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Abstract

I give explicit estimates of the Lp-norm of a mean zero infinitely divisible random
vector taking values in a Hilbert space in terms of a certain mixture of the L2- and
Lp-norms of the Levy measure. Using decoupling inequalities, the stochastic integral
driven by an infinitely divisible random measure is defined. As a first application
utilizing the Lp-norm estimates, computation of Ito Isomorphisms for different types
of stochastic integrals are given. As a second application, I consider the discrete
time signal-observation model in the presence of an alpha-stable noise environment.

Formulation is given to compute the optimal linear estimate of the system state.
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Chapter 1

Infinitely Divisible Distributions

1.1 Introduction

When producing models of an evolving dynamical system, one is often faced with the
challenge of which effects to include in the model and which effects may reasonably be
ignored to accurately determine the state of the system. An alternate approach is to
capture these unmodeled effects as random variables or stochastic processes, which are
often assumed to be Gaussian in the classical literature. Many researchers have sought
extensions to such models by replacing the Gaussian assumption, as there is a need
for models capturing observed heavy tailed data exhibiting high variability and/or
long range dependency. Infinitely divisible distributions have often been utilized for
such modeling. The advantage of infinitely divisible models is their computability
in terms of the Lévy-Khintchine triplet parameterization. Difficulties arise, however,
when such distributions have infinite variance, since L?-theory and orthogonality are
not applicable. Instead, we seek computation of the LP-norm in terms of the Lévy
measure.

Infinitely divisible distributions are a broad family of distributions containing
many named distributions. For example, the geometric, negative binomial, and
Poisson distribution are all discrete distributions in this family. So too are the
continuous normal, Cauchy, gamma, F, lognormal, Pareto, Student’s t, Weibull, a-
stable, and tempered a-stable distributions. The following theorem characterizes

infinitely divisible random vectors and will be the primary tool used for investigation



throughout. For x € H, a real Hilbert space, define

def x
o) = e

Whenever H = R, we have

x if |[z| <1
[2] =

sign(z) if x| > 1.

Theorem 1.1.1 (Lévy-Khintchine representation). The characteristic function of an
infinitely divisible random vector X taking values in a Hilbert space H can be written

Eei®X) = exp {z’(u, b) — %(u, Yu) + /H (€i<u,z> —1—i(u, [z])) Q(dx)} . (L)

where u,b € H, X is a nonnegative symmetric operator on H, and Q) is a measure on
H such that Q({0}) = 0 and [}, I[z]|I> Q(dz) < oo. Moreover, the triplet (b, %, Q)

completely determines the distribution of X and this triplet is unique.

We call (b, 3, Q) the Lévy-Khintchine triplet of X. When @ = 0, X is Gaussian
with mean b and covariance matrix > and results are well-known. It is the non-
Gaussian case > = 0 that is of interest to us in the following work. When
studying infinitely divisible distributions and their associated random vectors, the

characteristic function will be our primary tool. If we define the exponent of (1.1) by

Cu) = iu,b) — %(w Yu) + / (et —1 —iu, [2])) Q(da),
H
then C is called the cumulant of X and we have Ee“X) = ¢ Moreover, if
X is infinitely divisible with Lévy-Khintchine triplet (6%, %%, Q%) and cumulant
Cx(u), Y is infinitely divisible with Lévy-Khintchine triplet (bY,EY,Qy) and
cumulant Cy(u), and X and Y are independent, then X + Y is also infinitely
divisible with cumulant Cx(u) + Cy(u), and hence, has Lévy-Khintchine triplet
(bX +b0V, 2N 2V QX + QY) As an immediate corollary of the Lévy-Khintchine
representation, we have that the family of infinitely divisible random vectors are closed
under continuous linear transformations and, in particular, projections of infinitely

divisible random vectors are infinitely divisible. More precisely:
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Corollary 1.1.2. Let X € H be an infinitely divisible random vector with Lévy-
Khintchine triplet (b,%,Q). If F: H — Hy is a continuous linear operator from the
Hilbert space H into the Hilbert space Hy, then FX € Hy is also an infinitely divisible
random vector with Lévy-Khintchine triplet (bp,Xp, QF), where

br < Fb+ /H ([Fx] — F[z]) Q(dx), ¥p = FXF*,

and for every B € B(H,),

Qr(B) Y Q{z e H:Fx e B\ {0}}.

Before proving the corollary, we make a few remarks. First, if () is a symmetric
Lévy measure on H, then Qr is a symmetric Lévy measure on H;. Second, the
integrand in the definition bpr is an odd function. Therefore, if b = 0 and @ is
symmetric, then bp = 0 also. We point out these facts since the majority of the

examples we consider will make one (or both) of these assumptions.

Proof of Corollary 1.1.2. Let F' : H — H; be a continuous linear operator and let
u € Hy. Then

FeilwFX) _ goitFuX)
— oxp {z(Fu ) — %(F*u, SE) + /H (¢F ) 1 i(Fru, [a])) Q(dx)}
~ exp {z’(u, Fb) — %(m FEF*) + /H (¢F) 1 i, Fla])) Q(d@}
— exp {i(u, Fby + /H (i, [Fa]) — ifu, FI1)) Q(da) — 5tu, FSF*u)
+ /H (HF) 1 i, [Fa])) Q(dm)}

~ exp {z <u Fb+ /H ([Fz] - Flz]) Q(dz)> T A

2
4 /H (=1 i o) QF(dx)}
~ exp {i(u, b — %(m Spu) + /H (e~ 1 i []) Qp(d:c)} |

O



In practice, the normal distribution is justified in its use by the central limit
theorem and a popular distribution in modeling because of the ease of computations
when L2-orthogonality is applicable.  Under the assumption of non-Gaussian
distributions, it is often not known how the ”error” should be measured. The next
section addresses this question for infinitely divisible distributions. In Chapter 2, we
will apply this result to obtain the Kalman filter for a discrete time signal-observation
model with infinite covariance noise. In Chapter 3, we will define the stochastic
integral of a stochastic field driven by an infinitely divisible random measure. It6

Isomorphisms will be derived for the stochastic integral.

1.2 LP-norm of Hilbert space valued infinitely di-

visible random vectors

Let X be a mean 0 random vector taking values in a separable Hilbert space H with
characteristic function given by (1.1). When X is purely Gaussian (QQ = 0), the
LP-norm of X is controlled by the covariance matrix . In the non-Gaussian case,

Marcus and Rosinski (2001) showed that for X € L', the L'-norm of X is controlled
by the Lévy measure () as

(0.25)I(Q) < B[ X]| < (2.125)I(Q),

where the functional [ of @) satisfies

/min{”x”2 M}Q(d:ﬁ)zl
o 271 '

The following theorem generalizes this result to obtain bounds on the LP-norm of
X. Assume that X is in LP for given p > 1, EX = 0, and that X does not have a

Gaussian component. The characteristic function of X can be written as

Eexp (i(u, X)) = exp ( /H (™) — 1 — i(u, z)) Q(dx)) .

We assume throughout that @) is symmetric and later remark on removing this

restriction by standard symmetrization techniques. Since @) is assumed symmetric,



the characteristic function of X is
Eexp (i(u, X)) = exp (/ (cos(u,x) — 1) Q(dx)) .
H

It is well known that an infinitely divisible random vector X with Lévy measure () has
finite LP-norm if and only if f||$H>1 |z||” Q(dz) is finite (see e.g. Sato (2002, Corollary
25.8)). Therefore the Lévy measure () satisfies

2
/H(IIJIH Lgpag<ay + 2] Lgap=1y) Qdz) < oo.

Let the functional [ of @ be given by the solution of

def HJCH2 l]” _
f(l) . —l2 1{@<1} + —lp ]1{@21} Q(d.ﬂ}) 1. (1.2)
We remark that

2 p :
2 [z A =P i1 <p<2,
12]|" Leg<ay + 1201 Loy = ) .
z]|”V [J=]|”if p > 2.

We can view [ as a special mixture of the L?-norm and LP-norm of Q. In the case of
non-Gaussian infinitely divisible random vectors, the following theorem gives explicit

estimates of the LP-norm in terms of the Lévy measure ).

Theorem 1.2.1. Let p > 1. Assume that X € L” is a mean 0 infinitely divisible
random vector without Gaussian component, taking values in the Hilbert space H, and

that X has symmetric Lévy measure (). Then
0.25! < ||X||, < K(p)! (1.3)

where

,
14 V235 P + 1, if1<p<2
p (=1 .
\471_1—1-\/1—1—’%, if2<p<3
K(p)'= { VA+ Kl (Kup+1)Y7, if3<p<4  (14)
2v/4, ifp=4
| K1y (Kop + 1) + K (Kup+ D)YPifp >4,

5



def ptl 2P.4
where Ky, = (p+ 1) 2Y7, K, = 4"V K, = W} Kyp =

22(PH04P/2 (0 4+ 5712 and o = 4.7591 solves o = elog(zg + 1).

We remark on important cases for the constant K(p). First, it is the 1 < p < 2
case that is of most interest to us, as LP-theory must be used when working with
models containing infinite covariance noise or random driving terms. It is often
challenging, if not impossible, to compute such norms directly. Second,we have very
nice constants for estimation of the mean, variance, skewness, and kurtosis. Constant
K(p) is graphed in Figure 1.1.

In preparation of the proof of Theorem 1.2.1, we follow the lead of Marcus and
Rosinski (2001) and decompose X as X =Y + Z, where Y and Z are independent

mean zero random vectors with characteristic functions

Eexp (i{u, V) = exp ( / (cos(u, ) — 1) Q(d:p))

z||<l

and

Eexp (i(u, Z)) = exp (/

|| =

(cos(u, ) — 1) Q(dm)) ,

respectively. The following four lemmas provide upper and lower bounds for norms
of Y and Z and will be used in the proof of Theorem 1.2.1.

Lemma 1.2.2. We have the following upper bounds on norms of Y :

. If 1 < p <2, then
1/2
2
Wl < V], = ( /” el @(d@) | (15)
z||<

1. If 2 <p <4, then

9\ 1/4
Iy, <Y, = ( / » H:c||4Q<do:>+3( /| » ||I||2Q(dx)) ) . (L6)

wi. If p >4, then
Y], < Kyp (Kopl|Y2+1), (1.7)
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Figure 1.1: Explicit constant in LP-norm estimate.

where Ky, and K, are given in Theorem 1.2.1.

Proof. (1.5) and (1.6) were proved by Marcus and Rosinski (2001, Lemma 1.1). Now
let p > 4. Let {Y;},», be a Lévy process such that Y; LY. Since the Lévy measure
of Y, and hence Y}, is supported on {||z|| < [}, the sample path t — ¥;(w) a.s. has no
jumps of magnitude larger than [ on t € [0, 1]. So there exists 2y C Q with P(Qy) =1
such that ||Yi(w) — Yi_(w)| <[ for every w € €y and for every ¢t € [0,1]. For each

n € N, we may write Y as the sum of n i.i.d. random vectors by

VA (V=Y ) + (Ve — Yo ) 4o+ (V2 = %) £ Y0 ALy,

n

where

AY Yy — v,

Fix e > 0 and w € €2y. Since

{te0,1]: [Xi(w) = Xi—(w)| 2 I+ e} =1,



standard analysis results give that there exists N = N(w) so large that for each
n > N(w),
HAEY((M)H <l+e

for every 1 < k < n. For each n € N, define a new i.i.d. sequence of bounded random

’<l+€}.

Yin(w) = ALY (w)

vectors {Y, }_, by
Yin ALY ]1{‘

ALY

n

For each w € €,

for every n > N(w). We now have that
Sh = Z Yin =Y as.,
k=1

since P(€2y) = 1. Observe that for fixed n, {Y),},_, is sequence of symmetric (since
@ is assumed symmetric) i.i.d. random vectors bounded by [ + ¢. By de la Pena and

Giné (1999, Theorem 1.2.5, a Hoffman-Jorgensen type inequality), for every n € N,
p)

IS4]2 = E (g Y,jn> <E (Z (AZY)Q) —E(v?)

k=1

HSn”p < Kip (Klp ||SnH2 +

max [|Yg.,||
1<k<n

and
[Yinll <l+e

for every 1 < k < n. Hence, for every n € N,
[Snllp < Kip (KapllYl[2 +1+¢).
By Fatou’s lemma and the arbitrariness of ¢,

IYllp < Kip (BKopllYl2 +1)



Lemma 1.2.3. We have the following lower bounds on norms of Y :

. If 1 <p <2, then
2
E|Y]

(12 +3E[Y]F)

E|Y]" > (1.8)

2—p *
2

1. If p > 2, then

1/2
|uwpznym::(46ww2@wm) . (1.9)

Proof. Let 1 < p < 2. To show (1.8), Holder’s inequality gives

8—4p

E|Y|? =E|[Y| Y] &

2—-p

< (BIVI=S) "™ (BIy = =)™

2 =
= E|YI)™ (E|Y]

and hence,
4—p
E|Y]?) 2
EY]" = %
(ENY)7) 2
Applying (1.6) to the denominator gives
EIVIH) > E[Y|’

By > - —
(PEIYIP+3@®IYIP)T) T (2 +3EIVT) 7

proving (1.8). This technique is known as Littlewood’s approach. (1.9) is immediate
by (1.5). O
Lemma 1.2.4. We have the following upper bounds on norms of Z:

. If 1 <p <2, then
Mw%%ﬂNMWWL (1.10)
x||>1

where ¢, = 2P + 1. If H =R, the constant may be taken as ¢, given by (A.12)
or (A.20) instead.



1.

114,

7.

If 2 < p <3, then

P AP O(dz) + PP~ 1) 2P~ O(da AP O(d
B2 < [ el Q) + PP [ el [ ol Q(ZL)

Let A > p/xg. If 3<p <4 orifp>4, then

p/2
E|ZP < Ks, (K ( / N Hx\|262<dx)) " /” >luxup@<dx>>, (1.12)

where K3, and K4, are given in Theorem 1.2.1.

Let N <p/xg. If 3<p <4 orifp>4, then

p

8 6
E|Z|P < max{ 1+ ——L P / |||P Q(dx). (1.13)
[l (>

"log x
log (pp/\1> 810
zQ

If p =4, then

E|Z| = /Muxu @(dx>+3( /Wuxu @(dw>) S o

Proof. First, (1.14) follows exactly as in (1.6) by standard computation from the
characteristic function. Next let A % Q(|z]| > 1) and {W;};en a collection of i.i.d.
random vectors in H such that P(W; € A) = A1 QAN {||z| > 1}). Let N be a

Poisson random variable with mean A\ independent of {W, };cn. Now Z is a compound

Poisson random vector and we have

Then

N
ZL3 "W (1.15)
=1
N p oo k p
E|Z|F =E|) Wil => E|>_Wi|| P(N =k). (1.16)
=1 k=1 =1

10



First let 1 < p < 2. By Corollary A.6 if H = R or Theorem A.2 in general, for each
k p k

Z W;|| is bounded above by ¢, ZE |Wil|? = ¢, kE ||W1]|P. Utilizing this
=1 =1

in (1.16) gives

keN,E

E|Z|" < E[WillP Y KP(N = k) = E Wi |PEN = ¢,E|[Wi||" ),

k=1

since N is a Poisson random variable with mean \. But
E WP = /” el A )
z||>1

and hence,

E|Z]" < e, / el Q)

proving (1.10).
Next, let 2 < p < 3. By Theorem A.1,

k p

>

=1

E

k

—1 _

<KE %7 + P2 DR X, 2 Y E S
=1

k i—1
p(p—1) -
= kE || X4]]” + — B X P72Y 0> RGP

i=1 j=1

— 1D k2 -k _
P UK kg x e )

p(
— kE || X, ||
X"+ == 5

Again recalling that N is Poisson, substituting into (1.16) gives

= plp—1)k* -k _
Bzl <3 (ke + PR R ) v =
k=1

-1 _
:E(N)E||X1||p+p<p4 )E(N2—N)E||X1||p °E||1X,))°

=\ PA"tO(d
/W el A Q(de)

plp—1) ., p—2 y—1 241
—A A d A d
. [ e [ e

4 Iz >t

_ z|IP T p<p—_1) T p—2 " . 2 .
_/”MH I Q(dz) + 22 L”Zlu P2 Q) [ el Q)

]| >1

11



Finally, let p > 3. If A\ > p/xo, we have by de la Pena and Giné (1999, Theorem
1.2.5, a Hoffman-Jorgensen type inequality)

P p/(p+1)

k

> Wi

i=1

k
2 W,

=1
92/(p+1) 1/(p+1)\ PT1
p
t e 1 (ZEHWU >

By convexity, (a + b)P™! < 27 (a?™! + P for every a,b > 0. Therefore

41/ (p+1)9p/(p+1) g4p/(2(p+1)) 92/ (p+1)

E 22/(p+1) — 1

2

p p

k

>

=1

< 9P 4 92(p+1)

— K3’p (22(p+1)kp/2 (]E ||W1||2)p/2 + ]C]E HWal) )

E

k
+ZE||W’LHP>

2 i=1

Substituting into (1.16) gives

> 2
E 21 <Y Ky (22050872 (B [WAI?)" + KE [WA|P) BV = k)

p/2
= Ks, (22<p+1>ENP/2 (/| . ||x||2>\1Q(d:c)) +EN " ||x||p>\1Q(d:c)>

p/2
=Ky | 2 pH)( *Q(d > \—P/2E NP/2 P Otda) |
( /”x>l||a:|! Q(dx) +/x”>l lz||” Q( x))

To bound A\"P/2ENP/?2, Kwapiei and Woyczynski (2009, Proposition 1.7.2) showed
that in the case A > p/xy,

[Nz < [IN]lp < 4(p + 5A).

Hence,
\"P/2RNP/? < 4P/? <§ + 5>p/2 < 4p/2<x0 + 5)p/2

12



and we have

p/2
E|Z]]P < K3, (22(p+1) </ [Edlk Q(dx)) AP (g + 5)P/° +/ ||w||pQ(df€)>
[l]|>1 llzl|>1

oy (K ( /. ||x||2@<da:>>p/2 f ||x||pQ<dx>) |

Now suppose that A < p/xg. For each w € Q, Holder’s inequality gives

k

> W

i=1

k 1/p
<YW < (z Wi Hp>

and hence,

k p

W

=1

E

k
< YR WP = RE WL
=1

Substituting into (1.16) gives

B|Z) <E[WAP Y KBV =k = [ felratQunENn. (1)
k=1 Izl >
To bound A'EN?, Kwapieri and Woyczytiski (2009, Proposition 1.7.2) also showed
that in the case A < p/x,

p
A TEN? < max<{ 1+ Sp ] Op
log (pp/\1> og To
o
Combining with (1.17) gives
p
8 6
E|Z|P <max{1+ — 2 P / |z|” Q(dz).
llzll>!

"log x
10g<pp/\1) g To
zQ

13



Lemma 1.2.5. If p > 1, we have the following lower bound on norms of Z:

e

1— -
e e L (115)

Proof. Let p > 1. Since we have assumed that @) is symmetric, Lemma A.7 gives

p

> E[[WA]".

k

S

i=1

E

Substituting into (1.16) gives

- 1—e?
BIZI 2 Y EIWAIP BN = k) = 5 [ elP Qi)
k=1 zi=

]

We are now ready to prove the upper bound of Theorem 1.2.1 using Lemma 1.2.2
and Lemma 1.2.4.

Proof of upper bound of Theorem 1.2.1. First assume that 1 < p < 2. From (1.5)
and (1.10), we have

X1, < 1Yl + 121,

1/2 . 1/p
:z(/ lHQdm) +1<7@</ 7 Q(dx)) .
EE EE
By definition (1.2) of [,
/ L\ (dm)zl—/ Hde
EE EELK

Substituting into (1.19) gives

s ={(f, il ew) "o (-

Tetwn) "}
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Clearly, by definition (1.2) of [ we have

and hence,

I1X1l, < max (Va+ yevT—a)l < (1+ ¢c)l.

