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Abstract

This PhD dissertation concentrates on the numerical analysis of a family of fully
discrete, energy stable schemes for nonlocal Cahn-Hilliard and Allen-Cahn type
equations, which are integro-partial differential equations (IPDEs). These two
IPDEs — along with the evolution equation from dynamical density functional theory
(DDFT), which is a generalization of the nonlocal Cahn-Hilliard equation — are used
to model a variety of physical and biological processes such as crystallization, phase
transformations, and tumor growth. This dissertation advances the computational
state-of-the-art related to this field in the following main contributions: (I) We
propose and analyze a family of two-dimensional unconditionally energy stable
schemes for these IPDEs. Specifically, we prove that the schemes are (a) uniquely
solvable, independent of time and space step sizes; (b) energy stable, independent
of time and space step sizes; and (c) convergent, provided the time step sizes are
sufficiently small. (II) We develop a highly efficient solver for schemes we propose.
These schemes are semi-implicit and contain nonlinear implicit terms, which makes
numerical solutions challenging. To overcome this difficulty, a nearly-optimally
efficient nonlinear multigrid method is employed. (III) Via our numerical methods,
we are able to simulate crystal nucleation and growth phenomena, with arbitrary
crystalline anisotropy, with properly chosen parameters for nonlocal Cahn-Hilliard
equation, in a very efficient and straightforward way. To our knowledge these

contributions do not exist in any form in any of the previous works in the literature.
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Chapter 1

Introduction

1.1 The Nonlocal Cahn-Hilliard and Allen-Cahn
Equations

In this section we define the two-dimensional integro-partial differential equation
(IPDE) problems we are studying. First we define some notations that we are going
to use for the rest of the dissertation. Let Q = [0, L,,| x [0, L,,] C R? be a two-

dimensional-rectangle, and set Qpr = Q x [0, T]. Define
Cr(Q) = {feC™(R? | [ is Q — periodic} ,

where m is a positive integer. Set C;°(Q2) = (,_, C;*(2). Likewise, for any 1 < ¢ <
oo, define

Li(Q) = {feLl. (R | [ is © — periodic} .

loc

Of course, L4(§2) and L{(§2) can be identified in a natural way. Specifically, for any
¢ € Li(S2), ¢ can also be viewed as a function in LJ(€2) by a canonical periodic
extension. On the other hand, for any ¢ € L{(€2), the restriction ¢|, is in L7(£2). As
in [37], we define H}"(€2) to be the completion of C°(€2) in the Sobolev norm || - || ;.



We need the notion of a convolution of functions belonging periodic function

spaces. Given ¢ ,1) € Lz(Q), the circular convolution 1 * ¢ is defined as

(4% 6) (x) = /Q b(y) d(x — y) dy = /Q bx—y) )y, ¥xeQ  (L1)

Clearly ¢ % 1 = [, ¢(x)dx is a constant.

Similar to [6, 7], the periodic nonlocal Cahn-Hilliard (nCH) problem on Q7 is
defined as follows: given ¢(-,0) = ¢g, where ¢ is Q-periodic, find ¢(x,t) and w(x, t)
such that

aﬁﬁ == Aw,

W=+ 76— 7+ (T ¥ )¢ — T % 6, (1.2)

o(-,t) and w(-,t) are Q-periodic for any ¢ € [0, 77,

where 7, and 7, are non-negative constants. The function .J : R?> — R is called the

correlation function and is assumed to satisfy the following three conditions:
J1) J = J. — J., where J., J. € C;° (Q2) are non-negative.

J2) J. and J, are even, i.e., Jo(71,%2) = Jo(—x1, 29) = Jo(21, —22), for all z1, 29 €

R, a=c,e.
J3) [ J(x)dx > 0.

By condition (J3) and the definition of periodic convolution, J * 1 = [, J(x)dx is
a positive constant. For the moment the IPDE (1.2) may be viewed as a model
for phase transformations in a material. The use of periodic boundary conditions is
justified provided one is interested in the phase dynamics of a given material far away
from any physical boundary.

Similar to [5, 8] the periodic nonlocal Allen-Cahn (nAC) problem on Qr is defined
as follows: given ¢(-,0) = ¢p, where ¢ is Q-periodic, find ¢(x,t) and w(x,t) such



that
8t¢ = —w,

W= ¢ + 96— b+ (T 1)p— T %, (1.3)
o(-,t) and w(-,t) are Q-periodic for any ¢ € [0, 7.

Observe that the nCH equation (1.2) can be rewritten as

Or¢ =V - (a(9)Ve) — (AJ) x ¢, (1.4)

where

a(¢) = 3¢* +7e — e+ J x 1. (1.5)

We refer to a(¢) as the diffusive mobility, or just the diffusivity. To make Eq. (1.2)

positive diffusive (and non-degenerate), therefore, we require
70_76+J*1::70>07 (16)

in which case a(¢) > 0. We will assume that (1.6) holds in the sequel.

In [6, 7, 8] P. Bates, J. Han and G. Zhao proved the well-posedness of the IPDEs
(1.2) and (1.3) with Dirichlet and Neumann boundary conditions. By a simple
extension of the methods in [6, 7], one can show that, for any 7" > 0, a classical
periodic solution ¢(x,t) for Eq. (1.2) exists and ¢ € C;Jrﬁ’# (Qr) if the initial data
satisfy ¢(x,0) € CZT7(Q) for any > 0*. In some applications the initial data may
not have sufficient regularity to justify the existence a classical solution. Therefore

we also define the weak solution of Eq. (1.2) as in [6, 7].

*Note that, for the sake of brevity, we did not specifically define C’g(Q), where ¢ is a positive
rational number, or for that matter C’;‘ﬁ (Qr). But the definitions but these spatially periodic
function spaces can be established straightforwardly.



Definition 1.1.1. A weak solution of Eq. (1.2) is a pair of (¢, w)

o(z,t) € C([0,T], L2(2)) N L= ([0,T], Ly*()) (1.7)
w(z,t) € L* ((0,T], Hy () , (1.8)
(x,t) € L2 ([0, 7], H, () (1.9)
such that
(019, ) + (Vw, V) =0, Vue H)(Q), (1.10)

(w,x) = (0*+ (Ve —=Ye + T 1), x) + (Jx ¢, x) =0, Vxe L), (L11)

fora.e. 0 <t <T. Here (-,-) is the dual pairing between the dual space H;'(Q) =
(HL()" and H)(Q).

We refer the reader to the literature [6, 7, 8] regarding the details of the well-

posedness of the periodic nAC problem.

1.2 The Nonlocal Cahn-Hilliard Type Energy

1.2.1 The Definition of Nonlocal Cahn-Hilliard Type Energy

The nCH and nAC equations may derived as gradient flows with respect to some
nonlocal energy. To see this, consider the following energy [6, 7, 8]: for any ¢ € L;(Q2)
define

J*l

1
||¢||L2 - §(¢7J*¢)L2(Q)a
(1.12)

1 4 Ve e
E(¢) = 7 6l1a) + 5 19llz2@) — 5 14ll220
4 @ " 9 @ 9 @ T

where 7., 7. > 0 are constants and the correlation function J satisfies conditions (J1)

— (J3). We refer to E as the free energy or just the energy. The expression in (1.12)



is equivalent to

Bo)= [ {00+ 2500 1 [ -y o0 - o)y pix (113

We have the following lemma regarding the coercivity of the energy.

Lemma 1.2.1. There exists a non-negative constant Cy such that for all ¢ € Lﬁ(Q),
E(¢) + Cy > 0. More specifically,

2
Slollts < By + Dem 2= 20 (1.14)
ol < Bley+ D2 D2 D o) (1.15)

If ve =0, then E(¢) >0 for all ¢ € L3(Q).



Proof. By the symmetric property of J

/Q{i/ﬂ‘“x—y)(qs(x)—qﬁ( >>2dy}d

_/{lfux ¥) (6(x) — 6(y))” dy—i/ﬂux_yw(x)_¢(y)>zdy}dx

c%
|
<

) (9(x) = d(y))* dydx

| =
\

N =9

// (x —y) — &(y))? dydx

Z// (x — y)o(x dydx——// (x — y)o* (y)dydx
+%//Jx ¥)6(x)d(y)dydx

J

piyax -+ [ [ = y)omoly)ivix

)
- /Q/QJe(X_Y)¢2(X
:% Q/QJC(X—y) (p(x) — (y))* dydx
+%/Q/QJe(x—y)qbQ(x)dydij%/Q/Qje(X—YW(X)Cb(Y)dde

Je(x — y)¢* (x)dydx

)

A~ =

=) (6060) = o) dydx + 5 [ [ Jx =) (6(x) — ()" dyax

// (x — y)¢*(x)dydx o
Jo(x —y)o" (x)dydx . (1.16)
==/,

By the definition of periodic convolution

//J X — y)¢° (x)dydx = / ){/QJe(X—y)dy} dx:/Q(Je*1)¢2(X)dx.

(1.17)

Es\

With two identities above we have

LG [rx-wem - owntayfaxz - [Gndmax.

6



Thus by the definition of E(¢)

E(¢) > /Q {}1¢4+ T

Also notice identities

8

2

where ¢ € R is a constant. Therefore

é /ﬂ $ldx < E(0) +

1, 1, ¢, ¢
Tt < e hl
¢ = P+t

1 1 c
5@ <70'+ 500+

1 _
5 /Q pdx < B(6) + O

Ye — 2(Je x 1)
5 ¢ }dx. (1.19)
(1.20)
(c— 1)
— (1.21)
(WC_Ve_Q(Je*l))2|Q| (1 22)
5 R .
Ve 2 (Je * 1) - 1)2
; 9. (1.23)
[

Remark 1.2.1. Observe that the energy is rather weak. Specifically, the energy is

not powerful enough to coerce the H* norm of ¢.

Lemma 1.2.2. The energy (1.12) can be written as the difference of convex

functionals, i.e, E = E. — E,, where

EC(¢)

E.(¢) &

Ve 2
5 101720 + 5

1 4 Ve
11901k 5 1817200 + (e D118l 2(0)

* 1 2
101720 +

(1.24)

Jox 1
2

1
H¢||i2(§l) +3 (¢, J * @) 12 (0f1.25)



Proof. Notice that by the symmetric property of J and the definition of periodic

convolution

/Q {711 /Q J(x = y) (6(x) = 8(y))" dy} dx

(
)
—5 | [ rx=yiomeiayix— 1 [ [ 6= y) 0lx) - o(y) dyax
=5 | [ 2x=yayax =5 [ [ Jx=y)ooly)ayix

) (
:—%/Q/QJX y)¢(xdydx——//Jx y)o y)dydx
/Q/ (x — y¢()dydx——// (x—y) ) dydx
— 1 [ [y o6+ dydx——// (x ) ) dydx

(1.26)
Therefore E(¢) can be rewritten
E(QZS) = Ec(gb) - Ee(qb)? (127)
where
E.(¢) = /Q {%1& e C *21) +%¢2} dy (1.28)



and

:_1// (x— ¥) (6(x) + 6(y))? dyx
—Z/Q/Q (X — ) (6(x) — 0(y))? dydx
L[ e

§¢(X)2dx. (1.29)

We now show that these functionals are convex. Calculating the first variation of

E.(¢) yields
dE,
Rl CRELD))

= (" + 2L * 1) +70) 6,¢) 1o (1.30)

s=0

Calculating the second variation of E.(¢) reveals

d*E,
72 9+ sY)

= (20" + (2(Je ¥ 1) +7) , 1), > 0, (1.31)
s=0

which prove E.(¢) is convex. Similarly, calculating the first variation of E.(¢) yields

= (70, ¥)

// (x —y) (6(x) + ¢(y)) (¥ (x) + ¢ (y)) dydx
+§/Q/Q e(x =) (0(x) = &(y)) (W(x) — d(y)) dydx . (1.32)

dFE,
7 (¢ + s7)

S§=



Together with the symmetric property of J and the definition of periodic convolution

Eq. (1.32) yields

)| =)
// (x — y)o(x)(x)dydx
// (x — y)o(y) b (x)dydx
// (x — y)o(x)(x)dydx
= [ [ = yot)vixiayix
(e T L Tox 1) 6,8) o+ (Je— J) % 6,6)2 . (133)

Calculating the second variation of E.(¢) yields

2
o )| =Gt [ [ ey @60 + viy) v
1 2
w5 | ] =) ) = () dyx
>0, (1.34)
which prove E.(¢) is also convex. O

Remark 1.2.2. The convez splitting decomposition of E is not unique, but the specific
one presented in Lem. 1.2.2 is the most useful for our purposes. In particular, the fact
that the nonlocal part of the energy can be pushed to the concave part of the energy,
E. — even though in some ways it would be more natural to group it with the convex

part, E. — will be exploited in the numerical schemes.

A more general form of the free energy (1.13) is, of course,

B0 = [ {F@)+] [1x-y 00 -smFavfax. 03

10



In this context, F' is often called the homogeneous free energy density, and the
corresponding integral, fQ F(¢)dx, is called the homogeneous free energy. The
term 1J(x —y) (¢(x) — o(y))? dy is called the gradient free energy density, and its

corresponding integral,

N RESR IR

is often referred to as the gradient free enmergy. A common modeling practice is to

choose a symmetric quartic potential for homogeneous term:

(8 + (e — 7))  +C

|

F(¢) =

where C'is a constant. In this case, the energy (1.13) can clearly be derived from the
more general (1.35). In the case that 7. = 0, 7. = 1 and C' = 0, F(¢) becomes a

widely used quartic double-well potential, as shown in Fig. 1.1.

1.2.2 The Dissipation of Nonlocal Cahn-Hilliard Type En-

ergy

We now define the chemical potential w relative to the energy (1.13) for Eq. (1.2)
and Eq. (1.3). Denote §,F to be the variational derivative of functional E(¢) with

respect to ¢, then
W= 04E = ¢ + 7.0 — yed + (J x 1) — J x ¢ (1.36)

The chemical potential w can also be divided into two parts. The variational
derivative of the homogeneous energy is referred to as the homogeneous part of the
chemical potential; the variational derivative of gradient energy is referred to as the
gradient part of the chemical potential. The conserved gradient equation relative to

the energy (1.13), — in other words, the H~! gradient flow of the energy (1.13) [6, 7]

11



10

0.25(u?-1)?

Figure 1.1: A typical quartic double-well homogeneous free energy density, F'(u).
The minima of F' are found at u = +1, which represent the energetically preferred

states.
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— is expressed simply as

oo = Aw, (1.37)

which yields the nonlocal Cahn-Hilliard (nCH) equation (1.2). Testing Eq. (1.37)
with 1 yields

%@5, Dy = (06, 1) = (Aw, 1), =0, (1.38)

thus [, ¢(x,t)dz = [, ¢(x,0)dz for any 0 < ¢ < T. In other words, Egs. (1.2) and
(1.37) are mass conserving. More importantly, classical periodic solutions of (1.2)

dissipate the energy (1.13) at the following rate:
diE(¢) = — ||Vw||i2(sz) : (1.39)

Weak solutions of Eq. (1.2) still dissipate the energy E (1.13), but the rate of

dissipation is presented in weak form as

E(6(5) + / IV DI di = B (6(-,0)). (1.40)

Similarly, the non-conserved gradient equation relative to the energy (1.13), — in

other words, the L? gradient flow of the energy (1.13) [8] — is expressed as
O = —w, (1.41)

which yields the nonlocal Allen-Cahn (nAC) equation (1.3). In this case, classical
periodic solutions of Eq. (1.3) (not rigorously defined herein) dissipate the energy
E (1.13) at the following rate:

dE()) = — ||w||i2(9) : (1.42)
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Weak solutions of Eq. (1.3) (again, not rigorously defined herein) also dissipate the
energy F (1.13), but the rate of dissipation is expressed as

E(9(-5)) + / DI dt = E(6(-,0)). (1.43)

Remark 1.2.3. The weak energy dissipation rates are important in Chap. 4 and 5.

The energy stability proved in these two chapters can be viewed as discrete versions

of Eq. (1.40) and Eq. (1.43).

1.3 Brief Physical Interpretation

So far we have introduced our models only from the mathematical point of view. But
in this section we attempt to briefly discuss the physical background of the nCH and
nAC equations. Generally speaking, ¢ will represent an indicator function of different
states of a physical body that occupies the domain 2. The function ¢ is often called
an order parameter. In the material sciences context, ¢ could describe the states of
matter or the concentration of one of the constituent species of the material at a
point.

For instance, consider a binary crystalline material, that is, a material comprised
of species A and species B atoms on a uniform lattice. Suppose that ¢ represents the
concentration of species A, where ¢(x) = 1 means that species A occupies all of the
possible lattice sites near the point x, that is, species A is at 100% capacity around
x. The expression ¢ = —1 means that no species A is found near x, that is, A is at
0% capacity around x. Suppose ¢p gives the same information for species B.

Typically one uses the so-called ‘no-gaps’ approximation, represented mathemat-
ically via ¢ = —¢. This reflects the simplifying assumption that all lattice sites are
occupied at all times, and no atoms are found at interstitial (non-lattice) sites. Thus
when A is at 100% capacity at a point, B is at 0% capacity at the point, and vice versa.

Practically and mathematically, only ¢ is needed to characterize the concentrations

14



of both species in the material. This interpretation of ¢ is the one used in the now
classical works of Cahn and Hilliard [11, 9]. We discuss the relationship between the
classical (local) Cahn-Hilliard equation and the nCH equation (1.2) momentarily.

The interpretation of ¢ in the dynamic density functional theory (DDFT) is
somewhat different [2, 28, 16]. There ¢ represents something like an atomic
probability density, where local relative minima of ¢ may be interpreted as describing
the positions the atoms in the material. One can view the nCH equation (1.2) as a
version of DDF'T equation. The reader is referred to Sec. 1.6 and the references listed
therein for more details.

In the case of a binary material, the correlation function J represents the (possibly
long range) interactions between atoms at different lattice sites. In the decomposition
J = J.—J., J. represents the force of like-like repulsion. In other words, J. measures
the tendency of a pair of type A particles, a given distance apart, to repulse each
other. (Equivalently, because of the no-gaps assumption, J. measures the tendency
of A and B particles to attract each other.) Similarly, —.J, represents the force of
like-like attraction. Recall both J. and J, are non-negative. Of course it is possible
(and in fact usual) that J. and J, have different spatial profiles. Two particles could
be attracted to each other when separated by a distance ry, and repelled by each
other when separated by a distance 15 # 7.

In this paper we use the following notation: if J. # 0 and J. = 0, the corresponding
nCH and nAC equations are called Repulsive nCH (RnCH) and Repulsive nAC
(RnAC) equations; if J. # 0 and J. # 0 — this is the most general case —
the corresponding nCH and nAC equations are called Repulsive-Attractive nCH
(RAnCH) and Repulsive-Attractive nAC (RAnAC) equations. See Tab. 1.1. We
point out that the RAnCH equation is very closely related to the equation from
DDFT [2, 28, 16], though, ¢ does not in that setting have the interpretation as the

composition of a binary crystal.
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Although the repulsive only and repulsive-attractive cases are both important,
the computational results dissertation focus mainly on the more general repulsive-
attractive scenario. For the rest of this dissertation the nCH and nAC equations
always stand for the more general RAnCH and RAnAC equations, unless specified.

All of the theoretical results presented in this dissertation work for both cases.

Table 1.1: The comparison between local and nonlocal equations.

Plot of correlation function J | Corresponding IPDE | Localized approximation
RnCH equation: (?lassmal CH  equa-
906 = Auw. tion [11]:
¢ i = Ap.
J.Z£0,J.=0
RnAC equation: (?lassmal AC equa-
96 = —w tion [10]:
t . O = —p.
J.Z£0,J.=0
1 RAnCH
equation PFC equation [39]:
or DDFT: Orp = Apiy.
J #£0, J. #0
RAHA.C SH equation [33]:
: equation: 06 = —
aﬁb = —w. e Fhoc:
J #£0. J. #0
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1.4 Comparison of Repulsive nCH and Classical

Cahn-Hilliard Equation

In this section we discuss the relation between the Repulsive nonlocal Cahn-Hilliard
and Allen-Cahn equations with widely used classical Cahn-Hilliard and Allen-Cahn
equations. This topic has been discussed intensively, and the reader is directed to [16,
1, 8, 41] and their references for further details. Here we just give a brief discussion.

