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Chapter 1

Preliminaries

It will be assumed that the reader is already familiar with introductory-level abstract algebra
as well as the following definitions and results. Assume R is a commutative ring with identity
throughout.

1.1 Exact Sequences and Projective Modules

Some basic properties of modules and (short) exact sequences will be essential in this doc-
ument, so we present a number of them here.

Definition 1.1.1. Let My, Ms, M3 be R-modules. Then a sequence of R-module homomorphisms

M14f>M24g>M3

is exact if Im (f) = Ker (g). More generally, a sequence of R-module homomorphisms

dit1 d; di—1
— X, — X, —— ...

is exact if Im (d;4+1) = Ker (d;), for all relevant i.
Fact 1.1.2. Let U, V, W be R-modules.

(a) The following sequence is exact if and only if « is injective.
0——=U—">V
(b) The following sequence is exact if and only if B is surjective.

B P

V—s W ——0

(¢) The following sequence is exact if and only if « is injective, B in surjective, and Im (o) =

Ker (8).

0—>U—sv-—Low—o

Proof. By Definition the sequence is exact if and only if Ker(a) = Im(e) = {0}, which
proves (a). Part (b) also holds by definition of exactness, since the sequence is exact if and only if
Im (8) = Ker(p) = W. Part (c) is a corollary of parts (a) and (b). O
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Definition 1.1.3. When the sequence in part (c) above is exact, it is a short ezact sequence.

Example 1.1.4. If M and N are R-modules, then so is M @& N and we claim the sequence
0—=M—>ModN-—">N—=0

is a short exact sequence, where ¢ and 7 are the natural injection and surjection, respectively.
Let (m,n) € M @& N. Then n(m,n) = 0 if and only if n = 0, which holds if and and only if
(m,n) € Im (¢). Therefore the sequence is exact in the center by Fact (c), since € and 7 are
injective and surjective, respectively.

Fact 1.1.5. Let A, B, C be R-modules.

(a) The sequence below is exact if and only if o is an isomorphism.

0 A—2>B 0

(b) The sequence below is exact if and only if C is the zero module.

0——=C——=0

Proof. Both parts follow from Fact For part (a), note « is injective if and only if the sequence
is exact and « is surjective if and only if the sequence is exact. For part (b), note the sequence is

exact if and only if the map 0 —— C' is surjective, i.e., if and only if C' = 0. O

Definition 1.1.6. Let

f g

0 A B c 0

I’ g’

0 A B’ c’ 0

be two short exact sequences. A homomorphism of short exact sequences is a commutative diagram

0 A B C 0
T
0 ! - B’ - c’ 0
f g

where «, 3, and v are R-module homomorphisms. The homomorphism is an isomorphism if a, 3,
and «y are isomorphisms. This is an equivalence if A = A’, C = C’, a = id4, and v = idc. That is,
we have equivalence if our diagram can be written

0 At.p_?.¢ 0
ldA\L ~ iﬁ e \dec
0 A B’ C 0
f/ g/

Note in this case 3 is necessarily an isomorphism (see Fact [1.1.9).

Fact 1.1.7. Given any R-module homomorphism g : A — B, there exists an exact sequence

0 ——=Ker(g) ——= A s BT Coker (g) ——0

where € is the natural injection, T is the natural surjection, and

Coker (g) := ——



Definition 1.1.8. Given R-modules A, B, and C, the short exact sequence

0 At 2. ¢c 0

is said to be split if there is an R-module complement to 1(A) in B. In this case B~ A® C, or to
be precise, B = ¢(A) @ C’ where C' C B is a submodule and ¢(C’) 2 C. The module B is said to
be a split extension of C' by A.

An equivalent definition is to say that the above short exact sequence splits if there exists
an equivalence

idA\L: s | midcll"
0 A B C 0
P @

where € and p are the natural injection and surjection, respectively.

Fact 1.1.9. In the following commutative diagram with exact rows, the R-module homomorphism
B must be an isomorphism.

0 At .p 9. ¢ 0
al: ~ ﬁi ~ ’Yl:
0 A B c’ 0

Proof. To show f is injective, let b € Ker(f) be given and we want to show b = 0. By the commutivity
of the diagram, 0 = ¢'(5(b)) = v(g(b)), so g(b) € Ker(y) = {0}. Since b € Ker(g) = Im (f), let
a € A such that f(a) = b. By the commutivity of the diagram, f'(a(a)) = 8(f(a)) = B(b) = 0, so
a(a) € Ker(f') = {0}. Since « is injective, a = 0 and therefore b = f(a) = 0.

To show f3 is surjective, let b’ € B’ be given and we want to find a lift of this element in B.
Since both v and g are surjective, let b € B such that (yog)(b) = ¢'(b’). By the commutivity of the
diagram it also holds that (¢’ o 8)(b) = ¢'(b'), so the element ' — 5(b) € Ker(g'). Since the rows are
exact and « an isomorphism, we may lift to some a € A such that (f' o a)(a) = b — 5(b) and the
commutivity of the diagram implies (8o f)(a) = b — B(b), whereby we conclude

B(f(a)+b) = (Bo f)(a)+B(b) =V
as desired. L)

Fact 1.1.10. A short exact sequence as in splits if and only if there exists an R-module
homomorphism u : C — B such that pou = id¢e. In this case u is called a splitting homomorphism
for the sequence.

Proof. First assume an equivalence of short exact sequences exists as in Definition and define
pw:C——B
c—T(0,¢)

This is a well-defined R-module homomorphism, because I' is a well-defined R-module homomor-
phism. For an arbitrary element ¢ € C the commutivity of the diagram gives

(@op)(c) = (¢oT)(0,¢) = (idc op)(0,¢) = ¢
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Second, assume instead there exists a homomorphism p:C — B such that ¢ o p = id¢
(cf.]1.1.8). Define the following map.

I':"ApC B

(@, ¢) ——¢(a) + p(c)

Since both 1 and p are well-defined R-module homomorphisms, so is I'. Moreover for any a € A we
have

(Toe)(a) =T(a,0) = 1(a)
and for any (a,c) € A @ C we have

(@oT)(a,c) = d(Y(a) + p(c)) = (¢ oP)(a) + (¢ o p)(¢) = 0+ ¢ = (idc op)(a, ¢).

Therefore the diagram commutes. By Fact [[.I.9] T is also an isomorphism, so the bottom row is
split. O

Definition 1.1.11. Let R be a ring, let C' be an R-module, and let A C C' be a submodule. We
say A is a direct summand of C' if there exists some R-submodule B C C' such that C = A @ B.

Definition 1.1.12. A category consists of a collection of objects, a collection of morphisms for
each pair of objects, and a binary operation on pairs of morphisms called composition (provided the
morphisms have compatible domain and codomain). A functor is a map between categories that re-
spects compositions and identity morphisms. A functor F'is covariant if a morphism ¢: A —— B
becomes

F(¢): F(A)——= F(B) .

A functor G is contravariant if the morphism becomes
G(¢): G(B) ——=G(A) .

Remark 1.1.13. Contravariant and covariant functors respect compositions differently. Let v, p,
and ¢ be morphisms in the same category such that ¢ = o p and let F' and G be covariant
and contravariant functors, respectively, on this category. Then F(p) = F(v) o F(p) and G(p) =
G(p) o G(v¥). In particular, if y o p = 0, then F(y) o F(p) =0 and G(p) o G(v) = 0.

Definition 1.1.14. An R-module P is projective if it satisfies any one (and therefore all) of the
following equivalent conditions.

(a) The covariant functor Homp(P, —) is exact. That is, for any R-modules L, M, and N, the
exactness of the sequence

0 L M N 0

implies the following sequence is also exact.

’ ’

0 — > Homp(P, L) — > Homp(P, M) —* > Homp(P,N) — =0

pr——"——>vop y————>¢oy



(b) For any R-modules M and N, if M N0 s exact, then every R-module homo-
morphism from P into N lifts to an R-module homomorphism into M. In other words, given
f € Hompg(P, N) there is a lift F' € Hompg(P, M) making the following diagram commute.

M——N——=0

(¢) For any R-module M, if P is isomorphic to a quotient of M (i.e., P & M/M’ for some
submodule M’ C M), then P is isomorphic to a direct summand of M.

(d) Every short exact sequence 0 L M P 0 splits.
(e) P is a direct summand of a free R-module.

Definition 1.1.15. An R-module I is injective if it satisfies any one (and therefore all) of the
following equivalent conditions.

(a) The contravariant functor Hompg(—, I) is exact. That is, for any short exact sequence

0 LYo N 0

the following sequence is exact as well.

0 — > Homp(L, I) —> Homp(M, I) —*> Homp(N,I) —> 0

p——"—>=1vop y———>¢oy

(b) For any R-modules X, Y and any R-module homomorphisms X———=Y and X ——1T,
there exists an R-module homomorphism h such that the following diagram commutes.

(¢) For any R-module M, if I is isomorphic to a submodule I’ C M, then I’ is a direct summand
of M.

(d) Every short exact sequence 0 I M K 0 splits.

1.2 Localization

We briefly look at the construction of localized rings and modules and their properties. Of
particular usefulness throughout this document will be the correspondence of prime ideals under
localization given in Fact To conclude the section we also introduce the terms covariant and
contravariant. Assume M and N are R-modules throughout.



Definition 1.2.1. A subset U C R is multiplicatively closed if 1 € U and the product uv € U for
all u,v € U.

Example 1.2.2. For any element s € R, the subset S = {s¢| e € Ny} is multiplicatively closed. If
p < R is a prime ideal, then R\ p is multiplicatively closed as well.

Definition 1.2.3. Let U C R be multiplicatively closed and we may define a relation on M x U:
let (m,u) ~ (n,v) if there exists w € U such that w(vm — un) = 0. One can show that this is an
equivalence relation. We therefore define

U~'M := {equivalence classes from M x U under ~}
. m
and denote the equivalence class (m,u) as — or m/u.
u

Fact 1.2.4. In general U='M is an abelian group by the operations

= OU*IM = i

+ uv T

= |3

n um + um Ons Ong
v

an R-module by the operation

m rm
re — = —
U U
and a U~ R-module by the operation
rom._mm
vou vu

The special case when M = R gives a commutative ring U'R with the following operations and
tdentities.

m+n vm + un m n mn
U v uv U v uv
OR OR u IR
OU—lRlzizi 1U—1RZ:*:7
u ]-R u ]-R

Moreover there exists a ring homomorphism

v:R— U'R
T ur
T - =—.
1 U

Notation 1.2.5. Let R* denote the collection of all units in R.

Theorem 1.2.6 (Universal Mapping Property). Let R and S be commutative rings with identity.
Given any ring homomorphism ¢ : R — S such that ¢(U) C S, there exists a unique ring
homomorphism ¢ : U 'R — S such that o = ¢. This is summed up by a commutative diagram.

Example 1.2.7. If R is an integral domain, then 0 < R is a prime ideal and R\ 0 is multiplicatively
closed, so we call (R\ 0)71R the field of fractions of R, denoted Q(R), and (R\ 0)~'M is a vector
space over the field of fractions.



Notation 1.2.8. Recall Example If s € R, then M, := S™'M. If p < R is prime then
M, := (R\ p)~'M. Notice that in the M, case, the multiplicatively closed subset does contain the
element s, but in the M, case, the multiplicatively closed subset does not contain p.

Fact 1.2.9. There is a one-to-one correspondence of prime ideals under this localization process.
Explicitly, if U C R is a multiplicatively closed subset and ¢ is the ring homomorphism from Theo-

rem [1.2.6, then we have

{prime ideals of U~ R} {prime ideals g < R| qNnU = 0}

Q Q) ={z e R| Y(x) € Q}

(x/1|z2€q)UR=q(U'R) Iq

and the isomorphic relations

U'R ) N
WU R) ~ U (R/q) (U 'R)qu-1r) <— Ry -

r/1 r
-
z/1 z

Example 1.2.10. Let p be a prime ideal. The correspondence for R, under the description in
Fact [1.2.9]is

{prime ideals of Ry} = {prime ideals q < R| q C p}

R,
—2 >~ (R

(Rp)qu = Rq
Considering the special case q = p we have two ways of thinking about a field.

RS

ok, = B/Pp = QR

Under the correspondence we know pR,, is the unique maximal ideal of pR,, so on the left-hand side
we have a local ring modulo the unique maximal ideal, which must be a field. On the right-hand
side, we have the field of fractions on the integral domain R/p.

Fact 1.2.11. Given any R-module homomorphism f : M — N, this induces the following well-
defined U~' R-module homomorphism.

UlfUu'M —U'N
m. . fm

u u

Proof. We need to check well-definedness and U ~!R-linearity. If m/u,m’/u’ € U~'M such that
m/u =m’'/u, then there exists some v € U such that vu'm = vum’. Therefore

v f(m) = flou'm) = foum’) = v - uf(m)

which implies f(m)/u = f(m’)/u’, so U™Lf preserves equality. Since it also lands well by con-
struction, it is well-defined. Letting m/u,z/w € UM and r/u € U™'R, we verify linearity as

9



follows.

O

Fact 1.2.12. The operation U~*(—) is a covariant functor. Therefore it respects function composi-
tion and U~ (idps) = idy-1p-

10



Chapter 2

Motivating Ext

In this chapter we motivate our study of Ext modules by discussing three applications in
abstract algebra. We also give a few major results that will be explored more fully in later chapters.
2.1 Application 1: Long Exact Sequence

Given a short exact sequence of R-modules and R-module homomorphisms

0 My T, P 0

and given an R-module N, the induced sequence

0 — > Homg(N, M;) —> Homp(N, M) "> Homp (N, M3) (2.1.0.1)

is exact, where f;. denotes Hompg (N, f;) and is defined as follows.

fi* : HOHIR(N, Mz) — }IOIIIR(]V7 Mi+1)
¢r— fiod
A similar sequence was seen previously in Definition [I.1.10

Here is demonstrated why we say Hom is left-exact. Writing the zero on the left in (2.1.0.1])
maintains the exactness of the sequence. The contravariant sequence below is exact as well.

* *

0 —— Homp(M;3, N) LN Homp(Ms, N) BN Hompg (M, N)
Here f; functions analogously to f;. above.

15 +Homp(M;y1, N) — Homp(M;, N)
Y 1po f;

If we were to put the zero module on the right of either the covariant sequence or the
contravariant sequence, the exactness would fail in general at that point of the sequence. We can,
however, compute something else on the right for a longer exact sequence. This is one of the first
great achievements of homological algebra and the application from the title of this section. We will
prove this in Section 6.2 (see Theorem [6.2.1]).

11



Theorem 2.1.1 (Long Exact Sequences). Given the short exact sequence

0 My~ P 0

and an R-module N as above, there exist exact sequences

0 —— Hompg(N, M) —— Hompg(N, My) —— Hompg (N, Ms) )

<—> Exty (N, M) —— Exty (N, My) —— Exty(N, M3) )

<—> Ext%(N, M)

0 —— Homp(M3, N) — Homp (M3, N) —— Homp(M;, N)

and

<—> Extp(Ms, N) —— Exth(Ms, N) — Extk (M, N) >

<—>Ext%(M3,N) - ...

where Extlé(—, —) will be defined after some discussion. We will simply say collogquially here that
Ext}% measures the lack of right exactness of Hom.

Discussion 2.1.2. Given an R-module M, there exists a projective R-module Py and a surjective
homomorphism Py ——= M, because every R-module is a homomorphic image of a projective R-
module. The sequence

Po—M—=0
can be thought of as approximating M by the projective module Py where the error of the approxi-
mation is Ker (7). The sequence can be lengthened into the short exact sequence

c T
0 —— Ker (1)—— Py N 0.

The R-module Ker () can likewise be approximated by a projective R-module. That is there exists
a sequence

P, — Ker (1) — 0

and the short exact sequence

0 —— Ker (Tl)C—g> P, — Ker (1) ——0.
Inductively there exists a short exact sequence

0 —— Ker (Tl)c—g> P, — Ker (1;_1) —= 0

for any i > 2, giving us diagram (2.1.5.1)). Moreover, a standard diagram chase shows the infinite
sequence
af oy oy of

Py Py Py P Py——=M 0

is exact by virtue of the exactness of the short exact sequences that compose it, as we show next.

12



Proof. For any ¢ > 1 we want to show Im (8{11) = Ker (@P ) by mutual containment. For any
b € Im (0,), there exists some a € P;;q such that 85 (a) = b and by the commutivity of
diagram (2.1.5.1)), b = 7;41(a) € Ker (r3), so 7(b) = 0. Again by the commutivity of the diagram
dF (b) =0, so b € Ker (9]) and thus Im (97 ;) € Ker (7).

For any d € Ker (9}), the commutivity of the diagram implies d € Ker (7;). Since 741
surjective we let ¢ € P,y such that 7;41(¢) = d and by the commutivity of the diagram af;l(c) =d,
so d € Im (8{11) and therefore Ker (@P ) C Im (81-13_1), which establishes equality. The proof at the

1 = 0 step using 7 is just as straightforward. O
From this construction we define some new notation.

Definition 2.1.3. Every R-module M has an associated exact sequence, called an augmented pro-
jective resolution,

o5 5 5 of T

Pt = . Py Py P, P, P,

M 0

where each module P; is projective and 7 is a surjection, an associated (truncated) projective reso-
lution (not typically exact),

o1 a5 oy or
P. = cen P4 P3 P2 Pl PO O
and an associated Hom sequence
aF * aF * 9P * 5P *
Py = Hompg(P,,N) = 0 P(}"(l) P1*<2) P2*(3) P§(4) P

The maps 9 are the differentials of the resolution.
Fact 2.1.4. In the notation of[2.1.3 we have
(‘971;1)* o (97) = (07 o 5+1)* =0"=0.
In other words, since Homg(—, N) is a functor we have Im (@P*) C Ker (8{1*1) by Remark .

Definition 2.1.5. Given a projective resolution of an R-module M in the notation of Definition[2.1.3]
and given an arbitrary R-module N, we define

Ker ((a{;l)*)

Extl (M, N) = -
t ((2)")
Colloquially

) Ker (outgoing from it" position
Exti (M, N) = (outgoing P )

Im (incoming to #** position)

13



g
\ V
S 5
g ¢ |8

Ker (74)

14
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Example 2.1.6. Let N be an R-module. Then

Z. [N i=0

Indeed, since R is projective (consider part (e) of Definition|1.1.14)), we have the augmented projective

resolution of R
id

pPr = 0 R

R 0

which is exact by Fact The corresponding projective resolution is therefore
P, = 0——R——0.

To compute Ext we need the sequence Hompg(P,, N).

0 —L~ Homg(R, N) —2> 0

From position ¢ = 0 we have

Ker (g) _ Homp(R, N)

Ext%(R,N) = ™G 0

>~ Homg(R,N) =2 N

and for any i # 0 we have
Exth(R,N) = g =X
Note 2.1.7. In general, if P, = 0, then Hompg(P;, N) = 0 and therefore Ext}é(M, N)=0.
Notation 2.1.8. For an R-module M and any r € R, the multiplication map
tp: M —— M
mb——srm

is a well-defined R-module homomorphism by the axioms for R- modules. Unless otherwise noted,
we will let p, denote a multiplication map by the element zx.

Lemma 2.1.9. Consider a commutative diagram of R-modules and R-module homomorphisms

f g

A———>B——>

IR

C
al2 ~ B2 ~ 7
Al——sB —=C

I’ g’

and assume go f = 0 (and consequently ¢’ o f' = 0). Then there is a well-defined R-module
isomorphism

— Ker(g) . Ker (¢')

P ) T ()
b+ Im (f) %ﬂ(b)—i—lm(f’).

15



Proof. We give here only a sketch via a commutative diagram.

A B C
0—>Im(f)—g>Ker( ) U Ker(g) 0
‘ N T (/)
| \ / | : V|
| |
“|= \ 0 \ Bl :
| |
3" 3’ -3 : =
A l ! l B L7 c’
ool | / :
| | v
v \ / er(g’
0o Im(f) — = = Ker (¢) u Ifm((;’,)) 0
0

Example 2.1.10. Let A be a non-zero commutative ring with identity and set R = Alx], a = (z)R.
Note R/a = A and therefore A is an R-module. Then we will show

A i=1
0 i#1

We begin with an augmented projective resolution of A from the diagram

A i=0,1
0 else.

Ext% (A, R) = { Exth (A, A) = {

0

R—">R/ax= A

where p, is multiplication by x and 7 is the natural surjection. Define P;" to be the row from the
above diagram. Hence

P, = 0 0 R+ R 0
and
Pr = 0 — Homp(R, R) —=> Homp(R, R) — Homp(0, R) — - - -
0 f Ha g 0
=0 =1 =2
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where the vertical isomorphisms are by Hom-cancellation. We can now calculate Ext% (A, R) from
the bottom row of this diagram, because of Lemma [2.1.9

0/0=0 i#0,i#1
Extiz (A, R) = { Ker () /Im (f) = 0/0 i=0
Ker(g) /Im (uz) =R/a=2 A i=1

We calculate Ext’ (A, A) similarly.

Homp(P,, A) = 0—2s24

0/0=0 1#0,1# 1
— Exth(4, A) = { Ker (1z) /Im(h) = AJ0=A i=0
Ker (k) /Im (p2) = AJ02 A i=1

Note in this case p2 is the zero map since Im (p2) = a/a = {0} C R/a = A.

One might wonder why we did not write Ext% (N, M) in Example 2.1.1} so here we give a
reason in the form of a proposition.

Proposition 2.1.11. For any two R-modules M and N
Ext% (M, N) = Homp(M, N).
Proof. Let M and N be two R-modules and let

ar or o or
Pt = P—spPy—spP—2 5P — s Py—"

M 0

be an augmented projective resolution of M. Since Hom is left-exact, the following piece of the
sequence Homp(P;", N) is exact as well.

X ary*
0 — Homg (M, N) —/— Hompg(Py, N) Q) Homp(Py, N)

This exactness yields

(1) Homp(M, N) (2) Homg(M, N)
K Px =1 *) o ) Sl )
o (61 ) m (77) Ker (7*) {0}

>~ Hompg (M, N)
where (1) holds by the First Isomorphism Theorem and (2) holds since

Ker () = Im ( 0 — Homp (M, N) ) = {o}.
On the other hand, from the definition of Ext we have

Ker ((9F)") _ Ker (@5)")

T (0 = Homz(Po, V) oy Ker (D))

Ext%(M,N) =

17



Proposition 2.1.12. Given R-modules and a projective resolution as in the above discussion, we
have the following.

(a) BExth(M,N) =0 for alli <0

(b) Ext'(M,0) =0 for alli € Z

(¢) Exth(0,N) =0 for alli € Z
Proof. (a). We have (P;); = 0 for all i < 0. Therefore (87)*:0—=0 for all i < 0 and
(0F)*: 0 —= P¢ . Tt follows that

; ~ Ker ((0F,)) 0
for all 7 < 0.

(b). For any i € Z we have
Homp(P,,0)_; = Hompg(FP;,0) = 0.

Then (87)*: 0 —0 and therefore

. 0
Exty(M,0) = 5 =0

for all 7 € Z.

(c). We can define a projective resolution of the R-module M = 0.

P} =P, = 0 0

Therefore

for all 4 € Z and hence

again for all 7 € Z. O

Fact 2.1.13. Eut is well-defined. That is, the calculation of Ext'y (M, N) is independent (up to
isomorphism) of our choice of projective resolution of M.

Establishing the Fact [2.1.13]is the main point of Chapter 6. See Theorem

2.2 Application 2: Depth

Depth is a nice tool on which to perform induction arguments. One thing that makes it so
versatile is that it has strong ties to Ext modules.

Definition 2.2.1. Let M be an R-module. An element x € R is a non-zero-divisor on M if the
sequence 0——= M 25 M s exact (i.e., for all m € M, xm = 0 implies m = 0). We say
x is M-regular if = is a non-zero-divisor on M and M # M (i.e., M/xM # 0). A sequence
T = x1,...,2, € R is M-reqular if xy is M-regular and x; is M/(x1,...,z;—1)M-regular for all
1=2,...,n.
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Fact/Definition 2.2.2. Let R be noetherian and a < R an ideal such that aM # M. Then
there exists a maximal M -reqular sequence in a. That is, there exists an M -reqular sequence r =
T1,...,Tn € a such that for ally € a, the sequence 1, ..., Ty, y is not M-reqular. The longest length
n of an M -reqular sequence in a is called the depth of a on M, denoted

n = depthp(a; M).

Fact 2.2.3. Depth is independent of our choice of maximal M -reqular sequence as long as M is
finitely generated. The proof of this fact requires Ext. One proves there exists some n € No such
that Extz(R/a, M) = 0 whenever 0 <i <n —1 and Extk(R/a, M) # 0, in order to conclude

depthy(a; M) = inf {i > 0| Exti(R/a, M) #0}.

Establishing Fact is the goal of Chapter 3. See Theorem [3.5.16

2.3 Application 3: Localization Problem for Regular Local
Rings
Here we introduce regular rings. The question of whether regularity is preserved under
localization (Question [2.3.7]) was one of the great open questions solved using homological methods.
We give an answer immediately in Theorem which is seen again later (Theorem [7.4.11)).

Throughout the section assume (R, m, &) is a local, noetherian ring. That is, assume m is the unique
maximal ideal and & & R/m.

Definition 2.3.1. The Krull dimension, or just dimension, of R can be said to measure the size of
R and is defined

dim(R) =sup{n>0]| Ipo Cp1 C - - Cp, C R st. p; prime,Vi=1,...,n}.
Under our local and noetherian assumptions, Krull dimension is finite.

Definition 2.3.2. The embedding dimension is defined as the dimension of a particular R-module
as a R-vector space.
edim(R) = dimg(m/m?)

Since m/m? is an R-module satisfying m - (m/m?) = 0, it is also an R/m-module. That is, it is
a R-vector space (since £ a field) and moreover since R is noetherian, m/m? is finitely generated
over R and is consequently a finite dimensional vector space over K. In summary, the noetherian
assumption on R again guarantees a finite dimension.

Theorem 2.3.3. One has

M (2)
depthp(m; R) < dim(R) < edim(R).
Definition 2.3.4. R is Cohen-Macauley if (1) is an equality and R is regular if (2) is an equality.
Fact 2.3.5. FEvery reqular ring is Cohen-Macaulay.

Example 2.3.6. For the localization ring
R = ]K[l‘l, “e 7xn](xl,...,zn)

with unique maximal ideal m = (21, ..., %, )R, we have dim(R) = n and edim(R) = n, so the ring is
regular and one can think of R as the geometric object K™ (e.g., R™ or C™). There is more on the
construction of localization rings in the preliminaries.
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In many ways the quotient ring

Rz, y]

b= @)

represents the curve y? = 2%(z + 1), which we plot in the Cartesian coordinate plane below. This
plot tells us a number of things about the ring Ry, though none of them are necessarily obvious.

(a,b)

e Points p = (a,b) on the curve correspond to maximal ideals m, = (z — a,y — b)Ry and the
local ring (Rg)m, has the maximal ideal (z — a,y — b)(Ro)m, -

o All rings (Ro)m, have Krull dimension 1, because the curve is 1-dimensional.

e If p is a smooth point of the curve, then the ring (Ro)m, is regular.

e edim((Ro)m,) = dimg (tangent space at p).

e At the origin p = (0,0), edim((Ro)m,) = 2 and therefore (Rg)wm, is not regular.

e The localization in this example can be thought of as zooming in on some neighborhood of
your point, so it should at least not make the singularity worse.

An important question from the early 1900’s asked if regularity is preserved under localiza-
tion, which is the thrust of this section.

Question 2.3.7. If R is regular and p < R is prime, must R, necessarily be regular as well?

It turns out that the answer is ‘yes’. This is highly nontrivial because while one can exert
some control from dim(R) to dim(Ry), controlling edim(R,) is harder and requires homological
algebra. The essential point is in the following theorem.

Theorem 2.3.8 (Auslander, Buchsbaum, Serre). The following are equivalent.
(i) R is regular.
(ii) For any two finitely generated modules M and N, Ext(M, N) =0 for all i > dim(R).
(iii) Extim+l g @) =o.
(iv) There exists some d > 0 such that Ext% (8, &) = 0.

The proof of this result, unfortunately, is outside the scope of the present document.
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Chapter 3

Depth by Ext

In this chapter we build the tools we need to characterize depth in terms of Ext (Fact[2.2.3]),
which is given with proof as Theorem [3.5.16| at the end of the chapter.

3.1 Hom and Direct Sums of Modules

In this section we observe that direct sums of modules interact very intuitively with functors like
Hompg(—, N) and U~*(—). We conclude the section by proving in Proposition that with a few
assumptions, the two functors interact with one another exactly as one might like them to.

Fact 3.1.1. If M and M’ are two R-modules, then there is a split short exact sequence

OHM&M@M’&M’HO

’
T €

where T o€ = idy and 7’ o € =idy, and we have

€

Homp(M @& M',N) ————— Hompg(M, N) @ Homg(M’', N)
Vi (poepoe)=(e"(¥),e"(¥))

1R

Proof. Applying Hompg(—, N) to the split exact sequence above we get

0 —— Homp(M',N) ——= Homp(M & M',N) —~> Hompg(M,N) - — =0 (3.1.1.1)

~ — —

*

T

tacking on a zero on the right-hand side. We claim this is a short exact sequence. Indeed since Hom
is left-exact and

€ or" = (r0o€)" = (idm)" = idHomy(m,N)

we know €* is surjective and therefore (3.1.1.1)) is a short exact sequence.

From here we can take one of two approaches to reach the desired conclusion. On the one
hand, note that we now have a split exact sequence in (3.1.1.1)), so the desired isomorphism follows
immediately from the definition of a split sequence @F)Dn the other hand, we can also prove
directly that the map w is an isomorphism as follows.
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We claim the following is a homomorphism of short exact sequences, for which it suffices
to show w is a well-defined R-module homomorphism and the proposed maps make the diagram
commute. This will actually complete the proof by the Short-5 Lemma.

0 —> Homg(M’,N) — "~ Homp(M & M’,N) — > Homp

(M,N
- =) A | 7 |=
0 —— Homp(M',N) — Hompg(M,N) @ Hompg(M', N) — Hompg(M, N

)——=0
J{:
)——=0

al v (0, )

T
(B,7) 1 B
For an arbitrary pair of elements 1,19 € Homg(M @ M’, N) and for any r € R we have

w(rr + o) = (11 + ) o€, (rip1 +1b2) o €')
= ((r1) oedpgoe, (rpr) o€ + o)
= (r(1o€)+1ppoe, r(h1o€) +9ao€)
= (r(roe), r(r1o€)) + (Yaoe, Paoe)
=r(roe,ro€)+(Poe, thpoe)
=7r-w(y1) +w(ye)

Thus w is a well-defined R-module homomorphism. Consider an arbitrary o € Hompg(M’, N) and
we have

(wot™)(a) =w(ao7) = (ot 0,07 0¢) W (ao00,aoidpyr) = (0,a) = E'(«)
where (1) holds since Im (¢) = Ker(7'). Now taking an arbitrary 1) € Homg(M @& M’, N) we have
(Tow)(¥) =T(poeoe)=1poe=e())

So the diagram commutes and w must be an isomorphism by the Short-Five Lemma. O

Example 3.1.2. Using[3.1.]as a base case, one can prove inductively that

Homp <é MZ,N> — éHomR(Mi,N)

i=1 i=1

P —>

is an isomorphism, where €;: M; — @@ | M; is the standard injection. In particular the map

wy, : Homg(R™, R) — R"

Y(er)
Yr— :
Y(en)
is an isomorphism, where e1,...,e, € R" is the standard basis for R™. Note in this case the base
case is simply Hom-cancellation Homg(R, R) = R. Moreover, if we let vq,...,v,, € R™ be the
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standard basis vectors of R™, let e7, ..., ek and vj,..., v}, be the respective dual basis vectors, and

let ¢ : R™ — R" be an R-module homomorphism represented by a matrix A, where the j** column
of Ais ¢(v;), then Homp(—, R) yields

{ef,... e} C Homp(R", R) —> Homp(R™,N) > {vf,..., v}

Ziwn ~ wmiz

{e1,...,en} C R™ R™ D> {v1,...,vm}-

AT

One can prove the diagram commutes using the basis vectors and the dual basis vectors, which in
conjunction with linearity, proves the entire diagram commutes.

(e o ¢)(v1) ai1

oo e =wm(eioa)= [ 1 |21 | =" rowora)

(€7 © ¢)(vm) im
where (2) holds since e(¢(v;)) is simply e} applied to the j** column of A, which is a;;.

e; (er)
(AT ow,)(ef) = AT - | ex(e;) | =™ column of (A”)

ef(en)
We now state an even more general version of Fact without proof.

Fact 3.1.3. For a direct sum of an arbitrary collection of R-modules, denoted @ My, we have
AEA

Homp <@ MA,N) o H Hompg (M, N).

AEA AEA

Theorem 3.1.4. U~!(—) is exact, i.e., U~(—) respects short exact sequences (and therefore exact
sequences).

Proof. Let

0 Mt N

be a short exact sequence and consider

P 0

g

-1 g VT i U g —1
0=U"0—sU"M—>U"'N U—'P U0=0.

First, and most straightforward to show, is the containment Im (U_lf) C Ker (U‘lg).
Utg) o (U f)=U(gof)=U"'0=0

Second, to verify the reverse containment we let n/u € Ker (U~'g) and show it has a
preimage under U ! f. Residing in the kernel implies g(u)/n = 0, i.e., there exists some v € U such
that 0 = v - g(n) = g(vn). Since Ker (g) C Im (f), we have f(m) = vn for some m € M and we
consider the element m/uv € U~ M.

o () -
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Third, we want to show U~!f is injective. Let m/u € Ker (U_lf) and similar to the
previous part this implies there exists some v € U such that v - f(m) = 0. This also implies
flom) =v - f(m) = 0 and since f is injective, vm = 0. Therefore we have

m  vm 0
u VU VU
So U~ f has trivial kernel and is therefore injective.

