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Abstract

We provide background on error-correcting codes, including linear codes and quantum

codes from curves. Then, we consider the parameters of quantum codes constructed from

two-point Hermitian codes.
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Chapter 1

Introduction

Quantum error-correcting codes serve to protect quantum information from noise and

are essential for quantum computation. The first such code was discovered in 1995 by Peter

Shor, prompting researchers to seek quantum codes that are efficient and correct many

errors [16]. One year later, Shor and Calderbank discovered the first family of quantum

error-correcting codes [3]. Then, in 1998, it was shown how to construct quantum codes

from binary linear codes [2]. This was extended to codes from larger alphabets in 2001 by

Rains [15] and Ashikhmin and Knill [1] who studied non-binary quantum codes. This thesis

studies quantum error-correcting codes constructed using algebraic geometry. In particular,

we obtain estimates for the parameters of a large class of non-binary quantum codes. The

codes are obtained from two-point codes on the Hermitian curve, and the parameters provide

measures of the efficiency and error-correcting capabilities of the codes. Quantum codes from

one-pont Hermitian codes have been studied in [10]. Up to this point, most quantum codes

have been designed for binary alphabets, meaning alphabets with two symbols. The codes

considered here enable quantum error-correction for larger alphabets.

This thesis is organized as follows. In Chapter 2 we provide background on error-

correcting codes, including linear codes and quantum codes from curves. In Chapter 3,
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we consider the parameters of quantum codes constructed from two-point Hermitian codes.

This thesis concludes with Chapter 4, a discussion of future work on quantum codes from

Hermitian curves.
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Chapter 2

Preliminaries

2.1 Introduction to error-correcting codes

A qubit, short for quantum bit, is a quantum analog of a bit, the classical unit of

information, and can be expressed as a complex linear combination of 0 and 1. Specifically

while a qubit may be represented by a vector in C2, it is typically written as

α | 0〉+ β | 1〉

where α, β ∈ C and C denotes the complex numbers. It is often assumed that |α|2 + |β|2 = 1.

This idea can be generalized to larger alphabets, such as Fq, the finite field with q elements

where q is a power of a prime number. This leads to the notion of a qudit, or quantum digit.

Here, a qudit is considered the unit of information and can be viewed as

∑
a∈Fq

αa | a〉

where αa ∈ C. While a classical q-ary linear code of length n is an Fq-subspace of Fnq , a

length n q-ary quantum code is a complex subspace of

(Cq)⊗n := Cq ⊗ · · · ⊗ Cq︸ ︷︷ ︸
n

∼= Cqn .
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Definition 1. The dimension k of a linear code C is defined to be the dimension of C as a

vector space over F.

Definition 2. Given a linear code C of length n and codewords x = (x1, . . . , xn), y =

(y1, . . . , yn) ∈ C, the Hamming distance between x and y is

d(x, y) := #{i : xi 6= yi}.

The minimum distance of C is

d := min{d(c, c′) : c, c′ ∈ C, c 6= c′}.

Classical linear codes over Fq of length n, dimension k, and minimum distance d are

called [n, k, d] or [n, k, d]q codes. Next, we define the parameters of a quantum code.

Definition 3. A q-ary quantum code C of length n is said to be of dimension k provided C

is a qk-dimension subspace of Cqn .

To define the minimum distance of a quantum code, we need the additional concepts

described below, taken from [1, 10, 11]. Let Fm×n denote the set of m × n matrices over

a field F. Given A ∈ Fm×n, Aij or [A]i,j denotes the entry of A in the i-th row and j-th

column. We would like to describe the types of errors possible for a q-ary n-qudit case and

when these errors are correctable. Let p = charFq be the characteristic of the field Fq. Fix a

basis {γ1, ..., γm} for Fq as an Fp-vector space. Let ξ = e
2πi
p be a p-th root of unity. Consider

matrices T and R with entries given by

[T ]i,j = δi,j−1 mod p

and

[R]i,j = ξiδi,j

with
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δi,j =

 1, if i = j

0, otherwise;

that is,

T =



0 1 0 · · · 0

0 0 1 · · · 0

...
...

. . .

