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Abstract

This paper characterizes the convex hull of the set of n-ary vectors that are lexicographically less
than or equal to a given such vector. A polynomial number of facets is shown to be sufficient to
describe the convex hull. These facets generalize the family of cover inequalities for the binary case.
They allow for advances relative to both the modeling of integer variables using base-n expansions,
and the solving of n-ary knapsack problems with weakly super-decreasing coefficients.

Key words: convex hull, facets, n-ary optimization, knapsack problem.
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Chapter 1

Introduction

This work describes the convex hull of the set of n-ary vectors that are lexicographically
smaller than a given vector a € RP. An n-ary vector a is a vector whose components are integer
between 0 and n — 1, i.e., @ € {0,1,...,n — 1}P. We say that a vector a is lexicographically smaller
than a vector b, and denote it with a < b, if the first nonzero entry of a — b is negative.

Let us define N = {0,1,...,n — 1}. Given an n-ary vector a € NP, the task is to compute
the convex hull of the set of n-ary vectors that is lexicographically less than or equal to a. In other

words, the task is to compute the convex hull of the set S, denoted by conv(S), where
S={zeNP: z<a}, (1.1)

and NP denotes the set of integer p-vectors with components in N. We assume without loss of
generality that a; # 0 since otherwise we can fix x; = 0. Similarly, we assume that o, # n —1 since
otherwise the only restrictions on z, would be 0 <z, <n — 1.

The set S of (1.1) has relevance in computing base-n expansions of integer variables. Suppose
we are given a nonnegative integer variable y that is bounded above by some scalar 3, where n?~1 <
B < nP. Further suppose that the vector « is subsequently defined in terms of 8 so that § =

25:1 nP~Ja;. 1t is trivial to prove that for any 3 the vector ¢ is unique. Then the n-ary expansion



of y computed by the set

P

T=<(r,y) e NPXZ: 0<x<(n—-1)1, y:anfjxj, y<pgy, (1.2)
j=1
where 1 = (1,1,...,1), is equivalently expressed by the set
p .
W=« (x,y) e NP X Z: y:Zn”ﬂx]—,weS . (1.3)
j=1

In other words, we study the set of all encodings @ of the values of y such that y < 8 by imposing
that & < «, where v is an n-ary encoding of 5. Consequently, an explicit representation of conv(S)
gives us conv(T) as
P
conv(T) = conv(W) = ¢ (x,y) e NP X Z: y= an*ja:j, x € conv(S) ;. (1.4)
j=1

The convex hull representation for the base-2 expansion of integer variables was provided in [1] and
[2], but no mention was made of any other base. As we will see, the cuts required to compute
conv(W) are substantially different from those found in [2] and are an extension thereof.

Now, given an n-ary vector e € NP, an n-ary vector « will have < a if and only if the
following condition is satisfied. For each i € {1,...,p} having x; > «a;, there must exist a j < i so
that z; < a;. Equivalently, we must have

i—1

Z (max{0,o; —z;}) >1Vie{l,...,p} 2 > . (1.5)
j=1

Inequality (1.5) is not needed for any i having «; = n — 1. Furthermore, for the special case where
each «; is binary and all x; are restricted to be binary, inequalities (1.5) simplify to the minimal

cover inequalities

Z (1—=x;) >z forallie{l,...,p} such that o; =0, (1.6)

j<i:aj=1

as found in [1, 2]. The challenge is to find inequalities in the spirit of (1.6) that model (1.5) for

n-ary «; and x;.



Chapter 2

Facets and Convex Hull

Characterization

Given an n-ary vector a € RP, we begin by establishing properties of inequalities of the

form Zj v;jx; < B that are valid for S.

Lemma 2.0.1. Given any inequality of the form Zj vz < B that is valid for S, the inequality

>_;max{0,7;}tx; < B is also valid for S.

Proof. Consider any inequality of the form ) T < B that is valid for S, and having an index t
with v, < 0. If every & € S has x; = 0, then 0z; + Zj# vjx; < B is also valid. Otherwise, for each
x € S having z; > 0, the vector & defined in terms of & by Z; = z; for all j # t and 2, = 0 has

& € S so that 0z, + >, 7% = ;&5 < B is also valid. O

By virtue of the above Lemma, and provided that @ > 0 is enforced, we need only consider
those inequalities Zj vjz; < B having v; > 0 for all j. This consideration follows because any
inequality of the form Zj vjz; < having at least one v; < 0 is implied by Zj max{0,v;}tz; <
and x > 0. In the remainder of this paper, we assume that ~; > 0 for all j. Consider the following

result which addresses a special family of these inequalities.