Finally, let p/u € U~'P and note p = g(n) for some n € N since g is surjective. The

immediate implication is
p _g(n)

L= =UTe(p) em @)

Hence U~!(—) preserves short exact sequences. To expand to the arbitrary sequence suppose

X2y Yoz
is exact. Around this sequence we build four short exact sequences as in diagram (3.1.6.1)). The
point in this construction is applying U~1(—) to it will preserve commutivity of the diagram and
exactness of the diagonals. Then a standard diagram chase (omitted) shows the exactness of the
row in which we are interested is also preserved. O

Fact 3.1.5. We have results similar to those in and for localizations. For U C R a
multiplicatively closed set and for R-modules M and M’ we have the following isomorphism.

U-Y(M & M) U-Y(M)® U~ (M")

(m,m’) m m'
w u’ u

(u'm,um’) m m’ u'm um’
! i P 10 !
uu u’u wu' uu

More generally we write

U-t (é Mi> =, éU*lMi
=1

=1

my mi/u
Jur——>

My, My /U

Remark 3.1.6. Replacing M, above with copies of R shows that the notation U~!R" is not am-
biguous, because U ~!(R") is isomorphic to (U"!R)". Thus homomorphisms between modules in
the form of the former induce homomorphisms between modules in the form of the latter. We sum-
marize this relationship in the following commutative diagram, where (a;;) is an n x m matrix over
R.

U~ (aiy)

U-1(R™) U-Y(R")
:i - i:
(U-'R)™ (U-'R)"

(ai;j/1)
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Definition 3.1.7. An R-module M is finitely presented if there exists an exact sequence

A -

M 0.

Proposition 3.1.8. Let R be a non-zero commutative ring with identity, let M and N be R-modules,
and let U C R be a multiplicatively closed subset.

(a) For all p/u € U~ Homg(M, N), the map ¢, below is a well-defined U~ R-module homomor-
phism.

bu UM U-IN

m/v———¢(m)/(uv)
(b) The function Oy, N below is a well-defined U~ R-module homomorphism.
®U7M7N U1 I‘IOInR(]\47 N) —_— HomelR(U_1M7 U—lN)

¢/ut Pu

(c) If M is finitely presented, then Oy N is an isomorphism.
(d) If R is noetherian and M is finitely generated, then
Homy—1p (UM, U"'N) = U~ Homp(M, N)
as U™ R-modules (via Oy v ).

Proof. (a). We prove this part in two steps. First let v € U and ¢ € Homgr(M,N). For any
m/v € UM we have

()L () - (3

v uv

where 11, is the standard product map (see Example . Thus ¢, is the composition of
two well-defined U ~! R-module homomorphisms, so it is itself a well-defined U ~! R-module homo-
morphism. The second question of well-definedness has to do with our choice of representative
from U~!Hompg(M,N), so let ¢/u = ¢'/u’. This means there exists some v’ € U such that
uu'¢' = u'u" ¢, so for any m/v € UM we have

wnl” - (m) = (w6 (m) = (u's"6)(1m) = " - 9(m)
and therefore

v

uv uw'u"uv uw'u"uv u'v

() = Am) _ ol _ wlm) _ ) _ gy

== ’
“ N\

(b). The well-definedness of O s, is a consequence of part (a), so we need only show it is U~ R-
linear. Let ¢/u,¢’'/u’ € U~*Hompg(M, N) be given and note that showing © respects sums is
equivalent to showing

(ul¢ + u¢/)uu’ = ¢u + qb;’

since
¢ ¢ uo+ug
T4+ =-T "7
u uu’
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To this end, for any m/v € U~ M we have
(W6 + 1Y (%) _ W
_ (W'e)(m) + (ug')(m)
B uu'v
u' - p(m) Lu &' (m)
uu'v wu'v
o(m)  ¢'(m)

= + S
uv uv

() ot (%)

To complete the proof of part (b) let r/t € U~'R be given and we observe for any m/v € U~ M

v (12) (2) = o1 (%)

uv

o
ouanx (£) (2).

(c). We complete this part in four steps. First we claim Oy pmenr,nv Is an isomorphism if and
only if both Oy s n and Oy pv N are isomorphisms. We prove this by showing diagram of
U~!R-modules and homomorphisms commutes. To make clear some of our notation we define the
following homomorphisms.

S e S N e B

v U (M e M) — (UM @ (U M) (UMY @ (U M) —= U=Y(M & M)
(o), m m o (', om)
v v v v ) v’

Consider the map w as defined in Fact[3.1.1]and from the same fact, consider the standard injections
e and ¢’ along with the standard projections 7 and 7/, all of which we reproduce below.

e: UM —= (U 'M)o (U M) € UM ——= (U M) (U M)
m m m’ m’
m o (7,0) m ~ (0,
U U U U
(U M) (U M) ——U"'M (U TM)e (U M) —= UM’
m m m m m' '
— ) — = —
u o u u u’u w

The maps I' and Q will be defined implicitly in the diagram chase.
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For any ¢/u € U~! Homg(M & M’, N) we have

(Y oT)u, (Po T/)u) .

)

Y uy w(¥) _ (Yordor) v (ww z/m’). O 105800
Ry f !
u

U U U u
(3.1.8.1)
Tracking along the other half of the diagram we find
Y Ovmenm Ny () -1, Q —1 1
" WPy b Yooy t—= (yoy toep, oy o). (3.1.8.2)

Now it is a matter of showing the resulting maps in (3.1.8.1]) and (3.1.8.2)) are equivalent.
For any m/v € U=*M and any m’/v' € U~1M’, (3.1.8.1)) produces

((u»w)u (). wor). (m>> _ (ww)(m), (wOT/)/(m’)> _ <w<m,0>’ w<0,m'>).

uv uv uv uv’

and likewise (3.1.8.2) produces
/

(5007700 (2) o) (%)) =

Hence the diagram commutes and our first claim follows from a standard diagram chase.

Next we claim Oy gr v, N is an isomorphism if and only if Oy s, n is an isomorphism for
every i = 1,...,n. The base case is our first claim, so assume our second claim holds for R-modules
My,...,M,_1 and let M, be another R-module. By our first claim we have ®U7€BZ":1M¢7N is an
isomorphism if and only if both ®U7@7;11 M, N and Oy, s, n are isomorphisms, so our second claim
follows from our induction hypothesis.

Third we claim Oy g~ n is an isomorphism, for which it suffices to show Oy g N is an
isomorphism (by our second claim). Consider the diagram

Ou,Rr,N

U~'Homg(R, N) Homy-15(U*R,U"'N)

U—lflu /
F

U-IN

where f and F' are the evaluation maps at 1 and 1y -1 g, respectively. The diagram commutes since
for any % € U='Hompg(R, N) we have the following.

) (f) _ W) _ e

(FoOuv.n.) (if)l F(«/)j) v =u (1) =4

1 1-u

Since the evaluation maps U~ !f and F are known isomorphisms, a standard diagram chase shows
Oy, g,~ is an isomorphism also.

28



To finish the proof of part (c), assume the sequence

gt g ¢

M 0

is exact (f no longer an evaluation map). Since Hom is left-exact the sequence

*

0 — > Homp(M, N) — > Homg(R", N) —L > Homp(R™, N)
is exact as well, where * is defined as
(=)* := Hompg(—, N).

Localization is also exact, so

—1 * —1 *
0 — > U~ Homp(M, N) — "~ /"' Homp(R", N) — Y /-1 Homp(R™, N)
i@U,J\/I,N ~ :i@UYRn,N ~ :iGU'Rm’N

0 — Homy -1z (UM, U‘lN)(Ufl;)*HomelR(U_lR", U‘lN)(U_—lfj*HomelR(U_lRm, U~IN)

is a homomorphism of exact sequences, where the commutivity of the diagram is verified as above,
the isomorphisms therein follow from our third claim, and * is defined as

(=)* :=Hompy-1x(—, U 'N).

Another diagram chase allows us to conclude that ©y ar,x is an isomorphism as desired, completing
the proof of (c).

(d). Since R noetherian and M finitely generated, there exists an exact sequence

RY Re r™ R" M 0.

Therefore
R™ R™ M 0

is exact and M is finitely presented. Part (d) then follows from part (c). O
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(3.1.8.3)

AZTD n\ETbvaonE & AZTD ﬁ?lbvaonm NN NGHN WG (N 0)HMOR -1 (N 70)HWOH 1]
GHU HHL
(N1—2 (=) ® (W)Yo (N v)¥woy & (N ‘J7)¥wol) 1)
&-g n?b
(N —0(w ® ) —n)¥ - "woy Nweag (N0 & W)¥WOH 1)
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3.2 Modules and Prime Spectra

The prime spectrum of a ring and related constructs are used heavily throughout the re-
mainder of the chapter and we introduce them here. Remark [3.2.11] in particular will get a lot of
use and will be used directly in the proof of Theorem [3.5.16] the ultimate goal of the chapter.

Notation 3.2.1. For any natural number n € IN, let [n] denote the set {1,2,...,n}.

Definition 3.2.2. Let I be an ideal of the ring R. The prime spectrum of R is
Spec(R) = {p < R| p prime}

the variety of I is
V(I)={p € Spec(R)| I Cp}

and the radical of I is
rad(/) ={z € R| Ine Nst. 2" € I}

also denoted r(I) or v/T.
Remark 3.2.3. We have the following properties of the radical ideal and the variety of an ideal.

1. rad(J) < R 4. rad(rad(l)) = rad(I)
2. I C rad(]) 5.1CJ = V(I)2V(J)
3. I2>2J<R = rad(J) Crad(d) 6. I=R < rad({)=R

Example 3.2.4. Let R be a principal ideal domain. For any = € R\ {0} there exists a unit u € R*,
prime elements p1,...,p, € R, and positive ey, ..., e, € IN such that

o= upft gy
and p; R # p; R whenever i # j. If we define I = zR, then V(I) = {p1R,...,p,R}. This is because
qR € Spec(R) is such that gR contains zR if and only if ¢lx = up{* ---pS». That is, ¢R € V(I) if
and only if ¢ ~ p; for some 1.
We can also show rad(I) = p;---p,R. Note by Remark 6 above, we may assume
without loss of generality that n > 1 (i.e., « is not a unit). Define e = max;(e;) and we have

(plpn)e:pipzepilpi"R:xR

So the product p; - - - p, € rad(I) and hence p; - - p, R C rad(I), because rad(]) is an ideal. For the
reverse containment let y € rad(I) and let m € IN such that y™ € I. This implies upi* - - - pSr|y™.
For each i € [n], e; > 1 so p;|y™ and p;|y. Moreover p; % p; whenever ¢ # j implies p; - - - p,|y and
therefore y € py - - - pp, R. Hence rad(I) C p; - - - p, R, concluding the proof.

To give a more explicit example, consider z = 2°3'719 € Z. By what we have shown above
V(2Z) = {27,137, 19Z} and rad(zZ) = 2 - 13 - 19Z.

Fact 3.2.5. If I < R, then V(rad(l)) =V (I).

Proof. The forward containment follows from parts 2 and 5 in Remark [3:2:3] above. For the reverse
containment, let p € V(I). For any = € rad(l) with 2" € I C p, we know x € p, implying
rad(I) C p. Having shown an arbitrary prime ideal containing I must also contain rad(l), we
conclude V(rad(I)) 2 V(I). O

Proposition 3.2.6. If I < R, then

rad(I) = ﬂ p.

peV(I)
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Proof. First we deal with a special case. If V(I) = (), then we have the empty intersection on the
right, which is defined to be all of R. Moreover in this case I must actually be the entire ring,
since if I < R, then I must be contained in some maximal (and therefore prime) ideal, violating the
emptiness of V(I). This gives rad(I) = rad(R) = R, so the proposition holds in this case.

Now assume without loss of generality that V() is nonempty and therefore I # R. For any
x € rad(I) with 2™ € I for some n € IN, if I lies in some prime ideal p, then 2™ € I C p and therefore
x € p. Having shown that rad(]) is contained in an arbitrary element of V(I), we conclude

rad( ﬂ p.

peV(I

For the other containment, we use a clever application of localization. Let € R\ rad([)
and define the multlphcatlvely closed subset S = {1,z,2%,23,...} C R. Since rad(I) N S = 0,
it follows that S~!rad(I) contains no units of S™*R and therefore is a proper ideal of ST!R (see
Fact [3.2.10). Then we may let S~™'q < S™!'R be a maximal ideal containing S~—'rad(I). By this we
know q € Spec(R) satisfies qN.S = 0 and rad() C g, so q € V(rad(I)) = V(I) by Fact Since
qN S =0, we know z™ ¢ q for any integer n > 0 and in particular

r¢q2 () »p
peV(I)
Hence we have proven the reverse containment by contraposition. O

Lemma 3.2.7. If I,J < R and V(J) CV(I), then I Crad(J). If I is also finitely generated over
R, then I™ C J, for all sufficiently large n > 0.

Proof. The first implication is a corollary of Remark and Proposition [3.2.6
I Crad(l ﬂ p C ﬂ p =rad(J
peV(I) peV(J)

For the second part, let z1,...,2, € R be such that (z1,...,2,)R = I C rad(J). By definition of
the radical there exist eq,...,e, € IN such that x‘il,...,xf;” € J and we define e = Y"1 ;. We
then have

Ie<x{1~~w£" | Zfi6>'
i=1

Since for any generator of I¢ above, the f;’s and e;’s both sum to e, we know f; > e; for some ¢ and
therefore
x{l xzf cexlne (:clf)R C(z*)RC J.

Hence I¢ C J and therefore It C 1¢ C J for all t > e. O
Definition 3.2.8. For all m € M, the annihilator of m is

Anng(m)={re R| rm=0}.
Similarly we may define the annihilator of M as

Anmng(M)={reR|rM=0}={reR|rm=0,VYme M} = m Anng(m).
meM

The support of M is the set of all prime ideals for which M “survives the localization process”;
formally we write

Suppr(M) = {p € Spec(R) | M, # 0}.
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Example 3.2.9. Let U C R be multiplicatively closed.
(a) For any m € M the following are equivalent.

(i) m/1=0c U M.
(ii) There exists some u € U such that um = 0.
(iii) U N Anng(m) # 0.
(b) If M is finitely generated, then the following are equivalent.
(i) UM =0.
(ii) There exists some u € U such that uM = 0.
(i) UNAnng(M) # 0.
The majority of the above implications are simply restatements of definitions, so we will only prove
JOT1ty
(i) implies (ii) in part (b).
Proof. If there exists u € U such that uM = 0, then for any m/v € UM we have

m um 0
v uv uv

Therefore U~'M = 0. This proves one direction and we point out here that we did not need the
finitely generated assumption. If M = (my,...,m,)R and UM = 0, then notice m;/1 = 0 for each
t=1,...,n. By part (a) this means there exist u1,...,u, € U such that u;m; =0fori=1,...,n.
Define u = [[;_, u; and let m =) ;" | r;m; be given. It follows that

um =u (Zn: rimi> = Y T Huj (uym;) =0
i=1

i=1 j#i
implying uM = 0. O

In order to be explicit in our reasoning in Remark [3.2.11] we prove a fact about ideals under
localization.

Fact 3.2.10. Let I < R be an ideal and let U C R be a multiplicatively closed subset. Then
UM T=U"'Rif and only if INU # (.

Proof. If we first assume there exists an element u € I N U, then we write
u
U

and therefore U =11 = U~!'R. On the other hand if we assume U~ = U™'R, then 1y-15 € U™'I

and we have
1 a

1 — = - = —
USR= 7=,
for some a € I and some u € U. By the definition of equality in U~ 'R, there exists an element

v € U such that

va = wvu
~—
er €U

and we conclude I NU # (). 0

Remark 3.2.11. We have the following relationships between annihilators, supports, and prime
spectra.
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1. Anng(m), Anng(M) < R

2. Supppr(R) = Spec(R)

(
. Suppg(0) =0
. Suppr(R/T) =V (I)

5. M finitely generated = Suppr(M) = V(Anng(M))

3
4
Proof. 1. The annihilators are non-empty since they each contain 0. They are closed under addition
and subtraction as a result of the distributive property. They contain additive inverses, because
rm=0 = (—r)m=(—1)rm = 0.

Finally, they absorb multiplication from R as a result of the associative property.

2. Supports are special sets of prime ideals and spectra contain all prime ideals of the particular
ring, so Suppy(R) C Spec(R) from the definitions. On the other hand, for any p € Spec(R), 1 ¢ p
so 1 is an allowable denominator and we write

1
0# 1€ R,
implying R, # 0. Thus p € Suppr(R).

3. This holds simply because there is no localization under which zero is ‘resurrected’ to something
non-zero. That is, 0, = 0 for any p € Spec(R).

4. For any p € Spec(R), by Fact above we have I, = R, if and only if I N (R \ p) # 0. This
is equivalent to I Z p which is equivalent to p ¢ V(I). Therefore

I, CR, <= pe V(). (3.2.11.1)

Consider the short exact sequence

0 I R—"=R/I 0

where 7 is the canonical surjection. Since localization is exact by Theorem the sequence

Tp

0 I, —>R, (R/I), —=0
is also exact. The First Isomorphism Theorem for modules applied to 7, yields

Ry _ Ry
Ker(mp,)  Im(4)

(R/T), = Im (mp) = = R,/I,. (3.2.11.2)

Our application of short exact sequences shortens the proof immensely.

p € Suppr(R/I) <= (R/I), #0 definition of support
= R,/I, #0 B2.11.2)
= I, & Ry
e pe V() B.2.11.1)
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5. This requires only definitions and Example

p € Suppp(M) <= M, #0 definition of support
<= (R\p)NAnng(M)=10 320
<= Amnp(M)Cp
<= p € V(Anng(M)) definition of variety

Example 3.2.12. Let K be a field and define the ring R = K[z, y].
(a) For every polynomial f € R
Suppr(R/fR) = V(fR) = {p € Spec(R) | f € p}.
(b) For every m,n € IN we have
R R
Supp <> ={(x,y)R} = Supp () .
R ($7”7yn)R {( ) } R ((J:,y)R)m
(c) For the ideal L = (22, 2y)R < R we have
Suppp (R/L) = V(zR) = Suppy(R/zR)
and
rad(L) = zR.
Proof. Here we will only justify part (b) of the example, as the other parts follow more or less
similarly. By point 4 in Remark [3.2.11] to prove (b) it suffices to show
m n (1) (2) m
V(™ y")R) = {(z,y)R} = V(((z,y)R)™).
If p € Spec(R) and (2™,y™)R C p C R, then 2™, y™ € p and thus x,y € p since p prime. It follows
that (z,y)R C p and the strictness of p implies (z,y)R = p, because (z,y)R is maximal. Therefore
V(=" y")R) € {(z,y)R}.

On the other hand, (z,y)R € Spec(R) and z™,y™ € (x,y)R, so (™,y")R C (z,y)R. Hence equality
(1) holds by mutual containment.
Now for equality (2). Since (z,y)R € Spec(R) and %" € (x,y)R for any a,b > 0, we know

(z,)R)™ = {2y’ | a,b>0, a+b=m} C (z,y)R
implying (z,y)R € V(((z,y)R)™), so we have containment in one direction. For the reverse, let
p € Spec(R) such that ((x,y)R)™ C p. Then z™,y™ € p a prime ideal, so z,y € p and therefore
(z,y)R C p. It follows that
V(((z,9)R)™) € {(z,y) R}
so equality (2) holds by mutual containment. O

Definition 3.2.13. A prime ideal p € Spec(R) is associated to M if there exists m € M such that
p = Anng(m). The set of all such ideals is the set of associated primes, denoted as follows.

Assp(M) = {p € Spec(R) | p is associated to M}
= {Anng(m) < R| m € M} N Spec(R)
= {Anng(m) < R| m € M, Anng(m) is a prime ideal}

In other words, Assp(M) is the set of prime ideals of R that are also the annihilator of some element
of M.
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Example 3.2.14. Let p € Spec(R), r € R, and r +p € R/p.
R rep (or+p=0g,)
poré¢p (. r+p#0gsp, R/p a domain)

In general, determining the set of associated primes of R/I is difficult, but in this case we have just
shown that

Anng(r+p) = {

Assr(R/p) = {p}.

Example 3.2.15. Assume R is a principal ideal domain and let I = zR. If z € R*, then xR = R
and R/xzR = 0, implying

Assgp(R/zR) = Assg(0) = {Anng(0)} N Spec(R) = {R} N Spec(R) = 0.
If = 0, then xR is the (prime) zero ideal and therefore by Example [3.2.14] we have
Assp(R/zR) = {zR} = {0}.

So let z € R\ (R*U{0}) and p1,...,p, € R primes (not necessarily distinct) such that x = p; - - - p,,.
We claim
ASSR(R/xR) = {lea s 7an}

Proof. For the reverse containment, first define #’ = ps - - - p,,. Since prime factorizations are unique
in R, this implies {r € R| ra’ € xR} = pyR. We can also write

{reR|rd’ €xR}={reR| r(z’+2R)=0in R/zR} = Anng(z' + zR).
We have therefore shown
p1R € Spec(R/xzR) N {Anng(y + 2R) < R| y+ xR € R/xR} = Assg(R/zR).

Since multiplication in R is commutative, we conclude p;R € Assg(R/zR) for all i = 1,...,n,
proving the reverse containment.

Let y € R such that Anng(y + xzR) € Spec(R) and set Anng(y + xR) = pR for some prime
p € R. Then p(y + xR) = 0 or in other words py = xr = py -+ p,r for some r € R. This implies
ar € pR a prime ideal, so either r» € pR or p; € pR for some i € [n]. Suppose r € pR, so r = pz for
some z € R. Therefore

PYy =P1-PnT = P1" " PnDZ

and since R is commutative y = p; - - - p, 2z by cancellation. However, this implies y € xR and thus
pR = Anng(0) = R, a contradiction. Therefore p; € pR for some i € [n] and it follows that pR = p; R
for some i € [n]. O

Note 3.2.16. Given the polynomial ring R = Klxz,y] as in Example [3.2.12] we can plot graphic
representations of ideals generated by monomials in the ring.

(™, y")R ((z,y)R)® (z*, zy)R
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Example 3.2.17. Here we make use of lattice diagrams representing monomial ideals in the poly-
nomial ring R = K[z,y], where K is a field. Given the lattice representation of an ideal from
Note [3:2.16] certain corners in the lattice give us information about the associated primes of the
residual ring. Specifically, first consider I = (2™, y™)R with lattice representation

where we have denoted the element (z™~1y"~!) € R with ‘o’. For the element z™~1yn~1 € R/I,
since x,y € Anng (xmflynfl) and 1 ¢ Anng (szlynfl), we have

Anng (gcm—ly”—1> = (z,y)R.
This implies
(z,y)R € Assr(R/I)

and in fact we will later show Assg(R/I) = {(z,y)R}.
Next consider the ideal J = ((z,y)R)? = (23, 2%y, xy?%, y>) R with lattice representation

where y?, 2y, z? € R have been marked. Since (z,y)R € Anng(zy) C R for 7y € R/J and (z,y)R
is maximal, we have (z,y)R = Anng(Zy) and an identical argument shows Anng(y?) = (z,y)R =

Annpg(22). Hence
(z,y)R € Assg(R/J).

Lastly let L = (22, zy)R and consider the elements 33, Z € R/L for which we have
()R = Annp (373)
(33, y)R = AnnR(f)

and therefore
{(z)R, (z,y)R} C Assgr(R/L).
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As with the previous two ideals, the element T that get annihilated resides near the corner in our
lattice diagram below.

y
Pl e
Fb e e e
Lo e o
y L oe—e o
e—e—l—o—o—>x
2

r X

Contrary to our first two examples however, notice y3 instead lies in the ‘corridor’ along the vertical
axis and in fact could have been yt for any ¢ > 1. So when looking for associated primes, we look
near corners and in the corridors of the corresponding lattice diagram.

Remark 3.2.18. For any m € M there exists a well-defined R-module homomorphism

Am: R——M

rH——7rm.

If we let I = Anng(m), then Ker()\,,,) = I, Im (\,;,) = Rm, and the First Isomorphism Theorem
gives R/I = Rm C M. Moreover there exists an injective R-module homomorphism

Am: RJI ——- M
r+1+——=rm.

In particular, if p € Assg(M), then there exists an injective R-module homomorphism from R/p
into M.
Conversely, if ¢: R/p & M is an injective R-module homomorphism, then for the element

m = ¢ (1), we have Anng(m) = p and so p € Assp(M). Hence p € Assg(M) if and only if there
exists an injection ¢: R/p & M.

Proposition 3.2.19. Assume R is noetherian and let M be a non-zero R-module.

(a) The set
Ar(M) = {Anng(m) [ m € M\ {0}}

has mazimal elements, and every mazimal element is prime. Therefore Assgr(M) # 0.

(b) If we define the set
ZDRr(M) = {zero divisors on M in R},

then we have
{0yuZDr(M)= (]

pEAssr(M)

(¢) Independent of the noetherian assumption we have Assr(M) C Supppr(M).
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Proof. (a). Since Ar(M) is a nonempty set of ideals of R, the maximum condition for noetherian
rings guarantees A (M) has a maximal element I = Anng(m) for some m € M \ {0}. Note m # 0
implies I # R. To show [ is prime, let a,b € R such that ab € I and a ¢ I. Since a ¢ I, it follows
that am # 0 and we have

I = Anngr(m) C Anng(am) € Ar(M)

where the set containment holds by the commutivity of R. Moreover, since Anng(am) # R, the
maximality of I implies
I = Anng(m) = Anng(am).

In particular, b € Anng(am) = I.

(b). By part (a) every element of Agr(M) is contained in an associated prime of M. That is, for
every m € M \ {0} there exists p € Assg(M) such that Anng(m) C p. Hence

{oyuzDr(M)C (] p
pEAssr(M)

On the other hand, p € Assr(M) means precisely that p = Anng(m) for some m € M, so (p\{0}) C
ZDgR(M).

(c). Let p = Anng(h) € Assg(M), for some 7 € M. Then we can define the following injective
R-module homomorphism.
T R/p —— M

r4+pH——rm
Localizing at p (which preserves injectivity) we have
(ﬂ'm)
0# Q(R/p) = (R/p)p—"—> M,

where Q(R/p) denotes the field of fractions (recall Example [1.2.7). So M, contains a non-zero
submodule and therefore M, # 0. Hence p € Suppr(M). O

Remark 3.2.20. Recall Examples(3.2.12|and [3.2.17, Applying Proposition 3.2.19)c), we can justify
the equalities in the next display.

{(z,y) R} = Assr(R/I)
{(z,y)R} = Assr(R/J)
{()R, (z,y)R} S Assr(R/L)

Proof. Since rad(I) = (z,y)R, justifying the first equality is done as follows and the second is proven
almost identically.

()R T Assn(R/D) 2 Suppr(R/D) ™= V(D) T (2, ) R) = {(2, 1) B}

Later in Example |3.3.10] we will see we have equality in the third case as well. Right now
we have

{(z)R, (z,y)R} C Assg(R/L) C Suppg(R/L) = V(zR)

but this does not give the desired equality. What we will later see is that we can greatly refine the
list of primes to consider on the far right-hand side of this containment. O

Since M = {0} implies Assg(M) = @, we may strengthen the conclusion of Proposi-

tion [3.2.19(a).
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Corollary 3.2.21. If R is noetherian, then an R-module M is non-zero if and only if Assgr(M) # 0.
Example 3.2.22. Let K be a field. The ring defined as

oo
R=]][K={(a1,02,...)| a; €K, Vi e N}
=1

is a commutative ring with identity under component-wise operations, but it is not noetherian.
Indeed, consider the proper ideal

I=@PK={(a1,as,...) €R| a; =0, Vi >0} # (1, 1,...).
1=1

Some examples of maximal ideals of R include those of the form
m; = {(a1,as,...) € R| a; =0} = Ker (1;)

where 7; : R — IK maps sequences from R to their " entry and the maximality of m follows from the
First Isomorphism Theorem for rings (i.e., R/m 2 field implies m maximal). Since no m; contains
I, there must be some other maximal ideal m < R such that I C m. It is actually quite difficult to
write down m explicitly. In addition, it can be shown that Assg(R/I) = ), even though R/I # 0,
thereby demonstrating the necessity of the noetherian assumption in Corollary

Fact 3.2.23. If R is not noetherian, but M is a noetherian module over R, then the conclusion of

Corollary|3.2.21] still holds.

Proof. The details are omitted here, but the crux of the proof is M noetherian lets us conclude after
some work that R/ Anng (M) is noetherian. O

We give a fact that will be used to prove the proposition that follows.

f

Fact 3.2.24. Given a short exact sequence 0 A AL pr 0 of R-module ho-

momorphisms, A =0 if and only if A =0=A".

Proof. Assume A = 0. Since f is injective, A’ must be zero and since g is surjective, A” must
be zero as well. Conversely if we assume A’ = 0 = A", by the exactness of the sequence we have
0=1Im(f) = Ker(g) = A as desired. O

Proposition 3.2.25. Consider a short exact sequence of R-module homomorphisms.

0— M —L sy 2

(a) Suppg(M) = Suppr(M') U Suppy(M")
(b) Assr(M') C Assp(M) C Assp(M') U Assgp(M")

Proof. (a). First note by Fact [3.2.24] that A # 0 if and only if either A" # 0 or A” # 0. Let
p € Spec(R) and since localization is exact we have the short exact sequence

M 0

0 M, M, My 0
implying the following string of equivalent conditions.

p € Suppr(M) <= M, #0
& M, #0or M) #0
<= p € Suppr(M’) or p € Suppr(M")
<= p € Suppr(M') U Suppz(M")

40



This completes the proof of this part.

(b). For the first containment let p € Assr(M’). By Remark there exists an injective R-
module homomorphism 7 : R/p — M’. Composing with f we conclude there exists another injective
R-module homomorphism f o7 : R/p < M and by the same remark p € Assp(M).

For the second containment let q € Assg(M). Then there exists a submodule N C M such
that N 2 R/q by Remark [3.2.18] For any 7 € R/q = N such that 7 # 0 (i.e., 7 ¢ q), notice

Amnp(T)={seR|st=0€ R/q} =q.

We now consider two possibilities regarding the intersection of the image of f and the submodule
N.
In the first case when N NIm (f) # {0}, there is a non-zero element & € N NIm (f) with
a = f(B) for some g € M’. Since f is injective, Anng(8) = Anng(«) = q and hence q € Assgp(M).
In the second case we have

{0} =NnIm(f)=NnKer(g) =Ker(g|y: N — M")
so the restriction g|y is injective. This yields
R/q= N = g(N) C M"
implying q € Assg(M"). O

Remark 3.2.26. For any R-modules A and B, if there exists an injective R-module homomorphism
¢: A — B, then by Proposition [3.2.25| we have Assp(A) C Assg(B).

Lemma 3.2.27. Let M be an R-module and assume there exists a finite filtration

0=MyCM; CM;C---CM,=M.

(a) Suppp(M) = L_nJl Suppr (J\f—1>

(b) Assp(M;) C Assp(M UASSR (

5)

Proof. (a). We will induct on n. The base case n = 0 holds trivially. So we assume n > 1 and the
result holds for all modules with filtrations of length n — 1. Given a filtration of length n above, we
know M,,_; has a filtration of length n — 1. Therefore under our induction hypothesis

n—1
M;
Suppp(Mn—1) = | J (M-_1>'

i=1

To the short exact sequence

C ™
0 Mnfl Mn Mn/Mnfl —0
with canonical epimorphism 7, we apply Proposition [3.2.25|to get

Suppg (M) = Suppg(M,) = Suppg(My—1) U Suppg (M, /M, —1)

(TUlsuppR (]\f—1>> U Supp (M, /My _1)
s (1)

zfl
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(b). The first containment follows from Remark [3.2.26( and the inclusion maps M; —— M . For
the second containment we will again induct on n, skipping the trivial base cases when n = 0 or 1.
Assume n > 2 and the result holds for modules with filtrations of length n — 1. We again use the
short exact sequence

0 My —=> M, My /M1 ——>0
which yields
Assp(M,,) C Asspr(My—1) U Assgp(M,,/M,,—1)
C Dl Assp(M;/M;—1) U Assg(M,, /Mp_1) induction hypothesis
i=1

ASSR(Mi/Mifl).

[

1

3

Lemma 3.2.28. Let My,..., M, be R-modules and set M = @MZ

i=1

(a) Suppr(M) = ] Supp (M)

(b) Assg(M) = | | Assp(DM;)

Proof. (a). We can explicitly build the following finite filtration of M.
n—2 n—1 n
O=MyCMC---CPMcPMmcPM=M
i=1 i=1 i=1

For any j € [n], applying the First Isomorphism Theorem for modules to the canonical projection
J
T @ M; — M gives the following isomorphism.
i=1
J )
i=1 i g
—1 = ¥
@3:1 M;
This, along with Lemma allows us to write

n @3‘:1 Mz n

Suppr(M) = | Suppg | =2=1— | = | Suppr(M))
j=1 @z‘:1 M; j=1

so part (a) holds.

(b). By Lemma [3.2.27] we have

Assp(M) C U Assg (M) = U Assp(M;).
i=1 17
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For the reverse containment, notice for any j € [n] we have canonical injection and surjection €; and
m;, respectively, by which we construct the exact sequence

0 M; —> M "> M/M; —0

Applying [3.2.25] we conclude Assg(M;) C Assg(M) for every j € [n] and hence so is the union of
all such Assgp(M;). O

3.3 Prime Filtrations

We will see in Theorem m (and Corollary that in the noetherian setting, finite
prime filtrations of modules guarantee the sets of associated primes are finite as well. Moreover,
Theorem [3.3.3] will be used either directly or indirectly in a number of future results (e.g., Corol-
lary|3.4.2|and Lemma [3.4.19). Proposition is another significant result. Part (a) in particular
leverages prime filtrations to give equality between three noteworthy sets of primes.

Theorem 3.3.1. Assume R is noetherian and let M be a finitely generated R-module. There exists
a finite filtration
O=MoCM CMC---CM,=M

such that for all i € [n], there exists an ideal p; € Spec(R) for which M;/M;_1 = R/p;.

