady state value for low 

value s of Xo  Some 2=1/2 hours of mac hine time were required  

to pro duc e  35  output s in Cas e  I o  Frequently� however� where 

the Q( value s at some X appe ar to appro ach a cons t ant v alue� 

the } valu e s  do not o In Case  I which is fo r a rathe r thin 

film ) deere ases  only sli ght ly in e ach output, but the rate 

of de crease is no t v ery different from 1 to the 35th output o 

On the o ther hand, in C as e  IV  whi ch i s  for a thick fi lm,� 
de cre ases  rap i dly while o( doe s  not change fast o Figure 6 

shows some of the .J curv e s  for C ase IVo  The re i s  not 

enough o( pre sent to s how on a plot of thi s sc ale in Xo All 

of the above curve s  we re plot ted from the printed  re sult s o  

As was menti oned previously� provi s i on was not made in 

the computing program for the c al culati on of the ab sorption 

rates o It  would have be en  easy to  do9 s ince 

N A = -DA d A] 
A d x x=o 
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or in terms of r:X and X 

{3o23} 

The gradients were determine d by me asurements on the photo

graphs of the curve plotter resultso Values of o( were 

determined with a scale and the s lope s were de termine d by 

Newton9s formulag 

Jo<J 1 r" o< 1 2 1 3 1 
d'X x=o 

= n � o = 2. � o<. o + 3 A o<. o - �-j( 3 ° 24 > 

where !1 x=z=7 and IJ..cl..0:co(1=o<0o The re sults are summarize d 

in Fi gure 7 where a semi=log plot of absorpti on rate versus 

actual or real time is  give no The log  scale i s  based on two 

rather than the customary teno Case s VII and VIII give rates 

clo s e st to the experi mental valueo 

The re sults given in Figure 7 indic ate that a ne w 

de fi nition of ste ady-state might be ne e de do Heretofore · 
steady=state implied that the c oncentration gradient s do not 

change with timeo Such a condit ion was never met in the 

computer work di scus sed  here . Neverthele s s1 in Cas e s  V1 VI, 

VII9 and VIII, the absorpti on rates ar e e s sentially constanto 

It appe ars,, then9 that the concentrati on of A at the gas

li qui d interface rapi dly as sume s a ste ady-state valueo Thi s 

leads imme diately to the conclusion that the ab sorpti on 

proce s s  i s  characterized  by a surface phenomenon and thus  
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the absorpti on r at e  should b e  independent of film thickne s s. 

Further, since the t i me to re a ch steady-state  i s  much l e s s  

than the r enewal time� the que s ti on of which re newal theory 

i s  applicable b e co me s a moot point& 

The s e  computer  re sult s do point out some int ere sting 

fact s with regard to exi sting theorie s  on absorpti on ac com-

pani ed  by chemical re acti ono As has be en no ted many time s 

pre vi ously in the t ext, the soluti on to  e quations 3.2 and 

3.3 are at the pre sent intractableo Recour s e  mus t  then be  

made to  approxi mate s olut ionso One of the o ldes t  such s olu

ti ons i s  that deve loped  by Hatta  ( se e  re ference ( 4ll$l page 

321). Hatta a s sume s the exi st enc e of a laminar fi lm i n  which 

a gas i s  absorbe d  at steady�state  condi t i ons . Within the 

fi lm som e c omponent re act s  wi th the gas i rreversibly and in

stantaneous ly .  In other wor d s  the gas an d  the liqui d react-

ant cannot c oexist s o  that the re mus t be  a re gi on wi thin the 

film in whic h only the gas re ac t ant exi s t s  and another region 

in  whi ch the liquid react ant al one exi s tso The di v iding line 

betwe en the two regions i s  the re action zone, or more properly 

a surface. Its position will be determined  by the di ffu s i v

iti e s  of the gas and the liquid reactanto Us ing simple 

algebra one c an s how for the above model that 
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where BQ is the concentration of the liquid reactant in the 

bulk liquid. Equation 3.25 holds only if the gas is pure in 

A. The concentration of the gas at the gas-liquid interface 

(Ai) is an equilibrium concentration corresponding to the 

gas pres sure and is assumed to be. given by Henry' s law 

( 3  .. 26 ) 

where p is the gas pressure and H is Henry's Law Constanto 

The distance of the reaction zone from the gas interface will 

be less than the laminar film thickness but it may change as 

the laminar film thickness changes. Thus it can be concluded 

that the absorption rate will be influenced in part by the 

hydrodynamic features or the system which is certainly ob

vious by the appearance of xf in equation 3o25. The digital 

computer results indicate that, first of all, some time is re

quired to reach steady-state in the film; secondly, that no 

reaction zone exists as such since o( nevers goes to zero; 

and, thirdly, the conclusion as to whether the reaction be

tween co2 and MEA can be considered instantaneous depends on 

the film thickness. For Case I (thin film) uB decreases 

slowly and 0\ increases rather fast at any X, while in Case 

IV (thick film) .} decreases much faster,� and o( increases 

slowly. 

Another semi-theoretical treatment of equations 3 o2 
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and 3 . 3  w as g i ven by Atadan ( 1 }  who , in his i nvesti ga tion or 

the so lubility or c arbon dioxide in monoethanolamine solu-

tions 9 m ade some absorption rate me asurements o He conc luded 

that there existed a re action zone s imil ar to th at in Hatta ' s  

theory 9 end he denoted its thic_kness by Erzt.  He conc luded 

that Erzt may be something less than xr but that it  was not 

a function of the hydrodynamics of the l i quid . As a conse-

quence the a bsorption r ate is not a fun ction of the hydro-

dynami cs , that is, the degree of a gitation i n  the li quid, as 

long as the sur face are a remains the s ame o A subse quent 

investig ation ( 31 )  has veri f ied these conc lus ions o Atadan 

did not assume that the co2-MEA reaction w as instantaneous 

but only that it was irreversible . 

Sherwood and Pigford (41 �  page 337 ) give  a solution 

for unsteady-state absorption of a gas accompanied by a 

second order instantaneous, irreversible reaction in a stag

nant liquid. The r eact ion zone starts at th e interface and 

mov es into the liquid. They found that 

( 3 . 27 ) 

whe re o( is the solut ion of the equation 

A:r exp [ (�} ( 1 - r ) ] erf (�)'� + erf ( r
D�)'t = 1 ( 3 . 2 8 )  
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and 
( 3 . 29 )  

A signi f i c ant point c oncerning e quati on 3 . 27 i s  that at zero 

time the rate i s  infini t e ,  a re sult whi ch c ome s up fre quently 

in the treatment of the penetrati on the o ry . 

Further inve sti gat i on o f  e quat ions 3 . 14 and 3 . 15 was 

made wi th th e ai d of an analo gue c ompute r .  Thre e c as e s  were 

con s idere d :  uns teady - s t at e  ab sorp t i on w ith fi rs t and se cond 

order c hem i c al r e ac t i on s  and s t e ady- s tate ab s o rption w ith 

second order r e ac ti on .  The i nve stiga ti on was moderate ly suc 

c e s sful . De t ai l s  o f  t he  analogue and di gi tal c omputer work 

are gi v en in Appendi c e s  B and c .  

Equations 3 . 2  and 3 . 3 fo r a fini te film c an b e  s olve d 

for zero and f ir s t  order chemi c al reac t i o n .  For the first 

order case one has 

( 3 . 30 )  

wi th the boundary conditi ons 

A ( o , t ) = Ai ( 3 . 31 ) 

A (x, o ) = A0 ( 3 . 32 ) 

A (xr, t )  = A0 ( 3 . 33 ) 

Soluti ons to e quat ion 3 . 30 are giv e n  i n  Appendix A .  One c an 



find a s oluti o n  to 3 . 30 from Car s l aw and Jaeger ( 3 ) .  But i t  

appears that the s olut i on gi ven the re doe s no t f i t  the 

boundary or the init i al con di t i ons . Fo r that re a son the 

de ta i l s  o f  the solution are given in the Appe ndi x .  For 

zero or de r reacti on the kA term in e qua t i on 3 . 30 b e come s a 

c on s t ant g k" for example . 

C orre l ati on of e xperiment al dat a .  All o f  t he the o re t 

i c al developme nt s pre sent e d  i n  thi s chapter and i n  the ap 

pendix us e a point ab sorpti on rate in uni t s  of ma s s  per time 

per are a . In s ome c as e s  r at e s  w ill b e  a func t i on of a t ime . 

For bubble geometry then the ra te i s  int e grate d over the 

surf ace o f  the bubble and wi th re spect to t ime in orde r t o  

obtain an e quation with which to corre l at e  experiment al dat a .  

where 

De fine the gro s s  rate as 

Q. = N A • 4 7f r2 

NA = spe c i fi c  ab s o rpti on r ate , mole s/t ime- ar e a  

r = radius of the bubble 

It will be as sume d i n  thi s dis cu s si on that t he bubble i s  

sphe ri c al .  I t  i s  shown in Appe ndix D t ha t  the error intro 

duc e d  by the as sumpti on i s  small . Now 

dn - -
dt 



where 

n = mole s of gas in bub ble 

If it is as sume d that the gas i s  i de al ,  then 

whe re 

Sinc e 

and 

then 

n = PV 
ReT 

P = pres sure = c onstant 

V = bubble vo lume = 4/3 7f r3 

�� = temp era ture = c ons tant 

R = Gas Law c o nstant 

V = nR9 /P 

2 
r = ( .L!!!!.S.) 213 -p 47! 

Therefo re combining e quations 3 o 34� 3. 35, and 3 .3 6 , one 

obt ains 

Separati on of variable s and int egrat ion yi e l ds 

39 

( 3 . 36 ) 

(3 . 37 ) 



( 3  .. 38 ) 

where the funct i onal notation on NA i s  u s e d  to emphasize  that 

it may be a func tion of t ime . The initi al number of mol e s  

i s  n0 • I n  Chapter V 9  which cont ains t he  pre sen tation of the 

re sult s ,  e quation 3 . 3 8  i s  di s cus sed  in the light of NA for 

the va ri ou s  absorption model s .. 

Addendum. I t  was impli e d  pre viou s ly that e quati ons 

3 . 2 and 3 . 3  with the b oundary conditions 3 . 4, 3 .5 ,  and 3 . 6  

may not be  an accurate de scripti on of the ab s orpt ion · proc e s s .  

One item not c on si dere d was the chemical r e ac t ion produc t s .  

As they are fonn e d  in the film th ey wi ll di ffuse into the 

liqu i d  bulk. The e ffect  of thi s on the diffu s ion of C 02 and 

MEA is  not understood. Although i t  will not be  generally 

true for a ll g as absorption sys tems ,  the pr oduc t s  of the 

r eaction of co2 with MEA are more dense than the reac t ant s .  

Conse quently, the re sult ant density gradient s will induce 

liqu i d  bulk flow p erpendi cular to th e int erface whi c h  in turn 

will affec t  the net diffu s i ve flow of c o2 and MEA . Therefor e 

alt hough the liquid film was a s sume d stagnant to  insure that 

mas s  transport would be by mole cu lar diffuaivity only$ there 

_. st ill th e dens i ty i nduced  curr ents to c onsider, an e ffec t  

which seems to  be inhe re nt i n  th e  pr oc e s s .  No doubt t he 

current s s e rve to enhance the absorption proc e s s .  And the 
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phenomenon i s  similar to the frequently used conce pt o f  e ddy 

diffusi  vi ty for mas s  or be at transfer into turbulent liquids o 

To account for the dens i ty effect one only has to  modify 

e quations 3 o 2 and 3 o 3  to re ad 

where 

.d..A = D d 2A + v M - llA.B 
eft A dx2 o X  

� = D .& . v � - w  
d t B d x2 d x  

v = velocity of fluid  perpendi cular to 
interface 

( 3 o 39 ) 

It should be obvious that the equ ations hav e  become con-

si derab ly mo re c omplicated., It i s  di ffi cult t o  attach any 

quanti t ative me aning t o  V o  Its  exact expre s s ion would ob

viou sly involve knowledge of  the hydrodynami c s  of a heavy 

flui d mov ing through a light fluido  

Another complicati on not consi der e d  up t o  now i s  the 

nature o f  the stable f ilm that may exist about a bubble o As 

the bubble become s smaller, one of  two thing s  mus t  happen o 

One i s  that the fi lm thickne s s  may remain the same in whi ch 

case t he actual volume of the film mus t  de cre as e .,  If thi s 

happens , the re will b e  s ome li quid moti on a s so ci ate d wi th 

the removal of the exce s s  liquid., The author i s  no t sure 

how to pos tulate a mechani sm by which thi s  may be done and 



he is not sure whether  the liquid motion will affect the 

absorption rateo The other pos sibility is that the film 1 s 

42 

volume remains intact in which c ase the film thicknes s woul d 

have to in crease o Intuitively the author feels that  the 

latter is most unlikely. It is easy to conceive of a situ-

ation whe re the film 1 s thicknes s  would be almo st as much as 

the bubble 1 s  radius o 

For a solid sphere Tomo tika ( see reference ( 23 ) )  has 

s ho wn  that 

= constant 

where 

v = velocity of  fluid at infinity flowing 
p ast  the bubble 

Xf = film thicknes s about sphere 

r = radius of  sphere 

\) = kinematic vis co sity of fluid 

If a gas bubble is not too large it might be as sumed 

to behave sim�q to a s olid sphere ( this a s sumption is sub

j ect  to  deb ate ) o In the present work the fluid flows past a 

gas bubble so that the bubble remain s statlonary o But as 

the bubble size diminishes it migrates to a region of lower 

fluid vel ocity.  So as r decreases s o  does  V an d  it is 

quite possible that the ratio V/r is a cons tant . The 
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conclus ion i s  then re ache d  that Xf will remain cons tant. 

The re has been c onside rable  sp eculati on c onc erning the 

int erfaci al gas conc ent ration, Ai • I t  was t hought for s ome 

time tha t Ai would be something l e s s  tha n the e quilibr ium 

value . Such a c onjec ture le ads imme d� te ly to  the concept  

of  an i nt erfaci al re sis t anc e to  ma s s  tr ansfer o It would 

seem that the interfaci al re s i s t ance woul d be co nnected s ome� 

how to t he interfac ia l t e ns ion. The re i s  some di sagre ement 

among the vari ous inv e s ti ga tor s on t hi s  point. 

Ni j s ing, et  al ( 32 ) , state that the re i s  no inter

faci al re s is t ance. Raimondi and Toor ( 39 )  and Scr iven and 

Pigford ( 40 )  c onclude th at there i s  no int e rfacial re s i s tanc e 

per  s e . If there i s  r es is tanc e ,  i t  i s  be c ause of the colle c 

ti o n  o f  impuritie s o n  th e gas -l i quid int er face o A sour ce  of 

the se  impuritie s  could well be  the pro duct s  of the re action 

between the gas and the liqui d o  Chiang and Toor ( 4 ) al so 

s t ate t he re i s  no int e rfacial re s istanc e .  

On the o ther hand, Eps t e in ( 10 )  from theoretical c on

si der ati on conclu de s that surfac e  tension wi ll  influenc e mas s 

transfe r. Garner ( 13 )  s ays  tha t  interfaci al tension "seems" 

t o  b e  important o But Ki shenevskii ( 21 )  point s  out that Po zin 

( no r eference ) showed that surface  t e ns ion doe s not affect  

absorpti on. Finally Lindland and Ter j i sen ( 27 )  remark that 

int erfac i al re sistanc e has no connection wi th int erfaci al 

tensi on i n  l i quid-liqui d extr act ion. 
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An inv e s ti ga t i on by McKe e { 29 )  w a s  r e c en t ly m ade t o  

s e e  whe t he r a c hang e i n  surfac e t e n s ion w i t h  t ime co uld b e  

de t e c t e d  whe n MEA ab s orb s C02 " A DuNouy Ring T e n s i ome t e r  o f  

fairly hig h s e n s i  t i  vi t y  was u s e d o  N o  ch ange could b e  o b 

s erve d o  Atadan ( 1 ) de t e rmine d tha t fo r t o t al pre s sure s ne ar 

one atmo s phe re the ab s orp t i o n  r ate i s  i ndep endent of co2 

p ar t i al  pre s s ure .. Thi s w a s  l a t e r  conf i rme d by Grov e s  and 

Hawkins ( 17 } o 

I t  wi l l  b e  c onc lud e d  from t he  fore go ing t ha t  for the 

co2 -MEA s y s t e m  e qui l i b ri um exi st s  at the int e rf ac e �  but that 

Ai may b e  l e s s  th an t he e qui libri um v alue for pure wat er .  