We begin with the Ginzburg-Landau energy

6(0) = [ (Fo)+ SIvo ) ax. (1.44)

Again, [, F(¢)dx is referred to as the homogeneous energy, and F(¢) is the
corresponding homogeneous energy density function. The term fQ §|V¢>|2dx is
referred to as the gradient part of the energy. Similar to nCH and nAC we define the
chemical potential of classical (local) Cahn-Hilliard and Allen-Cahn equations to be

the variational derivative of G:
po= 064G = F'(¢) — €A (1.45)

The chemical potential i can also be divided into two parts: the variational derivative
of the homogeneous energy is referred to as the homogeneous part of the chemical
potential; the variational derivative of gradient energy is referred to as the gradient
part of the chemical potential. The classical (local) Cahn-Hilliard equation is the
H~! gradient flow of G [11, 9]:

oo = Ap. (1.46)

Here again we use periodic boundary conditions. Similar to the nCH equation, for
classical CH equation [, ¢(x,t)dz = [, ¢(x,0)dx. The same energy dissipation rates
can be derived: classical periodic solutions of Eq. (1.46) dissipate the energy G (1.44)
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at the following rate:

diG(9) = = Vil 20 (1.47)

Weak solutions of Eq. (1.46) also dissipate the energy G (1.44), but the rate is

presented in weak form:

G@@W+4mew@wzewuw. (1.48)

Similarly, the L? gradient flow yields the classical (local) Allen-Cahn equation [10]:

O = —p. (1.49)

Classical periodic solutions of Eq. (1.49) dissipate the energy G (1.44) at the following

rate:

d,G(0) = — |ull72(0) - (1.50)

Weak solutions of Eq. (1.49) also dissipate the energy G (1.44):

G(o(s)) + /0 (O3 dt = G (4(-,0)). (1.51)

It is shown in [16, 1, 8, 41] that the energy (1.44) is the approximation of
energy (1.13). One way to derive such an approximation is via a Taylor expansion.

Specifically, one takes the approximation (¢(x)—¢(y)) ~ (x—y)-Vo(x) and observes

1

Y ECENICERY oI

Z/J@_yx@—y»vmm»%y

Q

62 9
= SIveP, (1.52)

where €2 = 1 [ J(x)[x|? dx is the second moment of .J.
Another way to obtain such a comparison is by looking at the Fourier image of
the gradient part of chemical potentials (1.36) and (1.45) used in the nonlocal and

classical Cahn-Hilliard and Allen-Cahn equations. For simplicity let us discuss the
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one-dimensional case, but the results in two-dimensional case can be obtained easily
with the same idea. Let us suppose that the function J = J. (J. = 0) used in the

RnCH and RnAC equations is a Gaussian function:
J(z) = —=e 7. (1.53)

The shape of this potential is shown in Fig. 1.2. For simplicity let us denote
) = (—00,00), and the convolution operator in this specific case is the traditional
convolution. Denote by g/b\ to be the Fourier image of the function ¢. Since the
(nonlinear) homogeneous part in both cases are the same, we simply ignore it in
the comparison. Note that the Fourier spectral image of the gradient part used in

nonlocal Cahn-Hilliard and Allen-Cahn equations is

— -

(JxDp—Txp=(Jx1)d—Jo, (1.54)

and

~ k2
J=me i, Jxl=1. (1.55)

The Taylor expansion of J % 1 — J yields

. k2 2k‘4
J*1—J=\/_—\/%+ﬁ40 —ﬁfg T (1.56)

At the same time Fourier image of gradient part in the potential of classical Cahn-

Hilliard and Allen-Cahn equations is
"e2Ag = k2. (1.57)

Note that with the given Gaussian form of J in Q = (—o0, 00),

I 1 [1 s T 1 2% VTo
2 — — 2 = — |—02 f ——— — = T o = —. 1
€ =3 /_OO J(z)|z)*dz NG [4U2ﬁer (ﬁ) 5oe } 1 (1.58)

— 00
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1/0.1*exp(-x2/0.1);
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1.2: The illustration of one-dimensional repulsive potential.
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Figure 1.3: The plot of Eq. (1.56) and (1.57).

20



Figure 1.4: Spinodal decomposition as simulated using the nonlocal RnCH equation.
Details of this example computation can be found in Chap. 6.

Thus we can see that the local and nonlocal models behave similarly in the Fourier
spectrum, as shown in Fig. 1.3. Because of this, solutions of the nonlocal RnCH
equation can be used to describe spinodal decomposition, similar to classical CH
equation. Figure 1.4 shows the results of a RnCH equation; and the typical spinodal

behavior is observed.

1.5 Comparison of Repulsive-Attractive nCH and
Phase Field Crystal Equation

In this section we discuss the relationship between the RAnCH equation — which we
will, for that sake of brevity, simply identify with the equation from the DDFT — and
phase field crystal (PFC) equations. The PFC equation is defined in [39] as

O = Api, (1.59)

where

Hx = ¢3 + (Ve = 7e)9 + 240 — A2¢ . (1.60)
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1« is referred as the chemical potential of PFC equation, the homogeneous part and
gradient part of p, is defined in the same fashion as for w (1.36) and p (1.45).
Similarly, the Swift-Hohenberg (SH) equation is defined in [33] as

T (1.61)

The PFC equation is an attempt in approximating the DDFT equation through
differential operators. Observe that the (local) PFC equation is fundamentally
different that the (local) classical CH equation. For instance the second-order
differential operator in the chemical potential u, is negative, or backward diffusive.
The fourth-order term, of course, regularizes the situation so that the PFC equation
is well-posed. Again, the PFC and SH equations dissipate an energy. See [39] and
references therein for more details.

We are going to apply the same idea and setting in previous section. However, in

this case we consider the correlation function
J(z) = —e 1 — —e 2, (1.62)

where «a, (3, 01 and oy are positive constants. In this case J is capable of modeling
both repulsion and attraction. See Fig. 1.6. The Fourier image of the operator in the

gradient part of w now becomes:

St Vraok® \/mBosk?  /maoik! N VT B2kt N

Jx1—J = (a—P)y/7—(a—p) 1 4 16 16

(1.63)
On the other hand, the Fourier image of the operator in the gradient part of p, now
becomes:

MG — A2p = (—2K2 + k), (1.64)

Naturally, with certain choices of the parameters «, 3 and o1, 09, a Fourier image

comparison can be made, similar to what was done for the comparison between the
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Figure 1.5: The comparison between RAnCH and PFC equations in Fourier
spectrum
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1/0.1*exp(~x.2/0.1)-1/0.3*exp(-x.2/0.3)

Jx)=

Figure 1.6: The illustration of a one-dimensional repulsive-attractive correlation
function J.
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Figure 1.7: A simulation of RAnCH equation (with repulsive-attractive correlation
function J). The details of this example computation can be found in Chap. 6. Note
the formation of nearly regularly space local minima of ¢ (black dots). These dots can
be interpreted as the atoms of a crystallizing solid, or as the aggregates in a colloidal
mixture.

RnCH and Classical CH equations in the previous section. See Fig. 1.5. And this
finding hints that RAnCH is capable of simulating crystallization phenomena, as
shown in Fig. 1.7. In a similar way, the comparison between RAnAC and SH equations

can be made.

Remark 1.5.1. To summarize the comparisons we made in Secs. 1.4 andl.5, it is
clear that nCH and nAC can mimic many different widely-used equations. Everything

depends upon the choice of the correlation function J. See, for example, Tab. 1.1.

1.6 Previous Works

The nonlocal Cahn-Hilliard type energy can be understood as a special form of the
Helmholtz free energy functional, which is derived from studying the interaction of
particles. Nowadays this concept is widely used in many areas such as statistical
physics, material sciences, continuum thermodynamics, bio-mathematics and fluid
dynamics. The derivation of Helmholtz free energy functional is an extensively studied

topic and reader is referred to [41, 26, 32, 20] for more details.
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The construction of the Helmholtz free energy functional in the dynamical density
functional theory (DDFT) is quite a complicated undertaking. We refer readers
to [16, 28, 2] for details. We also refer readers to [3] for the detailed discussion
of the construction of correlation function. Recently it has become quite common
to approximate the equation of motion from the DDFT by truncating the nonlocal
operators in Fourier space (as we have shown) by a polynomial in the wave number k.
Essentially the nonlocal operator is replaced by partial derivatives. This is the main
idea of the phase field crystal (PFC) methodology. See, for example, [39, 34, 13] and
references therein for more about the PFC modeling framework. DDFT is successfully
used in the study of to crystal growth in single and binary materials [14, 27, 35], and
many other fields in physics and material sciences which share the same dynamics,
for instance, the implication of DDFT in tumor growth [41, 42, 12].

Although the application of DDFT is extensive, the study of the nonlinear,
nonlocal models Eq. (1.2) and Eq. (1.3) is rather recent. There are only a few
results concerning the integro-differential equation analysis. See [20, 21, 19, 6, 7, 4]
and references therein for nCH. See [4, 8, 17] and references therein for nAC.
See [29, 31, 30] and references therein for other aspects of nonlocal interaction models.

There are also some previous results regarding to the numerical simulation of
Eq. (1.2) and Eq. (1.3). In [24] the spectral method was applied in solving nonlocal
Cahn-Hilliard type problem. In [18] an efficient scheme was developed for nonlocal
Cahn-Hilliard with specific boundary condition. In [5] a mixed finite difference scheme
for nonlocal Allen-Cahn was developed and the property of propagation is discussed.
In [23] the spectral method was applied in solving nonlocal Allen-Cahn type problem
with stochastic terms. However to the best of authors’ knowledge this paper is the first
second order in time scheme for those problems. The convergence of the numerical

simulation of (1.3) is also the first result so far.
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1.7 Contribution of This Dissertation Work

The following represent our primary contributions in this dissertation.

1. We propose and analyze a family of two-dimensional unconditionally energy
stable schemes for these IPDEs (Chap. 4 and 5). Specifically, we prove following

properties of these schemes:

e These schemes are uniquely solvable, independent of time and space step

sizes (Sec. 4.5 and Sec. 5.4).

e These schemes are energy stable, independent of time and space step sizes

(Sec. 4.6 and Sec. 5.5).

e These schemes are convergent, provided the time step sizes are sufficiently

small (Sec. 4.7 and Sec. 5.6).

2. We develop a highly efficient solver for schemes we propose. These schemes
are semi-implicit and contain nonlinear implicit terms, which makes numerical
solutions challenging. To overcome this difficulty, a nearly-optimally efficient

nonlinear multigrid method is employed (Sec. 6.2).

3. Via our numerical methods, we are able to simulate crystal nucleation and
growth phenomena, with arbitrary crystalline anisotropy, with properly chosen
parameters for nonlocal Cahn-Hilliard equation, in a very efficient and straight-

forward way (Sec. 6.5).
Also there are some important supplementary results we’d like to address:

e We prove some inequalities which is very efficient in estimating discrete inner

product with nonlinear terms and convolution terms without L* bounds

(Chap. 2 and 3).

e We provide the numerical evidence that there schemes converge with the

expected order (Sec. 6.3 and Sec. 6.4).
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To our best knowledge, no similar results has been achieved in this field.
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Chapter 2

The One-Dimensional Discrete
Space: Basic Tools and Important

Estimates

2.1 Overview

Our primary goal in this chapter is to define the discretized one-dimensional space
together discrete operators and prove some crucial inequalities which will be used as
the motivation of inequalities in Chap. 3.

There are already many useful results regarding to the norms, discrete difference
operators and summation-by-parts formulas from works by C. Wang, S.M. Wise and
J.S. Lowengrub [38, 40, 39]. Thus we are going to follow the setting established
in [40, 39].

However, due to the special property of the IPDEs like nCH and nAC, the existing
results are not enough to provide the foundation of numerical analysis. Therefore we
define the discrete convolution operator on discrete one-dimensional space and discuss

its properties. Also there is a problem obtaining the L bound for solutions in those
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schemes. Thus we prove some inequalities in this chapter as well. They will play an
important in the proof of the convergence of schemes.

Although our main results in this paper is in two-dimensional discrete space, we
still want to present the result in one-dimensional space. The first reason is that
with results provided in this chapter, the proof of similar schemes for nCH and nAC
equations in one-dimensional space is straightforward. The second reason is that the
proof of their two-dimensional counter parts use essentially the same method, thus
one-dimensional version serves as the motivation.

The chapter will be organized in the following way: Sec. 2.2 defines the discrete
one-dimensional space with difference operators borrowing the notation and results
from [40, 39], the summation-by-parts formulas will also be presented; Sec. 2.3 defines
the one-dimensional discrete periodic convolution operator with discussion of its
properties; Sec. 2.4 presents the proof for some identities which will be important
later; Sec. 2.5 defines a family of cut-off functions and an important estimate regarding

to them.

2.2 The Discretization of One-Dimensional Space

Here we use the notation and results from [40, 39]. We begin with definitions of grid
functions and difference operators needed for our discretization of one-dimensional
space. For simplicity suppose Q = (0, L), Let h = L/n, where n € Z*. We define
the function p, = p(r) := (r — 3) - h, where r takes on integer and half-integer values,
and the following three sets F,, = {pH% |i=0,....,n},C,={p; | 1 =1,...,n}, and
Ca=A{p;|i=0,...,n+1}. We define by &, the space of functions whose domains
equal FE,. The functions of &, are called edge-centered functions, and we reserve the
symbols f and g to denote them. In component form, these functions are identified
via il = f(pH%) for i = 0,...,n. By C, we denote the vector space of functions
whose domains are equal to C),, and by C; we denote the space of functions whose

domains equal to Cy. The functions of C, and Cy are called cell centered functions,
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Figure 2.1: The illustration of one-dimensional cell and edge centered discretization.
The size of the mesh is 0.5.

and we use the Greek symbols ¢, ¢, and ( to denote them. In component form,
these functions are identified via ¢; := ¢(p;), where i = 1,... n, if ¢ € C,, and
1=0,...,n+1,if ¢ € Cr.

Let ¢ and 1 be cell-centered, and let f and g be edge-centered. Fig. 2.1 is an
example of the position for those functions on one-dimensional mesh. We define the
respective inner products on C, and &,

¢’¢ Zqﬁﬂ/}za f|g %Z ( i—fgz—f + fz—i-lgz—l— > (21>

=1

The edge-to-center difference operator d : &, — C,, the center-to-edge average

and difference operators, respectively, A, D : C;z — &,, and the discrete Laplacian
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operator Ay, : C; — C,, are defined component-wise as

1
dfi= 7 (Fuy —Fiy) i=1oom, (2.2)
by =5 (6 010), Doy =3 (Gia =), i=0on (23
1

We shall say the cell-centered function ¢ € C,, is periodic if and only if, for all
pEZY,
¢i+p-m = ¢z 1= 1, e, M. (25)

Notice that ¢ is not explicitly defined on an infinite grid. But ¢ can be extended
as a periodic function in a perfectly natural way, which is the context in which we
view the last definition. Similar definitions are available for periodic edge and vertex
centered grid functions.

The following summation-by-parts formulas are borrowed from [39]:

Proposition 2.2.1. Let ¢, ¢ € Cy and f € E,. Then

h[Dof] = —h (¢ldf) = Adifi+ Ady 1 fria, (2.6)
h[Do|Dy] = —h (¢|Any) — Adp1 Dby + Ady, 1 D1, (2.7)
h (Pl AwY) = h (AndlY) + Ad, 1 DYy 1 — Dy 1 At 1

—A¢y Diby + Doy At (2.8)

With the definition of periodic function Prop. (2.2.1) can be simplified further

straightforwardly.
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Proposition 2.2.2. Let ¢, v € C, and f € &,, ¢, Y and f are periodic. Then

h [Do|f] = —h(sldf), (2.9)
h [Do|DY] = —h (¢|Any), (2.10)
h (¢|AnY) = h (Apdl). (2.11)

We also borrow the definition of norms from [39] for cell-centered functions. If

¢ € Co, then [[9]l, ==/ (¢]0), [I9ll, = VA (¢[1), and |[¢]l, = maxicicm [l

We define ||V}, ¢]|,, where ¢ € C,, and periodic, to mean

I1D¢lly == /b [Dp| D] - (2.12)

2.3 Discrete Periodic Convolution Operator

Here we define the one-dimensional discrete periodic convolution operator. If ¢ € C,,,
¢ € &y, ¢ and @ are periodic, then the discrete convolution operator [¢ * ¢] : £, xC,, —

C,, is defined component-wise as:
[p* @], = hz%ﬁé@fk = hZSDi,kJr%@C. (2.13)
k=1 k=1

We can prove following properties for |- % -]:

Lemma 2.3.1. If ¢,¢ € C,, are periodic, ¢ € &, is even and periodic, then

(@llex¥]) = (Wlle*9]) - (2.14)
Proof. By definition
(dlle*]) =h Z G Y Piprrtn - (2.15)
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Since ¢ is an even function, for any ¢,k

Pikiy =P =K)-h) =@ ((k=1)-h) =¢ 1

Thus

hY 6y oiie =h > > Gipp g1t
=1 k=1 i=1 k=1

=h) k) Priydi
k=1 i=1
By definition,

hY bk ) enividi = @llpxdl) -
k=1 =1

]

Lemma 2.3.2. If ¢,¢ € C, are periodic and ¢ € &, is even, positive and periodic,
then, for any a > 0,

@l e | < S lox 1] (610) + 5 lox 1] (W) (216)

If f,g € &, are periodic and o € &, s even, positive and periodic, then, for any
a >0,

7l all1 < 5 o= 117171+ 5 o 1]lgla] - (217)
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Proof. The definition shows that

| (Bl *¢]) |<hZZwk+l|¢z kil

In a similar way, the case for edge function can also be proved.

Lemma 2.3.3. If ¢ € C, is periodic, J € C*€ is even, periodic, and J; 1
Then

l\J

1
—2h ([J* o] |And) < Mio - 9]l5 + a2 [ Dell5 -
Proof. Using summation-by-parts

—2h ([J * @] |An ()

3|? >

2h [D[J = ¢] | D]

<
By the definition of discrete operator, we have

D[Jx¢);

1 n n
+1 :E (h Z J(i+1)fk+%¢k —h Z Jik+§¢k)
k=1 =

"1
=h Z 7 <J(i+l)—k+2 k+§> Pk
k=1
=h Z (dJi—i) o
k=1
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[(D[Jx 8] )?|1] + ash [1|(Dg)?] .

]

= J(z;41).

1
2

(2.18)

(2.19)

(2.20)



By the definition of J there exists a constant C' independent of h, such that ||d.J|| <
C'. Therefore

3

DJ*¢l1 <ChY ¢ (2.21)

k=1

N

Thus by discrete Holder inequality

n 2 n
(D1 *dl,yy) = o2 (Z m) <CinY G =CUollol} . (2:22)
k=1 k=1

Therefore
h C?Q)?
— (DTl )*|1] < ol - (2.23)
2 Q2
The result follows immediately. m

2.4 General Identities and Inequalities

In this section we present some one-dimensional discrete identities which will be used

in the convergence proof for the first and second schemes for nCH and nAC.

