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ABSTRACT 

Large cooling towers are becoming more common as a means of 

disposing of large quantities of waste heat from steam electric genera

t ing stations . Increased attention is being focused on how the effluents 

from these towers affect the environment .  This research is concerned 

with the determination of the paths and ultimate  deposition of salt laden 

drift drops exit ing from a cooling tower by analyzing the basic droplet 

dynamics governing the transport of these drqplets . 

The equation of mot ion is developed for a liquid drift drop as 

it  is transported through the atmosphere . A term appears in the equation 

of mot ion which has not been cons idered by previous authors . A finite 

difference technique is used to solve for the velocity and position of the 

drift drop at  any time . Met eorological variables as well as cooling tower 

variables are cons idered in calculating the traj ectory of the drift drop . 

A model is developed to account for the effects  of dissolved chemicals on 

droplet evaporation rat e .  

The concep ts presented in this paper have been incorporated 

into a model which predicts chemical deposit ion from evaporat ive cooling 

towers . The results of the model study show better agreement with experi

mental data than previous models . 
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CHAPTER I 

INTRODUCTION 

The d ispo sal of waste heat associated with electric power 

generation is of great concern to  the electric power generating 

industry and the general public . Because of the large amount of elec

tricity produced in the United S tates , the electric power generating 

industry mus t  dispose of large quantities of waste heat . I t  is nec

essary to dispose of 5 . 1  BTU/hr ( . 36  gm-cal/ sec) of waste heat for every 

watt  of generating capacity in today ' s  design of a fossil-fueled 

steam electric power station and 6 . 8  BTU/hr ( . 48 gm-cal / sec) for every 

watt  in a nuclear electric station . These f igures are based on thermal 

efficiences of 40% and 33% for fossil and nuclear electric power plants 

respectively . Thus , a 1000 megawatt fossil s tation mus t  dispose of 2000 

megawatts of waste hea t ;  a nuclear station of similar capacity must dis

pose o f  2000 megawatts of waste heat . 

The f irst natural draft cooling tower in the United States , 

Big Sandy near Louisa , Kentucky , began operat ion in December , 1962 . 

Since this date there has been a rapid increase in the use o f  such 

cooling towers , and about 30 towers were in operation by January , 19 74 . 

Proj ections indicate that 40 to 60 towers will be completed by 1976 . 

All the natural draft cooling towers currently operating are associated 

with the electric utility industry and serve coal-fired , steam electric 

stations , but about half of the future t owers will serve nuclear stations . 

1 



The maj ority of future natural draft cooling tower ins tallations will 

be located in the Northern Appalachian area of the United States . 

2 

There are a number of fac tors that currently favor the selection 

of cooling towers as an alternative means of d ispos ing of waste heat . 

The two most prominent factors are present economics o f  power station 

siting and antipollution regulations pertaining to both thermal and air 

pollution . The electrical power generating industry is currently using 

rural s ites for new s tations and mine mouth locations for coal-fired 

units because the cost of overland power transmission may be more than 

offset by the lower rural property values and bulk fuel transportation 

cost s .  The antipollution regulations dictate the use of either mechani

cal or natural draft  cooling towers . The climatic conditions favorable 

to the efficient use of natural draft towers are low ambient temperatures . 

This fac tor previously has limited the use of natural draft towers to 

Europe where the low ambient temperatures prevail in the winter when 

power demand is at its peak . In the United States peak power demand is 

in the summer due to  the widespread use of air conditioners . As a result , 

mechanical draft units are favored in the United S tates . However , com

parison of the environmental effects of the two types of cooling towers 

favor the selection of natural draft towers in certain situations, 

especially for areas where good dispersion of vapor is necessary . 

The Chalk Point natural draft cooling towers in Maryland are 

typical of the towers currently in operation in the United S tates . The 

Potomac Electric Power Company (PEPCO) selected natural draft cooling 

towers for its new fossil Units 3 and 4 (630 MWe each) s ince the existing 

Chalk Point Units already use up to 30% of the Patuxent River flow . The 



. 3 

Chalk Point Unit 3 tower is of particular interest because i t  will be the 

first hyperbolic natural draft cooling tower in Maryland and the f irst  

in the United States to use salt water when it goes on line in 1974 . 

(The Unit 4 tower is scheduled to begin operat ion in 1975 . )  

Although cooling towers alleviate the problem of thermal input 

to the aquatic environment ,  they can pose problems of their own ( i . e . , 

drift , fog ,  downwind icing , precipitation enhancement , and blowdown . )  

Most important , l it tle is known about the potential effects a brackish 

water tower could have on surrounding vegetation , particularly tobacco , 

a commercially important crop in the Chalk Point area ( tobacco is known 

to be very chloride sensitive) . 

The Chalk Point Unit 3 tower is expected to dissipate a heat 

load of 3 . 5Xl09 Btu/hr at design conditions, equivalent to about 1000 

MW .  This  heat discharge to the atmosphere is accompanied b y  an equally 

impressive quantity of water , about 5200 gpm due to evaporation, the 

primary heat transfer mechanism. Of greatest immediate concern, however , 

is the "salt water drift , "  droplets of saline water carried out by the 

tower by the updraft and eventually deposited on the surrounding terrain . 

Cooling tower vendors are guaranteeing a s tate-of-the-art drift  rate of 

no greater than 0 . 002% of the circulating water flow, or about 5 gpm of 

liquid water . It  is important to note that this guarantee and the 

following analys is are based on design conditions which occur only 3 or 

4 days of the year . 

Annual average salt concentration in the Patuxent River at 

Chalk Point is  about 7 part s  per thousand (ppt) . On a monthly basis , 

values range from a low of 1 ppt to a high of 13 ppt . By adj usting 



blowdown (water returned to the r iver)  to equal evaporation loss , salt 

concentration in the c irculating water would be twice river salinity . 

During the tobacco  growing season , roughly April through Sep tember , the 

solid salt emission rate from the tower should be about 0 . 6  lb/minute 

(4 . 54 gm/sec ) . Based on t ypical summer values for atmospheric mixing 

layer height  (500 meters) and the mean wind speed (3 mps) , salt depo

sition rates o f  up to  3 lb/acre-mo ( . 34 gm/m2-mo) can be predicted over 

6 2 a 1500 acre (6 . 1  X 10 m ) area in an annular ring 0 . 9  to 1 . 4  miles 

4 

(1 . 45 to 2 . 25 km) from the tower . S ince sodium chloride is 60% chloride 

by weight , this region would receive an average of about 1 . 8  lb of 

chloride ion/acre-month ( 2 . 04 gm/m2-mo ) . 

According to one expert , 1 total chloride ion settling on any 

2 
area growing tobacco should not exceed 1 . 5  lb/ac-mo (1 . 7  gm/m -mo) at 

least until better data are available to ascertain tobacco tolerance to 

salt . Furthermore ,  this guideline should apply throughout the year , 

since salt accumulation in the soil is at least as important as d irect 

deposition on the leaf . 

The above analysi s ,  based on many assumpt ions which critically 

a ffect the results ,  is presented merely to indicate the magnitude of 

the drift problem. Clearly, as more cooling towers are built in the 

United States , it will be increasingly important to understand how 

cooling tower drift is transported through the atmosphere and deposited 

on the ground . 



CHAPTER II  

LITERATURE REVIEW 

Basic Features of Cooling Towers 

There are many simple models currently used to estimate the 

performance of cooling towers . Although these models will not be as 

2 3 accurate as more detailed analyses such as Woods and Bett s  , or Chilton , 

one can see the important physical processes and can calculate the heat 

rej ection rate and water vapor flux from a tower for various weather 

condit ions 

Figure 2-1 shows a typ ical natural draf t  tower . Hot water 

from the condenser is sprayed onto a baffle called the fill or packing . 

Air is drawn through the fill mixing with the falling water . The water 

cools by evaporative and convective heat transfer to the air . The cool 

water collects in the basin and is pumped back into the condenser . Since 

the warm moist air above the f ill is lighter than the cooler , drier air 

outside the tower , it rises out of the tower forming a buoyant , water 

laden plume . 

Figure 2-2 shows a typical mechanical draft cooling tower . 

The evaporative cooling process is the same as in the natural draf t  

tower except the air i s  induced to  flow through the tower b y  a fan loca-

ted on top of the tower . 

As the air passes through the fill , small drops of liquid water 

are entrained and carried along with the air . In order to prevent the 

entrained drops from leaving the tower , drift  eliminators are used as 

shown in Figures 2-1 and 2-2 . The air s tream is forced to make an 

abrupt turn ; since the momentum of the liquid is much greater than that 

.5 
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Figure 2-1 . Natural Draf t  Cooling Tower 
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o f  the air , the large drift drops impact on the drift eliminators and 

are returned to the basin . More than 90% of the mass  of the liquid water 

entrained in the air is removed and returned to the basin . 

As the water heats the air , a small percentage of the water 

evaporates carrying away its latent heat of vaporizat ion . This evapora

tive cooling accounts for the majority of the total heat transfer from 

the water . 

General Plume Features 

Basic flow features occur whether the plume is issuing into a 

moving or a stationary atmosphere .  Figure 2-3 i s  a schematic representa

t ion o f  the flow near the exit plane of a tower . The merging of two 

flows at the tower tip results in the formation of a shear layer . In

stability of this shear layer results in a turbulent mixing region for 

most practical cases . This turbulent mixing ac tion consumes the und is

turbed plume flow or so-called "potential core" until the entire plume 

cross-section is a turbulent mixing region . For the surrounding medium 

8 

at rest , the submerged plume case , a region of similar mean velocity 

profiles occurs following a short transit ion region (i . e ., the velocity 

may be expressed as u/{u0 - Ucosp } = f { r/a} ) .  I f  the far field solution 

only is of interest , the plume is often considered to have originated 

from a point disturbance at an apparent source . 

The primary effects o f  a cross flow on a plume are illustrated 

in Figure 2-4 taken from the test of Abramovich4 . The cross flow deflects  

the plume downwind and deforms the cross-section to a kidney shape in a 

few plume diameters . Counter rotating vortices are formed behind the 

plume . These vortices significantly increase the mixing process , and 
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Figure 2-4 . Schematic of  a Plume in Cro ss Flow 
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at several diameters from the tower are the dominant flow disturbances . 

It is important to  keep in mind the important effect of cross flow on 

a buoyant plume which deforms a circular plume t o  a kidney shape in a 

few plume diameters downwind . Most plume models appearing in the litera-

ture assume that circular cross-sections remain circular . 

Basic Plume Assumptions in the Lit erature 

There are several basic assumptions common to almos t  all 

plume rise theories . Continuity of mass must be satisfied , and the 

loss of mass  due to particle fallout is usually neglected . Energy is 

assumed to  be conserved ; that is , the motion of the plume is considered 

to be adiabatic . Thus , potential t emperature* of each element of gas 

is taken to be constant . Latent heat must be taken into account since 

plume rise from a large cooling tower includes much water vapor ; con-

densation is likely to occur , particularly near the outer edge of the 

plume boundary . Most models account for latent heat by assuming a uni-

form distribution of water vapor and temperature in a cross-section of 

the plume . 

Pressure is assumed to be constant . Forces arising from 

molecular viscosity are also neglected. Since the Reynolds number of a 

*The potential temperatur e ,8 , is def ined as the t emperature 
that a sample of air would acquire if it were compressed adiabatically 
to some standard pressure (usually 1000 millibars) . The potential 
temperature is a convenient measure of atmospheric stability since 

+ r 

where r = 5 . 4°F/1000 ft  = 9 . 8°C/km .  Thus , the potential temperature 
gradient is positive for stable air ,  z ero for neutral air , and nega
t ive for unstable air .  



full-scale plume is of the order of 106
, based on its  diameter and rise 

velocity,  the rising motion of the plume is fully turbulent and the bulk 

properties of the motion are nearly independent of viscosity . However , 

in neglecting the details of the turbulent motion and the viscous forces 

which intimately relate to its microstructure , it is necessary to intro-

duce an assumption about the bulk effect of the turbulence on the plume 

motion in order to obtain mathematical closure o f  the equations . One 

means of doing this is by an assumption about the turbulent entrainment 

of ambient fluid into the plume . 

