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ABSTRACT 

 
 
 Cohesive zone finite element simulations of pyramidal indentation 

cracking in brittle materials have been carried out in order to: (1) critically 

examine indentation cracking models that relate fracture toughness to 

indentation data; (2) determine the underlying physical mechanisms of 

indentation crack growth from a continuum view and their relationship to material 

properties; (3) explore the influence of indenter geometry on crack extension; 

and (4) provide a platform from which future simulations can add more complex 

material behavior as well as guidance for experimental measurements of fracture 

toughness.  Standard fracture toughness geometries in addition to simplified 

indentation geometries were simulated in order to assess the advantages and 

limitations of using cohesive zone finite element simulations to study indentation 

cracking in brittle materials.  Simulation results were found to be consistent with 

linear-elastic fracture mechanics when crack lengths approximately 10 times 

larger than process zone sizes.  Results from Vickers indentation cracking 

simulations showed deviations from standard models and additional material 

dependencies not considered in therein.  A transition in cracking behavior from 

median type cracks to Palmqvist type cracks was observed as the ratio of elastic 

modulus to hardness increased and plasticity played a more prominent role in the 

deformation response.  Separate stress intensity factor solutions were derived for 

the two cracking regimes by applying simple scaling relationships and 

observations from the finite elements.  Simulations of different indenter 

geometries were found to correlate well with the stress intensity factors.  In 

addition, the indentation cracking response could be tailored to a specific 

behavior by changing the indenter centerline-to-face angle.  Cohesive zone finite 

element simulations were found to be well suited to exploring, improving, and 

studying the materials science of indentation cracking. 
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A search for the term “indentation cracking” in the materials science 

literature yields a list of publications that numbers into the thousands.  These 

papers examine metals, ceramics, polymers, and unique biological materials 

ranging from bulk samples to thin-films and even nano-particles.  The papers 

generally deal with the relationship between fracture properties and cracks that 

develop during indentation in brittle materials (see, for example, the various crack 

geometries observed experimentally in Fig. 1.1).  However, it is not always clear 

as to how “indentation cracking” became such a ubiquitous phrase or why its 

application has been used, in some cases, without regard for the assumptions 

and conditions inherent to the models describing the phenomenon.  To answer 

those questions, a brief review of indentation testing is required as well as some 

historical perspective on the development of indentation cracking.  This 

dissertation follows most of the literature in focusing almost exclusively on 

pyramidal type indenters and illuminates the complexities of indentation testing 

as well as highlighting some of the controversies existing in the indentation 

cracking literature. 

The main goal of this work is to add a level of understanding to the 

indentation cracking problem by identifying the physical mechanisms underlying 

crack growth during indentation testing of bulk samples and their relationship to 

specific material properties such as elastic moduli, yield strength, and fracture 

toughness.  Although elements of fracture mechanics are used in this 

dissertation, the focus is on the materials science of indentation cracking.  In 

addition, a critical examination of the assumptions and ideas behind the more 

prominent indentation cracking models is carried out to examine their validity and 

applicability. To that end, numerical finite element modeling is used to examine 

the problem in three thrusts: (1) examining the applicability of cohesive finite 

elements to simulate indentation cracking in brittle ceramic-like materials, (2) 

developing an understanding of the physical mechanisms underlying crack 

growth in the simplified geometry of two-dimensional wedge indentation, and (3) 

extending the analysis to examine three-dimensional pyramidal indentation 
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cracking over a wide range of material properties and indenter geometries.  More 

discussion of each approach and the outcomes is provided following a short 

literature review. 

The response and reliability of an engineering component is dictated by 

the mechanical properties of the material comprising that component.   In that 

regard, properties such as elastic moduli, yield strength, fatigue parameters, and 

fracture toughness have become important inputs in predictive modeling 

analyses.  There are a number of standardized tests (e.g., tensile testing for yield 

strength and elastic modulus and the compact tension testing for fracture 

toughness) that are used to assess these mechanical properties.  However, 

these tests often require and sample a large amount of material and can be 

expensive due to machining costs.  Thus, when the length scale of the material in 

question is small or conventional testing costs become prohibitive, an alternative 

technique such as indentation may be used to measure mechanical properties. 

Indentation testing is a technique in which a spherical or pyramidal 

indenter, typically made of diamond, is pushed into a target material.  The 

displacement incurred by the material as well as the projected contact area is 

measured as a function of the applied load on the indenter resulting in a 

hardness, a measure of the resistance to plastic deformation.  The advantages of 

such a non-destructive test include multiple sampling in a much smaller volume 

of material than would be required for a tensile test and the ability to make the 

measurement directly on the material in the engineering component.  

Disadvantages include the fact that the test geometry results in a stress condition 

that is complicated and does not lend itself to straightforward analyses.  It is often 

difficult to describe how the force applied on the indenter is transferred to the 

physical mechanisms active during indentation.  In addition, the outcomes of an 

indentation test are often not direct inputs into reliability models.  A large focus on 

current indentation research is on describing the relationship between uniaxial 

properties and indentation results. 
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Fracture toughness, KIc, entered indentation testing when surface cracks 

were observed during post-test examination of indentation sites in brittle 

materials.  While Hertz [1] may have been the first to observe and report the 

phenomenon of indentation fracture, Palmqvist, working in WC-Co composites, 

was the first to indirectly relate the toughness of a material to the sum of the 

lengths of surface cracks emanating from a residual impression of a Vickers 

indenter for a given applied load [2].  His results showed that crack lengths 

scaled linearly with the applied load.  Palmqvist was not only able to show that 

the load required to reach 300µm of crack length increased for increasing 

percentages of Co in the WC-Co composites (increases in Co content result in 

increases in toughness), but was also able to identify experimental errors when 

working with relatively small loads [3, 4].  These surface cracks are recognized 

today as Palmqvist cracks or, more commonly, radial cracks.  However, their 

subsurface geometry at the time was unknown.  Other researches took 

Palmqvist‟s work on WC-Co to the next level by identifying experimental artifacts 

such as surface condition and by directly relating toughness to indentation results 

[5-9]. 

The era from 1970 to 1980 saw contributions to the understanding of 

indentation cracking that attempted to add fracture mechanics analyses.  Lawn 

and co-workers, their work predominantly featured in the 1975 issues of the 

Journal of Materials Science, made key observations that would ultimately lead 

to the development of a significant model describing the driving forces behind 

indentation cracking.  Glass became the prototypical material as in-situ 

observations of crack initiation and propagation were aided by the transparent 

material.  Marshall and Lawn used glass to provide details on crack morphology 

during loading and unloading of a Vickers indenter as shown in Fig. 1.2 [10].  

Lawn and Swain [11] considered the contribution of the tensile components from 

the elastic indentation stress field (a Boussinesq stress field) as a means by 

which fracture mechanics could be applied to indentation cracks that appeared to 

extend beneath the indenter on planes perpendicular to the surface, but parallel 
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to the indent diagonals.  These types of cracks became known as median cracks 

and appeared during the loading half of the indentation cycle [12].  Lawn and 

Wilshaw and Lawn and Swain et al. [13] also identified lateral cracks (those 

running parallel to the surface) that propagated on the unloading half of the 

indentation cycle. 

Hardness, H, entered the description as the contact pressure in the elastic 

stress field equations and provided the magnitude of the tensile stresses acting 

on the crack in the fracture mechanics analysis.  The elastic modulus of the 

material, E, entered the equations as a result of the relationship between fracture 

toughness and the strain energy release rate in linear elastic fracture mechanics.  

It was quickly recognized that the ratio of the elastic modulus to the hardness 

was an important parameter, but the physical significance was not well 

understood. 

Lawn and Fuller [14] made the observation that residual stresses due to 

the irreversible deformation caused by indentation played a major role in deciding 

the final crack geometry.  Lawn and Fuller also observed that median cracks 

would tend to grow and break through to the surface to take on a geometry that 

is commonly known today as the half-penny crack.  They showed that the lengths 

of surface traces of these cracks, c, scaled with the maximum applied load, Pmax, 

raised to the power of 2/3, which held for a wide range of indenter angles.  At this 

point during the development of indentation cracking theory, scaling arguments 

and empirical evidence [15, 16] were used to relate the four most apparent 

variables in the problem:  elastic modulus, hardness, applied load, and resulting 

crack lengths. 

Palmqvist noted that working with low loads led to errors in comparing the 

toughness of different WC-Co composites.  This was presumably due to a critical 

load below which surface traces of cracks were not visible.  This so-called crack 

threshold load is often ignored in most of the literature as the focus was on the 

equilibrium propagation of cracks, but there were attempts to describe the crack 

initiation [17-19].  Two different views have been taken in the initiation process: 
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(1) crack propagation occurs from existing flaws within the material once the 

stress intensity factor on the flaw reaches the fracture toughness, and (2) crack 

nucleation occurs by the mechanisms and interactions of plastic deformation 

specific to the material during indentation.  As length scales move to smaller 

regimes and material processing minimizes defects in materials such as single 

crystal silicon, it is expected that the likelihood of finding a flaw decreases and 

the second viewpoint would describe the nucleation process.  However, in both 

cases the process by which nucleation of a crack occurs is specific to a material 

and is likely not describable from a continuum view.  Crack nucleation is briefly 

discussed in this work in how it relates to the use of cohesive finite elements; 

however it is not the primary focus since the use of cohesive finite elements may 

be an inappropriate technique for simulating indentation crack nucleation. 

Lawn, Evans, and Marshall (LEM) developed a model that considered the 

driving forces and factors affecting the propagation of a half-penny shaped crack 

during indentation [20].  A description of the model is provided here as it is the 

source of both the widespread use and the controversy surrounding the use of 

indentation to measure toughness.  Many authors have revisited the derivation 

[21, 22], and a detailed description of each step is provided in a later chapter.  

Development of an indentation fracture toughness model required a long time 

(decades) due to the fact that it is fundamentally different from standard fracture 

toughness testing.  Applied loads or stresses in standard tests are directly related 

through linear-elasticity to the stress intensity factor.  However, in indentation 

cracking, the load applied on the indenter acts to plastically deform the material, 

which in turn drives crack growth.  The challenge is then to determine the 

relationship between material properties, applied load on the indenter, and the 

stress intensity factor.  Doing so requires an assumption about the material 

behavior beneath the indenter.  LEM suggested that the elastic contact stresses 

and the residual stresses due to plasticity are two separate contributions to the 

stress intensity factor at the crack tip during the loading half of the indentation 

cycle, while the residual stress acts alone upon complete unloading of the 
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indenter.  LEM utilized the principal of superposition of stress intensity factors to 

find the net result. 

LEM assumed that the residual component to the stress intensity factor 

stemmed from the material having to accommodate the volume of material 

plastically deformed by the indentation.  The plastic volume is accommodated 

elastically and creates a tensile residual stress acting on the crack.  In the limit 

that the crack is large compared to the size of the indentation, the crack can be 

considered a point-force loaded half-penny crack.  LEM assumed that Hill‟s 

expanding cavity model [23] accurately reflects the physics of indentation and 

used it to link the geometry of the indentation to the ratio of the materials‟ elastic 

modulus to hardness. 

LEM derived the elastic component by integrating the Boussinesq contact 

field along the crack length and found that the stress intensity factor scales with 

load and crack length in the same manner as the residual component.  LEM 

argued that the residual component would greatly outweigh the contributions of 

the elastic component due to the significant crack growth observed during the 

unloading of the indenter.  Anstis et al. [24] summarized the contributions of the 

two components into one equation by empirically fitting the results of indenting a 

number of ceramic materials with a Vickers indenter.  The combination of 

modeling and experiments resulted in the following relationship between fracture 

toughness, material properties, and indentation data: 

.016.0
2

3

max

c

P

H

E
K Ic   (1.1) 

From the above equation, it is easy to see how the use of indentation 

cracking spread rapidly, especially with the emergence of instrumented 

indentation techniques and the ability to measure modulus, hardness, and crack 

lengths in one convenient experiment. 

 It must be brought to attention here that there are a number of works in 

the literature that suggest there may be other material dependencies [25] or 

length scale issues [26] not captured in the LEM model.  Past researchers have 
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developed equations dealing with the lead coefficient and the E/H exponent.  A 

detailed review of such works was compiled by Ponton and Rawlings [27, 28]. 

A detailed analysis of in-situ indentation cracking observations in some 

glasses and ceramics was conducted by Cook and Pharr [29].  They found that 

there was no generalized crack morphology between materials.  Radial crack 

extension was observed both on loading and unloading, where previously 

thought to grow only on unloading.  In addition, Cook and Pharr provided 

evidence that radial cracks may coalesce into the half-penny crack geometry on 

loading.  Again, the importance of their work was that there may be extra material 

dependencies not considered in the existing indentation cracking models. 

In a detailed examination of the ability of the LEM model to measure 

fracture toughness over a wide range of brittle materials, Harding showed a 

significant amount of error between standard fracture toughness measurements 

and indentation cracking  [30].  Harding‟s results are shown in Fig. 1.3.  While his 

experiments utilized a different indenter geometry than the Vickers pyramid, his 

work again pointed to missing material dependencies in the LEM model.   

There have been a few efforts toward numerically simulating indentation 

cracking with the development of more powerful and economical computation 

tools (e.g. the finite element method).  Several authors have utilized finite 

elements with a unique constitutive behavior that allows for material degradation 

under an applied tensile stress [31-33].  These models have been shown to 

capture the behavior observed in experiments, but lack a description of the 

underlying physics behind the crack driving forces.  Others have used numerical 

techniques to “calibrate” the LEM equation, arriving at values for the coefficient 

for different indenter geometries [34, 35].  Lee and co-authors [36] have shown 

that cohesive zone finite element simulations of Vickers indentation cracking can 

help to add understanding to the physics behind indentation cracking and pointed 

out that properties not considered in the LEM derivation such as Poisson‟s ratio 

have an important role.  Lee also showed remarkably similar half-penny crack 

geometries as those observed by Lawn and co-workers (see Fig. 1.4).  Feng and 
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co-authors, working on the indentation problem, have recently derived a solution 

to the elastic-plastic indentation stress field [37].  While this work does not 

consider indentation cracking, their results are of interest as the stress field may 

be used in the fracture mechanics. 

Measuring fracture toughness from indentation cracking is more 

complicated than standard fracture toughness testing because one must relate 

the load applied to the indenter to the crack driving force.  This relationship is not 

straightforward because it is dependent on both the elastic and plastic properties 

of the material.  Furthermore, the lack of a general crack morphology confuses 

the issue.  While indentation cracking models exist, the assumptions made in 

their derivation may be prone to errors and may underestimate material 

dependencies.  There is also controversy concerning the appropriateness of 

these models in measuring fracture toughness [38].  Numerical simulations have 

proven useful in aiding the understanding of complex elastic-plastic problems 

and appear to capture the important elements of indentation cracking.  From 

recent results, it is expected that more refined simulations over a wide range of 

materials may provide answers to some outstanding questions in the literature. 

Descriptions of indentation cracking in the past have relied on empirical 

observations from experiments and assumptions of material behavior during the 

indentation process.  In order to circumvent these problems and provide a fresh 

view of indentation cracking, this dissertation utilizes numerical crack growth 

simulations in the form of cohesive finite elements with the finite element 

package ABAQUS [39].  Elastic-perfectly plastic materials described by isotropic 

elastic moduli and a yield strength are used in the modeling.  In addition, the 

cohesive element constitutive behavior is formulated in such as way that the 

materials herein are considered brittle, i.e., crack extension can be described by 

linear-elastic fracture mechanics.  Contact is simulated with rigid indenters on 

frictionless surfaces and planar cracks are forced to emanate from indenter 

corners.  Note however, that though the cracks form on median planes aligned 

with indenter corners, their morphology and size is determined from the 
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indentation processes specific to the indenter geometry and material properties.  

This study is limited to the examination of the median/radial crack system; lateral 

or other secondary crack systems are not considered. 

The work herein is split into six chapters that critically examine indentation 

cracking with cohesive zone finite element modeling, each one building upon 

previous chapters.  Chapter II shows that cohesive finite element simulations not 

only capture experimental observations of indentation cracking, but are indeed 

appropriate for modeling crack growth in the case of brittle materials.  Chapter II 

includes the modeling of a standard fracture toughness test specimen, the 

development of a framework for incorporating cohesive element constitutive 

behavior into the finite element indentation simulations, and the construction of 

two-dimensional and three-dimensional finite element indentation meshes.  Each 

step is made ensuring that conditions are valid for linear elastic fracture 

mechanics analyses.  One major conclusion arising from this work is that 

cohesive finite elements are not applicable to describing crack initiation during 

indentation, stemming from the fact that initiation events during elastic-plastic 

indentation with pyramidal indenters are highly dependent on the cohesive 

element constitutive behavior, while crack extension once the cracks are well 

developed is only sensitive to the magnitude of fracture toughness.  The result is 

a critical crack length that must be exceeded before linear-elastic fracture 

mechanics are valid. 

In order to separate material responses and geometrical effects, Chapter 

III of this work includes the derivation and critical examination of the LEM model 

in the case of two-dimensional (2D) plane-strain wedge indentation.  Both the 

geometry of the indenter and the crack are simplified in 2D.  In addition, 2D 

simulations lend themselves to highly accurate, computationally efficient 

calculations that cover a wide sample space.  The results in this chapter highlight 

discrepancies between material behavior in the finite elements simulations and 

the assumed behavior in the LEM model.  For example, Hill‟s expanding cavity 

model does not appropriately capture the indentation plastic zone geometry.  It is 
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also shown that a simple stress intensity factor solution combined with a non-

dimensional scaling argument accurately describes crack extension over the 

range of materials and indenters angles examined.  While examining the 

advantages and disadvantages of the LEM model is the primary result, the 2D 

simulations provide input toward understanding their three-dimensional 

counterparts that may have been overlooked otherwise. 

Chapter IV, and crux of this dissertation, incorporates the observations 

and results from the previous sections and focuses on simulating indentation 

cracking in brittle materials beneath the four-sided pyramidal Vickers indenter.  

Critically examining indentation cracking models as well as identifying the 

differences between materials that exhibit Palmqvist versus half-penny crack 

geometries is of primary importance.  Two common themes emerged from this 

work:  First, the transition in indentation behavior from elastically dominated 

deformation to plastically dominated deformation with increasing ratio of elastic 

modulus to hardness (E/H) plays an important role in the indentation cracking 

behavior.  Second, more ceramic-like materials (E/H < 30) tend to exhibit median 

type cracking while more metallic-like materials (E/H > 30) tend to exhibit 

Palmqvist or Radial type cracking (see Fig. 1.1).  The most important result from 

this section is that material dependencies not considered, namely material pile-

up and sink-in at the contact periphery, in existing indentation cracking models 

play a considerable role in crack extension and morphology.  The lack of a 

general crack morphology as observed by Cook and Pharr was confirmed and 

can be attributed to the transition in deformation mode. 

Chapters V and VI attempt to correlate the observations and data from the 

Vickers indentation cracking simulations with stress intensity factor solutions [40].  

Median type cracking is approximated with a rigid wedge stress intensity factor 

solution in Chapter V, where the driving force arises from elastic resistance to the 

expansion of the wedge.  Chapter VI utilizes a stress-based stress intensity 

factor solution to describe Palmqvist type cracking where elastic effects are 

minimal and plasticity dominates.  The solutions are not meant to be strict 
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analytical derivations of indentation stress intensity factors, but take advantage of 

new observations of indentation cracking derived from the simulations. 

Finally, Chapter VII moves away from examining the effect of material 

properties and evaluates the influence of indenter geometry on indentation 

cracking.  Cohesive zone finite element simulations of the Berkovich indenter, an 

indenter having a triangular base as opposed to the square base of the Vickers 

indenter, are used to explain observations by Harding [22] and Dukino and Swain 

[41], wherein Berkovich indentation gives rise to longer cracks than Vickers 

indentation at the same load for a given material.  It is also shown that indenter 

geometry can be tailored to force a specific indentation cracking response, which 

in turn allows for greater accuracy in measuring fracture toughness. 

Ultimately, this dissertation provides evidence as to why existing 

indentation crack models are not well suited to measuring fracture toughness in 

all cases.  New formulas derived from physical observations from the finite 

element simulations for calculating fracture toughness that are not dependent on 

assumptions of material behavior are introduced and shown to more accurately 

measure fracture toughness over a wider range of materials than the LEM model 

and other models of indentation cracking. 
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Figure 1.1. The various crack geometries observed during 
indentation with the Vickers pyramidal indenter. 
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Figure 1.2. Median crack in glass beneath a Vickers indenter 
showing crack development: (a) during loading, (b) at maximum load, 
(c) partially unloaded, and (d) after complete removal of load.  The 
crack is visible at the surface only during the unloading portion of the 
cycle. 
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Figure 1.3. Harding‟s indentation fracture toughness measurements 
compared to standard fracture toughness tests for a number of 
ceramic materials. 
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Figure 1.4. Half-Penny crack geometry observed in cohesive finite 
element simulations of Vickers indentation cracking.  Notice the 
similarities in loaded and unloaded crack geometries between the 
simulations and the experimental results in Fig. 1.2. 
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CHAPTER II 
 

AN EVALUATION OF THE ADVANTAGES AND LIMITATIONS IN 
SIMULATING INDENTATION CRACKING WITH COHESIVE ZONE 

FINITE ELEMENTS 
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Abstract 

 A cohesive zone model is applied to a finite element scheme to simulate 

indentation cracking in brittle materials.  Limitations of using the cohesive zone 

model to study indentation cracking are determined from simulations of a 

standard fracture toughness specimen and a two-dimensional indentation 

cracking problem wherein the morphology of the crack and the geometry of the 

indenter are simplified.  It is found that the principles of linear-elastic fracture 

mechanics are valid for cracks that are long in comparison to the size of the 

cohesive zone.  Vickers and Berkovich pyramidal indentation crack morphologies 

(3D) are also investigated and found to be controlled by the ratio of elastic 

modulus to yield strength (E/Y), with median type cracking dominating at low 

ratios (e.g., E/Y=10) and Palmqvist type cracking at higher ratios (e.g., E/Y=100).  

The results show that cohesive finite element simulations of indentation cracking 

can indeed be used to critically examine the complex relationships between 

crack morphology, material properties, indenter geometry, and indentation test 

measurements, provided the crack length is long in comparison to the cohesive 

zone size. 
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2.1.  Introduction 

 Indentation testing provides a means to assess the mechanical properties 

of a material when standard testing techniques may not be applicable, e.g., a 

limited volume of material or when high spatial resolution is required.  The 

number of mechanical properties that can be measured (elastic modulus, 

hardness, residual stress, etc.), combined with the ease-of-use and availability of 

indentation testing equipment, has made indentation testing ubiquitous [1-4].  

However, closed-form analyses of indentation contact are usually possible only 

when the contact is elastic [5-9].  Elastic-plastic loading conditions require 

models that relate material properties to measured loads and displacements [1, 

10, 11], and because of test complexities and assumptions inherent to such 

models, it is often difficult to know when the results from an indentation test are 

accurately representative of the mechanical properties of the material [12-14]. 

 Numerical approximations, e.g., finite element techniques, have proven to 

be an integral part of understanding the physical processes involved during 

elastic-plastic indentation and their relationship to material properties [15, 16].  In 

addition, results from numerical simulations have both identified the limits of 

applicability and extended the accuracy of models used for property estimation 

[17].  A natural progression in the understanding of indentation testing would be 

to extend elastic-plastic numerical simulations to include more complicated 

physical processes, such as cracking, in order to critically examine models that 

relate indentation test results to material properties like fracture toughness [18, 

19]. 

 Indentation cracking in brittle materials occurs during both the loading and 

unloading of the indenter due to the compressive and tensile stress states 

associated with elastic-plastic indentation testing [7, 20, 21].  The morphology 

and size of such cracks is dependent on material properties, indenter geometry, 

and the applied indentation load.  For example, the median/radial crack system is 

often observed during indentation with the Vickers, Berkovich, and cube corner 

pyramidal indenters.  While median dominated cracking is observed in materials 
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such as glasses, radial or Palmqvist dominated cracking is seen in others such 

as tungsten carbide [22, 23].  Thus, relating indentation crack length 

measurements to fracture toughness is further complicated by a lack of 

knowledge of the general behavior in crack development from material to 

material [20].  It is complexities like these that limit the accuracy and applicability 

of current indentation methods to measuring toughness. Thus, numerical 

techniques for solving cracking problems can help to provide an understanding of 

the physical processes controlling indentation cracking and improve modeling 

capabilities [24]. 

 The cohesive zone model, a traction-separation based constitutive 

behavior that is often used as a phenomenological representation of crack-tip 

processes, has been successfully used to model crack growth in numerical 

simulations for various test configurations including standard fracture toughness 

samples as well as indentation testing [25-28].  A common theme emerging from 

the use of the cohesive zone model is the importance of the size of the cohesive 

zone with respect to the crack length and loading conditions [29].  The primary 

purpose of this work is to explore the utility of cohesive zone modeling in 

indentation fracture, and to examine the advantages and limitations of its use in 

the measurement of fracture toughness by indentation cracking methods. In a 

parallel work [30], we investigated the relationship between crack size and 

material parameters under four-sided pyramidal indentations. Because of the 

computational expense in these three-dimensional problems, we experienced 

limitations when trying to ensure a very small cohesive zone size. A systematic 

investigation along this line, as well as the crack initiation problem when the 

cohesive zone size plays a critical role, is easier to understand in two-

dimensional simulations, which is the primary focus here.  

 We begin the development with a continuum description of indentation 

cracking and the relationship between material properties, indentation geometry, 

and the cohesive zone model with an emphasis on the effect of the cohesive 

zone size on the observed results.  A robust finite element procedure that 
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includes median/radial cracking in indentation simulations is then developed by 

applying the cohesive zone model.  Simulations of cracking during the loading of 

elastic-plastic materials with a 2D wedge, Vickers, and Berkovich indenter 

geometries are carried out and used to explore the differences between 

median/radial cracking and Palmqvist cracking and how they can be explained by 

differences in material properties and indenter geometry.  The intent of this work 

is not to develop relationships between indentation data and material properties, 

but to examine the applicability and limitations of the cohesive zone model in 

simulating indentation cracking in brittle materials.  Follow on papers will apply 

the methods to indentation with conical and pyramidal indenters.  The three 

specific items addressed herein are:   

(1) to critically examine the conditions under which cohesive zone 

modeling can be used to accurately simulate indentation cracking. 

(2) to examine the relationship between applied indentation load and 

crack development as a 2D crack is nucleated and progresses into 

a long crack. 

(3) to assess whether the methods properly predict the cracking 

behavior in 3D with pyramidal indenters. 

2.2.  A Continuum View of Indentation Cracking 

 For simplicity, we begin with a development of the physical mechanisms 

underlying crack nucleation and subsequent growth during indentation with a 

rigid two-dimensional (2D) wedge indenter in a brittle, isotropic elastic-perfectly 

plastic material.  Developing these ideas for the 2D wedge eliminates the need to 

visualize the complicated geometry of pyramidal indentation cracking.  In 

addition, we focus solely on the median/radial crack geometry, with the 

assumption that cracks grow on specific planes perpendicular to the material 

surface and aligned with the sharp indenter edges, as observed in experiments.  

Such planes are also associated with the location of the maximum tensile stress 

(discussed below).  In 2D, the median/radial crack geometry becomes a 2D 

through-crack, further simplifying the indentation cracking description.  The 
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development, illustrated schematically in Fig. 2.1, involves several sequential 

processes: elastic-plastic indentation without cracking followed by stable flaw 

formation, and ending with the steady-state crack geometry.  During this process, 

the geometry evolves from a geometrically self-similar contact to one where the 

crack length and contact size scale with different dependencies on the applied 

load. 

 First, we consider indentation without cracking, as seen in Fig. 2.1a, such 

that the only relevant length scale is the size of the contact.  Indentation in 

elastic-perfectly plastic materials with wedge, conical, and pyramidal indenters 

results in geometrically self-similar contact, i.e., the state of stress and strain is 

independent of the size of the indentation.  For an isotropic, elastic-perfectly 

plastic material, the resulting indentation stress state is only a function of the 

indenter geometry, the elastic modulus, E, Poisson‟s ratio, ν, and yield strength, 

Y.  The hardness, H, of the material is defined by the applied load, P, and the 

projected contact dimension, a, and is given by: 

.
2a

P
H   (2.1) 

 For 2D problems, the applied load has units of force/length and scales 

with the projected contact dimension such that the hardness is a constant for the 

geometrically self-similar indent.  There are then two elements pertinent to the 

indentation cracking problem associated with the indentation conditions: (1) the 

state of stress and strain is fixed from the onset of indentation, and (2) the 

magnitudes of the stresses and strains are limited by the yield strength of the 

material and decay away from the contact.  The maximum tensile stress is 

located at the elastic-plastic boundary on the indentation axis and has a 

magnitude less than the yield strength of the material, usually on the order of Y/2 

or less [9]. 

 Now consider the formation of a stable flaw within the context of the 

geometrically similar indentation, as pictured in Fig. 2.1b.  Crack initiation and 

stable crack propagation will only occur when the flaw size is commensurate with 
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the local stresses generated by the indentation geometry such that the stress 

intensity factor acting on the flaw is equal to the critical stress intensity factor of 

the brittle material.  In the elastic-plastic continuum picture, this flaw cannot be 

generated at the theoretical strength because plasticity limits the magnitude of 

the maximum tensile stress to stresses well below this value.  There are then two 

ways by which this critical flaw size can be achieved:  (1) a pre-existing 

distribution of flaw sizes exists in the material, so that as the indentation size 

increases with increasing load, a flaw of appropriate size and orientation is 

encountered; or (2) material-specific physical processes caused by plastic 

deformation during indentation are responsible for the creation and growth of a 

flaw until it has reached the critical size needed for brittle crack extension, e.g., 

the mechanism proposed by Hagan and Swain [31] where the intersection of slip 

bands generates a stress concentration sufficient to nucleate a crack.  In either 

case, the critical flaw is not necessarily present in the highly stressed zone near 

the indenter tip at the instance of first contact, and a finite load is required to 

initiate the crack.  This so-called “threshold load” is a function of the elastic-

plastic and fracture properties of the material.  Lawn and Evans [32] derived a 

relationship between the critical flaw size, c*, hardness, and fracture toughness, 

KIc, as: 

.
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c Ic  (2.2) 

Since this critical flaw size scales as the square of the ratio of the fracture 

toughness to the hardness (or yield strength), it represents an additional length 

scale in the problem that plays an important role in simulating indentation fracture 

with cohesive zone concepts. 

 With the initiation of a critical flaw, the indentation crack increases in size 

with increasing load, as seen in Figs. 2.1c and 2.1d. With the onset of cracking, 

there is a loss of geometric similarity, i.e., the contact dimension and crack length 

scale differently with load; however the contact size continues to scale with 

hardness.  Initially, in the short crack regime, the crack process zone is a 
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significant fraction of the crack length and the crack tip process zone dominates 

the criteria for crack extension (Fig. 2.1c).  A steady-state crack geometry, i.e., 

the state at which crack lengths and indenter loads are related through linear-

elastic fracture mechanics (LEFM), occurs only when the size of the crack tip 

process zone is insignificant when compared to the total crack geometry (Fig. 