Lemma 2.4.1. If ¢,¢ € C,, are periodic, (¢ — ¥|1) =0 and ||¢||, < C1, ||¥|, < Cs,
and ||¢||,, < Cs,[|D¢ll,, < Ci, where Cy, Cs, Cs and Cy are positive constants

independent of h, then there exists a positive constant My independent of h, such that

2h (6° — V| A (¢ — ) < My ||D (¢ — )5 - (2.24)

Proof. Using summation-by-parts,

20 (6" = ¥*|An (¢ =) = =20 [D (¢” — 4°)[D (¢ — )] .
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Denote

1
A¢z+2 B H—l + 3 ¢2 (¢i+1 +¢i)2 . (2.25)
By definition
1
ng? LT ( i+1 ¢3> [¢?—|—1 + ¢7 + ¢z‘+1¢z‘} D(bi_,_% = A¢i+%D¢z‘+% , (2.26)

Dwg ]11 (Vi =) = [P +90f + Y] D1 = Ay 1Dy 1 (2.27)
Thus
—2h [D(¢* = 4°)|D (¢ — )] = —2h[A¢Dé — AYDY|D (¢ — )] .

By adding and subtracting Ay D¢, we have

— 20 [D (¢* =) |D (¢ — ¥)]
= —2h[A¢D¢ + AY D¢ — Ay D¢ — Ay Dy|D (¢ — )] .

Noticing that
[AYD¢ — ApDY|D (¢ — )] = [Av|(D (¢ —v))*] .
This together with Ay > 0 yields

~21 [D (¢* — &%) |D (¢ — )] < — 21 [A¢DG — AYDY|D (6 — )]
<2h |[A¢D¢ — AYDg|D (¢ — v)]|
<2h[(|A¢ — AY|) (|IDO))|(|D (¢ — )])] -

Since [l < Cs, [[Doll < Ca,

—2h[D (¢° = ¢*)|D (¢ — ¥)] <2hCy[(|A¢ — AYDI(ID (6 —)])]
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By Holder inequality, we obtain

(D6 —o)PN]* .

SIS

21 [(JA¢ — AYDI(|D (¢ — ¥)])] < 2 [(Agp — Av)*[1]

Also noticing that

:% (div1)” + % (1) + % (i1 + ¢1)

(Ap — A@Z})H%
1 5 1 9 1 2
B (Vit1)” = B ()" — 5 (Vig1 + y)
:% (i1 + Yiv1) (Pi1 — Yira) + % (¢i + i) (¢i — 1)
+ % (Gi1 + Viga + i + Vi) (Gig1 — Viga + & — i)
Thus
(Ap — Ay)?, 1 % (<Z5z+1 + 1)’ (Gir1 — Vin)” + Z (¢ +11)* (65 — )°
+ - (¢i+1 + Pig1 + i+ ;) (¢i+1 — i1 + B — ;)
% (s ) (Bovs — ssa) + 5 (01 60)° (61— )
+ 3 (G141 + Pig1)? 4 (¢ + ;) ) (i1 — Pig1)? 4 (¢ — ¢i)2)
15 ((¢z+1 + i) + (i + ) ) (i1 — bip1)” + (¢ — %’)2) :
(2.28)
Similarly,
(A6 — A3 < =2 (Bica +ia)? + (01 10)°) (Bicr — a4 (61— )

(2.29)
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Denote

((¢z‘+1 + 1/)z‘+1)2 + (¢ + 1/%‘)2) )
(i1 — e A (- %)2) :

1
2

H;
Gy

N~ N -

1
2

By the definition of [-|-] and Hélder inequality, we see that

[(Ap — Ay)?|1] <15 [H|G]
<15 [H2[1]? [1]G¥)? .

The definition of H, 11 shows that

H?Jr% :}1 ((¢i+1 =+ ¢i+1)2 + (i + %’)2)2

<4 (i)' + (i) + (8" + (1)) -

Thus by the definition of [-|-] and the periodic condition, we get

Similarly,

Thus

Also

8 8
[E2)1] < = flolls + ~ Il -

1
1167 < 3 16— vll}

(6 — &) |1] < 3 [1800 (oIl + 1011)] 1o — v

(D (¢ — ))*|1]? (6 -0, -

1
=—||D
\/EH
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Combining the above results,

~2h[D (6 — %) |D (6 — )] < 204 [1800 ([l6l14 + [41)] ™ ll6 — wll, 1D (6 — )], -
(2.38)

We borrowed a lemma proved from [38] which yields that under the condition
o =l <C5 D (¢ =)y (2.39)

where Cf is a constant independent of h. Therefore

2 (6° — | A (6 — ) <2 [1800 ([lo]l2 + 1614)]* G5 1D (6 — WIS . (2.40)

By the assumption of ||¢||, and [|¢||,, the result follows. O

2.5 Cut-off Functions and Their Properties

In this section we are going to define a family of cut-off function and propose an

important estimate involving them.

Proposition 2.5.1. There exists a cut-off function Fy,(u) € C3(R) for positive
constant M3 defined as:

(@ |2 |en)
a(u), 3z €[1,2)
P, (u) Cru+ Mi, £ €[2,+00) (2.41)
o), e (-2,
| Cou— Mj, i € (+00, 2]

where the function €; and ey satisfies:
1) e1(u) € C*[1,2) and ex(u) € C*(—2,—1].
2) e1(Ms) = (Mz)?, €, (M) = 3 (Ms)*, €/(Ms) = 6Ms.

40



3) lim e (u) =20, Mz + M}, where 2C, Mz + M} > (Ms;)®.

u—2Mgz

4) lim €(u)=Ch, lim €](u) =0.

u—2M;z u—2M;s

5) ex(—My) = (=Mz)*, éh(—Ms) = 3(—Ms)*, e5(—Ms) = —6Ms.
6) lim ey(u) = —CoMs — 2M2, where —2CoMs — M2 < (—Ms3)®.

u—>—2M§r
7) lim  e(u) =Cy, lim e5(u) =0.
u——2M; u——2M;

8) €1 and ey are increasing.

This implies

3u”, || €[0,1)
€ (u), ;5 €[1,2)
Fip, (u) = Ci, 1= €[2,400) (2.42)
&), € (-2,-1]
| O gp € (00,2

and

Fll, (u) =4 (2.43)

0. else

Remark 2.5.1. Although presented in this chapter, Prop. 2.5.1 is actually indepen-
dent of dimension of u. Therefore it can also be applied into two-dimensional space

of higher.

Lemma 2.5.1. If ¢, € C, are periodic, ||¢||, < Cs, ||D¢| < oo < Cy, where Cs,
Cy are positive constants independent of h. Let Mz > 0 be given and Fyy, is defined
as Prop. 2.5.1, then

2h (Fagy (9) — Fagy (¥)[8n (0 =) < f—f I = ¢35+ Ms || D (¢ — )5 + f—fh‘* 7
(2.44)
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where My, M5 and Mg are positive constants independent of h, but depend on Ms.

Proof. Using summation-by-parts, we have

2h (Fasy (9) = Faay (9)|An (¢ = ¢)) = =20 [D (Fiy (¢) — Fary ()| D (¢ — ¢)] -

Denote

s OnF (V)4

. _ [Fay Wiv1) — Fagy (95)]
2 [Pir1 — &4

: (i1 — U]
(2.45)

onLny (6)4

Since Fyy is increasing, 0, F (¢) > 0, 0,F 0 () > 0. An application of Taylor

expansion shows that
1
oy (fig1) — Fagy (61) = Fuy, (03) (dig1 — @) + §FJ/\/43 (&) (Bis1 — &) (2.46)

where &; € [¢;, ¢iy1]. By definition,

DFt, (6)03 = P (0i12) = Fury (9)] = (7o) =2 (0] [ 2 0
=0nFty (@)i1 Doyt - (2.47)
Similarly,
DFuty (V)0 = 50Fas (0), 3 D - 249
Thus

— 2h[D (Fy, (¢) — Fugy (¥))|D (¢ — )]
= — 2 [6pF sy (¢) D — 0nFagy () DY|D (¢ — )] . (2.49)
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By adding and subtracting d;, Fy, (¢) Do,

= 2h[D (Fa, (¢) = Fugy, (¥))|1D (¢ — )]
= = 2h[0nFu, () Do — 6pFusy (¥) D|D (¢ — )]
= 21 [0nF s, (V) Do — 0 Fagy () DY|D (¢ — 4)]

Notice that

—2h (04 Far, () Do — 65 Far, (V) DY|D (¢ — )] = —2h [0, Far, (¥)|(D (6 —1))?]
(2.50)

This together with 5 Fh, (¢) > 0 yields

= 2h[D (Fagy () — Fiay (¥))D (¢ — )]
= 2h [(6nF sy (@) — 0nFazy (¥)) DO|D (¢ — )]
<20 |[(0nFaty (9) — OnFnay (1)) Do|D (¢ — )]
<2h [(|6nF 0y (0) — SnFrsy (V)]) (|1DI(|1 D2 (¢ — ¥)))] - (2.51)

By the fact that ||¢|le < Cs, || Dé||ee < C4, we get

—2h[D (Fyy (@) — Fary (V) |1D (¢ — )]
<2hCy [(|0nFass (@) — onFasy (V)DI(ID (6 = ¥)))] - (2.52)
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By the Taylor expansion,

51 Faty (0);1, = 01 Fary (0),.
Fp, (63) (fiv1 — i) + %FJI\,@ (&) (Dig1 — @')2

Giy1 — i
 Fag (i) Wir — i) + LEY, () (in — )
Yiy1 — ¥
1
<|Fig, (01) — Fpyy (i) | + B Fypy (&) (Digr — &) — Figy (mi) (i — i) |- (2.53)
By Prop. 2.5.1, it is easy to prove I}, is Lipschitz continuous. Thus
‘5hFM3 (0)is1 = OnFuy (V)41
1
<6Ms|p; — ;| + 3 Fup, (&) (dig1 — 66) — Fip, (0:) (Vi1 — i) | - (2.54)
Notice that
Fup, (&) (div1 — &) — Fap, (03) (i1 — s)
=|Fyp, (&) Gir — Fyy, (&) 00 — Fyyy () Yiser + Fyy, (03) ¥ - (2.55)
Adding and subtracting Fy, (7;) ¢iy1 and Fy;, (&) ¢ gives
Fip (6) (9iv1 — &i) — Fap, (03) (igr — i)
[ 172 (€~ Fl, 0] 6+ P ) 601 — i
— [Fa, (&) = Fyp, (m)] ¢ — Fay, (&) [6 — i)
<|Fy, () [is1 — i) | + | Fag, (&) [0 — 4]
+ ’ [le\l43 (&) — P, (Uz)] Git1 — Vil - (2.56)
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By the property of Fy,., Fy, < 12Ms3,

\ﬂg@ﬂwﬂ—m—memmﬂ—m>

<12M3| i1 — Vi1 | + 12M3|0; — ;| + ‘ [Fay, (&) — Fap, (mi)] ‘ Git1 — Pi| - (2.57)
Furthermore, adding and subtracting ¢; yields
[F3 (&) = Fiiy (m) ‘ dir1 — Ui
=| [Fyg, (&) — Fay, (m3) ‘ Giv1 — Qi+ Qi — i
<| P 6 = £ )| s — 0] + Pt (60 = Py
<|Fap, (&) = Fag, () ||dir — @i + 24M3| ¢y — i - (2.58)

By multiplying and dividing %, ¢;41 — ¢; = hD¢, 1 together with the Lipschitz

continuity of Fy,. , we have

‘FM (&) = Fag, () || @ir1 — ¢ < 6M3hCal& — s (2.59)
By the definition of &; and n;,
§i — M| <|Piv1 — Yig1| + + | Giv1 — i +
<|@it1 — ip1| + + | Qi1 — &
+ |Pit1 — Vi
<2bis1 — Yisa| +2 | +2n0, . (2.60)
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Combining the above results,

OnF ity (9)ir = OnFlaay (¥); 11
<6Ms|p; — | + 6M3|¢it1 — Viga| + 6 M3 — | + 12Ms5]p; — 14
+ 6M3hCy (|ir1 — Yiga| + [@i — ¥s| + hCy) (2.61)

Without lose of generality, we can assume that h is small. Thus

‘5hFM3 (@)i41 = OnFay (V)11

1 1
<48M3 (§|¢i+1 — Yiy1| + §|¢i - ¢z|) + 6M3 ||D¢||io h?

—48 M, <A\¢ - w%) 4 6MyC2R . (2.62)
Therefore,

— 2h[D (Fy, (¢) — Fag, (9))|D (¢ — )]
<2hCy [48M; (Al — ¥[) + 6M;CIR*|(|D (¢ — ¥))] (2.63)

By Cauchy inequality and the definition of [-|], we arrive at

— 21 [D (Fagy (¢) — Firy (0))|D (¢ — )]
g2hc4ai(48M3)2 (Al —¥])?|1] + 211(14(%i (6M3C2)” [h[1]

+2hCy 5 [1|(D (¢ = v)?]

4 «Q 4
<2Cu—(18My)" |6 = ; + 2G5 |1D (& = )l + 20— (6M5C3)° |QUR*. (2.64)

Thus the proof follows. m
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Chapter 3

The Two-Dimensional Discrete
Space: Basic Tools and Important

Estimates

3.1 Overview

Our primary goal in this chapter is to define the discretized two-dimensional space
together discrete operators and prove some crucial inequalities which will be used in
Chap. 4 and 5.

Like the previous chapter we are going to develop our results from [38, 40, 39].
The two-dimensional version of identities and inequalities presented in Sec. 2.4 will
be proved.

The chapter will be organized in the following way: Sec. 3.2 defines the discrete
two-dimensional space with difference operators borrowing the notation and results
from [40, 39], the summation-by-parts formulas will also be presented; Sec. 3.3 defines
the two-dimensional discrete periodic convolution operator with discussion of its

properties; Sec. 3.4 presents the proof for some identities which serve as lemmas
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for the error estimates of schemes; Sec. 3.5 presents the estimate involving the cut-off

function.

3.2 Discretization of Two-Dimensional Space

In this section we are going to extend the discretization from one-dimensional space to
two-dimensional space. For simplicity, let us assume that Q = (0, L,,) x (0, L,,). Here
we use the notation and results for cell-centered functions from [40, 39]. We begin
with definitions of grid functions and difference operators needed for our discretization
of two-dimensional space. Let = (0,L,,) x (0,L,,), with L,, = m - h and
L,, = n - h, where m and n are positive integers and h > 0 is the spatial step
size. Define p, := (r — %) - h, where r takes on integer and half-integer values. For
any positive integer ¢, define E, = {p, ‘ r=1. 0+ Co={p |r=1,....0},
C;={pr-h|r=0,...,0+1}. Define the function spaces

Can = {¢ . Cm X Cn — R}, meﬁ = {¢ . Cm X Oﬁ — R} 5 (31)
Ew = {u:E,xC,—-R}, EF ={v:C, xE, >R}, (3.2)
EVe = {u:E,xC;—R}, &2 ={v:ChxE, =R} | (3.3)
Viosn = {f:Enx E, — R} . (3.4)
We use the notation ¢;; = ¢ (p;,p;) for cell-centered functions, those in the

spaces Cpxn OF Crmxm. In component form east-west edge-centered functions, those
in the spaces 7%, or N5, are identified via ;1 ; = u(pz-+%,pj). In component
form north-south edge-centered functions, those in the spaces &£ ., or £ . are
identified via w; 11T u(p; L1 p;). The functions of V,,, are called vertez-centered
functions. In component form vertex-centered functions are identified via f; 1 5,1 :=
f(p; L1Dj41 ). Fig. 3.1 is an example of the position for those functions on two-

dimensional mesh. We will need the weighted 2D grid inner-products (- ||-), [-|| -]

ew’
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Figure 3.1: The illustration of two-dimensional cell, edge and vertex centered
discretization. The size of the mesh is 0.5 x 0.5.
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(-] -], that are defined in [40, 39]:

m n

(¢||¢) = Z Z ¢i,j¢i,j7 ¢7 ¢ € Can U Cﬁxn U meﬁ ) Cﬁxﬁ7 (35)
i=1 j=1
1 m n o
fllglew = B ZZ (fi-l-%,jgi—i-%,j + fi—%,jgi—%,j) . L9 €& (3.6)
i=1 j=1
1 m n e
[Fllgles = ) ZZ (fi,jJr%gi,jJr% + fi,jfégi,jfé) N PSR A (3.7)
i=1 j=1

In addition to these, we will use the 2D grid inner product

1 m n
{(fllg) = 1 Z Z (fz‘+é7j+§9i+§,j+% t firtj-19i414-1

i=1 j=1
+f~_%7j+%g,~_%,j+% + f'_%d‘_lgi—%,j—%)v f’ g€ V;lnsxn' (38)

2

The following definition of discrete difference operators is also borrowed from [40,

39]. The edge-to-center differences, d, : £5Y,, — Cpnxn and d, : £

mxn mxn Cm><n; the

center-to-edge averages and differences, A,, Dy : Crxn — Enny,, and Ay, Dy, 1 Crxrs —

&g s and the 2D discrete Laplacian, Ay, : Crmxim — Crxn are defined component-wise

via

defis =5 (Fss — Fios) dufis =3 (Fipes — fimt) . S, (39)
Aei1 = % (i + Gir1y), Dadips ;= %(@H,j —big) s A (3.10)
Ay i1 = %(d)m + Gige1) s Dyds i1 = %(@‘,jﬂ — i)y S=o (3.11)

Aphij = do(Dah)ij + dy(Dyth)i g, 25070 (3.12)

Like the one-dimensional case in Sec. 2.2, we shall say the cell-centered function

¢ € Cpuxn is periodic if and only if, for all p, ¢ € Z,

¢i+p-m,j+q-n = ¢l,j 1= 1, oo, j = 1, oo, n. (313)
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Also ¢ is not explicitly defined on an infinite grid. but ¢ can be extended as a periodic
function in a perfectly natural way, and we view the last definition just the same way
as one-dimensional case. Similar definitions are available for periodic edge and vertex
centered grid functions.

We will use the grid function norms defined in [40, 39]. If ¢ € Cy,xp, then ||¢]], :=

VR (l19), I9lly := /12 (¢%[1), and [[¢]l, := maxigicm |6iy]. We define [[V,d]l,,

where ¢ € Crxzm, to mean

IVaolly = \/h2 (D || Da@ley, + 12 [Dyol| Dyl - (3.14)

We will use the following discrete Sobolev-type norms for grid functions ¢ € Crpixz:

19llo2 = ll¢ll, and

1615 = VB2 + VI, 16l := \/I612 + IVadl2 + 1AnGl2 . (3.15)

We will specifically use the following inverse inequality: for any ¢ € C,,x, and all

1<p<o0
_2
[6lle <A77 ll¢ll,- (3.16)

Using the definitions given in this section and in [40, 39], we obtain the following

summation-by-parts formulas whose proofs are simple:

Proposition 3.2.1. (summation-by-parts:) If ¢ € Cpixy is periodic and f € EEV.,. is

mxXn

pertodic then

h? [Dx¢||f]ew = —h? (QSHd:L’f) ) (317)

and if ¢ € Cpxn 1S periodic and f € EM®

o o 1S periodic then

W Dy fls = —h* (Slldy f) - (3.18)
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If f € Vinxn is periodic and g € EX s periodic then

mxn

W [dofllglu = =h* - (£l Dzg) (3.19)

and if f € Vixn 1S periodic and g € EY - is periodic then

mxXn

h? - [dnyg]eW = —h?. <f||Dy9> . (3.20)

Proposition 3.2.2. (discrete Green’s first identity:) Let ¢, 1v € m x n be periodic

grid functions. Then

h2 [DI¢HDCC¢]eW + h2 [Dy¢HDyw]ns
= 12 (B Ane). (3.21)

Proposition 3.2.3. (discrete Green’s second identity:) Let ¢, 10 € Cpoxpn be periodic

grid functions. Then

h? (0| Any) = 1* (Andlle) . (3.22)

Now consider the space

H :={¢ € Coxn| (¢]]1) = 0}, (3.23)

and equip this space with the bilinear form

(011l62) pr := [Dathr|[ Dathal oy, + [Dythr[[ Dythal,s (3.24)

for any ¢1, ¢o € H, where ¢; € C,,x, is the unique solution to

L(;) = —=Apth; = ¢, 1) periodic,  (¢4]]1) = 0. (3.25)

The proof of the following can be found in [38].
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Proposition 3.2.4. (¢1||¢2)y is an inner product on the space H. Moreover,

(¢1]ld2) g = (o L7 = (L7 (¢1)||¢2) - (3.26)
Thus

o1l = /7 (2l19) (3.27)

defines a norm on H.