With the basic assumptions made above , Morton5 and Briggs6 

derive equations for the continuity of the fluxes o f  volume , momentum, 

buoyancy , water vapor , specific humidity and liquid water mixing ratio ; 

i . e . , V ,  wV , bV , qV , and �V , respectively . The volume flux, V ,  is 

as sumed to  equal wR
2 during calm conditions and vR

2 
during windy condi

tions . The initial flux V is defined as w R
2 in both cases . The 0 0 0 

liquid water mixing ratio o-is defined as the mass  of liquid water per 

unH mass of air .  For example , if the liquid flux aV is multiplied by 

the plume air density JP
p• then the mass of liquid water passing through 

a given plume cross-section per unit time is obtained . The buoyancy 

parameter b is defined as (Jl_) (T - T ) . The set of equations for an T p e 

unsaturated plume is (q <q , cr = 0)  p ps 

i_ wV cll 
� bV -SP(V) buoyancy (2.- Z.) 

water- flu.x (2.- 3) 
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If  the p lume is saturated , then the equations take the form 

bV 
� lb+ .�IS(DP- l,e)- go--] 
-SP(¥)- � '1Fs 

-v d'be - V d� 
RAINOUT 

(2- 4) 

(2,-5) 

cz-ta) 
Expressions for rainout and the variation of saturation specific humi-

dity q with height and temperature are required . In the numerical ps 

models using the above equations the empirical formula for q ( T , z ) ps 

d b h W ld M 1 i 1 0 
. . 7 . 1 suggeste y t e or eteoro og ca rgan1zat1on 1s common y 

used . In analytical models ,  the Clausius-Clapeyron and hydrostatic 

equations are used to derive an analytical expression for q (T , z ) . ps 

The empirical formula agrees with observations better and is more easily 

used in a computer program, but is too long and unwieldy for analytical 

use . Rainout is approximated in the numerical model by an empirical 

expression suggested by Simpson and Wiggert8 Since Hanna9 discusses 

these empirical assumptions in detail , they will not be given here . 

Because of the nonlinearity of the above equations and the 

difficulties introduced by the water phase change terms , analytical 

solutions are very difficult . Hanna9 discusses some particular pro-

blems associated with moist plume rise and presents general criteria for 

determining whether condensation will occur . 

10  Hewett , Fay , and Hoult use an integral approach to solve for 

the maximum plume rise . Using the nomenclature of Figure 2-5 , the 

equation for conservation o f  mass along a plume may be written 

13 
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Figure 2-5 . Smokestack Plume showing Hewett , 

Fay , and Hoult ' s  Coordinates 
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_:!_ r c1 u. ) d A ds J P 
(z..-7) 

where £. is the rate of entrainment of the ambient flow and has the dimen-

sions of volumetric flow rate per unit length of plume . All integrals 

are to be evaluated over the plume cross-section . Conservation of 

vertical momentum , assuming constant pressure , becomes 

l \ CJ u) w d A ds J P 
(Z.-8) 

where the right side of the above equation gives the buoyant force 

per unit length of the plume. Conservation of horizontal momentum 

becomes 

feU E.. ( l - �) 

2 Neglecting changes in u compared to changes in h ,  the enthalpy of the 

plume , the conservation of energy relation becomes 

l r C.f u.J h d A dsJ P 

10 Hewett , Fay , and Hoult make assumpt ions concerning the rate 

of entrainment ,  � , in order to solve the centerline of the plume and the 



final plume rise . Since the solution of these equations is described in 

10 detail in reference , it will not be discussed further . 

It  may be noted at this point that the determination of plume 

5 6 10 b ehavior by Morton , Briggs , or Hewet t ,  Fay and Hoult does not yield 

the detailed velocity field within the plume which is necessary for an 

accurate determination of drift drop traj ectories as discussed in 

Chapter VII I .  

Thermodynamics of Moist Air Mixing 

Consider mixing m kg of air at temperature T
1 

and water vapor 

mass fraction q1 with a kilogram of saturated air at temperature T2 . 

Equilibrium thermodynamics can be used to calculate the final state of 

mixing the two masses of air . Since this gives the maximum condensation 

of vapor , it is the first step in making an estimate of precipitation 

from plumes. The final state of the mixture is computed using the equa-

tions for conservat ion of air , total water , and energy , and the equili-

brium assumption . For small mass  fractions of liquid and vapor , the 

enthalpy of the mixture is given by 

h T t-e.f ) + 9, L ( 2 -II ) 

Thus , from conservation of energy, the final temperature of the mixture 

is* 

*See Appendix B for derivations of equations presented in 
this section . 

16 
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·T: 3 
mT,-+Ta. 

m + 1 + [ m'f,, + � z, - ( YYl t 1 ) 'D 3] _L ( 
WI + I Cp 2 -tz) 

The last quantity in the above expression is the mass of liquid water 

in the final state , q3 , and is an unknown . Using the equilibrium 

assumption , q3 must be less than or equal to the vapor mass fraction 

for saturated air at temperature T3 . If  q3 is  less than this quantity , 

cr is zero; if it is equal , � can be computed using the equation for 

conservation of water . 

11 Brunt found a convenient graphical scheme for solving these 

equations using a psychrometric chart shown in F igure 2-6 . He assumed 

that the two masses of air initially mixed without condensation . This 

would have a temperature T31given by 

m T, 1- T2. (z- JJ) 
m + 

and a vapor fraction 

m 'b 1 + ( z. - 14) m + 

This s tate is on the line connecting state 1 with s tate 2 such 

that the distance to each state is inversely proportional to the original 

masses . If point 31 is above the saturation line as in the Figure 2-6 , 

a small fraction of the vapor , �q = cr will condense , and its latent heat 
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increases the temperature of the mixture by an amount ST .  The amount of 

heat released by the condensing vapor in going from point 3
1 

to  point 4 is  

as shown in Figure 2- 7 • The amount of heat gained by the mixture in 

going from point 4 to point 3 is 

Heat 4 3 ( '1, 3� 'f> 4 ) c r v � T + Yna. c r � � T ( z - 1 G ) 
0 

as shown in Figure 2- 7 . The amount of heat released by the condensing 

vapor is equal to the heat gained by the mixture; equating equations 

(2- 15 ) and (2-16 ) , the process from point 3
1 

to point 3 has the slope 

d'h 
dT 

Cp 
-L (2-17) 

and is along the l ine 3
1 

to 3 .  The amount o f  liquid condensing per mass 

of dry air is q3
, - q3 or * 

m<t, + �z. -(m+l) 13 (Z-18) 
YVt + I 

*See Appendix B for derivations o f  equations presented in 

this section . 
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which is the distance from 3 to 4 in Figure 2-6. If 3 lies below the 

saturation line , there is no condensation and it is the equilibrium 

state . Differentiat ing equation (2-18) with respect to m ,  one obtains 

dcr 
dm ( m + 

(Zt- 19) )2. 

This method shows two important ideas . From equation (2-19) one can 

see that the mass  fraction of liquid water as a function of the mixing 

ratio , m, for given initial states is greatest when m is of the order 

of one to three , and thereafter decreases as m increases .  The other is 

that the maximum liquid mass  fraction increases as T1 , the ambient 

temperature, decreases . These ideas imply that any precipitation from 

condensing vapor in plumes must occur before significant dilution of the 

plume by entrained air occur s ,  and it will increase as the plume tempera-

ture decreases . 

As the moist air leaves the cooling tower it mixes with the 

cooler , drier air around it . At first this mixing causes the condensa

tion of a fractionof the water vapor forming minute fog droplets .  Even-

tually the plume becomes sufficiently dilute so that the droplets evapor

ate cuasing the plume to vanish at some distance downwind of the tower . 

The details o f  this process depend on the temperature and humidity o f  

21 

the air leaving the tower and of the surrounding air , the rate of entrain

ment of air into the plume , and the rates at which droplet s  condense and 

evaporate . 

Usually the air leaving the cooling tower is saturated and 

contains some l iquid water . Then point 2 in Figure 2-6 may be above 
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the saturation line which further complicates the mixing process . 

Clearly, the class ical thermodynamic approach is incomplete 

because it ignores the rate processes in droplet formation . It tells the 

maximum amount of liquid water in the mixture without saying how large 

the droplets become . To complete this model, the results from cloud 

physics must be used to determine how fast drops form . 

Drops form by condensation of water vapor and coalescence of 

smaller drops . Overcamp and Hoult12 indicate that in the cooling tower 

plume condensation cominates for drops of radius 20fm or less  and coales

cence for larger ones . The minimum size for rain drops is around lOOfm; 

drops of this size will fall out of the plume but may evaporate before 

reaching the ground . 
12 Overcamp and Hoult as sumed that no liquid water leaves the 

cooling tower and droplets initially formed by condensation . Calcula-

tions showed that the time for a droplet to grow to a radius of 20�m 
3 4 is of the order of 10 - 10 seconds for a supersaturation of 0.05 

percent which is considered the upper limit for natural clouds . For a 

constant supersaturation of 0 . 5  percent , the time is still of the order 

of 102 seconds . The residence time for a fluid element in the plume is 

of  the order of the length of the visible plume divided by the wind 

speed . This length can be computed using the mixing calculations if  the 

rate of entrainment of air into the plume is known . For typical condi

tions, this length is 103 m or less , and the wind speed at the top of the 

tower is about 10 m/ sec or greater . This gives a residence time in the 
2 plume o f  10 seconds or less. Since the super saturation is undoubtedly 

les s than 0 . 5  perc ent , the resident time in the plume is less than that 

required to form only LOfmdroplets .  Thus , a significant number of 



large raindrops cannot form by condensation in a plume based on the 
12 analysis o f  Overcamp and Hoult . 

Measurements indicate that droplets are emit ted from cooling 

towers .  But s ince the plume has neither the long residence time for 

fluid part icles nor the updraft s  and depth of a rain cloud , it  is 

improbable that these droplets can coalesce to form large drops except 

under very extreme conditions . Therefore , there are no large drops in 

the plume unless they passed through the drift eliminator . 

Drift Depo sition Models in the Literature 

The fac tors affec t ing the transport and deposition.of drift 

d roplets ej ected from cooling towers have been identified by a few 

investigators . These factors can be conveniently grouped into those 

intrinsically rooted in the design and operation of the cooling tower , 

and those related to atmo spheric conditions . They are listed in Table 

2-1 . The number and complex nature of the factors involved require 

simplification of the models being used for the predic tion of drif t  

deposition . 

Different approaches have been taken by investigators attempt-

ing to quantify the deposit ion of drift drops on ground surfaces . Some 

use a s imple analogy with the deposition of industrial dust 13 , 14 and 

others use a combination of plume rise theories with the Gaussian 

diffusion model15 , 16
. The ground deposit ion is then calculated by 

multiplying the ground level air concentrations by the corresponding 

fall velocities of the drift droplets . A simplified computational tech-

nique for the estimation of salt drift deposition has been developed by 
17 Hosler . The maj or fac tors considered in each of the computational 
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TABLE 2-1 . 

FACTORS AFFECTING TRANSPORT AND DEPOSITION OF DRIFT 

Factors associated with the design Fac tors related to 
and op�_rat:i_on of the cooling tower_u atmospheri c  conditions 

Volume of water circulating in the 
tower per unit time 

Salt concentration in the water 

Drift Rate 

Mass size  distribution of drift 
droplets 

Moist plume rise influenced by 
tower diame ter, height and mass 
flux 

Atmospheric conditions 
including humidity, wind 
speed and direc tion, 
temperature, Pasquill ' s  
stability classes, which 
affect plume rise, di s
persion and depo sition . 

Tower wake effect which is 
especially important with 
mechanical draft towers 

Evaporation and growth of 
drift  droplets as a function 
of plume atmospheric condi
tions and the ambient 
conditions 

Plume depletion effects 

Other factors 

Collection efficiency 
of ground for droplets 

N .1:--



procedures will be described below . It is generally flet by meteorolo-
18 gists that the diffusion models are applicable to drop sizes less than 

80 micrometers in diameter and the traj ectory models are used to describe 

the motion of the larger drops . Hence the diffusion will not be 

considered in detail . 

1 . The Bosanquet Method19 

The Bosanquet method was applied originally to the deposition 

of one-size solid particles .  The deposition equation incorporates 

plume ri se, source term, particle fall velocity, wind speed and wind 

direction frequency . It can be applied to the calculation of deposition 

from a cooling tower providing the fall velocity is corrected to account 

for evaporation and growth of the droplet, which is not an elementary 

25 

task. The mass fraction within each droplet size group has to be consider-

ed . The effect of size and density of the drop is characterized by the 

fall veloc ity which is expressed by Stokes' equation 

vd ( 2 - 7_0) 

Thus, the ground deposition is found by summing the individual terms . 

Although the Bosanquet equation can give results which are comparable 

with other methods, difficulties are encountered when the equation is 

applied to drift droplets . The maj or one is due to the fact that the 

fall veloc ities are discrete values which do not incorporate the continu-

ous change resulting from droplet evaporation . 

2. The Gauss ian Diffusion Model 

This method is widely used in describ ing the diffusion of gases 



discharged from stacks . It has been adapted to predict the deposition 
15 16 

of  small drift droplets from cooling towers ' . Original calculations 

of particulate matter have been done using the modified Sutton equa-

t. 14, 20 1on • The computational method incorporates plume rise, source 

term, particle fall velocity, atmospheric stability conditions, diffu-

sian coefficients and stability parameters .  The equation accounts for 

changes in plume axis due to the fall of the droplets by subtracting 

their vertical path from the actual plume height at different points 

downwind .  The diffus ion equation, while over-simplified for drift 

deposition, has the advantage of showing the effects of dispersion not 

included in the Bosanquet treatment . The Gauss ian deposition method 

is applicable to droplet sizes less  than 80 micrometers in diameter . 