The re will b e  o t he r  sp e ci e s pre s ent at i nt e r f a c e  w hi c h  wi l l  

de c re a s e  the w a t e r c onc ent ra ti on o  A s  a c on se qu enc e l e s s  

co2 c an b e  ab s orb e d .,  In t he  pr e s ent s tudy -9 howe ver , A i wi ll 

be taken as the e qui l i b ri um  c onc e nt r ati on o f  C02 i n  pure 

wat e r  and it wi ll b e  a s sumed tha t  Ai r emai n s  c on s t ant o 



CHAPTER IV 

EXPERIMENTAL APPARATUS AND PR OCEDURE 

Experimental apparatu s o The e xperi mental appa ratus 

us e d  in thi s inv e s tiga tion was rather s imple o A fl ow di agram 

of the s e tup i s  shown in Fi gure B o  As can b e  s e en the ap 

par atu s c on s i s te d  of the Plexi gl as ab s orption c el l ,  movi e 

came ra �  lens � pho to flood, e l e c tric timer , power s t at ,  pump , 

manome ter , ro tameter , cylinder of c arbon di oxi de , and con

nec ting tubing o The pump was an Eastern Indu s tri e s  Mo del 

D�H c e ntrifugal pump of s t ai nle s s  s t e e l  ( type #31 6 ) c onstruc 

tiono I t  pro duc e d  a he ad of about 17 fe e t  of water at a 

flow r ate of one gallon pe r minute o 

Al l co nne cting tub ing in c ont act with MEA had to be 

e i t he r  glas s »  s t ainle s s  steel or Tygon tub i ngo  The r o t ame 

t er ' s float was of st ainle s s  s te el9 al so o The c arbon di oxi de 

valve loc ate d just be low the ab sorption cell c ompri s e d  a 

gla s s  s topcock while the MEA valv e �  ju st downstre am from the 

rot ame te r9 compri s e d  a s t ainl e s s  s t eel ne e dle v alve which 

allowe d c l o se control on the fl ow  rate o  The bub b l e  gene r

ating tub e was a gla s s  c ap i ll ary tube of O o 041-inch ins i de 

diameter.  The MEA re servoir was a ten-l i te r  gla s s  jug o 

In th e l i ne be tween the rot ame ter and the ab sorpt ion cell 

was  plac e d  a sm all wad of glas s wool whi ch effe c t ive ly 
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rem o ve d  any di rt o r  l int in the l i qu i d o  

No t e d  o n  the di agram i s  a by-pa s s  l i ne running from 

the exhaus t  t o  t he i n t ake of the pump . Thi s was ne c e s s ary 

s i nc e t he pump pro duc e d  t o o  much he a d  for t he fi t t i ng s  u s e d o  

The fi t t ing s g ener ally c o ns i s t e d  o f  Tyg o n  tubi ng s lippe d 

ov e r  gl a s s o r  s t eel tub e s and the c o nne c t i ons w e r e  made t i ght 

wi t h  ho s e  c l amp s o Suc h arrangeme nt s are not t he m o s t  s at i s 

fac t or y  as far a s  l e ak s  are c onc e rne d ,  but the y we r e  exp e di 

e nt and e c onomi c al o  C e r t ainly t he b e s t  pro c e dur e wo ul d hav e  

been to u se a l l  s t a i nl e s s  tub i ng ,  b ut t h i s  i s  r a ther expen

sive and fu rth e r  it w oul d make the who l e  app aratus r i gi d o  

I t  then woul d be c ome di ffi cult t o  mov e  the v ari ou s c omponent s 

aroun� whi c h  w a s  fre qu e ntly n e c e s s ary o A h e at exchang e r  w a s  

i n s ta l le d on t he by-p a s s l i ne in o r d e r  t o  r emo v e  the fri c 

t i onal he at g e ne r at e d  by the pump . Dur i ng the s ummer whe n 

the c o o l i ng water b e c ame warmer i t  w a s  ne c e s s ary to imme r s e  

the r e s e r v o i r  i n  an i c e  b at h o  

A de t a i l e d  di agram o f  t he re ac t i o n  c e l l  i s  gi v en i n  

Figure 9 .  The the o re t i c al a s p e c t s  o f  the c el l  hav e  alre a dy 

be en dis c u s s e d  i n  Chap t er I .  The c e ll o r i g i nally c o n s i s t e d  

o f  o nly the l ower re c t angular p o r ti o n ,  b ut i t  was f e l t  that 

b e t t e r  f l ow c ha rac t e ri s t i c s c ou l d  be o b t ai ne d  if it wme m ade 

l ong e r . There fore t he upp e r  cyl i ndri c al p o rt i on was a d de d o  

The c yl i ndri c al p o rt i on s er v e d  a s  a c alming s e c t ion � an d i t  

wo r k e d v er y  we l l o 



Ill 
FE ro'\ 

r--- - r-

2 

I--

!! 

I 
... 

L 

I 

I 
I 

rt.La. 
I 

-

- · -

J ( �l 
J � .• :T " 

I \ 

-

MANOMETER 
TAP c 

-

� 

IIOTI : ALL ,LIXIILAS 
OONITIIUOTION 

:! 

ALL L I . AI DI IIIIIIIOIII 
Ill OIIITIIIIITIIII 

"GUll! t DIAGRAM OF AIIOIIPTION CELL 

48 

I 

I 

I 
I 

•t-

._.I, - a_j 



49 

The l ower portion of the cell  was cut out on a mi lling 

machi ne and thus the converging and div erging s e c t i ons were 

very ac cura tely formed.  It  was  not ne c e s s ary tha t t he c on� 

verging angl e be exac tly 300 nor the div erging angle be 70 

but i t  was ne c e s s ary th at the cell be  symme tri c al .  Therefore 

a single s lab of Plexiglas  was milled to  the de sire d  contour 

and the n it was cut in half to form the two s id e s  of the 

c ell . The front and back of t he ce ll ,  that  i s ,  the s i de s  

through whi c h  the movie s were taken 1 were 1/4-inch  slab s  o f  

clear Plexigla s .  The e dge s at the thro at and a t  the begin

ning of the conve rging s e c t i on were r ather  sharp . Pe rhaps 

b etter performanc e could have been  obtaine d if the e dge s at 

the throat had b een rounded off to s ome extent . Even though 

flow was laminar the s harp e dge s may have introduced  some 

local turbulence . 

The opt i c al sys t em employe d warrant s a f ew c omme nts . 

The l ens use d was cho s en by trial and error o The pri sm used  

was a totally refle c ting right angle pri sm . The pri sm and 

the le ns were no t of e spe c i ally hi gh optical qual i ty .  Not 

shown on the flow d iagram i s  a gri d lo cated  behind the bubb le . 

The gri d  was s i mply a tracing of a she e t  of graph paper  i n  

black Indi a ink .  A s ix-hour photoflood  was pr o j e c ted  onto 

th e gri d and the light was re flected  thr ough a pri sm and two 

lens e s  int o  the lens of the camera . Ad jus  tmen t of the lens e s  

would make the image of the gri d fal l  onto the pl ane o f  the 
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bubble o The ne t effe c t  was th at the bubble was photographe d 

ag ainst the gri d bac kdrop o 

The elec tric timer was graduated in one -hundredths 

of a s e cond and t ime c ould b e  e s timated to the ne are s t  

one -two hundre dth of a s e c ond o 

The movie camera was a 16 mm Traid-70 Camera, a 

modified Bell and Howell unit o  The camera was dr iven by a 

vari able spe e d  ele ctri c moto r  which was conne cted to a power

s t at o  The mo tor was usual ly run at 90 per c e nt of line volt

age ( 110 A .. C o ) o  The film spe ed was l o B feet per s e cond or 

72  frame s per se c ond o The camera was e quipped with a l- inch 

f/1 .. 9 Taylor-Hob s on l ens and c ould focus to a minimum di s 

tanc e o f  2-1/2 fe et o Howe ver , by placing a s p acer be twe en 

the lens and shutt er i t  could b e  focuse d  down to di s t anc e s  

of s ix inche s and at the s ame t ime give gre ater magnif i c a 

tion., The film used  was 16 mm Kodak tri -X Neg at ive in. 

100-foot rol ls o  

Experiment al pro c e dure o The te s t  soluti on was pre 

pare d using di sti lled wat e r  and 99 per c ent pure monoe than

olamine pre p ared by the Olin-Matbieson Chemic al Company o The 

c amera was then s et up on a tripod in front of t he  cel l o  A 

refl ex att achmen t was avai l able which al l owe d focu s ing 

thr oug h the lens but it  had to be  removed from the c amera 

be for e the fi lm was loade d .  Thus i t  was nec e s s ary t o  focus 
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the came ra carefully and the n lock the camera in place for 

no adjus tment s c ould be made onc e  the fi lm was loaded o  The 

camera was focuse d wi th the ab s orpti on c ell filled wi th  the 

MEA s o lutiono Generally the lens was s et at f/4 o O o  A larger 

l ens opening o ve rexpo s e d  the fi lm and di d not pro duce as 

sharp an image o No impro vement coul d be de t e c t e d  on stopping 

the lens down be low f/4o O o  After the camera was s e t  up and 

loa de d �  t he pump was starte d and the s olut ion circulate d 

through the appa ratus o A thermome ter was pl ace d in the 

re servoir  and When i t  indic ate d  that the soluti on was at 

the desi re d  temperature the t e s t  was s t arted o  Fir s t ,  a 

c ouple of t es t  bubble s  were generated  to  s e e  wrn ther the MEA 

flow r at e  was c orrec tly se t o  The MEA flow was s e t  so that 

the bubble woul d leave the c apillary tube � r i s e  up sl owly 

toward the throat and remain " suspended" at the throat for 

a few mome nts o The bubble would be  on the v erge of e s c aping 

past  the throat when i t  woul d s t art to  move back down the 

c ell in the dire cti on of flow b e c aus e of i t s  de cre as ing s i z e o 

Two or thre e such bubbles  were generate d to  make sure that 

experiment al conditions were s at i sfactory o The c lock and 

lights were turn e d  on and anothe r bubble gene rate do Jus t  

befor e  it  le ft the capillary tube  the camera was s t arte d and 

left running until  the bubble was compl e t ely ab s o rbed or 

pas s e d  from the f ield of view o The life of a bubble was on 

the order of one secon d o  Occasi onally a bub ble  e s cape d  up 
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the ce l l  even though s e v eral t e s t  bubbl e s  i ndi c at ed tha t the 

MEA fl ow was pro per ly s e t o 

The photographing of the life on one bubb le cons t i 

tute d  a "t ake j "  but occ as ionally two o r  mor e bubb le s were 

pho tographe d on one t ake o  The bub ble s woul d s ti ll be gener

ated i ndivi dually1 however o The take was re corde d by a 

sma ll numbe r  placed on the mirror reflect ing t he  c lock fac e o 

The number appe ared on the fi lm i n  the cent er o f  the clock 

fac e o  

For e ach t ake the f ollowing informati on was re cor de d �  

ro tame t e r  re ading » manome t e r  re a ding $  MEA t emperature $ lens 

s etting �  b aromet e r  re ading� and power s t at re ading o Al so , a 

lOO�ml s ample of the MEA was take no Of the above re adings 

t he only import ant one s are the manome t er $  b arome t e r �  and 

MEA thermome t e r  re adings o Although t he rot ame t e r  was c ali 

brate d w ith wat e r  i t s main use  was to he lp in adjusting the 

MEA flow o To inc re as e the C02 concent ra t i on c arbon dioxi de 

was bub bl e d  t hrough the MEA in the ab s orp t i on ce l l  while t he 

MEA circul at ed through th e appa ratus o As the carbon dioxi de 

reac t s  wi th the MEA heat i s  liberat e d  so th at it was ne ce s = 

sary t o  cool the solut i on o 

Afte r  a sui table pe ri o d  of bubbl ing the c arb on di oxi de 

was cut o ff and when t he MEA had c oo l e d  down to the de si re d  

temperature ano ther take was made o The pro ce dure was r epeated 

unt il all the fi lm was u s e d $  gene rally a l i t tle ov er 100 fee t .  



Only one ini ti al MEA concentration was us e d  for e ach re el  

of  fi lm. 

Analysi s of experimental data .  The fi lm was developed 

by the author as per ins truc tions given by the manufacturer . 

A 100-foot st ainles s  s teel reel and shallow stainle s s  steel 

pans were used for deve loping o Fi lm agitati on was by hand . 

The film was dried in a closed room on a cre e l .  A Bell and 

Howell 16  mm movie  proje ctor was us ed for examining the film. 

The projector could be s topped on any frame so tha t i t  was 

pos sible to analyze the film frame by fr ame . A typical strip 

of film i s  shown in  Figure 10 .  At  firs t it  was thought that 

the grid might b e  used to measure the s i ze  of the bubble s ,  

but i t  was found easier t o  use a p air  of drafting divi ders 

and scale o The measurements taken from the fi lm for variou s 

rec orded time s were the bubble ' s  horizont al diamete r, i . e  • ., 

the di ameter perpendi cular to the dire ction of flow, and the 

vertic al di amet er paral lel to the dire ction of flow .  Usually 

measurement s were made from frames corresponding to time 
• 

increment s of . 05 or . 10 of  a second. 

The 100-ml solution s ample drawn off at e ach t ake was 

analyzed for carbon dioxide and MEA concentrati on . The MEA 

analysis was obtaine d  by titration wi th half normal sulfuri c 

aci d using methyl orange as indicator o This pro cedure give s 

the total amine concentration, reacted and unre acted. The 
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Time = ,039 sec . Time = 0, 0$8 s e c . 

Time • 0, 076 seo , Time • 0 , 093 sec . 

Time = 0 .107 s e c . Time = 0.114 sec . 

Pieure 10 . Typical frame s from a single t ake .  



c arbon dioxide analysi s was obtaine d  by the abs orption of 

' carb on dioxide , evolved upon the addi ti on of concentrated 

s ul furi c  acid, in a tare d bottle c ontaini ng a s c arit e o  
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All of the above informat ion and o ri ginal data for 

t hi s  inve s tigation are re corded in Original Rec ord of Re

s e arch Notebook s ,  page s 23751-23800 , page s 10551-10600 , and 

pages  15628-15650,  on file in the Dep ar tment of Chemical 

Engl neering , Universi ty of Tenne s see o 



CHAPTER V 

EXPERIMENTAL RESULTS 

The ma s s e s  of the b ubble s were compute d  as suming that 

the C02 gas  was ideal and that the bubble s were ob late sphe r 

oids . The de ta i l s  o f  the c alculati ons involved are given i n  

Appendix E .  A typi cal plot o f  bubble mas s versus time i s  

giv en i n  Figure 11 . Zero time i s  somewhat arbi t rary in that 

time was mea sure d from the time of the f i rs t  me asurement s  

of t he  bubble 1 s dimens i ons . As the bubble bre aks away from 

the ori f i c e  the re is a short peri o d  during whi ch the bubble ' s  

confi guration o s cillate s between oblate and prol ate sphero i ds.  

The moti on is  s oon damped out and t he bub ble take s an obl ate 

sphe ri o dal shape wi th the long axi s hori zont al ( perpe ndi cular 

to the MEA fl ow ) . At thi s  point me asurements were begun.  

The mas s versus time data are re corde d in Appendix E.  

Though i t  was hop e d  that the bubble woul d r emain s ta

tiona ry while  i t  was be ing ab sorb e d, neverthe l e s s  there was 

some movement . As the bub ble  b e c ame sma ller it move d down 

the co lumn into a lower v e loc ity re gion . However the experi 

ment al setup c oul d b e  adju s t e d  so that t he bubble remained 

in the fi eld of view of the c ame ra unt i l  it became of negli 

gible s i z e . Simultaneous ly wi th the abov e mot i on the bub ble 

o sci llate d t oward and away from the c ame r a .  Cons e quent ly 

the appar ent s i ze of t he  bub ble would fluc tuate also . In 
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Appendi x  D it is  shown that the resulting error of thi s 

motion is on the order of 2 per cent or les s o  Also di scussed 

there i s  the error inherent in the opti cal characteri stics 

of a lens 9 and this error proves to be quite sm all o The 

s catter in the d ata shown i n  Figure 11 is  probably the result 

of ei ther .. the above erroi• s or the fact that the bubble ' s 

shape i s  not always that of an oblate sphero.i d o  

In Figure 12 is shown a plot of mass to the one=third 

power versus time o  The plot was made on the basi s of equa= 

T 
(�?[)¥) (�q/3 J N.A. { t )dt 

0 

whi ch 9 if it i s  assumed that NA i s  not a function of time9 

takes the general fonn 

nl/.3 
= a + bT 

where a and b are p arameters that depend on Pj) TD and 

NA o All the experimental data were correlated by equation 

5 o  1 using the method of least square s "  In every case a 

s traight line was obtained but in some instances the data 

were more s c attered than in others o  In general it was found 

that le s s  s c atter was obtained at hi gher MEA normalities" 

The vis co s ity increases w ith MEA concentration so that with 

an incre ase in MEA concentrati on lower MEA velocities were 
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ne c e s s ary t o  hol d  the bubble s t ati on ary o The re for e �  at high 

MEA conc ent ra tion the flow was more smooth and the bubble s 

did no t o s ci llate as much o In Figure 13 i s  pr esent e d  another 

plot of n� ve rsus T o  Fi gure s 12 and 13 re pr e sent � respe c 

t i vely9 t he b e st an d  wor s t  s c at te r  o f  data ob tai ne d o  I t  was 

found that the MEA flow for opt imum re sul t s  was that whi ch 

allowe d  the bubble � on first f o rm i ng 9  to ri s e  slowly up to 

the throat o The re i t  would rem a in mo tionle s s  for a moment � 

and then because of it s de cre as ing s i z e  woul d s tart b ac k  down 

the channel o Duri ng thi s peri od the bubble wo uld exhib i t  

l i t t l e  hori zontal mo tiono  If the MEA flow were too high the 

bub bl e  woul d o sc illate gr eatly whi le on the o the r hand i f  the 

fl ow were too l o w  the bubble wo ul d  e s cape up past the thro at .  

The optimum MEA flow was ra the r c rit i c al 9  and i n  orde r to 

det ermine i t  s eve ral test bubble s were fir s t  ge ne rate d b e fore 

any p i c ture s were t aken o  In spi t e  o f  pre c auti o ns t aken� 

qui te a few b ad take s were obt aine d o  One o f  t he most fre 

quent troub l es was th at of the bubble e s caping up p as t  the 

thro at o The only explanati o n  for thi s s e ems to be a small 

de c rea s e  in t he rathe r crit i c al MEA flow as a re sult of a 

de cre a s e  in pump speedo  The pump sp e e d  prob ably de cr eas e d  

during a t ake be c au s e  o f  a drop in line v o ltage whi ch was 

mos t likely due to operat i on of t he photo floo d lamps and 

c ame ra m oto r o  

The fact that t he data c an b e  c orre late d b y  equa t ion 
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5 . 1  does not reve al anything about the absorpt ion me chan ism. 

