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Abstract

Integrodifference equations are discrete in time and continuous in space, and are used
to model the spread of populations that are growing in discrete generations, or at
discrete times, and dispersing spatially. We investigate optimal harvesting strategies,
in order to maximize the profit and minimize the cost of harvesting. Theoretical
results on the existence, uniqueness and characterization, as well as numerical results
of optimized harvesting rates are obtained. The order of how the three events, growth,
dispersal and harvesting, are arranged also affects the harvesting behavior.

Cholera remains a public health threat in many parts of the world and improved
intervention strategies are needed. We investigate a key intervention strategy,
vaccination, with optimal control applied to a cholera model. This system of
differential equations has human compartments with susceptibles with different levels
of immunity, symptomatic and asymptomatic infecteds, and two cholera vibrio
compartments, hyperinfectious and non-hyperinfectious. The spread of the infection
in the model is shown to be most sensitive to certain parameters, and the effect of
varying these parameters on the optimal vaccination strategy is shown in numerical
simulations. Our simulations also show the importance of the infection rate under

various parameter cases.
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Chapter 1

Introduction

1.1 Optimal Control Theory

This dissertation studies optimal control theory and its applications to mathematical
models in biology and epidemiology, consisting of ordinary differential equations
and integrodifference equations that simulate dynamics of populations and diseases.
Mathematical biology is a growing branch of applied mathematics as the interest in
modeling complex biological systems increases. Optimal control theory is a branch of
mathematics developed to find optimal ways to control a dynamic system. Generally,
the optimal control problem consists of an objective functional, a dynamic system
and the control(s), which enter the dynamics in a variety of ways as coefficients,
boundary terms or sources [15]. This dissertation focuses on biological applications of
optimal control to integrodifference equations and to systems of ordinary differential
equations. The tools used are Pontryagin’s Maximum Principle and its extensions [43]
. This principle was developed for optimal control of systems of ordinary differential

equations.



1.2 Optimal Control of Harvesting Problems Mod-
eled by Integrodifference Equations

Integrodifference equations model the spread of populations that are growing in
discrete generations, or at discrete times, and dispersing spatially. These equations
are discrete in time and continuous in space with a growth term usually followed by
dispersal, represented by integration against a kernel.

The general form of an integrodifference equation is

Nea(z) = / ke, 9) f (N (y), 9)dy,

where Ny(x) is the population size or density at location x at time step t, f(Ny(y),y)
describes the local population growth at location y, and k(x,y), often referred to as
the dispersal kernel, is the probability of moving from point y to point x.

For certain species, these equations can assist in capturing the speed of the
spread of populations [27, 28]. Invasive species and crops are important applications
for these equations and lead to considerations about including harvesting in these
models. Optimal control theory for integrodifference equations is beginning to be
developed. Gaff, Joshi and Lenhart [16] worked on optimal harvesting in a crop
model with a disease infestation, and Joshi, Lenhart, Gaff and Lou [21, 22] worked on
optimal harvesting problems in which growth happens first, then dispersal following
harvesting.

In Chapter 2 we first investigate optimal control analysis for harvesting problems
in which the harvesting occurs after the growth and before the dispersal. The

integrodifference model with harvesting is:

N () = / Bz, y) (1 — n(1)) F(No(y), y)dy (L1)

where t =0,1,...,T — 1.



The state variable N and the control «, which is the harvesting rate at the

corresponding time step, are represented by

N = N(a) = (No(x), N1(x), ..., Np(x)),

o= (Oég(m),al(x)v ca ,OéT—l(x))a

where z is the spatial variable in a bounded domain 2 C R™.

The harvesting profit is the objective functional to be maximized and the
harvesting level is the control. The analytical part of this work includes existence,
uniqueness, and characterization of the optimal control. The proofs of these results
combine techniques from optimal control of partial differential equations [34] and
discrete time models [45]. In L?(Q), weak convergence of maximizing sequences of
controls and strong convergence of the corresponding state sequences are needed to
justify the existence results. Differentiating the control-to-state and the control-to-
objective functional maps are used to obtain the optimal control characterization.

The difference between this work and the work of Joshi et. al. [21, 22] can be seen
in the different adjoint equations, the optimal control characterization, and the proof
of existence of optimal control. But the differences can also be seen in numerical
illustrations shown in Chapter 3. The numerical algorithm uses an iterative method
of forward-backward sweeps with solving the state equations forward and the adjoint
equations backwards, and updating the control with the characterization.

Since the order of events is crucial in a discrete time problem, in Chapter 4 we
study all six possible orders of arranging the three events that happen during each
time step - growth, dispersal and harvesting. Considering how certain orders can be
obtained through transformations to other orders, we show that the six cases can be

reduced to analyzing three cases.



1.3 Optimal Control of Vaccination in a Model of
Cholera

Cholera, an infection of the small intestine caused by the bacterium Vibrio choleae,
is a major cause of death in the world. Notable outbreaks happen every year, most
recently in Haiti, October 2010, causing considerable losses of life and in the economy.
A number of safe and effective vaccines for cholera are available.

Our research on this topic in Chapter 6 investigates the effects of vaccination in a
cholera model. This model is a system of nine ordinary differential equations, tracking
movement of susceptible individuals with and without partial immunities to either an
asymptomatic infected class or a symptomatic infected class, then to two recovered
classes with different waning rates. A vaccinated class is added into this model as
well, and the vaccination rate is a control function. This model has the feature of
two equations representing hyperinfectious and regular infectious Vibrio choleae, the
concentrations in the environment which are determined by populations of infected
humans. This work is an extension of models from King et al.[24], Hartley et al. [18],
and Miller Neilan et al.[39].

The purpose of applying optimal control theory to the model of cholera stated
above is to seek an optimal vaccination rate during a given time period that minimizes
the economic and social losses. Therefore, the objective functional is to minimize the
number of infected and the cost applying the vaccination control.

For illustrative numerical results, an iterative forward-backward sweep method
with a fourth order Runge Kutta algorithm is used [31]. We first simulate outbreaks
in a refugee camp with a population size of 10000, then construct optimal vaccination
rates under various scenarios and study the effects of the parameters, initial conditions
and weights of the objective functional on optimal vaccination strategies. The choice
of parameters to vary is determined according to sensitivity analysis results using
Latin Hypercube Sampling in collaboration with another UT student, Boloye Gomero,

and with Elsa Schaefer, a professor at Emory University.
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Chapter 2

Optimal Control for Harvesting
Problems Modeled by
Integrodifference Equations

(Growth, Harvest and Dispersal)

2.1 Introduction

Integrodifference equation (IDE) models are discrete in time and continuous in space
and represent populations with separate growth and dispersal stages [26, 33]. They
were first formulated to study applications in physics [8] and population genetics
[46, 47, 51].

Integrodifference equations were first applied to population ecology by Kot and
Schaefer in 1986 [29]. IDE models have become more popular recently because of
several advantages over reaction-diffusion equation models [3, 19, 38]. First, reaction-
diffusion equations tend to underestimate the invading speed of some species [9, 36,
44], while integrodifference equations can provide a more accurate solution to that

problem [27, 28, 32]. Second, integrodifference equations can readily incorporate a



variety of dispersal mechanisms [41], including fat-tailed kernels [5], while reaction-
diffusion equations can only work with normal distributions.

Integrodifference equation models are also referred to as integral projection models
[13], which were introduced as an alternative to traditional matrix population models,
with the advantage of being able to eliminate the need for dividing a population into
discrete classes. Populations of arthropod, multivoltine [23] and annual plant species
[2] can be modeled with integrodifference equations.

The goal of the first part of this dissertation is to investigate optimal control of
integrodifference equations, concentrating on harvesting problems. One application
of optimal control for integrodifference equation models is a harvesting problem. For
a species with separate growth and dispersal stages, harvesting can be done either
before growth and after dispersal or before dispersal and after growth. The former
case, on which the harvesting occurs before growth and after dispersal, was studied
by Joshi, Lenhart and Gaff. They began with linear growth for the population and
quadratic costs of the harvesting control [21]. Their objective functional was designed
to maximize discounted revenue while minimizing a quadratic cost of the control.

They completed both analysis and numerical results on this harvesting problem,
and later extended these results to the case with a convex growth function and convex
cost function [22]. Their results were the first results on optimal control of IDE
models. This approach was successfully used on an IDE system modeling crop disease
[16]. Their approach was a combination of techniques from optimal control of partial
differential equations and of discrete time models.

In this chapter, the case in which harvesting is done after growth and before
dispersal, is studied. Using the same type of objective functional, we also begin
with linear growth and quadratic costs, and then discuss a harvesting problem with
a concave growth function and convex cost function. In both cases, the existence,

characterization, and uniqueness of an optimal control are obtained.



Remark 2.1. We refer to the harvesting problem with linear growth and quadratic
costs as "the Linear Case”, and the one with a concave growth function and convex

cost function as "the Concave Case”.

2.2 Model with Linear Growth, Harvesting and

Dispersal

2.2.1 Statement of the Problem for the Linear Case

The integrodifference model is:

Ne(z) = / ke, y) (1 — on(w)) F(Nu(y), )dy (2.1)

where t =0,1,...,T — 1.

The state variable N and the control « are represented by
N = N(a) = (No(z), Ni(z), ..., Nr(z)),

a = ((x),a1(x),...,ar_1(x)),
where x is the spatial variable in a domain €.

Assumption 1. Assume () is a bounded domain in R™. The initial distribution Ny(x)
is given in L>®(Q)). Assume ay(x) is Lebesque measurable and 0 < ay(x) < M < 1 for

allt=0,1,...,T —1 and z € Q2.

Our goal is to maximize the objective functional J(«),

T-1

Ja)=Y" / M Ao () F(Nuly), 1) — 2 (en(y)))dy. (2.2)

t=0

In this problem, J represents the profit, which is the discounted revenue stream less

the cost of the control, where the coefficient where A, is the price factor and e™% is

8



the discount factor with 6 > 0. Here we assume that the cost function is non-linear,
and we will be dealing with a simple quadratic cost. The coefficient B; is a weight
factor that balances the two parts of the objective functional. The coefficients, A,
and By, are both positive numbers for any ¢t =0,1,--- ,T"—1. We look for the control
a* that maximizes J, i.e.:

J(a") = max J(«)

aclU
where the control set is U = {« € (LOO(Q))T|O <aoy(r) <M,t=0,1,...,7 -1} for
M < 1.

Assumption 2. We begin with a linear growth function:

f(Ne(y), y) = rNe(y).

Assumption 3. Assume that the kernels are bounded and measurable such that

/k@wﬂyél
Q

for all x € Q, and
0<k(x,y) <T

for (z,y) € 2 x Q and I' < 1.

Note that integrodifference equations do not have boundary conditions on OS2 like
in reaction-diffusion equations. No individuals enter the population from outside 2.
If x is near the 0X), the individuals who disperse outside O are not counted in our

population in €.

Assuming No(z) € L*>®(Q2), with Ny(z) > 0, we will show that the corresponding
state N = N(«a) satisfies 0 < Ny(a) < Cr, where Cr is a constant that depends on

the number of discrete time steps considered in the process and the constant r.



Denote |[|-|| by |||z Then we have
[Nl = ||/Qk?(1 —a)rNo|| <7 - [[1 = el - [ Nol| < [ Nol

[Noll <7 || = aul| - [ N1]] < 7| Nol|.

Continuing like this, we have
[Nl < 7 (11— el - [Nel| < ™[ No

Observing the state equations, we see that k(z,y), 1 — au(y) are positive for any z, vy,
and f is positive whenever N, is positive. By induction, we know the population can

not be negative at anytime, i.e., Ny(x) > 0, for all ¢, z.

2.2.2 Existence for State System for the Linear Case
We first prove the existence of an optimal control.

Theorem 2.2. Under Assumption 1, 2 and 3, there exists an optimal control o* in

U that mazimizes the functional J(«).

Proof. Let {a"} be a maximizing sequence for the objective functional J in (2) and
N™ = N(a™) be the corresponding state sequence.
Since those two sequences are L bounded, there exists a* € U and N* €

(L>°(Q))T such that on a subsequence, we have the following weak convergences,
N — N/ in L*(Q),t=1,---,T
a = af in L*(Q),t=0,---,T — 1.

We want to show

/Q Ko, )(1 - af(9))r N7 (y)dy — / Bz, y) (1 — o} (9))r N7 (4)dy

10



pointwise for each x € 2.
It is known that af — af in L?(Q), and we want to show N/* — N; strongly in

L*(Q). For k = 1, we have

NP (x) = / Bz, y)(1 — g (y))rNo(y)dy

since NJ'(z) = Ny(z) for all n.
From the assumption 0 < k(z,y) < 1, [, k(z,y)*dy < 1. So we know that
k(z,y) € L*(Q), and k(z,y)rNg(y) € L*(Q) as a function of y, for each z. Since

1—al(y) = 1—aj(y) in L?, we have

lﬁ@wml—aﬁwﬁNﬁw@—+Ak@wxl—%@ﬂﬂﬁwﬂw

which means N{* — N} pointwise for each z € €.
We know the sequence Ny is uniformly L> bounded and pointwise converge to
N, which gives | N7 (z) — Ni(z)|*< C and | N7 (z) — Ny (z)]*— 0 a.e. for all n. From

Lebesgue’s Dominated Convergence Theorem, we have

/ INP(2) — N} () 2dz — 0,
Q

i.e., N — Nf in L% Using
Ny () = / B, y)(1 — o2 (y))rN7 (y)dy,
Q

1—aj(y) = 1 - i(y),
Ni'(y) = Ni(y) in L2,

and k, and the sequences, o™, N{* are L> bounded, we obtain
N3 — N3 pointwise,

and then NJ' — N3 in L2

11



Continuing, we get N/* — N; in L? for each t = 1,2,--- ,T. The weak L2
convergence of 1 — a? sequence, the strong L? convergence of N}* sequence, and the

L> bounds on both sequences and k, give us

/Q Ko, ) (1 — af(9))r N7 (y)dy — / Bz, y) (1 — of (4))r N7 (4)dy

for each z. Since

/ k(1 —a})rNi'dy — / k(1 —a;)rN/dy
Q Q

for each x, we conclude N* = N(a*).
Here we use Corollary 2.2 from Ekeland and Témam’s book. [14] By the weak L2

convergence of o} sequence, for each t =0,1,--- .7 — 1, we have

n—oo

/Q (e (x))*dz < lim inf /Q (a(z))%dx.

This inequality together with the convergence of the integral terms discussed above

gives
J(a*) > limsup J(af).
n—oo
Thus the maximum of J is attained at a*. O

2.2.3 Characterization of an Optimal Control for the Linear

Case
To characterize an optimal control, we must differentiate the map o — J(«), which
requires first the differentiation of the solution map o — N(a). The directional

derivative of this solution map is called the sensitivity of the state with respect to the

control.