3 .  The Hosler Method17 

Hosler, et . al, has developed a traj ectory method for predicting 

the deposition of large drift drops from cooling towers .  The basic 

principle of the Hosler method is the use of the traj ectory (momentum) 

equation for each droplet size group incorporating fall velocity and 

wind speed . The time it takes for a droplet to evaporate to the size 

in equilibrium with the environmental vapor pressure is considered to 

allow a correction for the fall velocity as a function of time . Results 

are presented in graphical form from which salt deposition from a natural 

draft cooling tower can be estimated. Three cases are considered: 

a) 100% relative humid ity and no evaporation is possible . 

b)  relative humidity within the range of 50  to 100% when 

droplets will evaporate to a saturated solution . 

c )  relative humidities below 5 0 %  when droplets will evaporate 

completely leaving a solid particle • 
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For each of these cases, a d i fferent nomogram has to be used. 

For a known plume rise and relative humidity conditions, the 

height h at which a droplet will reach equilibrium with the environe 
ment is determined . This height is compared with the maximum height 

h achieved by a droplet . r 
before evaporation occurs . 

If h < h , the droplet will reach the ground r e 
If h �h , the droplet will reach equilibrium r e 

size after falling a distance h - h beyond which no evaporation r e 
takes place for relative humidities higher than 5 0%. Below 50% the 

droplets will evaporate completely while falling the distance h - h r e 
and will reach the ground as a solid part icle . 

The graphs in_ Figures 2-8 and 2-9 allow the calculation of the 

relations between h and h . For calculation purposes , it is assumed e r 
that each size group is extended over an interval of 50  micrometers . The 

27 

three nomograms are presented in Figures 2-10 ,2-11 , and 2-12 respectively . 

The lines with arrows and numbers illus trate the use of these nomograms . 

The ground deposition values are calculated by determining the width of  

concentric rings around the tower in  which the respec tive size ranges 

will fall . A sample calculation will be made using Hosler' s model in a 

later section for comparative purposes . 

The deficiencies in this computational approach are that dis-

persian ·is solely a t raj ectory problem, variations in atmospheric stab il-

ity are almost wholly absent, and calculated deposit ion values for a 

given concentric ring around the tower do not include superposition of 

d eposition values due to different droplet sizes . The final plume rise 

and the mean vertical velocity in the plume are used to calculate the 

maximum rise of each particle . A very crude assump tion is made that the 

particle remains in the plume until it reaches zero vertical velocity 



and then it falls freely in the environment. Hence the details of the 

velocity field within the plume are completely i gnored . 

Although there are several deficiencies in his approach, 

Hosler' s model provides an engineering solution to a very complicated 

computational problem. For comparison purposes, a sample calculation 

utilizing Figures 2-8 through 2-12 is presented in Chapter IX . 
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CHAPTER III 

DEVELOPMENT OF THE EQUATION OF MOTION 

The equation of motion (Newton' s second law of motion) is 

applicable to a system consisting of a fixed quantity of mass . The 

equation of motion relates the resultant force acting on the system 

to the rate of change of linear momentum of the cneter of mass of the 

system. For a system of mass m, the equation of motion is 

LF d ( -dt m V) ( 3 - I ) 

where 2F is the resultant force acting on the system , m is the system 

mas s ,  and V is the velocity of the center of mass . When applying equation 

(3-1) to an evaporating liquid drop , the system consists o f  liquid and 

vapor , the sum of whose masses is constant . 

Consider the system consisting of liquid mass  M,  vapor of 

mass  m ,  and velocity of the center of mass of the liquid and vapor VM 
and V respectively. The equation of motion for this system may be m 
written 

L.F ( 3- z) 

Since the mass o f  liquid and vapor is constant , m + M = constant and 
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dm 
d-t -

dM 
d t 

3.5 

Expanding the right s ide of equation (3-2) and introducing equation (3-3) 

gives 

M 

+ 

d Vw. 
d t + 

dM(
dt VM vr\1) (3-4) 

The sys tem consisting o f  the liquid drop and vapor is shown 

in Figure 3-1. In the absence of evaporation, the flow around the 

liquid drop would be a boundary layer flow formed by the fluid external 

to the drop . The drag force act ing on the drop is due to the boundary 

layer shear stresses acting at the surface of the drop . With evaporation 

occurring, the boundary layer external to the drop will experience 

transpiration due to the vapor transfer occurring at the surface of the 

drop . The experimental data of Le Clair, et . al. , 26 
indicates that for 

evaporating water drops in air at moderat ely low temperatures the trans-

piration rate is sufficiently small to have a negligible effect on the 

boundary layer structure around the drop and hence the drag force . Thus 

the drag coeff icient expression to  be employed subsequently will be  the 

same as for a non-evaporating spherical drop , i.e . ,  a solid sphere (see 

Chapter IV) . 



(M + m) It 
= 

Figure 3-1 .  Drop at Time t and T ime t +At .  
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The term LF on the left hand side o f  equation (3-3) repre-

sents the sum of all external forces acting on the liquid drop and vapor 

system. The forces acting on the liquid drop will be the body force due 

37 

to gravity and the drag force . Thus , the forces acting on the liquid and 

vapor portions of the system may be separated as 

LF F +F + ' F BM bM � rn 
M 

+ YYl d VWI + dM (VM v"" ) (s- s) d t dt 
where FBM is the body force acting on the liquid drop , FDM is the drag 

force acting on the liquid drop , and LF is the resultant force acting m 
on the vapor . 

V ) in equation (3-5) represents the velocity m 
o f  the center of mass of the liquid drop relative to the center of mass 

o f  the vapor .  A small fraction of the vapor o f  the system is contained 

within the boundary layer surrounding the liquid drop while the remainder 

of the vapor is in the free stream flow external to the drop boundary 

layer . Thus , the velocity of the center o f  mass  o f  the vapor will 

approximately equal the velocity of the air surrounding the drop , 

V . Thus , if  the approximation V a m 

and 

d v '«\ 

d t 
d v a. 

d t 

V is made , it follows that a 

0 



0 ( 3 - 7 )  

Equation (3-6 ) follows because the velocity of the air surrounding the 

drop is constant in this model . Equation (3-7 ) f ollows from the assump-

tion that most of the vapor is in the flow external to the boundary 

layer and is not being accelerated; therefore , the resultant force is 

zero . 

gives 

Sub stituting equations (3-6 ) and (3-7 ) into equation (3-5 ) 

d M  
d t  

M + 

The literature on the dynamics of evaporating drops indicates that the 

second term on the right hand side of equation (3-8) has not been 

previously considered . The details of the treatment of the force terms 

F
BM and F

DM 
are discus sed in Chapter VIII . 
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CHAPTER IV 

DRAG COEFFICIENTS 

For the purpose of this study , liquid water drops or 

varying sizes will b e  divided into three basic categories ,  (1)  those 

that lie in the Stokes' law region or slightly above (Reynolds numbers 

0 to 1 ) , (2 )  those moving with sufficient speed to ventilate adequately 

the transition layer of vapor (Reynolds numbers 1 to 2 000) , and (3) those 

that move so fast as to be deformed from their normal sperical shape 

(Reynolds numbers greater than 2 000) . Ordinary drift drops fall within 

the first and second categories (Reynolds numbers 0 to 400) . 

The dynamic behavior of a water drop as it falls in still air 

has been studied by many authors . The resistance coeffic ient has been 
21 - 2 6  plotted i n  Figure 4-1 from several sources where 

For a complete description of the physical processes involved 

in the transport o f  water drop s in air , a simultaneous solution of the 

Navier-Stokes equations of motion and the continuity or energy (equation 

is required) . By considering the steady , imcompressible creeping flow 

of a fluid past a sphere (Re((l) , it is easy to show that the inertia 

forces may be neglected so that the equation of motion takes the form 
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V P  

and continuity becomes 

\J • V 0 ( 4 - 3 )  

Solution of equat ions (4-2) and (4-3) for the velocity field and 

pressure dist ribution show that Stokes' class ical linear approximat ion27 , 28 

to the drag coefficient 

(4 - 4 )  

is valid . It is obvious that S t okes' law can only be used with small 

Reynolds numbers; the error is almost proportional to Re and is about 

1 . 7% at Re = 0 . 1. According to the conclusions of Stokes ' law and 

deviations from the bas ic equations of the dynamics of viscous fluids , 

it  was assumed that the following conditions prevailed : 

1) No evaporation of the drop 

2) Infinite fluid reservoirs 

3) Small veloc ity movements . 

4) Rigidity of the spherical particle . 

5 )  No slip condition at the surface . 



Proceeding to fluid droplets, several new factors appeared . 

A large droplet can be noticeably deformed by the action of the medium' s 

resistance .  Also, a circulation of the fluid developing in a moving 

d roplet and directed at the droplet surface counter to its movement 

reduces the friction between the droplet and the medium . Hence the 

resistance decreases . The resistance of the medium to the movement 

of spherical liquid drops is expres sed by 

__ + _2._P._/_3_Jl_d ( 
+ �/1-J- d ) 

where {L is the viscosity of the medium and ftd is the viscos ity of the 
28 30 liquid drop . ' Due to the fact that the viscosity of air is con-

siderably lower than the viscosity of water, the correction in the 

present case is insignificant . 
31 Oseen made a second approximation by considering the con-

vective inertia term in the equation of motion ; his correction appears 

as 

l:± S  I R e  L t 3 
I� ( 4 - � ) 

As the Reynolds number increases beyond 0 . 5 ,  the wake behind 

a sphere moving relative to the medium is no longer laminar . Very 

regular vortex patterns are formed . The flow field becomes very complex 

and solution of the Naview-Stokes equations and the continuity equation 
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for the velocity and the pressure fields becomes extremely difficult. 

At still higher Reynolds numbers , the vortex patterns become irregular and 

turbulent in character . Figure 4-1 shows that even Oseen ' s  second approxi-

mation is poor in the present range of interest . 

Various authors have presented a great number of emperical equa-

tions relating CD and Re . However , the most successful equation among 

them for simplicity and degree of approximation is the one of L .  Klyachko32 , 

2 4  
R e  + 4- ( 4 - 7) 

which in the range of 3<Re(400 , offers variations not exceeding 2% of  

those in Figure 4-1 . Equation (4-7 )  will be used to calculate the drag 

coefficient , CD , in sub sequent equations . 

The as sumption of modeling a drift drop from a cooling tower by a 

rigid water sphere is well j ustified for the present problem as long as 

Re <400 . Le Clair , et . al . , 2 6 
have shown that for an evaporating water 

drop the transpiration rate is suf ficiently small to have a negligible 

effect on the boundary layer structure around the drop and hence the drag 

forc e .  Thus the drag coefficient expression for a solid sphere can be  

used a s  an approximation to the drag coefficient for  an evaporating water 

drop within the range of interest . The error associated with this approxi-

mation is less than 0 . 5% .  



CHAPTER V 

EVAPORATION OF DROPS 

The drif t  drops from cooling towers are in an environment 

where partial or even complete evaporation will occur . This evapora-

tion must be accounted for if accurate drop traj ectories are to be 

calculated . 

The rate of evapora tion from liquid drops at rest has been 

explored theoretically and experimentally by Langmuir33 , Topley and 

34 35 Whytlaw-Gray , and Houghton • These writ ers assumed the classical 

relation 

d M '  
d t D d f  

d X 

dM1 
giving the t ime rate o f  mass transport of vapor per unit area , /dt , 

in terms of the molecular diffusion coefficient , D ,  and the space 

gradient of vapor density , d_f/dx . Accordingly , the time rate of change 

of mass  for an evaporating spherical drop is 

d M  
d t 4 1T  

where (d.f /dr) l r=R 
is the vapor density gradient established at the 

surface of the drop . Equation (5-2) is successful in describing the 

evaporation of drops at rest whose radii are large compared to the mean 

free path o f  the environmental fluid . 
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Houghton ' s  study of the evaporation of small stationary drops 

suspended on fine wire or glass fibers showed that the vapor density 

gradient can be approximated with excellent accuracy by 

( d .f 
d r  ( 5 - 3 ) 

Assuming the vapor ac ts like an ideal gas an neglec ting the small 

temperature difference,  equation (5-3) may be written in terms of the 

vapor pressure as 

Mw ( 5 - 4 )  v . 

Combining equations (5-2) and (5-4) , the evaporation of stationary drops 

may be described by 

d M  
d f.  

The very complicated problem of describing the evaporation 

when drops are falling through air at different velocities has been 

36 ., . 37 . studied experimentally by Takahasi and by Frossl1ng who exam1ned 

drops varying in diameter from . 02 to . 18 em with air velocities 

ranging from . 2  to 7 m/sec . Both experimenters support ed the drops on 

a fiber or wire,  and thus introduced aritificalities into the normal 

mode of evaporation . FrUssling showed that the motion of air past the 



drops introduced further evaporation that increased linearly with the 

square root of the Reynolds number . He also gave data for the rate of 

sublimation from solid spheres as a function of the angle measured from 

the stagnation point . This data revealed a marked dependence of evapora-

tion rate upon the details of air flow about the supported spheres . 

