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Abstract

Consider F,[t] where r = p™ for some prime p and m € N. Let f(¢) be an irreducible
square-free polynomial with even degree in IF,.[t] so that the leading coefficient is not a square
mod F,. Let A = L =T, [{] [ f(t)]

We will examine the basic set-up required for a dimension two rank one Drinfeld
module over L along with an explanation of our choice of f(¢). In addition we will show the

construction for the exponential function.
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Chapter 1

Introduction

Consider F,[t] where r = p™ for some prime p and m € N. Let f(¢) be an irreducible
square-free polynomial with even degree in FF,.[t] so that the leading coefficient is not a square
mod F,. Let A = L = F,[t] [ f (t)] We will examine the basic set-up required for this
dimension two rank one Drinfeld module along with an explanation of our choice of f(¢). In
addition we will show the construction for the exponential function.

In 1973, Vladimir Drinfeld invented Elliptic modules commonly referred to as Drinfeld
modules. The following year he produced a proof of Langlands conjecture for GLy over
a global function field of positive characteristic. Langlands conjecture for function fields
roughly states that there exists a bijection between cuspidal automorphic representations of
GL,, and certain representations of a Galois group. Drinfeld used these modules in his proofs
of these conjectures. Continued research enabled Drinfeld to generalize Drinfeld modules to
shtukas, which allowed him to fully prove Langlands conjecture for GL,. In 1990, Drinfeld

was awarded the Fields Medal for his work.



1.1 Brief Overview of Drinfeld Modules

In order to understand Drinfeld modules, we need to set-up some notation. Here,
we will give a general set-up, which we will specialize later. Let X be a smooth, projective
geometrically connected curve over the finite field F,.. Let P, € X be a fixed closed rational
point over F,.. Set k to be the function field of X and A C k to be the ring of functions
which are regular outside P,,. Let v, be the valuation associated to the point P, and let
K = k., be the completion with respect to v. Let K be a fixed algebraic closure of K and
C. be the completion of K. This comes from the canonical extension of v to K. Define 7
to be the r'" power mapping, i.e. 7i(x) := 2", Let M be a complete extension of K C Ca.

Then M{7} is the composition ring of Frobenius polynomials in 7.

1.1.1 Properties of M{r}

The following is a concise overview of properties of M{7}. For a more thorough
explanation, the reader should refer to Goss [5]. It can be shown that 7(z) is an additive
polynomial for all # and hence all polynomials spanned by 7¢ are additive. Using properties
of additive polynomials, we have that M {7} forms a ring under composition. Since M # F,,

it follows that M {7} is not commutative, however
Ta=a'T YaeM

Since M is a field of characteristic r, it can be shown that the set of absolutely additive

polynomials over M is M{t}.



Some notation that will be useful is

1. If P(z) is additive, then P(7) will denote its representation in M{7}. Similarly, if P(z)
is F,-linear, then P(7) is its representation in M{7}. It is important to note that P(7)

is not obtained from P(x) by substituting 7 in for z.
2. The multiplication, P(7) - Q(7), will refer to multiplication in M{r}.
3. P(7) is monic if and only if P(x) is monic.

4. Let P(1) =

t
a; 7" with oy # 0. Set t = deg (P(7)). Notice that

=0

r' = deg (P(z))

The following theorem shows the relationship between M |[x] and M{7}.
Theorem 1. Let f(x) € Mz]|. Then there exists g(1) € M{7} such that f(x) divides g(z).

It is important to notice that the set of all g(7) satisfying the condition of the theorem
forms a left ideal in M{r}.

Next, we will briefly discuss the left and right division algorithms for M {7} along
with some other properties. Let {f(7),g(7)} € M{7}. Notice that f(7)-g(t) =0 in M{r}
implies that f(7) or ¢g(7) must be 0. Therefore multiplication in M{7} has both left and

right cancellation properties.

Definition 1. 1. f(7) is right divisible by ¢(7) if there exists h(7) € M {7} such that



We can see that if f(7) is right divisible by ¢(7) then g(x) divides f(x).

The following proposition is the right division algorithm in M{r}.

Proposition 2. Let {f(7),9(7)} € M{r} with g(7) # 0. Then there exists {h(7),r(T)} C
MA{r} with deg (r(7)) < deg (g(7)) such that

Moreover, h(t) and r(T) are uniquely determined.

Now that we have a right division algorithm, the following corollary gives us an

important property about left ideals in M{7}.
Corollary 3. Fvery left ideal of M{t} is principal.

To state the left division algorithm, we need the following definition.
Definition 2. M is perfect if and only if 7M = M.

Since 7 has trivial kernel, a counting argument can be used to show that all finite
fields are perfect. Furthermore, every algebraically closed field is perfect. It can be shown
that every finite extension of a perfect field is separable. Now we can define the left division

algorithm on M {7} with an additional assumption on M.

Proposition 4. Let M be perfect and let {f(7),g(7)} C M{r} with g(1) # 0. Then there
exists {h(7),r(17)} C M{7} with deg (r(7)) < deg (g(7)) such that

Furthermore, h(t) and r(T) are uniquely determined.