0 0 0 · · · 1

1 0 0 · · · 0


, R =



ξ 0 · · · 0 0

0 ξ2 0 · · · 0

0 0 ξ3 . . . 0

0
...

. . . . . . 0

0 0 · · · 0 ξp−1


∈ Cp×p.

Given a, b ∈ Fq, there exist a1, ..., am, b1, ..., bm ∈ Fp such that

a =
∑m

i=1 aiγi

and

b =
∑m

i=1 biγi.

Let

Ta := T a1 ⊗ T a2 ⊗ · · · ⊗ T am

and

Rb := Rb1 ⊗Rb2 ⊗ · · · ⊗Rbm .

Given, a, b ∈ Fnq , we can consider errors on an n state system. Let Ea,b := TaRb.

Then Ea,b = Ta1Rb1 ⊗ · · ·TanRbn . The error group is

Gn := {ξiEa,b : a, b ∈ Fnq , 0 ≤ i ≤ q − 1}.

Definition 4. The weight of an error ξiEa,b ∈ Gn is

wt(ξiEa,b) := n− |{i : ai = bi = 0}| .
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The quantum shorthand for bra-ket notation is

〈u | v〉 =
∑n

i=1 u
∗
i vi

where 〈u |= (u∗1, ..., u
∗
n), | v〉 =


v1

...

vn

 , and u∗i denotes the complex conjugate of ui.

Similarly,

〈u | A | v〉 =
∑

i

∑
j u
∗
iAijvj

which can be written in matrix notation as

(
u∗1 u∗2 · · · u∗n

)


A11 A12 · · · A1n

A21 A22 · · · A2n

...
...

. . .
...

An1 An2 · · · Ann





v1

v2

...

vn


.

Definition 5. The minimum distance of a length n q-ary quantum code C is defined as

d = max

d :
〈u | v〉 = 0 and wt(E) ≤ d− 1⇒ 〈u | E | v〉 = 0

∀ | u〉, | v〉 ∈ C and ∀E ∈ Gn

 .

A q-ary quantum code of length n, dimension k, and minimum distance d is called an

[[n, k, d]]q code or an [[n, k, d]] code. We use the notation [n, k] (resp., [[n, k]]q) to describe a

linear (resp., quantum) code of length n and dimension k. At times, we only have a lower

bound on the minimum distance of a code. Hence, it is convenient to use the notation

[n, k,≥ t] or [[n, k,≥ t]] to mean a code of length n, dimension k, and minimum distance

at least t. A linear or quantum code of minimum distance d can correct any
⌊
d−1

2

⌋
errors.

These parameters will be discussed in detail later.

Suppose C is a [n, k] code over Fq. Then, the dual of C is

C⊥ := {v ∈ Fnq : c · v = 0, ∀c ∈ C},

6



where c · v := cTv denotes the usual dot product of vectors. Then, C⊥ is an [n, n− k] code

over Fq. If C ⊆ C⊥, then C is said to be self-orthogonal or weakly self-dual. If C = C⊥,

then C is called self-dual.

2.2 Codes from curves

In this section, we describe both classical and quantum codes constructed from curves

over finite fields. For more details, the reader may consult [11] or [21].

2.2.1 Linear codes from curves

In this subsection, we consider linear codes defined from curves over finite fields. This

construction is due to Goppa [4]. Many of the definitions are taken from [21].

Given a field F and a positive integer n, n-dimensional projective space over F is

PnF := {(a1 : a2 : · · · : an+1) : (a1, a2, . . . , an+1) ∈ Fn+1 \ {(0, 0, . . . , 0)}}

where (a1 : a2 : · · · : an+1) is the equivalence class of (a1, a2, . . . , an+1) with respect to the

relation ∼ defined by

(a1, . . . , an+1) ∼ (b1, . . . , bn+1)

if and only if there exists λ ∈ F \ {0} with ai = λbi for all 1 ≤ i ≤ n + 1. Hence, given

a1, a2, . . . , an+1 ∈ F not all zero,

(a1 : a2 : · · · : an+1) := {λ(a1, a2, . . . , an+1) : λ ∈ F \ {0}}.

