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Abstract

Very often the operators that we study appear most naturally in highly non-diagonal rep-
resentation. The main goal of spectral theory is to solve this problem by exhibiting for many
operators a natural orthonormal basis with respect to which the operators have diagonal represen-
tations. However, this can be done only for certain classes of operators. The most important such
class is probably the class of compact operators. The problem is that it is often hard to tell whether
an operator is compact looking at its non-diagonal representation. In this thesis, we will study a
class of operators for which we can determine all of their basic operator-theoretic properties from
their original representation which is not diagonal in the classical sense. There are many important
subclasses of operators which belong in our class, including Toeplitz operators on various function

spaces, some pseudo-differential operators, some singular integral operators, etc.
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Chapter 1

Introduction

1.1 Operator-theoretic properties

The basic operator-theoretic properties that we will study are boundedness, compactness
and Schatten class membership. For completeness, let’s briefly recall the definition of these proper-

ties.

Definition 1.1.1. Let X and Y be Hilbert spaces and T : X — Y be a linear operator. T is said

to be bounded if there is a real number ¢ such that for all x € X,
| Tz|| < cll||

Definition 1.1.2. Let X and Y be Hilbert spaces and T : X — Y be a linear operator. T is said
to be compact if T maps any bounded sets into precompact sets. Equivalently, T maps any weakly
convergent sequence in X into a convergent sequence in 'Y .

Another equivalent definition of compact operators is given as follows. Let H be an infinite-
dimensional Hilbert space and T : H — H be a linear operator. T is said to be compact if it can be

written in the form

where f1, fo, -+ and g1,g2,- -+ are (not necessarily complete) orthonormal sequences, and A1, A, - -

is a sequence of positive numbers with limit zero.



Definition 1.1.3. Let X and Y be Hilbert spaces and T : X — Y be a compact linear operator.

The operator T is in Schatten Class S, (p > 1) if

Z sP(T) < o0

n>1

|

P

where s1(T) > so(T) > ...5,(T) > ... > 0 are the singular values of T, | T, := <Z sﬁ(T)) is
the Schatten p-norm of T. If T is positive symmetric operator, the singular value of T is the same

with the eigenvalue of T.

The class of operators that we will study can be defined roughly as those operators 7' :
H — H which can be represented as : T'f = [ a(x) (f|ks) kzd\(x) where {k;},cx is some "basis”
index by a measure space (X, \) which can bi; continuous. We will be interested in describing the
operator-theoretic properties of T" in term of the ”symbol function” a : X — C. We will call these
operators multiplier operators. We will first give a detailed answer in the simplest case when the

"basis” {k;}zex is an orthonormal basis indexed as usual by X = N, equipped with the counting

measure.

1.2 Toy example

Let {e,}22 ; be some orthonormal basis for a separable Hilbert space H and {a, }32 ; is some
positive sequence of numbers. The multiplier operator T': H — H is given by T'f = 3" an, (flen) en.
n

It is easy to see that T is densely defined symmetric positive operator.
Theorem 1. T can be extended to a bounded operator on H iff {a,}S is bounded

Proof. =

[Tenl = | Z m (€nlem) eml|

= |lanenl]

=a, <||T|] YneN



It follows that a,, is bounded.
P

For any f = kpe, € H, we have

751 = (i)
= <T Z knen|T Z kmem>
= <Z knanen| Z kmamem>
= Z |k7nan‘2

<C*Y Ikl

= C?|IfIP

It follows that T is bounded. O

Theorem 2. T is compact iff {an}32, € o i-e. ap — 0 as n — co.

Proof. =
Notice Te,, = anen, so {e, 152, is nothing but orthonormal eigenbasis of T' associated with
eigenvalue a,,. By spectral theorem, the compactness of the positive symmetric operator 1" follows
that a,, — 0 as n — oo.
=
Tf=>an{flen) e, where {e,}5; is orthonormal set and a,, has limit 0, the compactness
n

of T follows from the equivalent definition of compact operators. O

Theorem 3. T € S, (schatten class p > 1) iff {an}52; € P(N)

Proof. {e,}52 4 is the orthonormal eigenbasis of T' associated with eigenvalue {a,}22 ;. Since T is a

positive symmetric operator, T is in Schatten class iff > a? < occ. O
n

The aim of this paper is to generalize the conclusions above. In the case when the orthonor-
mal basis {e,}52, is replaced by a much more general "basis” called generalized Parseval frame
{kz}zex. Notice in the example a,, = (Teylen), naturally a, will be replaced by (T'k;|k;) which

plays the same role as a,, in the above toy example.