Theorem 2.0.2. Given any n-ary vector o € RP, an inequality of the form

Z%(aj — ) >0 (2.1)



with v; >0 for all j =1,... ,p, is valid for S if and only if

v=Y wn—l—ap) Vie{l,....,p—1}: a; #0. (2.2)
k>j
Proof. (Only if )
Consider any inequality of the form (2.1) with v; > 0 for all j = 1,... ,p that is valid for S, and
select any t € {1,... ,p—1} having a; # 0. The vector & € S given by z; = o for j < t, T, = oy —1,

and Z; =n — 1 for j >t has

p
Ve + Z vilaj —n+1) >0
j=t+1

when inserted into (2.1), verifying (2.2).

(1f)

Consider any inequality of the form (2.1) with v; > 0 for all j = 1,...,p that satisfies (2.2).
Arbitrarily select @ € S. The proof is to show that & satisfies (2.1). If & = «, then (2.1) is trivially

satisfied. Otherwise, let ¢ be the first entry of & having Z; # «;, so that 7, < oy as & € S. Then

P
D vilay —2) = yilow —2) + > _vie =) > w+ Y vila;—n+1)>0
j=1 J>t j>t
where the equality results from Z; = o; for all j < ¢, and the inequality follows from the nonnegativity

of 7, together with #; < a; —1 and z; <n — 1 for all j > ¢. This completes the proof. O

In the following, we prove that the only inequalities that are needed for our description are
those that satisfy condition (2.2) at equality. To this purpose, we consider a subset of p inequalities

of the form (2.1):

p
Z%j(%‘—%‘)zo Vi=1,2,...,p:a; <n-—1, (2.3)
=1



where

1 if j =i
Yii =40 if j >ior(j<ianda;=0) (2.4)

S ki1 Vik(n—1—ay) if j <i, a; #0.
Note that (2.4) satisfy (2.2) at equality if j < and «; # 0.

Lemma 2.0.3. The definition of coefficients v;; is equivalent to the following:

1 ifj =i
Yij =0 ifj>ior(j<iando; =0) (2.5)

(n—1—0i)[[jckciapron —ox) if j <ianda; #0.

Proof. The proof is by induction. Suppose that there are only m nonzero elements of «, denoted
aj,, L€ {1,2,... ,m}, where m is any integer between 1 and ¢, and 1 = j1 < jo < -+ < ji, <7 as
per our assumption that oy # 0. For j = jp, Vi, =vi(n —1—o;) = (n — 1 — ).

Suppose that, for j;, where j; < j; < jm,

Vig= Y, viln—l-aj)=mn-1-a) J[ (n—0ay).

Ji1<j<iza;#0 Ji<j<iza;#0

Then for every preceding coefficient v; ;,_, we have

Vidier = 2 <j<icag0Yii (0= 1—ag)
= Yig(n—1=0a;) + 3 ci<ia20%ii(n—1—a;)
= 2ig(n—1—a5)+ 7
= Yig(n—aj)
= (n—=1-a))(n =) Il cjcia0(n — )

= (n_ 1_ai)Hjl—1<j<i:aj;éO(n_aj)'

The proof is complete. O



Now consider the following polytope F"
P
F=(xecR: 0<z<(n—-1)1, Z’yij(aj—xj) >0Vi=1,....pp. (2.6)
j=1

Note that for each ¢ such that o; = n — 1, we have ~;; = 0 for all j < 4 so that the associated
inequality reduces to the upper bounding restriction n — 1 — x; > 0.
We now follow up on Theorem 2.0.2 to further restrict the set of valid inequalities for S.

We prove that the p inequalities
P
Z%j(% —x;)>0  Yi=1,2,...,p
j=1

are sufficient to describe S and that any other inequality can be obtained as a conic combination of

inequalities from this family.

Theorem 2.0.4. Any inequality of the form

P
> Bilay — ;) >0, (2.7)
j=1

with B; > 0 for all j = 1,...,p, that is valid for S can be expressed as a conic combination of the

inequalities (2.3).