Next, let 2 < p < 3. Combining (1.6) and (1.11) gives

X1, < IY1, + 121,

< </||a:||<l P lz)* Q(dz) + 3 (/z||<l T Q(dg;)) 2) 1/4
+ (/xllz, [2]|” Q(dx) + w /llzlzz z]P~% Q(dx) /nle 2| Q(dx)) 1/p

o\ 1/4
[Eill [Edl
(L orn{ L o))"

[kl p(p—1) ||x||7’—2 ||$||2 1/p
d d J l
: <4z||>l p A+ Az||>l ez @) Lm p x)>

< ((*/?H . Hp(p;l))l.

Now let 3 < p < 4. If X > p/xg, (1.12) gives

p/2
E[|Z]]" < K3, <K4,p </ ||I||2Q(d$)) +/ ||$||pQ(d$)>
B |1
p/
v [ / 12 o) / o1 oy
I U W/ lelzt P

< K3y (Kyp+1)10°
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and if A < p/zg, (1.13) gives

/ \ P
8 6
BIZ < maxq 1+ — P P [ Qlan
ogxr .
log. ( p%) gz [ Jya21
\ 0 J
. \ P
8 6 P
=max ¢ 1+ b 3 P / —H?J Q(dz)l?
0g To x| >1
log (Ppm) e
\ zQ Vs
/ \ P
8 6
<max< 1+ L 1 b 7.
ogx
log (PpM) ’
\ 0 Vs

In either case, we have
E ”ZHP < K3,p (K4,p + 1) v

This, along with (1.6) gives

X1, < Y1, + 1211,
< (VA+ K (K + 1))

Now let p = 4. Combining (1.6) and (1.14) gives

X1, < 1Y, + 121,

< </|Ix||<l Pz Q(dx) + 3 </”x<l ||$||2Q(dq;)>2) 1/4
+ </||:c||>l |z]|* Q(dx) + 3 (/”x>l ”9"’”2Q(dm))2> 1/4

1/4
|=|)® ( [ElR >
dx) + 3 d l
/x||<l p Q) Lnd ER
] EERR
o 0w !
" /nxzz Qi) + 3 /xllzl p @)
< 2v/4l.
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Finally, let p > 4. Combining (1.7) and the bounds on Z from the 3 < p < 4 case,

we have
X1, < 1YL, + 121,
< Koy (Kop||Y |l + 1) + K31 (Kay + 1)710

2
]

1/2
= Ky | Kap (/ l—QQ(dx)) L1 |+ K (K, + 1)1
el <t
< (Kip (Bap + 1) + K37 (Kup + 1)) 1

O

We are now ready to prove the lower bound of Theorem 1.2.1 using Lemma 1.2.3

and Lemma 1.2.5.

Proof of lower bound of Theorem 1.2.1. By (1.2), either

2
/x”d ”%“Q(dx) > 05 (1.20)
or
/ ”ﬁ'pQ(d;ﬁ) > 0.5 (1.21)
[|l[|>1

must be true. Assume (1.20) holds. If 1 < p < 2, Lemma A.7 and (1.7) combine to
give

E Y|

EIX|P=E[Y +Z|F > E[Y|" > =
(Z+3E|Y|?) °

p—2
2

Since the function ¢ — ¢ (> + 3t) 2 is increasing in ¢,

0.502 A

P>

2+ 30522 5 T4

EX|" =

and hence,
|X ||, > v/0.250 > 0.251.

17



If p > 2, then by Lemma A.7 and (1.9),

)
||X||pz||Y||pz||Y||2=< / xQQ(dx)) > VOBl > 0251
I

z||<l

Now assume (1.21) holds. Then

/ (||$||p+(|Ix||p—lp))Q(dx)Z/ z||” Q(dz) > 0.50".
et

ll=l[=1

Now the left hand side simplifies to
2 [ el @) -
Izl =1
where A = Q(||z]| > ), and hence,

P

[ lelraun = 50548 = 7 a2,
a2 2 4

We may combine this with the lower bound inequality in (1.10) and utilize Lemma A.7

as in the above case to get

» b L—eip w
EIXPElzP> = a2t
and hence,
I1X ||, > V0.250 > 0.251,
In either case, the left hand inequality in (1.3) holds. O

Recall that we have been working under the assumption that () is symmetric. To
remove this restriction, assume that X is a mean 0 infinitely divisible random vector
in LP with Lévy measure () and let X® be the standard symmetrization of X. The
Lévy measure of X* is given by Q*(A) = Q(A) + Q(—A) and if ¢ solves (1.2) for Q*,

we have that ¢ also solves

cP

ey e Qdz) = 1 (1.22)
- 2 {llzll<c} {llzl|>c} T) = 5 )

18



By Corollary A.8 and Theorem 1.2.1,

1 s s
3¢ < lIX% < X, < 1X7, < K(p)e.

Now let [ solve

H H (1”4 1" g — 1 L 93
i Hlell<ty + 3~ Lgazey | QUdz) = (1.23)

and
def | V2, if1<p<2

k:
V2, ifp>2.

Then k£ > 1 and if 1 < p < 2, we have

N O 4 11 N A4 T _ 1
/Hmln{(kl)Q’(kl)P}Q(dx) max{ﬁ’ﬁ}/lfmm{l—Q’l—P}Q(dw)ﬁ

or if p > 2, we have

2 p 1 1 2 P 1 1
/Hmax { ’(’ZJ;, ‘(’Zl’)‘p} Q(dr) < max {ﬁ’ ﬁ} /Hmax { HJZ;H , “3;0” }Q(dx) T2 9

In either case, ¢ < kl since ¢ solves (1.22). Clearly, [ < ¢ since [ solves (1.23). We

have proven the following corollary to Theorem 1.2.1:

Corollary 1.2.6. Let p > 1. Assume that X € LP is a mean 0 infinitely divisible
random vector without Gaussian component, taking values in the Hilbert space H, and
that X has Lévy measure Q. Let | be the solution of

2 D
def [E| ':EH
&) = /H <—le‘ Loty + Hlp 1{||x|>l}) Q(dz) = 1. (1.24)
Then
0.1250 < || X, < max{¥/2,V2} K (p)! (1.25)

where K (p) is given by (1.4).

The last corollary to Theorem 1.2.1 that we present gives quick estimation of the

LP-norm of X in terms of the functional £(I).
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Corollary 1.2.7. Under the assumptions of Theorem 1.2.1, if (1) is given by (1.2),
then

(0.25) min { VD), /&M } < |1X1, < K (p) max { VED), /€M) }

Similarly, under the assumptions of Corollary 1.2.6,

(0.125) min { VE(T), /€M) } < 1X]], < max{¥/2, V2}K (p) max { VED), YED) }

Proof. First, suppose 1 <p <2. Ifl <1,

12 = 20(d 2op b
/x||<l Il @ x)+/”x”21 |z[|” Q(dz)
2 d 2—p p d ) ;
- /”x”“HxH “ x)+/l<a:||<1 = =1 “’>+/||z>1 z]|” Q(dx)
=¢&(1)

and

P = P2 20(d b o
2Q(d 20(d b o
> [ el [ e+ [ el o)
—¢(1).

If [ > 1, similar arguments give [ > £(1) and [P < £(1). In either case we have

min { VD), &)} <1 < ma { V&), Y€}

Similar arguments give the p > 2 case. O]
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Chapter 2

Kalman Filter

2.1 Kalman filter theory

In his landmark paper, Kalman (1960) considered the discrete time signal-observation

model

T = Fprp—1 + Brug + wy

yr = Hyxyp + vy,

where x, is the state of an evolving dynamical system at time k, uy, is a (deterministic)
control input to the system, and y; is a noisy linear observation of zj. The
"noise” terms {wy} and {v} are assumed to be mean 0 Gaussian random vectors
with covariance matrices Wy and Vj, respectively. In "filter theory”, the objective
is to produce an efficient estimate xj of the (unobservable) process z; using the
observed values yi,%s,...,yr, which are known at time k. An efficient estimate
is one that minimizes some expected "loss” of the error z; — z;. In his paper,
Kalman (1960) showed that = E (zx|y1,y2, - - -, yr) minimizes the L*norm of
the error and gave a recursive formulation for computing the estimate x. Under the
assumption of normally distributed noise terms, the orthogonal projection zj is an
affine transformation of the observations i, v, ..., Y.

Let Zpk—1 be the predicted state of the system at time £, given that the
observations y1, s, . . ., Yr_1 are known at time k—1. Then, at time k, the observation
yr becomes available and we may update our state estimate. Let 2y, be the updated

estimate of the system state at time k£ once the observation y; has become available.
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We denote by Py the covariance matrix of the error x, — Zy, and by Py the
covariance matrix of the error xj, — Zyx—1. The recursively formulated solution given
by Kalman (1960) to compute zj = Zy is given in Algorithm 1. The filter Zy
is a linear combination of the predicted state Zj—; and the observation y;. The
optimal Kalman gain K}, in Algorithm 1 is chosen to minimize the L?-norm of the

error xy — Ty, and is given by
-1
Ky = Pyp—1Hy, (HpPop—r HY + Vi) . (2.1)

Over the years since this publication, some research has focused on replacing the
noise terms by random vectors with heavy-tailed distributions. Gordon et al. (2003,
Introduction) argued for the need of models allowing heavy tailed error estimates
as outlying system state realizations and/or observation measurements ”have long
been known to adversely affect the estimation procedure”. In Gordon et al. (2003),
the authors assume that the noise terms are "power law” distributed and give the
Kalman filter in terms of the ”tail covariance matrices” of the noise terms. Stuck
(1978) first addressed this model under the assumption that both z; and y; are R-
valued and each noise sequence {wy.} and {v;} are a-stable random variables for fixed
«. These examples fall under a more general framework for which the noise sequences
are assumed to be symmetric infinitely divisible random vectors. In what follows, we
establish a general framework to explore the Kalman filter under this assumption on
the distributions of the noise sequences and demonstrate in two different examples
that a solution can often be obtained (or approximated). The first example assumes
that each noise term has finite L?-norm, but makes no other assumptions on the
distributions. The second example considers the problem for a-stable distributed
noise sequences, which was first addressed in dimension 1 by Stuck (1978) and then
in Gordon et al. (2003). In each example, a tractable (approximate) solution is given.
Each solution is exact in dimension 1 and agrees with the classic Kalman gain (2.1)
(when o = 2 in the second example).

Before we begin, we should point out that these solutions are only optimal in the
linear sense. Kalman (1960) noted that, under the assumption that the noise terms
are normally distributed, the orthogonal projection E (x|yi,yo,...,yx) is a linear
function of the observations y;, s, . . ., yx. However, by removing this assumption, this
is no longer the case. In general, the L?-orthogonal projection E (zy|y1, Y2, - - -, yx) is

non-linear and non-linear filtering theory may give better results. If we are seeking the
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Algorithm 1 Kalman filter for Gaussian noise.

1: Initialize:
o = Exg =0
Pojp = Wo

2: Predict:
£k|k—1 dé Fki'k—1|k—1 + Bkuk (unbiased estimate)
Pyjjo1 = Fy Py FE + W,

3: Update:
K, = Pk|k—1H1F;F (Hkpk\k—lHkT + Vk)_

N def . N
Tpp = Trp—1 + Ky (yk - Hka\kq)

Py = (I — KiHy,) Pyji—y

1

optimal solution x} minimizing, say, the LP-norm of the error x; —zj, the conventional
conditional expected value is no longer even the optimal solution. Instead, it will be
the conditional LP-expected value E, (zk|y1,Ya, - .., yx) that minimizes the LP-norm
of the error. However, the linear formulation has the desirable property of being
easily implemented and are the only estimates we consider. To this end, consider the

discrete time signal-observation model

Ty = Fpap_1 + Brug + wy (2.2)
Yr = Hyxp + vy,

where z;, € R, Fj, € R4 vy, € R*, B, € R>", y, € R™, and H;, € R™*?. Assume
that the system noise {wy},y are independent symmetric R%-valued random vectors
with the Lévy-Khintchine triplets

wy, ~ (0,0,Q"%)  k=1,2,...,

where, for each k, Q“* is a symmetric Lévy measure on R?, that the observation
noise {vy},cy are independent symmetric R™-valued random vectors with the Lévy-
Khintchine triplets

v ~ (0,0,Q"%) k=1,2,...,

where, for each k, QUF is a symmetric Lévy measure on R™, and that o € R? is a

symmetric infinitely divisible random vector with Lévy-Khintchine triplet

To ~ (07 07 pr) )
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where Q%0 is a symmetric Lévy measure on R?. Moreover, assume that the sequence
of random vectors {xg, wy, vy, ws, ve, ...} are mutually independent. Finally, assume
that for some fixed p > 1, we have that both

[ el Lo @) < o

for each k =0,1,2,..., and that

/R el oy @ (dr) < oo

for each £k = 1,2,3,.... Restricting ourselves to linear estimates, the Kalman filter
algorithm is given by Algorithm 2.
Let ey be the updated estimate error, ej—; the predicted estimate error, and

observe that

€ojo = Yo,
def N
Cklk—1 = Tk — Tklk-1
= (Fyap-1 + Bru, + wi) — (Fedp_1jp—1 + Bru)

= Frep_1jp—1 + wy,

and

def ~
€kl = Tk — Tklk

=Tk — (ik\kfl + K (yk - kack\kq))

= Ty — Tppp—1 — Ky (Hexp + o) + KpHpZgp—1
= egk—1 — KpHy (l’k - ik|k—1) — Kyvg

= (Ig — Ky Hy) egr—1 — Kyuy,

= (Iqs — KyHy) (Frep—1jp-1 + wi) — Kjuy.

First, we remark that ej_j,_1, wy, and v, are independent. Second, Kjvy is a
symmetric random vector. These two facts, along with Corollary 1.1.2, imply that

the updated error ey, is an infinitely divisible random vector on R¢ and, since each
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Algorithm 2 Kalman filter
1: Initialize:
o = Exg =0
2: Predlct
-1 = 2 By 1jk—1 + Bruy (unbiased estimate)

3: Update:
~ def .
Tpp = Trp— + Ky (yk — HpZpp— 1)

Lévy measure Q" is symmetric, the Lévy-Khintchine triplet is given by

eop ~ (0,0,Q"°) = (0,0,Q%),
eni~ (0.0, Q0 omom + Qi + Q) 2 (0,0.Q4) k=12, (23)

We recall from Corollary 1.1.2 that the subscript notation QUKIZ represents a new Lévy

measure on R? given by
v de v, m
QuE(B) 2 QU {z e R™: Ky € B\ {0}},

for every B € B(R?). In light of Section 1.2, for every k, we may measure the

magnitude of the error by [, where [} solves

/Rd <”x” ”lk“<1} + HlpHp {x|>1}> = 1. (2.4)

The optimal Kalman gain K; € R¥™ is chosen to minimize /. While no closed
form solution exists for such arbitrary Lévy measures, we demonstrate (approximate)
solutions in the following two examples. The first will deal with the case that
p = 2 and the Lévy measures are arbitrary. The second example will deal with the
symmetric a-stable case. Often, we will need to compute Q* iteratively, as opposed
to recursively as in (2.3). To do so, observe that if ) is a measure on R", G € R?*",
and H € R™, then (Q¢)y is a measure on R” and we have, for B € B (R"),

(Qc)y (B) = Q¢ ({z e R?: Hx € B\ {0}})
=Q{zxeR":Gre{reR!: Hx € B\ {0}}\ {0}})
=Q({x eR": HGx € B\ {0}})
= Quc (B).
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Using this rule that (Q¢); = Quea, we may derive the following formulation of (2.3):

Theorem 2.1.1. The recursively defined Lévy measure QF in (2.3) is

k w,0
Q"= an_ol(fd Kip_iHp—i)Fr_;
7]
+ Z( ’“ T Iy Ky— i Hyo— )Fk_,-)(fd—KjH ) +Q( Iy —Ky_ i Hy_ ;) Fi_ Z)KJ> ? (2‘5)

where the product notation is understood to be right multiplication and equal to the

identity matriz when the product is empty.

2.2 Finite L?-norm noise environment

Suppose now that p = 2, so that each noise w; and v, has finite L?-norm. The
integrand of (2.4) is no longer piecewise, simplifying computations. Since each L>-

norm is finite, the second moments of ||wy|| and ||vg|| are finite and given by

Wi [ el @ (as)

and

de v
Vi —f/ z|* QU (dx),
Rm

respectively. Then the initial and updated errors are given by
= [ el @) = [ el Qo) =
Rd R4

and

i HtzQ’“(d:v)

= [ 1l (@ o + @0, + Qi) ()
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(I; — KpHy) Frz||> Q" (da)

= [ |
Rd

4 [ ) ol QU + [ il Q.
R Rm

Instead of minimizing [, will minimize an upper bound on [;. Using the subordinate
matrix 2-norm induced by the Euclidean vector norm ||-||, we can bound the

magnitude of the updated error by

B < 1= KH) B [ Qo)

e = Kl [ el @ (o) + 1Kl [l Q@ (aa)

= |(Is — K Hy) Fyll5 57—y + |1 — KuHy|l3 W + || K55 V-

Let us define
fg et I3 and

de
B2\ (L = KeHy) Fel2B_y + |1 — KeHel2 Wi + || Ki )2 Vi (2.6)

The above definitions allow us to iteratively update our error estimates using only
the previous error update. Now we must determine an approximating procedure that
minimizes lAk‘ k- While the subordinate matrix 2-norm has the desirable property that
|1]|l, = 1, it presents a challenge in minimizing Zk|k. For a matrix A, the Frobenius

norm

| A|l 5 '\ frace (ATA), (2.7)

while larger than the subordinate matrix 2-norm || A||3, is easier to compute. To this

end, we may bound (2.6) by
5 2 7o 2 2
e < (g — KxHy) Fillp ey + 1o — Ky Hillp Wi + | Ky ||z Vi (2.8)

The right hand side is now easy to minimize by recognizing it as a multivariate

multiple regression minimizing the residual sum of squares of the model

[[kz—ljd VWil Ode] = K} [Zk—lHk;Fk: VWi Hy, \/kam]
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It is well known that for a multiple multivariate linear regression model ¥ = BX,
the least squares estimate of the matrix B is Y X7 (XX T)_l. Hence

N -1
Ky = (z“,ile,{T HY + W, HT ) (zz,lﬂkaFg HY + W, H HT + kam) .

The above solution is exact in 1 dimension, since the matrix norms ||-||, and ||-||
are replaced by |-|, and coincides with the classic Kalman filter. The algorithm is

summarized in Algorithm 3.

2.3 «a-Stable noise environment

For the next example, fix 1 < o < 2 and assume that z; is known, so that Q¥° = §,.
Assume that the signal noise sequence has the form wy, = Gy, where G € R%*? and
wy, are R?-valued rotationally invariant a-stable random vectors with Lévy measures
QU (dx) = A |lz||"* ?dx. By Corollary 1.1.2, wy, are infinitely divisible R?-valued
random vectors with Lévy-Khintchine triplets (0,0, Q“*) = (0,0, ng) Assume vy,
are R™-valued rotationally invariant a-stable random vectors with Lévy measures
Qv (dx) wf A& ||zl ™ dx. Before determining the Kalman gain, we will need the
following computations in the analysis of this problem: Fix 1 < p < «a and let

A € R™? T denote by o the uniform measure on the unit sphere. Then

ol a1
/ 12 L o< @1 (dz) = 2 1AZ]* L)<y Q5™ (de)
Rd o
. @ o
e 1—2/ / ) HAGTUHQ ]1{||AGTU||<Z} HTUH_a_qg(du)?anldr
0 Sa—
0 Sa—1

- l_2/5_1 HAG“||2/O Lir<tyjacull | AGulzoyr—“dro(du)

= — A @ 2
S [ IAcu o), (2.9
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Algorithm 3 Kalman filter for finite L2-norm noise.