The left division algorithm leads to the following corollary about right ideals.
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Corollary 5. If M is perfect, then every right ideal of M{7} is principal.

Using the Euclidean Algorithm we can compute the right greatest common divisor
of f(7) and g(7). It is defined as the monic generator of the left ideal generated by f(7)
and g(7). We will denote it as (f(7),¢(7)). This leads us to the final lemma we will discuss
about M{r}.

Lemma 6. Let h(1) = (f(7),9(7)). Then h(x) is the greatest common divisor of f(x) and

g9(z).

1.1.2 Background Definitions and Theorems

To state the general definition of a Drinfeld module, we will present the following

definitions and theorem. For further details, the reader should refer to Goss [5].

Definition 3. An A-submodule L C C,, (with the usual multiplication of A) is called an

M-lattice (or lattice) if and only if
1. L is finitely generated as an A-module
2. L is discrete in the topology of C

3. Let M®® C C, be the separable closure of M. Then L is contained in M*? and be

stable under Gal(M® /M)

The rank of L is its rank as a finitely generated torsion-free submodule of C,,. Define

d :=ranky (L).

Definition 4. Let L be an M-lattice. Then set
er(x) ==z H(l —x/a)

a€cl
0#a



Drinfeld proved the following result, which is fundamental to the theory behind Drin-

feld modules.

Theorem 7. Let 0 # a € A. Then

er(ar) =aep(zr) [ (1—en@)/ec(a))

0O#aca~'L/L
We shall not go through the proof here, however, it leads us to the following definition.

Definition 5. Let 0 # a € A. Then define

Gq = ax H (1—=z/er(a))

0#a€a—1L/L

From the proof of Theorem 7, we can conclude that ¢, € M{r}. With some work,
it can be shown that deg(¢.(7)) = d deg(a). For a € A, the mapping a — ¢, is F,-linear.

Also, if a € F,, C A then ¢, = a7°. Finally,

Pab(T) = Ga(T)P6(T) = O(T)Pa(T) = Pra(T)-

This last property is not obvious since multiplication in M {7} is not commutative.

1.1.3 Definition of a Drinfeld Module

Now we are ready to define a Drinfeld module.

Definition 6. The injection which maps A into M {7} by a — ¢,, associated to L is called

the Drinfeld module associated to L. Its rank is d = ranky (L).

We can actually give a more general definition of a Drinfeld module. For this, we will

use the following definitions.



Definition 7. An A field F is a field, F, equipped with a fixed morphism ¢ : A — F.
Define the characteristic of F, @, to be the kernel of ¢ which is a prime ideal. We say F
has generic characteristic if and only if p = (0); otherwise we say that @ is finite and F has

finite characteristic.

Over F we have the ring F{7}. Let

f(r) = Z a; 7" € F{r}
i=0
Set
Df = Qg = f/(T)

Then the mapping from F{7} to F defined by f + Df is a morphism of F,-algebras.

So another definition of a Drinfeld module is given by the following.

Definition 8. Let ¢ : A — F{7} be a homomorphism of F,-algebras. Then ¢ is a Drinfeld

module over F if and only if
1. Dogp=1

2. For some a € A, ¢, # t(a)7°

1.2 The Carlitz Module

Prior to Drinfeld’s discovery, Leonard Carlitz discovered the Carlitz module in 1938.
He used the Carlitz module to give an explicit construction of the class field theory of F,.().

The Carlitz module is a dimension one rank one Drinfeld module. Here, we let A = F,.[{]

and L = A, which implies that k£ = F,(¢). For d > 0, define

A(d) = {a € A : deg(a) < d}

7



So A(d) is a d-dimensional F,-vector space of polynomials of degree less than d. And

A=JA@)

Set eg(z) = x and for d > 0,

where

It can be shown that ey4(7) € A{7} and

[i] = I1 f

f monic polynomial

deg(f)l1

Di=[Di_y= ]I g

g monic
deg(g)=i

L; = lem of all polynomials of degree ¢

Now dividing our formula for e4(x) by

H o

0£ae(d)



then taking the limit as d approaches infinity, we obtain the Carlitz exponential:

For z € C, and a € A witha = ) ajtj where a; € I, and a, # 0 we have that
3=0

where {CY'} C A and C{” = a,.
Now set

Co(7) = at® + Z CWri
j=1

So
ec(ax) = Colec(z))

The mapping C : A — k{7} defined by a — C, which is an injection of F,.-algebras is called
the Carlitz Module.

Later on, we will generalize this construction to a quadratic extension of F,(¢). In
Chapter 3, we will explicitly define the corresponding valuation to our quadratic extension;

while in Chapter 4, we construct e4(z) and give a formula which recursively defines it.



Chapter 2

Set-up

Let I, be the finite field with » = p™ elements. In this example, we will be examining
the function field F,(¢) and its quadratic extension. Let f(¢) be a square-free polynomial
in IF,.[t], then F,.(t) ( f (t)) is a quadratic extension of F.(t). This is a special case of the

set-up which was given for a general Drinfeld module.