12



Theorem 2.3. Under Assumption 1, 2 and 3, the mapping « € U — N €
(L>°(Q2))T+ is differentiable in the following sense: For any o € U and 1 € (L*°(Q))7,
such that (a+€l) € U for € small, where N = N(a+¢€l) and N = N(«), there ezists
a sensitivity 1 € (L=(Q))T such that

Ni(x) = Ni(x)

— Yi(z)

weakly in L*(Q), as € — 0 for each t. Also 1, depending on N, o and I, satisfies:

Yo (z) = / P )L — () ely) — L) No(w)ldy (2.3)

fort=0,1,---,T.

Remark 2.4. Since the sensitivity function depends on N, « and [, we can use
(a, N(a),l) to denote the directional derivative of N(«) along vector | with respect

to «.

Proof. We form the difference quotient for the directional derivative of N with respect

to « in the direction :

Nt (@) = New(2) _ 1

Using N§ = Ny and

Ni(z) = Ni(2)

€

_ / rh(z, 1)lo(y) No(y)dy,

we have
Ni(z) — Ni(x)

€

| <y forall z € Q.

13



And then by iteration,

Ni(z) — Ni(z)

| |<C; forallzeQt=12--- T.

From the a priori estimate, we have

Ni(x) — Ny(z)

—ahy(z)  weakly in L*(Q).

Ni(x) — Ni()
€
and also strongly in L?, which gives us the existence of ¢ € (L°°(2))" ™! such that

Similarly as in Theorem 1, by iteration, we have converges pointwise,

wo(.’lj) = O

and

(V; = Ni) ()

€

/Qrk(%y)[(l—at(y)) —lth]dy—>/Qrk(%y)[(l—@t(y))wt(y)—ltNt]dy

Passing to the limit, we get

Y () = /Qrk(iﬂ,y)[(l —a(y))¥uly) — L(y) Ney)ldy,

fort=0,---,T. O]

Now we differentiate the map o — J(«) to obtain a characterization of an optimal

control.

Theorem 2.5. Under Assumption 1, 2 and 3, given an optimal control o and
corresponding state solution N* = N(a*), there emists a solution p € (L>(Q))T

satisfying the adjoint system:

p-i(@) = r(1—aj4(2)) /ﬂ pi(y)k(y, x)dy + e*'r A0y ()
pr(z) = 0 (2.4)

14



wheret =T,--- 2, 1. Furthermore, fort =0,1,2,--- T —1;

(Jo =P (W)k(y, 2)dy + e Ay)r Ny (z)
' B,

oy (x) = min(max( ,0), M) (2.5)
Proof. Let o* be an optimal control (which exists by Theorem 1) and N* = N(a*)
be the corresponding state. For variation [ with (a* + €l) € U for € > 0 sufficiently
small, let N¢ be the corresponding solution of the state equation. Since the adjoint
system is linear, there exists a solution p. We compute the directional derivative of
the functional J(«) with respect to « in the direction [ at o*. Since J(a*) is the

maximum value, we have

0> lim J(a* +€l) — J(a¥)
e—0t €
T-1 1 B
~ Jim _{ / e [Aur(a] + €l N (y) = (o + )] dy
0

e—0t €
t=0

= lim Z / HAwreg Nily) = Ni(y) + Ay NE(y) — Btel2—Btatlt]d

e—0t € 2

_Z / Ot Agral (y)e(y dy+z / Ot Adyr N7 (y)dy
T-1
- / ™" Byay (y)li(y)dy.

t=0

15



We use the coefficient of the 1); term as the non-homogeneous term in the adjoint

system and transform that term:

N

I
S~

-1

e Ayrary ()t (y)dy

~
L

I
S~

[pe(y) —r(1 = ()

-1

Dy -3 / (1= ol )r(o) [ pros(a)kta,)dady

t=0

S~

Pe1(2)k (2, y)d] (y)dy

TT
L
5

|
]
;o\
?

7T
Lo

Pes (9)buss (v / y)dy + / poly)oly)dy

I
(]
S~

[l
= O

|
ii\g
:>\

S

P () / r(1— a2 (9))bu(y)k (e, y)dyda

~
L

P (@) e () — / (2, y) (1 — of (1)) dyldz

I
-
o
S~

~
L

I
S~

peaa(@)[=r / k(. y)lk(y) Ny () dyldz

t=

where we used pr(x) =0, (x) = 0, and the sensitivity equation (2.3). Substituting

out for the first term from our quotient calculation,

T-1

023 [ pea@ler [ Me b e+ 3 [ et @y

t=0 v

For any t =0,1,--- ,7 — 1, on the set {(z: 0 < o (z) < M}, the variation l; can be
taken with support on this set, and have any sign, because the optimal control can

be modified a little up or down and still stay inside the bounds. Thus, on this set,

16



the rest of the integrand must be zero, so that

_ (Jo =P ()k(y, x)dy + e_étAt)TNt*<x)‘

a;k ('Z‘) 6_5t Bt

By taking the upper and lower bounds into account we now show

((fQ —pe (Y)k(y, x)dy + e Ay)r Nj ()

0), M).
= 0),M)

a; (x) = min(max
We now show how we handle the bounds.
For any t = 0,1,---,7 — 1, on the set {z : o (z) = 0}, take [, with support on

this set and [; can only be nonnegative, and

( / pea (@l y)da + e AN ()l dy,

that indicates
(Jo =P (W)k(y, x)dy + e~ A)r Ny ()

< 0.
et B, =

Hence on this set, we have

((fg —pe (Y)k(y, x)dy + e Ay)r N; ()

0),M)=0.
. 0), 1)

a; (x) = min(max

On the other hand, on the set {x : o (x) = M}, then [, with support on this set can

only be non-positive, and

[( /Q ~pesi(@)k(z,y)do + e A)rN; (y) — e BeM]l(y)dy,

that indicates
(fo —prr()k(y, x)dy + e~ Ay)r Ny (x)

> M.
e, =

17



Hence on this set,

((fQ —pe1(W)k(y, 2)dy + et A)r N7 ()
B,

*

o () = min(mazx

,0), M) = M.

((fg —pei1(y)k(y, ©)dy + e A)r N (z)
et B,
terization of an optimal control. O

So af(x) = min(max ,0), M) is our charac-

2.2.4 Uniqueness Result for the Linear Case

We obtain uniqueness of the optimal control under the assumption of largeness of the

cost coefficients, By, using a strict concavity argument. See [21] for similar arguments.

Remark 2.6. In both linear and concave cases, note for o = 0, we have J(a) = 0.

This implies 0 < max,ey J(a). Thus J(a*) > 0, even if B,’s are large.

Theorem 2.7. Under Assumption 1, 2 and 3, if By, t = 0,1,--- ,T—1 are sufficiently

large, then the optimal control is unique.

Proof. We show uniqueness by showing strict concavity of the map:

aclU— J().

The strict concavity follows from showing for all o, [ € U, and 0 < e < 1,

g"(e) <0

where g(€) = J(el + (1 — €)a)) = J(a + €(l — ).

For convenience we denote

N; = N(a+e(l - a))

18



fort=20,1,---

fort=20,1,---

g'e) =

Remark 2.4 i

[ — a with respect to a + €(l — a) is Y(a + €(l — a), N(a + €(l — a)),l — ).

, T — 1, and similarly

N = N(a+ (e+7)(l - a)),

,T"— 1. First, we calculate

Ja+(e+7)(l—a)—J(a+el—a))

lim
T—0 T
1
. - —ot . e+7
l{}%; - ( /Q e [A(on + (e +7)(le — ay))r N,

— St e+ )0 — a0)dy

— [ o+ el = )Ny = S+ ell = 0)l)

7—0 T

“?ﬂh—m)—Bﬁu+dl az))(le — a)ldy

Z/ e A (o + e(ly — ay))rpf + Ay(l; — ay)r NS
Q

—Bi(ar + €(ly — an) ) (Ie — )] dy.

N — Nf
hmZ/ A (ap + e(ly — o) )yr——— 4+ Ay (I, — oy )rNEF™

ndicates that the directional derivative of N(« + €(I — «)) along vector

convenience we use the following notation

and similarly

v =yYla+e(ll —a), Na+el—a)),l—a),

T =Yla+ (e+ 7)1 — ), Nla+ (e+ 1) — a)),l — a).

19

For



From Theorem 2.3 we obtain

M — 1y as 7 —0
-
with
i () = L (y) + e(le — a))i(y) — (b — ) Ni (y)ldy ~ (2.6)
Yh(z) = 0.
Similarly,

() = /Qrk(w, DI = (au(y) + (e +7)(0 = a) DU (y) = (b — ) N7 (y)]dy

(2.7)
Vo) =

Estimate 9§ (z) in terms of I — a:

[Yi(e)] =

[ et - ao>N5<y>dy]

§D1/ llo — ao| dy,
Q

|5(@)| = ’/Qrk(l‘ay)[(l — (o1 +e(ly — an)))hi(y) — (b — aa) Ni(y )]dy‘
< DZ(/Q |lo — avo| dy + /Q l1 — on dy),

and continuing to estimate, we obtain

t
()] < Dt / i — o] dy,
1=0

20



where the sequence D;,; does not depend on e.

Given (2.6) and (2.7), and ¥§t" = ¥§ = 0, we use of to represent the difference
quotient for directional derivative of 1) with respect to a + ¢(l — «) in the direction
[ —a:

@) = v ()
T

/Qrk(x,y)[(l — auly) — elly — ar) ()t T@/)T_ vy,

Y

_ /Q rk(l‘, y)(lt - Oét)(y)thJ(y)dy
Ni7(y) — Ni(y)

T

- / (e, 9) (1Y) — () dy.

Using N§ = Ny, 1§ = 0 and

7 (z) — ¥i(x)

T

_ / rle(, ) (cu(y) + (e + 1) (1l — ) (1)) NS (y)dy,

we have

) i) g

T

for all z € Q.

From the estimate above, the bounds on {¢{""(x)} and the bounds on
{NtEJFT(y) — N{(y)

T

} obtained from (5.2), we have

| 5 (x) — (=)

T

|
<1 [ rHa )l = (o) = el = o)) LU

1 / e, y)(h — o) W)YE (4)dy]

[ o)1) = o) S =)

< Fj, forallz € Qt=1,2,---,T.

dy|

dy|
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Then by iteration, we obtain

P (@) — ¥i(@)

T

| |<E, forallzeQt=12---,T,

where the bounding sequence E;.; does not depend on 7 or €. From the a prior:

estimates, we have the existence of o¢ € (L°°(2))"*! such that

P () — Y(x)

T

—of(z)  weakly in L*(Q), as 7 — 0,
where

ﬁﬂuvz[jMawuhﬂm»wm—%MMﬁ@m%a[fuawm—ammwwmy

oy(z) =0
fort=0,1,---,T — 1.
Now we obtain
T—1
g//<€> = / 6_6t[2At<lt — Oét)TwE + At(Oét + E(lt — Ozt))rof — Bt(lt — Oét)2]dy.
t=0

We now use the iterative method to estimate of ; in terms of (I — ay)?, k =

0,1,---,T —1:
t—1
Eﬂﬂﬂ@s&Z/m—%w%
Q k=0 Q

Where the sequence of constants F;,; does not depend on e.

First, using 0§ = 0 and 9§ = 0, we obtain of(z) = 0.
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And

jo3(2)| = \2 [ it - a1><y>wi<y>dy'

<L

[t = anay [ - ao)(y)dy‘
+

2
< Lo

/Q (b — o) ()dy / (I — ao)(w)dy| )
gﬂ(/g\(zl—a1><y>12dy+/ﬂ|<zo—ao><y>|2dy>7

where L1, Lo, and F} are constants that do not depend on e. Continuing the
iteration, we can get the estimate for oy. Using the estimates, we obtain a constant

H independent of €, such that

N

(0 <3 (H - By / (I, — oy,

t

Il
=)

which gives the desired concavity for B;’s sufficiently large. O

2.3 Model with Concave Growth and Control Cost

2.3.1 Problem Statement for the Concave Case

We consider the harvest of the following integrodifference model with a concave

growth function:

Nos (@) = / ke, y) (1 — on(y)) F(Nuly), )dy (2.8)

where t =0,1,...,7 — 1.

Assumption 4. We assume [ is twice differentiable in Ny(y) and measurable in
0f(Ni(x), 7).

y. And for almost all y, f(-,y) is nondecreasing in the N wvariable, N

23



decreasing and nonnegative, and
f(Nt(y)vy) > 0’ fO?” all Nt(y) > O»IU €
|f(Ne(y), y)| < Cy < o0, forall 0 < Ny(y),y €

O (Nw),w) | O (Ni(w), 2)
ON ON?

We also assume that the partial derivatives, are both

L bounded for any N € L>®(Q).
The control set is defined as U = {a € (L‘X’(Q))T]O <au(x) < M,t=0,1,...,T—
1} for M < 1.

Assumption 4 together with Ny € L>*(Q2) and Ny(x) > 0 implies that given o € U,

the corresponding state N = N(«) satisfies
0< Nt<x> < Cf(N0)7

where Cy(yy) is a constant that depends on the growth function value at Np.

Assumption 5. The kernels are bounded and measurable such that

/ k(x,y)de < C <1
Q

for allx € Q and 0 < k(x,y) < ky for (x,y) € Q x Q.

We define the objective functional as:

Z / [Ai0n(0) F(N(Y). 1) — SV (0(w))]dy. 2.9)

Again J represents the profit, which is the discounted revenue stream less the cost of

—ot

the control, where the coefficient where A; is the price factor and e~°* is the discount

factor with 6 > 0.
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Assumption 6. We assume the cost of harvesting is a nonlinear function V, and

assume that the C? function V : [0, M] — R is increasing and convezr with
V() >b>0

for all o in [0, M] [6]. The coefficient By is a weight factor that balances the two parts
of the objective functional. The coefficients, Ay and By, are both positive numbers for

anyt=0,1,--- T —1.

2.3.2 Existence for State System for the Concave Case

We first prove the existence of an optimal control for the case with a nonlinear growth

function and concave cost function.

Theorem 2.8. Under Assumption 4, 5 and 6, there exists an optimal control o™ in

U that mazimizes the functional J(«).

Proof. Let {a"} be a maximizing sequence for the objective functional J in (2) and
N™ = N(a") be the corresponding state sequence. From the bounded assumption on
control and state, those sequences are L*° bounded. Then there exists a* € U and

N* € (L*=(2))T such that on a subsequence, we have the following weak convergences,
N = N} in L*(Q),t=1,---,T

a = af in L*(Q),t=0,---, T — 1.