1: Initialize:
Zojop = Exg =0
2 =W,

2: Predict:
Tpp—1 = FpTp_1p—1 + Brug

3: Update:
Ky, = (Zg FTHT + WkH,’{) ([ﬁflﬂkaF,fH,’f + Wi HHT + kam) 1
$k|k = Zppo1 + Ki (v — HeZgpe—1)
B = (1a = KHy) Fell3 5y + |[11a — KiHil3 Wa + [ K3 Vi

and, similarly,

[ z]” 1 o
S 1oz @4 " (do) = o a—p o [AGu[|” o(du). (2.10)

Also, if A € R™™ then

/ [Edlk
R4 l

1 (%
) = 5 [ 1A L Q)
1
“E

v %) o -
T A gy Tl o
/ / [Aw® L aug<ayryo(du)r'=*dr

2 —a—
g | Az||” Ly aap<iyep |2l da

- 1_5 - “A“” / Lir<ayjjaull | Al 0y~ dro(du)
cp 1 o
3 4 A 2.11
la 2 —« gm—1 || UH U(du)a ( )
and, similarly,
/ iy vk (de) = % 1 | Aul|® o(du) (2.12)
ra 12 1“2 —a Jgma : :

We are now ready to compute the estimated error /. To compute the first integral in

the functional equation (2.4) for I, we use the iterative formulation and the integral
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formulas (2.9) and (2.11) to get

2
]

k
_ / Bl
]Rd lk:

||
& -
v,J
+/]Rd l o Ljla)i<ti) <Z; Q(Hf N (Iy— Ky iHyy ) Fy_ )K) (dx)
J:

k

la2—04 ZC;U/Sq 1

7j=1

*(dx)

(dz)

o Tg—Ky—iHp i) Fr—;

«

o(du)

k—j—1
( Id — Kk—in—i) Fk—z) (Id - KjHj) Gu
=0

[0

o(du)

1

k—j
(H (1o — Ky—iHy—;) Fy— Z>K~u
=0

k

C’U
lO‘Q—Oz ; J/Sm 1

and similarly, using the integral formulas (2.10) and (2.12), we have that the second

integral in the functional equation (2.4) for [ is

ol o
R p Uzl >l je—1} €z

«

k k—j—1
“ola-p) Z E”/S (]l (la = Ky—iHi—i) Fio- ) (Ia — K;H;) Gu|| o(du)
k—j—1 o
)] Z /Sml ( H (Is = Kie-iHy—) Fi- ) Kjul| o(du).
Since [}, satisfies (2.4), the two computations above combine to give
1 1 k k—j—1 a
e = (2 o —p) (Z G /Sm1 ( H (La — Kkini)Fki> Kju|| o(du)

+ Z /S - a(du)> . (2.13)

k—j—1
( I - KioiHio) Fk) (I, — K,;H;)Gu

=0

While no closed form solution exists for K} minimizing ;. (except in the 1-dimensional

case), we can get a tractable problem, as we did in the p = 2 example, by minimizing
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an upper bound of ;. Define

ool 1 1
Wi, < o <2_a+a_p>a(sq—1)

and

Observe that [{f = 0 and that

1 1
a () K &
= (2ot o) (4 W ota)

«

k—1 k—j—1
+y e /S (I; — KiHy) ( 1T ¢i— KimiHi) F,H) Ku|| o(du)
=1 et i=1

Lo / (1o — Ky Hy) Gul|* o(du)
Sa—1

k-1 k—j—1
-+ C;“U/ (Id — Kka) Fk ( ([d - Kk—infi) Fkl)
j=1 Sa—1 i=1
< |(1a — KeHy) Fioll5 By + (1o — KeHy) Gll3 Wi + (| K|l Vi, (2.14)

where, for a matrix A, ||A[|, et max|q||=1 ||Az| is the subordinate matrix 2-norm

induced by the Euclidean vector norm ||-||. As we did in the p = 2 case, we consider
fo de a o a a
g | (La = KHy) B3 By + (|1 — KeH) Gll3 Wi+ 1 K4ll5 Vi (2.15)

instead of [,. The above iterative definition will allow us to minimize the convenient
upper bound Iy of l. As before, using these upper bounds, our error estimates may
be updated using only the previous estimated error.

Now we must determine an approximating procedure that minimizes Zk As we did

in the p = 2 case, we will minimize the Frobenius norm ||-||» (see (2.7) for definition)
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instead of the subordinate matrix 2-norm ||-||,. To this end, we may bound (2.15) by

I = (Ia — KiH) Fill Iy + || (1o — KpHy) Gll3 Wi + | Kll3 Vi
< (Ia — KpHe) Fell 315y + 11(1a — KioHy) Gl 3 Wi + || Kl Vi
= Ip ) (1o = KpHy) Fell372 |(Ta — K Hy) Fe7
+ Wi (g — KeHy) Gll3 2 1(La — Kk Hy) Gll3 + Vi | Kl 32 1kl

(2.16)

the right hand side now being easier to minimize as follows: suppose that we have an
estimate K ,Sf) for K. Then we may iteratively improve our estimate of K by finding

tF1) .
K ,g ) minimizing

2

|| (1= KB Bl N0 - R G ) K @an)
where
wl? def e H (Id _ K;it)Hk> F ;27
wét) def W, H ([d _ K}gt)Hk> a 2—2 |
and

de a—2
wét) lef V. HKIS;t) .

We may recognize (2.17) as a multivariate multiple regression minimizing the residual

sum of squares of the model

WulFe o6 0pen] = K [Vl B ol 1G A JuL] -

It is well known that for a multiple multivariate linear regression model ¥ = BX,
the least squares estimate of the matrix B is Y X7 (XX T)_l. Hence

KD = (ol B HE 4+ 0l GGTHT ) -

O g p FTHT + oD HGGTHT +w®1 )
Wy Hp Lty H, +wy ' Hy g T ws Iy .
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This approximating technique is known as iteratively reweighted least squares. See, for
example, Gentle (2007, L? norms and Iteratively Reweighted Least Squares, pg. 232)
for an overview. Iteratively reweighted least squares approximates K} minimizing
(2.16) by
Ky = lim 1",

The above procedure is easily implemented on a computer and allows us to
approximate the optimal Kalman gain Kj using the iteratively reweighted least
squares algorithm. We may initialize the algorithm by the least squares solution,

where w%l), wél), and wél) are taken to be 1, and compute the error to be any matrix

norm of the difference K ,f“) —-K ,gt)

. The iteratively reweighted least squares algorithm
is implemented in Algorithm 4 and the Kalman filter is implemented in Algorithm 5.

Algorithm 5 can become unstable over time due to the fact that we are not actually
keeping track of the actual errors, but instead, an upper bound on the errors using

the matrix norm inequality
IABIl, < [[All, Bl -

At each step, we used this inequality, and hence our estimated error Iy tends to
be much larger than the actual error [p. If we are only tracking the target short
term, Algorithm 5 works very well. However, for long term tracking we may improve
estimation of x;, at the expense of computational inefficiency by keeping track of more
of the matrix multiplications in (2.13) instead of approximating the error by (2.14).
If we are filtering off-line and computational speed is not a priority, we may use (2.13)
for | to improve performance. Alternatively, we may perform a statistical analysis to

determine how large an overestimate (2.14) tends to be and adjust accordingly.

2.3.1 Exact 1-dimensional filtering

As mentioned above, we can get an exact closed form solution in dimension 1 and
demonstrate this here. If d = m = ¢ = 1, then the inequality (2.14) is in fact an

equality, since the matrix norms are replaced by ||, giving

g = |1 — Kka|a |Fk|a lg_l + |1 — Kka|a Wi + |Kk|a Vi
=1 — KpHg|* (|Fi|® li_y + W) + | K5 Vi,
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Algorithm 4 Iteratively reweighted least squares.

1: Initialize K ,5,1) to the least squares solution with weights of 1:
K = (RFFHT + GGTHY) (H P FEHE + Hy,GGTHFE + 1)~
2: While error > ¢ and t < maxiterations
( ( (fa— K Hy) Fe

1

;g 2
Compute wy” =l

a—
F

a—2

Compute K\ = <w§t)FkaTHkT + wét)GGTHkT> :

(t)HFFTHT (t)H GGTHT (t)] -1
Wy Hp by Hy + wy " Hy, gt ws iy

Compute error = HK,?H) — K,gt)
Increment ¢.
3 Ky = K",

F

where we have assumed without loss of generality that G = 1 (it may be absorbed

into ¢}’ in dimension 1). Here, W}, and V} reduce to

1 1
Wk:QC}:<2—a+Oé—p>

and

1 1
Vi = 2¢}, .
g Ck<2—a+a—p>
def

Let us define l,‘g‘lk_l = |Fi|" 1% | + Wy. One can show by arguments similar to those
used to derive (2.13) that lik—1 measures the magnitude of the predicted error ey,—y

just as [}, measures the magnitude of the updated error ej,. We then have
lg = |1 - Kka’a l?“{:fl + ’K]g|a ‘/ii)

and may minimize [, by standard calculus. The derivative of [} is computed as

die
d Ky,

= a|l — KpHy|* ' sign (1 — K Hy) (—Hy) I,y + o [K|* ™ sign () Vi
Equating to 0 and solving, we see that
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Algorithm 5 Kalman filter for a-stable noise.
1: Initialize:

j0|0 = o
2=0
2: Predict:
Tpp—1 = FpTp_1p—1 + Brug
3: Update:
Approximate K, by iteratively reweighted least squares Algorithm 4.
ii'k|k = Tgjp—1 + Kg (yk _AHki"k\k—l)
= = KiHy) Felly By + (Lo = KeHy) Gl Wi+ (Kl Vi

sign (K}) = sign (1 — K Hy,) sign (Hy)
and
a1 1
|Kk’Vk = |1—KkaHHk‘a_1 lk\k—l‘
Hence,

1 F= Ll
KV, = (1= Ky Hy) sign (He) [Hel =7 15,0,

which is easily solved for K to get the optimal Kalman gain as

-1
L s T
K, = (Sign (Hp) |Hy|o7 lf\ih) (|Hk|al lﬁifl +V ) . (2.18)

If we take a = 2 in the above equation, we have exactly the classic Kalman gain
(2.1) (ignoring the fact that the dispersion Vi, playing a similar role as variance in
the normal distribution, is infinite). The Kalman filter algorithm is implemented in
Algorithm 6. As opposed to the higher dimensional solutions of the Kalman filter
for finite L?-norm noise and a-stable noise I have given, the Kalman gain (2.18) is
exact in the sense that it minimizes the error [, not an upper bound on [;. We next

present simulations utilizing these results for the a-stable noise environment.

2.3.2 Vehicle tracking

Suppose we are tracking a vehicle moving in a straight line. The vehicle’s position is

measured every 7' seconds, at which time we can change the velocity © = uy,;. Then
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Algorithm 6 Kalman filter for 1 dimensional a-stable noise.
1: Initialize:
i0|0 = EZL’O =0
o =Wo
2: Predict:
Tph—1 = FrZp_1jp—1 + Brug
ll?\k—l = | Fy| [y + Wi
3: Update:

N
Ky = (sign (Hy) |Hy |1 l,ﬁ;) (\Hk]a—l lﬁl + Vko‘l)

Tpp = Tppp—1 + Ky (yk - Hki”k\kq)
P= 1= K " ) + [ K" Vi

the position of the vehicle is modeled by
Tp = Ti—1 + Tuk

In actuality, the position of the vehicle at each time is perturbed by circumstances

beyond our control (potholes, gusts of wind, etc.). A more realistic model is
Ty = Tp—1 + Tuy + wy,

where wy, is a random "noise”. At each time increment, we observe the position of
the vehicle, which is also contaminated by a random noise. The observation yy is
modeled by

Yk = T + U,

where vy is a random "noise”. Our objective is to efficiently estimate the position
of the vehicle at time k. First, we could completely ignore our observation g, and
predict the position of the vehicle to be z, = 21 + Tug. Or, we could completely
ignore the dynamics of the system and predict the position of the vehicle to be the
observation 7 = y;. In actuality, we would like to use each piece of information: the
dynamics of the system and the observation. If we restrict to linear estimates and
assume that {w;} and {v} are independent symmetric a-stable random variables,
then we may apply the Kalman filter Algorithm 6 to estimate the position of the
vehicle zy, at time k. Figure 2.1 is a simulation with parameters p = 1, a = 1.4,

T = 0.1, and constant velocity u; = u = 4 throughout every time increment. The
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dispersion parameter ¢}’ of wy, is taken to be small (¢ = 0.1). This represents that
the potholes, gusts of wind, etc. have minimal effect on the position of the vehicle.
The dispersion parameter ¢} of vy is taken to be large in comparison to vy’ (¢ = 5).
This parameter represents the known accuracy of the gps technology. The classic
Kalman filter Algorithm 1 weights the observation to heavily in this case, as it does
not expect such extreme tail events that occur under an a-stable distribution. We
can see in Figure 2.1 the tail events that occur in the observation noise. Such tail
events have probability ~ 0 under the Gaussian distribution and are not expected in

the classic Kalman filter.

2.3.3 Aircraft tracking

As a last example, we consider two models commonly employed in the tracking of
an aircraft. Ignoring altitude, the system state being tracked is x = (z1, &1, 2, T2).
The system dynamics of a maneuvering aircraft are modeled by the constant velocity
(CV) model and the coordinated turn (CT) model (see e.g. Bar-Shalom et al. (2001,

Section 11.7) for an overview). The models are

Xp = F'xp_1 +

o o *ﬂwl'ﬂw
Seli o o

where the system dynamics matrix for the CV model is

F déf 0

o o~ N
o = o O
— N © o©

and for the CT model is

sin wT' _ 1l-—coswT

l—coswT sin wT’

0

def |0 coswT 0 —sinwT
1
0

sinwT coswT
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In practice, the turn rate w is unknown. One would need to consider the augmented
state matrix x; = (21,41, T9, T2, w), for which the system model is now non-linear.
Standard practice is to then approximate by a first order expansion. We assume here
that the turn rate w is constant and known for simulation purposes. The signal noise
wy is a 2-dimensional rotationally invariant a-stable random vector. At each time
increment, we observe the position of the aircraft, which is also contaminated by a

2-dimensional rotationally invariant a-stable random noise. Then the observation yy

1000
Ye=10 0 1 0

18

X + V.

We apply Algorithm 5 to estimate the position of the vehicle by Xy ;. Figure 2.2 and
Figure 2.3 are simulations of the CV and CT models respectively. The parameters
were taken asp =1, = 1.4, T = 0.1, ¢¥ = 0.1, and ¢ = 3. As in the vehicle tracking
example, the classic Kalman filter can perform poorly when tail events occur. If we
mistakenly believe that the noise is normally distributed, then we do not anticipate
such extreme tail events experienced in the noisy observation. Therefore, the classic
Kalman filter is again weighting the observation to heavily and underperforms the
a-stable Kalman filter Algorithm 5.
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1 dimensional constant velocity motion in an a—Stable noise environment
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Figure 2.1: a-Stable Kalman filter for constant velocity 1 dimensional motion.
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Constant velocity model of 2 dimensional motion in an a—Stable noise environment
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Figure 2.2: 2-D constant velocity model (CV).
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Coordinated turn model of 2 dimensional motion in an a—Stable noise environment
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Figure 2.3: 2-D coordinated turn model (CT).
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Chapter 3

Infinitely Divisible Random

Measures

3.1 Introduction

Stochastic integrals are a useful and widely employed method to capture unmodeled
effects in continuous time dynamical models. Gaussian white noise and Poisson
random measures are popular driving terms for the stochastic integration as each
are described by parameters that can be statistically estimated. In this chapter we
focus on the family of infinitely divisible random measures, which includes both of
the aforementioned random measures. First, let us recall a few basic facts about

Gaussian white noise. If {B;},., is a Brownian motion, then

T

B(C) ™ / 10(t)dB,,

0

for arbitrary Borel set C' € B([0,T]), is a Gaussian white noise satisfying
i. B(0) =0 as.

ii. If Cy,---,C, are disjoint sets in B([0,77), then {B(C%)},_, is a sequence of

independent variables such that

B (O Ck) = iB(Ck) a.s.

and
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iii. B(C) ~ N (0, Leb(C)c?) for every C' € B([0,T]).

Item iii follows by Itd’s isometry. That B(C) is normally distributed is a special case of
the more general condition that B(C) is infinitely divisible. It is this property that will
be our focus. By requiring B(C') to be infinitely divisible, we get a parameterization
from the Lévy-Khintchine triplet and, as we saw in Chapter 2, can give computations
in terms of these parameters. With this motivation, we now turn to infinitely divisible
random measures. Fix a stochastic basis (2, F,P,{Fi}o<i<r), where (Q, F,P) is a
complete probability space. Throughout, for any set S C R", we denote by By(S) the
Borel o — ring generated by S.

Definition 3.1.1. Let Z : By([0,T] x RY) x @ = R. Z = {Z(C)}cepy(o.1]xr9) 18 an

infinitely divisible random measure if
i. Z(0) =0 a.s.,

ii. For every sequence {C;} C By ([0,7] x R?) of pairwise disjoint sets, {Z(C;)} is a
sequence of independent random variables and if | C; € By ([0,T] x R?),

Z (G CZ) = iZ(Ci) a.s., (3.1)

and

iii. For every C € By([0,T] x RY), Z(C) is an infinitely divisible random variable.

Stochastic integration of deterministic functions driven by infinitely divisible
random measures was studied by Rajput and Rosinski (1989). In their work, they
showed that the Lévy-Khintchine triplet of Z(C) (see Theorem 1.1.1) is

2(C) ~ ( /C b(t, 2)m(dt, dz), /C az(t,x)m(dt,dx),Fc), (3.2)

where b: [0, T] x R* - R, 02 :[0,7] x R? — R, and Fg is a Lévy measure on R. Fg
has the property that there exists a unique o-finite measure F' on B([0, T| x R*) @ B(R)
such that F(C x B) = Fg(B) for every C € B([0,T] x R?) and for every B € B(R).
Moreover, there exists a o-finite measure m on B([0,7] x R?) and a function v :
[0, 7] x RY x B(R) — [0, 00] such that F' may be disintegrated as

F(dt,dz,dz) = v(t,z,dz)m(dt, dx).
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Measure m is called the control measure of Z. 1t satisfies the property that Z(C') =0
a.s. if and only if m(C) = 0. Also, for each fixed ¢t and z, v (¢, z,-) is a Lévy measure

on B(R).
Remark 3.1.2. The characteristic function of Z(C) is

~ exp {zu /C b(t, 2)m(dt, dz) — %uZ /C o2(t, 2)m(dt, dz)
b [ (e = 1 k) Feta) )
= exp {iu/ob(t,x)m(dt, dx) — %u2/ o?(t, x)m(dt, dx)

C

n /CX]R (e — 1 — qul[2]) F(dt, dx, dz)}

— exp { /b( - (dtdw)—%uz/ o2(t, 2)m(dt, dx)
// w1 ul]) vt 2, de)midr, d@}

Two examples that we will particularly focus upon are symmetric a-stable and
tempered a-stable random measures. Gaussian white noise models can perform poorly
when observed data contains outliers not probable under this assumption. Just as in
the discrete time examples of Chapter 2, a-Stable white noise models may outperform
the Gaussian assumption in this case. a-Stable processes are justified in their use by
the generalized central limit theorem. Tempered a-stable processes are attained by a
"uniform tilting” of the a-stable Lévy measure and as a result, have finite variance.
Such processes were studied by Rosinski (2007b) and proven to exhibit a-stable short
time behavior and Brownian motion long time behavior. The process still exhibits
jumps but not at the expense of infinite variance, as opposed to a-stable processes.
These properties have lead to a growing popularity of tempered a-stable processes as
a suitable model choice. As such, there is need and use for stochastic integrals driven
by such processes. To this end, let us formally define these random measures. For
0 < a < 2, an infinitely divisible random measure Z : By([0,T] x R?) x Q — R with
Lévy-Khintchine triplet

Z(C) ~ (0,0,m(C)vy) (3.3)
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is called a symmetric a-stable random measure when the Lévy measure v, is given
by
Vo (dx) e 2|7 d. (3.4)

It is called a symmetric tempered a-stable random measure when the Lévy measure
is

Vo (dz) e 2|7 da. (3.5)
Here, ¢ > 0 is called the dispersion parameter of an a-stable distribution on R. In

the former case, the the characteristic function of Z(C') is
E (") = emm @, (3.6)

In the following section, we will extend work of Rajput and Rosinski (1989) to
define the integral of a random field driven by an infinitely divisible random measure.
For such stochastic integrals to be fully utilized, results analogous to Ito’s Isometry
are needed. These will be studied in Section 3.3. As examples, we will focus on the

two random measures above.