3



We now give the basic assumptions that we impose on {k;},cx.-

1.3 Basic definitions and assumptions

1.3.1 Definition of framed Hilbert space

A framed Hilbert space is a triple (H, X, k) such that
1. H is a Hilbert Space

2. (X,d,)\) is metric measure space, d is the metric on X, A is the Borel measure with

respect to the metric d.

3. k is a generalized Parseval Frame which is a continuous function given by

k:X —H

T — ky

and satisfies

Hm2=/quaﬁquerH
X

If {k,} is a generalized Parseval frame, then we have f = [ (f|ky) kodA(), for all f € H.
X

In this case, (f|g) = [ (flkz) (kz|g) dA(x) for all f,g € H. When X = Z with the counting measure
X
A, k is the usual Parseval frame.

1.3.2 Assumptions on the indexing metric measure space (X,d, \)

From now on, we will assume (X, d, \) is a metric measure space satisfying the following

properties
S1. X is Borel measure with respect to d.

S2. (X,d,A) has the following covering property: For any r > 0, there exists N and the

collection of Borel sets {F),}52 ; which satisfies

) X=UF.

n=1



(i) FoNFn=0,n#m

(ili) Any x € X is contained in at most N sets of {G,}>2,, where G, == {x € X :

d(z, F,) < r} is the r-neighborhood of F,.
(iv) diam(F,) <r,Vn €N
(v)  There exist constants A, and B,., such that for any n € N

A, <A(F,) < MGn) < By

Recall if a metric space (X, d) satisfies (i) (ii) (iii) (iv), we say (X, d) has a finite asymptotic
dimension. If (X,d) is a Gromov hyperbolic geodesic metric space with bounded growth, then X

has a finite asymptotic dimension. See [1] [4] [8] for more information.

1.3.3 Assumptions on generalized Parseval frame

Furthermore, we will make the following assumptions for the generalized Parseval frame

{kz}m€X~
Fl. ko] =1, Vo e X

F2. (Mean value property) For any r > 0, there exists C,. > 0, such that for any x € X, f €

(k) P <O [ 10lR) Parw)
B(z,r)
F3. For any r > 0, there exists D, > 0, such that when d(z,y) < r for any =,y € X we have
[ (k) | > D,
F4. When d(x,a) — oo for some/any fixed point a € X

kr —2+ 0 (weakly convergent)

Recall, k, — 0 iff (f|k,) — 0, Vf € H.



1.4 Examples of framed Hilbert space

1.4.1 Bergman space

Let D:={z € C:|z] < 1}

For —1 < o < 00, define dA,(z) := <L (1 — |2?)*dady,

The Bergman space A2 is given by:

A2 :={f : D — C|f is holomorphic on D and [ |f(z)[*dA.(z) < oo}
D

A2 is a Hilbert space equipped with the inner product
(o) = [ £:)aGaA(2)
D
The Bergman metric on D is given by
d(z,w) := inf{l(v)| all piecewise C' curves y such that v(0) = z and v(1) = w}
The hyperbolic measure on D is given by

a—+1

d\(z) :== (1 — |2*) " 2dxdy

which is invariant under Mobius transformations.

(D, d, A(z)) is the metric measure space which satisfies S1 and S2.

The Bergman space A2 is a reproducing kernel Hilbert space with reproducing kernel

K.(w) = (1 — zw)~®**) such that (f|K.) = f(2). Let k, = ”%” be the normalized reproducing



kernel. We have

2

K
2d\(z) = — = z
D/|<f|kz>| Ax(2) ‘<f||Kz||> aA(2)
K.) |2
B |<|fl|r<zz’| e
L

S T T @L S T

ao+1 _
[F)P (= [2) D ——(1 = |2[*) dady

a—+1
T

£ (=) (1= |21*)*dzdy

~

|f(2)]?dAG(2) = [IF1I?