We want to show that N(a*) = N*. First we want to show

/ K, y) (1 — af () (N (). y)dy — / ke, y) (1 — o2 () F(N? (), )dy
Q Q

25



pointwise for each z € Q. It is known that af — af in L*(Q), we want to show

F(N) — f(N}) in L*(Q). For t = 1, we have

N7 (x) = / k() (1 — () f(No(y), y)dy

since NJ(z) = No(z) for all n. From the assumption 0 < k(z,y) < 1, [, k(z,y)*dy <
1, we know that k(z,y) € L*(Q) for each z. Since 1 — af(y) — 1 — og(y) in L?, we

have

/Q B(L— ) F(N2(4), y)dy — / k(L — af) F(N3 (), 9)dy,

which means N]* — Nj(a*), the first component of N(a*), pointwise for each x € .
Since f(N) is a continuous function, we have f(N7)) — f(Ni(a*)) pointwise.

We know the sequence f(N}') is uniformly L* bounded and pointwise convergent
to f(N7), which give |f(N]') — f(Ni(e®))P< C and [f(N}) = f(Ni(a"))]?— 0 a.e.

for all n. From Lebesgue’s Dominated Convergence Theorem, we have

/Q FND) = (N (a)) dr — 0,

i.e., f(N) = f(Ni(a*)) in L2
Using
Np(@) = [ b1 - al )V w). )i
Q
1—aj(y) = 1 —i(y),
f(NT(y),y) = f(Ni(a*)(y),y) in L?,
and k,a", f(N7') are L* bounded, we obtain
N} — Ns(a*) pointwise,

and then f(NJ) — f(No(a*)) in L?. Continuing, we get f(N) — f(Ni(a*)) in L?
for each ¢t =1,2,--- ,T. The weak L? convergence of 1 — af sequence, the strong L?

convergence of f(N;') sequence, and the L> bounds on both sequences and k, give
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/ k(z,y)(1—af (y) f(N{(y), y)dy — / E(z,y)(1 —a; () f(Ne(a®),y)dy
Q Q
for each z. Since
/ B(1 = af) F(NP (), y)dy — / k(L — ) F(Ni(0*) (), y)dy
Q Q

for each z, we conclude N* = N(a*). Now we show that o* achieves the maximum

of J.

sy =3 [ i) (V@) 0) — SV (0 )Ny
=3 [ AR ) - SV ety
2 timowp 3 [ e LA O 0).9) ~ 5Vt 6l
= a7

The inequality we got above is obtained by

n—oo

/ V(ai(y))dy < limin / V(o (y))dy,
Q Q

for t =0,1,...,T — 1, which is given by the weak convergence of o and convexity of

V.
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2.3.3 Characterization of an Optimal Control for the Con-

cave Case

To characterize an optimal control, we must again differentiate the map o — J(a),

which requires first the differentiation of the solution map @« — N = N(«).

Theorem 2.9. Under Assumption 4, 5 and 6, the mapping o € U — N € (L>=(Q))T

18 differentiable in the following sense:

Ni(z) — Ni(x)

— Yi(z)

weakly in L*(Q) as € — 0 for any a € U and | € (L=(Q))" such that (o +€l) € U
for e small, where N¢ = N(a + €l). Also 1, depending on N, a and [, satisfies:

o) = [ #,0) 1 = aulo) LGPy — [ ko)) Vi) 0y

’ (2.10)
o(z) =0

fort=0,1,--- T —1.

Proof. Consider the control-to-solution map: a — J(«).

Let N = N(a + €l), then

Nte—&-l(x) - Nt+1($) _
/Qk(a;, y)(1— @t(y))f(Nf(y), y) — f(Ni(y), y)dy

€

—/Qk(x,y)h(y)f(Nf(y),y)dy-

Using N§ = Ny, and

Ni(z) = Ni(z)

€

- / k(. 9)lo() F(NS (). ) dy.
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We have
Ni(x) — Ni(z)

€

| | <G,

for all x € 2. And that quotient is independent of €,

Ni(x) — Ni(z)

€

:1/)1-

This gives uniform convergence of Ny to Nj.

N5 (x) — No(z)

€

f(Ni(y),y) — f(N1(y),y)
| a1 = o (o)) HEEL 0 g

—/Qk(fv,y)ll(y)f(Nf(y),y)dy'

From the uniform convergence of Nj to /N1, we can pass the limit and get pointwise

convergence for the quotient
Nj(x) — No(x)

Also we can get

By iteration, we obtain:

Ni(z) — Ny(z)
€

Ni(z) — Ni(z)

€

— Py

pointwise, and Ny convergent to N; uniformly. Passing to the limit using the pointwise
convergence of the quotients, we obtain that ¢ satisfies the equation in the theorem.

]

Theorem 2.10. Under Assumption 4, 5 and 6, given an optimal control o* and

corresponding state solution N(a*) = N*(«), there exists a weak solution p €

29



(L>°(Q)T satisfying the adjoint system:

pate) = DT a @) [ty
O (Nes(2).2)
TN

pr(z) = 0 (2.11)

where t =T,--- ,2,1. Furthermore, fort =0,1,--- T —1,

2

vmmw:E%—Aﬁ%mwww@ﬂme>

on the interior of the control set.

Proof. Let o* be an optimal control (which exists by Theorem 1) and N* = N(a*)
be the corresponding state. For variation [ with (a* + €l) € U for ¢ > 0 sufficiently
small, let N¢ be the corresponding solution of the state equation. Since the adjoint

system is linear, there exists a solution p.
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We compute the directional derivative of the functional J(«) with respect to « in

the direction [ at o*. Since J(a*) is the maximum value, we have

J(a* +€l) — J(a¥)

02y M
_}ﬁgx{éew&@+¢ﬁwmmw—%W@@+@@M@
- [ A 0 ) - SVl )a
_EIE&TZ‘:/Qe&[Ata:f(Nf(y%y);f(Nt*(y),y) AN )

_ BVl + () ~ Vit
zgéfMM@ﬁ%%MMMM+§LwMMwmmm

B
=3 [ vianiay
¢ Q 2

i
o
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We use the coefficient of the 1); term as the non-homogeneous term in the adjoint

system.

[ e L )iy

_ [t~ 2EDD 1 i) [ ps@ibte. el

- Z [ oty - Z [ O (- i w)nty) [ pees(o)ho, ey
=TZ [ peatwitods = [ sty + [ plsenmdy

—Z [ pessto) [ 2ECDI 0 i) 0) ko, )

_ [ st — [ LED o)1 - o))

= : /Q Pea (@) [~ /Q k(z, y)l(y) f(N{ (y), y)dy]dz

where we used pr(z) =0, ¥(x) = 0 and the sensitivity equation (2.10).

Substituting out for the first term from our quotient calculation,

T-1

0>>" /Q Per1(@)[— /Q /f(x,y)lt(y)f(Nt*(y%y)dy]dx+2_: /Q e AL f (N (y), y)dy
_i/g _&%V'( L ()l(y)dy
— i /Q[(/Q _pt+1<x>k($, y)dx + eiatAt)f(N:<y), y) . 65t%vl(a:(y))]lt<y)dy

For any t = 0,1,--- ,7 — 1, on the set {(z: 0 < o (z) < M}, the variation l; can be
taken with support on this set, and have any sign, because the optimal control can

be modified a little up or down and still stay inside the bounds. Thus on this set, the
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rest of the integrand must be zero, so that

* 2 *
VMMM=E%—LW%MMW@MNM@J)
on the interior of the control set. O

Remark 2.11. In the simplest case, if V is a quadratic function as V(ag) = a2
(the coefficient of a? can be included in B;), then the characterization result before

imposing bounds can be written as:

1

mmzaw—éﬁmmMm@MﬂWMw> (2.12)

2.3.4 Uniqueness Result for the Concave Case

We again obtain uniqueness of the optimal control when the cost coefficients are large.

Theorem 2.12. Under Assumption 4, 5 and 6, if By, t = 0,1,---,T — 1 are

sufficiently large, then the optimal control is unique.

Proof. We show uniqueness by showing strict concavity of the map:
aclU— J().
The concavity follows from showing for all o, [ € U, and 0 < € < 1,
g'(e) <0

where g(e) = J(el + (1 —€)a)) = J(a +€(l — a)).

For convenience we denote

Nf=N(a+¢(l—a))
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fort =0,1,--- ,7T — 1, and similarly

N = N(a+ (e+7)(l - a)),

fort =0,1,---,T — 1. First, we calculate

Ja+(e+7)(l—a)) —J(a+e(l—a))

gle) = lm r
T—l1
= T o / e " [Auer + (e + 1)l = @) FINTT(9), )]y

/ e 0 — %V(at + (e +7)(l: — an))dy
Q

- /Q 67&[141‘,(0% +€e(ly — o)) fF(N; (v),y) — %V(at + el — 04t>)]d?/)
_ limz_;/ﬂe—ét[At(at + E(lt . at))f(NtE T<y)7y) — f(N;(y)’w]dy

T—0 T

+/ ei&tAt(lt - Oét)f(NtEJrT(y)a y)dy
Q

_/ s B Vi{ew + (e+ 1)l — o)) — V(e + e(le — o))
2 T

dy

- Z / Ao+ et - a) LUyt 1 At = ) £V ). 0)

—?V’(at +e(ly — ay)) (I — )] dy.

Remark 2.4 indicates that the directional derivative of N(a+¢€(l—a)) along vector
[—a with respect to a+e(l—a) is Y (a+e(l—a), N(a+€e(l—a)),—a). For convenience

we use the following notation
U = la+ el — a), Na + el — a)),1 - a),
and similarly
YT =Plat (e+7)(—a), Na+ (e+7)( - a)),l - a).
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From Theorem 2.3 we obtain

—N;M_Nf — 1y as 7 —0
-
with
Of(Nf
i) = [ k(o)L (o ell = a) 0t = = ) Ny
vila) =0
Similarly,

ff.f(l“)=/QT’/<3(1E>?J)[(1—(Oét+(€+7)(lt—at))) oNeT U

Yo(z) = 0.

Estimate ¢§(x) in terms of [ — o

95 (@) =

/Q rh(z, ) (lo — o) f(NG)dy

scl/ o — o] dy
Q

Of (NT)

o) = | [ K[ = (o + et = @) 2ZCE 0t = (1 = DNy

< cz(/ |zo—ao|dy+/ 1l — o dy)
Q Q

Continuing to estimate, we obtain

t
|¥541(2)] < Cina Z/Q\li — | dy.
=0
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— (ly — at)Nf+T]dy

(2.14)



For
Ve=1la+el—a))

and

(T =vYlat (e+7)( - ),

we use o; to represent the difference quotient for directional derivative of ¢ with

respect to a + €(I — «) in the direction [ — a:

cian(e) = [ M)l = o+l — a0 (FEeB iy + L) a,
~2 [ ho)tt - a0 D5 vy
o(z) = 0
fort =0,1,---,T — 1.
Now we obtain
T-1 ’
710 =3 [ pat—a%gg
+ Ao+ et = a0)(CEED e+ 200 5

B,

= V" o+ el = )l — )l dy

Next, we use the iterative method to estimate of,; in terms of (I, — ay)?, k =

0,1,--- T —1:
t—1
Lieilas< ey [ - aay (2.15)
Q k=0 Q
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Notice o§(x) = 0, since o§(x) = 0 and §(x) = 0. Using that to estimate o§ gives
O f(N§
o3l =| [ el -+t a)? S i
Q 1
If(N§) .
/Q(x,y)(ll — ) a(Nfl)%dy‘
Jtrans [[o-apsiay
Q Q

< 02</Q (0 — o) dy + / (o — a0) 2 dy)

+2

<C

. of *f
In the derivation above we used the L*° boundedness of —— and

ON ON?
Continuing the iteration, we can get the estimate (2.15) for of.

are used.

Using the above estimates,

~

B
g'(e) <) (K - b;t) / (I — ay)dy < 0,
Q
t=0
which gives the desired concavity for B,’s sufficiently large. O]
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2.4 Conclusion

The application of optimal control theory in integrodifference equation models is a new
area. In this chapter, we formulated an optimal control problem for integrodifference
equation models with harvesting before dispersal and after growth.

We started with a problem with a linear growth function and a quadratic cost
term, and obtained existence, uniqueness and characterization results for the optimal
control in Section 2.2. Boundedness of controls and states, weak convergence in L?
of control sequences, and strong convergence of state sequences are used to show the
existence of the optimal control. We first differentiated the map o — N(«) to derive
the sensitivity system ¢, and then differentiated the map o — J(«) to obtain the
adjoint system and the characterization of the optimal control. The uniqueness of the
optimal control was proven by showing the strict concavity of the map a — N(«).

In Section 2.3 we extended the theoretical analysis results to a problem with a
concave growth function and a convex cost term. We used similar techniques as
applied in Section 2.2 to obtain existence, characterization and uniqueness of the
optimal control. Additionally, for the proof of uniqueness in 2.3.4, we used lower
semi-continuity with respect to weak convergence in L? for concave functions.

These results are important for the control application of optimal harvesting, to
species for which an integrodifference equation model is appropriate. For organisms
such as insects and many plants, the assumption of harvesting before dispersal and
after growth is reasonable, e.g. if harvesting is applied to reduce impact of harmful
insects or plants. The results in this chapter provide explicit guidance on optimal

harvesting given a particular dispersal kernel.
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Chapter 3

Comparison with Another Order of
Events (Growth, Dispersal and
Harvest)

3.1 Optimality System for Growth, Dispersal and
Harvest

In models with discrete time, the order of events within a time step is crucial. In this
chapter we explore the differences arising due to the order of growth, harvest and
dispersal, by comparing the two different cases, one following a growth-harvesting-
dispersal order, which is discussed in Chapter 2, with the another one following a
growth-dispersal-harvesting order, which was discussed by Joshi, Lenhart, Lou and
Gaff [21, 22].

In this section, we state the harvesting problem together with the adjoint system
and the characterization of the optimal control for a growth-dispersal-harvesting

order. We use the same assumptions and control set as in Chapter 2.

39



Nina(o) = (1 = o) [ Kag)rNidu)dy (3.1)

Q

where t =0,1,--- ,T — 1. The state variable N and the control « are:
N = N(a) = (No(z), Ni(z),. .., Nr(z)),

a = ((x),a1(x),...,ar_1(z)).

The objective functional is:

J(a) = / e[ Ay (z) / ko) Nu(w)dy — 2 (o),

Q

From the results in [21], for ¢ = 0,1,2,---,T — 1, the characterization for the
optimal control is

(—prsa(z) + 7% Ay) fQ rk(z, y)N; (y)dy

) 0), M), (3.2)

a; (x) = min(max(
with the following adjoint system:

Pra(z) =1 / (1 — ary())p()k(y, 2)dy + / Arye™ V0 () k(y, 2)dy

pr(z) =0 (3.3)

where t =1T,---,2,1.
For a concave growth function and a convex cost function, the population is

modeled by the following integrodifference model:

Ner(z) = (1 — o (x)) / ke, y) f(Nu(y), ) dy (3.4)

Q
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where t =0,1,--- ,T — 1. The state variable N and the control « are:
N = N(a) = (No(z), Ni(z), ..., Np(z)),

a=((x),a1(x),...,ar_1(z)).