2.1d).  Process zone remnants during the initial stable flaw formation are closed 

by the advancing plastic zone in the steady-state regime, and depending on the 

size of the contact, the compressive stresses in the plastic zone can also close 

previously cracked material (Fig. 2.1d). Fracture processes are often irreversible 

so crack healing is not permitted. The steady-state indentation crack grows into a 

decreasing stress field in an infinite half-space with a driving force that is 

proportional to the indenter load, because of geometric similarity, such that the 

stress intensity factor has a similar form to that of a crack loaded with a point-

force at the mouth [33-35]: 

.
c

P
K I   (2.3) 

 The exact relationship between the stress intensity factor, the applied 

load, and the crack length has not yet been solved for the case of 2D wedge 

elastic-perfectly plastic indentation due to the complexity of relating the crack 

driving force to material and indenter properties.  Unloading of the indenter can, 

in principle, cause further crack growth as the compressive stresses in the elastic 

field are reduced.  This growth is driven by the residual stresses produced by 

formation of the plastic zone. 

 

2.3.  The Cohesive Zone Model 

 Cohesive zone models have been successfully used to simulate crack-tip 

processes and crack growth for a wide arrange of material behaviors and loading 

conditions [27].  The cohesive zone model uses a traction-separation constitutive 

relationship that is a phenomenological description of the crack-tip processes 

involved in energy dissipation during crack growth.  For the assumed brittle 
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cracking behavior herein, the length scale associated with crack-tip processes 

needs to be minimized in order to maintain consistency with LEFM concepts.  

Here, we describe the constitutive behavior of the cohesive zone model with a 

focus on the size of the process zone in relationship to the crack length.  Note 

also that the terms “cohesive zone” and “process zone” are used interchangeably 

since they both describe the zone in which energy is dissipated at the crack-tip 

during crack extension. 

 We adopt a bi-linear traction separation relationship, as illustrated in Fig. 

2.2a and only account for mode I loading conditions, fully noting that cohesive 

zones are able to take on many forms and can be used to describe mixed-mode 

constitutive behavior [36].  Crack separations or crack opening displacements, δ, 

are elastic upon initial separation and are linearly related to the normal stress, σ, 

needed to cause the separation through the parameter S (a measure of elastic 

stiffness), while negative separations are not allowed in the cohesive zone 

model.  Crack separations beyond the point at which the stress is equal to the 

maximum cohesive strength, σc, cause permanent damage, and the cohesive 

strength decreases as further separations occur up to a critical cohesive 

displacement, δc, after which all stresses are taken to be traction-free.  The 

constitutive behavior does not allow for the healing of cracks.  The fracture 

energy, G, during the separation process is given by the area beneath the 

traction-separation curve: 

.
2

1
ccG   (2.4) 

It is evident from Fig. 2.2a that a length scale is automatically added to the 

problem in the form of a critical separation for complete decohesion, δc.  

However, the relevant length scale to be considered is the physical size of the 

cohesive zone at the tip of a crack, which is typically much greater than the 

magnitude of the critical separation [29]. 

 Now consider a far-field loaded crack with a crack tip that is bridged by a 

process zone, as pictured in Fig. 2.2b of a magnified view of a crack-tip in a 
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center-cracked tension (CCT) specimen.  The stresses to the left of the process 

zone must be elastic and increase as the crack opening displacements increase 

at the mouth of the crack.  In the crack to the right of the process zone, stresses 

must be traction-free.  The length of the process zone, ρ, is defined from the 

portion of the crack that is between these two regions and in which the stresses 

vary from zero to the maximum cohesive strength.  We choose here to define the 

crack length, c, as the length of the traction-free zone, noting that the definition of 

the crack length is relatively arbitrary as one could choose the crack length to 

include the cohesive zone length (e.g., Irwin‟s plastic zone correction [33]).  This 

has a negligible effect on the results presented here. 

 In applying the cohesive zone model, we assume that the mode I plane-

strain fracture toughness, KIc, is determined by brittle fracture processes such 

that the critical energy release rate is equal to the energy release rate in the 

cohesive zone, i.e., energy dissipative processes outside of the cohesive zone 

model do not influence fracture toughness. Of course for a ductile material, the 

plastic zone developed at the crack tip will influence fracture toughness. Crack 

extension occurs when the strain energy released is equal to the critical strain 

energy release rate, Gc, which, according to LEFM, is related to KIc and the 

plane-strain elastic modulus, E’=E/(1-ν2), by: 

.'EGK cIc   (2.5) 

 The size of the process zone is dependent on the far-field loading 

conditions that determine the crack opening displacements, the fracture 

toughness of the material, and the maximum cohesive strength in the cohesive 

zone model.  A common way to estimate the size of the process zone, ρ, is 

ρ=Eδc/σc.  This follows from the work of Dugdale [33], who found that the size of 

the process zone, ρ, in a CCT specimen with a cohesive strength of σc can be 

estimated by: 
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Elastic-plastic materials cannot support stress singularities, and therefore the 

maximum cohesive strength is finite resulting in a finite cohesive zone size.  The 

size of the process zone relative to the crack length would then place a limit on 

the application of LEFM solutions when cohesive zone models are used to 

simulate brittle fracture problems.  It is apparent from Eq. 2.6 that maximizing the 

critical cohesive strength minimizes the size of the process zone and thus 

minimizes the size effect. 

 

2.4.  Indentation Cracking and Cohesive Zone Models 

 We now consider the interplay between the elastic-perfectly plastic 

indentation stress field described in section 2.2 and the constitutive behavior of 

the cohesive zone model described in section 2.3.  For elastic-plastic indentation, 

the tensile stresses on the crack plane are limited by plastic deformation to be no 

more than approximately the yield strength of the material.  Thus, cracks must 

form either from a pre-existing flaw or be generated by plastic deformation 

processes, neither of which is explicitly included in the modeling approach.  

Thus, initial crack formation in the simulations performed here cannot accurately 

describe real crack nucleation processes during indentation, and the initial stages 

of cracking in the simulations are not meaningful.  However, once the crack is 

well formed and its behavior is dominated by crack propagation mechanisms 

rather than crack formation mechanisms, the cohesive zone model does provide 

an accurate description provided the energetics of crack propagation are 

appropriately modeled.  Specifically, the area under the traction-separation curve 

must be consistent with the fracture toughness of the material.  In this case, the 

propagation behavior is not sensitive to the specific values used for the cohesive 

zone strength and maximum opening separation [30]. 

 These observations lead to the conclusion that the relationship between 

indenter loads, fracture toughness, and crack lengths must be made when the 

influence of the cohesive zone is minimized, i.e., in the limit of long crack lengths 

with respect to the cohesive zone size. 
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2.5.  Finite Element Modeling 

 The finite element (FE) software package ABAQUS/Standard [37] was 

used to develop a robust procedure to apply the cohesive zone concepts 

described in the previous sections to critically examine indentation cracking.  

Three separate loading geometries were examined.  First, a model of a CCT 

fracture toughness specimen was developed to identify the limitations of 

cohesive zone finite elements.  Second, with an appreciation for the effects of 

cohesive zones on crack growth from the CCT simulations, 2D wedge 

indentation was examined to show how cohesive elements can be used to 

describe the indentation cracking problem.  Finally, a limited number of 3D FE 

simulations of Vickers and Berkovich indentation cracking were undertaken to 

compare to experimental observations from the literature. 

 ABAQUS bi-linear traction-separation based cohesive elements 

(COH2D4) were employed in all simulations, obviating the need for user-defined 

materials or elements.  A MAXS criterion was used for the onset of debonding, 

and an input energy was used for crack nucleation.  Such elements, with an 

initial separation of zero, were placed on planes of prospective crack growth, 

specifically, planes that contain the maximum tensile stress corresponding to the 

sharp edges of the indenter.  Cracks were allowed to grow to the shape and 

length dictated by the material properties and loading conditions, but were 

constrained to remain within the defined crack plane. 

 The cohesive element constitutive behavior was prescribed by four 

material properties:  the mode-I critical energy release rate, the maximum 

cohesive strength, the initial stiffness, and the viscosity.  Definitions, descriptions, 

and selection of each property can be found in the ABAQUS documentation [37].  

The critical energy release rate determines the area beneath the traction-

separation curve and is related to fracture toughness through LEFM (Eq. 2.5).  

The maximum cohesive strength was set equal to ~Y/6 since the maximum 

tensile stress observed at the elastic-plastic boundary for a given material and 

loading condition was typically ~Y/5.  Note that a choice of the theoretical atomic 
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debonding strength as the cohesive strength will not lead to crack initiation or 

growth because the stresses near the crack tip are severely limited by plasticity.  

Both the mode II and III strain energy release rates and maximum cohesive 

(shear) strengths were set well above the mode I parameters so that these 

modes had no influence on the problem.  The values used for material properties 

in the simulations have been summarized in Table I. 

 Both the initial stiffness, S, the property relating the elastic crack opening 

displacements and stresses, and viscosity, a parameter that forces a positive 

tangent stiffness matrix during stiffness degradation [37], are phenomenological 

parameters that facilitate convergence in the FE method when using cohesive 

elements and may introduce undesirable artifacts.  Gao and Bower [38] provided 

a detailed explanation of the use of viscous regularization with the cohesive zone 

model (note that the simulations utilized the default ABAQUS viscous 

regularization technique and not the one proposed by Gao and Bower).  The 

initial stiffness introduces an artificial compliance into the problem because the 

cohesive element separates elastically before reaching the maximum cohesive 

strength, adding displacements that would not occur in the absence of the 

cohesive element.  Thus, an infinite initial stiffness is ideally what is needed to 

minimize the additional compliance.  However, the FE simulation will not 

converge unless a finite value is employed due to the discontinuity between the 

initial separation and the maximum cohesive strength.  Based on the results of 

Gao and Bower [38] and over the course of developing the FE simulations, it was 

found that an initial stiffness set two orders of magnitude greater than the elastic 

modulus (ABAQUS assigns a fictitious finite thickness to the cohesive elements 

in order to define the initial stiffness in units of elastic moduli [37]) combined with 

a viscosity parameter of 1x10-6 (units of 1/time) and time increments of 0.001 for 

a total step time of 1.000 resulted in compliances that deviated less than 1% from 

the ideal compliance.   

 Three separate sets of FE simulations were undertaken.  First, a 2D 

elastically isotropic CCT specimen having an initial crack length of 2c loaded by a 
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uniform tensile stress, σ, was modeled in order to quantify possible cohesive 

zone size effects on crack growth.  The quarter-symmetry model consisted of 

41000 elements (CPE4), meshed such that the elements were concentrated at 

the crack tip and along the crack path.  Details of the overall mesh and refined 

region have been provided in Fig. 2.3a and Fig. 2.3b respectively.  Symmetric 

boundary conditions were applied to the top and left side surfaces, while a 

displacement control boundary condition was applied to the right surface where 

the loads are applied.  The crack was constrained to reside entirely within the 

refined region of the mesh.  The fracture toughness was held constant while the 

cohesive strength was varied, effectively changing the size of the cohesive zone.  

Both the size of the cohesive zone and the critical stress for crack extension 

were measured as a function of the maximum cohesive strength.  The critical 

stress was then used to calculate an apparent fracture toughness that was 

compared to the input value. 

 Second, a 2D model of an isotropic elastic-perfectly plastic half-space 

indented with a rigid wedge with a centerline-to-face angle of 60o was modeled.  

The purpose of the 2D wedge model was to simplify the indentation and crack 

geometries by eliminating edge/face effects and median/radial behavior in 3D 

cases.  The half-symmetry model consisting of 41000 elements (CPE4) was 

meshed such that a higher density of elements was found near the contact and 

along the prospective crack path.  A single crack plane was placed on the 

indentation axis, perpendicular to the surface of the material.    The same mesh 

as the CCT mesh shown in Fig. 2.3 was used in the 2D wedge simulations. The 

indenter was driven into the material vertically downward along the axis of 

symmetry with the crack forming on the same plane.  No crack was included at 

the beginning of the simulations; rather, the crack was allowed to form according 

to the conditions dictated by the traction-separation law.  A symmetric boundary 

condition was used on the left side while the bottom of the model was fixed (see 

Fig. 2.3).  Displacement controlled boundary conditions were applied to the rigid 

indenter, which was only free to move in the indentation direction.  Frictionless 
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contact was assumed between the indenter and the contact surface.  In these 

simulations, all material properties except the yield strength were held constant.  

Loads and crack lengths were measured to see if the behavior was consistent 

with LEFM concepts of a crack growing into a decaying stress field. 

 Finally, a limited number of3D models of rigid pyramidal indenters 

indenting an isotropic elastic-perfectly plastic half-space were simulated in light of 

the results from the CCT and 2D wedge simulations.  Crack planes were placed 

perpendicular to the free surface and aligned with the edges of the indenter.  In 

addition, a second group of crack planes was placed on planes perpendicular to 

the center of the faces in order to see if cracking would occur there.  The 

symmetry of the indenters was used to minimize the number of elements 

required in the simulation.  Eight-fold and six-fold symmetries were used for the 

four-sided (Vickers) and three-sided (Berkovich) models, respectively.  More than 

60,000 full integration elements (C3D6 and C3D8) were employed with the mesh 

being denser near the contact and prospective crack paths.  Isometric and top-

down views of the six-fold symmetry Berkovich indentation mesh are provided in 

Fig. 2.4a and Fig. 2.4b respectively.  Symmetric boundary conditions were 

applied to both sides of the model while the bottom was held fixed.  

Displacement control boundary conditions were applied to the rigid indenter, 

which was only free to move in the indentation direction.  Frictionless contact was 

assumed between the indenter and the upper surface.  A similar mesh with eight-

fold symmetry was used in the case of the Vickers indentation simulations.  The 

goal of the 3D pyramidal indentation was to observe crack morphologies as a 

function of material properties, and to that end the assumed fracture toughness 

was held constant while the yield strength was varied.  Results are presented in 

terms of crack geometry as a function of applied load. 
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2.6.  Results and Discussion 

 Results from the FE simulation of a brittle, elastic CCT specimen (E=100 

GPa, ν=0.25, KIc=1.46 MPa m1/2) are shown in Fig. 2.5 with a focus on the 

geometry of the process zone with respect to the far-field tensile stress.  

Assumed cohesive strengths ranged from 0.4 GPa to 2.0 GPa, effectively 

changing the size of the process zone (Eq. 2.6).  The CCT geometry under an 

applied stress, σapp, is shown in Fig. 2.5a with the crack opening displacements 

exaggerated for display purposes.  A magnified view of the stresses inside the 

process zone is presented in Fig. 2.5b.  The separations inside the process zone 

are unique to the loading condition.  Here, we choose to define the size of the 

process zone as the distance measured from the point at which the cohesive 

elements are traction free to the point where irreversible deformation begins (i.e., 

separations greater than the separation at the maximum cohesive strength).  

Process zone sizes, plotted in Fig. 2.5c as a function of the applied tensile stress, 

were found to be in excellent agreement with Dugdale‟s prediction from Eq. 2.6. 

 A traction-separation profile for a single cohesive element in the CCT 

simulation is shown in Fig. 2.6.  The results exhibit a good match between the 

input and output constitutive behavior, i.e., the use of viscous regularization did 

not result in an overloading of the cohesive element.  A similar traction-

separation profile has been supplied in the case of the 2D wedge simulation in 

Fig. 2.6 for convenience.  While the behavior of only one element has been 

shown, inspection of other cohesive elements showed similar results.  The area 

beneath the initial rise in the traction-separation curve is ~1% of the debonding 

area in both types of simulations, an important result that ensures the compliance 

of the model is minimally affected by the addition of cohesive elements. 

 Failure by unstable crack growth occurred in the CCT FE simulations 

when the applied stress satisfied the conditions for crack growth in the cohesive 

zone model.  The applied stress at failure, 
*

app , did not necessarily occur when 

the stress intensity factor reached the input fracture toughness, 
input

IcK (calculated 
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from Eq. 2.5), since we are dealing with a cohesive crack instead of an ideal 

Griffith crack.  It was observed that the applied stress at failure decreased as the 

size of the process zone increased.  In order to quantitatively describe the effect 

of the process zone on crack extension, an apparent fracture toughness, 
app

IcK , 

was calculated from the stress intensity factor solution for a CCT specimen: 

.* cK app

app

Ic   (2.7) 

 The resulting effect of the size of the process zone on fracture toughness 

is shown in Fig. 2.7, with the resulting apparent fracture toughness from the CCT 

specimen plotted as a function of the size of the process zone, ρ, relative to the 

crack length, c.  The apparent fracture toughness was found to be consistently 

lower than the input fracture toughness, and the discrepancy increased with 

increasing size of the process zone.  Only when the size of the process zone 

tends toward zero does the apparent fracture toughness approach the input 

value.  Dugdale, in a similar manner to Irwin‟s plastic zone correction, corrected 

the CCT fracture toughness solution by adding the size of the process zone to 

the length of the crack, that is: 
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Here, the size of the process zone from Eq. 2.6 has been combined with Eq. 2.7.  

Dugdale‟s correction to the apparent fracture toughness from the FE simulation is 

plotted in Fig. 2.7 along with the uncorrected data.  Clearly, the use of Eq. 2.8 

results in an apparent fracture toughness nearly the same as the input fracture 

toughness (within computation accuracy).  It should be noted, however, that 

Dugdale‟s correction applies to the CCT geometry only, and no such simple 

representations can be easily found for different loading conditions and 

geometries. 

 The results of the CCT simulations have two important ramifications for 

indentation cracking simulations with the cohesive zone model.  First, accurate 

determination of the relationship between material properties, indenter geometry, 



 

 38 

applied load, and crack length must be made under the condition that the size of 

process zone is insignificant relative to the size of the crack.  Inasmuch as the 

behavior in Fig. 2.7 is general to all cohesive zone simulations, the apparent 

fracture toughness is within ~95% of the input fracture toughness when the size 

of the process zone is less than ~10% of the size of the crack.  Second, because 

the indentation crack starts from zero length in the simulations, the process zone 

size and crack length require a finite load to develop into a steady-state geometry 

(see Fig. 2.1d).  The initial crack sizes and geometries upon first contact (i.e., the 

flaw formation regime in Fig. 2.1b) are not only dependent on the input fracture 

toughness, but also on the parameters of the cohesive zone model along with the 

local stress state.  The length scale represented by the parameter (KIc/σc)
2 in 

comparison to the crack length will determine whether valid connections between 

model results and input material properties are determined.  Clearly, Eq. 2.8 

reduces to the LEFM solution in the limit that this length scale is small relative to 

the crack length. 

 FE Simulation results for a 60o rigid 2D wedge indenting an elastic-

perfectly plastic material with an modulus to yield strength ratio (E/Y) of 20, a 

fracture toughness of 1.41 MPa m1/2, and a σc/Y of 0.15, properties similar to 

many ceramic-like materials, are shown in Fig. 2.8.  The resulting deformation 

geometry, plastic zone, and crack length as a function of applied load (load here 

refers to a force per unit area in 2D) are all shown.  Figures 2.8a-d correspond to 

the elastic-plastic, stable flaw formation, short crack, and steady-state regimes, 

respectively (see section 2, Fig. 2.1).  The magnitude and location of the 

maximum tensile stress in the crack opening direction are shown in Fig. 2.8a.  

Ignoring numerical artifacts at very small displacements when only a few 

elements are in contact, there are initially two competing processes acting at the 

elastic-plastic boundary that determine when the crack first initiates (i.e., when 

the first cohesive element becomes traction free).  The constant tensile stress at 

the elastic-plastic boundary acts as a separating mechanism; however, stresses 

inside the plastic zone are compressive and act as a closing mechanism (the 
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cohesive elements do not “heal” but they can close).  While separation of 

cohesive elements begins immediately, successive displacements of the indenter 

increase the size of the plastic zone and close the cohesive elements just inside 

the plastic zone.  The opening of cohesive elements at the elastic-plastic 

boundary scales with the indenter displacement due to geometric similarity, or 

equivalently, from a dimensional argument. Thus, it is eventually large enough to 

initiate a crack.  Once a crack is initiated, the increase in crack length is greater 

than the increase in the size of the plastic zone for a given increase in applied 

load.  However, the plastic zone continues to close the crack at the end near the 

surface.  Additionally, the size of the process zone, initially zero, plateaus as the 

crack tip moves away from the plastic zone and becomes a smaller and smaller 

fraction of the crack length.  The observations from the 2D FE simulation help to 

show that the crack initiation process is not a function of fracture toughness, but 

rather strongly depends on the critical cohesive strength and the traction-free 

separation, which are probably not representative of the real physical 

mechanisms by which a crack nucleates. 

 Adding the constant of proportionality to Eq. 2.3 and taking the derivative 

of the square-root of the crack length with respect to load, the 2D wedge 

indentation crack should stably increase with applied load if the assumptions of 

LEFM are met according to: 

,
IcKdP

cd 
  (2.9) 

where α is a scaling factor (unknown in the case of 2D wedge indentation) that 

depends on the relationship between material properties, the applied load, P, and 

the crack driving force. While the indenter load, acting in a direction parallel to 

the crack growth direction, is not the crack driving force, the crack driving forces 

must scale with the applied load.  The square-root of the crack length as a 

function of load is plotted in Fig. 2.9 for two materials with E/Y ratios of 20 and 33 

(E=100 GPa, ν=0.25, KIc=1.41 MPa m1/2, σc=1 GPa).  The locations of the four 

regimes in Fig. 2.5 are highlighted for the E/Y=20 curve.  In both materials, once 
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the threshold load for cracking has been reached, the initial rate at which the 

crack grows is large, but slowly decreases until a steady-state is achieved and 

the rate of increase of the square-root of crack length is linear with load.  This is 

consistent with Eq. 2.9 and the CCT observations that the apparent fracture 

toughness increases as the ratio of the crack length to process zone increases 

until finally converging to the input toughness.  The size of the process zone in 

the 2D wedge simulations was ~0.7 μm, which is slightly greater than the 

Dugdale prediction of ~0.4 μm (Eq. 2.6).  Unloading of the indenter did not 

produce further crack growth in the case of the 2D wedge. 

 The data in Fig. 2.9 fits well to a linear fit in the long crack regime showing 

that the 2D wedge crack has reached a steady-state geometry that can be 

described by LEFM (Eq. 2.9).  The values of α/KIc from the fits were found to be 

~0.24 µm3/2 mN-1 and ~0.45 µm3/2 mN-1 for E/Y ratios of 20 and 33 respectively, 

showing a clear dependence on the elastic-plastic properties of the material, 

where more plastic-like materials (e.g., E/Y=33) create a larger driving force for 

crack growth.  Unfortunately, there is no fracture mechanics solution for the 2D 

wedge indentation crack problem and therefore the predicted values of α are 

unknown.  In addition, 2D contact problems suffer from calculation cell size 

dependencies that may affect the magnitude of α because of the logarithmic 

decay of the remote stress fields [6].  That being said, Eq. 2.9 appears to be a 

valid description of the indentation crack problem in the limit of large crack to 

process zone size ratios, consistent with the observations from the CCT 

specimen.  The results represented in Fig. 2.9 can be used to critically examine 

indentation cracking models in 2D as described in more detail in Chapter III. 

 3D pyramidal indentation during loading and unloading was simulated to: 

(1) examine the difference between the Vickers (4-sided) and Berkovich (3-sided) 

indenter geometries, (2) rationalize the difference between median/radial and 

Palmqvist type cracking, and (3) confirm that the simulation results are consistent 

with experimental observations.  Results are presented for two brittle, elastic-

perfectly plastic materials (E=100 GPa, ν=0.25, KIc=1.41 MPa m1/2, σc=0.3 GPa), 
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the only difference being the ratio of elastic modulus to yield strength, namely 

E/Y=10 and E/Y=100.  The two materials can be thought of as representing the 

elastic-plastic limits of ceramic-like materials, i.e., deformation will be dominated 

by elasticity in the E/Y=10 material, while the E/Y=100 material will be more 

metallic-like with a greater degree of plasticity.  The authors refer readers to 

Tabor‟s seminal book on indentation hardness [4] for more detailed discussion on 

the influence of material properties on indentation behavior. 

 Vickers indentation crack morphologies as a function of load are shown in 

Fig. 2.10.  Of the crack planes considered in the model, only those aligned with 

the indenter edges produced cracks, as seen in Fig. 2.10a.  Figure 2.10b shows 

the resulting crack geometry of one such plane as a function of load for the 

E/Y=10 material.  At all times during loading, median cracking dominates the 

crack geometry, and this is maintained up to the maximum load.  Upon 

unloading, the median crack extends radially at the surface forming the classic 

half-penny morphology.  Vickers indentation crack geometries in the E/Y=100 

material are shown in Fig. 2.10c.  In contrast to the results from the E/Y=10 

material, cracking begins near the surface at the indenter edges to produce 

surface oriented Palmqvist type cracks.  Further loading causes the crack to 

extend downward into the material but avoiding the compressive stresses inside 

the plastic zone.  Upon unloading, the crack again extends radially at the surface 

producing half-penny cracks aligned with the four edges of the Vickers indenter. 

The observed differences in crack geometries between the two materials can be 

rationalized from the transition of the maximum tensile stress from a position on 

the axis of indentation in the E/Y=10 material to a position near the surface in the 

E/Y=100 material.  This transition is associated with an increase in plasticity at 

the surface region for larger values of E/Y. 

 Berkovich indentation cracking morphologies as a function of load are 

presented in Fig. 2.11.  As with the Vickers indenter, cracking only occurred on 

planes aligned with the edges of the Berkovich indenter as seen in Fig. 2.11a.  

The crack geometries observed at the maximum load, and upon unloading are 
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shown in Figs. 2.11b and 2.11c for the E/Y=10 and E/Y=100 materials, 

respectively.  The results are consistent with the observations from the Vickers 

indenter with one caveat:  cracks do not propagate to the face side of the 

indenter, ultimately leading to a configuration of three quarter-penny cracks 

aligned with the three edges of the indenter.  The consistency with the Vickers 

indenter can be understood from the equivalent depth-to-projected areas of the 

two indenters (i.e., the indentation strains are similar) and thus similar 

deformation behavior.  In other words, the two indenters have equivalent cone 

angles, and the indentation strain is determined from the ratio of E/Y and the 

indenter angle [6]. 

 The lack of face-side cracking in the Berkovich indenter simulations can 

be understood from the symmetry of the indenter.  Three independent cracks 

intersect at the axis of the indentation and therefore cannot propagate through to 

the face of the indenter.  Also, because of the symmetry imposed in the FE 

simulations, each of the three cracks form in a symmetric manner such that one 

crack cannot preferentially grow at the expense of others.  In experiments, one 

crack could preferentially form first and thus break the symmetry allowing for 

propagation to the face side.  In order to show that face-side cracking can exist, 

crack geometries of Berkovich indents where only one edge plane (and one face 

plane) was allowed to crack are shown in Fig. 2.12.  As in Fig. 2.11, the E/Y=10 

material, seen in Fig. 2.12a, is dominated by median cracking on loading and the 

E/Y=100 material, seen in Fig. 2.12b, has components of Palmqvist cracking on 

loading.  The major difference is that the crack extends to the face side of the 

indenter on both loading and unloading.  It is conceivable that these types of 

crack morphologies in three-sided indentation may be observed experimentally 

due to a number of factors including asymmetry of the indenter or preferential 

growth of one crack at the expense of another. 

 Three important conclusions can be drawn from the 3D indentation 

cracking simulations: 
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(1) First and foremost, the way in which we have utilized the cohesive finite 

elements gives rise to indentation crack geometries very similar to those 

observed in experiments, pointing to the value of using the cohesive zone 

approach to describe the propagation of indentation cracks and evolution 

of indentation crack geometries. 

(2) There is a strong dependence of crack geometry on material properties.  

Half-penny crack geometries tend to occur in more ceramic-like materials 

(E/Y~10) while Palmqvist geometries occur in more metallic-like materials 

(E/Y~100).  This change in crack geometry with an increasing E/Y ratio 

may have a significant role in the relationship between crack lengths, 

loads, and material properties. 

(3) The development of indentation crack geometries for a 4-sided Vickers 

indenter and a 3-sided Berkovich indenter is quite different due to the lack 

mirror symmetry for the 3-sided indenter. 

 
 Ultimately, the results from these FE simulations of indentation cracking 

are of value only if they are consistent with experimental observations.  The 

results to this point have been presented for two fictitious materials, but they 

support observations in the literature for why some materials exhibit 

median/radial cracking and others form surface oriented Palmqvist cracks.  To 

more directly compare to experimental observations, we also present results 

from a simulation on a real glass-like material having an E/Y ratio of 25 and a 

fracture toughness of ~1 MPa m1/2, in order to compare to testing in a similar 

material with a cube-corner indenter [39].  The cube-corner indenter has a 

centerline-to-face angle of 35o; however, convergence is often difficult in 

simulations of sharp indenters and the smallest possible angle achieved in these 

results was 40o.  Figure 2.13 shows the experimental observations [39] alongside 

the FE results.  The extremely similar final crack morphologies demonstrate that 

the cohesive zone FE approach does indeed properly capture the indentation 

cracking behavior.  This result further strengthens the idea that FE simulations of 
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indentation cracking applying the cohesive zone model can be used to critically 

examine the relationships between material properties, indenter geometry, and 

indenter loads and displacements. 

 

2.7.  Conclusions 

 Cohesive zone finite element techniques were used to model indentation 

cracking.  Simulations were performed to examine a standard fracture toughness 

specimen, 2D wedge indentation cracking, and 3D pyramidal indentation 

cracking with Vickers and Berkovich indenters.  The following observations were 

made: 

(1) The fundamental assumptions of LEFM are valid when simulating crack 

growth with the cohesive zone model in the limit that the size of the 

process zone is small compared to the size of the crack.  From results of 

CCT specimen simulations, the apparent fracture toughness is within 

~95% of the input fracture toughness when the size of the process zone is 

less than ~10% the size of the crack. 

(2) Observations from 2D wedge indentation cracking simulations show that 

the effects of the cohesive zone model are consistent with observations 

from simulations of a standard fracture toughness geometry.  In addition, 

the crack length scales according to the simple relationship of a crack 

growing into a decreasing stress field, where the driving force is 

proportional to the applied indentation load. 

(3) Vickers (four-sided pyramid) indentation cracking models exhibit the 

commonly observed half-penny crack geometry, while Berkovich (three-

sided pyramid) indentation results in a quarter-penny geometry due to the 

symmetry of the indenter.  Both indenters show crack growth during 

loading and unloading. 

(4) The geometry of the indentation crack has a dependence on the elastic-

plastic properties of the material.  Median dominated crack growth occurs 
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in materials with low E/Y ratios, whereas Palmqvist dominated cracking 

occurs as the ratio of E/Y increases toward that of metallic materials. 

 Finally, the ability to simulate indentation cracking with cohesive finite 

elements provides a tool by which indentation cracking models (e.g., the LEM 

model [18]) can be critically analyzed for elastic-plastic materials.  In addition, the 

complicated crack driving force can be related to material properties, indenter 

geometry, and indentation parameters such as load and displacement.  The 

predictive capability of indentation cracking models could be greatly improved 

with such knowledge. 
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Table 2.1. Material and cohesive element inputs in the finite element simulations. 
 