2.1 Background on the Point at Infinity

We will give a brief discussion about points of certain function fields. The reader
should refer to Rosen [7] for a more in depth discussion. Let F, be a finite field. A function
field in one variable over I, is a field k containing I, and at least one element ¢, transcendental
over F,, such that k/F,(t) is a finite algebraic extension. A field with this property has
transcendental degree one over F,. It can be shown that the algebraic closure of F, in k£ is
finite over F,.

There is a natural one-to-one correspondence between function fields over F, and
smooth projective curves over [F,.. Under such correspondence, a closed point of the curve

corresponds to a place of the function field. A place of k is, by definition, a discrete valuation
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ring of k. The valuation ring associated to a place has quotient field equal to k.
In the case that & = F,.(¢), the corresponding curve is ]P’IIF . And IP’IIF is covered by two
subvarities PllFT —{P} and IP’]IFT — {Py}. They are both affine lines A’ = Spec (F,[T]) and

A' = Spec (F,[t]) respectively. Here T' = 1/t and the point Py corresponds to the distinct

valuation vy(t) = 1. And the point P, corresponds to the distinct valuation v (t) =
Uso (1/T) = —1. Every other non-zero place of IF,.(¢) is given by a unique monic irreducible
p in F.[t].

In our case that [' = k = Ft) (W), the corresponding curve, denoted by X, is
a double cover of PllFT' The curve X is also covered by two affine subvarieties, which are
double covers of ]P’IIFT —{FR} and IP’]IFT — { P} respectively.

Now we investigate the behavior of the inverse image of P, in X. Let Of denote
the integral closure of F,.[T] in F' = F,(t) = F,(T). Also, let m,, denote the prime of F,.[T]
corresponding to P,,. Then P, is ramified in X if and only if m,O% = m? for some
non-zero prime ideal m in O%. Otherwise, P, is unramified, in which case, either P, splits
completely or P, is inert in X. If P, splits, then m, 0% = mymy where m; and m, are
distinct prime ideals in O%. On the contrary, if P, is inert, then m.O% remains a prime

ideal in OF.

2.2 Integral Closure

We will begin by constructing the integral closure for the quadratic extension of our

function field. Recall that the ring of functions which are regular outside P, is A = T, [t].
Proposition 8. F,[t] + F,[t] [ f(t)} is the integral closure of F.[t] in F.(t) ( f(t)).

Proof. Let Op be the integral closure of IF,.[t] in F,.(¢) <\/f(t)>. Consider

a € F,[t] +F,[{] [ f(t)} .

11



(Observe that we are actually referring to the direct sum, but for simplicity of notation, we

will denote this by plus.) So

Then a is a zero of the polynomial

(x B _kzloo‘iti+ VI(t) iﬁjﬁ> (17— i}aiti - Wi@ﬁ)

= (x — iiaiti>2 — f(t) (Jiﬁjtj>

So a is a zero of a monic polynomial in F,[t][z]. Hence F,[t] + F,[t] [\/f(t)} C Op.

2

Now suppose that g € Op. Then ¢ + a1g + ag = 0 for some ag, a; € F,.[t]. We know
that g = p+q+/f(t) with p, ¢ € F,[t]. Note that if ¢ = 0, then clearly g € F,[t]+F.[t][\/f(t)].

So, assuming g # 0,

2
(p+ q\/f(t)> +a <p+ qvf(ﬂ) +ap=0
Multiplying this out we can see that this implies
f(t) (2pg +a1q) =0

or

2p=—a

Since 2 is invertible, it follows that p = —27'a; € F,[t].

12



Also,
0 =p*+¢@f(t)+ap+ag

or

CI) = — (@) (27 —27) —ag

Recall that f(t) is square-free, so we can conclude that ¢ € F,[t]. It follows that Op C
F,[t] + F.[t] [\/ f (t)} . Thus the proposition is proved. O

2.3 Quadratic Extensions of F,(t)

Now that we have constructed the integral closure in F,.[t] of F,.(¢) ( f (t)), we want
to examine the behavior of P, in the function field I, (¢) ( f (t)) Hence, we have the

following result.
Theorem 9. Let d = deg(f(t)) and let T = 1/t. Then
1. Py is ramified if and only if d is odd.
2. Py is inert if and only if d is even and T9f (1/T) is not a square mod (T).

3. Py splits if and only if d is even and T4 f (1/T) is a square mod (T).

2.3.1 Examples

Before we prove Theorem 9, let’s look at some specific examples.

Example 1. Let f(t) = t+1,and T = 1/t. ThenF,(t) (v + 1) becomes F, (T) <\/1/T + 1).

13



Notice that

VIT+1 =/ (T+1)/T

= /(T>+T)T?

— (YT)VTE LT
So F, (T) <\/1/T T 1) —F,(T) (VT2 + 7).