3.3 Discrete Periodic Convolution Operator

Here we define a discrete periodic convolution operator on discrete two-dimensional
space. Suppose ¢ € Cpxy, is periodic and ¢ € V,,«, is periodic. Then the discrete

convolution operator [ * @] : Viuxn X Crxn — Cimxn 1s defined component-wise as

[ox @iy =h" D> D  Prsrisrbinji - (3.28)

k=1 I=1

Notice very carefully that order is important in the definition of the discrete

convolution [+ % -]

Lemma 3.3.1. If ¢,¢ € Cpuxn are periodic, © € Vixn s even and periodic, then

@l x¥]) = Wl *¢]) - (3.29)
Proof. By definition
(Plle* ) =B DN " his D D it yorst P - (3.30)
i=1 j=1 k=1 I=1
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Since ¢ is an even function, for any ¢,5,k,l

Pioktlj1+l =9 ((i—k)-h,(j—1)-h)
=@ ((k—=1)-h,(l=7)-h)

= Pr—itli-j+i - (3.31)
Thus

m n m n m n m n
E E :@'J E %w%,yz%wk,l = E E E E :¢i7j90k7i+%,lfj+%wk,l
i=1 j=1 k=1 I=1 i=1 j=1 k=1 I=1

m n m n

= E Uk, § E ¢k—z’+%,l—j+%¢i,j :
k=1 =1 i=1 j=1

By definition,

RS i 3D Preibage a0 = Wlllpx9]) - (3.32)
k=1 I=1 i=1 j=1

]

Lemma 3.3.2. If ¢, ¢ € C,yxn are periodic, ¢ € Vpxn 1S even, positive and periodic,

then, for any a > 0,

@l x )] < S Tox1] 616+ 5 o+ 1] (W) (333)

e

Proof. By definition,
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(@l oD | <3 ST3S o  lb it

i=1 j=1 k=1 [=1

<h? Z Z Z Z Spk+§,l+§% (gbzz—k,j—l + %23)

i=1 j=1 k=1 I=1

< (W[ x67) + 5 o+ 1] @l0)

@llio11) + 5 o 1 @l9)

=2 o x 1) (0l19) + o [ 1] (WI1) -

o
2
o
2

]

We remark that these definitions and formulas have straightforward extensions to

three dimensions.

3.4 Discrete Identities and Inequalities

In this section we present the two-dimensional version of the identities we proved in

Sec. 2.4.

Proposition 3.4.1. If ¢, € Cpxn are periodic, then
= 2% (]| An) < [IVadll; + IV3ell; - (3:34)
Proof. Using summation-by-parts
— 21 (¢l An) = 217 [Dag|| Do, + 207 [Dydl| Dyl - (3.35)
By Young inequality

217 (D || Dat)]y < 1 [(Dag)?||1],, + B2 [1]|(Dat)?] (3.36)

ew
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Similarly
20 [D, D], < 02 [(Dyo|[1], + 2 [ (D)), . (337)

The result follows automatically. O

Lemma 3.4.1. If ¢,v € Cpxy are periodic, (¢ —||1) = 0 and ||¢]l, < Ch,||¥|l, <
Cs, and ||¢]l, < Cs,[|Vio|l, < Ci, where Cy, Cy, Cs, Cy are positive constants
independent of h, then there exists a positive constant Mo which is independent of h,

such that
2h% (¢° — 3| A (0 —¥)) < My || Vi (6 — )5 - (3.38)

Proof. Using summation-by-parts,

202 (6 — 0*|| An (¢ — ¥)) = — 202 [D, (¢* — ¢*)|| Dy (¢ — )],

— 20 [Dy (¢3 - ¢3) HDy (Qb - ¢)}ns : (3.39)
Denote
1 9 1 5 1 9
Ax¢i+%,j =5 (Pir15)" + 5 (¢ig)” + 5 (Pir1j+ dig)” (3.40)
and
1 2 1 2 1 2
Aydije1 = 5 (Pijan)” + 5 (Pig)" + 5 (Pig + Pig)” - (3.41)
By definition
1
x¢z+ iy ( L= 00) = [Bh + OF + birridi) D¢y 1
:Angi-{-%Jngbi-{-%J‘ )
1
Doty =5 Wiy = ¥iy) = [y + ¥ + unngig] Dby
IAx%Jr%,ijwH%,j . (342)

Thus

- [Dz (¢3 - w?,) HDx (¢ - w)}ew - - [A1¢Dx¢ - Awaxw”Dw (¢ - w)]ew : (343>
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By adding and subtracting A,y D,¢, we have

= —20° [A,¢D,¢ — A, D,¢||D, (¢ — ¥)).

— 20 (A, D¢ — A D)|| Dy (6 — )], -
(3.44)

—21° [D; (¢° = %) [ D2 (& = 9],

Noticing that

[As0Dy — A D Dy (6 — ¥)],, = [Astt||(Ds (6 — )], (3.45)

This together with A v > 0 yields

< =207 [(Avd — Agt)) D@ Dy (¢ — )],
<20* [[(Apd — Ayt) D16|| Dy (¢ — )], |

§2h2 [(|Ax¢ - Ax@m) (|Dx¢|)”(|Da: (gb - 1/’)|)]ew :
(3.46)

—21* [Dy (6 = ¥°) | D2 (6 = ¥)].,,

Since ||¢]| . < Cs, |Vio|l < Cu,

202 [D, (¢° — ¢*)|| D (6 — ¥)] . < 20%C1 [(|Aud — Aut)|[(|1Ds (6 — )]y

(3.47)
By Holder inequality, we obtain
20" [(|Ace — Am\)!l(lD (@ = ¥)D]ew
<2 [(Asé — A1) 2. [1)[(Ds (6 — 0))*)2, (3.48)
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Also noticing that

(it = Aoty
= Bsty @j+ <¢HLf+¢u>

— Sy = 30— 5 G + 90)°
:§wmg+mﬂpwﬁw—mﬂﬂ+§wm+wmwm—mw

1
t3 (Gir1,j + Yigrj + Gij + ij) (Bigrj — Yigry + dij — Vi) - (3.49)
Thus

(Bap — Bath), s
S@Hu+¢wu)qu—wwuf+%@m+¢mem—¢mf
WHM+¢Hm+¢m+¢meHw—¢Hm+¢m—¢mf
@Hu+¢wu)WHM—¢HMV+§@m+¢mf@m—¢mf
+3 (D1 + Virr)” + (Do + 115)°) (B — Virr)” + (di — ¥i)°)
5«@HJ+¢M4» T (015 + U5)?) ((Girg — i1s) + (615 — 0ig)?) - (3.50)

.-BIOJ + »-Jkl

1

Similarly,

(Aot — A1
15 <(¢z i F i) (g + ¢i7j)2) ((pi—1y — ) R (- ¢i,j)2> . (3.51)

Denote

H

1
i+35,J

((¢1+1 i + ¢z+1 ]) + (¢i,j + wi,j)2> ) (352)
(15 — Yir1g)” + (Dig — vi)°) - (3.53)

l\DIt—‘[\DI}—k

Gy

7j

D=
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By the definition of [-||-]_, and Hélder inequality, we see that

[(Asd — Agy)?||1],, <15 [H||G],,

<15 [ 1]2, (172, (3.5
The definition of H 1 ; shows that
1 2
Hi%,j =1 ((Bivrs + Yis1 ) + (Bij +i))?)
<4 ((Bir1g)" + (i) + (00)" + (Wi)") - (3.55)
By the definition of [-||-],, and the periodic boundary condition, we get
B[1] < — 6]} + — [l 3.56
[B2)]1],,, < g 911+ 7 I (3.56)
Similarly
6% < i 3.57
167, < 5 l6 vt (3.57)
Thus
2 1 4 'NE 2
[(Asd — Aa0)*[1],, < - [1800 (lolls + D))" e —wls - (3.58)
Also
1 1
(D2 (6 = )*[N]2, = 7 1D (6 =)l - (3.59)
Combining the above results,
=207 [D (6" = 47) || D (6 = ¥)].,
<2C; [1800 (flgll3 + 1912)] * o = wlla 1D (& = ¥)ll, - (3.60)
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With the same method we can also prove that

—20%[Dy (¢6° — v*) || Dy (6 — ¥)]
<2C, [1800 (lolI% + 014 16 — ¢ll, 1D (6 — )], - (3.61)

We borrowed a lemma proved from [38] which yields that under the condition
o =l <C5 D (¢ =)l (3.62)

where C'5 is a constant independent of h. Therefore

2 (6° — | A (6 — ) < 4[1800 ([lo]l2 + 1614)]F G5 1D (6= W) . (3.63)

By the assumption of ||¢||, and ||¢||,, the result follows. O
Lemma 3.4.2. If ¢ € Cyxyn is periodic, J is defined as (J1 - J3) and Jiylje1 =
J(xi%,yj%). Then for any as >0

1
—2h* ([J * ¢] [ Ang) < Mu - 6]l + a2 [IVagll; | (3.64)

where My is a positive constant independent of h.

Proof. Using summation-by-parts and Young inequality

—2h* ([J % 0] [|And) =20* [Dy [T % 6] || Dadley, + 207 [Dy [T % 6] || Dyl
2

SZ—Q (Do [T % 6] 2[1].,, + 0ok [1]|(D.0)?].,,

0, 0PI+ o D07, 869
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By the definition of discrete operator, we have

Dx[J*¢z+ g <h222‘]2+1 —k+1.5— z+1¢kl h? ZZJZ k15— l+1¢kl)

k=1 =1 k=1 I=1
m n 1

=h’ ; zZ: h (J(iﬂ)fk%,j—z% - Jikar%,jflJr%) Di
—1 =1

=h’ Z Z <d$Jifk+%,jfl+%> Ok - (3.66)
k=1 1=1

By the definition of J there exists a constant C' independent of h, such that ||V, /|| <
C'. Therefore

Dy [J %1, < Ch2ZZ¢M . (3.67)

k=1 I=1

Thus by discrete Holder inequality

(Da: [J*¢]i+§7j>2 <C?h* (Zm:zn:%,l) < 02h4mnzm:zn: (6r)?

k=1 i=1 =1 I=1
=C1?|9| ll5 - (3.68)
Therefore
2 (00?1 < S o 3.69)
Similarly
AT IR LS (3:70)
The result follows immediately. O]
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3.5 Cut-off Functions and Their Properties

In this section we are going to discuss the two-dimensional estimates of cut-off function
in Sec. 2.5. Since the cut-off function proposed in that section can works for two-

dimensional as well, we will just use the result of Prop. 2.5.1 directly.

Lemma 3.5.1. If ¢,v € Cpxn are periodic, and ||¢|| , < Cs, |V, < Cu, where
Cs, Cy are positive constants independent of h. Let My > 0 be given and Fy, is as

defined in Eq. (2.41), then for any oy > 0
2 M? 2 2 M9 4
207 (Fag, (@) — Fary ()| An (¢ — ) < o 6 = ¥ll; + an Ms [V (¢ = ¥)ll; + PR
(3.71)
where My, Mg and My are positive constants independent of h, but depend on Ms.

Proof. Using summation-by-parts, we have

2h2 (FM3 (qb) - FM3 (¢)||Ah (¢ - d))) = 2h2 [D;B (FM3 <¢) - FM3 (¢>)||D$ (¢ - w)}ew
— 217 [Dy (Fagy (6) = Fagy (0))[I1Dy (6 — )], -

(3.72)
Denote
Fusy (i1 ) — Fag (94
5 (0, = (ibi})._qs%] eull
£ i+l — F 3 0,7
i (D = (@[Dﬁl;—wj{] el (3.73)
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Since Fyy is increasing, 0, F, (¢) > 0, 0,F0 () > 0. An application of Taylor

expansion shows that

Fogy (big1) — Fary (9ig) =Fu, (0i) (Dir; — dij)

1
+ 50, (G) (Pins — $ii)"s g € [Digs bivny) -
(3.74)
By definition,
1
Do g ()41 5 =7 [Fy (Div1) — g (95)]
_ vy (Di415) — Fory (04)] [Di41,5 — i)
[¢i+1,j - sz,j] h
=0nFty (@)iy1 5 Datbiyn ;- (3.75)
Similarly,
Dy F, <w>i+%,]’ = 0nFh (d’)pr%,j Dlhég : (3.76)
Thus
— 202 [Dy (Fagy (9) — Fary ()1 D2 (¢ — ¥)],,
= — 20% [0n sy () Datd — 0pFnry (¥) Dot || Dy (¢ — ), - (3.77)

By adding and subtracting 5, Fi (¢) Do,

= 20% [Dy (Pt (6) = Fagy (V)| D2 (6 — ¥,
= — 2h2 [5hFM3 (Cb) D:c¢ - 5hFM3 (TP) D:c¢||Dx (¢ - 77Z))]ew
— 2h2 [5hFM3 (1/)) Dsz - 5hFM3 (1/)) DII/JHDl (¢ - 1/})]ew ’
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Notice that

- 2h2 [5hFM3 (¢) D:cgb - 6hFM3 (¢) quvaDw (¢ - ¢)]ew
= — 2% [3nFa, ()| (D= (6 —9))°],,, - (3.78)

This together with 0y, Fiy, (¢) > 0 yields

= 202 [Dy (Fagy (0) = Fagy ()| Da (6 — )]s,
< = 202 [(0nFnty (6) — 0nFaay (V) Dl D (6 — 1))y
<20* |[(0n vty (6) — 0nFasy () Dol D (& — )],y
<202 (|00 F vty (6) = 0nFary (0)]) (1D (1D (¢ = )]s - (3.79)

By the fact that ||@]lec < Cs, || Do|lee < Ca, we get

- 2h2 [Dac (FM3 (¢) - FM3 (w))HDac (QS - Qﬁ)]ew
<2h2Cy [(|0nFaty () = onFrsy (0)DI(| D (6 = ) D]y - (3.80)

By the Taylor expansion,

’5hFM3 (0)is15 = 0nFasy (¥)i11
Fiy (15) (Gisrg — big) + 5F3, (6ig) (Dirg — dig)”

¢i+1,j - ¢Z,j
iy, () iy = Yig) + 53, (i) Wiy — i)
77ZJ’LA-|—1,j - wz,]
1
<|Fag, (Di) — Fag, (i) | + 3 Eapy (§ig) (Giv1j — dig) — Fogy, i) Wignj — Vi) | -

(3.81)
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By Prop. 2.5.1, it is easy to prove F},. is Lipschitz continuous. Thus

‘5hFM3 (¢>i+%,j - 5hFM3 (¢)z‘+%,j

1
<O6Ms3|0i; — iz + 3 oy (i) (Pinag — @ig) — Fagy (0ig) (Yig1j — ¥iy) (3.82)

Notice that

Fir, (6i3) (Digrj — Gig) — Fupy (0ig) i1y — ij)

Foup, (§i) @iy — Fap, (&ig) Gig — Fag, (i) Yiry + Fap, (i) i) - (3.83)

Adding and subtracting Fy,. (7;;) ¢ir1,; and Fyy, (§5) ¥i; gives

’Fz@g (&ig) (Div1y — big) — Far, (i) (Vi1 — ij)

:’ [Fh, (&ig) = Frg, (033)] bigrg + Fap, (i) [fig1j — Vi)

— [Fag, (Gig) = Fag, (ig)] Vi — Fig, (6i5) (15 — 5]

S’F;\'@ (1i5) [Pir15 — Vi) | + ’Ff\'@ (&ig) (615 — Vil

Giv1,; — Vij| - (3.84)

+ ‘ [FJ,\/@ (fi,j) - FJ/\ZS (m,j)] ‘

By the property of Fy,, Fy, < 12Ms3,

\FM (63) (Bisny — dig) — Fl, (i) (birny — i)

<12M; + 12M3| 05 5 — i 4 Git1,; — Vij| -

(3.85)

Pit1,j — Yit1,

+ ‘ [FJl\ldg (fi,j) - FJ,\/43 (mg)} ‘
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Furthermore, adding and subtracting ¢; ; yields

[FJ/\;I;), (§H le\if;,» mg ‘ ¢i+1,j - 77/11'7j

Git1,j — Gij + iy — Vij

= |:F]/\/43 (52.7 F],\/43 772] ‘

<|Fup, (&ig) — Fag, (0ig) || i1y — dig| + ‘FJ'\Z?, (&) = Far, (i) || dij — i
<|Fup, (&ig) — Fag, (0ig) || @i — Gij| + 24Ms|dij — i) - (3.86)

By multiplying and dividing h, ¢;i11; — ¢i; = hDg; g together with the Lipschitz

continuity of Fy; , we have

’F;\Zs (&) — Far, (i) ||Giv1y — big| < 6MshCy|&; — mij] - (3.87)
By the definition of &; ; and 7 ;,
§ig — Mig| <|Qit1y — Vivrj| + |9ig — Yig| + |@iv1y — Yig| + |9ij — Yiv1y
S|Pivrg — Vikrg| + |Pig — Vig| T |Piv1y — Pij
+ |9ij — Vig| + |Pig — Pivrg| | Pit1j — Yit1
2\Giv15 — Yiv1j| + 2|@i; — Yiy| + 2RCy . (3.88)

Combining the above results,

’5hFM3 (0)is1; = 0nFas; ($)i11
§6M3|¢i,j - ¢z3| + 6M3’¢i+1,j - wi+1,j‘ + 6M3|¢i,j - wzg| + 12M3|¢i,j - wzg|

+ 6M3hCy (|ir1,j — Yigrj| + @iy — Vi +hCy) . (3.89)
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Without lose of generality, we can assume that h is small. Thus

‘5hFM3 (¢)i+%,j — OnF, W)”l g

1
<8y (316101 — viens| + 310ns = vyl ) + 6 | DI 1

—48Ms (A6 — ¥l,yy ;) +6MCER? (3.90)
Therefore,

- 2h2 [Dx (FMs (¢) - FMs (¢))"DI <¢ - w)]ew
<212Cy [48Ms (Al — &) + 6MyC3h2 || (1Ds (6 — )], - (3.91)

By Cauchy inequality and the definition of [-||-]..,, we arrive at

ew’

— 217 [Dy (Fagy (9) = Fagy (9))1D2 (6 = )],y
g2h204i(48M3)2 [(Alp —¥])?||I1] ., + 2h2c4ai (6M,C2)* [n41]..,

+2h204— [1||(D2 (¢ — v)) ]

4
<2Cu(18M) 0 = VI3 + 20,5 D2 (6 — )3+ 201 (6M,C3)° |t (3.92)
By the same method

— 2 [Dy (Fury (6) — Fary (9)IID, (6 — )],
<20u—(8M)? 6 = vl + 205 Dy (6 — )1 + 20e— (6MCH)* IR, (3.99)

Thus the proof follows. O
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Chapter 4

First Order (In Time) Schemes and

Their Properties

4.1 Overview

Our principal goal in this section is to describe fully discrete, first order in time, second
order in space convex splitting schemes for nCH and nAC equations. We will present
one part of our main results in this chapter: the unconditional solvability of the
scheme, i.e. the existence and uniqueness of the solution for the scheme is independent
of the time step size s; the unconditional energy stability, i.e. the decreasing of
the discrete version of energy (1.13) independent of the time step size s and the
convergence of the scheme. The main difficulty in this result is that we don’t have
L bounds for the numerical solution, therefore in the proof of the convergence of
the scheme some unique techniques are applied. Here we are going to only present
the convergence proof for scheme of nCH equation. But it need to be noted that the
convergence of scheme of nAC equation can be derived easily with the same method.