Proof. Without loss of generality, we assume (3, = 1. Otherwise, the inequality can be normalized

or, if B, = 0, we can simply consider the inequality Zf;ll Bj(aj —xj) > 0. Let us also recall that

Yoi = s Wek(R—1l—ak) Vi=1,2,....p:a; #0
B Zk>jﬁk(”—1—04k) Vi=1,2,...,p:a; #0,

(2.8)

Y

which implies that 8; > v,; for all j =1,2,...,p. Subtracting the p-th inequality of (2.3) from (2.7)

yields

M-

(Bj — i) (a; —x5) > 0. (2.9)

<
Il
—



Let ny = Br — Ypk, for k =1,2,... ,p. Note that 1, = 0 and, for all j =1,2,...,p such that a; # 0,

n =B =i = Y (B — k) (n—1—ar) = m(n—1—ay)

k>j k>j

Therefore the n;’s satisfy (2.2). If n; =0, V5 = 1,2,...,p, then the proof is complete. Otherwise,
suppose that ¢ < p is the largest index such that n, > 0. Now re-set all 7;’s by dividing them by

71q. The new vector 7 is such that n, = 1. The procedure can be repeated on the inequality
q
> ey — ;) >0
j=1

by subtracting from it the ¢-th inequality in (2.3), Z?zl vgi(a; — ;) > 0. Because this replicates
the conditions described above on § and ¢ < p, the procedure terminates in a finite number of steps

and allows us to construct (2.7) as a conic combination of (2.3). O

The argument below shows that the inequalities of (2.6), together with integral restrictions

on x, define S of (1.1). Here, we let I = ZP N F denote the set of integral vectors in F.
Lemma 2.0.5. I = S.

Proof. We have S C I by Theorem 2.0.2 since the inequalities defining (2.6) are valid for S. To show
that I C S, consider any & € I. If £ = a, then & € S. Otherwise, let ¢ be the first entry of & having

Z; # . Then we have
g — Tq = Ygq(og — Tg) = Z’Yqj(aj - ;) =0, (2.10)
J<q

where the first equality follows from the definition of 74, = 1 in (2.5), the second equality follows
since a; = Z; for all j < ¢, and the inequality follows from (2.6) with ¢ = ¢. Thus, Z, < oy, and the

proof is complete. O

Example. Suppose n = 3 so that we are considering ternary vectors, and let p = 5 with a” =



(1,1,0,2,1). Further let | 4 2 1 denote the lower-triangular 5 x 5 matrix whose (i, )"

—
—
o
o o o
o o o o

0 0 0 1
21 011

entry for i > j records 7;; from (2.5), and whose (4,5)"" entry for i < j is set to 0 to denote that

the associated terms do not appear in the generated inequalities. Then (2.6) becomes, in matrix

notation,

(1000 0][a-=)] [o]
1100 0] (1-a) 0
F={zcR:0<z<2 |4 2 10 0 O—x3) | =] 0
000 1 0] (2-m) 0
2 101 1] | (Q-as) ] |0]

Finally, observe that by placing integrality restrictions on the variables @ in F, we have I = (x €

ZP N F) to obtain I = S.

Lemma 2.0.5 shows that an integral & has @ € F' of (2.6) if and only if € S. It turns
out, however, that F' is also an integral polytope so that conv(x € (ZP N F)) = F, giving us that
conv(S) = F.

We now present our main result.

Theorem 2.0.6. Given any p > 1 and any n-ary vector o € RP, we have conv(S) = F, where S

and F are as given in (1.1) and (2.6) respectively.

Proof. Since the bounding restrictions 0 < x < (n — 1)1 of (2.6) are trivially satisfied for all x € S,
and since the remaining inequalities of (2.6) are valid for S by the sufficiency (If) portion of Theorem
2.0.2, we have that conv(S) C F. We show that F' C conv(S) by demonstrating that all the extreme
points of F are integer, using an inductive argument on the number p of variables .

For k=1, F is simply Fy = {x € [0,n—1] : 21 < a1} = [0, a1], and its extreme point are 0
and a1, both integer.

For k = 2, we have Fy = {(z1,22) : 21 =0, 0 < 29 < an} if @3 = 0 (but we remind that

this case is excluded by assumption) and Fo = {(z1,22) : 0 <21 < a1, 0< 23 <n—-1, (n—1—

8



ag)ry + 22 < (n—1—ag)ag + as} if ag # 0, both sets of which can be readily shown to have all
integral extreme points for ay, s € N2.

