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Abstract

We provide background on error-correcting codes, including linear codes and quantum
codes from curves. Then, we consider the parameters of quantum codes constructed from

two-point Hermitian codes.
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Chapter 1

Introduction

Quantum error-correcting codes serve to protect quantum information from noise and
are essential for quantum computation. The first such code was discovered in 1995 by Peter
Shor, prompting researchers to seek quantum codes that are efficient and correct many
errors [16]. One year later, Shor and Calderbank discovered the first family of quantum
error-correcting codes [3]. Then, in 1998, it was shown how to construct quantum codes
from binary linear codes [2]. This was extended to codes from larger alphabets in 2001 by
Rains [15] and Ashikhmin and Knill [1] who studied non-binary quantum codes. This thesis
studies quantum error-correcting codes constructed using algebraic geometry. In particular,
we obtain estimates for the parameters of a large class of non-binary quantum codes. The
codes are obtained from two-point codes on the Hermitian curve, and the parameters provide
measures of the efficiency and error-correcting capabilities of the codes. Quantum codes from
one-pont Hermitian codes have been studied in [10]. Up to this point, most quantum codes
have been designed for binary alphabets, meaning alphabets with two symbols. The codes
considered here enable quantum error-correction for larger alphabets.

This thesis is organized as follows. In Chapter 2 we provide background on error-

correcting codes, including linear codes and quantum codes from curves. In Chapter 3,



we consider the parameters of quantum codes constructed from two-point Hermitian codes.
This thesis concludes with Chapter 4, a discussion of future work on quantum codes from

Hermitian curves.



Chapter 2

Preliminaries

2.1 Introduction to error-correcting codes

A qubit, short for quantum bit, is a quantum analog of a bit, the classical unit of
information, and can be expressed as a complex linear combination of 0 and 1. Specifically

while a qubit may be represented by a vector in C?, it is typically written as
al0)+46]1)

where , 8 € C and C denotes the complex numbers. It is often assumed that |a*+|3]? = 1.
This idea can be generalized to larger alphabets, such as F,, the finite field with ¢ elements
where ¢ is a power of a prime number. This leads to the notion of a qudit, or quantum digit.

Here, a qudit is considered the unit of information and can be viewed as

S eF, @ | @)

where o, € C. While a classical g-ary linear code of length n is an Fg-subspace of F}, a

length n g-ary quantum code is a complex subspace of

((Cq)®n =R QCI (an.
—_———

n



Definition 1. The dimension k of a linear code C' is defined to be the dimension of C' as a

vector space over F.

Definition 2. Given a linear code C of length n and codewords = = (x1,...,2,), y =

(y1,-..,Yyn) € C, the Hamming distance between x and y is
d(z,y) == #{i : x; # yi}.
The minimum distance of C'is
d :=min{d(c,d) : ¢, € C,c# '}.

Classical linear codes over [, of length n, dimension &, and minimum distance d are

called [n, k,d] or [n, k,d], codes. Next, we define the parameters of a quantum code.

Definition 3. A g-ary quantum code C of length n is said to be of dimension k provided C

is a ¢"-dimension subspace of C?".

To define the minimum distance of a quantum code, we need the additional concepts
described below, taken from [1, 10, 11]. Let F™*" denote the set of m X n matrices over
a field F. Given A € ™", A;; or [A];,; denotes the entry of A in the i-th row and j-th
column. We would like to describe the types of errors possible for a g-ary n-qudit case and
when these errors are correctable. Let p = charF, be the characteristic of the field F,. Fix a
basis {71, ..., Ym} for F, as an F,-vector space. Let { = e’ be a p-th root of unity. Consider

matrices T" and R with entries given by
[T]ij = 0ij—1modp
and

[R];; = £'0i;

with



1, ifi=j

57;7]':
0, otherwise;
that is,
010 ---0 E0 - 0 0
001 ---0 0& 0 --- 0
T=1|":": s R=10 0 & . 0 e CPrP,
000 ---1 o : . .0
| 100 -+ 0| (000 -+ 0 gp—l_

Given a,b € F,, there exist ay, ..., @, b1, ..., by, € F,, such that

a =3 0
and
b= Zzl bii-
Let
T, =T"QT?® .. @ T
and

Ry:=R"®@R”?®-- @ R,

Given, a,b € FZ, we can consider errors on an n state system. Let E,;, = T,R,.