36 " . 37 
Takahasi and Frossl1ng state that their measurements of evaporation 

rates of ventilated water drops are described by the formula 

d M  
d i  

where C is a constant . 35 " 37 Both Houghton and Frossling assumed evapora-

ting drops to be at the temperature of a wet-bulb thermometer , and the 

value of the water vapor pressure at the surface of the drop to be 

the saturation pressure at the temperature of the drop . Houghton used 

the temperature of a wet bulb in stationary air , while Frgssling 

employed the ventilated wet-bulb temperature . Measurements of Kinzer 

38 
and Gunn (to  be discussed later ) showed that the temperature of the 

freely falling drops are very close to the ambient wet-bulb temperature . 

In this work, the value of the water-vapor pressure is taken 

to be the saturation pressure at the temperature o f  the drop . The effect 

46 

of salt concentration will be discussed later . The diffusion coefficient , 

D ,  will be treated as a function of the air pressure and the temperature 

of the falling waterdrop . Thus , in accord with the International Criti-

7 cal Tables , 



D (5 - 7) 
2 

where D0 = 0 . 220 em /sec , T0 = 273 . 16°K,  n-1 . 75 ,  Td is the absolute 

temperature of the ventilated wet-bulb , p is one atmosphere ,  and p is 
0 

the pressure of the environmental air . 

Kinzer and Gunn38 considered both theoretically and experimen-

tally the evaporation of freely falling drops that moved at their termi-

nal velocity relat ive to the environmental air . Such freely falling 

drops rotate , vibrate and deform like natural drops , and their results 

were more applicable to the calculation of natural drop evaporation 

than studies where drops were attached to supporting wires or fibers . 

38 The measurements o f  Kinzer and Gunn were made over the range of drop 

sizes from those so small that Stokes ' law was obeyed , up to and inclu-

ding drops so large that they were non-spherical . It  was found that 

the evaporation of drops varying over such a wide range of sizes must 

be considered in three different categories , (a)  those that lie in the 

Stokes ' law region or slightly above (Reynolds numbers 0 to 1 ) , and 

which by virtue of gaseous viscosity entrain sufficient air to reduce 

effectively the evaporation rate toward that characteristic of a drop at 

rest ; (b) those that fall with sufficient speed (Reynolds numbers 1 to 

2000) to  ventilate adequately the transition layer of vapor ; and (c)  

those that fall so fast  that they are deformed from their normal 

spherical shape (Reynolds number greater than 2000) , and whose descrip-

tion requires special analysis . Drift drops from cooling towers fall 

into the first two categories s ince the drift eliminators effectively 
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remove the larger drops from the air stream . In this study drops 

with Reynolds numbers less than 1000 will be considered . 

In determining the rate of transport of vapor , Kinzer and 

Gunn noted that the radial gradients surrounding the drop , when it is 

at rest , have finite values out to distances which are large compared 

to the radius of the drop . But when the drop is falling freely , the 

vapor and cooled air at its surface are continually replaced by environ-

mental air . The net effect of increasing ventilation is to sweep away 

the vapor around the drop , thus increasing the surface gradients of 

vapor density and temperature and the rates of transport of vapor . The 

movement of air near the drop was examined in order to evaluate the 

effective gradients at the surface and the dependence of these gradients 

upon the velocity . A transient state was considered in which the vapor 

was allowed to diffuse into successive packets of fresh environmental 

air as each packet moved within a diffusion zone around the drop for 

a calculable period of time . This period of effective contac t was 

approximated by the diameter of the drop divided by the velocity o f  

ventilation . By summing up the transport to all packets of air making 

48 

contac t , the total vapor exchange was estimated and used to determine the 

equilibrium evaporation rate of the drop . 

In order to  account for the evaporation due to the movement 

of the drop relative to its surroundings ,  equation (5-5 ) is multiplied 

by a convection factor to give 

d f\1 
d -t  

4 'lY R D Mw ,. ( P � - Poo ) ( cf ) � Td  ( 5 - � ) 



. 
38 

Kinzer and Gunn found that the convection fac tor depended very 

strongly on the Reynolds number , Re , and the Schmidt number , Sc , of  

the drop . The expression for the convection factor is 

49 

1 + V F  ( Re • ( 5-9) 

where VF is the ventilation factor . The functional relationship found 

by Kinzer and Gunn for the ventilation factor , VF , is shown in Figure 

5-l . The Schmidt number is commonly used to describe the mass trans-

fer from a body in a fluid medium; it is the ratio of the kinematic 

viscosity of air ,� , to the diffusivity of water vapor in air , D .  

Hence , 

5 c.  11/n ( 5 - l o )  

Equations (5-8 ) and (5-9) will be used to describe the evapora-

tion rate of drift drops exiting from cooling towers . The functional 

relationship found by Kinzer and Gunn38 will be used to evaluate the 

ventilation factor in equation (5-9) . 
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CHAPTER VI 

DROPLET VAPOR PRESSURE 

The difference between the droplet surrace vapor pressure and 

the environment vapor pressure provides the driving force o f  the evapora-

tion process . Both the salt concentration and the radius of curvature 

will affect the droplet vapor pressure . 

In order to determine the effect of curvature on the droplet 

surface vapor pressure , consider a liquid in equilibrium with its vapor 

at temperature T as shown in Figure 6-1 . P is the equilibrium pressure s 

of the vapor on the flat surface . I f  a capillary tub e is placed into the 

liquid as shown in Figure 6-2 , the vapor/liquid interface is curved and 

is depressed a distance d below the flat interface outside the tube . 

The pressures across the interface are P
1 and P2 as shown in Figure 6-2 . 

If Yl is the specific weight of the liquid , then from hydrostatics in the 

liquid , 

+ 

From a force balance on the curved surface , 

2., S  
R 

+ 

( ra - J ) 

P, ) ( b - z 

where R is the radius of curvature and S is the surface tension . 
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Now, 

where � is the specific weight of the vapor in the capillary . Thus , 

Ps - P, < <  ( � - 4)  

From equation (6 -2 ) , the depth of the depression of the curved inter-

face is 

( � - 5) 
Consider an element o f  vapor of length dy in the capillary . 

Then a force balance gives 

J P  
dy 

Assuming that the vapor is an ideal gas and 

p 
f 

C o  fiSt a n f  ( (p - 7 )  j 
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where � is the density of the saturated vapor over the flat surface . 

Combining equations (6-6) and (6-7 ) , one obtains 

p ( 0 - 8 )  

Integrating equation (6-8) from y=O to y=d and combining the result 

with equation (6-5) , one ob tains 

P, 
Ps 

2 5  
(t - :J) 

Equation (6-9) expresses the vapor pressure over a drop of radius R 
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as a function of the surface tension , S , the drop density ,jPl , the sur-

face temperature , T, and the vapor pressure over a flat surface of 

pure water , fs . 
The effect o f  salt concentration on the droplet vapor pressure 

is important because as the droplet evaporates , its salt concentration 

level increases and consequently , the evaporation rate diminishes . 

Rault ' s  law relates the vapor pressure over the solution to the vapor 

pressure over pure water by the equation 

o f  waf. e. r 

where p is the vapor pressure over the solution and p is the vapor pres
s 

sure over pure water . In calculating the mole fraction care must be 



taken to include the van ' t  Hoff fac tor , n ,  which takes account of the 

disassociation of inorganic salts . This factor is not a constant , but 

varies to some extent with concentration . Figure 6-3 shows the varia-

t ion in vapor pressure above the surface of the liquid for a 1 molar 

solution of a non-electrolyte ,  non-volatile solvent in water . 

The vapor pressure over the surface o f  a liquid depends upon 

the number of solute paritcles in a given weight of the solvent . With 

non-electrolytes , 1 mole refers to the same number of particles , namely, 

6 . 02 X 1023 molecules . But in the case of an electrolyte a mole refers 

to a larger number of particles . The "apparant" molecule , NaCl , is not 

+1 -1 a molecule but a pair of ions , Na , Cl  . This means that 58 . 5  grams 

of NaCl contains not 6 . 02 X 1023 molecules ,  but 6 . 02 X 1023 Na+l ions 

and 6 . 02 X 1023 Cl-l ions . The data in Table 6-1 shows that for the 

electrovalent type of electrolyte , the number of particles in a mole is 

twice , three times , four times , etc . ,  the number in a mole of a non-

electrolyte solution . 

The van ' t  Hoff factor , n ,  is the number of apparent ions per 

molecule in an electrolyte solution . Table 6-2 shows that the van ' t  

Hoff factor is very near 2 for very dilute solutions of NaCl and 
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decreases as the concentration increases . Figure 6-4 shows the variation 

in the van ' t  Hoff factor as a function of concentration for a solution 

of NaCl and water . 

In order to determine the effect of salt concentration on drop-

let vapor pressure , consider a drift drop of radius R containing a dis-

solved mass of salt m of gram-molecular weight Mw . Then , the number s s 

o f  apparent moles of salt in the drop is 
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Table 6-1. Number of Particles in 1 Mole 
for Various Salts39 

Formula 

NaCl 

KN03 
CaC1

2 
Naso

4 
AlF3 

Particles 
Represented 
by Formula 

-

Na
+1

, Cl-l 

K+l 
NO-l 

, 3 

Ca
+2

, Cl-l
, Cl-l 

N 
+l 

N 
+l so-2 

a , a , 4 
Al

+2 
F-l 

F-l 
F-l 

, , , 

Weight of 
1 Mole 

58 . 5  g .  

101 . 0  g. 

111 . 0  g. 

142. 0 g .  

84. 0 g. 

No. of Partic les 
in 1 Mole 

2X6 . 02Xl0
23 

2X6. 02Xl0
23 

3X6 . 02Xl0
23 

3X6 . 02Xl0
23 

4X6. 02Xl0
23 
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Table 6-2 . Comparison of Freezing-Point Lower ing by 
Ionic Elj§trolytes and Non-Electrolytes 
in Water 

Elec trovalent No . of Ions Comparison at the Molal Concentrat ions Indicated 
Type of per Apparent 

Electrolyte Molecul e 0 . 005 0 . 010 0 . 050 0 . 10 

NaCl 2 1 .  94 1 .  93 1 . 8 9 1 . 87 
KCl 2 1 .  96  1 . 94 1 . 88 1 . 86 
MgS04 2 1 . 69 1 . 62 1 . 43 1 . 42 
K2so4 3 2 . 8 6  2 .  77  2 . 5 7 2 . 46 

VI \0 
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where n is the van ' t  Hoff fac tor . The number o f  moles of water in the 

drop is  

Rault ' s  law ma y  be expressed as  

or 

p 
Ps 

+ 

In terms of concentration , c ,  

p 
Fs 

Combining equations (6-9) and (6-13) , one obtains 

(t- - t z )  

( � - I 3)  
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p 
Ps [ e � p ( 2- S/R.fl R T  )] [ 1 

ri C  MwH2.o/Mws ] - l 

+ 

( (, � 1 4 ) 
Equation (6-14) expresses the vapor pressure over a drop of radius R 

containing a mass of dissolved salt m in terms o f  the saturated vapor 
s 

pressure over a flat surface of pure water . The first bracket in 

equation (6-14) represents the curvature or Kelvin effect and the 

second bracket the osmotic effect . Equation (6-14) is not valid for 

concentrat ions greater than the saturation values indicated in Figure 

6-5 . 
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CHAPTER VII 

PLUME BEHAVIOR 

In order to describe the motion of a drop , it is necessary to 

know the details of the velocity field within the plume . The basic 

equations describ ing the motion in the plume are the continuity equation , 

� .P  + V •  ( f \j ) -d t  
the momentum equation , 

t L J v + ( v . V )  d t  
and the energy equation 

c D T 
r· r D t 

D P + D t  

V ]  

0 ( 7 - I )  

( 7 - 3 )  

Although several simplifying assumptions can be made (i . e . , steady , in-

compressible flow, no energy generation , no radiation) the solution of 

the above equation in 3-d imensions is very complex . Many of the terms 

are nonlinear and the equations are coupled . Even in 2-dimens ions the 

solution of the equations may involve lengthy numerical integrations or 

a difficult finite difference solution . 
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As discussed in Section II , s implified integral approaches 

have been used to solve equations (7-1) through (7-3 )  for the coordi-
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nates of the plume centerline , the mean horizontal and vertical velocity 

components and the f inal plume rise . None of these approaches will 

yield the details of the velocity field within the plume . 

In this case a qualitative approach can be made using a 

simplified model which yields a reasonable analytical attack . Consider 

the flow field described by the superposition of a three dimensional 

source and a uniform stream. Using only that portion of the f low 

field above the tower exit plane and between the stream lines inter-

secting the outside diameter of the tower exit plane as shown in Figure 

7-1 , one can describe the velocity at any point wihtin the flow field . 