We say that the points of PnF are the equivalence classes (a1 : · · · : an+1), where ai ∈ F

and ai 6= 0 for at least one i, 1 ≤ i ≤ n+1. In this paper we consider curves in the projective

plane, P2
F. The next example discusses points in the projective plane.
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Example 1. In this example, we consider the points of the projective plane P2
F. Suppose

a, b, c ∈ F so that at least one of a, b, c is nonzero. Then (a : b : c) ∈ P2
F, meaning (a : b : c)

is a point in the projective plane over F. If c 6= 0, then

(a : b : c) = (c−1a : c−1b : c−1c)

= (c−1a : c−1b : 1).

Suppose c = 0. Then we have (a : b : c) = (a : b : 0). If b 6= 0,

(a : b : 0) = (b−1a : b−1b : 0)

= (b−1a : 1 : 0).

If b = 0, then (a : 0 : 0) = (1 : 0 : 0). Thus,

P2
F = {(a : b : 1) : a, b ∈ F} ∪ {(a : 1 : 0) : a ∈ F} ∪ {(1 : 0 : 0)}.

The points written as (a : b : 1) are considered affine points while (a : 1 : 0) and (1 : 0 : 0)

are called points at infinity.

Definition 6. Let F (x, y, z) ∈ F[x, y, z] be a homogeneous polynomial. The projective curve

X defined by F is

X := {(x : y : z) ∈ P2
F̄ : F (x, y, z) = 0} ⊆ P2

F̄,

where F̄ denotes the algebraic closure of F.

Remark 1. Given the curve X as in Definition 6, (x : y : z) ∈ X with x, y, z ∈ F is called

an F-rational point. All curves considered in this thesis are plane curves, meaning they are

of the form given in Definition 6. . Hence, we say X is a curve to mean X is a plane curve.

Also, we often say a polynomial f(x, y) ∈ F[x, y] defines a curve X to mean that X is the

curve defined by the homogenization of f(x, y).
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The divisor group DivX on a curve X over F is

DivX := {
∑n

i=1 aiPi : n ∈ Z+, ai ∈ Z, Pi is a point on X}

where Z is the set of integers and Z+ is the set of positive integers. Hence, DivX is the free

abelian group on points of X. The elements of DivX are called divisors. The support of a

divisor
∑n

i=1 aiPi is the set of points Pi with ai 6= 0, denoted suppD. The degree of a divisor

D =
∑n

i=1 aiPi whose support consists only of points Pi in P2
F is

degD =
∑n

i=1 ai.

There is a partial order ≤ on DivX given by

∑n
i=1 aiPi ≤

∑n
i=1 a

′
iPi

if and only if ai ≤ a′i for all i, 1 ≤ i ≤ n.

A point P is a singular point on a curve X if and only if P is a point on X and

(∂xF )(P ) = (∂yF )(P ) = (∂zF )(P ) = 0.

If a curve X has at least one singular point, then it is called singular. Otherwise, the curve

is nonsingular. The genus of a nonsingular curve with defining polynomial F (x, y) of degree

d is

g =
(d− 1)(d− 2)

2
.

We now check to see if the Hermitian curve is nonsingular and determine its genus.

Example 2. Consider the Hermitian curve X defined by f(x, y) := yq + y − xq+1 over Fq2 .

Here X is defined by the homogeneous polynomial F (x, y, z) = yqz + yzq − xq+1. Note that

the degree of F is d = q + 1. Now taking the partial derivatives with respect to x, y, and z

9



gives

∂xF = −(q + 1)xq,

∂yF = qzyq−1 + zq,

and

∂zF = yq + qyzq−1.

Considering the affine point Pab = (a : b : 1) gives

(∂xF )(Pab) = −(q + 1)aq,

(∂yF )(Pab) = qbq−1 + 1 = 1,

and

(∂zF )(Pab) = bq + qb.

Thus, there is no affine point P with (∂yF )(P ) = 0. Hence, no affine point P is a singular

point on X.

Considering the point at infinity P∞ := (0 : 1 : 0) yields

(∂xF )(P∞) = −(q + 1) · 0q = 0,

(∂yF )(P∞) = q · 0 · 1q−1 + 0q = 0,

10



and

(∂zF )(P∞) = 1q + q · 1 · 0q−1 = 1,

indicating that P∞ = (0 : 1 : 0) is not a singular point on X. Thus, X is nonsingular. As a

result, the genus of X is g = q(q−1)
2

.