Then Eqp =Ty, Ry, ® -+ - T4, Rp,. The error group is
G, :={¢E.p:a,be F,0<i<q—1}
Definition 4. The weight of an error £'E, ;, € G, is

wt(E'E,p) :=n — |{i:a; = b; = 0}].



The quantum shorthand for bra-ket notation is

(ulv) =30, wjvi

(%1

where (u |= (u},...,u)), | v) = : |, and u} denotes the complex conjugate of wu;.

..y n

Un

Similarly,

(ul Alv) =732 u; Aiju;

which can be written in matrix notation as

A A o A, U1
( Ay Agg -+ Agy Vg
Anl An2 tte Ann Un,

Definition 5. The minimum distance of a length n g-ary quantum code C' is defined as

(u|lvy=0and wt(E)<d—1=(u|E|v)=0
d=max d:
V|u),|v)y e Cand VE € G,

A g-ary quantum code of length n, dimension k£, and minimum distance d is called an
[[n, k,d]], code or an [[n, k, d]] code. We use the notation [n, k| (resp., [[n, k]],) to describe a
linear (resp., quantum) code of length n and dimension k. At times, we only have a lower
bound on the minimum distance of a code. Hence, it is convenient to use the notation
[n,k,> t| or [[n,k,> t]] to mean a code of length n, dimension k, and minimum distance
at least t. A linear or quantum code of minimum distance d can correct any L%J errors.

These parameters will be discussed in detail later.

Suppose C'is a [n, k| code over F,. Then, the dual of C' is

Ct={velF;:c-v=0,Vee C},

6



where ¢ - v := ¢l'v denotes the usual dot product of vectors. Then, C* is an [n,n — k] code
over F,. If C C C*, then C is said to be self-orthogonal or weakly self-dual. If C = C*,
then C' is called self-dual.

2.2 Codes from curves

In this section, we describe both classical and quantum codes constructed from curves

over finite fields. For more details, the reader may consult [11] or [21].

2.2.1 Linear codes from curves

In this subsection, we consider linear codes defined from curves over finite fields. This
construction is due to Goppa [4]. Many of the definitions are taken from [21].

Given a field F and a positive integer n, n-dimensional projective space over [F is

]PE = {(Cl1 St an+1> : (a17a27 cee 7an+1> < Fn+1 \ {(0707 e 70)}}

where (a; : ag : -+ : apyq) is the equivalence class of (a1, as, ..., a,+1) with respect to the

relation ~ defined by

(al, e ’ajn+1) ~ (bla Ce 7bn+1)

if and only if there exists A € F\ {0} with a; = \b; for all 1 < i < n + 1. Hence, given

a, as, ...,a,+1 € F not all zero,
(ay:ag - aper) ={Nay,ag,...,an,41) : A € F\{0}}.
We say that the points of Py are the equivalence classes (ay : -+ : ap41), where a; € F

and a; # 0 for at least one i, 1 < ¢ < n+1. In this paper we consider curves in the projective

plane, P2. The next example discusses points in the projective plane.



Example 1. In this example, we consider the points of the projective plane Pz. Suppose
a,b,c € F so that at least one of a,b,c is nonzero. Then (a : b : ¢) € P2, meaning (a : b : )

is a point in the projective plane over F. If ¢ # 0, then

(a:b:c)=(cra:cb:c )

=(cla:cb:1).

Suppose ¢ = 0. Then we have (a:b:¢)=(a:b:0). If b #0,

(a:b:0)=b"ta:b"'b:0)

=(b1ta:1:0).

If b=0, then (a:0:0)=(1:0:0). Thus,
Pi={(a:b:1):a,b€F}U{(a:1:0):a€F}U{(1:0:0)}.

The points written as (a : b : 1) are considered affine points while (e : 1 :0) and (1 :0: 0)

are called points at infinity.

Definition 6. Let F'(z,y, z) € F[z,y, z] be a homogeneous polynomial. The projective curve

X defined by F'is
X:={(r:y:2)€P2: F(z,y,2) =0} C PZ
where F denotes the algebraic closure of F.