The objective functional is:

I@) = e [ [Awnlo) [ ke ) )y = SV (@) de

From the results in [22], for ¢ = 0,1,2,---,T — 1, the characterization for the

optimal control on the interior of the control set is

V(i) = (4~ piaa()e”) / Kz, ) F(N; (4), y)dy.

If V(o) = o?, then we have

t

0 () = min(mas (- (A = pea(@)e®) | Kog) F(N7 (). 0)d).0), M), (39
Q

with the following adjoint system:

Pra(z) =1 / (1 — ar()p()k(y, 2)dy + / Apae™ 0| () k(y, 2)dy

pr(x) =0 (3.6)

where t =7T,---,2,1.

The optimality system for the growth-dispersal-harvesting case in the linear
growth or nonlinear growth consists of state (3.1)/(3.4), adjoint (3.3)/(3.6), and
characterization (3.2)/(3.5). Compared with the optimality system of the other
order, with state (2.1)/(2.8), adjoint (2.4)/(2.11), and characterization (2.5)/(2.12),

we can clearly see the differences in the expressions for the optimality systems for
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the two cases. When deciding to harvest in an optimal way, the order of the events
must be decided in advance to obtain the appropriate necessary conditions, and thus

calculating the appropriate optimal control.

3.2 Numerical Examples

We further illustrate the importance of considering the order of events in these
problems by numerically calculating the optimal controls for two cases from state
equations (2.8) and (3.4) and corresponding objective functionals (2.9) and (3.1)
respectively. We numerically calculate the optimal controls for these two cases, using
specific growth rates, balancing constants, and kernels.

Starting with a given initial population distribution and a guess for the control, an
iterative method is used to solve the optimality system. Given initial condition of the
state and an initial guess of control, we start with solving the state equations forward.
Using the new state value, we solve backwards the adjoint equations, and calculate
the characterization. We then update the control by taking a convex combination
of the old control values and the new value from control characterization. We use a
tolerance of 0.1%, and when relative errors in control, state and adjoint values all fall

2 as cost function. The

below the tolerance, the iteration stops. We use V(a) = «
trapezoidal rule is used here to get integral approximations.

The work by Hackbush [17] shows that the type of numerical algorithm for
forward-backward sweeps is stable for parabolic partial differential equations. We

found that our numerical simulations always converged in 50 iterations.

Remark 3.1. We note that the trapezoidal rule requires C? reqularity in space which
holds for our examples.
If x is near the 0N, then the part of the dispersal that would go outside € is not

included in the integral.

See [21, 22] for more details on such a numerical method.
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In this section we show figures comparing optimal harvesting rates and corre-
sponding populations from the two orders of events. We use kernels and growth
functions chosen from those used in applications [26, 41]

We first use a linear growth function
Nipr =Ny,

with a growth rate r of 1.8, and a normal dispersal kernel

k(z,y) = \/geXp (= B(x—y)?),

with a 8 value of 5. We study the harvesting strategy over a one dimensional space
with size 1 during 5 time steps. Here the space gird size is 0.01. We use a parabola
curve 100z(1 — x) for the initial population. Possible maximum harvesting rate is
0.4, and the discount factor 0 is set to be 0.04, indicating an interest rate of 4%. We
assume the weights in the objective functionals A; and B; to be constant for each
time step, taking values of 10 and 1000, respectively. Numerical results are shown in
Figure 3.1.

Figure 3.1 shows clear differences between how the two orders affect both
harvesting rates and populations. First, for the G-D-H order, the harvesting curve
is smoother and varies in a smaller value range, since the harvesting is done after
dispersal, when the population distribution is more even. Second, for both cases the
harvesting strategy is to harvest less population in the center of the region in early
time steps. The explanation could be that it is more likely to have population loss
near boundaries of the region due to dispersal. We observe a lower harvesting rate in
general for the G-D-H order, which could be the effect caused by the population loss
after dispersal. As a result, the population is slightly larger than the case with G-H-D
order. Third, in both cases, although a time discount factor ¢ is included the model,

indicating money is worth more at an earlier time step, it is still more profitable to
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Figure 3.1: Normal kernel, § = 5, Linear growth function, » = 1.8, A; = 10,
B, =500, L=1,T=15,6 =0.04.

let the population grow first and perform a larger scale of harvesting at later time

steps.
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Figure 3.2: Normal kernel, § = 5, Linear growth function, »r = 1.8, A; = 10,
B, =1000, L=1,T =5, 6 =0.04.

Here we change B; from 500 to 1000. Figure 3.2 shows how weights in the objective
functionals affect harvesting decisions. Now with a larger harvesting cost, optimal
harvesting rates for both orders decrease, compared to Figure 3.1, and reach the
maximum threshold 0.4 at the final time step. Meanwhile, the harvesting rates show

less variation in time as compared to Figure 3.1.

45



o
IS

Population(G-D-H)

Harvesting Rate(G-D-H)
o
o N

[uny

Space 0 o Time

Harvesting Rate(G-H-D)
Population(G-H-D)

Space 0 o Time Space 0o Time

Figure 3.3: Normal kernel, § = 5, Linear growth function, »r = 1.8, A; = 10,
B, =500, L=1,T =10, 6 = 0.04.

Here we extend the time range. In both cases in Figure 3.3 we observe no
harvesting in the first several time steps. For order G-H-D, little harvesting is done
most of the time and major effort is made during the last time step. For order G-D-
H, however, harvesting is performed earlier on a larger scale and the harvesting rate

levels off at the last time step.
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Figure 3.4: Finite range kernel, R = 1, Linear growth function, r = 1.8, A; = 10,
B, =500, L=1,T =10, 6 = 0.04.

We use a finite dispersal kernel

0, ife<y—R
k(z,y) = &cos[%@—y@, ify—R<zx<y+R
0, ifr>y+R

to study how dispersal range affects the results. In Figure 3.4 a dispersal range R = 1
is used, which is the same size with the spatial region.

In Figure 3.5 a dispersal range R = 2 is used, which is twice the size of the spatial
region.

In Figure 3.6 a dispersal range R = 0.25 is used, which is 1/4 the size of the

spatial region.
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3.3 Conclusion

In Chapter 2 we studied the harvesting problem with an order of growth, harvesting
and dispersal. The discrete structure in our model naturally raised the question about
the effects on the optimal results by changing order of events. In this chapter we
compared the order in Chapter 2 with the order of growth, dispersal and harvesting
studied by Joshi et al. [21, 22]. Section 3.1 compared the adjoint systems and
characterization of optimal controls, for both linear and concave cases under the two
orders. Section 3.2 showed numerical results of the optimal harvesting rates and
populations under the two orders, with various dispersal kernels and parameters.
With orders Growth-Harvesting-Dispersal and Growth-Dispersal-Harvesting, our
optimality systems and numerical results show clearly the differences between the
optimal controls.

Stability results for numerical computations of such optimality systems is an
interesting open question. One could consider specifically the stability of the forward-
backward sweep method.

Results in this chapter verify the importance of order of events in this discrete
harvesting model, and motivates the study in Chapter 4, in which the relations among

all the six possible ways of ordering events are discussed.
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Chapter 4

Study of Six Different Harvesting
Orders

4.1 List of Six Orders

In this chapter we study how the optimal control and state will be impacted by
changing the order of growth, dispersal and harvesting.
Here we use G, H and D to denote growth, harvesting and dispersal.

In total, there are 6 ways to order these three events:

G—H—=D (4.1)
H—-D-—d (4.2)
D—-G—H (4.3)
G—D—H (4.4)
D—H-—=dG (4.5)
H—G— D. (4.6)
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In fact, the first 3 cases follows the same order as the chain

--G—-H—-D—-G—H---

except with different starting points. Similarly, the last 3 cases follows the same order

as the chain

--G—->D—-H—->G—>D---

except with different on starting points. We will investigate the relationships among

those cases.

We next list the state equations and objective functionals using a monotone growth

function f. We use Nt[i] to denote V; for Case 1.

For Case 1 with order G — H — D, the state equations are

/Q k() (1 — au () F(NP () dy = NI, (@);

and the objective functional is

; / A )f(Nt[l](y))—%V(at(y))]dy.

For Case 2 with order H — D — G, the state equations are

(| k)1 = )N w)dy) = NE )
and the objective functional is

J(a) = Le‘ét[Ataxy)NP( ) — @vmt( )ldy.
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For Case 3 with order D — G — H, the state equations are

(1= an(a)) £ / ke, y) NP (y)dy) = NI, ().

Q

and the objective functional is

B,

= [t ke ) - 5 i

For Case 4 with order G — D — H, the state equations are

(1= aqta) | ) SO )y = NE ).
and the objective functional is

By

Z / Atz | K SOV @)y = GV (el

For Case 5 with order D — H — G, the state equations are

(1= an(a) / ke, y) NP (y)dy) = NP, (2).

Q

and the objective functional is

—T_l e Ao (x x 5] —E o
=3 [t [ e - SV o).

For Case 6 with order H — G — D, the state equations are

/Q k(z,y) £ (1 — a) N (y))dy = NI, (x).
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and the objective functional is
T-1 B
I@) =3 [ e )N @) - 2V (@)l (4.18)
t=0 7€ 2

4.2 Relations among all the Six Cases

4.2.1 The First Three Cases

The following diagram shows the procedure of case 1 with an initial population of
N

NY o — N N NI
G—H—D G—H—D G—H—D

With the control @ = (v, v, - -+, ap—1) applied during 7' time steps.
For case 2, with the control @ = (v, v, -+, p_1) applied during 7' time steps,
the objective functional in terms of th] is written below, as in (4.10).

s@) =3 [ e AP - SV

We now try to write (4.10) in terms of Ntm. From previous proof as in Section 2.2.1,
all state functions are L> bounded. That is, there exits an C' such that || th] I<C
for any t = 1,2,--- ,T. Thus the growth function f is a monotone map from [0, C]
to [0,C]. For t = 0,1,---,T, we construct functions N; : Q@ — [0,C] such that
Ny(z) = f_l(Nt[Q](x)) for any x in Q.

The harvest at each time step at location y is ozt(y)Nt[z] (y), i.e., a(y)f(Ne(v)).

Thus we can rewrite the objective functional for Case 2 as
T-1
Sy =3 [ s i) o) — 2V (o)l
t=0

We now show that NV; here is just Ntm, the population at time step ¢t under Case 1

order with control o = (a, v, -+, p_1) applied, only by showing V; is a sequence
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satisfying the state equations (4.7) of Case 1.

(4.9)

New(r) = AN @) < 1 / ke, 9)(1 — an()) N2 ()dy)

— /Qk(x,y)(l — ay(y)) NP (y)dy
_ / k(x,y)(1 = ay () f(No(y))dy.

Thus we could conclude that a problem starting with a N(?] population under
Case 2 order has exactly the same objective functional with the one starting with a
population of N([)l] =f _1(N(£2}) under Case 1 order, if the same control was applied
at each time step. In other words, a harvesting problem under Case 2 order with

2]

an initial population of N(g , is equivalent to one under Case 1 order with an initial

population of Nél] =f _I(N(?]). The following diagram indicates this correspondence.
N[l} N N[2} . NI B N Nl 2
G— HoD— ! G— UV mops 2 H-Dp— 1T g5 T

We use a similar approach for case 3. First we construct functions N, : Q — [0, C],

where t =0,1,---,T, such that

Ni(x) = / Kz, y) NP (y)dy.

for any z in €.
With the control a = (ag, aq, -+, ar_1) applied during 7" time steps, The harvest

at each time step is

() / Kz, y) NP () dy).
i.e., ay(x)f(Ny(x)).

The objective functional in terms of N is written below, as in (4.2.1).

Z / V) [ K )N )) ~ 5V el

95



We show that NV, is just the population at time step ¢ under Case 1 order with
control a = (ag, a1, ,ar_1) applied, only by showing N, is a sequence satisfying

the state equations (4.7) of Case 1.

4.11)

Ne() = / K, y) NP (y)dy 2 / ke, y) (1 — ou(y) / Ky, 2) NP (2)de)dy
- / K, 9)(1 — an(y))F(No(y))dy

Thus we could conclude that a problem starting with a Nég] population under

Case 3 order has exactly the same objective functional with the one starting with

1 3
Nyl(z) = / k(. y) NG (y)dy
Q
population under Case 1 order, if the same control was applied at each time step.
The following diagram indicates the corresponding procedure.

NP = N NP N NP NP s N
D— G—>H— D— G—H— G—H— D—

The comparison above indicates that harvesting problems under the first three
Cases of orders are equivalent to each other given a specific relationship between the
initial populations. The results on existence, characterization, and uniqueness of the

optimal control in Case 1 could be applied to Cases 2 and 3.

4.2.2 The Last Three Cases

Following the same logic we show that Cases 4, 5 and 6 have a similar kind of
relationship.

The following diagram shows the procedure of case 4 with an initial population of

N,
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N — N — NP N
G—D—H G—~D—H G—D—H

with the control a = (v, a1, -+, ep_1) applied during 7" time steps, the objective

]

functional in terms of N/” is written below, as in (4.16).

For case 5, again all state functions are L> bounded. That is, there exists an
C such that || NP |< C for any t = 1,2,---,T. Thus the growth function f is
a monotone map from [0,C] to [0,C]. For t = 0,1,---,T, we construct functions
N, : Q = [0, N] such that Ny(z) = f~1(N)(z)) for any z in Q.

Since the growth function is monotone, for each t = 0,1,--- T, there exists an
N such that Nt[s}(x) = f(Ny(x)) for any z in €.

The harvest at each time step is
ale) [ BN W)y,
Q

Le., ay(x) [o k(z, y)f(Ni(y))dy.

Then the objective function in terms of NV, is:

) =3 [ o) [ s (- SV (@i

We now show that NV, is just the population at time step ¢ under Case 4 order with

control a = (ag, 1, -+ ,ar_1) applied, only by showing V; is a sequence satisfying
(4.13),
_ 1D (4.15) »—1 [5]
Newa(z) = [N (@) =" f7HF(( = ul(2) Qk(%‘,y)Nt (y)dy)
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Thus we could conclude that a problem starting with a N(EE’] population under
Case 5 order has exactly the same objective functional with the one starting with a
Ngl] = ffl(NéE’]) population under Case 4 order, if the same control was applied at

each time step. The following diagram indicates the corresponding procedure.

NP - NP — N s NP N N NP
G— D—H— G— D—H— D—H— G—

Now we explain the complexity of Case 6. The two diagrams (4.19) and (4.20)
below indicates the only two possible ways to obtain a correspondence between Case

4 and Case 6.