3.2 Stochastic integration

3.2.1 Space of integrands

In this section we define the space of integrands for the stochastic integral.
Throughout, assume that m is a control measure of Z that may be disintegrated as
m(dt,dx) = p(t,dz)dt for some function p : [0, T] x B(RY) — [0, 0c]. Since m is a o-
finite measure, for each ¢ € [0, T, we require that p(¢, -) is also a o-finite measure. We
single out time in this assumption due to current conventions. By using the Lebesgue
measure to measure time, the distribution of Z(C') is stationary and one can speak of
stationary random measures. 1t is worth noting that this theory of integration could
be produced without the above assumption on the control measure m. In this case,
one must restrict to predictable random fields. Otherwise, the following developments

remain unchanged.

Definition 3.2.1. A random field X : [0,7] x R? x Q — R is F;-adapted
(nonanticipating) if {w : X (t,r,w) < a} € F; for every a € R and for every z € R?.
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For example, one may take {F;};>0 as follows: Let
Fl Y o {2(0):Cc[0,6] xR C e By([0,T) x RY)}

and F; be F] augmented with the null sets of F.
Let LY ([0,T] x R x Q; B([0,T] x RY) @ F;m ® P) be the collection of all mea-

surable random fields
X ([0,7] x R* x Q,B([0,T] x RY) @ F) = (R, B(R)),

such that X is F;-adapted. When there is no confusion, we may simply write LY.
Denote by S the collection of all simple random fields f : [0, 7] x R? x Q — R of the

form
m n

f(t, Z, w) = Z Z fij(w)l(ti,ti+1](t) 1Aj (:C>7 (37>
i=1 j=1
where 0 < t; < ... <ty < T, fi; are bounded F;-measurable random variables,

and A; € By(R?) are disjoint subsets of R? with m((;, t;11] x A;) < oo for each i and
j. For p > 0, we denote by L%, = Lr([0,T) x R? x ; B([0,T] x RY) @ F;m @ P) the
collection of all random fields X € LY. such that

def T 1/p
X1, (IE / |X(t,x)|pm(dt,dx)>
0o Jrd
T 1/p
= (E/ | X (¢, z) p(t,dx)dt) < 0.
0o Jrd

In the case 0 < p < 1, |||, does not satisfy the triangle inequality. However,
by subadditivity, [| X + Y|P < [|X][? , + [V ., so that || - ||V - is an F-norm and

| X — Y7 defines a metric on L.
Theorem 3.2.2. Forp >0, S is dense in L.

If one restricts to predictable integrands, the proof of this theorem simplifies
dramatically by observing that sets of the form (s, t] x A, where s <tand A € B (Rd),
generate the predictable sigma algebra. More work is required when this assumption
is not imposed. We will need the following lemma in the proof of Theorem 3.2.2

showing the Lebesgue integral in time of adapted random processes is adapted.
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Lemma 3.2.3. Let A be a sigma-subalgebra of F. Suppose that £ : (2 x Ry, A ®
B(R,)) = (R, B(R)) is measurable and bounded and &(-,t) is A-measurable for every
b

t € [a,b). Then / E(-,t)dt is also A-measurable.

Proof. Let (€, F', ") be another probability space and U,, : ' — [a,b) be uniform
i.i.d. random variables. Define a sequence of random variables on (2 x ', FQ F', P®
P by X, (w,w) = &(w,U,(w")). For each w € Q, X,(w,-) is an i.i.d. sequence of

random variables on €' and by the Strong Law of Large Numbers,

E@,U) + - + €, Un) g o B / £(w, t)d (3.8)
Let

N {(MM Ew,Uh(w)) + - + E(w, Un / wtdt}

PV O G CORSES B A / £t}
and

B R e s

Then we have A = U (A x {w'}) = U ({w} x A,) and by Fubini’s theorem and
w’ eV weN

(3.8),

1> (P o P)(A) :/ Ta(w, )P ® P (dow x dw)
QxQ

_ /Q / 1 {U ({x}XAI)}(w,w’)IP’(dw’)P(dw)
_ / / L ()P (AP ()

:/QIP’(AW)]P’(dw) :/QIP’(dw) =
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Therefore P ® P'(A) = 1. But again by Fubini’s theorem,

1=PP(A) :/ Ta(w, )PP (dw x du')
Qxqy

/,/Q“{U

@,
(A, {x}>}

/ / La, (@P(d)P(d) = / P(A)P(d).

Therefore [, (1 —P(A.))P'(dw’) = 0. Since 1 —P(A,/) > 0, P(A,/) = 1 P-a.s. and
hence, there exists an Q’ C (Y such that P'(©2) = 1 and for each w’ € ), P (A,/) = 1.
Fix wj, € € and put ¢, I, (w)). Then

WP(dw)P' (dw')

g(watl)+"'+€(w7t P a.s. / gw t

n

Since ti € la,b), &(-,t;) is A-measurable for each i and therefore the limit
f &(+,t)dt is A-measurable. In particular, f (-, t)dt is A-measurable. O]

To complete the proof of Theorem 3.2.2, we follow the outline of Bensoussan and

Lions (1984, pgs. 261 - 262).

Proof of Theorem 3.2.2. Let X € L. First, assume that X is bounded and vanishes
off of (S1,5:] x B C [0,T] x R with m ((S},S2] x B) < 0. Set

J(S2—S1)
Sy 42221

n def n
, = X
95 (@) Sy — S [S'1+(j_1)(s2_51) (5, 2,w)ds
and
dof n—1
e
¢n(t7 x, Cd) = Z ¢?(IB> w)]l(51+j(52_sl>751+(j+1)(52_51)] <t>

Since X is nonanticipating, X (s, x,-) is fsl+j(52_sl)—measurable for every

s € [Sl + MM,Sl + ](5277&)) Using Lemma 3.2.3, we have that gzﬁ?(x,w) is

f

Sl+j<sgfsl)—measurable, so that ¢, is nonanticipating. Letting o = I and B(t,r,) =

4
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B (t, @) in Theorem C.1.2, for every w and for every =,

lim ¢,(t,z,w) = X(t,z,w) for Leb-a.e. t.

n—o0

Since we have assumed X is bounded and m ((Si, Ss] X B) < 00, ¢, are uniformly

bounded vanishing off of (S}, S5] x B, and by the Dominated Convergence theorem,

n—oo

T
lim E/ | X (t,2) — dn(t, )| p(t, dz)dt
0 JRrd

11mE/52/ Xt 2) — 6ot )P plt, dx)dt

n—oo
Sa
_ E/ / lim [X(t,2) — pu(t,2)” plt, du)dt = 0.
S1 B n—oo
Let € > 0. Then for large n,
€
||X - ¢n||p,T < 5

Fix n large and for each j, consider the map (R¢, B(RY)) — L° (Q,FSIJFJ'(SQ?SI),]P))
given by '

= (w— gzﬁ?(x,w))
By standard analysis results, there exist disjoint A{ € B(R?) and bounded

F Sit i(sy—s;)-measurable random variables ;; such that

n )
95 (@,w) Z% = 2m (51, 53] x B)

for every x € R%. Rewrite the collection of sets {AJ }"_1 as a collection of m disjoint
sets { A}, and set iy = ¢ if Ay C Ag. Then

n—1 m

9
¢n t x, (U ZZ'@D[H ﬂAk (](52—51)’(]'4—1)(52—51)](t) < 2m((51 SQ] < B)

j=1 k=1 "
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for each (t,x,w)

(2] [ |x

< (IE /T Xt 2) — 6ut, x)|pp(t,dx)dt)1/p

€10,7] x R? x Q. If p > 1, Minkowski’s inequality yields,

P 1/p
p(t, da:)dt)

n—1 m

(t JZ Zzwk]]lAk 52 S1) (]+1)<52*31)](t)

7=1 k=1

n—1 m p 1/p
+ < / /d ¢n t :E Zzwkj]lAk 1(52—51) (j+1)(52—51)](t) p(t,d.T)dt)
R j=1 k=1 S "
5
- B
<3 ((51,52]><B)m((51’52]x )

:g"

showing that X is in the closure of S under the LP([0, T] x R? x Q)-norm. If 0 < p < 1,

T n—1 m V4
E/ /d X(tvx) - Zzwkj]lAk 3(52—51) (j+1)(52—sl)](t) p(t,dx)dt
0 R j:1 k=1 n ’ n
T
<E [ [ 1X(t0) - oult0)l ot de)a
d
’ , n—1 m p
+E/ / On(t, ) Zziﬁkﬂlflk (52 S1) (S sl>](t) p(t, dx)dt
Rd
7j=1 k=1

(5) + = (51,5 < B) )
< |= X
2 2m ((S1, 8a] x B) Vb2
E\P
=2(3)"
showing that X is in the closure of S under the metric induced by norm ||-||”

Finally, let € > 0, let C' € B ([0,T] x R?) @ F with P@m (C) < oo, and let X be
an arbitrary random field in L%.. By Corollary C.2.2, there exists

p
U Siy Sit1] X By X i)

such that

P®m (C’AO ((siy 8i11] X By X %)> <

=1

DO ™

20



By definition, there exists an n so large that
€
Define

p
(5i75i+1] X B x ’Yi)
=1

)

Xn(twr?w) déf Xﬂ{X<n}<t7wi)]l{ }(t7$7W)

p

= Z X(t,z, w)]l|X|§n(w)]l(5i,S¢+1] (t>]]‘Bi (:B)]l%. (w).

=1

Then by the above, each term in the finite sum of X, is in the closure of S and hence,
so is X,,. Restricted to C,

Pom(X - X,|>¢e)=Pam ({|X| >”}U (C\U((siasz‘-H] X B; X%')))

p

i=1

9
+

< - =e.
5 €

DO ™

So X,, converges locally in P ® m-measure. Since P ® m is a o-finite measure, there
exists a subsequence ny such that X,, — X P ® m-a.e. Since |X,, — X| < 2X € LY,

the dominated convergence theorem gives
Jim [ X, — X[, = 0.

Therefore X is in the closure of S under the L% norm. O

Finally, we denote by L%a's_ the collection of all random fields X € LY such that

T
/ X (£ 2,0 p(t, de)dt < o0 as.
0 R4

Theorem 3.2.4. For each X € LY., there exists fn, g, € S such that
. fn— f locally in P ® m-measure.
it. gn — [ P®@me-a.e.

o1



Again, this theorem follows from standard analysis results if one restricts to

predictable integrands.

Proof. Let X € LS. By decomposing X as X = X, — X_, we may assume that
X > 0. Define a sequence {X,} € LS by X, “J X An. Then, for each n, X, € L
and by Theorem 3.2.2, there exists simple random fields f' € S such that f! = X,
in L} as k — oo. Therefore f' — X,, locally in P ® m-measure as k — oo. Let
£,6 >0 and let C C [0,T] x R? x Q be such that P®@m (C) < co. For each n, choose
k, large so that, when restricted to C,

€ 0
Poom(|fi —Xa|>5) <2
®@m ‘fkn } =9 2
and choose n large so that, when restricted to C,

N

Pom((X >n) <

For such n, when restricted to C,

Pom(|X—fi]>c) <Peom (X — X+ |X,— fl]| > ¢)
Pom(1X - X, 2 ) +Pem (X, - fi] > 2)

Since C' was arbitrary, we have shown that f;' converges locally in P ® m-measure to
X. Since P ® m is a o-finite measure, there exists a subsequence { 1 } converging
nj

to X P® m-a.e. O

3.2.2 The stochastic integral driven by random measures

For a simple random field f € S, we define the integral of f with respect Z by

[ ste ez 303 120t x A50).
0 R4

i=1 j=1
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Let
Zij(w) déf Z((tz,tz_;,_l] X Ay,w)

We will often simply write

n

/ fZ (dt, d) / f(t, ) Z(dt, dx) Xm:Zf”ZU
Rd

i=1 j=1

For each f € S we then define

def
1f]l; = sup
oESy

T
| [ orzt.a)
0 R4

I

0

where S; C S is the set of simple random fields bounded by 1 and ||-||, is an F-
norm on the space of random variables defined in example B.5. ||-||, is an F-norm
and modular on S (see Appendix B for definitions). We can extend the definition of

stochastic integration in the usual way:

Definition 3.2.5. An adapted random field f is said to be Z-integrable if there exists
a sequence of adapted simple random fields {f,} € S such that

i. f,— fP®m-ae.
ii. {f.} is a Cauchy sequence with respect to ||-|| .

For such adapted random fields f, we then define the stochastic integral of f with
respect to Z by

T
/ 3 fZ(dt, dz) < P - lim FuZ(dt, dz).
0

n—oo R4

We next show that this definition is well-defined and identify the space of Z-integrable
adapted random fields.
Define a function ®, : [0,7] x R? x R — R, by

Dolt, 2, u) UL, 2, u)| + 02t x)u? + / [usl?w(t, z, dz), (3.9)
R

where

U(t,z,u) = b(t, z)u + /R ([uz] — u[z]) v(t, x,dz)
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and u € R. In the next lemma, we will see that ®; gives us a means to control
convergence of ||-||,. The proof extends results of Rajput and Rosinski (1989) by
utilizing a technique known as decoupling, for which the integrand and integrator can
be treated independently. Let Z’ be a copy of Z defined on a probability space €V,
independent of Z and F. Define an enlarged o-algebra on the product space € x €

by
F Y o (F, Z(C): C C0,t] x RL C € By([0, T] x RY)).

For an Fi-adapted simple random field g(t, z,w) = 3712 329, gij (W) Lt, 1,,0)x4, (8, 2),

define two sequences of ﬁti—adapted random variables by
def o
Xi(w,w') = Xi(w) = Y gii(W) Z((ti, tia] x Ajiw)

and

q
ng tzatlJrl] X Aj;w/)'
Observe the following:

i. For each w € Q, {Y;(w,-)},~, is a sequence of independent random variables on

.

ii. X; and Y] are ﬁi—adapted with
PoP (XZ- c A|}A}i) =P(X; € AlF,) = (Z 9ij (W) Z((ti, tiga] X Aj) € A|}}i>

and

PP (KGA‘ﬁti) PP <Zgzj Z/ ((ti, tiya] XA)EA’F%)

=P <Zgij(w)z<<ti7ti+1] X AJ) S A|‘th> )

since both Z/((t;, ti41] x A;) and Z((t;, tiy1] X A;) are independent of F;, for every
g
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Sequences that satisfy (i) and (ii) are said to be Fy -tangent sequences. Moreover,

observe that
PoP (e AIF,) =P P (Y; € AF) =P (¥; € A|F)

and, conditioned on F, {Y¥;};", is a sequence of independent random variables on
(Y. The sequence {Y;}", is said to satisfy conditional independence. The sequence
{v;}m, satisfying (i), (ii), and conditional independence is said to be a decoupled F;, -
tangent sequence to {X;}™,. Kwapienn and Woyczynski (1992, Section 5.7) showed
the following:

Theorem 3.2.6. Let Xi,...,X,, and Y1,...,Y,, be two F;-tangent sequences of
random wvariables. If ¢ : Ry — R, is a continuous, nondecreasing function of
moderate growth (see Definition C.1.4 and Theorem C.1.5), then there exists a
constant Ky, depending only on ¢, such that

Egp( i><K1maXEg0<

i=1 i=*
k
D
i=1

< g
<1r<r}€a<>§n ZX ) K; max E¢p ( max Y; > .

ei=+1 1<k<m
Moreover, if Y, ..., Y, satisfy property conditional independence, then there exists a

)

k

> Y

i=1

and

constant Ko, depending only on ¢, such that

Eep ( i ) < KhEp (
i=1 =

DY
i=1
<
(1%35; ) < Kol <1I<I}<:a<)§z ) '

Next, we use these decoupled tangent sequences and the above theorem to extend
the deterministic integrand results of Rajput and Rosinski (1989) to f € L.

and

k

> X

=1
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Lemma 3.2.7. Let {f.}n>0 be a sequence of adapted simple random fields. The

following conditions are equivalent:

anHZ—sup / o(t,x) fu(t, x) Z(dt, dx) —>O
T
ii. [ fall,» = sup / (8, 2) fult,2) 2 (dt, d)|| — 0
PEST 0 R4 0

i [)} [ @o(t, x, fult, 2, ))m(dt, dz) < 0.
Proof. Let f be an adapted Slmple random field. For any adapted random field ¢ € Sy,
write (¢f)(t,x,w) as ZZQH L(s,.50:1)(t)1B,(z). Define a function ¢ : Ry — R,

=1 j=1
by
p(x) =x AL

Note that ¢ satisfies the Ay condition (see Definition C.1.4) since
02x) = 2e) N1 < (2x)AN2=2(x A1) =2p(x).

By Theorem C.1.5, ¢ is of moderate growth (see Definition C 1.4 Ttem ii) and hence,

by Theorem 3.2.6 applied to X; = ZQZ]ZZJ and Y; = Zgw ;;» there exists a

Jj=1 Jj=1
M)

constant C', depending only on ¢, such that

Y o

Zgzgz] 327 Sz-i—l] X Bj)

=1 j5=1

q

ZZgU (8iySit1] X By)
7=1

=1
M)

[ (0)(t.2)Z(d. )

<(Cmax E (
e;i=*1

< Ol fllz -

Since ¢ was arbitrary,

11z < Clfllz -

The same argument holds when the roles of Z and Z’ are reversed. So there exists

constants C; and C5 such that
Cillfllz < fllz < Collfll -
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This shows the equivalence of Item i and Item ii.
To show Item iii = Item ii, assume that [ [ ®o(¢,, fo(t, x,-))m(dt, dz) 50 and

let {nx}ren be a sequence of natural numbers. Then

/T/ éo(t, Z, fnk (t,l” ))m(dt7 dl’) E} 0
0 R4

and hence, there exists a subsequence {ny,} C {n;} and an Qy C Q with P({2) =1
such that

T
/ / 0N (t,:c, fos, (t,x,w)) m(dt,dx) — 0
0o Jra !
for every w € Q. Let ¢ € S;. By Rositiski (2007a, Lemma 2.1.5),

q)O <t7 €, Qb(t, x, w)fnkl (tv x, CU)> S 2(I)0 (ta T, fnkl (t7 X, w))
for each (t,7,w) € Ry x R? x Q and hence,
T
/ / O (t,x,gb(t,x,w)fnk (t,x,w)) m(dt, dz)
0o Jrd !
T
< / / 20, (t,x,fnk (t,x,w)) m(dt,dzx) — 0
0 Jrd :

for every w € y. That is, for every w € (,

[

U (t, z, ¢(t, 2, W) fay, (t, x,w)) ’ m(dt, dx)
o [ [ o, hn oy mian,an
—|—/T/ /[[gb(t,:c,w)fnkl (t, z,w)2]?v(t, x, dz) m(dt, dx) — 0.
o JraJr

Since each integrand is positive,

[ L.

/T/ o(t, )¢ (t, ,w) [ (t,x,w) m(dt,dx) — 0,
0 JRrd !