Remark 1. Given the curve X as in Definition 6, (z : y : 2) € X with x,y,2 € F is called
an F-rational point. All curves considered in this thesis are plane curves, meaning they are
of the form given in Definition 6. . Hence, we say X is a curve to mean X is a plane curve.
Also, we often say a polynomial f(x,y) € F[z,y| defines a curve X to mean that X is the

curve defined by the homogenization of f(z,y).

8



The divisor group Div X on a curve X over [F is
DivX :={Y" &P :n€Z" a; €Z, P,is a point on X}

where Z is the set of integers and Z7 is the set of positive integers. Hence, Div X is the free
abelian group on points of X. The elements of Div X are called divisors. The support of a
divisor > 7 | a;P; is the set of points P; with a; # 0, denoted suppD. The degree of a divisor

D =3%"" | a;P; whose support consists only of points P; in P2 is
degD =3"" a.

There is a partial order < on Div X given by

E?:l a; Py < Z?:l a; b

if and only if a; < a for all 7,1 < i < n.

A point P is a singular point on a curve X if and only if P is a point on X and
(9xF)(P) = (9yF)(P) = (92F)(P) = 0,

If a curve X has at least one singular point, then it is called singular. Otherwise, the curve

is nonsingular. The genus of a nonsingular curve with defining polynomial F'(x,y) of degree
d is
(d—1)(d-2

9= 5

We now check to see if the Hermitian curve is nonsingular and determine its genus.

Example 2. Consider the Hermitian curve X defined by f(z,y) := y? +y — 29"" over Fpe.
Here X is defined by the homogeneous polynomial F(x,y,z) = y?z + yz? — 2971, Note that

the degree of I'is d = ¢ + 1. Now taking the partial derivatives with respect to z, y, and z



gives

OrF = —(q+ 1)27,

OyF = qzy?™ + 29,

and
OzF =y 4 quz1".
Considering the affine point Py, = (a : b: 1) gives
(0xF)(Pw) = —(q + 1)af,
(OyF)(Pyp) = qb" +1 =1,
and

(0zF)(Py) = b7 + gb.

Thus, there is no affine point P with (OyF)(P) = 0. Hence, no affine point P is a singular
point on X.

Considering the point at infinity P, := (0: 1 :0) yields

(02F)(Px) = =(¢+1) - 07 =0,

(OyF)(Ps) =q-0-1971 407 = 0,

10



and

(02F)(Py) =17 4¢q-1-071 =1,

indicating that Py, = (0:1:0) is not a singular point on X. Thus, X is nonsingular. As a

q(qfl)_

result, the genus of X is g = =%

Now, we consider functions on a curve X and how they are defined.

Definition 7. Let F(X,Y,Z) € F[X,Y, Z] be a homogeneous polynomial which defines a

nonsingular projective plane curve X over a field F. The field of rational functions on X is

f,9 e F(X,Y,Z),deg f=deg g,
0 - |14 sor) -
f, g homogeneous, and g # 0

where

if and only if
fg' = fge(F) CFIX,Y, Z]
meaning fg' — f’¢g is in the ideal generated by F.

Given f € F(X)\{0}, we denote the divisor of f by (f). Given a point P on X, vp(f)
is the coefficient of P in (f). Given a divisor A, £(A) denotes the set of rational functions

f on X over F with divisor (f) > —A, together with the zero function, that is
L(A) ={f e F(X): (f) = A} u{0}.
It can be shown that £(A) is a vector space over F and that dimp £(A) is finite. Let

((A) := dimp L(A).

11



A divisor K € Div X is said to be canonical if and only if deg K = 2g — 2 and ¢(K) = g.
Given divisors D =Y " Q; and G =Y __, a; P, on a curve X over a field F of genus

g where

{Q1,...,Qu}N{P,...,P.} =10

and the support of the D consists of n distinct F-rational points on X, we can construct an

algebraic geometry code Cz(D, G) by setting

Ce(D,G) = {(f(Q1),--, f(Qn)) : [ € LIG)} CF".

Clearly, Cz(D,G) is a code of length n. If deg G < n, then Cr(D,G) has dimension
k = ¢(G@) and minimum distance d > n—deg G. Hence, Cz(D, G) is an [n, {(G),> n—deg G|
code. If A < B and supp BNsupp D = () where D = Py + - -+ + P,, then £L(A) C £L(B) and
Cr(D,A) C Cr(D, B).