N - N — N N N N N (4.19)
H— G—D— H— G—D— G—D— H—
N — N N N N NI N (4.20)
G—D— H— G—D— H— G—D— H—
The diagram (4.19) shows a relation of
(1= ag)) N = N, (4.21)

which does not provide helpful information because of the control term.

The diagram (4.19) shows a relation of
NI = [ k) 1 )i (1.22)

but it is hard to find N(g4] explicitly in term of N(g6] from this equation.
Thus we can not get the the characterization result of existence, characterization
and uniqueness result for Case 6 by transforming it into Case 4. Case 6 is studied

separately in the following chapter.
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4.3 Conclusion

There are totally six ways of ordering the three events, growth, harvesting and
dispersal in this harvesting problem. In Section 4.1 we listed the six orders ((4.1)-
(4.6)) and their state equations together with the objective functionals for the concave
case. In Section 4.2 we discussed the relations among those orders. In fact, similarity
in the first three orders is observable because they can all be viewed as one part on

this chain of events:

- G—-H—->D—->G—H---

and the only difference exists in the beginning and ending points. The ending points
are not a concern since the population at the final time step is not included in the
objective functional.

In 4.2.1 we give a rigorous proof of the equivalence among the first three cases
under certain transformations of initial populations. Following the same idea, in 4.2.2
we are able to show the equivalence between Case 4 and Case 5. However, Case 6 can
not be transformed into Case 4, due to the complexity of the two relations (4.21) and
(4.22). This leads to the study in Chapter 5 about the existence, characterization
and uniqueness of optimal control for Case 6.

From considering the six cases of order of events, transformations show that
analysis and necessary conditions only are needed for three cases. The other three

cases can be obtained from those three cases.
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Chapter 5

Study of Case 6: Harvest, Growth

and Dispersal

We now consider a model with the order of events being harvest, growth and dispersal.
We consider the harvest of the following integrodifference model with concave

growth function:

Nea(z) = / Bz, ) F((1 — a0 Ni(y), 9)dy.

fort=0,1,---,T —1.

Here f is twice differentiable in V;(y) and measurable in y. For almost all y,
Ofw (Ny(x), x)
ON

f(-,y) is nondecreasing and concave in the N variable, is decreasing

and nonnegative, and
f(Ni(y),y) =2 0, forall Ny(y) >0,y €,

If(Ni(y),y)| < C\ < oo, forall 0< Ny(y),y € Q.

We assume that for almost all y, f(-,y) is Lipschitz continuous in L?(£2). We also
assume that the partial derivatives, fu (Ny(x),z) and fyw (Ny(z),z) are both L
bounded for any N € L>(2). Here fy and fyw denote the first and second partial

derivatives of f(-,y) with respect to the first variable.
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The assumption for the initial population is Ny € L*(2) and Ny(z) > 0. The
control set is defined as U = {« € (L‘X’(Q))T|O <oy(z) <M,t=0,1,...,7—1} for
M < 1. Given « € U the corresponding state N = N(«) satisfies

0 < Ni(z) < Crivg)s

where C(y,) is a constant that depends on the growth function value at Nj.

The kernels are bounded and measurable such that

for all z € Q and 0 < k(z,y) < ky for (z,y) € Q x Q.

We define the objective functional as:

sa) = 3 [ P Ants) Nlohdy - SV o)y

Here J represents the profit, which is the discounted revenue stream less the cost of
the control, where the coefficient where A, is the price factor and e~ is the discount
factor with 6 > 0. We assume the cost of harvesting is a nonlinear function V', and

assume that the C? function V : [0, M| — R is increasing and convex with
V(@) >b>0

for all a in [0, M]. The coefficient B, is a weight factor that balances the two parts
of the objective functional. The coefficients, A; and B, are both positive numbers
for any t =0,1,--- , 7 — 1. All other assumptions are the same with previous linear
cases.
We seek a* € U such that
Ja = max J(U)

acU
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5.1 Existence of an Optimal Control

First we prove the existence of an optimal control using a convex combination

technique from [52].

Theorem 5.1. There exists an optimal control o in U that mazimizes the functional

J(a).

Proof. Let {a™} be a maximizing sequence for the objective functional J in (2) and
N™ = N(a™) be the corresponding state sequence. From the bounded assumption on
control, state, and f(N), the sequences {a"} and f((1 —a™)N™) are L bounded.
Then there exists a* € U and F' € (LOO(Q))T such that on a subsequence, we have

the following weak convergence,
o —af in L*(Q),t=0,---,T -1,
F((1=a})N['(y),y) = Fily) in L*(Q),t=0,-- , T - 1.
Thus for almost every x € €2,
Nia(z) = /Q/f(x,y)f((l — )N (y), y)dy — /Qk(%y)Ft(y)dy (5.1)

forany t =0,--- , T — 1.
From dominated convergence theorem, the pointwise convergence above becomes

strong L? convergence, i.e.,

/Qk(x,y)f((l — o )N{'(y), y)dy — /Qk(x,y)Ft(y)dy (5.2)

strongly in L?(Q), for any t =0,--- , T — 1.
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Let Nj = Ny, and
Nia(a) = [ ko) F)dy

fort =0,---,7 — 1. Then from (5.2) we know that
N[ — Ny

strongly in L?(Q), for any t =0,--- ,T.
Given Nj = Ny = Ny(a*), we want to show by induction that Ny (o) < Nyjq (o)
holds for any t = 0,---,7 — 1 and any o € U, with the induction assumption

Ni(a) < Ny(a*). ie., we want to show that

/Q ke, y) Fily)dy < / B, 9) F((1 - o) Ni(a), y)dy (5.3)

Q

forany t =0,---, 7T — 1.
From weak convergence of {af'} and strong convergence of {N/'}, and the L™

boundedness of both sequences, we have
(1 —af )Ny = (1 — )N}

weakly in L?(9).
Mazur’s Theorem [52] gives us that there exists constants 37, j =n,--- ,my,, such

that:
25?217 n:1727"' )
j=n

6;1207 TL:].,Q,"', j:na"'7mn7

Zﬂ?(l —a)N} = (1 —a})N; strongly in L*(Q). (5.4)
j=n
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From the concavity of f(-,y), we have
S5 [ k) (- )N ). )iy
j=n
< [ Mg O 510~ NI )iy 55)

j=n
From the Lipschitz Continuity of f(-,y) in L*(Q), we have
/Qk(x,y)f(in: Bj (1= a?)Ni (), y)dy — /Qk(:v,y)f((l — af)N{ (y),y)dy,
j=n
almost everywhere for z. Also from (5.1),

/Q Bz, y) F((1— )N (), y)dy — / k(. y) Fi(y)dy

for almost every x €  and any t = 0,--- ,T — 1. Thus a convex combination of
the left hand side sequence also converges to the right hand side function for almost

every x € Qand any t =0,--- ;T — 1. i.e.,
S g / K, 9) F(1 — o) Ni (y), y)dy — / k(z, 9) Fi(y)dy.
j=n /9 Q

for almost every x € Q and any t =0,--- , T — 1.
From (5.5), (5.6), and (5.6), we conclude that

/Qk‘(év,y)Ft(y)dy < / k(z,y) f((1 = a7) N/ (y), y)dy. (5.6)

Q

for almost every v € Q and any t =0,--- ,T — 1.

Induction Hypothesis N () < Ny(a*) and f being an increasing function gives

| K (= N @y < [ B £ = a))Nke) )y (57

Q
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So we have

Ni () = Ak(w7y)Ft(y)dy < /Q/f(%’y)f((l — af)Ni(a”), y)dy = Nepa(a”)(x)

(5.8)
for almost every x € €2 and any t = 0,--- ,T — 1, which completes our induction
proof.

The weak convergence of o} and strong convergence of N, gives
[ ety — [ e aniw)n; o)y (5.9)
Q Q

strongly in L?(Q2). The weak convergence of af leads to the lower semicontinuity

result for V(a}'), thus

/Q By (o (y)dy < tim inf %V(a?’(y))dy- (5.10)

2 n—oo  Jq

So we have

T-1

> lim > /Q e A (y) N (y)dy — %V(Oé?(y))]dy

t=0

= lim J(a"), (5.11)

n—oo

which shows a* is an optimal control. O]
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5.2 Characterization of an Optimal Control

Theorem 5.2. We again differentiate the maps o — N(a) and o — J(«) to obtain
our characterization.
The mapping o € U — N € (L>°(Q))T is differentiable in the following sense:

Ni(z) = Ni(z)

€

— ()

weakly in L?(Q) as € — 0 for any o € U and | € (L>=(Q))T such that (o +€l) € U
for € small, where N = N(a + €l). Also v, depending on N, o and l, satisfies:

Vi () —/Qk(x,y)fw((l—at(y))Nt(y%y)(—lt(y)Nt(yH(l—at(y))wt(y))dy (5.12)

wo(l') = O

fort=0,1,--- T — 1, where fy stands for the derivative of f(-,y) with respect to
the first variable.

Remark 5.3. Since the sensitivity function depends on N, « and I, we can use
(a, N(a),l) to denote the directional derivative of N(«) along vector | with respect

to «.

Proof. In the proof, we omit the independent variable y in order to shorten the

expressions, as long as no ambiguity exists. For instance, we use «; for ay(y), I; for
li(y), Ny for Ny(y), and so on.

Consider the control-to-solution map: a — J(«).
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Let N¢ = N(« + €l), then

N (z) Z Niyi(2) /Qk<x’ y)f(<1 — 0 — dt)Nt? —f((1 - at)Nt)dy
= [ { e 0RO 0D
ST = a)N) = f((1— o) Ny)

L (P Th
(1= a0 =),

Using N§j = Ny we get
Ni(z) = Ny(z).

For t = 2,
:/k‘ ]_—041 —Ell)N€> f<(1_a1)N1)dy
Q €
:/Qk { (e Ellllefl)N—f Fla- WE)( LN
F((1=an)N5) = f((1 = a1)N1) (1 — aq) (N — Ny)
+ 1 —a)(Ns — V) ; dy
e e
Q 1V

From the boundedness of N; and Lipschitz Continuity of f(-,y) in L*(2), we have

|N§(fﬂ) — Na(2)

| < Cy  forall z € Q.
€
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For t = 3,

Ng(x) — Ng(ﬂf) :/ k‘(fb, y)f((l — Qg — 6l2)N26> — f((l — ag)Ng)dy
€ Q €
- F(1— s — el)Ng) — f((1—a0)Ng)
_/Qk;(x,y)[ Y (—I2Ny)
F((1 = a2)N5) = f((1 = ag)Na) (1 — an)(Ns — N)
T i) - M) e w
From the boundedness of N, No(@) - - No(z) and Lipschitz Continuity of f(-,y)

in L?*(2), we have
N3(z) = N3(z)

€

| < C3  forall z €.
And then by iteration,

Ni(z) = Ni()

€

|<C, forallzeQt=1,2,---,T.

From the a priori estimate, we have

Ni(x) = Ni(x)

€

—hy(z)  weakly in L*(Q).

Ni(z) — N,
Similarly as in Theorem 1, by iteration, we have (@) () converges
€

pointwise, and also strongly in L?. which gives us the existence of ¢ € (L>(Q2))7 !

such that
wo (l') = O

and

J((1—ar — ely) Nf) = f((1 — o) NY)

Qk:(x,y) el N? (—1:Ny)
ST =) N;) = (1= o) Ny) (1 — ) (Nf — Ny)
T e - W
— / z,y) fw (1= )N, [(1 — )by — LN dy. (5.13)
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Passing to the limit, we get

Y (z) = /Qk‘(w,y)fw((l — () Ne (), ) [(1 = ()¢ (y) — L Ne)dy,

fort=20,---,T. O

Now we differentiate the map o« — J(«) to obtain a characterization of an optimal

control.

Theorem 5.4. Given an optimal control o and corresponding state solution N* =

N(a*), there exists a solution p € (L°°(Q))T satisfying the adjoint system:

pi(@) = fiw((1—af(2))N; (2)) (1 - aj_y(2)) /Q p(W)k(y, z)dy + e~ A ya (x)
pr(r) = 0 (5.14)

wheret =T,---,2,1. Furthermore, fort=0,1,2,--- T —1;

2

V(07 @) = 54— i (1= i@V @) | e palolbly. 2)dp)N; @)

on the interior of the control set.

Proof. Let a* be an optimal control (which exists by Theorem 1) and N* = N(a)
be the corresponding state. For variation [ with (a* + €l) € U for € > 0 sufficiently
small, let N be the corresponding solution of the state equation. Since the adjoint
system is linear, there exists a solution p. We compute the directional derivative of

the functional J(«) with respect to « in the direction [ at o*. Since J(a*) is the
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maximum value, we have

J(a* +el) — J(a*)

0> lim
e—0t €
=1 B
=1 — —ot A * NE _t *
eir(%; 6{/96 [Ai(a; + €ely)Ni (y) 5 V(e + €ly)]dy

- [T AN )~ Ve ”dy}

T—1
N¢(y) — N B V(a} —V(a;
— lim Z/ e—ét [Ata: t(y) t(y) +AtltrN§(y) _ 7tV(Oét +€lt) V(Oét)]dy
t=0 €

e—0t €

T—

1 T-1
= / e A (y)thu(y)dy + Y / e~ AN} (y)dy
0 /% t=0 /9

T-1
By

-3 [ Svianitay
t=0 7
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We use the coefficient of the 1); term as the non-homogeneous term in the adjoint

system and transform that term:

/ e A ()b () dy

t=0 v

-y /Q[pt(y) — fw (1= o (y)) N/ () (1 —a?(y))Apt+1(x)k(x,y)dx}wt(y)dy

= Z/th(y)wt(y)dy

-y / Fur (1= a2 () Ve () (1 — 0 () (w) / P (@k(z,y)dedy  (5.15)
_ Z /Q Pran (1) (y)dy — /Q pr(y)r(y)dy + /Q Po(y) o (y)dy

- Z / pale) [ (0 = QN )1 = i) k(o)

Y / pea@)iben(e) = [ v (1= i) )ke,n)(1 = i) es()dslda

= /me(ﬂf)[—/ﬂk(w,y)fw((l—af(y))Nt*(y))lt(y)Nt*(y)dy]dx,

where we used pr(z) =0, o(z) = 0, and the sensitivity equation (5.12).

Substituting out for the first term from our quotient calculation,

T-1

0> / P (@) / k() for (1 — 0} () N7 (1) (0) N (9) )
+i/965t14tlt y)dy — Z/Qe& - V' (@)hdy

Vi(af) ()]l (y)dy. (5.16)
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For any t =0,1,--- ,7 — 1, on the set {x : 0 < o (z) < M}, the variation [; can
be taken with support on this set, and have any sign, because the optimal control
can be modified a little up or down and still stay inside the bounds. Thus on this

set, the rest of the integrand must be zero, so that

* 2 * * *
V(a7 @) = 54— fir (1= i @) @) | e pealolbly. 2)dp)N; @)
on the interior of the control set. O
Remark 5.5. In the simplest case, if V is a quadratic function as V(o) = o?