Proof. If M = 0, then the empty filtration will suffice with n = 0, so assume M # 0. Set My =0
and since R is noetherian, there exists an ideal p € Assr(M) by Proposition By the First
Isomorphism Theorem there exists a submodule M; C M such that M, /0= My =2 R/p. If My, = M,
then stop here with a finite filtration of length one. Otherwise M/M; # 0 and there exists ps €
Assp(M /M) by the same proposition. Hence by the Fourth Isomorphism Theorem there exists
a submodule My C M with M; C My and My/M; = R/ps. If My = M, then stop here with a
finite filtration of length two. Otherwise continue the process, which must terminate after finitely
many steps since M is noetherian (finitely generated modules over a noetherian ring are themselves
noetherian). O

Fact 3.3.2. The conclusion of Theorem holds if we replace the noetherian assumption on the
ring R with a noetherian assumption on the module M.

Theorem 3.3.3. Assume M has a filtration as in Theorem|[3.5.1].
(a) Assp(M) C{p1,...,pn} C Suppr(M) and therefore |Assg(M)| < 0.

(b) For any ideal p € Spec(R), p € Suppg(M) if and only if p; C p for some i € [n]. In other

words
n

Suppg(M) = U V(pi).

i=1

Proof. (a). From Lemma [3.2.27 and Example [3.2.14| we have

3

ASSR(M) - ASSR(Mi/Mifl) = U ASSR(R/]JZ) = {ph . 7]3”}
i=1 i=1

K2
thereby proving the first containment. For any i € [n] we have

orum=(5) =(5) = ar
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where the second isomorphism is a consequence of Theorem m Therefore (M;),, is a non-zero
submodule of M,,. Hence M,, is non-zero, i.e., p; € Suppr(M).

(b). This part is a corollary of previous results.

n Mi
Suppp(M) = U Supppr (M 1) 3227
i=1 '
= Uswen (£) M R
Pae B\ pi Mi—y pi
= U V(pi) B2.17

O
Corollary 3.3.4. If R is noetherian and M is a finitely generated R-module, then | Assp(M)| < co.

Remark 3.3.5. The finitely generated assumption for M in the above corollary is indeed necessary.
There exist noetherian rings such as R = K[z] or R = Z for which |Spec(R)| = co. In such cases we
can define a module

N R

M = i

i=1 Pi
such that py,pa, - -+ € Spec(R) are all distinct. Since {p1, ps,...} C Assg(M) by Proposition [3.2.25]
we know |Assp(M)| = co.

We next use prime filtrations to give another verification of Example [3.2.15

Example 3.3.6. Assume R is a unique factorization domain and let x € R\ R* be non-zero. Then
Z =p1 - py for some primes py,...,p, € R. Defining the module M = R/xR we have the filtration

R C R  $ R ) R _ R

mR pL- Pu—oR P PR pr-—pnR TR

where ¢1(F) := p,7 and hence Im (¢;) < R/xR is the ideal generated over R by p,. The maps ¢;
for ¢ > 2 are defined similarly. Using a clever re-write of the submodule Im (¢1) (cf. Note[3.3.7), we
apply the Third Isomorphism Theorem to write

R/tR  R/pi---pnR  R/pi---p,R _ R

Im(¢1)  Pn-R/(p1---pnR)  puR/p1 - pnR~ puR

and similarly
R/pi---pR , R

Im(ﬁbnﬂ'ﬂ) - piRR
for any i € [n — 1]. Therefore R/zR has a prime filtration with p; = p;R and from Theorem [3.3.3]
we know

Asspr(R/zR) C{p1R,...,pnR}. (3.3.6.1)

Moreover for any 4 € [n] we can define the injection

R/piR ————— R/zR

F——>TP1 " Pi—1Pi+1 " DPn

implying by Remark [3.2.18| that p; R € Assg(R/xR). Hence we have equality in (3.3.6.1)).
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Note 3.3.7. In the previous example we rely on the following general fact. Let J < R, M an
R-module, and N C M a submodule. Then we have

J (j-(m+N)|jed meM)

=
=(jm+N|jeJ meM)
=((jm+n)+N|jeJ meM, neN)
_JM+N

¥ (3.3.7.1)

In the special case when N C JM we have
JM+N={(m+nl|jed, meM, ne Ny=(m|jeJ meM)y=JM

so (3.3.7.1)) above simplifies to give the equality

M M
Jo— =t
N N

We now introduce some notation and a lemma in order to simplify the proof of Exam-

ple

Definition 3.3.8. Let A be a commutative ring with identity and define the polynomial ring
R = A[X1,...,Xq4]. A monomial in R is an element of the form X" ... X ¢ where ni,...,nq € Ny.
The collection of all monomials in a subset S C R is denoted [S] and an ideal I < R is a monomial
ideal if it there exists a set T C [R] such that I = (T'). Let X < R denote the ideal generated by
the variables, i.e., ¥ = (X3,..., Xg).

Lemma 3.3.9. Let k be a field, let R = k[X, ..., X4] be a polynomial ring, and let I be a monomial
ideal of R such that X" € I for alli € [d]. Then there exists a chain of ideals

I=IychLC---Cla=R
where A is the dimension of R/I as a k-vector space, such that I;/I;_1 = R/X for all j € [A].

Proof. We induct on A. If A =1, then noting that A = |[R] \ []|, this implies [R] \ [{] = {1}, so
I = X and the chain I C R satisfies the claim.

Assume A > 1 and the claim holds for any monomial ideal J D {X{",..., X7} for some
non-zero ny,...,ng € IN for which dimy(R/J) = A — 1. Let f € [R] such that f ¢ I, but X;f €I
for every 4 € [d]. (These are called the corner elements of I.) We have an R-module homomorphism

I R
T:R—— +/

P07 7F

which is non-zero and surjective since 7(1) = f, f ¢ I, and f generates the codomain. However,
X; € Ker(7) for every i € [d] by definition of a corner element, so Xi,..., Xy € Ker(r). Hence
X C Ker(1) € R so Ker(7) = X by the maximality of X and therefore R/X = (I + fR)/I. We write
I C I+ fR to get the beginning of our chain.

Now we claim dimg(R/(I + fR)) = A — 1. We have a short exact sequence

. I+ /R R R 0
1 I I+[R
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with the natural injection and surjection. This is exact as a sequence of k-modules (i.e., vector

spaces), so it splits to yield
R _ I+ fR R
I I I+ fR
and therefore to justify our claim we need only point out that

I+/R R,
I x

Therefore by our induction hypothesis we have a sequence

I+fR=LClhCc---Cly=R
such that I;/I;_1 = R/X for j =2,..., A. Splicing on I C I; we have the desired chain. O
Example 3.3.10. Let k be a field and consider the unique factorization domain R = k[, y].

(a) Define I = (z™,y™)R where m,n € IN and consider R/I as a finitely generated R-module.
From Example we already know

Assi (g ) = L)

so we want to build a prime filtration such that each subquotient is isomorphic to R/(z,y)R.
By Lemma [3:3.9] we know there exists a chain of ideals

I=IyclhLc---Clp=R

such that I;/I;_1 = R/(z,y)R for all j € [A] where A = dimy(R/I). Considering that I C I,
for all j we also have the chain

0Ocl/ICL/IC---ClsJI=R/I

and by the Third Isomorphism Theorem
/I ~ R
L/l @yl
Since (z,y)R € Spec(R), this chain is a prime filtration for R/I. In the proof of the lemma, we

saw that the original chain from [ to R is built by “throwing in” successive corner elements of
I. In practice we can proceed in a methodical fashion as depicted in the lattice diagram below

|n+1] 1

| @ | v

3

where the element 2™ 1y"~! marked with ‘o’, represents a generator of I;/I. We have thus
demonstrated the existence of the prime filtration of R/I guaranteed by Theorem m
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(b) Next consider the ideal L = (22, xy)R with the following lattice diagram.

For elements z + L, y + L € R/L, we already know (z,y)R = Anng(z + L) and (z)R =
Anng(y+ L), so
(z,y)R, (y)R € Assgp(R/L) (3.3.10.1)

So we want to show R/L has a prime filtration
0C{(z+L)CR/L

To check the subsequent quotients, we first point out that by the argument in part (a) of this
example

(a:—l—L>g . . R
o T ER

so the condition for a prime filtration is satisfied for the first containment. To check the
condition on the second containment we define the surjection

R/L — R/(z)R

r+L+—>T

with kernel (z+ L), so the condition is verified by the First Isomorphism Theorem and because
()R € Spec(R). (Well-definedness of the above map holds since L C (z)R.) Thus we have
a prime filtration with p; = (z,y)R and py = (v)R, so Assgr(R/L) C {(x,y)R, (z)R} by
Theorem and in fact Assg(R/L) = {(z,y)R, (z)R} by (3.3.10.1).

Proposition 3.3.11. Let R be a non-zero commutative ring with identity, let M be an R-module,
and let U C R be a multiplicatively closed subset.

(a) Suppy -1z (UIM) = {Up| p € Suppr(M) and pNU = 0}
(b) Assy— (U~ M) 2 {Up | p € Assp(M) and pNU = 0}
(¢) If R is also noetherian, then we have equality in (b).
Proof. (a). The prime ideals of U 'R are described as follows.
Spec(U'R) = {U 'p| p € Spec(R) and pNU = 0}

For any ideal U~'p, we know M, = (U~ M)y -1, by the map

®: My —— (U *M)y-1y

m m/1
—_—
v v/1
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and thus
(U 'M)y-1, #0 < M, #0

completing the proof of (a).
(b). Let p € Assp(M) such that U Np = 0. By Remark [3.2.18] there exists a monomorphism

R/p fom
and therefore we also have the following monomorphism.
-1
UNRfp) UM

Hence U~'p € Assy-1z(U~tM) by the isomorphism

U 'R
—— = U "(R/p).
U Tp (B/p)
(c). Assume R is noetherian and let U~ 'p € Assy-1z(U~1M), where we know the form of such
elements by the first line of the proof of part (a). We need to show p € Assg(M). Since R is
noetherian let z1,...,2, € R such that p = (z1,...,2,)R and by virtue of being an associated
prime we also know U~!'p = Anny -1 z(m/u) for some m/u € U~'M. For any i € [n], z;/1 € U™ p
o

r; m o
1 v
and thus there exist uy, ..., u, € U such that u;z;m = 0 for each ¢ € [n]. We definew' =uy---u, €U

for which we have

ziu'm = ziuy - up e upm =0
for every i € [n], implying

p=(z1,...,2,)R C Anng(u'm).

Now recall to prove p € Assg(M) it suffices to find a monomorphism mapping from R/p to M.
Define the R-module homomorphism

¢: R M

r——sru'm

and notice that p C Ker(¢). Then by the Universal Mapping Property for quotients, the map

a: R/p M

T —sru'm

is a well-defined R-module homomorphism as well. To show « is one-to-one, we consider a commu-
tative diagram

R/p —>—=M
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and we will show both 3 and U '« are injective. First we verify the commutivity of the diagram.
Indeed for any r + p € R/p we have

(U a0 B)(r+p)=U"a (”p) _alrtp)

1 1
(voa)(r+p) = alr+p) = 2P

To show S is one-to-one, let r +p € R/p such that S(r + p) = 0. This implies

r+p O0+p
1w

for any v € U. By our definition of equality in the ring of fractions, there is some w € U such that
O+p=(w-1-0)+p=(wrv)+p

so wrv € p. Since p is a prime ideal, from the conditions w,v € U and U Np = (), we conclude r € p
and r 4+ p = 0 + p. Hence 3 is one-to-one.
Turning our attention to U~ !a, we first note that since u/m and u'm/1 differ only by the

unit ' /u we have
!/
U_lp = AHHU—lR <u17’n> .

Next consider an element in the kernel of U~ ta:

/
(U™ a) (r+p> ) e rem 0

v v v
r -1
— —eU 'p
v
<~ rep
r+p
v

— =0c U Y (R/p).

Hence U~ 'a is one-to-one and therefore so is the composition (U~'a) o 8. By the commutivity of
the diagram the composition v o &« must also be one-to-one, so we conclude « is injective. O

Corollary 3.3.12. Let Q € Spec(R).
(a) Suppr(Mq) = {pq | p € Suppr(M), p € Q}
(b) Assp(Mq) 2 {pq | p € Assr(M), p € Q}
(¢) If R is noetherian, then we have equality in (b).
Proof. Set U = R\ Q in the context of Proposition Then pNU =@ ifand only if p C Q. O

Proposition 3.3.13. Assume R is noetherian and M # 0 is a finitely generated R-module with
prime filtration 0 = My C My C --- C M, = M such that M;/M;_1 = R/p; for every i € [n].

(a) Min(Assgr(M)) = Min{p1,...,pn} = Min(Suppr(M))

(b) [Min(Suppr(M))| < oo and for all p € Suppr(M), there exists some p’ € Min(Suppg(M))
such that p’ C p.

(¢) |[Min(Spec(R))| < oo and for all p € Spec(R), there exists some p’ € Min(Spec(R)) such that
pCp
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Proof. (a). Hypothetically, let p € Min(Suppg(M)) and thus M, # 0. Since R is noetherian we know
Ry, is noetherian as well, so Assg, (M) # () by Corollary Therefore by Corollarywe let
q € Assg(M) such that q C p and q, € Assg, (My). Since Assg(M) C Suppp(M) by Theorem [3.3.3]
the minimality of p in Suppr(M) combined with the fact that ¢ C p implies p = q € Asspr(M).
We claim p € Min(Assr(M)). Since Assr(M) is finite also by Theorem there exists an ideal
p’ € Min(Assg(M)) such that p’ C p. Again using the minimality of p € Suppr(M) we conclude
p=1p € Min(Assgr(M)) and we have thus shown

Min (Suppr(M)) € Min(Assr(M)). (3.3.13.1)

Next let 0
1
pleMln{plaapn}g{plaapn} g SuppR(M)

the existence of which is guaranteed, because we are taking a minimal element of a finite set, and (1)
is given by Theorem We want to show p; is a minimal element of Suppy (M ). Suppose there is
an ideal p’ € Suppyr (M) such that p’ C p,;. By Theorem there exists an ideal p; € {p1,...,pn}
such that

p; Cp Ty
and the minimality of p; yields
pi Cp; Cp Cpi

Hence p’ = p;, so p; is minimal and we have shown
Min{pi,...,pn} € Min(Suppr(M)). (3.3.13.2)

Note this containment verifies the legitimacy of the hypothetical element we took from
Min(Suppy(M)) in the beginning of the proof. Finally let

B33
p € Min(Assgr(M)) C Assg(M) C {p1,...,pn}.

This implies p = p; for some ¢ € [n] and since {p1,...,p,} is finite, there exists some p; €
Min{pi,...,p,} such that

p; Spi=p.
Using the results from (3.3.13.1]) and (3.3.13.2)) we have shown

p; € Min{p1,...,pn} € Min(Suppr(M)) C Min(Assg(M))
whereby we conclude p = p; by the minimality of p. This shows
Min(Assgr(M)) € Min{p1,...,pn}.

(b). Let p € Suppg(M) and we have p D p; for some i € [n] by Theorem [3.3.3] Therefore there

exists some

p; € Min{ph s 7pn} = Min(SuppR(M))

such that
pP2p;2p;

so taking p; as our p’ this proves the second part. The first part is verified simply as follows.

[Min(Suppgr(M))| = |Min{p1,...,pn} <n < o0
(c). This is more or less a corollary. Set M = R, note Suppr(R) = Spec(R), and apply (b). O
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We provide here two examples demonstrating that minimal associated primes may or may
not be unique.

Example 3.3.14. Consider the ring of polynomials with complex coefficients R = C[z] and define

the R-module
Clz]

z(x—1)--(x—9)
From our work in Example we know

M =

Assp(M) = {zR,(z — 1)R,...,(z —9)R}.
Since (z — )R € (x — j)R for any i # j, we conclude
Min(Assgr(M)) = Assr(M).

Example 3.3.15. Consider the ring of polynomials in two variables with coefficients in an arbitrary
field, R = K[z, y], and define the R-module

Kz, y]

M= —d
(22, 2y)R

We already know from Example that
Assp(M) = {(2)R, (z,y) R}
and since (z)R C (z,y)R we have
Min(Assp(M)) = {(z)R}.
Definition 3.3.16. With R and M as in Proposition define
Min (M) = Min (Assp(M)).

Any ideal p € Ming(M) is a minimal prime of M or a minimal associated prime of M. If
q € Assp(M) \ Ming (M), then q is an embedded prime of M.

Note 3.3.17. Let R be a noetherian ring. For any ideals p, q € Spec(R) such that q C p, we have
V(p) € V(q). Applying Theorem and Proposition |3.3.13] it follows that

n

Suppr(M) = | V(p:) = U V(p:)

i=1 pi EMin (Supp (M)

where p1,...,p, are the prime ideals from some prime filtration of M.

3.4 Prime Avoidance and Nakayama’s Lemma

In this section we prove two major results from abstract algebra. Prime Avoidance gives
us more insight into the associated primes of finitely generated R-modules, especially when R is
noetherian, as we will see in Corollaries [3.4.2] and [3:4.3] Nakayama’s Lemma has a number of
corollaries, some of which we will produce here. Perhaps most importantly, Nakayama’s Lemma
gives us Lemma [3.4.19| which we will use directly in the proof of Theorem [3.5.16

Lemma 3.4.1 (Prime Avoidance). Let R be a non-zero commutative ring with identity and let
Ii,..., I, J < R be ideals. Assume one of the following:
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1. R contains an infinite field as a subring, or
2. the ideals I, ...,I,_o are prime.

Then whenever J C \Ji_, I;, we have J C I; for some i € [n]. Equivalently, if J € I; for alli € [n],
then J < Ui I;.

Proof. Assume K C R as a subring with K an infinite field. For an arbitrary vector space V over
K, we have this fact:

n
Vi,...,V,, ©V proper subspaces — U ViC V. (3.4.1.1)
i=1

Assume J ¢ I; for any j € [n], which implies J N I; C J. Since ideals of R are K-vector

spaces, (3.4.1.1)) gives

n

Jn ij =Jwunn)ycJ
j=1

j=1
and hence .
JZ L.
j=1
Now assume Iy, ..., I, 5 are prime and we will argue by induction on n. For the base case

n = 1, the hypothesis is vacuous and the conclusion holds trivially. For the base case n = 2, suppose
J & I, I and suppose for the sake of contradiction that J C (I; U I3). Then there exist elements
x1,x9 € J such that z; ¢ I} and x5 ¢ Is. We observe

xlng(hUIQ) — z1 €15
IQGJg(IlUIQ) — a9 € I.

We know also that x1 +xo € J. If 2y + x5 € I1, then 1 = (1 + x2) — x2 € 1, a contradiction. An
identical contradiction lets us conclude z1 + x5 ¢ Io, giving us

$1+l‘2€J\(11U12)

which is a contradiction, proving the second base case.

For the induction step, assume n > 3 and assume the result holds for lists of length n — 1.
If J C U; Ii for some I € [n], then by the induction hypothesis J C I; for some i # [ and we are
done. Therefore assume without loss of generality

JZ\Jn
i#l
for all I € [n]. For each | € [n], fix an element
zeJ\|JL (3.4.1.2)
i#l

and consider the element 2/ = 21 + (22 ---x,) € J. Suppose J C |J;_, I;, implying =’ € I; for some
1. If we first suppose z’ € Iy, it follows that x5+ -z, = 2’ — x1 € I;. Since I; is a prime ideal,
this implies z; € I; for some j > 2, contradicting our choices in . Second, if we suppose
' € I; for some ¢ > 2, then we have x5 ---x, € I; and therefore 77 = 2’ — x5 ---x,, € I;, again
contradicting (3.4.1.2)). O
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Corollary 3.4.2. Let R be a noetherian ring and let M be a non-zero, finitely generated R-module.
If J < R consists entirely of zero-divisors on M, then there exists some ideal p € Assg(M) such
that J C p.

Proof. Since R is noetherian and M is finitely generated, Theorem implies Assp(M) =
{p1,...,pn} for some n > 1. By Proposition [3.2.19| we have

J C {zero-divisors on M} = U p.
pEAssr(M)
Therefore J C p; for some i € [n] by Lemma [3.4.1] O

Corollary 3.4.3. Assume R is noetherian, let M be a mon-zero finitely generated R-module, and
let m < R be a maximal ideal. Then

m contains a non-zero-divisor on M <= m ¢ Assg(M)
or equivalently
m consists entirely of zero-divisors on M <= m € Assr(M).

Proof. If m consists entirely of zero-divisors on M, then m C p for some p € Assr(M) by Corol-
lary Since we have a maximal ideal inside a proper ideal, m = p € Assy(M), proving one
direction. On the other hand, if we suppose m = Anng(m) for some 0 # m € M, then m consists
entirely of zero-divisors on M. O

Definition 3.4.4. Let I < R and M an R-module. IM is the submodule of M defined

IM=(meM|icl, meM)=> imm;|i;el, m;jeM, Vjeln;necN
j=1

Fact 3.4.5. We can make M/IM into an R/I-module by the operation
(r+I)(m+1IM)=(rm)+IM.

Proof. Checking the module axioms is straight-forward. For instance, we verify two questions of
well-definedness here. Let r1,75 € R such that ry +1 = ro+ 1 and let m € M. Therefore ry —ry € 1
and it follows that (rym) — (rem) = (r1 — r2)m € IM. Thus

(ri+D(m+IM)=(rim)+IM = (rom)+IM = (ro + I)(m + IM)

verifying one question. Now let » € R and let my,ms € M such that my + IM = mo + IM. Then
there exist ¢ € I and n € M such that m; — mg = in. Therefore (rmy) — (rmg) = r(my —mz) =
r(in) = (ri)n € IM and it follows that

(r+D)(my+IM)=(rm1)+IM = (rmg)+IM = (r + I)(ma + IM)
verifying the second question, so the operation is well-defined. O

Definition 3.4.6. R is a local ring if it has a unique maximal ideal. If the unique maximal ideal is
m < R, then we say (R, m) is a local ring. Some texts would say this is a quasi-local ring, because
we are not assuming R is noetherian.

Fact 3.4.7. Let R be a commutative ring with identity.
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(a) If m < R is mazimal such that 1 +m C R*, then (R, m) is local.
(b) The following are equivalent.

(i) (R, m) is local.
(i) R\ R* is a proper ideal of R.
(ii) There exists a proper ideal a < R such that R\ a C R*.

(¢) When the conditions of (b) are satisfied, we have m = a = R\ R*.

Proof. (b). Part (c) will follow from this argument as well. First assume (R, m) is local and we
claim m = R\ R*, for which it suffices to show that R\ m = R*. For any u € R*, R = (u), so
u ¢ m since m is a proper ideal. Thus R* C R\ m. For any z € R\ R*, we have (z) < R. Since
every proper ideal is contained in a maximal ideal, (x) C m and therefore x € m. Having shown the
contrapositive, we conclude R* D R\ m. Therefore (i) implies (4).

If we assume R\ R* < R and set a = R\ R*, then it is immediate that R\ a = R*. Hence
(#4) implies (47).

Finally, assume a < R is such that R\ a C R*. Taking the complement we have a O R\ R*.
On the other hand, if we let a € a, then a ¢ R*, because a is a proper ideal. Therefore a € R\ R*
and thus a C R\ R*. Hence a = R\ R*. We claim for every maximal ideal n < R we have n = a. For
any y € 7, since y does not generate the entire ring, y ¢ R*. Therefore y € a and thus n C a C R.
Since 1 is maximal, 7 = a, completing the proof of (b) and (c).

(a). By part (b) it suffices to show R\ m C R*. Let x € R\ m and set (z,m) = ({z} Um). It is
straightforward to show
(x,m) =(ax+m|a€R, mem).

Then m C (z,m). Since z € (z,m) and = ¢ m we have m C (z,m) C R. Therefore (x,m) = R by the
maximality of m and it follows that 1 € (x,m). Then we let « € R and m € m such that 1 = ax + m.
Therefore

ar=1-mel+mCR"

and we conclude a,x € R*. O

Lemma 3.4.8 (Nakayama’s Lemma). Assume (R, m) is a local ring and M is a finitely generated
R-module. The following conditions are equivalent.

(i) M =0
(i) M =mM
(iii) M/mM =0

Proof. Tt is clear that (¢) implies (i4¢) and it is also clear that conditions (i7) and (iii) are equivalent,
so we need only show that (¢7) implies (¢). Assume M = mM, let mq,...,m, € M be a generating

sequence for M, and assume no proper subsequence of my,...,m, generates M. Suppose for the
n

sake of contradiction that n > 1. Then m; € M = mM can be written m; = Zrimi for some
i=1
r1,...,7n € m. Therefore

n
(1 — rl)m1 =mip—rim; = Zrlml
1=2
Since 1 € m, Fact above implies 1 — 71 € R* so m1 € (ma,...,my,). In other words
M= (mq,...,myu) C (mg,...,my) CM

giving equality at every step, which contradicts the minimality of our generating sequence. Therefore
n=0and M = (0) = 0. O
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Example 3.4.9. Let k be a field and consider the ring R = k x k. We can define the projection
P:R——k
(a,b) —a

for which the kernel Ker (P;) = 0 x k is a maximal ideal and we denote it m = Ker (P;). Notice this
maximal ideal is not unique. Consider the cyclic R-module M = 0 x k = ((0,1)). In this case we
have

mM=0xk)(0xk)=(0xk)=M

but M # 0. The point here is that in order to use a maximal ideal in Nakayama’s Lemma, we really
do need that ideal to be unique.

Example 3.4.10. Let (R, m) be a local integral domain, but not a field. Such rings could be
%

p) or ]K[X]<X>

where p € IN a prime. Let M = Q(R) # 0 be the field of fractions of R. Since R is not a field, m # 0
and one can check that m- Q(R) = Q(R). So M must be finitely generated in Nakayama’s Lemma.

Corollary 3.4.11. If (R, m) is local, noetherian, and not a field, then m? C m.

Proof. Since R is noetherian, we know m is finitely generated, so by Nakayama’s Lemma, if m-m =
m? = m, then m = 0, which is a contradiction, since R is not a field. O

Corollary 3.4.12. Assume R is noetherian and M is a non-zero, finitely generated R-module.

(a) If (R,m) is local and not a field with m ¢ Assg(M), then m \ m? contains a non-zero-divisor
on M.

(b) If m < R a mazimal ideal such that m? # m and m ¢ Assgr(M), then m \ m? contains a
non-zero-divisor on M.

Proof. We will prove part (b) and part (a) will follow by Corollary [3.4.11] By Proposition |3.2.19
the set of associated primes is nonempty and by Theorem [3.3.3| we write Assp(M) = {p1,...,pn}

for some n > 1. We will apply Prime Avoidance (Lemma [3.4.1)) to the list py, ..., p,, m?, m where
P1,...,pn are all prime. Since we are assuming m # m?, it follows that m ¢ m? (maximality of m
would force equality in this case). We are also assuming m ¢ Assg(M), so by prime avoidance

mZp U---Up, Um.

Therefore there exists an element € m such that z ¢ p; U---Up,, = ZDr(M) and = ¢ m? (cf.
Proposition [3.2.19)). Hence we have found an element 2 € m\ m? that is a non-zero-divisor on M. [

Corollary 3.4.13. Let (R,m) be local, M an R-module, and N C M a submodule such that M /N
is finitely generated over R. If M = N +mM, then M = N. (Note the stronger assumption that M
is finitely generated would be sufficient to conclude M/N finitely generated.)

Proof. If M = N 4+ mM, then we have

m % 7mM+N7%
N/ N N’

Since M/N is finitely generated, we may apply Nakayama’s Lemma to conclude M = N. O
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Definition 3.4.14. Let M be a finitely generated R-module. A minimal generating sequence for
M is a generating sequence my,...,m, € M such that no proper subsequence generates M.

Example 3.4.15. For the ring R = Kjz,y], the elements z,y € R form a minimal generating
sequence for (z,y).

Remark 3.4.16. Note in our definition above, we make no claim on our ability to find a shorter
generating sequence, but rather we cannot shorten this particular sequence without disrupting its
generating property for M.

Corollary 3.4.17. Let (R, m, &) be local and M a finitely generated R-module. Let my,...,my, € M.

(a) M/mM is a finite-dimensional vector space over K via the scalar multiplication

r-m=7m.
(b) The sequence myq,...,m, generates M as an R-module if and only if my,..., M, € M/mM
spans M/mM as a R-vector space.
(c) mi,...,m, € M is a minimal generating sequence for M if and only if Ty, ..., M, € M/mM

is a basis for M /mM over R. In particular, every minimal generating sequence for M has the

same number of elements, namely
dimg (M /mM).

Proof. M/mM is a fmodule by Fact The R-vector space axioms follow directly from the
R-module axioms. For example we have

7(s-m)=7-(5m)=r(sm)=(rsym=7s-m = (T3) - .

Since M is finitely generated we let mq,...,m, generate M over R. For any m € M,
there exist 71,...,r, € R such that m = " | r;m;. Therefore for any m € M/mM there exist
T1,...,Ty € R such that

n n
m = Z rim; = ZFZ‘W¢
i=1 i=1
SO M1, ..., My, spans M/mM over K, completing the proof of part (a) as well as the forward impli-
cation of part (b).

Now assume 71, . ..,7, spans M/mM over K. We claim M = (my,...,m,) + mM. Cer-
tainly the reverse containment holds, because (mz, ..., m,),mM C M as submodules. On the other
hand, if we let m € M be arbitrary, then our spanning assumption implies there exist 71,...,7, € R
such that

n n
m= 3o =Y
i=1 i=1
This yields
n
m — Z rim; € mM
i=1
n
:>m:2mmi+y for some y € mM

i=1
= m € (my,...,my) +mM

56



proving the claim. Therefore we apply Corollary to conclude M = (my,...,my,), so M is
finitely generated, proving part (b).

For the forward direction of part (c), assume myq, ..., m, is a minimal generating sequence
for M. Part (b) then implies Ty, ...,M, spans M/mM. If we suppose for the sake of contradiction
that 71, ..., M, is not a basis, then we can rearrange them if necessary to assume o, . .., 7, spans
M /mM. Another application of part (b) implies ma, ..., m, is a generating sequence for M over R,
contradicting our minimality assumption. Therefore 71, . ..,mM, is a basis for M/mM as a K-vector
space.

On the other hand, let us assume that my, ..., M, is a basis for M/mM over & Equivalently,
we have Ty, ..., M, is a minimally spanning set for M /mM over & Then part (b) implies my, ..., m,
is a generating sequence for M as an R-module. Suppose my, ..., m, is not minimal. That is, assume
ma, ..., My is a generating sequence for M, after some rearrangement of the m;’s if necessary. Again
applying part (b) we know ma,..., M, spans M/mM as a R-vector space, contradicting the fact
that 74, ...,m, is a minimal spanning set. L]

Corollary 3.4.18. Assume (R,m,R) is local and P is a finitely generated projective R-module.
Then P is free with P = R™ where n = dimg(P/mP).

Proof. By Corollary [3.:4.13] there exist p1,...,p, € P such that they form a minimal generating
sequence for P, where n = dimg(P/mP). Note this implies P/mP is an n-dimensional K-vector
space and therefore P/mP =2 R”. We therefore have the following well-defined, surjective R-module
homomorphism.
T:R" P
Cif————>Di

Doy Tiei =D Tipi

Cc T
We may therefore define a short exact sequence 0 —— Ker(7) —— R" P 0 and from

here it suffices to show that Ker(r) = {0}, thereby proving P is isomorphic to a free module. Let
K = Ker(7). Since P is projective, the short exact sequence splits and we write

RPr*KeP—">K
(x,p) ——>2x

where 7 is a well-defined, surjective R-module homomorphism, so K is also finitely generated. We
will use this to apply Nakayama’s Lemma. We have a string of isomorphisms.

~ ~ " o~ T ﬁn
R 2] 2]

e (B o B KeP K P _ K
n T mR* m(KeP) mK mP wmK

Since isomorphic vector spaces have the same dimension we have n = dimg(K/mK) + n, implying
dimg (K/mK) = 0 and therefore K/mK = 0. It follow from Nakayama’s Lemma that Ker(7) = K =
0. O

Lemma 3.4.19. Assume R is noetherian, let I' and A be non-zero, finitely generated R-modules,
and let I < R such that Suppr(A) = V(I). If I C ZDR(T), then Hompg(A,T) # 0.

Proof. By Corollary there exists a prime ideal p € Assg(I') such that I C p. Since p is an
associated prime, by Remark there exists an injective R-module homomorphism R/p < T
and the exactness of localization gives the existence of an injection (R/p), < I'y. Moreover, by
Theorem we have R, /p, = (R/p), and therefore we have an injection R, /p, — T'.
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Since I C p, we know p is an element of the variety V(1) = Suppg(A). Therefore A, # 0.

This is finitely generated over R, (since A finitely generated over R), so by Nakayama’s Lemma we
have A
p

Pplp

Similar to the context of Corollary the module in gives a vector space over Ry /p,,.

Since one can always surject from a non-zero vector space onto the underlying field, we have the

following commutative diagram.

£0 (3.4.19.1)

A R
A : By
P N PpAy Pp
~
~ - m
-3~ -
N
FP

Since Ry /py is non-zero, we have exhibited a non-zero R-module homomorphism in Homg, (Ap,T'y)
which is therefore non-zero. Therefore Hompg (A, I") # 0 since Hompg, (A, T'y) = Homp(A,T). O

Corollary 3.4.20. Let R be noetherian, let M be a non-zero, finitely generated R-module, and let
I < R be a proper ideal. If depthp(I; M) =0, then Homg(R/I, M) # 0.

Proof. Since depthg(I; M) = 0, it follows that I is composed entirely of zero-divisors on M. Since
I # R, the module R/T is non-zero and is also finitely generated over R. Therefore by Remark[3.2.11
we have Suppg(R/I) = V(I) and hence Homp(R/I, M) is non-zero by Lemma |3.4.19} O

Lemma 3.4.21. Let R be noetherian and let M and N be R-modules such that M is finitely
generated. Then
Assp(Homp(M, N)) = Suppp (M) N Assg(N).

Proof. If M = 0, then Homp(M, N) = 0, so Assgp(Hompg (M, N)) = Assg(0) = 0, Suppp(M) =0,
and therefore Suppr (M) N Assr(N) = (). Hence the conclusion holds in this case. The conclusion
holds by the same reasoning if N = 0, so assume without loss of generality that M, N # 0.