U <t,x,¢(t,:v,w)fnkl (t,x,w)) ) m(dt,dz) — 0,

o7



and

T
/ / /[[(b(t,x,w)fnkl (t,z,w)2]v(t, x, dz) m(dt, dz) — 0
0o JriJr
for every w € €. Define a new measure on B(R) by

Fy(A) Y F{(t,x,2) €[0,T] x R* x R : g(t,2)z € A\ {0}}

T
:/ / /1A/g(t,x)(z)u(t,x,dz)m(dt,dx)
o JreJr

:/OT/Rdy(t,x,A/g(t,x))m(dt,dx).

Then for every w € €,

/OT /Rd /RW(@%W)fnkl (t,,w)2]*v(t, , dz) m(dt, dz) = /R[[Z]]QF‘”% (dz) — 0.

Fix w € Qy. The the function <¢ fnkl) (+,+,w) is measurable and Z'-integrable (as a
deterministic function, see Rajput and Rosinski (1989)) and the stochastic integral is

infinitely divisible with Lévy-Khintchine triplet

T
</ / U <t,x,¢(t,x,w)fnkl (t,x,w)) m(dt, dx),
0o Jrd
T
|| tadtaws, towmitd), Fa, ) |
o Jrd ! !

By Rajput and Rosinski (1989, Lemma 3.2),

T
L {/ o(t, z,w) fuy, (t, 7,w) Z' (dt, d; w')} = 6o
0o Jre

and hence

T
| [ ottaatu, (o2 d, dusw)
0 R4

A

A 1) P(dw') — 0.
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Since P(€)y) = 1, the dominated convergence theorem implies

S

for every ¢ € S;. For each [, choose ¢; € S; such that

NNAUA

Repeating the above argument with ¢; replacing ¢ gives

INAUA

T
O(t, 2, w) foy, (t, 7, w) Z'(dt, d; )
R4

A 1) P(dw")P(dw) — 0

fnkl gbl (t, 2,W) fuy, (t, 2, 0) Z' (dt, dov; )

¢l (t,2,w) fu, (t, 2, w0) Z' (dt, dz; ") | A

1) P(dw")P(dw) — 0

and hence,
‘ frg, o 0.
So every sequence {n,} has a subsequence {ny, } such that
fr, o 0
as [ — oo. Therefore,
||fn”Z’ — 0.

Finally, to show Item ii = Item iii, assume

[ fall z2 = 0.

By definition,

sup F (
PESy

For each n, define ¢,, € S; by

/\1)—>0.

Rd

On(t, z,w) =signU(t, x, fu(t, z,w)).

29

A 1) P(dw')P(dw) +

-



Then

VAU

gzﬁn (t, 2, w) fult, x,w)Z'(dt, dx; ")

:E(

A 1) P(dw")P(dw)

/T On(t, x,w) fult, z,w)Z'(dt, dx;w)' A 1) — 0.
0o Jre

Therefore

T
/ On(t, z,w) fult, x,w) 2 (dt, de; ") | A
0o Jre

/Q ( 1) P(dw') 5 0

and there exists a subsequence {n;}, .y and an Qy C Q with P (£2y) = 1 such that

I

for every w € . Fix w € 9. We have

T
/ Ony, (b, 2, W) fo, (t, x,w) Z'(dE, da; ') | A
0o Jrd

1) P(dw') — 0

T
| ontt itz @ dsw) o
0 R4

T
so that £ (/ / qbnk(t,x,w)fnk(t,x,w)Z’(dt,dm)) % 5. But On,, (t, 2, W) [, (4 W)
0o Jrd

is measurable and Z’-integrable as a deterministic function. By Rajput and Rosinski
(1989, Theorem 2.7), the stochastic integral is infinitely divisible with generating
triplet

(/OT /R U (t, 2, ¢n, (t, 2, w) fo, (t, 2,w)) m(dt, dz),

T
/0 /Rd 0-2<t7x)f2k(t,l‘,w) m(dt7dx)7F¢"kf"k> )

By Rajput and Rosinski (1989, Lemma 3.2),

T
/ / U (1,2, 6, (£ 7,0) fo (£, 2, 0)) m(dt, dz) — 0,
0 R4

/ / (t,x)fr (¢, @, w) m(dt,dz) — 0,
R4
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and

/IIZ]]2F¢7kank (dZ) — O
R

Since U(t,x,-) is an odd function,

[ [ ottt ma, o
= [ 00 e gt + 0,002 0 ,0) i, )
# [ [ Wbt eote . dzymiat, o
-/ ' (U bt 6,00) + 0%t ) 2 1)) it )
v f ' [ 1ottt ,d2) mt ds) = o

Since w € €y was arbitrary and P () = 1,

T
/ / By (£, fur (£, 2, ) m(dt, dz) — 0 as.
0 Rd

We have shown that if || f,]|,, = 0, then there exists a subsequence {n;} such that

/T/ D (t,x, fr, (t,z,-)) m(dt,dz) — 0 a.s.
0 Jre

Let || full; — 0 and {n;},cy @ sequence of natural numbers. Then ||f,, |, — 0 and

by the above, there exists a subsequence {ny, },.y C {1}y such that

/OT /Rd D (f”kl (t,x, )) m(dt,dx) — 0 a.s.

By Lemma C.1.3,

/T/ By (¢, 2, folt, 2,-)) m(dt, dz) 5 0.
0 R4
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We now see the power of the decoupling approach. We may treat the integrand
and integrator as independent. The next two theorems are the main results in
the development of the stochastic integral. The first shows that the integral does
not depend upon the approximating sequence of simple random fields. The second

addresses which random fields are Z-integrable in terms of the control measure m.

Theorem 3.2.8. Suppose that f € LY is Z-integrable. Then the stochastic integral
1s well-defined.

Proof. Let f,, g, € S be simple random fields such that
i. f, — fand g, — f P® m-a.e.

i |[fo = fmllz = 0 and [[gn = gmll; = 0.

By Lemma 3.2.7,
T
/ / Do (1,2, Fnlts 7,0) — fult, 2,)) m(dt, dz) = 0
0 R4

and .
/ / Qo (t, x, gm(t, x,w) — gu(t, x,w)) m(dt,dx) — 0.
0o Jrd

Since &y > 0, Fatou’s lemma gives
T
/ / Do (1,2, F(t,2,) — fulty 2,w)) mdt, dz) — 0
0 JRrd

and

T
/ / Qg (t,z, f(t,x,w) — gn(t, z,w)) m(dt,dzx) — 0.
0o Jrd
By Rosiniski (2007a, Lemma 2.1.5),
T
/ / Oy(t, z, fult,x,w) — gu(t, z,w))m(dt, dz)
R4
’ T
<3 / / Dot @, fult,2,w) — f(t,,w))m(dt, de)
Rd
"7
+ 3/ / Do(t, z, f(t, z,w) — gn(t, z,w))m(dt,dx) — 0.
0o Jre

By Lemma 3.2.7,
[ fn = gnllz =0,
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that is,
T
sup / & (fn — gn) Z(dt,dzx)|| — 0.
¢S [|Jo  Jrd 0
Take p =1 € S;. Then
Z(dt,dx)|| — 0,

]Rd 0

[ [ o=zt %o
[

the following are equivalent:

showing

Theorem 3.2.9. For random field f € LY.,
1. f is Z-integrable.
it. f is Z'-integrable.

. fOT Jaa @o(t, z, f(t,z,-))m(dt, dz) < co a.s.
Proof. That Item i is equivalent to Item ii is immediate by Lemma 3.2.7 since { f,, }»>0
is a Cauchy sequence with respect to || - ||z if and only if it is a Cauchy sequence with

respect to || - ||z

Item i = Item iii.
exists a sequence of simple random fields { f,,} such that

Let f be an adapted Z-integrable random field. Then there

i. fn— fP®m-a.e.

. || fo — fmll, = 0 as m,n — oo.

By Lemma 3.2.7,

/T/ By (1,2, fo (£,2,) — Fn (£, 2, ) mldt, dz) 5 0.
0 R4

By Rosiniski (2007a, Lemma 2.1.5),

/OT /Rd Oy (t,x, f (t,z,-)) m(dt, dx)
— /OT /Rd Do (t,z, f(t,2,) — fult,m,) + fult, 2, ) m(dt, dz)
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< 3/0 /R By (b2, F(t2,-) — fult, 2,-)) mdt, dz) (3.10)
+ 3/0 /Rd O (t, x, fr(t,x, ) m(dt,dx).

Since &y > 0, by Fatou’s lemma, for every w € €,

T
//R@O(tax:f<t7$7'>_fn(taaja'))m<dt7dx)
0 d
T
lim inf ¢ m\ly Ly ) = Jn\ly Ly d>d
< lnglo%/o /Rd o(tyx, frn(t,x,-) — fult,z,-)) m(dt,dz)
Therefore

{or

/OT /R By (t,, f(t,2,w) — fult, z,w)) m(dt, dz)

-

T
= . (D — Jn\ly Ly d7d
{oi [ [ @ttin 0.0 - ft.omian o) > <
T
C {w : liminf/ / Qg (t, z, frn(t, x,w) — fult, z,w)) m(dt,dz) > 6}
m—r0o0 0 Rd
and hence,

"

/OT /Rd Do (t, 2, f(t,2,w) = fult,z,w)) m(dt, dz)

-9

T
<P (liminf/ / D (t, x, fru(t, x,w) — fu(t,z,w)) m(dt,dz) > 5) -0
0o Jrd

m—r0o0

as n — 0o. So

/T/ O (¢, 2, f(t, 2, w) — fult,m,w))m(dt,dz) 5 0
0 R4

and as such, there exists a subsequence {n;} and an Qy C Q with P(Qg) = 1 such
that

/T/ Bo (b, 2, f(t,2,0) — fu (b 2,0)) m(dt, dz) — 0
0 R4
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for every w € Q. Fix w € Qy. By (3.10),

T
/ / (I)O (t,x,f(t,ﬁ,w))m(dt,dx)
0 JRd
T
< 3/ / Qg (t,z, f(t,x,w) — fu,(t,z,w)) m(dt, dz)
0 JRrd
T
+3/ / Qg (t, z, fr, (t, z,w)) m(dt, dz).
0 JRrd
Let k£ — oo. The first term converges to 0 and the second term is finite for each k

since f,, € S. Since P (€) =1, fOT Ja @o(t,z, f(t,z,-))m(dt,dz) < co a.s.
Item iii = Item i. Let f € L and suppose

T
/ / Qg (t,x, f(t,x,-)) m(dt,dx) < oo a.s.
0 Jre
By Theorem 3.2.4, choose f,, € S such that
fn— f P®m-a.e.
and | f,| < |f| for each (¢,z,w) € [0,T] x R? x Q. By Rosifiski (2007a, Lemma 2.1.5),
Do(t, x, fn(t,z,) — fultiw,)) < 4Do(t, 2, f(t,x,)) € L' ([0,T] x R m) as.

By the Dominated Convergence theorem,

T
lim / / Bo (L, 2, fnlt, ,-) — fult, 2, -))mldt, da) = 0 as.
mn—o0 J, R

and hence, by Lemma 3.2.7,
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3.2.3 Examples
Symmetric a-stable random measure

Let Z be a symmetric a-stable random measure with Lévy-Khintchine triplet Z(C') ~
(0,0,m(C)v), where 0 < @ < 2, ¢ > 0, and v(dz) = ¢|z| * 'dz. Since the Lévy
measure v does not depend upon ¢ and z, ®y(t, z, u) = Pg(u) and since v is symmetric,

U(t,z,u) = 0. We have
Do(u) = /R[[uz]]QV(dz)
= 2c /Om[[uz]]2z°‘1dz

1/|u| 0o
= 2c |u|2/ 27z + 2C/ 27z
0 1

/lul
2 o/ 1\ 20/1\°
=P () (o
2 -« [ul a \|ul
4c ul°
=—|u
a(2 — «)

Theorem 3.2.9 gives

{f € L} : fis Z-integrable}

T
= {f cLy: /0 /Rd |f(t,2)|" m(dt,dz) < oo a.s.} = L7 4

This is result is analogous to the space of integrable functions with respect to
Brownian motion.
Symmetric tempered a-stable random measure

Let Z be a symmetric tempered a-stable random measure with Lévy-Khintchine
triplet Z(C) ~ (0,0, m(C)v), where 0 < o < 2, ¢ > 0, and v(dz) = ¢|z|* " e l"ldz.
Since the Lévy measure v does not depend upon ¢ and x, ®o(t,z,u) = Pg(u). To

identify the space of Z-integrable random fields, we first show that

Bo(u) ~ |uf® A Jul®. (3.11)
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Since = — [x] is an odd function,

By () = / [uz]2u(dz) = 2 /0 B

1/|ul 9]
= 20|u|2/ 2% dy + 20/ 2 e *dz. (3.12)
0 1l

To compute the lower bound of the equivalence (3.11),

1/lul
Do (u) > 20|u|2/ 2% dz
0

1/l 1/|ul
= 2cu? ﬂ{|u|§1}/ %Ay + ]l{|u|>1}/ 2Tz
0 0

-1
a—2
|ul MMMQ

e
> 2cu? 2 —a, Dl
> 2cu (’Y( o, Dluj<yy + 5——

-1

— [l Loy

2ce™! 9 o
> (212 a) A 55 ) (P A ).

For the upper bound of the equivalence (3.11), observe that the first integral in (3.12)
is bounded above by

1/|ul 1/ul
20u2/ 2Ty = 2cu2]1|u§1/ e dr + 20u2]1|u|>1/ 212z
0 0 0

< 2el'(2 — a)u?l + 2eu? (1" 1
= {lul<1} 2—a \|yl {lul>1}

2c

= 2002 — )W’ Tgpyy<ry + 57— [ul" L1y (3.13)

—

and the second integral in (3.12) is bounded above by

20/ 27 ey = 2c]1{u|§1}/ 27 ey 4 26]1{|u>1}/ 27 ez
1

/vl 1/|ul 1/ul
< 2c¢ sup (ZQ_OCG_Z) ]l{|u<1}/ 273dz + 20]l{|u|>1}/ 277z
z€[1,00) 1/ul 1/ul
=c s[up : (Zz_ae_z) ]1{|u|§1} |u|2 + 20]1{|u|>1}0z_1 |u|a . (3.14)
z€|l,00
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Therefore, (3.13) and (3.14) combine to give

2c

Do(u) < 202 — ) |uf i<y + 2 |u® L1y

—a
+c sup (2°7%7?) ul? Lgu<ay + 2ca™ [u|* Ly < C (|u|2 Alul™),

z€[1,00)

where C' = (2c['(2 — ) + CSUD, (1 00) (2>7%e7%)) V (= + %£). So the equivalence
(3.11) holds and from this, along with Theorem 3.2.9,

{f €L} fis Z-integrable}

T
— {f €L): /0 /Rd |f(t, )P A ()| m(dt, dz) < oo a.s.}.

Notice that the space of symmetric tempered stable integrable random fields contains
both the space of Brownian motion integrable random fields L%a_s_ and the space of

symmetric a-stable integrable random fields L7, . from Section 3.2.3.

3.3 It6 isomorphisms

The well-known classic Ito Isometry gives

2 T
E =E / X2dt.
0

/OT X B(dt) 2 < oo}

= L*([0,T] x % B([0,T)) ® F;leb®P) (3.15)

/0 " X,B()

Hence,

{X € LY : X is B-integrable and E

and the map X — fOT X;B(dt) is an isomorphism from L? ([0, 7] x Q; B ([0,T]) ® F;
leb®P) into L?(Q;F;P). In this section, we use Theorem 1.2.1 to obtain
[to Isomorphisms for stochastic integrals driven by an infinitely divisible random
measure Z, similar in nature to (3.15). We seek to determine when the stochastic
integral fOT Jea f(t,2)Z(dt,dx) is in LP(Q, F,P) and when the map f(t,z)
fOT Jga f(t,2)Z(dt,dx) is an isomorphism into LP(Q, F,P). We will see that, just
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as in the case (3.15), the above condition is characterized by certain integrability

conditions on f with respect to the control measure m of Z. We seek contraction

p
<o0f

inequalities of norms between the space

{f € LY : f is Z-integrable and E f (t,x)Z(dt,dx)

and an appropriate subspace of
L°([0,T) x RY x ; B([0,T] x RY) @ F;m @ P) .

The appropriate subspace will be a Musielak-Orlicz modular space, a special type of
modular space described in Appendix B. We begin by considering the case when f is
deterministic and extend these results to the random case by decoupling arguments.

Let p > 1 and Z be an infinitely divisible random measure with Lévy-Khintchine
triplet (3.2). Define the function @, : [0,7] x RY x Ry — R by

Otz u) G Ut 2,u) + 02t 2)uE + Vo (t, 2, u), (3.16)

where

* def

U*(t,z,u) = sup |U(t,x,cu)l,
le|<1
Ul(t,z,u) 2wt b(t, z)u + / ([uz] — ulz]) v(t, x, dz),
R

and

Vy(t, x,u) def / (\uz!Q Lyuzj<1 + uzl’ ]1|uz|21) v(t,z,dz).
R

Rajput and Rosinski (1989, Lemma 3.1) showed that ®, satisfies the properties given
in Section B.5 and hence, generates a modular on the Musielak-Orlicz modular space

of deterministic functions
@, o, d. d
Lplier = Lplges ([O T] x R [O TI xR ) )

def{feLTdet//Rd tx|ftx)|)m(dt,dx)<oo}. (3.17)
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Rajput and Rosinski (1989, Theorem 3.4) also showed that, under certain assumptions
on the inﬁnitely divisible random measure Z, the mapping of deterministic functions
f = [ foa f(t,2)Z(dt,dz) is an isomorphism from LT ' into LP(Q; P). Assuming

that this assumptlon holds, if || - || is @ norm on LT e, then

f(t,x)Z(dt,dx)

Ra

=~ [ £l

Example 3.3.1. To demonstrate this for the classic stochastic integral with respect

to Brownian motion, let B be an infinitely divisible random measure with Lévy-
Khintchine triplet B(C) ~ (0,m(C),0). Here, ®,(t,z,u) = ®(u) = u?. Then
O(|f(t,2)]) = [ f(t,)* and

L?pdet {f € Lige: / / |f(t, )" m(dt, dz) < oo}.