The dual of Cr(D,G) C F",

CQ(D, G) = CE(D, G)J‘,

is also called an algebraic geometry code. The length of C(D, G) isn. If 2g—2 < deg G < n,
then Cq(D, G) has dimension k = ¢(K+D—G), where K is a canonical divisor, and minimum
distance d > deg G — (29 — 2). If A < B, then Cq(D, B) C Cq(D, A) provided D is the sum
of distinct rational points, none of which are in the supports of A and B . We call C(D, G)
and Cq(D,G) r-point codes, given that G has support consisting of r distinct F-rational
points. As convention directs, we will construct r-point codes by letting D be the sum of
all F-rational points not in the support of G. A one-point code has the form C,(D,G) or
Co(D,G) with D = """ | P, and G = m(Q such that G and D have disjoint support (see
[10]). Likewise, a two-point code is of the form C.(D,G) or Co(D,G) with D = >" | P,

and G = m1@Q) + moQ such that G and D have disjoint support.

12



2.2.2 Quantum codes from curves

In [2] it was shown how quantum codes can be constructed from classical binary
codes. This construction is known as the CSS construction in honor of Calderbank, Shor,
and Steane (see [2, 3, 16, 17]). The CSS construction was generalized to g-ary codes where
q > 2 by Ashikmin and Knill [1]. In [9], the authors apply this to algebraic geometry codes
and obtain quantum codes from curves as described in Theorem 1 below. To describe this
result, we need the notion of minimum weight.

Given codes C, C’ such that C" C C, let
d(C\ C") = min{wt(c) : c€ C'\ C"}
where wt(c) =| {¢; # 0} | is the weight of ¢ € C.

Theorem 1. Let A, B, and D = P, +-- -+ P, be divisors on a smooth, projective, absolutely
irreducible curve X of genus g over F, where the support of D consists of distinct F-rational
points. Assume that A < B and (supp AUsupp B) Nsupp D = () and deg B < n. Then there
exists an [[n, ((B) — ((A),d]], code where

> min{n — deg B,deg A — (29 — 2)}.

We apply Theorem 1 to Hermitian codes, taking A and B to be divisors supported by
exactly two points. Our approach is described in Chapter 3. To prepare for this, we review

the Hermitian curve in the next section.

13



2.3 Hermitian curve

In Chapter 3, we take X to be the Hermitian curve over 2 and A and B to be
divisors supported by two points. To better understand the resulting codes, both linear and
quantum, we next provide details on the Hermitian curve.

Recall that the Hermitian curve is defined over Fp by

Then X :={(a:b:¢) € IP?FqQ (07 4 bet = att} C IP’ZFqQ. Over F 2, the affine points on the

Hermitian curve are of the form
Pp:={(a:b:1):b7+b=a?"}
while there is a single point at infinity,
Po:={(0:1:0)}.
Now, we consider functions on the Hermitian curve and how they are defined.

Example 3. Consider the Hermitian curve X over F,.. Then

yiz +yz? 7t
S EFa(X) (2.1)

In fact,
ylz 4+ yz9 it
2q+1 B 2q+1

since 29 (y?z+yz?—27T!) is a multiple of the defining equation F(x,y, 2) = y9z+yz?—z7T!.

14



Chapter 3

Quantum two-point Hermitian codes

3.1 Review of CSS construction

To review the CSS construction, we need the additional concepts described below,
taken from [1, 2, 3, 15]. We will use [1, 9, 15] to extend to nonbinary quantum error-correcting
codes. The following theorem gives a construction of a g-ary quantum code from any two
[Fy-linear codes Cy C Cy C F'. First, we will present a proposition that will be used to give
this construction. Let x,y € > and consider the IF -bilinear map x oy := Y (w3 — x]y;).

For any 7, € IF,, there exists v € Fp2 \ Fy such that 44 =, — 7.

Proposition 2. [9] Let C; C Cy C [, be Fy-linear codes, so that Cy- C CF, where C- is
the dual of C; under the usual inner product. Let w be the primitive element of F 2 and write
O =uwl Set D =wC +wCyi C 2. Then the dual of D is given by DY° = 0Ct + wCy,

where DX is the dual of D with respect to (o).