At this point all one c an s ay is that the absorption rate is 

constant during the life of a bubble ., But such an obser va -

t ion c an f i t  a n y  one of a number of theories o One of the 

obvious possibi l i ti es is the ste ady-state laminar f i lm model 

( Lewis -Whi tman two f i lm theory ) . But on the other hand a 

surface renewa l  model involving unsteady-state absorpt ion by 

small elements of f luid could also be applic able . Rec a lling 

the discussion of Chapter III about the con c epts of the model 

one can write 

{ 5 . 2 )  

where Nave is the aver age absorption rate of a small e lement 

of f luid during the exposure time T ' . In this c ase  Nave 

would be used in place of NA in equation 3 . 38 ,  and if T V  

of equation 5 ., 2  is not a f uncti on o·f time then equation 5 .,1  

would b e  obtained. Several investigators { 22 » 26 )  have pro

posed that T �  is about the time it takes the bubble to 

move one di ameter . Therefore ,  T W  would be expe c ted to 

change during the lif e of the bub ble , and thus be a function 

o f  t .  Even if this w ere not true , T '  s hould be a function 

of t he  agit ation in the liquid. Atadan { 1 )  and Mottern { 3 1 )  

have ob served, however , that agitation does not inf luence 

the absorption rate of C02 by MEAP w hile Hutchinson and 
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Sherwo o d  ( 20 )  h av e  ob ser v e d  s imilar effec t s  for other systems . 

The re sul t s  of t he above four i nv e s ti ga t o r s  wer e b a s e d  

o n  the ab sorp t i o n  acro s s  a p l ane inte rface o f  known are a .  

The argument can b e  e xte nded to the pr e s ent inv e s ti ga t i o n, 

how e ver, by co n s id e r i ng the Reyno ld s numb er whi c h  i s  a c ri -

t e r i o n  of the hydrodynami c s  of the MEAo By defini t i on 

whe re 

NRe = Reyno l ds numb er 

D = b ubble di ameter 

V = MEA v e l oc i ty 

J> = MEA dens ity 

)U = MEA v i s c o s i t y  

Duri ng the a b s orpti on p roc e s s  the v e l o c ity ,  V 9  r emai ns c o n

stant , but D . b e co me s  smal l . Thus the Rey no l d s  numb er 

de c re as e s .  More o ver, as the bub b l e ' s  s i z e  de cre as e s  i t  mo ve s 

do wn the c olumn into a re gi on of lower v e l o c it y �  whi c h  make s 

the Reyno l d s  numbe r  de c r ease e v e n  more . 

The MEA rot amet e r  was c al i bra t e d  wi th w at e r ,  but b e �  

c au s e  o f  t he l imi t e d  amount o f  so lut i on u s e d, i t  c oul d no t 

b e  c ali bra t e d fo r e ac h  MEA normal ity . Nev er the l e s s  t he c a l i 

b ra ti o n  w i l l  be s uffi c i ently ac cura t e  to determine NRe f o r  

the pre s ent purpo s e s . As a n  example , f o r  Re el 7 the MEA 



normali ty i s  1 . 06.  The densi ty and vi sco s i ty are 1 gm/ml 

and 1 cp . ,  respectively . The fl ow r at e for Take 3 was 

103 ml/sec . Ini t i ally the bu bbl e ' s  di ameter was 0 . 127 inch 

and the di ame ter aft er 1 . 31 s e c onds was 0 . 064 inch . C alcu

lati on reve al s that 

Nae ;::: 510 
Nae = 255 

t = 0 
t = 1 . 31 s e c  
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In bo th c a s e s  the bubb le was at the s ame v ert i c al po s iti on 

in the tube so that the e ffect  of ve rtic al mot i on was not 

consid e re d. During the t ake the bubble moved up and the n 

back down the channel . The bubble c an move vert ically about 

1 em .  For thi s  di s t ance it i s  easy to s how that the rat i o  

of Nae at the throat to the Nae 1 em downs t re am i s  

1 + 2 s i n  e 

where 9=7° i s  the angle the wal l s  in the div e rging s e c t i on 

make wit h  t he verti c al.. The ab ove decre ase by a factor of 

two in NRe i s  typic al of the dat a r ecorde d .  

Dis c arc:Ung for t he mome nt the conc ept o f  f luid e le 

ment s moving from th e top to the bottom of the bub ble the 

r e sidence  time for the surface re newal theory sho uld be a 

func ti on o f .the hydrodynami c s  of the l i quid.  Thus a de cre ase 

in Nfte would me an an incre ase i n  re sidence t ime . The con

cept is analogous to the Prandtl mixing length in c onvect� 
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heat t rans fe r o  

The ab ove re marks imply that ,  b arring surface phenom

e na $  the a b s orpti on me c hani sm inv olve s a s tagnant fi lm sur 

roundin g  the bubb le o C onsequent ly, the ab s orp t i on rate c an 

b e  re pr e s ented func t io nally as 

the exact nature of the func ti on dependi ng on the so lut ion 

o f  e q� t i ona 3 o 2  and ) o ) o I t  should b e  p o inte d  out that i t  

i s  quite po s si bl e  that the absorption rat e will v ary o v e r  the 

surfac e o f  t he bubb l e  b e c ause of t he v ari at ion o f  xf about 

the bubb le . Neverthe l e s s  the ab so rpti on rat e s t ipul ate d here 

( NA ) i s  that whi ch was me asure d in the l ab o rat ory ,  and thus 

is the rat e aver aged over the s urface of t he  bub b l e o  Likewi s e  

the fi lm thi ckne s s  us e d  in e quat i on 5 o 4  mus t  be s ome ave rage 

thi ckne s s o  

In the pr e sent inv e sti gation the ob s e rve d ab s orp tion 

rate s were c orre l at e d  in various w ays in an att empt t o  find 

the func ti onal rela ti onship o f  equation 5 o4 o  Figure s  14 

through 18 summa ri ze the exp erime nt al porti on o f  t hi s  i nve s t i 

gati o n o  There the rat e s  ar e plo tted a s  a functi on of t o t al 

co2 c once ntra t i on, C ( or ,  degre e of c arbona ti on ) �  for i ni 

ti al MEA normali tie s  o f  l o49 , l o 9.$ ,  2 . 97 ,  1 . 0 6, and 6 . 06 

respec tive ly .  The data are v ery s c atteredo  The rate s were 

c alcula te d  from the slope ( b )  of equa ti on 5 o l o  From e quat i o n  
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3 . 38  it  c an be seen that 

NA = - b ( 3/47f ) l/3 ( P/R9 1 ) 4/3 

I t  was hope d  that some clue on the ab sorption me chani sm c ould 

be ob tained from the above menti one d figure s .. 

Of some value perhaps i s  a comp ari son betwe en the 

measured rate an d  that pre dicted  by the ory.. For di scus sion,  

the re sult s for 1 . 95N MEA ( Fi gure 15 ) will be use d .  At zero 

co2 con c ent rati on the expe riment al rate i s  8xlo -6 lb-mole s/ 

ft2-sec  or 4x10-6 gm-mole s/cm2-sec . The latter fi gure has 

alre ady been re corde d  on Figure 7, so that  an interpret ation 

of th e di git al computer re sult s  co uld be made . Further com

pari so n  can be made wit h approximate solut ions to the di f

ferential e qu ati ons . 

Hatta v s theo ry ( equati on 3 . 25 } state s tha t  

Subst itution o f  the appropri ate value s gives  

NA = 20 .5xlo-6 lb-mole s/ft2-sec  

NA = 6 . 48xlo-4 lb-mole s/ft2- sec  

for Xf = 0 .. 01 em 

for Xf = 0 . 316xlo-3 em 

Another approxi mati on is to  assume that the pr o ce s s  i s  a 

firs t order chemi c al re act ion and at s t eady-s tat e in the film. 

Thus , from Appendix A 
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c o sh ( lkiDA Xf ) 

s inh ( Vkl'DA Xf ) 
( A o 8 2 ) 

whi ch give s ultimately 

NA = 2 . 83xl0-5 lb-mole s/ft2- sec  for Xf = O o Ol em 

NA = 2 . 83xlo-5 lb-moles/ft2-sec  for Xf = 0 . 316xlo=3cm 

The true t e s t  for th e proposed theory shoul d come from 

figure s 14 through 18 . Equation 3 o 25 ( Hatta theory ) predi c t s  

that NA should vary a s  the fir st power of the C02 concen� 

tration or re ally B0 - B where B0 i s  the MEA concentra� 

t ion at zero C02 conc e ntration o  On the o the r  hand � e quati on 

A .82  ( fi r st order  reacti on ) pre dicts  that NA should vary 

as ( B0 - B )i. But the dat a as c an b e  seen were di sappo int -

ingly s c attered, and the s c atter i s  not the re sult of any 

t emperature effec t s . Reel  3 ( Figure 14 ) was made at a con

stant te mperature of 27°C . The s catter i s  just as bad as for 

Reel 8 ( Figure 18 ) when the temperature was varied  as much 

as on e degre e .  Notice in Reel 8 at a C 02 conc en trati on of 

25 . 85 g/1 the rate s dif fer  by 1 . 65 ,  or 25 per c ent of the 

lower v alue . The tempe ratures  were the s ame . Figure s 19 �  

20, and 21 show the dependence of  the rate on the fre e MEA 

conc entrati on to  the one-half power as suming that carbon di-

oxide and monoethanolamine re act in a one to one ratio . 

Reel s  4, 6, and 8 are prob ably the best  data t aken in thi s 

inve s ti gati on . It  app ear s that  the rat e doe s  not vary 
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l inearly wi th the fre e MEA concentration  as sugge sted by 

e quati on 3 o 25 o  Inde e d� no ti ce that the c urve s for Re els 4 

and 6 seem to exhibit a maximum as in Fi gur e s  14 and 15 o 

Reel  8 do es no t have a maximum e Only the data for 25oc are 

plotted i n  Fi gure s  18 , 19 ,  and 20 o 

7 6  

Fi gure 22 shows a plot of the rate versu s  temperature 

from Reel  8 o  

"' 
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Figure 22 o  Rate versus temperature , Reel  8 o  

All that one can say i s  that the ra te appear s  t o  incre ase 

wi th temperature as w ould be expe ctedo The di ffus ivi ty in-

creas e s  with temp erature o It i s  not cle ar how the rate 

should depe nd on di ffus ivi ty i bec ause it i s  not cle ar wha t 

i s  me ant by the d iffusivi ty of C02 • I s  the C02 di ffusing 
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through water alone » through water and MEA, or through water,  

MEA and re act ion pro duc t s ?  In the last two ca s e s  the di ffu

sivity would depend not only on t emperature but on MEA and 

reaction product conc ent rat ion � fo r e ach of the s e spe c i e s  

wi ll change the viscosity of the me di um through which the C 02 

i s  dif fus ing . Comstock ( 5 ) shows that the vi sco sity in

cre a s e s  linearly wi th co2 conc entration .  He pre sents data 

for only two MEA normalities � 2 o 00 and 7 . 8 6 .  From equ at ion 

A . 82 

but 

and according to the best  dat a  available fo r liquids ( 45 ) 

D)A. = constant = G 

at cons t ant temperature . The vi scosi ty c an be repre s ented  

by 

(5 . 8 )  

where h and j are c on s tant s , and for six normal MEA 

)'. = 3 + l . 25 C  ( 5 . 9 )  

The number 1 . 25 i s  only an e ducated gue s s  base d on Comstock 0 s  

work . Combining equations 5 .5 ,  5 . 7 ,  and 5 . 9 9 one finds that 
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( S o lO } 

Figure 23 give s a plot ac cording to equati on 5 o l0 fo r Re el 8 

( B0 = 6 . 06 ) o Again the temporary leveling off or plateau» 

as in Figure 17,  persis t s . The analys i s  did not he lp much 

in  corre lating the dat a o  
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CHAPTER VI 

CONCLUSI ONS AND RECOMMENDATI ONS 

An experime ntal techni que was developed  for de termin� 

ing the abs orption rate s of single gas bubble s suspende d in 

a downward fl owing li qui d o  From motion pi cture s o f  individ= 

ual bubble s the mas s  of the bubble s was de termined as a 

function o f  absorpti on t ime o The expe riment al dat a were 

found to co rrelate line arly on plo tting the bubble mas s to 

the one-third power agains t ab sorption time o The corre l ation 

i s  in agreement wi th the theore t i c al e qua t.ion based  on the 

assumpt i ons that the bubbl es  are sphe ri c al and that the ab 

sorpti on rate per unit are a of  bubble surface i s  cons tant and 

uni for m ove r the whole sur f ace o The absorption rate s were 

calcula t ed from the slopes  of the straight line s o 

The ore tical analyse s  o f  s e v e ral ab s orp tion me chan� 

i sms were made in an effort to find a model that explained 

the expe rimental dat a o  In ge ne r al the the o retical mode l in= 
volve d a smal l element of  fluid of fi ni te thi ckne s s  next to  

the gas -li quid interface ac ros s which the gas was ab sorbedo  

For thi s s itu ati on pure physi cal ab sorpt ion and abs orpti on 

wi th simul taneou s chemi c al reac tion � �· zero9  first and se cond 

order -- were  con sideredo  For the se cond or der chemical re

action c as e  the s o lution of two simultaneou s  s e c ond order 

non-line ar p art i al  d if ferent i al e quations is re qui red o  The 



unste ady-s tate c ase was so lve d on b o th digital and anal ogue 

computers p and the steady- s t ate s oluti on was f ound on an 

analogue c omput e r o  ( See Appendi ce s B and C fo r detai ls o ) 
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The zero a nd firs t  order react ion c as e s  were s olve d analyti 

c ally ( Appendix A )  and an analogue s o lution of the l atter 

was al s o  ob tained ( Appendix C ) o  

It i s  re cogni ze d that e a ch and e v e ry fluid elem ent at 

the gas -li qu i d  int erfac e  may retain i t s  geome tri c al shape 

and pos ition ( laminar film model ) i or e ach e l eme nt may be 

peri o di c al ly re plac ed ( surface re newal mode l ) o A s tudy of 

the abov e p o s sible mo del s  indi cate s that the abs o rption mech

ani sm i s  b e st  exp laine d by s t eady= s tate phy s i cal ab sorpti on 

and s imultaneous se cond-orde r che mic al r eac ti on i n  a s t agnant 

fi lm of c on s tant thickne s s  surround ing the bub ble o The di g

ital computer results indicate that t he t ime re quired to reach 

steady-s tate for thi n  fi lms i s  much s horter than surfa c e  re 

newal time p whi ch fact s upport s the ab ove pr opos al o  For thi s 

steady-state mechanism an analogue soluti on o f  the two simul 

taneous non-linear total different ial e quati ons was found 

tor vari qua film t hi cknes ses . Fer two normal MEA: 

Xf • ,3 . l6xlo-4 cm,p N.A. • lxlo·S 
gm-mole s/cm2- s e c 

Xf • .$xlo·.3 em, NA • 4x1o·6 gm-mol e s/cm2- s ec 

• lxlo·2 -6  
gm-mole s/cm2-sec Xf Cm,p N.A. = lxlO 

The exper iment al v alue was 4xl0-6 
gm-mo l e s/cm2-sec  o Therefore 



a fi lm thi ckne s s  of 5xlo
=J 

em woul d app e ar to explain the 

exper ime nt al re sult s o  Howev er9 not t o o  much s i gnific anc e 

c an  be gi ven to thi s  exac t v alue b e c au s e  o f  t he unce rtai nty 

of the proper v alue s  of co2 and MEA diffusivi tie s o  Al s o 9  
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the kine t i c s  of the co2-MEA reaction i s  not compl et ely unde r

s tood.  

A s ati s fac tory c orrel ation of ab s orption rate as a 

func ti on o f  t o tal co
2 

conc ent r ati on i n  the liqui d was no t 

found . The d at a  we re t o o  s cattere d to permit re asonable 

int erpret ati on. 

RECOMMENDAT IONS 

1 .  Addi tional ste ady-state s olut ions sh oul d be run on the 

analogue computer at othe r  MEA normaliti e s . Whe n the 

the o re ti c al ab sorpti on ra te s are e qua l to the expe r i 

me ntal value s obtaine d in the pre s ent i nve stig ation the 

s ame film thi ckne s s  ma y not be the s ame as reported 

here in.  It i s  c o nc e i v abl e that the film thi ckne s s  wi ll 

be a func tion o f  liqui d v i s co s i ty and hence MEA c onc en

tr ati on .  

2 .  Exp eriment al d ata o n  the d iffus i v i t i e s  o f  C02 and MEA 

in aqu e ou s  MEA soluti ons are much neede d .  

3 .  The kineti c s  and the dependenc e  o f  the re ac t i on rat e 

constant for the co2-MEA reac t i on should b e  studi e d  in 

more de t ai l .  



83 

4. Additional rate dat a at hig h  C 02 pre s sure s  ( 3  to 5 

atmosphere s ) mi ght be u s e ful in clari fying the absorption 

mechani sm . 