Since ¢ is convex, the Orlicz norm (see Appendix B)

11y, inf { >0 | ) [ o e, ds) < 1}
T
:inf{c>0:/ / c‘ﬂf(t,a:)ﬁm(dt,a:)ﬁl}
0o Jrd

= HfHL2([O,T]><Rd;m)

is a norm on L%’det = L*([0,T] x R% m) and we have

= ||f||L2([0,T]><]Rd;m) ’
LP(Q:P)

f(t,x)Z(dt,dr)
R4

We now use the results of Section 1.2 to obtain It6 Isomorphisms for certain cases
of the infinitely divisible random measure Z. First assume that f is a Z-integrable
deterministic measurable field. For a general infinitely divisible random measure 7,
Rajput and Rosiniski (1989, Theorem 2.7) showed that fOT Jpa f(t,2)Z(dt, dx) was
infinitely divisible with Lévy-Khintchine triplet (by, 0]20, Fy), where

r T
bf - /0 R U(t,x,f(t,l’))m(dt?dx)’ O'J% = /0 /Rd |f(ta35)|20’2(t,a:)m(dt,dx),
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and

Fy(B) = F({(t,r,2) € [0,T] x R* x R : f(t,x)z € B\ {0}})

for every B € B(R). Now suppose that Z is a mean 0 infinitely divisible random

measure without Gaussian part. The Lévy-Khintchine triplet is necessarily

Z(C) ~ (/C/R([[z]] — 2)v(t, z,dz)m(dt,dz),0, FC) :

where F'(dt,dx,dz) = v(t,x,dz)m(dt, dx). First assume that for each (¢, x) € [0,T] x

R? v(t,x,-) is a symmetric Lévy measure on R. In this case, (3.16) becomes
®,(t,x,u) = Vp(t, 7, u) :/ (w2l Dguzieny + [zl Lepony) v(t, @, d2)
R

and fOT Jga f(t,2)Z(dt, dx) ~ (0,0, Ff) where F is the symmetric Lévy measure given
by
Fy(B) = F({(t,x.2) € [0.T] x B* x R : f(t,2)z € B\ {0}})

for every B € B(R). If v(t,z,-) is not necessarily symmetric, Rajput and Rosinski
(1989, Proposition 3.6) show that in this more general mean 0 case, there exists
a constant C' such that ®,(t,z,u) < CV,(t,z,u). Trivially, we have ®,(t, z,u) >

V,(t,z,u) and hence, ®,(t, z,u) ~ V,(t,z,u). In either case, we have

T
q)p Vp
L= V= {1 € Bhau: [ [ Vottale o)) midt,de) < oo}

We now define a norm on this Musielak-Orlicz modular space of deterministic

functions. To do so, define a new function ¥, : [0,7] x R? x R, — R, by

( 2 -2
/ (|U’Z’2 ]l{|uz|<1} + <_ |uz|p + p—) ]l{luz'Zl}) V(ta Z, dZ),
def R p p
U, (t,z,u) = if1<p<2,
/ (\uz!Z ]l{|uz|<1} + ]uz\p ]1{‘uz‘21}) V(t, x, dz), if p> 2.
\ /R
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It is easy to check that W, (¢, x, -) is convex on R, (since the integrand is now increasing

and convex), of moderate growth, and for every u € R, and 1 < p < 2,

2
Vo(t,z,u) < U, (¢ z,u) < =V,(t, z,u). (3.18)

=

d, 1 Vp s, . . . .
Therefore L%y, = Ly gy = Ly, 1s @ Musielak-Orlicz modular space with norm

T
11, @ int {e>0: [ [ 0, (e 70 mlat o) < 1.

We now show that
~ || flly, -

p

/0 ' [ rte.) 2, aa)

Let [ solve

|| ki
1=/R< 2 Liel<ty + - Lgaizny | Fy(da)
T 2 p
|f(t, x)z] |f(t, x)z]
= /O /R ) /R <—l2 Lisearsay + = Lsemeiz1y | F(dt dz, d2)
! |f(t @)z |f(t )zl
=) L), o Hisewa<y + = Lgseaszy | V(6 @, dz) m(dt, dz)

_ /OT /Rdvp (t, 2,7V (1, 2)]) m(dt, de).

By Theorem 1.2.1, if v(t,z,-) is symmetric for every (¢,z) € [0,T] x R, then

< K(p)l,

p

T
0.25] < ‘ / f(t,x)Z(dt,dx)
0 Jrd

where K (p) is given by (1.4). In the more general mean 0 case, Corollary 1.2.6 gives

T
0.125] < ‘ / f(t,x)Z(dt,dx)
0o Jrd

< max{ V2, V2} K (p)l.

Using (3.18) and the convexity of W, (¢, z,-), it is easy to show that if 1 < p <2, then

N}

L<Iflly, < =L
1w, =2
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We have proved the following theorem:

Theorem 3.3.2. Let Z be a mean 0 infinitely divisible random measure with
Lévy-Khintchine triplet Z(C) ~ ([ [g ([2] — 2) v(t, z,dz)m(d¢, dx), 0, F¢), where
Fo(B) = F(C x B), F(dt,dx,dz) = v(t,z,dz)m(dt,dx), and for each (t,z) €
0, T] x R, v(t,z,-) is a Lévy measure on R. Then

T
W) I, < || [ ] $e0)20000)| < max(V2VBK@) A, (319)
0o Jr »
where
Tp) — 0.0625p, if 1 <p<2,
0.125, ifp>2

and K(p) is given by (1.4). If v(t,x,) is symmetric for every t and x, then the

constants in (3.19) may be taken as

; 0.125p, ifl1<p<2,
0.25, ifp>2

and K(p). Hence,

p

T
{f € LY g 1 [ is Z-integrable and E / f(t,x)Z(dt,dx)
0o Jrd

< OO} = L;pdet
and the map [ +— fOT Jpa f(t,2)Z(dt,dx) is an isomorphism from Lgilet into
LP(Q; F;P).

Next, we extend these arguments to f € L. by decoupling inequalities. Let Z’ be
a copy of Z defined on a probability space €', independent of Z and F. Define an

enlarged o-algebra on the product space 2 x Q' by
Y o (F,Z(C): C c0,t] x RE C € B([0,T] x RY)).

For an F;-adapted simple random field f(¢,z,w) = 37" >0, fij(@) L, 1:,0)x4; (¢, 2),

define two sequences of fti—adapted random variables by
de "
Xi(w,w') = Xilw) Y fiy@)Z (1 tisa] x Agi) (3.20)
j=1
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and

Yi(w,o') Z Fi(@) Z' (41, tip1] X Ajiw). (3.21)

Sequences {X;}7, and {Y;}7, are F-tangent sequences and {Y;}7, satisfies
conditional independence. Let ¢(u) I wp and apply Theorem 3.2.6 to the decoupled
F;,-tangent sequences {X;}™, and {¥;},. We have the following theorem:

Theorem 3.3.3. Let f € LY. be a simple random field. Then there exists a constant
Ky, depending only on p, such that

Moreover, if the Lévy measure v(t,x,-) is symmetric, then there exists a constant K,

< K,
p

/0 [ 1.0z d) /0 [ 1.0 . aa) (3.22)

p

depending only on p, such that

T T
K, /0 g f(t,x)Z'(dt,dx) /0 g ft,x)Z(dt,dx)

<
P

p

< K, /T f(t,x)Z'(dt,dx) (3.23)
0 R4

p

Inequality (3.22) follows from the second inequality of Theorem 3.2.6 since the
sequence {Y;}!", satisfies conditional independence. The first inequality in (3.23)
follows from the first inequality of Theorem 3.2.6 and observing that Z(C) and Z'(C)
are symmetric random variables whenever v(t, z, ) is symmetric.

We return to the problem of extending the It6 [somorphism of Theorem 3.3.2 for
deterministic fields to random fields. Let v(t, z,-) be a symmetric Lévy measure. By

(3.23), we may first fix w € Q and consider

p

T
E, / F(t2,0) 2/ (dt, dz)
0 R4

The beauty of decoupling arguments are now revealed. By ”decoupling” the integrand
from Z, we may now use deterministic integrand results. Fix w € ). The function

U, is the same for both Z and Z’ since each have the same Lévy-Khintchine triplet.
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By Theorem 3.3.2, the deterministic field f(-, -, w) is Z’-integrable with

p
< o0

f(t, z,w)Z'(dt,dx)

Rd

//Rd (t,z, |f(t,z,w)]) m(dt, dx) < oo

p

if and only if

Hence, by (3.23),

< 00

f(t,x)Z(dt,dx)
Rd

E/OT/W U, (4,2, | f(t, 2)]) mldt, d) < o

Moreover, Theorem 3.3.2 gives

if and only if

p

k@ IfC )y, < Eu < K@) I1fC-w)lly,

f(t,x,w)Z'(dt,dx)
Rd

By (3.23),

p
K3k(p) By [[f( - wlly, < K5E f(t, ) Z'(dt, dr)

R4

ft,x)Z(dt,dx)

R4

p

p

< KiE < KTK(p)Eo || (- w)lly, - (3.24)

f(t,z)Z'(dt,dx)

R4

If v(t,z,-) is not symmetric, we still get the upper bound in (3.24) with constant
K? max{{/2,v/2}?K(p)? by (3.22) and the arguments above. Let us denote

<oo}.

is a norm on L;” and we can extend (3.24) by standard

Ly =y {f €Ly

o (x| f(t,x)]) m(dt, dx)

Rd

Then H ||f(7 '7w)H\Ilp LP(Q;F;P)

density arguments to measurable random fields f € LY to get the following theorem:

Theorem 3.3.4 (It6 Isomorphisms). Let Z be a mean 0 inﬁm’tely divisible random
measure with Lévy-Khintchine triplet Z(C) ~ ( [, [; ([z] — 2) v(t, z, dz)m(dt, dz),0,
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F¢), where Fo(B) = F(C x B), F(dt,dz,dz) = v(t,z,dz)m(dt, dz), and v(t, z,-) is a
Lévy measure on R. Assume that for each (t,z) € [0, T]| xR%, v(t,x,) is a symmetric

measure on R. Then

T
Kl%pr-,-,w g‘/ £(t,2)Z(dt, dx
RO 15|, < | [ L7007 @)
< . .
< KK W) (116l |, - 329)
where
. 0.125p, if1<p<2,
k(p) =
025,  ifp>2
and K (p) is given is (1.4). Hence,
T P
{f € LY : f is Z-integrable and E / flt,x)Z(dt,dx)| < oo} = L?Z’.
0o Jrd

and the map f — fOT Jga f(t ) Z(dt, dx) is an isomorphism from Lri{;p into LP(; F;

P). If v(t,z,-) is not symmetric, then the right hand inequality of (3.25) still holds
with constant K, max{y/2,v/2}K (p) and hence,

p

{f € LY : f is Z-integrable and E < oo} ) L?".

/0 : [ 1oz d)

3.3.1 Examples
Symmetric a-stable random measure

Let 0 < v < 2, ¢ > 0, and v(t, z,dz) = v(dz) = ¢|z|™* " dz in Theorem 3.3.4, so that
Z is a symmetric a-stable random measure. As an example of the Ito isomorphism
in Theorem 3.3.4, we first compute and simplify ®, for 1 < p < «. Since v does not

depend upon t and z, ®,(¢,z,u) = ®,(u) and for 1 < p < o we have

P, (u) = /R (]uz|2 Lijuzj<y + |uzl” ]l{|uz|21}) c|,z|_°‘_1 dz

1/|ul 00
= 2¢ |ul? / 27z + 2c¢ |u|p/ i P
0 1/|u|
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2¢ 1\ 2¢ 1\"?2
= ul* { — + ul” | —
2—a |ul a—p |ul

2c ’ \a—l- 2c ’ |a
= U U
2 —« o —
2—p
= 2¢c ul® .
@—aﬂa—m,|

By Theorem 3.3.4, if 1 < p < a, then

{f € L) : f is Z-integrable and E

" OO}
/OT /R £ (t, )| m(dt, dz) . OO} .

Since |u|” is already a convex function, it will generate an Orlicz norm equivalent to

/OT [ <|f(tl, x>|>am(dt’ .

[“ = /OT g |f(t, 2)|* m(dt, dz).

Then for each w € €, I is equivalent to || f(,z)||y and by Theorem 3.3.4

P T p/o
:E(/O [ Irea) m(dt,d:r:)) |

When p = «, we no longer get the classic type [t0 isomorphism since Z has infinite

/OT » f(t,x)Z(dt,dx)

z{feﬁuE

[lg,- Let I solve

that is,

E

/0 ' [ 10z, d)

absolute a'*-moment. It would be desirable to take p = a in the above equivalence in
order to obtain the analogue of the classic [t0 Isometry for integration with respect
to Brownian motion. However, we can get a desirable result similar in nature to
the above It6 Isomorphism, given in terms of the weak-L*(€2,P) space instead of the
LY(Q2,P) space. In what follows in the remainder of this example, we will extend
results of Giné and Marcus (1983) and Rosinski and Woyczyriski (1986), culminating
in Theorem 3.3.7. This theorem will address the problem presented above when
p = « and give an analogue of the aforementioned It6 Isometry for a-stable random
measures. As mentioned, we will see that the L*(€2, P)-norm on the left hand side of

the above equivalence is replaced by a weak-L* (€2, P)-norm of the stochastic integral.
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Before we present the result, recall that in the development of the stochastic integral,
no assumptions were made on T except that T" > 0. Therefore, for T" > 0, we may
consider the stochastic integral of a simple random field f to be a stochastic process
{L(f)}o<t<r as follows: for a simple adapted random field f € S, we define the

stochastic integral of f with respect to the a-stable random measure Z as

L(f) def /0 g f(t, z,w)Z(dt, dz;w) = ZZfij(W)Z ((t; Nt it At X Ajsw)

i=1 j=1

Since we are working with the weak-L® norm, we may choose a separable version of
I;(f) and our calculations will not be affected. So henceforth, we assume that I,(f) is

separable. First, we establish some desirable properties of the process {I;(f)}o<t<r-
Proposition 3.3.5. The process I,(f) is nonanticipating.

Proof. Let t € (tg,tr41]. Then

n

k—1 n
=D > FuZ ((itin] X A)) + ) fig Z ((thst] X A;)

=1 j=1

Since f;; is Jy,-adapted and F;, C F; for each ¢, f;; is Fi-adapted for each i. By the
definition, Z ((¢;,ti11] X A;) and Z ((tx,t] x A;) are Fp-adapted for each i. O

Proposition 3.3.6. The process I,(f) is linear. Namely, for f,g € L$ NS and
a, B eR,
Li(af + Bg) = ali(f) + BLi(g).

Proof. Without loss of generality, we may assume that the simple random fields

ftx) = 330 300 fiilnaxa, and g(t, ) = 3700, 370 Gijlt, 1,04, for the
same sets ({;,1;41] x A; € Bo([0,T] x RY). Let t € (tg, ty41]. Then for any a, 8 > 0,

k=1 n
Liaf+B9) =YY (afi+Bgy) Z +Z (fig + Bars) Z ((ta, 1] x Ay)
i=1 j=1
k=1 n
=a (ZZfz‘jZ((tutm] X Aj) + kajZ((tk,t] X Aj))
i=1 j=1 j=1
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k—1 n
_'_ﬁ (Z ngZ tzaterl X A "‘ng] tk,t] X A]))
1

=1 j= 7j=1

= aly(f)+ BL(g).

]

Following is the main result and gives the analogue of It6’s Isometry for integration
driven by a-stable random measures. The upper bound for deterministic fields was
proved by Giné and Marcus (1983) and the lower bound by Rosiriski and Woyczyriski
(1986). We again utilize the decoupling inequalities approach.

Theorem 3.3.7. LetT > 0 and 0 < a < 2. If f € L3NS and Z is a a-stable

random measure, then
A, (

*T

*T
f(s,x,w)Z(ds, dz;w)

Rd

) =l (3.26)

where

f(s,z,w)Z(ds,dx;w)

Rd

= {sup u®P < sup
u>0 0<t<T

X

)

/t f(s,x,w)Z(ds, dz;w)
0 Jrd

)
)<

= {f €Ly ]E/T |f(t,z)|" m(dt,dx) < oo} = L7, (3.27)
0 Jre

and hence,

*T

{f € LY . f is Z-integrable and A, ( f(t,x)Z(dt,dx)

Rd

Proof. By standard density arguments and Section 3.2.3, (3.27) holds once we have
proven (3.26). To prove (3.26), we apply Theorem 3.2.6, with ¢(w) = Lwsuys
to the decoupled tangent sequences (3.20) and (3.21). Recalling that {Y;} satisfies
conditional independence, for any u > 0 we have

> u) =P ( max
1<k<m

/ " b o) 2 )
0 R

P | max
1<k<m
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§CIP’®]P”<maX

1<k<m
=C | P max
0 1<k<m

By the deterministic integrand result of Giné and Marcus (1983), for each w € €,

k
ZY} > u>
i=1

173
| [ stz @ dne)
0 R4

> u) P(dw).

tr T
/ F(t 2,w) 2 (dt, dos ) >u) < / (s 2,w) [ midt, do),
0 R4 0 Rd

u?P’ | max
1<k<m

and hence,

/tk f(t, z,w)Z(dt,dr)
0 Jrd

u*P | max >
1<k<m
T

< C/Q/o g |f(t, z,w)|" m(dt,dzx)P(dw) = C’E/ g |f(t, z)|" m(dt,dz).

0

Since we have made no assumptions on the partition {¢;} of [0,77], the partition
lengths may be taken arbitrarily small. Also, u > 0 was arbitrary. The upper bound
is now immediate.

For the lower bound, again let u > 0 be arbitrary. By Theorem 3.2.6,

> u) =P ( max > u)
1<k<m |4

1=
Kk
E &Y
i=1

k

/tk flt, x,w)Z(dt,dx)
0o Jrd

P max X;
1<k<m -

ZCmaXP@)P/(maX >u)
cimt1 1<k<m

tr
_ / ! o
_C’/QP (12}2;, /0 /Rdaf(t,x,w)Z (dt,dx;w")

where ¢f el Y or &Y. By the deterministic integrand result of Rosiniski and
Woyczyniski (1986), for each w € €,

> u) P(dw),

th T
uP’ ( max / f(t,x,w)Z'(dt, de;w")| > u) > / le f(t, z,w)|" m(dt, dx)
T
= [ [ e mar, o)
0 Jrd
The result now follows exactly as in the upper bound case. O
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Symmetric tempered a-stable random measure

Let 0 < o < 2, ¢ > 0, and v(t,z,dz) = v(dz) = ¢|z|* " e Fldz in Theorem 3.3.4,
so that Z is a symmetric tempered a-stable random measure. We demonstrate how
to identify the It6 isomorphisms in Theorem 3.3.4. First, we will identify simpler
functions that are equivalent to ®,(¢,z,u). Recall that the notation g ~ h means
there exists C' > 0 such that (1/C)h(u) < g(u) < Ch(u) for every u and we say that
the functions g and h are equivalent. We have the following lemma giving equivalent

functions of @,

Lemma 3.3.8. Letp>1 and 0 < a < 2.

i If p < a
O, (u) ~ |ul* A ful®.
1. If p=a
®, (u) = [ul* Lggu<ay + ™ (I ful + 1) Ly
. If p >«

2
Dp(u) = ful” Lgu<ry + [ul” L1y

Proof. Since the Lévy measure is symmetric and does not depend upon t or =z,

D, (t, z,u) = P,(u) is given by

P, (u) = / (|uz|2 Tijuzi<ny + |uzl” ]1{\uz\21}) c |z|_o‘_1 e 1?ld
R
(3.28)

1/|ul 9
= 2/ lul® 2% Fedz + 2/ lul? 2P~ e *ed.
0 1/|u|

Let p > 1. First, suppose that p < o < 2. Just as in the proof of (3.11), the first
integral in (3.28) is bounded by

2c

|u|a]l{|u|>1}. (329)

1/ul
2/ u|® 2 "% %edz < 2¢0(2 — a)u?l (ju<1y +
0 - 2 -«
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The second integral in (3.28) is bounded by

o
2/ lul? 2P~ e *edz
1

/lul
= 2]l{u|<1}/ lulP 2P~ e Fedz + 2]l{u|>1}/ lulP 2P~ e Fedz
1/|u 1/|u

< 2csup{z* e "} |ul’ 1{u<1}/ P3dz + 2c |u|p]l{u|>1}/ 2Py
2>1 1/|ul 1/]ul
2c 9 — 2 2c

= Ye F 1y R TG 3.30
— sup{ e ful sy + ol Ly (3.30)

Combining (3.29) and (3.30) gives
O, (u) < C (Jul* Aful®).