Let p € Spec(R) such that p ¢ Suppg(M) and we will argue that p ¢ Assp(Homp(M, N)).
Since My, = 0 we have Homg(M, N), = Homg, (M,, N,) = 0 by Proposition Therefore

p & Suppg(Hompg(M, N)) 2 Assg(Homp(M, N)).

We’ve shown p not in the support of M implies p not in the associated primes of the homomorphism
module. This is the contrapositive of

p € Assg(Homp(M,N)) = p € Suppr(M)

so Assg(Homp (M, N)) C Suppg(M).

Now notice M finitely generated implies there exists some ¢t > 1 such that we can map
surjectively from R® onto M. The left-exactness of Hompg(—, N) along with Hom-cancellation and
Example [3.1.2] gives

Hompg(M, N) = Hompg(R!, N) = N*
Therefore by Remark [3.2.26) and Lemma [3.2.28 we have
Assgr(Hompg(M, N)) C Assgr(N') = Assp(N)

which proves Assg(Homp (M, N)) C Suppr(M) N Assg(N).
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For the reverse containment, first consider that in the degenerate case when Suppg(M) N
Assp(N) is empty, we have nothing to show, since every set contains the empty set. Now assume
without loss of generality that p lies in the intersection. We claim

Homp(M, R/p) # 0. (3.4.21.1)

To put things in the notation of Lemma set I = Anng(M), I' = R/p, and A = M. By
Remark 3.2.11] we have
Suppr(A) = V(Anng(M)) = Suppg(M)

which implies I C p, since p € Suppg(M). Therefore I-R/p =0, s0 I C ZD(R/p), and thus
holds by Lemma [3.4.19

Next we claim if @ € Hompg(M, R/p) is non-zero, then Anng(a) = p. If x € p, then
- R/p =0 and in particular z - a(m) = 0 for all m € M. Equivalently, this means (za)(m) = 0
for all m € M, so x € Anng(e) and we have shown p C Anng(w). On the other hand, since
a # 0, let m € M such that a(m) # 0. Notice also that since p is prime and 0 # a(m) € R/p,
then Anng(a(m)) = p. Now for any y € Anng(a), we have y - a(m) = (ya)(m) = 0, implying
y € Anng(a(m)) = p and we conclude Anng(a) = p by mutual containment.

It now suffices to show p € Assg(Hompg (M, N)). By (3.4.21.1)), there exists some element o €
Homp(M, R/p) \ {0} and by our second claim Anng(a) = p. Define the R-module homomorphism

¢ : R—— Hompg(M, R/p)
r———ra

and note Ker(¢) = Anng(a) = p. Therefore by the First Isomorphism Theorem we have the injective
R-module homomorphism

¢: R/p —— Hompg(M, R/p)

T ra.

Moreover since p € Assp(N), there also exists an injective R-module homomorphism R/p —
N . Since Hompg (M, —) is right exact we have the horizontal injection in the following
commutative diagram

Hompg(M, R/p)“—— Hompg(M, N)

m

R/p
and we conclude p € Assg(Hompg(M, N)) by Remark [3.2.18| O

Example 3.4.22. Recall the running example we began in Note[3.2.16] We can see our new lemma
in action.

Suppp Assp

R =Klz,y] Spec(R?) {0}
A=R/((z,y)R)" | {(z,y)R} | {(z,y)R}
B=R/(a",y")R | {(z,y)R} | {(z,y)R}
C = R/(z* 2y)R V(zR) {zR, (x,y)R}

Assg(Hompg (A, R)) = Suppr(A) NAssg(R) = {(z,y)} N {0} =0
s Hompg(A,R) =0 (3.2.21)

Assp(Homp(B,C)) = Suppg(B) N Assg(C) = {(z,y) R} N{zR, (z,y) R} ={(z,y) R} # 0
- Homgp(B,C) £0 (B2.21)
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3.5 Regular Sequences and Ext

We begin the section with a re-characterization of regular sequences and a characterization
of the radical ideal in terms of the intersection of prime ideals (see Lemma [3.5.7). After stating four
facts, we use them to prove Lemma [3.5.13| before finally achieving our goal of the chapter by proving

Theorem [3.5.16]

Discussion 3.5.1. We have already defined M-regular elements and sequences (Definition .
We can also give a different characterization of M-regular sequences.

Assume M # 0 is a finitely generated R-module. We claim a sequence ay,...,a, € R is
M-regular if and only if a; ¢ ZDr(M), a; ¢ ZDgr(M/(a1,...,a,—1)M) for all i = 2,...,n, and
(a1y...,an)M # M.

Proof. One implication is trivial from Definition so assume a; ¢ ZDgr(M), furthermore that
a; ¢ ZDr(M/(a1,...,a;—1)M) foralli =2,... ,n, and (ay,...,a,)M # M. Suppose for the sake of
contradiction that a; M = M. This implies

(aty..yan)M C M =a1 M C (ay,...,a,)M.

This contradicts the assumption that (ay,...,a,)M # M. Thus ey M # M.
Now suppose a;(M/(a1,...,a;—1)M) = M/(ay,...,a;—1)M for some i > 2. Then we have

M M - (al,...,ai)M
(al,...,ai_l)M (al,...,ai_l)M (al,...,ai_l)M

which implies
(a1,...,an)M C M = (a1,...,a;)M C (a1,...,an)M.

However, this again contradicts the assumption (aq,...,a,)M # M and we conclude
ai(M/(al, ey ai,l)M) # M/(al, ey ai,l)M
for all i € [n]. Hence, aq,...,a, is M-regular. O

Discussion 3.5.2. If (R,m) is a local ring and M # 0 is a finitely generated R-module, then
Nakayama’s Lemma implies aM # M for all a < R. In particular, a sequence aq,...,a, € a < R is
M-regular if and only if a; ¢ ZDr(M) and a; ¢ ZDg(M/(a1,...,an—1)M) for all i = 2,... n, by
Discussion [3.5.11

Example 3.5.3. Let K be a field.

(a) Let R =K[X,...,X4] for some d > 1. We claim for any n < d, the sequence X1,...,X,, € Ris
R-regular. In the case when n = 1, note that X; ¢ ZDg(R) and R/ X1 R 2 K[Xs, ..., X,] # 0,
so X1 R # R and thus X; is R-regular.

Now assume d > n > 2 and the sequence Xq,..., X,,_1 is R-regular. To show Xi,..., X, to
be regular we need only point out that X,, ¢ ZDr(R/(X1,...,Xn—1)R) and that

R

LY {5 ST ¢
(X1,..., Xo)R [Knt1 al #0

implying by Nakayama’s Lemma that
(X1,...,X,)R#R.

Therefore X1, ..., X, is R-regular by Discussion [3.5.1
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(b) Consider the ring Z. For any n € Z with n > 2, n is Z-regular, because n is a non-zero, non-
unit element of an integral domain. However, we can show that Z has no regular sequences of
length two.

Suppose m,n € Z is Z-regular. Then m # 0 is a non-unit and to build a regular sequence n
must be Z/mZ-regular. Two things can go wrong:

(1) If (m,n) =1, then
n-Z/mZ = (m,n)Z/mZ = Z/mZ
so n is not Z/mZ-regular.

(2) If (m,n) = d > 2, then d|m, d|n, and we have cases to check. For instance if m|n,
then n - Z/mZ = 0 so m,n is not regular. If mtn, then d € Z/mZ is non-zero and

n-d=0 € Z/mZ. Therefore n is a zero-divisor and thus m,n fails to be regular.
(¢) Any field K has no regular sequences, because K \ {0} = K*, so kK = K for all k£ # 0.

(d) The quotient ring R = K[z]/(2?) has no regular sequences, because the non-units of R are of
the form aZ for some a € K and o - T = 0 implies aZ € ZDg(R).

Definition 3.5.4. An M-regular sequence z1,...,z, € I < R is a maximal M -reqular sequence in
I if for any x,,4+1 € I, the sequence 1, ..., 2,41 is not M-regular.

Remark 3.5.5. If R is noetherian and M an R-module, then for any I < R, M has a maximal
regular sequence in I. Moreover every M-regular sequence in I < R extends to a maximal M-regular
sequence in I, which we prove here.

Proof. Let z = z1,...,z, € I be an M-regular sequence and suppose for any N > n and any
Tnyl,---,TNn € I such that the sequence z = w1,...,zN is regular, x is not maximal. Then for
any N > n there exists some zy11 € I such that z,zy11 is regular. Define I, = (x1,...,x) and

consider the chain
LCLCZzC---

which we claim is made of proper containments. We need to show xp41 ¢ Ii for any k. If we
suppose otherwise, then xp41 - M/IM = 0, which violates the regularity of the sequence in a big
way. Therefore we have exhibited a chain

LShCl3C---CR

that does not stabilize, contradicting the fact that R is noetherian. Therefore z must extend to a
maximal regular sequence. O

Remark 3.5.6. If (R, m) is a local, noetherian, ring and M # 0 is a finitely generated R-module,
then we have an algorithm for finding maximal M-regular sequences.

Step 1: If m € Assgr(M), then m C ZDgr(M) by Corollary so the empty set is a maximal
M-regular sequence and we can therefore stop.

Step 2: Assume m ¢ Assg(M), i.e., m  p for any p € Assg(M). Then by prime avoidance

mgZ |J » = ZDrM)= |J pCm
pEAssr(M) peAssr(M)

Hence there exits an element 1 € m\ ZDg(M) (i.e., z1 € m\ p for all p € Assg(M)).

Step 3: Repeat Steps 1 and 2 with the module M/x1 M in place of M. If m € Assg(M/x1 M), then
1 is a maximal M-regular sequence, so we stop. Otherwise there exists some x5 € m such that
xo & p for all p € Assp(M/xz1M).
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Step 4: Repeat Steps 1 and 2 with M/(z1,22)M. And so on.
By the proof of Remark [3.5.5] this process must terminate after finitely many steps.

Associated primes are indispensable for the proof of Theorem [3.5.16] though their use is a
bit hidden. The point of the following lemma is to give in part (b) a context in which they are a bit
easier to write down.

Lemma 3.5.7. Let R be a non-zero, noetherian, commutative ring with identity and let I < R be a
proper ideal.

(@) rad()= () p= () »= () ¥

peV(I) pEAssr(R/I) pEMing(R/I)

(b) If I is the intersection of a finite number of prime ideals, then

Assp(R/I) = Ming(R/I) = {minimum elements in the intersection defining I}.

(c) If I is an intersection of prime ideals, then it is the intersection of a finite number of prime
ideals.

Proof. (a). This is justified by the following string of containments.

rad(I)= (] »
pev ()
= ﬂ p B2.11]
pESuppr(R/I)
C ﬂ p 3.2.10
pEAssr(R/I)
C ﬂ p
pEMing(R/I)
C N p 3313
pESuppr(R/I)
Hence we have equality at every step.
(b). Assume I = ()._, p; and re-order if necessary to assume py,...,p; are the minimal elements
in {p1,...,pn} with respect to containment. Therefore I = ()_, p; and we first claim py,...,p; €

Ming(R/I). By 4 in Remark [3.2.11| and Proposition [3.3.13| we have
Ming(R/I) = Min(Suppr(R/I)) = Min(V (1))

(see also Definition [3.3.16)) so it suffices to show p; is minimal in V(1) for each i = [j]. We know
pr € V(I) for any k € [j] since each contains the intersection N/_,p;, which is precisely I. To show
minimality suppose p € V(I) such that p C p;. Observe the following with the product of prime

ideals.
J
ﬂ ICpCyy

The fact that p is pI‘lHlC implies there exists some index [ € [j] such that p; C p C p;, but since p; is
minimal among the pi’s, we know p; C p;. Therefore we have

PrCpCp Sy
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forcing equality at every step and hence p = p;. By this argument and by Definition [3.3.16] we have
shown

{minimal elements in the intersection defining I'} = {p1,...,p;}
€ Min(V/(1))
= Ming(R/I)
C Assg(R/I).

So to complete the proof of this part it suffices to show Assp(R/I) C {p1,...,p;}. Letp € Assg(R/I)

and by definition of being an associated prime there exists some 0 # T € R/I such that p = Anng(T).
By definition of what it means to be zero in the quotient module R/I we have

J

i=1

Since T is non-zero, x ¢ I, so there exists some k € [j] such that « ¢ py. Rewriting our last line we
have

J
pr CT=()p; Cpx
i=1
where the fact that py is prime implies p C py (if 2 isn’t in pg, then p must be). Since we have already
shown the minimal elements of the intersection defining I (pj in particular) are also in Ming(R/I),
this implies p = px and completes the proof of part (b).

(c). If I is the intersection of prime ideals, say py for A € A, then we have

ﬂp)\:fgrad([): ﬂ Pgﬂp,\

A€A pEMin g (R/T) AEA
and equality at every step follows. Since Ming(R/I) is finite by Corollary part (c) holds. O

Example 3.5.8. Let K be a field, let R = K[z, y](,,), which is a local ring with unique maximal
ideal m = (z,y)R, and define the R-module M = R/(zy)R. We will use the steps in Remark [3.5.6]to
find a maximal M-regular sequence. We know (z)R = Anng(y) and (y)R = Anng(%), for 7,5 € M,
so (x)R, (y)R € Assgp(M). It is straight forward to show (zy)R = (z)RN (y)R, so we actually have
Assp(M) = {(z)R, (y)R} by Lemma [3.5.7(b). Since m ¢ Assg(M), we need to find an element

a1 € (z,y) R\ [(z)RU (y)R].

That is, we want to find a1 = fx + gy such that « t a1 and y { a1, for some f,g € R. In particular
we can take a; =z — y.
For Step 3, we first repeat Step 1 with the module M/ai;M, so we need to determine if
m € Assgp(M /a1 M). Observe
M R/(xy)R R ~_  B/(z—y)R

aM ~ (x—y) R/(zy)R (¢ —y.ay)R  (zy) R/(x —y)R

where
R _ ]K[$7 y](z,y) ~ ]K[CL‘]
@—yR ™ @Ko yley
Colloquially, the last isomorphism above holds because setting £ — y = 0 is the same as setting
x =y. This gives

M ~ ]K[:C](x)
aM 22 Kz,

(3.5.8.1)
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We will now argue

Anng <x € ai\@) = (z,y)R

and will thereby have showed m € Assg(M /a1 M). Since & = y we have

y-T=x-T=x>=0€ M/a;M

by and therefore (z,y)R C Anng(x). Moreover we know = # 0 € M/ay M by ,
implying Anng(Z) # R and in fact the maximality of (x,y)R implies m = (z,y)R = Anng(T).
Hence m € Assg(M /a1 M) and we can stop. That is, © — y is a maximal M-regular sequence in M
of length 1.

We shall assume the following fact without proof (for the moment) and use it to prove the
subsequent fact. (See Discussion for existence of the induced maps.)

Fact 3.5.9. Let f: A — A’ and g : B — B’ R-module homomorphisms. For any i > 0, there
exist R-module homomorphisms

Ext% (A, g) : Extih(A, B) Ext% (A, B)

Ext%(f, B) : Exth (A, B) Ext% (A, B).

Ifff: A — A" and ¢’ : B' — B” are also two R-module homomorphisms, then the following
diagrams commudte.

. Ext% (A, . . Ext% (f',B .
Extin(4, B) 229 gyt (4, BY) Exti(4”, B) 2B poe 41 By

N %

Extjq(A,g') Extjq(ﬁB)

Ext} (A,9"0g) Ext’, (f'of,B)
Ext% (A, B") Ext% (A, B)
Colloquially, we are saying that Ext's(A, —) and Ext's(—, B) each respect compositions.
Next, we use this fact to establish the following.
Fact 3.5.10. If A, A’, B, and B’ are all R-modules, then
Exth(A,05,) = 0 = Ext} (04, B)
where 08, denotes the zero map from B into B' and 04, denotes the zero map from A into A’.

Proof. As silly as it looks to write down, we begin with the following commutative diagram.
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From Fact the following diagram also commutes.

Ext% (0%,,B)

Exth(A’, B) Ext% (0, B)
Y%
Ext%, (04,B
Exty(04,,B w(05.5)
Ext% (A, B)

Since Ext’ (0, B) = 0 by Proposition[2.1.12] the commutivity of the diagram forces Ext’;(04,, B) = 0
as well.
In a similar fashion, we have two more commutative diagrams.

Ext%(A,0)
—_—

B—=0 = Ext%(A,B) Exth(A,0)

) Ext%(A,0)
B’ Ext (4,05,

Ext’, (A, B')

From the second diagram we conclude ExtiR(A,Og,) = 0 as desired, using similar reasoning as
before. O

Similarly, we assume the next fact without proof and use it to prove the subsequent one.

See Discussion for some justification of Fact [3.5.11

Fact 3.5.11. Letr € R and let A, B be R-modules. The multiplication map
,uf: B——BHB
b——>1b

is a well-defined R-module homomorphism (cf. Notation . The induced maps
Ext% (A, uP) : Ext'y(A, B) ——— Ext% (A, B)

Ext%(u?, B) : Ext'y(A, B) —— Ext% (A, B)

from Fact are the multiplication maps MEX%(A’B) and MEX%(A’B). That is, the map on Ext
induced by a multiplication map is itself a multiplication map.

Fact 3.5.12. Given the two identity maps idy : A — A and idp : B — B, we have
Extf(ida, B) = idgy (a,5) = ExtR(4,idp).
Proof. This is essentially a corollary of Fact [3.5.11

i /. i Ext% (A,B .
Extly(ida, B) = Extiy(ufh, B) = py™ ") = idgs (4 )

i . i Ext% (A,B .
Exth(4,idp) = Bxth(4, uf) = g% = idgi 45
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We will see all four of the above facts again in Section 5.3, where we will justify Facts [3.5.9]

and [3.5.11] and where we will give alternative proofs of Facts [3.5.10] and [3.5.12} For now, we use
them to prove a lemma.

Lemma 3.5.13. If M and N are R-modules, then for all i > 0 we have
(Anng(M)UAnng(N)) C Anng (Extf,%(M, N)).

That is, if x € R such that M =0 or N = 0, then x - Ext, (M, N) = 0.

Proof. Let € R and assume M = 0. Therefore u¥ = 0} and applying Facts [3.5.10| and [3.5.11|
we have

Exta(MN) _ gt (M| N) = Exty (04, N) = 0.

The proof is done similarly if y € R such that yN = 0. O

Example 3.5.14. If m,n € Z (not both 0) and g = ged(m,n), then we first claim that
Exty,(Z/mZ,Z,/n7) = 7./ gZ.
We take a projective resolution of Z/mZ, truncate it, and apply the functor Hompg(—, Z/nZ).

0 7 "7 —">7/mZ——>0

0 757 0

0 — Homz(Z, Z/nZ) 2 Homy(Z,7,/nZ) — 0

By Hom-cancellation the final sequence is isomorphic to

0 ——=Z/n7 "> 7/nZ 0
Thus we compute

Ker ( Z/nZ ——0 )
Exty,(Z/mZ,7/nZ) =

Im ( Z/nZ —" = 7 )mZ )

_ Z/nz  Z/nZ 707
" m-(Z/nZ)  (m,n)Z/nZ ~ gZ/nZ Z/9Z.

Note since Z/gZ is annihilated by both m and n, it is also annihilated by mZ U nZ, so as separate
verification of the conclusion of Lemma in this special case, we note

Anng(Z/mZ) U Anng(Z/nZ) = mZ UnZ C Anng(Z/gZ) C Anng(Exty(Z/mZ,Z/nZ)).
Remark 3.5.15. In general, if M and N are R-modules, then we at least have
Anng(M)U Anng(N) C AnnR(Ext}é(M, N))

but we cannot assume equality here. However, since this is true for all ¢ € Z, we can strengthen the
conclusion of the lemma to write

Amng(M) U Anng(N) C () Anng(ExtR (M, N)).
=0
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For instance, in Example we have
Exty,(Z/mZ,Z/nZ) = 0

and therefore
Anng, (Exty,(Z/mZ,Z/nZ)) = Z.

Yet notice
Anng(Z/mZ) + Aung(Z/nZ) = mZ + nZ = g7Z.

So if m and n are relatively prime, then g = 1 and we achieve the equality
Anng(Z/mZ) U Anng(Z/nZ) = g7 = 7 = Anng(Extl, (Z/mZ, Z./n7)).

In general, however, gZ # 7. Thus equality in Lemma [3.5.13| is achievable, but does not hold in
general.

Here we finally achieve the goal of the chapter by characterizing depth in terms of vanishing
Ext modules.

Theorem 3.5.16. Assume R is noetherian, let I < R be an ideal, and assume M is a finitely
generated R-module such that IM # M. Let n > 0. The following are equivalent.

(i) BExth(N, M) =0 for all i < n and all finitely generated R-modules N satisfying
Suppr(N) € V(I).

(ii) Exth(R/I, M) =0 for all i < n.

(iii) Ext's(N, M) =0 for all i < n and for some finitely generated R-module N satisfying
Suppr(N) = V(I).

(iv) BEvery M -regular sequence in I of length no greater than n can be extended to an M -regular
sequence in I of length equal to n.

(v) M has a regular sequence in I of length n.

Proof. Since Suppy(R/I) = V(I) by Remark[3.2.11} (i) implies (ii) and (ii) implies (iii) are already
done (consider N = R/I). To show (éi7) implies (iv), assume N is a finitely generated R-module
with Suppg(N) = V(I) such that Exti(N, M) = 0 for all i < n. Since the case n = 0 is trivial
we assume 7 > 1. Therefore by assumption Hompg(N, M) = Ext%(N, M) = 0 and it follows from
Lemmathat I ZDR(M), i.e., there exists a1 ¢ ZDg(M)NI. Now we induct on n. If n =1,
then we’re done since if we start with a sequence of length 0, we can extend to a; and if we start
with a sequence of length 1, we needn’t extend at all.

Assume n > 2 and the result holds for all finitely generated R-modules M’ satisfying
Exth(N,M') = 0 for all i < n — 1. Let ay,...,ax € I be an M-regular sequence with k < n. If
k = n, then we're done. If £ = 0, then we already know there exists an M-regular element a; € I
from which we would start our sequence, so assume 1 < k <n — 1. The sequence

ai-

0 M M M/aiM —=0

is exact and yields the long exact sequence (3.5.16.1)) from which it follows
Ext'a(N, M/a; M) =0

for all i < n—1 (i.e., whenever i + 1 < n). We assumed ay,...,a; is M-regular, so ag,...,a is
a M/aj M-regular sequence of length k — 1 < n — 1. Therefore under our induction hypothesis we
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may extend to a M/a; M-regular sequence as,...,ag,...,a, of length n — 1. Hence to conclude
ai,...,ay € Iis M-regular of length n and thus complete the proof of this implication, it suffices
to show I - M/a; M # M/a; M. Indeed since IM # M we have

M IM M

#

I- = .
alM alM alM

0 — Homp(N, M) —*> Hompg(N, M) — Homg (N, M /a; M) > (3.5.16.1)

<—>Ext}%(N,M)L>-~-

. o Ext, (N, M) —— BExt% (N, M/a; M) )
=0

LExtg'l(N,M) e

=0

ag-

> Ext® (N, M) — Ext% (N, M/a; M) >

<—> Ext’ (N, M)

To show (iv) implies (v), we simply point out that if we assume (iv), then the empty
sequence can be extended to an M-regular sequence of length n.

Proving (v) implies (¢) is again by induction. Assume M has a regular sequence aq, ..., a, €
I and let N be a finitely generated R-module such that Suppgr(N) C V(I). We want to show
Exté%(N7 M) =0 for all i < n. In the case when n = 1, our sequence is merely the element a; € I.
By Remark [3:2.11] and our assumption we have

V(Anng(N)) = Suppr(N) € V(I)
0

so by Lemma we have a} € I' C Anng(N) (i.e., a!N = 0) for all ¢ sufficiently large. By
construction the sequence

ai-

0 M

M M/a;M ——0
is exact. By the left exactness of Hompg (N, —), this implies the sequence
0 — Homp (N, M)~ Homp (N, M)
is also exact, as is the sequence
0 —> Hompg(N, M)<i> Hompg(N, M)
for all t > 1, since the composition of injective functions is still injective. Since a!- is the (injective)

zero map for all sufficiently large ¢ by Lemma |3.5.13] we conclude Homg (N, M) = 0 as desired and
we let this serve as the base case.
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Assume n > 2 and the result holds for all i < n — 1. We want to show Ext7 (N, M) = 0.

Let a1,...,an—1 € I be an M-regular sequence guaranteed by (v). By our induction hypothesis
Ext (N, M) =0 for all i < n—1 and we also know I contains an M /a; M-regular sequence of length
n — 1, namely aq, ..., a,. Our induction hypothesis again implies

Ext'a(N, M/a; M) =0
for all i < n — 1. In particular, Ext’s *(N, M/a; M) = 0 and therefore we have
o> 0 — Ext" (N, M)~ Exth (N, M) —— - -

by the exactness of the sequence (see (3.5.16.1))). Since the composition of injective functions yields
an injective function, the sequence

0 — Ext? 1 (N, M) Ext”s (N, M)

is also exact for any ¢ > 0. As in the base case we can take t > 0 such that a} - N = 0 and by
Lemma [3.5.13] af - Ext)y ' (N, M) = 0 as well. Thus we have an injective zero map, implying the
domain must be zero, i.e., Ext}y (N, M) = 0 as desired. O
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Chapter 4

Homology

The ultimate goal of the next three chapters is to prove the well-definedness of Ext and the
existence of long exact sequences as described in Theorem We begin by introducing some of
the basics of homology.

4.1 Chain Complexes and Homology

In this section we define chain complexes and homology modules. We present some of their
basic characteristics and show in Theorem that they play well with Hom modules. We also see
in Example [£.1.7)is that Ext modules are specific homology modules.

Definition 4.1.1. A chain complex of R-modules and R-module homomorphisms, also known as an
R-compler, is a sequence

F) _Z\/I _JW a M o M

0, ! .
i+2 it+1 i i—1
M1 M,; M;

M, =

of R-modules and R-module homomorphisms such that 9 o 9}, = 0 for all n € Z. The map 9
is the i*" differential of the complex and

_ Ker (oM)

H;(M,) = iﬁ;(ézzzj

is the i*" homology module of M,. Note this quotient makes sense to write down since Im (8%1) -
Ker (M) if and only if 9 o 9}, = 0.

Remark 4.1.2. An R-complex M, is exact if and only if H;(M,) = 0 for all i € Z. Colloquially,
H;(M,) measures how far M, is from being exact at the ith position, M;.

Example 4.1.3. Let M be an R-module and let P;” be an augmented projective resolution of M.
oy oy of
P = 2> P2 P— P —>M 0

05 0y o7

P, = e Py Py Py 0

Since P is exact, it is also an R-complex with H;(P;F) = 0 for all ¢ € Z. On the other hand, while
P, is not exact, it is still an R-complex since 9} o ﬁipﬂ = 0 for all positive ¢+ and for all negative ¢
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we have 87 0 9., = 0085, = 0. Therefore H;(P,) = 0 for all i # 0 and leveraging the exactness

of P}t we have
. Ker (P() — 0) PO

Hy(P, = ~T =M.
o(F) Im (8{3) Ker (1) m (7)
Conversely, if the sequence
o5 a3 oy
Qe = e Q2 Q1 Qo 0

is an R-complex such that each @; is projective and H;(Qe) = 0 for all ¢ # 0, then Q, is a projective
resolution of the homology module Hy(Q).

Proof. Note that

Ker (Qop — 0 Q
HO (Qo) — ( 0 5 ) — OQ )
Im <81 ) Im (81 )
Denote the natural epimorphism
T QO — &
Im (3? )
which once adjoined to @)e gives the exact sequence
g g ag -
Qj‘ = . 3 Q2 2 Ql 1 QO QOQ 0
Im (31 )
completing the proof. O

Definition 4.1.4. Let M, be an R-complex and let N be an R-module. We define lower star and
upper star on R-complexes as we did with exact sequences. Define

(0:42), (91), (@),
M, = Hompg (N, M,) = -+ ——=Hompg(N, Mi}1) —————— Hompg(N, M;) — -
=(Mit1)x 9it10(=) =(M; )«
(012,)" (") (0.)"
M.* :HOIHR(M,,N) = "-HHOHIR(Mi_l,N) o HOIHR(M“N)H
=(M;—_1)* (=)0 =(M;)*
where
(a{”)* = Hompg (N, BZM) (BZ-M)* = HomR(ﬁiM,N).

Proposition 4.1.5. Both M,. and M} are R-complexes.
Proof. The argument is written succinctly as follows.
(01) 0 (9M,)" = (B, 0 0M)" = 0" =0

(0M). 0 (0),). = (@M, 00M). = 0. =0

Notation 4.1.6. We add some more short-hand.

(M.); = M,; M- = (M),
(A7), = (M=y)” = (0,
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Example 4.1.7. Let M and N be R-modules and let P, be a projective resolution of M. Observe
that the indices for the projective resolution are decreasing, whereas after applying Hompg(P,, N)
to get P; the indices are increasing.
o5 a5 oy
P, = e P, Py Py 0

8}:‘* 8}:‘* 6P*
pr— 0 pr O pe @) . ©OD)

From Definition [£.1.1] when calculating homology modules we require decreasing indices, so in the
case when we want H;(F,), the indices line up nicely.

Ker (87)
P = ory)
m ( j+1)
To put P; in the form of having decreasing indices, we can define kK = —i and set M = P*, in
order to write the following.
9P )* HP)* 9P )*
Py = 0 Pg(l) Pl*(z) PQ*(S)
[ I [ [
Ml MO —1 M,Q

Hence building the it homology module from these M, amounts to finding Extgi(M ,N), ie.,
H;(P}) = H;(Homg(P,, N)) = Exty" (M, N).

We can align the homology modules with their respective projective modules in P} to make this
even clearer.

Py = 0 P Py Py Py

(3

Ho(FY) H_4(F7) H_5(FY) H_i(FS)

Lemma 4.1.8. Assume we have the following commutative diagram of R-modules and R-module
homomorphisms where the upper and lower horizontal sequences are exact, as are the diagonal se-

quences.
0
H - I

A 0
B
B\ /C g D
0 E F G 0
\C/ p
0

If Boy =0, thenG%K
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Proof. First, we claim that ¢ with domain restricted to Ker(3) surjects onto Ker(¢). We denote o
with such a restriction as ¢: Ker(8) —= F' and we want to show by mutual containment that

Im (6) = Ker(¢). (4.1.8.1)

Let ¢ € Ker(f) and since 5(c) = 0, by the commutivity of the diagram we also have €(((6(c))) = 0.
Since € is injective we have ((6(c)) = 0 and therefore 6(c) € Ker(¢). This takes care of the forward
containment of .

Let f € Ker(¢) and it follows €(¢(f)) = €(0) = 0 € B. Since o is surjective, there exists
some ¢ € C such that o(c) = f. By the commutivity of the diagram S(c) = 0, so ¢ is defined at ¢
and moreover f = azc) € Im (6). This handles the reverse containment and thus is proven.

For our second claim, we will show

Ker(6) = Im () (4.1.8.2)

again by mutual containment. Let ¢ € Ker(é) C Ker(o) = Im(v) and let h € H such that
v(h) = c. Since p and 6 are each surjective, choose i € I such that u(i) = h and choose d € D such
that 6(d) = i. By the commutivity of the diagram we have v(d) = v(u(6(d))) = ¢ and therefore
¢ € Im (v), justifying the forward containment of (4.1.8.2).

Now let d € D and set ¢ = y(d). By the commutivity of the diagram v(u(6(d))) = ¢, so
¢ € Im (v) = Ker(o) and o(c) = 0. Moreover, 5(c) = €¢(¢(c(c))) = 0 by the commutivity of the
diagram as well. Thus ¢ € Ker(8) so ¢ is defined at ¢ with 6(c) = 0 and therefore ¢ € Ker(4). This

completes our justification of (4.1.8.2]).

By the First Isomorphism Theorem, (4.1.8.1)), and (4.1.8.2)), we have

Ker(p) _ Ker(8)
Im(y) Ker(6)

I

Im (6) = Ker ().

By the exactness of the bottom row we also have

Ker(5) ~ Im
T (7) = Im (p)

and since p is injective the apply the First Isomorphism Theorem again to conclude

Ker(B)
Im ()

1%

G.

Theorem 4.1.9. Let M, be an R-complex and let N be an R-module.
(a) If N is projective, then H;(Hompg(N, M,)) = Hompg(N, H;(M,)).
(b) If N is injective, then H;(Homp(M,, N)) = Homp(H_;(M,), N).
We also write each of these colloquially.
(a) ‘Homming’ with a projective module in the first slot commutes with taking homology.

(b) ‘Homming’ with an injective module in the second slot commutes with taking homology, as long
as we are careful about indices.
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Proof. (a). Consider the following diagram.

0 0
l v / \
Ker (911) 0 ———Im (9") ——> Ker (91,
\%\ 6V €i—1
€it1 oM, c
M1 M; M;—q

M
~ C ‘
i,
00— —=1Im 6M

M) — Ker ( 8M)4>H(M)4>0

where 6 is the map induced by OM and 7; is the natural surjection. The diagonals are all exact, as
is the lower horizontal sequence. Moreover, Homp(N, —) = (—). is exact, because N is projective.
Therefore we have the commutative diagram given below.

0
L N\

Im (0M), — Ker (0}1,),
* (@)«

M
(877)-
(€i4+1)x o -~ (€i-1)
(951

(Mi+1)* V (Mz)* (Mifl)*

N (@M).
(61+1)\\ A*
_—

0 Im (8

2

Ker

Since the exactness of the lower horizontal sequence is preserved, we claim the following is an isomor-
phism of short exact sequences, where € and 7 are the natural injection and surjection, respectively.

0———Im (8Y,), Lo g (M), B H;(My), ——=0 (4.1.9.1)
\ \ !

I

%:ﬁ ~ %:'y st~ .

I

Y v Y

0———Im ((0M,).) ——Ker ((0M).) ——— H;(M.,) ——0

R

.36

The map v is induced by (€;). and is well-defined, because of diagram (II) above. It is also a
monomorphism, because (€;), is a monomorphism. Moreover it is onto, which one can see from a
standard diagram chase. The map § is induced by (€;)« © (cvi+1), and is an isomorphism for similar
reasons as 7. Also, it is straightforward to show that the left-hand square of commutes. It
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follows that there exists some € making the right-hand square commute and 6 is an isomorphism by
the Short-Five Lemma. Since (M, ). = Hompg(N, M,), we have

H;(Hompg(N, M.)) = Hi(Ma,) = H;(M,), = Homg (N, Hi(M,)).