NOMENCLATURE 
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NOMENCLATURE 

A � gas component absorbed  by liqui d;  als o  its  conc en-

tration ; also bubble area 

Ai � concentrati on of A at interface 

I = Laplace transform of A 

AB = true bubble diameter 

A ' B '  = apparent bub bl e  diame ter 

B = liqui d component whi ch re ac t s  with abs orbed gas 9 

and it s concent ration 

B0 � initial c onc entration o f  B 

C = tot al co2 conc ent r ati on ( physically ab s orbed and 

chemic al ly combined) 

eli c2 � cons tant s of i ntegration 

Di 
F, 

H 

Ii 
�I 

Kl 
K2 
K3 
NA 

NRe 

� 
R 

F '  

= di ffusivity o f  component i 

= c orre ction factors for bubble shape 

= Henry ' s  Law c onstant 

= photographic image of po int i 

= parallax error 

= k n Boxf
2/DA 

= DB/DA 

a k 9 Aixf
2/DA 

• ab sorpti on or di ffusi on rate per uni t area  

• Reynolds number 

a gro s s  or total ab sorption rate  
= gas law const ant 



T • ; T = fluid e lement re sidenc e time ; time 

V = bubble vo lume ; als o  bulk l i qui d veloc ity 

X = dimens i onle s s  di stanc e  

a = parameter;  also bubble radius or semi �axi s 

b = " n n " " 
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h = vis co sity parameter; di s tan ce be tween film and lens 

j = vi s c osity parameter 

k = first orde r re action rate c ons t ant 

• second " 

• third " 

n • bubble mass 

" n 

" " 

p = pre s sure { also  P i s  used}  

r • bubble radius 

t = time 

v = point fluid velocity 

x = dis t ance 

xr = laminar film thickne s s  

n 

n 

� = dimensi onle s s  conc entration,  A/Ai 
• n 

9 = temperature 

9 '  = absolute temperature 

)U = li �i d vi scos ity 

V = kinematic visco s ity 

uP = liqui d densi ty 

" 

� = dimensionless  time , DAt/xr2 
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SOLUTIONS OF EQUATIONS 3 . 2  AND 3 . 3 

It was mentione d in Chapter III  that e quations 3 . 2  and 

3 . 3  c annot be s olved analyti c ally . Howe ver , they can be 

solved for part icular s implifying cas e s . 

I .  Zero Order Reaction.  

A .  Unsteady state . 

The differential equ ati on now b e come s  

lA ::: D fl - k11 � t A � :K_2 

wh ere k11 = the zero order re action rat e cons tant . The 

boundary conditions remain unchanged,  that i s  

A. ( x, O )  = 0 
A ( O, t ) = Ai 

A (xf, t ) = o 

It  i s  convenient to make the vari able sub sti tution 

So that 

and the boundary condi ti ona become 

A 1 ( x, O ) = O  

( A.. l )  

(A . 2 )  

( A. 3 ) 



A ' ( O , t )  = Ai + k"t 

A '  ( xf, t ) =  k"t 
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( A . 4 )  

which are time dependent . The prime s will  be  dropped from 

the k for convenience. Because of this time dependence , 

it is ne c e s sary to use Duhamel ' s  Theorem ( 5 )  to  obtain a 

solution. The me chanic s of the s olution are given in section 

I I .A. of thi s appendix where the solution is worke d out for 

t he  first order re action case . Thus Duhamel ' s  Theorem stat e s  

( c . f .  equation A .25 ) that 

a Jt A i  = 
dt V (x,y ) �i + 2k ( t- ?' )] d'r 

0 

where V ( x, t )  is given by equation A.49 .  C onsequently the 

so lution to equa tion A .l  c an be  written down immedi ately :  

-- � Jt 
A '  � xi;x �i + 2k ( t-; � d{ 

0 

n1' X dr - �
7f

k sin -x_r � 1 n7/ x L, n sin Xf 
n=l 0 

2Ai f t 

- 7f 
0 

2: 
n=l 

n2 7f2D - A 
( t - /) e  Xf2 d 7' 

( A . 6 )  

Carrying out the integration and subsequent differentiation 

one ob t ains 



2 2 _n 7f DA ] 1 .1r  e 2 
t + � " 1 sin  "!l112. X f h � n X f 

n=l 

Since 0 A/ d X = o A ' I;, X g the n 

Thus 

2 
Ws (""" xr 

xr L... 2 ..,.2D 
n=l n " A 
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( A  .. 7 ) 

{A. 9 )  



I . Zero Order Reacti on ( continue d )  

B .  Steady state . 

The differentia l e quati on now i s  

The boundary c ondi ti ona are 

A ( O )  = Ai 
A { xf ) = o 

Integrati on of A.lO  giv e s  

From A . ll ,  the cons tant s o f  int egr ation are 

The r efore 

97 

( .A . lO ) 

{ A . ll ) 

( A . l2 ) 

( A . l3 )  

( A . l4 )  

( A . l5 )  

( .A. . l 6 )  



98 
and 

d.AJ dx 
x=o 

( A . l7 )  

Thue 

N - D dA -- - A. ax - - (A. l8 ) 

The abo ve solutions are only of  ac ademi c  intere s t  in 

that they have little appli c ation to the p re sent inv e stiga

ti on becau se the co2-MEA. reac tion is  ei the r a first or sec ond 

order re ac ti on .  

II . First  Order Reac tion .  

A .  Unste ady state . 

1 .  Seri e s  solution. 

The di fferential equati on i s  

with b oundary an d  init ial condi ti ons 

and 

A.( x, O )  = 0 
A ( O, t )  = Ai 

A. ( xf, t )  = o 

(A . l 9 )  

(A . 20 )  
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In the following the sub script A will be droppe d 

from D .  Let 

A =  U exp ( -kt ) ( A  .. 21 ) 

the n A . l9 and A. 20 b ecome re spe ctive ly 

( A  .. 22 ) 

and 

U ( x, O )  = 0 

U ( O , t )  = Ai exp ( kt )  ( A . 23 ) 

U ( xf , t ) = o 

Since A . 23 invo lve s time depe nde nt b oundary c ondi ti ons 

the so luti on of A. 22 mus t b e  ob t ai ne d  i n  a spe ci al manne r .  

One way i s  w it h  the he lp o f  Duhame l 1 s The o rem ( 5 )  one form 

of whi ch s t ate s that i f  V i s  a s oluti on of A . 20 wit h  

b oundar,y co ndi ti ons 

t hen 

V ( x, O )  = 0 

V { O , t )  = 1 
V ( xf , t )  = o 



Let 

V = R + W 

where R s ati sfi e s  the e quation s  

R ( :xf ) = o 

R ( O )  = l 

and W s atisfi e s the e quations 

W(:x.9 0 )  = -R 

W ( O, t )  = 0 

W ( :xfg t ) = o 

The so lution to A . 27 amd A . 28 i s  

Por W as sume that 

The re fore from A . 29 

Xf - X 
R = ----

Xf 

W = X(x)  T ( t )  

X '/' = D X" T 

100 

( A . 2 6 )  

( A . 27 ) 

( A . 28 ) 

( A . 29 ) 

( A .  30 ) 

(A. 3l ) 

(Ao32 )  

(A .33 )  
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or 

Thus 

and 

( A o 36 ) 

The s oluti on t o  A o 35 i s  

and for A o36  

Or9 from A o32  

r = exp ( -j2 t )  { A o 37 ) 

X = c1 c o s  � x + c2 sin  � x ( A . 38 ) {D Vn 

v = exp < -j2 t ) [c1 co s h x + c2 sin� x] 
( A o 39 ) 

Sinc e ,  from e quation A o 309  

and 

then 



The re fore 

or 

Thus 

and , at t=O 

= -

n=O � l .!l 2.!l 3 .ll o c o o c o  

= n JfVD 

xr - x 
= ' c sin  a1t. x Xf � n Xf n=o 

which c an be re cogni zed  as a Four ier Seri e s  if 
Xf 

C = .l_ J ( X - Xf ) s in n
X
7(
f 

X d X n xf xr 
0 

It shoul d be not e d  th at C0 = 0 .  

From A .46 one obtains 

Consequently 

c = - 2 
n n 7f ' 

w = ... 

n=l 

102 

( A . 43 )  

(A . 45 ) 

( A . 46 )  
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The refore sub stitution of equa ti ons Ao 48 and A . 31 int o  e qua-

tion Ao26 gives  

2 2 
V = Xf-x 

� .£_ ' n
1 exp ( �  n ?; D t )  sin n7rx 

Xf � � Xf Xf 
{ A o 49) 

n=1 

Thi s in t ur n  mus t  be sub s t itute d into  e quation Ao 25 to obtain 

U, that i s  

t 

U - d J - df  
0 

which  give s 

sin �] d ?'"" 
Xf 

1 -

"" 1 s in Ell:.!. L n  x 
n=1 f 

( A  • .51 ) 

Now by A . 21 one obtains for A after di fferenti ating 

X 2 _ 2A1 ' l n ?f x --::.-�::--f-�::-
"lf' L n sin """Yf ( n2 7T 2n + x 2 k ) II n=l f 

• 
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(A.  ,52 ) 

The next step i s  t o  fi nd the ab s orpti on rat e by Fi ck ' s Law. 

Thus 

( A  • .53 ) 

and at x=O 

(A. 54) 

from whi ch on appl ic ati on of Fick ' s L aw 

Of intere st i s  the a mount ab sorb e d  after a time T has 



elapsed .  

J
T 

NA dt 

0 

C ons e quently 

DAi k T X 2 

2. f = - T + 2 xf n2
7(

2D + Xf
2 

n=l 

1 .  Laplace Transform Me tho d .  

k 

n Dxr 
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[ 2-;? 2 
+ 

( n27f 2n + xr2 k } 2 

( A . 56 } 

Equation .A. . 55 i s  no t convenient for analys i s  of  

data be caus e of  the uncertainty in  the conve rge nce of the 

serie s .  Some int ere sting re sult s c an  b e  ob t ained if e quation 

A. l9  i s  solved by the Lapla c e  Tm nsform Metho d .  In the fol

lowing A ( x, p }  will denote tbe trans form o f  A ( xs t }  with 

re spe ct  to th e kernal p .  Thus be  definiti on 

A ( x, p )  = �xp ( -pt ) A ( x, t )  dt ( A. 57 l 

0 

The inverse  trans form was found from the t able s compile d by 

Erdel-y i (ll) . 
The transform of e qu ati on A . l9 i s  

d2 A D � - pA + A ( x, O )  = k A 
d X� 

(A .58 } 

There are two po s sibi liti es to  cons i der here ; A ( xs O )  = 0 

... .. 



or A ( x, 0) = A0 ) O, in which case 

A ( xr, t) = A0 exp ( -k t ) 
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(A .59 ) 

If the re ac t ion i s  truly firs t order, then  A can never be 

zero ; but keeping in mind that the re sul ts  mus t be appl ied 

to the C02-MEA sys tem whe re it  is pos sible that A can be 

zero , the fir st situati on may give an approximate pic ture of 

what is  taking plac e .  Neverthele s s  the l atter  c ase  wi ll be 

solve d first, a nd  the s olution for the former will be deduced 

as a s :t:e cial case of anot her s et of boundary c onditi ons . 

Thus the trans form e d  boundary conditi ons for A.58  are 

I ( O , p) 
Ai = -

p 
.A.(x, O) - Ao  - -

.A. ( XpP) = � 
p + k 

The s'olut.i on to A.58 i s  

where 

Ao A = c1 exp ( Rx )  + c2 exp ( -Rx) + P + k  

R2 = p + k 
D 

(A . 60 )  

( A . 61 )  

By equation A . 6o the c on stant s of inte grat ion ( Cl m d  c2 ) 

may be found so that  finally 

p� .A. + A1 k 
I = P ( p  + k )  

sinh R ( Xr -x) 
s inh R Xf (A o 63 ) 



where 

Differ entiat ion of A . 63 gi ve s 

0 A PA A + Ai k 
a x = - p {p + k) 

or at t he interface ( x=O } 
d A] - P � A + A1 k 

a x 
x=o

- -

D i p (p+k )i 
A 

co sh R ( xf - x ) 
R -":""""":�=-----

s inh R Xf 

c o sh R xf 
sinh R Xf 
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( A . 64 )  

( A . 66 )  

after substituti on of e qu ati on A. 62 . 

Unfortunately the inverse  of e quation A . 66 cannot be wri tten 

expli ci tly.  The soluti on involve s the evalu ation of the con

volut ion inte grals  

and 

1 I6t ]  
- 2u3/2 exp ( - DU ) dU 

( A . 67 )  

which canno t be evaluate d in clo sed form and whi ch ne verthe� 
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appe ar to  di ve rge at th e low er limit . 

But the inverse of A . 66 can be found for the spe c ial 

case of p large . Thus 

lim 
P�oCl .a..I a x x=o 

= _ p � A + Ai k 

{D p V P  • k 
(A. 69 ) 

Noti c e  that p doe s not have to be to o large for 

( for 2 normal MEA) and 

c o sh 104 - 1 
sinh 104 = 

(A. 7 0 )  

The limit o f  A . 69 corre sp onds t o  t �o and thus the in-

vers e woul d b e  applicable to shor t  ab sorpti on time a re al-

is ti c  condi tion for the pr esent inv e s tigat i on .  

Taking the inverse of  e qu ation A . 69 one obtains 

d A] = _ ...1..... [ A A exp ( -kt ) + A k fexp ( -kt ) 
ax rn 7T

r
t

i 1 .� 
x=o v II  " 

which gi ve s imme diate ly for the ab sorption rate 

+ ki Erf {kiti� J 
(A o 7 1 } 



k� Erf ({kt� ] 
Rec al l  tha t  Erf i s  the e rror funct ion defined  thusly 

X 

Erf x = � j exp ( -u2 ) du 

0 
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( A o 72 ) 

( A o 73 )  

If now the boundary c onditions t o  Ao l9 are modified 

to  read 

A{ 09 t )  = Ai 

A (x9 0 )  = A0 

A ( xfs t )  = A0 

(Ao74) 

whi ch pre elude s any re action in the bulk of t he  li qui d then 

one c an obtai n  by an analys i s  similar t o  the above  that 

( A o  75 ) 

For the sp e c i al and more r e ali s ti c  c as e  Ao = 0 one has 

N = - ljj A [ exp ( -kt l + kt Erf ( kt >] V JJ.A. 1 v7f t 
(A o 76 )  

For an absorpt ion time T the avera ge abs orpt i on rate i s  

given by 

( Ao 77 ) 

0 
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From A o 76 

J
T T T 

= AJ D J exE ( =kt ) + A1 { DA k J NA dt dt Erf {kt dt 
{7f t 

0 0 0 
( .A o 78 ) 

Finally 

2n=l < n+l -z n=l J 
+ 4k L- ( = l ) T k �� + 

n=l 
( 2n+l } ( n=l }j) 

A1 'DA k {!rr (Jkt ) +j$ exp ( -kt ) -
2
!-r Erf (/kT!} 

( A o 7 9 )  

I I o First Order Re act ion ( c onti nued)  

Bo  Steady s tate o 

The differential e quati on now b e come s 

and the boundary con di ti on s  are 

A ( O }  = A1 
A ( xf } = O (for c o2�MEA sy stem ) 

The s oluti on to e quati on A o 8 0  i s  easi ly obtaine d9 thus g 

NA = Ai {kDA. cosh (-./kTnA. xr ) ( A o 82 )  · s inh ('Jk/DA Xf ) 
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DETAILS OF DIGITAL MACHINE SOLUTION 

OF EQUATIONS 3 o 2 AND 3 o 3  

I t  i s  not inte nde d here to go into the c o ding of the 

pro b lem)l but rathe r to pre sent the ov er all c alcul at ion scheme 

and certain ot be r  pertinent poi nt s wh i ch wi ll pro v e  to be  

interest ing o In  Chap t er III � e qu ation s  3 o 20 and 3 o 21 are the 

fini te  dif fer enc e  fo rm of  the unsteady-s t ate e quat ions o 

= 

The con stant s K1 � K2 )l and K3 were define d in the text o Equa

tions B o l  and B o 2  c an b e  s olve d explic itly for o<.. m9 n+l and 

� m , n+l - the D( and J after a time .6Thas pa s se d o  Thus  

o(. m, n+l = al (O( m-l , n • O(m+l S! n ) + ( a2 ... a3)1 m9 n ) o( m9 n 
( B o 3 )  

j m, n+l == 
a4 '} m-l ,�� n + J m+lll n>  + ( a5 = a6 o<. m.�� n >} m.ll n 

( B o4 )  



where now 

a.s = 1 � 2 

a6 = K3 i:ll 

K2 D.T 
= 

DB 1 � 2 -
< il x) 2 DA 

k Ai xr
2 

= � 7  
DA 
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A I  
< 6 x ) 2"  

I n  words one can de scrib e  the machine computation as  follows � 

for each x increme nt .�� new o<. � s and } 9 s wer e  compute d  

from the old ol... 1 s and j3 t s b y  e quations B o 3  and B .. 4. 

The pro c e s� is re pe ate d  over and over unti l it  i s  deci ded t o  

s to p .  The b oundary condi tiona .for equa ti ona B ., J  an d  B .. 4 were 

o(011 n = 1, whi ch co rre sponds to o( ( 0 9 T )  = 19  o< m9 o = 0 9  

which corre sponds to O( (X.9 0 )  = 0 , .} 0 9 n = j l e n .!l which cor

responds to d.J3 ] = 0 ,  and j m, 0 = 1.., whi ch corre sponds 
d X X=o 

to j ( X, O )  = l o  

For C as e  1 6. I was 2-lb and A X was 2-7 ., The que s -

tion immedi ate ly ari s e s  a s  to whe ther the s e  value s are the 

optimum valu e s .,  In Case 3 1::.1 was one -half of tha t in Case  1 
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and it  was found tha t the re sult s remain unchanged .  Conse= 

que nt ly the lat ti ce s iz e  must  be small enougho On the o ther 

hand during the c omputati ons it ap pe are d that the o<... � s and 

J ' s  were approaching steady s t ate v alue s very s lowly 9 whi ch 

suggested  that �Jr could be inc re as e d  in order to de cre ase 

the c omputing time o The autho r� using a de sk calculator� 

dupli ca ted  the computator u s work by the machine for �T = 2·.Jltb 
After  t he fi rs t  L:.T o( 1 = 1. 9  but after th e s econd L:./ it  

decrea se s  to = 2 o 016 and then at  the e nd of t he thi rd time 

inc rement it ha s inc reas e d  to 7 o 925 o Simi lar behav ior was 

obtaine d  at the other X v alue s o Of cour se the above b e -

havior i s  no t re al.i stic  in terms o f  the physi c al nature of  

the absorption pro c e s s u But whe n e quations B o 3  an d  B o 4 are 

used the absorpt ion proceeds in a syncopated f ashiono  During 

the fir s t  time inc rement the liquid ab sorbs  the gas � but no 

chemical re ac t ion t ake s place  as evide nc e d  by the fac t  that 

J9 doe s  not change o  The li quid absorb s more gas during the 

second time inc reme nt .9 and chemic al re ac tion occur s between 

the () and the o<.. ab sorbed in th e pre v ious  time inc rement o 
v 

Thu s the e ffe c t  of making �� to o large i s  that the ab 5orp= 

tion proce s s  go es on too long b e fore c hemi cal re ac ti on can 

s t art . The above c omment s will apply to sub se quent time in= 

crement s and at each X .  