By adj usting the free stream velocity and the strength of the source ,  

one can model almost any plume shape . The stream function and velocity 

potential are 

and 

I 
2 

U R  

+ 
Q "  

4 7r  c o s  e '  

Ll '  c o s 0 + 

The velocity components are 

( 7 - 4 )  

( 7 - 5) 
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Figure 7-1 . Plume Profile 
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u cos e 1 + ( 7 - c,) 
- u () /  I ( 7  - 7 ) 

In t erms of the coordinates x ,  y ,  and z as  shown in Figure 

7-2 , the velocity components within the plume are 

u + 4 '1Y ( X 2 +  
Q_' .!1 

� 2 + -c. z ) 3/ z. (7 - t) 

4 'ir ( X  2 + � 7.. -t- � 2 )  3/z. ( 7 - 9 )  
Q../ r  ( 7 - J t) 

Dimensionaless parameters may b e  defined which are convenient 

to work with . Hence , the d imensionless velocity ratio , vr , and the 

dimensionless stream function , �1, may be defined as 

� l v r ) I 

Q /4 7r U  ( 7- J J) 

and 

( 7 - t t-) 
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Therefore , equation ( 7 -4)  becomes 

1 ( r )2.. · t ' - -- S l  n B -� y yw  c o s  e '  ( 7- 1 3) 

In order to relate the potential flow variables and the meteorological 

conditions , the source strength will be defined as 

( 7 - 14) 

where w is the mean exit velocity from the cooling tower and � p  is  0 0 

defined in Figure 7-3 . The maximum rise of the streamline passing 

through the center of the cooling tower exit plane will be related to 

Briggs '
6 

maximum plume rise by 

Therefore , the velocity ratio becomes 

v r  ( 7 - /0 ) 

where Ll h  is calculated from Briggs ' plume rise formulas . 

The plume boundary may be defined by the locus of stream-
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lines passing through the edge of the cooling tower exit plane . Consider 
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the x-z plane passing through the centerline o f  the cooling tower . 

The stream function at the edge of the plume is defined by the coordinates 

of the cooling tower exit plane . At any downwind location, x ,  equation 

(7-13) may be reduced to a s ixth order polynominal in terms o f  the 

known constants 4V� vr , zp , h , and x ,  i . e . ,  0 0 

. 4 2 (  , j l z. _ 4 ( V V'-J X � I ) + 

4 (v r )l. r. P 2 � 1 [C V r )7- � / - X 2 )  + 
� F 4 [ x z - 4 ( v rJ ' + ' ] + 

0 ( 7 - 1 7) 
where z = zp - (zp - h ) . The above polynominal may be solved for 0 0 

the z coordinate by a Newton-Raphson method . Therefore ,  one may 

determine when the drift particle leaves the plume . While the drift 

particle is in the plume , the velocity field defined by equation ( 7-8) 

through (7-10) will be used . When the particle leaves the plume , the 

velocity field 

V x  
and 

V :J  
will be used . 

u 

V =t  0 

( 7 - ; g ) 

I 7 _, ( I 
c; l  l ; ) 
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CHAPTER VIII  

SOLUTION OF  THE EQUATION OF MOTION 

Finite Difference Solution 

In Chapter III the equation of motion was developed for an 

evaporat ing particle . From equat ion (3-5 )  

FoM + Fe M == t d M ( 
d t V M  - Ve ) ( 8 - t )  

The � component of equation (8-1) is 

+ 
The drag force may be expressed as 

+ 

where the drag coefficient , CD , has been determined for water droplets 

over a wide range of Reynolds numbers as discussed in Chapter IV . The 

body force , FB , due to gravity is 
� 

(8 - 4 ) 
Combining equations (8-2 ) through (8-4 ) and dividing by M, one 

obtains 
2. + Yo. ( VM ;L - v?. ) c D A p - 0 Z. M  ..... 

d V M :c  I d M  ( Vr. ) ( & - 5 )  -t -- d -f.. V M =l -d t  M 
S ince each term in equation (8-5 ) is a function of time (except the body 

force term) , one cannot solve for the velocity and position of the drop 
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as a function of t ime . However , an approximate solution of the equation 

o f  mot ion may readily be obtained by a f inite difference technique . 

Equation (8-5 ) may be expanded to give 

VM "i. d M  
M d t  + 

+ c , v: 
d VT. 
d t 

where C
l

= fa. Cn A P/z M 

+ Vz 
M 

d M  
d t  

+ 

Expanding the velocity at time t in terms of the velocity at t+ At in a 

Taylor series and neglect ing higher order terms , one obtains 

V ( t ) -= 
or in indicia! notation 

d v l 

d t I +  I 

V ( t + llt ) - 5LY. j  11i d t i +  Af 

V ( I t l ) - V ( I ) 
h. t  

( 8 - 7 )  

( g - g )  
Evaluat ing each term in equation (8-6)  at 1+1 and linearizing the f irst 

term on the right side by the approximation 

Combining equations (8-6 ) , (8-8 ) and (8-9)  and solving for 

V M t ( I  "t I ) , one obtains 

The velocity must be iterated because the denominator in 

equation (8-10) contains the linearized term VMz (J) where J=I on the 



first iteration . Hence all terms on the right side of equat ion (8-10) 

are evaluated at station J=I on the first iteration and then at station 

J=I+l during subsequent iterations . 

The mass of the drop at station I+l may be expressed as 

M ( I +  1 )  M ( I ) + d M  td d t  ( � - I } )  
The velocity of the drop in the x and y directions is similar to V

Mz 

except that the body force terms are zero . Hence 

and 

74 

-t � � � + � ( 1 Ll t [ � V � + Y M y  t J J/2] ( K - 1 3 J  
In order to solve for the pos ition of the drop , Z ( t ) , function 

of time , consider a Taylor series expansion o f  Z ( t )  at time t+ At .  

Neglecting 2nd order terms , one obtains 

::Z: (  I +  I )  - 1::. ( I ) + VM i; ( 1 -t  1 )  At  ( 8 - } 4 ) -
Similarly , express ions for the position coordinates X and Y of the 

particle are 

X ( I + I ) X ( I ) i- VM x ( I -+ I ) �i I s- 15 J 
Y (I-t I )  y ( I ) + VMy ( I + J } Llt ( 8 - I ' )  
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Hence , the velocity and position of a part icle may be calculated in terms 

of the velocity and posit ion at the previous time station . 

Initial Conditions 

The initial condit ions may be specified by defining the initial 

velocity and coordinates of the part icle as it leaves the cooling tower 

exit plane . 

It will be assumed that the initial velocity of the part icle is 

perpendicular to the exit plane (i . e . , VMx (t=O) =O)  and that the exit 

velocity is equal to the equilibrium velocity corresponding to the drop 

radius . The equilibrium exit velocity may be determined from equation 

(8-1) by setting dM/dt and dVM2 /dt = 0 .  The drag force is identically 

balanced by the body force acting on the drop . Hence , 

F D i_  M j 
From equations (8-3) and (8-4 ) , 

( � - 1 7 )  

where V corresponds to the velocity of the plume at the exit plane . z 

Therefore one can determine the initial velocity of the part icle from 

equation (8-18 ) . Since the drag coefficient , C
D

, is a function of 

velocity , an iterat ion is necessary . On the first iterat ion , Stokes 

law , equation (4-4) may be used to calculate the first approximat ion . 

Thereaf ter eq�ation (8-18) is iterated until V (1)  is within 1% of 
Mz 

the final value where C
D 

is eva luated using equation (4-7 ) . 

The initial coordinate may be specified by defining x (l )  and 

y (l) . z (l )  is equal to the height of the tower . 



Sign on the Drag Term 

A coordinate sys tem has been defined in Figure 7-2 .  A positive 

drag force acts in the positive coordinate direction . 

As a drift particle leaves the cooling tower exit plane , it is 

carried upward in the plume . As long as the drop remains in the plume , 

the drag force acting on the particle is posit ive s ince the absolute 

velocity of the drop is never greater than the plume veloc ity as shown 

in Figure 8-1 . 
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If the velocity of the drop is positive when it  leaves the plume , 

the drag force will change sign and become negat ive as in Figure 8-2 . 

At some point throughout the traj ectory of the drop , it  will reach a 

maximum height at which time the vertical veloc ity component , VMz ' is 

zero . Aft er this point in t ime , the drag force becomes positive until 

it hits the ground or evaporates as in Figure 8-3 . 

A simple method of determining the sign of the drag term is by 

relating it to  the sign of the velocity difference defined by 

Y D r.. 
When VD ) O , FD> 0 and when VD < O , FD ( O . 

Equation (8-10) is 

When VD2 ( 0 ,  the term in bracket s in the denominator is [V� - V
MZ (J) / 2 ] . 

When VD2 0 ,  the term in brackets becomes [ -V� + VMZ (J) / 2 ] . 

The velocity components V
Mx 

and V
My 

are evaluated in a similar 

manner . 
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Figure 8-1 • Drift Drop in Plume 

7 7  



Z +  

f 

V z = 0 

Figure 8-2 • Drif t Drop Moving Up in Ambient Air 
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Figure 8-3 • Drift Drop Falling in Ambient Air 
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CHAPTER IX 

DISCUSSION OF RESULTS 

A computer program has been developed employing the concepts 

and equations presented in the previous chapters . The program calcu

lates the traj ectory of a drift drop as a funct ion of cooling tower 

parameters and meteorological variables . For each drop siz e ,  the 

calculation terminates when the drop "effectively evaporates" ( i . e . ,  

when the drop radius is 40 � m or less) or when it hits the ground . 

A complete listing of the program is given in Appendix A .  

The input variables for the model can b e  broken down into 

two groups , cooling tower parameters and meteorological variables . The 

cooling tower parameters are 

1 .  range (inlet water temp . -outlet wat er temp . )  

2 .  approach (outlet water temp . -ambient wet bulb temp . )  

3 .  tower height 

4 .  exit radius 

5 .  exit velocity 

6 .  drift drop size distribution 

7 .  drift drop mass  distribution 

The met eorological variables are 

1 .  atmospheric s tability condition 

2 .  dry bulb temperature 

3 .  wet bulb temperature 

4 .  wind speed . 

8 0  
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In addition to the variables mentioned above,  there are several 

program variables and initial conditions which are important in calcula

t ing the drop traj ectories . They are 

1 .  the t ime increment 

2 .  init ial drop position 

3 .  initial concentration . 

F igures 9-1 through 9 -4 illustrate the effects of some of the 

more important variables on the droplet traj ectory . 

Meteorologists describe turbulence in the atmosphere by 

c lassifying the s tates into various stab ility conditions . One common 

classification is the Pasquill Stability Classification42 as shown in 

Table 9-1 . The temperature gradient is a d irect measure of the stab ility 

condit ion; the temperature gradient ranges for each of the Pasquill 

stability classes are indicated in the table . Condition A ,  B ,  and C 

are unstable,  condition D is neutral , and conditions E and F are stable . 

Figure 9-1 illustrates the effect of evaporation on particle 

traj ectory. Curve 1 represents the traj ectory o f  a drift drop of pure 

water . Very l it tle evaporation occurs while the drop is in the plume . 

When the drop leaves the plume , it  evaporates rapidly as it falls 

toward the ground . At a downwind distance of 186 . 2  meters , the drop 

has "effectively evaporated" (i . e . , R < 40 p.m) . Curve 2 represents 

the traj ectory of a slat laden drift drop where the initial concentra

tion is 66 ppt . The effect of the dissolved sal t , as indicated in 

equations (5-8) and (6-12) , is to reduce the vapor pressure over the 

drop and thereby reduce the evaporation rate . As expected , the drop 

falls to the ground at a downwind distance of 1 9 3  meters . The radius of 

the salt laden dorp when it hits the ground is 154 fm and the concen-



Table 9-1 .  The Pasquill Stab ility Classification 

Condition Temperature Gradient 

A 

B 

c 

D 

E 

F 

(°K/ meter) 

� T < -. 02180 l:J. =t:  
-. 02180 <_ ..1 T  ( - . 01593 - L1 =t 
- .  01593 � � � < - . 01228 

- . 01228 < LlT < - . oo273 - A� 
- .  oo2 7 3  < .6 T < +.  o1997 - A "f. 

< .6 T 
+ . 01997 - t:. r.. 
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unstable 

neutral 

stable 
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tration is about 280  ppt . For comparison purposes Curve 3 illustrates 

the traj ectory of a solid drop where the density is the same as that of 

water . Curve 3 represents the limiting case of 1 and 2 since dM/dt = 0 .  

The solid drop leaves the plume at about the same point as in Curves 1 

and 2 ,  but it contac ts the ground at a downwind distance of 172  meters . 

One may conclude from Figure 9-1 that the evaporat ion rate 

has a considerable effect on drift drop traj ectory from a cooling tower 

and must be considered in calculating the deposition of drift drops . 

The reduced evaporation rate of the drift drop due to the salt concen

tration causes the drop to fall to the ground sooner and increases the 

deposition rat e . 