(b). Let i € Z be given and we apply Homp(—, N) to commutative diagram (I), which preserves
the exactness and flips everything.

Ker (91,)" —= Im (9)1)" ——0 Ker (94,)°
i ey i
* * (aﬁl)* *
s (M;_4) (M;) (Mig1)" ——— -

@M
(e)”

o Ker (0M)" = I (1)) ——0

o) a/“)
0
Therefore we have
* er( 1+1 *)
(H;(M,))* = Homp(H;(M,),N) = I ( ) Lemma [4.1.8
m
Ker ( ) .
= Notation
" Im (aMerl)
= H_;(M;)
= H_;(Hompg(M,, N)) Definition 1.4]
completing the proof of part (b). O

4.2 Ext Modules

There are two main propositions in this section. We state formally in Proposition [£.2.3] why
one says Ext detects whether a given module is projective. In Proposition we give conditions
under which we know Ext modules are finitely generated.

Discussion 4.2.1. We have already put a fair amount of time into describing Ext%, so in this
section we add only a few more things. Let M be an R-module and P, a projective resolution of
M. That is

P.:-~- Pl PO 0

PH—= ... P Py

M 0

where all P; are projective and P;" is exact. We saw in Example that
Ext’ (M, N) = H_;(Hompg(P,, N))
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for all i € Z, where

Hompg (P, N) =P} =--- 0 Py Py P;

position: -1 0 1 2

and the —i*" module is built from the i*" position of P}, i.e.,
(P9)i = P,

The following theorem was previously stated as Fact [2.1.13] and will be proven in Theo-
rem [0.0.2)

Theorem 4.2.2. If P, and Qs are two projective resolutions of M, then

H_;(Hompg(P.,N)) = H_;(Hompg(Q., N))

7

for alli € Z.. The slogan here is ‘Ethé(M, N) is independent of our choice of projective resolution.
Proposition 4.2.3. Let M and N be R-modules.

(a) If M is projective, then ExtE(M, N) =0 foralli>0.

(b) If N is injective, then Ext'o(M, N) =0 for all i > 0.

Proof. (a). Since M is projective, the augmented projective resolution and projective resolution are

as follows.
Pf = 0 0 M4

M 0

P, = 0 0 M 0

In practice, we stop writing terms for the projective resolution, but in reality we may write more
completely
P, = e 0 0 M 0

position: 2 1 0 -1

Since Hompg(—, N) is arrow-reversing, this gives

Py = 0 M 0 0

position: -1 0 1 2
Therefore for all 4 > 0 we have as desired, namely

Ext%(M,N) = H_;(0) = 0.

(b). Let P, be a projective resolution of M and we have the following.

) E13
Extw(M,N) = H_;(Homg(P,,N)) = Hompg(H;(P,),N)
E13 .
> Hompg(0,N), for all i >0
oI

0

76



The next several results set up the proof of Proposition We begin with a definition.

Definition 4.2.4. Let R be a non-zero commutative ring with identity and let M be an R module.
M is a noetherian module if it satisfies the following equivalent conditions.

(i) Every submodule of M is finitely generated.
(if) M satisfies the ascending chain condition for submodules.

(iii) Every nonempty set S of R-submodules of M has a maximal element. That is, there exists an
element N € S such that for all N’ € S, if N C N’, then N = N'.

Note 4.2.5. R is a noetherian ring if and only if R is noetherian as an R-module.

Proposition 4.2.6. Let R be a non-zero commutative ring with identity and consider an eract
sequence

f g

0 M’ M M 0

of R-modules and R-module homomorphisms. In this setting M is a noetherian module over R if
and only if M’ and M" are noetherian over R.

Proof. First assume that M is a noetherian R-module and let N’ C M’ be a submodule. f(N') C M
is a finitely generated submodule, since M is noetherian. Therefore since f is injective, N’ is finitely
generated by the First Isomorphism Theorem. Since N’ was arbitrarily taken, M’ is noetherian.

Now consider an chain Ny C N§ C ... of submodules of M"”. Then there is a chain
N; C Ny C ... of submodules of M with N; = g=}(N/"). Since M is noetherian, there is some
k € IN such that N; = Ny, for all j > k. Since g is surjective, g(N;) = N/ for all j and we have

Nj' = g(N;) = g(Nk) = N}/

for all j > k. Hence the chain N{ C NJ C ... stabilizes and we conclude M" is noetherian.
Second, we instead assume both M’ and M" are noetherian. We want to show an arbitrary
submodule N C M is finitely generated. Since g(N) C M"” as a submodule and M" is noetherian,
it is finitely generated. We let nq,...,n, € N such that g(N) = (g(n1),...,9(np)). Similarly,
S7HN) € M’ as a submodule and we let m/,, ,,...,m} € M’ such that f~'(N) = (m},,,...,m}).
We claim N = (nq,...,ny) where n; = f(m}) for every i = p+1,...,¢. Since one containment
is by choice of n;, it suffices to show N C (ni,...,n,). Let n € N be given. Then there exist

r1,...,7p € R such that
p D
g(n) = rigln:) =g (Z mm) .
=1 i=1

Since g is an R-module homomorphism it follows that

n— Zrini € Ker(g) =Im (f).

i=1

Moreover, since n — Zle rin; € N as well, we have an element z € f~1(NV) = <m;+1, . ,m;> such
that f(z) =n— Y% rn;. So there are rpy1,...,74 € R such that z = ;‘I:p+1 rim}. It follows
that

P q q q

n=Y rmni=f > mmi| = > nf(m)= > mn

i=1 i=p+1 i=p+1 i=p+1

and therefore n = Y7 r;in;. O
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Proposition 4.2.7. Let R be a non-zero commutative ring with identity and let M be an R-module.
1. The following are equivalent.

(a) M is noetherian over R.
(b) M™ is noetherian over R for all n € IN.

(c) M™ is noetherian over R for some n € IN.
2. The following are equivalent.

(a) R is a noetherian ring.
(b) R™ is noetherian over R for all n € IN.

(c) R™ is noetherian over R for some n € IN.
3. In the case when R is a noetherian ring, the following are equivalent.

(a) M is finitely generated over R.
(b) M is noetherian over R.

(¢) M has a degree-wise finite free resolution, that is, there is an exact sequence

RB2 RbB1 RPo M 0

with each B; € Ny.

Proof. 1. Consider the following short exact sequence for any n > 1.

0— M1 M™ M 0

m

mq 1
— :

Mp—1

My —

n—1 0

my

. —m,
e

If M is noetherian, then we apply Proposition [£.2.6] to the short exact sequence above to conclude
by induction on n that M™ is noetherian for any n > 1. Therefore (a) implies (b). The implication
(b) implies (c) is trivial. If we assume M™ is noetherian for some n € IN, then applying the same
exercise to the same short exact sequence we conclude M is noetherian, so (¢) implies (a).

2. By Note this is a corollary of part 1.

3. M is noetherian over R if and only if every submodule of M is finitely generated over R. In
particular, M is finitely generated since it is a submodule of itself, so (b) implies (a). From the
exact sequence

RA RPo T M 0

we can build a short exact sequence

Co R T oM 0.

0 —— Ker(7)
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Since R is noetherian by part 2, M is noetherian as well by Proposition Thus (c¢) implies (b).
Now we assume M is finitely generated over R and we want to build a degree-wise finite
free resolution of M. Let my,...,mg, € M be a set of generators for M and define the surjection

70 : RPo M

Ziﬁil ri€; ——= Eiﬁil TiM;

where ej,...,eg, is the standard basis of the free module R?, which is noetherian by part 2.
Therefore the submodule Ker(7p) C R is finitely generated and we write Ker(79) = (f1, ..., f, )R
for some f1,..., fs, € RP. We may then approximate Ker(m) by the free module R?' using the
surjection

71 : RP
B1 . 1 B1 . r.
dimyrieg =21 Tifi

where €], ... ,e’ﬂ1 is the standard basis. Since R” is again noetherian, Ker(r;) is again finitely
generated and this process may continue.

For any j > 1 define d; = 75 o I;_; where for any k > 0 we define I, to be the containment
map from Ker(7;) into RP+. Then we can build the following commutative diagram where the row
is exact, because the diagonals are exact by construction.

Ker(7p)

0 \ / 0
Ker(7p)
>
RB2 02 RA RPBo o M 0
01
SN NG
Ker(m) M

AN \

Proposition 4.2.8. Let R be noetherian. If M and N are finitely generated R-modules, then
Ext (M, N) is finitely generated for all i € Z.

0
O

Proof. Since R is noetherian and M is finitely generated, by Proposition M has a projective
resolution of the form

P, = e RB2 R51 RPBo 0
where 3; € Ny for all ¢ € IN. Therefore from Fact [3.1.1] and from Hom-cancellation we have

Hompg (R, N) = Homg(R, N)% = N7,
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Since N is finitely generated and R is noetherian, N% is also finitely generated and noetherian.

?

Therefore the submodule Ker (81_3’*) is finitely generated and hence so is the following.

Ker (81_32*)

——~o— = H_i(P}) = Extyp(M, N)
Im (3f;+1) &
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Chapter 5

Chain Maps and Induced Maps on
Ext

In this chapter we continue to build the technology needed to prove that Ext is well-defined
and to establish long exact sequences.

5.1 Chain Maps

In this section we introduce chain maps and show in Proposition that these induce
maps on homology modules. We will use this fact heavily when we prove the existence of the mother
of all long exact sequences (Theorem [6.1.2)).

Definition 5.1.1. Let M, and N, be R-complexes. A chain map from M, into N, is a sequence of
R-module homomorphisms
F,:{Fi:Mi—)Nil iGZ}

such that the following diagram commutes.

oM
M, = o> M, — > M; ] —— -
F.i Fli m iFil
Ne = N; Ni—1

oN

i

We denote such a sequence as
Fy: My —— N,.

Chain maps are also known as commutative ladder diagrams. An isomorphism from M, to N4 is a

chain map such that each Fj is an isomorphism.

Example 5.1.2. Consider the ring R = Z1o = Z/127Z and let M, and N, each be the constant
sequence of copies of R with the R-module homomorphisms defined below. Defining various multi-
plication maps from Z5 to Zo (vertically) we have a chain map from M, to N,.

M, = VAD: 212 Zy2
2 l 8% 3¢ ~ 2 \L ~
Ne = o L — > Ty — > T —



Proposition 5.1.3. Let F,: My —— N, be a chain map.
(a) F; (Ker (8M)) C Ker (9))
() B (im (911,)) < T (01)
(¢) F; induces a well-defined R-module homomorphism from H;(M,) to H;(No) given by

H;(F,): H;(M,) H;(N,)

To put it yet another way

Proof. (a). For any a € Ker(9M) we have

O (Fi(@)) = Fi1(8](a)) = Fi-1(0) = 0

1
because F, is a chain map, completing this part.

(b). For any 8 € Im (9 ,) we can lift to some v € M1, such that 9}, (y) = 8. Then since F, is a

chain map we have
ai]il(Fi(V)) = Fi(a%1(7)) = Fy(B).

(c). This is a corollary. Part (a) ensures that H;(F,) lands well, part (b) ensures that H;(F,)
preserves equality, and the R-linearity of F; gives the R-linearity of H;(F,). O

Remark 5.1.4. The construction of H;(F,) is summarized in the following commutative diagram

with exact rows.
0 —> Tm (9M,) —=> Ker (0M) —> H;(M,) — 0

\
J{ai ~ iﬁi ~ |3 H;(F,)
Y
0 ——1Im (8Y,) —— Ker (0N) —— H;(N,) —=0

Here «; and B; are each induced by F; (by parts (b) and (a) of Proposition respectively).
Example 5.1.5. Recall F,, M,, and N, from Example [5.1.2] We have the homology modules

7K€I‘(6) 72Z12 E%EZ
T Im(4)  4-Zyy 4z 7P
- Ker (4) - 3-Z12

~ Im(6)  6-Zio

Ho(M,)

>~ 7,

Ho(N)

and the following map induced by Fy = 3-.

Ho(F,) : H0<M.)%H0<N.>




Note this implies Hy(F,) is actually the zero map. The point is one might suspect this induced map
to be multiplication by 3 from Zs into Zs, but it can’t be, because that would be an isomorphism
and what we have found clearly is not.

In a similar fashion, we can study the induced map H;(F,).

Hl(F.) . Hl(M.)—>H1(N.)

3Z12 2 s 2Zi19
6712 VAP

3k ——2-3k = 6k

Note this is an isomorphism since it sends 0 to 0 and sends 3 to 6 = 2. That is, it sends the generator
of an order-2 cyclic group to the generator of another order-2 cyclic group.

5.2 Liftings and Resolutions

In this section we show that an R-module homomorphism can be extended to produce a
chain map on projective resolutions. Then we give some justification for Facts and [3.5.11} as
promised.

Lemma 5.2.1. Consider the following diagram of R-modules and R-module homomorphisms with

exact rows.
~

0 M —2sP M 0
lf
0 N’ —~Q——>N 0

If P is projective, then there exist R-module homomorphisms f' and F making the following diagram

commute.
~

0 M —2sp M 0
| |
L~ |F ~ if
Y \

0 N’ Q N 0

§ o
Before proving this lemma, we give the following application.

Proposition 5.2.2. Let P} be an augmented projective resolution of M and let QF be a “left
resolution of N7, i.e., an exact sequence

Qi = o) Qo N 0

where the modules Qg, Q1, ... may not be projective. In this case, for every R-module homomorphism
f: M —— N | there exists a commutative diagram

P = P Py M 0
I I

Fj'i T | Fy ~ | Fo ~ f
\i Y

Qs = Q@1 Qo N 0.

Proof. We give a convincing diagram and the general idea. (One may also want to revisit
the construction in Discussion ) The maps Fy and f’ come from Lemma Then the maps
Fy and f” come from the same lemma, and so on, inductively. A diagram chase shows the larger
rectangles commute as well. O
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We now prove Lemma [5.2.1]

Proof of Lemma[5.2.1 Since P is projective, Definition [I.1.14|(b) gives the existence of a function
F such that the following diagram commutes.

P
ar 7
. lfov
¥
Q—N—0

This is precisely one of the functions we seek. We can also prove this using another characterization
of projective modules. Specifically Hompg (P, —) is exact by Definition [1.1.14)a) so applying it to the
bottom row of the diagram we get the following short exact sequence.

0 ——> Hompg(P, N') — Hompg(P, Q) — > Homp(P,N) —0
Noting the surjectivity of o, there exists an R-module homomorphism F' € Hompg (P, Q) such that
0+(F) = fovy € Hompg(P,N).
Since 0.(F) = o o F, this also yields the desired map.

Proving the existence of f’ takes a bit more work. For any m' € M’, the commutivity
afforded by F' and the exactness of the rows give

Therefore F(a(m’)) € Ker () = Im () and there exists some n’ € N’ such that F(a(m')) = §(n’).
In fact, since 0 is injective, this n’ is unique. Therefore we have the well-defined map

f/ . M/ N/
m ——n'

which we claim is an R-module homomorphism. To check R-linearity, first let m’ € M’ and let
r € R. Then there exists some n’ € N’ such that F(a(m’)) = 6(n’) and we consider rn’ € N’ to find

S(rn'y=7r-6(n') =7 -F(a(m’)) = Fla(rm’)).

Therefore
flirm!)y =rn’ =7 f'(m').

We prove the additivity of f’ in a similar fashion. Let m},mf, € M’ and there exist n}, n, € N’
such that
F(a(my)) = é(ny) F(a(my)) = 6(ny)

Therefore considering the element n} + nf, € N’ we have
d(ny + ny) = d(ny) + 6(ny) = F(a(m))) + Fla(my)) = Fla(m] +m3))

and hence
f/(my +mb) =ny +ny = f'(m]) + f'(m}).
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Here we construct the induced maps on Ext from Fact but we will still put off some
questions of well-definedness.

Discussion 5.2.3. Consider R-module homomorphisms
fiM—M g:N——N'
and we want to derive, though by no means completely at this point, the following induced maps.

. Ext®, (M, .
Extiy (M, N) 209 gl (M, NY)
Exty, (f,N)

Ext(M’,N) Extho (M, N)

The two maps we seek between Ext’s come from chain maps

Homp(Pa, N) —220 %9 Hom n(Pa, N')
m o, N
Homp(PL, N) —mnlfe)

Hompg(P,, N)

where P, is a projective resolution of M, P, is a projective resolution of M’, and F,: P, — P
is a “lift” of f. That is, given the two augmented projective resolutions, because of the map f, there
exist maps Fp, Fi, and so on that make each of the successive diagrams commute.

a3 oy
P = e —2 > P ~ > Py ———> M 0
I I
E|F1 : &% 3F0 : a2 f
A ]
(Pt = — P — Py ——— M’ 0
oy a7 T
Therefore restricting down to the projective resolutions we have
0y 0y
P, = - P Py 0
~ Fy ~  Fp
/ = DR / /
P, = o P/ o Py 0.

We say Fy = {Fy, F1, Fs,...} is a chain map compatible with f. Or to put it another way, F, is a
chain map such that

Ho(Py) 2L po(py)

M M’

using the induced map from Proposition We want to show that the ladder diagrams Homp(P,, g)
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and Hompg(F,, N) commute. First we consider Hompg(P,, g).

HomR({?7+1 N
Hompg(P,,N) = oo ———> Hompg(P;, N) ————> Hompg(P;;1,N)
HomR(P.,g)i HomR(Pi,g)l ~7? lHomR(PiJrlvg)
Hompg(P,, N') = ~~—>HomR(PZ-,N21—>HomR(PZ-+1,N’)
omR((‘)L+1,N

To check commutivity we track an arbitrary ¢ € Hompg(FP;, N).

Hompg (87,,,N)

¢Oa¢13+1

¢
Hompg(Pit1,9)
Hompg (P;,g)

90¢*—P>,)(90¢)035r1 = (¢Oaz+1)

HOmR(ai+1,

Therefore the diagram commutes by the associativity of function composition and we define the first
of our two maps as 4
Exty(M, g) = H_;(Homp(Ps, 9))

where

Ext% (M, g) (¢) = Hompg(Ps,g)—i(¢) = Homp(P;, g)(¢) = g o ¢.

The chain map Hompg(F,, N) also arises from maps between the chain complexes used to
define the Ext’s of the domain and codomain.

Hompg(F,, N) : Homg(P,, N) ———— Hompg(P,, N)

As with the first map, there is a question of commutivity in a particular diagram we need answered
in order to verify we have a chain map.

HomR(BiIil,N
Hompg(P,,N) = -+ ——— Hompg(P{,N) ——— Hompg(P{,|,N) —— - --
HomR(F.,N)i HomR(Fi,N)\L ~? iHomR(FiJrl,N)
Hompg(P,,N) = -o» —————> Homp( P“de—>]vHomR(PiH’N)—>”.
OmR 1+1y

We again ignore well-definedness and check commutivity.

’
HomR(Oﬁl,N) ,
P Po 8¢P+1

HOmR(Fi,N)‘|;
Yo Fy————> (Yo Fi)odf, = ($odff)) o Fin

HomR(Bﬁ_l,N)

OmR(Fi+1,N)

Where the equality holds since F, is a chain map. Therefore we define the second map below.

Exty(f, N)(¥) = Homp(F, N)—i(¢) = ¥ o F;

In all reality, one also needs to show this construction is independent of choice of P,, P., and F,,
but we will end our discussion for now.
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Here we give some justification for Fact [3.5.11

Discussion 5.2.4. Let r € R, let L, be an R-complex, and define the map
pM e M —— M
mrE——rm

where M is any R-module. Notice that we can build a chain map from L, to itself out of such
R-module homomorphisms.

aF
L, = Li——— 1L
Li‘ ~ l Li_1
Hr 7
L, = L, Ly
aL

We confirm the commutivity of the diagram by tracking an arbitrary element ¢ € L;.
{——— 0L (0)
rl——=0F(rt) = r-0F®)
Hence we say
(kr*)e : Ly — La.
Furthermore, the map induced on homologies is also a multiplication map. That is
Hi((ule)e) = plithe)
because of the following.
Hi((pp*)) (0) = (ur*)i(0) = 7l = v+ L= ) (7)

We now claim Extt. (M)
) v (M,
Extiy(u, N) =

Indeed the second equality in our claim follows from

Exti (M, )(@) =¥ 0p = ré =1 = pExtrMn) () (5.2.4.1)

= Bxth (M, u).

where 1 holds since (uY 0 ¢)(x) = 7-¢(x) = (r¢)(x). For the first equality in our claim, we need Fy.

I I
I I
(Hfj—) ~ lult A~ lufo  ~ M
. | |
Y Y
Pf = P P, M 0

It is straightforward to show that this diagram commutes, i.e., it satisfies the conclusion of Propo-
sition Thus, we have the following.

. — > _ — Exti (M,N
EXt%(“y’N)(@D):@DONT}’DL:T'w:T‘¢:Hr R )
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Example 5.2.5. Let R = Zi5 and define R-modules M = Zg and N = Z3. We then have the
following chain map F,, where 7, 7w, and p are all natural surjections.

2 6- 2- 6-
Pl = e VAD) Z12 VAD) Z12 - Ze 0
| | | | |
~ F3:2~ ~ F2:1' ~ F1:2~ ~ F0:1' ~ :P
\ \ \ \ \
4 3. 4 3.
QY = VAV Z12 7212 Zay ——Zs 0

Reducing from the augmented resolutions, we lose our exactness on the right side, but we still have
a chain map.

P, = Zy2 VAD: Zy2 VAD 0
| | | |
Fo 8% F3 : 2. ~ Fy : 1- ~ Fy : 2. ~ Fo : 1.
Y \ Y \
4 3- 4. 3.
Qe = e Z12 Z12 Z12 Z12 0

We want to compute maps on Ext induced by p. Specifically, we want to compute the maps

Exty, ,(p,Z12) @ Exty (Z3,72) Ext}, (Zs, Z12)

l I [
H_i(Homg,, (Fe,Z12))  H_i(Homg,,(Qe, Z12)) H_;(Homg,, (Pe, Z12))-
From Discussion [5.2.3] we know exactly how this map behaves for any given index i.
H_;(Homg,, (Fy, Z12))(¢) = ¢ o F;

In order to understand this better, we apply the functor Homy,,(—, Z12) to the chain map above.

P.* = 00— HOYHZ12 (Z12, Zu) L> HOIHZ12 (Z12, le) $ HomZ12(Zl2, le) % ce
l § K
Qf = 0—— HOIHZ12 (Z127 Zu) T> HOIHZ12 (Zu, ZIQ) T> HomZm(ZlQa ZlQ) T> ce

Note we still have multiplication maps (see our justification for I in Equation [5.2.4.1). By Hom-
cancellation we have the following.

Py= 0 Ty —>> Ty — 2> Ty —~
R
Q= 0 Ty ——>Tny — > Zia —

Noticing this ladder diagram is merely the second diagram in this example with the arrows reversed,
we know there is only one place where the rows are not exact, namely at the 0" index. Therefore
the Ext*’s vanish for all ¢ > 0. So we write

Ext} (Zg, Z12) = 0 = Ext}, (Zs,Z12)
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for all 4 > 0 and hence
EX‘ClZ12 (p, Z12) :0——0

is the zero map. At the ¢ = 0 position we have

Il

(2)
(1)

EXt%(ZG, 212) =~ Ker ( Z12 #. Z12 )

1%

EXt%(Zg, ZlQ) = Ker ( le L. 212 )
Therefore the map induced by p = ( Zg s Z >,

ExtOR(p, Z12) : EXtOR(Z:;, Zlg)  — EXt%(Z(;, Zlg)

is just the inclusion map <Z>C—g> (2) .

Example 5.2.6. Next, we generalize the previous example by computing ExtiZ1 ,(p, Z,,) for several
n satisfying n|12.
First we handle the n = 2 and n = 4 cases. Since 2-Zs = 0 and 3-Z3 = 0, by Discussion [5.2.4
we know _ 4
2. EXtZZ12 (Z3, Zg) =0=3- EXtZZ12 (Z3, ZQ)

and therefore 4 4
1- EXtZZ12 (Zgn Zz) = (3 - 2) . EX‘CZZ12 (Zg7 ZQ) =0.

Thus Ext},  (Z3,Z>) = 0 for all i € Z and for almost identical reasons Ext}, (Z3,Z4) = 0 for all
i € Z as well, so we need not endeavor any further to study the induced maps on homologies in
these cases (maps between zeros are boring).

For the case when n = 6, much of the derivation is a replication of Example [5.2.5 so we
will not reproduce it here, but the resulting ladder diagram is below.

Pre 0 Zig —> T —2> T —>
S
Q= 0 L —— L — Ls —;
At the i = 0 position we have the following homology modules.
Ker ( T —2> 7 )
Zg
Ho(P}) = = =1
Im ( 0—> Zg )

Ker [ Z¢ —2 > Zs

N L 2:Zs _

Ho(Qq) = =y =2

Im ( 0 —— Zg )

Therefore the multiplication map 1- is essentially a containment map.

Ho(Fy) = Ho(Q%) —— Ho(P;)

2.26%26
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That is, it is injective, and is neither onto nor the zero map. On the other hand, at the i = —1
position we have

Ker ( S )
H_\(P}) = Exty,,(Zs, Zs) = = = 3%

Im<Z6L>Z6)

and
Ker<26%z6) 3z,
= =0

H_1(Q3) = Exty, , (Zs, Zs) =
Im < /A >

Therefore the induced map is the zero map and by the periodicity of our diagram, the same will
hold for all odd 4. Similarly

Ker(ZGLm) 5.7
: 6
= =0

* 2
H_5(Qq) = Extz,,(Zs, Z¢) = =z

Im(ZG%Z6>

so the periodicity of our ladder diagram lets us conclude ExtiZ (P, Zg) =0 for all i > 0.

91



Chapter 6

Long Exact Sequences

In this chapter we achieve the goal set in Section 2.1 by proving the existence of long exact
sequences for Ext and the well-definedness of Ext (see Theorems [6.2.1] [6.3.3] and [6.5.2)).

6.1 The Mother of All Long Exact Sequences

In this section we prove the existence of long exact sequences in general and we prove the
Snake Lemma as a corollary, which we will need for future results, such as Lemmas and

Definition 6.1.1. Let M,, M}, and M/ be R-complexes. A diagram of chain maps

0 YL VLI Y 0

is a short exact sequence R-complexes if each row in the ladder is exact.

’ M 1"
aﬁl 37?+1 aﬁl
fi gi
0 M! M; M 0
aZMl ~ 85” ~ aLMI/
/ . "
0 My ——> Moy~ M, 0
oM, oM, oM

Theorem 6.1.2. Consider the following short exact sequence of R-complexes.

0 M, T, S 0
Then for every i € Z there exists an R-module homomorphism

0; : Hy(M]') —— H;_1(M])

My by
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such that the following sequence is exact.

HZ(M.) Hi(go)

6i+1 Hi(f.)
_—

H;(My)

; H;_1(fe
<6—1>Hi1(MI)—(f;'“

We call 9; a connecting homomorphism.

H;(M]) )

Proof. We will prove this in nine steps.

Step 1: Let us construct 9;. Let £ € H;(M.) = Ker (@M//) /Im (8%/1/) and let o € Ker (GZM”)
such that £ = @ € H;(M]). Since g; is surjective, let 8 € M; such that g;(8) = a. Since g, is a
chain map (i.e., since the partials and g;’s commute) and by definition of 5 we have

gi—1 (M (B)) = 0M" (4:(8)) = OM" (@) = 0.

Therefore 9M(3) € Ker(g;—1) = Im (fi_1), so we let v € M/ ; such that f;_1(y) = 0M(B). We
define 0; in terms of this element .

~ Ker (8%;) .
9;(§) =7¢€ W = H; 1(M,)

We need to show v € Ker (82 1) which we will do first in the next step.

Step 2: We show 0; is well-defined. First we have

fiva (02500 = 0, (fima () F. a chain map
=M, (0M(B)) definition of v
=0. M, an R-complex

Since fi_s is injective, this implies M () = 0, i.e., v € Ker (8 1), as desired.

Second we will show ¥ € H,;_;(M]) is independent of any choices made in Step 1. Let
a,a’ € Ker (@M”) such that @ = £ = o/, let 3,3’ € M; such that g;(8) = o and g;(3') = o/, and
let v,7 € M]_, such that f;_1(y) = M (B) and f;_1(y') = OM(B’). We need to show ¥ = 7/ in
H;_1(M]) = Ker <8M1) /Im ( ), or in other words, we need to show v —+' € Im (aiM’)

By assumption @ = o/ € H;(M}) = Ker (aiM/) /Im ( H—l) soa—a €lm (Bf‘_{;) and we

let 7 € M, such that azﬂ( ) = a—a'. Since g;4+1 is surjective, we may let v € M;;1 such that
gi+1(v) = n and we compute the following.

9i(B =B = 0l1(v)) = 9i(B) = g:(B) = (gi 0 O ) (W) =a—a' —(a—a) =0

In the above calculation we rely only on the definitions of our elements and the linearity of g;. By
this calculation we know 8 — 8 — 9M, (v) € Ker(g;) = Im (f;) so let w € M such that f;(w) =
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B—p"—0M (v). Since 7,7/, OM'(w) € M!_,, we compute as follows.

fier (@) = (1 =) = (100 ) @) = fia(M) 4+ fia0) lineanity

= (821\/1 ° fi) (w) — oM (B) + oM (B) fo a chain map

= 3z'M (5 - B - 5%1(’/)) - 61]\4(6) + 5}4(5') definition of w

= 82‘M (3 - p' - 8%1@) - B+ ,3/) linearity

=~ (9} 0 0fy) (v)

=0 M, an R-complex

Since f;_1 is injective, this implies BiM/(w) — (v = %) = 0 or equivalently
Y= =M (w) e Tm (9}")
completing this step.
Step 3: Here we prove 0; is an R-module homomorphism. Let &,¢&" € H;(M.') and r € R. Also let
a,a’ € Ker (8Z-M”) such that @ = ¢ and o/ = ¢, let 3, 8’ € M; such that g;(8) = a and g;(8') = o,
and let 7, € M/_, such that fi_;(y) = OM(B) and f;_1(y") = oM (B).
Notice that ra + o’ € Ker (GZM”> and hence it makes sense to write ra 4+ o’ = r& + ¢,

Notice also that v + 8’ € M; so we have
9i(rB+B') = gi(rB) + g:(B') =1 9:(B) + 9:(8') = ra +a’.
Finally note that ry ++" € M/_; for which we have
fica(ry +9") = fima(ry) + fica () = 7+ fica(0) + fima (7))
=r-0M(B) + 011 (8') = 0 (rp) + O} (8") = M (rB + ).

Therefore we have an element satisfying the definition of d; described in Step 1 so we conclude this
step in the following display.

Oi(ré+&)=ry++ =r-F+7=1-0;(8) +0:(§)

Step 4: We tackle the first of several questions of exactness. Here we show Im (H;(f,)) C
Ker (H;(ge)). Let § € H;(M,) and let p € Ker <8Z»M/> such that p = §. Therefore we have

Hige) (Hi(f)(8)) = Hilga) () = (g0 F () =0=0
where the third equality comes from the exactness of the original sequence of chain maps.

Step 5: We now show Im (H;(f,)) 2 Ker (H;(gs)). Let § € Ker (H;(gs)) and let p € Ker (0M) such
that p = §. This gives

Ker (@MN)
0= Hi(g¢)(P) = gi(p) € Hi(M]) = Tw (017])
i+1

Therefore g;(p) € Im (8%/1/) so we lift to some p € M’ such that 61]\_/{_/1/ (1) = gi(p) and lift again to

some o € M1y such that g;41(c) = p (since g;41 is surjective). Since p,d},(c) € M;, we consider
the element p — 8%_1(0) € M;. Using linearity and the fact that g, is a chain map we compute

gi(p — OM1(0)) = gi(p) — (9i 0 OM1)(0) = gi(p) — (OM 0 gi1)(0) = gilp) — M1 (1) = 0.
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Hence p — 0N (o) € Ker(g;) = Im (f;) and we let 7 € M/ such that fi(7) = p — M (o). We claim

7 € Ker (aiM/) and point out it suffices to show (fi,l o BZ-M/) (1) = 0 since f;—1 is injective. We
compute

(fim1002") (7) = 0 (1i(r)) = 0 (p — 9X1(0)) = 9 (p) = (9} 00X (0) = 0
where the last equality holds by definition of p and because M, is a chain complex.
We consider p, 9% (o) € Ker (8M) and T € Ker (81M l), which represent the cosets p, 9, ()
€ H;(M,) and T € H;(M,). Therefore it makes sense to compute
Hy(f)(7) = fi(r) = p—0}1(0) =p - 0}1(0) =p-0=p =04
Hence ¢ € Im (H;(f,)), completing this step.

Step 6: Continuing our proof of exactness, we show here that Im (H;(ge)) C Ker (9;). Let ¢ €
H;(M,) and let 3 € Ker (M) such that 3 = {. We want to show that (3; o H;(ge)) (3) = 0. Define
a = g;(8) and we have

Hi(g)(B) = g:(B) = @.
Computing 3;(H;(ge)(B)) = 0;(a) requires some v € Ker (8%'1) such that f;_1(y) = 0M(B). Since
B € Ker (0M) by assumption, M (3) = 0 = f;_1(0), so setting v = 0 we get
di(@)=7=0=0.

Step 7: We now show Im (H;(ge)) 2 Ker (9;). Let £ € Ker (9;) C H;(M.) and let « € Ker ((“)M”)
such that £ = @. Fix some § € M; such that ¢;(8) = o and some v € M/_; such that f;_1(vy) =
OM(B) € Ker(gi—1) = Im (fi_1). Our construction in Step 1 implies J;(£) =7 so we have

Ker (8%/1)

0=0,(6) =7€ Hi_(M]) = Tm (077

Hence v € Im ((“)iM/) and we let w € M/ such that M (w) = ~. Moreover, fi(w), B € M; so we

compute the following.