Now, we consider functions on a curve X and how they are defined.

Definition 7. Let F (X, Y, Z) ∈ F[X, Y, Z] be a homogeneous polynomial which defines a

nonsingular projective plane curve X over a field F. The field of rational functions on X is

F(X) =


f(X,Y,Z)

g(X,Y,Z)
:
f, g ∈ F(X, Y, Z), deg f = deg g,

f, g homogeneous, and g 6= 0

 ∪ {0}
 / ∼

where

f

g
∼ f ′

g′

if and only if

fg′ − f ′g ∈ 〈F 〉 ⊆ F[X, Y, Z]

meaning fg′ − f ′g is in the ideal generated by F .

Given f ∈ F(X)\{0}, we denote the divisor of f by (f). Given a point P on X, vP (f)

is the coefficient of P in (f). Given a divisor A, L(A) denotes the set of rational functions

f on X over F with divisor (f) ≥ −A, together with the zero function, that is

L(A) = {f ∈ F(X) : (f) ≥ −A} ∪ {0}.

It can be shown that L(A) is a vector space over F and that dimF L(A) is finite. Let

`(A) := dimF L(A).

11



A divisor K ∈ DivX is said to be canonical if and only if degK = 2g − 2 and `(K) = g.

Given divisors D =
∑n

i=1 Qi and G =
∑r

i=1 αiPi on a curve X over a field F of genus

g where

{Q1, . . . , Qn} ∩ {P1, . . . , Pr} = ∅

and the support of the D consists of n distinct F-rational points on X, we can construct an

algebraic geometry code CL(D,G) by setting

CL(D,G) := {(f(Q1), · · · , f(Qn)) : f ∈ L(G)} ⊆ Fn.

Clearly, CL(D,G) is a code of length n. If degG < n, then CL(D,G) has dimension

k = `(G) and minimum distance d ≥ n−degG. Hence, CL(D,G) is an [n, `(G),≥ n−degG]

code. If A ≤ B and suppB ∩ suppD = ∅ where D = P1 + · · ·+ Pn, then L(A) ⊆ L(B) and

CL(D,A) ⊆ CL(D,B).

The dual of CL(D,G) ⊆ Fn,

CΩ(D,G) := CL(D,G)⊥,

is also called an algebraic geometry code. The length of CΩ(D,G) is n. If 2g−2 < degG < n,

then CΩ(D,G) has dimension k = `(K+D−G), whereK is a canonical divisor, and minimum

distance d ≥ degG− (2g− 2). If A ≤ B, then CΩ(D,B) ⊆ CΩ(D,A) provided D is the sum

of distinct rational points, none of which are in the supports of A and B . We call CL(D,G)

and CΩ(D,G) r-point codes, given that G has support consisting of r distinct F-rational

points. As convention directs, we will construct r-point codes by letting D be the sum of

all F-rational points not in the support of G. A one-point code has the form CL(D,G) or

CΩ(D,G) with D =
∑n

i=1 Pi and G = mQ such that G and D have disjoint support (see

[10]). Likewise, a two-point code is of the form CL(D,G) or CΩ(D,G) with D =
∑n

i=1 Pi

and G = m1Q+m2Q such that G and D have disjoint support.
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2.2.2 Quantum codes from curves

In [2] it was shown how quantum codes can be constructed from classical binary

codes. This construction is known as the CSS construction in honor of Calderbank, Shor,

and Steane (see [2, 3, 16, 17]). The CSS construction was generalized to q-ary codes where

q > 2 by Ashikmin and Knill [1]. In [9], the authors apply this to algebraic geometry codes

and obtain quantum codes from curves as described in Theorem 1 below. To describe this

result, we need the notion of minimum weight.

Given codes C,C ′ such that C ′ ⊆ C, let

d(C \ C ′) = min{wt(c) : c ∈ C \ C ′}

where wt(c) =| {ci 6= 0} | is the weight of c ∈ C.