The chapter will be organized in following way: in Sec. 4.2 we present the first
order in time, continuous in space scheme as the motivation, the energy decreasing

property will also be discussed; in Sec. 4.3 we define the discrete version of energy 1.13
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and discuss its upper bounds, also a discrete pseudo energy is defined for the sake of
future second order scheme; in Sec. 4.4 we form the fully discrete first order scheme;
in Sec. 4.5 we prove the unconditional unique solvability; in Sec. 4.6 we prove the
unconditional energy stability and L? stability; in Sec. 4.7 the convergence of the

scheme for nCH will be discussed.

4.2 The First-Order (In Time) Convex Splitting
Scheme

Based on LEM 1.2.2 a first-order (in time) convex splitting scheme for the nCH
equation (1.2) can be constructed as follows: given ¢* € Cp°(Q2), find ¢**!, w**! €

C2(€2) such that

¢k+l o ¢k _ SA’LUk+1, (41)
Wkl — (¢k+1)3 (20T % 1) + 7. ¢k+1
—((Jox 1) 4 (Jox 1) +70) " — T x 0", (4.2)

where s > 0 is the time step size. Similarly, the first-order (in time) convex splitting
scheme for the nAC equation (1.3) can be constructed as follows: given ¢* € Cp°(€2),
find ¢F*!, wht! € C2°(Q) such that

¢k+1 . ¢k _ _kaJrl’ (43)
L (¢k+1)3 (20T % 1) + ) ¢k+1
—((Jox 1)+ (Jox 1) +7) ¢F — T x o . (4.4)

Notice that this scheme respects the convex splitting of the energy E. The

contribution to the chemical potential corresponding to the convex energy F. is
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treated implicitly, the part corresponding to the concave part FE, is treated explicitly.

We have the following a priori energy law for the solutions of the first-order scheme.

Theorem 4.1. Suppose the energy E(¢) is as defined in Eq. (1.12). ¢F1, wh! e
Cr(Q) are pair of solutions to the nCH scheme (4.1) — ({.2). Then for any s >0,

E(65) + s ||Vu L+ B (65, 047) = E(¢) (4.5)
where
1 1
B8 o) = @) = @ g e (6 =
3J. Je ¢ e
+( * 1+ 2"<1+7 +7 ||¢k+1 ¢kHi2
1
o (T (65 = 0F) " =Y (4.6)

Moreover, for any k > 1,

Awazéw@. (4.7)

The remainder term, R (gbk, ngk“), 1s non-negative, which implies that the energy is
non-increasing for any s, i.e., E (¢F™) < E (¢%). Similarly, if ¢*, wkts € C(9Q)
are pair of solutions to the nCH scheme (4.3) — (4.4). Then for any s > 0,

B () + s [h | + B (64, 6) = B (6) (49

and we say that these two schemes are unconditionally energy stable.

Proof. To prove the conservation of mass for the nCH scheme (4.1) — (4.2) we test

Eq. (4.1) with 1, thus for any k& > 0

(647 = 650) = s (B 1) = s (VAL VD) =0 (49)
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For Eq. (4.5), we note the following identities. Using a(a—b) = 1 (a® — b* +
we have
<(¢k+1)37¢k+1 _ ¢k>
L2
— <(¢k+1)27¢k+1 (¢k+1 _ (bk))p
k1 k
_ ((¢k+1)2’ (¢ 5 ) (¢2) 2 (¢k+1 ¢k>2>
L2
k+1\4 k41 k)2
_ (17 (925; ) . ((b +2¢ ) + 1 (¢k+1)2 (¢k+1 _(bk)?)
L2
L PR U PR [CAD R R
4 2 nty
1
+§ H¢k+1 (¢k+1 _ ¢k)|lL2 '
Likewise

1 1 1
(1,61 = 64) 0 = 5 164 [ = S 1eF 1 + 5 1o = o5

and
(64,657 = )10 = 5 1645 = 5 64 [+ 5 164+ = 6]
And, finally,
(708,60 = 0,0 = 5 (Tr0h6b) =5 (TdMT oM,
45 (T (01 = ) 0 = o)

Now, testing Eq. (4.1) with w**!, we obtain

(¢k+1 ¢k k+1) _SvakHHi?’
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(4.11)

(4.12)
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where

(Qbk—H

Using identities (4.10) —

(¢k+1

¢k

¢k

k—i—l)

k—l—l)

1 4 1
= 7l -

+% ||¢kz+1 (¢k+1 _

2J. %1+,
L2ex 1t

E+1\3 k41 k
(G IN
+(2Jc* 1 —"_,YC) (¢k+17¢k+1 o (bk)Lz
— (Jerk L4 Jek 14 7.) (6%, ¢! —
_(J*¢k,¢k+1—¢k)L2.

¢°) 2
(4.15)

(4.13) in the last equation, we get

¢k+1

— (¢")’

16¥]| 7. +

M|l
653 —
el AR [

CJexl e+ ||¢k+1”2
L2

2
Joxl+Jox1 4,

P

64+ = 6

2
+Jc*1+=]e*1+%
1 kok
(76,0
k) gbk—‘rl ¢k)L2

2
. (J* ¢k+17¢k+1)
E (¢")
(¢k‘ H¢k+l ¢k‘+1

1

2

L (et

(0

(

3Jox1+ Jox1+ c+e

R ”W—wup

g

2J.%x 1+,
L 2ex 4

2J. *1—1—%‘
2

62

+

E
1

+—

¢k+1

|5

k+1) _
2

—|—% (J* (¢k+1 _ ¢k) L (bk)
E (¢k+l) _E (¢k) + R (¢k’¢k’+l) '

(4.16)
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Next, we show that R (¢F, ¢¥™1) > 0. Clearly

3J.x1+J.*x1
et g,

by (T (057 = 6) 67— ),
R

b (ox (0871 = 04) 04 = 08),,

_% (Jex (651 — ) g™t — b,

(Jex 1) |04 = 6]} . (4.17)

R (6%, 0" >

v

where we have used Young inequality in the last step. For Eq. (4.8) we test Eq. (4.3)

with w**t! and obtain
<¢k+1 . ¢k,wk+1)L2 — ”wkzﬂH‘; ’ (4.18)

and the rest part of the proof is the same. n

4.3 The Discrete Energy

We begin by defining a fully discrete energy that is consistent with the continuous

space energy (1.12). In particular, define the discrete energy F' : C,,xn — R to be

[J *1]
2

1 c e
F(@) = ; I9lls + 5= ll9ll3 +

, 1
. 63— 5 @7 *¢) . (119)

where J : R? — R is a correlation function with properties (J1) — (J3). Here we view

J as a function in V., via the identification Ji 1 ;41 = J(pH%,ijr%). Also we need
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to define the fully discrete pseudo energy

[J.x1]

F (¢k, ¢k+1)
2

e -

where F(¢) is as defined in Eq. (4.19).
Lem. 1.2.1.

Lemma 4.3.1. Suppose that ¢ € Cixn 1S periodic.

gbk)] H¢k+1 . ¢k

F(¢k+1)—{— c +[;l]e*1]+76 Hgbk+1_¢kHi

) -

constant Cy such that for all F(¢) + Cy > 0. More specifically,

ollt < F(g) Qe 2l g
o3 < Foy 4 Dem2e =2 =l g
Moreover, F(¢"1) < F(¢F, g1,
Proof. By Lem. 3.3.2,
LW oz -2 ol wa)) = P ||¢||2——<¢H[J “4])
. ol + 2 ol x o))
> *” ol + 2 @l o))
> Merll *” ol - s Lo
el
Set
P@) =1 () + L0~ L0 . Q)= F(6)~ [Jex1] (9)
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We now need a discrete counterparts of

There exists a non-negative

(4.21)

(4.22)

(4.23)

(4.24)



so that

F(6) = (PO + Lol - 2 ol o)) (4.25)
Using (4.23),
F() > @) - (4.26)

Utilizing the inequalities

HOWIOR ) 7 (4.27
2
Lo < Qo)+ Qem2e 2] 21 (.29
the estimates follow. O

Lemma 4.3.2. (Existence of a Convex Splitting:) Suppose that ¢ € Cpuxn(£2),

periodic, suppose

F(0) 1= S ol + EHexll £7

F(g) = e LUl )

ol (4.29)

62 +3 @ITa)). (430

Then F,. and F, are convex, and the gradients of the respective energies are
SpFe=0"+2[Jx1] +7) ¢, sF.=([Jox1] +[Jox1] +7.) d+[] x¢] . (4.31)

Hence F, as defined in (4.19), admits the convex splitting F = F, — F.

Proof. Suppose that 1) € C,,x,, is periodic. Calculating the (discrete) variation of F,

shows
dF.,

ds

=12 (6" + 21T+ 1] 470 6w) | (432)

s=0

(¢ + s1)

and the gradient formula follows. A calculation of the second variation reveals

d?’F,
ds?

=h* (3¢°¢* + (2[J.x 1] +7.)¢*||1) >0, (4.33)

s=0

(¢ + s1))
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which proves that F. is convex.

For F,., we begin with the definition

m n 1
+hZZZZ (J1§+ yan 2(¢kj+¢lj) LU ;5(@]’—@‘4)2) :

(4.34)
where Jk+ 1 Ja(:ﬂ,ﬁé, yH%), a = ¢, e. Calculating the variation gives
dF,
et sw) =k (0l
8 s=0

+ 2h* Z Z Z Z kit (Prg + 0ig) (Vng + i)

zljlklll

+ 2h? Z Z Z Z krtant (Ong = Gig) (kg — i) 5 (4:35)

i=1 j=1 k=1 I=1

which yields the gradient. Consider the second variation of the energy:

d’F,
T2 (¢ + sv)

= (vv?[[1)

s=0
WZZZZ b (Vng +2ig)”

11]1k111

+h22222 kel (ry — ¥ig)” - (4.36)

=1 j=1 k=1 [=1

Hence, d;;;‘f (¢ + sv) > 0, which implies that F, is convex.

s=|
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4.4 The First-Order (In Time) Fully Discrete Scheme

Based on Lem. 4.3.2, we now describe the fully discrete schemes in detail. Define the

cell-centered chemical potential w € C,,«, to be

W (M ") = GeFu(¢M) — G Fu(¢Y)
= (") + @[Jx 1] +70)

—([Jex 1] + [Je 1] +7e) ¢" — [T x ¢"] . (4.37)

The scheme for nCH (Eq. (1.2)) is the following: given ¢* € C,,x, periodic, find

¢ W € Cpxp periodic such that
P — ¢ = sApD (4.38)

Similarly the scheme for for nAC (Eq. (1.3)) is: given ¢* € C,,x, periodic, find

¢ € Cpxp periodic such that
P — @ = —sib . (4.39)

Notice that this scheme respects the convex splitting of the discrete energy F'. The
contribution to the chemical potential corresponding to the convex energy F. is treated

implicitly, the part corresponding to the concave part F, is treated explicitly.

4.5 Unconditional Unique Solvability for First Or-
der Scheme

We now show how the convexity is translated into solvability for the mass-conserving

scheme (4.38) and (4.39). The method established in [39] is used.
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Theorem 4.2. The scheme (4.38) for the nCH equation is discretely mass conser-
vative, i.e., h? (gbk“ - (bk||1) =0, and uniquely solvable for any time step-size s > 0.
Likely the scheme (4.39) for the nAC equation is uniquely solvable for any time step-

size s > 0.

Proof. For the unique solvability of scheme (4.38), suppose that ¢**1, @ € Cpxp is
a periodic solution pair to scheme (4.38). Then summing Eq. (4.38) and using the

periodic boundary conditions for w gives

R (oM —¢F||1) = sh?(Apw|1)
= —sh?[D,w|D,1],, — sh® [D,w||D,1]  =0. (4.40)

ns

Hence h? (qbkﬂ Hl) = h? (gka 1)7 which clearly is a necessary condition for solvability.

Consequently, the set of admissible functions is the hyperplane

Ay ={¢ € Couxn | (0]|1) = (¢"]|1) and ¢ is periodic} .
Now, consider the following functional on A, :
GH0) 1= 50— o[} + Ful) — 1 (680 Fule")) (.41)
Observe that (see, .g., [39])

(¢, ¢*) = 0s[Fe(9) — 1* (9|06 Fe(¢")) ], (4.42)

where d, is the discrete variational derivative. By Lem. 4.3.2 the functional F is
strictly convex. This, together with the properties of the H inner product and norm
given in Sec. 3.2, implies that G (¢) is strictly convex and coercive over A;. Therefore,
its unique minimizer ¢¥*! € A; satisfies the discrete Euler-Lagrange equation

L k+1)y _ A1 ¢t — ¢ 7 =
0,Gy (¢"1) = =4, +w+C=0, (4.43)

S
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where C' is a constant. This is equivalent to
P — ¢ = sApw, (4.44)

which is just Eq. (4.38). Thus minimizing the strictly convex functional Gi(¢) over
the set of admissible functions , the affine space A;, is the same as solving the first
order convex splitting scheme (4.38).

Regarding to the unique solvability of scheme (4.39), consider the functional
Gy(¢) == — H¢ s + Fu(@) — b (9]|65Fe(6")) . (4.45)
Then G3(¢) is strictly convex and coercive over the set of admissible functions
Ay ={¢ € Cpuxn | ¢ is periodic}, (4.46)

and its unique minimizer ¢**! € A, satisfies the discrete Euler-Lagrange equation

55Ga (0" = bl ¢k =0, (4.47)

S

which is equivalent to Eq. (4.39). Thus minimizing the strictly convex functional
G1(¢) over the set of admissible functions Aj is the same as solving the second-order

convex splitting scheme (4.39). This completes the second part of the proof. O]

4.6 Unconditional Energy and L* Stability for the
First Order Scheme

The following is a discrete version of Thm. 4.1.

Theorem 4.3. (Energy Stability:) Suppose the energy F(¢) is as defined in

Eq. (4.19), assume ¢**1, ¢F € Cpoxn are periodic and they are solutions to the scheme
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(4.38). Then for any s >0
F(64) 4 s [Vt + R (8,64) = F (6) (4.48)

where

R (gbk’ ¢k+1) 7 H ¢k+1 (¢k ||¢k+1 G ¢k> H;

+3[J *1] [JZ* 1] +'Yc+'}/e H¢k+1 _¢kH§
h2
W (e -] o - ) (.9

The remainder term, Ry, (gbk, ¢k+1), 1s non-negative, which implies that the energy is
non-increasing for any s, ie., F (¢") < F(¢%). Similarly if ¥, ¢F € Cpxn are

periodic and they are solutions to the scheme (4.39). Then for any s > 0,

P () [ () = F (o) (10

and we say that these two schemes are unconditionally energy stable.

Proof. For equality (4.48), we note the following identities. Using a(a — b) =
1 (a® — b + (a — b)?), we have

h2< k+1 3‘ PFt — (bk)
= h2 < 2 s (¢k+1 _ ¢k))
P (720 e e SV
B ¢k+1) (¢k+1¢k> 1 )
= h? ( 5 5 5 (¢I~c+1) (¢k+1 _ ¢k)

1 1
= o= Tl + [ - ()7

Ll (0 ) (43
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Likewise

2

B (@l = o) = S0 - g I+ 5 e - et s
and

1 @6 =) = S N = I+ gl - )
And, finally,

([ o ) = () ) = ([ 0] o)

P ([ (7 =) 6 - o). sy
Now, testing Eq. (4.38) with @w**!, we obtain

R (641 — o [0t) = s |t (1.55)
where

(¢k+1 _ gbszwk-&-l) _ <(¢k+1)3 ‘¢k+1 - ¢k> (20T %1] + ) (¢k+1H¢k+1 _ ¢k>
— ([Jer 1] + [Jex 1] +7e) (8" = ¢F)
— ([T > ¢*]||0"" = ¢"). (4.56)
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Using identities (4.51) — (4.54) in the last equation, we get

(=) = 2o I g - @
#3000 = )

2(J.x1 .
N [ ] +7

2[Jex 1] + 7
ool G PEE e T

20Jex 1] + 7.
e el A
_[Jc*l] + [Je* 1] + 7 H¢k+1H2

2 2

ex 1] + [Jex 1] +7
+ ; 41

[Jex 1] +[Jex1] +7e
+ ; lo" = o],

h? h?
h2
_1_5 (J>I< (¢k+1 _ ¢k)H¢k+1 _ ¢k)

- P - F (&

7 = @]+ 5 19 (0 - )
+3[J cx 1] + [J2*1] +’Yc+% Hgﬁkﬂ _¢k”§
([ @ = ] 6 - )
= F(¢"") = F(¢*) + Ry, (6", 6"") . (4.57)
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Next, we show that Ry, (¢F, ¢¥*1) > 0. Clearly

Ru(h.ohtt) > BT gk gt

- 2
(175 (07 = o] o = )
- T - g g o - )
HE (e (01 = )] 64—
5 ([er (0 =] o = )
> (Jox1) [P =0 (4.58)

where we have used Lem. 3.3.2, in the last step. The result for scheme (4.39) can be

proved in the same way. The theorem is proved. O

¢
Corollary 4.6.1. Suppose that {(bk“, u’”%} € [Can]2 are a sequence of periodic
k=1

solutions pairs of the scheme (4.38) with the starting values ¢°. Then, for any 1 <
k<,

c e Je 2

%Hgbkui < F(¢O)+(7 i 22[ * 1] ) 9], (4.59)
c Je Je - 2

et < P o)+ Qe 2 2 g (4.60)

Proof. By virtue of the Thm. 4.3, we have the chain of inequalities
F (o) <F(e*!) <o < F(¢°). (4.61)

By Lem. 4.3.1, the result is proved. 0

Theorem 4.4. (L* Stability:) Let ®(z,y) be a sufficiently reqular, periodic function
on Q= (0,L,,) % (0x L,,) and gbgj = ®(p;, pj). Suppose E is the continuous energy
(1.13) and F is the discrete energy (4.19). Let ¢f; € Cpxn be the k™ periodic solution,
1 <k < {, of the scheme (4.38) with the starting values ¢°. There exist constants,
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Ch,...C5 >0, which are independent of h and s, such that

gﬁ;{é“gﬁkm < (. (4.62)
max o], < G (4.63)
and
l
s Va3 < Cs. (4.64)
k=1

Proof. Since the discrete energy F' is consistent with F|
F(¢") < E(®)+Ch* < E(®)+C|Q, (4.65)

where C' > 0 is independent of h. Invoking Cor. 4.6.1 and using a second consistency

argument on the discrete convolution [J, x 1], for all 1 < k < /¢, we have

1 e — Y —2[Jex1])?
ety < P () ¢ Qem e 2P g
2
< B@) 4 e _22(‘]6*1)) Qf + C19, (4.66)
and
c 3_2 Je - ?
et < B e Qe 2e 22U 21

4
—2(J.x1)—1)°
4

< B@)4 Qe Q]+ C|9. (4.67)
The right-hand-sides are clearly independent of h and s, and the first two a priori
bounds are proven. The third and fourth follow by summing the estimates in

Thm. 4.3, to yield

¢
s Y ||Vaat |, < F () (4.68)
k=1
and using the consistency arguments as above. O
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4.7 Local-in-Time Convergence and L* bound for

nCH Equation

We conclude this chapter with a local-in-time error estimate for the nCH equation.
With different assumptions we can prove either unconditional or conditional conver-
gence for the error, and we will present both.

The existence and uniqueness of a smooth, periodic solution to the nCH with
smooth initial data may be established using techniques developed by P.Bates and
J.Han in [6, 7]. In the following pages we denote this PDE solution by ®. By the result
of Bates it is also reasonable to assume that |||, < oo, and ||®|_ , |[|D®], < oo if
J*x1+v.—7 >0 for any t > 0. In the next theorem we establish an error estimate

for the fully discrete approximation to ®.