The lower bound follows exactly as in the proof of (3.11) to get

21 o
B,(0) 2 (22— ) A ) (1 ALeP).
Next let p = a < 2. The first integral in (3.28) is bounded above by
1/|ul ) ) 1/[ul
2/ lu|” 2! e *edz = 2¢ |ul ]l{|u|<1}/ 2% d
0 0

1/|ul
+ 2¢ |u|2 ]l{‘u|>1} / ez
0

2 1\**
< 2euf L T — o)+ o o B () (33D

-«
2c
2 o
= 2c |u| ]l{|u|§1}1‘(2 - a) + 5o |u| ]l{‘u|>1}
2 2c «a
S 2c ]u| ]l{‘u|§1}r(2 - 04) + 2 _ o ‘u| (ln |U" + 1) ]l{\ubl}
and the second integral in (3.28) by
2/ lu|? 2P~ te " *edz
1/lul
= 2c |u’a <ty / 2 te *dz + 2c \u|a L1y / 2 le*dz
1/]ul 1/[ul
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1 -1 1 0o
<2c |u\o‘ ]l{|u|§1} (m) + 2c |u|a ]l{\u\>1} </1/| ‘ 27 dz + /1 6zdz> (3.32)

= 2c |u’a+1 ]l{|u|§1} + 2c ’u|a ]l{‘u|>1} (ln |u| + 6_1)
< 2c |u|2 ]l{|u|§1} + 2c¢ |u|a ]l{|u‘>1} (hl |u| + 1) .

Combining (3.31) and (3.32) gives
@, () < C ([ul® Lgucry + [ul® o] Lysay + el Lusiy) -

To compute the lower bound,

1/|u| 00
(1) > 2cl fu<ny |ul® / moe=%dz + 20|u|a]l{u>1}/1 | z e *dz
1 oo
> 2c7(2 — o, Dgui<ay [ul® + 2¢ [u]® L1y </ z e ldz + / zlezdz>
1/|u| 1

= 207(2 — a, D 1gy<y [ul? + 2¢ [u]* L=y (e7'Inful +T(0,1))
> C (|uf® Lgury + uf* I o] Lty + ] Dusiy) -

Finally let p > . To compute the lower bound of ®,(u),

oo

1/ul
®,(u) > 2¢|ul? IL{|U<1}/ 2% dz + 2c |ulf ]l{u|>1}/ P lem Ay
0

1/]ul
> 2c |u|2 ﬂ{‘u‘gl}’y(Q — «, 1) + 2¢ |u|p ]l{|u|>1}r(p — «, 1)
2
> C (Jul Lgujcay + [ul” Lgus1y) -

To compute the upper bound, we consider three subcases. First suppose that p < 2.
We can bound the first integral in (3.28) by

1/lul
2/ ul® 2= edz
0

1/ul
< 2c0(2 — ) u* L gju<1y + 2csup{zp e ul ]1{|u>1}/ 2 Pdz

2c
=2c'(2 — a)uz]l{|u|§1} + — 0 sup{zp e} \u| Lgpu>1y (3.33)

2
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and the second integral in (3.28) by

oo
2/ lu|? 2P~ e *edz
1

/lul
= 2qey [ PP el 2 [l e
1/|u 1/|u
< 2c Sg}l){z2_o‘e_z} |ul” L gju<1y / P73z 4 2¢ [ulf Lypusy T(p — @)
z2 1/ul
2c —a, —z
=55 sg}l){zz e} ul* Lgu<ay + 2¢0 (0 — @) [uf’ Lgjups1y- (3.34)

Combining (3.33) and (3.34) gives
®,(u) < C (Juf® Lgy<ay + [uf Tgus1y) -

Next, if p = 2, then ®,(u) = ¢['(2 — a) Ju|>. Finally suppose that p > 2. We can
bound the first integral in (3.28) by

1/lul
2/ ul* 21~ 2edz < 2¢0(2 — a) ul?
O (3.35)
<202 — @) (Ju’ Lyu<ry + [ulf Lyus1y)

and the second integral in (3.28) by

2 / [ul? #=0Yeedz < 2¢T(p — ) [ul”
\Jul (3.36)
< 2I'(p — «) (|u\2 Lgui<ay + ul” Tgups1y) -

Combining (3.35) and (3.36) again gives
() < O (Juf* Lguzry + [ul” Lgupsry)

]

Let p > 1 and Z be a symmetric tempered stable random measure with
Lévy-Khintchine triplet Z(C) ~ (0,0,m(C)v), where v(dz) = clz| * e llda.
By Theorem 3.3.4 and the above Lemma 3.3.8, we have the following three Ito

isomorphisms:
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i If p<a,

{f € LY : f is Z-integrable and E f (t,x)Z(dt,dx)

p
<o0f

= {f el E (/OT 5 |f(t,x)|2 A |f(t,a:)|am(dt,dx))p < oo}.

ii. If p=a,

{f € LY : f is Z-integrable and E f (t,x)Z(dt,dx)

<oo}
z{fGLOT' (// (£t 2)* L pai<y

+ £t @) (] f(#2) + 1) D peaisry) midt, dr))”™ < oo}

iii. If p> a,

{f € L) : f is Z-integrable and E f (t,x)Z(dt,dz)

<oo}
:{fEL(%' (// |ftx|]l{|ftx\<1}

() Ly peays1y) mldt, dz))” < oo}

We see that when p < «, the condition imposed upon f is a mixture between
the classic 1t6 Isometry (for integration with respect to Brownian motion) and the

symmetric a-stable example of Section 3.3.1.
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Chapter 4
Summary and Future Directions

The focus of this dissertation has been to study the LP-norm of infinitely divisible
random vectors and present several applications. Such distributions are important
in that they contain many of the named distributions used in numerous disciplines.
They have the desirable property of being completely characterized by their parame-
terization given by the Lévy-Khintchine triplet and this work gives explicit estimate
of the LP-norm of said distributions in terms of these parameters. Of most importance
is the 1 < p < 2 case, as L?-theory and orthogonality are not applicable. This result
was demonstrated most useful in Chapter 2. In this, we obtained the optimal linear
estimate of the state space in a discrete times signal-observation model in the presence
of an a-stable noise environment. Often, data collected demonstrates outlying
realizations not probable under the Gaussian assumption. In such instances, heavy-
tailed infinitely divisible distributions may be more appropriate model assumptions.
The LP-norm results are precisely the tools needed to work under such assumptions.

In the continuous time case, model "noise” is often given by a stochastic integral.
In Chapter 3, I defined the stochastic integral driven by infinitely divisible random
measures. Throughout I use a very powerful, but not widely employed method
known as decoupling. This method allows one to treat integrands and integrators
independently. Using the LP-norm result, I was able to obtain It6 Isomorphisms for
such stochastic integrals. As an immediate future extension of this dissertation, I
would like to explore continuous time models and apply these It6 Isomorphisms to
approximate the solutions.

As another extension, I would like to apply the LP-norm result to both discrete and

continuous time models for which skewed data has been observed. In this dissertation,
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I have mainly focused on symmetric distributions as this is a very common assumption

in modeling. By no means however is this result restricted to such distributions.
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Appendix A

Moments of Independent Random

Variables and Vectors

This chapter develops a few useful inequalities concerning sums of independent
symmetric or mean 0 random vectors. Most inequalities were first derived for random
variables. In some instances, the results were able to be extended to random vectors
taking values in a Hilbert space H. I include some of the results obtained for random
variables, even if the result is superseded by a result concerning random vectors. In
one instance, this is because the constants are sharper in the H = R case. The first
two theorems below deal with bounding E ||.S,,||”, which is difficult (if not impossible

in most instances) to compute directly, by computable moments.

Theorem A.1. Let 2 < p < 3 and {X;}, .y be independent mean 0 random vectors
taking values in a Hilbert space H. Put S, el Yoy Xi. Then

E|S.lI" < ) EIX|"+ — Y ElSial*E x|
i=1 =1

Proof. Fix y € H and consider the map
f:H—=>R:z|z+y|" — [z

There is a version of Taylor’s theorem for functions mapping a Banach space into
another Banach space, given in terms of the Gateaux derivative (see e.g. Dudley and
Norvaisa (2010, Chapter 5) for an overview). When working with real Hilbert spaces,

the Gateaux and Frechet derivatives coincide and the Gateaux derivative is a linear
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functional. Applying Taylor’s theorem to f, about the vector 0 € H, we have

f(@) = f(0) + df (0;2) + R(x), (A1)

where df (u; x) is the Gateaux derivative of f(u) in the direction of = defined by

df(u, x) déf lim f(u + TZE) B f(U)

T7—0 T
and .
R(z) = 5[ (&, 1) (A2

for some ¢ lying on the line segment between 0 and x, strictly between the points. In
the following computations, we calculate the first and second Gateaux derivatives of

f(u) in the direction of z. First, we compute the derivative of ||z||. We have

e e ] —
a(full) s ) = i £

2 2

o el = ful

=0 7 ([Ju+ 72| + ||ul)
— lim (u+ Tz, u+ TX) — (U, U)
70 7 ([Ju+ 72| + ||lul)
— lim 2(u, 7z) + (T2, TX)
=0 7 ([Ju+ 72| + ||ul)
— lim 2(u, x) + (x,Tx)
70 (|lu + 72| + [Ju]])

_ (u)

(A.3)

Now in the calculus of Gateaux derivatives, there is also a chain rule given by
d(G o F)(u;z) = dG(F (u); dF (u; x)).
Applying the chain rule to ||ul|” and utilizing (A.3), we have

d ([[ull") (u; x) = d(y”) (lull; d ([[ul]) (u; 2))
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Now the directional derivative of the map R — R : w — w? in the direction z is

d(wP)(w; z) = lim (wrz)P - w?

7—0 T
_ lim (w+ h)P — wP
 h—0 h/z
= zpw” 1,

and hence,
d (|[ull”) (u; ) = (d (|[ull) (u; 2)) p [[ul"
U —1
=p{ ) ullf (A4)
< il >
= plu, ) ul"™*.
Applying the chain rule again, we compute

d(lu+yl") (usz) = d(([[u]”) (u+y,du+y)(u; )
d([[ull”) (u+y,z) (A.5)
p

= p{u+y,z) [lu+yl".

Combining (A.4) and (A.5) gives
df (u; ) = d (lu+ylI” = Jull”) (w; 2) = plu+y, @) [lu+y[|"* = plu,z) Ju] (A.6)

and

df (0;2) = ply, z) |ly|">

Next, we compute d? f(u; x):

df (u + 1y x) — df (u; )

d®f(u;x,z) = lim

T7—0 T
:hm(pm+7x+%xﬂm+rx+mvﬁ—pw+waxﬂm+TMW4
7—0 T

_pw+ywHW+yW”—pwwHWW”>
T
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Consider first

plut ety o) ut e+ ylP? - pluty, ) fu -ty
7—0 T

i <p<u+y,a:> (et 72 +9P2 = Jut ol”™?) | plre, o) ut 72 +y||“)
T—0 T T

plu+y,2)d (Jlu+y|P~?) (u;z) + pla, z) Ju+y|"~
plu+y,2)(p— 2)(u+y, ) Ju+yl["" + pla,2) [|u+ y| >
pp— 20w+ y, ) lu+ P + plll lu+y)P 7, (A.7)

the next to last equality coming from (A.5). Take y = 0 in (A.7) to get

lim p{u+ 12, ) Hu+7pr_2 — ]p_2

T—0 T

plu, z) [u]

= p(p = 2)(u, ) [ul”" + pllz* ul"* (A8)
and subtracting (A.8) from (A.7) gives
& fusz,2) = pllz)” (lu + gl = [ul”)
+p(p—2) ((w+y.2)* [lu+ I = (u,2)* Jul ) .

We are now ready to give the Taylor expansion f(z) = ||z + y||” — ||z||"; where y € H
is fixed. Substituting the first and second Gateaux derivatives in the the Taylor
expansion (A.1) gives
1
) 2 -2 -2
Iz +ylI” = llzl” = llyll” + ply, @) [yl + 5 @ 2l (€ + vl = 1€177)

+p(0 = 2) (€ +y,2)° € +yI7" = & 1E17T)) . (A9)

for some £ lying on the line segment strictly between 0 and z. We will now bound
the two terms coming from the remainder to eliminate £. First, since 2 < p < 3, the

function ||-|[’~* is subadditive and the first remainder term is bounded by

1€+ ylP* = 1l < llyll”.
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Next, we may write ¢ = tx for some 0 < t < 1 since £ lies on the line segment strictly

between 0 and x. Then the second remainder term is bounded by

E+y, ) E+ylP" = (& )2 g
= (tr +y,2)* [tz + [P = (tz,2)? [|tx)P*
tr +vy x tx x

2 2
=( — — t p—2 2 /) ¢ p—2 2
o o) Ve o0t = (g ) e

< tw +ylI” ll]* — 72 |l])?
2 —2 —2

= llzl” (Iltz + 1" = [[t=]”)
2 -2

< = lI™ flyl™

the last inequality coming again by subadditivity. Combining the bounds on the

remainder terms and substituting into (A.9) gives

1
-2 2 -2 2 -2
Iz + 91" = 121" < Iy ll” +ply, @) Iyl + 5 (=7 1y l”™ + ple = 2) [l 1y 17)

»  plp—1) 2 —2
= llylI” +pCy,2) Iyl + == ll="llylI" - (A.10)
def def .
Now let z = S;_; and y = X; in (A.10) and compute the expected value,
conditioned on X;, of each side. Recalling that {X;} are independent mean 0 random

vectors, we get

p(p—1) -
E ([[Sil]” = [1Si-a 1”1 X3) < 1 Xl + —5 IXGIP2 R (1Si-1]1*1X5) -

Finally, take the expected value of both sides and sum from ¢ = 1 to n. The left hand

side telescopes giving

E|S.II" < Y EIX|"+ — Y ElSial*E x|
=1 1=1

O

It is known that a Hilbert space is a type 2, and hence type p, Banach space. As
an immediate consequence, we have the following theorem. For our application, we
desire to precisely know the constant ¢, (not depending upon n). Woyczytiski (1974,

Theorem 1 and Proposition 1) provided a method for determining this constant in
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concrete situations. We use this procedure and provide his proof below to derive the

constant c¢,.

Theorem A.2. Assume that X4,...,X, are independent mean zero random vectors

taking values in a Hilbert space H. Then for 1 < p < 2,

EIX:+...+ X" < ¢ Y EIX|7,

j=1
where ¢, = 237P + 1.
Proof. Let 0 < a <1 be given by « = p — 1. Let G: H — H be given by
G(x) = |||
Then G satisfies the following three properties
i IG@) =l ] = [l
ii. (G(2),2) = (l]|* @, 2) = | *7 fll|* = [l

iii. For every x,h € H,

x+h
G+ h) — G = ||+ 1o e
T+ A
x+h x+h
< ||+ nge el |
vl 1
et e = et 5|
Tev a1
x+h x
— {lle + A" — 2] + 2] -l
fe+ bl Tl

Since 0 < a < 1, the first term above is subadditive. Also, we may write the last
« l—a

zth z zth z . This last norm is bounded by 2!~ by

le+hll Tl e+hl Tl
the triangle inequality and continuing we have

norm as

z+h z ||¢
|Gz +h) = Ga)|| < IA)|* + 207 ]| -
|z +nl |
21704
= ||B)|* + ——— h) ||| — h|°
[A]" + G [(z + ) [[z|| — 2 ||z + Al
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Again applying subadditivity to the rightmost norm gives

21704 N
To T hP Iz + R) lzll = (= + h) [z + Al

+ [I(z + 1) lz + hll =z [|z + A7)
= [[Al1* + 27 ([ll=ll = ll= + Al + [I2]1%)

IG (2 + h) = G@)[| < [Ih]]* +

Applying subadditivity a third time to the absolute value term, we arrive at

IG(@ + k) = G@)|| < (Rl + 27 (|21 + |27
= (1+2-277) Al

Woyczytiski (1974, Theorem 1) showed that, for G satisfying properties (i)-(iii), the
proof of Theorem A.2 is as follows: By (ii),

X1 4+ XY= (G + -+ X)), X))

=1
Let T; 2 Y0, Xi. Then Xy + -+ X, = T; + X; and by (iii), G(X; + - + X,,) =
G(T;) + 27 for some 27 € H such that ||27]] < (14 2-27%)||X;||*. Since G(T}) and

X are independent and since X; are mean 0,
E|Xi 4+ X" =B (G(T)X; + 27 X))
j=1
<> (BG(T)EX, +E|27]| |X,1)
j=1

<(142-27) EIX[IT
j=1

O

When H = R, we can get a better constant than the one obtained in Theorem A.2.

We establish this in the next four lemmas and corollaries.

Lemma A.3. Let 1 < p < 2. Then for every x,y € R,
&+ y|” < |l + psign(@) |2y + ¢yl (A.11)
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where

— _ )P p—1 _ .p
¢p = max (1= 2)” +pz ). (A.12)

If p > 2, then for every x,y € R,

|z +y[" > |z[” + psign(z) |27~ y + dy [yl” (A.13)
where
. -1
d, = Juin (1= 2)P +p2P~t —2F). (A.14)

If p =2, then equality holds in (A.11) and (A.13).

Proof. If p =2, then equality holds in (A.11). So assume that 1 < p < 2 and consider

the function

R(2) % |2+ 1P — 2P — psign(z) |2 " (A.15)

We maximize R over R. First, assume that z > 0. Then
R(z) = (z + 1)P — 2P — pzP~!

and

R(2) =p(z+ 1Pt = pzPt —p(p—1)2F2

(A.16)
=p [((z + 1Pt — zp_l) —(p— l)zp_ﬂ )

By the mean value theorem, there exists £ € (2, 2z + 1) such that
(z+ 1P =2 = (p— 1)
Substituting this into (A.16) gives
R(z)=plp—1) (2 —2"7).

Since p < 2 and z < £, R'(z) < 0. Therefore R is strictly decreasing on z > 0 and we

have
R(z) < R(0) =1,

showing that
max R(z) = max R(z).

z€R z<0
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So assume now that z < 0. We observe that

= —2) = PP p—1) def 2
rilSag(R(z)—r?ZagcR( z)—nznzagc(\l [P — 2P+ p2Pt) rilzagcR(z).

Let z > 1. On this interval R(z) becomes

R(z) = (z — 1)P — 2 + pzP L. (A.17)
By the mean value theorem, there exists £ € (z — 1, z) such that

P (2= 1P = (p— 1) (A.18)
Differentiating R and making the substitution (A.18) gives

R(z) = plz = 1) = p2 ™! 4 p(p — 1)o7
=p[(G=1)"" =)+ (p—1)2"7]
=plp—1) (€7 +2"7).

Since p < 2 and £ < z, R’(z) < 0. So R is strictly decreasing on z > 1 and hence,
R(z) < R(1)=p—1for > 1. Since p — 1 < 1 and R(0) = 1, we see that

max R(z) = max R(z) = max R(z) = max R(z) = c,. (A.19)

z€R 2<0 2>0 0<z<1

We are now ready to prove (A.11). If y = 0, then equality holds in (A.11). Assume
y # 0 and make the substitution z = z/y in (A.19) to get

P T

Y

241

J + cp.

<[

z|? _ (x)
+psign | —
Y Y

p—1

Multiplying by |y|” gives

sign(z) 2|
sign(y) |y~
= |2|” + psign(z) [2[" "y + ¢, |y|”-

24+ y” < |z +p sign(y)y [y|” " + ¢ [y|”
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This proves (A.11). If p > 2, the argument above carries over almost verbatim, with
inequalities switched and max replaced by min, to show the reverse inequality of
(A.11) holds with constant d,,. O

Lemma A.4. Let ¢, and d, be the constants given above. Then
1<¢,<¢,<3—p (A.20)

and

(A.21)

where &, = 1+p(p— 1);27:11’ (2—p) forl <p<2,¢& I im ¢p =2, and ¢y I Yim Cp =
p—1+ p—2—
1.

Proof. Let R be as above. Since R(0) = 1, ¢, > 1. To obtain the upper bounds for
cpylet0<z<landl<p<2 If % < z <1, then by the mean value theorem, there

exists £ between 1 — z and z such that

R(z) = (1 —2)P — 2P 4 p2Pt
= pgPH (1 — 22) +p2P

Since z < 1,1 — 2z < 1, and £ is between z and 1 — z,
R(z) < p(1 —2z) 4 p2P~L.