So the normalized reproducing kernel {k.}.cp is nothing but the generalized Parseval frame given

by

k:D—s A2

125"

2 — ky(w) = (1= zw)zro

It is known that it satisfies F1, F2, F3 and F4.

Then (A2, D, k) is the framed Hilbert space which satisfies all the above assumptions. More

information about Bergman spaces can be found in [5].

1.4.2 Fock space

For a > 0, define dA,(z) := %e*”“zﬁdazdy,

The Fock space F2 is given by:

F2:={f:C— C|f is entire and [ |f(z)[*dAq(z) < oo}
C

F2 is a Hilbert space equipped with the inner product

(flg) = / F(2)5(2)dAa(2)
C



The metric d is the Euclidian distance on C given by d(z,w) := |z — w| .
The measure A is the area measure on C given by dA(z) := Zdxdy.

(C,d, \) is the metric measure space which satisfies S1 and S2.

The Fock space F2 is a reproducing kernel Hilbert space with reproducing kernel K, (w) =

e®*¥ such that (f|K,) = f(z). Let k, = ”K 7 be the normalized reproducing kernel, we have

K 2
[ (Flke) PdA(:) = =\ aaz)
fromatono s
BT ST
TIEE
er )
- | TP
C

/If(Z)Ize_“'z'zgdmdy
iy
C

LG RZACHING
C
So the normalized reproducing kernel k is nothing but the generalized Parseval frame given by

k:C — F?

z — k(w) =

It is known that it satisfies F1, F2, F3 and F4.

Then (F2,C, k) is the framed Hilbert space which satisfies all the above assumptions. More

information about Fock spaces can be found in [11].

1.4.3 Paley-Wiener space PW?

Recall, an entire function f has exponential type < « if lim sup % < a, ie |f(2)]

|z|— 00

grows no faster than e®*! in each direction.

For o > 0, the Paley-Wiener space PW?2 is given by:

PW?2 .= {f : C — C|f is entire of exponential type < a, ffooo |f(2)|?dr < oo}



The well-known Paley-Wiener theorem says that PW?2 = FL?[—a, o], where F is the Fourier
transform.

”PWZ is a Hilbert space associated with the inner product

uww:[%ﬂmmmm

Take d to be the metric on R given by d(z,y) := |z — y|.
Take A to be the Lebesgue measure on R given by dA(z) := Zdx.

(R,d, \) is the metric measure space which satisfies S1 and S2.

The Paley-Wiener space PWZ is a reproducing kernel Hilbert space with reproducing kernel

K, (w) = sina(w=2) i , £, K.(w) = 2if z = w. Let k. = %H be the normalized reproducing

T(w—Z2) I

kernel. Now only focus on k, (z € R) we have

[ Faxe = [ (s ufﬁg

o0 K
:/m|ﬁfvd“@

(@)
/MHKH”“@
- o,

= [ lr@par =112

— 00

d\(x)

So the normalized reproducing kernel {k;}.cr is nothing but the generalized Parseval frame given

by

kR — PW?

=

It is known that it satisfies F1, F2, F3 and F4.

Then (PW?2,R, k) is the framed Hilbert space which satisfies all the above assumptions.

More information about Paley-Wiener space can be found in [6].



1.5 Other examples

Let G be a locally compact topological group. If G is Hausdoff and first countable, we can
find a left invariant metric d which induces the topology on G. It is known that, there is a unique
(up to a scalar-multiple) left Haar measure A on G. Then (G, d, \) is a metric measure space.

Let H be the Hilbert space, U(H) be the group which consists of all unitary operators on
H. We assume 7 is square-integrable which means that we can find some h € H with norm 1 such
that [ | (h|r(g)h)[2?dA(g) < co. Let ky := w(g)h. If m is irreducible unitary representation, then we
can siale the left Haar measure A on G such that f = [ (f|kg) kgdA(g) (see [9] [3]). It follows that,

G

for any f € H

/ | (ko) [dA(g) = < / (Flky) kgdx<g>|f>

G G

= (flf) = I£IP

So k is the generalized Parseval frame which is given by

k:G—H

g — kg =m(g)h

So (H,G, k) is the Farseval framed Hilbert space.