Theorem 1. Let A, B, and D = P1 + · · ·+Pn be divisors on a smooth, projective, absolutely

irreducible curve X of genus g over Fq where the support of D consists of distinct F-rational

points. Assume that A ≤ B and (suppA∪ suppB)∩ suppD = ∅ and degB < n. Then there

exists an [[n, `(B)− `(A), d]]q code where

d ≥ min{d(CL(D,B) \ CL(D,A)), d(CΩ(D,A) \ CΩ(D,B))}

≥ min{d(CL(D,B)), d(CΩ(D,A))}

≥ min{n− degB, degA− (2g − 2)}.

We apply Theorem 1 to Hermitian codes, taking A and B to be divisors supported by

exactly two points. Our approach is described in Chapter 3. To prepare for this, we review

the Hermitian curve in the next section.

13



2.3 Hermitian curve

In Chapter 3, we take X to be the Hermitian curve over Fq2 and A and B to be

divisors supported by two points. To better understand the resulting codes, both linear and

quantum, we next provide details on the Hermitian curve.

Recall that the Hermitian curve is defined over Fq2 by

yq + y = xq+1.

Then X := {(a : b : c) ∈ P2
Fq2

: bq + bcq = aq+1} ⊂ P2
Fq2

. Over Fq2 , the affine points on the

Hermitian curve are of the form

Pab := {(a : b : 1) : bq + b = aq+1},

while there is a single point at infinity,

P∞ := {(0 : 1 : 0)}.

Now, we consider functions on the Hermitian curve and how they are defined.

Example 3. Consider the Hermitian curve X over Fq2 . Then

yqz + yzq

zq+1
,
xq+1

zq+1
∈ Fq2(X) (2.1)

In fact,

yqz + yzq

zq+1
=
xq+1

zq+1

since zq+1(yqz+yzq−xq+1) is a multiple of the defining equation F (x, y, z) = yqz+yzq−xq+1.

14



Chapter 3

Quantum two-point Hermitian codes

3.1 Review of CSS construction

To review the CSS construction, we need the additional concepts described below,

taken from [1, 2, 3, 15]. We will use [1, 9, 15] to extend to nonbinary quantum error-correcting

codes. The following theorem gives a construction of a q-ary quantum code from any two

Fq-linear codes C1 ⊆ C2 ⊆ F n
q . First, we will present a proposition that will be used to give

this construction. Let x, y ∈ Fnq2 and consider the Fq-bilinear map x ◦ y :=
∑

(xiy
q
i − x

q
iyi).

For any γ0 ∈ Fq, there exists γ ∈ Fq2 \ Fq such that γq = γ0 − γ.

Proposition 2. [9] Let C1 ⊆ C2 ⊆ Fnq be Fq-linear codes, so that C⊥2 ⊆ C⊥1 , where C⊥i is

the dual of Ci under the usual inner product. Let ω be the primitive element of Fq2 and write

ω̄ = ωq. Set D = ωC1 + ω̄C⊥2 ⊆ Fnq2. Then the dual of D is given by D⊥◦ := ω̄C⊥1 + ωC2,

where D⊥◦ is the dual of D with respect to (◦).

Theorem 3. [9] Let q = pm, where p is an odd prime and m ≥ 1 is an integer. Suppose

C1 ⊆ C2 ⊆ Fnq are Fq-linear codes with dimensions k1 and k2, respectively. Then there exists

a q-ary [[n, k2 − k1,min{d(C2 \ C1), d(C⊥1 \ C⊥2 )}]] quantum code.
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Proof. Define f : Fnq2 → F2n
q by f(x1, . . . , xn) = (x

(1)
1 , . . . , x

(1)
n | x(2)

1 , . . . , x
(2)
n ), where xi =

x
(1)
i + γx

(2)
i for some γ ∈ Fq2 \ Fq and fixed γ0 ∈ Fq satisfying γq = γ0 − γ. By letting

D = ωC1 + ω̄C⊥2 , as in Proposition 2, then f(D) ⊆ (f(D))⊥. Then f(D) is an Fq-linear code

in F2n
q . By letting C = f(D) as in Proposition 2, the claim follows.

This q-ary construction of a quantum code is based on Theorem 9 from [2] and

Theorem 13 of [12].