Simulation 
E 

(GPa) 
Y 

(GPa) 
ν 

σc 
(GPa) 

G 
(GPa 
μm) 

S 
(GPa) 

μ 
(s-1) 

CE 
length 

to ρ 
ratio 

2D CCT 100 N/A 0.25 
0.4-
2.0 

1.0 
x10-2 

1.0 
x104 

1.0 
x10-

6 
~ 0.1 

2D Wedge 100 
3.0, 
5.0 

0.25 1.0 
9.375 
x10-3 

1.0 
x104 

1.0 
x10-

6 
~ 0.1 

3D 
Indenter 

100 
1.0, 
10.0 

0.25 0.3 
9.375 
x10-3 

1.0 
x104 

1.0 
x10-

6 
~ 0.2 
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Figure 2.1. A continuum picture of indentation cracking in elastic-
plastic materials: (a) geometrically self-similar contact by elastic-
plastic deformation where the size of the contact scales with the 
applied load and hardness; (b) the formation of a stable flaw 
nucleated by plastic deformation; (c) the short-crack regime where 
the process zone dominates crack behavior; and (d)  steady-state 
crack growth where process zone effects are insignificant and the 
crack length scales according to the LEFM analysis. 
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Figure 2.2. Schematic representation of the cohesive zone model of 
a crack tip: (a) the traction-separation constitutive behavior; and (b) a 
magnified view of a crack-tip in a CCT specimen showing the process 
zone geometry.  Points A, B, C, and D in (a) correspond to the 
locations identified in (b). 
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Figure 2.3. CCT cohesive finite element mesh and boundary 
conditions: (a) overall mesh; (b) magnified view of the refined region 
under deformation.  Displacements in the horizontal direction in the 
deformed mesh have been exaggerated.  A similar mesh was used 
for the 2D wedge simulations. 
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Figure 2.4. 3D Berkovich indentation cohesive finite element mesh 
and boundary conditions: (a) isometric view; (b) top-down view. 
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Figure 2.5. Finite element simulation of a CCT specimen using 
cohesive elements: (a) overview of the CCT geometry with crack 
opening displacements exaggerated for display purposes; (b) 
magnified view of the crack tip showing the stresses in the cohesive 
zone; and (c) measured cohesive zone sizes for comparison to 
Dugdale‟s prediction. 
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Figure 2.6. Input and output traction-separation curves for a single 
cohesive finite element in the CCT and 2D wedge simulation.  The 
use of viscous regularization did not result in element overloading.  
Note that in calculating Gc using Eq. 2.4 the input critical separation 
distance must be doubled to account for the mirror symmetry used in 
the model. 
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Figure 2.7. Apparent fracture toughness measured from finite 
elements simulations of a CCT specimen where the size of the 
cohesive zone is controlled by the maximum cohesive strength.  An 
apparent decrease in fracture toughness occurs when the size of the 
cohesive zone, ρ, is on the order of the size of the crack, c. 
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Figure 2.8. Results from the simulation of 2D wedge indentation 
cracking in an E/Y=20 brittle material with a fracture toughness of 1.0 
MPa m1/2 and a σc/Y of 0.15: (a) self-similar elastic-plastic regime 
where the maximum tensile stress occurs at the elastic-plastic 
boundary; (b) formation of a stable process zone; (c) short-crack 
regime; and (d) steady-state crack geometry.  Blue, white, and red 
shaded regions represent the plastic zone, process zone, and 
traction-free crack, respectively. 
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Figure 2.9. The square-root of crack length as a function of applied 
load for 2D indentation cracking simulations with a 60° wedge 
indenter for two materials with different E/Y ratios (E=100 GPa, 
ν=0.25, KIc=1.0 MPa m1/2, σc=1 GPa).  After the threshold load for 

cracking and the short-crack regime, the rate of crack growth, dPcd , 
reaches a constant, steady-state. 
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Figure 2.10. Results from FE simulations of Vickers indentation 
cracking: (a) isometric view of the Vickers indentation model showing 
crack planes aligned with indenter edges and faces (cracking only 
occurred on planes aligned with edges), and (b) and (c) crack 
morphologies as a function of load on a given plane for materials with 
E/Y=10 and E/Y=100, respectively.  Note that the crack morphology 
evolution is controlled by the elastic-plastic properties of the material.  
Cracks are highlighted in red and plastic zones are in blue. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 61 

 
 

Figure 2.11. Results from FE simulations of Berkovich indentation 
cracking: (a) isometric view of the Berkovich indentation model 
showing crack planes aligned with indenter edges and faces (cracks 
did not extend to the face of the indenter), and (b) and (c) crack 
morphologies as a function of load on a given plane for materials with 
E/Y=10 and E/Y=100 respectively.  Cracks are highlighted in red and 
plastic zones are in blue. 
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Figure 2.12. Results from Berkovich indentation simulations where 
only one set of planes (corner and face) were allowed to crack: (a) 
and (b) crack morphologies for materials with E/Y ratios of 10 and 
100, respectively.  In this case, cracks extend to the face side of the 
indenter on both loading and unloading.  The crack is highlighted in 
red and the plastic zone is in blue. 
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Figure 2.13. Sectioned indents in an annealed soda-lime glass made 
with sharp three-sided indenters: (a) Tandon‟s experimental 
observation of quarter-penny cracks with a cube-corner indenter 
(micrograph used with permission), and (b) a similarly sectioned FE 
simulation in a glass-like material having the same modulus and 
hardness with a 40° centerline-to-face angle indenter.  The crack is 
highlighted in red and the plastic zone is in blue. 
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CHAPTER III  
 

SIMULATING WEDGE INDENTATION CRACKING WITH 2D 
COHESIVE ZONE FINITE ELEMENTS 
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Abstract 

Cohesive zone finite element simulations of two-dimensional wedge 

indentation cracking have been carried out in order to critically analyze the 

seminal indentation cracking model proposed by Lawn, Evans, and Marshall 

(LEM).  Results are presented to show individual effects of material properties 

and indenter geometry on crack growth and quantitative comparisons are made 

to predictions from the LEM model.  Deviations between simulation results and 

the LEM model are discussed in terms of their reliance on Hill‟s expanding cavity 

model to approximate elastic-plastic indentation conditions.  In light of 

observations from the simulations, a model is developed that combines a simple 

displacement-controlled stress intensity factor solution with a crack mouth 

opening displacement scaling argument.  Model predictions are found to be in 

excellent agreement with simulation results over a wide range of material 

properties and indenter angles.  The results are a methodology for evaluating 

fracture toughness with wedge indenters and insights into indentation cracking 

analyses of more complex indentation geometries. 
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3.1.  Introduction 
 
 Indentation testing is a technique for assessing the mechanical properties 

of materials when standard mechanical testing techniques that may require 

complex specimen geometries or large volumes of material become impractical.  

Additionally, the high degree of spatial resolution and improved statistics offered 

by indentation testing support material characterization, especially as materials 

are increasingly tailored for engineering applications at scales on the order of a 

nanometer.  However, such advantages come at the expense of introducing a 

non-uniform state of stress that necessitates complex analyses [1-4].  

Identification of relationships between material properties and indentation test 

results and the application of those relationships in exploring specific material 

physics affecting mechanical behavior as a function of the wide range of length 

scales available drives the development of indentation analyses.  Results from 

such vigorous analyses and tests are valuable to the materials processing 

community where knowledge of the interplay between microstructure and 

properties is critical. 

 One seminal indentation analysis is the Lawn, Evans, and Marshall (LEM) 

model of indentation cracking, wherein fracture toughness is related to elastic-

plastic material properties, indenter geometry, and measured loads and crack 

lengths [5, 6].  In their analysis, crack extension is driven by a force resulting 

from the residual produced during elastic-plastic indentation [7].  The LEM model 

relies on a number of assumptions in order to avoid numerical analyses, which at 

the time of development would have been computationally expensive or 

impossible and difficult to evaluate over a wide range of material behavior.  For 

example, the key to connecting the indentation geometry and crack driving force 

in the LEM model is the use of Hill‟s expanding cavity model [8].  While the result 

is a simple methodology for evaluating fracture toughness, it is conceivable that 

such assumptions may limit the applicability of the LEM indentation cracking 

model and furthermore may not properly incorporate some important material 

dependencies. 
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Numerical modeling techniques (e.g., the finite element method) are 

capable of solving nonlinear elastic-plastic problems and have been instrumental 

in developing indentation analyses where analytical solutions are only available 

under purely elastic conditions [9].  These techniques continually improve with 

advances in technology that reduce computational expense and increase 

accuracy.  The finite element method allows for the development of indentation 

analyses that require fewer assumptions, in addition to providing an opportunity 

to examine the physical mechanisms behind indentation behavior from a 

continuum viewpoint.  Simulating elastic-plastic indentation with finite elements is 

relatively straightforward and has been successfully accomplished for a number 

of indentation geometries [10, 11].  However, simulations requiring additional 

physical processes often require specialized elements or user defined material 

behavior.  For example, the cohesive zone model and its related cohesive 

element is one common technique for introducing cracking into a finite element 

framework.  It has been shown that cohesive finite elements are amenable to 

simulating indentation cracking in brittle materials when care is taken to eliminate 

artifacts resulting from the application of the cohesive zone model [12-15].  

Considerable importance in cohesive finite element simulations is placed on the 

geometry of the crack with respect to the overall model loading conditions and 

geometry. 

Originally, the LEM model was developed for the conical indentation 

geometry and the median/radial crack system commonly observed in indentation 

of brittle materials with pyramidal indenters [5].  In this work, we will use finite 

element simulations to explore the problem of indentation cracking in brittle 

materials during two-dimensional (2D) wedge indentation and a median through-

crack in order to build an understanding of the physical mechanisms that control 

crack extension without the complications that arise from three-dimensional (3D) 

geometric effects.  "Brittle" in this work describes a material wherein crack 

extension occurs when the mode-I stress intensity factor at a crack tip is equal to 

the linear-elastic plane strain fracture toughness, KIc.  The wedge simplifies the 
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geometry of the problem by eliminating the 3D nature of the pyramidal indenters 

(e.g., the 4 corners of a Vickers indenter) and the complex crack geometries 

found beneath pyramidal indentations in brittle materials.   

An idealized 2D plane strain wedge indentation cracking geometry, 

exaggerated for visualization purposes, is schematically shown in Fig. 3.1.  A 

wedge indenter, having a half-included angle θ, penetrates an elastic-plastic 

material to a contact depth of hc and a contact dimension a.  The applied load, P, 

required for penetration has units of force per unit length in the 2D contact 

formulation.  Because the wedge comes to a point at the apex, a zone of plastic 

deformation, characterized by a radius of b, initiates upon first contact and 

expands with increasing load depending on the elastic-plastic properties of the 

material.  The presence of a median through-crack, having a length c, breaks the 

overall geometric self-similarity of the problem as the crack length has a different 

scaling relationship than the contact dimension with respect to the applied load.  

The crack extends along the indentation axis, and the crack mouth and 

associated crack mouth opening displacement, δm, occur at the boundary 

between the elastically and plastically deformed material (elastic-plastic 

boundary).  This simple 2D geometry lends itself to numerical analyses with a 

limited number of assumptions. 

Here, we present a detailed derivation of the LEM model and provide 

results and analyses of cohesive finite element simulations for the case of 2D 

wedge indentation cracking in brittle materials with a focus on four specific goals: 

1) to identify the important material properties and test variables that 

influence crack growth; 

2) to directly compare simulation results with the LEM model in order to 

critically examine the assumptions of indentation cracking behavior; 

3) to develop an understanding of the physics controlling crack extension 

during wedge indentation to gain insights into pyramidal indentation 

cracking; and 
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4) to introduce a model that limits the need for assumptions of material 

behavior that may reduce the applicability of wedge indentation fracture 

toughness testing. 

 
3.2.  The Lawn, Evans, and Marshall Indentation Cracking Model in 2D and 
3D 
 
 The Lawn, Evans, and Marshall (LEM) model for indentation cracking is 

the result of a culmination of analyses and observations that centered on 

understanding the material properties and testing conditions that influenced crack 

growth.  In their model, they divide contributions to crack growth into residual and 

elastic components, represented by the plasticity and elasticity of the indentation 

process [5].  Here, we present a detailed derivation of the three-dimensional (3D) 

case in order to show the corresponding model for the two-dimensional (2D) 

plane strain wedge indentation case.  The following describes the steps involved 

in estimating the force, F, acting on the crack mouth during the indentation 

process.   An effort is made to maintain Poisson‟s ratio dependencies and 

constants of proportionality, terms that were ignored for simplification in the 

original LEM derivation [5].  Inherent to the LEM model is the assumption that 

scaling relationships are maintained throughout the indentation and are not 

broken by the presence of crack growth.  Differences between 3D and 2D 

nomenclature are highlighted where appropriate, while equation numbers are 

labeled with an „a‟ or „b‟ for 3D and 2D, respectively. 

The model starts with a hemispherical volume (3D) or hemicylindrical 

volume (2D) of material characterized by a radius b that is extracted from the 

surface of an infinite half-space and deformed under the assumption of constant 

volume plasticity by a conical (3D) or wedge (2D) indenter having an included 

half-angle of θ to a characteristic indent contact dimension given by a.  LEM 

calculate a volumetric strain as the volume of the indent, VI, divided by the 

volume of the original undeformed material, henceforth referred to as the volume 
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of the plastic zone, VPZ, where b is the radius of the plastic zone.  The volumetric 

strain is written as: 

,cot
2

1
3

3


b

a

V

V

PZ

I   (3.1a) 

.cot
2

2

2


 b

a

V

V

PZ

I   (3.1b) 

Because of the constant volume deformation assumption, the deformed 

volume is now larger than the original hole from which it was extracted.  LEM use 

the volumetric strain to calculate a stress required to restore the plastic zone into 

the original hole.  In 3D, this stress is assumed to be hydrostatic and is 

calculated from isotropic elastic moduli and the volumetric strain, while the 

equivalent stress required under 2D plane strain conditions is a radial stress.  

The hydrostatic pressure, p, and radial stress, σr, for elastically isotropic 

materials are given by: 
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where E and ν are the elastic modulus and Poisson‟s ratio, respectively.  The 

indentation hardness, H, which is then used for substituting a2 in Eq. 3.2, is 

defined as the applied load, P, divided by the projected area under contact, given 

by: 
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In the case of geometrically self-similar indenter geometries like a cone or 

wedge, hardness is a constant and can be thought of as the mean pressure a 

material can support for a given material and indenter angle.  It is not clear, 
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however, if the presence of crack growth invalidates the constant hardness 

assumption.   

The crack driving force, F, acting on the crack due to the indentation 

plastic zone is found by assuming the pressure (3D) or radial stress (2D) is 

constant within the plastic zone and integrating over the diametral area of the 

plastic zone.  The resulting force is given by: 
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In order to eliminate the radius of the plastic zone, a dimension that is not 

readily measureable experimentally, LEM ingeniously make use of Hill‟s 

expanding cavity (3D) and expanding cylinder (2D) models [8].  In these models, 

a cavity with radius, r, in an elastic-plastic material is subjected to an expanding 

pressure, pEC.  After yielding, an increase in the pressure results in the radial 

expansion of both the cavity and the surrounding plastic zone.  Under the 

condition of an expanding  cavity in an infinite medium, the ratio of plastic zone 

radius to cavity radius, b/r, is fixed for a given material and is only a function of 

the applied pressure, which has obvious parallels to the indentation problem.  

The relationship between material properties and expanding cavity geometry in 

an infinite medium is given by: 
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In order to connect the expanding cavity model and indentation 

geometries, LEM make the assumption that the indentation hardness is 

equivalent to the expanding cavity pressure and that the volume of the cavity is 

equal to the volume of the indent.  LEM apply power-law fits to the b/r ratio over a 

range of E/pEC ratios common to brittle materials for simplification.  Power-law fits 
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to Eq. 3.5 are shown in Fig. 3.2, where the b/r ratio is plotted as a function of 

material properties.  The resulting fit exponents are ~1/2 and ~1/3 for 3D and 2D, 

respectively, for the range given.  Note from Fig. 3.2 that resulting fit exponents 

are not unique, but rather depend on the range chosen for fitting.  That being 

said, the resulting a/b ratio, given the LEM model assumptions, can be written as: 
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The stress intensity factor is found by assuming that the crack driving 

force, F, acts as a point-loaded half-penny crack (3D) or a point-loaded through 

crack (2D).  This assumption necessitates a crack length, c, that is much larger 

than the plastic zone radius.  The stress intensity factors, KI, for these geometries 

are found in Fett and Munz (3D) and Tada (2D) [16] and are given by: 
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Under the condition of equilibrium crack growth, the mode-I plane strain 

fracture toughness, KIc, can be found by combining Eqs. 3.4, 3.6, and 3.7, and is 

given by: 
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Note here that this is only the residual component of the fracture 

toughness.  LEM consider an elastic contribution to the stress intensity factor that 

can be represented by the Boussinesq stress field and is proportional to P/c3/2 in 

3D.  The corresponding term in 2D would result from the Flamant solution for a 
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line load and would be proportional to P/√c.  Note however, that the 3D 

Boussinesq and 2D Flamant stress fields are compressive at the surface of the 

sample and along the indentation axis, respectively [2].  These positions also 

correspond to the locations where crack lengths are measured.  Neither stress 

field then, in theory, will contribute to crack extension at these locations, though 

the compressive stresses may suppress crack growth until removal of the load, 

depending on the magnitude of the stress.  Thus, the unloaded crack length at 

the surface (3D) and along the indentation axis (2D) is then determined strictly 

from the residual component, and can be described by Eq. 3.8 if the LEM model 

accurately predicts indentation cracking relationships.   Influences and the 

importance of the elastic component in the case of the 2D wedge will be 

discussed later. 

 In summarizing the LEM model, it is helpful to set aside the details of the 

derivation and look at the broad impact of predicted material dependencies that 

affect indentation cracking.  The E/H dependency arises from the use of Hill‟s 

expanding cavity model, and, for a fixed load and indenter angle, a material with 

a greater E/H ratio will have a greater crack driving force compared to a material 

with a smaller E/H ratio.  In other words, for the same fracture toughness, 

materials that have a more metallic-like behavior (large E/H) will crack more than 

more ceramic-like materials (low E/H) under the same test conditions.  This is not 

readily apparent experimentally because it is hard to realize metallic and ceramic 

materials with the same fracture toughness.  Poisson‟s ratio dependencies arise 

from both Hill‟s expanding cavity model and the relationship between stress and 

strain in Eq. 3.2.  While the dependencies are complex, the LEM model predicts 

a singularity for incompressible materials (i.e., Poisson‟s ratio equal to 0.5).  The 

indenter angle contribution to the crack driving force is greater for sharper 

indenters, which is a direct result of the indent volume to contact dimension 

relationship.  All of these material dependencies are only valid if scaling 

relationships are maintained constant during crack growth.  Comparisons 

between cohesive finite element simulations of 2D wedge indentation cracking to 
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the LEM model will be made in light of these predicted material and indenter 

dependencies. 

 
 
3.3.  Finite Element Simulations 
  

 Cohesive Finite element (FE) simulations of 2D wedge indentation 

cracking were carried out using the FE software package ABAQUS [17].  A 

detailed description of the 2D wedge indentation cracking simulation procedure 

can be found in Chapter II, but a summary is provided here for completeness that 

refers to the model schematic provided in Fig. 3.3.  Frictionless contact between 

a rigid wedge indenter having an included half-angle of θ and a 2D plane strain 

quarter-space having a finite size was used for the simulations.  The finite 

quarter-space size played an important role in 2D indentation cracking 

simulations as will be shown in detail later.  4-node plane strain elements were 

used with a refined mesh in the regions of contact and crack growth.  The 

constitutive behavior was limited to isotropic elastic-perfectly plastic materials 

characterized by an elastic modulus, E, Poisson‟s ratio, ν, and yield strength, Y.  

Cracking behavior was modeled with specialized cohesive finite elements having 

inputs of fracture energy, G, maximum cohesive strength, σc, and a stabilizing 

viscosity, η.  A detailed explanation of cohesive elements and their use can be 

found elsewhere [12, 18-20].  Because we are simulating crack growth in brittle 

materials, fracture toughness was related to fracture energy through linear-elastic 

fracture mechanics (LEFM) by: 

 .1 2
 EGK Ic  (3.9) 

The cohesive elements initially had a zero thickness (i.e., initial crack 

opening displacements are zero) and were positioned along the indentation axis.  

These elements were allowed to fail under mode-I loading conditions and thus 

the crack opening displacements were perpendicular to the loading axis.  

Cracking was constrained within the indentation plane for simplicity, noting that 
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this plane contained the maximum tensile stress in the absence of cracking, 

which consistently occurred at the elastic-plastic boundary.  Although cracks 

could close due to compressive stresses, crack healing was not allowed in the 

cohesive element formulation.  The use of the cohesive zone model introduces a 

length scale into the problem and thus units become important.  The ranges and 

units of the simulation inputs explored in this work are summarized in Table 1. 

For 2D crack extension problems, it is expected that the crack driving 

parameters (e.g., loads, stresses, or displacements) should scale with the 

square-root of the crack length [21].  However, there are two important details in 

simulating indentation cracking with 2D cohesive finite elements that may alter 

the expected behavior.  First, a finite sample size must be accounted for due to 

the fact that an increase in compliance accelerates crack growth as the crack 

length becomes a greater portion of the sample size (see, for example, the 

polynomial in the compact tension fracture toughness specimen testing that is a 

function of crack length and specimen width [21]).  The contribution to crack 

growth from compliance effects is mitigated as the sample size tends toward 

infinity.  Figure 3.4 shows the results of the square root of crack length as a 

function of applied load for simulations conducted using E/Y=33.3, Poisson‟s 

ratio = 0.025, fracture toughness = 1.0 MPa m1/2, an indenter angle of 65°, for 

sample sizes of 100 µm, 200 µm, 500 µm, and 1000 µm.  Based on the results 

from Fig. 3.4, analyses and results are presented when crack lengths are less 

than 50 µm for sample sizes of 1000 µm in order to avoid compliance effects in 

finite sample sizes. 

Second, deviations from expected behavior can also occur due to artifacts 

introduced in applications of cohesive zone model, which arise from an additional 

length scale represented by the size of the process zone [21, 22].  The process 

zone is a phenomenological region at the crack tip that accommodates the 

energy dissipation required for crack extension.  Effects of the process zone size 

on indentation cracking simulations with cohesive finite elements have been 

discussed elsewhere, however, an example is shown in Fig. 3.5 where √c is 
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plotted as a function of applied load.  The results in Fig. 3.5 are for a 65° indenter 

and a material with an E/Y ratio, Poisson‟s ratio, and fracture toughness of 20, 

0.25, and 1.0 MPa m1/2, respectively.  The different curves are from changing the 

cohesive strength, σc, which in turn alters the size of the process zone.  The 

effect of changing the cohesive strength is to alter the load at which crack 

nucleation occurs.  However, crack lengths and loads converge in all three cases 

once the crack length is long in comparison to the size of the process zone.  

Thus, simple LEFM analyses must be carried out when the length of the crack is 

much larger than the size of the process zone.  In Chapter II, it has been shown 

that cohesive zone concepts and LEFM are equivalent, for brittle materials, when 

the length of the crack is greater than ~10 times the size of the process zone.  

Further discussion of the cohesive zone model and similar crack bridging ideas 

can be found in the literature [22].  The size of the process zone, ρ, is only 

exactly known in cases of simple crack loading geometries [21] (e.g., the center 

cracked tension specimen), but can be reasonably estimated by: 
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In the FE results presented here, we chose to fix the elastic modulus, E, 

fracture energy, G, and the cohesive element strength, σc, to values of 100 GPa, 

0.01 GPa um, and 0.75 GPa, respectively, which resulted in relatively constant 

process zone sizes that ranged from 0.70 µm to 0.85 µm depending on Poisson‟s 

ratio (see Eq. 3.9). 

These two limitations give rise to bounds between which a simple LEFM 

solution may be applied to the results; namely crack lengths greater than ~10ρ 

and less than 50 µm for a sample size of 1000 µm.  In addition, over the course 

of the investigation, it was realized that the crack growth rate with respect to load, 

d√c/dP, within these limits was more appropriate for making final comparison to 

the LEM model.  The reason being, that the nucleation of a crack during cohesive 

FE simulations is extremely dependent on material properties, indenter 
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geometry, and the specific cohesive element parameters used in the simulation 

(see Fig. 3.5). 

Measurements from FE simulations can often be user-dependent and are 

therefore described here for completeness with reference to the wedge 

indentation cracking geometry shown in Fig. 3.1.  Hardness, H, is defined in Eq. 

3.3b, where the contact dimension, a, was measured as the horizontal distance 

from the indentation axis to the edge of contact.  The load, P, was taken as the 

reaction force in the indentation direction acting on the rigid indenter, which, in 

this formulation, was maintained in displacement control.  The crack length, c, 

was measured from the point of maximum crack opening displacement, which 

occurred at or near the elastic-plastic boundary, to the last traction-free cohesive 

element.  The reason for defining the crack length in this way versus defining the 

length from the initial point of contact will become apparent when results are 

compared to a specific stress intensity factor solution.  The crack growth rate, 

d√c/dP, was measured by taking a linear fit to a plot of √c vs. P for crack lengths 

greater than 10ρ and less than 50 µm.  Crack mouth opening displacement, δm, 

was taken as the maximum crack opening displacement, which consistently 

occurred at or near the elastic-plastic boundary.  The remaining parameters 

required for evaluating the LEM model (i.e., the elastic moduli and indenter 

angle) were all inputs in the FE simulations. 

 
3.4.  Results 
 

The goal of this work is to make detailed comparisons between cohesive finite 

element simulations of wedge indentation cracking results and the model 

proposed by Lawn, Evans, and Marshall (LEM) in addition to highlighting the 

physical mechanisms that control crack extension.  To that end, a short list of 

general observations that are independent of material properties and indenter 

geometry is warranted here, as it helps in understanding the results: 
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 Crack growth occurred only during loading of the indenter.  Unloading of 

the indenter resulted in an elastic recovery that depended on material 

properties and indenter angle that had negligible effect on crack length. 

 The range of materials and indenter geometries examined in this study 

covered the transition from sink-in to pile-up types of deformation 

commonly observed in indentation testing.  However, no change in crack 

growth behavior was noticed between these two states of deformation. 

 The depth and magnitude of crack mouth opening displacements were 

strongly correlated with the size and geometry the plastic zone. 

In light of these observations, qualitative comparisons of material and 

indenter dependencies of the LEM model will be made first, followed by direct 

quantitative comparisons.  Resulting load and geometry relationships are 

examined in order to comment on scaling parameters implicit in the LEM model.  

Based on the observation that crack growth does not occur on unloading, 

reported loads, crack lengths, and crack growth rates are quantities measured 

during loading. 

 Figure 3.6 shows FE simulation results for √c as a function of load for 

several E/Y ratios.  The indenter angle, fracture toughness, and Poisson‟s ratio 

were fixed at 65°, 1.0 MPa √m, and 0.25, respectively.  It is evident from the 

figure that increasing the ratio of E/Y (and thus the ratio of elastic modulus to 

hardness) results in a greater crack growth rate, d√c/dP, which is qualitatively 

consistent with the LEM model as shown in Eq. 3.8b.  Also evident from Fig. 3.6 

is the fact that absolute values of loads and crack lengths are history dependent 

based on the process zone and nucleation of a crack.  As mentioned previously, 

this result is not intuitive in that one typically associates increases in plasticity 

(i.e., lower yield strength) with increases in fracture toughness.  In these 

simulations, however, fracture toughness is independent of the elastic modulus 

to yield strength ratio and is a constant for the results shown in Fig. 3.6.  This 

may be a feature unique to the 2D wedge indentation cracking problem.  Tensile 
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stresses occur in standard fracture toughness specimens under elastic 

conditions due to their geometry.  In 2D wedge indentation, however, elastic 

stresses acting on the crack plane are compressive and generation of a plastic 

zone is the only way to produce tensile stresses.  While the magnitude of these 

tensile stresses depends on the magnitude of yield strength, for a given load, the 

size of the plastic zone is greater for materials with greater E/Y ratios.  It is the 

plastic nature of indentation that gives rise to crack growth forces. 

 Figure 3.7 shows FE simulation results for loads and square-root of crack 

lengths as a function of indenter angle for fixed values of E/Y, fracture 

toughness, and Poisson‟s ratio of 33, 1.0 MPa √m, and 0.25, respectively.  The 

results are also qualitatively consistent with the LEM model in that as the wedge 

becomes sharper the indenter angle decreases crack growth rates are greater.  

Sharper indenters displace more volume than blunter indenters for a given 

contact size from a constant volume of plastic deformation viewpoint and the 

LEM crack driving force stems from the material accommodating this displaced 

volume. 

 In exploring the effect of Poisson‟s ratio on indentation cracking, we 

choose to report crack growth rates, d√c/dP, as they highlight the magnitude of 

the contribution of Poisson‟s ratio, something that was neglected in the original 

derivation of the LEM model.  Figure 3.8 shows FE simulation results for crack 

growth rates as a function of the ratio E/HKIc for materials with different Poisson‟s 

ratios and an indenter with a half included angle of 65°.  Note that we use E/HKIc 

for plotting because while fracture energy was held fixed for all simulations, 

fracture toughness changed with Poisson‟s ratio according to Eq. 3.9.  Crack 

growth rates increase for increasing values of E/HKIc and Poisson‟s ratio, which 

is again qualitatively consistent with the LEM model.  In addition, crack growth 

rates can differ by ~20% between materials with Poisson‟s ratios of 0.1 and 0.4, 

for everything else held constant.  The apparent linear dependence of crack 

growth rates on E/HKIc, as shown in Fig. 3.8, will be discussed later. 
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 Although the results are qualitatively consistent the LEM model, the 

predicted relationship between crack length and fracture toughness has not been 

corroborated.  In order to make direct comparisons to FE simulation data, Eq. 

3.8b can be rewritten in terms of crack growth rates as: 
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 Crack growth rates from the FE simulations are shown in Fig. 3.9 plotted 

against the functional form of Eq. 3.11.  Elastic modulus, E, and fracture energy 

G, are fixed quantities in Fig. 3.9, while other parameters like Poisson's ratio, 

yield strength, and indenter angle are varied.  It is evident from both the lack of 

correlation and non-zero intercepts in Fig. 3.9 that the LEM model does not 

capture the exact material property and indenter geometry dependencies.  This 

lack of correlation becomes the crux of the problem and potential sources of error 

will be discussed later in terms of the assumptions made in the LEM model 

derivation. 

A key concept of the LEM model is that the presence of crack growth does 

not break the scaling relationships between the applied load, contact dimension, 

and plastic zone geometry.  The presence of a crack destroys the self-similarity 

of the overall geometry because the crack length, c, scales as the load squared 

while the contact dimension, a, scales as the load to the first power.  Here, 

results based on scaling relationships are presented to show that the FE 

simulations are in good agreement with the assumption that the presence of 

crack growth does not invalidate geometric self-similarity of the plasticity.  

Furthermore, the following results provide a different viewpoint of the crack 

driving force wherein the indenter creates a zone of plastic deformation, which in 

turn may control crack growth through crack opening displacements at the 

elastic-plastic boundary. 