Before we introduce new examples, we will use the following notation for the basic unitary
operators on L?(R):

1. Translation: T, f(z) = f(x — a),

2. Modulation: M, f(z) = €27 f(z),

3. Dilation: Dof(z) = =f(5), a > 0.

1.5.1 [L?*(R) space and the Weyl-Heisenberg group
It is known that L?(R) is a Hilbert space with the inner product (f|g) := [~ f(x)g(z)dz

Recall the Weyl-Heisenberg group (H,-) is R x R X R and the group law - is

1‘152 - 1‘251)

(1,&1,t1) - (w2,62,t2) = (21 + 22, &1 + &2, 5

10



H is a locally compact topological group. Since H is Hausdoff and first countable, we can
find a metric d, such that d induces the same topology, and there is a unique (up to scalar-multiple)

left Haar measure A on H.

Let 7 be the unitary representation of H on L?(R) given by

71'(1', 5’ t)f _ 627rit+7rix£M£Tmf

M)

Let h be the Gaussian function given by h(x) = #e*% with norm 1. Let ke ¢4 =

m(x,&,t)h. Since 7 is irreducible unitary representation, we can find a left Haar measure A\ on H,

such that f = [ (flk(et)) k@ endM(x, &) (see [9] [3]). It follows that, for any f € H
G

/<f|k(m,s,t>> k(ze.tydA((2, &, t))|f>

G

[ 1) PG, 6.1) = <

G

= {fIf) =117

Then (H,d,)) is a metric measure space, {k(z.¢ 1) }(z.c,t)cRxRxR 18 a generalized Parseval

frame which is given by

k:H — L*(R)

(‘T7£at) — k(w,f,t) = ﬂ'((ﬂf,f, t))h

This generalized Parseval frame is often called a Gabor frame. It is useful in the study of
pseudo-differential operators (see [2]). And (L?(R), H, k) is the framed Hilbert space. In addition it

satisfies all the above assumptions.

1.5.2 L*(R) space and the affine group

Again we let L?(R) be the Hilbert space with the inner product (f|g) := [ f(z)g(z)dx
R

Recall the affine group (A,-) is RT x R and its operation - is given by

(a1,b1) - (az,b2) = (ara2,a1bs + by)

11



The left-Haar measure on A is d\ = dgg”’ and the left-invariant metric is the Riemannian
metric given by the length element d(a,b) = da%dbz. Then (A4, A\, d) is a metric measure space.

The unitary representation of the group A on L?(R) is given by m(a,b)f = D, Tyf.

Pick some h(z) € L*(R) with norm 1 which satisfies [, mfz‘)lzdx = 1. Such h(z) is called

a wavelet function. Let k() := m(a,b)h. By the Calderon reproducing formula, we have f =

S {fkap)) kapydA((a, b)) (see [7]). It follows that, for any f € L*(R)
G

/ |l ) [2dA((a, b)) = < / (Flk o) ko dA((a, b))|f>

G G

= (fIf) = I£I?

S0 {k(a,b) }(a,p)er+ xR is @ generalized Parseval frame which is given by

k:A — L*(R)

(a, b) — k(a,b) = 7T(((17 b))h

So (L%(R), A, k) is a framed Hilbert space. In addition it satisfies all the above assumptions.
Actually, the first two examples(space Bergman and Fock) can also be obtained in this way
by specifying appropriate group G. More information about Parseval frames generated by group

representations can be found in [9].

12



Chapter 2

Multiplier operators

2.1 Definition

To introduce multiplier operators 7),, we first define p to be the positive Borel measure on

X such that for any z € X we have

[ Vel dnt) = € < o0
X

For any « € X, we define I, : H — C by I,(f) = f (kx|ky) (kyl f) dps(y)
X

Claim: [, is well-defined bounded anti-linear complex valued functional on H.