Theorem 4.5. (First Convergence Theorem:) Given smooth, periodic initial data
O(z,y,t = 0), suppose the unique, smooth, periodic solution for the nCH equation
(1.2) is given by ®(z,y,t) on Q for 0 <t < T, for some T < oo. Define @ﬁj =
O (z;,y;, ks), and eﬁj = CIDf’j — ﬁj, where qbfj € Cruxn 18 K™ periodic solution of (4.38)

with ¢} ; := ;. Then we have
HegHz <C (h2 + s) , -5 <T, C>0 isindependent of h and s, (4.69)

provided s is sufficiently small, [J * 1] +7.— . > Cy for some positive Cy sufficiently
large and independent of h.

Proof. The continuous function ® solves the discrete equations

PR — F = sAp (OMF, BF) + 5T (4.70)

k+1

where 75" is the local truncation error, which satisfies

[T < Mg (B +5) (4.71)

2y
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for all 7, j, and k for some My, > 0 that depends only on 7', L,, and L,,. Subtracting

Eq. (4.38) from Eq. (4.70) yields

€k+1 . €k _ SAh (w ((bk+1, (I)k) — W (¢k+1, ¢kz>) + STk—i-l

(4.72)

Multiplying by 2h2e*+1, summing over i and j, and applying Green’s second identity

(3.2.3) we have

el = el Nttt = etlly = 2m%s (i (2, @F) — (6, 6") [ Anet )

+2h2 s ( Tk+1 He’“rl

— 92 (©k+1 ¢k 1)3HAh€k+1>

+21%s (2 [T 1] +7e) (7| Ape )

212 ([Jox 1] + [T x 1] +70) ("] Ane* ™)

—2h2s ([ + ] || Anet*)

+2h%s (TIH—IHGIH_I) .
By Lem. 3.4.1,
9h2s <(©k+1)3 - (¢k+1)3HAh€k+l> < sM, thekHH; '

Using summation-by-parts

2h25 (2 [T % 1] + ) (41| Anet ) = =25 (2[Je % 1] + ) || Vae ™[5 -

By Prop. 3.4.1

— 205 ([Je 1] + [Je % 1] +7e) (€¥]| Ane*™)

<s (e 1) + [ex 1]+ ) ([ 9net [ + V213
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By Lem. 3.4.2
—2R%s ([J * €] ||Anef) < sMHaiz [e*]|2 + s || Ve . (4.77)
And also
2h2s (THH | M) < sMug (B2 4+ 5) 4 s |2 (4.78)
Combining the above results, we have

=115 = [le*[l; <M [ Vne™*H[; = 25 (21 % 1] + %) | Vaet |5
s (ex 1] + [ x 1] +7) || Vae| |
s ([Jox 1] + [Jex 1] +7) | Vet
My,

o [[eHlly + saz [[Vaet 3+ sMaus (8 + 57 + 5 el

(4.79)

Therefore,

5402 — et — s (Uex 1] + Dex 1] +30) (192 = 196+ 2)
<s(My+ s +2([Jex 1] + [T 1] +790) + 1= 22[Lx 1] +12) || Vae:
M )7 o+ Mo e[, + s e
<s (My+as = 2[J % 1] =2 (7. — 7)) || Vae™|;

+5A§_;1 eH][% + sMia(h? + )2 + 5 ]| (4.80)
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Summing over k and using e’ = 0, we have

H ZH;—S Jox 1] + [Je* 1] + ) HVheO”iqu([Jc*l] + [Je* 1] +7e) thele

‘Z{ Uy = et = s 1)+ Lex 1) +90) (19t = 197]5) }

M 1 , L ) -1
- Z ¥l + 5 > lle™ ll; + sMiz p (% + 5)°
k= k=0 k=0

+s(My+as—2[T*1] —2(v — ) ZthelHQ.

Thus as long as J satisfies:

M2+6142

[J*l]"’%_%z 92 y

the following inequality holds:

M
ety <s== ZH k\\2+szuekﬂuz+sMwZ (h + 5)?

Furthermore, the above inequality implies:

M
'l <SJZII ’“H2+SZH€’“!!2+5MHZ (0 + 5)°

<s(Mu Helugﬂ(%ﬂ)Z”ekHQHMHZ (2 4 5)?
k=0

%)

Thus by setting s < we arrive at

1
M
ag

e <- (( “ >>S:’fuz+sMu;§;<h2+s>2.

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)



Denote Is < T', we have

S (ﬁ > -1
le']l; <—7 STEH + ST Mis(h? + 5)? . (4.56)
k=1

—s (M)

An application of discrete Gronwall inequality yields

-1

My
TM s\ o 1
12 ( : ) (h? +5)2. (4.87)

1+

le]l, <
1—5(%—?—1—1) 1—3(%—21—%1)

]

Corollary 4.7.1. If the assumption of Thm. 4.5 is satisfied with extra assumption
that s < h?, then the solution ¥* of the scheme (4.38) satisfies ||¢’“HOo < o0 for any
k.

Proof. By Thm. 4.5 there exists a positive constant C' independent of s and h, such
that
|@* — ¢"||, < C(h* +5) . (4.88)

Therefore by the inverse inequality

1

|8 - . < 7 18— < b+ ). (459)

Thus if s < h?, ||<I>k — ¢kHOO < 2Ch. This with triangle inequality yields:
165l < [1®*]l +2Ch . (4.90)

Since HCIDkHOO < 00, the result followed. n

Remark 4.7.1. In the first convergence theorem (Thm. J.5) the size of time step s
is independent of the grid size h. However, there exists a lower bound for [J % 1] and

this lower bound is potentially large. We will present the second convergence theorem
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which loose the constraints for the lower bound of [J * 1]. In trade-off, the upper bound

of s in the second convergence theorem has the dependency on h.

Theorem 4.6. (Second Convergence Theorem:) Given smooth, periodic initial data
O(z,y,t = 0), suppose the unique, smooth, periodic solution for the nCH equation
(1.2) is given by ®(z,y,t) on Q for 0 < t < T, for some T < oo. Define @ﬁj =
O (z;,y,,ks), and eﬁj = @ﬁj — gbf’j, where qbfj € Chxn 15 k'™ periodic solution of

Eq. (4.38) with ¢); := ®) . Then we have

Hesz <C (h2 + s) , -5 <T, C>0 isindependent of h and s, (4.91)
provided s is sufficiently small and s < h?, [J x 1] +7.— . > 0. Moreover, aﬁk”m <
00.

Proof. The continuous function ® solves the discrete equations
M — OF = sApw (OF, DF) 4 s (4.92)
The local truncation error 71 satisfies
|7 < My (R +5) (4.93)

for all 7, 7, and k for some M;, > 0 that depends only on 7', L,, and L,,. By using

the cut-off function defined as Eq. (2.41), one can create a new nCH type system:

EI\Dt =Aw <EI\>) ,

w (@) —Fu, (6) F () B (S DD — T D (4.94)
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Notice that by denoting M5 < 2 (1 + ||®||,) < oo, Eq. (4.94) and Eq. (1.2) is indeed
equivalent, thus & = ®. This shows that

O — OF = sApw (&)kﬂ, 61’“) + 5T (4.95)

To this new nCH type system we can also derive the corresponding convex splitting

scheme:

(ngrl _(Zk —sAW
0 =Fyr, (37) + @[Jex1] +70) 9!

(Jox 1] + [Tk 1] +7) B — [J*a’“] . (4.96)
Subtracting Eq. (4.96) from Eq. (4.95),
el gk — A <w (6’““, <T>k> @ (5’““, 5’“)) e (4.97)

where €* is defined as

e =F — g . (4.98)

Multiplying both sides by 2h2€¢**! | summing over i and j, applying summation-by-

parts, we have

[0 5 — 2+ et — ¥ =2ms (i (50, %) — o (+1,5%) | )
+ 2h2s (71|
-t (1 (8) - £ (7))
+ 207 (2 [T * 1] +7.) (€| Are*™)
— 202 ([Jo % 1] + [Je % 1] +70) (]| Ane*H)
— 2h?s ([J % €] || Ayet ™)

+ 2h28 (Tk—HH/e\k—H) )
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By Lem. 3.5.1,

21 (Fus, (B) = Fus (3)[|4021) < 50T 775+ s [0 + 50
1 1
(4.99)

Using summation-by-parts

2025 (2 [Jo 1] +70) (@ |ARe* ) = =25 (2 [ 1] +70) [|[ Va5 . (4.100)

By Prop. 3.4.1
— 2075 ([Jox 1] + [Je x 1] +7.) (8% Apettt)
<s([Jerx 1] + [Je*1] + ) (\\Vhé’“||§+ Hv,ﬁ“”i) : (4.101)
By Lem. 3.4.2
o2 ([ %24 At < SMHO% P + s [ Va2 . (4102)

Meanwhile, we see that
oh2s (PFHU[FH) < sMy (B2 +5)° 4 s [P (4.103)

Combining the above results, we have

My
651

[l 55];4_: B4, + a1 Mss [ Vi@, + s—h
— 25 (2[Jx 1] +70) || VA
b (ex 1] + ex 1] +90) (V6 + 92257
ot P+ s [+ 500 5+ [0

(4.104)
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This implies

102 = R = s (ex 1) + e x 1] +730) ([922 = [1V2+1)2)
< (0n My — 217 %1] — 2 (3 = 20)) |V

+ sMya(h? + )2 +sf—f’h4+s]‘§_;l 117 + 5 @4_17 n 1> e 2
<s(anMs +ay = 2[T % 1] = 2(7. = 7)) [ Va5

b (e Y sy 2 s (M) e aaos)
Summing over k and using €° = 0,

;-
”6 2

1
{0 = 41 = s e 1)+ ) 00 (92 = 03 )}
0

My, M, -1
<s _ZHAICHQJFS(a—1+1)ZHAk+1”2+S(M12+—)Z h2+8
k=0

Qo

s(Uex 1) + [ex 1] +90) (902 = [[942];)

l

>
Il

+s(aMs+az =2[Jx1] =2(ve— 7)) Y ||[Va€ (4.106)

Thus if [J % 1] + 7. — 7. > 0, there exist positive constant «; and ay, such that

o Mg + ap

[J*l]—i_’yc_'YeZ 9

(4.107)

Hence the following inequality holds:

M -1 -1
11
[ < 25 o () S (v 22) S

k=0 k=0
(4.108)
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Therefore
) M, M s My M, ! >
PG <o (T ) IR+ O+ 2+ D S P
M. -1
S (M12 + a—lg) Z(h2 -+ S>2 .

k=0

1
My | M7

The following estimate is valid provided s <

,_.

s (Mu 4 M7 ) -
21> < 4 s (34 22) S0+ 077
1

H2_1—(M“+M7 )Skl

e
Il

0
Denote s < T,
-1

1112 S<A§_;1+Jg_l7+1) ok My 2
)2 < )zu HWT(MM_) (2452

1—3(M“+—Z+

An application of discrete Gronwall inequality yields

R G )
2_1—s<1‘§—;+f—f+1

-1

s (Ag—; + 4 1)
Thus
Hé*”2 <C(h* +3s) .

Furthermore, by the inverse inequality

1
e <7 1], -

94

) (1+1S<%+%+1> ) (R* + 5)* .

(4.109)

(4.110)

(4.111)

(4.112)

(4.113)

(4.114)



Thus if s < h2,
J#,, <20n

This implies

], = [#] + 1l = ] 2

Therefore there exist hg, such that for any h < hy,

Thus éﬁ\: ¢ and e = e.
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Chapter 5

Second Order (In Time) Schemes

and Their Properties

5.1 Overview

Our principal goal in this section is to describe fully discrete, second order in time,
second order in space convex splitting schemes for nCH and nAC equations. We
will present the another part of our main results in this chapter: the unconditional
solvability of the scheme; the unconditional energy stability and the convergence of
the scheme for nAC equation. Due to the difficulty in estimating the second order
approximation for the nonlinear term currently we are only be able to show the proof
for the convergence of scheme of nAC equation, but numerical evidence presented
in Chap. 6 indicates that the scheme of nCH equation has the same convergence
property.

The chapter will be organized in following way: in Sec. 5.2 we present the second
order in time, continuous in space scheme as the motivation, the energy decreascing
property will also be discussed; in Sec. 5.3 we form the fully discrete first order

scheme; in Sec. 5.4 we prove the unconditional unique solvability; in Sec. 5.5 we
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prove the unconditional energy stability and L? stability; in Sec. 5.6 the convergence

of the scheme for nAC will be discussed.

5.2 The Second-Order (In Time) Convex Splitting
Scheme

We will use the following function in the rest of the paper:

X(0,0) =5 (¢ +¢7). (5.1)

N —

A second-order (in time) convex splitting scheme for the nAC equation (1.3) can be

constructed as follows: given ¢*~!, ¢* € C2°(Q), find "', whts € C°(Q) such that

G gF =yt (5.2)
Wt = Py (gF, M) - [2(J % 1) + ] 9

—[(Jex D)+ (Jex 1) + 7] o512 — T ghtz | (5.3)

where

e =

: %(¢k+1+¢k) : ék—f—% - <3¢k _¢k—1) (5.4)

N | —

and ¢! = ¢°. Notice that this scheme respects the convex splitting of the energy .
The contribution to the chemical potential corresponding to the convex energy FE. is
treated implicitly, using a second-order secant approximation. The part corresponding
to the concave part E. is treated explicitly, via extrapolation. A second-order convex

splitting scheme for the nCH equation (1.2) can be constructed similarly: given
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PF=1, ¢F € C(Q), find ¢F+!, whts € C2°(Q) such that

qﬁk“—gbk = 3Awk+%, (5.5)
Wtz = (68, oY) 4 [2(Je % 1) + 7] 672

S D+ (x4 =T (56)

where ¢~ = ¢°. We need to define a pseudo energy, which we do as follows:

E (¢k,¢k+l> — B ¢k+1) + Jc * 1+ {f * 1 + Ye

(J# (¢ = ¢b) @M = 9b) L, (5.7)

k+1 k|2
[ —

where E(¢) is as defined in Eq. (1.12). We can prove the following:
Theorem 5.1. Suppose the pseudo energy € is defined as Eq. (5.7). ¢*+1, whts e

Cr(Q) is a periodic solution pair to Eq. (5.5) — (5.6). Then, for any s > 0,

G R L Y ) o ) I G

where

Jox 1+ Jox 14, 12
e L gt _ a4 1|

(J % (¢k+1 o 2¢k + ¢k—1) 7¢k+1 o Q(bk + ¢k:—1). (59)

R; (¢k‘—17¢k7¢k+1) _

=

+

The remainder term, RS (¢k_1,¢k,¢k+1), 15 non-negative, which implies that the
psuedo energy is non-increasing, i.e., E(gbk,qka) < E(gbk*l,gbk). Stmilarly, if
P, whte e C2(Q) is a periodic solution pair to the scheme (5.2) — (5.8), then, for
any s > 0,

£ (¢k’¢k+1) ts Hwk% z+ R ((bkfl’(bk’(blwrl) _ (¢k71’¢k) ’ (5.10)
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which tmplies that the pseudo energy is non-increasing, i.e.,
£ (4,051 < £ (" 0%).
Proof. We first note the following identities:

1 1 1
<¢k+5x (6", 0"1) ot — ¢k>L2 = 16 1 = 1€ (5.11)

! 1 1
(00 =0") = 3 10 s =3 1 e (512
- 1 1
(dhia = o) = =510+ g 6 = s
1 1 _
161 = Sl - o)
+i H¢k+1 — 92 + ¢k—1||i2 ’ (5.13)
and
ap 1 1
—(TadE —gh) = S (Txgte)
Jé (T % (1 — ¢¥) g5+ — 6b)
—i—% (J * ¢ka ¢k)L2 - i (J (¢k N ‘bkil) 0 — (bkil)LZ
+i (J (" = 20" + ¢"1) ¢ — 20F + ¢ (P, 14)

Now, testing Eq. (5.5) with wk+3 we obtain

2

, (5.15)

L2

1 1
I
L
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but, considering Eq. (5.6), we have

<¢k+1 S >L2 ( 1y (¢F, 65+1) @b+ — ¢k> ,
+(2J. % 14 7,) (¢k+%v ¢t — ¢k> 2
—(Jex 1+ Jox1+7,) (§05, 65— gF)

_ <J* R ¢k>L2 ' (5.16)

Using identities (5.11) — (5.14) in the last equation, we get

1 1
(61— b utt), = SR - o,

2J.%x 1+

SR L g2 2

2
_Jc*1+Je*1+”ye H¢k+1H2

12
0"+t — o],

2
[

L2

+JC*1+{16*1+%
+Jc*1+ée*1+ve
R =P
+Jc*1—|—{f*1+”y@ 64— 2% + 61,
U 7,87 ),
#5 (T050) 0= (T (64 =) 0 = ),
%1 (75 (641 — 295 4+ 61 641 — 26 1+ 6+)
E(¢F, ") =€ ("1, 0") + Ry (6", 0%, 0™) . (5.17)

The only remaining piece to show is that R (¢¥7!, ¢* ¢**1) > 0. But, by Young
inequality and the definition of R (¢"~!, ¢¥, ¢¥™), this fact is straightforward. The
first result is proven. For the second part we testing Eq. (5.2) with w’”%, we obtain

2
1
L2 L2

[N

(cb’““ — ¢F wht , (5.18)
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the rest part of the proof is quite similar and is omitted for the sake of brevity. [

5.3 The Second-Order (In Time) Fully Discrete
Scheme

A fully second-order convex splitting scheme for the nCH equation can be constructed

as follows: given ¢* € C,,x, periodic, find ¢**+1, wkts e Cimxn periodic such that

b = sAuuttE, (5.19)
whE = @y (g o) (2T % 1] + ) 652
(k1] 4 [T x 1]+ ) 3 — {J*qzkﬂ, (5.20)
where
AR R B P ) (5.21)
and ¢! = ¢°.

A fully second-order convex splitting scheme for the nAC equation can be
constructed as follows: given ¢ € C,,x, periodic, find ¢**+1, w2 € Crn periodic

such that

¢k+1_¢k — _ka-l-%’ (522)
whE = @y (g P (2 [T % 1] + ) 652
(k1] 4 [T x 1] 4 ) G — [J*é’fﬂ L (5.23)

where ¢ = ¢°. Of course here the variable w**2 is not explicitly needed.
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5.4 Unconditional Unique Solvability for Second
Order Scheme

We will use the method established in [25] to establish the unconditional solvability

of the schemes.

Theorem 5.2. The second order scheme (5.19) — (5.20) for the nCH equation is
discretely mass conservative and uniquely solvable for any time step-size s > 0.
Likewise, the second order scheme (5.22) — (5.23) for the nAC equation is uniquely

solvable for any time step-size s > 0.

Proof. Suppose that ¢*!, w**2 € Cpxn is a periodic solution pair to (5.19) and
(5.20). Then summing (5.19) and using the periodic boundary conditions for w**z

gives

B2 (¢k+1 _ <ka1) _ o2 <Ahwk+% 1)

= —sh? [wa’”% Dxl}

— sh? [Dyw]“r

y:|
ns

= 0. (5.24)

ew

Hence h? (qka Hl) = h? (qﬁkH 1)7 which clearly is a necessary condition for solvability.

Consequently, the set of admissible functions is the hyperplane

= {0 € Coxn | (8|1) = (¢"[|1) and ¢ is periodic} .