In order to evaluate the assumption that important scaling relationships 

are not invalidated in the presence of a crack and crack growth, hardness, H, and 

the ratio of plastic zone depths to contact dimension, b/a, are plotted as a 
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function of load in Fig. 3.10a and Fig. 3.10b, respectively.  The results are for E/Y 

values of 20 and 50, indenter angles of 55° and 65°, Poisson‟s ratio of 0.25, and 

a fracture toughness of 1.0 MPa m1/2.  These quantities should be, and indeed 

are, constant with load if the scaling relationships are maintained in the presence 

of crack growth.  This is an important result because it is not obvious that the 

presence of a crack does not destroy the scaling relationships. 

Over the course of the investigation, it was recognized that the crack 

mouth opening displacement (CMOD) may be a parameter that helps elucidate 

the scaling issue in addition to the hardness and plastic zone size.  The CMOD 

may be thought of as the link between the two mechanisms of permanent 

deformation (i.e., plasticity and cracking) as it occurs at the elastic-plastic 

boundary, and thus may be indicative of which mechanism is controlling the 

problem.  The concept of geometrically self-similar indentation argues that all 

displacements in the problem will scale with each other for an indenter that is 

geometrically self-similar.  This is only valid for CMOD if it is controlled solely by 

the elastic-plastic contact, and not by influences from the process zone and crack 

growth.  Stated differently, the plastic zone controls the CMOD and plasticity is 

not affected by the presence of a crack.  In this problem, the contact dimension, 

a, and the contact depth, hc, are related by the geometry of the indenter through 

a=hctanθ.  Given that, the crack mouth opening displacement, δm, can be written 

in terms of the contact depth, which in turn is related to the material hardness, H, 

and indenter angle, θ, through: 

.cot
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Maintaining consistency of measurements from the finite element simulations, 

the rate of change of the CMOD with respect to load can be written as: 
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 Equation 3.13 is valid for a given material and indenter geometry, but it 

might be expected that the constant of proportionality would change as a function 
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of material properties.  However, unlike the contact depth, which changes with 

E/Y as material pile-up occurs at the contact periphery, CMOD is unique in the 

case of 2D wedge indentation as it occurs on the indentation axis at the elastic-

plastic boundary and is highly constrained by the symmetry of the problem.  The 

nature of deformation at this position has been shown to be relatively insensitive 

to changes in material properties and indenter angles [23].  In order to examine 

the validity of Eq. 3.13, CMOD rates with respect to load are plotted as a function 

of cotθ/H in Fig. 3.11 for different indenter angles and different ratios of E/Y.  

Clearly, the finite elements simulations bear out the expected relationship under 

the assumption of geometric self-similarity of the plasticity.  Fitting the data in Fig. 

3.11 gives rise to a constant of proportionality between the crack mouth opening 

displacement rate, dδm/dP, and cotθ/H of ~0.167.  One might consider estimating 

the constant of proportionality with a model that assumes a rigid-plastic type of 

deformation wherein the expansion of the plastic zone upon increased loading 

results in expansion of the crack mouth.  However, the purpose of FE simulations 

in this work is to obviate the need for any assumptions of material behavior. 

 The result from this finding is that the plastic zone not only maintains 

geometric-self similarity, but also acts as a bridging mechanism between the 

indenter and the crack mouth.  The applied load on the indenter induces plastic 

deformation in the material, which in turn promotes increases in crack mouth 

opening displacement.  These displacements scale with the applied load and 

may be thought of as the driving force for crack growth.  It is important to 

reiterate here that plastic deformation at the crack mouth is constrained to move 

perpendicular to the crack plane in the case of the wedge indentation crack, 

which may explain the lack of a modulus dependence on the scaling.  Plastic 

deformation at the mouth of a surface crack, like the half-penny shaped crack 

commonly observed beneath pyramidal indenters, may have a different scaling 

relationship than Eq. 3.13 due to changes in sink-in and pile-up at that location 

with changes in the E/H ratio (i.e., material is not constrained to move in only one 

direction). 
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3.5.  Discussion 
  

 It is obvious from the lack of correlation between FE simulation results and 

the predicted behavior of the Lawn, Evans, and Marshall (LEM) indentation 

cracking model shown in Fig. 3.9 that there is some flaw in estimating the crack 

driving force.  Fundamentally, the LEM model relies on Hill‟s expanding cavity 

(EC) model to make the connection between indentation geometry and material 

properties.  The most apparent discrepancy is the presence of a free surface in 

the case of indentation compared with a radially symmetric geometry in the EC 

model.  A model with such symmetry cannot capture the transition from sink-in to 

pile-up that is known to exist in indentation testing.  In this section, we will 

compare the EC model with 2D wedge indentation finite element simulation 

results.  For simplicity and a more direct comparison, finite element simulation 

results are presented in the absence of cracking.  Three directly comparable 

details will be examined: 

1. The equivalence between indentation hardness and expanding cavity 

pressure. 

2. The constraint factor, defined as ratio of indentation hardness (or EC 

pressure) to yield strength. 

3. The ratio of the contact dimension to the plastic zone radius. 

The LEM model assumes that the pressure in the EC model, pEC, is 

equivalent to the indentation hardness.  For comparison, the indentation 

hardness, in the absence of cracking, normalized with respect to the elastic 

modulus for materials with the same E/Y ratios, a fixed Poisson‟s ratio of 0.25, 

and the 55° and 70.3° indenters, the lower and upper angles explored in this 

study, is plotted in Fig. 3.12 against the normalized EC pressure, where the 

normalized EC pressure, pEC, for the 2D case is given by [8]: 
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It is apparent from Fig. 3.12 that there is a deviation from equivalence as E/Y 

decreases, toward more ceramic-like materials, possibly due to the fact that Hill 

neglects terms in the derivation of Eq. 3.14 on the order of Yν/Er for 

simplification.  The magnitude of Yν/Er is negligible in metallic materials, for 

which the EC model was intended.  This deviation is exaggerated as the indenter 

geometry moves toward more acute angles and thus further away from the radial 

symmetry imposed in the EC model. 

The indentation constraint factor, defined as H/Y, in the absence of 

cracking and expanding cavity constraint factor, pEC/Y, calculated from Eq. 3.14 

are plotted as a function of E/Y in Fig. 3.13 for a fixed Poisson‟s ratio of 0.25 and 

the 55° and 70.3° indenters.  Indentation constraint factors plateau to a value that 

is dependent on indenter angle, while the EC model monotonically increases.  

Though not explicitly used in the LEM model, differences in constraint factors 

between indentation and the expanding cavity model help to demonstrate the fact 

that that the expanding cavity model does not accurately capture the physics of 

indentation.  It is also interesting to note that the hardness-pressure equivalence 

works well at large values of E/H, but not at low values, while the opposite holds 

for constraint factor. 

The ratio of contact dimension, a, to plastic zone radius, b, in the absence 

of cracking for a fixed Poisson‟s ratio of 0.25 and the 55°, 60°, 65°, and 70.3° 

indenter angles is plotted as a function of E/H in Fig. 3.14.  Plastic zone radii 

were measured from the point of initial contact to the length of the plastic zone 

along the indentation axis, the same definition as in the LEM model.  The plastic 

zone was identified as those elements having plastic strains greater than 1e-4.  

The EC radius, r, in Hill‟s model is related the contact dimension, a, through the 

LEM assumption that the volume of the cavity is equal to the volume of the 

indent.  Notice that the finite elements predict a nearly constant a/b ratio that, to a 

first approximation, is independent of indenter angle.  Furthermore, the EC model 

prediction does not appropriately predict the simulation results over the E/H 
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range examined.  Similar discrepancies with the EC model have been observed 

by Chen and Bull in the case of conical indenters. 

While all three details examined with FE simulations show inconsistencies 

with the EC model, the most damning to the LEM model is the discrepancy 

between indentation plastic zone geometries and EC model geometries shown in 

Fig. 3.14.  The LEM model relies heavily on the EC model prediction and the E/H 

to the power of 1/3 dependency is a direct result.  Note here, though, in choosing 

to estimate the force acting on the crack, LEM require a model that relates the 

indentation geometry to material properties and indenter geometry.  In the 

following, we will develop a model based on the observations from FE 

simulations that assumes displacements, stemming from the plasticity of the 

contact, control crack extension.  It will be shown that relying on displacements 

does not require a model of the indentation geometry, but rather relies on the fact 

that geometric self-similarity of the plastic zone is maintained. 

 Three main observations lead to the development of a model for wedge 

indentation cracking: (1) the expanding cavity model cannot accurately describe 

the physics and geometry of wedge indentation; (2) the plastic zone acts as a 

bridging mechanism between the indenter and the crack mouth; and (3) crack 

mouth opening displacements scale with the applied load in the same way as the 

contact size.  These observations provide a different approach to the indentation 

cracking problem from the LEM model, where the crack driving mechanism is a 

force resulting from the plastic nature of the contact.  While both viewpoints are 

equivalent from a fracture mechanics standpoint, the LEM model requires a 

number of assumptions to connect the indentation geometry to the crack driving 

force.  The following discussion will incorporate the observations from the finite 

element simulations into a model that includes material properties, indenter 

geometry, applied loads, and measured crack lengths. 

The elastic component of the stress intensity factor solution cannot be 

neglected since the crack length is determined during the loading portion of the 

indentation cycle while unloading does not result in further crack growth.  In other 
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words, the stresses acting on the crack plane due to contact may play a role in 

crack growth.  While the LEM derivation utilizes the 2D Flamant solution for line 

contact to estimate the elastic stress intensity factor contribution, it may not be 

exactly appropriate for a wedge indenter as it does not take into account forces 

acting tangential to the surface due to the wedge nature of the indenter.  In order 

to analytically estimate the elastic component we choose to use the Flamant 

solution for a vertical 2D line-load having a force P and a double line-load with 

force Pcotθ separated by the contact dimension, a, acting at the surface of the 

sample to account for any wedging forces due to the indenter.  The separation of 

the double line-load is arbitrary, but is chosen here based on the relationship 

between hardness and load given in Eq. 3.3b.  We choose this configuration for 

convenience, noting that there are other possible ways to estimate the elastic 

stresses for wedge indentation.  The stress acting on the crack plane, σx, as a 

function of depth below the surface, y, due to this type of elastic loading condition 

can be written as [2]: 
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 Notice that the two components to Eq. 3.15 have different signs.  

Compressive stresses due to the vertical line-load dominate at deep depths (the 

first term) while tensile stresses due to the horizontal double force dominate at 

shallow depths and increases with sharper indenter angles (the second term).  

The two components in Eq. 3.15 and their sum are plotted in Fig. 3.15 for an 

indenter angle of 65°.  The elastic stresses decay to zero at deep depths, and at 

a y/a ratio of 3, the approximate location of the elastic-plastic boundary in the 

finite element simulations, the stresses are compressive and have a magnitude 

of ~0.2H for an indenter angle of 65°.  These compressive elastic stresses will 

not contribute to crack growth, but will inhibit crack growth until removal of the 

load.  However, the addition of plasticity to the indentation problem results in 

dramatic deviations from the elastic stress field.  In the absence of a crack, 

stresses acting on the indentation axis in the x direction are tensile at the elastic-
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plastic boundary.  The stresses acting on the crack plane as measured from a 

non-cracking finite element simulation for an elastic material and one with an E/Y 

of 20 and Poisson‟s ratio of 0.25 under contact with an indenter having an angle 

of 65° are shown in Fig. 3.16.  The elastic component from the finite elements 

corresponds well with the prediction from Eq. 3.15 and is nearly negligible 

compared to the elastic-plastic stresses at full load, suggesting that removal of 

the elastic stresses upon unloading will not contribute to further crack growth.  

This was consistently observed over the range of materials examined in this 

study.  Furthermore, unloading of the indenter does not result in crack growth 

even in materials with low values of E/Y.  All these observations provide 

evidence that the residual component of the stress intensity factor dominates the 

problem, even during loading.  

In estimating the residual component of the stress intensity factor, one 

could choose to use the elastic-plastic indentation stress field over the 

prospective crack length.  However, there is no analytical solution for stress field 

under elastic-plastic wedge indentation and would therefore inconveniently 

require numerical integration.  Alternatively, we choose to model the residual 

stress intensity factor from a crack mouth opening displacement viewpoint as 

described above.  One such solution can be found in Tada 3.11 in the form of a 

rigid wedge of constant thickness opening a through crack in an infinite body 

[16], as shown in Fig. 3.17.  While this solution neglects the presence of a free 

surface and is not exactly the same as the indentation geometry, the parallel 

between wedge thickness and crack mouth opening displacement is of primary 

interest.  In this solution, crack length is defined as the length of the crack from 

the point of the rigid wedge to the crack tip, similar to the way crack lengths were 

measured in the indentation cracking simulations.  The stress intensity, KI, factor 

for this geometry is given by: 
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Taking the derivative of the square-root of crack length with respect to load and 

assuming equilibrium crack growth, the crack growth rate can be expressed as: 
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The CMOD rate with respect to load can be replaced by the geometric self-

similar observations previously described.  The crack growth rate can now be 

written as: 
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where α is a constant of proportionality.  Notice that this solution includes both 

Poisson‟s ratio and E/H dependencies that naturally arise from the both the 

LEFM solution and scaling relationship of the crack mouth opening 

displacements.  Figure 3.18 shows crack growth rates for all of the simulations 

described above plotted against the functional form of Eq. 3.18.  Note that data in 

Fig. 3.18 contains the all of the simulations and that Eq. 3.18 very appropriately 

describes the behavior over a wide range of indenter angles, Poisson's ratios, 

yield strengths, and fracture toughnesses. 

The value of the constant of proportionality in Eq. 3.18 was found to be 

~0.02, as estimated from a linear fit to the data shown in Fig. 3.18.  This value 

differs by a factor of ~3 from the value that would be predicted by substituting the 

CMOD rate constant of proportionality of 0.167 from Fig. 3.11 into Eq. 3.17, 

possibly due to the presence of the free surface and the fact that the wedge 

indentation geometry is not exactly the geometry of the stress intensity factor 

solution chosen for the analysis.  Note here that the material dependencies arise 

from a completely different set of physics then the LEM model. 

While this analysis incorporates material properties, indenter geometry, 

loads, and crack lengths into one simple description of wedge indentation 

cracking behavior, differences are expected for the case of pyramidal indentation 

such as the four-sided Vickers indenter and the median/radial crack system.  The 

presence of a tensile elastic component in addition to observations of crack 
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growth on loading and unloading complicates analyses.  However, the insight 

gained from this work lends itself to describing the crack driving mechanisms in 

3D indentation geometries. 

 Integrating Eq. 3.18 with respect to load and assuming that crack 

nucleation loads are negligible, fracture toughness may be estimated from 

experimental measurements of wedge indentation cracks through: 

.cot02.0
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Eq. 3.19 is convenient from an instrumented indentation view as the reduced 

indentation modulus, E*, and the hardness, H, are readily measurable from 

existing indentation analyses [1].  Note that Eq. 3.19 does not include compliance 

effects due to finite sample sizes, so crack lengths must be small compared to 

thickness of the sample.  Also, the development of Eq. 3.19 is for materials that 

do not exhibit any material size effects (i.e., materials where hardness may be a 

function of indenter displacement).  Whichever technique is used to measure 

crack lengths, it is recommended that a wide range of loads be used and 

attention needs to be paid to the alignment of the wedge.  Crack lengths 

measured at the edges of samples may have different dependencies than the 

one described by Eq. 3.19 due to a state of plane stress at the edge, similar to 

cracks a the edge of compact tension specimen. 

 
3.6.  Conclusions 
 
 In this chapter we have developed the Lawn, Evans, and Marshall (LEM) 

model of indentation cracking for the simplified case of 2D plane strain wedge 

indentation.  Finite element simulations, where crack growth was incorporated via 

the cohesive zone model, were then used to critically examine material property 

and indenter geometry dependencies on crack growth for comparison with the 

LEM model.  Although qualitatively matching, the LEM model was found to be 

lacking in predicting exact material behavior due to discrepancies between Hill‟s 

expanding cavity model and wedge indentation for the range of materials and 
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indenter angles simulated in this study.  These results, combined with 

observations of the physical mechanisms controlling crack growth from the finite 

element simulations, led to the development of a wedge indentation cracking 

model that utilizes a simple stress intensity factor solution and invokes geometric 

self-similarity of crack mouth opening displacements occurring at the elastic-

plastic boundary.  The results can be summarized as follows: 

1) While the LEM model of indentation cracking incorporates the 

correct elements, reliance on Hill‟s expanding cavity model limits 

the applicability of the solution. 

2) Hill‟s 2D expanding cavity model does not accurately capture the 

physics and geometry of the wedge indentation problem over the 

range of materials and indenter angles examined in this study. 

3) Scaling relationships between contact dimensions, plastic zone 

sizes, and indenter loads are maintained in the presence of crack 

growth.  Furthermore, the crack mouth opening displacement, 

which occurs at the elastic-plastic boundary, scales as Pcotθ/H. 

4) The plastic zone can be considered as a bridging mechanism 

between the indenter and the crack mouth.  In the 2D wedge 

simulations, accommodation of plastic deformation resulted in 

increased crack mouth opening displacement at the elastic-plastic 

boundary. 

5) In the 2D wedge indentation geometry, the residual component of 

the stress intensity factor is responsible for crack growth during 

loading and the elastic component is negligible.  Thus, crack growth 

does not occur during unloading. 

6) A simple LEFM solution combined with a crack mouth opening 

displacement scaling argument results in a model that captures 

crack length dependencies on material properties (E, H, ν, and KIc) 

as well as indentation parameters (angle and load). 
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The resulting observations from this work can be used to help understand 

experimental relationships between wedge indentation cracking and material 

properties.  In addition, these observations combined with cohesive finite element 

simulations of more complex indentation cracking geometries (e.g., the 

median/radial crack system beneath pyramidal Vickers or Berkovich indenters) 

can be used to critically examine other indentation cracking models as well as 

answer some outstanding questions in the indentation cracking literature.  That 

being said, the results herein are based on numerical simulations of continuum 

concepts.  Individual material physics may play a role not observed in this study. 
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Table 3.1. Material, indenter, and cohesive element inputs in the finite element 
simulations. 

 

 

Simulation Input Range of Values

Elastic Modulus to Yield Strength Ratio 10 - 50

Poisson’s Ratio , ν 0.10, 0.25, 0.40

Indenter Angle, θ (degrees) 55, 60, 65, 70.3

Cohesive Element Strength, σc (GPa) 0.75

Fracture Energy, G (GPa um) 1E-2

Fracture Toughness, KIc (MPa √m) 1.0 – 1.1

Cohesive Element Viscosity, η (1/s) 1E-6
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Figure 3.1. Idealized schematic of the 2D wedge indentation cross-
sectional geometry examined in this study. 
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Figure 3.2. Hill‟s expanding cavity result for the radius of the plastic 
zone, b, with respect to the radius of the expanding cavity, r, for 2D 
and 3D (open circles).  Dashed lines are power-law fits to Hill‟s 
model.  The resulting fit exponents are not unique, but depend on the 
range of the fit. 
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Figure 3.3. The cohesive finite element simulation geometry (not to 
scale). 
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Figure 3.4. Influence of compliance effects on crack growth due to 
the finite sample size in the simulations.  The expected linear 
relationship between the square-root of crack lengths and applied 
load breaks down as the crack length becomes a significant fraction 
of the sample size. 
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Figure 3.5. Crack growth rates, d√c/dP, as a function of applied load 
showing the artifact of the process zone in the short crack regime.  
Slight slope in data at large loads is a result of compliance effects 
due to finite sample sizes. 
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Figure 3.6. Square roots of crack lengths plotted as a function of load 
for various values of E/Y.  Increasing E/Y results in increased crack 
growth rates. 
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Figure 3.7. Square roots of crack lengths plotted as a function of load 
for various indenter angles.  Increasing the indenter angle results in 
increased crack growth rates. 
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Figure 3.8. The effect of Poisson‟s ratio on crack growth rates as a 
function of material properties.  Significant changes occur and 
Poisson‟s ratio cannot be neglected. 
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Figure 3.9. Simulation crack growth rates plotted as a function of the 
LEM parameter. 
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Figure 3.10. Plots of (a) hardness and (b) the ratio of plastic zone 
depth to contact dimension as a function of load for given materials 
showing that expected scaling relationships are maintained in the 
presence of crack growth. 
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Figure 3.11. Crack mouth opening displacement rates with respect to 
load plotted as a function of indenter angle and hardness.  Linear 
relationship suggests that crack mouth opening displacements scales 
with the size of the contact. 
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Figure 3.12. Normalized wedge indentation hardness, H/E, 
compared to normalized expanding cavity pressure, pEC/E.  
Deviations occur at small values of E/Y. 
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Figure 3.13. Wedge indentation constraint factor, H/Y, and 
expanding cavity model constraint factor, pEC/Y, plotted as a function 
of E/Y.  Deviations occur at large values of E/Y due to a transition in 
deformation types that is not accounted for in the radially symmetric 
expanding cavity model. 
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Figure 3.14. Ratio of the contact dimension to the plastic zone depth 
for wedge indenters of various angles and Hill‟s expanding cavity 
model prediction as a function of E/H. 
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Figure 3.15. Estimating the elastic stresses by a vertical point line-
load and a horizontal line-load (Eq. 3.15) for a 65° wedge indenter. 
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Figure 3.16. Stresses acting normal to the crack plane measured 
from finite element simulations of indentation with a 65°wedge 
indenter in an elastic and elastic-perfectly plastic (E/Y = 20) material. 
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Figure 3.17. Thin rigid wedge stress intensity factor solution used in 
the analysis of 2D wedge indentation cracking. 
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Figure 3.18. All of the simulation results of crack growth rates plotted 
as a function of Eq. 3.17. 
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CHAPTER IV 
  

SIMULATING VICKERS INDENTATION CRACKING IN BRITTLE 
MATERIALS WITH COHESIVE ZONE FINITE ELEMENTS 
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Abstract 

 Three-dimensional cohesive zone simulations of the four-sided pyramidal 

Vickers indentation cracking geometry in elastic-perfectly plastic brittle materials 

have been carried out using the finite element software package ABAQUS.  The 

Lawn, Evans, and Marshall indentation cracking model was critically examined 

with respect to the assumptions of material behavior and crack morphology 

during contact.  Two important conclusions were drawn from the Vickers 

simulations: (1) The Lawn, Evans, and Marshall model is accurate over a small 

range of the ratio of elastic modulus to hardness, a range where indentation 

behavior is consistent with Hill's expanding cavity model, but deviates 

significantly outside of this limited range; and (2) there was a dramatic change in 

indentation cracking behavior as the ratio of elastic modulus to hardness moved 

from more ceramic-like materials toward metallic-like materials.  Materials with 

lower values of elastic modulus to hardness, where elastic deformation 

dominated, exhibited median like cracking behavior where surface cracking was 

only evident upon unloading of the indenter.  More metallic-like materials, where 

plasticity dominated deformation, exhibited Palmqvist type cracking where 

surface crack extension occurred on loading and unloading.  This transition in 

indentation cracking behavior was consistent with experimental observations in 

glass (median) and tungsten carbide (Palmqvist).  To the best of our knowledge, 

this was the first report of the change in cracking behavior being linked to the 

way in which a material accommodates deformation during the indentation 

process. 
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4.1.  Introduction 

 Indentation of brittle materials such as glasses or ceramics with the 

pyramidal Vickers indenter is unique in that both controlled elastic-plastic 

deformation and stable crack growth are observed simultaneously.  These 

phenomena provide opportunities to observe the competition and interaction of 

plastic deformation and crack growth mechanisms.  In addition, indentation 

allows for examining mechanical behavior over length scales from nanometers to 

millimeters without the need for the, often complex or unfeasible, specimen 

geometries of more standardized tests.  However, despite these advantages and 

the abundance of literature on the topic, the application of indentation fracture 

toughness techniques has been controversial [1-4].  The controversy stems from 

complexities associated with highly non-uniform elastic-plastic stress fields, 

individual material physics, and the need for models relating fracture toughness 

to indentation test data.   

There is no direct relationship between the load applied to the indenter, 

crack length, and fracture toughness as exists for standard linear-elastic fracture 

toughness specimens [5, 6].  Indentation cracking may be unique in that both 

elastic and plastic deformation produces the crack driving force, as exhibited by 

crack extension during loading and unloading of the indenter [7].  In addition, until 

the work in transparent materials [8, 9], the only information on crack 

development during the indentation cycle came from observations of surface 

crack lengths or post-mortem analyses.  Further complication includes the 

observation that different materials may exhibit different crack geometries such 

as the median/radial (often termed half-penny) or Palmqvist systems.  Thus, the 

first models of indentation cracking were empirically based and tended to rely on 

experimental observations and assumptions of material behavior [10]. 

The Lawn, Evans, and Marshall (LEM) model of indentation cracking was 

the culmination of many years of experimental observations and collection of test 

data [7].  Their model elegantly links elastic-plastic deformation induced by the 

indenter to crack extension through a number of assumptions of material 
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behavior.  There are a number of reviews and derivations of the LEM model, so 

only the critical parts will be highlighted in this section and a detailed examination 

is provided later.  LEM choose to model the crack as a centrally point-loaded 

half-penny crack, where the driving force is composed of both elastic and 

residual contributions.  The elastic component is modeled from a Boussinesq 

stress field [11], but is dominated by the residual component arising from the 

plastic accommodation of the indented volume of material.  An integral part of 

their model comes from linking the elastic-plastic indentation material response 

and Hill‟s expanding cavity model [12].  This assumption gives a simple 

relationship between indentation hardness, H, elastic modulus, E, fracture 

toughness, KIc, and indentation test data of applied load, Pmax, and crack length, 

c.  Anstis et al. [13] experimentally calibrated the LEM model for a Vickers 

indenter with a number of brittle materials and arrived at the following equation:  
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The ability to measure hardness and elastic modulus with instrumented 

indentation testing combined with the simplicity of Eq. 4.1 resulted in the 

extensive use of indentation fracture toughness measurements.  That being said, 

there are a number of studies that highlight discrepancies between 

measurements from indentation cracking and standard fracture toughness tests.  

Ponton and Rawlings [2, 3] generated an extensive review of indentation 

cracking models which showed that making the selection of which model to use 

was often arbitrary and confusing.  Nihaara [14] noted that measurements 

deviate when the ratio of contact size to crack length is small.  Other authors 

have pointed out that the scaling relationship between load and crack length may 

be dependent on crack geometry [15].  For example, Palmqvist surface crack 

lengths have been observed to scale linearly with the maximum applied load [16].  

Furthermore, some have pointed toward different or additional material 

dependencies not captured in the LEM model, e.g., the original LEM derivation 

ignores Poisson‟s ratio effects [17].  These concerns have caused some to 



 

 118 

question the accuracy of indentation cracking models, while others go as far as 

to say the indentation cracking test should never be used [1].  Thus, despite its 

simplicity, the application of the LEM model for measuring fracture toughness is 

extremely controversial. 

All of the above being said, critically examining the LEM model and the 

assumptions therein is often difficult due to experimental challenges of varying 

material properties over large enough ranges.  Specifically, most brittle ceramic 

materials lie in a narrow range of E/H between 15 and 25.  Differences in 

individual material microstructures and physics, such as grain size or the 

mechanism by which plastic deformation is accommodated, may further 

complicate experimental attempts at reconciling differences between the LEM 

model and standard fracture toughness tests. 

 Numerical simulations have provided insights into indentation testing over 

a wide range of material properties while simultaneously minimizing the need for 

assumptions of material behavior.  In the past, these advantages would have 

come at the cost of computationally expensive calculations, but developments in 

technology have greatly reduced the requirements.  There are a number of works 

that have shown that cohesive zone finite element simulations accurately reflect 

experimental observations of indentation cracking and that they can be used to 

model indentation of brittle materials [17-20].  Two-dimensional (2D) cohesive 

zone finite element simulations of wedge indentation cracking were used in 

Chapter III of this dissertation to critically examine the LEM model and showed 

that a simple rigid-wedge crack mouth opening displacement model well-

described the fracture mechanics.  Lee et al. [17] were the first to show a strong 

Poisson‟s ratio dependence on median/radial crack growth during Vickers 

indentation of brittle materials that has been previously ignored. 

The current work is not meant to be a review of the literature but rather to 

provide both a fresh view of indentation cracking from a continuum mechanics 

view.  This work is driven on the premise that, when used appropriately, 

numerical simulations provide an opportunity to extend the understanding of the 
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physical mechanisms underlying elastic-plastic indentation.  In this case, 

cohesive zone finite element simulations are utilized to obviate the need for 

assumptions of material behavior under the complex elastic-plastic and cracking 

conditions observed during the indentation of brittle materials with pyramidal 

indenters. 

The investigation begins by reporting results of simulations of indentation 

cracking and describing the discrepancies and matches with the LEM model in 

terms of the assumptions therein.  The work then quickly gains complexity by 

using these results in combination with previous results of 2D wedge indentation 

cracking simulations to examine the physical mechanisms underlying crack 

growth.  In addition to a strong Poisson‟s ratio dependence, it will be shown that 

the transition from elastically dominated deformation to plastically dominated 

deformation with increasing values of E/H, manifested as material sink-in or pile-

up at the contact periphery, plays a significant role in crack driving forces.  This 

transition also results in a change in both crack morphology and fracture 

mechanics, consistent with experimental observations of half-penny and 

Palmqvist crack geometries.  We conclude that the transition results in different 

material dependencies than those predicted from Hill‟s expanding cavity model, 

and this has important consequences for the LEM analysis.  Finally, comments 

based on the results in this work will be made on the appropriateness of 

measuring fracture toughness from Vickers indentation cracks. 

 

4.2.  Finite Element Simulations 

 The finite element software package ABAQUS v6 [21] was used for 

simulating Vickers indentation cracking with cohesive zone finite elements.  Two 

separate types of simulations were performed during this investigation.  First, 

three-dimensional cohesive finite element simulations were used to simulate 

cracking in brittle materials under contact with the pyramidal Vickers indenter and 

its conical equivalent.  Second, axisymmetric conical indentation analyses in the 

absence cracking were run in order to aid the critical examination of the 
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assumptions in the LEM model.  In all cases, contact was simulated with rigid 

indenters under frictionless conditions, and material models were limited to 

elastic-perfectly plastic materials described by an elastic modulus, E, Poisson‟s 

ratio, ν, and yield strength, Y.  The yield criterion was determined from J2 flow 

theory.  The simulations take advantage of the fact that geometrically self-similar 

indentation is dictated by the ratio of E/Y  [22] (see Chapter I).  Extensive details 

on the application of cohesive finite elements in indentation simulations and the 

Vickers indentation cracking meshes can be found in Johanns et al. [20] and Lee 

et al. [17] as well as previous chapters in this dissertation, but details pertinent to 

this study are highlighted below. 