Proof. i. Well defined:

/ | (Kalky) () ldpa(y) < / | (Balky) 1] (kg ) [da(y)
X X
< /X | BBy 1 ds(y)

S Gl fl < oo

So we have [y (kulk,) (ky|) du(y) € C

ii. Anti-linear: easy to check

13



iii. Bounded:

\ [ttt <ky|f>du(y)‘< [kl 1y ) )
X X
< /X | ok [ 1da(y)

< Callfll

By Riesz representation theorem, there exists h, € H such that for any f € H:

(half) = 1= (f)

Now we can densely define T}, on H by

T, : Span{k,} — H

ky — hg

Notice for any r € X f € H

(half) = /X () Gy L) dpa(y)

So Tyuky = [y (kalky) kydp(y)

2.2 Basic properties
Theorem 4. The multiplier operator T), given by

T, : Span{k,} — H

ke — /X (alley) by dpa(y)

satisfies:

i. Ty, is a linear operator.

14



1. T, is symmetric
wi. T}, is positive

w. aT, + b1, = Touqen

Proof. i: Trivial

ii: Vf, g € Span{k,} we have:

(T, flg) = / (Flly) (kyl) dpa(y)

\N

(flky) (kylg)duly)
X

_ /X (glky) ey | ) du(y)

= <Tltg|f>

= (f|T.9)

iii: Vf € H we have:

(T f1f) = /X (Flley) (1) dpa(y)
— [ 1U1k) Puty) = 0
X

iv: Ya,be CVf,g e H

(Tapson flg) = /X (Flks) (hylg) d(ap + ) (v)
—a [ (S) (l)dutw) + [ (71ky) ) i)
X X

= a (T, flg) + b (T, flg)

= ((aTy, +0T,) flg)

So Topyvw = aly, + 0T,

15



2.3 Notation and definition

We will be interested in when T},
i. is bounded
ii. is compact

iii. belong to S, (Schatten Class S,)

We will characterize boundedness, compactness and 5, membership of T}, in terms of the

following characteristics of the symbol .

2.3.1 Berezin transform

One of the most useful tools in the study of Multiplier operators is the so-called Berezin
transform. We begin with the definition of the Berezin symbol of a general operator on H. Suppose
T is a linear operator on H(not necessarily bounded) whose domain contains span{k,}, then T

induces a function 7 on X given by
T(z) = (Tky|ky), z€X,

where {k,} is the generalized Parseval frame. The function T is called the Berezin symbol of the
operator T
IfT =1, we will write Tu = [1, and we say that [ is the Berezin transform of u. It is easy

to see that

() = / | (kalky) Pdu(y), o€ X
X

2.3.2 Carleson type measures

Definition 2.3.1. A positive Borel measure p on X is said to be a Carleson measure if the embedding
operator i, : H — L*(X,dp) given by i,(f) = (flks) is bounded. It is called a vanishing Carleson

measure if i, is compact.
We will also use the following auxiliary quantities.

Definition 2.3.2. For any r > 0, we define i, : N — C by fi.(n) = u(Gr)

where G, is the r-neighborhood of F,, which is the covering associated to 7.

16



Definition 2.3.3. For any r > 0, we define i, : X — C by i, (x) = p(B(z, 7))

17



Chapter 3

Boundedness

The following result gives a characterization of the boundedness of multiplier operators.

Theorem 5. Let p be a positive Borel measure on X that satisfies

[ 1talk) duty) < oo, for alt € X
X

Then the following are equivalent.

(a). T, € B(H,H), i.e. T,, can be boundedly extend on H given by

T.(f) = /(flky>kiyd,u(y>, forall fe H

X

(b). The Berezin transform fi : X — C is bounded.
(c). i € 1°(N), Vr >0
(d). fur is bounded, ¥r >0

(e). p is a Carleson measure.