3.2 Quantum two-point Hermitian codes

Recall that a one-point Hermitian code is of the form CL(D, aP ) where P is an Fq2-

rational point on the Hermitian curve. Quantum codes from one-point Hermitian codes are

studied by Klappenecker and Sarvepalli in [10]. Consider the divisor G = aP∞ + bP00 on

the Hermitian curve X over Fq2 . In this chapter, we study quantum codes associated with

CL(D,G), a two-point code on the Hermitian curve.

To begin, we recall a result on general two-point codes that is a special case of

Theorem 1.

Lemma 4. [11] Let A = aP∞ + bP00, B = (a + s)P∞ + (b + t)P00, and D = P1 + · · · + Pn

be divisors on a smooth, projective, absolutely irreducible curve X of genus g over Fq where

s, t ∈ Z+. Assume that A ≤ B and (suppA ∪ suppB) ∩D = ∅ and degB < n. Then there

exists a [[n, `(B)− `(A), d]]q code C where

d ≥ min{d(CL(D,B) \ CL(D,A)), d(CΩ(D,A) \ CΩ(D,B))}

≥ min{n− degB, degA− (2g − 2)}

≥ min{n− [(a+ s) + (b+ t)], a+ b− (2g − 2)}.

We wish to find a better bound on the minimum distance d. To do so, we first
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note that any two-point Hermitian code CL(D,G) can be expressed as CΩ(D,G′) for an

appropriate divisor G′. This is detailed in the following lemma.

Lemma 5. The dual of the two-point Hermitian code CL(D, c1P∞+ c2P00) can be expressed

as

CL(D, c1P∞+ c2P00)⊥ ∼= CL(D, (q3 + q2− q− 2− λ(q+ 1)− c1)P∞+ (λ(q+ 1)− c2− 1)P00).

where λ ∈ Z.

Proof. According to Prop 2.2.10 [20], CL(D, c1P∞+ c2P00)⊥ = CL(D,D− c1P∞− c2P00 +K)

where K = (q2 − q − 2)P∞ −
∑

Pab∈X Pab + q3P∞. Then,

CL(D, c1P∞ + c2P00)⊥ = CL(D, q3 + q2 − q − 2− c1)P∞ − (c2 + 1)P00.

Recall that (yλ) = λ(q+1)P00−λ(q+1)P∞. Given any λ ∈ Z and multiplying by yλ induces

an isomorphism of Riemann Roch Spaces.

L((q3 + q2 − q − 2− c1)P∞ − (c2 + 1)P00) → L((q3 + q2 − q − 2− c1 − λ(q + 1))P∞ + (λ(q + 1)− (c2 + 1))P00)

f 7→ yλf.

This sum induces an isometry

CL(D, (q3 + q2 − q − 2− c1)P∞ − (c2 + 1)P00) ∼=

CL(D, q3 + q2 − q − 2− c1 − λ(q + 1)P∞ + (λ(q + 1)− (c2 + 1))P00).

We will let λ = 1 when convenient. Let

G = q3 + q2 − q − 2− (q + 1)− (a+ s))P∞ + ((q + 1)− (b+ t)− 1)P00

and

G′ = (q3 + q2 − q − 2− (q + 1)− a)P∞ + ((q + 1)− b− 1)P00.
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Applying Lemma 5, we see that the quantum code C given in Lemma 4 has minimum

distance

d ≥ min{d(CΩ(D,G) \ CΩ(D,G′), d(CΩ(D,A) \ CΩ(D,B))}.

Next we study the values of d(CΩ(D,G) \ CΩ(D,G′)) for certain divisors G and G′,

both supported by two points. To do so, one might use the work of Homma and Kim on the

minimum distance of two-point Hermitian codes. This is very tedious as it relies on results

detailed in a series of papers [5], [6], [7], [8]. In fact, for the exact minimum distance of

two-point Hermitian codes, the formulas are described over five pages. Moreover, this does

not exclude the weights of words in CΩ(D,G′) and CΩ(D,B). A better bound results if we

utilize the recent work of [13]. Hence, we recall the terminology and tools of [13].

Definition 8. [13] Let X denote the Hermitian curve over Fq2 . Let a, b ∈ Z and MP∞(a, b)

be the set of pairs (f, g) ∈ Fq2(X)2 of rational functions such that

1) fg ∈ L(aP∞ + bP00) \ L((a− 1)P∞ + bP00),

2) f ∈ L(aP∞ + bP00), and

3) g ∈ L((a+ b)P∞).