M (B — filw)) =M (B) - ( o fl) (w) linearity
=oM(B) - (fz’—l o @M/) (w) fo a chain complex
=0M(B) = fi-1(n) definition of w
=oM(B) — oM (p) definition of
=0

Therefore 3 — fi(w) € Ker (9M) and hence 3 — fi(w) € H;(M,). We may also compute

Hi(ge)(B — fi(w)) = gi(B — filw)) = 9i(B) — (gi o fi)(w) = g:(B) =a@ =&

where the third equality holds by the exactness of the i*" row of the given diagram. Hence & €
Im (H;(gs)), which completes this step.

Step 8: Here we show Im (9;) C Ker (H;—1(fs)). Let £ € H;(M]) and let o € Ker (8Z»M”> such
that £ = @. We want to show that H;_1(fe) (0;(@)) = 0. Since g; is surjective, let 8 € M; such that
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gi(B) = a and since M (B) € Ker (g;—1) = Im (f;—1), let v € M]_, such that f;_1(y) = M (B). We
therefore have

Hi—1(fa)(05(@)) = Hi—1(fe)(7) = fi-1(y) = 0}(B) =0
which completes this step.
Step 9: We finally show that Im (3;) D Ker (H;—1(fe)). Let A € Ker (H;—1(f,)) and fix some
element v € Ker (8%/1) such that A =% € H;_1(M]). By assumption we have

— ~ Ker (8}1,)

0=Hi_1(fo)(\) = Hi—1(fo)(7) = fi—1(7) € Hi—1(M,) = Tm(97)

It follows that f;—1(y) € Im (M), so we may let 8 € M; such that 0} (8) = fi—1(y). Denote
9i(8) = « and notice by our construction in Step 1, this element is a good candidate on which to
apply J;. Observe that

M (0) = 0" (9:(8)) = 1-1(8(8)) = (gi-1 0 fi-1)(7) = 0
so a € Ker (5‘ZM”). Therefore @ € H;(M]) and
0i(@) =7 =\
This completes the proof of the theorem. O

Corollary 6.1.3 (Snake Lemma). Consider a commutative diagram of R-modules and R-module
homomorphisms with exact rows.

0 /LIy L VY 0
8, i o, l Y J{
0 MY~ My 2 MY 0

There exists an exact sequence

0 —— Ker(9]) —— Ker(0,) —— Ker(9) >

<—> Coker (07) — Coker (9;) — Coker (9;') — 0.
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Proof. From the given diagram, we extend to form the following short exact sequence of R-complexes.

0 M M, MY 0
0 0 0
€] €1 e
0 M D 2y 0
o, 0 %
0 MY T My e MY 0
! 1 e
0 0 0

Note that the columns in this diagram are R-complexes, because
Im () = {0} € Ker (0})
Im (9]) € M = Ker (19)
and similarly for the other two columns. By Theorem [6.1.2) we have the following long exact

sequence.
= Hy(M]) >

<_> Hy(M.) — H(M,) — H, (M) >
<—>H0(M/

<—>H1(Mi)—>"'

Hi(M,) = H;(M,) = H;(M]) =0
for all ¢ > 1 and all ¢ < 0. Checking definitions of the remaining six homology modules verifies the

claim. O

Remark 6.1.4. In the context of Corollary , we know for each i = 0,1, 2, 8@ is injective if

and only if Ker (8@) = 0. For a consequence of this, suppose 97 is injective. Then in our long

) — Ho(M,) —— Ho(M,)) >

By construction

exact sequence we have

0 —— Ker (8]) — Ker (81) —Ker (9{) =0
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and from Fact it follows that Ker (91) = 0 if and only if Ker (0y) = 0, i.e., 9] is injective if and
only if 0; is injective. In a similar fashion, if we suppose that 9 is surjective (i.e., Coker (9;) = 0),
then 9 is surjective if and only if 97 is surjective. The proof of this is analogous using the latter
half of the long exact sequence in Corollary [6.1.3]

6.2 The First Long Exact Sequence in Ext

In this section we use Theorem to establish the first of two long exact sequences of Ext
modules associated to a given short exact sequence of R-modules. We also motivate another long
exact sequence in Discussion [6.2.2]

Theorem 6.2.1. Let L be an R-module and let

0 N s NP N 0

be a short exact sequence of R-modules. There exists the following long exact sequence associated to

Exth (L, —).

0 —— Hompg(L,N') —— Hompg(L, N) —— Hompg(L, N") >

<—> Extp(L, N') —— Extp(L, N) —— Extg(L, N"')
<—> - ———— BExt% (L, N")

<—> Ext% (L, N') —— Ext’y (L, N) —— Ext’ (L, N")

C—)Extgl(L,N’) - ...

Proof. Let P, be a projective resolution for L. We claim that the R-complexes Hompg(P,, N'),
Hompg(P,, N), and Hompg(P,, N") form a short exact sequence of complexes, to which we may
apply Theorem to achieve the desired result. See the diagram on the following page.

Since P; is projective for all ¢, Hompg(P;, —) is exact for all ¢ and therefore the rows are all
exact. Furthermore the diagrams commute by the associativity of function composition. Hence we
have a short exact sequence of R-complexes and the associated long exact sequence has the desired
shape, since

D
)
D

H_;(Hompg(P,, NY)) = Ext’ (L, N)
for all ¢ and j = 0,1, 2.
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Hompg (Pe,) Hompg (Ps,f)
_ —_

0 —— Hompg(P,, N') Hompg(P,, N) Homp(Pe, N") ———0

0 0 0

0 ——> Homp(Py, N') 2D Hom (P, N) 222 Hom g (P, N") 0
Homp (85 ,N’) (6{3)* Homg (8 ,N) (af)* Homp(8F,N"") (af’)*

0 — > Homp(Py, N') 222Dy (P, N) 22D o o (P, N7 0

0 ——— Hompg(P;, N') Hompg(P;, N) Hompg(P;, N") 0

O

Discussion 6.2.2. Here we describe how one might obtain the other long exact sequence from
Theorem [2.1.1} namely

0 ——— Homp(N", L) Homp(N, L) HomR(N’,L)>

<—> Exth (N, L) ——— Exth(N, L) ———— ExtL(N', L) ——— - --
I I I
H_i(Homp(QJ, L)) H_;(Homp(Q., L)) H_;(Homp(Q,, L))

where QY, Q., and Q) are projective resolutions of N, N, and N’, respectively. For this we would
need a short exact sequence

0 —— Hompg(QY, L) —— Hompg(Q., L) — Homp(Q,,L) —0
which requires a short exact sequence
0 Qe Qe Q4 0 (1)

such that Hompg(1, L) is exact. Note that if there exists a short exact sequence ({{]), then it actually
follows that Hompg(f, L) is exact by the following. Consider an arbitrary row of ().

0 Q Qi Q7 0 ®)
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Since Q7 is projective, the sequence (I) splits, so Hompg(f, L) is split exact (and therefore exact). So
B

given a short exact sequence 0 N 2> N N 0, we want to construct a short
exact sequence of projective resolutions as in (f). The good news is we already have a means of
lifting o and 3 to chain maps Q) A Q. and Q, B, ", respectively. However, the resulting

short sequence is not exact in general. We let this serve as motivation for the horseshoe lemma in
the next section.

6.3 The Horseshoe Lemma and Second Long Exact Sequence
in Ext

In this section we prove the Horseshoe Lemma (Lemma [6.3.2) and use it to prove the
existence of the long exact sequence described in Discussion [6.2.2

Lemma 6.3.1. Consider a short exact sequence of R-modules and R-module homomorphisms.

f g

0 M’ M M 0

Let 7' : PP — M’ and 7" : P — M" be surjections where P’ and P" are projective. There is a
commutative diagram with exact rows and columns

0——=P P @oP'—"sP' ——=0 (6.3.1.1)
0 J\L ! z\i4 g J\L 0
0 0 0

where € and 7w are the natural injection and surjection, respectively.

Proof. Use the fact that P” is projective (see Definition [1.1.14]) to find an R-module homomorphism
h: P” — M making the following diagram commute.

P//
MM — 50
Define 7 : P/ @ P — M by the formula
T(p',p") = f(7' () + h(p").

The map 7 is well defined by construction. Let a, 8 € P/, £,{ € P”, and r € R. We check that 7 is
an R-module homomorphism below.

7(r(e, §) + (8,9))

T(ra+ 8, r§+()

f(r'(ra+8)) + h(ré+Q)

fr-m'(a) +7'(8)) + r-h(&) + h(()
=7 f(r'(a)) + f(7'(B)) + 7-h(&)+N(C)
=7 [f(r'(@) + (&) + [f(7'(B)) + ()]
=r-7(a,&) + 7(8,C)
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We also show 7 makes (6.3.1.1)) commute. For any p’ € P’ we have
m(e(p') = 7(p',0) = f(T'(p))
so the square on the left side commutes. For any (p’,p”) € P’ ® P"” we have

T//(ﬂ- p/’p//)) — //(p//)
glr(@', ")) = glf (7' (") + h(")] = (g0 /)('(0")) + glh(p")] = 0+ g(h(p"))

where the zero in the last step comes from the exactness of the given short exact sequence. The two
results are equal by definition of the map h. Therefore the square on the right in commutes.

Since 7" and 7"’ are each surjective the left and right columns of are exact. Moreover,
the Snake Lemma (see Remark shows that 7 must be surjective as well and the center column
is exact, completing the proof. O

Lemma 6.3.2 (Horseshoe Lemma). Consider the short exact sequence of R-modules and R-module

homomorphisms.
f g

0 M’ M M 0

Let P, and P} be projective resolutions of M' and M", respectively. There is a commutative diagram

with exact rows

ar’ ar ar”
0 p g G pr 0
ar' CH ar”
0 Pt py S pr 0
T’ T T
0 ML L 0
0 0 0

such that the middle column is an augmented projective resolution of M.

Proof. Note that each row of the diagram, aside from the bottom row, will be split since each P/’ is
projective for all ¢ € IN. Using Lemma [6.3.1] we construct a commutative diagram with exact rows
and columns

FO GO
0——=F——=hRol —F —=0

N

0 M’ M M 0
0 0 0
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where Fy and Gy are the natural injection and surjection (e and 7 from the lemma), respectively.
Consider the commutative diagram

0 0 0 (6.3.2.1)
0 —— Ker(7') A, Ker() —2> Ker(r") —=0
c c c
0 p—T _p % . pr 0
0 Mty 0
0 0 0

where f1 and g7 are induced by f and g, respectively, and Py = P} @ Pj/. The columns are exact
by construction and the top row is exact by the Snake Lemma (6.1.3), because the cokernel of a

surjection is zero. Hence we have exactness everywhere.
For ease of notation, let M| = Ker(7'), My = Ker(7), and M;" = Ker(7"). We may apply
Lemma [6.3.1] again to build another commutative diagram with exact rows and columns, defining

MY, My, and MY/ similarly.

0 0 0 (6.3.2.2)
0 My, 2 Y 0
c < c
0 P p G pr 0
‘r{ T1 -,—1’
0 YLy I Y 0
0 0 0

Splicing (6.3.2.1]) and (6.3.2.2)) together, we obtain a slightly larger diagram with rows and columns
still exact.
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0 My~ My 2 MY 0
c c c
0 p o p G pr 0
T{ T1 ‘rl”
0 P py o py 0
0 MLy 0
0 0 0

We have cheated a bit by using the names 71, 71, and 71, but note that there are copies of My, M,
and M sitting inside of P}, Py, and P/, respectively. We may repeat this construction inductively
to achieve the desired diagram. O

With the Horseshoe Lemma established, we are able to give the long exact sequence we
described in Discussion [6.2.21

Theorem 6.3.3. Let L be an R-module and let

0 N’ N N 0
be a sequence of R-modules. There exists the following long exact sequence associated to Exti%(—7 L).

0 —— Homp(N",L) —— Hompg(N,L) —— Homp(N', L) >

<—> Ext}(N", L) — Exth(N, L) — ExtR(N', L
<—> -~-4>Ext71N’

<—> Exta(N", L) —— Ext(N, L) — Ext’%(N', L

<_> Exty "(N", L) ——— -

Proof. By Discussion we need only justify the existence of a short exact sequence
0 Q. Qe Q4 0

of R-complexes where Q), Q., and Q) are projective resolutions of N’, N, and N”, respectively.
This has just been shown in the Horseshoe Lemma above, so the proof is done. O

»
>
D
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6.4 Mapping Cones

In this section we explore mapping cones and quasiisomorphisms. Both are needed for

Lemmas and [6.5.3] which are each used directly to prove Ext is well-defined (Theorem [6.5.2)).
Proposition [6.4.9] and Lemma [6.4.13] from Schanuel are also used directly in the proof of the well-
definedness of Ext.

Definition 6.4.1. Let X, be an R-complex. The shift of X,, or the suspension of X,, is denoted
Y X, where

(2X),=X;-1  and 97 =-0%,.

Remark 6.4.2. We line up the R-complex X, with its shift.

0% 4 o 91y
Xe = E X; Xi1

-0 -9, -0,
Y Xe = Xi1 Xi—2

We now verify that the shift of X, is itself an R-complex and that
H; (XX,) = H;—1(X,).

Colloquially, we want to verify that the homology of a shift is just a shift in the homology. Certainly
¥ X, is a sequence of R-module homomorphisms and since X, is an R-complex we also have

=07 0=0F =9, 00 =0.
Hence ¥ X, is an R-complex. By definition of homology we have

_ Ker (9)X))

Ker (-0,
Him(Xe) =] (0 _ Kerlzooy)

O o)

and these two are equal since Ker (—9;X,) = Ker (8;X,) and Im (—8;*) = Im (5;%).

?

Definition 6.4.3. Let f, : X —> Y, be a chain map. We define the mapping cone of f, as

07 fiu
Yilo -0X, )Y
Cone(f.) = e ) )
Xi_1 Xi—2

where for every ¢ € Z

and

HCone(fe) < Yi > _ (azy fiz1 ) < Yi > _ (82/(%)4‘]811(%1))
@ Ti—1 B 0 —81{1 Ti—1 B —8ﬁ1(mi,1) ’
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Proposition 6.4.4. If fo : Xe — Y, is a chain map, then Cone(f,) is an R-complex.

Proof. First we verify that the cone is a sequence of R-module homomorphisms. Each element
Cone(f,); is a direct sum of two R-modules so is itself an R-module. Taking an arbitrary » € R and
two elements from Cone(f,); we observe

Cone( fo) Yi y; 8Y fz 1 rYy; + y;
81' (T (",El'_1> + (ZE;1>) ( —al)( 1 rT;_q + SC; 1

ryz—kyz —i—fz 1(rei— +5_q)
—Yi— 1721"Z 1+‘rz 1)

(Tay yz +8Y yz)+rf1 1(x1 1)+fz 1( €Z;_ 1))
re—= 5{1(% 1) — 81{1@;—1)
(7‘3Y Yi) +7’fz (@i 1)) n <3f(y§)+fi—1($§1)>

- *az 1(wi-1) *ai{l(ngl)

_— <6Y<yz>+fz 1 (@i 1>> . <az’<y;>+f“<xg_1>>

85(1(351 1) _81{1(352—1)

= ool ( v >+ac°“e<f° ( u )
Li—1 Lia

is a direct consequence of the well-definedness of the maps 9},
Cone(fe) -

Since the well-definedness of ac"ne(f )

fi—1, and 9;%, for each i € Z, we conclude each 9,
Cone(fa) | gCone(fa) _ (07 fiz1 ) (01 fi
87; [} 8i+1 — ( 0 3X1> ( Jl 7822)(

_ 8 Oa}f{-l aiYofl fl 1081'X
n 0 09X 00X

The (1, 1)-entry of the composition is zero, because Y, is an R-complex and similarly for the (2,2)-
entry. The (1,2)-entry is zero, because fo is a chain map. This concludes the proof. O]

is an R-module homomorphism. Moreover

Example 6.4.5. Here we introduce some special cases of the Koszul complex. (See Section 7.3 for
more on this topic.) Fix an element z € R and define the R-complex

X, 0 R—*s>R 0.

Fix another element y € R and define the following chain map.

Xo 0 R = R 0**>0
X, 0-->0 R—Z2sR 0

We can compute the mapping cone of f,.

0 0 R R 0
Cone(y,) = @ & D ® ®
0 R R 0 0
)
-z x Yy
=~ 0 R R? ( ) R 0




It is sensible that we should call this a complex, since

Yo\ _ . _
(x y) (—x) =zy —zy = 0.
Proposition 6.4.6. Let f, : Xg — Y, be a chain map.

(a) There is a chain map €q : Yo —> Cone(fo) defined as the sequence of natural injections

Y,
€:Y; ——= @ = Cone(f.); -
Xi1

(b) There is a chain map 7o : Cone(fs) — XX, defined as the sequence of natural surjections
Y;

7;: Cone(fe) = & —— X, =(2X.,), -
X1

(¢) The following sequence is exact.
0 ——> Y, —> Cone(f,) ——= XX, —= 0
(d) In the associated long exact sequence, the connecting map
0;: H; (EXo) —_— ifl(Yvo)

is equal to H;—1(fs)-

Proof. To prove the first three parts, it suffices to fix an arbitrary ¢ € Z and show the following
diagram is commutative with exact rows.

€4 Xi_l Ti
o fia )
ay K -9
Y
0 Y—ifl €i—1 ® Ti—2 Xi72 0
; Xy ;

The rows are exact by Example We check commutivity of the two squares by tracking arbitrary
elements around each and thereby complete the proof of parts (a), (b), and (c).

() ) m
| 1

0
o (y) — (a”yo(y)) <aiy (ﬁ)a:;g fgm)l(”j)> — —0X ,(2)
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(d). Note that H; (XX,) = H;—1(X,) and let T € H;_1(X,) be arbitrary. Thus z € Ker (-=8;* ) C
X,;_1 and we begin what has become standard for calculating d. We lift back to the element

Y;
()e e
Xio1
which is a preimage of z under 7;. It also holds

(5 %) ()= (530) = (3)

so we may lift to the element f;_;(z) € Y;_1 for which we have

€i-1(fi-1(z)) = <fi_é(x)) -

Hence 0,(T) = fi—1(x) = H;—1(fe)(T) as desired. O

Definition 6.4.7. A chain map fo: X¢ —=Y, is a quasiisomorphism if the induced map on
homology

Hi(fe): Hi(Xo) — Hi(Y,)
is an isomorphism, for all i € Z.

Example 6.4.8. If f, : X, — Y, is an isomorphism, then it is also a quasiisomorphism. To see
the reason for this, consider that if g, : Yo — X, is a two-sided inverse for f,, then the induced
map on homology H;(ge) : H;(Ys) — H;(X,) is a two-sided inverse for H;(f,).

The converse of this, however, fails in general. By way of demonstration, let M be an
R-module and let P, be a projective resolution of M.

or af -
Pf = 2> P —> P M 0
We may define also the following chain map, call it 7,.
ar aF
P, = e Py Py 0
M, = e 0 M 0

While 7, is not an isomorphism (since P; # 0 and M not projective, in general), we claim 7, is a
quasiisomorphism. Since P, is exact at P; for all i # 0, for these ¢ we have the silly isomorphism
below.

Hi(1e) : 0 —0

It suffices then to study the ¢ = 0 position.
Ho(T.) . Ho(P.) E—— Ho(M.)
I

I
P 7 M
mop) 0

Here 7 denotes the map induced by 7 (see Proposition [5.1.3)). Since 7 is surjective, 7 must also be
surjective. Since Pl is exact, Ker (1) = Im (0{') and therefore 7 is also injective. Hence Hy(7) is

L[]
an isomorphism and 7, is a quasiisomorphism as claimed.
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Proposition 6.4.9. A chain map fe : Xe — Y, is a quasiisomorphism if and only if Cone(f,) is
ezxact.

Proof. Consider the long exact sequence

H;(Cone(fs)) — H;_1(X,) )

<—> H;1(Ye) —— H;—1(Cone(f,)) — Hi_2(Xe) )
<—>Hi2(Y.) .

from the mapping cone (see Proposition and Theorem [6.1.2)), where the connecting homomor-
phisms are 9; = H;_1(f,). If we suppose f, is a quasiisomorphism, then by definition d; is an
isomorphism for all 7 and it follows from Lemma [6.4.10] that

H;_1(Cone(f,)) =0.

On the other hand, if we suppose Cone(f,) is exact, then each section of our long exact sequence is

of the form

0—H 1 (X) 2 g, (v)) —=0

where exactness at H;_1(X,) and H;_1(Ys) forces Ker (H;(fo)) = 0 and Im (H;(f.)) = G, respec-
tively. Hence H;(f,) is an isomorphism and f, is a quasiisomorphism by definition. O

Lemma 6.4.10. Given A, B, C, D, and E are R-modules and given the exact sequence

= f =

A B c—2-DpD E

it follows that C = 0.

Proof. The isomorphism on the left forces Ker(f) = B, implying Ker(g) = Im (f) = 0. The other
isomorphism forces Im (g) = 0 and it follows that C' = 0. O

Lemma 6.4.11. Consider the following exact sequence with n > 1.

0 K, P, P Py 0

If Py,...,P,_1 are all projective, then K, is projective as well.

Proof. We tackle a few base cases first. If n = 1, then the exactness of the sequence implies K; = B,
and K is therefore projective. If n = 2, then since Py is projective, the sequence below splits.

0 K, P Py 0

That is, P & Ky @ Py. Since P; is projective, it follows that K3 must also be projective (see

Lemma [6.4.12)).

Assume now that n > 3 and the result holds for all sequences of length n — 1. Our exact
sequence is therefore of the form

0 K, On, ... & P 02 P % Py 0
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which we may ‘slice’ using the kernel of the 1°¢ differential.

e

Py

>
02

1 PO 0
/

Py \ P, 5
K Im(92) = Ker(0;)
0 \ 0
The diagonal we have constructed guarantees K5 is projective by the n = 2 base case. Since the

exact sequence
0 K, s Py Ky 0

is therefore covered under the induction hypothesis, we conclude K, is projective as well. O
Lemma 6.4.12. Two R-modules A and B are projective if and only if A @ B is projective.

Proof. Let S§ be an arbitrary exact sequence of R-modules.

s s s
074 o 0741 a7 07_4

S= Sit1 Si —— Si_1

We will show
HomR(A &) B,S) = HomR(A,S) ©® HomR(B,S)

as R-complexes. For each i € Z define the map

F; : Homg(A ® B, S;) — Hompg(A4, S;) ® Homg(B, S;)

P (pa;pB)
where
par A———=5; pp: B—5;
a+— p(a,0) br——=p(0,b).

Since p4 and pp are compositions of p with natural inclusions, each is a well-defined R-module
homomorphism and therefore F; is also a well-defined function. It is straightforward to show that
F; is also R-linear. Each F; is also surjective since for any (o, 8) € Homg(4, S;) & Homg(B, S;) we
may define

v:A®B

S;
(a,b) —— a(a) + B(b)

for which

Fi(v) = (va,78) = (o, ).
Consider also that if F;(p) = 0, then p4 = ng, and pp = Ogj and hence p = 0’541_@3, so F; is injective
(refer to Fact [3.5.10[ for 0_ notation).
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Therefore the isomorphism of R-complexes will follow once we have verified the commutivity
of the following diagram.

-
fyp/—’ (rYAv’YB)

HOHIR(A ® B, Sz) L HOIHR(A, Sl) S HomR(B, Sz)
(07). (07),®(57).

HOIHR(A@B,Sl'_l)ﬁHOmR(A,Si_l)EBHOmR(B, Si—l) ((aZSO’yA),(GZSO’yB))

I

O oy— | (07 ©7)a, (0F 0 v)B)

To this end, consider that for any a € A we have

(07 0va)(a) = 07 (ya(a)) = 87 (7(a,0) = (87 0 7)(a,0) = (8} 0 7)a(a).
Similarly, for any b € B we have

(07 0 vB)(b) = 87 (vB(b)) = 87 (7(b,0)) = (87 0 7)(b,0) = (95 0 7)5(b).
Hence F, is an isomorphism of R-complexes. Therefore we have

Homp(A ® B,S) exact <= Hompg(A,S) ® Hompg (B, S) exact
<= Homg(A4,S), Homg(B,S) both exact

and therefore A @ B is projective if and only if A and B are both projective. O

Lemma 6.4.13 (Schanuel). Consider exact sequences

oy, a5y oF of r

0 K, P,y Py P, M 0
87? 87?71 azQ 31Q T

0 Ln anl e Ql QO M 0

such that Py, ..., Phr_1,Qq,-..,Qn_1 are all projective. Then
K, projective <= L,, projective.

Proof. By the proof of Proposition [5.2.2] we can lift the identity map idy; to build a chain map
between the two sequences. That is, there exist R-module homomorphisms fy, ..., f, that make the
following diagram commute.

0 K, P,_1 cee Py Py M 0
lf'ﬂ ifnl ifl ifo \LidM
0 L, Qn-1 Q1 Qo M 0
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Let f; be the zero map for all ¢ ¢ {0,...,n} and truncate the two resolutions. We have a chain map
fo: Po — Q. in the display below.

0 K, P, 4 P Py 0
l lfﬂ lfnl lfl lfo l
0 Ln Qn—l e Ql QO 0

As in Example one can check that f, is a quasiisomorphism and thus by Proposition we
know Cone(f,) is exact, which we write below.

Ln anl Ql
0 K, &5 ® e D Qo 0
P, P, P

If we assume L, is projective, then L, & P,_1 is projective and K, must also be projective under
Lemma

Running this entire argument again having placed QF in the top of our ladder diagram
would yield an identical result, so the forward implication is proven by symmetry. O

6.5 Well-Definedness of Ext

With all the necessary tools now in place, we finally prove that Ext is well-defined.

Lemma 6.5.1. If P, is an exact R-complex such that each P; is projective and P; = 0 for all i < iy
for some fized ig € Z, then for any R-module N, Hompg(P,., N) is ezxact.

Proof. The given complex has the following form around the iy position.

P, = P03 P 1 Pon P, 0
Let K; denote Ker (8{1 1) and ‘slice’ the above exact sequence.
0 \ 0 \ / 0 / 0
Kt+1 thl Pio _
\ , o , / \ o s , / \P
t\ / t—1 o \ / io+1 oF o — 0
K, K40
0 / \ 0 0 / \ 0
(6.5.1.1)

The diagonals are all exact and both P;,, P;,+1 are projective, so by Lemma the module
Ki,+2 is projective. If we let £ > {9+ 2 and assume K;_; is projective, then since P;_; is projective,
the same lemma guarantees K; is projective as well. Hence by induction K; is projective for all
t > ip + 2, implying Hompg(D, N) is split exact for any R-module N, where D is any diagonal
sequence in (6.5.1.1). Let (—)* = Homp(—, N) and we have the following commutative diagram.
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K i1 P, _
\ aP* \ or, / \7
Pt* \ /Pt*l o ... / :)-i-l apr PiT) 0
t— \ io
K K12
N, N,

Since the diagonals are exact and the diagrams all commute, a diagram chase shows that the row
must also be exact. That is, P = Hompg(P,, N) is exact, as desired. O

Ladies and gentlemen, we have arrived:
Theorem 6.5.2. Ext is independent of choice of projective resolution.

Proof. Let P, and Qe be two projective resolutions of an R-module M and let fq: P — Qo be
a lift of the identity on M (see Proposition|5.2.2)). From the work done in the proof of Lemma|6.4.13
this implies Cone(f,) is exact.

Q2 Q1
Cone(fo) = - 1639 1639 Qo 0
1 0

Since every module @); & P;_; is projective, by Lemma we have Homp(Cone(f,), N) exact for
any R-module N. Moreover the shift ¥ Hompg(Cone(f,), N) is also exact since

Hi (Z*) = Hi_l(‘k).

By Lemma [6.5.3
Y Homp(Cone(fo), N) = Cone (Homp(fo, N)).

Hence by Proposition it follows that Hompg(fe, V) is a quasiisomorphism and therefore the

following is an isomorphism for any i € Z.

H_;(Hompg(fo,N)) : H_;(Homp(Qs,N)) — H_;(Homp(P,, N)) .
This completes the proof. O

Lemma 6.5.3. Let R be a commutative ring with identity, let M be an R-module, and consider a
chain map Fo : Xe — Yo. Then

Cone(Hompg(F,, M)) = X Hompg(Cone(F,), M).
Proof. From our chain map
aX 6)( 8X

i1 ; i1
'~HX,L'%XZ-_1H~~~

1A

Y
81'71



we are able to write

Cone(F,) =
X1 Xi—2

Applying the contravariant functor Hompg(—, M) we write Hompg(Cone(F, ), M) below.
iy Foi\
Y_,; ( 6+1 —8§l> Y,i+1

--——> Homp & M Homp o M| ——---
X_ i1 X_

The shift ¥ Hompg(Cone(F,), M) follows readily, which we write below.

(Vi Foipa )
Yoi 0 -0%, Yoito
--— Homp e M Homp o M| —- -
X_; X_iv1

Now we write down Cone(Homp(Fe, M)). We begin with the induced chain map

(0X.)" (0¥i)" (0Xi12)"
Homp(Ye, M) -o»—> Hompg(Y_;, M) —— Homp(Y_;j41, M) ——---

HomR(F.,IW)l Fl F*Hll

Homp(X., M) -——>Homp(X_;, M) —— Homp(X_;41, M) —> - --
(0%) (0%.11) )
and take the cone
(a§i+1)* FZi
HOIIIR(X_i,M) ( 0 _ (81_/1‘4_2)* HomR(X—iJ,-laM)
Cone(Hompg(Fy, M)) = -+ — @ D .
HOmR(Y7i+17 M) HOmR<Y,Z‘+2, M)

On the next page we write down explicitly the isomorphism between these two complexes, because
what this document needs is another large commutative diagram. The vertical maps send (a b) to

(_ba) and each is an isomorphism. Since the commutivity of the diagram is depicted as well, the

diagram completes the proof. O
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(

miM@ ) v _ A mi\\w@ o v -~ Aﬁlv

Qo d+ 1T 0 p— o9 — 100 P
*ANLI\M v _ D
Jy ‘et g)¥wmoy T+ ﬁtvm@v (¥ ‘T {)¥wo
D * P -
(T~ x ) dwoy (7 =X ) woy
HIII;Xw wl»vm«
W' @ | duwoy W' © | Huof <—

et L) 0 T+
X H+.s\nN| N.I\Iw@|

(Mreod+ THgog— Fpo-) — (¢ ¢)

= ((py ‘) ¥woy)ouo))

= (v ‘(% )ouop)¥woy X
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Chapter 7

Additional Topics

In this chapter, we give a colloquial treatment of some further properties of Ext. We also
briefly discuss the Koszul complex and some further homological constructions.

7.1 Other Derived Functors

To obtain Ext% (M, N), we know to take a projective resolution of M, apply Homg(—, N)
to the resolution, and take homology. More generally, given a functor §, one can take an appropriate
resolution, apply § to the resolution, and take homology. Here the type of resolution depends entirely
on the type of exactness and the variance of the functor to be applied. In this section we explore
some such functors.

Example 7.1.1. The functor we already know is Ext.
Ext’ (M, N) = H_;(Hompg(P,, N))

We say Ext is the right-derived functor of Homg(—, N) and we use i as a superscript, because
Hompg(—, N) is contravariant (i.e., arrow-reversing).

Example 7.1.2. Closely related to Ext is Tor, the left-derived functor of the tensor product —®@r N.
Torf(M,N) = H_j(P, ® N)
Here we use i as a subscript, because — ® g IV is covariant (i.e., arrow-preserving).
Other constructions require different resolutions, which we define next.

Definition 7.1.3. An augmented injective resolution of N is an exact sequence

. al or ol
H, = 0 N Ip—2s ] 1 — ] 5 —2

where I; is injective for all ¢ € Z. The corresponding truncated injective resolution is

ol ot oL
I, = 0 Iy 2 14 - I_o :

which is not exact in general.
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Fact 7.1.4. For all R-modules N, the exists an injective module Iy and an injective R-module
homomorphism € : N — 1y. Colloquially, we say every R-module N is a ‘submodule’ of an injective
R-module. A consequence of this is the existence of an injective resolution for any R-module N,
built inductively as the following diagram suggests.

N N
/ N

0 0 0
where N = Coker (e~ V).
Example 7.1.5. The i*" right-derived functor of Homg(M, —) is H_;(Hompg (M, I,)).

The following result says we can compute Ext modules from injective resolutions as well as
projective resolutions.

Theorem 7.1.6 (Balance for Ext). Let M and N by two R-modules, let Py be a projective resolution
for M, and let I, be an injective resolution for N. Then H_;(Homp(M,I,)) = Extz (M, N).

Proof. We give only a sketch of this proof. There exists a notion of Hompg (P, l,) and one uses
mapping cones as in Theorem to show that the induced chain maps

Hompg(P,, N) — Homg(P,, I,) <——— Hompg (M, I,)

are quasiisomorphisms. From this one concludes directly that

Ext% (M, N) = Hompg(P,, N) = Hompg(P,, I,) = Homp(M, I,).

Similarly, we have the following.

Theorem 7.1.7 (Balance for Tor). For any R-modules M and N with respective projective resolu-
tions Py and Q, we have the following isomorphisms.

Hi(Po ®r N) = Hi(Ps ®r Qo) = Hi(M ®r Q)
Next, we consider Grothendieck’s local cohomology.

Definition 7.1.8. Let a < R be an ideal and let M be an R-module. The a-torsion functor, denoted
Ty, is defined on modules as

Fa(M)={meM]|a"m=0, Vn>>0}.

See Facts [7.1.10] and [7.1.11] for functorial properties.
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Example 7.1.9. Given the ring Z and an ideal pZ the p-torsion functor can be written
TFpz(M)={meM]|p"m=0, Yn>0}.

In particular, let p = 2 and let M = Z/1447.. We compute the 2-torsion functor as follows.

z 7 7
Tz (= ) 2T (2 & ——
e <144Z) Pz (242 . 32Z>

Note that 'az(Z/3%Z) = 0 since 2" acts as a unit on Z/3?Z for all n € IN.
Fact 7.1.10. For all R-module homomorphisms ¢ : M — M’, we have
¢ (Ta(M)) S Ta(M).