Theorem 3. [9] Let ¢ = p™, where p is an odd prime and m > 1 is an integer. Suppose
Ch CCy, C FZ are F,-linear codes with dimensions ki and ko, respectively. Then there exists

a g-ary [[n, ky — ki, min{d(Cy \ C1),d(Ci+ \ C3-)}]] quantum code.

15



Proof. Define f : Flo — F2" by f(z1,...,3,) = (a:gl),...,x,(ll) | x§2), . ,xﬁf)), where z; =
xgl) + 7$§2) for some v € Fp \ F, and fixed vy € F, satisfying v = 7y — 7. By letting
D = wC; +wCy, as in Proposition 2, then f(D) C (f(D))*. Then f(D) is an F,-linear code

in IFg”. By letting C' = f(D) as in Proposition 2, the claim follows. ]

This g-ary construction of a quantum code is based on Theorem 9 from [2] and

Theorem 13 of [12].

3.2 Quantum two-point Hermitian codes

Recall that a one-point Hermitian code is of the form C(D, aP) where P is an F -
rational point on the Hermitian curve. Quantum codes from one-point Hermitian codes are
studied by Klappenecker and Sarvepalli in [10]. Consider the divisor G = aPy + bFPy on
the Hermitian curve X over Fp. In this chapter, we study quantum codes associated with
Cr(D,G), a two-point code on the Hermitian curve.

To begin, we recall a result on general two-point codes that is a special case of

Theorem 1.

Lemma 4. [11] Let A = aPy + bPy, B = (a+ $)Ps + (b+t)Poo, and D = P, +--- + P,
be divisors on a smooth, projective, absolutely irreducible curve X of genus g over F, where
s,t € ZT. Assume that A < B and (supp AUsupp B)N' D = 0 and deg B < n. Then there

ezxists a [[n,£(B) — ((A),d]], code C where

d > min{d(C(D, B) \ Cz(D, A)),d(Co(D, A) \ Co(D, B))}
> min{n —deg B,deg A — (29 — 2)}

>min{n —[(a+s)+ (b+1)], a+b— (29 —2)}.

We wish to find a better bound on the minimum distance d. To do so, we first

16



note that any two-point Hermitian code Cr(D,G) can be expressed as Cq(D,G') for an

appropriate divisor GG'. This is detailed in the following lemma.

Lemma 5. The dual of the two-point Hermitian code Cr(D, c1 Py + caPoo) can be expressed

as
Cr(D, 1P+ coaPoo)t 2 Cr(D, (P 4+ —q—2-MNg+1) —c1) P+ (Mg +1) —cy — 1) Py).
where A € 7.

Proof. According to Prop 2.2.10 [20], Cz(D, ¢1 Py 4 c2Pyg)*t = Cr(D, D — ¢1 Psy — ca Py + K)
where K = (¢ — ¢ — 2)Po — Y. p, cx Pab + ¢*Poo. Then,

CE(D, CIPoo —+ CQPOO)J— = CE(D,(]S + q2 —q — 2 — Cl)Poo — (CQ —+ ].)P()().

Recall that (y*) = M(q¢+1)Py — A(¢+1)Ps. Given any A € Z and multiplying by y* induces

an isomorphism of Riemann Roch Spaces.

LUP 4+ —qg—2—c1)Ps —(ca+1)Py) — LU+ —q—2—c1—MNg+1))Psx+ (Mg+1) = (c2 +1))Pyo)

f o= v

This sum induces an isometry

Ce(D,(*+¢*—q—2—c1)Px — (c2+ 1)Poo) =

Ce(D, @ +q*—q—2—c1 — Mg+ 1)Ps + (Mg +1) — (c2+ 1)) Poo).

We will let A = 1 when convenient. Let
G=+¢—q—2-(g+1) = (a+5)Pxc+((g+1) = (b+1) = 1)Poo
and
G=(+¢—q-2=(¢+1) —a)Pu+ ((g+1) = b—1)Fo.

17



Applying Lemma 5, we see that the quantum code C given in Lemma 4 has minimum

distance
d > min{d(Cq(D,G) \ Ca(D,G"),d(Cq(D, A) \ Co(D, B))}.