Consider now the generic k. The set Fy, is the polyhedron obtained by intersecting [0, n— 1]*
with the inequalities (2.3) for i = 1,2, ... , k. By the induction hypothesis, the extreme points of Fj
are all integer. An extreme point can be constructed by choosing k linearly independent inequalities
from those defining Fj (note that Fj is defined by 3k inequalities: k& inequalities (2.3), k lower
bounds, and k upper bounds on x1, za, ... ,Tk).

Assume that a1 < n — 1. Otherwise, (@, zk+1) = (g, agr1) if and only if @ < ay,
which is implied by the induction hypothesis. Fj; is then a polyhedron in R¥*! constructed with

the inequalities defining F), and amended with the following:

0<ap1<n-1

Zj§k+1 Vi+1,5 (e — x5) > 0. (2.11)

We want to prove that if the above procedure generates a feasible extreme point, then it is integer.
We have the following four ways of constructing an extreme point by intersecting k + 1 linearly

independent inequalities.

(a) k inequalities from Fy plus xgy1 > 0 (resp. 2x+1 < n — 1). Suppose the k inequalities from Fj,
yield x. If @ ¢ F}, nothing else is needed. Otherwise, this extreme point is obtained as (z,0)
(resp. (&,m — 1)), which is integer since @ is an extreme point of Fj,. If & € F, but (x,n — 1) is

infeasible, again the result holds.

(b) k inequalities from Fj, plus (2.11). For this case, since all k inequalities have coefficient 0 on
Zg+1, we can first compute & = (x1, T2, ... , k) using the first k inequalities. By the induction
hypothesis, if @y is feasible, then it is integer. If it is infeasible, nothing else is needed. Then we
solve for xj11 by substituting the integer xj into (2.11). Since the coefficient of x4y in that
inequality is 1, we get xp1q = Efill Vit1,505 — Z?Zl Yit1,;%j, which is integer. If 1 >n—1
or &1 < 0, then © = (g, x541) is infeasible. Otherwise, @ = (xy, 21+1) provides an integer

extreme point.
(¢) k—1 inequalities from Fj plus 241 <n —1 and (2.11).
(d) k— 1 inequalities from F}, plus x;41 > 0 and (2.11).

9



The last two cases need to be treated separately. Note that the case that combines k — 1 inequalities
from Fj plus 41 > 0 and 2541 < n — 1 can be omitted since it does not form k + 1 linearly

independent inequalities.

Proof for case (c). Let ay be the subvector of a with its first & components, and define @y,
similarly. Let ag41 = (@i, akx41), and suppose there are only m nonzero elements in ay, denoted
a;, j € {1,2,... ,m}, where m is any integer between 1 and k, and 1 = i; < iy < --+ <y, < k
as per our assumption that oy # 0. Fix x,41 = n — 1. Consider the vector o € NP such that
aj, < oy, and there is no a € NF . aj < a < oy, i.e., the vector o that is lexicographically one
less a,. Then (xp,n—1) < (o, agy1) if and only if (i) ag41 =n—1 and x, < oy or (i) zx = af.
The first case is trivial and we do not discuss it. Because a;, # 0 for k = 1,2,...,m, we have
af = (..., 0y, ...,05, —1l,n—1...,n—1). We rewrite all inequalities of Fj11, except for the

inequalities written for o; = 0 and i < i,,, as follows:

1k
nyik,j(aj—xj) >0 Vk:LQ,...,m—l
j=1

im
> Yipglag—x;) >0 (2.12)
j=1
im
> viglag—a) +(—m) >0 Vitig <i<k (2.13)
Jj=1
D gl —z) + (kg — (n—1)) >0, (2.14)
7j=1

Dividing (2.14) by ag4+1 — (n — 1) yields
Z:yk+1’j(aj — LL'J‘) +1>0, (215)
j=1
where Jy11,; = Ve+1,5/(ar1 — (n = 1)).
Let us write the inequalities for the set F};. Recall that F}} is the set of vectors &, such that

*
TE 2 Q.