A result of this fact is the following commutative diagram, where Tq(p) is induced from ¢ by re-
stricting the domain and codomain.

@

- -

=

FalM) = gy T

!

Proof. Let n € IN. If a™m = 0, then we also have 0 = ¢(a"m) = a™ - p(m). O
Fact 7.1.11. T'; is a covariant functor and is left-exact.
Example 7.1.12. The functor I'; is not right-exact in general. Consider the short exact sequence

0 /-

VA 7./27. 0
to which we apply I'sz to obtain

0 — > D9z (Z) —25 Tyz(Z) —> Doz (Z/27) —= 0
I | |
0 0 7./27. + 0
which is not exact.

Definition 7.1.13. Let I, be an injective resolution of an R-module N. The " local cohomology
module associated to N with support in a < R is the i*" right-derived functor of I'y.

Hi(N) = H_;(Ta(ls))
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Example 7.1.14. Let Z be both the ring and module in this example and let a = 27Z. The following
is an augmented injective resolution for Z.

I, = 0 Z Q Q/Z ——=0

Applying I'y to the truncated resolution we get the following.

La(le) = 0 ——T2z(Q) —=T'22(Q/Z) ——0
Since 2™ € Q is a unit for n = 1,2,3,... we write equivalently
Ty(1,) = 0——=0—>T92(Q/Z)——0

where T'a7(Q/Z) = {(a/zn)

a€”Z,ne ]N} # 0. We now compute the cohomology as follows.

. Jo i#1
Haz = {FQZ(Q/Z) i=1

7.2 Ext and Extensions

The point of this section is that one can define an equivalence relation on sets of short
exact sequences in such a way that the set of equivalence classes is naturally in bijection with an
Ext p-module.

Definition 7.2.1. An extension of M by N is a short exact sequence

¢ = 0 N4

g

M 0.

We also define an equivalence relation on the set of extensions of M by N. If ¢’ is another extension
of M, then ¢ ~ ¢’ if there exists a commutative diagram of the following form.

¢ = 0 N—loa—2m 0
1777
¢ = 0 N A— M 0
f g

The collection of all equivalence classes of such extensions is a set which we denote Ex(M, N).

Theorem 7.2.2 (Yoneda). For any R-modules M and N, there exists a bijective function
® : ER(M, N) — Extp(M, N)

which we construct next.

Construction 7.2.3. Let an extension £ be given:

¢ = 0 N—-a

g9

M 0.
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If P} is a projective resolution of M, by Proposition we can lift the identity map on M to
build the following ladder diagram.

ar oy af .
P = 2P —2sP —>P, M 0
\ \ \
| ~ 1B~ laa lidM
Y Y \i
&= 0 N A M 0
f g9

The commutivity of the diagram implies 0 = 30 85 = (04 )* (8) and therefore
_ Ker((a8)")

Be—r—

mm ((01)")

Hence we define the bijection proposed in Theorem [7.2.2] as follows.

= ExtR(M, N).

We give a sketch of the proof that this is well-defined. We suppose £ ~ ¢ and we want to show
B =/, where £ is
f! g

&= 0 N A’ M 0
and ' is in the following ladder diagram.
or aor oy -
P = P ey ) Py M 0
|
\ ~ 18"~ la/ ~ lidM
A \ \
&= 0 N — A —— M 0
f g

For this it suffices to show § — 3 € Im ((8{3 )*) Consider the following diagram, where all the
rectangular diagrams commute, but the triangular ones need not commute.

o oy .
Py P Py M 0
B8 « idag
/ / , / . . /
0 N .y I M 0
NEPNER NN AN
0 N , A , M 0
f g

Here the map ¢ comes from the equivalence £ ~ £'. One can apply Hompg(Py, —) to &', which
preserves exactness, and select a map v € Hompg(Py, N) such that f oy = ¢ o« — /. One then
shows that 8 — 8’ = (0F)*(v).

Proving the injectivity and surjectivity of this map is beyond the scope of this document.
The crux of the latter is that given any extension ¢ we can lift the identity map on M to find an

appropriate f.

One can obtain the next result as a corollary of Theorem[7.2.2] We present a partial alternate
proof that uses technology we have developed completely.
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Theorem 7.2.4. For all R-modules M and N, the following are equivalent.
(i) Exth(M,N) =0

(i) Ewvery short exact sequence 0 N X M 0 splits.

Proof. (i) = (ii). Consider the short exact sequence

p [

0 N X M 0. (7.2.4.1)

An associated long exact sequence is

0 — > Homp(M, N) — = Homp(M, X) —> Homp (M, M) >

<_> Exth(M,N) ———— - --

If we assume Exth (M, N) = 0, then ¢, is surjective and for idy; € Homp(M, M), there exists some

a € Homp(M, X) such that idy; = ¢« () = ¢ o a. Therefore by Fact [1.1.10} the sequence ([7.2.4.1)
splits and (ii) holds.

O

7.3 The Koszul Complex

Here we introduce the Koszul complex in full generality (Defintion [7.3.5) and study its
homology. In Theorem [7.3.17] we give a means of detecting regular sequences and in Theorem
we give three significant characteristics of R modulo a regular sequence.

Recall 7.3.1. In Proposition [6.4.6] we saw for any chain map fo : Me — N, we have the following
short exact sequence and associated long exact sequence.

Te

0 —> Ny —=> Cone(f,) YM, 0
H,;(E.) Hi(ﬂ‘.) 0;,=
-+ —— H;(Cone(f,)) — i—l(M-)Hj?)Hi—l(N) —
Il
H;(SM,)

Here €, and 7, are the natural injection and surjection, respectively. (See also Definition [6.4.3])
Example 7.3.2. If M is an R-module, then we say
M,

0——M—0

is a chain complex concentrated in degree zero. For any r € R we may also define a chain map

M, = 0——M——0
'
M, = 0——M—>0
which yields the cone
Cone(p}) = 0 M—"sM 0
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Definition 7.3.3. For any R-module M and any r € R, define the following submodule.

(Olc{r):{mEM| rm = 0}
This is the largest submodule of M annihilated by r, called the annihilator of r in M. More generally,
for any S C R we have
(OA}S):{mGM| sm=0, Vs € S}.
Proposition 7.3.4. Let X, be an R-complex and let r € R be fized. Consider the homothety map
ta : Xo — X, defined as in Discussion [5.2.) and the short exact sequence

0 —— X, —— Cone(ul) X, 0.

(a) In the associated long exact sequence, the connecting map is also a multiplication map, i.e.,

51‘(%‘—1) =T -Ti-1.
(b) For any i € Z, there exists a short exact sequence

H;(X,)

Sy i (Conel) —— (9 : 1) ——0.

Hifll(X-)

Proof. (a). This follows directly from the definition of the connecting map, properties of cosets, and

Recall [T.311

0;(Tic1) = Hi—1(pe)(@Ticy) = 1 (xi21) =TTi—1 =7 Ti1

(b). By part (a) and from our comments in [7.3.1] the associated long exact sequence is as follows.

1) i, (Come(pug)) 272! -

oo — Hi(Xe) — H;(X) —H; 1(Xe) — H;—1(Xy) —> - --

From the First Isomorphism Theorem for modules we have

Hi(X.) _ Hi(X.)

Im (H;(es)) Ker (Hi(e.)) 7 Hi(Xe)

1%

since the kernel of H;(e,) is the image of r- by the exactness of the sequence. Therefore when we
‘slice’ the long exact sequence around H;(Cone(ul)) we get the following.

0 ——Im (H;(es)) — H;(Cone(pl)) —— Im (H;(me)) —0

2 |

H;(X.)
TTHXD Hi(X4) Kerl(r.)
(12—1:()(7:)

O

Definition 7.3.5. Here we define a particular R-complex, called the Koszul complex. Given an
R-module M and 1, ...,z, € R, we define Kq(x; M) inductively on the length of the sequence. Let
r=x1,...,opand 2’ = T1,...,Tp_1.
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n=0 K¢OM)=0—M—=0 = M,
n=1 Kg(z;;M)=0 MM 0 :cone(M.LM.>

n>2 Ke(z; M) = Cone ( Ko(z'; M) 2> Ko (23 M) )
We define also the following shorthand notations.
Hi(z; M) = Hi(Kq(z; M)) Ko(z) = Ko(z; R) Hi(z) = Hi(z; R)

We will use the above notation for z and z’ throughout the rest of this section.

Example 7.3.6. By the previous definition Ko(x,y; M) is the cone of the following chain map.

K, (z; M) 0 M ——= M 0 0
Ko (z; M) 0 0 M——=M 0

This yields

0 0 M M 0
Ke(z,y; M) = @ &) @ S @
0 M M 0 0
or more simply
()
—x ) (:v y)
Ke(z,y; M) = 0 M M M 0.
To find Ke(z,y, 2; M) we take the cone of the following chain map.
Ke(z,y; M) =
So we have
| 2
0 oM
Ke(z,y,2; M) = @ a
0 0
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which we can simplify to write

Ke(z,y,2; M) = 0 M M3 ({\43 M 0.
y z
-z 0 z
0 —x —y

Example 7.3.7. Consider the polynomial ring R = Afz] where A is a commutative ring with
identity and x is an indeterminate. The Koszul complex for this singleton sequence is

Ko(z) = 0 R z i 0

and we may calculate the homology modules of this complex. Since x is a non-zero-divisor
Hy(z) = Ker(z-) = 0.
At the only other position of any potential interest we have

__Rr _R
- Im(2) 2R

1

A.

Ho(x)

Example 7.3.8. Now consider the polynomial ring in two variables R = A[z,y|, and we again
calculate the homology modules of this complex.

K.(x7y): 0 ]2%

The zero position and second position are each straightforward.

_ R R
HO(xvy) - Im((x y)) - (x,y)
Ker((y f:z:)T)

0

We claim the homology is zero at the first position as well, for which it suffices to show Ker ((x y))

1

A

Hy(z,y) = %(Oéy)ﬂ(O:x):O

R

=Im ((y —x)T>. The reverse containment holds because K,(z,y) is an R-complex.

For any (f g)T € Ker ((z y)) wehave gy = — fx, so z|g and y| f. Therefore let g1, f1 € R
such that g = xg; and f =y f;. It follows that

vy(fi+91) = xyfi +xygr = xf +yg =0

and hence f1 + g1 =0, so g1 = —f1 and g = —zf;. Finally this gives

f yf Yy Yy Yy
()= () = () < (%)) - = (%))
so the forward containment holds.
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Example 7.3.9. Let A be a field and define the ring
A[X,Y]

="

where X and Y are indeterminates. Let x,y € R denote X,Y, respectively. The Koszul complex is
then written the same as in the previous example.
(%) e
—x Ty
R? R

1 0

Ke(z,y) = 0

Sgas)

0

Also as in the previous example, the homology modules in the zeroth and second positions are
straightforward to calculate.

~

HO(xvy) (.IRZI;)R =

Hy(z,y)={reR|azr=0=yr}=yRNaR=xyR=0

We claim Hi(z,y) = A. As in Example [7.3.8 let (f g)T € Ker ((z y)). Using the canonical
basis {1,z,y,2%,y2,...} for R over A we may write f and g as the following finite sums.

f= a+mZbixi +chjyj
i J
g= d—&—xZeimi +yZvjyj
i J
By virtue of being in the kernel we have

0=fz+gy
:ax+x2Zbixi+xchjyj+dy+ymZeixi+yQZvjyj
- , , ,

J z J

1

= ax+x2Zbixi +dy+yzzvjyj
i J

since zy = 0 € R. Therefore by the linear independence of our basis we have a,d, b;,v; =0 € A for
all ¢ and j, so we write f =y>_, cjy’ and g = 2>, e;2'. From this we have

(1) =(0)+ (5) = e (8) v X () <( () ()

so Ker ((a: y)) C <(y O)T7 (O :n)T> Since the generators of the right-hand side are in the
kernel (because xy = 0), we actually have equality. Thus we compute

(@ 00 97) (v =" 027

Hy(z,y) = =

(v —=)") (v —)")

Hence Hi(z,y) is cyclic generated by (0 x)T, so we can surject onto Hy(z,y) by the following
R-module homomorphism.

R ¢

Hy(z,y)

—)
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Since (0 I)T ¢ <(y —x)T>, we have Hq(z,y) # 0 and therefore Ker(¢) # R. On the other hand,
x,y € Ker(¢) by the following.

=)~ ([)-() )
=)0

Therefore the ideal (z,y) is contained in the kernel of ¢, which is strictly contained in the ring R.
Since A is a field, (x,y) is maximal and is therefore equal to Ker(¢). Hence

-~ R _ R ~
e e =@ -

Proposition 7.3.10. For any R-module M, X;(z; M) = M)

Proof. This is proven by induction on n. The base cases n = 0,1,2,3 have already been seen in
Definition [7.3.5] and Example [7.3.6] Assume n > 4 and the claim holds for 1,...,n — 1. Then we
have

Ki(z; M) 2 K;(z'; M) ® K;_1(2'; M) Definition
o~ () g () induction hypothesis
~ (TG
— M),

Proposition 7.3.11. Let M be an R-module.
(a) The differential 8?'@;1\/]) is the following map.

Mn (le To “e ITL) M

(b) The differential IR @M) s the following map.

R e S

(c) The homologies of the two ‘ends’ of the complex will be as follows.

M
()M

n

H,(z; M) = n(O&xi):{meM| zim =0, ¥i=1,...,n} = (0; (z))

Proof. (a). We prove this by induction on n. The base cases n = 1,2 have already been seen in
Definition and Example so assume n > 3 and that the claim holds for ' = 21, ..., 24 1.
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By definition, the Koszul complex, Kq(z; M), is the cone of

Ko(a's M) - e Gy 0
xn'l aannll i"'l
K0(§/§M) A VL (21 - Tpn—1) IV: 0

where I,,_; is the (n — 1) x (n — 1) identity matrix. Taking the cone yields the top row of the
following diagram.

S Ty o Tp—1 Tp
M 0 - 0 0 M
Ke(z; M) = ® ® 0
M 0
M™ M 0

(21 - )

This proves part (a). Moreover, taking homology at the zeroth position of the bottom row (the
M Dbeneath M @ 0), the commutivity of the diagram and the isomorphisms depicted allow us to

conclude
M

Ho(z; M) 2 ——m——
O(g’ ) (xlw"?mn)M
which is among the claims of part (c).

(b). This is likewise proven by induction on n and the base cases n = 1,2 have likewise already been
shown. Therefore we assume n > 3 and that the claim holds for a’. Again Ko (z; M) is the cone of
the chain map

Ko(2/; M) = 0 Mt gt
wn-l mni :vnlnll
Ko (2/; M) = 0 M —— M
where & = (-1 —Tp_o - (—1)”*2x1)T. Taking the cone yields
0 x,
0 0 —¢ M
0 ® e —
M Mn—l
0 M M

which proves the desired result. Taking homology at the n*" position allows us to complete the proof
of part (c) as well:

Hy (23 M) = Ker (§) = () {m € M| zsm =0} = (0; (x)).
=1
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Remark 7.3.12. In the context of Proposition[7.3.11] a similar analysis shows that each differential
oo (z:M)

;i can be expressed as a matrix consisting entirely of zeros and +x1, ..., *x,.

Proposition 7.3.13. For every i € Z, there exists a short exact sequence

Hi(x'; M)
H(z;M)——(0: 2z, )——0.
Tn - Hi(§I§M) ( ) (Hf,—l(ﬁ’;M))

Proof. By part (b) of Proposition and by the definitions of the mapping cone and the Koszul
complex (6.4.3| and respectively) it suffices to show there exists a short exact sequence of
R-complexes

0——=K¢(z'; M) ——= K¢(z; M) —= Y K¢(z'; M) ——0 .

This is given by Proposition [6.4.6] so the proof is complete. O

The following fact is used with the preceding proposition to explain some annihilation prop-
erties of Koszul homology modules in the subsequent proposition.

Fact 7.3.14. Consider the following exact sequence of R-modules.

B

A—2s>B-—">(C

If r;s € R annihilate A and C, respectively, then rs € R annihilates B.

Proof. Let b € B be given. Since s annihilates C' we have
B(sb) = s(b) = 0
so sb € Ker(f) = Im (o). Let a € A such that a(a) = sb and we have
rsb=ra(a) = a(ra) = a(0) = 0.
O
Proposition 7.3.15. In the context of Pmposition for any i € [n] and any j € Z one has

22" Hj(z; M) = 0.

(3

Proof. This is yet another proof by induction on n. When n = 1 we have Hy(z; M) = (OMm) and

Ho(x; M) = M/xM by Proposition [7.3.11c) and H;(x; M) = 0 for all j # 0,1. Note these are
indeed annihilated by x, so the result holds for the base case.
Assume n > 2 and that
271—2 H /'M _
i ] (£ ) ) =0
for any i <n —1 and any j. Let i € [n] and j € Z be given and consider the short exact sequence
given by Proposition

3

Hj(z'; M)
H(zx;M)—— (0 : z, )——0
Ty - Hj(g’; M) J(f ) (HJ71(£/7M))
A B C

By the inducztion hypothesis, the two modules at the A and C positions are each aqnihilated by both
x, and x7" for all i < n — 1. Thus H;(x; M) is annihilated by both 22 and 22"~ for all i <n — 1,

by Fact [7:3.14 O
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Remark 7.3.16. The conclusion of Proposition [7.3.15can be strengthened to say x; H;(z; M) = 0.
However, the proof of this stronger result requires technology beyond the scope of this document.

The next result leads to one of the most important properties of the Koszul complex. See

Theorem [7.3.27]
Theorem 7.3.17. If x is M -reqular, then H;(z; M) = 0 for all non-zero i.

Proof. Another proof by induction. The base case n = 1 follows from Proposition c). Assume
n > 2 and the claim holds for regular sequences of length n — 1. If x is M-regular, then by definition
of the shorter sequence 2’ is M-regular as well. Therefore by the induction hypothesis H;(z'; M) = 0
for all ¢ #£ 0. Let ¢ > 1 be given and consider the short exact sequence given in Proposition [7.3.13

Hi(z'; M)
0 H(z:M)—— (0 : 2, )——0
xn .HZ(£/7M) ( ) (Hi_l(g’;]\’}))
By the induction hypothesis this can be rewritten
0——0——H;(x; M) —— (0 : z, )——0.
Hi—1(z';M)

Note also that as long as ¢ > 2, by our induction hypothesis we have (0 : =z, ) C H;_1(z'; M) =0,
H;_i(z';M)

so by Fact [1.1.5]it suffices to show (0 : =z, ) =0 when ¢ = 1. In the case when i = 1 we have

H;_1(z';M)

H;_y(z'y M) = Ho(z'; M) = M/(z')M

by Proposition [7.3.11] Since z is M-regular, x,, is regular on M/(z')M and is therefore not a
zero-divisor on Hy(z'; M). Hence

(0 : z,)=0.
Ho(z';M)

O

Definition 7.3.18. An R-module M has finite projective dimension (written pdg (M) < oo) if there
exists an exact sequence

0 P, P, M 0

such that Py, ..., P, are each projective. Given such a sequence we also write pdz (M) < n; we have
equality in the case when the above is the shortest such sequence.

Example 7.3.19. By the above definition, an R-module M is projective if and only if its projective
dimension is zero.

Example 7.3.20. We claim if M is a finitely generated abelian group (i.e., a finitely generated
Z-module), then pdy, (M) < 1. If M has generators myq, ..., m,, then by the Fundamental Theorem
of Finitely Generated Abelian Groups we write

M=7""eZ/dZ7®- - - ®7Z/d,7 (7.3.20.1)
for some integers di,...,d,. Hence one can surject onto M from the free module Z":

75— M——=0
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where 7(e;) = m; for each standard basis vector e;. Using the isomorphism (7.3.20.1)) we complete
the projective resolution as a short exact sequence.

D

0 VAR 7 ——s M 0

Here D can be represented as a matrix mapping generators of Z™ to generators of Ker(7).

d 0 - 0
0 do - 0
D=|: i
0 0 - d,
O 0 --- 0

A takeaway from this example is that the Fundamental Theorem gives us a way to build free
resolutions.

Theorem 7.3.21. Assume x is R-reqular.
(a) Ko(z) is a free resolution of R/(z)R over R.
(b) Extiy(R/(2)R, R/(2)R) = (R/(z)R)(")
(¢) pdg(R/(z)R) =n

Proof. (a). Theorem [7.3.17| tells us we have vanishing homologies for all ¢ # 0 and Proposi-
tion [7.3.11fc) tells us Ho(z) = R/(z)R. Tt follows readily that the following augmented Koszul

complex is exact.

n n T R
0 R R R R B 0
n n—1 1 0 -1

Note we have incidentally shown pdz(R/(z)) < n.

(b). The free resolution of R/(z)R from part (a) is a projective resolution so we consider

Homp(Ke(z), R/(z)) =  0—= R* — (R")" —> .- —> (R")" —> R* —>0
0 -1 —(n—1) —n
which is isomorphic to
0— R/(z) — (R/(2))" — - — (R/(@)){!) — ... — (R/(2))" — R/(z) —0

0 -1 i —(n-1) -n
by Hom-cancellation. Let the above complex be denoted ¢. The differentials of ¢ are the transposes
of the matrices representing the differentials in the original free resolution, which are composed
entirely of zeroes and +x1,...,+x,. Hence every differential in ¢ is a zero map and therefore

Exthy(R/(z), R/ (z)) = H (o) = (R/(z))\")
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for all 3.

(c). Suppose the projective dimension of R/(x) is less than n. Then there exists a projective
resolution

0 P, P, e Py 0.
Since Ext is independent of choice of resolution by Theorem this implies
0= Exth(R/(2), B/(2) = (R/(@)") = B/(2) # 0
where the non-vanishing holds since z is R-regular. Hence part (c) is proven by contradiction. [
Example 7.3.22. Let K be a field and let R be one of the following rings.
K[X1,...,X,] KXy, Xalxy,. x0) K[Xy,...,X,]

In any case, the sequence X = Xj,...,X,, is R-regular and as we saw in Theorem [7.3.21] the
augmented Koszul complex is therefore exact

0 R R" - R" R R/(X) 0

n n—1 1 0

and pdg(R/(X)) = n. This is a noteworthy example, because in general writing out projective
resolutions is very hard. In fact, even detecting finite projective dimension is difficult.

7.4 Additional Discussions on Ext

In the first theorem of the section, we strengthen part of Proposition [£.2.3] which we will
subsequently generalize in Theorem [7.4.3] This is related to the very important Hilbert Syzygy
Theorem ((7.4.4) and results of Auslander, Buchsbaum, and Serre (7.4.11]), and Auslander and

Bridger ((7.4.18]).

Theorem 7.4.1. Let R be a commutative ring with identity and let M be an R-module. The
following are equivalent.

(i) M s a projective module over R.
(ii) Exth(M,N) =0 for alli > 1 and for all R-modules N.
(iii) Extyp(M, N) =0 for all R-modules N.

Proof. Tt is obvious that (i) implies (¢i7). The implication () implies (i) is Proposition a).
The implication (ii¢) implies () follows from Theorem and Definition [1.1.14{(d). O

Lemma 7.4.2 (Dimension Shifting). Assume

dn—l dl

0 A—">1L, Lo—=B 0 (7.4.2.1)

is an exact sequence of R-modules and that L; is projective for each i = 0,...,n — 1. Then for all
i > 1 and for any R-module X we have

ExtyT (B, X) = Extly (A, X).
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Proof. Let the following be a projective resolution of A, indexed rather suggestively.

dn dn T
. = Ln+1 - L’ﬂ A 0
We can splice this with (7.4.2.1)) to get
dn . o . .
i Ly —5 L1 L Lo B 0

L, ¢ _
N A
A

0 0
where d,, = eom. A diagram chase shows that the top row of this diagram is an augmented projective
resolution of B. Calculating Ext using this we have

* d:«#i *
Ker Ln+i > Ln+i+1

Exts(B,X) = = BExth(4, X)

% diiica %
Im < Ln+i71 —)Lnﬂ. )
for any ¢ > 1. (Note that there is an alternative proof using long exact sequences associated
with (7.4.2.1).) O
The following theorem generalizes Theorem [7.4.1]
Theorem 7.4.3. Let n € N and let M be an R-module. The following are equivalent.

(i) There exists an exact sequence

0——P,—— P, Py M 0
such that each P; is projective, i.e., pdr(M) < n.
(ii) Exth (M, =) =0 for all i > n + 1.
(ii) Exty™ (M, —) = 0.
(iv) For every augmented projective resolution of M

% 99

Qf = Quit —> Qn —> Qs Qo M 0

the module Im (8,?) is projective. That is, the augmented resolution above can be “softly
truncated” to form a mew projective resolution, written below.

0 —>Tm (9Q) ——> Q1 Qo M 0

Proof. Showing (iv) implies (i) and showing (i4) implies (iii) are each trivial, and (i) implies (¢7)
follows from Note So we will endeavor only to show that (ii¢) implies (iv). Assume (ii7) holds
and let QF be an augmented projective resolution of M. By Lemma and our assumption we
have

0 = Ext%" (M, N) = Extj, (Im (9%) , N)

for all R-modules N. Therefore Im (37? ) is projective by Theorem O
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The next result gives some rings over which all modules have finite projective dimension.
Its proof is outside the scope of this document. See the subsequent example for rings that have
modules of infinite projective dimension.

Theorem 7.4.4 (Hilbert Syzygy Theorem). Let R = K[zy,...,xq] where K is a field, let M be
an R-module, and let P} be an augmented projective resolution of M. Under these assumptions
Im (85) is projective. This is called a d'" syzygy of M. If R = Z[xy,...,14], then Im (05+1) is
projective. If we localize either of these two rings, then the respective conclusions still hold.

Example 7.4.5. Define the following two rings.

(2?)

The rings Ry and Ry are not integral domains, so they are not (localizations of) polynomial rings
over fields (and the hypotheses of Theorem [7.4.4] are therefore not satisfied). It is a fact (beyond the
scope of this document) that if M; is an Rj-module and not free, then given a projective resolution
P, of M, the module Im (85 ) is never projective.

For example, consider the module

Ry =

Ry
K=—
le

for which we construct an augmented projective resolution.

S
AN

Ry

0

0 \
.’I?Rl
Ry =

:U
+
‘ ‘

R1 T K—0

B
0/ \O

The map 7 is the natural surjection and we can observe immediately that at no point does this
resolution terminate, which is a result of the fact that Im (z-) = zR; is not projective. Indeed if
xRy were free, then Anng(xR;) = {0}, but 0 # x € Anng(xR;) since 2% = 0 implies z - *R; = 0.
Moreover, xRy is not projective by Corollary because R; is local. Hence xRy = Im (8{’ ) =
Im (85) is not projective, for all n > 1.

Let us justify our claim that R; is not local. Recall the prime correspondence under quo-
tients.

{p € Spec(R1)} __ {p € Spec(K[z]) | 2 € p}
={p € Spec(K[z]) | = € p}

={p € Spec(K[z]) | () C p}

Since (z) is maximal in K]z], there is only one ideal on the right and therefore only one ideal on the
left, so Ry is local.
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It follows that for all n € Z, there exists some R-module N, such that Exty (K, N,) is
non-zero. In fact, for any n we may set N,, = K. Consider Hompg, (P,, K) below.

0 —> Homp, (Ry, K) —~> Hompg, (Ry, K) —~—> Hompg, (Ry, K) —> - --
By Hom-cancellation this is isomorphic to the following.

0 K—2sK-"2sK-Z
=0 =0 =0

Therefore we may compute Ext for any n > 1.
Ker ( K—>K )

Ext} (K, K) =
Im ( K-> K )

~K 40

o=

Now let us play with Ra, defining the modules K = Ry/(z,y)Re and M = Ry/xRs = Kly].
Constructing an augmented projective resolution P, of M, we observe a periodic behavior.

o
Ry / \R

Y

* M 0
v

Ry - 2 Ry
LL’RQ ng

0 0 0 0

We may also construct an augmented projective resolution @QF of K that exhibits a similar periodic

behavior, but not immediately.

G63) (62) () (62

2 2 2 R3
0

(z v)

N

Ry
(T” y)RQ
/ \ |
Exth, (M, K) # 0 # Bxt} (K, K).

Applying the Hompg, (—, M) functor to P,, we compute Ext, (M, M) precisely. Skipping over the
Hom-cancellation step we have

As above, we know

Homp, (P, M) = 0 M—2>M-Lspm-—2s -~



so we compute as follows.

Ker(M—=M)
0

Im(OHM)
Ker(M$M> 0
Vo > 1 Exty ™' (M, M) = Extp, (M, M) = —— =0
Im(ML>M> 0

Ker M L> M M K
Vn > 1 Ext (M, M) = Exty, (M, M) = ( ) = ~ KW g

O T M Y[y

It is natural to ask whether one can say anything nice (as in Theorem d)) about the

image modules occurring in the resolutions from Example In fact, we can, using the following
notion; see Theorem [7.4.8

Definition 7.4.6. An R-module G is totally reflexive if

(i) G is finitely generated and the map
5§ .G = Homp(Hompg (G, R), R)
gr——————>Y,
is an R-module isomorphism, where
U, : Homp(G,R) ——R

Y U(g).

(ii) For all ¢ > 1 we have _ _
Extk(G, R) = 0 = Extz(Homg(G, R), R).

Using the notation (—)* := Hompg(—, R) we may write more succinctly
(i) G is finitely generated and 6%: G — =G
(ii) Exts(G, R) = 0 = Exts(G*, R) for all i > 1.

Example 7.4.7. Let n € IN. The finitely generated free module R" is totally reflexive as is any
finitely generated projective R-module.

Theorem 7.4.8 (Auslander-Bridger). Let K be a field. If R is either of the two rings

Klzo, ..., za]/(f) Zlxy, ... 2q]/(f)

(where f is a non-zero, non-unit polynomial) or a localization of either of these, then there exists
an exact sequence

0 Gy Gy Go M 0
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such that Gy, ...,Gq are each totally reflexive. Moreover for every projective resolution P, of M
such that each P; is finitely generated, the module Im (65) 1s totally reflexive. Therefore the sequence

0—>Im(85)—>Pd_1 PO M 0

is exact and Py, ..., P;_1,Im (85) are all totally reflexive.
Now we return to projective dimension.

Fact 7.4.9. For any local noetherian ring (R, m), the number of generators of m is no smaller than
the Krull dimension of R,

dim(R) =sup{n € IN| 3Ipg S p1 S - - C pp, in Spec(R)}.
Next we restate part of Definition and give a more complete version of Theorem [2.3.8

Definition 7.4.10. A local noetherian ring (R, m) is regular if the number of generators of m is
equal to the Krull dimension of R.

Theorem 7.4.11 (Auslander, Buchsbaum, Serre). Let (R,m, k) be a noetherian local ring. The
following are equivalent.

(i) R is regular.

(i1) pdr(M) < oo for all R-modules M.
(i11) pdg(k) < co.
(iv) pdg(k) =
(v) pdr(M) < dim(R) for all R-modules M.

dim(R), i.e., the finite projective dimension is equivalent to the Krull dimension.

(vi) ExtE (M, —) =0 for all R-modules M, where d = dim(R).
(vii) For every R-module M and for every projective resolution Qo of M, Im (822) s projective,
where d = dim(R).

While R is always projective as an R-module (in fact, R™ is projective for all n > 1), R is
rarely injective as an R-module (defined in [1.1.15), as we see next.

Theorem 7.4.12. Assume R is noetherian and that R is either local or an integral domain. If
R has a non-zero, finitely generated injective module, then R is artinian. That is, R satisfies the
following equivalent conditions.

(i) R satisfies the descending chain condition on ideals.
(#i) R is a noetherian ring with Krull dimension zero.
(iii) R is a noetherian ring and every prime ideal is mazimal.

Example 7.4.13. If R is any field, then the only two ideals are R and 0, implying each of the
following also hold.

(a) R satisfies both the ascending and descending chain conditions on ideals (the only non-trivial
chain of ideals is 0 C R).

(b) The sole prime ideal of R is the zero ideal, so the Krull dimension of R is 0.
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(¢) Every R-module is a free module (i.e., of the form R™)) and therefore all R-modules are both
injective and projective.

Example 7.4.14. Consider the ring of integers R = Z, for which the ascending chain condition
holds, but for which the descending chain condition fails. Ti see why the ascending chain condition
holds, consider an arbitrary ascending chain of ideals.

The integer ny has a finite list of prime factors. In order for the chain above to be one of proper
containments, one must remove at least one prime factor from the list at each step. Since the list is
finite, the chain has to stabilize.

We can confirm the descending chain condition fails by giving the following example.

7 210Z 2207 240Z 2D ---210-2"2 D ..

We can also confirm that Z is not injective as a Z-module, which we do by showing
Homgyz(—,Z) is not exact. Consider the short exact sequence

0 757 7./137. — 0 (7.4.14.1)
and apply Homz(—, Z).
0 —— Homy(Z/137,7) — Homy(Z,7Z) B Homgy(Z,7) —0 (7.4.14.2)

By Hom-cancellation the labeled map above can be written
Z. 13 Z .
Since the multiplication map is not onto, (7.4.14.2) is not exact.
Alternatively, our short exact sequence ([7.4.14.1]) is also an augmented projective resolution
for the Z-module Z/13Z, yielding the sequences

P, = 0 Z

Homy (P,,Z) = 0 77 0
by Hom-cancellation. We calculate Exty(Z/137Z,Z) below.

Ker(Z%O) 7
Exty,(Z/137,7) = - =7 £0
Im<Z$Z>

If Z were injective, then for an arbitrary Z-module M, Extl, (M, Z) = 0 for all i > 1 (Definition|1.1.15
part (d)). Since this has just been shown not to be the case, Z is not injective as a Z-module.

Remark 7.4.15. A similar result as in the previous example can be obtained for any integral domain
that is not a field, as the construction requires only that we have a ring R with a non-zero-divisor.
In general R is not injective as an R-module. Moreover, in general there does not exist an exact
sequence

0 R Iy I I, 0

such that Iy, ..., I, are injective. This prompts the following definition.
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Definition 7.4.16. A noetherian ring R is Gorenstein if there exists an exact sequence

0 R Iy I e I, 0
such that Iy, ..., I, are injective, i.e., R has finite injective dimension and we write idg(R) < co.
Example 7.4.17. Each of the following rings are Gorenstein.