Measurements from FE simulations are described here for completeness 

with reference to the indentation cracking geometry shown in Figs. 4.1, 4.2, and 

4.3.  These figures are an idealized top-down view, a subsurface view sectioned 

along the corners of the contact, and a detailed view of material sink-in and pile-

up at the contact periphery, respectively.  The contact dimension, a, was 

measured as the horizontal distance from the indentation axis to the edge of 

contact at full load, where edge of contact refers to the corner on a Vickers 

indenter.  Load, P, was taken as the reaction force in the indentation direction 

acting on the rigid indenter, which, in this formulation, was maintained in 

displacement control.  Indentation hardness, H, is given by P/2a2 and P/πa2 for a 

Vickers and conical indenter, respectively.  Note here that this is not the 

traditional method of measuring hardness where the contact area is measured 

after unloading the indenter, a measurement that is not possible or at best 

arbitrary in the finite element simulations.  The discrepancy between the two 

measurements of hardness can be large when there is a significant amount of 

elastic recovery on unloading.  The surface crack length, c, and the subsurface 

median crack length, m, were measured from the initial point of contact to the last 

traction-free cohesive element in the respective direction.  The plastic zone 

length at the surface, bsurf, and the plastic zone depth, bdepth, were measured 

from the initial point of contact to a point in the material with an equivalent plastic 
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strain of   1x10-4.  The contact depth, hc, is affected by material sink-in or pile-up 

and was measured as the vertical distance from the tip of the indenter to the 

edge of contact full load while total indenter displacement, h, was the 

displacement of the indenter tip into the material from the original point of 

contact. 

 Eight-node linear brick elements (C3D8) in the bulk and six-node linear 

triangular prism elements (C3D6) on the indentation axis composed a one-eighth 

symmetric model of Vickers indentation cracking (refer to Fig. 2.4 in Chapter II for 

picture of mesh).  ABAQUS traction-separation based cohesive elements were 

employed in all simulations, obviating the need for user-defined materials or 

elements.  Such elements, with an initial separation of zero, were placed on 

planes of prospective crack growth, specifically, planes that contain the 

maximum tensile stress corresponding to the sharp edges of the indenter.  

Cracks were allowed to grow to the shape and length dictated by the material 

properties and loading conditions, but were constrained to remain within the 

defined crack plane.  Table I gives the ranges of material properties simulated.  

In order to maximize consistency between simulations, a cohesive strength, σc, 

of 0.30 GPa, a stiffness of 1x106 GPa, and a viscosity of 1x10-6 were used in all 

simulations.  Details of the importance of these variables in cohesive zone 

simulations and calculations of process zone sizes can be found in Johanns et al 

[20].   

 The cohesive zone model plays an integral role in these simulations and it 

has been shown that the use of cohesive elements can create artifacts, 

especially when simulating brittle materials.  Many of these artifacts have been 

pointed out previously.  However, here we detail one of the more important 

effects, namely the influence of the process zone size with respect to the crack 

length.  The process zone size, ρ, can be estimated from the following equation 

[6]: 
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Johanns et al. [20] have shown that a crack can be accurately analyzed with 

linear-elastic fracture mechanics when the crack length is approximately 10 times 

the process zone size or greater.  Crack lengths below this criterion exhibit an 

artificially increased toughness, an effect that is also observed in the Vickers 

indentation cracking simulations.  Figure 4.4 shows the result of simulations of 

Vickers indentation of a material with an elastic modulus of 100 GPa, yield 

strength of 2 GPa, Poisson‟s ratio of 0.10, and a fracture toughness, KIc, of 1.41 

MPa √m, a combination of material properties that results in a half-penny crack.  

The dimensionless parameter KIcc
3/2/Pmax, for surface crack lengths, and 

KIcm
3/2/Pmax, for median crack lengths is plotted as a function of the ratio of crack 

length to process zone size at the state of full unload.  Notice that once the crack 

length has become at least 10 times the process zone size, a steady state has 

been reached and the dimensionless crack length is nearly a constant.  Note 

here that the ratio of crack length to process zone size did not affect the 

geometry of the crack, and simulations of other material property combinations 

resulted in similar behavior.  All further results are presented from simulations 

where the crack length is at least 10 times the process zone size. 

 Axisymmetric conical indenter simulations were carried out using a 70.3° 

included half-angle indenter, which is gives rise to an equivalent contact area in a 

Vickers indenter for a given contact depth.  Four-node axisymmetric elements 

(CAX4) were used with an increased mesh density near the contact and region of 

the plastic zone.  The calculation cell size was large enough to ensure boundary 

effects were negligible and contact sizes were large enough such that 

measurements of hardness and plastic zone lengths were independent of 

element size effects.  Conical indenter simulations included the same materials 

described in the Vickers indenter simulations, but without the fracture properties 

required for cohesive element simulations. 
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4.3.  Results 

 The main goal of this chapter is to critically examine the Lawn, Evans, and 

Marshall (LEM) model of indentation cracking with results from cohesive zone 

finite element (FE) simulations in an effort to comment on the controversial 

nature of using this model to measure fracture toughness.  To that end, results 

from FE simulations will first be described in terms of crack development and 

morphology as a function of material properties.  Discussion of crack initiation will 

be limited to location as a function of material properties as initiation events are 

not well described by the cohesive zone formulation in this work [20].  Second, 

the results will be directly compared to the LEM model and consistencies and 

discrepancies will be highlighted in terms of the assumptions inherent to the LEM 

model.  It will be shown that the Hill‟s spherically symmetric expanding cavity 

model does not accurately capture indentation behavior, primarily due to the 

transition from material sink-in to material pile-up at the face of the indenter as 

material properties move from elastic to elastic-plastic to nearly perfectly-plastic.  

This same transition also results in changes to both crack geometry from median 

to Palmqvist and in the fracture mechanics that govern the relationships between 

maximum load, material properties and crack length. 

 The description of crack morphology and growth begins with a material 

with an infinite yield strength, wherein there is no plasticity.  While such results 

are not directly applicable to experimental testing where plasticity occurs upon 

contact with a Vickers indenter, there are a number of important observations 

that aid the understanding of indentation cracking.  Plasticity was required for 

crack initiation and growth in the case of 2D wedge contact because the elastic 

contact stresses are compressive on the prospective crack plane.  However, 

stresses on median crack planes in three-dimensional (3D) elastic contact are 

both tensile or compressive depending on position relative to the contact.  Crack 

initiation began close to the point of contact on the indentation axis and quickly 

developed into two sub-surface, penny-like, median cracks aligned with the 

corners of the Vickers indenter.  This crack geometry did not change with 
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increasing load or elastic modulus, but was dependent on Poisson's ratio.  

Increasing Poisson's ratio served to reduce the crack size (e.g., the crack depth 

m in Fig. 4.2) for a given load and it was increasingly difficult to generate a crack 

as Poisson's ratio approached 0.50.  This result could be explained by the 

Boussinesq contact solution to a point force on an elastic body [11].  The hoop 

stresses, 𝜎𝜃 , stresses perpendicular to the crack planes, are given by: 
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where P is the applied load, ν is Poisson's ratio, x is the radial direction, and z is 

the depth into the surface of the material. 

 The FE elastic crack geometry is shown in Fig. 4.5a, and the stress field 

described by Eq. 4.3 is shown in Fig. 4.5b for a Poisson's ratio of 0.25.  The 

elastic Vickers crack geometry was amazingly approximated by the location and 

shape of tensile stress contours in Fig. 4.5b even though the Boussinesq solution 

describes a point force.  In a similar manner, Lawn has shown that cone crack 

growth in hard, brittle materials follows solutions to spherical contact stress fields 

[23].  Given these observations, further examination of Eq. 4.3 shows that crack 

opening stresses decay to zero as Poisson's ratio approaches 0.5, which 

explains the decreased crack size with increasing Poisson's ratio for a given 

load.  One last note of interest in the elastic case is the shape of the deformed 

surface at load is sunk-in (see Fig. 4.3) as expected from an elastic contact. 

 Unloading of the indenter during the elastic contact simulation did not 

result in further crack growth and the final crack geometry never breached the 

surface no matter how large of a load was applied in the FE simulations.  This 

result has two important ramifications: (1) crack growth at the surface outside of 

the contact requires plastic deformation and the residual component of the crack 

driving force plays a strong role in surface crack growth as noted by LEM [7]; and 

(2) although there is no plasticity, the elastic contact has a finite value of 

hardness because it is defined here by the contact area at the applied load.  



 

 125 

Thus, the ratio of E/H for indentation of an elastic material is not zero, but the 

value of the dimensionless cracking parameter, KIcc
3/2/Pmax, is zero due to the 

absence of a surface crack. 

 Results from FE simulation of material with elastic-perfectly plastic 

behavior will be described in the following with descriptions of crack growth as 

the ratio of E/Y increases, i.e., plasticity begins to play a stronger role in the 

contact response.  Conversion between input values of E/Y and resulting values 

of E/H will be provided with the numerical results of crack lengths in the next 

section.  The addition of a yield strength to the constitutive behavior of the 

material results in crack growth upon unloading and cracks that are visible at the 

surface.  At low values of E/Y, less than ~100, two subsurface, penny-like, 

median cracks aligned with the corners of the Vickers indenter develop in a 

manner similar to the elastic contact simulation results.  No surface cracking is 

visible during loading.  In addition, with reference to Fig. 4.3, material is sunk-in 

around the indenter in this regime of E/Y.   

 Upon unloading the indenter, crack extension occurs at the penny-like 

crack-front close to the surface, but not at the crack-front directly beneath the 

indenter.  The crack extends up to the surface upon complete unloading of the 

indenter such that the final crack geometry is a half-penny crack, i.e., in terms of 

Fig. 4.2, surface crack length c increases and depth crack length m does not 

increase (m slightly changes from the fully loaded value due to elastic recovery).  

This series of crack extension events is remarkably similar to the experimental 

observations of Lawn and co-workers in transparent materials like glass that 

have E/Y ratios within the range described above [24].  The relative amount of 

surface extension from a given maximum load depended on the value of E/Y, 

where lower values of E/Y resulted in less extension than those materials with 

greater values of E/Y. 

 A transition in cracking behavior occurred when the E/Y ratio was 

approximately 100.  At these values of E/Y cracks initiated at the surface just 

outside of the contact at the corners of the indenter during loading.  Material in 
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this regime of E/Y tended to pile-up around the indenter as plastic deformation is 

prominent (see Fig. 4.3).  These four cracks developed into the classic Palmqvist 

or radial geometry with crack extension occurring radially away from the contact 

as well as below the surface with increased loading.  With even further loading, 

two Palmqvist cracks growing on the same plane would coalesce to form a half-

penny crack that continued to extend along the entire crack front with applied 

load.  Similar observations were made by Cook and Pharr during in-situ 

measurements of indentation crack growth during loading and unloading [4].  

Upon unloading, cracks extension occurs at the surface, but not at the 

subsurface front, similar to the low E/Y regime.  Crack extension on unloading 

occurred independent of whether or not the Palmqvist crack developed into the 

half-penny geometry.  Furthermore, Palmqvist only geometries were observed 

when crack lengths were greater than ten times the size of the process zone. 

 The crack geometries described above are shown in Fig. 4.6 alongside an 

example 3D finite element mesh with highlighted crack planes (Fig. 4.6a).  Crack 

geometries at maximum load for E/Y ratios of 12.5, 25, and 200 in Fig. 4.6b, c, 

and d, respectively.  Corresponding unloaded crack geometries are shown in Fig. 

4.6e, f, and g.  The elastic constraint at the surface dominates during loading at 

E/Y ratios below 100.  This elastic constraint is significantly less at E/Y ratios 

greater than 100, resulting in surface crack propagation during loading.  It will be 

shown later that this closely coincides with the plastic zone breaching the surface 

as the contact becomes dominated by plasticity. 

 Idealized schematics of completely unloaded subsurface indentation 

cracking geometries for the low E/Y (<100) regime and high E/Y (>100) regimes 

are pictured in Fig. 4.7.  The half-penny and Palmqvist geometries are shown in 

Fig. 4.7a and Fig. 4.7bc, respectively.  An important outcome of the simulations 

was that the magnitude of fracture toughness did not influence crack 

geometry/development.  However, the maximum applied load required to reach a 

given crack length scaled with the magnitude of fracture toughness.  

Measurements of surface crack lengths, c, from a view along the indentation axis 
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normal to the surface would not discriminate between the two types of cracking; 

a point that will be important when estimating fracture toughness from indentation 

techniques. 

 The load for crack initiation is a complicated function of the magnitude of 

fracture toughness, E/Y, Poisson's ratio, and other cohesive element variables 

[20].  As such, this work is not concerned with simulating indentation cracking 

threshold loads.  However, the location of crack initiation in the cohesive FE 

simulations can help explain the difference in cracking between the low and high 

E/Y regimes.  Cracks initiated in the simulations at the location of the maximum 

tensile stress on the prospective crack plane.  This location scaled with the size 

of the contact with geometric self-similarity.  The location of the maximum tensile 

stress at full load from conical indentation simulations without cracking changed 

with the value of E/Y and are shown in Fig. 4.8.  The contours shown in Fig. 4.8 

correspond to the outline of the plastic zone (defined by 1x10-4 plastic strain) for 

each of the values of E/Y shown in the figure.  The location of the maximum 

tensile consistently occurred outside of the plastic zone.  The point of initiation 

was located on the indentation axis for low E/Y materials and transitioned toward 

the surface as the ratio of E/Y reached 100.  Similar results could be found from 

an analytical solution to the stress field beneath a conical indenter in an elastic-

plastic material [25, 26].  From this point on, the type of cracking observed in the 

finite elements will be termed median or Palmqvist depending on the location of 

crack initiation, consistent with the terminology found in most of the indentation 

cracking literature. 

 We now move from the FE simulation descriptions of Vickers indentation 

crack morphology/growth to the numerical results of crack lengths as a function 

of material properties and applied loads with respect to the LEM model.  We also 

choose to switch from using the ratio of E/Y to the ratio of E/H, a parameter that 

is more useful experimentally as yield strengths of brittle ceramic-like materials 

are often difficult to quantify.  The transition from median cracking to Palmqvist 

cracking observed in the simulations at E/Y of ~100 occurred at an E/H ratio of 
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~30.  The LEM model indicates the parameter KIcc
3/2/Pmax should be a constant 

for a given material through dimensional analysis, and predicts a linear 

dependence of the non-dimensional parameter with the square-root of E/H (Eq. 

4.1).  Resulting values of KIcc
3/2/Pmax from the FE simulations with a Poisson's 

ratio of 0.25 are plotted as a function of the  𝐸
𝐻  in Fig. 4.9 alongside the 

experimentally calibrated LEM prediction [13].  There are a number interesting 

points in Fig. 4.9: (1) the FE data does not scale linearly with  𝐸
𝐻  over the 

entire regime examined; (2) the LEM model overestimates KIcc
3/2/Pmax at low 

values of E/H (elastic dominated contacts) as well as high values of E/H (plastic 

dominated contacts); (3) despite  points (1) and (2), the FE simulations and LEM 

model are in relatively good agreement in the range of E/H between 15 and 25.  

Figure 4.9 will be discussed later in terms of the assumptions of the LEM model 

and the observations from the FE simulations. 

 The influence of Poisson's ratio on KIcc
3/2/Pmax as a function of the  𝐸

𝐻  is 

shown in Fig. 4.10 for Poisson's ratios of 0.10, 0.25, and 0.40.  Smaller values of 

Poisson's ratio lead to greater values of KIcc
3/2/Pmax independent of E/H.  Lee et. 

al. were the first to observe this Poisson dependence in similar cohesive FE 

simulations of Vickers indentation cracking [17].  A derivation of the LEM model 

in which constants of proportionality as well as Poisson's ratio dependencies are 

maintained throughout (see chapter II of this dissertation) yields the following 

relationship: 
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where θ is the centerline-to-face angle of the indenter.  Equation 4.4 differs 

slightly from other LEM derivations [27, 28] in that Poisson's ratio dependencies 

in Hill's expanding cavity model are maintained [12].  Equation 4.4 as well as 

other derivations predicts an increase in KIcc
3/2/Pmax as Poisson's ratio increases 

as opposed to the results from these simulations.  The magnitude of Poisson's 
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ratio did not significantly influence the E/H ratio at which the transition from 

median to Palmqvist cracking occurred. 

 It was confirmed that for given E/H and Poisson's ratios, but varying E and 

H, the resulting value of KIcc
3/2/Pmax from the FE simulations was consistent in the 

median cracking regime (low E/H) as long as crack lengths were at least ten 

times greater than the size of the process zone (see Fig. 4.4).  There was, 

however, a small dependence of KIcc
3/2/Pmax on crack length in the Palmqvist 

cracking regime.  One goal at the onset of this work was to assess Vickers 

indentation cracking on the ratio of surface crack length, c, to the contact size, a.  

However, an outcome of the restriction of the size of the crack with respect to the 

size of the process zone is the minimum ratio of crack length to contact size, c/a, 

that can be explored in these cohesive zone finite element simulations.  Figure 

4.11 shows the approximate minimum c/a ratio achieved in these simulations as 

a function of E/H that corresponds to a ratio of crack length to process zone size 

of at least ten.  Resulting values of KIcc
3/2/Pmax from the simulations in Fig. 4.11 

are equivalent to those found in tests with greater applied loads.  Refer to Fig. 

4.4 for results when the process zone size is a significant fraction of the crack 

length.  The minimum ratio was almost always greater than two, the approximate 

value at which some discrepancies have been observed in the LEM model [14].  

Unfortunately, this regime of Vickers indentation cracking could not be explored 

with the cohesive zone formulation applied in these simulations. 

 

4.4.  Discussion 

 First, the most important and glaring result from the finite element (FE) 

simulation of Vickers indentation cracking is the transition from median cracking 

to Palmqvist cracking as the ratio of elastic modulus, E, to hardness, H, goes 

above ~30.  This transition occurs as the contact behavior transitions from 

elastically dominated contact to plastically dominated contact.  The shape of the 

deformed surface changes significantly over the range examined in these 

simulations.  A short discussion here on the two regimes of indentation cracking. 
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 Second, results from cohesive zone FE simulations of Vickers indentation 

cracking show a clear dependence on E/H not accounted for in the Lawn, Evans, 

and Marshall (LEM) model.  In light of this discrepancy, we will dissect the LEM 

model by carefully examining the assumptions of material behavior in its 

derivation.  A similar examination was made of the LEM model for two-

dimensional wedge indentation cracking. 

 Anstis et al. experimentally calibrated the LEM model with a number of 

brittle materials (see Eq. 4.2) [13].  Note that Anstis et al. measured hardness 

with the traditional optical technique post-test .  Their individual material results 

along with Harding's data on amorphous silica [28] are shown alongside the FE 

simulation data for Poisson's ratio of 0.25 in Fig. 4.12.  The experimental data 

points, except for the polycrystalline aluminas (AD90 and AD999) and single 

crystal sapphire, compare reasonably well with the FE simulation data.  This 

match includes the tungsten carbide (WC) and amorphous silica data at the 

experimental E/H extremes.  Tungsten carbide is known to exhibit Palmqvist type 

cracking during Vickers indentation [16, 29-32], which is consistent with the FE 

results in materials with E/H greater than ~30 (WC has an approximate E/H of 43 

[13]).  Experimental results on amorphous silica have significantly lower values of 

KIcc
3/2/Pmax than most other materials.  This discrepancy has been attributed to 

local densification beneath the indenter [33], resulting in deviations from 

expected material behavior,  while the FE simulations suggest the lack of crack 

driving force in amorphous silica stems from the low value of E/H, near the 

elastic limit, and the fact that the median crack has trouble extending to the 

surface of the material in that regime.  Anstis et al.'s limitation in calibration 

appears to be with the forced square-root dependence on E/H from the LEM 

model. 

 Deviations from the square-root of E/H dependence are obvious in the 

Palmqvist regime where KIcc
3/2/Pmax is approximately a constant.  A closer look at 

the power law dependence of KIcc
3/2/Pmax and KIcm

3/2/Pmax (c and m correspond 

to the surface crack length and median crack depth, respectively, as shown in 
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Fig. 4.2) in the median cracking regime is shown in a log-log plot of the FE 

simulation data in Fig. 4.13.  The LEM model predicts a 1/2 power dependence 

while some other models predict a 2/3 dependence [2].  While the subsurface 

non-dimensional parameter is well approximated by a power-law description, the 

surface crack non-dimensional parameter is not. 

 The LEM model elegantly links the elastic-plastic indentation response of 

the material to material properties through Hill's expanding cavity in an infinite 

elastic-perfectly plastic solid model [12].  Hill's model is similar to indentation in 

that for a given E/Y, pressure and deformed geometry are constants.  A detailed 

discussion on their use of Hill's model is given in Chapter III of this dissertation 

and therefore this section is dedicated to discrepancies between Hill's model and 

indentation data from FE simulations of geometrically self-similar indentation 

without cracking.  It will be shown that the transition from elastically dominated 

deformation to plastically dominated deformation as E/H increases is important to 

understanding indentation cracking. 

 First, LEM assume that the hydrostatic pressure required for expanding a 

cavity in an infinite elastic-perfectly plastic material, pEC, is equivalent to 

indentation hardness, H (equations for Hill's model can be found in Chapter III).  

Figure 4.14 shows the ratio of expanding cavity pressure to indentation 

hardness, pEC/H, plotted as a function of E/H.  Each data point represents a 

material with a fixed value of E/Y.  The fact that pEC/H is not unity is not important 

since the LEM model drops all constants of proportionality, and at low values of 

E/H, the ratio of pEC/H is nearly constant.  However, the magnitude of pEC/H 

drops as E/H increases, showing that the LEM assumption of the indentation 

hardness being equal to the expanding cavity pressure is invalid over the range 

of E/H examined in this study.  Material displacements in Hill's model are radial 

no matter the value of E/Y.  Displacements in the indentation geometry, however, 

transition from radial to cutting with increasing E/H [34, 35]. 

 Second, while not explicitly used in the LEM model, Hill's prediction of the 

constraint factor, pEC/Y for the expanding cavity model and H/Y for the 
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indentation geometry, further highlights differences between indentation and 

assumed material behavior.  Constraint factors for each of the geometries are 

plotted against each other in Fig. 4.15.  Again, there is good agreement in the 

low E/H regime, but significant deviation in the high E/H regime begins around an 

E/H of ~30.  Indentation constraint factors are nearly constant at a value of 

H/Y=2.6 in the high E/H regime, though the contacts in this regime have not 

reached rigid-plasticity as there is some elastic recovery on unloading [22]. 

 Examination of pile-up and sink-in of material at the contact periphery 

provides further evidence that the transition to plastic dominated deformation is 

important to indentation cracking.  The ratio of contact depth, hc, to total 

displacement, h, as shown in Fig. 4.3, is plotted as a function of E/H in Fig. 4.16.  

As described in the results section, material is sunk-in at the contact at values of 

E/H below 30 and piled-up above 30.  This also happens to closely correspond to 

the point at which the plastic zone breaches the surface of the contact (see Fig. 

4.8) and the location of crack initiation transitions to the surface upon loading.  

The pile-up/sink-in parameter, hc/h, changes rapidly at low values of E/H but is 

nearly constant in the highly plastic regime, similar to the constraint factor. 

 Third, and arguably the most important assumption in the LEM model, is 

the ratio of contact size, a, to the radius of the plastic zone, b.  The plastic zone 

in Hill's spherically symmetric model can be described by one value, but the 

indentation plastic zone is not spherically symmetric due to the free surface.  

Therefore, the a/b ratio for indentation data from the FE simulations is plotted 

(log-log scale) in Fig. 4.17 as a function of E/H for both the plastic zone depth, 

bdepth, and surface length, bsurf, as shown in Fig. 4.2.  Again, Hill's model 

accurately describes the indentation data in the range of E/H between 15 and 25, 

but deviates outside of this regime. 

 The LEM indentation cracking model can be written without assuming 

Hill's model to describe the indentation behavior in non-dimensional form as: 

,
max

2
3

H

E

b

a

P

cK Ic   (4.5) 
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where γ is a constant of proportionality that, if the LEM model is accurate, should 

be independent of material.  The derivation in Chapter III results in a γ equal to 

0.0138.  Ratios of contact size to plastic zone radius from the FE simulations can 

be used to directly evaluate the LEM model in light of the discrepancies between 

indentation behavior and Hill's model.  KIcc
3/2/Pmax is plotted as a function of 

aE/bH in Fig. 4.18 for Poisson's ratio of 0.25.  The LEM model using surface 

plastic zone sizes is linear in a range of aE/bH that corresponds to the same 

range of E/H (15 < E/H < 25) where Hill's model accurately describes the 

indentation plastic zone, correlating well with Fig. 4.17.  Note, not all of the 

Palmqvist regime is plotted in Fig. 4.18 to show more detail in the median 

regime.  However, even taking into account plastic zone geometries resulting 

from the FE simulations cannot account for the transition from median to 

Palmqvist cracking at E/H of ~30.  Clearly, estimating the driving force for crack 

growth through expansion of the plastic zone is not consistent with the FE results 

over the range of E/H examined. 

 Estimating fracture toughness with indentation cracking is of primary 

interest from an engineering perspective.  To that end, errors in predicted values 

of KIcc
3/2/Pmax from the LEM model compared to the FE results in the median 

cracking regime are plotted in Fig. 4.19 as a function of E/H for Poisson's ratio of 

0.25.  Errors can be as large as 50%, consistent with experimental observations 

[3, 36].  Fracture toughness would be underestimated with the LEM model at 

higher values of E/H, consistent with the observations from Quinn and Bradt in 

silicon nitride [1]. 

 The LEM model derives its crack driving force from elastic resistance to 

plastic deformation, which is consistent with the observations from the FE 

simulations.  From this viewpoint, the transition to a nearly constant value of 

KIcc
3/2/Pmax even though E/H is increasing, can be thought to occur because the 

plastic zone has begun to breach the surface of the material during loading can 

therefore cannot provide continued driving force for crack growth.  In addition, the 
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indentation geometry reaches a steady-state where large changes in E/H result 

in nearly negligible changes in indentation geometry. 

 There is a high correlation of indentation cracking behavior, both geometry 

and driving force, to the transition from elastically dominated deformation to 

plastically dominated deformation.  To the best of our knowledge, this is the first 

time that indentation cracking geometries and driving forces have been 

correlated to specific changes in plastic flow near the contact.  The observations 

discussed above combined with discrepancies between Hill's expanding cavity 

model and indentation of geometrically self-similar indenter highlight the need for 

a different view of indentation cracking.  Material flow above and below the 

surface must be accounted for in a way that is not captured in Hill's expanding 

cavity model.  Such work can be found in following chapters in this dissertation 

where relationships between indentation cracking data are related to simple 

stress intensity factor solutions through FE simulation observations. 

 

4.5.  Conclusions 

 Cohesive zone finite element simulations of Vickers indentation cracking 

of brittle materials were found to be in excellent agreement with many 

experimental observations.  These simulations were used to show that the 

elastic-plastic properties of a material are extremely influential in determining the 

relationship between applied load, crack lengths, and fracture toughness.  The 

main conclusions that were drawn from this work are as follows: 

1) An E/H ratio of ~30 is the point at which a transition occurs in indentation 

cracking behavior.  Cracks initiate subsurface below this value and were 

termed median.  Palmqvist cracking dominated at values of E/H above 30, 

consistent with experimental observations in tungsten carbide. 

2) Material deformation behavior changes rapidly in the low E/H (<30) 

regime, but is nearly independent of changes in E/H in the high E/H (>30) 

regime.  Evidence for this transition was found in constraint factors and 

pile-up/sink-in at the contact.  Hill's expanding cavity model could not 
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capture this transition due to its spherical symmetry and forced radial 

deformation. 

3) The Lawn, Evans, and Marshall model of indentation cracking matches 

reasonably well with the finite element results in the range of E/H between 

15 and 25.  This range happens to be where Hill's expanding cavity model 

accurately describes indentation behavior.  However, the model deviates 

significantly from the finite element results outside of this range, especially 

in the Palmqvist regime and the extreme low E/H regime where elasticity 

dominates the contact. 

4) The loss of crack driving force with E/H and subsequent constant value of 

KIcc
3/2/Pmax in the Palmqvist regime can be thought of as occurring due to 

plastic deformation piling-up at the contact periphery and a steady-state 

geometry. 

5) The LEM model results in errors in KIcc
3/2/Pmax of up to 50% in the median 

cracking regime when compared to the finite element results, consistent 

with experimental observations. 

6) Poisson's ratio, not considered in the original LEM model derivation, plays 

a significant role in the relationship between crack length, applied load, 

and fracture toughness. 
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Figure 4.1. Top-down schematic of the Vickers indentation geometry. 
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Figure 4.2. Subsurface view of the Vickers indentation cracking 
geometry. 
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Figure 4.3. Sink-in/pile-up surface deformation geometries. 
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Figure 4.4. Finite element results of Vickers indentation crack lengths 
showing the effects of the process zone size on crack growth. 
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Figure 4.5. Elastic contact: (a) Vickers indentation median crack after 
complete unloading; and (b) contours of crack opening stresses in a 
Boussinesq contact. 
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Figure 4.6. Example finite element mesh (a) and Vickers indentation 
crack geometries for E/Y ratios of 12.5, 25, and 200: at maximum 
load (b, c, and d); and complete unload (e, f, and g). 
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Figure 4.7. Idealized Vickers indentation crack geometries resulting 
from the finite element simulations: (a) median cracking; (b) 
Palmqvist cracking at small loads; and (c) Palmqvist cracking at 
larger loads. 
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Figure 4.8. Plastic zone contours for various values of E/Y and 
corresponding points of crack initiation. 
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Figure 4.9. Vickers indentation cracking simulation results plotted 
against the LEM prediction. 
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Figure 4.10. Simulation results from Vickers indentation as a function 
of Poisson's ratio. 
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Figure 4.11. Minimum values of the ratio of crack length to contact 
size in the median cracking regime.  The minimum ratio is limited by 
influences of the process zone. 
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Figure 4.12. Finite element results plotted against the LEM model 
and individual experimental results. 
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Figure 4.13. Scaling behavior of surface and subsurface crack 
lengths as a function of E/H. 
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Figure 4.14. The ratio of indentation hardness to Hill's expanding 
cavity pressure as a function of material properties. 
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Figure 4.15. Indentation constraint factor plotted against the 
predicted value from Hill's expanding cavity model. 
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Figure 4.16. Surface deformation behavior as function of material 
properties showing a transition from sink-in to pile-up at an E/H of 
~30. 
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Figure 4.17. Finite element plastic zone geometries compared to the 
LEM prediction. 
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Figure 4.18. Comparison between finite element results and the LEM 
model without the use of Hill's expanding cavity model. 
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Figure 4.19. Errors in predicted fracture toughness between the LEM 
model and finite element results. 
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CHAPTER V 
 

A MODEL FOR THE STRESS INTENSITY FACTOR OF AN 
INDENTATION CRACK IN THE MEDIAN CRACKING REGIME 
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Abstract 

 Observations and numerical data from cohesive zone finite element 

simulations of Vickers indentation cracking were used to relate material 

properties, applied loads, and crack lengths to simple stress intensity factor 

solutions.  It was found that a stress intensity factor solution of the expansion of a 

rigid inclusion, similar to the two-dimensional wedge result found in Chapter III, 

was able to describe fracture toughness measurements in the median cracking 

regime.  However, contrary to the two-dimensional wedge solution, the presence 

of the free surface needed to be accounted for through material pile-up/sink-in at 

the contact periphery.  Small changes in the ratio of elastic modulus to hardness 

resulted in significant changes in deformation behavior in the median cracking 

regime giving rise to material behavior not considered in the Lawn, Evans, and 

Marshall indentation cracking model.  While the derived stress intensity factor 

was accurate in the median cracking regime, significant error in fracture 

toughness was found when the solution was applied to the Palmqvist regime. 
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5.1. Introduction 

 Estimating fracture toughness with Vickers indentation tests in brittle 

materials is complicated by the three-dimensional geometry of both the indenter 

and crack, the lack of a general cracking behavior general to all materials, and 

the plasticity inherent to indentation.  These complications result in a relationship 

between applied load, crack length, and fracture toughness that is a function of 

the elastic-plastic properties of the material.  This is in direct contradiction to 

standard linear-elastic fracture toughness geometries, where the only constitutive 

parameter required might be the elastic modulus [1, 2].  Thus, attempts at 

developing an indentation fracture toughness solution often begin with 

assumptions of how materials accommodate the deformation that gives rise to 

crack driving forces.  Most notably, Lawn, Evans, and Marshall [3] made use of 

Hill‟s expanding cavity model [4] to include the elastic modulus and hardness in 

indentation fracture toughness estimations.  In addition to material behavior, 

other models have attempted to take into account the difference between the 

half-penny and Palmqvist crack geometries observed in different materials [5-8].  