Proof. We prove the theorem in the natural order: (a) = (b) = (¢) = (d) = (e) = (a)

18



(a)=(b) for Vz € X

()] = [(Tuke|kz) |
STk ||| |
STl ez 1 ez

= | Tull < o0
(b)=(c) Vr > 0, { F''} is the covering of X associated to r, x,, is some point in F for Vn € N

|r ()] = [1(Gn)

~ | [ 1dutw)

2
D27‘

2
Ds,

du(y)

n

1
s [ Ve ) Pty
27

IA

1
< ky |k,)|%d
Diﬂ/l( W Ey) 12 dp(y)
X

1
-5 [t} e, diy)

1
= 5 (Tuke. k)
1

= ——11 <
D%,n f(r,) < C

(c)=(d) Vr > 0, for any x € X, by {F]} is the covering of X associated to r, 3! F}; such

that = € F, , notice B(z,r) C G}, , we have

w(B(z,r)) < U(G:W) = fir(ny) < C

19



(d)=(e)

| (Fla) (22 = / | (k) [Pdp()

=3 / [{flhe) Pl
<y / c, / (flky) PAN(y)du(z) (by F2)
" F, B(z,r)
<C. 3 [ [ 146k Pirxwdnte)  (Blar) € Gua € )
n F G

<a. Y [ [ 1) Pau)ire
" G, Fy
SO / [ (Flky) PdA(y)

<C, Zl‘ (2,7 /| (f|k,) [*d\(y) (pick some w, € F,)

<00y / (k) [2AA() (by (d))
<cczv/| (Flky) 2dA(y) (by S2)
= CollfII”

(e)=(a)

For any f,g € H, we have

| (Tufl9) | =

[ 41k tslg) duo)

/ | (Flka) (kalg) |du(e)
X

< (X/I<f|kz>|2du(x)> (!I<9Ikm>l2du(x)>

= C[flllgll

It follows that T}, is bounded.
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Chapter 4

Compactness

Our next result gives a characterization of the compactness of multiplier operators. In the
proof we will use the fact every weakly convergent sequence is bounded which is a consequence of

the principle of uniform boundedness.

Theorem 6. As in Theorem 8, a positive Borel measure p on X satisfies for any x € X
[ 1ttalh) duy) < oo
X

Then the following are equivalent.
(a). T, is compact operator.
(b). i € Co(X) i.e. the Berezin transform [i "vanishes at infinity”.
(c). ir € co(N), ¥r >0
(d). fir € Co(X), Vr >0
(e). u is a vanishing Carleson measure.
Proof. We prove the theorem in the natural order: (a) = (b) = (¢) = (d) = (e) = (a)

(a)=(b). When d(z,a) — oo for some a € X, by F4 we have

k., —0
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By assumption (a) 7, is compact which implies

T,k — 0

On the other hand
(@) = [ (Tpkalke) | < | Tuka k]l = [Tk

It follows that when d(z,a) — oo

fi(x) — 0

(b)=(c) Vr > 0, {F} is the covering of X associated to 7, x,, is some point in F}, for ¥n € N.

By Theorem 1, we have

_ I
|7 ()| = [1(Gn)l < 7~ filzn)
2r
Notice d(zp,a) — 00 as n — 0.
By (b), when n — oo
_ 1
)] < () 0

(c)=(d) ¥r > 0, for any x € X, by {F]} is the covering of X associated to r, 3'F] such
that » € F .
By Theorem 1,

w(B(x,r)) < u(Gr,)

Notice n, — oo as d(a,z) — 0o

By (c), when d(z,a) — oo

p(B(z, 7)) < p(G,) =0

(d)=(e) {fi}32, C H is the sequence which weakly convergence to 0, as i goes to .

Pick some point z,, from F,,, easily see F,, C B(x,, ), so we have

1(Fn) < p(B(n, 7))
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On the other hand d(z,,a) = 00 as n — oo.

By (d), we have when n — oo
p(Fn) < p(B(zy, 7)) =0

So Ve > 0, N such that for all n > N

p(F,) <e

/ k) Pata) = 3 / | (ilks) Pdpz)
X
—Z/|fl|k Paut@)+ S [ 1)

n<NF n>NF

2dp(x)

I II

For part I, by f; — 0 as i — co we have
| (filke) |2 2250 as i — oo
and by weakly convergent sequence is bounded we have
| {filka) 2 < N fillPllkall® = NIf:)* < ©

In addition [ Cdu(z) = Cu(F,) < oo
Fr

Now we can apply Bounded Convergence Theorem

hm Z/\ (filks) |Pdu(zx)

n<NF n<N

-y hm/\ (il [Pdp(o)