Figure 9-2 illus trates the effect of the initial coordinate 

position on particle traj ectory . The droplets following traj ectories 1 , 

2 ,  and 3 all have the same initial conditions except that droplet 1 

was emit ted at x = -3 meters , droplet 2 was emitted at x = 0 and 

droplet 3 was emit ted at x 3 meters . S ince droplet 1 remains in the 

plume longer than droplet 2 or 3 ,  it is carried to a higher elevation 

and sub sequently falls a greater dis tance through the amb ient air . As 

a result , droplet 1 is carried further downwind and evaporates to a 

smaller size than droplets 2 or 3 .  

The droplet traj ectories in Figure 9-2 are not straight lines 

since the drops are continuously evaporat ing and the fall velocities 

are decreasing . This is apparent by comparing curves 2 and 3 in 

Figure 9 -1 . Curve 3 in Figure 9-1 is a straight line outside the plume 

and it is apparent that curve 2 is slopped upward from curve 3. Curve 

2 in Figure 9-1 is identical to curve 2 in Figure 9-2 . 

By considering initial positions at the edge of the cooling 
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tower exit plane , the downwind dis tances at which the drop s hit the 

ground may dif fer by as much as an order of magnitude depending on the 

drop size and met eorological parameters . Therefore , the initial 

position of the drops is important in calculating the deposition of 

drift drops from cooling towers . 

Figure 9-3 shows the effect of salt concentration on the 

droplet traj ectory . The droplets following curves 1 ,  2 ,  and 3 have 

the same init ial conditions except that droplet 1 has an initial con

centration of 33 ppt , droplet 2 has an initial concentration of 66 ppt , 

and droplet 3 has an initial, salt concentration of 132 ppt .  All three 

droplets leave the plume at about the same point . Since droplet 1 has 

a smaller concentration than droplets 2 or 3 ,  it evaporates more rapidly . 

Therefore the fall velocity o f  droplet 1 is less and it remains in the 

air longer than droplets 2 and 3 and is carried further by the wind as 

indicated in Figure 9-3 . Under the conditions indicated in Figure 9-3 , 

a 100% increase in salt concentration from 66 ppt to 132 ppt causes 

about an 8% decrease in the downwind distance that the drop hits the 

ground . In general , an increase in salt concentration increases the 

deposit ion near the tower . 
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Figure 9-4 illustrates the effect of the atmospheric stability 

condition on the drop traj ec tory . The meteorological conditions governing 

the behavior of the two plumes in F igure 9-4 are the same except that the 

dotted curves "B" represent the plume behavior under stability condition 

B and the solid curves "F" repr esent the plume behavior under s tability 

condition F .  Stab ility condition B represents an unstable environment 

where as condition F represent s a stable condition . Curves 1 and 2 
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represent the traj ectories of a 250 p.m drift drop with an initial salt 

concentration of 6 6  ppt . Curve 1 is the traj ectory o f  the drift drop 

during stable conditions , Pasquill F ,  and curve 2 is the traj ectory 

of the same drift drop during unstab le conditions , Pasquill B .  Since 

the plume rise is somewhat greater in an unstable atmosphere ,  a drift 

drop will rise to a greater height as indicated by curve 2 and fall a 

greater distance through the atmosphere .  Droplet 2 hits the ground at 

a greater distance ( 193 meters) from the tower than droplet 1 ( 129 

meters) . S ince droplet 2 is in the air longer , i t  evaporates to  a 

smaller size (R=l54pm) than droplet 1 (R=l7 6 f.J.m) . Therefore , the atmos-

pheric stability condit ion has a significant effect on the droplet tra-

j ectory .  

Very little information i s  currently available in the open 
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literature on  the traj ectory of drift drops from a cooling tower . Wistrom 
39 and Ovard have recently presented some information on drift drop tra-

j ec tories as shown in Figure 9-5 . The meteorological condit ions in 

Figure 9-5 were a 17 . 3° C  dry bulb t empera ture and 50% relative humidity 

with a stable atmospheric condition and a wind speed of 20 mph . The 

cooling tower was of mechanical draft design with a salt concentration 

in the drift equal to  sea water . In order to provide some basis of 

comparison with the above resul t , a s imilar calculation was made for a 

300 /Am radius drop and a 225 fJ- m radius drift drop using the present model 

and the above data . In addition , it was assumed that the height of the 

tower was 7 0  feet . 

Using the present model , Figure 9-6 shows the predic ted tra-

j ec tory of a 225  m and 300 m radius drift drop . The drift drop with an 

initial radius of 300 m evaporated to a radius of 12 7  J1m and a saturated 
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concentration of 350 ppt and traveled to a downwind d istance of 351 m .  

This distance i s  more than twice the 118 m of Wis trom and Ovard . 

drop . 

A greater difference occurs in the case of the 225 �m drift 
40 As indicated in Figure 9-5 , Wistrom and Ovard predict that a 

225 ft m drop will "ef fectively evaporate" . However , the present model 

predicts that a 225 �m radius drop will hit the ground at a downwind d is-

tance o f  624 m.  Under the meteorological condit ions indicated in 

Figure 9-6 and a salt concentration of 33 ppt , a 225 fm radius evaporates 

to a saturated drop at a downwind distance of 246 m. At this point many 

authors neglect the effects o f  salt precipitation within the drop . 

A saturated drop will continue to evaporate if the ambient vapor pressure 

is sufficiently low. In order to take into account the effects of pre-

c ipitation within the drop , it  may be assumed that the init ial amount of 

salt remains dissolved until a saturated condition is reached . From that 

point on , the drop concentrat ion is equal to  the saturated concentration 

as specified in Figure 6-5 . The excess salt is as sumed to precipitate 

out as a solid crystal . The volume of the solid salt and the saturated 

9 2  

water is easily determined and the corresponding radius may be calculated . 

For example , consider the 225 f m drift drop ment ioned above with an init ial 

NaCl concentration of 33 ppt . At a downwind distance of 246 m the drop 

has evaporated to a saturated radius of 102 . 2 �m radius . The saturation 

concentration is about 350 ppt . When the drop hits the ground , the 

radius is 88 . 5  JAID ·  Figure 9-7 illus trates the condit ion of the 225 p.. m 

drop at point s a ,  b ,  and c in Figure 9-6 . Note that the total mass  of 

salt remains constant . 

S ince the downwind dis tance at which a given size drop hits 

the ground can be calculated under any conditions , the mass  fract ion 
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and the deposition area associated with each drop size enables one to 

determine the total salt drift deposition from a cooling tower . In 

order to  further illustrate the use of the particle traj ec tory in cal-

culating the chemical deposition from a cooling tower , a sample calcu-
17 lation will be made using both Hosler ' s  model and the UT model lis ted 

in Appendix A .  The met eorological cond itions used in the calculations 

are shown in Table 9-2 and the cooling tower variables are indicated in 

Tab le 9-3 . 

Sample Calculation Using the Hosler , et . al . ,  Model 

As sume that the drift drop distribution is indicated in 

Tab le 9-3 . The mas s  of salt in each class interval can then be calcu-
17 lated from the drift rate and entered in Table 9-4 . 

The drift in the class interval r = 50  f m is distributed in 

the drop s izes between 25 and 75 p.m ,  the 20% as 100 p.m radius drops are 

dist ributed between 75 and 125 p.m and so on . 

From Figure 2 -817 the values of h , the minimum height a e 
drop must fall in order to evaporate to a saturated solution17 drop , is 

obtained . These values are shown in Table 9-5 . From Figure 2-9,  the 

values o f  h , the height the drops rise in the plume , are obtained and r 
shown in Tab le 9-5 . 

For drop sizes 175 and 225 11 m ,  we have shown that h )h ; r· e r 
17 these drops do not reach their equilibrium size , so , Figure 2-/0 is  

used . For the 175 fm drop , one enters the figure at 175 fm and a hori

zontal l ine is drawn f rom the vertical axis to the curved line V = 0 

f (r ) .  A ver tical line is then drawn down to  the point where i t  crosses 0 

h = 297  ft . A horizontal line is  cons truc ted from this point to the r 
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�able 9-2 . Meteorological Conditions Used in 
Sample Calculations 

Variable  Value 

Dry Bulb Temperature 8 0 ° F  (299 . 9 °K) 

Wet Bulb Temperature 6 3 ° F  (290 . 7 °K) 

Relative Humidity 7 0% 

Wind Speed 10 MPH (4 . 4 7  m/s ) 
Stability Condition B 

Frequency of Calm . 019  

\0 
VI 



Table 9-3 . Cooling Tower Variables Used in 
Sample Calculat ions 

Variable Va�ue 

Mechanical Draft Cooling Tower 

Range 

Approach 

Tower Height 

Exit Radius 

Exit Velocity 

Circulating water flow rate 

Drift Rate (i. o f  Circulating water 
flow rate) 

Concentration 

20°F  (11 . 11 °K) 

l5 ° F  (8 . 33 °K) 

2 1 . 2  m 

4 . 6  m 

40 fps (12 . 2  m/s )  

15 , 000 GPM (2 . 48 X 10
9 �) mo 

. 01% 

5 0 , 000 ppm 

\0 0\ 



r 

Table 9-4 . Mass Distribution Using Ho sler , 
17 et . al . , Model 

Mass Mi 
1--( m ]'rac tion kg/mo 

50 . 2  2480 

100 • 2 2480 

150 . 3  3720 

200 • 3 3720 

1 . 0  12400 

kg H
20 kg Salt 

X 1 X 

mo kg H20 

M = (2 . 48 X 109 ) (1 X 10
-4

) (5 X 10
-4

) (10
-6 ) 

= 12440 kg /mo 
1.0 
-...,J 



Table 9-5 . Maximum Height in Plume and 
Equilibrium Fall Height of Drops 

17 Hosler , et . al . ,  Model 

\0 
00 



10 mph wind speed line . The last line is constructed parallel to the 

vertical axis and the downwind distance at which the drop hits the ground 

is read off  the axis as d = . 18 miles . The curve is entered with 

the 225 �m drop s ize in a similar manner as shown in Figure 2-10 . 

For drop sizes 2 5 ,  75 , and 125 U. m ,  h < h  , the drops reach r· e r 

their equilibrium size
17

, so Figure 2-11 is used . Figure 2-11 is entered 

by constructing a horizontal line at the salt c oncentration of 50 , 000 

ppm. For each drop siz e ,  veritcal lines are constructed from the inter-

section of the curved lines V = f (c )  and the horizontal concentration s 

line . From this point on, the construction is the same as before as 

shown in Figure 2-11 .  

For each drop size , the d istance from the tower at which the 

respective drops fall and the area covered are tabulated in Table 9-6 . 

The deposit ion is obtained by simply dividing the mass  contained in 

each drop size by the corresponding area . 

The above calculation is for a uniform wind distribution . To 

account for the variation in the frequency o f  wind direction , the 
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deposition is multiplied by the normalized fract ion of time the wind blows 

in a specified d irection . For s implicity , a uniform wind distribution 

is used and the results of the calculation have been plotted in 

Figure 9-8 . 

UT Model 

The program listed in Appendix A incorporates the concepts 

presented in the previous chapters and calculates the coordinate posi-

tion of a drift drop from the time it leaves the cooling tower to the 

time it hits the ground or evaporates . Consider a particle released from 

the leading edge of the cooling tower exit plane as shown in Figure 9-2 ; 



s2A 

h < h e r 

s1A 

h > h e r 

r 

\ 

25 

50 

j 
7 5  

100 

1 25 

l 150 

I 175 
) 1 200 
i I 225 '-

Table 9- 6. 

X 
m miles acres 

4 . 1  31000 

1 . 1  3000 

. 48 450 

. 18 7 2 .  

. 13 37 . 

\ -v-- ) 

From 
Nomograms 

17 
Deposition by Hosler , et . al . ,  Model 

Q 
acres kg/mo lb/mo lb/ac-mo 

28000 . 2480 5500 . 196 

2550 . 2480 5500 2 . 2  

378 . 3720 8200 21 . 6  

3 5 .  3720 8200 234 . 

2 X 
kg/m -yr miles 

• 000264 2 . 6  

. 00287 . 79 

. 0292 . 33 

. 315 . 15 5  

met er s  

4185 • 

127 1 .  

531 . 

249 . 

....... 0 0 
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� 
........ (\J a 
........ 

� · � r  
UT Model ) 

0 
orl 
.p 
orl • 2 (1) 
0 
p, 
Q) 
� 
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F igure 9-8 . Comparison of Deposition from Hosler , 

e t . al . ,  Model and UT Model }-' 0 
,..... 



the program calculates the maximum distance that a given size drop is 

carried downwind o f  the tower . Similarily , consider a drift drop of 

the same size released from the trailing edge of the cooling tower exit 

plane; the program calculates the minimum distance that a drop of given 

size is carried . The area over which drift drops of a specified size 

are distributed is  thereby calculated ahd shown in F igure 9-2 . The depo-

sition is simply the mass flux divided by the area . This procedure is 

repeated for each drop size considered . The final deposition is  obtained 

by summing individual deposition values over all the frequency classes 

considered . 