Ponton and Rawlings have provided a detailed analysis of the more prominent 

models that have been developed noting that many rely on empirical 

observations [9, 10]. 

 Cohesive finite element simulations of Vickers indentation cracking, 

described in previous chapters of this dissertation, have shown that indentation 

cracking behavior depends on the ratio of the elastic modulus to hardness in a 

way that is different from the Lawn, Evans, and Marshall prediction as well as 

other model predictions.  In addition, such simulations have shown a Poisson's 

ratio dependence that has not been previously considered [11].  At low values of 

the ratio of elastic modulus to hardness, E/H, both elasticity and plasticity 

influence the crack driving force.  The result is subsurface median crack growth 

on loading followed by development into a half-penny geometry on unloading that 

is visible at the surface.  At values of E/H greater than ~30 for the Vickers 

indenter, the cracking behavior transitions to a regime where plasticity dominates 
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and cracks take on a Palmqvist geometry characterized by crack growth at the 

surface during loading and unloading.  These Palmqvist cracks sometimes 

propagate further below the surface to form a half-penny geometry with 

increased loading.  This transition in cracking behavior corresponds to the point 

at which pile-up of material around the indenter begins, i.e., the plastic zone 

breaches the surface during loading.  The deviation from the LEM model is likely, 

in part, due to the surface morphology outside of the contact.  Some of the 

driving force for crack growth is lost as plastic material flows up the face of the 

indenter instead of pushing against the elastic region. 

 The purpose of this chapter is to use observations from the cohesive finite 

element simulations in combination with known stress intensity factor solutions to 

develop a relationship between material properties, applied loads, surface crack 

lengths, and fracture toughness for indentation cracking in the median cracking 

regime (E/H < ~30) that accounts for many of these observations.  A separate 

model describing the fracture mechanics in the Palmqvist regime will be 

presented in the next chapter.  The development begins with the solution for a 

two-dimensional (2D) wedge indentation crack from Chapter III and the 

observation that crack opening displacements at the elastic-plastic boundary play 

a critical role in crack growth.  The model provided herein relates surface crack 

lengths, applied loads, and material properties after complete unload of the 

indenter given that cracks are not visible at the surface of opaque materials until 

completely unloading the indenter. 

 

5.2. Stress Intensity Factor for an Indentation Crack in the Median Regime 

 The model for the relationship between applied loads, surface crack 

lengths, and material properties in the case of the two-dimensional (2D) plane-

strain wedge indenter was developed based on the observation that the crack 

opening displacement at the crack mouth, induced by plastic deformation, is the 

driving force for crack growth.  The plastic zone was modeled as a rigid wedge 

opening a 2D through-crack which expanded in width with increasing load in a 
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geometrically self-similar manner.  The solution was applicable over a wide range 

of E/H in the 2D case because deformation at the crack mouth occurred below 

the plastic zone and on the indentation axis.  Deformation at this subsurface 

location was limited to one direction (the mode I opening direction) due to plane-

strain conditions.  Sink-in or pile-up of material at the contact periphery did not 

influence crack growth, and the free surface only changed the scaling coefficients 

of the original stress intensity factor solution.  The three-dimensional (3D) 

geometry of the Vickers indentation crack and the fact that cracks exist at the 

surface outside of the contact necessitates that the free-surface be accounted for 

in the crack mouth opening displacement model. 

 Cracks resulting from Vickers indentation in brittle materials are inherently 

three-dimensional in that the location of the crack front varies with depth.  

However, from an experimental viewpoint of measuring fracture toughness, we 

are interested in the stress intensity factor of the crack tip at the surface after 

complete unload.  Thus crack mouth opening displacements and crack lengths 

are defined at the surface of the residual indentation. 

 A mode-I stress intensity factor, KI, solution similar to the 2D rigid wedge 

becomes the starting point for the 3D Vickers indentation crack in the median 

crack regime (E/H < ~30).  Figure 5.1 shows the reference geometries for the 

derivation.  Selvadurai and Singh [12] provide the solution to a penny-shaped 

crack expanded by a rigid circular disc inclusion under plane strain conditions 

(Fig. 5.1a): 
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 (5.1) 

 Here, ER, is the reduced elastic modulus defined as ER=E/(1-ν2), where E 

is the elastic modulus and ν is Poisson's ratio.  The crack length, c, disk 

thickness, δm, and disk radius R are shown in Fig. 5.1a.  Taking only the first 
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term in their solution in the limit that second order and higher terms are negligible 

when the crack length is long in comparison to the disk radius yields: 

𝐾𝐼 =
𝐸𝑅𝛿𝑚𝑅

𝜋𝑐
3
2 
. (5.2) 

 As mentioned above, the concept of geometric self-similarity, which 

results in a constant hardness, was used to convert length scales to applied load 

and hardness in the case of the 2D wedge indenter.  While the same idea can be 

used in the 3D case, the scaling must alter with changes in the ratio of elastic 

modulus to hardness (E/H) because the surface geometry at the crack mouth is 

dependent on E/H (see Chapter IV, Fig. 4.8).  We first assume that the radius of 

the rigid disk scales with the size of the contact diagonal, a, which scales with the 

maximum load, Pmax, and hardness, H, as: 

𝑅 = 𝑎 =  
𝑃𝑚𝑎𝑥

2𝐻
. (5.3) 

 Substituting Eq. 5.3 into Eq. 5.2 yields: 

𝐾𝐼 =
𝐸𝑅𝛿𝑚

𝜋 2𝐻

 𝑃𝑚𝑎𝑥

𝑐
3
2 
. (5.4) 

 Under the condition of equilibrium crack growth, the stress intensity factor 

at the tip of the indentation crack at the surface is equal to the fracture 

toughness, KIc, of the material.  We assume here that the maximum crack 

opening displacement at the surface, δm, is representative of the thickness of the 

rigid disk (see Fig. 5.1b).  The maximum crack opening displacement 

consistently occurs at the free surface near the elastic-plastic boundary over the 

range of materials examined in the finite element simulations described in 

previous sections of this dissertation (See Fig. 5.2).  In addition, for a given 

material, the ratio of KIcc
3/2/Pmax is a constant in the median cracking regime (See 

Chapter IV).  Rearranging Eq. 5.4 to reflect that result yields a non-dimensional 

relationship: 
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𝐾𝐼𝑐𝑐
3
2 

𝑃𝑚𝑎𝑥
=

𝐸𝑅𝛿𝑚

𝜋 2𝑃𝑚𝑎𝑥 𝐻
. (5.5) 

 Equation 5.5 is an interesting result as it can be directly evaluated from 

the cohesive finite element simulations.  Based on cohesive zone finite element 

simulations described in Chapter IV where values of KIcc
3/2/Pmax have been 

evaluated by changing the ratio of E/Y, Poisson's ratio, and fracture toughness, 

the left hand side of Eq. 5.5 is plotted against that on the right hand side in Fig. 

5.3.  Each data point in Fig. 5.3 represents the average value of KIcc
3/2/Pmax 

measured from the simulations for a specific value of E/H and Poisson's ratio.  

The linear relationship suggests that both the chosen stress intensity factor 

solution and the assumptions made leading to Eq. 5.5 are reasonably 

representative of the indentation cracking geometry.  However, the Poisson‟s 

ratio dependence in the finite element simulations is not consistent with the 

predicted behavior from Selvadurai and Singh‟s solution.  Additionally, 

eliminating the Poisson's ratio dependence in the reduced modulus in Eq. 5.5 

does not result in convergence of the three curves shown in Fig. 5.3.  The 

author‟s cannot directly explain this discrepancy, but offer some points as to 

where differences may arise: 

1. The free surface, not present in Selvadurai and Singh‟s solution, possibly 

induces plane-stress conditions. 

2. Plastic deformation, and thus the size of the contact, is dependent on 

Poisson‟s ratio. 

3. Elastic stresses due to contact have a strong Poisson‟s ratio dependence, 

e.g., Feng and Nix. 

4. Unloading of the indenter and subsequent crack growth is accompanied 

by elastic recovery that is clearly dependent on Poisson‟s ratio. 

 A complete solution to the indentation cracking problem would include 

resolving the Poisson‟s ratio dependencies.  However, we choose to move 

forward here ignoring Poisson‟s ratio in the derivation.  Note here, the Poisson 
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dependencies in 2D plane-strain rigid wedge finite element results matched the 

stress intensity factor solution while points 1 and 3 above are not factors in the 

2D wedge indentation crack geometry. 

 In theory, crack-opening displacements could be experimentally measured 

from Vickers indentation crack tests.  However, such a measurement, in practice, 

is difficult and would require careful sample preparation and high-powered 

microscopy such as a scanning electron microscope.  This becomes more 

improbable noting that most ceramics tend to charge at cracks which would likely 

result in significant error.  It is then appropriate to determine the scaling 

relationship between the crack mouth opening displacement, applied loads, and 

materials properties. 

 In the absence of a free surface, the crack mouth opening displacement, 

δm, would scale with the applied load and hardness in a similar manner to the 

radius of the rigid disk and KIcc
3/2/Pmax would scale linearly with E/H.  However, 

the finite element results exhibit a non-linear trend that suggests a slow decay in 

crack driving forces as E/H increases.  After examination of many 2D and 3D 

indentation cracking simulations, we hypothesize that this decay is due to an 

increase of material pile-up at the contact periphery as E/H increases, i.e., plastic 

deformation at the crack mouth is distributed between opening the crack and 

pile-up of material.  Sink-in and pile-up indentation geometries are shown in Fig. 

5.4.  Material flow takes the path of least resistance, which in the case that 

material can freely flow to the surface and pile up, is likely to reduce the tendency 

to open the mouth of the crack.  Additional evidence that suggests material pile-

up at the contact periphery plays an important role in indentation cracking is that 

the behavior changes from median cracking to Palmqvist cracking when the 

plastic zone breaches the surface (i.e., pile-up begins) at a value of E/H of ~30 

for the Vickers indenter.   

 We then propose that the dimensionless term on the right hand side of Eq. 

5.5 is a function of the dimensionless ratio of contact depth, hc, to total indenter 

displacement into the surface, h, evaluated at maximum load.  This ratio, which is 
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a common measure of the degree of pile-up, can and will be directly measured 

from the finite element simulations as no analytical solution exists for this 

parameter.  The pile-up parameter, hc/h, measured from the FE simulations over 

the entire range of elastic modulus to yield strength, E/Y, including the Palmqvist 

cracking regime is shown in Fig. 5.5a as a function of ER/H.  Since we are 

interested in the median cracking regime, pile-up parameters for materials with 

E/H<30 is plotted in Fig. 5.5b on a semi-log scale to show that hc/h has a 

logarithmic trend with ER/H.  Incidentally, Johnson's constraint factor also has a 

logarithmic trend in a similar range of E/H as being examined in this study [13, 

14]. 

 To examine the correlation of the pile-up/sink-in parameter, hc/h, to 

indentation cracking behavior, the right hand side of Eq. 5.5, the driving force for 

cracking, is plotted as a function of hc/h in Fig. 5.6a.  The data in Fig. 5.6a is 

remarkably linear with hc/h for all three values of Poisson's ratio.  Given the good 

correlation between the driving force for crack growth in the stress intensity factor 

solution and hc/h and the logarithmic behavior with E/H, the non-dimensional 

cracking parameter KIcc
3/2/Pmax is plotted as a function of ln(ER/H) in Fig. 5.6b.  

Again, good correlation is found between the two parameters shown in Fig. 5.6b 

with an obvious influence of Poisson's ratio.  The "glue" connecting this 

relationship is physically found in the pile-up/sink-in parameter hc/h.  The 

resulting relationship can be described by: 

𝐾𝐼𝑐𝑐
3
2 

𝑃𝑚𝑎𝑥
= 𝐴𝑙𝑛  

𝐸𝑅

𝐻
− 𝐵 . (5.6) 

 Admittedly, Eq. 5.6 is not a rigorous analytical derivation and more 

empirical than not.  However, the relationship was developed with significant 

insight from the finite elements and can be correlated to physical mechanisms 

like pile-up/sink-in and the idea of a rigid wedge stress intensity factor developed 

by Selvadurai and Singh [12].  The variable B stems from the fact that surface 

cracking does not exist in a purely elastic material where the value of E/H is finite 

based on the way we have defined hardness in this dissertation. 
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5.3. Estimation of Fracture Toughness 

 An important step in the process of determining a stress intensity factor 

solution is the evaluation of the model compared to previous estimations.  Fits to 

constants A and B to the finite element data for different values of Poisson‟s ratio 

are given in Table 1.  The value of B will be shown to have physical significance 

related to indenter geometry in a later section of this dissertation. 

 Lawn, Evans, and Marshall provided an indentation cracking toughness 

model, described in detail in previous sections of this dissertation, that relied 

heavily on Hill‟s expanding cavity model to estimate changes in indentation 

behavior changes in E/H.  As we have shown a number of times, Hill‟s expanding 

cavity cannot account for free-surface deformation or the transition from sink-in to 

pile-up that occurs with increasing E/H.  Our argument is not based on changes 

in plastic zone geometry, but rather the amount of plastic deformation at the free 

surface.  Anstis et al. provide an experimentally calibrated form of the Lawn, 

Evans, and Marshall model for indentation fracture toughness: 

𝐾𝐼𝑐𝑐
3
2 

𝑃𝑚𝑎𝑥
= 0.016  

𝐸

𝐻
 

1
2 

. (5.7) 

 Fracture toughness has been estimated from the finite element results 

using Eqs. 5.6 and 5.7 and percent errors in fracture toughness are plotted as a 

function of material # (each material has a different E/H as labeled in the plot) 

over both the median and Palmqvist cracking regimes in Fig. 5.7 for Poisson's 

ratio of 0.25.  Two important conclusions can be drawn from Fig. 5.7.  First, the 

physically backed logarithmic model (Eq. 5.6) does a better job at estimating 

fracture toughness as compared to the Lawn, Evans, and Marshall equation in 

the median cracking regime; and second, both do not work well after the 

transition from median cracking to Palmqvist cracking.  This deviation is due to a 

change in both crack development/geometry and indentation behavior.  Fracture 

mechanics in the Palmqvist indentation cracking regime will follow in Chapter VI. 
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5.4. Conclusions 

 A model for estimating fracture toughness from Vickers indentation 

cracking tests in the range of E/H from 5 to 30 has been developed.  The model 

is physically based on a rigid-disk opening of a penny-shaped crack stress 

intensity factor solution developed by Selvadurai and Singh.  The radius of the 

disk was found to scale with the size of the contact, while free surface effects and 

changes in the pile-up/sink-in ratio with E/H needed to be accounted for in 

determining the scaling of the thickness of the disk.  Cohesive finite element 

results were used to determine the scaling coefficients and the resulting model 

for indentation fracture toughness was compared to the Lawn, Evans, and 

Marshall model. 
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Table 5.1. Finite element curve fits to coefficients A and B in Eq. 5.6 for a Vickers 
indenter. 
 

Poisson's Ratio Coefficient A Coefficient B 

0.10 0.0394 4.59 

0.25 0.0314 4.70 

0.40 0.0218 4.91 
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Figure 5.1a. Selvadurai and Singh's rigid disk stress intensity factor 
geometry used to represent indentation cracking in the median 
regime. 
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Figure 5.1b. Top-down view of the Vickers indentation crack 
geometry. 
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Figure 5.2. Simulation results of unloaded crack opening 
displacements of a Vickers median crack. 
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Figure 5.3. Vickers indentation cracking results in the median regime 
plotted as a function of the rigid disk stress intensity factor solution. 
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Figure 5.4. Sink-in/pile-up surface deformation geometries. 
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Figure 5.5. Finite element results of contact depth to total indenter 
displacement: (a) the entire E/Y range examined; and (b) results from 
the median cracking regime showing logarithmic behavior. 
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Figure 5.6. Correlations between: (a) sink-in/pile-up and the rigid disk 
stress intensity factor solution; and (b) indentation cracking 
parameters and the natural log of ER/H. 
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Figure 5.7. Comparison between fracture toughness predictions from 
the LEM model and the median cracking model derived from finite 
elements. 
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CHAPTER VI  
 

A MODEL FOR THE STRESS INTENSITY FACTOR OF AN 
INDENTATION CRACK IN THE PALMQVIST CRACKING REGIME 
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Abstract 

 Observations and numerical data from cohesive zone finite element 

simulations of Vickers indentation cracking were used to relate material 

properties, applied loads, and crack lengths to simple stress intensity factor 

solutions for indentation cracks in the Palmqvist regime.  Contrary to the rigid 

inclusion stress intensity factor solution for the median cracking regime, a stress-

based solution was chosen for the Palmqvist regime where large changes in the 

ratio of elastic modulus to hardness resulted in nearly negligible changes in 

deformation behavior.  The result was a remarkably simple relationship between 

fracture toughness, applied load, and crack length that was independent of 

material properties other than Poisson's ratio.  Application of the stress intensity 

factor solution herein to measuring fracture toughness is only valid when plastic 

deformation dominates the materials response to indentation, such as the case 

of cube-corner indentation. 
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6.1. Introduction 

 Results from cohesive finite element simulations of indentation cracking 

with a Vickers indenter exhibit two regimes of indentation cracking, viz., a median 

cracking regime wherein both elastic and plastic strains are important and a 

Palmqvist cracking regime dominated by plastic deformation and cracking at the 

surface.  This transition in cracking behavior follows the transition from elastic 

sink-in at the contact periphery to plastic pile-up as the ratio of elastic modulus to 

hardness increases.  The crossover point from the median regime to the 

Palmqvist regime occurs when pile-up begins, i.e., the plastic zone breaches the 

surface at the contact periphery (see Fig. 4.8), which occurs at an elastic 

modulus to hardness ratio of ~30 for a Vickers indenter.  At this point, the stress 

intensity factor solution for the median regime developed in the previous section 

breaks down and its use results in large errors in fracture toughness 

measurements in the Palmqvist regime.  Given that, the intent of this chapter of 

the dissertation is to develop a semi-analytical expression for the stress intensity 

factor of an indentation crack in the Palmqvist regime based on observations and 

data from the cohesive finite element simulations.  As in other parts of this 

dissertation, development of stress intensity factors and analysis of simulations 

are confined to linear-elastic fracture mechanics. 

 Surface cracks are present during loading in the Palmqvist cracking 

regime unlike the median cracking regime where surface cracks only appear 

upon unloading.  The geometry of the Palmqvist indentation crack has been 

described in detail in previous chapters, but is pictured in Fig. 6.1 for 

convenience.  The development of a stress intensity factor solution for an 

indentation crack in the Palmqvist regime begins with the formulation for stable 

cracks in equilibrium with an applied load, followed by the solution for the fully 

unloaded crack geometry.  The approach herein is not a rigorous analytical 

derivation due to the complex nature and geometry of elastic-plastic indentation, 

but rather the application/modification of existing stress intensity factor solutions 

[1].  Non-standard crack geometries in equilibrium with a complex three-
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dimensional elastic-plastic loading environments are typically not analytically 

tractable and the numerical techniques used to solve for the stress intensity 

factor are outside the focus of this work [2]. 

 The major assumption in the Palmqvist stress intensity factor derivation is 

that the influence of the elastic modulus is negligible due to the large amount of 

plastic deformation occurring at the contact periphery.  In order to show that this 

assumption is valid, it is useful to normalize applied load, P, and crack length, c, 

measured from the center of the indent to the crack tip, by the hardness, H, and 

the fracture toughness, KIc.  Doing this leads to a non-dimensional load, 𝑃 , given 

by: 

𝑃 =
𝑃𝐻3

𝐾𝐼𝑐
4 , (6.1) 

and a non-dimensional crack length, 𝑐 , given by: 

𝑐 =
𝑐𝐻2

𝐾𝐼𝐶
2 . (6.2) 

Note that neither of these non-dimensionalizations involves elastic parameters. 

 Evidence for this choice of normalization is provided in Figs. 6.2, 6.3, 6.4, 

and 6.5.  Loads and crack lengths measured during loading of a Vickers 

indenter in materials (Poisson's ratio = 0.10) exhibiting the Palmqvist geometry 

are plotted in Fig. 6.2.  The same loading data are plotted as non-dimensional 

parameters in Fig. 6.3 (log-log scale).  Crack length results, separated by 

Poisson's ratio, after complete unloading are plotted in Figure 6.4 as a function 

of the maximum applied load.  Non-dimensionalized crack lengths and loads for 

the unloaded state are plotted in Fig. 6.5.  The data clearly collapse for both 

loading and unloading even though elastic modulus varies between 100 GPa and 

400 GPa. 

 Physically, one interpretation of this is that the contact geometry in the 

high elastic modulus to hardness ratio regime (E/H > 30) is approaching that 

which would occur in a rigid-plastic material, and thus elastic influences are 

minimal.  From a fracture mechanics view, the driving force can then be thought 
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of as a centrally loaded penny-crack where the force is distributed over the 

plastic zone.  Because the indentation geometry is nearly independent of E/H, 

the geometry of the plastic zone only depends on the applied load and the 

hardness.  Strictly speaking, the rigid-plastic limit has not been reached as stress 

gradients exist around the hardness impression.  In addition, crack growth at the 

surface occurs upon unloading of the indenter.  However, the unique results 

shown in Figs. 6.3 and 6.5 helps in understanding equilibrium crack growth in the 

Palmqvist regime and aids development of a stress intensity factor solution. 

 The assumptions in the derivation of the following stress intensity factor 

models are as follows: 

1. The indentation geometry including the crack, contact size, plastic zone, 

and surface profile are independent of the ratio of E/H and only scale with 

applied load [3]. 

2. The model utilizes penny-shaped crack stress intensity factor solutions 

with a constant that accounts for the free surface, see, for example, Tada 

[1] on a half-penny crack at a free surface. 

3. During loading, the stress intensity factor is the sum of a positive residual 

component stemming from plasticity and a negative elastic component 

due to elastic contact stresses from the indenter. 

4. Upon unloading, only the residual component of the stress intensity factor 

is present. 

6.2. Stress Intensity Factor on Loading 

 In typical linear-elastic fracture toughness geometries, stresses in the 

body scale with increased loading while the geometry remains relatively 

constant.  In direct contrast to that statement, during indentation the stresses 

remain constant with increased loading due to geometric self-similarity of the 

elastic-plastic indentation while the size of the contact and crack length increase.  

A few observations help in identifying the form of the stress intensity factor 

solution required to describe the indentation crack during loading: 
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1. A centrally loaded penny-shaped crack gives rise to a stable crack with 

increasing load, but does not allow for a length scale such as the plastic 

zone, does not allow for a threshold load for cracking, and requires infinite 

crack opening displacement at the center which is physically 

unreasonable. 

2. A penny-shaped crack with a constant uniform stress acting over the crack 

surface results in an unstable crack with increased crack size. 

3. The crack mouth opening displacement idea from the previous section is 

not applicable in the Palmqvist regime as the stress intensity factor is 

derived from elastic resistance to rigid wedge opening.  As shown in Fig. 

6.3, the solution should be independent of the elastic modulus. 

4. During loading, a compressive elastic component exists that restricts 

crack growth.  Unloading the indenter results in increased crack length, 

e.g., Fig. 4.6. 

 Given the above observations, we approach the problem by modifying the 

mode I stress intensity factor, KI, solutions 24.5 and 24.6 in Tada‟s stress 

analysis of cracks handbook [1], pictured in Fig. 6.6a and Fig. 6.6b, respectively.  

Solution 24.5 applies a line load, p, at a radial distance, x, from the center of a 

penny-shaped crack with a length of c (b < c).  Solution 24.6 applies a uniform 

stress, σavg, acting on the crack surface outside of the radial distance x.  Crack 

opening loads and stresses act normal to the crack plane and occur in the z 

direction shown in Fig. 6.6.  Superposition of the two solutions yields: 

𝐾𝐼 =
2𝑝

 𝜋𝑐

𝑥

 𝑐2 − 𝑥2
+
2𝜎𝑎𝑣𝑔

 𝜋𝑐
 𝑐2 − 𝑥2 . (6.3) 

 Henceforth, we choose to drop coefficients in the equations noting that the 

≈ symbol reads “varies as” in this work under the assumption that any corrections 

from the standard geometry to the indentation geometry are constants.  Letting 

the radius of the plastic zone be denoted by b and assuming that the indentation 

hardness, H, is uniformly distributed over the plastic zone, integration of the first 

term in Eq. 6.3 with respect to x from 0 to b yields: 
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𝐾𝐼 ≈
𝐻

 𝑐
 − 𝑐2 − 𝑏2 + 𝑐 +

𝜎𝑎𝑣𝑔

 𝜋𝑐
 𝑐2 − 𝑏2 . (6.4) 

 The geometries described by the first and second parts of Eq. 6.4 are 

pictured in Fig. 6.7a and Fig. 6.7b, respectively. 

 Feng has provided an analytical solution to the stress field around a 

conical indenter hardness impression in an elastic-plastic material.  During 

loading the elastic compressive stress acting normal to the crack plane, σθθ, at 

the surface outside of the contact is a function of applied load, P, and radial 

distance, r, and can be estimated from: 

𝜎𝜃𝜃 = − 1− 2𝜐 
𝑃

2𝜋𝑟2
. (6.5) 

 Assuming that this stress is relatively independent of angle with respect to 

the surface, the average stress acting over the region from the plastic zone to the 

crack tip is given by: 

𝜎𝑎𝑣𝑔 = − 1− 2𝜐 
𝑃

𝑏𝑐
. (6.6) 

 Substitution of Eq. 6.6 into Eq. 6.4 yields: 

𝐾𝐼 ≈
𝐻

 𝑐
 − 𝑐2 − 𝑏2 + 𝑐 −  1− 2𝜐 

𝑃

 𝑐

 𝑐2 − 𝑏2

𝑏𝑐
. (6.7) 

 It is of great importance to analyze some limits of Eq. 6.7 in terms of their 

physical meaning.  In the limit that the crack length is equal to the plastic zone 

radius, the condition for a crack threshold or the point at which crack can be 

observed experimentally, and noting that the applied load, P, is given by P≈Hb2 

due to geometric self-similarity, the stress intensity factor becomes: 

𝐾𝐼 ≈ 𝐻0.75𝑃0.25 . (6.8) 

Rearranging and assuming equilibrium crack growth by setting the stress 

intensity factor equal to the fracture toughness, KIc, yields:  

𝑃 ≈  𝐾𝐼𝑐
4

𝐻3
 
𝑐=𝑏

. (6.9) 

Equation 6.9 is an important result for two reasons.  First, the chosen stress 

intensity factor predicts a crack threshold load that is a function of the materials 
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fracture toughness and hardness in a way that is surprisingly consistent with 

Lawn and Swain‟s analysis (see Chapter II) given the differences between the 

two approaches.  Lawn and Swain derive a stress intensity factor  model that 

grows is a function of the size of the contact and "searches" for a flaw of the right 

orientation and shape that gives rise to crack extension.  Secondly, the 

exponents on the toughness and hardness are consistent with the non-

dimensional parameters in Eqs. 6.1 and 6.2.  The cohesive finite element 

simulations in this work are not suited to describing short cracks, as is the case in 

the threshold load cracking.  However, advances in in-situ indentation testing 

could provide useful information on material behavior in this limit. 

 A first order series expansion of Eq. 6.7 yields the solution when the crack 

length, c, is slightly greater than the plastic zone size, b, as is the case of the 

indentation crack: 

𝐾𝐼 ≈
𝐻𝑏2

𝑐1.5
−

𝑃

𝑏 𝑐
≈

𝑃

𝑐1.5
−  

𝐻𝑃

𝑐
 
0.5

. (6.10) 

Note, however, that the magnitude of the stress intensity factor given in Eq. 6.10 

is dependent on the magnitudes of each term.  For example, non-dimensional 

crack lengths are plotted in Fig. 6.8 as a function of non-dimensional loads for 

both the finite element data (Poisson's ratio = 0.10) and those calculated from 

Eq. 6.10 assuming that the coefficients of each term are equivalent.  The data in 

figure 6.8 comes from the same set of data in Figs. 6.3 and 6.4 for Poisson's ratio 

of 0.10.  Clearly, Eq. 6.10 does not accurately describe the results from the finite 

elements.  However, decreasing the magnitude of the coefficient of the elastic 

term shifts the model toward the finite element data suggesting that the plastic 

term is dominant in the regime explored in the finite elements, consistent with the 

argument that plasticity dominates the contact response in the Palmqvist regime.  

Equation 6.10 may be useful in the Palmqvist cracking regime when crack 

lengths can be measured in-situ, something that has not been greatly explored to 

date. 
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6.3. Stress Intensity Factor on Unloading 

 Of greater importance for post-test measurements of crack lengths is the 

solution for the stress intensity factor of a fully unloaded indentation crack in the 

Palmqvist regime.  Examination of the finite element simulations confirmed that 

no further plastic deformation occurred during unloading in the Palmqvist regime.  

In addition, removal of the load did not cause a large change in geometry (see 

Chapter IV).  Given that, the condition for an equilibrium crack of an unloaded 

indent from a maximum load of Pmax in the Palmqvist regime is given by the 

removal of the elastic contribution in Eq. 6.10, which, under conditions of 

equilibrium crack growth, simplifies to: 

𝐾𝐼𝑐 ≈
𝑃𝑚𝑎𝑥

𝑐1.5
. (6.11) 

The result is an amazingly simple relationship between crack length, applied 

loads, and fracture toughness that is independent of elastic moduli and 

indentation hardness.  Note, though, that Eq. 6.11 must be applied under the 

conditions where plastic deformation dominates the indentation response. 

Interestingly, Tanaka [4] derived a similar expression, and Harding [5] showed 

that Tanaka's equation described a large material data set best with the cube-

corner indenter wherein plasticity dominates the indentation response. 