Comput at i ons were al so made for � I  = 2=l5 and 

6. X = 2 x 2-7 so that (�1,2 remained const ant ., The s ame 
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behav ior was obtained but not nearly as extreme as before o 

In fac t no matte r what s i ze �� i s  us e d  the e ffe c t  of o<. 

first incre asi ng then decre as ing will b e  observ e d o  For ex

ampl e ,\)  for Case  4, 0( l .11 l = 0 ., 2.5SJ  o<1 .t 2 = 0 .. 249, o( 1 .9 3 = 

O o 2649 � and c< continue s t o  incre ase ., A s imilar momentary 

dip oc curs at the other X value s o  

The machine rep orte d  re sult s after 256 i te rati ons and 

for every e ighth X increment o For Case 1 ,  i t  took about 

2-1/2 hour s to produce 3.5 output s .,  Since 

T 
then 

and 

Sub stitution of DA = 2xlo-5 and 6/ = 2 -1 6  giv e s  

as the change in re al time p e r  iterati on "  Thus tor 28 i te r

ati on s  and 25 outputs the t ime e lap s e d  i s  



If xr = 10=4 the t ime i s  5/8 second �  and for xf
2 

= 10=? � 

the ti me i s  1/600 second o 

Table II  contai ns a typi cal set of output s as pro

duc ed  by the machine for Case l o  
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Xx16 -

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

1 
2 
3 

� 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16  
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TABLE II 

CONCENTRATI ON GRADIENTS FROM THE DIGITAL C OMPUTER 
CASE 1 

o( jJ o< J3 

Output 1 Output 5 

1 o 00000000 Oo 998.56741 1 o 00000000 O o 99283151 
O o4.536$186 O o 99922278 O o 65945146 O o 99389412 
O o 1438$65 0  O o 99982215 O o 41690378  O o 9959865J 
O o 030208 20 O o 99997517 O o 25007 698 O o 997 7 8 213 
O o 00406044 O o 99999757 O o 14105 35S O o 9 98923 65 
O o 00034155 O o 99999969 O o 07425102 O o 999$27 67 
O o 00001765 O o 99999982 0 .. 03625657 0 .. 9998 0909  
0 .. 00000053 0 .. 99999982 0 ., 016343 18 0 .. 999928 18 
O o OOOOOOOO 0 .. 99999982 O o 00677477  O o 99997459 
o .. oooooooo 0 ., 99999982 0 .. 00257485 0 .. 99999130 
O o OOOOOOOO O o 99999982 O o OOQ895 06 O o 99999684 
o . o o o o o o o o  0 .. 99999982 O o 00028398 O o 99999853 
O o OOOOOOOO O o 99999982 0 .. 00008206 O o 9999990Q 
O o OOOOOOOO O o 99999982 O o 00002152 0 .. 99999912 
O o OOOOOOOO O o 99999982 0 .. 00000506 O o 99999921 
O o OOOOOOOO O o 99999984 O o OOOOOlOO O o 99999947 

Output 10 Output 1$ 

1 .. 00000000 Oo 9862$692 1 o 00000000 Oo 98 02410$ 
0 ., 68915719 0 .. 98752132 O o 69653181 O o 98164436 
0 .. 46955882 O o 99035046 O o48 3 01942 0 .. 98�94486 
O o 31518348 O o 99331538 0 0 33 .3 00531 O o 98 669�3 
0 .. 20765347 O o 995 74768 0 .. 227 88661 O o 992025 3 
O o 13379113 O o 99747526 O o 15453154 O o 99�69009 
O o 08400501 0 .. 99858323 O o 10364280 0 .. 99 625 06 
O o 05123461 O o 99924114 O o 06861884 O o 99793750 
O o 03026457 0 .. 99960917 O o 0�75869 O o 99878049 
O o 01727042 O o 99980.547 O o 02 70693 O o 99929871 
O o 00949940 O o 999 90603 O o Ol806678 O o 99960617 
0 . 00502619 O o 99995569 O o 01112885 O o 99978342 
O o 00255233 O o 99997 939 . 0 ., 00667891 O o 99988324 
O o 00123744 O o 99999037 O o 0038.5831 O o 9999)8 61 
O o 00055946 0 . 99999547 O o 00205969 O o 99996948 
O o OOQ20309 O o 99999816 O o 00084584 0 ., 99998792 
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TABLE I I  ( cont inue d )  

Xx16 0( Ji 
Output 20 

1 1 . 00000000 O o 97�67791 
2 O o 69926577 O o 97 18820 
3 O o48787 670  O o 97984361 
4 O o33941890 O o 98i14043 
5 O o 23530720 O o 98 21396  
6 O o 1 6243410 O o 99164732 
7 O o 111550i5 O o 99431616 
8 O o 07 6130 1 O o 99626552 
9 0 . 05157182 O o 997 61927 

10 0 . 03462486 O o 99852104 
11 O o 02299�81 O o 99910142 
12 O o 01515 75 O o 999�647 9 
13 O o 00965566 O o 999  8767 
14 O o 00596i01 O o 99982309 
15 O o 00337 88 O o 99990652 
16  O o 00144561 O o 999961 67 
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ANALOGUE SOLUTION  OF EQUATI ONS 3 o 2  AND 3 o 3  

A Donner 3100 analogue c omputer loc ated in t he Nuc lear 

Engineering Dep artment of  the Universi ty of Tenne s see  was 

used to investigate the na ture of equati ons 3 o 2  and 3 a 3 for 

s everal dif ferent c as e s o  The c a s e s  consi dere d were fir st 

order c he mi c al  re action 9  second or der re act ion and the ste ady 

state soluti on of the s e cond or der ca se o 

l o  First order chemi cal rea ction a  

The equati on is  

wi th the boundary co ndi tions  

A ( xD O )  = 0 

A ( 0 9 t )  = Ai 
A ( xrl) t )  = o 

It is  convenient to define a new variable  

s o  t ha t  e qu ati on C o l  become s 

( C o l )  

( C o 3 )  



and th e boundary co ndi t ions are 

ol.... ( x9 0 )  = 0 
o{., ( o 9 t )  = 1 

ol.. ( xf.<J t )  = o 
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Sinc e the computer  integrate s wit h re spe c t to only one vari = 

able one of the deri vat ive s must be approximated in finite 

di ffe rence fo rmo For thi s purpo se it i s  conveni ent to think 

o f  t he re gi on of intere s t 9  namely 0 <:: x L.... xf� to be div i de d  

into  N e qu al increment s D.. x · wi de o The variable x then 

c an take on only di s c re te value s x0 9 xl 9 x2 9 x3 9 o o o o o Xn9 o o o o XN, 

wit h A x  = xn+l = Xn o The p arameter N i s  the numbe r  of 

incremen t s o Thus for any n ) 0 but <::. N one c an write  

D 
( .6. x ) 2 ( c( n+l � 2 0( n + <Xn=l ) � k CX n 

( C oS )  

The re wi ll b e  N=l such equations fo r e ach i nterior point in  

the lattice o There i s  no ne e d  to  write equ ations for the 

point s  x0 and xN s inc e the se are b oundary points and � 
at the se points i s  known and fixedo  The w idth o f  the inc re 

ment s 9  6. X ,g  i s  Xf/N and the gre ater N i s  the more accu=  

rate the s oluti ono  

A soluti on to C o 3  was determine d  for the fo llowing 

condi ti on s �  
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N = 14 

Bo = l o 87N MEA 
D = 2 X 10=5 cm2/sec  

xr ,_ O o Ol em 

Thus 

and 

It i s  c onve ni ent to define a new vari able 

whi ch has the effe ct of  slowing the solut ion down o Finally� 

e quati on C o5 becomes 

For N = 149 thirte en e quati ons mus t  be  solve d s.imul=  

tane ously o  In  Figure 24 is  shown a schematic  di agram of  a 

porti on of the network employed in the analogue setup o  In 

the ske tch [[? denote s  an amplifier  us e d  as an inte=  

grator and [> denote s  an ampli fi er  us e d  as a summer 

or in the ca se he re i t  i s  use d as  a s ign changer and signal 
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multiplier o The symbol c=) deno te s a c oe ffi cient multiplier o  

The number s imme di ately abo v e  the fe ed  line s t o  the amplifiers 

denot e the factor by whi ch the input s ignal i s  multipli e d  in 

the amplifi er o Th e coeffi cient multiplier )� or "pot," s etting 

i s  indicated by the numb er bel ow the symbol e There were 

o 006ld-..n+-/ 

1 
.,0061 o(.,_, 1 

1 
o 0061 o( Yl 

.Figure 24 o Schemat i c  di agram9 first  order cas e o  

thirteen such  ne tworks for each o f  the thirteen interior 

latti ce point s ..  For n=l the o( 0 is fed into the integrator 

from a cons t ant voltage source o On the o ther hand9  for n=N-� 

c::·)'(N = 0 ,1)  and thus that le ad doe s  not appe ar o  The initial c on

ditions on all of  the integrators were zero o The s oluti ons 

are given as  plot s  of  of... versus t for each X o  A set  of  

typi cal plot s  is  given in Figure 25 o  The pot  s ettings we re , 

inci dent ally,\)  set  on O o 062 inste ad of on O o 06l o The effect 

is  to change the t ime scale s li ghtly e Three s olutions were 

run for thre e different pot s ettings : O o 0629 O o Ol ,  and O o 62 o  
A change in the pot s ettings co rresponds t o  a ch ang e i n  B0 jj 
the initial MEA concentration, bec ause 
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DN2 
Pot setting = ----------------�2 o 10 

Xf2 [k Bo + 2 DN ] 
Xf2 

12.5 

( C . 9 )  

and all the value s exc ept B0 i n  the exp re s s i on o n  the right 

are t ak en to b e  cons tant o The po t s ett ings 0 . 062,  O o Ol ,  and 

0 . 62 corre s pond respectively to B0 equal to  l o 82 ,  11 . 74� 

and 0 . 17 .  Fi gures 25, 26, and 27 show the re sult s of the 

thre e experime nt s .  The dimen s ionle s s  conc entrati on ,.  o<. 9 de -

creas e s  v er y  rapidly away from the int erface . The re su l t s  

show that steady- state i s  re ache d quickly ( 10-3 se conds ) o 
2.  Seco nd o rder chemi c al re action.  

The e quati ons to  co nsi der here are the dimensi onles s 

forms of e quation s  3 . 2  ana 3 .3  giv en in  Appendix B o  

J cX.  - = df 

( d.2 )  

Rec all that for xf=l0-2 em 

where 

N0 = initial MEA concentration in mole s/li ter 
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K2 
DB 1 

= n. = � A 

and 

k 2 Ai xf K3 = DA 

.A.i 
= 6 • 108 
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< c'. 4> 

( c'. 5 )  

In Appendix BJ  Ai was a s sumed to b e  3 . 78xlo-5 gm moles/cm3 . 

In the pre sent s e ction,  Ai was 4xlo-5 s o  that K3 = 2/3xlo3 • 

Now d. 1  and d. 2  are written in fi nite di fference 

form 

;} d. n 1 
..... 

,j
-::--:-t� = -( .t1�x-)'":llr'2 (o( n+l - 2 D( n + o<.n-1 ) - KlC:X nJn 

( c'. 6 )  

wi th two such equati ons wri tten for e ach interior point in 

the re gion of intere s t  ( o <  X < l ) o  No tice  tha t a func tion 

mult iplier i s  ne eded fo r e ach pair of e quati ons . The c omputer 

used has only four mul tipliers so that the number of incre 

ment s  mus t  be no more than five .. The prob lem was run for the 

c as e  N=5 . The boundary c ondi ti ons were 

oi- 0 ( 7 ) = 1 

ol.. s ( / )  = o 

d... n ( 0 )  = 0 
I 

( C . 8 ) 



and 

Y o C 7 ) = J?i 

jJ s ( / l = 1 

jJ n ( O ) = l  

If now the subs ti tutions  

o< = O( r 
100 

- jJ •  
.} - 100 

l,t = 100/ 

are made , then equati ons 3 ., 2 and 3 o 3  become [ I I 
t l 0 ., 25 C:X. n+l - 2 0(. n + 0( n-lj -

10  Bo ' ' 6 oi. n ji n 
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( 01 
.. 9 ) 

c c' .. 10 ) 

I ( 0  .. 1 2 )  

d jJ f n c 0 . 25 [ /)1 _ 2 fh + jJ t ] - _g_ ! } II ( 0� 13)  d r 4 v n+l "J n n-1 30  0( n n 

after a s s igning the proper value s to the constant s K1 � K2 $ 

and K3 • The boundary condi tions are modi fi e d  to the extent 

that 

Fi gure 28 shows the schematic  diagram o f  the network 

for one pair of  e quat ions o The symbol 0 denote s a func 

tion multiplier.  An operat ing fe ature of  the multiplier  is  



1.30 

that i t s  output i s  minus one hundre dth of t he product of the 

inputs .  The c o e ffi ci ent potenti ometers only multiply by 

number  le s s  than or e qual to one ., In e qu ation C ., 8  the co

effi c i ent 10 B0/6 i s  generally gre at er than unity so  that 

i t  was nec e s s ary to use  a sp eci al ne twork t o  pe rform this 

operation .  I t  i s  locate d i n  the ne twork after  the func tion 

multiplier on the feedback to  the � integrator . 

«n.; l:.... --Y 
o( >H ---:-t 

-.}}'!.. 

Figure 28 . Schematic di agram tor analogue s olu
ti on, second order c as e . 

Soluti ons were pre sented  in the form of  plots of oJ... ¥ 

and .} ' versus t at e ach x in the liquid .  A soluti on was 

obt ained for B =1 . 0 Figure 29 shows the re sult  for 
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3 ..  Steady-state solut ion of s econd=order re acti on case o 

For thi s  analysis  a Pace Analogue Computer (Model 221R ) 

located in the Dep artment of Chemi c al Enginee ring was u sed o  

The differential equati ons for steady- state ab sorption are 

d 2 o( 
Kl otj5 = 

d X2 

, •  
K 

d2} 
= K3cxjl 2 d X2 

I 
( c 0 15 )  

with  the fo llowing boundary co ndi ti on s  

D( ( 0 )  = 1 

o( ( 1 )  = 0 
( Co l 6 )  .J ( 1 )  = 1 

J = 0 dX x=o 

In order to ob tai n a solut ion the ini tial v alue s of do</ d X 

and� mus t  be known.. Comb ining e quations C o l4 and C o l5 �  one 

obt ains  

d 2 o(. = 
Kl K2 d 2 f 

dx2 KJ d x2 

whic h  may be integrate d twi ce to give 

I 
( C o l? )  

( C  .. 18 ) 

whe re C1 and c2 are cons tant s of integrationo  Fr om the 



b oundary co ndit ion s do l6 it  i s  seen that 

and 

Thu s  

c - d o(l 1 - dX X=O 

d o(] ax 
X=O 
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I 
{ C o 21 )  

whe re Y i i s  the value o f  ...J3 at X=O o  Equation do 21 was in

cluded in  the ne twork so that when A .. / was set  d o(J was ft.. d X X=O 
simultaneous ly compute d  and s e t o  The analo gue solution in-

volve s  trial and error in that the proper � 1 must  be found 

so that o< ( 1 ) =0 andY ( l ) =l o  Once J-1 was found it was easy 

to compute the ab sorpti on r ate o Figure 30 shows the c i rcui t  

diagram.  

The parameters K1g K2 9 and K3 D and thus the vari ous 

pot settings , depe nd on the value s as signed to the physical 

fac tor s . In this analysi s only the fi lm t hi c kne s s  was variedo  

The diffusi vi tie s ,  re action rat e c ons tant and interfaci al 

concentrati on of co2 were the s ame as used in Case s 1 and 

4 o f  the di gital computer analy s i s o  

Figure 31 shows a typical set  of curves  for 2 normal 

MEA . The fi lm thi c kne s s  used include d the one s  us ed in Cas e s  
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1 and 4, me nt ione d  above o For 

xf=3 . 16xlo""4 em, NA = lxlo =5 gm�mole s/cm2-sec  ( Case 1 ) 

xf=lxl0""3 em, NA = 8xlo-6 gm-moles/cm2-sec 

xf=5xlo""3 em , NA = 4xl0�6 gm-mole s/cm2=sec  

The above re sul t s  are to b e  comp ared wi th the expe riment al 

value of 4xl0-6 o 

For academi c intere st , the ste ady-solution was found 

for Cas e s  5 ,  6 , and 7 ,  run on the digi t al c omputer ( See  

Table I fo r a summary of the c as e s ) o  It was found that for 

Case  5 ,  NA = 6 . 64x10 .. 6 gm-mole s/cm2- s e c  

Cas e 6, NA = 5 . 16xlo-6 gm-mole s/cm2-aec  

C ase  7 ,  NA = 4e4xlo-6 gm-mole s/cm2-sec  



APPENDIX D 

ANALYSIS OF ERRORS IN DETERMI NING BUBBLE SIZE 
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ANALYS IS OF ERRO RS IN DETERMI NING BUBBLE S I ZE  

1.  Opti c al error o 

In the following it wi ll b e  as StU.med that the c amera ' s  

lens c an be re pre sented  by a plane o Figure 31  shows a sketch 

of the opti c al paths in whi ch condi t i ons have been slightly 

exaggerat ed for the sake  of clarity o  

I ' 
B 

Figure  32 e Opti c al vi ew of  bub b le o 

The fi lm di e.tanc e h can o nly be approximate d  since 

the lens i s  actually a sys tem of lens e s  one behind the other .  