Since z > 1/2,
R(z) <1 —pz+pzP . (A.22)

f0<z2z< %, then % > 2 and by Taylor’s theorem, there exists £ € (% -1, %) such

that ) ) -
(Lor) = (Y () e
Z z z 2

Since p < 2 and £ > 1,

Multiplying by 2P gives



Therefore
Rz)=(1—2P —2P4pP <1l —pz+pPt=1+p (P71 = 2). (A.23)
In either case, if 0 < z <1, then (A.22) and (A.23) show

¢, = max R(z) < max (1+p(z"1=2)). (A.24)

0<2<1 0<2<1

Standard calculus shows that 2~! — 2 attains a maximum value at (p — 1)ﬁ on the
interval [0, 1]. Using this in (A.24) gives

p-1 i p-1
op<1l+p ((p— 1)zr —(p— 1)2—p) =1+pp—-1)>72-p).
To show the last inequality in (A.20), we observe
L+pp—1)%7(2=p) <3—p

if and only if
if and only if

if and only if

if and only if
2—plnp+(p—1)In(p—1) <0. (A.25)

Now the left hand side of (A.25) is a convex combination of the function z +— Inz.

Since x +— Inx is concave,

2-p)lnp+(p-1)n(p-1) < (2-pp+(-1)°)
=In(2p—p*+p°—2p+1)
=1Inl
= 0.
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Finally, to bound d,, first observe that R(O) = 1 and hence, d, < 1. To prove the
lower bound, let 0 < 2z <1 and p > 2. Then

Rz)=(1—2f =2 4pP = (12 + (p—2)2" > (1 —2)P + 277"
>(1—2P+22=(1—2)(1—2) "+ 227"

is a convex combination of the function x — 2P~!. Since x — 2P~! is convex, we have

R(z) > ((1—2)*+ 22)p_1 =(1-2z+ 222)10_1 : (A.26)

Now the right hand side of (A.26) is minimized whenever 1 — 2z + 222 is minimized,
that is, at z = 1/2 with a value of 1/2. Therefore,

— min R(z) >
b orgnzlglmz)—%*l'

]

Corollary A.5. Let {S,}2, be an (F,)2-martingale, let 1 < p < 2, and let
Sp € LP for every n. Then

E|S. [ —E|So|” < ¢, » E[Sk — Skal”. (A.27)
k=1
If p > 2, then the reverse inequality holds for the constant d,. That s,
B[S, —E|So|” > dy Y E|[Sk — Seal” (A.28)
k=1
Proof. Since (S,) is a martingale, E (S — Sip_1|Fr-1) = 0. For every w € Q,

Lemma A.3 then gives

|Sk(W)|” = |Sk-1(w) + (Sk(w) — Sp—1(w))["
< |Sk-1(W)I” + psign (Se-1(w)) [Sk-1 ()" (Sk(w) = Sk1(w))
+ ey |Si(w) — Sk (W)
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2k - 1 : :
3-p Lower bound of d(p)
1.9 Approximation of c(p) |- 0.9H —d(p) 1
c(p)
1.8t ] 0.8t
1.7t ] 0.7t
1.6f ] 0.6
15¢f
1.4¢
1.3f
1.2¢
1.1
1 1
1 15 2 10

Figure A.1: Graph and approximations of ¢, and d,,.

Conditioning on Fj_; and taking the expected value gives

E (|Sk[” [Fr-1)
< E (|Sk-1]" |Fez1) + E (psign (Sk-1) [Sk-1/"~" (Sk — Sk-1) | Fr1)
+ ¢ (S = Sp-1]” [Fi-1)
= [Sp_1|P + psign (Sp_1) |Sk_1/" " E (Sk — Sk_1|Fr1) + B (|Sk — Se1]? | Fe1)
= [Sk1 " + B (ISk — Sk " | Fr1) -

Taking the expected value gives, for every k,
E|Sk|p —E|Sk_1|p S CPE’Sk — Sk_1|p. <A29)
Sum (A.29) from k£ = 1 to n. The left hand side of (A.29) telescopes, giving (A.27).

]
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Corollary A.6. Let X,, be independent mean 0 random variables and 1 < p < 2.
Then

p n
E <¢ Y E|XP. (A.30)
=1

>
i=1

If p > 2, then the reverse inequality holds with constant d,. That is,

p n
E >d, > E|X[". (A.31)
=1

>
i=1

Proof. 1f any X; ¢ LP, (A.30) is trivial. So assume X,, € L for every n. Let Sy “r

and S, ZXi' Let Fo = {0,Q} and F,, = 0 (X) : k <n). Then {S,}22, is an
i=1

(Fn),—,-martingale and by Corollary A.5,

p n
E <c¢ Y E|XP. (A.32)
=1

>
i=1

]

The next lemma gives control over lower limits of E ||.S,,||”. Most often, this lemma

is used with J = {1} when the summands are i.i.d. random vectors.

Lemma A.7. Let p > 1 and let X1, Xo, ..., X, € L? be independent mean 0 random
variables. Then for every J C {1,2,...,n},

n p P
E ZXi > E ZXi (A.33)
i1 -
In particular,
n p »
§ Al = Xi A.34
; A= o Z}: i (A.34)

Proof. Let J C {1,2,...,n} and put A et o{X; : j € J}. Then by Jensen’s
inequality,

>
i=1

p

>E

p

=K

p

E

E (Z XM)

: (Z XM) ‘E (Z XM)

i€J ieje
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Since {X;}icje are mean 0 and independent of A,

E (Z XAA) =0

ieJe

and since {X;};cs are A-measurable,

E (Z X,-|A> => X

ieJ icJ
giving the result. O

The previous lemma has as an application the following corollary allowing one to
establish results concerning mean 0 random vectors from results concerning symmetric

random vectors.

Corollary A.8. Letp > 1, let X be a mean 0 random vector, and let X?* “x X',
where X' is an independent copy of X, be the standard symmetrization of X. Then

EX|" <E[X°|" <2PE | X" (A.35)

Proof. The upper bound follows from Minkowski’s inequality and the lower bound
follows from Lemma A.7 with J = {1}. O

Finally, the following lemma and theorems were established by Latata (1997). The
theorems hold for real-valued random variables. It is not known if these results hold
for random vectors taking values in a Hilbert space. If H = R, one may use these
theorems to obtain better constants in Theorem 1.2.1 whenever p > 3. Since the
results are restricted to the real valued case, they are excluded from the proof of
Theorem 1.2.1 in favor of results pertaining to Hilbert space valued random vectors

(in particular, the Hoffman-Jorgensen inequality).

Lemma A.9. For every x > 0 and for every p > 1,

(L+ap< Y <§) o+ a?. (A.36)

0<k<p
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For every x € R and for every p > 2,

L+af < ) <£)xk+([pfﬂ)|x|fp—”+|x|p. (A.37)

0<k<p—1

Proof. First, let p > 1. For x > 0, Taylor’s theorem applied to the Maclaurin series
of the function f(z) o (1 + x)P — 2P gives

(L4ap—ar=Y (Z)xk + R(2),

0<k<p

where

f(hﬂ)(g) ]
I

R(z) =

for some 0 < £ < z. But

7) = p p=Ipl _ ¢p=[pl) [Pl
R(x) <w)((1+£) ¢l 2Pl <o

and hence

proving (A.36)
To prove (A.37), let p > 2. If x > 0, then (A.36) is true by (A.36). So suppose
x < 0. Again by Taylor’s theorem applied to the Maclaurin series of the function

Flo) Y14 2P — | gives

Lhaf — 2 = Y (Z):E’f + R(2),

0<k<p—1
where
B f(fp—ﬂ)(g) p1]
R(z) = P x
B (( ! 11) [sign(1+€) 114 ¢ — (—1)e 1T P oo
-

107



for some z < £ < 0. If [p— 1] is even, then

o) = () v =i (7

and if [p — 1] is odd, then

p . p—[p—1 p—[p—1 p—1
R = ()7 ) e e g (p el <o

In either case, we have

Ltaf — o= Y (];j;)f”“((pfﬂ)'x'[p_ﬂ‘

0<k<p—1
[

The following theorem was proved by Latata (1997, Corollary 1) using Lemma A.9.
The constant in Theorem A.10 is easily observed from Latata (1997, Corollary 2).

Theorem A.10. Ifp > 1 and X, X1, ..., X, are i.i.d. nonnegative random variables,
then

1
”Xl + ... +Xn||p S 2628up{2 (ﬁ) ||X||5 . Imax <1,£> S S Sp} .
s \p n

Again, using Lemma A.9, one can prove the following theorem of Latata (1997,
Corollary 2).

Theorem A.11. If p > 2 and X, X4,..., X, are i.i.d. symmetric random variables,
then

1
| X7+ -+ X, < 2¢% sup {I—) (E> | X]]s : max <2, E) <s< p}
s\ p n

I provide an alternate proof with worse constants.

Proof. Let {g;}_; be a sequence of i.i.d Rademacher random variables independent
of {X;}7,. Then

E|X1++Xn|p:]EEe |61X1+"'+6an|p7 (A38)
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where [E. denotes integration of the random variables ;. Now for fixed w, the
Khintchine — Kahane inequalities (see e.g. de la Pena and Giné (1999, Theorem
1.3.1)) gives

o\ 1/2
Ea |61X1(W) + -+ Ean((,U)|p S
n 1/2\ P
= \/p—]_ (ZXZ(CU)Q)
i=1
k p/2
= (> (b~ 1)Xi(w)2)
=1
and combining with (A.38) gives
k p/2 l/p
X0+ X,|, < |E (Z(p - 1)Xi(w)2> : (A.39)
i=1

Now {(p — 1)X?}7™_, is a sequence of nonnegative i.i.d. random variables and hence,

by Theorem A.10,

2n p p
[ Z 1)X2[|,2 < 2¢2 sup{— ( ; ) ~1)X2|, : max (1, %> <s<t)
2n 9 D
= ¢ sup{— = — 1) X2, : max (2,—) <25 < p}
p n

2/t
— 2 sup(? (2 ) p— DX s mae (2.2) < 1 < )

2n
— 2 sup? (2 ) p— DIX[2: max (2, 2) <t <)
n
2/t0
p (2n 2
=2 = | — —1|IX
2 (2 - i
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for some max (2, %) < tg < p. Combining with (A.39) gives
p [ 2n 1/to
0 Xl < VB (2) =T

~Vaep=i (L ) zl/to{—(—)wo uxuto}

< 2ey/p— 1sup{ (—) 1X |Is max<2,£>§s§p}.
p n
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Appendix B

Modular Spaces

The following is a brief overview of Modular Spaces. I present a few useful basic facts
and theorems taken from Rolewicz (1972, Chapter 1) and Kwapieri and Woyczyniski
(1992, Chapter 0). Let X be a linear space.

Definition B.1. A function || - || : X — [0,00] is an F-norm on X (or simply an

F-norm) if || - || satisfies the following properties:

i. ||z|| =0 if and only if x = 0,

ii. [|azx| = ||z| for every a such that |a| =1, and
iii. ||z +y| < |z| + [|y| for every z,y € X.

Definition B.2. A function p : X — [0, 00] is a modular on X (or simply a modular)

if p satisfies the following properties:

i. p(x) =0 if and only if z =0,

ii. p(ax) = p(z) for every a such that |a| =1,

iii. p(azx + Py) < p(x) + p(y) for every a, B > 0 such that o + 8 = 1,
iv. plapz) — 0if a,, = 0 and p(x) < oo, and

v. plax,) — 0if p(x,) — 0.

An F-norm need not be a modular. But if

|az|| < ||z|| for every 0 < o <1,
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then the F-norm || - || is a modular. The following theorem show the relationships

between F-norms and modulars.

Theorem B.3 (F-norm to Modular). Rolewicz (1972, Theorem 1.2.2)]. If || - || is an
F-norm on X, then the F-norm || - ||' defined by

 def

[zl|" = sup [tz
0<t<1

is equivalent to || - || and is a modular on X.

Theorem B.4 (Modular to F-norm). [Rolewicz (1972, Theorem 1.2.3)]. Let X be
a linear space with modular p(z). Let X* &t {z € X : p(kx) < oo for some k > 0}.

Then

IE4] “J int {e>0:p(c'2) <c}

1s an F-norm on X? such that

|zn|| = 0 if and only if p(x,) — 0.

Finally, we present an easy way to generate a modular. Let (S,S,u) be a o-
finite measure space and let L° be the space of all measurable maps z : (S,S) —
(R, B(R)). Let N : R, — R, be a continuous, non-decreasing function satisfying the
A, condition such that N(u) = 0 if and only if u = 0. Then

onl) /S N(jz(t) )l dt)

defines a modular on L° and by Theorem B.4,
|2,y < inf {c >0: /N<c—1 |(8)])p(dt) < c}
s

is an F-norm on Lo~y & {z € L°: py(kx) < oo for some k > 0}. The modular space
LPN is called an Orlicz space. Moreover, if N is convex, then the so called Orlicz

norm

il it {5 02 py (710) = [ N a0t <1

is a norm on L°N.
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Example B.5. i. As an example, let N(u) “Cwp for 0 < p<oo. Ifp>1 letc

il.

iii.

solve

/S ()P pdt) = 1.

Then ¢ = ([ |2(t)| ,u(dt))l/p and hence, ||-|[,y = ||-||z» is a norm on LP(S, S, 11).
If 0 < p <1, then letting c solve

/S ¢ (O uldt) = ¢

gives || -||,x = || -[%5" is an F-norm on L?(S, S, ir). This shows that Orlicz spaces

generalize LP spaces.

Assume that p(S5) < oo and let N(u) = u A 1. Then

vte) ™ [l L) < oo

is a modular and F-norm on L°. The modular space L° is often denoted
L°(S, S, i) and the modular py denoted || - [|o. It is the space of all measurable

maps and ||z,|lo — 0 if and only if z, — 0 in p-measure.

Kwapienn and Woyczyniski (1992, Section 0.8). Let & : § x R, — R, be such
that

a. For every s € S, ®(s,) is a continuous non-decreasing function on R with
d(s,0) =0,

b. For every y € R, ®(+,y) is S-measurable, and

c. For every s € S, ®(s, -) satisfies the Ay condition (see Definition C.1.4 ).

Then
def

palf) / B(s, /() )pa(ds)

is a modular on the space

L*(S,S,u) = L?® & {feL’: ps(f)<oo}.
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The modular space L? is called a Musielak-Orlicz space. Similar to the above
def . ) -1
[flle = inf{¢>0:ps (c'f) <c}

is an F-norm on L® and is called an Musielak-Orlicz F-norm.
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Appendix C

Selected Prerequisite Analysis
Results

We present a few basic, but possibly less known, facts from probability theory and

real analysis.

C.1 Convergence results

Theorem C.1.1. [See e.g. Ledouzr and Talagrand (1991, Theorem 6.1)]. Let
{ X, }nen be a sequence of independent random variables taking values in a separable

Banach space. Let S, = Yo Xi. The following are equivalent:

i. The sequence { Sy, }nen converges almost surely.
ii. The sequence {S,}nen converges in probability.

iii. The sequence {Sy, tnen converges in distribution.

Theorem C.1.2. Rudin (1987, thm. 7.10). Associate to each x € R? a sequence
{E,(x)} with the following property: there is a number a > 0 and a sequence of balls
B(x,r,) D E, with r,, — 0 such that

MNE,) > aX(B(z,ry,))

for eachn =1,2,3,.... If f € L}(R?), then



Lemma C.1.3. X, L x if and only if for every subsequence {n;} C N, there exists
a sub-subsequence {ny,} C {ny} such that X,, — X a.s.

Proof. (=) Let X, 5 X and let {ni} be a subsequence. Then X, 5 X and by
Jacob and Protter (2004, Theorem 17.3), there exists a sub-subsequence ny, such that

Xy, = X as.

(<) Let ¢ > 0 and {nx} be a subsequence. Then there exists a sub-
subsequence {ny} such that X, ~— X as. Therefore X, % X and hence,

the sequence of numbers P(‘Xnkl - X ’ > 8) — 0. So every subsequence of

numbers P (| X, — X| > ¢) has a sub-subsequence of numbers P <‘Xnk, - X‘ > €>

that converge to 0. Therefore

P(|X, —X|>¢e)—0.

Definition C.1.4. Let ¢ : Ry — R, be a non-decreasing function.

i. The function ¢ is of moderate growth if for some Cy; > 0 and any =,y € R,
ez +y) < Ci(p(z) + ¢(y)).
ii. The function ¢ satisfies the Ay condition if for some Cy > 0 and any =,y € R,

p(27) < Cop(x).

Theorem C.1.5. ¢ is of moderate growth if and only if @ satisfies As.

Proof. Ttem i = Item ii. Suppose there exists C; > 0 such that

p(z +y) < Cilp(z) +¢(y))

for any x,y € R,. Let x € R,. Then
0(2z) = p(z +z) < Ci(p(z) + p(z)) = Crp(z),
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where Cy = 2C.
Item ii = Item i. Now suppose there is a C'y > 0 such that

p(2z) < Cyp(r)

for any x,y € R,. Let z,y € Ry with x < y. Then, since ¢ is non-decreasing and
non-negative,
p(z+y) < e2y) < Caply) < Ca(p(y) +p(z)).

C.2 Algebras

Theorem C.2.1. Let (S, A, ) be a finite measure space and let Ay be an algebra
generating A. Then for every e > 0 and for every A € A, there exists an A. € Ay

such that
def

p(And) (A a)J A\ 1) <
Proof. Let ¢ > 0 and define

B {Ae A: n(AAA,) < e for some A, € Ay.}

Obviously B contains Ag. We show B is a monotone class. First, let A, B € B with
A C B. Then there exists A., B, € Ay such that

u(AAAL) + n(BAB,) < e.
Since Ay is an algebra, B. \ A. € Ay and we have

(BN A)A(B:\ A) = (BN A% A (B: N A7)
[(BNA)N(B.NATU(B.NAS) N (BN A%
[(BNAY) N (BEUA)] U[(B. N A% N (B°U A)]
(BNA)NBJU[(BNAY)NA,]
U[(B-NA)NBU[(B-NAS) N A
C(BNBUANA)U(B-NB)U (AN A)
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— (B\B.UB.\ B)U(A\ A, UA.\ A)
= (BAB.) U (AAA,).

Therefore

p((BNA)A (B A.)) < p(BAB:) + p(AAA;) <«

showing that B\ A € B and hence, B is closed under differences.
Second, let A; C Ay C A3z C --- be a sequence of events in . Since S is a finite

Ja (4 (UA)

we can choose n > 0 so large that

(O] ar(02) 5

Fix such n. Since A,, € B, there exists A; € Ay such that

space and

(AR AAR) <

) \(@Az.)
50 (04)

- G(Am(Ai)C) 0 AZﬂ(ﬂAS>

[ o

[\DI(‘W

Now

GAZAA; = (D Ai> \ AS

i=1

U @n@n| ol U anws| o Aim(ﬁAf)
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C [A, N (A3 U Ai| UAS N AS]
i=n—+1
= A N\A U | AjuA\ 4,
1=n—+1
(A, AA) U A;
i=n+1
Then

UA AA | < p (A DA + U Al <S4S=¢
i=1 i=n+1 2

o0
showing that U A; € B. So B is a monotone class. By the monotone class theorem,

i=1

= U(Ao) :A.

Corollary C.2.2. Let T > 0 and

Ao et {U(Si78i+1] : nis a finite integer, 0 < 51 < -+ < s,.1 <T, and s; € Q} )
i=1

Then Ay is an algebra of subsets of (0,T] generating B((0,T]).

Proof. Since Ay C B((0,T]), o(Ag) C B((0,T]). So its enough to show o(Ay) D

B((0,7]). Let 0 <a <b<T and a,,b, € QN[0,T] with a, decreasing to a and b,

strictly increasing to b. Then

(a,0) = | (an, ba] € o(Ap).

n=1

Since any open subset of (0,77 is a countable union of such open intervals,

B((0,T]) € o(A).
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