 Shetty et al. [6] derived a stress intensity factor solution in the Palmqvist 

regime as: 

𝐾𝐼𝑐 ≈  
𝐻𝑃𝑚𝑎𝑥

𝑙
, (6.12) 

where l is the crack length measured from the corner of the indentation 

impression to the crack tip, or approximately l=c-b.  Shetty's solution written in 

terms of non-dimensional variables is given by: 

𝑙 ≈ 𝑃 , (6.13) 

where the non-dimensional crack length is, 𝑙 =lH2/KIc
2. 
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 The third geometrical dimension of importance to visualizing the model for 

crack length as a function of load for the Palmqvist regime is the size of the 

plastic zone, b, which in dimensionless form scales as: 

𝑏 ≈  𝑃 . (6.14) 

 Figure 6.9 is a log-log plot of the current model results (Eq. 6.11) fit to 

Vickers finite element results after complete unload for non-dimensional crack 

lengths 𝑐 , and 𝑙 , and the non-dimensional length of the plastic zone 𝑏  on the 

surface near the threshold load for cracking (i.e., when l is greater than b).  While 

the slope of the non-dimensional crack length 𝑙  continuously changes, it has a 

magnitude of ~1.0 at a non-dimensional load of 1x106, which corresponds well 

with Shetty's prediction (Eq. 6.13).  The slope of the plastic zone size is 1/2 due 

to geometric self-similarity of the indenter and the slope of crack length c is 2/3.  

The results of Eq. 6.11 are consistent with previous derivations of the stress 

intensity factor for Palmqvist cracks and experimental observations.  

Furthermore, the model is consistent with the finite element data over the range 

of elastic modulus and yield strength examined (see Fig. 6.4). 

 The novelty of the model (Eq. 6.11) derived herein lies in its simplicity with 

respect to other derivations.  Recognizing that plasticity drives crack growth and 

that elastic deformation is nearly negligible combined with a simple stress 

intensity factor solution allows for a straightforward, if not purely analytical, 

estimation of fracture toughness in the Palmqvist indentation cracking regime . 

The applicability of Eq. 6.11 will be tested in the following section where the 

results from a number of cohesive finite element simulations of indentation 

cracking in the Palmqvist will be added to the Vickers indenter results. 
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6.4. Conclusions 

 A stress intensity factor solution has been developed for an indentation 

crack in the Palmqvist regime.  The total stress intensity factor is composed of a 

positive residual component stemming from the severe plastic deformation 

around the contact and a negative elastic component due to the contact stresses 

induced by the indenter.  Upon unloading, only the residual component is active.  

The result is an extremely simple relationship between crack lengths, applied 

loads, and fracture toughness under the condition of equilibrium crack growth. 
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Figure 6.1. An idealized subsurface Palmqvist indentation cracking 
geometry during Vickers indentation. 
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Figure 6.2. Vickers indentation crack lengths versus load for 
Palmqvist cracks during loading (Poisson's ratio = 0.10). 
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Figure 6.3. Non-dimensional loads and crack lengths for Palmqvist 
cracks during loading (Poisson's ratio = 0.10). 
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Figure 6.4. Unloaded surface crack lengths of Vickers indentation 
simulations in the Palmqvist regime. 
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Figure 6.5. Non-dimensional loads and crack lengths for Palmqvist 
cracks after complete unload. 
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Figure 6.6. Stress intensity factor geometries 24.5 (a) and 24.6 (b) 
from the stress analysis of crack handbook [1]. 
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Figure 6.7. Schematics of the stress intensity factor geometries used 
to describe indentation cracking. 
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Figure 6.8. Comparison between the finite element results and the 
stress intensity factor model for loading given by Eq. 6.10. 
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Figure 6.9. Predicted scaling behavior of non-dimensional crack 
lengths c and l as well as non-dimensional plastic zone size, b, in the 
Palmqvist regime.  Finite element results have been superimposed 
on the plot. 
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CHAPTER VII 
  

EXPLORING INDENTER GEOMETRY EFFECTS IN INDENTATION 
CRACKING WITH COHESIVE ZONE FINITE ELEMENTS 
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Abstract 

 Cohesive zone finite element simulations of indentation cracking were 

carried out to examine the influence of indenter geometry on cracking behavior.  

Simulations of the three-sided pyramidal Berkovich indenter along with three-

sided indenters with various centerline-to-face angles were used for comparison 

with the Vickers indenter results and stress intensity factor solutions shown in 

previous chapters.  In addition, the influence of the number of corners on an 

indenter was explored and compared to experimental results.  It was found that 

the simulations of Berkovich indentation cracking gave rise to crack lengths that 

were approximately ten percent greater than a Vickers indentation on the same 

material and applied load.  This result was consistent with experimental results 

from Harding and Dukino and Swain in addition to validating the use of 

Ouchterlony's stress intensity factor solution to account for the number of 

indenter corners.  More importantly, the results herein substantiated the stress 

intensity factor solutions in Chapters V and VI.  Furthermore, it was found that 

the indentation cracking response could be tailored such that plastic deformation 

dominates by using indenters with smaller centerline-to-face angles like the 

cube-corner geometry.  This tailoring has important ramifications to accurately 

measuring fracture toughness with indentation cracking.  Experiments and 

simulations in the Palmqvist regime compared extremely well with the fracture 

toughness relationship developed in Chapter VI where the influence of material 

properties and indenter angle were negligible. 

 

 

 

 

 

 

 

 



 

 205 

7.1.  Introduction 

 The cracking that occurs in brittle materials during indentation with 

pyramidal indenters and subsequent relationship between material properties, 

applied loads, and crack geometry is complex and fraught with nuances.  In 

previous sections of this dissertation, we have focused on the role of material 

properties in indentation cracking with a Vickers pyramidal indenter, specifically, 

elastic moduli, hardness, and fracture toughness.  A primary result of that work 

was the identification of a transition in cracking behavior as the contact moves 

from elastic-plastic to plasticity dominated as the ratio of elastic modulus to 

hardness increases.  This section aims to provide some insight into the effects of 

the pyramidal indenter geometry, e.g., the number of corners on the indenter, 

and the indenter centerline-to-face angle.  Indentation cracking with a 3-sided 

Berkovich indenter has importance in nanoindentation with the ability to produce 

results at small scales without the effect of a tip defect inherent to the 4-sided 

Vickers indenter.  The work pertaining to the effect of the number of corners is 

motivated by the results from Harding [1], Pharr and Harding [2], and Dukino and 

Swain [3], while indenter angle effects have been previously described by the 

pioneering work of Lawn and coworkers [4].   

Harding [1] and Dukino and Swain [3], working over a range of brittle 

materials, found that the Berkovich indenter produces crack lengths that are 

approximately 10% greater those resulting from a Vickers indenter for the same 

load.  Harding‟s results are summarized in Fig. 7.1 where crack lengths for a 

Vickers indenter are plotted against crack lengths from a Berkovich indenter with 

equivalent maximum loads [1].  Both Harding and Dukino and Swain utilized 

Ouchterlony‟s stress intensity factor solution for a two-dimensional star-shaped 

through crack [5] to explain for the differences observed between the two 

indenters.  Harding modified Ouchterlony‟s solution such that the driving force 

was distributed among the number of cracks.  Dukino and Swain arrived at a 

similar observation having used Ouchterlony‟s solution, however incorrectly 

derived.  The ratio of Ouchterlony‟s stress intensity factors of a 3-star crack and a 
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4-star crack would result in a value of 0.93, not the value of 1.07 arrived at by 

Dukino and Swain.  With experimental evidence limited by available indenter 

geometries, cohesive finite element simulations provide a unique opportunity to 

assess the influence of the number of cracks or viewed another way the number 

of corners on a pyramidal indenter. 

 The additional indenter geometry descriptor of interest is the indenter 

centerline-to-face angle.  Lawn, Evans, and Marshall provided an indenter angle 

dependence in their indentation cracking model derivation [4].  Their result of a 

cot2/3θ dependence stems from the assumption that the volume of the indent 

gives rise to an equivalent change in plastic zone volume.  Thus, sharper 

indenters, i.e., those with a greater volume to contact area ratio, will provide a 

greater crack driving force.  However, as shown in previous chapters of this work, 

the LEM model does not take into account pile-up or sink-in of material at the 

contact periphery, which, in their derivation, may result in changes to the 

influence of indenter angle.  While an important topic of interest to the indentation 

cracking community is the threshold load for crack initiation as a function of 

indenter angle, such events are ill described with cohesive finite elements in the 

framework that we have set in this study (see Chapter II).  The focus of the 

simulations, as in other chapters of this dissertation, remains on analyses in the 

limit of large cracks in comparison to the process zone size. 

 This work provides cohesive finite element simulation analyses of the 

influence of indenter geometry on indentation cracking.  Specifically, the three 

primary goals are: 

1. to examine the differences in indentation cracking results between the 

Berkovich, Vickers, and conical indenter geometries. 

2. to examine the dependency on the number of cracks and number of 

corners in light of experimental observations. 

3. to document the influence of the indenter centerline-to-face angle on 

indentation cracking results for three-sided pyramidal indenters. 
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The results presented here in combination with the information from previous 

indentation cracking simulations give rise to a more complete description of the 

relationship between material properties, indenter geometry, applied loads, and 

indentation crack lengths.  The result is an improved ability to estimate fracture 

toughness with pyramidal indenters. 

 

7.2.  Finite Element Simulations 

 The finite element software package ABAQUS was used to simulate 

indentation cracking with cohesive finite elements.  The details of the three-

dimensional meshes and application of cohesive finite elements to indentation 

cracking of brittle materials has been detailed in previous chapters.  Specifically, 

ABAQUS bi-linear traction-separation based cohesive element (COH3D8) inputs 

included an initial stiffness of 1x104 GPa, a viscosity of 1x10-6 s-1, an onset of 

debonding criterion of MAXS (mode I loading), and an energy based criterion for 

complete separation [6].  A large initial stiffness, compared to the elastic modulus 

of the material, ensured that any additional compliance due to the presence of 

cohesive elements was negligible.  Viscous regularization facilitated convergence 

during the separation process [7].  A maximum cohesive strength of 0.30 GPa 

was used in all simulations for consistency in the size of the process zone, noting 

that the tensile stresses on prospective crack planes near the hardness 

impression are a function of indenter geometry.   

As previously described, the maximum tensile stress during indentation of 

elastic-perfectly plastic materials is limited by the yield strength, and a cohesive 

strength set at theoretical strengths would never result in the onset of cracking.  

In addition, nucleation of a crack cannot be accurately described by the cohesive 

element formulation in this work.  The energy of separation, GIc, is used to 

compute fracture toughness, KIc, only in the limit that the crack is greater than ten 

times the size of the process zone, noting that the choice of cohesive strength 

and shape of the cohesive traction-separation curve does not influence long 

crack behavior.  Post-processing confirmed that output traction-separation 
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cohesive behavior of matched the input behavior and no overloading of the 

cohesive elements occurred due to the use of viscous regularization. 

ABAQUS solid elements (C3D6 and C3D8) were used in simulating 

materials with an elastic-perfectly plastic constitutive behavior having inputs of 

elastic modulus, E, Poisson‟s ratio, ν, and yield strength, Y.  Elastic modulus 

varied from 100 GPa to 400 GPa, while Poisson‟s ratio was held to 0.25 for all 

simulations.  Yield strength varied from 1 GPa to 10 GPa. Hardness, H, was 

calculated from a maximum load, Pmax, and contact area, Ac, as measured from 

simulation results.  The combinations of E and Y resulted in a range of E/H that 

spans ceramic materials as well as brittle metals.  A rigid element, fixed in all but 

the indentation direction, was used for the indenter that was in frictionless contact 

with the material surface. 

 Most current structural ceramics lie in an E/H regime of ~10 and the 

dominant cracking mode observed in experiments with Vickers indenters is 

median cracking during loading followed by crack extension at the surface during 

unloading [4].  Thus, in examining the effect of the number of cracks/corners we 

have chosen to work with an elastic-perfectly plastic material with an E/Y ratio of 

~20, Poisson‟s ratio of 0.25, and a fracture toughness, KIc, of 1.0 MPa m1/2.  This 

combination of elastic modulus, Poisson's ratio, and yield strength resulted in a 

E/H ratio of ~10, a typical value for ceramic materials.  In addition to the conical, 

Berkovich, and Vickers indenters, 5-sided, and 6-sided indenters have been 

simulated.  While indenters with a number of sides greater than 4 may be 

experimentally impractical, such simulations provide insight into their influence on 

indentation crack growth.  For consistency between indenters an area function, 

i.e., the relationship between contact area, Ac, and contact depth, hc, of 

Ac=24.5hc
2 was used.  This relationship is the same area function for ideal 

Berkovich and Vickers indenters and has an equivalent cone half-included angle 

of 70.3 degrees.  The chosen area function additionally results in an equivalent 

volume to depth ratio.  The mesh symmetry changed depending on the number 

of cracks and number of corners simulated, e.g., a simulation of the 4-sided 
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Vickers indenter in a 2-crack system has a 4-fold symmetric mesh while a 

simulation with a 5-sided indenter in a 5-crack system has a 10-fold symmetric 

mesh.  An example of the 5-crack, 5-sided indenter mesh is shown in Fig. 7.2. 

 The influence of indenter angle was explored using 3-sided pyramidal 

indenters with centerline-to-face angles of 45°, 55°, 65.3°, and 75° as a function 

of E/H.  Note here, that as the indenter became sharper, i.e., the centerline-to-

face angle decreased, finite element artifacts became more prominent due to 

difficulties in contact convergence.  While these artifacts could not be eliminated, 

care was taken to minimize their influence on the results.  Cube corner indenter 

simulations (θ = 35°) would have been ideal for comparison to experiments, but it 

was found that too many artifacts existed in the contact given the mesh 

formulation used in these indentation cracking simulations.  The material 

properties and simulations have been summarized in Table 1.  Note that the 

effects of contact friction and work-hardening have not been examined in this 

study; both of which have significant influence on the deformation behavior 

beneath the indenter and depend on the indenter angle.  

 

7.3.  Results 

 The results from the cohesive finite element simulations of indentation 

cracking are split into three sections corresponding to the three goals outlined in 

the introduction.  First, comparisons between Vickers and Berkovich indenter 

geometries are presented.  Second, results are shown from the effect of number 

of cracks and interpreted in terms of Ouchterlony‟s stress intensity factor 

solution.  Third, the influence of indenter angle is shown as a function of the ratio 

of E/H. 

 The comparison between the Vickers and Berkovich indenters is divided 

into the median cracking regime and Palmqvist cracking regime in light of the 

results described in the Vickers indentation cracking section of this dissertation.  

For the median cracking regime (E/H < ~30) the dimensionless cracking 

parameter, KIcc
3/2/Pmax, a measure of a materials susceptibility to indentation 
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crack extension, is plotted as a function of E/H (semi-log) for both the Vickers 

and Berkovich indenters in Fig. 7.3.  In this regime, the crack geometry is 

subsurface median during loading followed by propagation at the surface on 

unloading for both indenters.  The Berkovich results almost mirror the Vickers 

results, i.e., the dimensionless cracking parameter is linear with log E/H.  In 

addition, Berkovich crack morphologies mimic Vickers geometries with the 

exception that the Berkovich cracks are quarter-penny where the Vickers cracks 

are half-penny.  This was explained in terms of the symmetry in the finite element 

simulations in Chapter II.  The transition from median type cracking to Palmqvist 

type cracking in the Berkovich indenter also occurs at an E/H of ~ 30.  The 

primary difference between the two indenters is found in the magnitude of the 

dimensionless cracking parameter.  The Berkovich indenter consistently 

produces greater values of KIcc
3/2/Pmax as compared to the Vickers indenter. 

In order to more closely compare the Berkovich and Vickers geometries in 

the median cracking regime, the ratios of c3/2/Pmax (fixed fracture toughness) for 

the two indenters are plotted against each other in Fig. 7.4.  Note that the ratio of 

c3/2/Pmax is plotted instead of just crack lengths because the simulations are run 

with the indenter in displacement control while loads are measured.  The slope of 

the linear best fit is 1.19 and when raised to the power of 2/3 results in a 

Berkovich to Vickers crack length ratio of 1.12, remarkably close to the values 

obtained from Harding [1] and Dukino and Swain [3]. 

Above an E/H value of ~30, Berkovich indentation cracking takes on the 

Palmqvist geometry, consistent with the results from the Vickers indenter.  In this 

regime the scaling relationship between crack length, maximum load, and 

fracture toughness changes in accordance with the change in crack 

morphology/development (see Chapter VI).  Comparison between Vickers and 

Berkovich indenters in the Palmqvist regime is shown in Fig. 7.5, where the 

normalized load is given by PmaxH
3/KIc

4 and normalized crack length is given by 

cH2/KIc
2.  Not only does the Berkovich indenter follow the same scaling as the 

Vickers indenter, but the Berkovich indenter results in consistently greater values 



 

 211 

of cH2/KIc
2 than the Vickers indenter for a given material and applied load.  A 

similar analysis to that applied to the median cracking regime results in a 

Berkovich to Vickers crack length ratio of ~1.09 in the Palmqvist regime.  A 

Berkovich indenter would produce greater crack lengths than the Vickers 

indenter independent of the value of E/H and independent of the crack geometry.  

This result is of great importance to the development of fracture toughness 

estimations from indentation cracking. 

 Results from the indentation cracking simulations of conical indenter and 

3,4,5,6-sided pyramidal indenters for a fixed material with an E/Y ratio of ~20, 

Poisson‟s ratio of 0.25, and a fracture toughness, KIc, of 1.0 MPa m1/2 which 

exhibited median type cracking are shown in Fig. 7.6, where KIcc
3/2/Pmax has 

been plotted as a function of the number of cracks in the simulation.  Taking 

advantage of symmetry, 2,4-crack simulations were run for the 4-sided indenter 

(Vickers) while 2,3,6-crack simulations were run for the 6-sided indenter.  In 

addition, a simulation with the Berkovich indenter in a 3-crack system was run 

with the face normal of the indenter aligned with the crack plane instead of the 

corner.  First and foremost, there is a clear dependence of the number of cracks 

on the relationship between load, crack length, and fracture toughness.  

Secondly, the influence of corners on an indenter is negligible after 4-sides when 

the pyramidal indenter result converges to the conical result.  Finally, based on 

the observations of the 3-sided indenter, misalignment between the crack plane 

and corner of the indenter appears to drastically reduce the driving force for 

crack extension. 

 Indentation cracking geometries resulting from the finite element 

simulations of the 45°, 55°, and 75° 3-sided indenters are shown in Figs. 7.7, 7.8, 

and 7.9, respectively.  Figure 7.7 highlights loaded (7.7b,c) and unloaded 

(7.7d,e) states for E/Y values of 50 and 12.5, respectively, which corresponded 

to the limiting cases examined in this study (Poisson's ratio = 0.25).  Figure 7.8 

highlights the 55° results for loaded (7.8b,c) and unloaded (7.8d,e) states for E/Y 

values of 50 and 10, respectively, which corresponded to the limiting cases 
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examined in this study (Poisson's ratio = 0.25).  Figure 7.9 highlights the 75° 

results for loaded (7.9b,c) and unloaded (7.9d,e) states for E/Y values of 50 and 

12.5, respectively, which corresponded to the limiting cases examined in this 

study (Poisson's ratio = 0.25).  Values of KIcc
3/2/Pmax were not dependent on load 

above a crack lengths that was ~10 times greater than the process zone size.  In 

fact, KIcc
3/2/Pmax remained constant whether or not a Palmqvist crack remained at 

the surface or developed into a median/radial crack, as depicted in Fig. 2.11 in 

Chapter II. 

 Results from indentation cracking simulations of 3-sided pyramidal 

indenters having different centerline-to-face angles is shown in Fig. 7.10, where 

KIcc
3/2/Pmax is plotted as a function of E/H.  At low values of E/H, sharper 

indenters produce greater crack lengths for a given load and fracture toughness 

than the more blunt 65.3° and 75° indenters, consistent with the greater 

indentation volume to depth ratio.  However, as E/H increases, this trend no 

longer holds and the sharper indenters lose their driving force compared to the 

65.3° and 75° indenters.  Just as the change in scaling behavior in Berkovich and 

Vickers indentation is associated with a change in crack morphology, the 

explanation for this transition can be found in the transition from median cracking 

to Palmqvist cracking as E/H increases, which is a strong function of indenter 

angle.  For the materials examined in this study, which are representative of the 

E/H range in which ceramic materials lie, the 45° and 55° indenter simulations 

exhibited only Palmqvist type cracking while angles blunter than the Berkovich 

resulted only in median type cracking.  The amount of crack growth on unloading 

was also dependent on indenter angle.  Very little crack growth occurred on 

unloading with the 45° and 55° indenters (see Fig. 7.7), consistent with the large 

amount of plastic deformation, while a significant amount of crack growth 

occurred on unloading during the highly elastic deformation of the 75° indenter.  

More will be discussed in the following section. 
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7.4.  Discussion 

 The cohesive finite elements simulations of indentation cracking herein 

have shown that indenter geometry effects play an important role that must be 

taken into account in the development of methods for estimating fracture 

toughness.  In light of that, the results will be discussed in terms of accounting for 

the effects of the number of corners/cracks for pyramidal indenters as well as the 

influence of indenter centerline-to-face angle.  This information combined with 

previous results in a more complete equation for indentation fracture toughness 

than previous attempts. 

The similar behavior and equivalent transition with E/H from median to 

Palmqvist cracking between the Berkovich and Vickers indenters is consistent 

with their identical volume to depth relationship.  However, the Berkovich 

indenter consistently produces crack lengths that are ~10% greater than the 

Vickers indenter for a given load and material, independent of the crack 

morphology.  One possible explanation of this increased crack length could be 

based purely on the geometry of the indenters.  For a given contact area, the 

contact dimension, i.e., the projected distance from the center of the indent to the 

corner, is larger for a Berkovich compared to a Vickers, which in turn is larger 

than a conical indenter.  Figure 7.11 shows contact outlines for equivalent 

contact areas of a 70.3° cone, Berkovich, and Vickers indenter where the corners 

of the pyramidal indenters have been aligned to the x-axis.  The contact 

dimension of the Berkovich indenter is ~1.24 times larger than the Vickers, which 

may explain the longer crack lengths.  However, evidence against the geometric 

explanation comes in comparison between pyramidal and conical indenters in 

cases greater than 3-crack systems, e.g., the Vickers and conical indenter results 

for the 2-crack system in Fig. 7.6, which are virtually identical.  Thus the more 

pronounced cause for the difference between the Berkovich and Vickers crack 

lengths is then the number of cracks and the distribution of the driving force over 

those cracks. 
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 Both Harding and Dukino and Swain utilized Ouchterlony‟s stress intensity 

factor solution for a two-dimensional (2D) star-shaped through crack to account 

for difference between the Berkovich and Vickers indenters.  Harding modified 

Ouchterlony‟s solution to distribute the driving force over the number of cracks, n.  

Assuming that the 2D solution is applicable to the three-dimensional (3D) 

solution, the resulting pre-factor, k(n), for a given material, i.e., E/H, the modified 

fracture toughness equation has the following form: 

𝐾𝐼𝑐𝑐
3
2 

𝛼𝑃𝑚𝑎𝑥
= 𝑘 𝑛 =

1

𝑛
 

𝑛
2 

1 + 𝑛
2𝜋 𝑠𝑖𝑛 2𝜋 𝑛  

, (7.1) 

where α is a constant for a given value of E/H.  While Harding and Dukino and 

Swain could only compare the Berkovich and Vickers geometries, the simulation 

data herein allows for the evaluation of Harding‟s modified solution over a wider 

range of number of cracks.  Figure 7.12 shows a comparison between k(n)/k(4), 

arbitrarily chosen, and the conical indenter simulation ratio of KIcc
3/2/Pmax for a 

given value of n and KIcc
3/2/Pmax result from the 4-crack system as a function of 

the number of cracks.  Harding‟s modified stress intensity factor solution provides 

an excellent description of the data except in the case of a 2-crack system, which 

is physically not important when working with pyramidal indenters.  Based on 

results from previous sections of this dissertation, one consideration for the 

driving force for crack extension is based on the plastic zone volume controlling 

displacements at the crack mouth.  Physically, the plastic deformation of the 

indentation creates a fixed amount of material available for wedging open the 

crack and from a symmetry viewpoint, this volume must be distributed equally 

among the cracks. 

With an understanding of the correction factor that needs to made for the 

number of cracks, the discussion now turns to examining the influence of 

indenter angle on indentation cracking with 3-sided indenters with a focus on 

developing an equation for measuring fracture toughness.  Keeping in line with 

the pile-up theme, Johnson plots constraint factor versus E/Htanθ , where θ is the 

centerline-to-face angle, as a way to include indenter angle, noting that his 
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derivation is for blunt angles.  Previous results indicate two regimes of 

indentation cracking: first, a low E/H regime where both the elastic and plastic 

stresses play an important role in developing a half-penny crack geometry; and 

second, a high E/H regime (E/H > ~30) for the Berkovich and Vickers indenters) 

where plasticity dominates the development of Palmqvist cracks.   

The two regimes have different scaling relationships between load, crack 

length and material properties.  From previous cohesive finite element 

simulations, the low E/H (median cracking) regime for the Vickers indenter 

exhibits the following empirical scaling relationship: 

𝐾𝐼𝑐𝑐
3/2

𝑃𝑚𝑎𝑥
= 𝐴𝑙𝑛  

𝐸

𝐻
− 𝐵 , (7.2) 

where A is a constant. The value of B is a result of the fact that E/H is not zero 

for a purely elastic material wherein no surface cracking occurs after complete 

unloading of the indenter.  E/H for an elastic material is dependent on indenter 

angle and can be estimated via Sneddon‟s solution for contact of an elastic 

material with a rigid conical indenter [8]: 

𝐵 ≈  𝐸

𝐻
 
𝑒𝑙𝑎𝑠𝑡𝑖𝑐

=
2 1− 𝜐2 

cot 𝜃
. (7.3) 

 Values of B from the finite element simulations for the 65.3° and 75° 

indenters were found to be 3.9 and 7.8 respectively, while Sneddon‟s equation 

results in values of 4.0 and 7.0, respectively.  Note that hardness in this work is 

measured from the contact area at peak load and not from the conventional 

measurement of area of the residual impression.  Conventional hardness would 

be infinite for an elastic material and E/H would then be zero.   

A complex analytical solution to the stress intensity factor for the high E/H 

regime (Palmqvist cracking) was developed in previous sections of this 

dissertation for the Vickers indenter.  However, the solution can be approximated 

through the following empirical scaling relationship: 

𝑐𝐻2

𝐾𝐼𝐶
2 = 𝛽  

𝑃𝑚𝑎𝑥 𝐻3

𝐾𝐼𝐶
4  

𝑚

, (7.4) 



 

 216 

where β is a constant and the exponent, m, lies between ~0.60 to ~0.80.  A 

closer inspection of the results from the indenter angle study show that the 75° 

indenter exhibits median cracking while the 45° and 55° degree indenters exhibit 

Palmqvist cracking.  These results are physically consistent with Johnson‟s ideas 

as well as a number of other results wherein decreasing the indenter angle 

increases the amount of pile-up at the contact periphery, i.e., sharper indenter 

angles decrease the value of E/H at which the contact transitions from elastic-

plastic to plastic dominated . 

 Lawn, Evans, and Marshall derived an indenter angle dependence of 

cot2/3θ for the median cracking regime.  Plots of KIcc
3/2/Pmaxcot2/3θ for the 65.3° 

and 75° indenters as a function of the right hand side of Eq. 7.2 are shown in Fig. 

7.13.  Good agreement is found, and the results are only slightly sensitive to the 

value of the angle exponent.  It would be nice to have a larger dataset to 

evaluate the exponent, but the range of indenter angles that result in median 

cracking in these types of simulation was limited to angles of ~60° to 80°. 

 Figure 7.14 shows the results of plotting the normalized load and 

normalized crack length for the 45° and 55° degree indenters, as well as the 

results from Berkovich indentation cracking simulations in the Palmqvist regime.  

The influence of indenter angle is found to be negligible as results for all three of 

the indenters are collinear.  Plasticity blunts the effects of indenter angle. 

 Incorporation of the two indenter geometric dependencies described 

above into Eqs. 7.2 and 7.4 leads to the most complete description of the 

relationship between material properties, indenter loads, indenter geometry, and 

crack length.  Additionally, the constants in Eqs. 7.2 and 7.4 can be estimated 

from fits to the finite element data.  For the median cracking regime, fracture 

toughness can be estimated with the following equation: 

𝐾𝐼𝑐𝑐
3/2

𝑃𝑚𝑎𝑥 𝑐𝑜𝑡
2
3 𝜃

= 0.15𝑘 𝑛 𝑙𝑛  
𝐸

𝐻
−
2 1− 𝜐2 

cot 𝜃
 . (7.5) 

 Fracture toughness for the Palmqvist cracking regime is insensitive to 

indenter angle and can be estimated from: 
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𝑐𝐻2

𝐾𝐼𝐶
2 = 0.78 𝑘 𝑛 

𝑃𝑚𝑎𝑥 𝐻3

𝐾𝐼𝐶
4  

0.62

. (7.6) 

 While Eqs. 7.5 and 7.6 are results of empirical fits to the finite element 

data, previous sections of this dissertation have provided strong physical 

evidence for both the form of the equations and reasoning for the transition from 

one to the other depending on the crack and contact geometries.  It is also 

important to note here that these equations do not include Poisson‟s ratio effects, 

which are not accounted for in this chapter.  Interestingly, an exponent of 2/3 on 

the right hand side of Eq. 7.6 would result in a fracture toughness relationship 

similar to the one proposed by Tanaka [9, 10] where the relationship between 

Pmax and c3/2 is only determined by the fracture toughness and not the ratio of 

elastic modulus to hardness, E/H.  The empirical fit to the finite element data 

results in an exponent of 0.62 which is close to the value of 2/3.   

 Harding generated experimental indentation cracking results with a 3-

sided pyramidal indenter having a centerline-to-face angle of 35° (cube corner 

indenter) for soda-lime glass, pyrex, silicon (100) and (111), fused quartz, 

germanium (111), sapphire (111), spinel (100), and silicon carbide SA.  For 

purposes of this work, it is assumed that Harding‟s results lie in the Palmqvist 

regime due to the sharpness of the indenter.  Harding‟s results are plotted 

alongside Vickers and Berkovich finite element results from the Palmqvist regime 

as well as the 45° and 55° finite element results in Fig. 7.15.  The FE data and 

experimental data are in remarkable agreement considering Harding‟s data 

includes single crystal, polycrystalline, and amorphous materials [1]. 

 Finally, the results from this work can be summarized in terms of the utility 

of measuring fracture toughness with pyramidal indenters.  The choice of 

indenter angle allows for tailoring the response of the material, i.e., sharper 

indenters will force the plasticity dominated Palmqvist regime, while blunt 

indenters will result in the elastic-plastic median cracking regime.  While 

empirical formulas have been generated for both the median and Palmqvist 

cracking regimes, working in the Palmqvist regime has a number of advantages:  
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First, the threshold load for cracking is much lower for sharper indenters as 

compared to blunt indenters;  Second, much smaller indents can be made 

allowing for estimation of material properties at smaller length scales;  Third, 

working in the Palmqvist regime does not require accurate knowledge of the 

elastic modulus, a result that may prove beneficial to measuring fracture 

toughness in anisotropic materials. 

 

7.5. Conclusions 

 Cohesive finite element simulations of indentation cracking with pyramidal 

indenters have been used to study the effects of indenter geometry on the 

relationships between material properties, applied loads, and crack lengths.  