The othe r quantities  are 

AB = true bubble diameter = 2R 
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A U B t  = apparent bubble diameter 

Ii = image of point i 

IA S B I  = image of apparent bubble di ameter  

IAB = image o f  true bubble diameter  

The lin e s  IB ' O B 1 and IA ' O A ' '  ware drawn tangenti al to 

the bubble an d  repre sent the light ray pa ths � It can be s e en 

that the true bubble di ameter is  no t photog r �he d and the 

error i s  re pre sented by the dis tance 

I X 2 

To dete rmine I the small angle Q - Q n  must  be de termine do  

Now 

and 

But 

so  that 

sin  9 '  = R , 
Vx2 + R2 {D o l ) { D o 2 }  

s in Q = R -
X , c o s  Q 

sin ( 9 - Qt } = sin Q c o s  9 '  - c o s  Q sin  Q R  ( D o .5 ) 

sin  ( 9 - 9 ' ) = Rx - R V x2 - R2 

x Vx2 + R2 

Some typi c al value s for R and x are 



x = .5! in . 

R :::: O o 06 in o 

whi ch make s 

sin  ( Q - Q ' ) -6 
= l a 205 X 10 r adians ( D . ? ) 

Thus 

b. I  = h ( Q - Q ' )  

h = 1 in.  

L). I  = l o 2  .x 10-6 in . 

For pe rcentage error a v alue for IA' B ' = O o 04 i n .  wi ll be  

use d .  It  was determined dire c tly from the fi lm using cali -

pers end a seale . 

Therefore 

% Error = l o 2  x 10-6 /O o 04 x 100 

= 0 . 003 

whi ch may be taken as ins ignifieant o 

2 .  Bubble mo ti on . 

While the p i cture s were b eing t ake n the bubble s would 

o sci ll ate toward and away from the column. In s o  doing the 

apparent image woul d be come correspondingly larger or smaller o 

Ag ain w ith re ference to Figure 31,  it  c an be s e en that 

I.AB = AB 
h X { D  .. lO ) 
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or 

d iAB = 
h �, AB 

x2 dx ( D  .. lO ) 

D IAB 
h .• AB ,6 x  = 

x2 ( D  .. ll ) 

Us ing the numbers from Secti on 1 of  thi s appe ndix 

During the worst  cas e s  the bubbl e would oscillate acros s  the 

depth of  fie ld  whi ch was about 9/16 in .. or 9/32 in .. on e ach 

si de o f  the mi dpoint o 

Thus 

The 

l o l  X 10-3 � Error = x 100 = 2 .. 8 
O o 04 

whi ch i s  s ignificant . Rememb e r  that thi s i s  the error in  the 

determ ination of the diameter of a bubble .. The next s tep i s  

to determine the sub sequent e rror in the determination o f  the 

ma s s  of the bubble . Re call  that the mass  of  t he bubble was 

c al culate d as suming that  t he bubble was an oblate spherio d o  



If  

a = hori zontal radius of  bubble 

b = ver t i c al radius of bubble 

then the volume of a bubble i s  

v = volume of bubble = 4/3 ?.1 a2b 

The ma s s  of t he bubble ( n ) wi ll be  s ome con s t ant 

time s the vo lume � i o e o »  

whe re 

k = cons tant 

But of  int erest he re i s  

Differentiati on gi v e s  

or 

and thu s  

1/3 1/3 2 bl/3 1 a2/3 
/1 ( n ) -;;' k 3 a 1/3 6 a + 3 b 2/3 /1 b 

(D o l2 ) 

( D o l3 ) 



L::. (nl/3) 
nl/3 = 

But 

there fore 

L:. tn1/3 l 
nl/3 

= 

2 d a .,. 1 Ll b  
3 a 3 b 

11 a Ll b - =  b a 

.b. a L\ b  - =  b a 
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( D o l.5 )  

( D o l6 ) 

which s ays that the e rror in n1/3 i s  e qual to t he e rror in 

the hori zontal o r  ver ti c al di ameter , that i s ,  2 o 8  per cent .  

3., Oblate spheroi d ver sus pri c al geometry;o 

Equati on 3 o 38 in Chapt er III was deri v e d  with the a s -

sumption that the bubble was a true sphere o However � a s  was 

pointe d out the re � the bubble is ac tually an oblate spheroi d .  

I t  is  d e si r ed t o  s e e  the e rr or intro duced  into e quati on 3 o 38 

by the as sump tion of spheri c al geometry o 

Let A = area of oblate spheroi d  

As = are a o f  s phere 

V = volume o f  oblate sphe roid 

Vs = volume of sphere 

ThenQ us ing the not ati on of the pre vious secti on: 
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A = 2 7{ [ a2 + ab2 J a2=b2 + a ] ( D ,. l7 ) V a2-b2 
ln b 

As = 4 7( a2 ( Dol8 ) 

v = 4/3 If a2b { D o 19 )  

Vs = 4/3 7! a3 = 4/3 71 b3 ( D o 20 }  

Now a )  b but a/b = 1 + b. where b. i s  les s  than l o  Thi s 

i s  an experime nt al fact  and of course i s  not g ene rally true o 

Equ at ion D o l7 c an be rewri tten in terms of 6 

or 

A = 2 7( a 2 [1 + 
1 ln ( / 2 !:::. + A 2 + 1 + 1::. ) 

( 1+.6 ) V 2 A + t1 2 
( D o 22 ) 

Now if  the a re a  o f  the sphere i s  ba s e d  on a ( rather than b )  

A = � [ 1 + 1 1n ( /2 /;;. + � 2 
. 2 ( 1+ il > v 2 6. + t:.2 

For c onve ni enc e $  define 

+ 1 · � )  J 
( D o 23 } 

( D <> 24 )  

Referring b ack to e qu at ion 3 o34� the s t arting point for the 
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derivation  o f  e qu ation 3 e 389 

( D ., 25 )  

where D .. 25 now becomes 

( D ., 26 )  

Befor e integra t ion� a must  be wri t ten i n  terms of the 

volume as before . Now� however9 the vo lume o f  the ellipsoid  

must  b e  us ed .,  

V = (4/3) 7f a2b 

whi le 

V8 ==(4/3) 7f a3 

but 

b = a/1 + .6  
and 

v aa (l:l-L�) Ir a3 vs 
a;; 1 +!:. l + 1::. 

Now int rodu cing t he  ideal gas law one can s olve for 

and 

V 111 413 lf &..3 111 n R 91 
1 + 11 p 

I 2/3 2/3 2/3 
a2 = (n R Gl ( 1 + IJ. )  { 3/4 ?f )  

p 

( D ., 27 }  

( D o 30 )  

( D.31 ) 

( D o 32 )  



Sub s ti tution of  D .. 32 into D .. 26 give s 

dn 
dt 

I 2/3 2/3 2/3 
NA 2 7f ( n ��) ( 1  + L:::. ) 

(�) ., F 
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( D  .. 33 ) 

If on e define s F �  = ( 1  + D.  ) 2/3 F9  integrat ing D .. 33 wi ll  

give 

(R
p
� 2/3 (� ) 2/3 ( T ) ( F i ) 

( D o 34 ) 

only i f  F �  i s  a cons t ant .. In Table I I I  are pre sented  the 

a and b valu e s  and the /:J. values for Take 4 Reel 6 .,  The 

take was cho sen wi thout de sign� and it i s  be lie ved t o  b e  

typical o f  t he re sult s obtaine d  i n  th e pre s ent investigati on., 

Not ice  that the � il s range from 0 ,. 27 to 0 ., 04.,  The arithmetic  

average is  0 .. 12 ..  For tJ. = 0 ,. 27 » FU  = 2 o 02 and � = O o 04» 

F' = 1 .. 987 » a deviation of 1 .. 7 per c ent with an av erage v alue 

o f  about two .. The r e ader wi ll no tice  that the s lope in e qua= 

tion D .. 34 apart from th e F 2  fac tor i s  one =half that in e qua� 

tion 3 .. 38 � so that the value o f  two for F 1  c anc els  with the 

one -half and the s lope re mains unchange d o  In Table IV  are 

re co r de d  the F2  value s for each £1 giv en in Table I II o 

Cons equent ly the conclusion i s  made that th e as sump= 

tion o f  spheri cal geometry introduces litt le error into e qua

tion 3 .3 8 .,  Furthe r$) the n1/3 was compute d  by 4/3 7( a2b so 



TABLE I I I  

APPARENT HORIZONTAL AND VERTICAL DIAMETERS AND 
THEIR RATIO!)  REEL 6 TAKE 4 

Time AHD* AVD-Jl: 

10�2 s e c  10=2 inch 10= 2 inch 
AHD 
AVD = 1+� 

0 86 67 o 5  1 ., 27 
4 7 6  69 o5  l o 09 
7 o5 7 6  64 l o l9 

10 75 67 1 o 12 
15 74 64 l o l6 
20 70 o5  62 l o l4 
25 68 60 l o 14 
30 65 59 1 o l0 
35 62 o5 55 1 o l4 
40 59 54 o 5  l o 09 
45 56 52 o 5  1 o 07 
50 55 50 l o lO 
55 o5  51 47 l o 09 
60 47 o 2  45 ]L., 05 
66 45 43 o .S l o 04 
70 4J o5 41 o 8  l o 05 
75 41 38 o 5  l o 06 
80 37 o5 36  l o O� 
85 35o 5 33 1 o 0  
90 33 o 2 32 l o 04 

100 29 27 o5  l o 05 
110 26 o .S  25 o5 l o 04 

*AHD • appare nt horizontal di ameter o 
AVD • apparent vertical diame ter o 
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2::. 
O o 27 

o 09 
o 19 
o l2 
o 16 
o 14 
., 14 
o lO 
o l4 
o 09 
o 07 
o 10 
o 09 
o 05 
o 04 
o 05 
o 06 
o 04 
c OB 
o 04 
o 05 
., 04 



TABLE IV 

Fl  VALUES FOR REEL 6 TAKE 4 

Time L1 1/100 se c F U 

0 O o 27  1 o 99 
4 o 09 l o 99 
7 .. 5 o 19 2 o 00  

10  o 12 2 o 01 
15 o l 6  2 o l6 
20 o 14 2 ., 02 
25 o 14 2 o 02  
3 0  o lO 2 o 01 
35 o 14 2 o 02 
40 o 09 1 o 99 
45 o 0 7  2 o 00 
50 o 10  2 o 01  
55 o 5  o 09 1 ., 99 
60 o 05 2 o 00 
66 o 04 2 o 01 
7 0  o 05 2 o 00 
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tha t  the re sult s obtaine d  from t he plo t s  are a little better 

t han inferred from e quation 3 Q 3 B o  



APPENDIX E 

SAMPLE CALCULATI ONS AND EXPERIMENTAL DATA 



1.51 

SAMPLE CALCULATI ONS AND EXPE RIME NTAL DATA 

All o f  the original data are recorde d on p age s 15628 = 

15650$  23751 -23800 , and 10551=10600 of  Ori gi nal Record of 

Re search Notebooks located in  the offi c e  of Profe s sor H o  F o  

Johnson� Departme nt o f  Chemic al Engine er ing� Univers ity o f  

Tenne s see  o 

The mass of the b ubble s was determ ined assuming that 

the b ubble s we re oblate sphe ro ids o An oblate spheroid i s  a 

surface gener ated by the ro t ation of an e llipse  about its  

minor axi s o  In the c as e  he re  the minor axi s was v ertical or  

p aral l e l  to the MEA flow o In t he note books the fo llowi ng 

nomenc lature was use d �  

V = volume of bubble  

AHD = app are nt hori zontal di ameter 

AVD = apparent verti c al di ameter 

THD = true horizont al di am eter 

TVD = true vert i c al di ameter 

ACD = apparent capillary tube di ameter 

TCD = true capillary tube di ameter 

The capillary tube appear e d  in the photographs 9  and 

i t s  di amete r was measured so  tha t the magni fi cation fac tor 

could be de termine d o  The true di ameter was taken to be the 

aver age o f  ten me asurement s 01  name ly O o 2547 inche s o  Thus 



THD = O o25!t7 X AHD 
ACD 

and 

TVD = O o 25!t7 
ACD x AVD 

For an oblate spehroi d  

V = 4/3 If (THD/2 ) 2 ( TVD/2 ) 

V = �/6 ( THD ) 2 ( TVD ) 

Sub s ti tution of E o l  an d  E o 2  give s  f inally 

v = 5 o 006 X lo =6 (AHD) 2 (AVD) rt3 
( ACD )3 

For c omputati on of the mas s  the ideal gas law was 

as sumed so that 

whe re  

_ PV n - RQ U 

n = mas s of gas in bubble �  pound-mol e s  

P = pre s sure of gas 9 em Hg 

Q U  = ab solute temperature � 0R or °K 
R = gas law const ant 
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(Eo l }  

{ E o 2 )  

Since the manometer tap was loc ated about 7i inche s above the 

bubble the hydrostatic head c aused by this  column of liqui d 

had to be  t aken into acco unt o Therefore 
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(E o 6 )  

whe re 

PA = barometri c pre s sure 

b. PM = manome t e r pre s sure 

and the fac tor ,6, Pc com e s  from the ab ove hydro s t atic  head 

and the MEA in the manomete r arm c onnected  to the ab sorption 

ce ll o The f actor wi ll vary s omewha t for di fferent MEA so lu= 

tiona  because  of the c hange in den si tyo 

Finally 

n = 9 o 06 x 10=8 ( PA =� PM -�Pc ) (AHD ) 2 (AVD ) 
G 1  ( ACD ) 3 

( E o 7 )  

if  91  i s  in °Ro Occasi onal ly AVD was gre ater than AHD 

as th e  bubble V s  shape fluctuate d o  Equation E o 7  was s ti ll 

used,  however o 

The proce dure was to  fir s t  determine ACD, AHD9 and 

AVD from the fi lm o  The s e  v a lu e s  are re cor ded in the no te � 

books me nti oned in the fir s t  paragraph9 but they ar e not in= 

eluded in thi s re port o  By equati on E o  7 the mas s  o f  the 

bubbles was computed and these values are recorde d  in Table s 

III,  IV, V, VI , VII,  VIII ,  and IX, whe re B0 i s  the ini t i al 

MEA conc entration in moles  per liter9  9 is  the temper ature 

in  degre e s  centi grade , C i s  the C02 concentration i n  grams 

per liter, T i s  time in sec onds and n i s  in pound mol e s o 



Tx102 nx109 
sec 1b=mo1e s  

Wc G= 
C=1 o 2S B!!!SL1 

0 1 o535 
2 1 o58 
6 1 o 68 

13 1 o45 
16 1 o405 
22 .,5 1 .. 39 
28 1 .. 12 
33 O o8 1  
38 .. 917 
43 o 956 
49 .. 618 
53 o 38 8  
58 .547 
63 o515 
68 .,515 
73 o 292 
7 8 o 314 
83 . 3�9 
88 . 2 8 
93 o l92$ 
98 . 220 

103 . 156  
108 . 21:3 
11:3 o l42 
118 , 191 

� 9= C=1 o 10 smsL1 

0 1 o 22 
2 1 o 045 
6 o .8 1  

11 .5  . 694 
15 o 673 

TABLE V 

EXPERIMENTAL DATA 
REEL 3 $ B 0  = 1 o49 

Tx1o2 nx1o9 
s e c  1b -mo1e s 

Take ,? { cont u d ) 

18 o573 
23 o418 
28  o4325 
34 o 373 
40 o 344 
48 o 294 
53 ., 1697 
58 o 145 
66 a 145 
7 1 o 14.5 
z8 ., 145 

Take 7 
9=24o5oc 
0=. 2/.!0 gmsLl 

0 1 o 02_5 
3 l o 27 
9 1 o 08 

11 .5  1 o 142 
14 1 o 41 
17 l o ll 
25 O o 65 
30 o 65 
35 o 59 
40 .. 534 

?a o569 
o 349 

55 � 349 
65 o 39 
71  ., 298 
7 7 .5  o 27� 
85 o 30 
90 o 192 
95 o 151 

100 .. 128 
105 .. 159 
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Tx102 nx1o9 
s e c  lb=mo1e s 

Take 7 ( c ont 1 d ) 

110 .. 116 
11,2 ., 081 

Take 9 &=24.,5°0 
C=3 o 30 gms/1 

0 L . 38 3 1 .,43 
6 l o 345 

10 l o  21 
15 1 o 02,5 
20 0 ., 995 
25 o 891 
30 ., 864 
38 o 737 
45 o 7 28 
52  o 602 
59 o47 0 
63 o480 
70 o417 
75 o J22 
80 o 307 
85 o 294 
90 o 26l 
95 o 2� 