23
Yyl —z;) =0 Vk=12...,m-1
=1

10



tm

Y Vimilaf—z) >0 (2.16)
J=1

z, <n—1 Vi:i, <i<k

Note that (2.16) and (2.15) are the same, and we want to show that Fj_ , and F} are
identical, where I}, := {x € Fpy1 : 2141 = n — 1}. Note that the first 7,, — 1 inequalities
from the two sets are the same. We see that (2.12) can be constructed by multiplying (2.15) by
(n—1-—a;,)/(n—a;,) and adding (z;,, — n + 1 < 0) multiplied by 1/(n — «;,, ), and is thus
redundant. Also, we can show that (2.13) can be constructed by multiplying (2.15) by (n — 1 — «y)
and adding (z; < n — 1 — o), and the last inequality holds because oy = 0. Thus, (2.13) is
redundant for [ = i,, + 1,4,, + 2,... ,k. Hence, the two sets FIQ+1 and F} are identical. Since, by
the induction hypothesis, F} is a polyhedron with integer extreme points only, the feasible extreme

points generated by this case are all integer.

Example. Consider the example shown above, where a’ = (1,1,0,2,1). Then af = (1,1,0,1),

and

F; = zeR*:0<z <2,

v

We notice that the first three inequalities of F5 and F)} are the same and the fifth inequality of Fj,

when substituting x5 = 2, is just the fourth inequality of Fy, thus F. = F}.

Proof for case (d). If a1 > 0, we want to prove that (2.11) after letting 541 = 0 is redundant,
so that this subcase does not generate feasible extreme points.
Suppose there are m nonzeros among the first k elements of o, where m is any integer

between 1 and k. Let us index them with the set {i; : j = 1,2,...,m}, and denote them as

iy Qs ooy 7 0, where 41 < o < -+ < ip,. Then after letting xx+; = 0, (2.11) becomes:
m
ka-i-lﬂij (Oéq;j — IZJ) + apy1 > 0. (217)
j=1

11



since V41,5 = 0 for j & {i1,42,...,%m}. We can prove that (2.17) is redundant by proving that

Z 7k+1,i_j (aij - 1’27) 2 0 (218)
j=1

isredundant. To this purpose, define &;, ; = I (n—a;, ). This implies that &, ; = ye41,5/(n — 1 — agy1)

q=j+1

for all j < i, such that o; # 0, and that &, , ;,, = 1. Therefore, (2.18) is equivalent to
m
Zfim,ij (ai; —x4;) > 0. (2.19)
j=1

It is easy to show that &, ; = vi,..;j + &, ,.; for j < i, such that o; # 0, while &, _, ;,, = 0 since

tm

Eivnim = Yim.im = L. As a result, (2.19) is the sum of the two inequalities

ZT:l Vi ij (aij - xij) >0

—1
Z;-n:l i ryiy (i, — i) >0,

where &; = 1. The first inequality is analogous to (2.19) and hence subject to the same

—1sbm—1
decomposition step. By repeating this procedure on the second inequality, we can prove that (2.18)
can be obtained by a conic combination of the m inequalities for a;; # 0, j = 1,2,... ,m, since
all multipliers are positive. Because ajy; > 0, (2.17) is redundant. If ajy; = 0, then let a =

[@iyyev s Qigyene sy ..., 0], and since x;41 = 0, we denote © = (x,0), @ = (o, 0), and therefore

x = « is equivalent to o < a. This completes the inductive step and hence the proof. O

Example. Consider one more time the example described above, where o’ = (1,1,0,2,1). The

fifth inequality of Fjy, after fixing x5 = 0, is
20 —z1)+ (1 —22) + (0 —23) + (2 —24) > —1. (2.20)
It is easy to see that
20 —z1)+ (1 —22) +(0—23)+ (2—a24) >0

can be constructed by summing the first three inequalities of F5, which implies that (2.20) is redun-

dant.

12



Chapter 3

Conclusions

In this paper, we study the convex hull of the set S of n-ary vectors that are lexicographically
less than or equal to a given such vector a. Because of the nature of lexicographic orderings, we
first show that this set is equivalent to a set I defined by a polynomial number of inequalities whose
coefficients satisfy a specific property, together with upper and lower bounds on the variables and
integrality constraints. Our main result shows that relaxing the integrality constraints yields a set
F that is the convex hull of S. We believe that similar results can be made when we introduce the
condition that a vector & be lexicographically greater than or equal to another vector 3. Also, these
constraints yield a coefficient matrix that is lower triangular and has ones on the diagonal, and is

hence unimodular; it is therefore of interest to study generalizations of this type of problem.

13
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