The multiplicity mP∞(a, b) is defined as

mP∞(a, b) = #{−b ≤ i ≤ a+ 1 : ∃(f, g) ∈MP∞(a+ 1, b) with νP∞(f) = −i}.

Definition 9. [13] Let X denote the Hermitian curve over Fq2 . Let a, b ∈ Z and MP00(a, b)

be the set of pairs (f, g) ∈ Fq2(X)2 of rational functions such that

1) fg ∈ L(aP∞ + bP00) \ L(aP∞ + (b− 1)P00),

2) f ∈ L(aP∞ + bP00), and

3) g ∈ L((a+ b)P00).
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The multiplicity mP00(a, b) is defined as

mP00(a, b) = #{−a ≤ j ≤ b+ 1 : ∃(f, g) ∈MP00(a, b+ 1) with νP00(f) = −j}.

In [13], multiplicities are used to determine the minimum distances of two-point Her-

mitian codes. For divisors D and G, let CL(D,G) = CL(G) and CΩ(D,G)⊥ = CΩ(G). Using

the previous ideas, we obtain the following result.

Theorem 6. Let A = aP∞ + bP00 and B = (a + s)P∞ + (b + t)P00 for any a, b, s, t ∈ Z+

with z := (q3 + q2− q− 2− (q+ 1)− a). Then there exists a q-ary quantum code with length

n = q3 − 1, dimension k = `(B)− `(A), and minimum distance

d ≥ min

 mP00(z, (q + 1)− b− 1), . . . ,mP00(z, (q + 1)− 1),

mP00(a, 0),mP00(a, 1), . . . ,mP00(a, b− 1)

 .

Proof. Take divisors M = aP∞ and B = aP∞ + bP00. Then, [11]

d ≥ min{d(CL(D,B) \ CL(D,M)), d(CΩ(aP∞) \ CΩ(aPΩ + bP00).

Notice that CΩ(aP∞) ⊇ CΩ(aP∞+P00) ⊇ . . . ⊇ CΩ(aP∞+bP00). We will now utilize Lemma

5:

d(CL(aP∞ + bP00) \ CL(aP∞)) = d(C \ C ′)

where C = CL((q3 + q2 − q − 2− (q + 1)− a)P∞ + ((q + 1)− b− 1)P00) and

C ′ = CΩ((q3 + q2 − q − 2− (q + 1)− a)P∞ + ((q + 1)− 1)P00).

Thus,

CΩ(zP∞ + ((q + 1)− b− 1)P00) ⊇ . . . ⊇ CΩ(zP∞ + ((q + 1)− 1)P00).

Finally,

d ≥ min{d(CL(D,B) \ CL(D,M)), d(CΩ(D,M) \ CΩ(D,B))}

= min

 mP00(z, (q + 1)− b− 1), . . . ,mP00(z, (q + 1)− 1),

mP00(a, 0),mP00(a, 1), . . . ,mP00(a, b− 1)


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Hence, to find a better bound for the minimum distance d, we need to further study

multiplicities. Using the multiplicity, we present a way to find a lower bound for d(CΩ(a, b)),

and it can also be utilized to find the lower bound on minimum distance on any geometric

two-point codes.

Let A = aP∞ + bP00. We will use the notation CL(a, b) to mean CL(D,A) and,

likewise, CΩ(a, b) as the dual code of CL(a, b). Consider

CL(a, b) ⊆ CL(a+ 1, b) ⊆ · · · ⊆ Fnq = CL(a+ `1, b)

for a, b ∈ Z and some `1 ∈ Z. The weight of words c that are orthogonal to CL(a, b) but

not orthogonal to CL(a + 1, b) is at least mP∞(a, b). Also, the weight of words c that are

orthogonal to CL(a+ 1, b) but not orthogonal to CL(a+ 2, b) is at least mP∞(a+ 1, b). This

can be continued such that the weight of words c that are orthogonal to CL(a+ i, b) but not

orthogonal to CL(a + i + 1, b) is at least mP∞(a + i, b) for any i ∈ Z. Also, the weight of

words c that are orthogonal to CΩ(a+ i+ 1, b) but not orthogonal to CΩ(a+ i, b) is at least

mP∞(a+ i, b) for any i ∈ Z. Likewise, since

CL(a, b) ⊆ CL(a, b+ 1) ⊆ · · · ⊆ Fnq = CL(a, b+ `2)

for a, b ∈ Z and some `2 ∈ Z, the weight of words c that are orthogonal to CL(a, b + j + 1)