Next we study the values of d(Cq (D, G) \ Co(D,G")) for certain divisors G and G,
both supported by two points. To do so, one might use the work of Homma and Kim on the
minimum distance of two-point Hermitian codes. This is very tedious as it relies on results
detailed in a series of papers [5], [6], [7], [8]. In fact, for the exact minimum distance of
two-point Hermitian codes, the formulas are described over five pages. Moreover, this does
not exclude the weights of words in Cq(D,G’) and Cq(D, B). A better bound results if we

utilize the recent work of [13]. Hence, we recall the terminology and tools of [13].

Definition 8. [13] Let X denote the Hermitian curve over Fp.. Let a,b € Z and Mp_(a, b)

be the set of pairs (f, g) € F2(X)? of rational functions such that
1) fg € L(aPx + bPy) \ L((a — 1) P + bPyo),
2) f e L(aPx +bPy), and
3) g€ L((a+b)P ).
The multiplicity mp_(a,b) is defined as
mp,(a,b) =#{-b<i<a+1:3(f,g9) € Mp_(a+1,b) with vp_(f) = —i}.

Definition 9. [13] Let X denote the Hermitian curve over Fp. Let a,b € Z and Mp,(a,b)

be the set of pairs (f, g) € F2(X)? of rational functions such that
1) fg S E(CLPOO + bPO()) \ E((IPOO + (b — 1)P00)7
2) f € L(aPx + bPy), and

3) g € L((a+b)Fo).
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The multiplicity mp,,(a,b) is defined as

Mpy(a,0) = #{—a < j<b+1:3(f,g9) € Mp,(a,b+1) with vp,(f) = —j}.

In [13], multiplicities are used to determine the minimum distances of two-point Her-
mitian codes. For divisors D and G, let C(D,G) = Cz(G) and Cqo(D, G)* = Cq(G). Using
the previous ideas, we obtain the following result.

Theorem 6. Let A = aP., + bPy and B = (a + s) Py + (b +t)Pyg for any a,b,s,t € Z*

with z .= (@ +¢* —q—2—(q+1) —a). Then there exists a q-ary quantum code with length

n = ¢ — 1, dimension k = ((B) — ((A), and minimum distance
. mPoo(Z’(q_l_l)_b_1)7""mPoo(Z7(q+1)_1)7
d > min
Mpy, (@, 0),mpy,(a,1),...,mpy,(a,b—1)

Proof. Take divisors M = aPy, and B = aPy + bFPy. Then, [11]
d Z min{d(Cg(D, B) \ CL(D, M)), d(CQ(CLPOO> \ CQ((IPQ + bPOO)'

Notice that Cq(aPyx) 2 Ca(aPx+ FPy) 2 ... 2 Cq(aPsx+bFy). We will now utilize Lemma

o:
d(Cr(aPs + bPyo) \ Cr(aPy)) = d(C\ C")
where C =Cr((*+¢* —q¢—2—(g+1)—a)Px+ ((g+1) —b—1)Py) and
C' = Col(g* + @ —q—2— (q+1) — @) Pa + (g + 1) — 1) Po).
Thus,
Co(2Px + ((q4+1)—=b—1)Py) 2 ... D Co(2Ps + (g + 1) — 1) Pyy).

Finally,
d > min{d(Cz(D, B)\ Cz(D, M)),d(Ca(D, M)\ Co(D, B))}
— min mPoo('Za (Q+1)_b_1)7"'7mP00(27(Q+1)_1)>
mpy,(a,0),mpy,(a,1),...,mpy,(a,b—1)

19



Hence, to find a better bound for the minimum distance d, we need to further study
multiplicities. Using the multiplicity, we present a way to find a lower bound for d(Cgq(a, b)),
and it can also be utilized to find the lower bound on minimum distance on any geometric
two-point codes.

Let A = aPy + bPy. We will use the notation Cr(a,b) to mean C,(D,A) and,
likewise, Cq(a,b) as the dual code of Cf(a,b). Consider