(the coefficient of o? could be included in B;), then the characterization result before

imposing bounds could be written as:

1

i@) = 5

(A4, - / e prer () fur (1 — 07 (2)) N7 (), 2) k(y, 2)dy) N} (2).

5.2.1 Uniqueness Result

We obtain uniqueness of the optimal control under the assumption of a quadratic

cost V = %az and largeness of the cost coefficients, B;.

Theorem 5.6. If B;, t =0,1,--- ,T—1 are sufficiently large, then the optimal control

1S UNique.

Proof. We show uniqueness by showing strict concavity of the map:
aclU— J(a)
The concavity follows from showing for all a, [ € U, and 0 < € < 1,
g'(e) <0
where g(e) = J(el + (1 — e)a)) = J(a + ¢(l — a)).
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For convenience we denote

Ny =N(a+e¢e(l —a))

fort =0,1,--- ,7T — 1, and similarly

N = N(a+ (e+7)( - a)),

fort=0,1,---,7T — 1.

First, we calculate

Ja+(e+7)(l—a)) —J(a+el—a))

o
gle) = PL% T
T—1 1
= I ; - /Q e~ Ayon + (e +7)(le — on) ) Ny

_ /Q @‘”%(at + (e+7)(ls — o)) dy

_ /Q e [ Ay(oy + €(ly — ay)) Ny — %(O‘t +e(ly — ar))*]dy)

2
-1 e+T Ne
= 71}5}%20/9 6t[At(at+€(lt —Oét))f‘i‘/lt(l t)N;—H—
B,
—?T(Zt — Oét) — Bt(ozt + G(Zt — Oét>)(lt — Oét)]dy

_ Z/Qe (A + el — a))t + Ayl — ay)Neldy

— /Q e " By(oy + e(ly — ay)) Iy — o) dy.

Remark 5.3 indicates that the directional derivative of N(a+¢€(l—a)) along vector
l—a with respect to a+€(l—a) is Y (a+€e(l—a), N(a+e(l—a)),l—a). For convenience
we use the following notation

v =vYla+e(ll —a), Na+el—a)),l—a),
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and similarly
VT =Yla+ (e+ 1) — ), Nla+ (e+ 7)1 — a)),l — ).

Later in the proof, we omit the independent variable y in order to shorten the
expressions, as long as no ambiguity exists. For instance, we use oy for ay(y), I, for
li(y), Ny for Ny(y), and so on.

From Theorem 5.2 we obtain

N — N
St T oyfas T 0
-

with

Wi () = / Fur (1= (0 + el — )N k(s ) [(1 — (e + el — )Y
— (Iy — o) Nf]dy (5.17)
i (x) =0.

Similarly,

¢(x) = / Far (1= (@ + (e 4+ 7) (I — )N ) (e, )
(1= (s + (e+ 1)l — ap)))s™™ — (I — at)Nf+T]dy (5.18)

() =0.

Estimate ¢§(x) in terms of [ — o by boundedness of fyy:
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5 (2)] =‘Aﬁﬂﬂ—0m+d%—%mN®M%w%—aMW@
§D1/Q|lo—040|dy>

|@@n:=y/ﬁwu—«n+dh—m»m®uaw
Q
(1= (o 4+ €(ly — ar))v] — (I1 — oq) Ni]dy|

SDQ(/|l0—040’dy+/‘ll—061|dy>,
Q Q

and continuing to estimate, we obtain

t
Vi (@)| < Den Z/Q |li — ci| dy,
=0

where the sequence D, does not depend on e.

Given (5.17) and (5.18), to get the second derivative of g we show the boundedness
VT )~ i (@)

T

1 (2) — Y5 (2)

T

= [ A= ae = (e )0 = )N k()
(1 —ap = (e+7)(l — a7 — (I — ) N |dy
~ [ (== elli = )N k(e
(1= — €(ly — az)); — (It — ) N{ldy

= )1 = o= e = a)Qudy

—Akwwmwﬂ—ar%vwﬂh—%mNﬁﬂw—mWﬁwy
—/k@er%MQﬂ%
Q
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where (); stands for the quotient

Jw (1= oy — (e +7)(le — ) )NFT) T — fur (1 — o — €(ly — ay)) ) NE) U5

T

and )y stands for the quotient

S (U= ar = (e + 1)l — ) ) NTTT)NET — fi (1 — ay — e(ly — Oét)))Nf)Nf‘

T

w (L= = (e+7)(le — o)) NETT) — fur (1 — o — €(ly — ) NY) | ™™

Jw (1= o — €(ly — o)) )N U™ — fur (1 — o — €(ly — o)) ) N§) s

_l’_
Jw (U= — (e+ 1)l — a)))NETT) — fur (1 — i — e(l — a0)))NTT) peHT
Jrfw((l —ap —e(ly — a)))NT) = fur (1 — ap — e(ly — ay)))Nf) e

;LT — Uy

—l—fw((l — oy —€(ly — Oét)))NtE)

Sw (M=o = (e+7)(l — ) )NFTT) = fur (1 — o — €(ly — o)) )N;T)
—7(ly — )

[ =l — )Y ]

+fw((1 — oy —€(ly — ) )NTT) — fwr (1 — i — e(ly — o)) NY)
(1 =y — e(ly — o)) (NS = Nf)

*(1 — oy —e(ly — ) (N7 = NY) o

T

A
+fW(<1 — oy —e(ly — at)))Nte)fv
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fw (L= = (e+7)(ls — )))NETT) — fur (1 — o — €(ly — ) ) NF)|N;HT

Jw (1= — e(ly — o)) NE) N — fur (1 — . — e(ly — o)) ) N§ ) N§

_l’_
o fw((U == (e+ 1)l = a)))NTT) — fr (1= ap — e(ls — ) ) NETT) et

Jw (L =y = e(ly — a)))NTT) = fur (1 — ay — e(ly — au))) V) et

+
T

€+7 €
(1 =y = elly — ag)))Ne) V= NE

Jw (L= ar = (e+7)(ls — ) )NT) — fur (1 — e — e(ly — ) ) NFFT)

—7(ly — o)

#[—(l; — ar) N{ 7]

Jrfw((l — oy —€(ly — ) )NTT) = fw (1 — g — e(ly — o)) NY)
(1= —e(ls — o)) (N7 = Nf)

Lo —ell — ay)) (N7 — INY)

T

+fw (1 — o — e(ly — ay)))Ny)

e+T7
Nt

NtE—‘F’T - NtG
- .

We can get the boundedness of (5.19) and (5.19) from the boundedness of N, vy,
P (@) —f(x) NT(x) — Ni(z)

T T
Thus (5.19) and iteration leads to the following boundedness:

and Lipschitz continuity of f(-,y) in L*(Q).

e+1 )€
| (z) wt(x)|§Et forallz € Q,t=1,2,---,T,
-

where the sequence E;,; does not depend on 7 or e.

From the a priori estimate, we have the existence of o¢ € (L°°(2))"*! such that

P () — Yi(x)

T

—of(x)  weakly in L*(Q), as 7 — 0,
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where

ﬁH@):(AM%MU—%—dh—%DOMMO—%—dh—%WW)
#[ = Ni(ly — ) + (1 — cp — €(ly — ozt))(wi)Q]
+mmu—%—wramwa@

— | bl (1 = a0 = elle= @) NE) (0 = s
— /Q k(x,y)(l; — o) <fWW((1 —ay —e(ly — ozt))Nf)
[ = (I — ) (N9)* + (1 — oy — e(ly — ) )i Nf]
i (1= 0 — e~ ) V7)) dy
oy(z) =0
for t =0,1,---, T — 1.
Now we obtain

T-1
g9"(€) = Z/ 6_6t[2At(lt —a)y + Ay + €(ly — au))og — Bi(ly — a;)?)dy.
=0 /€

We now use an iterative method to estimate of,, in terms of (I — ay)?, k =

0,1,--- T —1:
t—1
/WﬁMyéﬂ}j/X@—aw%%
0 = /o

where the sequence of constants F;,; does not depend on e.

First, using 0§ = 0 and 95 = 0, we obtain

o1 ()] =

S Fl/ ’(lo — Cko)‘Qdy.
Q

/Qk:(x, y)(lo — o) (N)? frw (1 = ag — e(ly — ag))N{ ) dy
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Then we have

|o5(2)] =< Ly

/(ll — Oél)ﬁdy‘ + Lo / (¢§)2dy’
Q Q

/Uidy‘ + Ly /(h —al)zdy‘

Q Q

§F2(/|(ll—041)’2dy+/|(lo—040)’2dy),
Q Q

+ Ls

from

o5(z) = /Qk(%y)(l —ay —e(lh — ay)) (fww((l —ay — €(ly — an))NY)
#[ = Ni(lh—an)f + (1 —ay —e(ly — 041))(%)2]
(1 a1 = ey = )Nt ) dy

_ /Q k(z,y) fw (1 — ar — e(ly — aq))NY) (I — aq)bidy
N /Q k(z,y)(l — ou) <fWW((1 —ap —e(ly — 1)) Vi)

#[ = (= a) (V) + (1 — oy — e(ly — o)) Ny]
+fw (1 —on —e(ly — al))Nf)ﬁ) dy.

where Ly, Lo,L3 and F) are constants that does not depend on e.
Continuing the iteration, we can get the estimate for oj.

Using the estimates,

~

-1

¢"(0) <3 (H - By / (I, — on)?dy,

t

Il
o

which gives the desired concavity for B,’s sufficiently large. Here H is a constant that

does not depend on e. O
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5.3 Conclusion

This chapter completes the analysis and characterization results for Case 6 of the
order of events. We now have completed control results for all six cases. Whatever
order a manager would choose to use in harvesting a particular species, the optimal
control analysis is available for all possible orders. These techniques could also be
extended to harvesting of an invasive species using an objective functional to minimize

the population and the cost of harvesting controls.
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Chapter 6

Investigating Optimal Vaccination

Strategies in a Cholera Model

6.1 Introduction

Cholera is an intestinal infection that is caused by the bacterium Vibrio cholerae
and can lead to death in its untreated victims within hours. The main symptoms are
profuse watery diarrhea and vomiting, with severe cases leading to rapid dehydration.
Cholera is primarily spread through the consumption of feces-contaminated drinking
water or food, and the majority of infected individuals can be treated successfully
with oral rehydration salts, with more extreme cases requiring intravenous fluids [42].
There is a huge discrepancy between the cases of cholera that are reported annually
worldwide (around 200,000) and the actual number of infected people (3 - 5 million),
as well as the reported (4000-6300) versus actual (more than 100,000) deaths due to
cholera [42].

Cholera is a disease that affects communities with lack of sanitation and poor
infrastructure, and thus long-term solutions would involve improvements in water

supply, sanitation, and food safety. Current vaccines have improved efficacy and
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safety and as such are being considered as valuable tools to be used along with
measures that for clean drinking water and food [4].

In 2001, Codego formulated an ODE cholera model which considered the interplay
between infected humans and the concentration of cholera bacteria in the surrounding
environment and the resulting disease dynamics [10]. Then Merrell and Butler
reported that freshly shed cholera bacteria from human intestines are as much as
700 times more infectious than bacteria shed only hours previously [37]. For this
pathway of infection, Hartley et al. [18] proposed a model with hyperinfective vibrios
introduced into the water reserves by the infected people in the population; that
new model explained the frequent explosive nature of the disease due to the human
contribution to the environment [40].

King et al. [24] proposed a two-patch cholera ODE model including classes for
‘mild” infections and waning immunity. Miller Neilan et al. [39] studied optimal
control of three strategies to slow the spread of the disease in ODE model with
hyperinfectious vibrios, asymptomatic infecteds and waning immunity. That work
considered antibiotic treatment as one of the controls, as well as sanitation and
vaccination. In the 1990s, Angola cleaned up all strains within 1 year but antibiotic
resistance caused serious problems in the following year. Thus antibiotic treatment
is no longer considered in this model. Furthermore, since oral rehydration is given
to everyone, the variable for oral rehydration combined with antibiotic treatment is
eliminated. There is another modeling approach with a compartment for pathogen
level in the water; this SIWR system of four ODEs was used to simulate cholera in the
19th century in London [48, 49]. A recent review of cholera transmission by Nelson et
al. suggests that questionable parameter assumptions in previous models, including a
high assumption of the percentage of asymptomatic infections, can affect from model
results. The work also states that future models should consider decay rates from
protective immunity and seasonal variation [40].

We combine the key ideas of asymptomatic infecteds, hyperinfectious vibrios

and optimal control from [10, 24, 39]. We seek to develop insight in this work
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by including a new mechanism for tracking protective immunity, and a concern
for how parameter assumptions influence model outcomes with an exploration for
how vaccination might optimally be distributed in a population. In Section 6.2
we present a model which includes two classes of susceptible humans, with and
without partial immunity, which are then infected at differing rates as symptomatic
or asymptomatic in infection. The model allows for waning of protective immunity
to differ in the population depending on whether an infection was with our without
symptoms [24, 40]. Additionally, the model uses the assumption that hyperinfectious
cholera bacteria contribute to the dynamics of a cholera outbreak [18, 37]. Our focus
is to investigate the effect of model assumptions on optimal vaccination schedule,
and to determine the sensitivity of potential policy advice to the hidden dynamics of
cholera that may not be easily measured, especially in the affected areas that typically
have poor infrastructure. Because vaccination implementation would require at least
a rudimentary infrastructure, the model assumes that all individuals suffering from
symptomatic cholera would be given oral rehydration therapy, and thus we assume a
low death rate of infected individuals.

In particular, in Section 6.3 we investigate the sensitivity of the model to its
parameters through a Latin Hypercube Sampling (LHS) analysis. In Section 6.4 we
derive the basic reproductive number corresponding to the new model. In Section 6.5
we introduce the optimal control problem: we seek to simultaneously minimize the
human cost of disease as well as the financial cost of vaccination. We establish the
existence of a solution to the optimal control problem and we characterize the optimal
solutions. We consider various numerical simulations of the optimal control problem.
We analyze the effects of the choice of weights between human cost and vaccination
cost on optimal control advice, and then turn our attention to populations which share
similar visible infection rates, but whose underlying dynamics differ in the choice of
the certain parameters. Do the disease dynamics that we cannot easily observe change
the advice of the amount and duration of the optimal vaccination strategy? We also

vary the parameters found to be most sensitive in our LHS analysis.
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6.2 Description of Cholera Model

Susceptible humans are divided into two classes, susceptible humans S without
partial immunity and susceptible humans S that have gained partial immunity
either genetically or from previous infection. For susceptible humans without partial
immunity, a proportion p of possible infections will become symptomatic, while
for susceptible humans with partial immunity, infections are always asymptomatic.
Humans recovered from asymptomatic infection and symptomatic infection are
distinguished as R4 and Rg. We introduce a control v and a vaccinated class V'
into which all susceptible individuals can be sent directly.