Klzo, ..., 2n] Zixy, ... %)

(f) (f)

In Theorem we see that given a regular local ring R, one can take any R-module
M along with any projective resolution P, of M, and it follows that the kernel of every differential
past the d*" spot will be projective, where d = dim(M). What if the ring is only Gorenstein? The
answer comes in the next result by Auslander and Bridger. Compare it to Theorem [7.4.8] with
Example [7.4.17) in mind.

Theorem 7.4.18 (Auslander-Bridger). If (R, m, k) is a local noetherian ring, then the following are
equivalent.

(i) R is a Gorenstein ring.

(ii) For every finitely generated R-module M, there exists an exact sequence

0——G, —Gp_1 Go M 0

such that Gy, ..., Gy are all totally reflexive.

(i4i) For every finitely generated R-module M and for every projective resolution P, where each P
is finitely generated, the module Im (55) is totally reflexive.

(iv) There exists an exact sequence

OHGdHGd_l Go k 0

such that Gy, ...,Gq are totally reflexive and where d = dim(R) is the Krull dimension of R.
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Chapter 8

Connections With Graphs

In this chapter, we show how to construct rings from simple graphs in such a way that
algebraic properties of the ring correspond with combinatorial properties of the graph from which it
was built. One important example of this is the fact that rings so constructed from K;-coronas of
finite simple graphs are Cohen-Macaulay (Section 8.3). We present this chapter rather colloquially.

8.1 Introduction

Notation 8.1.1. In this chapter, G will denote a finite simple graph, which is a graph with a
finite number of vertices, no duplicate edges, no directional edges, and no loops (edges that begin
and terminate at the same vertex). Let V denote the set of vertices of G, either {vy,...,v4} or
{a,b,c,...}. Let E denote the set of edges of G, in which v;v; denotes the edge connecting vertices
v; and v;. That is, v;v; € E if and only if v; and v; are adjacent in G.

We may also denote a graph along with its vertex and edge sets as G = {V,E}. The
K1-corona of G is the graph G = {U, F} where |V| =d, U = VU {uy,...,uq}, and F' = EU
{wv; | i=1,...,d}. A graph Kq = {V,E4} is a complete graph with d vertices if vu € E4 for
every v,u € V. Finally we define G¢ = {V, E'} to be the complement of G, where E' = E,; \ E.
One may wish to consult [3] for background on graph theory, though our treatment here is mostly
self-contained.

If n € IN, then let [n] denote the set {1,...,n}.

Example 8.1.2. The following simple graphs depict a graph G and its Ky-corona XG.

d v

We shall see that X.G is particularly nice from an algebraic standpoint.
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Definition 8.1.3. Let G = {V, E} be simple graph. For any subset U C V', the subgraph of G
induced by U, denoted [U], is the subgraph H = {U, F'} where vv’ € F C E if and only if v,v’ € U.
We say [U] is a proper subgraph if U # V.

Definition 8.1.4. Let G = {V, E'} be a simple graph and let U C V be a subset. The subgraph [U]
is a clique of G if it is a complete graph. A subgraph [U] is a mazimal clique if it is a clique that is
not a proper subgraph of another clique of G.

Example 8.1.5. Consider the following simple graph G.

Definition 8.1.6. Let K be a non-zero commutative ring with identity, let G be a simple graph,
and V its vertex set. In this setting consider the polynomial ring K[V] = K[vy,...,v4]. Then the
ideal

I(G) = (v;v; | v, v; adjacent in G)
is called the edge ideal of G. Often we will take K to be a field, in which case we will write KK, but
a ring is all we need for this definition. Define also the quotient ring K[G] = K[V]/I(QG).

8.2 Basic Examples and Facts

The idea here is some of the combinatorial properties of G are in correspondence with the
algebraic properties of I(G) and of K[G]. One thing we would like to do is find interesting examples
of rings by identifying corresponding properties of the graph and then building a graph with those
properties. This is the whole point of the rest of this chapter.

Fact 8.2.1. The edge set of GC, denoted E(G®), forms a linearly independent subset of K[G], in
fact, it represents the set of non-zero, square-free quadratic monomials in K[G].

Example 8.2.2. Consider the graph G and its complement.

G G¢

a b a b

d c d c
In this case Klabed
K[G} _ [a7 , Gy ]

(ab, be, cd, ad)
and E(GY) = {ac,bd} C K[G] is a linearly independent subset.
Example 8.2.3. Consider another graph and its complement.

G G¢

/\
\/

Note the elements corresponding to each K3 C G¢ such as ace are non-zero in K[G].

(&
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Fact 8.2.4. Let g, f1,..., fm be (monic) monomials in the ring K[X] where X = X;,...,X,, and
let I ={(f1,...,fm) < K[X]. Then g € I if and only if g = 0 in K[X]/I if and only if g = f;h for
some i € [m] and some monomial h € K[X]. This is Theorem 1.1.9 in []).

Example 8.2.5. The ideal I = (XY? X?Y) C K[X] has the following visual representation

where ‘e’ denotes a monomial in I and the two generators have been circled. Note that I =
<XY2,X2Y, X3Y4>, since X3Y* is redundant as a generator. One can see this visually as X3Y*
corresponds to a non-circled point e in the lattice representing 1.

8.3 Why Are K;-Coronas Cohen-Macaulay?

We want to motivate our investigation into rings of the form K[I'] where K is a field and T’
is the Kq-corona of a simple graph. In any polynomial ring, let X denote the ideal generated by all
the variables.

Fact 8.3.1. Let R = K[X1,...,Xy4] and let I < R be an ideal in the polynomial ring. Assume for
each i € [d] there exists some e; > 1 such that X" € I. Then Spec(R/I) = {X/I}, so dim(R/I) =0
(Krull dimension).

Definition 8.3.2. Let R = K[Xy,...,X4] and let J < R be an ideal of the polynomial ring

generated by homogeneous polynomials. If R/J has a homogeneous regular sequence fi, ..., f, such
that R/
dim | —— ) =0
<<f137fn>>
then R/J is Cohen-Macaulay. In this case fi,..., f, is a maximal R/J-regular sequence in X and

n = dim(R/J) = depth(R/J).
Example 8.3.3. Let R = K]a,b,c¢,d, «, 8,7,0] and let G be the following simple graph.

a—a—b—p

6—d—c—n

Let J = (ab, be, cd, ad, ac, b3, ¢y, dS) R be the edge ideal of G and let I = I(G) + (a?,b?, %, d*) R,
where R’ = K][a, b, c,d]. Then R/J has a regular sequence a — a,b — 3,¢ — v,d —  such that
R/J R

<a704,b75’67’y’d75>:7 (8331)

since on the left we essentially set a = o, b= 3, ¢ = =, and d = §. More precisely, if we consider the
map sending a, b, ¢,d € R/J to themselves in R’ /I and «, 3,7, d to a, b, ¢, d respectively, then
follows from the First Isomorphism Theorem. By Fact we have dim(R'/I) = 0 and by
Definition we conclude R/.J is Cohen-Macaulay.
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Remark 8.3.4. Note that in the above example we do not rely on any properties of G. In general if
G ={V,E} is a Ky-corona and J is its edge ideal in K[V], we always have a regular sequence that
equates each vertex in G to its leaf in the Ki-corona, so we will have an isomorphism like (8.3.3.1))
with I satisfying the conditions of Fact and therefore R/J will be Cohen-Macaulay. In short,
rings of the form K[¥XG] are Cohen-Macaulay. This is a theme in the study of edge ideals: nice
graphs have edge ideals with nice properties.

Here is another way to obtain the conclusion of Remark

Example 8.3.5. Let I = <X3, XY, Y2> be an ideal in R = K[X,Y]. We call the square-free ideal
J = (X1 X2 X3, X Y1, Y1) in R = K[X;, X», X3,Y7,Ys] the polarization of I, where we replace
each non-square-free generator by simply ‘splitting’ each of the offending variables into multiple
variables. Similar to Example [8:3.3] we can mod out by a regular sequence to get

K[X17X25X37Y17}/2}/‘] ~ K[X7Y]

(X1 — X9, X1 — X3,Y1 - Y2) 1

Note once more that by Fact and Definition the ring R’/J is Cohen-Macaulay.

Remark 8.3.6. For any simple graph G and its Ki-corona XG, the edge ideal I(XG) will be the
polarization of the ideal I(G) + (a?,...,a%), so R/I(£G) is Cohen-Macaulay.

One thing that motivates the study of edge ideals is that one can see interesting algebraic
information about K[G] from G. We see another instance of this in the next proposition. (See
Section 8.4 for more about this.)

Definition 8.3.7. Set R = K[X3,...,Xy], let [R] denote the set of (monic) monomials in R, and
let J be a monomial ideal in R (cf. Definition [3.3.8). A monomial z € [R] is a J-corner element if
z¢ Jand Xiz,...,X4z € J. The set of J-corner elements is denoted Cr(J).

Definition 8.3.8. Let M be a module over a local ring (R, m, k). The socle of M is

Soc(M)z(OJ\Zm)z{meM\mm:O}.

This is Definition 1.2.18 in [2].

Definition 8.3.9. Let (R, m, k) be a noetherian local ring and let M be a finitely generated R-
module with depth(M) = t. The type of M is dimy, Exty(k, M).

Definition 8.3.10. Let R = K[X;,..., X4]. A monomial ideal J < R is m-reducible if there are
monomial ideals Ji, Jy # J such that J = J; N J3. A monomial ideal J < R is m-irreducible if it is
not m-reducible. (This is Definition 3.1.1 in [4].)

Example 8.3.11. In the polynomial ring R = K[X, Y], the ideal J = (X3, XY, Y?)R is m-reducible.
Let J1 = (X,Y?)R and J; = (X3,Y)R, which are m-irreducible. Then X ¢ J C J;,Y & J 2 Jo,
and J = Jl n JQ.

Definition 8.3.12. Let R = K[X3,...,X,4] and let J be a monomial ideal. An m-irreducible
decomposition is J = ﬂ?zl J;, where each J; is an m-irreducible monomial ideal of R. An m-
irreducible decomposition J = (", J; is redundant if there exists some j € [n] such that J =, 25 Ji-
An m-irreducible decomposition is i¢rredundant if it is not redundant. (These are Definitions 3.3.1
and 3.3.4 in [4].)

Proposition 8.3.13. Let G be a simple graph with vertices ay,...,aq and define the polynomial
ring R = K[aq,...,aq]. Let BG be the K1-corona of G with vertices a1, ..., aq4,01,...,qq and define
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another polynomial ring R = Klay,...,aq4,a1,...,aq]. Let J denote the edge ideal of ©G in R, let
I=I1(G)+{a},...,a2) <R, and let k = R'/X.

type(R/J) 2 dimy (Extgg(k, R/J))
i) .. I:%x
<)dlmk(( : ))
(444)

=" number of corner elements of I in R’

&) number of ideals in an irredundant, m-irreducible decomposition of I

@ number of mazimal cliques in G¢

Proof. Set r = type(R/.J).

(i). By Definition 1.2.15 in [2], it suffices to show the maximal R/J-regular sequences in X have
length d. As in Example we have the R/J-regular sequence a; — aq,...,a53 — ag € X. By
Remark the ideal J is the polarization of I via the above regular sequence and we have the
following isomorphism as in Example

R/J R

o~

(a1 —ai,...,ag —aq) I

So d = dim(R/J) as we observed in Definition [8.3.2]

(ii). By Lemma 1.2.19 in [2] we have

type(R/J) = dimy, {SOC ( /7 )} .

(a1 — a1,... a0 — aq)

There is a surjection R/J ——= R’/I which sends cosets f in 2d variables to cosets in d variables

by replacing each a; with a;. The kernel of this map is precisely (a1 — aq,...,aq — ag), so by the
First Isomorphism Theorem we have

type(R/J) = dimy, [Soc(R'/T)].

Note in the definition of the socle, we require that the module be over a local ring. By Fact
the unique maximal ideal of R'/I is m = X/I. That is, R'/I is local, and by the isomorphism just
discussed, so is (R/J)/ (a1 — a1,...,aq — aq).

Now using only definitions and properties of cosets we have the following.

m)=(0 : far,....aq}) ={feR/I|a-f=0eR/I Vied}

Soc(R'/I) = (0 i

R/:/I
={FeR/I|afel vied}
“ATeR/I| Fe {m. . aa))}

(I B {a1,...,a4})

(iii). This follows from Proposition 6.2.3 in [4]. Given a monomial ideal I, the proposition states
Cr (D) =[(:%)]\[I]- It follows that we have an isomorphism of k-vector spaces that justifies the
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third equality:
(I:%)
I

Note that each corner element is monic, so Cr/(I) is linearly independent over k.

=~ (Cr (D)k.

(iv). Since m-rad(l) = X, Theorem 6.1.5 in [4] implies I has an irredundant parametric decompo-
sition (see Definitions 6.1.1 and 6.1.4 in the same text). Moreover, in the proof of that theorem,
we see an irredundant, m-irreducible decomposition of I is that parametric decomposition. From
Corollary 6.2.5 also in [4], the ideals in the decomposition are in 1-1 correspondence with the corner
elements of 1.

(v). Recall that V' C V is independent if for every pair u,v € V', uv is not an edge of G, so the
maximal cliques of G¢ are in bijection with the maximal independent subsets in G. Therefore it
suffices to show the corner elements of I in R’ are in bijection with the maximal independent subsets
in G. That is, we aim to show

Cr(I)={a:=a; ---a; | {ai,...,a;,} CV is a maximal independent subset} .
First, let us assume {a;,,...,a; } is a maximal independent subset of V = {ay,...,aqs}. We
assume the list a;,, ..., a;, contains no repetitions, so immediately a is squarefree and cannot be in

(a},...,a3). Since {a;,,...,a;} is independent, the product a does not lie in the edge ideal I(G)

either. Since sums of finitely generated ideals are generated by the union of their generating sets,
we have established that a is not in I, by Fact

The maximal independence guarantees that for any [ € [d] \ {é1,...,%}, we must have
a-a; € I(G). Note also that a-a; € (a?,...,a3) for any | € {i1,...,i;}. Hence for any | € [d] we
must have a-a; € I, so a € Cr/(I).

Conversely, let us assume a € C/(I). It follows that a ¢ (af,...,a3), so a;, # a;, for each
J # k and hence a;,, ..., a;, contains no repetitions. Moreover, a ¢ I(G) implies a;,a;, ¢ I(G) for
any j,k € [t], so a;,,...,a;, is independent in G. Now, since a is a corner element, for any ! € [d],
we know a;-a € I, so either a;-a € I(G) or a;-a € <a%, e a(21>. The former case happens precisely
when [ € [d] \ {i1,...,it}, because we do not permit loops in our simple graphs. In other words,
for any I ¢ {iy,...,i}, there must exist a;; € {a;,,...,a; } such that a;;a; is an edge of G. This is
precisely what it means for {a;,,...,a;, } to be maximally independent. O

Example 8.3.14. Consider a simple graph G and its complement.

| X

G a—Db G . a b
d—c d c

Let R = Kla,b,c,d] and let I = I(G) + (a?,b,c%,d*>)R = (ab,bc,cd,ad,a® b, c? d*>)R. Then
ac,bd ¢ I give non-zero monomials in (I : X)/I, since by our proposition corner elements of R/I
are given by maximal cliques in G¢. Moreover, this implies the type of the K;-corona given in

Example [B:3:3]is 2.
8.4 Application: Localization and Semidualizing Modules
In this section we introduce semidualizing modules and pose several questions about the set

of such modules for a given ring. The main question of the section is [874.17} the answer to which
will be the subject of Section 8.5.
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Definition 8.4.1. Assume R is a noetherian ring. A finitely generated R-module C' is semidualizing
if Extz(C,C) =0 for all i > 1 and the homothety map

X&: R—— Homg(C,C)
T iy
is an isomorphism, where pu,.(¢) = rc for any ¢ € C. Define also the set

So(R) = {isomorphism classes of semidualizing R-modules}.

Example 8.4.2. The ring itself is always in So(R), as Hompg (R, R) = R and Exth(R, R) = 0 for
all i > 1.

Open Problem 8.4.3. Given G, what are all the semidualizing modules over K[G]? That is, what
are the elements of Sp(K[G])? Even for specific classes of graphs like K,,, C,, (cycles), or P, (paths),
this is an open problem.

Fact 8.4.4. If R is local, then |So(R)| < co. Unfortunately, the ring K[G] in which we are interested
is not local in general. We can consider, however, the local ring K[G]n where m is the mazimal ideal
generated by the variables, or the ring K[G], the formal power series version. (If A is a local
noetherian commutative ring with identity, then

@iy yia,...iqg € A}

A[Xy,..., Xq] = { SN i XX XY
i1=0i=0  iq=0
Open Problem 8.4.5. Assuming R is local, what is |Sp(R)|? If we can’t write down all the
semidualizing modules, then maybe we can at least say how many there are. This seems vastly
simpler to do than the problem stated in[8:4.3] but it can still be difficult to do. All current evidence
suggests that |Sp(R)| = 2™ for some n € INy.

is a local noetherian commutative ring with identity as well.)

Open Problem 8.4.6. What is the ‘easiest’ way to find a ring such that |Sy(R)| = 2™ for a given
ne INO?

The following fact says that semidualizing modules localize.

Fact 8.4.7. Let C € Sy(R) and let U C R be a multiplicatively closed subset. Then U71C €
So(U™LR). The following commutative diagram ensures the homothety map is an isomorphism.

Pu | 2

Homy 1 (U~1C,U~1C) <—— U~ Homg(C, C)

U 'R

The horizontal map is an isomorphism by Proposition |3.1.8 The fact that R is noetherian and C
is finitely generated ensures

Exth, 1 n(UTIC,UIC) 2 U ExtL(C,C) = 0

for all i > 1, which is argued similarly as in the proof of Proposition[3.1.8.
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Remark 8.4.8. By the above fact the following map is well-defined.

So(R) ——= So(U™LR) (8.4.8.1)
C—U"'C

It was previously guessed that if R is local, p € Spec(R), and U = R\ p, then this map is onto, but
that turned out to be false.

Let n € IN>o. There is a ring we can build such that |So(R)| = 2 and |Sy(R,)| = 2", which
we do by drawing a graph. For instance if n = 5, we may consider the Ky-corona I' (in [8.4.8.2)). For
the localized ring R = K[I']q, we have |So(R)| = 2 where q is generated by all the variables, while
|So(Ry)| = 25 where p = (a,...,j,a,...,1,0)R

a 5 (8.4.8.2)

LA
N

7' 0'

We give some indication in Example and Fact how the construction in the
previous remark works, but first we give two more open problems related to the map (8.4.8.1]).

Open Problem 8.4.9. If R = K[G] and U = R\ X, then is the map (8.4.8.1)) bijective?

Open Problem 8.4.10. If R is a Cohen-Macaulay, local, integral domain with p € Spec(R) and
U = R\ p, then is the map (8.4.8.1)) bijective?

Example 8.4.11. Let K be a field and consider the following graph G.

a B
| [
a—>b
c—d
| |
vy 6

In this case we have

Kla,b,c,d, o, 8,7, 9] Kla, b, a, B] Kie,d,~, 9]
K = >~ 4.11.1
€] (ab, cd, act, b, cy,dd)  (ab,ac,bp) %{) (cd, ey, dd) (8 )

|So| =2 [Sol>2

where we have |Sp| > 2 for the two rings in the tensor product by the following. Let R; and Rs
denote the two rings in the tensor product in (8.4.11.1f). Since R; and Rs are each a field adjoined
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to a Ky-corona, they are both Cohen-Macaulay by Remark [8:3.6] and they each admit a dualizing
module by Theorem 3.3.6 in [2]. Moreover by Proposition @ the type of each of these rings is 2,
so by Theorem 3.2.10 in [2] neither Ry nor Ry is Gorenstein (cf. Definition 3.1.18 in [2]). Therefore
Dy % Ry and Dy ¥ Ro, where D; is the dualizing module of R; (Theorem 3.3.7 in [2]). Hence
|S()(R1)| Z 2 for i = 1,2.

We also have

(C,D) 1 Cx®D.
K

Therefore |Sy ( R ® S) > |So(R)| - |So(S)| > 4. The point here is that the two disjoint pieces in

G imply the ring it determines is a tensor product of two rings for which the order of Sy is known.
(We are omitting a rather substantial argument that establishes the well-definedness and injectivity
of the proposed map; this follows from [IJ.)

Fact 8.4.12. If G has a star vertez (i.e., there exists some v adjacent to u for all u # v), then
S0 (K [EG] )] < 2.
See Corollary 4.6 in [3].

Example 8.4.13. Let the following serve as an outline of a localization process.

H: a c begin with a simple graph

G a

¢ add a star vertex

XG o B v add whiskers to form a K;-corona

Let T' = XG, let K be a field, and consider the following ring and ideal.

]K[aa , b7 Ba ¢ 7,0, /’(‘]

K| =
[r] (ab, be, av, bv, cv, ac, b3, ¢y, v)

P= (aaa7baﬁacv’yvv)

Since p ¢ P, it is a unit in K[I']p, in which we allow everything in K[I'] \ P to be a denominator.
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First we will invert u, and then everything else not in P.

]K[aa «, b7 67 ¢, 7,0, U]M
(ab, be, av, bv, cv, aa, b, ¢y, vi)

]K[a,avbvﬁvcvlyfuvﬂ]# -t
= 4 a uni
(ab, be, av, bv, cv, ac, bB, ¢y, v) H

K b
= [, 0,0, 8,¢,7, v, i drop redundant generators
(ab, be, ac, b, ¢, v)

]K[Cl,O(,b,,B,C,’Y,IUJ]M .
= drop the dead variabl 8.4.13.1
(ab, be, act, b, c) rop the dead variable ( )

]K[F]u =

]K(/’L) [CL, a, ba 67 c, ’Y] (a,a,b,8,¢,7)
(ab, be, ace, b, cy)

= ]K(M) [EH](a,a,b,ﬁ,c,'y)
Line (8.4.13.1)) corresponds very closely to the Ki-corona of H:

(%
a —

Hence the localization process can be depicted by the following diagram.

K[[p &

By
\
bl

add star vertex

Kl—coronaé él(:l—corona

SH <o BG =T
localize
The following example and subsequent remark are leading us to the primary question in the
section, Question 8. 4.17] For more on the interest in this question, see Theorem B and Remark 4.2
in [6].

Example 8.4.14. Consider the graph I' below obtained by suspending a graph G with a star
vertex v.

v
|
I
€e—e d—
We can apply the process presented in Example [8.4.13| to compute |So(K[I']p)| via X H, where P is

generated by the variables in KK[I'] other than u. We acquire H by removing the star vertex v and
all the whiskers.

c—7
0
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Hence the graph corresponding to the localization of K[I'] at the prime ideal
P = (a’a7b7/87c77?d757e767f7p’/v)

is the following.

—9Q

> — ™

YH

p—f c—v

€e—e d—o

For the above graph, because there are three pairwise disjoint, non-trivial subgraphs as in Exam-

ple we have
S0 (R[N )| = [So(RISH] )| = 2°

where K = K(u) and P = (a, 0, ..., f, p)K[ZH].
Example 8.4.15. Consider the following graph G.

a v C
b d
We then make a K;-corona X.G, displayed below.
« a v c ~y
8——0D 1 d——9§

Note that |So(K[XG]x)| = 2 by Corollary 4.6 in [5], where X is generated by all the variables. Now
consider G below.

& a (Y

b——d

We summarize the maximal cliques in G¢ in the following table, where the type is given in the third
row as the total number of the maximal cliques (Proposition [8.3.13]).

Ki|1
Ko | 4
r 5

Now we localize IK[EG]x at the prime ideal P = (a, a, b, 5, ¢,v,d, §,v)x to get (K[XG]x)p & ]K[EHha
where K = K(u), P = (a,a,b, 8,¢,7,d,6), and H is below.

[¢ Cc
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Next we compute H¢

b——d

and the numbers of maximal cliques of each size in H®

110
214
r| 4

to get that the type of (K[XG]x)p is 4. As in Example [8.4.14] we have |So(K[XG]p)| = 4. We
can run the same process on any simple graph G, as we demonstrate in tables (8.4.15.1)), (8.4.15.2)),

and (8.4.15.3).
G G YXH H
a\ /e afa\u/efe a-a e—¢ a e
/ / | / /
b\ /f\ e Bib\ b\
c d ’y}c/ Nl v_c d-§ c d
G¢ maximal cliques in G¢ maximal cliques in H¢ | H® = GY\ {f}
ICl 1 K:l 0
ya \ 3 3 ya \
a-c b r |5 |4 a-c b
N N
e e
(8.4.15.1)
G G SH H
a——15 a-a b-p5 a-a b-p a—1»5
‘ N/ \64 | ‘ | ‘
7N\ / _ d—-c¢
d—oc 0—d \cffy 0—d =7
(8.4.15.2)
G°¢ maximal cliques in G¢ | maximal cliques in H® | H® = G\ {e}
ICl 1 ICl 0
a b ICQ 2 ICQ 2 a b
e ‘ T 3 ]2 ‘ ‘
c d C d
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a b « I5) « 153 a—15>
. \/ a\/b o f
v—rc ¢
N e | o ey | |
e d /\ ‘ ‘ e d
1
e—e d-96 e d=9
G°¢ maximal cliques in G¢ maximal cliques in H¢ | H® = GY\ {v}
ICl 1 ’Cl 0
a b v Kz 10 Kz 1 0 a b
Ks | 8 Ks | 8
/ \ r3 9 r’3 8 / \
/ c f c
e d e d

In each of the above examples, we have |So(KK[XG]x)| = 2 by Corollary 4.6 in [5]. It can be
shown that in (8.4.15.1)) localizing at P = (a, a, b, B, ¢, 7,d, 6, e, ¢, f)x gives |So((K[XG]x)p)| > 4 as
in Example [8.4.11] In (8.4.15.2)), because the localized ring has type 2 (which is prime), by Theorem
C(b) in [7] we have |So((K[XG]x)p)| = 2 where P = (a,a, b, 8,¢,7,d, d,e)x. By Example [8.4.14] we
have |Sp((K[XG]x)p)| =8 in , where P = (a,a, b, 8,¢,7,d,d,¢e,¢, f,p,v)x.

Remark 8.4.16. In principle, one might be able to do better than the first graph in the preceding
example. Let p € Spec(R). It is a fact that if [S(R,)| > 2, then 7(R,) > 4 by Theorem C(b) in [7].
It follows from Corollary 3.3.12 in [2] that r(R) > r(R,) > 4. Thus, the question of interest is the
following.

Question 8.4.17. Does there exist a finite simple graph G and a prime ideal p € Spec(R) where
R = K[XG] such that [So(R)| =2, |So(Ry)| > 2, and r(R) = r(R,) = 47

8.5 Type and Localization of Edge Ideals

The point of the rest of the document is to show that the answer to Question [8.:4.17)is “no”
when G is obtained from H by adding a star vertex v and P is a prime ideal generated by variables
other than p, where p is the endpoint of the whisker adjacent to v. The reason it works is essentially
because of the interpretation of localization given in Example [8.4.15

Lemma 8.5.1. Let H = {V, E} be a simple graph and let H = {V', E'} be such that V' =V U{v*}
for some v* ¢ V and E' D E where every element of E'\ E is of the form v*v for somev € V. If r
and v’ denote the number of mazximal cliques in H and H', respectively, then r' > r.

Proof. Define the map 7 : {maximal cliques of H} —— {maximal cliques of H'} as follows.

U] ww* € B forallu e U
(vl = {[U] else
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It suffices then to show 7 is a well-defined injection. If [U] is a maximal clique of H, then it is a
complete subgraph such that [U, v] is not complete for any v € V'\ U. We claim 7([U]) is a maximal
complete subgraph of H'.

If uwv* € E' for all w € U, then 7([U]) = [U,v*] is a complete subgraph of H'. Moreover,
it is maximal since to suppose otherwise contradicts the maximality of [U]. That is, if we suppose
there exists some v’ € V'\ (U U {v*}) such that [U,v*,v'] is a complete subgraph of H’, then [U,v']
is a complete subgraph of H, a contradiction.

If there exists some u € U such that uv* ¢ E’, then 7([U]) = [U] is clearly still a complete
subgraph. A contradiction identical to that found in the previous case proves 7([U]) is also maximal.
Therefore 7 lands well.

If [U], [W] are both maximal cliques of H (not necessarily distinct), then we have

([U]) = (W) <= [U] = [W] or [U,"] = [W,v"]

— [U] =[W].
We are justified in our neglect of the possibility that [U,v*] = 7([U]) = 7([W]) = [W] or [W,v*] =
7([W]) = 7([U]) = [U] since either one implies v* € V, a contradiction. O
Corollary 8.5.2. Let G = {V, E} be a simple graph and let vg € V. Define V! =V \ {vg} and
G' = [V']. Ifr and r' denote the number of mazimal cliques in G¢ and G'C, respectively, then
' <r.
Proof. This is by Lemma with H' = G¢ and H = (G')°. O

Theorem 8.5.3. Let H be a finite simple graph and let G be obtained from H by adding a star vertex
v. Consider the Ki-corona XG and let p be the endpoint of the whisker adjacent to v in XG. Let
P € Spec(K[XG]) be generated by all the variables of IK[XG] except for p and let p € Spec(K[XG])
be such that p C P. Then type(K[XG],) < type(KK[XG]) and type(K[XG]p) = type(K[XG]) — 1.

Proof. We first show that type(K[XG]p) < type(K[XG]). The effect of localization on G described
in the preceding examples show that it suffices to show that the number of maximal cliques r in G¢
is more than the number of maximal cliques 7’ in (G’)¢ where G’ = [V'\ {v}]. Corollary implies
that 7" < r. (This inequality has nothing to do with the specific choice of v.) By construction, the
vertex v is isolated in G©, so it forms a maximal clique in G¢. Tt is straightforward to show that
this clique is not in the image of the injective map

7: {maximal cliques in (G’)¢} —— {maximal cliques in G} .

Thus, 7 is not surjective, so r’ < r.
To complete the proof of this part, the last step in the following display is from the preceding
paragraph, and the middle step is from Corollary 3.3.12 in [2]:

type(K[XG]y) = type((K[EG])p)p,) < type(K[XG]p) < type(K[XG]).

In the special case when p = P, the second part follows from the preceding section. In particular,
under the localization process described, the maximal clique formed by the star vertex is deleted
from the graph, so the type decreases by exactly one. O

8.6 Further Study

Discussion 8.6.1. Here we present another open question that we would like to study in the future.
If G = {V,E} is a simple graph with Roman vertices and I' = G is a K;-corona of G by Greek
vertices, then for a € V' we have the short exact sequence

0 (a) K[I] KT/ {a) ——=0




where K is a field. Denote the ideal J = (0: a) and the ring S = Kla,...,2,q,...,w]. Since
K[I]
K[I')/J = (a) by the First Isomorphism Theorem, we have the equivalent short exact sequence

0 ——K[I['/J ——= K[| —=K[I'}/ (a) —— 0.
Moreover since J < K[I'] = S/I(T") we know J is of the form a/I(T") for some a < S. Note also that

(1) ;)

7= Tm

and (I(T) P a) is a monomial ideal of S containing I(I"). We raise a question: Is there a simple
graph G with K;-corona T' for which (I(F) 5:Ya) =1 (f)‘? That is, is there a simple graph G with
K1-corona T for which K[['] = K[[']/J?

152



Bibliography

1]

H. Altmann, Semidualizing DG modules over tensor products, J. Algebra Appl. 15 (2016), no. 5,
1650097, 17. MR 3479456

W. Bruns and J. Herzog, Cohen-Macaulay rings, revised ed., Studies in Advanced Mathematics,
vol. 39, University Press, Cambridge, 1998. MR 1251956 (95h:13020)

R. Diestel, Graph theory, fourth ed., Graduate Texts in Mathematics, vol. 173, Springer, Heidel-
berg, 2010. MR 2744811

W. F. Moore, M. Rogers, and S. Sather-Wagstaff, Monomial ideals and their decompositions,
Universitext, Springer, Cham, 2018

S. Nasseh and S. Sather-Wagstaff, Vanishing of Fxt and Tor over fiber products, Proc. Amer.
Math. Soc. 145 (2017), no. 11, 4661-4674. MR 3691985

S. Nasseh, S. Sather-Wagstaff, R. Takahashi, and K. VandeBogert, Applications and homological
properties of local rings with decomposable mazimal ideals, J. Pure Appl. Algebra 223 (2019),
no. 3, 1272-1287. MR 3862678

S. Sather-Wagstaff, Bass numbers and semidualizing complexes, Commutative algebra and its
applications, Walter de Gruyter, Berlin, 2009, pp. 349-381. MR 2640315

153



	Clemson University
	TigerPrints
	12-2018

	An Introduction to Homological Algebra and its Applications
	Todd Anthony Morra
	Recommended Citation


	Preliminaries
	Exact Sequences and Projective Modules
	Localization

	Motivating Ext
	Application 1: Long Exact Sequence
	Application 2: Depth
	Application 3: Localization Problem for Regular Local Rings

	Depth by Ext
	Hom and Direct Sums of Modules
	Modules and Prime Spectra
	Prime Filtrations
	Prime Avoidance and Nakayama's Lemma
	Regular Sequences and Ext

	Homology
	Chain Complexes and Homology
	Ext Modules

	Chain Maps and Induced Maps on Ext
	Chain Maps
	Liftings and Resolutions

	Long Exact Sequences
	The Mother of All Long Exact Sequences
	The First Long Exact Sequence in Ext
	The Horseshoe Lemma and Second Long Exact Sequence in Ext
	Mapping Cones
	Well-Definedness of Ext

	Additional Topics
	Other Derived Functors
	Ext and Extensions
	The Koszul Complex
	Additional Discussions on Ext

	Connections With Graphs
	Introduction
	Basic Examples and Facts
	Why Are K1-Coronas Cohen-Macaulay?
	Application: Localization and Semidualizing Modules
	Type and Localization of Edge Ideals
	Further Study