In order to provide a basis of comparison , consider the 

same data used to illustrate Hosler ' s  model in the previous section . 

The input variables for the computer program are listed and described 

in Table 9-7 . The input cards for this particular example are shown 

in Table 9-8 . 

The mass  distribution presented in Table 9-4 and the uniform 

wind distribution used in calculating the salt deposition by Hosler , 

et . al . , model have been modified slightly as shown in Table 9- 9 and 9-10 

to account for calm conditions . 

The results of the computer program using the above data have 

also been plot ted in Figure 9-8 . 

Discussion of Sample Calculat ion 

Comparison of the curves in Figure 9-8 illustrates several 

differences in calculating cooling tower deposition by the two methods . 

Hosler ' s  model predicts no salt deposition at distances less 

than 287 meters from the tower . The UT model not 

deposition within this distance but it predicts a 

only predic ts chemical 

2 
value of . 035 kg/m -yr 
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Card 

1 

2 , 3 , 4 , 5  

6 

7 

s 

9 

1 0  

11 

1 2  

1 3 , 14 

15 

Field 

1-SO 

1-SO 

1-10 

1 1- 2 0  
21-30 
3 1-40 
4 1-50 
51-60 
61-70 

1-10 
11-20 

1-10 

1-SO 

1-SO 

1-64 

1-10 
11-20 
21-30 
3 1-40 
4 1-50 
51-54 
61-70 

1-SO 

1-10 

Format 

20 A4 

SF 10 . 2  

I 10 

F 10 . 2  
F 10 . 2  
F 10 . 2  
F 1 0 . 2  
F 10 . 2  
F 10 . 2  

F 10 . 0  
F 1 0 . 5  

1 10 

SF 10 . 4  

S F  10 . 4  

16A4 

I 10 
F 10 . 4  
F 10 . 4  
F 10 . 4  
F 10 . 4  
A 4 
F 10 . 4  

SF 1 0 . 4  

F 10 . 4  
------------·- ----·--

Table 9- 7 Program Input 

Prop;ram 
Designation 

1\'lC ( I )  

X'!E ( I )  

NTP 

HT 
Range 
APP 
W0 
R0 
GPM 

c 
Alpha 

NP 

RP ( I )  

xMF ( I )  
xMF (I+l ) 

LDIR ( I )  

I S C  
TDBO 
B 
u 
RH0 
SEA 
TWB 

F (IDIB) 

F ( 1 7 )  

Descrip t ion o f  Quan t i t y  

T i t l e  and informa t ion 

X c o ordina te values at which depo s i t ion is desired (me t e r s )  

Type o f  Plume 
0 - Bouyant 
1 - moment urn 
Height o f  Tower (m) 
Range ( °K) 
Approach ( °K) 
Tower exi t  vel . (m/ s )  
Tower exit Rad . (m) 
Water Flow Rate thru tower (GPM) 

Salt Concentrat ion (PPT) 
D r i f t  Fract ion (of GPM) 

Numbe r  of d r i f t  drop s i z e s  

Radius o f  Dri f t  Drops (cen t ime t e r s )  

Mas s  Frac t i on 
Sum of Calms 

1 6  Compass Direct ions 

Pasquill S tability cond i t i on ( 1  = A, 2 
Dry bulb t emperature ( ° K) 
Adiaba t i c  Lap se Rate ( ° K/m) 
Wind Speed (M/ s )  
Re l a t ive humidity 
S eason 
Wet bulb ( °K) 

B ,  • • • ) 

Frequency wind b lows in r espr i c t ive d i r e c tions 

Frequency of Calm 

1--' 0 tN 



Table 9-8 . Input Cards for UT Computer Program 

Card No . Card 

3 
4 
s 
" 

7 

, ,  

1 3  
14 
15 

MECHAN f CAL 
A ih11 1 IH 

I 0. O il  
A Thru I 

9 0 . 00 
A Thru I 

8 0 0 . 00 
A Thru I 

7 0 0 tl . O tl  
A Thru 

A Thru I 
NTP 

Thru R 

A Thru 
s o .  

I w 

4 
A Thru I 

. 0050 
A Thr ' I 

. 2000 
A Thr" I 

DRArT TOl-lER , SAL T DEPUS T T J UN , KG/Mllfli€2/YR . Card No . 1 ,  LOC ( I )  
1 1 1 I I I I  I J  I I 

2 0 . 00 8 0 . 0 0  4 0 . 0 0  5 0 . 0 0  60. 0 0  7 0 . 0 0  
• 

J 0 0 . 00 2 0 0 . 0 0  ��o o .  o o  

0 0 . 00 J 0 0 0 .  00 2 0 0 0 . 00 

8 0 0 0 . 00 9 0 0 0 . 00 J O O O O . O O  

2 1 . 20 J J .  J J 8 . 88 

HT RANGE APP 

• 

4 0 0 . 0 0  5 0 0 . 00 6 0 0 . 0 0  

�-� o o o .  o o  4 0 0 0 . 00 5 00 0 . 0 0  

Card No . 2-5 , XME (I )  

J 2 . 20 

wo 

4 . 6 0 1 5 1) 0 0 . 0 0  
Card N o  6 

RO GPM 

• O O O J  0 Card No. 7 ,  C and ALPHA 
" 

Card No. 8 ,  NP 
• OJ 00 • 0 1 5 0 • 0200 Card No .  9,  RP ( I )  

. 200 1.) . 28 J 0 . 80 0 0  • 0 1 90 

N NNE 
A Thru 

NE ENE E ESE SE SSE S SSI.I 

Card No . 1 0 ,  XMF ( I )  

1-J WNI-J N W  NNW 

2 299 . 9 0 0 0  

A Thru l S C  T D  BO 

Thru R 

. 06 1 2  

• 06 J 3  

Card No . 11 , LDIR ( I )  

- . 0078 

B 

4 . 4 7 0 0  

u 
Card No. 12 

• 0 6 J 8 

. 06 J 3 

. 06 1 3  

. 06 J 3 

• ? O O OEXAMPL E 

·RHO , · >EA -

• 06 1 3  

. 06 1 3  

. 06 1 8  

. 06 1 2  

. 06 1 8  

• 06 J 3  

. OJ 9 0  
A Thr , I Card No . 13-15 , F ( I )  

Thru R 

290 . 7 0 0 0  

TWB 

. l)6 J 2  

: 06 J :• 

8 0 . 00 

' 
? 0 0 . 00 

6 0 00 . 00 

. Ob J :.; 

. 06 1 5  

5 Thru z I � 0 � r ' � � :· :' ' f. � c c ( ) D ' . � � - - . .. .  � � • • .  

1 2 3 4 � 6 7 8 1 W l! U U 14 l5 5 i1 W a 20 � Z2 2 3 2 ' 25 H 2 l �· z9 D n 32 � J J � J� » 37 U U � 4142�«45U474� 4 1 � 5 1 ! 1 53�55ll575t�9 " 11 V 6 � 64 6 5 H I 7 6! 6� M l! 11 7l 7 4 7' 7 i 7 7 l 5 7910 

A . . .  A 1 1 : 1  . .  J i i i J ! , r l  • . . •  A . .  J . . .  

B : .  K . . 
s . " '  

B 2 : ' : : :  K : : 2 : :  S : : :  
; c · :  . ; T C 3 : ' . 3 3  l 3 3 3 ' 3  T 

c :  9 , • M 

:. N v 

G P ; ; ; n  x ; · 7 7 7 7 7  G 7 7 7 7 7 7  P n :  X 
.: ,, H I (, ' Q .: I 1 1 ' y [ 8 p 8 8 8 B H 6 8 � 8 8 I Q ' i y 

B K 

c 

D M 

N 

i I� 0 
G 

H . ' 

s 

T 

u 

v 

' ' '  w 

p X 

Q I y 

� R ' ' : Z • :• 9 S 9 ' "  J c •. o c · 9  R Z R l 
1 f 3 4 & I 1 I 9 10 11 \� 13 14 1� !b ll .  tt2t:I:-.!2J24 2H t n :•I U li i1 S7 ll .W J : Ji ll l l l H 1 4 1 'H l U 4 Ui t 7 U 41�� �� 5B3 ! 4 H �6 5 1 51' � 9 tn 6� E2 1 J t.4 ' :0 U 6 1 U U 7D i1 11 7J I' n '6 1 1 �� ·�iJ 
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Table 9-9 . Modified Mass Distribution for UT Model 

r Mass  M i 
LA. m Fraction kg/mo I 

50  . 2000 2480 

100 . 2000 2480 

150 . 2810 3500 

200 . 3000 3720  

Calm . 0190 220 

1 . 0000 12400 

..... 0 VI 



Direction 

N 
NNE 
NE 
ENE 
E 
ESE 
SE 
SSE 
s 
ssw 
sw 
WSW 
w 
WNW 
NW 
NNW 
Calm 

Table 9- 10 . Modified Wind Distribut ion 

Uniform 
Distribution 

. 0625 

. 0 625 

. 0 625 

. 0625  

. 0625 

. 0625 

. 0625 
. 0625 
. 0625 
. 0625 
. 0625 
. 0 625 
. 0625 
. 0625 
. 0625 
. 0625 
. 0000 

1 . 0000 

Modified 
Distribution 

. 0613 

. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0613 
. 0615 
. 0190 

1 . 0000 

. f-."  0 0\ 



very near the tower . This large d ifference can be attributed to the 

fact that the Hosler model does not present any realistic method for 

handling the calm conditions . The UT model easily accounts for the 

calm conditions by distributing the mass flux associated with the calm 

over the area defined by the minimum downwind distance of the largest 

drop . 

Figure 9- 9 represents unpublished data from the Oak Ridge 

National Laboratory41 on chemical deposition from a similar mechanical 

draft cooling tower . Unfortunately no concurrent meteorological data 

was available for correlation with the present model . However , the 
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data does indicate that a significant amount a chemical deposition occurs 

very near the cooling tower and prediction of this deposition represents 

an important part of any model . 

Another significant difference occurs  in the location of the 

maximum deposition . Hosler ' s  model predicts a maximum deposition of 

2 . 43 kg/m -yr at a d istance of 287 meters whereas the UT model predic ts 

2 a maximum deposition o f  . 23 kg/m -yr at a distance of 1 7 0  meters . This 

difference can be attributed to the fact that Hosler uses the f inal plume 

rise in calculating the height the drop reaches in the plume . In 

effect , this means that the plume travels straight up until it reaches 

the height of the final plume rise and then travels downwind at the speed 

of the wind . The t otal time that it takes each particle to reach zero 

velocity in the plume and fall from rest to the ground is calculated 

and multiplied by the wind speed to obtain the downwind distance 

traveled . This technique overestimates the distance traveled and 

consequently underestimates the corresponding deposition . The UT 

model takes into account the transport o f  the drop within the plume by 
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Fi gure 9-9 • Tran s f e r  of Chromium and Z i nc t o  Ve g e t a t i on 
f rom C o o l i ng Tow e r  Dri f t  a s  a Func t i on 
of D i s t anc e f �om t he Tow e r . The Hor i z ont a l  
Li n e s  ( d a shed ) Indi c a t e  Leve l s  o f  
C onc ent rat i on i n  Ve�e t at i on R e m o t e  
from t he Towers . 
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drag forces in both the horizontal and vertical d irections . The plume 

rise is a function o f  the downwind distance . The drop can ac tually 

leave the plume while still traveling upward (this actually occurs 

with the smaller drops for the velocity field considered) . Therefore , 

the drops leave the plume in a shorter amount of time and fall to the 

ground sooner . 

Another d ifference in the models is the minimum size of parti-

cles considered to be transported by body forces and drag forces . Hos

ler , et . al . ,
17 

consider particles as small as 25 f m in radius . 
,
Based 

18 
on the recommendation of Gifford and Hanna , the smallest drops 

considered to be transported by body forces and drag forces are those 
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drift drops whose radii are greater than 40 �m .  Inclusion of these small 

drop sizes in Hosler , et . al . ,  model cause a slight overestimate a great 

distances from the tower . It  is recommended that deposition of drift 

drops from cooling towers whose 

by a method discussed in detail 

42 Atomic Energy . 

radii are less than 40 �m be calculated 

20 by Chamberlandd and in Meteorology and 



CHAPTER X 

CONCLUSIONS 

The primary purpose of this research has been to study the dyna

mic forces effecting the transport and deposition of large drift drops 

from evaporation cooling towers . The equation governing the motion of 

a drift drop after it ieaves the cooling tower has been developed and 

solved by a finite difference method . A term was included in the equation 

of motion which has not been included by previous authors .  

As pointed out in Chapter II , the mixing of a cooling tower plume 

with ambient air is a complicated process .  Not only are there no known 

analytical models which accurately predict the detailed velocity , tempera

ture , and specie concentrat ions f ields within a plume , but there is no 

experimentally reproducible data to verify an analyt ical model . 