100 .. 1 
105 o 150 
110 ., 160 
115 o 1508 
120 o 1072 
125 o 08,5 
130 o 1182 
135 o 050 
138 .. 046 
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TABLE V ( cont inued )  

Tx102 nxlo9 Txlo2 nxlo9 Txlo2 nxlo9 
sec  lb -mole s  s e c  lb -moles  sec  lb=mole s 

Take 11 Take l,Z � cont B d �  Take 21 
Q=24o5°C 9=24o5°C 
C=�o�6 gmsLl 68 O o J9J5 C=8 ., 8,2 gmsLl 

73 o J45 
0 l o J9 78 o 2J7 0 l o 42 
3 l o l05 83 o 236 5 l o 035 

10 0 ., 965 88 o 249 15 0 ., 9�3 
18 o 796 93 ., 204 20 o 9  2 
23 o 682 98 o l9J 25 o 8J4 
28 o 660 103 ., 158 30  o 725 
33 o 604 108 o l45 35 o 5 85 
38 o 635 113 ., 0965 40 o543 
39 o 510 118 o 0812 45 o S20 
43 o510 50 o 520 
48 · 445 Take 11 55 o 446 
53 .400 Q=24 . 5°C 60 o 417 
58 . 368 C=6 . 8,2 gmsLl 65 o 419 
63 o 282 70 .,J76  
68 . 256 0 l o 68 75 o 346 
73 . 226 3 1 ., 315 80 ., 3 01 
78  . 160 9 l o 205 85 ., 249 
8,2 o lll 14 l o 07 90 o 261 

19 l o Ol 95 o 236  
Take 1g 25 0 ., 829 100 o l73 Q=24oS0 29 o 7 61 105 ., 1735 

0=2· 1.2 gmsLl 34 o 626 110 ., 196 
39 o 67 0  115 o 146 

0 l o44 44 o 3 99 125 o ll4 
3 1 . 3  49 o 461 130 ol25 
8 l o 22 53 o4JJ 134 o 097 

13 1 .13 56  o 298 140 o 07Q 
18 O o 954 59 o 354 155 o OJ42 
23 o 97 0  64 o 43J 161 o 0,2ll:k 
28 ., 840 7 9  . 313 
33 . 721 89 . 236 
38 . 748 99 ., 222 
43 o 7 J5 104 o 1595 
47 .. 58 2 109 o 215 
51 o 550 119 o l,20 
55 .573 
58 . 501 
63 o43 6  



Tx1o2 nxlo9 
se c lb =mole s 

T ake 2 
Q=25°C 
C=l . 01 smeLl 

0 l o44 
0 .5 l o )8 
3 l o 379  
8 1 . 149 
9 1 . 20 

13  1 . 095 
18 1 . 058 
19 1 . 025 
23 0 . 799 
28 . 791 
33 . 737 
40 . 603 
43 o 480 
45 o443 48 o42� 
53 o43 
.58 . 319 
59 o 326 
63 . 326 
68 . 270 
72 . 2237 77 o l93 
83 . 1586 
88 . 1206 93 . 1128 
98 . 0830 

108 1 0,218 

� Q= 
0=1 . 92 gms(1 

0 1 . 231 
1 1 . 164 .5 0 . 9724 

TABLE VI 

EXPERIMENTAL DATA 
REEL 4.P !\, =  l o 95 

Txlo2 nxl09 
sec  lb-moles 

Take 3 ( cont 9 d) 

9 O o 890 
13 o 810 
18 o 711 

�� . 622 
o 541 

33 . 504 
38 o 403 
43 o 369 
48 o 334 
53 . 254 
58 . 241 
63 . 196 
68 o l47 73 o l)8 
77 o l)O 
93 . 078  
98 � 0658 

1�2 20��0 

� Q= 
C=� o 66 gms(l 

0 1 . 380 
2 1 . 269 7 l o 027 

15 0 . 911 
18 . 870 
22 . 818 27 • .5 " 735 
32 . 637 37 .,581 42 .517 47 o444 
52 o412 
57 o 339 
62 o 291 
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Tx102 nxl09 
sec  lb =mole s  

Take 4( c ont 9 d ) 

67 o 2422 
72 o 248 
75 o 202 
77  o 201 
82 o l56 
87 . 124 
92 o 0905 
98 . 0784 

102 o 0622 

Take 6 
Q=25°c 
C=,2 . 01 gms(l 

0 l o l5� 
2 1 . 07 
6 l o 006 

11 O o 955 
17 . 856 22 o 801 
27 . 697 
32 o 625 37 . 508 
42 o496 47 o 43 0 
52 o 371  
57 o ))l 
62 . 295 
67 . 236  71 . 21 8  76 o l94 
81 . 173 
86 .5  . 139 
92 o ll) 
97 o lOO 

107 o 0673 
117 o 0548 
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TABLE VI ( continue d )  

Tx102 nxlo9 Tx102 nxl09 Txlo2 nxlo9 
se c lb -mole s se c lb�moles  sec  lb=mole s 

Take 8 Take ll ( cont 1 d )  Take 1,2 9=25°c s=26oc 
C=i o 90 gmsLl 65 o 257 c�l 2 o.2.2 gmsLl 

70  o 267 
0 1 . 066 75 . 223 0 l o5 26 
4 0 . 818 80 . 182 2 1 . 480 

11 . 7 24 85 o l? O 7 1 . 187 

i� . 662' 93 o l3� 12 l o l�O 
. 631 106 .5  . 09 0 17 0 . 9  3 

23 o 543 12,2 206�l:t 22 u 935 
28 o526 27 . 815 
31 o454 Take 13 32 . 819 

5� o440 9=260o 37  . 691 
o 374 0=10 .1� smaLl 42 oS82 

43 o 343 47 oS74 
48 o 339 0 1 . 302 52 o479  

§� o 236 � 1 . 225 57 o442 
o 22� l o 086 67 o 377  

63 o l8 12 0 . 963 7 7  o308 
68 . 157 17 o 921 87 o 242 
78 o l50 22 . 885 97 . 202 
83 o ll5 28 o 734 107 o l37 
88 .5 2011 3 2 .  . 652 111 o 0921 

37 . 632 
Take 11  42 o570 Take lZ 

9=256d 48 o489 9=260o 0=9 . 97 gms/1 52 o429 0=13 . 96 gms/1 
58 o 362 

0 l o 353 62 o 331 0 1 . 226 
2 1 . 225 67 . 268 l o5 1 . 21 8  
5 l o l76 72  . 252 5 1 . 126 

10 O o 940 77 o 228 10 O o 977 
15 o 7 97 82  . 18� 15 o 979 
20 . 805 87 o l5 20 . 962 
25 .667 92 o l42 25 0 722 
30 .581 97 o 0938 30 o ?08 
35 o574 10.5 . 0843 35 o 618 

tt� o 521 117 . 0.532 40 o 563 
o462 122 . OIJ:�8 45 o 532 

50 o416 50 o427 
55 . 365 55 o423 
60 .5  o 3 04 60 o )89 



l.$8 
TABLE VI ( cont inue d )  

T:x:102 n:x:1o9 T:x:1o2 n:x:1o9 T:x:1o2 n:x109 
sec  1b-mo1es  sec  1b -mo1es s e c  lb-mo1e s 

Take 17 ( c ont 9 d ) Talr:e 21 Take 23 
Q=25oc 9=25°c 

65 o 3�1 C=1,2. 6o B!!!sL1 C=20 .�1 B!!!sL1 
73 . 5  . 2  7 
85 . 207 0 0 . 833 0 1 . 365 
95 . 178  6 . 865 10  1 .. 037 

105 . 137 8 o 763 16  0 . 910  
115 . 105 26 .536  25 . 761 
125 . 0763 36 . 393 35 o 645 
135 . 0,2� 45 o 358 46 o 5 04 

55 . 298 �� o 410 
Take  18 65 o 222 o 3� 9=2:S0c 75 . 165 80 o 2  9 

C=1,2 . 01 S!!!sL1 85 . 126  90 . 240 
95 . 0931 100 o 169 

0 1 . 071 1 0,2 .. 0.22!t 109 o 5  . 117 
10 0 .849 120 o 091i 
15 ., 833 1�0 o 06!t 
20 ., 681 
25 ., 694 
30 o 644 
40 . 552 
50 o440 
60 . 3t3 
65 . 2  8 
70 . 261 
80 . 190 
90 . 130 

100 . 120 
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TABLE VII 

EXPERIMENTAL DATA 
REEL 6 9  Bo = 2 o 97 

Tx102 nx1o9 Tx1o2 nx1o9 Tx1o2 nx1o9 
se e 1b-mo1es  s ec 1b -mo1e s s e c  1b=mo1es  

Take 2 Take 3 ( 1 )( cont 1 d ) Take 4(  cont 1 d )  
Q=27°C 
C=2 . 18 gmsL1 61 O o 08JO 10 1 o l22 67 . 0630 15 1 o 043 
0 1 o 436 71 o 0554 20 O o 917 
7 .5 1 . 115 16 . O!J:�O 25 0 826 

10 1 . 07 1 30 o 742 
15 0 . 984 Take 3 ( 2 )  35 . 639  
20 o 772 Q=270C 40 o565 25 . 649 C=2 .80  s;msL1 45 o490 
30 .597 50 o450 
35 o425 0 1 o 26� 55 .5  o 364 
39 : o414 5 1 . 02 60 . 299 
45 o 343 10 0 . 952 66 o 262 
50 o 278 15 o 839 70 . 235 
55 . 23 1 20 o 688 7:5 . 193 
59 'o 206 25 o 592 80 o 151  
65 . 152 30 . 551 85 . 124 71 o 110 35 o409 90 o 105 75 . 0952 40 o374 100 . 0688 
85 . 0553 45 . 299 110 o 02�� 
90 . 00,2� 50 . 287 

55 . 235 Take 5 (1 )  
Take 3 ( 1 )  60 o 209  G=27°C Q=27°c 66 . 159 C=9 o 22 s;msL1 

C=2 . 80 s;msLl 70 o 135 75 o 118 0 1 o 358 
0 O o 652 80 . 0869 3 1 o 200 
8 . 5  . 512 85 . 0712 9 O o 999 

11 . 513 90 o 0441 13 1 . 003 
15 o411 100 20�2 17 O o 8�2 
23 .378 23 .s 7 
26 o 320 Take 4 27 . 616  .31 . 26.3 9=276C 33 .58� 
37 . 222 C=!J:.�8 gmsL1 38 o45 
40 .5 . 178 43 o 399 
46 . 138 0 1 .486 48 . 322 
51 . 110 4 1 o l95 53 . 294 
56 . 5  : o 0958 7 .5 1 . 100 58 o 202 
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TABLE VI I ( c onti nue d )  

Txlo2 nxlo9 Txlo2 nxlo9 Txlo2 nxlo9 
sec lb -moles see  lb-moles s e c  1b-mo1e s  

Take 5 ( 1 ) ( cont � d ) !!ke 6 ( cont 1 d ) Take 8 
9=27°C 

63 0 .. 176 28 O o532 C=l7 .. l:J:k gmsL1 
68 .. 13.5 31 .. 498 
73  o 094.5 3 6  .. .5 o 39$ 0 1 .. 262 
83 ., 0$03 41 o 419 4 1 .. 051 
93 .. 0289 42 _o 384 9 0 ., 917 

46 o 344 14 .. 871 
Take 5 { 2 }  .51 .. 263 20 o 78S 

Q=27°C 56 .. 249 24 o 711 
C=9 .. 29 B!!!sLl 61 .. 5 .. 196 29 o 7274 

67 .. 169 34 .. 63 6 
0 1 o$57 71 o l40 39  .. 538 
6 1 .. 1 62 76  .. 0988 44 o $0 6  

11 1 .. 133 81 .. 07.50 49 o4S8 
16 • .5 0 ., 9.50 86 .. 0608 .54 o 3 70  
22 ., 80� 96 .. 0�26 60 .. 31� 
26 . 74 64 .. 27  
31 • .. 704 

� 
67  .. .5 .. 234 

.36 o560 9= 74 .. 191 
41 .486  C=1� o 62 smsLl 79  .. 16� 

�� 
.4.56 85 o l3 
. ,361 0 1 ., 21 8 9  o ll9  

56 o ,306 5 0 .. 984 94 .. 0977 
61 ., 284 10 .. 809 104 .. 0746 
66 . 235 1.5 o 78.3 
71 . 206 20 .. ?58 Take 2 
76 o 17.3 24 o 673 9=27oc 
81 o l3 0  30  .. 5 .. 519 C=l1 o44 gmsLl 
86 . 110 36 .. 483 
91 . 0998 41 o424 0 l o 273  
26 ' 1 011J 4.5 o4103 4 1 ., 069 

49 • .5 .. ,363 9 o$ 0 ., 939 
T ake 6 55 . 314 1$ .. 8 05 

G=27oc 61 .. 274 20 . 816  
0=12 .38 sms/1 65 . 239  21 o 714 

70 .. 212 34 .. 627 
0 1 . 296 75 . 157 39  .. 562 
6 1 .. 01.3 81 .. 1.)4 44 o 461 

11 0 . 87 6  8.5 o l21 49 oS o 416 
17 . 814 90 .. 0981 55 o 363 
21 . 695 9.5 . 0765 60 o 356 
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TABLE V I I  ( cont inued)  

Tx102 nx109 Tx1o2 nx109 Tx1o2 nx1o9 
s ec 1b-mo1e s sec  1b-mo1e s s e c  1b�mo1es  

Take 9 (cont 1 d) Take 12 Take 13 ( cont � d ) 9=27°C 
64 O o 314 C=20 o 88 gms/1 44 o5  0 .. 510 69 o 246 50 o485 74 o 205 0 1 o 292 55 o 422 79 o 179 1 1 o 18J 60 o 35J 84 o 14J 6 .5 1 o 061 64 o5 o 308 89 . 119 9 O o 979 69 o 295 
94 . 0823 14 ., 892 74 ., 261 100 o 0�11 19 o 738 82 o 201 

24 o 696 89 o 169 Take 11 29 . 683 95 o 122 9=27 0C 31 o 651 99 . o 121 C=20 o 20 gmsL1 35 . 648 104 o106 
42 o 525 109 .. 0866 0 1 . 229 49 . 429 

3 1 o 206 55 . 378 Take 14 9 O o 94� 59 o 349 G=270C 13 o 79 64o 5  o 296 C=2�o 88 B!!!Sl1 18 . 802 70 o 259 23 . 827 75 o 206 0 1 ., 526 33 . 60� 79 o 16� 6 1 ., 328 38 .58 84 o 15 10 1 o 22Q 43 o497 90 o 140 15 1 o 239 48 . 502 94 o 110 20 l o 222 53 a 39J  99  o 088J 25 1 o 04.5 58 . 383 10.5 o 0812 30 O o 913 63 · 3t9 109 ., 070.5 35 o 5  ., 996  68 . 5 o 2 5 40 o 85J 73 o 245 Take 12 45 o5  o 719 7 8 . 5  . 216 Q=27oC 5 0 o 5  o 694 84 . 186 C=2!J:o 88 gmsL1 55 o 644 89  o 156 60 o 539 
�� o5  

o 128 0 1 . 270 65 o520 o 118 4 l o 085 70 o 431 112 . 0640 9 O o 960 76 o ) 69 113 . 0639 14. 5  . 849 80 o 362 120 o 0.202 19 .5 o 7 92 85 o5  . 3 20 
25 o 717 90 o5 .. 294 
30 . 686 97 o 257 
39 o592 105 o 5  o 203 



162 

TABLE VI I ( cont inued )  

T.x102 n.x1o9 Tx102 n.x1o9 Tx102 nx109 
ee c 1b-mo1es  sec  1b -mo1e s s e c  1b -mo1e s 

Take 14 ( cont ' d) Take 1 6 ( 1 )  Take 16 ( 2 )  
9=27°C 9=276C 

110 0 . 17� C=28 , 06 gms/1 C=28 . o6 gms/1 
116 . 14 
131 . 100 0 1 . 229 0 1 . 487 
137 . 0736 10 . 981 10 1 . 236 
1!1:2 ·2 . 029!1: 1.5 . 919 20 0 . 863 

20 . 723 4� 1 , 004 
Take 15 2.5 . 7.54 0 , 614 

Q=27°C 33 . 62.5 .5.5 . 484 
C=28 . o6 gms/1 40 • .578 60 • .517 

48 .486 64 o 429 
0 0 , 916 .5.5 . 394 70  . 3 64 
3 . 9.53 60 . 360 80 . 260 
9 . 916 70 . 246 90 . 20.5 

1.5 . 780 80 • .5 . 19.5 9.5 . 184 
20 . 736 91 . 1.52 100 . 172 
26 • .598 96  . 128 1 0.5 . 13.5 
32 • .5.57 ' 100 . 117 110 . 0929 
39 • .523 110 • .5 . 0886 
44· .5  ·417 120 . 0638 
.54 . 3� 1,20 . 0,291 
.59 . 29 
6.5 . 5 , 267 
73 . 213 
7 9  . 182 89 . l43 
94 , 117 
99 . 10.5 

10.5 , 0884 
109 . 06�9 
11� . o!J: o 



Txlo2 nxlo9 
sec lb-mole s 

Take 2 
Q=25oc 
C=l5 .54 gms/1 

0 1 . 775 
4 1 . 77 0  

16 .5  1 .47 0 
24 l o 34J. 
39 1 . 457  
44 1 .296 
59 1 � 232 
74 1 . 102 
· 89 1 . o12 

104 0 . 845 
114 0 721 
124 0 736 
134 0 786 
145 ,; 689 
154 . 648 
164 .589 
174 . 545 
194 .461 