Cr(a,b) CCr(a+1,b) C --- Q]FZ =Crla+101,b)

for a,b € Z and some ¢, € Z. The weight of words ¢ that are orthogonal to Cr(a,b) but
not orthogonal to Cz(a + 1,b) is at least mp_(a,b). Also, the weight of words ¢ that are
orthogonal to Cz(a + 1,b) but not orthogonal to C(a + 2,b) is at least mp,_(a + 1,b). This
can be continued such that the weight of words ¢ that are orthogonal to Cz(a +,b) but not
orthogonal to Cz(a + i+ 1,b) is at least mp,_(a + 4,b) for any i € Z. Also, the weight of
words ¢ that are orthogonal to Cq(a + i+ 1,b) but not orthogonal to Cq(a +i,b) is at least

mp, (a +1,b) for any ¢ € Z. Likewise, since

C’g(a,b) QCL(CL,b—i—l) g Q]F"

q

= CL(CL, b + €2)

for a,b € Z and some {5 € Z, the weight of words ¢ that are orthogonal to Cr(a,b+ j + 1)
(resp. Cq(a,b+ 7)) but not orthogonal to Cr(a,b+ j) (resp. Cq(a,b+ j+ 1)) is at least
mp,,(a,b+ j) for any i € Z. This can be represented by a graph with codes represented by

nodes and bounds of the minimum distances as edges.
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(a, b+y) =F;"

3
S @ LB @2 b (@l bih]s (@, DG §
3 B EN 5 =
g t A +
7 g i 7 i
s S * T <
emp (ab+l-1) R, (@+1btl-1]). = LM (att bt b
(a, b+&;-1) =F," (a+1, b+f,-1) (a+2, b+6-1)[  (a+€i-1, b+€,-1) (a+€y, b+6,-1)
u u L] u
[ ] [ ] L] E ]
[ ] L] n
mp. (a,b+2) Jmp (a+1,b+ 2‘ T mp_(a +£1-1,b+2I).
(a,b+2f§ (a+1, b+2] 3 (a+2, b+2)[2  (a+l:-1, b+2)[ 3 (a+ly, b+2)[3
S g S g, S
g S ’S Q S
B : + S £
= N I <
_T + S g ~
= + L g
o mp_(a,b+ Dfnp,(a+1,b+ 1..>-s "um mp_(a +€1—1,b+1?.f__':
(a,b+1] @+ 1.0+1] CTZIIEY (R EE /TS (R CE T (8
3 3 a o >
T E S i-\ o
g 5 B 3 B
g + + & &
= @ s e €
l mp (@D)S mp (@ +1L,D)|S  «uw 1Zmp (a+64-1b) =
(a,b) (a+1,b) (a+2,b) (a+;-1, b) (a+ly, b) =F"

A path is a sequence of edges that allows one to get to (a + ¢1,b + ¢3) from (a,b)

without retracing an edge. Using this idea, along with Definition 8, we have the following

Theorem.

Theorem 7. Let A = aPy + bPyy and B = (a + s)Px + (b+ t)Pyy. Then, there exists a

quantum code with length n = ¢ — 1, dimension k = ((B) — ((A), and minimum distance

d > min{d(C(D, B) \ Cz(D, A)),d(Co (D, A) \ Co(D, B))}

> min {max{ P}, max{P}}

where Py := {min(P) : P is a path from (a,b) to (a + s,b+ 1)},

Py := {min(P) : P is a path from (¢*+q*>—q—2—(q+1)—(a+s), (¢+1)—(b+1) 1) to (¢*+¢°—q—2~(q+1)~a, (¢+1)—b-1)},
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and min(P) is the minimum multiplicity along a path P.

Proof. Let ¢ € Cq(a,b). The words not orthogonal to Cr(a + i + 1,b) and orthogonal to
Cr(a+i,b) have weight at least mp,_(a + 4,b) for any given i along the edges in a path P.
Similarly, the words not orthogonal to Cz(a,b+ j + 1) and orthogonal to Cr(a,b + j) have
weight at least mp,,(a, b+ j) for any given j. A lower bound for wt(c) is the maximum of the
set of minimum multiplicites of each individual path. This can easily be found by finding
the smallest multiplicity along each path. Then, consider the maximum of this set, which

will be a bound for the minimum weight of c. O]

This theorem is a better estimate of the minimum distance. We can specify the actual

values of the multiplicities given some parameters in [13].
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Chapter 4

Conclusion

In this Master’s thesis, we considered quantum codes from two-point Hermitian codes.
In doing so, we obtained [[n, k, d]], quantum codes with a bound on the minimum distance
d in terms of multiplicites. In future research, we hope to study multiplicities to better
bound the minimum distance d. For a quantum code, the minimum distance is just one of

its parameters; other parameters may also be relevant to its strength.
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