Using a similar argument to the one given in Proposition 8, it can be verified that
O} =T, [T] +F, [T] [ (T + 1)}

Let m = (T,/T? +T) C Of. We claim that m is a maximal ideal. It is enough to show
that Op/m = F,. Define ¢ : Op — F, by

pra+ \/T(T+1)— a

where «, § € F,[T] and o is the constant term of «.
It is easy to see that our map is well-defined. Next we will show that ¢ is a homo-

morphism. Let a, 3,7,0 € F.[T]. Then

0 ((a+BVTZ+T) + (v+WVT2+T)) =¢((@+7)+(B+O)VIZ+T)
= Qp + Y

=¢(a+BVT*+T) +¢(y+6VT2+T)

14



Next notice that since ¢ (VI 4+ T) = 0, it follows that ¢ (7% +T) = 0. So,

e ((a+BVT2+T) (v+0VT2+T)) = (ay+ (B8)(T*+T)+ (ad + By) VT +T)
= Q7o

=¢(a+BVT?+T) ¢ (v+6VI2+T)

So ¢ is a homomorphism.

We claim that m = ker ¢. Clearly m C ker¢. Let s € ker . Then
kl k2
S = ZG,ZTZ + \/iT2 +TZbJTJ
i=0 =0
Since ¢(s) = 0 we can conclude that ap = 0. Therefore
k‘l k2
s=TY aT ' +VT?+TY bT/ em

i=1 §=0

Thus m = ker ¢. So Of/m = F, and it follows that m is a maximal ideal, and hence a prime
ideal.

Now, let’s look at m?. We can calculate that
m? = (TQ, TVT2 + T, T + T) .

Since T = T? + T + (—1)T? that implies TO% C m?. So it follows that the ramification

index of T" with respect to m is at least 2.

15



We claim that TO% = m?. It is enough to show that the generators of m are contained
in TO%. Clearly T?, T?+ T € TO%. And since VT? + T € O, it follows that TVT? + T €

TO%. Som? C TOL, TO% =m? and therefore TO% is ramified in O%.

Example 2. Let f(t) =t —¢* T = 1/t and r
F, (T) (\/(1 TT)(1 = 1/T)>. Notice that

3 (4). Then F,(t) (Vt —t?) becomes

VI/T(A-1/T) =/ 1/T)(T - 1)

— (1/T)WT -1

Hence F,(t) (vt — t?) becomes F, (T') (VT —1).

Again, using a similar argument to Proposition 8, it can be shown that
O, =F, [T] +F, [T] [ T—1} .
Define ¢ : Op — F,[yl/ (y* + 1) by
pra+BVT —1— ag+ Boy + (v° +1)

where «, § € F,.[T], ap is the constant term in o and [y is the constant term in 5. Observe
that y? + 1 is an irreducible polynomial in F,[y].

We can see that ¢ is well-defined. Next we will show that ¢ is a homomorphism.

16



Let o, 3,7,0 € F.[T]. Then

¢ ((a+BVT=1)+ (v+6VT - 1))

=o((a+7)+ B+ VT —1)

=ao+7+ (Bo+00)y+ (¥*+1)

= (a0 + Boy + (¥ + 1)) + (yo + doy + (v* + 1))

=p(a+ VT —1) + ¢ (y+0vVT — 1)

Next notice that since ¢ ( T— 1) =y, it follows that ¢(T — 1) = y*. Then

go((oH—ﬂVT— 1) (’y—i-é\/T— 1))

= (ay+85(T = 1)+ (78 + ad) VT — 1)

= a0 + Bodoy® + (Yoo + @do) y + (y* + 1)

= (a0 + Boy) (70 + doy) + (¥* + 1)

=¢(a+ VT —1) ¢ (y+ovVT —1)

Thus ¢ is a homomorphism.

Next we will show that ker p = TO). Recall, that o(T — 1) = y*. So ¢(T) = y* + 1.

17



Hence TO C ker . Now let s € ker p. So
kl k2
s = Z(IZTz—F \/T— 1Zb]TJ
i=0 =0
Since ¢(s) = y* + 1, this implies that ag = by = 0. So
k‘l k‘2
s=T (Z a; T+ VT — 1 ijTj‘l> € TO,,
i=1 j=1

Hence TOL = ker. Therefore we can conclude that O /TO% = F,[y]/ (y*> + 1). Since
F.ly]/ (y* + 1) is a field, it follows that O} /TO% is a field and thus TO’% is maximal. We

conclude that TO% is prime and so TO% is inert in OF.

Example 3. Let f(t) = t*+tand T = 1/t. ThenF,(¢) (V2 +t) =F, (T) <\/(1/T)(1 - 1/T)>.

Notice that

VU/T) 1+ 1T) =/ (1/T*)(T +1)

= (1/T)VT +1
Hence F,(¢) (vt? + t) becomes F, (T') (VT +1).

We can show, using a similar argument to Proposition 8, that
=B [T+ F, [T] VT +1].

Let m; = (T,\/T——i-l+ 1) and my = (T,\/T——f—l— 1). Define ¢ : O — F,. by
pr:io+ BVT +1— ag+ B

where «, § € F,.[T] and o and 3y are the constant terms of o and 3 respectively.