Now, consider the following functional on Aj;:

Gi(¢ =—H¢ |15, + Q@) + R(0), (5.25)

where

Q)= (G + 5ok + S ()7 o (o) o) + H e

lglls.  (5.26)
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and

(o) =i (of 200

R (gb“([Jc w1] + [ x 1] +70) ¢5F + [J* q%’f%D . (5.27)

Observe that (see, e.g., [25])

w3 = 5,[Q(¢) + R(9)], (5.28)

where J,, is the discrete variational derivative. The functional @) is strictly convex [25].
This, together with the properties of the H inner product and norm given in Sec. 3.2,
implies that G%(¢) is strictly convex and coercive over A;. Therefore, its unique

minimizer ¢**! € A, satisfies the discrete Euler-Lagrange equation
¢k+1 ¢k L
5,GT (") = — ( ) + w2 + C =0, (5.29)
s
where C' is a constant. This is equivalent to
P — F = sApuwhte, (5.30)

which is just Eq. (5.19). Thus minimizing the strictly convex functional G%(¢) over the
set of admissible functions , the affine space A;, is the same as solving the second-
order convex splitting scheme (5.19) — (5.20). This completes the first part of the
proof.

Regarding the solvability of (5.22) — (5.23), consider the functional

G3(¢ ~=—H¢ ">+ Q(¢) + R(¢). (5.31)
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Then G3(¢) is strictly convex and coercive over the set of admissible functions
Ay = {0 € Cruxn | ¢ is periodic}, (5.32)

and its unique minimizer ¢¥*! € A, satisfies the discrete Euler-Lagrange equation

¢k+1 _ ¢k 1
0,G5 (¢") = ————+w*"2 =0, (5.33)

which is equivalent to Eq. (5.22). Thus minimizing the strictly convex functional
G3(¢) over the set of admissible functions Ay is the same as solving the second-
order convex splitting scheme (5.22) — (5.23). This completes the second part of the
proof. O

5.5 Unconditional Energy and L* Stability for the
Second Order Scheme

Now we prove the unconditional energy stabilty and £ (0, T; £*) stability for the mass-
conserving scheme (5.19) — (5.20) and the non-conserving scheme (5.22) — (5.23). We
are going to use the psuedo energy defined as Eq. (4.20).

Theorem 5.3. Suppose that {(bk“, w”%} € [Couxn]” is a periodic solution pair to
(5.19) — (5.20). Then, for any s > 0,
Vhw’”%

F (6", ¢") +s z+ R(¢F1 ¢k ") = F (¢, 0"), (5.34)

where

R (Qbk—l, (bk, ¢k+1)

_ [J.* 1]+ [;1]6*1] + Ve H¢k+1 — 2k 4 ¢k71||;
2
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The remainder term, R(qﬁk*l,(ﬁk,(bk“), 15 non-negative, which implies that the
psuedo energy is non-increasing, i.e., f(qﬁk,qﬁk“) < f(gbk_l,(bk). Similarly, if
{qﬁk“, wk+%} € [Cnxn]® is a periodic solution pair to the scheme (5.22) — (5.23),

then, for any s > 0,

1
whts

f(¢k’¢k+1) +s z+ R (¢k—17¢k7¢k+1) _ f(¢k—17¢k) 7 (5.36)

which tmplies that the pseudo energy is non-increasing, i.e.,

F (65, 05) < F(¢F,¢Y). (5.37)

Proof. We first note the following identities:

1 1 1
B2 (¢k+§X (¢k’¢k+1) G ¢k> - < H¢k+1Hj -3 quk’ j (5.38)
2 (|t — o) = Sl 2 - 5 2, (539
A1 1 1
2 <¢k+2 P ¢k> = -3 HQZ)HIHE i 7 ¢4+ — ¢kH§
1 1 _
o lletll = g llef = o5
e el G
and
_ <[J*ng+§} ‘gbkz-‘rl _ ¢k:>
= 5 (T + 5 ([T % (0 = 9]+ = 6%)
g ([ 06) = 7 (17 % (6% — 6+ )] 6 - 6)
+i ([T ("1 — 26° + o5 1)][| 65+ — 2% + ¢+1) (5.41)
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Now, testing Eq. (5.19) with w**2 | we obtain

2

32 <¢k+1 - gbk’)wk’L%) _ k+3 g (5.42)

but, considering Eq. (5.20), we have

O e e I Cas O )
+ (2[Jex 1]+ 7.) b2 (gzﬁk*% A ¢k>
 (ex U e 1)+ ) 2 (g1 — )
7 ([T fort - o) (5.43)

Using identities (5.38) — (5.41) in the last equation, we get

h2 (¢k‘+l . ¢kHwk+l)
1 1
i et

Jox 1] + . 1+ 7
R A P
Je x Jox 1] 4+ 7.
_[ ] [2 * 7 H¢k+1”2
_'_[Jc*]-] + [;1]6*1] +/76 “¢k+1 . (kaz
Jox 1]+ [T+ 1] + 7.
+[ *1] + [2 * i H¢k|’2
Jex 1] 4 [Jox 1] 4+ 7, _
[ * 1]+ [4 * 1]+ H¢k_¢k 1H;
Jex 1] + [Je x 1] + e _
oLt % ot g o
h? h?
— ([J % "] || 0"*) + Z ([J* (1 = ¢8)] [|o*+ — ¢%)

2

P (w0 = ([0 (8 = )] o = o)

+§GJ0W*2¢+wlww“ 20 4 647)
_ f-((bk’(karl) _ (¢k 1’¢k) (¢k 1’¢k’¢k+1) . (5.44)
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The only remaining piece to show is that R ((bk*1, ", qb’““) > 0. But, by Lem. 3.3.2
and the definition of R ((bk_l, o, (bk“), this fact is straightforward. The first result
is proven. The proof of the second part is quite similar and is omitted for the sake of

brevity. O]

Corollary 5.5.1. Suppose that {qﬁk“, ,u“é}i_l € [men]z are a sequence of periodic
solutions pairs of the conservative scheme (5._]9) — (5.20) or the non-conservative
scheme (5.22) — (5.23) with the starting values ¢ and ¢~', where ¢* = ¢~'. Then,
forany1 <k </,

1 e =Y — 2[Jex1])?

R A (D R e e AL (5.49

1 =Y — 2[J.x1] —1)?

ety < p () ¢ e m 2 2 D) (5.46)
Proof. By virtue of the last theorem, and since ¢=! = ¢°, we have the chain of
inequalities

F(¢5) < F (@) <F (6 << F(¢) = F (). (5:47)

By Lem. 4.3.1, the result is proved. O

Theorem 5.4. Let ®(z,y) be a sufficiently regular, periodic function on 1 =
(0, Ly ) X (0X Ly, ) and @3 ; == ®(pi, p;). Suppose E is the continuous energy (1.13) and
F is the discrete energy (4.19). Let qﬁﬁj € Cruxn be the k™ periodic solution, 1 < k </,
of the conservative scheme (5.19) — (5.20) or the non-conservative scheme (5.22) —
(5.23) with the starting values ¢° = ¢~1. There exist constants, C,...Cy > 0, which

are independent of h and s, such that

22;{(“&“4 < (. (5.48)
lrggéceHd)k‘b < O (5.49)
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In the case of (5.19) — (5.20), we have

1112
2| < (s, (5.50)
2

< Cy. (5.51)

4 o 9
DI Vo
1

Proof. Since the discrete energy F' is consistent with F,
F(¢") < E(®)+Ch* < E(®)+C|Q, (5.52)

where C' > 0 is independent of h. Invoking Cor. 5.5.1 and using a second consistency

argument on the discrete convolution [J. x 1], for all 1 < k < ¢, we have

— e —2[J.x1])?
2

E (q)) + (70 — Ve _22 (Je * 1))2

1 c
et < P+ 9,

IN

Q] + C|Q], (5.53)

and

l”¢k”2 < F(¢0)+(76_76_2[Je*1]_1>2
2 2

2
—2(J.x1)—1)°
2

1]

< B@)4 Qe Q]+ Q. (5.54)

The right-hand-sides are clearly independent of h and s, and the first two a priori
bounds are proven. The third and fourth follow by summing the estimates in

Thm. 5.3, to yeild

z < F(¢°) (5.55)

¢
1
S g thwk+2
k=1
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in the case of the nCH scheme, and

2
Fall” < F (¢ 5.56
> ||| < F(e") (5.56)
in the case of the nAC scheme, and using the consistency arguments as above. O

5.6 Local-in-Time Convergence and L*° bound for

nAC Equation

In this section we prove the local-in-time ¢ convergence of scheme for the nAC

equation, (5.22) — (5.23). We need a couple of technical lemmas before we begin.

Lemma 5.6.1. Let { be a positive integer. If ¢* € Cpixn, 0 < k < £, with ¢° = @',

then
¢ 4
S (o) <23 @l + 3 e ). G
k=1 k=1
and . ’
1 1 1
S (hr k) < 32 (o) + 5 (o). (555)
k=1 k=1

Proof. First we prove Eq. (5.57). From the definitions for qﬁ’”%, QBH% and the identity
+ab < 1a* + 307,

(= o1
=T+ @H0) - @) = (40
< O+ 5 @)+ 1)+ 5 (1)
2 (@) + 2 (808 + 5 (¢“H¢’H>
— <¢’f+1||¢k+l> G (5.59)
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Summing and using ¢° = ¢!,

~

y4 4 J4
Z( k+d %) %Z (4| 6" +ZZ (¢*]|6%) +41LZ k1| gh-1)
k=1 k=1 k=1 k=1
1 /+1 5 J4 1 /—1
=52 (@) + T (@) + 5 2 (@)
k=2 k=1 k=0
l
=237 (6H6") + 5 (6 — 5 (@]169) — 5 (&']16")
k=1
J4
<237 (H64) + 5 (67 o) (5.60)

k=0

The proof of Eq. (5.58) is even simpler and is omitted.

]

Lemma 5.6.2. Let ¢ be a positive integer and assume J is defined as in Eq. (4.19).

If ¢* € Cruxen, 0 < k < 1, is periodic, with ¢° = ¢, then

(R

k=1

¢
) <2 (er 1]+ [ 1) D (6]16)
k=1
[Jex 1] + [Je * 1]
+

Proof. Using the definitions of ¢k+% and ¢2k+§’

([J*ggk%] ¢k+%> = ({J* (;d)k _ %&1)] H%¢k+l I %df)

= <£J*¢k} J51) + 2 ([7 % 0#] )
1
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Using J = J. — J,, the linearity of the discrete convolution [- % -], and Prop. 3.3.2,

([ o)

SB ([Je * 1]8‘" [Je x1]) (¢k+1H¢k+1) n 3([Jex 1]8‘" [Je x 1]) (¢kH¢k)

i 3 ([Je 1] + [Je * 1]) ( k k) 1 ([Jex 1] + [Je x 1]) (¢k+1H¢k+1)

k—1|] k-1 ([Jex 1] + [Je % 1])
F ) (oo 4

n ([Jex 1]+ - [Je x1]) (¢k 1H¢k71). (5.63)

Proceeding as in the proof of Lem. 5.6.1, we have

> ([7+9]

k=1

4
’¢k+%) <2 ([Jox 1]+ [Jex 1) Y (086"
k=1

L ex ]2 [Je * 1]

(¢e+1H¢e+1) ‘ (5.64)

]

Theorem 5.5. Given smooth, periodic initial data ®(x,y,t = 0), suppose the unique,
smooth, periodic solution for nAC equation (1.3) is given by ®(x,y,t) on Q for 0 <
t < T, for some T < oco. Define (IJfJ- = O(pi, pj, ks), and eﬁj = @f gbw, where

¥5 € Conxn s k™ periodic solution of (5.22) — (5.23) with ¢ ; := @}, and ¢; ; := @} ;.

Then, provided s is sufficiently small, s < h, for some M > 0,
lefll, < € (#” +5%) (5.65)

where £ - s = T, for some C > 0 that is independent of h and s. Furthermore,

64| < o0
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Proof. The continuous function ® solves the discrete equations

M oF = —suhtE (OFF DF) 4 srht! (5.66)
wWFE (BF @) = ORIy (OF, O 4 [2[J, % 1] + 7] BFFE

(e 1] [k 1] 4] BEFE - [J x <i>’f+%} . (5.67)
where 7F%1 is the local truncation error, which satisfies

[T < My (B + %), (5.68)

7’7‘7

for all 4, 7, and k for some M, > 0 that depends only on ®, T, L,,, and L,,. As
in [Bao and Cai], choose a cutoff function a € C'*°[0, 00) such that 0 < a(p) < 1 for

all p € [0,00) and

1 0<p<1
alp) =4 20,1 1<p<2 . (5.69)
0 2<p
Define
Fa(p)=a ()7 (5.70)
and
X(6.9) = 3 (Fu, (%) + Fag, (7)) (571)

One can now create a new nonlocal Allen-Cahn equation: Find ¥ such that

00 = — @ (V), (5.72)

@ (U) = (U, W)U+ (7, — 1) U+ (J 1)U — J % . (5.73)

2
Assuming that M; = 2 (1 + ||(I>||LOO(O7T;LOO)) < oo and ¥(-,0) = ¢(-,0), then ¥ =

®. To this new Allen-Cahn equation we can also derive the corresponding convex
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splitting scheme:

R AN (TAR s
@ (04 0 = (04 R 2 1) )

 (er U] [ 1] 4 7e) G505 — [ i3 )

Thus,
WEHL gk — gkt (\I,k \I/k—H) 4 g7kl

Subtracting Eq. (5.74) from Eq. (5.76),
Skl ok [~k+ (\Dk \I,k+1) _ gkt (wk warl)] e

where F is defined as

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

Multiplying both sides by of Eq. (5.77) h2ek+3 and summing over i and j, we have

Hgk+1H§ _ ||€kH§ _h? ( (T, T ) Thts _ T (uF, 05 N

—sh? (2[J.x 1] +7.) (5’“*%

1
€k+§)

bosh? ([ 1] + [ x 1] +7) ( chet
+sh2<[J*5k+ ] H Rty )

1 sh? (Tk—i-l €k+§> ’

1
sk+5>
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1 . .
Fta = %5 — %ekfl, as usual. By construction of the cutoff function,

+é>
+%>

where &

X(\Ijk \I,k+1 whts _ (¢k’¢k+1) ¢k+% ok

(ll,k \I,k+1 whts _ %<¢k’¢k+1) ¢k+% ok

—— (¥
+( T (6 o) Nas + X (5, ) s kz+§)
(X \I! gkt \I,k+2 _)z(wk’wml) phts 8k+§)
(X " wk—i—l gty _ %(¢k7wk+1) wk—i—% glﬁ-%) ' (5.79)
By the definition of cutoff function
X (@F, 5| <My (5.80)

W(qjk,\pkﬂ) B Xv(wk7wk+l)| <Chr ’€k+§ ’ (5.81)

where Cj;, < oo is a constant depend on M;. Thus by denoting M, :=
(Cota 190l e oipizoe) + M1 )

B (% (\I]k’ \Ijk—i-l) phts _ ¥ (d)k’ ¢k+1) ¢k+% gkt
<Ch, HCI)HLOO(O’T;W) <5k+ k+2> + M, ( kt3

—M, (6“% gk+%) . (5.82)

Also notice that

sh? <7'k+1 €k+%) < s% (* + 52)2 + thS <€k+%

2

ak+%) . (5.83)
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By combining the above results

=+ 5 — [l <sh?hy (=545
+ sh? ([J*a l]
2

+sh5%

>+sh2([J w1] + [J.x1] +%)<k+
) g
).

Summing over k and using € = ! = 0, we have

1
€k+§>

¢
512 <shtng 3 (=44 |<4+4)
k=1
¢
+ 523" ([Jex 1] + [Jex 1] +%)( kot gk+%>
k=1
¢
+ hZSZ ([J*€k+2] He’5k+%>
k=1
SM2 ‘ 2 2\ 2 Sh2 £ A ka1
+TZ(h +8) +TZ<E T3 €+5>
k=1 k=1
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Therefore, by Lems. 5.6.1 and 5.6.2,

el <o (3 3) S+ (v 5) 1

s (A1) +A[Tx1] +27.) Z I*1;

k=1

2 SM2 ‘ 2
+s([J.x1] + [J.x1]) He”lHQ + 5 Z (h2 + 52)

4

1 2
(M4+2+4[J*1]+4J*1 + 27 kz |15

M, 1 2 ‘
4
+ s (7+4+[J *1] + [Je*l]) || + ; (W* +57)
V4
<s (M4+%+4[Jc*1] +4[J. x1] +2%> ZHng;
k=1

b (Mo 41 4l 1) 20 ) )

¢
—l—ST]WzZ(hQ—I—SQ)Q.
k=1

(5.84)

Set Mz := My+ 1 +4[J. 1] +4[J. *1] + 27, and suppose that s < min {M; ", 1}.

We arrive at

64112 sMj ‘ k|2 : 2
ooty < S et 4 SRS e+ 2
k=1 k=1

An application of a discrete Gronwall inequality yields

0412 M, sMs ‘ 2, .2)\2
H€ H2 §2(1—SM3> (1+ 1—SM3) (h +s ) '

Thus
[, < ¢ (h* +5%) .
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Using the inverse inequality,

1
°°_h

1= o

1],
if s < h, we find

] <20

This implies

1 o = ™l + e < 27 + 20

Therefore, there exists hg > 0, such that for any h < hg,
1

[ = ()2

Thus ¢y = ¢ and € = e.
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Chapter 6

Numerical Simulations

6.1 Overview

In this chapter we present numerical simulations for schemes we proposed in Chap. 4
and 5. Our contribution in this part includes the numerical verification of the
reliability of schemes and the numerical simulation of nucleation phenomena.

This chapter will be organized in following way: in Sec. 6.2 we discuss the details
of highly efficient multigrid solver; in Sec. 6.3 we present the numerical test verifying
the convergence of schemes and their order; in Sec. 6.4 we present the numerical
test verifying the energy dissipation of schemes; in Sec. 6.5 we discuss nucleation

phenomena.

6.2 Multigrid Solver

In this section we discuss the details of the highly efficient stable multi-grid solver.
The main structure of the solver is borrowed from results in [40], we modified it
to simulate nCH and nAC equations. Herein we only present the first order solver
for nCH equation, the rest solvers have same structure, thus we skip them in this

dissertation.
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In detail, the scheme (4.38) is the following: find ¢*™! and @**! in C,,x, with
periodic boundary conditions whose components solve

¢t — sdy (D), = sd, (Dya*t), = ¢ (6.1)

Z?] ’

B = () = @[ ]+ = —([ex 1]+ e x 1]+ 706k,
—[Ixe"],, (6.2)

We use a nonlinear FAS multigrid method to solve the system (6.1) — (6.2) efficiently.
This involves defining operator and source terms, which we do as follows. Let ¢ =
(¢,w)". Define the 2 x m x n nonlinear operator N = (N, N@)T as

Nz’%‘) (@) = ¢ij—sds(Dy @D)” — sdy (Dyw)

i,

N (@) = iy — (61) = @[Jx 1] + )t (6.4)

and the 2 x m x n source S = (S, SCHT

SI@) =iy, ST (D) = —([Jer 1+ [Jex 1] +7)605 — [T xl,; - (65)

Then, of course, Egs. (6.1) — (6.2) are equivalent to N(¢**') = S(¢"). Notice that
the operator N depends upon the time step k, because its definition involves the
solution ¢*. To keep the discussion below as concise as possible, we will neglect this

minor detail.