As suggested by Nelson et al. [40], our model considers the rates at which various
types of protective immunity are lost. We assume that individuals in R4 who have
recovered from asymptomatic infections return at rate w; to the partially immune
class S, and that individuals recovering from fully symptomatic cholera, those in the
Rg class, also wane to the partially immune class S but at a slower rate wy. We assume
a very slow waning from the partially immune class S into the fully susceptible class
S with rate ws. We assume as well that vaccination wanes at rate wy into the fully
susceptible class S. In the current model, By, and By represent the concentrations of
non-HI and HI vibrios in environment.

The nine ODEs of this cholera model with corresponding initial conditions are

shown below, with notation and parameter descriptions given in Table 6.1.
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s By (t) By (t)
o _[BL—KL+BL(15) BH—KH—FBH(t)}S(t)

+b(S(t) + 8(t) + Is(t) + Ia(t) + Rs(t) + Ra(t) + V(1))

—dS(t) + wsS(t) + wiV(t) — vS(t)

dlg Br(t) By (t)

o = PP s s Ba) o
—dIs(t) — v2Is(t) — eals(t)
dRs
— = —dRs(t) + vols(t) — wyRs(t)
% = - [BL/@LZ—T—L—SZ(IS) + BH@?LH—E(;ZI@)}S(IS) - dS’(t)
—wgg(t) —+ wlRA(t) + w2RS<t) - VS(t)
—y114(t) + (1 —p) [ﬂLmiL—gz(t) + BHwiH—J}(Q(t)]S(t)
% = —dRa(t) + i la(t) — wiRa(t)
% — w(8(t) + 5(t)) — waV (1) — AV (2)
d% — mLa(t) + mls(t) — XBult)
% — XBu(t) — 6B.L(t)

with initial conditions

S(0) = Sp, S(0) = Sy, I5(0) = Iy, 14(0) = I4,, Rs(0) = Rg,, R4(0) = Ry,

V(O) - Vb, BL(O) - BLoa BH<O) - BHO-
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Table 6.1: Notation assigned to parameters

Notation | Description

So Initial number of susceptible humans

So Initial number of susceptible humans with partial immunity

1 A0 Initial number of asymptomatic infecteds

Iso Initial number of symptomatic infecteds

R a0 Initial number of recovered humans (asymptomatic)

Rso Initial number of recovered humans (symptomatic)

Vo Initial number of humans with vaccinated immunity

Bro Initial concentration of non-HI vibrios in environment

Buyo Initial concentration of HI vibrios in environment

P Probability of infected individual without partial immunity
originally to be symptomatic

Br Ingestion rate of non-HI vibrio from environment

Bu Ingestion rate of HI vibrio from environment

KT, Half saturation constant of non-HI vibrios

K Half saturation constant of HI vibrios

e1 Cholera-related death rate for asymptomatic infecteds

€s Cholera-related death rate for symptomatic infecteds

o2 Cholera recovery rate (asymptomatic)

Yo Cholera recovery rate (symptomatic)

w1 Rate of waning cholera immunity from asymptomatic infecteds to
susceptible humans with partial immunity

Wo Rate of waning cholera immunity from symptomatic infecteds to
susceptible humans with partial immunity

w3 Rate of waning cholera immunity from susceptible humans without
partial immunity to susceptible humans with partial immunity

Wy Rate of waning cholera immunity from humans with vaccinated
immunity to susceptible humans without partial immunity

M Rate of contribution to HI vibrios in environment by asymptomatic
infecteds

Mo Rate of contribution to HI vibrios in environment by symptomatic
infecteds

X Transaction rate of vibrios from HI to non-HI state

) Death rate of vibrios

v Rate at which susceptible and asymptomatic infecteds are vaccinated
on day

b Natural birth rate of humans

d Natural death rate of humans
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6.3 Parameters and Latin Hypercube Sampling
Analysis

In modeling cholera, we have many unknown parameters, and a limited amount of
data to determine if our parameters and model structures are appropriate.

King et al. [24] point out that the effect on the epidemic dynamics from so-
called “inapparent infections” may be an important factor in explaining the pattern
of outbreaks. The immunity from an asymptomatic infection most likely lasts
a significantly shorter period of time than does the immunity from symptomatic
infection, which indicates w; << wq. More recently, Nelson et al. [40] suggests that
the very high rate of asymptomatic infecteds in [24] that work maybe significantly
higher than current studies suggest. Nelson et al. report the symptomatic rate
across age brackets in Bangladesh is about 57%, contrasting much lower rates for
symptomatic infections in the same region in the 1970s. Indeed, the World Health
Organization factsheet for cholera reports that the only 25% would be expected to
show symptoms [1], while the Centers for Disease Control and Prevention states
on their General Information page for cholera that only 1 in 20 people would show
severe symptoms [7]. Thus, values for the parameters p, and in turn w; and ws, the
proportion of symptomatic illnesses from the S class, and the waning asymptomatic
and symptomatic recoveries, respectively, are clearly in doubt. The choice for values
of p is additionally complicated by our model structure which seeks to explain some
proportion of asymptomatic illness through the process of gaining partial immunity
through recovery from disease. The vaccination rates are based on work of Legros
et al. [30]. In areas without infrastructure we might see 1 — 2% but in areas with
infrastructure, such as a refuge came, we expect up to 4% daily. We choose ranges for
the death rates from symptomatic and asymptomatic illnesses based on potential
case fatality rates and an assumption that while we would expect no deaths to
result directly from an asymptomatic infection, we do suspect cholera could be a

confounding element in seemingly-unrelated deaths. From the year 2007 to 2008,
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globally, the majority of countries reported an overall CFR > 1%; the CFR was
< 1% in 9 countries, it ranged from 1% to 4.9% in 22 countries and in 5 countries it
was between 5.5% and 14.3% [12]. Here we use a CFR of 4%. A recent cost analysis
by Jeuland [20] assumes the length of illness is 2 - 8 days, combining with the work
of Nelson et al. [40], we assume y; = 0.5 and 75 = 0.2. ey, the cholera-related death

rate for symptomatic infecteds is calculated from:

e1 =In(l1 —CFR) %7, ea =In(l —CFR) * .

We choose the waning rate for vaccination and partial immunity to be w3 = wy =
1/(10 % 365), deduced from a mathematical model by [25], suggesting a 10-year-long
period before the immunities completely wane out. We also assume w; = 0.01, wy =
0.0022, according to the work by King et al. [24].

We use estimates consistent with Hartley et al.[18] and Codego [11]. The half
satuartion constant for non-HI vibrios ry, is estimated to be 10% cells/ml. According
to laboratory experiments, when inoculated into the intestines of mice, freshly shed
Vibrio cholerae greatly outcompete bacteria grown in vitro, by as mush as 700-fold.
So for HI vibrios estimations, we assume the ratio of saturation constants for non-HI
vibrios and HI vibrios is 1 : 700. i.e., kg = 103/700 cells/ml. Freshly shred Vibrio
cholerae stay at a hyper-infectious state for approximately 5 days, and then reduce
to non-hyper-infectious vibrios. Average lifespan of the non-HI vibrios is around 30
days. Thus we set y =1/5 = 0.2, and 6 = 1/30.

There are several other parameter values whose values cannot be expected to be
known independent of the intuition gained from model simulation. One is the contact
rate [; of humans with less-infectious bacteria, and the proportion r of that rate
which we expect to describe contact with hyper-infectious bacteria. Prior attempts at
describing contact rate have depended on quantifying the amount of water consumed
by an individual in a day, and assuming that the only contact with cholera bacteria is

through ingestion of drinking water [18], but it is well understood that contact with
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cholera bacteria can actually occur through contact with contaminated household
items [40]. While we think loosely of the environmental reservoir of bacteria as
inhabiting a literal reservoir of water, the true picture is actually more complicated
and difficult to quantify. In addition, it is also difficult to quantify the contribution of
humans to cholera contamination in the environment. We can quantify the shedding
rate of symptomatic and asymptomatic humans, but how much of the shedding
actually makes it into the environmental reservoir, and what is the volume of that
reservoir remain in question. In fact, we can only quantify the the difference in
shedding between the humans [40]. But numerical results in Section 6.6.2 illustrate
that for parameter sets with different 3, n, and S; values, even though the population
dynamics underneath might be different, as long as the Infection Rate remains on the
same level, the optimal control strategies will be almost identical to each other.

We analyze parameter sensitivity by using the Latin Hypercube Sampling (LHS)
scheme (Marino et al 2008; Blower and Dowlatabadi, 1994). This scheme estimates
the uncertainty of a parameters by treating each parameter as a random variable
and defining a probability density function for it using a biologically realistic range
(see Table 6.2). The n sampled values for each parameter are then randomly chosen
and the model is simulated. We run our simulations for 180 days and calculate three
outcome measures for each run: Total Infecteds, Total Symptomatic Infecteds, and
Maximum Number of Symptomatic Infecteds, respectively. Here “total infecteds”
refers to the accumulated total of all individuals who have entered either of the
two infected classes, and “total symptomatic infecteds” refers to the accumulated
total of all individuals who have entered the symptomatic infected class. For each
parameter, we confirm that the outcome measures are monotone. Subsequently, we
compute Partial Rank Correlation Coefficients (PRCC) and accompanying p-values
to determine the level of sensitivity of each sampled parameter. If, for a given outcome
measure, a parameter has a PRCC value ranging from 0.5 to 1.0 or from —1.0 to —0.5,
along with a corresponding low p-value, then the parameter is considered sensitive

and, thus, deemed to affect that outcome measures significantly were slight changes to
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be made to that parameter during the simulation. Sensitive parameters are selected
for further study in optimal control analysis.

Our simulations show that the outcome measures are sensitive to changes in
parameters p, v2, So and 7. We find that p, the proportion of the infected population
who are asymptomatic; and Sy, the susceptible population without partial immunity;
is significant in determining the total number of symptomatic infected people, as well
as the maximum population size for the symptomatic infecteds. Note 75, the recovery
rate from symptomatic infection, is significant for maximum number of symptomatic
infecteds. Unlike p, Sy and 75, however, [;, which measures ingestion rate of
non-highly infectious vibrio from environment, is significant for all three outcome

measures.

Table 6.2: Sensitivity analysis of the initial model without controls

LHS sensitivity analysis: initial model without control (n = 400, time = 180 days)

Parameters Ranges PRCC
Min Max Total  Total symptomatic Max symptomatic

infecteds infecteds infecteds

w1 0.0098  0.027 0.211 0.015 —0.009
Wo 0.0012 0.0034 —0.021 0.016 0.041
ws 0.00001  0.01 0.109 0.329 0.094
p 0.05 0.15 0.214 0.613* 0.519*
r 0.01 1 0.554* 0.380 0.471
Br 0.001 0.08 0.881* 0.757* 0.808*
e 0.00003 0.0005  0.025 —0.009 0.002
€2 0.0006  0.01 0.005 —0.018 —0.071
" 0.1 0.9 —0.122 —0.034 —0.004

Yo 0.01 0.50  —0.523* —0.348 —0.762*
i 0.001  0.015 0.559* 0.343 0.247
s 1 200 0.533* 0.331 0.233
Bro kr,/500 KL 0.279 0.190 0.301

So 1000 10000  —0.362 —0.767* —0.797*

x Denotes a parameters having a p-value below 0.001.
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6.4 Calculate the Basic Reproduction Number, R

The next generation method, set forth by van den Driessche and Watmough [50],
is used to calculate the basic reproduction number, Ry, which helps determine
whether or not this infectious disease will spread through a population. Consider
the system consisting of all disease-free states to be ordered such that z =
(Ia,Is, By, B, Ra, Rs, S, 5’), and let N denote the total human population before
the disease attacks. The disease-free equilibrium is zq = (0,0,0,0,0,0, Sy, 5}3). New
infections only occur in the first and second compartments. For 1 < ¢ < 8, let
F;(x) be the rate of new infections in the ith compartment, V;"(x) be the rate of
transfer of population, either humans or vibrios, into compartment ¢ by all other
means, and V,” (z) be the rate of transfer of population, either humans or vibrios, out
compartment i. Then V;(z) is defined as the difference V" (z) — V;”(z). Our system
is X! =F, —V,, where i = 1,2,--- 8. The reproduction number R, is the spectral
radius of the next generation matrix, FV =1 where F and V are the components of

the Jacobian matrix corresponding to ' and V for infected components.

We calculate F' and V! below,

0 0 Br(So(1 —p) +So)  Br(So(1 — p) + So)
K K
00 5H§0p 5L§0p
F = KH Ky, )
0 0 0 0
0 0 0 0
1
- 0 0 O
d+ e+ 71 1
0 - 0 0
V_1 _ d + e9 + Y2
m 2 l 0
(d4+er+m)x (d+ex+72)x X
m 12 1 l
(d+er+7)0  (d+ex+72)0 0
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Thus the basic reproduction number is given by

Ro = <771(50(1—P)+Sl) n 1250p ) <5L n B )

d+e+m d+ ey + 7o 0K,  XKH

When Ry < 1, the disease free equilibrium is locally stable. But if Ry > 1, the

infection will be able to spread in a population.

6.5 Optimal Control Formulation and Analysis

We seek an optimal vaccination strategy to minimize both the social loss due to
disease and the cost of vaccination during the time interval. In our model, the social
loss is assumed to be proportional to the number of symptomatic infecteds. The
cost consists of a linear term, measuring the total price of vaccination used, and a
quadratic term, indicating non-linear costs potentially arising at high intervention
levels.

Thus our objective functional is the following,
T A A
J(v) = / {ALs(t)+ Br(t) (S(t)+ S(t) + La(t) + Ra(t)) + C(So+ So)v*(t) }dt, (6.1)
0

where A, B, and C are positive balancing coefficients which transform the integrand
into units of dollars. In the third term, we multiply C' by the initial total population
to balance the size of the three terms.

The vaccination rate v is positive and not more than 1. Thus the control set is
U= {I/ € L>([0,7])]0 < v(t) < Vmaaz,t € [O,T]} for Ve < 1. The optimal control
problem is stated as:

Find v* € U such that

J(v*) = min J(v) (6.2)

veU

subject to the state system (6.1)-(6.1) and initial conditions (6.2).
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Figure 6.1 shows transmissions of cholera disease between seven human population
classes, effected by concentrations of two vibrio population classes in the environment,

while vaccination is enforced.

2

Figure 6.1: Diagram for the Cholera model with vaccination as control.

Using a result in Lukes [35], one can show that given a control, there exists a
unique solution to the state system. The structure of the system gives boundedness

and non-negativity of those solutions.

Theorem 6.1. There exist an optimal control v* with corresponding states (S*, S, I,

IS, Ry, RS, V*, By, By) that minimizes the objective functional J(v) defined by (6.1).