Clearly ¢ is well-defined. First, we will check that ¢; is a homomorphism. Let

18



a,f3,7v,0 € F,. [T]. Then

o1 ((a+BVT+1) + (v+oVT +1))
=@ ((@+7)+(B+0) VT +1)

= ap + 7 + (B0 + 00)

— a9+ fo + Y0 + 90

=@ (a+BVT+1) +¢1 (Y+oVT +1)

And
o1 ((a+BVT+1) (v+oVT +1))

= g1 ((09) + (80) (T +1) + (18 + a0) VT + 1)
= a0 + Booo + (Yo + @00o)

= (g + o) (70 + 00)

=1 (a+ VT +1) o1 (y+0oVT + 1)

Hence ¢, is a homomorphism.

We claim that ker ¢; = m;. We know that ¢1(7") = 0 and since

%<VT+1—1):1—1:Q

19



it follows that m; C ker ;. Now, let s € ker ;. So
kl k2
s=Y aT +VT+1» bT’.
i=0 §=0
Since ¢;(s) = 0, it follows that ag = by = 0. So
kl k2
s=T (Z a T+ VT + 1 ijTj‘1> cmy
i=1 j=1

So m; = ker ;. Therefore O /m; = F,, so O%/m; is a field. Hence m; is a maximal and

thus a prime ideal.

Similarly, we can define ¢, : O% — F, by

o a+ VT + 11— ag— By

where «, § € F,[T] and «, §y are the constant terms of a and [ respectively.

Clearly o is well-defined. First we will check that ¢y is a homomorphism. Let

20



a,f3,7v,0 € F,. [T]. Then

o2 ((a+BVT+1) + (y+ovVT +1))
=g ((a+9)+(B+0)VT +1)
=ap+ 7 — (Bo + 00)

= ag — fo+ v — 00

= 9 (a—i—ﬂ\/T—i-l)) + 2 (Y+oVT +1)

And
Vg ((a+ﬁ\/T+ 1) (’}/—I-O'\/T—i— 1))

— 0 () + (B0) (T + 1) + (v8 + ag) VT +1)
= Yo + Booo — (VoS + oo)

= (o — Bo) (70 — 00)

=2 (a+BVT +1) o (v +ovVT +1)

Hence ¢4 is a homomorphism.

We claim that ker o = my. We know that po(7") = 0 and since

<,02<\/T+1+1>:—1+1:0,
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t follows that my C ker po. Now, let s € ker 5. So
kl k2
s=Y aT +VT+1» bT’.
i=0 §=0
Since @o(s) = 0, it follows that ag = by = 0. So
kl k2
s=T (Z a T+ VT + 1 ijTj‘1> € my
i=1 j=1

So my = ker o, Therefore O /my = F,., so O%/my is a field. Hence my is a maximal and
thus a prime ideal.

Finally, we observe that

mimy = (T2,T<\/T—+1—1) ,T(\/T—JrlJrl) ,T>

So it is obvious that mymy C T'O%. Consider (T (\/T +1- 1) T (\/T +1+ 1)), which is

contained in mym,. Then the difference of our two generators must be in this ideal and
T<\/T+1—1> —T(x/T+1+1> —oT

Hence

70, € (T (VT+1-1). T (VI +1+1)) Cmym,

Thus TOR = mymy. So TO% splits in OF.
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2.3.2 Proof of Theorem 9

Now let’s prove Theorem 9. Here, P, is the ideal generated by %

Proof. Let d = deg(f(t)) and let T = 1/t. Since we have f(t) is square-free, we can write
7(6) = ot
where € € {0,1} and ¢4 fo(t). Let F =T, () (\/m) Then
F(0) (VI®) =F (1) (VD)

= F, (1) (1191 /F(1/T))

F.(T) ( Tdf (1/T)> d is even

IFT(T)( Td+1f(1/T)) d is odd

Let
N T9f(1/T)  dis even
(1) =
T f(1)T) dis odd
Let d = deg (f(T)) So
. d e=0
d=
d-—1 e=1

So
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Using a similar argument as in Proposition 8, we can show that
07 = F.[1]+ F,[7] |\/7(T)

Thus, Py, = (T) in F,.[T]. There are three cases that we need to consider.

Case 1: d is odd

So f(T)=T (T9f(1/T)). Let m = (T, f(T)) Define ¢ : O} — F, by

pa+ By F(T)— ag

where «, 8 € F,.[T] and « is the constant term of a.
Clearly, ¢ is well-defined. First, we want to show that ¢ is a homomorphism. Let

a,3,7,0 € F.[T]. Then
() i)
—¢ ((@rn+ @0 /i)

=0+ %

:go(mﬁ\/ﬁ)w(wa\/ﬁ)
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Notice that ¢ ( f(T)) =0, it follows that ¢ (f(T)) = 0. Therefore,

o ((arsin) (+ay/im))

= Q7o

=s@<a+ﬁ\/ﬁ)w(v+5\/ﬁ)

Thus ¢ is a homomorphism.

Next we want to show that ker ¢ = m. Clearly m C ker . Now, let s € ker ¢. Then

kl k'?
s=TY aT '+ /(1)) bT/ €m
i=1 7=0

So kerp € m. Thus m = ker . Using the First [somorphism Theorem, we can conclude
that O%/m =2 F,. So Of/m is a field and hence m is maximal.