Q=� 
C=0 . 87 gms/1 

0 
9 

19 
39 
49 
59 
70 
79 
89 

100 
109 
119 
130 

1 . 644 
0 . 988 

. 8Y.3 
� 68 2  
. 655 
. 606 
. 503 
o420 
. 391  
. 264 
. 217 
. 22U. 
. 176  

TABLE VIII 

EXPERIMENTAL DATA 
REEL 7 ,  Et, =  l e 06 

Tx102 nxlo9 
se c lb -mole s 

Q=� 
C=l .55 gms/1 

0 
7 

1 7  
27 
37  

�� 

1 . 754 
1 . 062 
1 . 098 
0 . 887 

. 640 

.566 
o466 

Q=� C=2 . 05 gms/1 

0 1 . 309 
2 1 . 413 

12. 5  1 . 209 
23 0 . 951 
32 0 726 
42 . 634 
53 o 454 
62 o5  o402 
72 . 367 
82 . 316 
92 . 229 

102 o 224 
127 .5 . 152 

Take 6 
e-2s . soc 
C=2 . 05 gms/1 

0 2 . 010 
4 1 . 493 

14 1 . 229 
19  1 . 161 
24 1 . 055 
2.9 0 . 952 

1 6.3 

Tx102 nxl09 
sec  lb-mole s 

Take 
36 

hlt 
�� 
74 
84 
93 

104 
114 
124 
134 
139 
144 

6 ( cont ' dl 
o . 86 

. 759 
o 617 
o 706 
. 617 
. 533 
o 444 
o 370  
. ,306 
. 239 
. 191 
o l58 
. 140 
o l40 

Take 7 
9=26oc 
C=l o 77 gms/1 

0 1 . 373 
11 1 . 112 
22 0 . 845 
31  . 631 
41 .566 
51 .485 
61 . 350 
66 . 331  
71 . 318 
88 .5  . 23 0  

101 . 152 

Take 8 ( 1 )  
e=26oc 
C=2 . 67 gms/1 

0 1 . 798 
1 .5 1 . 671  
4 1 . 443 

14 1 . 210 
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TABLE VII I  ( cont inue d )  

Txlo2 nx1o9 Tx102 nx109 Tx1o2 nx1o9 
see 1b-mole s s e c  1b-mo1e s s e c  1b -mo1 e s  

Take  8 ( 1 )(cont ' d ) Take 9 ( c ont 1 d} Take 12 
9=270C 

24 0 .. 839 60 0 .. 313 C=5 o 28 grps/1 
34 o 739 70  o 206 
44 o 695 80  o 168 0 0 . 88 6  
54 o 606 10 ., 827 
64 o 578  Take 11 20 . 669 
74 .50 6  Q=27°C 30 o 640 
84 o 39 8  C=.2·1.2 gms/1 40 o 540 

101 . 306  �6 ·5 . 508 
104 o 31 0  0 1 o 882  o 446 
114 . 2 34 10 1 o 658 7 0  o 330 
12!1 .. 191 21 1 . 029 78 o 3 01 

30 .5 0 .. 927 96 . 23 6  
Take 8 �yJ 40 o 846 110 . 155  

9=26°C 50 o 747 1 20 . 1,21 
C=2 . 61 grpsL,1 60 . 67 6  

7 0  o 628 Take 1,2 ( 1 )  
0 2 . 203 80 o 49� Q=26 .. 5°c 
4o5  1 . 89� 90 o 5  o 41 C=�o 28 grps/1 
9 1 o48 100 o 336 

18 o S  1 . 403 11.0 .. 276  0 1 .. 571 
39 1 .. 095 120 .. 240 10 1 o 323 
49 6 . 829  130 o 175 20 1 . 062 
59 o 679 140 o 172 30 0 . 862 
69 .. 638 150 o 156 40 o 749 
7 9  .520 160 ., 122 50 .. 701 
89 o424 110 .. 101 60 . 610 
99 � 322 10 ., !262 

109 . 204 
129 .. 139 Take 13 ( 2 )  

Q=26 .. 5°c 
Take 9 C=!2 . 28 gms/1 

9=26o 8oc 
C=,2 .,2.2 gmsL.l 0 1 .. 582 

9 1 .. 441 
0 0 . 967 19  O o 808 

10 o 798 29 .. 704 
20 . 654 
30 o S7 9 
40 
50 

'!445 
•J7 6  



Tx102 nx109 
sec  lb=mole s 

Take 1 
9=25°c 
C=O o 62, �aLl 

0 l o 1 90 
9 oS O o 868 

15 .. 77 2 
25 .. 617 
35 o452 
45 o 314 
55 .. 178  
65 o 137 
12 ., 09�1 

Take 2 
9=25oc 
C=2o,26 �sLl 

0 l o509 
5 1 . 201 

10 l o 091 
15 0 .. 9 7 8  
20  o 7 7 7  
25 o 754 
30 co 610 
35 .. 566 
40 o 48 6  
45 o458 
50 o 364 
56  o 304 
60 .. 271 
64. 5  .. 211 
70 .5 .. 179  
81  . 104 
20 o 0 608  

TABLE IX 

EXPERIMENTAL DATA 
REEL 8 9  B0 = 6 .. 0 6  

TxlO nx109 
s e c  lb-mole s 

� 9= 
C=,2 o 80 e;msLl 

0 1 .,413 
5 l o 1�9 

10 .. 5 O co 8  8 
15 ., 888 
19 o 5  .. 757 
25 <!590 
30 .. 578 
35 o 526 
45 o 457 
55 .. 32� 
65 o 22 
75 ., 155 
8,2 ., 09J2 

Take 
%( 1 ) 

Q=24oS C 
C=12 .. �6 gmsL1 

0 0 ., 98 9  
1 6  .. 750 
27 o 739 
36 .. 608 

�� 
o 471 
o 416 

67 .. 269 
7 6  .. 197 
8 6  .. 131 
26 .. 0211 

0 
7 
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Tx102 nx109 
s e c  1b-mo1ea  

Take 4( 2 ) ( cont � d} 

16  .. 5 1.. 092 
27 0 ., 851 
37 .. 759 
47 .. 656 
57  o 530 
67 .. 426 
77  .. 311  
87  o 196 
97 coS .. 144 

101 ., 102 

� 9= 
C=12 o �6 e;msL1 

0 1 .. 620 
6 1 .. 336 
9 .. 5 1 ., 114 

20 1 ., 05 1  
30 0 ., 883 
35 .. 78 7 
40 
50 

o 7 09 
.. 583 

60 o460 
7 0  o 349 
80  .. 270 
90 .. 5 .. 173 

100 .,5  ., 106  
111 .. o8oo 

Take 6 
9=24oc 
C=15 o53 e;ms/1 

0 1 .. 647 
9 oS  1 .. 07 6 

20 0 <! 940 
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TABLE IX ( continue d)  

Tx1o2 nx1o9 Tx102 nx1o9 Tx1o2 nx1o9 
. s e c  1b-mo1es  s ec  1b-mo1e s s e c  1b=mo1e s 

Take 6(  cont 1 d )  Take 8 (1 ) ( c ont 1 d ) Take 9 ( 2 ) 
e=25°o 

30 0 . 673 so O o497 0=19 . 82 gma/1 
40 .533  60 . 5  o407 
so .455 70 o 316 0 ' 1 .573 
60 .5 o 3l6 80 o 25 3  5 1 . 33 0  
70 . 5 ., 183 90 . 183 15 1 ., 10 8  
8 0  . 155 95 o 144 25 0 . 915 
�0 . 111:1: 10� . 112 35 o 759 

45 . 613 
Take 1 Take 8 ( 2 )  55 o 47 9  

9=24 .5°0 9=25°o 65 .. 5 . 355 
C=12.�J smsL1 C=1� o22 gmsL1 75 . 28 9  

85 . 210  
0 1 . 971 0 1 . 686  95 . 5  . 15 1  
5 1 .527 10  1 .455 10� . 12� 

10 1 . 246 20  1 ., 101 
20 0 . 977  30  1 . 000 Take 11  
25 . 845 40 0 . 776 9=25oc 
30 .. 7 90 50 . 616 0=2,2 . 0,2 gmsL1 
39 .5 . 6� 60 . 506 
50 .5 0 7 0  .. 397 0 1 .. 683 
55 .501  80  . 311  5 1 . 339 
60 o416 90 o 204 10  1 . 125 
70 . 276  100 . 165 2 0 . 5  0 . 955 
80 . 23 1  110 . 109 30 o 750 
90 ., 16� 40 .. 668 

100 ., 10 Take 9 (1 l  
�6 .. 5 o531 

110 . ozo�:�: 9-25°c o445 
0=19 . 82 gmsL1 70  . 325 

Take 8 � 1 �  80  . 21 6  
e-2soc 0 1 . 137  90 . 1 61 
0=1$ .. 5,2 smsL1 10 0 . 810 100 ., 11� 

18 .5  o 723 
0 1 .5 04 28 .5  .. 610 Take 12  
5 1 . 355 38 .5 o 47 7  Q=26oc 

10 1 . 119 48 .5 . 391 0=21:1:., 62 gmsL1 
16  1 o 027 58 .5  . 298  
20  0 . 955 68 .5  . 221 0 1 .584 
30 . 782  78 .5  . 1�9 5 1 . 202 
40 .. 5 . 636 88 .,5 . o  85 10  1 . 167 
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TABLE IX ( cont inue d )  

Tx102 nxlo9 Txlo2 nxlo9 Tx102 nxlo9 
sec  lb-mole s s e c  lb-mole s sec  lb-mole s 

Take 12 ( cont 1 d } Take 1� { 2 } � c ont 1 d } Take 1�( 2 ) ( cont 1 d ) 

20 1 . 014 35 .5  O o 86 8  98 .5  0 . 129 
30 0 . 8291 45 o 5  .. 67 6 109 o 0822 
40 o 746 55 o53� 
50 o590 65 o 3 6  Take 1� { 1 )  
.59 . 8  o 4l8  7.5 . 23 9  e=2s.soc 
80 ,.. 28 2 8.5 o l�9 C=22o 82 gmsil 
90 . 17.5 22 o O  �1 

100 . 116 0 l o 637 
110 . 0100 Take 14� 1 �  3 l o 4.50 

9=26°c 8 l o l57 
Take  l� � ll C=22 . 82 B!!!sLl 13 1 . 010  

9=27°0 18 O o 993 
C=2�. 6 2  S!!!SLl 0 1 .. 505 28 .. 679 

5 . 5  1 .. 238 3 8  .590  
0 l o 68 8  1 1  1 . 036 48 o43 2  
2 l o489 20 o 8  0 . 973 .58 o334 
5 l o 4l7 31  o 734 68 . 242 

10 1 . 074 41 o599 78 o l53 
15 1 . 051 51 o 479 88 . 116 
20 0 . 989 61 . 38.5 28 . 0831 
2.5 . 887 7l o.5  . 298 
30 0 7 9.5 81 o 224 Take 1,2 ( 2 } 
41 . 741 91  . 164 Q=2s .soc 

t6 . 6.52 100 • .5 . 123 C=2,2 o 8,2 s;msil 
. 555 111 2086.J 

70 ·437 0 l o  7 08 
80 o 331 · Take 14( 2 )  6 l o508 
90 . 252 9=26oc 1 0 .5 1 . 374 

100 . 172  C=2� . 8� S!!!BLl 15 1 . 237 
110 !124 25 l o OOO 

0 1 . 601 3.5 0 . 8.5 8  
Take 1J1 2 l  9 . 5  1 . 1.54 45 o 706 9=27bd 19  1 .. 061 55 o 614 

0=24. 62 gms/1 28 • .5 O o 80l 6.5 o 454 
39 o 704 7.5 o 37 1  

0 1 . 612 49 . ,5.50 8.5 . 278 
5 l o495 .59 . 43 6  9.5 . 213 

11 1 . 191 69 . 340 105 .. 163 
1.5 1 . 147 79  g 229 11,2 o lll  

' 25 0 . 904 89  o l72 
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TABLE IX ( c ontinued )  

Tx102 nx109 Tx102 nx1o9 Tx102 nx109 
sec  1b-mo1es  s ec 1b-mo1e s s e c  1b-mo1es  

Take 16 Take 17 ( 1 )  Take 17 ( 2 )  
9=24°c 9=2S°C 9=25oc 
C=2,2 .. 8,2 gmsL1 C=26 .. 28 gmsL1 C=26 .. 28 gmsL1 

0 2 .. 150 0 1 .. 738 0 1 .. 646 
1 .. 5 1 .. 868 1 o5 1 .. 605 5 1 .. 313 
6 1 .. 655 5 1 o453 10 1 .. 097 

10 1 .. 349 10 1 .. 216 20 o .. 98.S 
15 1 .. 157 14o 5 1 .. 083 30 .. 752 
20 1 .. 029 20 .. 5 1 .. 046 40 o 655 
30  .. 5 0 .. 862 29 .. 5 o .. 78 1 50 .. 5 o 5 98 
39 .. 5 .. 820 40 .. 70� 60 .. 502 
50 .. 695 50 .. 5 .. 59 70 .. 366 
60 .. 521 60 o 472 80 .. 290 
85 .. 259 70 .. 408 90 .. 209 
90 .. 224 80 .. 326 100 .. 170 

109 • .5 . 163 90 o 2�4 110 .. 108 
120 .,2 . 11,2 99 .. 5 o 1  7 

110 .. 116 
120 .,2 .. oz91 
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In Table X are r e corde d the a and b value s of the 

e quat ion 

n1/3 
= a + bT 

for e ach  t ake o The cons tant s were determ ine d by the least 

s qua re s  metho d whi ch stat es  ul timately that 

a = 
2. T2 � n  � 

N � T2 = 
b = N 2: Tn � 

N L T2 = 
wbe re N = number of point s .  

�T �Tn 

( 2_ T ) 2 

� T L n  
( i T ) 2 

Since the abs orption rate s NA were determi ned from 

b 9  i t  i s  de s irable to know how rel i able the b value s are . 

The variance p ( b )  i s  give n by 

( E o lO )  

and p ( nl/3 ) i s  the v ari ance  i n  the nl/3 value s defined 

by 

(Eo  11 ) 

The s e  equa ti ons may be found in any text on  stati stics  

o r  text s devoted to tre atment of dat a o  See  for example ( 28 )  

and ( 46 ) . The vari ance was not cal culated for every b but 
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TABLE X 

LEAST SQUARES PARAMETERS a AND b 
AND THE PERCENT AGE VARIANCE IN b 

axlo3 -bxlo3 
Reel Take lb -mole s lb-molesLs e c  % p ( b ) 

3 3 1 . 186  O o 60,5 
5 O o 980 o 693 
7 l o 069 o 548 
9 l o ll6 o 534 

11 l o 073 o 667 
15 l o ll8  o57 3  
17 l o 07 3  . o 51 2  
21 l o 044 o 45 1 

4 2 l o l07 0 . 680  S o 3  
3 l o OOO .. 611 

� l o 08 9 o 681 l o O  
1 , 041 o599 

8 O o 970 o 612 l o O  
11 l o 038 • .565 3 o 3  
13 l o 077  . 614 O o O  
15 1 .. 110 o572 
17 l o 052 o.52 
18 O o 918 o546 
21 o 956 o 544 2 . 2  
23 1 . 053 . 508 

6 2 l o lOO 0 <!.871 l o O 
3 ( 1 )  O o 861 .. 699 O o O  
3 ( 2 )  l o 043 o 755 2 ., 0 

4 l o l07 o 699 O o O  
5 ( 1 )  l o 090 o 851 1 .. 4 
5 ( 2 )  l o lll o 7t3 

6 l o 049 o 7  5 1 .. 5 
7 l o 029 o 641 
8 1 . 056 o 629 
9 l o 064 . 648 o . o  

11 l o 057 o576 o .. o 
12 ( 2 )  l o 056 o 609 l o S 

13 1 . 049 o 560 
14 l o 146 . 530  
15 l o 019 o .58 1  

16 ( 1 )  l o 043 .552 
16 ( 2 )  1 o 126 o590 
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TABLE X ( cont inu e d )  

ax1o3 =bx103 
Reel Take 1b-mo1es  1b-mo1e s/_sec  % p ( b ) 

7 2 1 . 190 0 . 218 
3 1 . 000 . 365 o . o  
4 1 . 0�3 . 508  
5 1 . 0  6 .489  o . o  
6 1 . 149 o 459 
7 1 . 075 . 559 

8 ( 1 )  1 . 132 . 46t 88 
8 ( 4 }  1 . 245 . 57 8 

9 0 . 992 . 554 0 
11 1 . 139 o 418 84 
12 0 .. 967 o 37 8  500 

8 1 1 . 045 0 . 816  
2 1 . 108 . 788 
3 1 . 066 o 71t 4 ( 1 } 0 . 911 . 66 

4 ( 2 } 1 . 085 . 596 
5 1 . 155 . 649 
6 1 . 031 . 699 
7 1 . 064 . 648 

8 ( 1 )  1 . 122 . 624 
8 ( 2 ) 1 . 183 . 6� 9 ( 1 } 0 . 95� . 61 
9 ( 2 } 1 . 09 . 628 

11 1 . 138 . 658 
12 1 .. 137 . 639  

13 ( 1 }  1 . 167 . 600 
13 ( 2 )  1 .. 165 .. 685 
14 ( 1 }  1 . 160 .594 14 (2 ) 1 . 064 . 630  
1.$ ( 1 )  1 . 043 . 696  
1.5 ( 2 )  1 . 1�3 . 607 

16 1 . 0  3 . 556 
17 ( 1 )  1 . 087 .,,5,50 
17 ( 2 ) 1 o 076 .557 



tho se that were calculated  are r ep orted in Table Xo The 

result s are given in pe rcentage of the value b quoted o  

The percent age vari anc e i s  denote d simply by  % p (b } o 
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