Remark 6.2.1. [t should be emphasized that the convex splitting formation in the
scheme (4.38) is crucial in this solver. The current splitting allow us to put the
entire numerical convolution calculation into the source term, thus we only need to
calculate it once for every time step instead of repeating the expensive calculation
in the iteration. It also allow the scheme to adopt the well developed results of
FAS multigrid scheme. If the numerical convolution is in the operator, it may even

unfeasible to form the smoothing scheme.
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We will describe a somewhat standard nonlinear FAS multigrid scheme for solving
the vector equation N(¢"t!) = S(¢*). Here we will sketch only the important points
of the algorithm; the reader is referred to Trottenberg et al. [36, Sec. 5.3] for complete
details. To begin we need to discuss a smoothing operator for generating smoothed

approximate solutions of N(¢) = S. The action of this operator is represented as
$ = Smooth (A, ¢, N, S), (6.6)

where ¢ is an approximate solution prior to smoothing, ¢ is the smoothed
approximation, and A is the number of smoothing sweeps. For smoothing we use a
nonlinear Gaufl-Seidel method with Red-Black ordering. In what follows, to simplify
the discussion, we give the details of the relaxation using the simpler lexicographic
ordering. Let ¢ be the index for the lexicographic Gauf-Seidel. (Note that the
smoothing index ¢ in the following should not be confused with the time step index k.)
The GauB-Seidel smoothing is as follows: for every (i,7), stepping lexicographically

from (1,1) to (m,n), find ¢;*" and @;*" that solve

2y
41 A5 o _ S(l) k S (¢ ~0+1 ~0 ~0+1 6.7
sy =Sy (87) + ﬁ(wm,g‘ T Wt Wit w@-,jq) : (6.7)
2 ~ 3
(—3 (6f,)" — [T % 1] + %)) ot + ot = 515 (%) —2(ef,)” - (6.8)

Note that we have linearized the cubic term using a local Newton approximation, but
otherwise this is a standard vector application of block Gau-Seidel. The 2 x 2 linear
system defined by (6.7) — (6.8) is unconditionally solvable (the determinant of the

coefficient matrix is always positive in this case). We use Cramer’s Rule to obtain

+1
?:7.j

~0+1
and w; ;.

One full block GauB-Seidel sweep has concluded when we have stepped lexico-
graphically through all the grid points, from (1, 1) to (m,n). When X full smoothing
sweeps has completed the vector result is labeled ¢, as in Eq. (6.6), and the action

of the smoothing operator is complete.
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Multigrid works on a hierarchy of grids. We denote the grid level by the index n,
where npin < 1 < Npax, Mmax 18 the index for the finest grid, and n.;, is the index
for the coarsest grid. We need operators for communicating information from coarse
levels to fine levels, and vice versa. By I"~! we denote the restriction operator, which
transfers fine grid functions, with grid index n, to the coarse grid, indexed by n — 1.
By I''_, we denote the prolongation operator, which transfers coarse grid functions
(level n — 1) to the fine grid (level n). Here we work on cell-centered grids. The
restriction operator is defined by cell-center averaging; for the prolongation operator
we use piece-wise constant interpolation [36, Sec. 2.8.4].

Now we are in a position to define the recursive FAS V-Cycle operator, which is
the heart of our muligrid solver. In the following the subscript n is used to denote
grid-level n operators, data, et cetera, and the superscript m is the V-Cycle loop

index.
RECURSIVE FAS V-CyCLE OPERATOR
it = FASVeycle (n, ¢t N, S, ) (6.9)

1. Pre-smoothing:

e Compute a smoothed approximation ¢,,:
é,, = Smooth (\, ¢ N,,,S,,) . (6.10)

2. Coarse-grid correction:

e Compute coarse-level initial iterate:
b, =10, (6.11)
e Compute the coarse-level right-hand side (FAS scheme [36, Sec. 5.3]) :

Sn—l = Iz_l (Sn - Nn(én)) + Nn—l (12_1$n> (612)
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e Compute an approximate solution g?)n_l of the following coarse grid

equation:

No-1(th, 1) = Sn1- (6.13)
— If n = N + 1 employ A smoothing steps:

~

Yy, = Smooth (A, ¢, N, .S, ). (6.14)

— If 7 > Ny + 1 get an approximate solution to Eq. (6.13) using ¢,,

as initial guess:
12}71—1 = FASVCyCle (n - 17 &n—l? anl, Sn*l’ )\) (615>

e Compute the coarse-grid correction:

~ —

Pr1 =1 — bny (6.16)
e Compute the coarse-grid-corrected approximation at level n:
quGC = IZ—Ian—l + g_bn‘ (617)

3. Post-smoothing:

e Compute qﬁffl’mﬂ by applying A smoothing steps:
@i = Smooth (A, p5°°, N, S,,) (6.18)

Another important thing to notice is the calculation of source S. By definition
[- x -] is an expensive summation. However, by the property of periodic convolution
we can apply discrete Fourier transform (DFT) to accelerate the speed. Lets denote

that az and J stands for the DFT image of ¢* and J. By the property of DFT the
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numerical convolution is nothing but the point-wise product of @ and J. Also due
to the periodic boundary condition and the special order in fast Fourier transform
(FFT) schemes, J needs to be shifted. Thus [J:qb\k’]m = (]Afj X %J where J* is the
shifted DFT image of J. Noticing that the potential J is independent of ¢* and w*,

thus we could compute and shift J in the beginning and store it for later use. Overall

when we compute S, .. (¢Zmax)> this is what we should do:

e Compute Si(;) (¢k) = f;

Use FFT to compute @

Compute [J x ¢*]; ; by jf] X (/bzw

e Use inverse FFT to compute [J * gbk] ,

Z?j‘

Compute Si(i-) (¢") = =([Jex 1] + [Jex 1] +7e) b= [T,

7’7]‘

The combined algorithm for time stepping using the FAS V-Cycle multigrid

scheme as the iterative solver is given in the following algorithm:

CoOMBINED TIME STEPPING AND FAS V-CYCLE ITERATION ALGORITHM
initialize ¢*~° and J°
Time Step Loop: for k£ =0, kpax — 1

set ¢k+1,m=0 —

Mmax max

k
n
e (D)

V-cycle Loop: for m =0, mpya — 1

calculate S

Pitlm = FASVeycle (nmax, @l "™ Noons S

NMmax Nmax ’ Mmax?

A

Mmax?

if HSnmax (‘.bk ) = N ((ﬁkﬂ’mH) HZ* < 7 then

T'max Mmax

set ¢t = pFTLmHL and exit V-cycle Loop

Mmax Tmax

end for V-cycle Loop
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end for Time Step Loop

The parameter 7 > 0 is the stopping tolerance. The scaled 2-norm in algorithm is

defined via

RO = |7 22 (R6)" (6.19)

where R(¢) := S ((bk) — N(¢) is the 2 x m x n residual array, and Rg?(tﬁ) are its

components.

6.3 The Numerical Convergence Test

In this section we verify the convergence rate of schemes through numerical tests.
Since we don’t have the exact solution to compare, we use the difference between
simulations on coarse and finer grids with same initial condition and ending time.
Difference e, is evaluated by the average value of function on fine grid and we use

the discrete L? norm.

6.3.1 First Order Scheme for nCH Equation

Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5,0.5]2.
e The initial condition is a smooth function 0.5 sin(27x ) sin(27x,).

e J is a positive Gaussian function defined as

2, 2
J = aexp (—xl —2%) (6.20)

where o1 = 0.05 and o = % By this setting J has the sufficient decaying speed
1

on {2, therefore it can be viewed as periodic.

e v.=1v=0.
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Table 6.1: The Difference between Coarse and Fine Grids

coarse h | fine h lleallz rate
1/128 | 1/256 | 0.002143162029982 | —
1/256 1/512 | 0.000607406265800 | 1.8190
1/512 | 1/1024 | 0.000157056139044 | 1.9514
1/1024 | 1/2048 | 0.000039602788901 | 1.9876

e The time step dt and the grid size h satisfies dt = h?.
e In all cases, the ending time is 0.002441406250000.

The numerical result of this experiment is shown in Tab. 6.1 and Fig. 6.1

6.3.2 First Order Scheme for nAC Equation

Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5, 0.5]2.
e The initial condition is a smooth function 0.5 sin(27x,) sin(27xs).

e J is a positive Gaussian function defined as

it xg) (6.21)

ot

J = aexp (—

where 07 = 0.05 and o = % By this setting J has the sufficient decaying speed
1

on (), therefore it can be viewed as periodic.
¢ %=1 17=0.
e The time step dt and the grid size h satisfies dt = h>.
e In all cases, the ending time is 0.002441406250000.

The numerical result of this experiment is shown in Tab. 6.2 and Fig. 6.2
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Figure 6.1: The log —log plot of Tab. 6.1. The slope is around 1.9.
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Figure 6.2: The log — log plot of Tab. 6.2. The slope is around 1.9.
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Table 6.2: The Difference between Coarse and Fine Grids

coarse h | fine h lleall2 rate
1/128 1/256 | 3.757601789300150e-05 —
1/256 1/512 | 9.394347142961551e-06 | 1.999947375064814
1/512 | 1/1024 | 2.348608223302800e-06 | 1.999986831347253
1/1024 | 1/2048 | 5.871533921806258¢-07 | 1.999996716437571

6.3.3 Second Order Scheme for nCH Equation
Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5, 0.5]2.
e The initial condition is a smooth function 0.5sin(27z ) sin(27xs).

e J is a positive Gaussian function defined as

2 2
J = aexp (—xl J;”r?) (6.22)

where 01 = 0.05 and a = % By this setting J has the sufficient decaying speed
1

on €2, therefore it can be viewed as periodic.
¢ v =17%=0.
e The time step dt and the grid size h satisfies dt = h.
e In all cases, the ending time is 0.0015625.

The numerical result of this experiment is shown in Tab. 6.3 and Fig. 6.3

Table 6.3: The Difference between Coarse and Fine Grids (Conserved Dynamics)

coarse h | fine h lleall2 rate
1/64 1/128 0.023594977666378 —
1/128 1/256 0.003642747274851 2.695380992993224
1/256 1/512 | 8.669302357639438e-04 | 2.071039102165462
1/512 | 1/1024 | 2.162606042972027e-04 | 2.003145023762793
1/1024 | 1/2048 | 5.411334233516024e-05 | 1.998714618858811
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Figure 6.3: The log —log plot of Tab. 6.3. The slope is around 2.
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6.3.4 Second Order Scheme for nAC Equation
Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5,0.5]2.
e The initial condition is a smooth function 0.5sin(27z,) sin(27xs).

e J is a positive Gaussian function defined as

2 .2
J = aexp (—ml —z%) (6.23)

01

where o1 = 0.05 and o = % By this setting J has the sufficient decaying speed
1

on ), therefore it can be viewed as periodic.
e v.=1v=0.
e The time step dt and the grid size h satisfies dt = h.

e In all cases, the ending time is 0.0015625.

The numerical result of this experiment is shown in Tab. 6.4 and Fig. 6.4

Table 6.4: The Difference between Coarse and Fine Grids (Non conserved Dynamics)

coarse h | fine h lleallz rate
1/64 1/128 | 1.510704455248701e-04 —
1/128 1/256 | 3.777326690535997¢-05 | 1.999783979301426
1/256 1/512 | 9.443660642523572¢-06 | 1.999947459441191
1/512 | 1/1024 | 2.360936173440859¢-06 | 1.999987159664891
1/1024 | 1/2048 | 5.902355596047761e-07 | 1.999996293884224

6.4 The Energy Decay Test

In this section we are going to verify the formation of spinodal decomposition with
the random initial condition, i.e., the random perturbation over a constant. The

corresponding energy decay is also verified.
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Figure 6.4: The log — log plot of Tab. 6.4. The slope is around 2.

6.4.1 First Order Scheme for nCH Equation

Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—5, 5]%.

e The initial condition is the random perturbation over a constant and the initial

average is @gpe = 0.

e J is a positive Gaussian function defined as

it x§> (6.24)

J = aexp (— 5

07
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Figure 6.5: Spinodal Decomposition of Random Initial Condition by 1st Order
Scheme

where o7 = 0.05 and o = % By this setting J has the sufficient decaying speed
1

on (), therefore it can be viewed as periodic.
® Ve = 1a Ve = 0.

The numerical result of this experiment is shown in Fig. 6.5 and Fig. 6.6

6.4.2 First Order Scheme for nAC Equation

Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5,0.5]2.

e The initial condition is the random perturbation over a constant and the initial

average is @gpe = 0.

e J is a positive Gaussian function defined as

2 2
J = aexp (—xl +2:B2)

07

(6.25)

where 07 = 0.05 and o = % By this setting J has the sufficient decaying speed
1

on (), therefore it can be viewed as periodic.
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Figure 6.6: Decreasing of Energy for the simulation shown in Fig. 6.5
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The numerical result of this experiment is shown in Fig. 6.7 and Fig. 6.8

6.4.3 Second Order Scheme for nCH Equation

Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5,0.5]2.

e The initial condition is the random perturbation over a constant and the initial

average is @gpe = 0.

e J is a positive Gaussian function defined as

2 | .2
J = aexp (_331 +2x2> (6.26)

o7
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Figure 6.7: Spinodal Decomposition of Random Initial Condition by 1st Order
Scheme
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Figure 6.8: Decreasing of Energy for the simulation shown in Fig. 6.7
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t=20s t=60s t=100s

Figure 6.9: Spinodal Decomposition of Random Initial Condition by 1st Order
Scheme

where 01 = 0.1 and o = % By this setting J has the sufficient decaying speed
1

on ), therefore it can be viewed as periodic.
o v.=1v=0.

The numerical result of this experiment is shown in Fig. 6.9 and Fig. 6.10

6.4.4 Second Order Scheme for nAC Equation

Here the setting of the experiment satisfies the following requirements:
e We use a square domain 2 = [—0.5,0.5]2.

e The initial condition is the random perturbation over a constant and the initial

average is Qg = 0.

e J is a positive Gaussian function defined as

2 | .2
J = aexp (—ml —z%) (6.27)

%

where 01 = 0.1 and o = 0—12 By this setting J has the sufficient decaying speed
1

on (), therefore it can be viewed as periodic.
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Figure 6.10: Decreasing of Energy for the simulation shown in Fig. 6.9
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t=20s t=60s t=100s

Figure 6.11: Spinodal Decomposition of Random Initial Condition by 1st Order
Scheme

'%:1,%:0-

The numerical result of this experiment is shown in Fig. 6.11 and Fig. 6.12

6.5 Nucleation Phenomena for nCH Equation

In this section we discuss nucleation phenomena in the nCH equation. In Sec. 1.5 we
already discussed the similarity between RAnCH equation and PFC equation, and the
later is widely known for its simulation of nucleation. First we are going to reproduce
the nucleation phenomena with RAnCH equation and verify its reliability by showing
the decreasing of energy. Next we discuss two factors which have strong influence
on nucleation. In the last part we discuss the unique phenomena which shows that

nucleation can be influenced by the shape of anisotropic potentials.

6.5.1 Nucleation Phenomena

In this section we discuss results of numerical experiments for nCH, which resemble
the pattern similar to the phase field crystal equations shown in [25]. Here the setting

of the experiment satisfies the following requirements:
e We use a square domain 2 = [—10, 10]°.
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Figure 6.12: Decreasing of Energy for the simulation shown in Fig. 6.11
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e The initial condition is the random perturbation over a constant and the average
of ¢ is Pue = 0.07.
e J is a positive Gaussian function defined as

2 2

— Be 2 (6.28)

A

J = «ae

where 01 = 0.08, 05 = 0.2, a = % and # = 0(‘%. By this setting J has the
1 2

sufficient decaying speed on €2, therefore it can be viewed as periodic.
o 7. =0, =00l

The numerical result is shown in following figures: Fig. 6.13 shows nucleation;

Fig. 6.14 shows the shape of J; Fig. 6.15 verifies the corresponding energy decay.

Remark 6.5.1. The potential J in this experiment is motivated by the phase field
equation in [25]. The Fourier image of J is similar to the Fourier image of gradient

part in the phase field equation.

With the small modification of the initial condition, we can also simulate the
growth of nucleation. Fig. 6.16 shows nucleation with the random initial perturbation
in one block. Fig. 6.17 shows nucleation with the random initial perturbation in four

blocks.

6.5.2 The Phase Diagram of Nucleation

In this section we discuss factors which influence nucleation. In many previous physics
literature it is shown that the average of ¢ is crucial (see [22, 15]). It is also clear
that the size of the linear coefficient v. — 7. is another influential factor. Here the

setting of the experiment satisfies the following requirements:

e We use a square domain 2 = [—10, 10]*.
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Figure 6.13: The nucleation for nCH with the random initial condition.

z-axis

Figure 6.14: The potential for the simulation in Fig. 6.13. The right figure is the
view from top. The left figure is a cut view for y = 0.
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Figure 6.15: The corresponding energy for nucleation shown in Fig. 6.13.

t=1s t=2s

Figure 6.16: The crystal growth with the random initial perturbation in a small
block. J is defined as Fig. 6.14.
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t=0s t=4s t=6s t=10s

Figure 6.17: The crystal growth with the random initial perturbation in four small
blocks. J is defined as Fig. 6.14.

e The initial condition is the random perturbation over a constant and the average

of ¢ is a parameter.

e J is a positive Gaussian function defined as
J=oae 1 —fe (6.29)

where 0 = 0.08, 0o = 0.2, o = %L and 8 = 0{%. By this setting J has the
2

a1

sufficient decaying speed on ), therefore it can be viewed as periodic.
e The value of 7. — 7, is another parameter.

Fig. 6.18 is a phase diagram verifying such phenomena.
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Figure 6.18: The phase diagram for nucleation at same time.
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6.5.3 Controlling the Nucleation

In this section we discuss the influence of the shape of J to nucleation. First of all

let’s denote three even convolution potentials J;, Jo and J3 defined as:

Ji =aexp (_x% 4—2:263) — Bexp (_:v% —Zx%) , (6.30)
o3 o3

s =0 o (s = 3) + o9 (<5 - s

~053low (<o) oo (- maee)| o
7, =050 exp (_0.5((5150—1)3;2)2 B 0.5(1’10;— 332)2)

05 exp (_0.5(3310%— x2)® 0.5((;15;—1)322)2)

055 exp (_0.5((515(;2)1;2)2 B 0.5(:1:';5— :1:2)2>

— 0.58exp (—0'5(“:;%_ )* 0'5815;;2)2) (6.32)

Figs. 6.19, 6.20 and 6.21 present the shape of Ji, Jo and J3. As these figures shown,
the shape of these three potentials have different decay speed over different directions.

The setting of all experiments in this section satisfies the following requirements:

e We use a square domain 2 = [—10, 10]2.

e The initial condition is the random perturbation over a constant and the average
of ¢ is Pgve = 0.2.

e The value of parameters for J;, Jo and J3 are o1 = 0.08, 05 = 0.2, a = % and
1

8= 0(‘%. By this setting J has the sufficient decaying speed on (), therefore it
2

can be viewed as periodic.

e The value of 7. — 7, is 0.
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The figure of potential Js.
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Figure 6.21: The figure of potential Js.

Figs. 6.22 and 6.23 indicate the difference of nucleation by different potentials. These
comparisons indicate that the shape of the potential will have a strong influence on

the formulation of nucleation.
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t=25s

Figure 6.22: The comparison of nucleation with random initial condition.

147



t=12.5s t=20s

t=10s

t=10s t=15s

Figure 6.23: The comparison of nucleation with one block of perturbation.
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Chapter 7

Conclusion

7.1 Concluding Remark

In this dissertation we derived the first and second order in time, second order in space,
unconditionally energy stable schemes for nCH and nAC equations. We analyzed
these schemes in details, proving the energy stability and unique solvability. Also we
proved convergence of the scheme for most of them. The numerical result was also
presented to verify these results.

Another major contribution in this dissertation is that we derived a highly efficient
stable multi-grid solver based on schemes we proposed. The details of the solver is
given. With this powerful solver we managed to produce the third main contribution:
simulations of nucleation phenomena. Also we analyzed the influence of anisotropic

potential. This is the first result in this field, and it has huge practical value.

7.2 Future Work

Our immediate plan is to apply this scheme to many applications of DDF'T, such as
crystallization and tumor growth. In these fields the current simulation is still based
on the high order derivative approximation. The introduction of this solver allows

the simulation reflecting more complicated interactions.
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Also we are interested in developing the parallel version of this solver. In practice
the size of the problem is much larger than the test cases we presented in this
dissertation, and it is beyond the capability of single computer. Therefore the
parallelization is needed.

Another plan is to adopt this idea to finite element schemes. Due to properties
of finite volume scheme we can not prove a very strong convergence result, however,
in the finite element framework work, we expect to relax the requirement in the

convergence proof.
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