Now, let’s look at m2. So

m? = (TQ,T\/%, f(T))

Since T' = f(T) — aT? for some a € F,[T], TOx C m?. Recall that f(T) =T (T4f(1/T)).
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So f(T) is divisible by T and not by T2. Then vu (f(T)) =1 and so
O, = (T2 f(1))

Since \/ f(T) € O, it follows that T/ f(T) € TO}. Therefore m*> = TO}. Thus TO}, is
ramified.

Case 2: d is even and fp, the constant term of f (T'), is not a square in F,

Define ¢ : 0% — F,[y]/ <y2 - fo) by

soroz+6\/f(T)Hozo+6oy+(yz—fo>

where «, § € F,.[T] and «p, [y are the constant terms of o and /3 respectively. Observe that

y? — fo is an irreducible polynomial in F, [y]. To see this, suppose that

v —fo =y+6)y+1)
=32+ (0 4+ 7)y + v

2 = —fy. This contradicts our assumption

This implies that 6+ =0o0r § = —v. So dy = —v
that fy is not a square in F,. So F,[y]/ <y2 — f0> is a field.

Again, ¢ is well-defined. We will show that ¢ is a homomorphism. Let a, 3,7v,6 €
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o((er ) (s 407

— e (@ + @0 im)

= ao+0+ (G +80)y + (2 = )

(oot b (s 7))+ (ot (47— 1)

:go(aw\/%) +¢(y+5\/ﬁ>

Next notice that since ¢ ( f(T)) — y, it follows that ¢ ( f(T)) — y2. Then
(o) 257
=y (av +B6J(T) + (v + ad) f(T))
= a9 + Bodoy® + (Y080 + odo) y + <y2 - fo)

= (o + Boy) (70 + doy) + <y2 - fo)

290(0%6\/%)90(74%\/%)

Thus ¢ is a homomorphism.
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Next we will show that ker ¢ = TO%. Recall that ¢ (f(T)) =y?%. So

Since ¢(s) = y? — fo, this implies that ag = by = 0. So

k1 ko
s=T (Z a7+ f(T)) bijl> € TO,
i=1 Jj=1

Hence TO% = ker ¢p. Therefore we can conclude that O%/TOf = F,[y]/ <y2 — f(]). Since
F.lyl/ <y2 - f0> is a field, it follows that O%/TO% is a field and hence T'O% is maximal.

Thus we conclude that T'O% is prime and so TO% is inert in OF.

Case 3: d is even and f, the constant term of f (T, is a square in I,

Since fy is a square in F,., fo = 62 for some & € F,. Let m; = (T, f(T) - 5> and

my = (T, (1) +5). Define ¢, : 0% — F, by

S01504+5\/f(T)'—>040+505

where «, § € F,.[T] and «y, §y are the constant terms of o and (3 respectively.

Clearly ¢; is well-defined. First we will check that ¢; is a homomorphism. Let
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:a0+ﬁo5+’}/0+005

= (Orf‘ﬁ\/%) + 1 (7+a\/ﬁ>
(o) (o)

o ((cw) T (80) F(T) + (48 + a0) f(T))

And

= apYo + $0000% + (7050 + 00) &

= (o + 5o6) (70 + 000)

= (a+ 07D o (3o /F)

Hence ¢, is a homomorphism.
We claim that ker ¢; = m;. We know that ¢;(7") = 0 and since

o (Via-s)=s-s-0
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it follows that m; C ker ;. Now, let s € ker ;. So

kl k2
s=Y _aT +\/f(T)) 0,1
i=0 =0

Since ¢;(s) = 0, it follows that ag = by = 0. So

k1 ko
s=T (Z a7+ F(T)) bjTﬂ'—l) cm
i=1 j=1

So m; = ker ;. Therefore O /m; = F,, so O%/m; is a field. Hence m; is a maximal and

thus a prime ideal.

Similarly, we can define ¢, : O% — F, by

902304+5\/J;(T)’—>040—ﬁo5

where «, § € F,[T] and «, §y are the constant terms of a and [ respectively.

Clearly o is well-defined. First we will check that ¢y is a homomorphism. Let
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= ap — Bod + Yo — 000

=y (Orf‘ﬁ\/%) + 2 (7+a\/ﬁ>
o (o) (o)

— ((cw) T (80) F(T) + (48 + a0) f(T))

And

= apYo + 0000% — (7050 + 200) &
= (g — Bod) (Yo — 700)

e R PN Ry

Hence ¢4 is a homomorphism.
We claim that ker s = my. We know that o(7") = 0 and since

902< f(T)+5> =—0+4+6=0,
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it follows that my C ker po. Now let s € ker ps. So

Since @o(s) = 0, it follows that ag = by = 0. So

k1 ko
=T (Z a7+ F(T)) bjTﬂ'—l) € my
i=1 j=1

So my = ker o, Therefore O /my = F,., so O%/my is a field. Hence my is a maximal and
thus a prime ideal.

Finally, we observe that

mym, = (T2,T< f(T)—é) ,T< f(T)+5> ,f(T)—52>

Notice that f(T) — 62 = — fo, so it is divisible by T. Therefore it is obvious that
mymy C TO%. Consider ( ( ) T ( f (T) + 5)) , which is contained in m;ms,.