(resp. CΩ(a, b + j)) but not orthogonal to CL(a, b + j) (resp. CΩ(a, b + j + 1)) is at least

mP00(a, b+ j) for any i ∈ Z. This can be represented by a graph with codes represented by

nodes and bounds of the minimum distances as edges.
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(a,b+1)
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... ...
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...

...

... ... ...

(a+1, b+2) 

(a+2, b+1) 

(a+2, b+2) 

(a+l1, b) =Fq
n (a+l1‐1, b) 

(a, b+l2) =Fq
n 

(a, b+l2‐1) =Fq
n 

(a+l1‐1, b+1) (a+l1, b+1) 

(a+l1‐1, b+2) (a+l1, b+2) 

(a+l1‐1, b+l2‐1) (a+l1, b+l2‐1) 
(a+1, b+l2‐1) (a+2, b+l2‐1) 

(a+1, b+l2)
 (a+2, b+l2) (a+l1‐1, b+l2) (a+l1, b+l2) 

  l1 ‐1,b)  

l1 ‐1,b+1)  

l1 ‐1,b+2)  

l1 ‐1,b+ l2 ‐ 1)  

 

 

,b+ l2 ‐ 1)  

 

 

,b+ l2 ‐ 1)  

 
 

,b
+ l2 ‐ 1)  

 
 

,b
+ l2 ‐ 1)  

 
 

l1 ‐1
,b

+ 1
)  

,b
+ l2 ‐ 1

)  

l1 ‐1
,b

)  

l1 ,b
)  

l1 ‐1
,b

+1
)  

l1 ‐1
, b

+ l2 ‐ 1
)  

l1 , b
+ l2 ‐ 1)  

A path is a sequence of edges that allows one to get to (a + `1, b + `2) from (a, b)

without retracing an edge. Using this idea, along with Definition 8, we have the following

Theorem.

Theorem 7. Let A = aP∞ + bP00 and B = (a + s)P∞ + (b + t)P00. Then, there exists a

quantum code with length n = q3 − 1, dimension k = `(B)− `(A), and minimum distance

d ≥ min{d(CL(D,B) \ CL(D,A)), d(CΩ(D,A) \ CΩ(D,B))}

≥ min {max{P1},max{P2}}

where P2 := {min(P ) : P is a path from (a, b) to (a+ s, b+ t)},

P1 := {min(P ) : P is a path from (q3+q2−q−2−(q+1)−(a+s), (q+1)−(b+t)−1) to (q3+q2−q−2−(q+1)−a, (q+1)−b−1)},
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and min(P ) is the minimum multiplicity along a path P .

Proof. Let c ∈ CΩ(a, b). The words not orthogonal to CL(a + i + 1, b) and orthogonal to

CL(a + i, b) have weight at least mP∞(a + i, b) for any given i along the edges in a path P .

Similarly, the words not orthogonal to CL(a, b + j + 1) and orthogonal to CL(a, b + j) have

weight at least mP00(a, b+j) for any given j. A lower bound for wt(c) is the maximum of the

set of minimum multiplicites of each individual path. This can easily be found by finding

the smallest multiplicity along each path. Then, consider the maximum of this set, which

will be a bound for the minimum weight of c.

This theorem is a better estimate of the minimum distance. We can specify the actual

values of the multiplicities given some parameters in [13].
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Chapter 4

Conclusion

In this Master’s thesis, we considered quantum codes from two-point Hermitian codes.

In doing so, we obtained [[n, k, d]]q quantum codes with a bound on the minimum distance

d in terms of multiplicites. In future research, we hope to study multiplicities to better

bound the minimum distance d. For a quantum code, the minimum distance is just one of

its parameters; other parameters may also be relevant to its strength.
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