Proof. Since the controls and the state solutions are non-negative, the objective
functional is bounded below by 0 and there exists a corresponding minimizing
sequence v, such that

lim J(v,) =inf.evd(v).

n—oo

93



Given that the controls are uniformly bounded, the state solution sequence
corresponding to the sequence of minimizing controls are uniformly bounded.

That gives uniform bounds on the derivatives of those state solution sequence,
resulting in uniform boundedness and equicontinuity of the corresponding state
solution sequence. On a sequence, the control sequence x converges weakly in L*(0,T)
and the state solution sequence converges uniformly. Passing to the appropriate limit
in the system of differential equations and the objective functional, we can deduce
that the limit of the those sequences are an optimal control and its corresponding

state solutions. O
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The Pontryagin’s Maximum principle [43] is used to characterize the optimal

control. The Hamiltonian is formed as the following,

H =
Alg(t) + Bu(t )(S( )+ S(t) + La(t) + Ra(t)) + C (S + So)v*(t)

L(t) Bp(t)
“5< (18 +B()+5HRH+BH(LL)}

+b(S(t) + Is(t) + Ta(t) + Rs(t) + Ra(t) + V(1)) +wsS(t) + w4V(t)>

_ Bu(t) Bu(t)
HL“'BL( ) /€H+BH(t)

—HleA(t) + ngs(t)>

g (s T )S(0) — (4 + a)is0)

By (t) BH<t>
+A1, <[ﬁLr@L+—B’L(t) tm + Br(t)

H1 =2 e st

+)‘Rs( d—i—(,LJQ Rs(t) +'YQIS< ))

—b+d+v)S(t)

+ Bu | +d+ws+0v)S(t)

+ Bu ]S(t) — (d+ex+7)1a(t)

FAr, (= (d+wi)Ra(t) +nla(t))
Ay (1(S(1) + S(1) — (wa + DV (1))
+Any (mIa(t) + m2ls(t) — xBu(t))
)

—|—)\BL (XBH(t) 5BL(t )

where the \'s are the adjoint variables associated with their respective states. For
example, \g is the adjoint variable corresponding to state S. Since an optimal control
exists by Theorem 6.1, we can now obtain the necessary condition for optimality using

Pontryagin’s Maximum Principle [43].
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Theorem 6.2. , Given an optimal control v* € U, and corresponding states

(S, S.I4,Is,Ra, Rs,V, By, Byr), there exist adjoint functions satisfying

d\s By(t) Br(t)
5 _ _RB Ag — pAre — (1 —p)A
7 v+ [BLKL+BL(IS) +6H/1H+BH(t)}( s — PArg — ( P)AL,)
+(d—b+v)As — Ay, (6.3)
d)g Bp(t) Bp(t)
5 — _RB Ao — A
dt v [BLRL‘f’BL(t) +6H/€H+BH(t)}< s )
+(d 4wz +v)Ag — (w3 +b)As — Ay, (6.4)
d\
dés = —A+(d+ 72 +e2)Arg — bAs — 12ARrs — 2By, (6.5)
d\
d;A = —Bvr+(d+v+e)A, —bAs —Y1Ar, — MABy, (6.6)
d\
dfs = —wydg — bhg + (d + w2) Ars, (6.7)
d\
d};A = —Br— wl)\g — b)\S + (d + Wl))\RAa (68)
d\
d_tv = —wids — bAg + (d + wq) Ay, (6.9)
dABy ki (t) 4
= —_— — —(1— & — AN
- Bt G g (SO = Phis = (L= + S0 = AL)
+XABH - X)\BLa <610)
d)\B /{L(t) A
i = O By (S0 —Phs = (L= p)AL) + S0 — ML)
+0Ap,, (6.11)

with transversality conditions

As =Ag=Ar, =Aro = A, = Aps = Ay =0

att ="T. And this optimal control is characterized by

. ( , (—B(S+S‘+[A+RA)+S>\5+S)\§—(S+5’))\V ))
V" =maz| 0,min = » Vmaz
2C(So + So)

Proof. The differential equations for the adjoints are standard results from Pontrya-

gin’s Maximum Principle [43]. The right hand sides of the differential equations can
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be easily computed by

ds  OH
dt  9S’
d\;  OH
95
d\g  OH
dt — 0lg’
d\, = OH
a — 0ly
d\rs,  OH
dt ~  ORsg’
d\r, _ OH
dt  OR4
d\y  0H
dt v
d\g,  OH
dt 0By’
d\g,  OH
d 0B

The final time conditions are due to the transversality conditions. Because there is
no salvage term in the objective functional, the final time conditions are zero.

The necessary condition for an optimal control v* on the set {t|0 < v*(t) < Vyaa }

is

OH A . .
0= E = B(S + S+ 14+ RA) + 20(50 + SO)V* — )‘S'S — AgS + )\V(S—i- S) (6.12)
Thus we have
e —B(S + S84 I+ Ra) + SAs + Shg — (S + ) Ay
2C(So + 30) .
The necessary condition for an optimal control v* on the set {¢|v*(t) = 0} is
OH A " .
0< - = B(S+S5+La+ Ra) +20(S0 + So)v" = XS = AsiS + M (S + 5). (6.13)
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Since 2C > 0 and Sy + Sy > 0, we have

~

—B(S+ S+ 1Is+ Ra) +SAs +Shg — (S+ 9)Av

= <0.
2C(So + So)

The necessary condition for an optimal control v* on the set {¢t|v*(t) = Ve } 18

H A A .
0 Z %—V = B(S+S+IA+RA)+2C(S()+SQ>V;L&$ —/\gS—A58+Av(S+S> (614)

Since 2C > 0 and Sy + Sp > 0, we have

—B(S+ 8+ I+ Ra)+SAs +She — (S+ S)Av
2C (S -i—go)

Z Vmax .

In conclusion of the above three cases, the optimal control is

A

\ ( . <—B(S+S”+IA+RA)+S)\S+S’/\§—(S+S))\V ))
v' =maz| 0, min ~ s Umaz
2C(So + So)

]

Note the uniqueness result for the optimal control for small time 7" can be obtained
as in [39] using boundedness of solution of the state and adjoint systems and the

continuity in the structure of the differential equations.

6.6 Simulation of an Outbreak

We start with the set of parameters shown in Table 6.3 to simulate an outbreak. Here
we assume a scenario of a refugee camp with an initial population of 10,000, 1000 out
of which have partial immunity. A non-hyperinfectious vibrios population of /100
is introduced into the environment. Figure 6.2 shows the simulation of an outbreak
during a 100 day time period. The basic reproduction number Ry is calculated as

6.096, and the disease will spread in this population.
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Table 6.3:

Base parameters for simulations

Br | .002 day~! Br | .02 day~! kr | 10% cells/ml
kg | kr/700 b 0.03149/365 day ! | d 0.01619/365 day~*
p 1 wi | 0.01 day™* wy | 0.0022 day*
ws | 1/(10%365) day™* | wy | 1/(10%365) day™ |7 | .5 day™*
ro 2 day™* er | .000205 day~! e 0041 day™!
n ’008ml—dacyeﬁimman "2 O'Sml—d;;ﬁ;unLarL X 5 dayil
) 1/30 day™* So | 9000 So 1000
Ty, |0 I, | O Ra, | O
RSO 0 VE) 0 BLO /@L/100
By, | 0 T | 100 day
g 10000 ‘ ‘ . ‘ Tﬁ 120
; g000 | | _g 100 | —— Asymptomatic Infecteds
;_‘5 ‘\ ; sl — Symptomatic Infecteds
5 so00r —— Without Partial Immunity 1=
q) —— With Partial Immunity 5 60
é 4000} |
5 2000 %
u L
5 0 : . : R . . . .
W 0 20 40 60 80 100 0 20 40 60 80 100
Days Days
2500 500
Recovered / Asymptomatic — HI Vibrio

Recovered Individuals

2000

Recovered / Symptomatic
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1500
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Figure 6.2: Outbreak Simulation
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6.6.1 Effect of Weights on Optimal Control

Now we add vaccination as a control and find the optimal vaccination rate. The
maximum vaccination rate is set as 0.04. We choose three sets of the weights in the
objective functional from Table 6.4, to show the effects of varying weights on optimal
control result. Compared to Set 1, Set 2 has a bigger C' value, indicating a larger
quadratic cost and Set 3 has a smaller B value, indicating a smaller linear vaccination

cost.

Table 6.4: Three sets of weights.

A B C
Set 1|1 0.04 |1
Set 2 | 1 0.04 | 2
Set 3 | 1 0251

Figure 6.3, 6.4 and 6.5 show the best vaccination plans and populations in different
classes under control, using the three sets of weights in Table 6.4. We observe declining
vaccination rates in all three cases, and no vaccination is suggested during later period
of time. Figure 6.3 shows a vaccination rate around 0.035 at the beginning of the
time and vaccines are applied during the first 60 days. Both infected populations are
significantly reduced by control, and the number of symptomatic infected individuals
stays at level lower than 5. Figure 6.4 shows that with a bigger quadratic cost in Set
2, the optimal vaccination rate is reduced correspondingly. The initial vaccination
rate drops to 0.025 yet the vaccination period is still around 60 days. Symptomatic
infecteds are control at the same level while number of asymptomatic infecteds is
larger compared to the first case. Figure 6.5 suggests a lower initial vaccination rate
of 0.025 and a much shorter vaccination period around 15 days, effected by a larger
vaccination linear cost in Set 3. Because less vaccination is applied, symptomatic

infecteds can reach as many as 20 and asymptomatic infecteds reaches 80.
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6.6.2 Effect of Infection Rate on Optimal Control

We define the infection rate as the ratio of total number of symptomatic infecteds to
total number of population. During the time period we study, the total population

will not have significant change, thus we use

total number of sympotomatic infecteds

total number of initial population

as infection rate to measure the intensity of the outbreak. The total number of
symptomatic infecteds is calculated by counting the flux into that class at each time
step.

It is possible to simulate outbreaks with approximately same infection rates using
different sets of parameters. For instance, by the four set of parameters in Table 6.5
we obtain infection rates around 0.26.

Figure 6.6, 6.7, 6.8, and 6.9 show the populations of both humans and vibrios as
vaccination is applied, as well as optimal vaccination rates. For each simulation we
use the same set of weights, A = 1, B = 0.04,C = 1. Maximum vaccination rate

is set as 4%. We observe that those parameter sets give similar vaccination advices,
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Table 6.5: Four sets of parameters giving similar infection rates.

Parameters Case 1 Case 2 Case 3 Case 4
So 9000 5000 7000 6000
So 1000 5000 3000 4000
Or, 0.02 0.04 0.02 0.03
M 0.008 0.007 0.01 0.008
Total Attacked | 298 270 231 276
Infection Rate | 0.298 0.269 0.230 0.275

with a starting rate around 3.5% and a time duration of around 60 days. In fact, we
tried more sets of parameters and those numerical results also suggest the infection

rate plays a key rule in making optimal vaccination plans.
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6.6.3 Effect of LHS-sensitive Parameters on Optimal Control

We now study the effect of LHS-sensitive parameters on optimal control.

We use a set of weights as in Set 1 of Table 6.4. Based on the parameter table,
Table 6.5, we study the effect of LHS-sensitive parameters Sp, p, 72 and Sy, as
suggested in Section 6.3.

We vary one of the three parameters each time while keeping others the same
values as shown in Table 6.5. The remaining parameters are from Table 6.3.

Figures 6.10, 6.11, 6.13 and 6.12 show the effect of changing the sensitive
parameters for Case 1 in Table 6.6. In Figure 6.10, 8 is increased from 0.02 to
0.04, which brings in a higher infection rate, causing the vaccination rate reaches the
upper bound 0.04 for about 10 days, and the duration of vaccination is extended to
around 70 days. Figure 6.11 shows a strong effect caused by raising p from 0.1 to
0.8. The maximum population of symptomatic infecteds are 30 times larger, and
the effort of vaccination almost lasts through the whole 100 days time period, with
the vaccination largest rate for more than half of the time. At the end of the time
approximately 8000 people are vaccinated, together with almost 1200 people in the
recovered classes, nearly everyone is immune to the disease. Figure 6.13 shows a
much smaller infected population with much less effort in vaccination, not more than
2.5% in the beginning and lasting only for 50 days, when more people, from 1000 to
3000, are with partial immunities. Figure 6.12 also shows a much smaller infected
population with much less effort in vaccination, not more than 0.1% in the beginning
and lasting not more than for 30 days, when the recovery rate from symptomatic
infection, 79, is increased from 0.2 to 0.4.

Figures 6.14, 6.15, 6.16, and 6.15 for Case 2, Figures 6.17, 6.18, 6.19, and 6.18 for
Case 3, Figures 6.20, 6.21, 6.22 and 6.21 for Case 4 in Table 6.5, show the outcomes
by changing /3, into 0.04, p into 0.8, Sy into 7000 and v, into 0.4. In those figures, We
observe similar effects of the sensitive parameters on populations of different classes

and the optimal vaccination strategies.
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Remark 6.3. In the numerical results, the dashed lines are susceptibles without
partial immunity, asymptomatic infecteds, recovered individuals from asymptomatic
infections, and hyperinfectious vibrio populations. The solid lines are susceptibles
with partial immunity, symptomatic infecteds, recovered individuals from symptomatic

infections, and non-hyperinfectious vibrio populations.

Remark 6.4. In the numerical results, populations of hyperinfectious vibrios are
low relative to the non-hyperinfectious vibrios, which raises a question whether
the hyperinfectious vibrio population class is actually needed in this model. Qur
calculations show that sympotomatic infecteds caused by hyperinfectious vibrios is a
large proportion (generally 30% to 50%) in total infecteds. So the By wvariable is

needed in order to accurately mimic the infection.
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6.7 Conclusion

This work provides an ordinary differential equation model for the spread of cholera
that incorporates symptomatic and asymptomatic infections, hyperinfectious and
non-hyperinfectious vibrios, susceptibles with partial immunity and susceptibles
without partial immunity, and different rates of loss of immunity.

Our work on the application of the optimal control theory on this model also
presents both theoretical and numerical analysis of the most economical vaccination
strategies. Numerical results based on Latin Hypercube Sampling analysis determines
the effects on the optimal control arising from variation in sensitive parameters.

An important result of this work is the role played by infection rate in decision
making. This work shows that there are different sets of parameters that can give
the same infection rate, and even though the population dynamics arising from those
sets of parameters are different, the optimal vaccination strategy remains about the
same. We have not developed provide rigorous proofs of this result, but we do observe
this pattern in numerical results for many sets of parameters. This result can be very
helpful in determining vaccination schedules, because some parameters, such as the
ingestion rates of vibrios, are hard to quantify in real life, and are sensitive parameters

in the system, yet the infection rate is more easily measured.
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