In order to solve for the posit ion coordinates of the drift drop 

as a function of time , it was necessary to know the details of the velocity 

f ield within the plume . Therefore , a s implified plume model was developed 

and presented in Chapter VII .  Although this plume model was a very crude 

approximation to the actual mixing phenomenon , it yielded a reasonable 

velocity field which could be used to solve the differential equation of 

motion . 

The effects of chemicals dissolved in the drift drop on the evapora

tion rate of the drop have been considered . Previous models considered only 

sodium chloride (NaCl ) whereas the present model is general enough to con

sider any soluable inorganic salt . 
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The most  significant difference between the UT model and previous 

models is that the UT employs a realistic method of treating the calm 

conditions whereas previous models do not account for the calm . Also , the 

UT model accounts for the time variations in the concentration of any salt 

dissolved in the drop as evaporation occurs . The agreement of the UT model 

with experimental results is good , especially near the tower . 

An effort has been made to present the concepts which can be used 

to accurately predict the transport and deposition of drift drops when a 

more accurate description of the velocity field within a cooling tower plume 

becomes available . In the near future , more accurate measurements of the 

drift drop size distribution as well as concurrent meteorological and 

chemical deposition data will also become available so that the accuracy of 

the drift transport and deposition may be improved . 



BIBLIOGRAPHY 



BIBLIOGRAPHY 

1 .  Brand t , C .  S . , Agricultural Specialist , Bureau of Air Quality 
C ontrol , Md . State Dept . of Health and Mental Hygiene , 
Personal Communication , 1 97 3 . 

2 . Woods , B . , and P .  Bett s , "A Contribution to the Theory of Natural 
Draught Cooling Towers , "  Proc . Inst . Nech . Engr s . , 54-78 , 1950 . 

3 . Chilton , H . , "Performance of Natural-Draught Water Cooling Towers , "  
Proc . Inst . Elec .

. 
Engrs . ,  99 , 440-456 ,  1952 . 

4 .  Abramovich , G .  N . , The Theory of Turbulent Jet s , Cambridge : 
Nassachusetts Institute of Technology Press , 1963 . 

5 . . Morton , B .  R, . , "Buoyand Plumes in a Moist Atmosphere , "  J .  Fluid 
Mech . , 2 ,  127-144 , 195 7 .  

6 .  Briggs , G� A . , Plume Rise,  AEC Critical Review Series , TID-25075 
form Clearinghouse for Fed . Scient . and Tech . Inform. , U . S .  Dept . 
o f  Comm . , Springfield , Va . 

7 .  World Meteorology Organization , Internat . Neteorol . Tables , 
WN0--188-TP-94 , in trod . to tables 4 .  6 and 4 � 7 ,  1966 . 

8 .  S impson , J . , and V .  Wiggert , "Nodels of Precipitating Cumulus Towers , "  
Hon . Wea . Rev . , 97 , 4 71-766 , 1970 . 

9 .  Hanna , S .  R . , "Cooling Tower Plume Rise and Condensation , "  
Proceedings Air Pollut ion, Turbulence, and Diffus ion Sympos ium ,  
Las Cruces , New Nexico , Dec . 7-10 , 1971 . 

10 . Hewett , T .  A . , J .  A .  Fay , and D .  P .  Hoult , "Laboratory Experiments 
of Smokestack Plumes in a Stable Atmosphere , "  Atmospheric 
Environmen; ,  Pergamon Press , Great Britain , Vol . 5 ,  p .  767-789 ,  
1971 . 

11 . Brunt , D . , " Condensation by Mixing , "  � Roy Soc . , Vol . 6 1 ,  
Vol .  61 ,  p • 2.13-ll7 7 1935 • 

12 . Ovcrcamp , T .  J . , and D .  P .  Hoult ,  "Predpitation in the Wake of 
Cooling Towers , "  At:mos . Envir . ,  Vol . 5 ,  p .  751-766 ,  1971 . 

13 . Southern Nuclear Engineering , Inc , , An Evaluat ion of the Feasibility 
of Salt Water Cooling Towers  for Turkey Point , SNE-54 ,  February , 
1970.  

14 . Sterm, A .  C . , Editor , Air Pollution , Vol .  1 ,  Academic Press , New York , 
London , 1968 . 

113 



15 . GPU Service Corp . , Program to Investigate the Feasibility of Natural 
Draft Salt Water Cooling Towers ,  Appendix to "Applicant ' s  Environ
mental Report "  for Forked River Unit 1 ,  New York , 1972 . 

16 . EG&G , Inc . ,  "Pot1�ntial Environmental Modifications Produced by Large 
Evaporative Cooling Towers , "  prepared for EPA Water Pollut ion 
Control Researeh Series 16130DNH01171 , Boulder , Colo . ,  1971 . 

17 . Hosler , C . ,  Pena !, J .  and Pena , R . , Determination o f  Salt Deposition 
Rates from Drift from Evaporative Cooling Towers , Dept . of 
Meteorology , Pennsylvania State Univers ity , 1972 . 

114 

18 . Gifford , F .  A . , and Hanna , S .  R . , discussions held at the Atmospheric 
Turbulence and Diffusion Laboratory , Nat ional Oceanic and Atmospheric 
Administration ,. Oak Ridge , Tennessee , Jan . thru March , 1973 . 

19 . Bosanquet , C .  H . , Carey , W .  F . , and Halton , E .  M . , "Deposition of Solid 
Particles in Atr , "  Proc . Inst . Mech . Engineers , 162 : 355 , London , 1950.  

20 . Chamberlain , A .  C . , Aspects of Travel and Deposition of Aerosols and 
Vapor Clouds , Atomic Energy Research Establishment , AERE-HP/Rl26 1 ,  
Harwell , Berkshire , England , 1961 . 

21 . Wieselsberger , C . , Zeitschr . Flugtech . Motorluftschiffahrt , 4 ,  140 ,  1914 . 

22 . Morsi , S . A . , and Alexander , A. J . , "An Investigation of Particle 
Traj ectories in Two-Phase Flow Systems , "  J .  Fluid Mech . , 
Vol . 55 , Part 2 ,  pp . 193-208 , 197 2 . 

23 . Lewis , B . , Pease , R . N . , and Taylor , H . S .  ( editors) , High Speed 
Aerodynamics and Jet Propulsion , Vol .· I I ,  p .  425 , Princeton Univ . 
Press . ,  Princeton ,  N . J . , 195 6 .  

24 . Davies , C . , "Definitive Equations for the Fluid Resistance of 
Spheres , "  Proc . of Phys . Soc . London , Vol .  5 7 , p .  260 , 1945 

' 25 . Beard , K. V . , and Pruppacher , H. R . , "A Determination of the Terminal 
Velocity and Drag of Small Water Drops by Means of a Wind Tunnel , "  
Journal of Atmospheric Science , 26 : 1066 , 1969 . 

26 . LeClair , B .  P . , A .  E .  Hamielec and H .  R .  Pruppacher , "A Numerical 
Study of the Drag on a Sphere at Low and Intermediate Reynolds 
Numbers , "  Journal of Atmospheric Science , 27 : 308-315 , 1970 .  

27 . Batchelor , G .  K . , An Introduct ion to Fluid Dynamics , Cambridge : 
Cambridge University Press ,  1967 . 



28 . Landau , L .  D . , and E .  M .  Lifschitz , Fluid Mechanics , New York : 
Pergamon Press , 1959 . 

29 . Rybczinski , W. , Anzeig . Akad . Krakau , s .  40 , 1911 . 

30.  Lamb , G . , Hydrodynamics , Gostekhizdat , M . -L . , Sect . 337 , 194 7 . 

31 . Oseen , C .  W . , "Uber Die Stokessche Formel and Uber Die Verwandt e  
Aufgabe in der Hydrodynamik , "  Arkiv for Mathematik ,  Astronomi 
Och Fysik , 6 ,  2 9 , 191 0 .  

32 . Klyachko , L . , Heating and Ventilation , No . 4 ,  1934 . 

3 3 .  Langmuir , I . , "The Evaporation of Small Spheres , "  Physics Review, 
12 : 368 , 1918 . 

34 . Topley , B .  and R .  W.  Whytlaw-Gray , "Experiments on the Rate of 
Evaporat ion o f  Small Spheres as a Method of Determining Diffusion 
Coefficients , "  Philosophical Magazine , 4 : 8 73 , 1927 . 

35 . Houghton , H .  G . , "A S tudy of the Evaporation of Small Water Drops , "  
Physics , 4 : 419 , 1933 . 

36 . Takahas i ,  Y . , "Experiments on the Evaporat ion o f  Wat er Drops , "  
Geophysics Magazine , 10 : 32 1 ,  1936 . 

37 . Frossling , N . , "Uber die Verdunstung Fallender Tropfen , "  Gerlands 
Beitreibung Geophysik , 52 : 170 , 1938 . 

115 

3 8 .  Kinzer , G. and R.  Gunn , "The Evaporation , Temperature , and Thermal 
Relaxat ion Time of Freely Falling Water Drops , "  Journal of Meteorology, 
8 : 71-83 , 1951 . 

39 . Wood , J .  H. , and Keenan , C .  H . , General College Chemis try , 
New York : Harper & Brothers ,  1957 . 

40 . Wistrom ,  G .  K . , and Ovard , J .  C . , "Cooling Tower Drift-Its Measurement , 
Control and Environmental Effects , "  Presented at Cooling Tower Insti
tute Annual Meeting , Houston , Texas , Jan . 2 9-31 , 1973 . 

41 . Unpublished Experimental Data , Oak Ridge Nat ional Laboratory , Oak Ridge , 
Tenne ssee , 1972 . 

42 . Slnde,  D .  H .  (ed itor) , Meteorology and Atomic Energy , U .  S .  Atomic 
Energy Commission , Division of Technical Information , July , 1968 . 



APPEND IXES 



APPEND IX A 

For a c opy o f  the c omput e r  d e c k  d e s c ribed i n  

thi s p aper , p l e a s e  c ontact 

D r . W .  T. Snyd e r , H e ad 
D e partment o f  Eng i n e e ring Sc i e nc e  

& Me c hani c s  
Pe rkins Hal l  
University o f  Tenne s s e e  
Knoxvi l le , Tenn . 37916 

117 



APPENDIX B 

Consider m
1 grams of air at temperature T1 

with specific 

humidity q1 and 1 gram of air at temperature T
2 and specific 

humidity q2 . Let these two quantities of air mix without conden-

sation as shown in Figure B-1 . From the conservat ion of mass , 

m ,  + 'm .3  ( B - I ) 
and 

m , � , + �z.  m 3  9/.3 ( B - 2. ) 
Combining equations B-1 and B-2 , one obtains 

m ,  + 
From the conservation of energy , 

( B - .3 ) 

Yn 1 c Pa. ( T 1 - T r e j- ) + m 1 9> 1 C P v ( T, - T ref ) + 

. C Pa. ( T2 - Tref ) + D :t  ( Fv ( T 2. - T V' e � ) 
m3 c p(l.( r; - TrQf ) +  m3 �; c rv ( T/- Tref ) .  ( B - 4) 

Combining equations B-1 , B-3 , and B-4 and letting T f = 0 ,  one 
re 

obtains 

m l c Pa. T 1  + tvl 1 'b 1  C Pv T 1  + c. Pa. T l -t 

b2 c. rv Tz. ( I ) , + - m , +  c P� T 3 

( m , � I )  C P v ( Yn , 'b • + 
� � ) T3' (.B - 5 ) . 

rn I + 
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Figure B-1 . The Mixing o f  Air 
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Solving equation B-5 for the temperature of the mixture , T� , one obtains 

T .'  = 3 
C pQ. ( rn ,  T, -t Tz ) + c P V  ( I'VI o  'b •  T , T "h  T�. ) ( B -b) 

( rn, -r t )  c r � t ( m, � ,  + �� ) c p.., 
For small amounts o f  water vapor in air , the second t erm in the numerator 

and the denominator are small and may be neglected . Hence ,  equation B- G 

becomes 

m . + 
( B  - 7 ) 
( 2.  .:. 1 3) 

With condensation , T = 0, and neglecting the enthalpy of the ref 

vapor , equation B-4 becomes 

( m '  � I )  0 3 ] L ( B - & ) 
where the second term represents the amount of latent heat released . 

Solving equation B- S for the temperature of the mixture , one obtains 

+ [ 

rn ,  T ,  + T z.. 
vn ,  1- 1 

111 , ') ,  + "b 2. - ( m , +  • ) 0 3 ] ;  

YYl 
I 

+ I Po,. 

( B  - 9 )  
( 2. - 1 2. ) 

The term in brackets in equation B- 9 represents the mass o f  liquid 

water condensed per unit mass of dry air , CJ . Hence ,  

( rY) I +  f ) b3 ( B- 1 0 ) 
( Z. - I S )  



Differentating equation B-10 with respect to m
1

, one obtains 

( B - to )  
( 2.  - 1 9 )  
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