Specifically, the influences of the number of corners/cracks and indenter 

centerline-to-face angle have been accounted for and empirical relationships with 

physical origins have been developed from the finite element data.  Additionally, 

the results herein are in remarkable agreement with experimental indentation 

cracking data over a wide range of materials.  The important conclusions that can 

be drawn from this work are as follows: 

1. Experimental results of Berkovich indenter crack lengths ~10% greater 

than Vickers indenter crack lengths for the same load and material are 

mirrored in the cohesive finite element simulations. 

2. Ouchterlony‟s modified stress intensity factor solution for a 2D star shaped 

though crack accurately explains the difference between the Berkovich 

and Vickers crack lengths. 

3. In the median cracking regime (low E/H and blunt indenters), indenter 

angle has a cot2/3θ dependence, consistent with the derivation of Lawn, 

Evans, and Marshall. 

4. Indenter angle effects are negligible in the Palmqvist cracking regime 

(high E/H and sharp indenters) where plastic flow at the surface during 

contact blunts the influence of indenter angle. 
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5. Finite element results from simulations of three-sided pyramidal indnters 

having centerline-to-face angles of 45° and 55° exhibit Palmqvist type 

cracking over an E/H regime that encompasses most brittle ceramic 

materials.  Simulations of a 75° indenter exhibited median type cracking 

over the same regime of E/H. 

6. The results from this work have been used to incorporate and account for 

material properties and indenter geometry into relationships meant for 

estimating fracture toughness from indentation cracks (Eqs. 7.5 and 7.6). 
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Table 7.1. Material, indenter, and cohesive element input properties in the finite 
element simulations. 
 

Simulation 
θ 

(deg) 
E/Y ν 

GIc 
(GPa 
um) 

σc 
(GPa) 

# of 
Cracks 

# of 
Corners 

Vickers vs 
Berkovich 

70.3 
10-
400 

0.25 0.01 0.30 

4 and 3 4, 3 

Number of 
Cracks 

70.3 20 2-6 3-6 

Indenter 
Angle 

45, 55, 65.3, 
75 

20 3 3 
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Figure 7.1. Harding's experimental results on crack lengths 
measurements from Vickers and Berkovich indentations at the same 
load in a number of brittle materials.  
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Figure 7.2. Example finite element model of a multi-sided pyramidal 
indenter: (a) top down view of a 5-sided indenter; and (b) resulting 
quarter-penny cracks occurring on planes aligned with indenter 
corners. 
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Figure 7.3. The non-dimensional cracking parameter, KIcc
3/2/Pmax, 

plotted as a function of E/H (semi-log scale) for materials in the 
median indentation cracking regime. 
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Figure 7.4. Berkovich results versus Vickers results for materials in 
the median cracking regime having a constant fracture toughness. 
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Figure 7.5. Normalized crack lengths plotted as a function of 
normalized load for Vickers and Berkovich indenters in the Palmqvist 
regime. 
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Figure 7.6. The non-dimensional cracking parameter plotted as a 
function of the number of cracks for pyramidal indenters having 
different sides. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 229 

 
 

 

Figure 7.7. Indentation cracking geometries observed in simulations 
of a 3-sided indenter having a centerline-to-face angle of 45°:  finite 
element model (a); geometries at maximum load for E/Y ratios of 50 
and 12.5, respectively (b,c); and unloaded geometries (d,e). 
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Figure 7.8. Indentation cracking geometries observed in simulations 
of a 3-sided indenter having a centerline-to-face angle of 55°:  finite 
element model (a); geometries at maximum load for E/Y ratios of 50 
and 10, respectively (b,c); and unloaded geometries (d,e). 
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Figure 7.9. Indentation cracking geometries observed in simulations 
of a 3-sided indenter having a centerline-to-face angle of 75°:  finite 
element model (a); geometries at maximum load for E/Y ratios of 50 
and 12.5, respectively (b,c); and unloaded geometries (d,e). 
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Figure 7.10. The non-dimensional cracking parameter plotted as a 
function of E/H for 3-sided indenters having different centerline-to-
face angles. 
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Figure 7.11. Equivalent contact area outlines for 70.3° cone, Vickers, 
and Berkovich indenters. 
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Figure 7.12. Ouchterlony's stress intensity factor model compared to 
results from indentation cracking simulations having different 
numbers of cracks. 
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Figure 7.13. The entire simulation dataset in the median cracking 
regime plotted as a function of Eq. 7.5. 
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Figure 7.14. The entire simulation dataset in the Palmqvist regime 
plotted as a function of Eq. 7.6. 
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Figure 7.15. Harding's experimental cube-corner indentation cracking 
results plotted along with the finite element results. 
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CHAPTER VIII 
 

SUMMARY AND CONCLUSIONS 
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 Cohesive zone finite element simulations of pyramidal indentation 

cracking in brittle materials have been carried out in order to: (1) critically 

examine the Lawn, Evans, and Marshall model of indentation cracking that 

relates fracture toughness to indentation data; (2) determine the underlying 

physical mechanisms of indentation crack growth from a continuum view and 

their relationship to material properties; and (3) provide a platform from which 

future simulations can add more complex material behavior as well as guidance 

for experimental measurements of fracture toughness.  The results and 

conclusions of the simulations were divided into six chapters in this dissertation 

that build upon one another. 

 Simulations of a standard fracture toughness test geometry were used in 

Chapter II to identify the regime in which cohesive zone finite element 

simulations could be used in combination with linear-elastic fracture mechanics.  

In addition, two-dimensional wedge, Vickers, and Berkovich indentation cracking 

geometries were simulated.  It was found that a crack length of at least ten times 

the size of the process zone was required for linear-elastic fracture mechanics to 

be valid.  Crack initiation during indentation was highly dependent on cohesive 

zone properties while crack extension in the long crack limit was only dependent 

on fracture toughness.  Short crack behavior, i.e., cracks less than ten times the 

process zone size,  was dominated by the process zone.  Most importantly, the 

simulations resulted in median and Palmqvist crack geometries that were 

consistent with experimental observations. 

 Detailed simulations of two-dimensional wedge indentation cracking in 

elastic-perfectly plastic brittle materials were provided in Chapter III.  The Lawn, 

Evans, and Marshall model was derived for the two-dimensional case and 

compared to simulation results over a wide range of material properties and 

indenter angles.  It was found that the Lawn, Evans, and Marshall model's 

reliance on Hill's expanding cavity model limits its predictive capabilities over the 

range of materials examined in the simulations.  The free surface had little to no 

influence on crack growth and crack growth did not occur on unloading as elastic 
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contact stresses on the median crack plane were minimal.  Crack extension was 

found to follow a simple stress intensity factor solution where the driving force 

was crack mouth opening displacement caused by expansion of the plastic zone.  

The simple fracture toughness relationship accounted for the influence of elastic 

modulus, Poisson's ratio, hardness, and indenter angle.  While the results from 

such two-dimensional relationships may not be experimentally practical, they 

help in understanding the physical mechanisms underlying indentation crack 

growth in a much simpler geometry than that of pyramidal indenters. 

 The crux of this work, Chapter IV, was three-dimensional simulations of 

the four-sided pyramidal Vickers indentation cracking geometry in elastic-

perfectly plastic brittle materials.  A critical examination of the Lawn, Evans, and 

Marshall model and assumptions therein was of primary interest.  Two important 

conclusions were drawn from the Vickers simulations: (1) The Lawn, Evans, and 

Marshall model works well over a small range of the ratio of elastic modulus to 

hardness, a range where indentation behavior is consistent with Hill's expanding 

cavity model, but deviated significantly outside of this limited range; and (2) there 

was a dramatic change in indentation cracking behavior as the ratio of elastic 

modulus to hardness moved from more ceramic-like materials toward metallic-

like materials.  Materials with lower values of elastic modulus to hardness, where 

elastic deformation dominates, exhibited median like cracking behavior where 

surface cracking was only evident upon unloading of the indenter.  More metallic-

like materials, where plasticity dominates deformation, exhibited Palmqvist type 

cracking where surface crack extension occurred on loading and unloading.  This 

transition in indentation cracking behavior was consistent with experimental 

observations in glass (median) and tungsten carbide (Palmqvist).  To the best of 

our knowledge, this was the first report of the change in cracking behavior being 

linked to the way in which a material accommodates deformation during the 

indentation process. 

 Observations and numerical data from cohesive zone finite element 

simulations of Vickers indentation cracking were used to relate material 
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properties, applied loads, and crack lengths to simple stress intensity factor 

solutions in Chapter V.  It was found that a stress intensity factor solution of the 

insertion of a rigid wedge, similar to the two-dimensional wedge result, was able 

to describe fracture toughness measurements in the median cracking regime.  

However, contrary to the two-dimensional wedge solution, the presence of the 

free surface was accounted for through material pile-up/sink-in at the contact 

periphery.  Increasing the ratio of elastic modulus to hardness from 10 to 30 

resulted in changes in pile-up deformation at the contact periphery giving rise to 

material behavior not considered in the Lawn, Evans, and Marshall model for 

median type cracks. 

 Significant error in fracture toughness was found when the derived 

solution from chapter V was applied to the Palmqvist regime, and a separate 

stress intensity factor solution was required and developed in Chapter VI.  A 

stress-based solution was chosen for the Palmqvist regime where the fact that 

large changes in the ratio of elastic modulus to hardness resulted in nearly 

negligible changes in deformation behavior.  The result was a remarkably simple 

relationship between fracture toughness, applied load, and crack length that was 

independent of material properties other than Poisson's ratio.  Measurements of 

fracture toughness with the Palmqvist model were only valid when plastic 

deformation dominated the materials response to indentation. 

 Chapter VII reported results from cohesive zone finite element simulations 

of indentation cracking that focused on the influence of indenter geometry on 

cracking behavior.  Simulations of the three-sided pyramidal Berkovich indenter 

along with three-sided indenters with various centerline-to-face angles were used 

for comparison with the Vickers indenter results and stress intensity factor 

solutions.  In addition, the influence of the number of corners on an indenter was 

explored and compared to experimental results.  It was found that the simulations 

of Berkovich indentation cracking gave rise to crack lengths that were 

approximately ten percent greater than a Vickers indentation on the same 

material and applied load.  This result was consistent with experimental results 
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from Harding and Dukino and Swain in addition to validating the use of 

Ouchterlony's stress intensity factor solution to account for the number of 

indenter corners.  More importantly, the results in chapter VII substantiated the 

stress intensity factor solutions in Chapters V and VI.  Furthermore, it was found 

that the indentation cracking response could be tailored such that plastic 

deformation dominates by using indenters with smaller centerline-to-face angles 

like the cube-corner geometry.  This tailoring has important ramifications to 

accurately measuring fracture toughness with indentation cracking.  Experiments 

and simulations in the Palmqvist regime compared extremely well with the 

fracture toughness relationship developed in Chapter VI where the influence of 

material properties and indenter angle are negligible. 

 Ultimately, experimental measurements of fracture toughness using the 

ideas and results found in this dissertation are only useful when the assumptions 

and conditions of the cohesive zone finite element simulations are met.  

Anisotropy, grain size, deformation not consistent with Mises yielding, friction, 

hardening, short crack behavior, etc..., may have influence on indentation crack 

behavior not accounted for in these models.  That being said, the observations 

provided by the simulation work create a platform for accounting for more 

complex material properties by considering deformation behavior and the ability 

to tailor a response by implementing different indenter geometries.  Finally, the 

utility of indentation cracking is not limited to estimating fracture toughness.  

Plasticity at the contact, crack mouth opening displacements at the elastic/plastic 

boundary, and crack tip deformation provide ample opportunities to study intrinsic 

deformation behavior of materials.  Furthermore, the volume of material over 

which this unique deformation occurs can be explored over different length 

scales with pyramidal indenters. 
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This appendix details the meshing strategy and methods used during the course 

of the cohesive finite element simulations of indentation cracking.  While the 

salient points of the mesh geometry and properties have been previously 

described for reproducibility, this section is intended to provide helpful 

information for those looking to generate meshes similar to the ones used in this 

work.  This appendix is broken down into two sections: 

1. Meshing strategy and mesh generation. 

2. Example input file. 

The meshing strategy herein is certainly not the only method for using cohesive 

elements in an indentation simulation, but one that has proven to be robust with a 

relatively simple implementation.  All of the models have used input files for 

running simulations, however, the ABAQUS™ CAE software package could also 

be used for input. 

Meshing Strategy 

 The following discussion refers to "cohesive elements" and "material" 

elements.  Cohesive elements are those that comprise the crack and have the 

cohesive zone constitutive behavior.  Material elements are those outside of the 

crack and have material behavior specified by the *ELASTIC and *PLASTIC 

commands in ABAQUS™. 

 The standard mesh for indentation simulations has nodes that are densely 

spaced at and near the contact where strains and strain gradients are most 

intense.  This high density ensures that the contact conforms to the shape of the 

indenter in addition to ensuring accuracy in calculated loads and contact areas.  

For computational savings, the nodes become less dense further away from the 

contact.  Simulations of indentation cracking have the same requirements with 

the added provision that the mesh be dense enough on the prospective crack 

path to accurately model cohesive zone behavior.  Low density meshes may lead 

to inconsistencies with the input and output cohesive element constitutive 

behavior.  A common misconception is that only the cohesive elements need be 

dense on the prospective crack path.  However, the density of material elements 
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must also be fine enough to capture the strain and strain gradients at the crack 

tip as well as the tractions at the boundary of the cohesive zone.  The 

requirement for mesh density at the contact as well as the crack path is not a 

problem in two-dimensional (2D) or axisymmetric problems, but can become an 

issue in three-dimensional (3D) problems where the number of elements, and 

thus computational requirements, may be limited by time or machine constraints. 

 The natural tendency to improve calculation accuracy while limiting 

calculation time is to take advantage of the symmetry that arises in indentation 

problems and boundary conditions become important.  Symmetry boundary 

conditions need to be placed on both the material mesh and the indenter.  The 

latter is accomplished by specifying displacement conditions on the reference 

node of the rigid indenter.  The size of the mesh (e.g., height and width in 2D) 

must be large enough such the outer boundaries do not influence the strain field 

induced by the indenter.  Once the mesh is large enough compared to the size of 

the contact, the difference between "roller" or "fixed" boundary conditions on the 

bottom of the mesh is irrelevant in most cases. 

 Further care must be taken when considering boundary conditions in 

indentation cracking simulations.  Specifically, crack closure may occur due to 

the expansion of the indentation plastic zone along the crack path.  For example, 

refer to Fig. 2.8 in Chapter 2 of this dissertation.  Symmetry boundary conditions 

are only placed on the left nodes of the cohesive elements in the 2D wedge 

simulations, while the right nodes of the cohesive elements and the adjacent 

material nodes have no boundary conditions as they must be free to displace as 

the crack progresses.  In the absence of crack closure (e.g., the center cracked 

tension panel simulations in Section 2) these boundary conditions accurately 

reflect the model.  However, crack closure that occurs due to the compressive 

stresses of the indentation plastic zone results in negative material 

displacements perpendicular that are non-physical.  The solution to the crack 

closure and symmetry problem was to place a rigid element along the symmetry 

plane that is in contact with the material elements.  The contact formulation 
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prevents negative material displacements while maintaining symmetry.  In order 

to verify that this strategy does not impose constraints that are invalid, 2D 

simulations of full meshes (i.e., both sides of the contact have been modeled) 

were run.  The results (crack length, load, hardness, etc...) were nearly identical 

in all cases.  Similar results were found in 3D simulations. 

 Note here, that symmetry conditions must be accounted for in calculating 

the value of fracture energy.  Crack opening displacements are actually twice 

that of those measured from the model and thus fracture energy is doubled.  In 

addition, because initial crack opening displacement is zero, the initial thickness 

of the cohesive elements is also zero.  This means that the top and bottom nodes 

of the cohesive elements (referring to the opening direction) are in the same 

position.  Applied boundary conditions must give rise to the same nodal 

displacements in the absence of cohesive element separation.  The *EQUATION 

command in ABAQUS™ can be a useful way for implementing this condition. 

 Finally, it is worth mentioning that scaling and optimization of the size of 

the mesh can be difficult.  The size of the contact, plastic zone, and crack tip 

must not be influenced by outer boundaries.  In addition, under conditions of 

linear-elastic fracture mechanics, the size of the crack must be at least ten times 

greater than the size of the process zone.  The relative sizes of the contact and 

the crack scale differently with applied load and one may take precedence over 

the other leading to a large number of either material or cohesive elements to 

maintain accuracy.  Often, the contact strain field was the determining factor.  

Thus, in order to generate a general mesh that eliminated changes in systematic 

error from one mesh to another, a geometry that consisted of three sections was 

used in both 2D and 3D simulations.  The first section contained the contact and 

crack plane and had the highest density of both material elements and cohesive 

elements.  The second and third sections only contained material elements (i.e., 

cracks could not propagate into these sections) with a less dense mesh whose 

sole purpose was to provide a large enough mesh so that outer boundaries did 

not influence the contact.  ABAQUS™ "tie" constraints were used to combine the 
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three sections.  It was found that the tie constraint was nearly the same as a 

multi-point constraint (MPC) in the limit that strains and strain gradients were 

minimal at the boundaries between sections.  The tie constraint has the added 

advantage that it is relatively simple to implement in the code. 

 Because crack lengths and contact sizes as a function of applied load and 

material properties is not known a priori, the most efficient method for optimizing 

mesh size was to run a simulation with a coarse mesh that provided approximate 

size information followed by a simulation with a much finer mesh of the 

appropriate size.  Note that during the course of using cohesive elements, it was 

found that elements having opening faces of equivalent lengths throughout the 

mesh tended to work best (i.e., a square mesh). 

Mesh Generation and Example Mesh Input File 

 Mesh generation was accomplished in the command file for 2D 

simulations while an external program was used to generate node coordinates 

and element connectivity for 3D simulations.  The external program allowed for 

freedom in controlling mesh geometry/properties in a way that was more flexible 

than the standard ABAQUS™ software.  Attached below is an example 2D 

wedge indentation cracking input file. 
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** 
*HEADING 
2D WEDGE INDENTATION - MEDIAN INITIATION 
** 
*PREPRINT, ECHO=YES 
** 
** 
********************************************* 
**  TARGET BLOCK NODE GENERATION 
********************************************* 
** 
** 
*NODE, NSET=TOP_LEFT 
1, 0, 0 
*NODE, NSET=TOP_RIGHT 
101, 16.6, 0 
*NODE, NSET=BOTTOM_LEFT 
90301, 0, -50 
*NODE, NSET=BOTTOM_RIGHT 
90401, 16.6, -50 
** 
** 
*NFILL, NSET=LEFT_NODES, BIAS=1.00 
TOP_LEFT, BOTTOM_LEFT, 300, 301 
** 
*NFILL, NSET=RIGHT_NODES, BIAS=1.00 
TOP_RIGHT, BOTTOM_RIGHT, 300, 301 
** 
*NFILL, NSET=INNER_NODES, BIAS=0.98 
LEFT_NODES, RIGHT_NODES, 100, 1 
** 
** 
********************************************* 
**  COHESIVE NODE GENERATION 
********************************************* 
** 
** 
*NODE, NSET=COH_TOP_LEFT 
500000, 0, 0 
*NODE, NSET=COH_TOP_RIGHT 
600000, 0, 0 
*NODE, NSET=COH_BOTTOM_LEFT 
501000, 0, -50 
*NODE, NSET=COH_BOTTOM_RIGHT 
601000, 0, -50 



 

 249 

** 
*NFILL, NSET=COHESIVE_NODES_2, BIAS=1.00 
COH_TOP_LEFT, COH_BOTTOM_LEFT, 1000, 1 
** 
*NFILL, NSET=COHESIVE_NODES_1, BIAS=1.00 
COH_TOP_RIGHT, COH_BOTTOM_RIGHT, 1000, 1 
** 
** 
********************************************* 
**  RIGHT BLOCK NODE GENERATION 
********************************************* 
** 
** 
*NODE, NSET=RB_TOP_LEFT 
100001, 16.6, 0 
*NODE, NSET=RB_TOP_RIGHT 
100051, 1000, 0 
*NODE, NSET=RB_BOTTOM_LEFT 
105101, 16.6, -50 
*NODE, NSET=RB_BOTTOM_RIGHT 
105151, 1000, -50 
** 
*NFILL, NSET=RB_LEFT_NODES, BIAS=1.00 
RB_TOP_LEFT, RB_BOTTOM_LEFT, 100, 51 
** 
*NFILL, NSET=RB_RIGHT_NODES, BIAS=1.00 
RB_TOP_RIGHT, RB_BOTTOM_RIGHT, 100, 51 
** 
*NFILL, NSET=RB_INNER_NODES, BIAS=0.92 
RB_LEFT_NODES, RB_RIGHT_NODES, 50, 1 
** 
** 
********************************************* 
**  LOWER BLOCK NODE GENERATION 
********************************************* 
** 
** 
*NODE, NSET=LB_TOP_LEFT 
200001, 0, -50 
*NODE, NSET=LB_TOP_RIGHT 
200101, 1000, -50 
*NODE, NSET=LB_BOTTOM_LEFT 
205051, 0, -1000 
*NODE, NSET=LB_BOTTOM_RIGHT 
205151, 1000, -1000 
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** 
*NFILL, NSET=LB_LEFT_NODES, BIAS=0.93 
LB_TOP_LEFT, LB_BOTTOM_LEFT, 50, 101 
** 
*NFILL, NSET=LB_RIGHT_NODES, BIAS=0.93 
LB_TOP_RIGHT, LB_BOTTOM_RIGHT, 50, 101 
** 
*NFILL, NSET=LB_INNER_NODES, BIAS=0.93 
LB_LEFT_NODES, LB_RIGHT_NODES, 100, 1 
** 
** 
********************************************* 
**  NODE SET GENERATION 
********************************************* 
** 
** 
*NSET, NSET=BASE_NODES, GENERATE 
90301, 90401, 1 
** 
*NSET, NSET=SURFACE_NODES, GENERATE 
1, 101, 1 
** 
*NSET, NSET=LB_BASE_NODES, GENERATE 
205051, 205151, 1 
** 
** 
********************************************* 
**  ELEMENT GENERATION 
********************************************* 
** 
** 
*ELEMENT, TYPE=CPE4 
1, 1, 302, 303, 2 
100000, 100001, 100052, 100053, 100002 
200000, 200001, 200102, 200103, 200002 
** 
*ELEMENT, TYPE=COH2D4 
500000, 500000, 500001, 600001, 600000 
** 
*ELGEN, ELSET=MATERIAL_ELEMENTS 
1, 100, 1, 1, 300, 301, 300, 1, 1, 1 
** 
*ELGEN, ELSET=RB_MATERIAL_ELEMENTS 
100000, 50, 1, 1, 100, 51, 50, 1, 1, 1 
** 
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*ELGEN, ELSET=LB_MATERIAL_ELEMENTS 
200000, 100, 1, 1, 50, 101, 100, 1, 1, 1 
** 
*ELGEN, ELSET=COHESIVE_ELEMENTS 
500000, 1000, 1, 1 
** 
** 
********************************************* 
**  ELEMENT SET GENERATION 
********************************************* 
** 
** 
*ELSET, ELSET=SURFACE_ELEMENTS, GENERATE 
1, 100, 1 
** 
*ELSET, ELSET=SIDE_ELEMENTS, GENERATE 
1, 89701, 300 
** 
*ELSET, ELSET=RIGHT_ELEMENTS, GENERATE 
100, 89800, 300 
** 
*ELSET, ELSET=BASE_ELEMENTS, GENERATE 
89701, 89800, 1 
** 
*ELSET, ELSET=RB_LEFT_ELEMENTS, GENERATE 
100000, 104950, 50 
** 
*ELSET, ELSET=RB_BASE_ELEMENTS, GENERATE 
104950, 105000, 1 
** 
*ELSET, ELSET=LB_SURFACE_ELEMENTS, GENERATE 
200000, 200100, 1 
** 
** 
********************************************* 
**  INDENTER GENERATION 
********************************************* 
** 
** 
*NODE, NSET=INDENTER_NODES 
100000001, 0, 0.01 
100000002, 107.2253460254779308178130395523, 50.01 
** 
*NODE, NSET=INDENTER_REF 
900000001, 0.000000000, 1.000000000 
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** 
*ELEMENT, TYPE=R2D2, ELSET=INDENTER_ELEMENTS 
100000001, 100000002, 100000001 
** 
** 
********************************************* 
**  SIDE WALL GENERATION 
********************************************* 
** 
** 
*SURFACE, TYPE=SEGMENT, NAME=SIDE_WALL 
START, 0.0, 0.1 
LINE, 0.0, -50 
*NODE, NSET=SIDE_WALL_REF 
900000002, 0, 0.5 
** 
** 
********************************************* 
**  MATERIAL PROPERTIES 
********************************************* 
** 
** 
*RIGID BODY,  REFNODE=900000001, ELSET=INDENTER_ELEMENTS 
** 
*SOLID SECTION, ELSET=MATERIAL_ELEMENTS, MATERIAL=MATERIAL 
*SOLID SECTION, ELSET=RB_MATERIAL_ELEMENTS, 
MATERIAL=MATERIAL 
*SOLID SECTION, ELSET=LB_MATERIAL_ELEMENTS, 
MATERIAL=MATERIAL 
** 
*MATERIAL, NAME=MATERIAL 
** 
*ELASTIC 
100, 0.25 
** 
*PLASTIC 
5 
** 
** 
*COHESIVE SECTION, ELSET=COHESIVE_ELEMENTS, 
MATERIAL=C_MATERIAL, RESPONSE=TRACTION SEPARATION, 
CONTROLS=CTRLS, THICKNESS=SPECIFIED 
1.0 
** 
*SECTION CONTROLS, NAME=CTRLS, VISCOSITY=1E-5 
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** 
** 
*MATERIAL, NAME=C_MATERIAL 
*ELASTIC, TYPE=TRACTION 
10E3, 10E3, 10E3 
** 
*DAMAGE INITIATION, CRITERION=MAXS 
0.5, 1E5, 1E5 
** 
*DAMAGE EVOLUTION, TYPE=ENERGY, SOFTENING=LINEAR 
0.009375 
** 
** 
********************************************* 
**  BOUNDARY CONDITIONS 
********************************************* 
** 
** 
*BOUNDARY 
COHESIVE_NODES_2, XSYMM 
LB_LEFT_NODES, XSYMM 
INDENTER_REF, 1, 1 
INDENTER_REF, 6, 6 
SIDE_WALL_REF, 1, 6 
LB_BASE_NODES, 2, 2 
TOP_LEFT, 1, 1 
** 
*EQUATION 
2 
COHESIVE_NODES_2, 2, -1, COHESIVE_NODES_1, 2, 1 
** 
** 
********************************************* 
**  MODEL SURFACES 
********************************************* 
** 
** 
*RIGID BODY,  REFNODE=900000002, ANALYTICAL SURFACE=SIDE_WALL 
** 
*SURFACE, TYPE=ELEMENT, NAME=TARGET_SURFACE_RIGHT 
SURFACE_ELEMENTS, S4 
** 
*SURFACE, TYPE=ELEMENT, NAME=INDSURF 
INDENTER_ELEMENTS, SPOS 
** 
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*SURFACE, TYPE=ELEMENT, NAME=SIDE_SURFACE 
SIDE_ELEMENTS, S1 
** 
*SURFACE, TYPE=ELEMENT, NAME=COHESIVE_SURFACE 
COHESIVE_ELEMENTS, S3 
** 
** 
*SURFACE, TYPE=ELEMENT, NAME=RB_LEFT_SURFACE 
RB_LEFT_ELEMENTS, S1 
** 
*SURFACE, TYPE=ELEMENT, NAME=RIGHT_SURFACE 
RIGHT_ELEMENTS, S3 
** 
*SURFACE, TYPE=ELEMENT, NAME=BASE_SURFACE 
BASE_ELEMENTS, S2 
** 
*SURFACE, TYPE=ELEMENT, NAME=RB_BASE_SURFACE 
RB_BASE_ELEMENTS, S2 
** 
*SURFACE, TYPE=ELEMENT, NAME=LB_UPPER_SURFACE 
LB_SURFACE_ELEMENTS, S4 
** 
** 
********************************************* 
**  INTERACTION PROPERTIES 
********************************************* 
** 
** 
*SURFACE INTERACTION, NAME=CONTACT_INTERACTION_1 
1., 
*FRICTION 
0.00 
** 
*CONTACT PAIR, INTERACTION=CONTACT_INTERACTION_1, 
TYPE=SURFACE TO SURFACE 
TARGET_SURFACE_RIGHT, INDSURF 
** 
*CONTACT PAIR, INTERACTION=CONTACT_INTERACTION_1, 
TYPE=SURFACE TO SURFACE 
SIDE_SURFACE, SIDE_WALL 
** 
** 
*TIE, NAME=COHESIVE_TIE 
COHESIVE_SURFACE, SIDE_SURFACE 
** 
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*TIE, NAME=FIRST_TIE 
RB_LEFT_SURFACE, RIGHT_SURFACE 
** 
** 
**TIE, NAME=FIRST_LB_TIE 
**LB_UPPER_SURFACE_LEFT, BASE_SURFACE 
** 
**TIE, NAME=SECOND_LB_TIE 
**LB_UPPER_SURFACE_RIGHT, RB_BASE_SURFACE 
** 
*TIE, NAME=FIRST_LB_TIE 
RB_BASE_SURFACE, LB_UPPER_SURFACE 
** 
*TIE, NAME=SECOND_LB_TIE 
BASE_SURFACE, LB_UPPER_SURFACE 
** 
** 
********************************************* 
**  STEP 1 
********************************************* 
** 
** 
*STEP, NLGEOM, INC=10000 
*STATIC 
.01, 5., 1.0E-10, .01 
** 
** 
*BOUNDARY 
INDENTER_REF, 2,, -4.00 
** 
** 
*OUTPUT, HISTORY, VARIABLE=PRESELECT, FREQUENCY=50 
*OUTPUT, FIELD, VARIABLE=PRESELECT, FREQUENCY=50 
*OUTPUT, HISTORY 
*ENERGYOUTPUT, ELSET=COHESIVE_ELEMENTS 
** 
*OUTPUT, HISTORY 
*NODE OUTPUT, NSET=INDENTER_REF 
RF1, RF2, U2 
** 
*EL PRINT, ELSET=COHESIVE_ELEMENTS, POSITION=CENTROIDAL, 
SUMMARY=NO, FREQUENCY=5 
SDEG, COORD2, COORD1, SP2 
** 
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*EL PRINT, ELSET=SIDE_ELEMENTS, POSITION=CENTROIDAL, 
SUMMARY=NO, FREQUENCY=10000 
COORD2, SP3 
** 
*NODE PRINT, NSET=INDENTER_REF, SUMMARY=NO 
RF1, RF2, U2 
** 
*CONTACT PRINT, NSET=SURFACE_NODES, SUMMARY=NO, 
FREQUENCY=10000, MASTER=INDSURF 
CAREA 
** 
*OUTPUT, FIELD, FREQUENCY=50 
*ELEMENT OUTPUT, ELSET=COHESIVE_ELEMENTS 
SDEG 
** 
*END STEP 
** 
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