Then the difference of our two generators must be in this ideal and

T( f(T)—cS)—T( f(T)+5) = 20T

TO, C (T( f(T)—é),T( f(T)+5)) C mym,

Thus TO% = mym,. So T'O% splits in OF.

Hence
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Chapter 3

Valuations

In this chapter, we will explicitly define the valuation that corresponds to P, in X
when P, of PL_ is inert in X.
Let f(t) be a square-free irreducible polynomial in F,[t] with degree d. Let T = 1.
Define
Voo : Fro(t) = RU {00} where vy (T) =1

We need to extend this to F,.(t) <\/ f (t)) We will only consider the inert case.
Recall that in the inert case, f(¢) has even degree and f(T) = T9f (1/T) is not a

square mod (7"). So

d
(1) = Z fiT" where f, is not a square in F,

=0

Let a,b € F,. Then

(a—i—bm) @—bﬁ) = a2 - f(T)

_ d _
— a2 =By — 12y T
i=1
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We know that
~ ~ d~ ~
Voo (a2 —V'f (T)) > min { veo(a?), Voo (0*f0), Voo | b7 Z fiT
i=1
with equality if a? # b2 f,. However, since fp is not a square in F,, a? # b f,, thus
~ ~ d~ ~
Voo <a2 — b f (T)) = min { V40 (a?), Vo (b*f0), Voo | b Z fiT =0
i=1

Therefore we can conclude that

oo (s20F0) -1

So we define the valuation in the extension F,(t) ( f (t)) as

d
Lemma 10. Let a € F,[t][\/f(t)] where
k1 ko
a= Zalti + Z bit!\/ f(1)
i=0 =0

Then, in the inert case, assuming some a; and b; are not zero,

d
Voo (@) = — max {kl,kg + 5}

Proof. We have two cases to consider.
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Case 1: Assume ki # ko + %. Then

and
ke d
Voo (Z bit! f(t)) = <k2 + 5)
§=0
Hence,
k1 ko
Voo (Z aﬂ) # Vg (Z b;t! f(t))
1=0 7=0
So,

d
Voo (@) = — max {kl,kz + 5}

Case 2: Assume k; = ky + %. Then

k1—d/2

a :kzlaiti+ S bt/ f(t)
i=0 j=0

k1 ) k1—d/2 ) ~
=Y it + 3 bttt F(T)
i=0 =0

Define {b;}}*, where

0, 0<l<d/2

bi—aje, d/2<1<k

azé(@%—@%) t

Then
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But since v, <ai + by / f(T)) = 0 for all 4, it follows that

d
Uoo(Oé) = —k'l = —kg — 5
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Chapter 4

Construction of e(x)

In this chapter we will construct eq4(z) for our specialized case in a similar way as in
the Carlitz module. We will give a formula which allows us to recursively define e;4(z).

Let f(t) be a square-free irreducible polynomial in F.[t] with even degree where

F(T) = (1)%5Y™) £ (1/T) is not a square mod (7). Then

deg(f(1)) ~
2

ft)y=t F(T)

Let d > 0. Define
L(d) = {a e T, [ [ f(t)} - —d < va(@) < o}

Then F, [{] [\/ f(t)} = U L(d) U {0} Define

and for d > 0,

So deg(eq(z)) = |L(d)| + 1.
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4.1 Degree of e4(x)

Proposition 11. Let D = 2d — deg—f(t)). Then

7,.d d S deg(Qf(t))

D g des((®)

Proof. Suppose that d < deg deel/®)  We know that

v (VI®) = —w <—d

0+/f(t) ¢ L(d). Then for all o € L(d),
d—1
o= Z a;tt
i=0
Therefore, since we are working over F,, |L(d)| = 7% — 1. So, in this case,
deg(eq(r)) = |L(d)] + 1 = r?.

Now suppose that d > M Then
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Let a € L(d). Then « can have one of the following forms

k1 )
o = Z CLitz
=0
ko )
Qg = Z bitzx/ f(t)
=0

k1 ] ko )
a3 = Z ait’ + Z bjtJ\/ f(t)
=0 7=0

If & = ay, then vy () = —ky.

If o = g, then voo(a) = —ko + deg(2f(t))‘

Finally, if & = a3, then by Lemma 10, we know that

vmo(@) = —max{kl,m w}

So k; < d and kg + w < d. Hence
|L(d)| = rd (Td—W) 1= rgd_w 1

Thus, in this case, deg(eq(z)) = r? where D = 2d — _deg(zf(t))' 0

4.2 Recursively Defining e,;(z)

The following lemma is important in the construction of our final proposition.
Lemma 12. e4(z) is an additive polynomial.