—Z/hm\mk dpu(x)

n<NF

=0
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For part II, by the same process in Theorem 1 we have

Z/| (lk) Pty < 3 [ e [ 14hlR) Pax)dua)

n>N n>NF B(z,r)
=Cr (filky) [PdX(y)du(z)
=00
— 3wl /| (Filky) PaA(y)
n>N

<CEZ/| (filky) PdN(y)  (W(Fy) <&, n> N)

n>NG

<Ce Y [ 1tk Parw
n G

<CoeN [ 171k Paxw)
X

= CreN| fil®

< (Ce

It follows that Ve > 0

timsup [ [ (k) Pu(s <hmsupz/| (ilke) [Pdp(z)

1—00 11— 00

+hmsup§j/| ilka) [2dp(a)

11— 00 'I’L>NF

=0+ Ce

So we have
imsup [ (k) Pdus) =
71— 00
which implies

tin [ 14l Panta) = 0
X

It follows that 7, is the compact operator.
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(e)=(a) {fi}2, C H is the sequence which weakly convergence to 0, as i goes to cc.

T, fill = ‘S?P | (T, filg) |

gll=1

sup / | (ilka) (kolg) ldpi(z)

HgH 1

_ls?pl(xfllk PPdp(z ) (Xlklgldu ))

<C (X/| (filks) |Pdu( )) (i,, is compact)

= Cllip(fi)llz2

By (e), when i — oo

1T fill < Cllin(fi)llze — 0

It follows that when i — oo

T/J«fi — 0
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Chapter 5

Schatten class membership

Our next result gives a characterization of the Schatten class membership of multiplier

operators. In the proof we will use the following result from [10].

Lemma 7. Suppose T is a positive operator on a Hibert space H and f is a element in H, then

(TPff) = (Tf|f)? for allp > 1.

Theorem 8. Same as before, a positive Borel measure i on X satisfies for any x € X
[ 1tkalh) duy) < oo
X

Then the following are equivalent.
(a). T, € Sp (Schatten Classp >1 )
(b). i € LP(d))

(c). pr € P(N), ¥r >0

Proof. We prove the theorem in the natural order: (a) = (b) = (¢) = (a)

(a)=(b). By assumption (a), H has an O.N.B which consists of countably many eigen-
vectors of T}, denoted by {f;}2;. In addition Vi € N, let A\; be the eigenvalue of f;, we have
PN < 0.
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[ apire -

X

(Tykz k)" d(x)

<T kylky) d\(z) (by the lamma)

<T5 > (kalf) £il 3 (kal ) fj> d\(z)

Z<k \f:) Tpmz (Kol f5) fj>dx< )
>

A

P

kgl f;) AP fl\z (k| f5) f]>d>\(x) (by spectral theorem)

Il
x\ M— R R N\ x\

ZI (ka | fi) A7 dA(2)

=3 [ 1kl PXOA)
LD'e
=3 [ 1kl Paxa)x;
X
Z\mw
:Z)\f<oo

(b)=(c) ¥r > 0, {F} is the covering of X associated to 7, x,, is some point in F}, for ¥n € N.
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[ i@pire = [ @b driz)
X

- / (x/ | (kaly) %zu(y))pdA(w)

—Z/(/| (k) [P )) ne

F,

By assumption (b) [ fi(z)Pd\(z) < oo, it follows that
X

Z fir(n)”

(c)=(a) @, € IP(N) implies fi, € Co(N). We know T}, is compact from theorem 2. By

spectral theorem, 7}, has countable many eigenvalues denoted by {;}52;. Let f; be the eigenvector
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of \; with norm 1, we have

D= D (Tl

=2 (X/ | (filk) |2du<x>)

<y (01 S ) / | (illy) |2dA<y>) (by theorem 1(d) = (¢))
4 n el

_ay (Z u(E) [ 14k %u(y))
i n a
< C’f Z O,y ZM(Fn)p / | (filky) |2d)\(y) (by generalized Holder inequality)
: n Gn
=1 Y (B [ S0 1lk) Farw)
n G, i

=010y Z 1(Fn)PA(Gr)
=C Z N(Gn)p

=C> jr(n)P < oo
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