Proof. We know that the zeros of eq(x) are all the elements of L(d) U {0}. Also, e4(z) €

IF,,(t)( f(t)). Let w € R(t)( f(t)). If w € L(d) U {0}, then eq(z + w) = eq(). So
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assume y € F, (1) ( f(t)) \ (L(d) U {0}). Define
H(z) = ea(z +y) — ea(z) — ea(y)
So deg (H(x)) < deg (e4(x)) since the leading terms cancel in H(x). Also, for w € L(d)U{0},

H(w) =eq(w+y) —ea(w) —eay)
= ea(y) — ea(y)
=0

Therefore, since |L(d)| + 1 = deg (eq) > deg (H), it follows that H(z) = 0.
Now let z be an arbitrary indeterminate and define
Hi(2) =eq(z + 2) — eq(x) — eq(2)
So Hy(z) € F,.(t) ( f(t)) [z, z]. Then, for all « € F,(t) ( f(t)), we conclude that Hy(a) =
0. Since F, (¢) ( f(t)) is infinite, Hy(z) = 0. Hence eq(z) is additive. O

Finally, we will define the following notation before stating our recursive formula for

eq(x). Let § := 4/ f(T). Define
D, = ey (td) and D), = ey (tdé)

Since eq4(x) is an additive polynomial, we are able to generate all polynomials of valuation d.
Note if d < w, then we are in the case of the Carlitz module described in Chapter 1.
Therefore all properties of e4(x), which hold for Carlitz, will hold here. So, we will focus on

the case d > w. We have the following proposition on how to recursively define ey(z).
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Proposition 13. Ifd > w, then
ca(r) = €y () + Ba-1 - €1 (x) + Cary - €41 ()
where

(D3t = (D))
D= (D)

By =

and
r2—1

Dy (D) = Dyt (D))
Dyt = (D)

Ca-1 =

Proof. Let = w and assume d > 3. We want to show that

calw) = ehy(x) + B - ey () + O - g (w)
It is enough to show that both the left and right hand side are monic, have the same degree
and the same set of roots. We know by construction that e;(z) and e4_1(z) are monic. Also,
since d > 3, we have that deg(eq(x)) = r?¢7F. If d = B+ 1, then deg(eq_1(z)) = r¢~1. And

deg <(6d_1($))7“2> — pd—1,2

If d > 3+ 1, then deg(eq_1 (7)) = r*@D=8 and hence

deg ((edq(x))ﬁ) _ p2d-2-5,.2

_ 20—
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Also,

deg (e}_y(z)) =%,

and for d > (3,

P28 5 pd < pd-1

Therefore both the left and the right hand side are monic and have the same degree. It
remains to show that they have the same zeros (i.e. L(d)U{0}). Clearly, 0 is a root of both,
solet a € L(d). f « € L(d—1), eq—1(ar) = 0, so clearly it is a root of the right hand side of
our equation. Now assume « € L(d) \ L(d — 1). Then o = (h where vo(h) = —(d — 1) and
el So("=¢. And

Observe that

eq-1(h) = ag_req1 (1) + barea 1 (19710),
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Therefore it suffices to show that the right hand side is zero for h = ¢! and h = t471§. So

(ea—1(Ch))"™ + Bai - (e4-1(Ch))" + Ca_y - €4-1(Ch)

— ¢ (Dat + Djy)” + Bay - ¢ (Day + Diy)" + G € (D + D)

— (D))" + *<Dd5 (D)> ) ¢ (Das) + (D;S(D;_l)r -0y 1 (Dyy)" ) C(Dar)

D1~ (D; Dyt -(Doy)

Dyt (D) Dyt (o)

¢ (Dh)" + o) ) C(D;_l)’”+<D52—f(Dé—1>r1—Ds_%(D;_1>T 1>C(D&_1)

24 . r2-1 2 r—1 ri
B 2 —(Dg_1)" +771_(Dd_1)7 (D(’ifl) D271(D¢/1—1> —Dgfl(Dfifl)
=¢ <(Dd1) + Dy () " D =(D4)

2 .
P i) (P ) o (o) oty ,)”

— + L\
D= (D) Dy =(D)"
= ¢(0) +¢(0)
=0
So they have the same zeros. Thus the equation holds. ]
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Chapter 5

Future Work

First, we have shown that we can recursively compute the exponential function, e4(z),

w. This formula is nice, however, we

in terms of e4—1(x), Dg—1 and D), when d >
were unable to find a way to express the coefficient of each term of e4(z) similar to how was
described in Chapter 1.

Second, it is important for the reader to keep in mind that the Drinfeld module we
constructed is only one of the possible rank one dimension two Drinfeld modules. In our
paper, we chose to use the standard lattice. However, there are many other ways to choose
a lattice. The number of non-isomorphic Drinfeld modules equals the class number of the
ring we are working over.

This leads us to alternate directions for further research. One direction would be
to construct a rank two dimension one Drinfeld module. In this case, we might take A =
F.[t] and L = F,[t] [\/m}, where f(t) is chosen appropriately. Another approach would
be to construct a rank two dimension two Drinfeld module. In this case we may take
A =TF,[t] [ f (t)] and L to be an extension of A of degree 2, where, again, f(t) is chosen

appropriately. We could even explore more complicated examples by choosing an ideal I of A

which is not in the trivial class group and take L = I. Moreover, the ideal I we choose could
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be in the function field of A, which would increase the dimension of our Drinfeld module.

These are just a few possibilities for further work.
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